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Abstract. We study the use of a pair of qubits as a decoherence probe of a
nontrivial environment. This dual-probe configuration is modelled by three twolevel systems (TLSs), which are coupled in a chain in which the middle system
represents an environmental TLS. This TLS resides within the environment of the
qubits and therefore its coupling to perturbing fluctuations (i.e. its decoherence)
is assumed much stronger than the decoherence acting on the probe qubits. We
study the evolution of such a tripartite system including the appearance of a
decoherence-free state (dark state) and non-Markovian behaviour. We find that
all parameters of this TLS can be obtained from measurements of one of the
probe qubits. Furthermore, we show the advantages of two qubits in probing
environments and the new dynamics imposed by a TLS that couples to two qubits
at once.
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1. Introduction

The loss of coherence (decoherence) of quantum bits (qubits) due to environmental
perturbations is an important obstacle on the way to large-scale quantum electronics and
quantum computation. Such perturbations, at the same time, contain information about the
surrounding environment, which generates them. The idea of using qubits as probes of
their environment has recently attracted interest [1–5] as an alternative application of qubit
technology where the effects of decoherence are used, rather than suppressed.
In general, when an environment acts on a qubit as a weakly coupled, fluctuating bath, the
environmental effects can be simply expressed as a relaxation and an excitation rate as well as
a pure dephasing rate. The decoherence process becomes much more complex when a qubit
couples to any component of an environment strongly enough such that quantum mechanical
levels within the environment need to be taken into account. In many systems, such partially
coherent ‘pockets’ are observed in the environment. Examples include two-level fluctuators in
superconducting devices [6–11], impurity spins in semiconductors [12–16] and single-molecule
magnets [17–19] such as 8 Fe and ferritin. Valuable information about the quantum mechanical
nature of the environment may be obtained using qubits as a direct environmental probe, with
potentially high sensitivity and high spatial resolution [2].
The concept of qubit probes has already been used to realize a nano-magnetometer using
nitrogen-vacancy (NV) centres in diamond attached to the end of atomic force microscope
cantilevers [20–24]. In this case, the Zeeman splitting of electronic levels within the NV
centre is optically probed to provide a direct measure of the local magnetic field to nanometre
resolution [24]. Additional information that one may obtain from the decoherence processes has
also been studied [25, 26] in this context of classically fluctuating fields.
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Figure 1. (A) Experimental setup in which two qubits are attached to an

atomic force microscope and moved along their connecting line y with a fixed
distance between them. The TLS is located in the substrate underneath the
qubits. (B) Illustration of the model system investigated in this paper: two qubits
with level splitting ωq coupled with individual coupling strengths g1 , g2 to
an environmental TLS detuned by 2δ. The TLS in turn is coupled to a bath.
(C) Energies of the Hamiltonian eigenstates and the corresponding decohering
transitions. Dephasing transitions (∝ 0ϕ ) transfer population between states
of similar energies, and relaxation transitions (∝ 01 ) transfer population to
subspaces of lower excitation number. Crosses indicate rates which disappear
for g1 = g2 . The eigenstates are given in appendix C.
We investigate a more general configuration in which a decoherence probe couples
transversally to a localized pocket of coherence and can therefore exchange energy with,
and extract information from, its immediate environment. We model such a pocket as an
environmental two-level system (TLS), for example a charge- or spin-impurity, which in turn is
coupled to its surrounding environment. We will show a full solution of the system dynamics in
the relevant parameter regimes and demonstrate how one could use this information to identify
and characterize an environmental TLS.
The behaviour of one qubit interacting with such a partially coherent component of the
environment is well understood [27]. In such systems, ambiguity often arises between the
oscillatory evolution induced by partially coherent defects and the oscillatory evolution that
stems from the single-qubit Hamiltonian itself. Two non-interacting qubits that couple to
the same environment (figure 1(A)) enable the observation of any environmentally induced
correlations between these qubits, removing the ambiguity. This indirect interaction is a good
indicator of the existence of coherent regions in the closer environment.
Solving the equations of motion for such a model numerically results in a variety of
complex behaviours [28–31] in different regimes of parameter space. In this paper, we focus
New Journal of Physics 14 (2012) 023013 (http://www.njp.org/)
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on solving the system analytically in key regimes and then use these analytical solutions to
understand the more general behaviour numerically.
Our model of two qubits coupled to a common environmental TLS has many similarities
to the well-studied problem of two qubits coupled to a quantum harmonic oscillator.
This classic Tavis–Cummings model has been widely investigated for its use in quantum
information processing and studying atom–photon interactions. Interpreted in this context, our
results complement a variety of physical effects that appear in the Tavis–Cummings model,
including dispersive coupling [32–37], ultra-strong coupling [38–40] and entanglement birth
and death [41–44]. It is natural that similar effects appear in both systems due to their formal
equivalence within the single-excitation subspace. There are, however, important physical
differences, as an environmental TLS is typically more localized in space than a quantum
harmonic oscillator and the symmetry of the TLS allows a more general coupling to its
environment.
After introducing the theoretical model in section 2, we present a general analysis of the
system in section 3: in the weak decoherence regime, we find an oscillation of energy between
the qubits, i.e. an environmentally mediated coupling. We find a decoherence-free state (dark
state), which leads to the formation of stray entanglement between the qubits in the decoherence
process independent of the decoherence strength of the TLS. In our analytical solutions we
find a clear threshold between oscillations and decay. In order to clarify what constitutes an
environmental pocket of coherence it is shown that the same threshold divides Markovian from
non-Markovian system dynamics. We define an effective decay rate of the qubit dynamics,
which turns out to have a linear dependence on the decoherence rates of the TLS in the weak
decoherence regime and a roughly inverse dependence in the strong decoherence regime. In
section 4, we interpret our results in the context of dual-probe microscopy and we find that in
the weak decoherence regime an environmental TLS can be fully characterized and located in
a substrate. In the strong decoherence regime the TLS can only be located. Section 5 puts the
theoretical model in the context of present experimental qubit realizations.
2. The model and methods

In order to study how a qubit probe pair interacts with an environmental TLS, we construct
a simplified model. Consider an experimental setup in which the two qubits are attached to
an atomic force microscope such that they can be positioned precisely (with a fixed distance
between them) on top of a scanned substrate which contains the TLS (figure 1(A)). At several
positions the population of the excited state of the qubit is measured as a function of time. In
each position of the cantilever the coupling strengths between the qubits and the TLS, g1 and g2 ,
vary due to their relative position. We will give a detailed model of this variation in section 4.
The full system Hamiltonian can be written as
Hsys = ωq σzQ1 + ωq σzQ2 + (ωq + δ)σzTLS + g1 (σxQ1 σxTLS + σ yQ1 σ yTLS )
+ g2 (σxQ2 σxTLS + σ yQ2 σ yTLS ),

(1)

where σx , σ y and σz are the respective Pauli operators which act on qubit 1 (Q1), qubit 2 (Q2) or
the TLS (TLS). The first two terms describe the two qubits which have the same level splitting
of 2ωq , whereas the third term describes the TLS with a level splitting of 2(ωq + δ). Here, δ is
the relative detuning between qubits and TLS. The last two terms in equation (1) are transversal
coupling terms between each of the qubits and the TLS with the respective coupling strengths
New Journal of Physics 14 (2012) 023013 (http://www.njp.org/)
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g1 and g2 and we introduce g = g12 + g22 for later simplicity. We focus on the specific case
of transversal coupling as we are particularly interested in direct energy exchange between the
qubits and the TLS. Throughout this discussion, we use the terminology ‘qubit’ and ‘TLS’ to
differentiate between the fabricated and controllable two-state probes and the environmental
TLS of interest. For ease of notation, we will use the convention h̄ = k B = 1.
As the system Hamiltonian Hsys is block-diagonal, the coherent evolution is limited to
the subspace states with equal excitation number. For the time evolution, we choose the state
in which qubit 1 is in its excited state and the other two subsystems are in their ground state
|Q1, Q2, TLSi = | ↑↓↓i as the system’s initial state. This is a state with a single excitation
and therefore we can neglect the subspaces of higher excitation numbers in the following
calculations.
A key advantage of probe qubits attached to a cantilever is that they can be calibrated while
lifted away from the sample. This allows the intrinsic decoherence of the probes themselves to
be accurately characterized. Once the probes are brought close to the sample, this intrinsic
decoherence defines a limit in the sensitivity for detecting features within the sample. For our
purposes, an ideal qubit probe is one with a very long intrinsic decoherence time, as this provides
a large dynamic range for sensing. We assume the intrinsic contribution to decoherence to be
small compared to the dynamics induced by the environmental TLS. Then we can ignore this
contribution in what follows, i.e. assume that only the TLS is coupled to a fluctuating bath. For
its coupling to the environment, we take the operator
Hint = ŝ B̂ = (v⊥ σxTLS + vk σzTLS ) B̂,

(2)

where v⊥ and vk are the transversal and longitudinal coupling strengths, respectively, and B̂ is
an operator acting on the bath. We assume a low-temperature bath ωq  T .
In most qubit architectures, the qubit’s level splitting is significantly larger than the other
energy scales in the problem. Typically this is a requirement to obtain coherence over long time
scales as well as adequate control over the quantum system. We therefore assume throughout
this discussion that ωq  δ, g1 , g2 , T . Under this assumption we can neglect subspaces with
more than one excitation. A large ωq guarantees a clear separation of these subspaces in energy
while a low-temperature bath guarantees the absence of spontaneous excitations from the bath.
In the limit of large ωq , one can often make an additional secular approximation, which we
discuss in detail later on. Breaking the assumption that the qubit’s level splitting is the largest
energy leads to the ultrastrong coupling regime, which is studied elsewhere [45].
We model the time evolution of the system’s reduced density matrix ρ using the
Bloch–Redfield equations [46, 47]. Using the eigenvectors |1i to |8i (given in appendix C)
of Hsys as basis states, the Bloch–Redfield equations read element-wise:
X
ρ̇nm = −iωnm ρnm +
Rnmn 0 m 0 ρn 0 m 0
(3)
n0 m 0

with the Redfield tensor:
Rnmn 0 m 0 := 3m 0 mnn 0 + 3̃nn 0 m 0 m −

X

(3nkkn0 δmm 0 + 3̃kmm 0 k δnn 0 ),

k

3nmn 0 m 0 := ŝnm ŝn 0 m 0 21 C(ω = ωm 0 n 0 ),

(4)

3̃nmn 0 m 0 := ŝnm ŝn 0 m 0 21 C(ω = ωn 0 m 0 ).
Here ρnm = hn|ρ|mi denotes the density matrix element at position n, m and ωnm := ωn − ωm
is the energy difference of the Hamiltonian eigenstates |ni and |mi of the system. The system
New Journal of Physics 14 (2012) 023013 (http://www.njp.org/)
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operator that couples to the environment ŝ is defined in Hint . In this approach the environment
is solely characterized through its spectral function
Z ∞
C(ω) :=
dτ eiωτ h B̃(τ ) B̃(0)i,
(5)
−∞

where the bath operator B̃ is taken in the interaction picture defined with respect to Hint . This
spectral function, equation (5), is assumed to change slowly such that it does not change on the
small scale of δ and g (but only on the much larger scale of 2ωq ).
The transversal coupling to the low-temperature bath leads to unidirectional population
transfers to states with lower excitation numbers, i.e. relaxation. These transfers appear in the
Bloch–Redfield equations as linear dependences of the time derivatives of certain diagonal
elements of the system’s density matrix on other diagonal elements, each with a coefficient.
These coefficients (i.e. relaxation transition rates) are all proportional to v⊥2 C(2ωq ). For later
use we define a general relaxation rate due to the coupling of the TLS to the environment:
01 := v⊥2 C(2ωq ).

(6)

The longitudinal bath coupling leads to two processes: firstly, a loss of phase coherence
between the states of the system, i.e. dephasing, which is mathematically represented by
the decay of off-diagonal elements in the density matrix; and secondly, a mutual population
transfer between certain eigenstates [48] with the same excitation number: |2i, |4i and |5i, |7i
(figure 1(C)). The corresponding decay rates and transition rates are all similarly proportional
to
0ϕ := vk2 C(0).

(7)

An energy diagram of the eigenstates is depicted in figure 1(C) and all transitions are shown by
arrows.
When the TLS is decoupled from the qubits (g1 = g2 = 0), 01 is the decay rate of the
population of its excited state and 20ϕ is the additional decay rate of its two off-diagonal
elements, i.e. its relaxation and pure dephasing rates, respectively.
Comparing the resulting Bloch–Redfield equations with an approach assuming the
Lindblad equations [49, 50] with a phenomenological relaxation rate and dephasing rate on
the TLS, we find that the two sets of differential equations are equivalent when the following
two conditions are met. First the spectral function should not change on the scale of δ and g.
As the second condition, one of the following three requirements has to be fulfilled: (i) the full
secular approximation (explained in the next paragraph) is applied to both the Lindblad and the
Bloch–Redfield equations or (ii) we take only longitudinal TLS–bath coupling, i.e. v⊥ = 0, or
(iii) we assume only transversal TLS–bath coupling, vk = 0, and choose an initial state which is
confined to the single-excitation subspace. In the case of equivalence, the two phenomenological
rates in the Lindblad equations can be identified as our definitions 01 and 0ϕ .
The full secular approximation neglects all dependences between different elements of
the system’s density matrix if at least one of them is an off-diagonal element. The necessary
and sufficient condition for this approximation is that the system’s level splittings and their
differences are large compared to the decoherence rates. Physically, this means assuming
ωq  g  01 , 0ϕ and ωq  |δ|, i.e. the TLS is somewhat coherent.
In the following sections, analytical solutions to the Bloch–Redfield equations in different
regimes are discussed. For δ = 0 these solutions are given in appendix A. The first solution we
show (appendix A.2) is obtained using the full secular approximation and is valid for what we
New Journal of Physics 14 (2012) 023013 (http://www.njp.org/)

7
call the weak decoherence regime, when the resulting decoherence rates are smaller than the
coupling strength g between the qubits and the TLS. We obtain two further analytical solutions
for purely transversal (appendix A.3), i.e. vk = 0, and purely longitudinal (appendix A.4),
i.e. v⊥ = 0, TLS–environment coupling. The combination of our particular initial state, the large
ωq limit and v⊥ vk = 0 allows us to solve the master equation without the secular approximation.
This means that no assumption about the relative sizes of g and 01 , 02 has to be made. These
last two solutions are therefore also valid for strong decoherence, i.e. when the decoherence
rates are bigger than the coupling strength g.
3. Dynamics

In this section we present the analytical solutions to the Bloch–Redfield equations for our
system. We start the section by summarizing the results for a single qubit coupled to a TLS for
later comparison. Following this, in section 3.2 we study the behaviour of two qubits coupled to
a TLS in detail.
3.1. A single qubit coupled to a two-level system
Before we study the more complicated case of two qubits, the dynamics of a single qubit coupled
to an environmental TLS (see figure 2(A)) provides a clear overview of the relevant physics. This
special case can be obtained from all solutions by setting g2 = 0 and tracing out the second qubit.
Performing this on the Hamiltonian, equation (1), yields (for the corresponding eigenstates, see
appendix C)
H1q = ωq σzQ1 + (ωq + δ)σzTLS + g1 (σxQ1 σxTLS + σ yQ1 σ yTLS ).

(8)

A comparison with the results in this section will later allow us to distinguish phenomena
which depend purely on the existence of two qubits and those which are due to qubit–TLS
coupling in general. This section strongly depends on previous work [27], which is reproduced
in our notation. As is observable, we consider the expectation value hσzQ1 i (which is proportional
to the qubit’s energy). Equivalently, one could use the probability of finding the qubit in the
excited state, Pexc = 12 (hσzQ1 i + 1).
Assuming weak decoherence (i.e. we take the full secular approximation in the
Bloch–Redfield equations) and no detuning δ = 0, one finds the expectation values as a function
of time:
01

01

hσzQ1 i(t) = −1 + e− 2 t + e(− 2 −0ϕ )t cos [4g1 t] ,
01

01

hσzTLS i(t) = −1 + e− 2 t − e(− 2 −0ϕ )t cos [4g1 t] .

(9)
(10)

The population oscillates between the qubit and the TLS (cf figure 2(B)) with the oscillation
frequency proportional to their transversal coupling strength. The oscillations decay on the time
scale corresponding to the decoherence rates of the TLS.
Equivalently, we can consider the evolution in Fourier space, where the frequency and the
decay rate are equal to the position and width, respectively, of the corresponding frequency peak
(for details see appendix A.5). In figure 2(C) the real part of the one-sided Fourier transform
of hσzQ1 i(t) is plotted as a function of detuning between the qubit and the TLS. The peak that
starts at frequency 4g1 diminishes with increasing detuning, indicating a shift from oscillatory
New Journal of Physics 14 (2012) 023013 (http://www.njp.org/)
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Figure 2. (A) Illustration of the simplified model system of one qubit with

level splitting ωq coupled with coupling strength g1 to an environmental TLS
detuned by δ. The TLS in turn is coupled to a bath. This system follows from
figure 1(A) by setting g2 = 0. (B) Expectation values for the case of a single
qubit coupled to a TLS as a function of time for 01 = 0ϕ = 0.1g1 ; g2 = 0;
δ = 0. (C) Real part of the one-sided Fourier transform of hσzQ1 i(t) as a function
of detuning δ with 01 = 0ϕ = 0.1g1 ; g2 = 0. This is a numerical solution of
either the Bloch–Redfield equations, where 01 and 0ϕ are the definitions given
by equations (6) and (7), or a numerical solution of the Lindblad equations
with phenomenological
p rates. Analytically we find the angular frequency of the
oscillation: ωosc = 2 δ 2 + 4g12 , which is drawn as a dashed line. For details of
the calculation, see section 3.1.
behaviour to pure exponential decay. The analytical solution for hσzQ1 i(t) with δ 6= p
0 contains
complicated coefficients [27], but the frequency of the oscillation is simply ωosc = 2 δ 2 + 4g12 .
This corresponds to the level splitting between the hybridized states |2i1q and |4i1q (given in
appendix C) and is plotted as a dashed line in figure 2(C). The oscillatory behaviour is described
by this one frequency, which corresponds to the standard ‘generalized Rabi frequency’ [51] from
New Journal of Physics 14 (2012) 023013 (http://www.njp.org/)
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quantum optics. For large detuning δ the expectation value hσzQ1 i(t) is dominated by one purely
decaying term. A Taylor expansion for small g/δ on the corresponding decay rate shows that
the rate vanishes with increasing δ/g as (01 + 40ϕ )g 2 /δ 2 → 0.
So far, only weak decoherence on the TLS has been considered. We also wish to consider
the limit where the decoherence is stronger than the qubit–TLS coupling. Simplifying the
equations to purely transversal bath coupling (vk = 0 ⇒ 0ϕ = 0), one finds analytical solutions
for the system dynamics without the use of the secular approximation and therefore valid for
stronger decoherence:
 

 
t01
−64g12 − t01
tµ 01
−32g12 + 012
tµ
Q1
−
hσz i(t) = −1 +
e 2 +2e 2
cosh
+
,
(11)
sinh
2
2
µ
µ
2
µ
2
p
where µ := 012 − 64g12 . From this expression, we see that as the decoherence rate 01 increases
relative to the qubit–TLS coupling strength g1 , the dynamics changes from oscillations to pure
exponential decay. This becomes obvious by rewriting the hyperbolic cosine as

 
 q
 cos 1 p64g 2 − 0 2 t
for 8g1 > 01 ,
1
1
1
2
cosh
012 − 64g12 t =
(12)
 1 +··· −··· 
2
e +e
for 8g1 < 01
2
and similarly for the hyperbolic sine functions. Therefore, we can identify the threshold between
oscillations and decay in our approximations as precisely 01 = 8g1 .
3.2. Two qubits coupled to a two-level system
Having reviewed the behaviour of a single qubit coupling to an environmental TLS, we now
consider the behaviour of a dual-probe configuration. Such a system is of particular interest
when there is no direct coupling between the qubits. This situation allows us to probe what we
call coherent pockets of the environment. When such a pocket is present in the environment,
probing simultaneously with two qubits shows qualitatively different behaviour to the standard
weakly coupled, Markovian environment, which would affect each qubit independently.
3.2.1. Mediated coupling between the qubits in the weak decoherence regime. We will first
show how the coupling between qubits and TLS will mediate an effective interaction between
the two qubits themselves. For simplicity we initially consider δ = 0, i.e. both qubits are
resonant with the TLS. In this case, and for the initial state chosen in section 2, the energy from
qubit 1 coherently oscillates between the two qubits via the excitation of the TLS (figure 3(A)).
In contrast to the simpler case presented in section 3.1, the oscillations now show two distinct
frequencies, namely 4g and 2g. The smaller of the two frequencies corresponds to the oscillation
of energy between the two qubits. The full analytical expression for hσzQ1 i can be found in
appendix A.
Again the change in the system dynamics due to detuning δ 6= 0 can be understood best
by regarding the Fourier transform of the expectation value hσzQ1 i(t). This yields a peak for
each term located at the corresponding frequency whose half-width at half-maximum (HWHM)
is equal to the decay rate of the corresponding oscillatory component. Figure 3(B) shows the
result of a numerical solution of the Bloch–Redfield equations, with dashed lines indicating the
analytical expressions for the frequency shifts due to the detuning. With increasing detuning
δ, the peak at frequency 2g splits into two different frequency peaks. The amplitude of the
New Journal of Physics 14 (2012) 023013 (http://www.njp.org/)
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Figure 3. (A) Expectation values of both qubits and the TLS. The excitation is

shifted from one qubit via the TLS to the other qubit and back. The parameters
are chosen as: 01 = 0ϕ = 0.1g; g1 = g2 ; δ = 0. (B) Real part of the one-sided
Fourier transform of hσzQ1 i(t) as a function
we
p of detuning
p δ. Analytically
p
2
2
2
2
2
find the three oscillation frequencies −δ + δ + 4g , δ + δ + 4g , 2 δ + 4g 2 ,
which are given by the dashed lines in the plot. The parameters are: 01 = 0ϕ =
0.1g; g1 = g2 . (C) Time evolution of the expectation values for strong detuning
δ = 5g; 01 = 0ϕ = 0.1g; g1 = g2 . Even though the TLS is only minimally
excited, the effective coupling mediated by it still leads to coherent exchange
of energy between the two qubits.
two high-frequency contributions diminishes with stronger detuning δ, while the amplitude
of the lower frequency peak increases. This means that for stronger detuning
p δ > g, the
energy oscillates between the qubits mainly at the lower frequency ωlow = |δ| − δ 2 − 4g 2 . For
sufficiently strong detuning, the TLS is largely unpopulated during this process (figure 3(C)).
This kind of off-resonant interaction with the TLS leads to an effective transversal coupling
between the qubits. This is the usual dispersive coupling term [32–35, 52], in this case
due to virtual excitation of the TLS. Performing a Taylor expansion for g/δ  1 on both
the lower oscillation frequency ωlow and the decay rate of this oscillating term in the weak
decoherence solution with detuning yields ωlow ≈ 2g 2 /|δ| and γlow ≈ g 2 (01 + 120ϕ )/6δ 2 . The
lower frequency can here be interpreted as the effective coupling strength between the qubits
New Journal of Physics 14 (2012) 023013 (http://www.njp.org/)
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ωlow = geff . This effective coupling approaches zero more slowly than the decay rate γlow as the
magnitude of the detuning increases. The strongly detuned TLS therefore mediates an effective
transversal coupling between the qubits with a weakened influence of the TLS’ decoherence
rates. However, ultimately the effective coupling strength (i.e. the frequency of the oscillation)
approaches zero for δ/g → ∞.
Here we see a fundamentally different behaviour as compared to a single qubit coupled to a
TLS. The oscillations do not change to a pure decay for strong (but not yet infinite) detuning δ.
Additionally, the frequency of these oscillations approaches zero much more slowly (∝ g/δ)
than the decay rate of the single qubit (∝g 2 /δ 2 ).
This result has important implications for future experimental designs involving several
qubits in a closely confined space. There the occurrence of an environmental TLS, which
couples to two qubits at once, might have a realistic probability, especially in solid-state qubits.
In that case the qubits are affected by the TLS over a wide range of detuning, causing effective
coupling between the qubits.
3.2.2. Formation of stray entanglement. As we can see in figure 3(A), the steady state of
both qubits is not their respective ground state. Rather, they decay into a state with a finite
probability of finding them excited. This behaviour can be attributed to the existence of a socalled dark state in our system. The state |3i = gg2 |↑↓↓i − gg1 |↓↑↓i (appendix C) is an entangled
state of both qubits with the TLS in its ground state. The amplitudes of the two states (with the
respective qubit excited) have a relative complex phase of π in the time evolution, which leads to
a cancellation of the qubits’ influence on the TLS. In our system, this state is thus not influenced
by decoherence and the system will remain in it for a long time (i.e. for the intrinsic decoherence
time of the qubits). This is simply a manifestation of the physics of super- and sub-radiance [53]
due to the interfering pathways from the qubits to the TLS. Since our chosen initial state is a
statistical mixture including the eigenstate |3i, the steady state of the system will still include
this fraction of the dark state. The entanglement of the two qubits in the steady state depends on
the interplay of two things: the ‘concurrence’ [54] of the dark state by itself which is given by
C = 2g1 g2 /g 2 (i.e. a Bell state for g1 = g2 ) and the fraction of the dark state in the mixed steady
state. Taking both into consideration, we find the maximal√‘entanglement of formation’ [54] of
the final state as E = 53%, which is reached for g1 = g2 / 3.
3.2.3. Threshold between weak and strong decoherence. When the decoherence rates of the
TLS are stronger than the qubits–TLS coupling 01 , 0ϕ > g the secular approximation (section 2)
can no longer be fully applied. With increasing decoherence rates the dynamics of the three
subsystems changes from an oscillating behaviour to a pure decay. This behaviour is analogous
to a single qubit coupled to a strongly decoherent TLS. In section 3.1 we saw that in this case the
crossover was defined by the point 01 = 8g1 . For two qubits, the crossover between the weak
and strong decoherence regimes is investigated numerically. For oscillations to occur between
the qubits and the environmental TLS there needs to be an instant in time in which the population
of the TLS is larger than both qubits combined. We therefore define the maximum value in the
evolution:



M = max hσzTLS i(t) − hσzQ1 i(t) + hσzQ2 i(t)
(13)
t

as a measure of the strength of the oscillation. In the regime of strong decoherence, the energy of
the qubits decays via the TLS to the environment and our defined measure is always zero. In the
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Figure 4. log10 of the oscillation strength M (equation (13)) as a function of
the decoherence rates 01 and 0ϕ . The threshold between oscillations and decay
can be seen as a drop in the oscillation strength by four orders of magnitude.
We solved the full Bloch–Redfield equations numerically (without the secular
approximation) and for simplicity we set g1 = g2 and δ = 0. The level splitting
was ωq = 1000g.

weak decoherence (i.e. oscillating) regime, the energy leaves the qubits and then partially returns
via coherent oscillations from the TLS. This gives a positive value for the defined measure.
Figure 4 is a logarithmic plot of this measure as a function of the two decoherence rates 01
and 0ϕ . There is a sudden drop in the oscillation strength to negligible values, marking a clear
threshold between the oscillating (weak decoherence) and the decaying (strong decoherence)
regime. The oscillating regime (dark area) also marks precisely the parameter regime in which
the full secular approximation is valid.
For purely transversal (respectively purely longitudinal) TLS–bath coupling vk = 0 ⇒
0ϕ = 0 (respectively v⊥ = 0 ⇒ 01 = 0) an analytical solution can be found. Analogous to
equations (11) and (12), we find the analytical threshold between the strong and the weak
decoherence regime at the two points:
01 = 8g,
0ϕ = 4g,

0ϕ = 0
01 = 0.

and

(14)

This corresponds to the point where the threshold in figure 4 crosses the two axes. The factor of
two between 01 and 0ϕ stems directly from the definition of the rates (equations (6) and (7) as
they appear in the master equations, i.e. the off-diagonal elements of the uncoupled TLS-density
matrix decay with a rate 20ϕ ).
3.2.4. Markovianity. The coherent coupling to environmental states usually leads to nonMarkovian [49, 55] dynamics in the system (excluding the environmental states). Using our
model, we can choose where to draw the system/environment boundary (see figure 5) and
therefore explore this behaviour in a systematic fashion. Regarding the TLS as part of the
system, Markovian dynamics is assumed by default as this is a necessary condition to apply
the Bloch–Redfield equations. However, tracing out the TLS we investigate the Markovianity
of the two-qubit system.
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Figure 5. Two possibilities of placing the system/environment boundary: the left
case was used to set up and solve the Bloch–Redfield equations for which the
system dynamics is by default assumed to be Markovian. For the configuration
on the right side, where the TLS is seen as a part of the environment, we
investigate the Markovianity of the system of two qubits, see text.

Several measures exist to theoretically quantify non-Markovianity [56–58] in qubit
systems. For our purposes, we use the connection between the degree of non-Markovianity and
an increasep
in the time evolution of the distinguishability, calculated with the trace-distance [49]
D(t) = Tr{ [ρ1 (t) − ρ2 (t)]2 } of two different initial states. By tracing out the environmental
TLS in the analytical solution for purely transversal TLS–bath coupling (thus reducing the
density matrix to the system of two qubits), one can find the trace-distance between the two
time evolutions of the initial states |Q1, Q2i = |↑↓i and |Q1, Q2i = |↓↑ii. We find that
the trace-distance only increases in the weak decoherence (oscillating) regime. This means
that it is the same analytically exact threshold between oscillating behaviour and decaying
behaviour (compare equation (14)) that separates non-Markovian from Markovian behaviour.
The chronologically first and strongest increase 1D↑ in the trace-distance is



exp − √ π01
for 8g > 01 ,
64g 2 −012
1D↑ =
(15)

0
for 8g < 01
for the √
particular case of pure relaxation and equal qubit–TLS couplings (0ϕ = 0, g1 =
g2 = g/ 2), where 1D↑ = 0 corresponds to a monotonically decreasing trace-distance,
i.e. no increase in D(t). Here we see that our experimentally measurable definition of the
oscillation strength M is in this case equivalent to a measure of non-Markovianity. We
can therefore see a direct link between probing coherence in the environment and probing
non-Markovianity.
3.2.5. Effective decay rate. In order to characterize the decohering influence of the TLS on
our probe qubits, we want to introduce a single, effective decay rate, serving as a figure of
merit towards determining the influence of the TLS’ decoherence rates 01 , 0ϕ . In general, the
time evolution of the qubits’ expectation values are given by sums of exponential functions,
where, for the weak decoherence regime, some of the terms will be decaying oscillations.
In the strong decoherence regime,
the effective decay rate is introduced by replacing the
P
sum of exponentials f (t) = j c j exp(−γ j t) by a single exponential c exp(−γeff t) with the
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Figure 6. Effective decay rate γeff of the energy of qubit 1 as a function of the

TLS relaxation rate 01 (both rates in units of g). In the weak decoherence regime
they are linearly dependent (equation (21)); for strong decoherence the effective
decay rate decreases with increasing relaxation rate 01 (equation (19)). The other
parameters of the plot are g1 = g2 , 0ϕ = 0.
two conditions:
∞

Z
1.

dt f (t) =

0

2.

Z

∞

dt c exp(−γeff t),

(16)

0

f (0) = c,

(17)

which leads to the simple formula
P
j cj
γeff = P
.
j c j /γ j

(18)

This defines a single decay rate in the strong decoherence regime. From the two analytical
solutions that are valid for strong decoherence given in appendix A (zero detuning and either
purely longitudinal or purely transversal TLS–bath coupling), we see that

16g 2 g12 + 2g22 01
 , for 01 > 8g, 0ϕ = 0,
γeff,⊥ =
(19)
16g 2 g12 + g12 + 4g22 012

8g 2 g12 + 4g22
 ,
γeff,k = 2
g1 + 16g22 02

for 0ϕ > 4g,

01 = 0.

(20)

For purely transversal bath coupling the effective decay rate γeff,⊥ is plotted in figure 6.
Interestingly, the effective decay rate (equations (19) and (20)) monotonically decreases with
decreasing ratio g/ 01 (g/ 0ϕ respectively). The observation of weaker decoherence on the qubit
with stronger decoherence rate of the TLS is due to ‘blocking’ of the dynamics of the TLS due to
strong decoherence: the exchange of energy between the qubits and the TLS is slowed down and
thereby also the loss of energy to the environment. Regarding decoherence as a measurement
process this is analogous to the Zeno effect [49].
This behaviour is in contrast to the weak decoherence regime, where both purely decaying
exponents and decaying oscillations occur. We find two ways of defining an effective decay
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rate: describe either the decay of the envelope of the oscillations or the effective decay of their
average. For details, see [27] and appendix B. Here we use the decay of the average and find the
effective decay rate γeff to be linearly dependent on the relaxation rate 01 :
γeff = 21 01

for 01 < 8g,

0ϕ < 4g.

(21)

In the intermediate regime 2 . 01 /g < 8 and 1 . 0ϕ /g < 4, where the lower bound is found
empirically, the oscillations are slow on the time scale of the decay. In this case, the first half
oscillation, the transmission of energy from the qubit into the TLS, dominates the behaviour,
and the average decay rate does not reproduce the behaviour well. An effective decay rate is
not a good description of the dynamics in this regime and the apparent discontinuity in figure 6
actually appears as a smooth transition in the time evolution of the qubits’ expectation value. We
have also plotted three numerical calculations in figure 6 for different level splittings ωq (while
δ is always zero). As stated in section 2, the analytical result is obtained in the single-excitation
subspace which requires ωq  g1 , g2 , δ. We see excellent agreement between the analytical
solution and the numerical solution of the full Bloch–Redfield equations for ωq & 1000g.
4. Probing a single two-level system with two qubits: parameter extraction

After studying the system and its dynamics in the previous sections, we now interpret the results
in the context of decoherence microscopy. In particular, we focus on the ability to obtain the TLS
parameters with a dual probe and compare it with a single-qubit probe. For this purpose, we only
consider the Fourier transform of the evolution of the qubits’ excited state population, as this
conveniently represents the parameters of interest.
Now we will give a more concrete form to the theoretical coupling parameters g1 and
g2 from equation (1). If we assume that the coupling strengths depend on the distances d1
and d2 between the qubits and the TLS, as g j ∝ 1/d 2j , and the qubits are moved along their
connecting line above the TLS in the substrate (see figure 1), then the coupling strengths behave
characteristically as a function of the position y (figure 7).
4.1. Weak decoherence regime—oscillating behaviour
From an experimental point of view, the parameters δ, 01 , 0ϕ of the environmental TLS
and even the coupling strengths g1 , g2 are in general unknown. We first consider the weak
decoherence regime when the qubits are close enough to the TLS (so that g  01 , 0ϕ ). Then
the obtained information of a measurement of hσzQ1 i(t) is equivalent to a horizontal line in
figure 3(B). The positions of the three peaks give the three frequencies in figure 3(B), i.e. the
necessary information to obtain the level splitting of the TLS δ and the qubits–TLS coupling
strength g uniquely. Measuring g at several positions above the sample allows the position of
the environmental TLS to be obtained from the local minimum of g in figure 7, i.e. a single TLS
in the substrate can be located.
The widths and heights of the peaks provide further parameters although they have very
complicated dependences. In the case of resonance (δ = 0), however, we find three peaks that
allow an enormously simplified parameter extraction shown in figure 8. Experimentally, one
such plot provides enough information to obtain all system parameters: g from the position of
the peaks, 01 and 0ϕ from the HWHM and (having obtained these three parameters) g1 and g2
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Figure 7. Characteristic behaviour of the coupling strengths to the TLS in the
substrate as a function of the position of the two qubits y (compare figure 1(A)).
The distance between the peaks is controlled by the distance between the qubits
dqq . The width of the peaks is controlled by the height h above the sample.
Here we chose dqq = 3h. The coupling strengths are normalized such that the
maximum value is 1.

position

HWHM

height

peak 1:

position
0

peak 2:

2g

Γ1
4

+ Γϕ

peak 3:

4g

Γ1
2

+ Γϕ

⇒

g

HWHM
Γ1
2

Γ 1 , Γϕ

height
g14
Γ1 g 4

2g12 g22

( Γ41 +Γϕ )g4
g14
(Γ1 +2Γϕ )g 4

g1 , g2

Figure 8. Top: real part of the one-sided Fourier transform of hσzQ1 i(t) in the

weak decoherence regime (equation (A.4)) for δ = 0. Bottom: the table shows
how the parameters could be obtained from a measurement of the plot above.

from the heights of the peaks. All system parameters can be obtained from one measurement of
the time evolution of the excited state population of one of the probe qubits on resonance with
the TLS. To reach resonance experimentally the qubits could always be tuned to resonance with
the TLS, once δ is obtained as explained in the previous paragraph.
The major difference between the two qubits and a single qubit is the behaviour for
detuning to the TLS. While the single qubit is effectively decoupled by detuning, the addition of
a second qubit maintains an oscillating signal via the TLS-induced effective coupling between
the qubits. As a result, strong detuning and weak qubit–TLS coupling show two fundamentally
different behaviours and can be distinguished with two qubits (figure 9). The system is also
sensitive to TLS over a wider frequency range as the TLS-induced coupling decreases more
slowly with detuning.
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Figure 9. Expectation value of qubit 1 for the case of two qubits coupled to a TLS

and g1 = g2 (top) and a single qubit coupled to a TLS (g2 = 0, bottom). Both
plots show two different cases: large detuning δ = 4.8g and weak qubit–TLS
coupling g = 0.0501 . For all plots 0ϕ = 0. These two different cases can only be
clearly distinguished with two qubits.
Furthermore, the additional two lower frequencies in figure 3(B) that correspond to
oscillations between the two qubits make it possible to obtain the detuning without changing
the level splitting of the qubits.
4.2. Strong decoherence regime—decaying behaviour
Scanning a substrate for isolated TLS one might find very different decoherence strengths for
each TLS, some of which might be fluctuating so strongly (or coupled so weakly) that no
coherent oscillations will occur even when the qubits are directly above it. In that case the
above technique of parameter extraction is no longer applicable. However, the TLS can still be
located (both with a single and two qubits) by monitoring the decay rate of the qubit at different
locations along the y-axis in figure 1(A).
For pure relaxation the position dependence of the effective decay rate is shown in
figures 10(A) (single-qubit probe) and 10(B) (two-qubit probes). The characteristic behaviour
provides the position of the TLS.
5. Experimental realizations

Although, in principle, any qubit architecture can be adapted for performing decoherence
microscopy, in order to study microscopic pockets of coherence, atomic scale qubits with
long coherence times are ideal. In the solid state, this implies spin donors or defects, such as
semiconductor donors [16, 59, 60] or colour centres in diamond [15, 20, 24].
As the NV centre in diamond is an experimentally established and well-investigated
system, we discuss the requirements to use these centres in a dual-probe configuration. In
recent experiments the intrinsic decoherence of the NV centre is weak and dominated by
the dephasing [15, 20], which sets the sensitivity limit for probing environmental pockets of
coherence. Isotopic purification of the diamond lattice [24] is currently being investigated for
quantum computation and sensing purposes and will result in much longer coherence times,
leading to a corresponding increase in sensitivity.
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A

B

Figure 10. (A) Characteristic behaviour of the effective decay rate of the energy

of a single qubit (g2 = 0) as a function of the position y. This plot is in the
decaying regime 01 = 10g1 and 0ϕ = 0. (B) Characteristic behaviour of the
effective decay rate of the energies of two qubits as a function of the position
y. This plot is in the decaying regime 01 = 10g1 and 0ϕ = 0.

In order to unambiguously identify coupling via the environment, we need to minimize
or eliminate coupling between the probes. This can be achieved in two configurations. Using
the nuclear spin states of nitrogen within each NV centre as the qubit probes provides a
strong electron–nuclear coupling to electron spins in the environment while minimizing the
inter-qubit (nuclear–nuclear) coupling. For both a probe–TLS distance and probe separation of
5 nm, we require T2 > 20 ms to reach the probe–TLS oscillation limit. Using current estimates
[24, 61] for the dephasing channels due to 13 C spins in the diamond lattice, this requires a 13 C
concentration below 0.03%. For this probe separation, the inter-probe coupling is a factor of
1000 times smaller than the probe–TLS coupling and therefore provides no extra complication
to the analysis.
A second method of achieving strong probe–TLS coupling is to use a pair of NV centres
whose crystallographic orientation is such that the natural NV–NV coupling is eliminated
due to the angular dependence of the dipolar interaction. Although there are more serious
fabrication challenges with this configuration, the maximum dephasing required (T2 > 20 µs)
is considerably less due to the strength of the electron–electron interaction. Such dephasing
times are well within the range currently seen in experiments using NV centres [24].
In either of these configurations, detecting sample impurities with large magnetic
moments such as single-molecule magnets (8 Fe, ferritin) [17–19] is considerably easier,
even with currently available intrinsic decoherence times. Depending on the background
field configuration and qubit operating mode, these impurities will induce either dephasingdominated or energy-exchange processes.
6. Conclusion

In this paper, we have investigated the concept of a dual-probe decoherence microscope. Using
a general model, we have studied the key characteristics of such a system analytically and
numerically. Mapping out the temporal dynamics of the qubit probes provides detailed information about a TLS, the simplest example of a pocket of coherence contained within the sample.
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In addition to the TLS’ level splitting and the coupling strengths to the probes, one can obtain
its dephasing and relaxation rate, which implies the coupling strength to its surrounding
environment and that environment’s constitution. A dual-probe configuration simplifies the
measurement process and increases sensitivity to detuned TLS. Furthermore, we have shown
how the oscillation amplitude of the environmentally mediated coupling between two probes is
largely unaffected by detuning and decoherence of the mediating TLS, although the frequency
of oscillation still depends on detuning. The close relationship between environmentally
mediated coupling and non-Markovian dynamics makes a dual-probe configuration ideal for
probing an environment’s potential to induce non-Markovian dynamics in a system as well as
for detecting the spatial extent and interrogate pockets of coherence which sit within a more
complex environment.
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Appendix A. Analytical understanding of the expectation values and their
Fourier transforms

In this appendix, we give the three analytical solutions each for no detuning δ = 0 (i.e. δ  g).
As mentioned before, all three solutions were obtained in the subspace of one excitation
plus the ground state with the assumption ωq  g1 , g2 . Furthermore, a low-temperature bath
ωq  T was assumed. First the secular approximation is explained, and then the three solutions
are given.
A.1. Matrix form of the master equation and the secular approximation
The Bloch–Refield equations, equation (3), can always be rewritten as a matrix multiplication.
To do so, the elements of the density matrix need to be written in a vector. Here we
choose the particular order: all diagonal elements first and then all off-diagonal elements.
To solve the equations the resulting Redfield tensor R, which is now a matrix, needs to be
diagonalized.
The secular approximation means that for this diagonalization process, one can neglect
off-diagonal elements in the Redfield tensor R when there is a large difference between the
corresponding diagonal elements. In our chosen order we can regard separate blocks in the
Redfield tensor (see below). The diagonal elements in the lower right block each have a
term −iω jk , whose magnitude is given by the energy difference of the two system states j
and k. If these level splittings are large compared to the decoherence rates, then the two blocks
linking diagonal and off-diagonal density matrix elements can be set to zero, i.e. the upper right
block and the lower left block. If the differences of the energy differences ω jk − ωlm are also
large compared to the decoherence rates, then all off-diagonal Redfield tensor elements in the
lower right block can also be set to zero. This is what we call the full secular approximation.
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The resulting Redfield tensor is given by
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Mathematically the secular approximation is analogous to the rotating wave
approximation: separating the Redfield tensor into a coherent part (i.e. the −iω jk terms) and
a decoherent part we can define an analogous ‘interaction picture’ for the vector of density
matrix elements ρE :
R = Rcoh + Rdec ,

(A.1)

ρẼ := exp(−Rcoh t)E
ρ,

(A.2)

⇒

d Ẽ
Ẽ
ρ = exp(−Rcoh t)Rdec exp(Rcoh t) ρẼ =: R̃ ρ.
dt

(A.3)

This results in a new Redfield tensor R̃ in this ‘interaction picture’ where all off-diagonal
elements are multiplied by a rotating term with the rotation frequency equal to the difference
of the corresponding diagonal R-elements. The secular approximation can then be justified
analogous to the rotating wave approximation.
A.2. Weak decoherence regime g  01 , 0ϕ
The two qubits couple to the same environmental TLS strongly compared to the decoherence of
the TLS. The full secular approximation is applied.
g24 − g14 − 2g12 g22 g14 − 01 t 4g12 g22 − 01 t −0ϕ t
g14 − 01 t −0ϕ t
2 +
4
[2g
+
e
e
cos
t]
+
e 2
cos[4gt],
4
g4
g4
g4
g



g14 + g24 g12 g22 − 01 t 4g12 g22 − 041 −0ϕ t
g12 g22 − 021 −0ϕ t
Q2
2
hσz i(t) = −
+ 4 e
−
e
cos [2g t] + 4 e
cos [4gt] ,
g4
g
g4
g
g 2 01 t g 2 01 t
hσzTLS i(t) = −1 + 12 e− 2 − 12 e− 2 −0ϕ t cos [4gt ].
g
g
(A.4)
hσzQ1 i(t) =

A.3. Purely transversal TLS–bath coupling vk = 0 ⇒ 0ϕ = 0
The TLS–bath coupling is purely transversal, i.e. there is relaxation only. The secular
approximation need not be applied here, due to our particular choice of the environmental
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coupling operator. Therefore this solution is also valid for strong relaxation.
hσzQ1 i(t)

hσzQ2 i(t)
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(A.5)
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where µ :=


2
128g12 − 01 t
1
= −1 + 2
e 2 sinh µt ,
4
01 − 64g 2

(A.6)

(A.7)

p
012 − 64g 2 .

A.4. Purely longitudinal TLS–bath coupling v⊥ = 0 ⇒ 01 = 0
The TLS–bath coupling is purely longitudinal, i.e. there is dephasing only. Again the secular
approximation need not be applied here, due to our particular choice of the initial state and
environmental coupling operator. Therefore this solution is also valid for strong dephasing.
hσzQ1 i(t)

hσzQ2 i(t)


−2g12 g22 + g24 −t0ϕ g12
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where µ2 :=

q
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g22
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cosh [µ3 t] +
sinh [µ3 t] ,
g
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0ϕ2 − 4g 2 , µ3 :=

q

0ϕ2 − 16g 2 .
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A.5. Fourier transform
The expressions in all expectation values contain constant and oscillating terms, with associated
decay rates. Terms of this form are more easily understood in the Fourier domain.
For measured signals of the form e−at cos[bt] the real part of its one-sided Fourier transform
yields two Lorentzian peaks at the position of plus and minus the frequency b and with an
HWHM which equals the decay rate a:
Z ∞

 −at

a
a
−iωt
+
.
<
(A.11)
e
e cos(bt) dt =
2 a 2 + (ω − b)2
2 a 2 + (ω + b)2
0
Fitting such peaks allows us to experimentally obtain the frequency and decay rate in a
precise and simple way, as displayed in figure 8. Additionally, the close correspondence to
the parameters in the Fourier domain helps us to depict frequencies and decay rates at the same
time in figures 2(C) and 3(B).
Appendix B. Calculation of the effective decay rate of a sum of decaying oscillations

In
P the strong decoherence regime the oscillations are a sum of several exponentials
j c j exp(−γ j t). To find one effective decay rate we can simply use equation (18). This
procedure is sensible when the different decay rates are not too far (i.e. not orders of magnitude)
apart. Note that equation (18) can also be calculated from an integration:
P
Z ∞X
X cj
c
j cj
=
=
c j exp(−γ j t) dt =
.
(B.1)
γeff
γeff
γj
0
j
j
In the weak decoherence regime, on the other hand, we have additional oscillations for
several terms, i.e. an expression of the form
X
(B.2)
c j exp(−γ j t) cos(ω j t),
j

where some ω j might be zero and the cosine function might be replaced by a sine function for
some terms. In such a case (as, for example, displayed in figure 2(B) or 3(A)), one needs to
decide to take either the average or the envelope of the oscillations. The effective decay rate of
the average neglects the oscillating terms completely and can therefore become zero when there
are no purely decaying terms in the expression. On the other hand, the average is unambiguous
while the upper envelope and the lower envelope can lead to different effective decay rates. This
is the reason why the average was chosen in figure 6 for the weak decoherence (oscillating)
regime.
The calculation of the average is performed by neglecting all oscillating terms and
calculating equation (18) from the rest. Numerically that is easily done by rewriting
all oscillations in equation (B.2) as exponentials, which yields an expression of the
form
X
c j exp((−γ j + iω j )t).
(B.3)
j
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Then all terms with a non-zero imaginary part in the exponential rate can be neglected and the
effective decay rate can be calculated as
P
ck
average : γeff = P k
,
(B.4)
k ck /γk
| {z }
puredecays

where k sums over all purely decaying terms.
The calculation of the envelope is performed by setting all oscillations (including the
algebraic sign) to 1 (upper envelope) or −1 (lower envelope). Afterwards, equation (18) can
be applied to all terms. Numerically, that can easily be performed by taking the magnitude of
the coefficients and real parts of the rates for all oscillating terms:
P
P
c
+
|cl |
k
Pl
Upper envelope : γeff = P k
(B.5)
,
k ck /γk +
l |cl |/γl
P
P
|cl |
k ck −
Pl
Lower envelope : γeff = P
(B.6)
,
k ck /γk −
l |cl |/γl
where k sums over all purely decaying terms and l sums over all oscillating terms. For the purely
decaying terms it is important not to take the magnitude of the coefficients in case negative
coefficients ck < 0 occur.
In principle, all terms with a non-zero imaginary part of the exponential rate are
oscillations. However, when this imaginary part (which is the angular frequency of the
oscillation) is smaller than the real part (which is the decay rate), this term decays strongly
before the time period of one oscillation, i.e. the term looks like a pure (non-exponential) decay.
For a numerical criterion whether a term should be categorized as oscillating or purely decaying,
one could therefore measure the imaginary part relative to the real part for each individual term.
However, for simplicity of the criterion we categorize, all terms with an imaginary part of the
exponential rate below 0.1 (where g = 1) as purely decaying terms in our numerical calculations
for figure 6. This is about one order of magnitude less than the decay rates plotted in figure 6.
Appendix C. Hamiltonian eigenstates of the system

For our system of two qubits coupled to one TLS, the unnormalized eigenstates indicated in
figure 1(C) are
|8i = | ↑↑↑i,
p
|7i = (−δ + δ 2 + 4g 2 )|↑↑↓i + 2g2 |↑↓↑i + 2g1 |↓↑↑i,
|6i = −g1 |↑↓↑i + g2 |↓↑↑i,
p
|5i = (−δ − δ 2 + 4g 2 )|↑↑↓i + 2g2 |↑↓↑i + 2g1 |↓↑↑i,
p
|4i = 2g1 |↑↓↓i + 2g2 |↓↑↓i + (δ + δ 2 + 4g 2 )|↓↓↑i,
|3i = −g2 |↑↓↓i + g1 |↓↑↓i,
p
|2i = 2g1 |↑↓↓i + 2g2 |↓↑↓i + (δ − δ 2 + 4g 2 )|↓↓↑i,
|1i = |↓↓↓i,
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where ↑ indicates an excited state and ↓ a ground state of the two qubits and the TLS in the
order |Q1, Q2, TLSi.
Setting g2 = 0 and tracing out the second qubit yields the system of only one qubit coupled
to a TLS discussed in section 3.1. Performing these operations on the above states, we find
|8i → |8i1q = |↑↑i,
p
|7i → |7i1q = (−δ + δ 2 + 4g 2 )|↑↓i + 2g1 | ↓↑i,
|6i → |6i1q = −g1 |↑↑i,
p
|5i → |5i1q = (−δ − δ 2 + 4g 2 )|↑↓i + 2g1 |↓↑i,
p
|4i → |4i1q = 2g1 |↑↓i + (δ + δ 2 + 4g 2 )|↓↑i,

(C.2)

|3i → |3i1q = g1 |↓↓i,
p
|2i → |2i1q = 2g1 |↑↓i + (δ − δ 2 + 4g 2 )|↓↑i,
|1i → |1i1q = |↓↓i.
Several states become equivalent:
|3i1q = g1 |1i1q ,
2g1
p
|7i1q ,
−δ + δ 2 + 4g 2
p
−δ − δ 2 + 4g12
|2i1q ,
|5i1q =
2g1
|4i1q =

|6i1q = −g1 |8i1q .

(C.3)
(C.4)

(C.5)
(C.6)

We therefore need (as one should expect) only four states to describe this reduced system.
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