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A KACZMARZ VERSION OF THE REGINN-LANDWEBER ITERATION
FOR ILL-POSED PROBLEMS IN BANACH SPACES

FABIO MARGOTTI, ANDREAS RIEDER, AND ANTONIO LEITAO

ABSTRACT. In this work we present and analyze a Kaczmarz version of the iterative
regularization scheme REGINN-Landweber for nonlinear ill-posed problems in Banach
spaces [Jin, Inverse Problems 28(2012), 065002). Kaczmarz methods are designed for
problems which split into smaller subproblems which are then processed cyclically during
each iteration step. Under standard assumptions on the Banach space and on the
nonlinearity we prove stability and (norm-)convergence as the noise level tends to zero.
Further, we test our scheme on the inverse problem of 2D electric impedance tomography
not only to illustrate our theoretical findings but also to study the influence of different
Banach spaces on the reconstructed conductivities.

1. INTRODUCTION

Our goal is to solve the nonlinear ill-posed problem

(1) Fz) =y

where F': D(F) C X — Y operates between the Banach spaces X and Y with domain
of definition D(F'). This kind of inverse problem gained a lot of interest over the last
years because several applications and constraints are formulated quite naturally in a
Banach space framework: sparsity, uniform and impulsive noise, preserving discontinuities
(edges) etc. In parameter identification tasks, for instance, the searched-for parameter
often appears in the governing partial differential equations as an L%-coefficient, e.g.,
electrical impedance tomography [2, 4, 5] (see our numerical experiment section below).

A variety of techniques for solving (1) in Banach spaces is on the market and the
field has meanwhile reached a considerable level of maturity. For an overview, examples,
and references we point to the monograph [25], to the special section Tackling inverse
problems in a Banach space environment (Inverse Problems, 28(10), 2012) and to the
topical review article [13].

In the present work we contribute to the analysis of iterative solvers where we combine
the Kaczmarz approach for ill-posed problems as introduced by [21, 22, 17, 3, 8] with
an inexact Newton iteration due to [9, 23]. Both concepts, which we now put together,
have already been investigated separately in a Banach space setting: See [24, 15, 12]
for Landweber regularization methods; [20] for Landweber-Kaczmarz methods; [14] for
inexact Newton type methods.

Algorithm REGINN (REGularization based on INexact Newton iteration) [23] for solving
(1) in Hilbert spaces is a Newton-type algorithm which updates the actual iterate z,, by
adding a correction step
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To find the Newton update s,, we assume F' to be continuously Fréchet differentiable
with derivative F': D(F) — L(X,Y) and solve approximately the linearized equation

(3) A,s =b,

where A, := F'(x,) and b, :=y — F (z,,). In fact, for a fixed u €]0, 1], s, is picked such
that

(4) ”Ansn_an <:u||bn||

Typically we apply an iterative regularization method to (3) to find an s,, satisfying (4).
This iteration is called inner iteration and iteration (2) is called outer iteration.

To formulate a Kaczmarz version of REGINN we further assume that problem (1) splits
into d € N ’smaller’ subproblems, that is, Y factorizes into Banach spaces Yy, ..., Y 1:
Y =Yy x Yy X x Y. Accordingly, F = (Fo, Fy,...,Fy1)", Fj: D(F) C X — Y},
and y = (Yo, Y2, --.,%a—1)' . Thus, (1) can be written as: find € D(F) such that

(5) Fi(x)=vy;, j=0,...,d—1

The idea is to solve the large-scale system (1) by a cyclic iteration where at each step
REGINN is applied to only one of the equations (5). This approach breaks the large system
down into d smaller subproblems and thus permits use of the full information contained
in the data while avoiding a large system.

Here is a short outline of the paper: in Section 2 we recall from [6, 25] needed no-
tation and results concerning the geometry of Banach spaces and Bregman distances.
The experienced Banach space user may skip this section. Then, in Sections 3 and 4 we
introduce the K-REGINN-Landweber method and prove convergence as well as stability
properties. Our results generalize and complement the investigations of [14] and [20]. No-
tably we verify strong convergence of the method from [14] where only weak convergence
was established. In the final section we present a variety of numerical experiments for the
inverse problem of 2D electric impedance tomography. Here we study the performance
of K-REGINN-Landweber, compare Hilbert and Banach space settings as well as different
noise models.

2. BASIC FACTS ABOUT THE GEOMETRY OF BANACH SPACES

If the context is clear, we use always a generic constant C' > 0 even it takes different
values, avoiding the unnecessary index enumeration. Sometimes we use also the notation
<. This symbol means: a(z) < b(z) if and only if there exists a positive constant C'
independent on z such that a (z) < C'b(z) for all .

Next we collect needed facts about the geometry of Banach spaces. For proofs and
more details we refer to [6].

We define the modulus of smoothness of the Banach space X as

1
px (1) := gsw{llz + 7yl +[lz =7y =2 [z} = llyl =1}, 7=0,

and the modulus of convexity as

. T+
o (@ =int {1 = Mo =yl = 1o -yl 2 of . 05 e<

The space X is called uniformly smooth if lim,_ g+ pXT(T) = 0 and wuniformly convex if

dx () >0forall0 < e <2 Let 1 < s < oobefixed. We call X s—smooth if px (1) < Cy7°
for all 7 > 0 and we call it s—convex if dx (€) > Cse® for all 0 < e < 2, where Cp,Cy > 0
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are constants. Of course X s—convex implies X uniformly convex and X s—smooth
implies X uniformly smooth.

A continuous and strictly increasing function ¢: R, — R, such that ¢ (0) = 0 and
limy . ¢ (t) = oo is called a gauge function. The duality mapping associated with the
gauge function ¢ is the mapping J,: X — 2% defined by

Jo () :={z" € X7 : (2%, 2) = [|2"|| ||| and [[z7][ = @ ([[=]])}
where (-,-): X* x X — R is the duality pairing.

The duality mapping associated with the gauge function ¢t — t?~! for some p > 1 has
the special notation J,

Iy (@) = {a" € X*: (") = ||| || and ||| = [|=["""} -
The duality mapping Js is called the normalized duality mapping. For any two gauge
functions ¢ and ¢, and = € X we have the relation ¢; (||z||) J,, (z) = @2 (||z|]) Jp ().
In particular
(6) Iy (x) = ||z||"" J. (), p,r>1

A selection j,: X — X* of the duality mapping J, is a mapping which satisfies j,, () €
J, (x) for all z € X. If X is uniformly smooth, then it is reflexive. In this case, each duality
mapping is single valued and continuous. If X is also uniformly convex, then each duality
mapping is bijective with continuous inverse J;l = J;,l, where J;,l: X' —= X=X
is the duality mapping associated with the gauge function ¢~!. In the particular case
¢ (t) = tP~" we have J; ' = Jr., where J.: X* — X is the duality mapping associated
with the gauge function ¢ (t) = #*"~! and p* is the conjugate of p, i.e., % + # =1

Suppose that X is uniformly smooth. Then J, is single valued and we can define the
Bregman distance A,: X x X — [0, 00[ as

B @9) = ol = el = (o) .y = ).
A straightforward calculation shows that
™) Ay (2,9) = Ay (5,2) = Ay (5:2) = (y (4) — Ty (), — 1),
for all z,y, z € X. Moreover, A, (z,y) =0 iff z = y and
(Ap (Tn, 7)),y uniformly bounded = (2,),y uniformly bounded.
If X is additionally uniformly convex then
®) li oy — 2l =0 = lim A, (a,2) =0

for sequences (), .y C X and z € X.
For an s—smooth Banach space we have that, see [14, inequality (2.2)],

(9) Ay (2,y) < Cps llz = yllI* (Il + llz = ylI"™)
for all p > 1, where C,, s > 0 is a constant dependent only on p and s.
If X is an s—convex Banach space and p < s then

Ap (x,y) = Cllz —yl” (]l + ly)™

for all z,y € X; C > 0 is again a constant dependent only on p and s, see, e.g., [25,
Corollary 2.61(a)]. In this case,

(10) Ap(z,y) 2 Cllz -yl
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for all z,y € B (0,]]]) :={z € X : ||z]| < R} where C' > 0 depends only on p, s and R.

3. THE K-REGINN-LANDWEBER METHOD: DEFINITION AND FIRST RESULTS

Jin [14] considered REGINN using the Landweber regularization as inner iteration in
a Banach space framework. The main goal of this section is to define and analyze a
Kaczmarz version of his algorithm. As a byproduct of our analysis we improve Jin’s
convergence result, see Remark 13 below.

We first introduce some notation and main assumptions. By [n] := nmod d we denote
the remainder of integer division. Furthermore, we slightly change the notation from the
previous sections:

b = Y — Fiy(v,) and A, = F, ().

Assumption 1. The right hand side of (1) and (5) is achievable: there is an ™ € D (F)
with y = F(a™).

(a) There exists some p > 0 such that

B, (z%,A,) ={veX:A,(v,a") <p} CD(F).
(b) There exists a constant M > 0 such that
HFJ/(U)H < M forallve B, (x+,Ap) and 7 =0,...,d—1.
(¢) (Tangential Cone Condition): There exists a constant 0 < n < 1 such that
[Fj(v) = Fj(w) = Fj(w) (v = w)|| < nlFj(v) = Fi(w)|,
for allv,w € B, (z%,A,) and j =0,...,d— 1.
(d) The Banach space X is uniformly smooth and uniformly convex.

As the spaces Y; are arbitrary for now, the duality mapping J,., » > 1, might not be
single valued. Then, j.:Y; — Y denotes one selection of J,. Under Assumption 1 we
define the K-REGINN-Landweber method which consists of two iterative schemes. Let
xg € D (F) be our starting guess and suppose that the n-th iterate z, € D (F) is
already defined. Then, z, is updated to x,.; in the outer iteration as in (2) by adding
the Newton step s, j, determined in the inner iteration, i.e., x,41 = T, + Sp,. The
increment s, j, is obtained by the Landweber method applied to the linearized system
(3): Set u, o :=0 € X* and suppose that u,j is already defined. Then,

(11) Up o1 2= Unjo + Wn Ay jr (b — ApSn i)
where
Sng = Zng — Tnand 2= T (Jp (Tn) + Ung)-
Further, wy,;; is a scale factor which might depend on n as well as k, and A7 : Y, — X~
is the adjoint operator of A,. Thus,

(12) Tpt1 = Tn + Spky, = Znkn = ‘];*(‘]p (Tn) + Un,k,)

where the final (inner) index k, is determined as follows: choose kp.x € N and p €10, 1],
set

(13) krme = min{k € {1, .. kmacd : [ — Aussll < g llball} .
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using min () = oo. Then,

0 : b, =0,
(14) kn=q krec : krec < kmax,

kmax : kREG > kmax-
Observe that k, = 0 if and only if b, = 0 in which case z,,; = z,. In the unlikely
event that b,.; = 0 for i = 0,...,d — 1 we can conclude that z, is a solution of (5) as
y; = Fj(x,) for j =0,...,d — 1. In any case we will prove that (z,),en converges to a

solution (see Theorem 5 below).
Remark 2. If k. = 1, then k, € {0,1} for alln € N and the method assumes the form
Tpy1 = J;* (JP (xn) + WnA;ijr (y[n} - F[n] (xn))) s

where wy, = Wy, which is a kind of Kaczmarz-Landweber iteration applied to (1) (in [20]
the authors suggested a special way to define the step size wy,).

If k, = krpc and p < 1 — 2n we have a qualified decrease in the nonlinear residual by
at least the factor A = (u+7n)/(1 —n) < 1. Indeed, standard arguments, see, e.g., [23,
Proof of Lemma 4.1], lead to

(15) Yim) — i) (i) l] < Alypm) — Fip (@) |-

It is this property which accounts for the efficiency of inexact Newton methods and which
motivates the definition of k,. Generically, k,, = krpe (provided k. sufficiently large),
however, we had to introduce k., because we need an upper bound for &, in our following
analysis.! Nevertheless, the important relation

(16) 1lBall < 11Bn — Apsppll E=0,... Ky — 1,

remains true which allows us to rely on some results of Jin [14].
In the next two theorems we prove that K-REGINN-Landweber (12) is well defined and
converges.

Theorem 3. Let X andY be Banach spaces where X is s—convez for some s > 1. Choose
1 <p<sandr>1. Let Assumption 1 hold true and start with xo € B, (z",A,). If
n<pu<land

Wy, i= IMin {w,gl,l, wf,l}
with
1 — —7r 2 —S —S s§—r
(A7) wyig = G0 1Al 100 = Ausual™ 5 @it = 02 ARl Dz~ b — Ausael ™™
for some positive constants 01 and 0y such that

Com1=L = Cpe (877 +0571) >0
1

where Cpx o is the constant from (9), then the method is well-defined and all iterations
remain in B, (7, A,). Moreover,

(18) Ap (Tpi1,27) <A (25, 27)

for all n € N.

1n case d = 1 we can actually cope with kp.x = 0o, cf. Remark 13 below.
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Proof. We use an inductive argument. Assume that z,, € B, (", A,) is well-defined. As
ky, is then well defined we have z,, 11 € X. In view of (16) we can argue exactly as in [14,
Theorem 3.1] to show that

Ap (Zn,k+17 ZL’+) - Ap (Zn,ka -T+) S _Cown,k ||bn - Ansn,k”T
forall k=0,...,k, — 1. Summing up yields

kn—1

(19) Co > wak Ibw = Ansuill” < Ay (0, 27) = A, (2041, 27)

which first implies (18) and then z,14 € B, (z7,A,). O
By (18) we find that

(20) A, (:cn, ) <A, (;1:0, +).

Hence, (2,,),,cy is uniformly bounded.
Lemma 4. Adopt all the hypotheses from Theorem 3. Then,
(21) Ap (Tpi1,20) < C (A (20, 27) = A, (Tg1,21))
for all n € N.
Proof. By (7),
(22) Ay (Tps1, ) <A, (Tpg1,27) = Ay (@0, 27) + ‘<Jp (zn) — Jp (Tps1), 2t — xn>} .
Further,
‘<Jp (zn) — Jp (Tpg1) 2t — xn>’ = ‘<Jp () — (Jp (20) + Un k) xn>‘

kn—1 ‘

Z <un,k+1 — Un,ky Tn — .CE+>
k=0

kn—1 ‘

= an,k <]r (bn - Ansn,k> 7An (mn - I’+)>
k=0

kn—1

S an,k ||bn - Ansn,kHr_l ||An (xn - I+) ||
k=0

kn—1

r—1
+ 1) E W,k an - Ansn,kH anH
k=0

= [t 00 =) =

where we have used the tangential cone condition from Assumption 1 in the last inequality.
By (16) and (19),

kn—1

[y @) =y @ns1) 2 — 2] < S i 1 — Awsial
1
k=0
n+1
< Co (A, (a:n,x+) — A, (@ns1,27))

Inserting this bound into (22), we arrive at (21) with C' = —1>0. O
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Theorem 5. Again, let the assumptions of Theorem 3 hold true where 1 < p < s <r
and

(23) Wk 1= Min {wg,)c, wq(f,)c, w}

with a constant w > 0. Then, the sequence (1), C X converges strongly to a solution
of (1). If 2 is the unique solution in B, (z*,A,), then z,, — z* as n — oc.

Proof. Theorem 3 remains true under (23). We will prove that the sequence (x,),, oy is a
Cauchy sequence. Let m,l € N with m < [ and write m = mqod+m; as well as | = lpd+1;
where mq, ly € N and mq,l; € {0,...,d — 1} . Of course mgy < ly. Choose zg € {mq, ..., [y}
such that

d—1
(24) 2 (llys = F5 (@agaig) || + 122001541 = Taoarsl)
]:

d—1
< ZO (lys = Ej (@ngari)| + |Znodrsrr — Tnoasll)
]:

for all ng € {mo,...,lo}, and define z := zd + d — 1. By (20), the sequence (z,), oy is
uniformly bounded. It follows, see (10), that

lzm — 2l < 2° (o — 27 + |22 — 2l]”) S (Bp (Tm, 22) + By (31, 22)) -
In view of (7) we obtain
(25)  |zm — z]® S (A (T, 2F) = Ay (22,27)) + (A, (21, 27) = A, (22, 27))
+ (T (22) = Iy (@) 2™ = 22| + [(Jp (22) = Jp (m) , 2" —22)].

Due to the monotonicity (18) the first two terms in the right hand side converge to zero
as m,l — 0o. We estimate the last two:

[Ty (@) = Jy ) s2™ — 20| = | S (T () — Ty () 2 — 2)

z—1
<Y |t — 2|
Analogously,
-1
‘<Jp ($Z> - JP (l’l) ,ZE’+ - 932>‘ S Z }<un,kzn7$2 - CE+>‘ .

Then, the last two terms in (25)
fGom )= |(Jy (2.) = Jp (@m) 2. — 20| + [(Jp (22) = T (m1) , 2. — 7))

are estimated by

-1
(26) f(z,m,l) < Z | (un g, w2 — 7).
We proceed as in the proof of the Lemma 4 and get
ke —1
(27> ‘<un,kna T, — l‘+>‘ < Z ‘<un,k+1 — Un,k, Ty — I+>‘

k=0
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kn—1

B Z }wn,k <]r (bn - Ansn,k) Ay (:EZ - m+)>‘

kn—1

< an,k an - Ansn,k”r_l HA” (SEZ o :l?+) H ’
k=0

Employing Assumption 1 (c) yields
(28) [l (e =2} < A (2n = 2| + 1140 (22 = 20)]
<t o~ ) o)
[ Foy (@2) = Fioy (@) = Fy (= n> (2= — )|
<+ )(|an+HF[n z2) = Foy (za)))
< (n+1) (211ball + [[yp — Fuy (22)]]) -

Further,
Y] = Fra) (@2)]] = (|9 — Fla) (@20-1a-1)
d—2
<N = Fiol (@zoasim) | + D 1Fnl @aarier) = Fing (20045 ]|
i=ln)
1 d—2
<Y = Fr) (zz0a4 ) || + EZ | F (% 20d5) (Tzparjn — Tagats)|]
i=ln]
d—1
< (112 ) 3 = 5 o)+ s = 2
7=0

We write n = nod + ny for some ng € {my, ..., lp} and ny € {0,...,d — 1}. Then, from the
definition of zy (24),

d—
[y = Fony (22) | < (1+ —) Z 195 = F5 (Znoari) | + [ Znoatitr — Tngassll) -
j=0

Recalling (16), inserting (29) in (28), (28) in (27) and (27) in (26), we arrive at

-1 kn—1
(30) f(z,m,1) (E:z)%ﬂb AwMW)+g@mM)+M4mﬁ

n=m k=0
with the abbreviations

-1 kp—1
(z,m,1) Zzwnk 1br — Ansnll™ 12 ly; = £} (@ngai)l,
n=m k=0
-1 kp—1 d—1
h(zm, ) =Y > Wk llbn = Ansuill™ D [ Zngarjor — Tnoasi|l -
n=m k=0 7=0

The first term in the right hand side of (30) can be estimated by (19).
We estimate the last two terms. By

|l =z

M
Ibnll < 3=
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we see that (by,),cy is uniformly bounded because (z,,),,oy is uniformly bounded. From
the definition of wy,; ((23) and (17)), Assumption 1 (b), 1 <p < s <7, 5,0 = 0, and
Zn0 = Tn We deduce that

_1 _1
wig' = min {0y [|Au |77 [0l 02 [ Anll ™ [la [P [10a]*" @} = C1 > 0

for all n € N. Moreover,

1 1
@1 Jonll < oo nll = 27 B = Ausuall < oo
kn—1
where v,, 1= Zw;jkl 16, — Ansnkll - As kn < kmax,
k=0
kn—1 kn—1 1 r—1
ank b — Apspill ™= (wnk by — Ansn,k“) < Fognax0) L
k=0

Then, we estimate the second term in the right hand side of (30) using (31) according to

lo—1 d—1 d—1
Fmax r—
(32> g <Z7 m, l) < C (Zvnodl—i-ru ZvnOd+j)

no=mo \n1=0 7=0
lo—1 d—1 -1 -1 [kn—1 r
5 Z UZod—Hu) = U (Zw ||b —A Snk”)
nog=mg \n1=0 n=m n=m
-1 kn—1
S Wn,k 16, — A Snk”
n=m k=0

where we have used w,, ; < @ in the last step to establish wﬁ S Wn k-
Similarly, we bound the rightmost term in (30):

lo—1 d—1
(33) h(z,m, 1) < kax Z (Zvnod-s-mz [E xn0d+]H>
0

no=mo \n1=0 j

lo—1 —

Z Z n0d+n1 + ||xn0d+n1+1 Lngd+ny H )

no=mgo n1=0

-1
= Z (o + (|21 — znll")

-1 kn—l

n=m k=0

Now concentrate on the sum on the right. Using (10) and Lemma 4 we obtain

[Zni1 — 2ull” S Ap (T, Tnia) S (Ap ($n7$+) -4, (xn+1713+)) .

Asr > s> 1, we have for m,[ large enough that

-1 -1
Z [Zns1 — @a” < Z 2ns1 = @all® S (A (2, 2™) = Ay (a1,27)) -
n=m n=m
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Using this fact, inserting (33) and (32) in (30), (30) in (25), taking (19) into account we
finally end up with
|zm — zil® S (Ap (T, 2h) = A, (22,27)) + (A (z,27) — A, (22,27))
+ (A (wm, ™) = Ay (z1,27)) -
By monotonicity (18), we conclude that A, (z,,2%) — § > 0 as ¢ — oo. Then, the right
side of the above inequality converges to zero as m,l — oo, which proves (z,), .y to be

a Cauchy sequence. As X is complete, it converges to some a € X. From (31) and (19)
we obtain

0o 0o 0o knp—1
(34) Z 16n]|" < ZU:L < an,k 1br, — Ansnil|” < o0,

n=0 n=0 n=0 k=0
that is, ||y — Fia) (@n)|| = [|ball — 0 as n — oo. Since the F}’s are continuous, y; =
F; (a) and a is a solution of (5) and (1). If (1) has only one solution in B, (z*,A,), then
a=zx". O

4. THE K-REGINN-LANDWEBER METHOD: REGULARIZATION PROPERTY

4.1. Noise in the data. We suppose now that the right hand sides y; = Fj(z™) in (5)
are not available but noisy versions satisfying

6A
(35) ly; =y’ [l < 0.
The nonnegative noise levels d;, j = 0,...,d — 1, are assumed to be known. Moreover,
following [14] we even allow the operators Fj and their derivatives F to be perturbed

(thus modeling, for instance, discretization errors). Their perturbed versions are F]h and
G;‘, respectively, where

(36) |F! (z) = F; (2)]| < Bry and ||G2 (z) — F ()] < mny

for all x € B, (z",A,) and j = 0,... .,d — 1. Further, all 3, ,’s and 7, ;’s converge to
zero as h — 0. In principle we could perform a convergence analysis with respect to o
and h independent of each other. For the ease of presentation, however, we couple h to
0 such that h — 0 whenever 6 — 0. Here,

(37) d:=max{0;: j=0,..,d—1} > 0.
To formulate the method for noisy data, we introduce new notation
5 . (xh (0 § ., 0m ho (.0
A, =Gy (z0) and b =y — o (z2) .

[n
With this notation the method is defined exactly as in (12) but all quantities are replaced
by their respective noisy counterparts (indicated by a superscript d; or §):

$2+1 =z + 52,1{;1 = Zi,kg = Jp-(Jp (xfl) + ui,kg)a fg = x9 € D(F),

where
(38) Ui,kﬂ = ufzk + Wi,kAf{*jr (bi - AiSi,k,) 3 qu,O =0.
with A% = (A3)". For the definition of k% see (14) where we modify the case b, = 0 to

a discrepany principle to avoid noise amplification in the outer iteration: Choose R > 0
such that

(39) B, (z*,A,) € Br (2, [|])
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Algorithm 1 K-REGINN-Landweber
Input: 2%; (y%,0;): Fl; Bui; G mnsy i =0, ood — 1; 1 kax; B 75
Output: 29 with ||y” — Fy(z%)| < 7(6; + Bri + Rmpy), i =0,...,d — 1;
(:=0; zo:=2%; c:=0;
while ¢ < d do
fori=0:d—1do
n = 0d + i;
0, =yt — Fl(a)); A) = Gl (a));
if H?‘fLH < 7(6; + Bni + Rmy ;) then

Ty = 20: ci=c+1;
else
k= 0; ufw =0 sz,o = 0;
repeat
choose wy ity oy = 1y + W ANy (b — Ansy )

ki=k+1; s, = J. (Jp (22) + uflk) — a0

until |05 — A% || < w||Bd]| or k& = kmax

b 8 )
Tpyq =Ty + Sy s €= 0

end if
end for
(:=0+1;

end while

§ .5 .
TN = Lyg_es

and fix 7 > 1. If for some n € N we have

(40) [05]] < 7 (O + B oy + Roen o)
then we define k% := 0 resulting in 29, = z%. We stop the outer iteration as soon as

(40) is satisfied d consecutively times. Our approximate solution of (1) is then x% where
N = N (§)? is the smallest number which satisfies

(41)

0; .
ij—F}h(x?\])HST(éj‘i‘ﬁhJ‘i‘Rﬂ'hJ), j:O,...,d—l,

see Algorithm 1 for an implementation in pseudocode. The monotone decrease of the
residuals (15) applies accordingly.
This method is well defined and terminates: A result similar to Theorem 3 holds true.

Theorem 6. Let X andY be Banach spaces where X is s—convez for some s > 1. Choose
1 <p<sandr>1. Let Assumption 1 hold true and start with xo € B, (z*,A,).
If77<u<1,7'>ﬁ, and

Wy, Jp = I {wmk s Wik (s

2The number N is chosen by a posteriori strategy, it thus depends actually on § and y°: N = N (67 y‘s) .
But we stick to the simpler notation N = N (9).
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where
(42) wi = 00|07 o0 — AR Wi = e AL [0 — Adsall”
for some positive constants 61 and 0y satisfying

o=1-21_2""T_¢ . (e{’*—l + 95*—1) >0,

with Cy o from (9), then the method is well-defined and all iterations remain in B, (z, A,) .
Moreover, the algorithm terminates with some number N = N (0) € N and

(43) Ap (xfwrl’ zt) <4, (xia ™)
for alln < N — 1. Furthermore,
(44) Hxi” < C foralln < N,

with C' > 0 independent on n, N and J.

Proof. We use an inductive argument again. Suppose that 22 is well defined in B, (x7, A)
while the stopping criterion (41) is not met yet, that is, there is a k € {1,...,d} such
that 2, # 29. We will show that 20, is well defined in B, (%, A,).

If 2 satisfies (40), then 20, = 22 is well-defined and belongs to B, (z™, A,) . Of course
in this case the inequality (43) trivially holds. If 2 does not satisfy (40), then k2 > 1
and x%_; is well-defined in X. We follow again [14, Theorem 3.2] to validate

A, (Zfz,kﬂa x+) -4, (Zfl,kﬁ $+) < _COWfL,k Hbi - Aisi,kHr )
for all k =0,...,k% — 1. Then

kS —1
o0 Y w65 — ALS | < A, (o, 0%) — A () 1007)
k=0

which proves (43). Hence, 2., € B, (z",A,). As in the proof of Theorem 3.2 in [14] we
obtain that wijk Hbfb - A‘;sfthr > ( for those ° which do not satisfy (40). The constant
C > 0 is independent of n and k. In this case,

kS —1

co C'kS < co sz’k Hbi - Ags‘;kHr <A, (xi,ﬁ) - A, (xgﬂ, zt).

k=0
If 9 satisfies (40), then k¢ = 0 and above inequality holds trivially true. Assume that
Algorithm 1 does not terminate. Then, we sum up above inequality from n = 0 to
n =1 — 1 for arbitrary [ € N to yield

-1

Co C’Zk‘g <A, (2, 2t) = A (), 27) < A, (2f,27).
n=0

Thus, Y °7 kS < oo which is true if and only if the sequence (k3), is finite. Therefore
the termination index N = N (0) is well defined.
From (43),
A, (20,27) <A, (z0,2%) <00, n<N,

which imples that HmeH < C for all n < N, with some C' > 0 independent of n, N,
and 0. O

Weak convergence is now a matter of standard arguments, see, e.g., [19, Corollary 3.5].
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Theorem 7. Let all the assumptions of Theorem 6 hold true. If the operators F;, j =

0,...,d —1, are weakly sequentially closed then for any sequences (y(-éj)i> , (th) N
ieN ¢

and (G;”)ieN with 6 = max {(6;),:j=0,...,d—1} — 0 (consequently h; — 0) as
1 — 00, the sequence (517(]5\(;(1;(1'))) contains a subsequence that converges weakly to a
ieN

solution of (1) in B, (x",A,). If T is the unique solution of (1) in B,(x*,A,), then

ac?v((;) s converges weakly to ™ as 6 = max{d;: 7 =0,....d— 1} — 0.

>0

4.2. Strong convergence. Here we investigate norm convergence of the family (a:fv( 5)) 550
when the noise level ¢ (37) tends to zero. To reduce the notational burden we will not
use the §;’s in the their original meaning (35) anymore. From now on we denote by (9;)
a sequence of noise levels as defined in (37), i.e., §; := max {(51‘)1‘ :j=0,...,d— 1}.

We prove strong convergence along the line of arguments from [19, Section 3.2]. To
this end we suppose subsequently that z* is the unique solution of (1) in B, (z*, A,) and
we define the sets X,,.

Definition 8. Set )?0 = {x0}. Suppose that the set )N(n 15 already defined and that it s
finite. We define X, 41 by the following procedure: for each &, € X,,, define o, :=0¢€ X*
and oy g1 like wp i1 in (11) but with &, in place of x,, and o, in place of u,, i.e.,

On,k+1 = Onk + Wf:kF[/n} (gn)*]r [57; - F[/n] (fn) Sirjk} )

where by, = Yin) — Fin) (&) si”k = S5 (Jp (&) + onk) — & and wi”k as defined in (23)

p

and (17) (with &, and o, in place of x,, and wy,y, respectively).
Define
(45)  kreo (&) == min {k € {1, ) ¢ || — FLy (60) 557 ‘ < ullon } ,
and
0 : b, =0,
(46> kn (gn) = kREG (&1) : kREG (gn) < kmaxv
kmax : kREG (é-n) > kmax-

Then, &, + si"kn € )’Zn_t'_l. Furthermore, if

(én)

(47) b,

l;z - F[,n] (fn) Sg:kn(én)—fH =K fort=1,...,¢, (gn) < kn (gn) )

then the elements &, + Sf:kn(gn)—é’ (=1,...,0,(&), belong to the set )Z'nﬂ as well.

We call &, € X, the predecessor of &, + sznkn(gn)fz € Xpi1 for 0=0,1,....0, (&), and
these ones successors of &,.

Of course 7, € X,, and X,, is finite for all n € N. Moreover, from (18),
(48) Ap (gnJrla er) < Ap (gna $+)

whenever £,.1 € X,,11 is as successor of &, € X,,.
In a certain sense the sequence (Iéi

n)z oy converges to the set )N(n provided the image
spaces Y share further properties.
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Lemma 9. Let all the assumptions of Theorem 6 hold true where

Wy, Jp = 1IN {wmk Wk W

with a constant W > 0. Additionally, let all Y;’s be uniformly smooth.
If §; — 0 as i — oo, then for n < N(§;) with §; > 0 sufficiently small, the sequence

(e

”)ieN splits into convergent subsequences, all of which converge to an element of X,,.

Proof. We prove the statement by induction. For n = 0, xg" =129 — X € 550 as 1 — Q.
Now, suppose that for some n € N with n+1 < N (¢;) for ¢ large enough, (x%’)ieN splits
into convergent subsequences, all of which converge to an element of X,. To simplify
the notation, let (:Bf;’)ieN itself be a subsequence which converges to an element of X,,:

lim; xfj = ¢, with &, € X,,. We have to prove that the sequence (JE%H)Z.GN splits in
convergent subsequences, each one converging to an element of )N(nH. To this end, we
verify by induction with respect to k that

(49) Uik — o as 1 — oo for all k <k, (&,).

In fact, for £ = 0, Uii,o =0= 0,0 — 0,0 as i — oo. If we suppose for some k < k, (§,) —1
that uik — Opk a8 1 — 00, then, as Yj is uniformly smooth, the selection j,.: Y; — Y
is unique and continuous. Further the mappings J,, J5., Fj, and FJ/ are also continuous
which implies together with (36) and lim; .. 2% = &, that si" > sf[’k and wfjk — wi"k
as 1 — 00. Thus,

uf;’k+1 e Onk + Wf:kF[;m] (fn)*]r bn, — F[,n] (é‘n) 35:19 = On,k+1
yielding (49). With a similar argument,

1—00

(50) sfj’k — Si"k for all k <k, (&,)

resulting in

(51) }Eglo |65 — oy (00) szk

b, — Fry (&) sfka for all k < ky (£n) -

Now we have to differ two cases.
Case 1: ky, (&) = krpc (&,). From the definition (45) of krpa (€,) we have

bu = oy (60) S5k e || < 1 [P0
It follows from (51) that for ¢ large enough

J; 5\ O 5;

b = Fpay (25) 3 e || < #1021

which implies in view of (14) that k% < k, (&,) . Now, if

(52> bn - F[/n} (gn) stkn(gn)le > bn
then, for ¢ large enough,
5 51\ o0 5
byl — F[/n] (:Un) S k(€)1 || = 1 an ,

which implies that &, (§,) — 1 < k% and then k% = k, (&,) . It follows from (50) that

(53)  limor, = lim (mf”f * Siki> =Gt im sy e = Gt S 6 € Xnsr

1—00



KACZMARZ-REGINN-LANDWEBER IN BANACH SPACES 15

But, if (52) is not true, let ¢, (&,) be the largest number such that (47) holds. Then,

L / gn L
b — Fiyy (6n) S o (En)— (En(en)+1) || = H||On

and so, we have k,, (£,) — £, (&) < k% which implies k% € {ky, (&) — € (§2) 5+, kn (€2)} -
This means that the sequence (kz) oy has the limit points k, (&n) = ln (&n) ooy En (&n)

and accordingly the sequence (:lcf1 +1)i€N splits into £, (&,) + 1 convergent subsequences,

each one converging to an element of X,,,; by definition of this set.
Case 2: ky, (§,) = kmax- In this case,
b

(54)

_ .
bn — Fioy (€n) Sn,kn@n)H =y

If this inequality is strict, due to (51), for ¢ large enough we have

0 — Fpoy (20) 80 ke

> qufj

which implies that k% > k, (£,) = Kmay and then k% = kpay. As in (53), lim, o 2%, €
X1,

If equality holds in (54) we consider again the number ¢,, (&,,) of (47) to validate k,, (§,)—
0, (&) < k% and then that k% € {kmax — fn (§2) - - - s Kmax } - As before, we conclude that

(mflijl)ieN splits into £, (§,) + 1 convergent subsequences, each one converging to a point
of Xn—i—l' O

The next lemma and its corollary establish uniform convergence of (X,,), to z™.

Lemma 10. Under the assumptions of Theorem 5 there is, for any € > 0, a constant

M = M (e) € N such that
A, (En,x+) <€ foralln> M (e) and all , € X,,.
Proof. See Appendix A. O

Corollary 11. Let all assumptions of Theorem 5 hold true. Then, Lemma 10 is true
with the norm in X : for any € > 0 there is a constant M = M (¢) € N such that

||mJr — {nH <€ foralln> M (e) and all &, € X,,.

Proof. From Lemma 10 we conclude that the sequence (&), oy is uniformly bounded.
Then the result is a consequence of (10). O

We are able to prove strong convergence.

Theorem 12. Let all the assumptions of Theorem 6 hold true with 1 < p < s <r and

(1), 6,(2) —}

1)
n,k 7wn,k W

Wy, *= Min {w
where W > 0 is a constant. Additionally, let all Y;’s be uniformly smooth. Then,
. 5 | —

lim ||z (s) — 2| = 0

where x+ is the unique solution of (1).
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Proof. Let §; — 0 as i — oo. The cases N (¢;) — n € N as i — oo and N (J;) bounded
can be dealt with as in the proof of Theorem 3.7 in [19]. Now, let N (9;) — 0o as i — o0
and let € > 0 be given. From (44) and (10) we conclude that there exists some positive
constant C'; > 0 such that

fo; - x+||8 < (14, (x‘si,aﬁ) for all n < N (6;) .

n

But for all n € N fixed, we have N (¢;) > n provided i is large enough. It follows from
(43) that

H$%(6i) —at| < CiA, <$%(5¢)’ x+> < CiA, (), 27),

for each n fixed and ¢ large enough. Therefore, it is sufficient to prove that

_ €’
(55) A, (:Uf;,f) < o

for some n € N fixed and ¢ sufficiently large. From the definition of A,

L - 2 [l
p

A, (x&? $+) <

n

0;
5 l
As the norm is a continuous function, there is a y; = 7 (¢) > 0 such that

+ |<Jp (a:fb) N a:2>

68
é R
2C,
0;

whenever ||zt — 28| < y1. Moreover, from (44), if |2+ — 22
we have from the properties of J,,

[(Jp (w5) ™ — )

which implies that (55) is satisfied whenever
(56) H$+ _xil S 7:7(6) ‘= min {’71772}7

for some n € N fixed and i large enough. To validate (56), we follow again ideas of [19].
According to Corollary 11 we find an n € N such that

Hx+ - an < % for all &, € )~(n

i

1, . 1
ngxil - » &2

€S

<% =7(€) = sm-

68
< 9
- 20,

" o s

n

< |

T

According to Lemma 9,
||:1:fl — an < % for some &, € )?n,

provided i is large enough. Then, for ¢ sufficiently large and an appropriate choice of
&, € X, we end up with

< [l = &all + 160 —
This is (56) and completes the proof. O

Hx+ —xfj <.

Remark 13. If the number d of equations is equal to 1 and if we set kya.x = 00 then
Algorithm 1 coincides with the REGINN-Landweber method presented and analyzed by Jin
in [14] where, however, only weak convergence was established, cf. [14, Remark 3.4]. But
using Lemma 9 we are able to prove strong convergence without any additional effort. In
fact, from [14] we know that kS (or k,, in the noiseless situation) and N(J) are well defined
(in other words: the repeat and while loops of Algorithm 1 terminate). Further, strong
convergence in the noiseless situation is also provided. In this situation, only Case 1
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in the proof of Lemma 9 needs to be considered, but its proof remains the same. As a
consequence, strong convergence of Jin’s method is a byproduct of our analysis.

Relying on a variational source condition Kaltenbacher and Tomba [16] could recently
validate strong convergence with rates of an iteratively reqularized Gauss-Newton version
of Jin’s method.

Remark 14. Observe that the sequences (b)) and (zik) are uniformly bounded and

because HA;SLH < M, we have that Hbfz — Agsika is also uniformly bounded. As1 < p <

s < r, we conclude that (see (42)) min {wi”(,:),wi”(,f)} > C where the constant C' > 0 is

independent of n, k, and d. If 0 < C' then

Wy =MDy w, 37w, 77 W e =W
which allows us to use a small constant step size for our numerical experiments in the
following section.

5. NUMERICAL EXPERIMENTS

To demonstrate its strengths and weaknesses we apply K-REGINN-Landweber to the
inverse problem of EIT (Electric Impedance Tomography) introduced by Calderén [4]. We
give a rough explanation of EIT; for more details concerning modeling and mathematical
results see, e.g., both overview articles [2, 5].

Let  C R? be a bounded and simply connected Lipschitz domain. We apply some
electric currents ¢g: 02 — R on its boundary and record the resulting potentials f: 02 —
R on its boundary as well. The goal is to reconstruct the electric conductivity v: 2 — R
in the whole of €.

The governing equation of the continuum model in weak formulation is the elliptic
variational problem: Find u € H} (Q) := {v € H' (Q) : [,,v =0} such that

(57) /Q’YVUVQO = /asz gp forall p € H ().

Ifye LT (Q) :={ve L>*(Q) :v > C a..} for apositive constant C'and g € Hgl/Q (002) =
H? (09)" where HY* (9) := {v e HY2(89Q) : [,,v =0} then due to standard ellip-
tic theory there exists a unique solution of (57). Furthermore, its trace f = ul,, is in
H<1>/2 (0€2) and the mapping A, : Hgl/Q (02) 39— f€ H<1>/2 (0f2) is a linear homeomor-
phism called Neumann-to-Dirichlet map (in short NtD).

The forward operator F': D (F) C L™ () — [,(Hgl/Q(@Q), H<1>/2 (092)) associated with
EIT is defined by
(58) F(v):=A,

where D (F') := LS () . Solving (58) for v given A, is the EIT inverse problem which is
uniquely solvable [1].

In practice the full NtD map is not completely available, only d € N potentials A,g;,
Jj=0,...,d—1, can be observed which are induced by the currents g; € Hgl/Q((?Q). This

fact leads us to introduce the operators F;: D(F) C L>(Q2) — H<1>/2(89), Fi(y) == Aygj,
j=0,...,d—1. We are now in the situation (5). Moreover, Fj is Fréchet differentiable,
see, e.g. [18]. Unfortunately, L>(£2) is not a Banach space covered by our analysis of K-
REGINN-Landweber (it is not s—convex). Since L (2) C LP (€2) (€2 is bounded) we could
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redefine the mappings F}; as F;: D(F) C LP(Q2) — H<1>/2(8§2). Indeed, LP(Q2), 1 < p < o0,
is ¢g—smooth and s—convex for ¢ := min {p,2} and s := max{p,2}, see, e.g., [6]. The
duality mapping J,: LP(Q2) — LP" () is given by

(59) Jo(f) = 17" sign(f).
We are, however, in trouble again because F} is certainly not Fréchet differentiable with
respect to the LP-topology (D(F’) constains no interior points). We suggest a pragmatic

approach as remedy: restrict the searched-for conductivity to a finite dimensional space
V C L*™(Q), that is, consider
(60) Fj: V., CV,— L*(09;), ~v— ANg;, V.=DF)NV,
where 0€2; is this part of the boundary where the measurements are actually taken. We
write V, = (V.|| - ||r(@)) to emphasize that V' = span{vq,..., vy} is equipped with the
LP-norm.®> This model is reasonable for two reasons: 1. Only finitely many degrees of
freedom of the conductivity can be determined from finitely many measurements. 2. From
a computational point of view we are bound to a finite dimensional setting anyway.

The operators (60) have Fréchet derivatives Fj: int(Vy) — L(V,, L*(0SY)), Fj (v) h =
w;| o0, Where w; € H & () is the unique solution of

(61) /Q TVw; Vo = — /Q hVu;Ve for all p € Hj ()

with w; solving (57) for g = g;. The associated adjoint is Fj(y)*: L* (09;) — Ve,
Fi(y)*z =3, Mi(z)v; where A = (A1 (2) ..., A (2)) " € RM uniquely solves

AN = b where A € R™*M and b € RM with A4, ; = / v;vj and b; = / ZFJ’(V)Uz
Q 09
Let ¢, and w; ; € H<1> (©) be the unique solutions of (57) for g = z and (61) for h = v;,
respectively. Then,

bi:/ zFJ{(’y)vi:/ ZW; :/’szbZVwm- = —/UZ-VuszbZ.
09, 89, ) Q

Now we introduce our test environment: € is the unit square (0,1)* and we feed in the
d = 4m (m € N) independent currents

cos (2jomz) cos (2jomy) : (z,y) € 'y,
gi(x,y) = .
0 : otherwise,

where j =4 (jo— 1)+ (1 — 1), jo=1,...,m, j1 = 1,...,4. Further, I'y := [0,1] x {1},
[y :={1} x[0,1], T3 :=[0,1] x {0}, and T’y := {0} x [0, 1] are the faces of Q. We operate
with 0Q; = 0Q\I';, (we do not measure where we apply currents).

The basis functions v; of the conductivity space V are constructed by a Delaunay
triangulation 7 = {T; : i = 1,..., M} provided by MATLAB’s pde toolbox* where M =
3066. Set v; = xr;, ¢ = 1,..., M (xp denotes the indicator function of the set B). For
this basis, A reduces to diagonal matrix A = diag (|7;|), where |T;| represents the area
of triangle T; and then \; (2) = b;/ |T;|.

3The v;’s are naturally assumed to be linearly independent and chosen such that V4 has a non-empty
interior: int(Vy) # 0.
4MATLAB is a trademark of The MathWorks, Inc.
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FIGURE 1. The searched-for conductivity vt (62) superimposed by the
corresponding triangulation 7 of €.

Remark 15. Above choice of V' guarantees injectivity of Fi(7y), v € int(V). Moreover,
F; satisfies the tangential cone condition (Assumption 1), see [18, Section 3].

The exact solution v = Zf\il a;v; models a constant background conductivity 0.1 and
two ball-like inclusions with conductivity 1: Denoting the centroid of T; by &; we set

M

1 LG B UB,

(62) 7= aw, withai:{ G € B
i=1

0.1 : otherwise,

where B; and B, are (open) balls with radii 0.15 about the centers (0.35,0.35) and
(0.65,0.65), respectively. Figure 1 displays 4. The corresponding data A+ g; have been
computed by the finite element method (FEM). We assume to know the background
conductivity and, thus, start with initial iterate vy = 0.1. The other input parameters of
Algorithm 1 are 7 = 1.5, kyax = 10%, 1 = 0.8, and w,, = 0.001, see Remark 14. Further,
Bh,; = mnj = 0. During the iteration the elliptic problems (57) and (61) have been solved
by FEM also, however, using a different and coarser discretization mesh as for generating
the data to avoid the most obvious inverse crime.
The relative L?—error of the n—th iterate v, is denoted by

19 = 7"l 20
17l z2 (0

Our initial error is ey ~ 87.4%. As Y; = L*(9);) is a Hilbert space, the normalized
duality mapping is the identity operator. For this reason, we have chosen » = 2 and then
Jr (f) = f for all f €Yj. Due to the restriction 1 < p <s <r, (see, e.g., Theorem 12) we
have that 1 < p < 2.

In our first experiments we work with the Hilbert space X = V5, i.e., p = 2 to illustrate
the convergence results of Theorems 5 and 12. Figure 2 shows different iterations where
d = 4 and no noise (other than noise from discretization) is present (6 = 0). The slow
convergence of the inner (Landweber) iteration can be observed when looking at the
number k,) of overall inner iterations (sweeps through the repeat-loop of Algorithm 1).
The locations of the inclusions appear clearly after only a few (outer) iterations. This

en := 100
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FIGURE 2. Some iterates of K-REGINN-Landweber for d = 4. Below each
plot the iteration index, the relative error, and the overall number of inner
iterations are given (The plots actually do not show v, = > alv; but
smoothed versions which are obtained by piecewise linearly interpolating
the coefficients (af')).

5(%) |80 40 20 1.0 05
N@O) | 8 22 58 104 248
kan 20 267 1491 3871 18381
ene) (%) [87.1 856 829 81.7 804

TABLE 1. Relative L?—error of 7?\/( 5) for decreasing noise level §. Here, d = 4.

observation is quite remarkable as only one current per face was applied. For a possible
analytic explanation we refer to [11].

The convergence yfv( 5 vt asd — 0 (Theorem 12) is somewhat illustrated in Table 1.
To this end we corrupted the simulated exact data by artificial random noise of relative
noise level 9, that is, the perturbed data are

(63) Aﬁg;S = Ay gj + 6 [[Ay+gjllL200, per;, §=0,...,d—1,

where per; is a uniformly distributed random variable such that |per;||z290,) = 1. In
contrast to the previous sections ¢ denotes here a relative noise level.

Remark 16. We emphasize that k., = 10° is never reached in all our experiments: The
repeat-loop terminates as ||b5, — A%sd || < 1o ||b3]| happens for a k < kuwax. If, however,
we reduce kmax to a much smaller value, say kyn.x = 50, then the repeat-loop is stopped
predominantly because k = kyay @s reached. In the experimental setting underlying Table 1
K-REGINN-Landweber terminates then with even smaller k.y’s. The price to pay is worse
accuracy (larger reconstruction error).

With our next experiments we highlight the mode of operation of Algorithm 1. One
advantage of Kaczmarz over classical methods is that not all equations are active in one
cycle. An equation is inactive in a cycle if the then-branch of the if-block is executed.
Figure 3 displays the number of inactive equations as a function of the cycle number
(which is the variable ¢ in Algorithm 1). Here, d = 8, § = 1%, and all other input
parameters including the spaces remain the same as before. Notice that whereas at the

A cycle is one sweep through all equations in (5). More precisely: one run of the for-loop of
Algorithm 1.
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Ficure 3. Number of inactive equations per cycle for d = 8.

no. of cycle
no. of eqn. 1123 |4] 5 6 7 18|19 |10
1 2 | 8| 14|19 20 | 22 | 24 [25]49] 0
2 217118125129 |32 13 |0/|31L]0
3 2711512228 |36 |43 |00 | —
4 411111924129 | 34|41 |0 |0 | —
# iter./cycle |10 |33(66 |90 |106| 124|143 (25|80 | O
# inactiveeqns. | O | O | O | O | O 0 0 |3]2] 2

TABLE 2. Number of inner iterations per equation and per cycle.

beginning the algorithm works with all equations in each cycle, a considerable number of
them is not used towards the end.

As a complement to Figure 3 we present Table 2 where more internal information is
available: the number of inner iterations per equation and per cycle is listed. Also the
number of inactive equations is noted. Here, d =4, 7 = 2, and § = 2%.

Regularization in appropriate Banach spaces is known to foster sparsity and steep
gradients. This feature is demonstrated in Figure 4 which collects reconstructions with
respect to different spaces X = V5 (p =2) and X = Vi3 (p = 1.1), different noise levels 4,
and different numbers of equations d. All other parameters remain as before and 7 is
reset to 1.5. The Banach space norm p = 1.1 separates the two inclusion sharper than the
Hilbert space norm independently of the noise level. If the available information increases
this separation becomes even better (last row).

Finally we illustrate L!—fitting which is well suited to cope with impulsive noise, see,
e.g., [7]. To this end we set Y; = L*(0€;) for some ¢ > 1 but close to 1 and consider

Fj: V. CV,— LY09Q;), 1<t<2.

As |9l zro0,) S 119llz2(an,) the new Fj is Fréchet differentiable with the same derivative.

If we choose p = 2, i.e., X =V, (C L*(Q)) then s = 2 and due to the restriction s < r
(see Theorem 12), we cannot use directly the duality mapping J,. for r = ¢ in the space
L' (09;) for t < 2. However, in view of (6) and (59), we obtain the normalized duality



22 FABIO MARGOTTI, ANDREAS RIEDER, AND ANTONIO LEITAO

§=2.0%

FIGURE 4. Reconstructed conductivities with respect to different spaces,
number of equations, and noise levels. The color scale is the same for all
images and ranges from 0.018 (darkest blue) to 0.23 (darkest red).

mapping Jo in L' (9€2;) as
Jo (f) = ||f“i:(taﬂj) Je (f) = ||f||i:(tanj) |f|t_1 sign(f)

which allows us to use r = 2.

To test the performance of K-REGINN-Landweber under impulsive noise we superim-
posed standard uniform noise with some highly inconsistent data points. These outliers
may arise from procedural measurement errors in practical applications. Figure 5 shows
a plot of such kind of noise. In our experiments we scaled both kinds of noise such that
the relative L?-noise is 1% in each case, cf. (63). See Figure 6 for a visual impression of
the reconstructed conductivities. Below each image we note the relative error ey(s), the
number of outer iterations N(J), and the overall number of inner iterations k,;. Under
uniform noise the L?-setting yields visually the best reconstruction. As expected, if the
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00 o5 1 15 2 25 0% o5 1 15 2 25

FI1GURE 5. Left: uniform noise. Right: impulsive noise. Both noise signals
are scaled to have the same L?—norm.
t=2 t=1.1 t=1.01

Y

uniform
noise

4l . Bkl TR : P
N((S) = 168, EN(5) = 82.1%, N((S) =192, EN(5) = 82.3%, N((S) = 160, EN(s) = 82.3%,
kan = 2846 kan = 1602 kan = 1438

impulsive|
noise

N(5) = 199, eN((;) = 820%, N((S) = 422, 6N(5) = 811%, N((S) = 567, eN((;) = 804%,
kan = 3031 kan = 4956 kan = 8867

FIGURE 6. Reconstructed conductivities for d = 4 with respect to different
noises and different data fitting norms. The relative L?-noise level is 1%
for each type of noise. The used color scale is as in Figure 4.

noise is impulsive, the L*%*-approach is best from a qualitative as well as a quantitative
point of view.

Remark 17. For the last experiment we have equipped K-REGINN-Landweber with a strat-
egy to choose the tolerance p (13) adaptively. The scheme suggested by [23, Sec. 6] works
as expected provided each equation is treated separately: the overall number of inner iter-
ations s greatly reduced.
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APPENDIX A. PROOF OF LEMMA 10

Here we provide a proof of Lemma 10 by a more general result. The technique of proof
is adapted from Hanke [10, Propsition 4.3].

Proposition 18. Let all assumptions of Theorem 5 hold true. Let (a;,(f))n be a sequence

generated by a run of K-REGINN-Landweber using the arbitrary sequence (k,(ll))n of stopping

indices in the inner iteration, that is, xﬁll = xg) +s 0, x(()l) = xg. Fach stopping index

must satisfies kY € {1,....,k,} and D =0 only if k, = 0 where k,, is the stopping index
from (14). Then, for each € > 0, there exists a number M (e) € N independent on I such
that

Ap(ng), a™) <€ for alln > M (€) and all sequences (]{;(l))n.

n

Proof. As ||AnSnx — bnll > 1 ||by|| holds for any k = 0, .. kY < k,, Theorem 5 holds
and all sequences (xg))n converge to 1. Assume that the proposition is not true. Then,

there exists some € > 0 and strictly increasing sequences (n;); , (I;); C N such that

Ap(xgjff),x“L) >eforall jeN

where (:c,(f’ ))n represents the sequence generated by the sequence of stopping indices

(kﬁff))n. The iterates xq(fj ) must be generated by infinitely many different sequences of

stopping indices (otherwise, as xg]) — zT as j — oo for each [ fixed and as the [;’s have

only a finite number of values, we would have A, (mgj),ﬁ) < € for n; large enough).

Next we reorder the numbers /; (excluding some iterates if necessary) such that

(64) A, (x(l) zt) >eforalll €N,

ny?

Now, as ky < oo, there exists /150 € {0,...,ko} such that EO = k(()l) for infinitely many
[l € N. Let £y C N be the set of those indices [. Next, fix ky as stopping index for the first
inner iteration and consider the second outer iteration: again, k; < oo, and there is a

/k?l € {0,..., k1 } such that /k\l = ky) for infinitely many [ € £\ {1}. Those [ are collected
in £1 and so on. It follows that there exists a sequence of stopping indices (kn)n and
unbounded sets £, C N\{1,...,n}, n € Ny ,with £, D £1 D £5 D ..., such that

(65) kn =k for all | € £, n € N,.

Denote by (7,,),, the sequence corresponding to the sequence (k:n)n of stopping indices.
Observe that, if | € £y then from (65) xgl) = x(()l) + 84,0 = To + 8 = 2. Similarly,
o ’
if l € £1 (C £y) then xgl) = acgl) + 5, .0 = T+ s, = Z5. By induction,
vy ’

(66) le £, = m,(Brl =1z, forall neN,.

Furthermore, Z,, — 2 as n — oo which implies that there exists M = M (¢) € N such
that

(67) Ay (T, 2%) <eforalln > M.

Finally, for [ € £ fixed, the errors A, (xg), x+) are monotonically decreasing with n,
see (18). In particular, n; > 1 > M +1 (because | € £, C N\ {1,..., M}) which implies
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in view of (66) and (67)

Az ) <AL (20 aT) = A (Faga,2t) <e

ny M41?

contradicting (64) . d

As each element of )Z'n has the form z for some , Lemma 10 is an immediate conse-
quence of the above proposition.

REFERENCES

[1] Kari Astala and Lassi Paivarinta. Calderén’s inverse conductivity problem in the plane. Ann. of
Math. (2), 163(1):265-299, 2006.

[2] Liliana Borcea. Electrical impedance tomography. Inverse Problems, 18(6):R99-R136, 2002.

[3] Martin Burger and Barbara Kaltenbacher. Regularizing Newton-Kaczmarz methods for nonlinear
ill-posed problems. STAM J. Numer. Anal., 44(1):153-182 (electronic), 2006.

[4] A.P. Caldéron. On an inverse boundary value problem. In Seminar of Numerical Analysis and Its Ap-
plications to Continuum Physics, pages 65-73, Rio de Janeiro, 1980. Soc. Brasileira de Mathematica.
Reprint: Comput. Appl. Math., 25 (2006), 133—-138.

[5] Margaret Cheney, David Isaacson, and Jonathan C. Newell. Electrical impedance tomography. STAM
Rev., 41(1):85-101 (electronic), 1999.

[6] Toana Cioranescu. Geometry of Banach spaces, duality mappings and nonlinear problems, volume 62
of Mathematics and its Applications. Kluwer Academic Publishers Group, Dordrecht, 1990.

[7] Christian Clason and Bangti Jin. A semismooth Newton method for nonlinear parameter identifi-
cation problems with impulsive noise. SIAM J. Imaging Sci., 5(2):505-538, 2012.

[8] Markus Haltmeier, Antonio Leitdo, and Otmar Scherzer. Kaczmarz methods for regularizing non-
linear ill-posed equations. I. Convergence analysis. Inverse Probl. Imaging, 1(2):289-298, 2007.

[9] Martin Hanke. A regularizing Levenberg-Marquardt scheme, with applications to inverse ground-
water filtration problems. Inverse Problems, 13(1):79-95, 1997.

[10] Martin Hanke. Regularizing properties of a truncated Newton-CG algorithm for nonlinear inverse
problems. Numer. Funct. Anal. Optim., 18(9-10):971-993, 1997.

[11] Bastian Harrach and Jin Keun Seo. Exact shape-reconstruction by one-step linearization in electrical
impedance tomography. SIAM J. Math. Anal., 42(4):1505-1518, 2010.

[12] Torsten Hein and Kamil S. Kazimierski. Accelerated Landweber iteration in Banach spaces. Inverse
Problems, 26(5):055002, 17, 2010.

[13] Bangti Jin and Peter Maass. Sparsity regularization for parameter identification problems. Inverse
Problems, 28(12):123001, 70, 2012.

[14] Qinian Jin. Inexact Newton-Landweber iteration for solving nonlinear inverse problems in Banach
spaces. Inverse Problems, 28(6):065002, 15, 2012.

[15] Barbara Kaltenbacher, Frank Schopfer, and Thomas Schuster. Iterative methods for nonlinear ill-
posed problems in Banach spaces: convergence and applications to parameter identification prob-
lems. Inverse Problems, 25(6):065003, 19, 2009.

[16] Barbara Kaltenbacher and Ivan Tomba. Convergence rates for an iteratively regularized Newton-
Landweber iteration in Banach space. Inverse Problems, 29(2):25010, 18, 2013.

[17] Richard Kowar and Otmar Scherzer. Convergence analysis of a Landweber-Kaczmarz method for
solving nonlinear ill-posed problems. Ill posed and inverse problems (book series), 23:69-90, 2002.

[18] Armin Lechleiter and Andreas Rieder. Newton regularizations for impedance tomography: conver-
gence by local injectivity. Inverse Problems, 24(6):065009, 18, 2008.

[19] Armin Lechleiter and Andreas Rieder. Towards a general convergence theory for inexact Newton
regularizations. Numer. Math., 114(3):521-548, 2010.

[20] Antonio Leitdao and M. Marques Alves. On Landweber-Kaczmarz methods for regularizing systems
of ill-posed equations in Banach spaces. Inverse Problems, 28(10):104008, 15, 2012.

[21] Frank Natterer. Algorithms in ultrasound tomography. In Radon transforms and tomography (South
Hadley, MA, 2000), volume 278 of Contemp. Math., pages 49-56. Amer. Math. Soc., Providence,
RI, 2001.



26 FABIO MARGOTTI, ANDREAS RIEDER, AND ANTONIO LEITAO

[22] Frank Natterer and Frank Wiibbeling. Mathematical methods in image reconstruction. STAM Mono-
graphs on Mathematical Modeling and Computation. Society for Industrial and Applied Mathemat-
ics (STAM), Philadelphia, PA, 2001.

[23] Andreas Rieder. On the regularization of nonlinear ill-posed problems via inexact Newton iterations.
Inverse Problems, 15(1):309-327, 1999.

[24] F. Schopfer, A. K. Louis, and T. Schuster. Nonlinear iterative methods for linear ill-posed problems
in Banach spaces. Inverse Problems, 22(1):311-329, 2006.

[25] Thomas Schuster, Barbara Kaltenbacher, Bernd Hofmann, and Kamil S. Kazimierski. Regularization

methods in Banach spaces, volume 10 of Radon Series on Computational and Applied Mathematics.
Walter de Gruyter GmbH & Co. KG, Berlin, 2012.

DEPARTMENT OF MATHEMATICS, KARLSRUHE INSTITUTE OF TECHNOLOGY (KIT), D-76128 KARLS-
RUHE, GERMANY

E-mail address: fabio.margotti@partner.kit.edu

FE-mail address: andreas.rieder@kit.edu

DEPARTMENT OF MATHEMATICS, FEDERAL UNIVERSITY OF ST. CATARINA P.O. Box 476, 88040-
900 FLORIANOPOLIS, BRAZIL
E-mail address: acgleitao@gmail.com



IWRMM-Preprints seit 2011

Nr. 11/01

Nr. 11/02
Nr. 11/03

Nr. 11/04

Nr. 11/05

Nr. 12/01

Nr. 12/02

Nr. 12/03

Nr. 12/04

Nr. 12/05

Nr. 12/06

Nr. 12/07

Nr. 12/08

Nr. 12/09

Nr. 12/10

Nr. 13/01

Nr. 13/02

Tobias Jahnke, Derya Altintan : Efficient simulation of discret stochastic reaction
systems with a splitting method

Tobias Jahnke : On Reduced Models for the Chemical Master Equation

Martin Sauter, Christian Wieners : On the superconvergence in computational elasto-
plasticity

B.D. Reddy, Christian Wieners, Barbara Wohlmuth : Finite Element Analysis and
Algorithms for Single-Crystal Strain-Gradient Plasticity

Markus Biirg: An hp-Efficient Residual-Based A Posteriori Error Estimator for Max-
well’s Equations

Branimir Anic, Christopher A. Beattie, Serkan Gugercin, Athanasios C. Antoulas:
Interpolatory Weighted-H2 Model Reduction

Christian Wieners, Jiping Xin: Boundary Element Approximation for Maxwell’s Ei-
genvalue Problem

Thomas Schuster, Andreas Rieder, Frank Schopfer: The Approximate Inverse in Ac-
tion I'V: Semi-Discrete Equations in a Banach Space Setting

Markus Biirg: Convergence of an hp-Adaptive Finite Element Strategy for Maxwell’s
Equations

David Cohen, Stig Larsson, Magdalena Sigg: A Trigonometric Method for the Linear
Stochastic Wave Equation

Tim Kreutzmann, Andreas Rieder: Geometric Reconstruction in Bioluminescence
Tomography

Tobias Jahnke, Michael Kreim: Error bound for piecewise deterministic processes
modeling stochastic reaction systems

Haojun Li, Kirankumar Hiremath, Andreas Rieder, Wolfgang Freude: Adaptive Wa-
velet Collocation Method for Simulation of Time Dependent Maxwell’s Equations
Andreas Arnold, Tobias Jahnke: On the approximation of high-dimensional differen-
tial equations in the hierarchical Tucker format

Mike A. Botchev, Volker Grimm, Marlis Hochbruck: Residual, Restarting and Ri-
chardson Iteration for the Matrix Exponential

Willy Dérfler, Stefan Findeisen: Numerical Optimization of a Waveguide Transition
Using Finite Element Beam Propagation

Fabio Margotti, Andreas Rieder, Antonio Leitao: A Kaczmarz Version of the Reginn-
Landweber Iteration for Ill-Posed Problems in Banach Spaces

Eine aktuelle Liste aller IWRMM-Preprints finden Sie auf:

www.math.kit.edu/iwrmm/seite/preprints



Kontakt

Karlsruher Institut fiir Technologie (KIT)
Institut fir Wissenschaftliches Rechnen
und Mathematische Modellbildung

Prof. Dr. Christian Wieners
Geschaftsfuihrender Direktor

Campus Sud
Engesserstr. 6
76131 Karlsruhe

E-Mail:Bettina.Haindl@kit.edu

www.math.kit.edu/iwrmm/

Herausgeber

Karlsruher Institut fiir Technologie (KIT)
KaiserstralRe 12 | 76131 Karlsruhe

Juni 2013

www.Kit.edu




	Preprint, Vorlage Deckblatt KIT, 13-02,1
	Anschrift 13-02
	kreginn_landweber_banach06_06_13, Rieder
	Preprintliste
	(Preprint, Vorlage Deckblatt KIT, Rückseite)

