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1 Introduction

In this work we will study an interbank market model, which is based on a model used
in an ECB working paper by Heider and Hoerova [15]. There is no doubt about the
importance of interbank markets as a way to smooth out different liquidity levels of
banks without intervention of a central bank. There are various markets for different
durations of the credits. We are interested in the different interest rates on secured and
unsecured markets and therefore consider one fixed time horizon in this work. During the
financial crisis, the spread between the various rates has increased significantly, which is
why we try to model this spread and try to analyze in which way it depends on liquidity
shocks for individual banks.

A version of the model we study has been discussed by Freixas and Holthausen [12].
This paper is one of a series of papers on the topic of liquidity, risk and in particular the
effects on inetrbank markets ([10], [I1], [12], [15], [16], [I7]).

An interbank market of the type at hand has been introduced by Diamond and Dy-
bvig [§] and Bhattacharya and Gale [2]. The interbank markets and interest rates are
determined by a Walrasian auction. There are various papers, which discuss equilibria
in the sense of Walras or an adapted version thereof. An introduction and discussion
of the Walrasian approach is given by Katzner [2I]. A general article on auctions and
equilibria, as well as applications, was published by de Vries and Vohra [7].

Walras described an equilibrium and showed properties of equilibrium prices, but did
not address the question of existence of such an equilibrium. Among many others,
Arrow and Debreu [I] discuss the existence of an equilibrium. There are two established
modifications of the classical Walras equilibrium, the Stackelberg-Walras equilibrium
and the Cournot-Walras equilibrium. They are described and compared in a work by
Julien [19]. Codognato and Gabsewicz [5] discuss Cournot-Walras equilibria in markets
with a continuum of traders. An early example, where a continuum of traders is used, is

a paper by Diamond and Dybvig [§]. This is particularly relevant, since we will assume



1 Introduction

to have a continuum of agents (i.e. banks) as well.

Our model goes als follows: We consider a continuum of identical banks maximizing
expected utility of their terminal wealth in a three-period model (t = 0,¢1,t3). There
are households, which have future liquidity needs (in ¢; and ¢2) and therefore let banks
manage their funds.

In t = 0, banks can invest households’ funds in riskless bonds and a risky investment.
Those investments can only be liquidated in ¢t = t2. The remaining funds can be stored
at no cost, i.e. there is a riskless interest-free asset, which can be accessed at any time.
We will refer to this asset as the liquid asset. The risky investment is assumed to have
a higher expected return than the bonds. It represents a combination of loans, venture
capital investments and stock investments. In contrast to usual models, the tso-value of
the investment is determined independently for each bank. The distribution of the value
is the same for all banks. Thus there is a tradeoff between liquidity and return as well

as a tradeoff between expected return and risk.

In t; and to, the banks have to satisfy the households’ liquidity needs. Every house-
hold can withdraw an arbitrary fraction of its funds in ¢;. We assume that only the

distribution of those withdrawals are known, but not the exact amount for every bank.

Since the bonds and the risky investment cannot be liquidated in £, the withdrawals
have to be paid out of the liquid asset. Without a possibility to smooth out the different
levels of liquidity demand between the banks, every bank has to hold an amount of
liquid asset, which covers the highest possible withdrawal in #;. This obviously harms
the return in ts.

Therefore, we introduce two interbank markets, a secured one and an unsecured one.
The security on the secured market would typically be bonds, thus we allow an outright

sale of bonds. This is easier to handle and yields equivalent results.

As in [I5], the interest rates will be determined by a Walras-type auction. We will
derive results for a very general case, thus we will define a generalization of the classical
Walras equilibrium theory in chapter 2l This is necessary, since the most common gener-
alizations, namely the Stackelberg-Walras equilibrium and the Cournot-Walras equilib-
rium, do not fit our needs perfectly. In some aspects, we need a more general formulation,

in other aspects we need to consider a more special situation.

In chapter 3] we will specify the mathematical setup for our model and give an overview



over the three-period market.

The core of this work will be chapter where we will derive criteria for the de-
velopment of an unsecured interbank market as well as a formula for the unsecured
interest rate. This will be made with little to no assumptions on the distributions of
t1-withdrawals and return on the risky investment.

In the last chapter, we will discuss optimal portfolios in ¢ = 0 by means of certain
examples. Since only very few general results can be shown, the distributions of #;-

withdrawals and return on the risky investment will be specified.






2 A generalized Walras equilibrium

In this section, we will generalize the classical Walras equilibrium theory. We start from
the trivial classical situation and generalize exactly the parts we consider necessary. We
introduce a way to deal with non-unique demand functions and allow for situations where
the buying price for a certain good exceeds its selling price. We add external cashflows
to the model and introduce storage of excess capital as well as lending between agents.
Finally, instead of limiting the model to a finite number of agents, we let the set of

agents be arbitrary. Even uncountable sets will be possible.

2.1 Classical Walras equilibrium

First of all, let us recap the Walras equilibrium for a market with n agents and m goods.
Let n > 2 be the number of agents on the market, m > 2 the number of goods on the
market and wg agent i’s initial endowment of good j, measured in units of the respective
good (i = 1,...n;j5 = 1,...m). The auction is held as follows: First, the auctioneer
announces a price m-tuple for the goods, then the agents state their demand for each
good given those prices. We denote by d{ (p1,...,pm) the demand function of agent i
for good j given prices p1,...,pm (i=1,...n; j=1,...m). If the market clears (aggregate
demand equals aggregate initial endowment for each good), then the announced price
m-tuple is an equilibrium price m-tuple. Else, the auctioneer adjusts the prices (raise
prices for goods where aggregate demand surpassed aggregate initial endowment; lower
prices for goods where aggregate demand was lower than aggregate initial endowment)
and the process is repeated. Thus by definition, an equilibrium price m-tuple pj,...,p;,

satisfies

n n
ng(pfw--,pfn) :wa, forall j =1,...m.
i=1 i=1

11



2 A generalized Walras equilibrium
2.2 Modifications

2.2.1 Multiple demand functions

Assuming that demand is uniquely determined by a given price m-tuple is not reason-
able. From an agent’s point of view, demand depends on a utility function and the
initial endowment. In general, the agents’ utility functions allow for multiple optimal
allocations. Thus, we replace the demand functions by a set of functions, namely the
optimal order sets. Let f* : R™ — R be the reward function, mapping an allocation
(x1,...,2m) of goods to its numerical value to the i-th agent. Every agent’s preferences
are included in this reward function. We assume, that f? is increasing in every ele-
ment. The function f* may depend on the price m-tuple (p1,...,pm), a typical choice

is fi(xy,...,om) = U"(Z;-nzl pjzj) where U' is a utility function.

Definition 2.1. Let (p1,...,pm) be fixred. The optimal order set of agent i is the set

O = O'(p1,...,pm) C RTy, s.t. every x = (21,...,2m) € O satisfies
e budget constraint: 351 pjrj =0, png,

e optimality:

f(x) = max ‘ e Ym)-
f(@) (yh”,ym)eRgof (Y15 Ym)

By stating an optimal order set, the agent agrees with being assigned an arbitrary
x € O'. Tt is now up to the auctioneer to assign to every agent an allocation out of his
order set such that the market clears. The following definition provides all possible ways

to do so.

Definition 2.2. Let (p1,...,pm) be fized. An optimal market-clearing assignment
18 a function

a:{l,...,n} = RZy, i (a1(i),...,am(i)),
such that for every i € {1,...,n}
a(i) € O°

and the market clearing conditions hold:

n

n
Zaj(i) :Zwlj, j=1,...,m.
=1

=1

If such a function exists, we call (p1,...,pm) an equilibrium price m-tuple.

12



2.2 Modifications

If there is no such function, the auctioneer adjusts the prices as in the classical model

and the process is repeated.

2.2.2 Asymmetric markets

One can easily adjust the model to allow asymmetric markets. The classical model as-
sumes that buying prices equal selling prices for each good. There are various situations,
in which that is not the case. An example is the existence of transaction costs or delivery
costs. Obviously, the buying price should always be at least as high as the selling price.
Let us assume that the buying price may depend on the selling price and the amount
of goods sold, and denote this relation by a function g;. Thus for selling x; units of
good j at price pj, an agent receives p;x;. For buying z; units of good j at price p;, an
agent has to pay g;(p;,z;)z;. It makes sense to assume that g;(p;, ;) > p;. Note that
for goods with symmetric price structure we have g;(pj, ;) = p;. The market clearing
condition and the optimality condition remain the same. We have to adjust the budget

constraint to
m . m .
Y 9ipj i)z —wl)T =Y pjle; —wl)”
j=1 Jj=1

The left-hand side is the amount of money spent on the market, the right hand side is
the amount of money earned, since for z; — wg > (, agent ¢ is a buyer on the market for
good j and for z; — wg < 0, agent i is a seller on the market for good j. Note that for

9j(pj,z;) =pj (j =1,...,m), the equation is the same as the old budget constraint:
D piw—wh)t =D pila; —wl)T = pilw; —w]) =0.
Jj=1 Jj=1 Jj=1

2.2.3 Payment obligations, income, storage and lending

Agents on the market might have income from and payment obligations to either other
agents which participate in the Walras auction or external counterparties. We aggregate
all those cashflows in the (possibly negative) net income and denote it by ¢; € R for
agent 7. This value can be added to the endowment vector as an (m + 1)-th element.

The budget constraint of agent i for given (p1,...,pm) now reads

m m
> 9ipjay) (g —w)t = pilz; —w])” + i
j=1 i=1

13



2 A generalized Walras equilibrium

But for ¢; < — Z;n:l png this is not possible: Assume, the budget constraint holds,
then

m ) m ) m
Z (pj,)( ZPJ —wl)” =Y pilay —wl) == pw
=1 =1 j=1

We want to allow for general net incomes and since there might be agents with spare
liquidity from their cashflows, we introduce lending between agents. Generally, there are

two possible ways to do so:

e Allow every agent to lend to any other agent individually. This means that we get

n()

up to different lending markets, possibly with different interest rates.

e Have a centralized lending market, where all lenders and borrowers are perfectly

diversified.

In the current setup, we can handle both options. But since we want to generalize the
set of agents later on, the second option is the more sensible choice. There might be a
positive probability that a borrower cannot pay back such a debt. Therefore we model
the lending market between agents as an asymmetric market. We introduce two variables
referring to the amount lent and borrowed on the market, y; and y_. Since there might
be tradeable goods or assets outside the auction, we introduce an additional variable z,
which represents the aggregated investments in anything else except the goods 1,...,m
and the interbank market.

A rather strong assumption we have to make at this point is that the redemption
rate on the lending market is known to the auctioneer when making the assignments.
This means that agents state their optimal order sets depending on an assumed overall

redemption rate p and on the interest rate r on the lending market, thus

Oi = Oi(plu “e 7pmarvf))‘

The interpretation of this modification is the following: by stating an optimal order set,
the agent agrees with being assigned an arbitrary = € O, given prices (p1, ..., pm) and
interest rate r, if the redemption rate is p. The interest rate and a possible surcharge
for borrowers enter the reward functions. An element of the optimal order set now is an
(m + 2)-tuple (z1,...,%m,y+,y—), the budget constraint of agent i becomes

m m
> gilpjw) (@ —wht fyp+ 2= pila;—w)) ety
- P

14



2.2 Modifications

The reward functions are modified to include y; and y_. For example, the typical
reward function from Section becomes fi(T1,. .., Tm,Yi,y—) = Ui(zgnzlpjxj +
(1+7)pys — (14+7)y_). We now assume that f is increasing in the first m + 1 elements
and decreasing in the (m + 2)-th element. An optimal market clearing assignment now
also has two more entries a,,+1 and a,,+2. The old market clearing conditions still have

to hold, additionally we require

D am1(i) =D amya(i),
=1 =1

which simply means that the market for interagent loans clears. We do not restrict
external investments (except for obviously only allowing positive investments) and they
have no influence on the auction, thus there is no need for another entry to the assignment
vector.

An additional step is required since the auctioneer has to check for consistency: if
(p1,...,Dm,7, D) is a market-clearing price-(m + 1)-tuple, the auctioneer can only make
the corresponding assignments, if p is actually the real redemption rate in this market.
This requires knowledge of the borrowers’ situation when the credits are due. Assume
that there is a function V', s.t. the wealth of agent 7 at maturity of the loans, before
clearing, is given by

V(ar(i)y. .. am(2),p1, - Pm, Vi),
where v; € R is the net income of agent 7 at maturity. We write shortly V (i,v;) :=
Viar(i),...,am(i),p1, - Pm, V).

The individual redemption rate of agent i, RV = R“Yi(p,r,p1,. .., pm,a) is defined

by

am42(0)(L4+7),  V(i,v)+ame1(0)(1+7)D > ame2()(1+7), amq2(2) >0,
R = Q(V (i, 00) 4 @ (DD), V5, 00) F @1 (1) (147)P < g (D) (147), amya(i) >0,
0, am+2(7) = 0.
The first case is clear: if solvent (i.e. wealth exceeds debts), the agent pays back all his
debts. Otherwise, he pays back as much as he can, i.e. the positive part of his current
wealth. Obviously

Ri’”i(ﬁ, TyDly- -y Pm, @y 0;) < as(s)(1+7).

Since there is full diversification in the lending market, every lender gets paid back the

same fraction of its investment i.e. p - am+1(i) with p € [0,1]. At maturity, the market

15



2 A generalized Walras equilibrium

in has to clear the same way as in the auction, that means aggregated redemption paid

by borrowers equals aggregated redemption received by lenders:
n n n
Z Rlﬂ)i (ﬁv rP1,---sPm,Q, vi) - Zﬁamﬁ-l(i) - ﬁz am+2(i)-
i=1 i=1 i=1
This yields the following definition:

Definition 2.3. For given price parameters (pi,...,pm), interest rate r and (assumed)
redemption rate p, let a be an optimal market clearing assignment. The real redemption

rate on the lending market is defined by p := 1, if apmy2 =0 and

s Z?:l Ri’vi(ﬁv rp1,.-- 7pm7a/7vi)

Z?:l am2(7)

else. If p=p, then (p1,...,pm,7), a and p are called consistent.

2.2.4 Arbitrary agent set

In this section we assume, that agents are identical in the sense that there is only one
reward function f valid for all agents. This means that two agents with the same
endowment have the same optimal order set. Furthermore, we assume that the optimal
assignments for two agents with the same optimal order sets coincide, i.e. for iy,i5 €
{1,...,n}

Oi1 = Oi2 — a(il) = a(’ig).

These assumptions are necessary for the following reformulation of the problem. Let
I = {1,...,n} be the set of agents in the market and let S be a state space. Agent
i’s state is denoted by s;. We assume that an agent’s endowment (and therefore his
demand) as well as his net income are determined by such a state, consequently there is
a function h : § — RZ; x R and agent i has the endowment h(s;), i.e. wzj = h;(s;) and
¢i = hmy1(8;).

The optimal order sets only depend on the state, thus we write O% instead of O'. Here
we have S = {z1,...,%} with [ < n (the number of states is n, if every agent faces
a different state). We denote by 0 the number of agents, who face situation z, i.e.
o ={ie{l,...,n}:s = z}|. Obviously, 22:1 0k = n has to hold. Since the optimal
assignment now only depends on the optimal order set, which in turn only depends on

the state an agent faces, we can think of it as a function with domain S instead of I.

16



2.2 Modifications

The market clearing conditions can be rewritten:

n n ! l
> ai(si) =Y hi(si) = Saj(z) =Y dkhy(z),
i=1 =1 k=1 k=1

for j=1,...,m and

l

n n l
Z am+1(2‘) = Z A +2 (Z) e Z (5kam+1(zk) = Z (5kam+2(zk).
=1 =1 k=1

k=1
Now consider a probability space (€2,.4,P) and the random variable Y : @ — S with
distribution P(Y = z) = % (k =1,...,1). Then the market clearing conditions can

again be rewritten as

E(am1(Y)) = E(ami2(Y)).

We can proceed similarly with the net income of agent ¢ at maturity, v;. Define a

random variable X by P(X = v;) = Hoetlmbi=vidl  \With the setup of this section,

n
the individual redemption rate depends on the state of an agent and the net income at
maturity. Thus the definition of the real redemption rate becomes

p= E(RKX(ZZ TsP1y- .- Pm,) CL))
Eapm42(Y)

With this interpretation we can now allow for arbitrary agents sets I, state sets S and
state distributions, represented by a random variable Y as well as income distributions,

represented by a random variable X. The only necessary assumption is the existence of

E(h(Y)).

17



2 A generalized Walras equilibrium
2.3 The generalized Walras equilibrium with lending

Now let us sum up all the changes and list the necessary steps for determining equilibrium
prices and assignments. A generalized Walras equilibrium with lending for m tradeable
goods is derived as follows: Let I and S be arbitrary sets, Z € {{0},R>o}, h : S —
RY) xR and v : Rgg x R — R functions and f : R;”ar 3 5 R a function, which is strictly
decreasing in the (m + 2)-th element and strictly increasing in every other element. For
j=1,...,mlet g; : R2; — R- be a function with g;(p,z) > p, for all (p, z) € R%. Let
(Q, A,P) be a probability space. Let Y : @ — S and X : Q@ — R be random variables,
with E(Jh;(Y)]) < oo forall j =1,...,m.

Definition 2.4. Let (p1,...,pm), 7 and p be fixred. The optimal order set of an

agent facing state s € S is the set O° = O*(p1,...,pm,1,p) C R;”SFQ, s.t. every x =

(Z1y. ooy T, Yt  y—) € OF satisfies:

e budget constraint:

2=y pilaws —hi(s)” =Y 950, x) (@5 = hi()T 4 himsa(s) +y- —yy € Z,
i=1 =1

e optimality:

f(.iU,Z): max +3f(y17"'>ym+3)'
(Y1, Ym+3) ERTY

Note that the choice of Z decides whether external investments are allowed (Z = R>)

or not (Z = {0}). z is the optimal amount invested outside the Walras auction.

Definition 2.5. Let (p1,...,pm), 7 and p be fized. An optimal market-clearing

assignment is a function
a:S%RgﬁrQa SH(al(s)v"'aaerQ(s))’

such that for every s € S
a(s) € O°

and the market clearing conditions hold:
E(a;(Y))=E(h;(Y)), j=1,....m,

E(ana1(Y)) = E(ansa(Y)).

18



2.3 The generalized Walras equilibrium with lending
If such a function exists, we call (p1,...,pm,r) an equilibrium price (m + 1)-tuple.

We call (p1,...,pm,7), a and p consistent, iff

]3 — E(RKX(IA)? P13 Pm, a))
Eam2(Y)

)

where for s € S and x € R, R = R>*(p,7,p1,...,Pm,a) is defined by

am+2(5)(1 + ’f'), V(S’ x) + am+1(s)ﬁ > am+2(3)(1 + T)7am+2(3) >0,
RY = (V(S, J}) + am+1(8)ﬁ)+> V(S, J}) + am+1(8)ﬁ < am+2(s)(1 + r),am+2(s) >0,

0, Clm.t,_Q(S) = 0,

with V(s,z) :=v(a1(8),...,am(8),p1,- -, Pm,T).

19






3 The Interbank Market

3.1 The model

In this section we will specify the mathematical setup for our model and give an overview
over the three-period market.

We assume WLOG that there is no discounting between the three dates t = 0, t1, to
and that the set of banks is given by [0, 1].

Utility is measured by a strictly increasing, strictly concave and continuous function

We normalize the problem by assuming that each bank has one unit of the households’
funds under management at ¢ = 0. Thus all other values are to be considered relative
to the actual value of funds managed by each bank. Any fraction of those claims can be
withdrawn either at t = t; or t = to and the resulting payout is calculated as withdrawal
times a factor ¢y or ¢y respectively.

The demand for liquidity on individual bank level is determined by a [0, 1]-valued
non-constant random variable A with known distribution. A describes the fraction of
claims, which are withdrawn in ¢ = ¢;, thus a bank pays out Ac; in t = ¢; and (1 — A)co
int=ty.

The value of the risky investment is modeled by a constant Sy and a random variable
St,, where Sy, is the ta-value of the risky asset and for all banks the distribution of said
value is the same.

The bond prices are denoted by Pyint = 0 and P, in t = t5. The liquid asset obviously
has a constant price of 1.

Since all banks are identical and face the same situation in ¢y, we can assume WLOG,
that their investment decisions in ¢y coincide. We denote the allocation by («, 8o, do),
which represents the fraction of funds invested in the risky investment, bonds and the

liquid asset, where «, 8p,d0 > 0 and « + By + dp = 1. Note that «, 8y and Jy are the

21



3 The Interbank Market

to-value of the assets held, which is equivalent to holding S%, %g and g units.
Assuming that we find equilibrium prices P; (bond price) and r (unsecured interest
rate) and a consistent redemption rate p, the assets and financial claims (measured in

monetary value) are given by:

t 0 i1 to
cash —do do
—(51 51
St
stock —a 0 agZ
bond —Bo ﬁo%
b1 P12
unsecured ib debt —V+ Y+p(1 4 7)
v —y-(1+7)
cash flow 1 —Acy —(1=A)ez

The budget constraints in ¢ = 0 and ¢t = ¢; are included in this table. In order to retrieve
them, we take the sum over all entries in the corresponding column.

The terminal wealth can be calculated by taking the sum over all entries in the last

column.

22



3.2 The existence of an interbank market and equilibrium prices

3.2 The existence of an interbank market and equilibrium

prices

In this chapter we will study the banks’ behaviour in #; given an arbitrary investment
decision from ty. Banks have to satisfy households’ liquidity needs. The illiquid asset
cannot be traded, bonds will be traded in a generalized Walras auction with lending.
Spare liquidity can be put into the liquid asset.

As we assume that bonds can be traded, there is one good that will be auctioned, thus
m = 1. The agent set for the Walras auction is I = [0, 1], since every bank is an agent.
We choose the space of all possible payouts a bank has to make to the households as the
state space, i.e. S = supp(Aci) C [0,c1]. The state distribution is given by Y = Ac;.
We assume that there are no transaction costs on any trade of bonds, thus g (p, z) = p.
There is an external investment possibility, namely the liquid asset. Thus Z = R>.
What remains is deriving the endowment function h and the reward function f.

The initial endowment of bonds is the same for all banks:

The net income is the difference between what was stored in the liquid asset and the
payout to households:
h2(8)250—8, s € S.

The goal is to maximize expected utility of terminal wealth (i.e. wealth in o). If there
is an optimal assignment a with a corresponding investment in the liquid asset §;, then

a bank facing state s will have a terminal wealth of

Vs (e, Bo, 00) = ait; +a1(s)Py + az(s)(1+7)p —as(s)(L+7r) + d1(s) — (1 — i)c}

Thus a possible function v, as introduced in section 2.3, is

w(@r(s).....ax(s). Pro) = acge + ar(s)Pa o 01(s) = (1= Doy

and the distribution of the net income is X < Sty
Before checking for optimal assignments, we have to determine optimal order sets by
looking for maxima. For the optimization problem at hand, the reward function of an

agent facing state s for given py, r and p should be

23



3 The Interbank Market

S
B UG +a1Py+ys(L4+1)p—y-(1+7) +2— (1= S)ea)
0 1

But we can simplify this function in this chapter, since a bank can only influence x1,
Y+, y— and z. The only random part is %}2 and since expectation is strictly increasing,
it can be left out of the maximization problem at hand. w is also assumed to be strictly
increasing, therefore neither changes the result and can be left out. Finally, (1 — 5)02
is a constant and thus also ignored. Summing up, maximizing the above term in t¢; is

equivalent to maximizing

f<3317y+7y—7z) = 1’1P2 +y+(1 +T)ﬁ - y—(l +T) + z.

The definiton of z in the budget constraint z € Z = R>( can be written more simple

as in the definition, since we have a symmetric market:

m m
2= pi(w; —hi())” =D gi(pj @) (@ — hi(s))T + hanga(s) +y- —yy
j=1 j=1
Bo
@Z=p1(? —x1)+do—s+y- —ys.

0
We replace the notation from chapter [2] by the notation in chapter 3.1} Thus we will
write P; instead of pi, (1 instead of x1, d; instead of z (the liquid asset is the only
external investment possibility) and 74 /v— instead of y4 /y_ respectively. We define for

every s € S the constraint set C* by

P
C* = {(B1,74+:7-) ERLy : BiPL+ 74 —v- < ﬁoF(l) + 0o — s}

This is the set of all (81, v4+,7-) € R?ém which satisfy d; € R>, i.e the budget constraint
in the definition of the optimal order set.
Thus we have X = S;, and for x € supp(St,) and s € supp(Y), the individual

redemption rate is given by

az(s)(1+r), Vo (e, Bo, do) > 0,a3(s) >0,
R¥(p,r, Prya) =4 (V7" (a, Bo, &) + az(s)(1+7)F, V5" (a, Bo, do) < 0,a3(s) >0,
0, as(s) =0.

Recall that the real redemption rate on the unsecured interbank market is given by
p:=1,if a3 =0 and
~ E [RY’St2 (ﬁ7 T, P17 a)] E |:RY’St2 (ﬁ? r, Pla a)l{ag(Y)>0}:|

Elaz(Y)A+7)] — Elas(Y)(1+7)1{es01)50)
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3.2 The existence of an interbank market and equilibrium prices

else.

Now we can determine the optimal order sets. The reward function f is affine and the
constraint set C* is a convex polytope. Therefore, O° either is empty, contains only one
element or is uncountable for a given (Py,r,p).

Write o = (1, v+,7—) for an element of the order set. For p =0, define 1 5= 1:= +o0.

Theorem 3.1. For every s € S, the order sets O° = O*(Py,r, p) are uniquely determined

by
0 p e [0,1],7 € (=1,0), P, € (0,00) or
: pe0,1,r€0,00), P, €(0,12),
{o€C*: ﬁlz’er:O}, pE [0,1),’1" =0,P € (P, 0),
{(0)07 (50% +50 - S)_)}a ﬁ € [0’1)7T € (07% - 1)7P1 S (PQ,OO),
Py _ o\t
Br=0,7-=(Bo B + 9 — 5)°
{0€C®: vy =0}, pe0,1),r=0,P = Py,
{o€C%iyy =0, 1P —v- PIB°+50—5} p€0,1),r € (0,00), P = l+r7
pe(0,1),r€(0, 5 - ]P1€(1+T,P2)
{( 4-@—i (Bop +6d0—5)7)} orp=0,r€(0, oo) P1€(1+T,P2) or
5 P
o pe(oal)ar> -1 PlE(l—i—r’(l-i—i) )

By _ )+
0eC®: ﬁ1P1§(50p0j;50 )T ,ﬁe[0,1),7’6(0,%—1),P1:P2,
Y+ =0,7-=(Bop + 30— )~

{OECS:BIPI—FV—F (BOP +6O_S> },ﬁ€(0,1>,7":;13_17P1:P2,

(Bo: +60—s)™
5. BIPL+ =Bt +0— )| .
{OGC 1 ’YJ(rﬁO 0_5050 _Z) ° },pE(O,l),TG(;_l,OO),P (1-1:7‘)
{(0, (Bog:+00—5)", (Bop-+60—5) ")}, HE(0,1),7r € (5—1,00), Pr € (75255:%0)s
{o€eC®: 51 =0}, p=1Lr=0P € (PQ; 00),

{OGCS:61:077—%_7—:%/304_50_8}7 ]3:177'6(0,00> Ple((l_Hn) OO),
{OGCS: B1P1+’7+_7*:%50+50_8}7 ]5 = ]_,’I“ € (0> OO) P = (1+T)7
cs, p=1,r=0,P = P,

With knowledge of the order sets, we can determine optimal assignments and equilib-
rium prices. Recall that an optimal assignment is a function a : S — Rgzo with a(s) € O*

for all s € S and
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3 The Interbank Market

Write A for the set of all functions from S to ]R‘;O, which (as an assignment) satisfy the

market clearing conditions i.e.

Bo

A= {ae (RL)": Elar(v)] = 2 Elea(Y)) = Elas(v)]}.

For given («, 5o, do), we write all possible equilibrium prices and corresponding optimal

market clearing assignments as a subset of
B :=10,1] x (—1,00) x (0,00) x A.

Write b = (p, r, P1,a) for an element of B and define

Y:=esssup Y = inf sup Y (4).
NC[0,1],P(N)=0 jc[0,1]\N

Theorem 3.2. For an initial allocation («, By, d0), the set of all possible equilibrium

prices and corresponding optimal market clearing assignments is given by

@, 50<E(Y),
{beB:pec(0,1), re[f—l 00), Ple[(lJrT)p, 0), aeA1}7 5o = EY. o = 0,
U{pbeB: p=1 re[O 00), Ple[HT, 0),a€ Az}

{bEB:ﬁE(O 1) TZE—l,Ple[PQ,OO),GEAg}

A , S €(EY.,Y), By=0,
U{beB: p=1 T:0,P1€[P2,oo),aEA4}

Gebpe el HEm =0 e so=o,
U{peB: p=1 0 Ple[Pg, ), aeA4}
{beB: pe(0, 1) [% 1,00), P = (1+r‘) GGAs}’ 0o =EY, fp>0
U{beB: p=1,r€0,00), P, = 1+T,aeA6} Po< (Y —EY),
i 14
{bEBWE(O’lWE[ﬁ 00), Py = ity € As} So=EY,By<1-EY,

U{beB:ﬁzl,re[O,oo) P = 1+7",aeAG}U ;

Y >R (Y -EY),
{beB:pel0,1), PLe[Ry* 5", P re[p—1, 5 —1),a€ A7} ozl )

Bo ' Pip
{beB: pe(0, 1),r:}5—1,P1:P2,aeA8} S0 €(EY,Y), Bp>0
U{beB:p=1,r=0,P,=Py,ac Ag} Bo < F2(Y —dp),

{beB: pe(0, 1),r:115—1,P1:P2,aeA8}
U{bGBZﬁzl,T:O,Plng,CLGAg} )
{bEBZﬁG[O,l),TE[O, %—1),P1:P2,CLEA10}

do € (EY, 1), Bo <10y,
Bo>F2(Y =bo).

The sets of corresponding optimal market clearing assignments above are defined as
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3.2 The existence of an interbank market and equilibrium prices

follows:

Ap:={a€ A:a(s)=(0,(EY —s)T,(EY —s)7) Vs € S}
Ag:={a € A:ai(s) =0,a2(s) —a3z(s) = EY —s Vs € S}
Asz:={a € A:a1(s)=0,a2(s) < (6o — s)T,a3(s)=(dp — )~ Vs € S}
Ap={a € A:a1(s) =0,az2(s) —as(s) < d—s Vs € S}

={a € A: ai(s)Pitas(s)=(EY + 8ot —5) ", as(s) = (EY + o g —s)~ Vs € S}
Ag:={a € A:ai(s)Pi+az(s)—as(s ):EY+ﬁ0&—s Vs € S}
Ar={a € A:a(s) = ( —i————OO)VSES}
Ag:={a € A:ai(s)Prtas(s) < (So+Bom —s) ", as(s) = (So+ Lot —s)~ Vs € 5}
={a € A:ai(s)Py+tas(s)— (s)§50+ﬁ0ﬁ375 Vs € S}
Ajg:={a € A: az(s) = as(s) = 0,a1(s)Py < 0o + Pt — s Vs € 5}

The last step is to check the parameter p for consistency in the sense of definition
Theorem implies, that there is no consistent quadruple for o < EY. Thus, assume
oo > EY.

We have a fix point problem. There might be multiple redemption rates that allow
for consistent equilibrium prices and assignments. In this chapter, we will characterize
the existence of a consistent quadruple (p,r, P1,a).

But first we discuss a trivial case, §y + Bo% > Y. In this case, there is no need for
interbank lending. All banks can pay out the households’ claims by liquidating bonds
and using the liquid asset. Thus (p,r, Pi,a) = (1,0, P»,a) is consistent for all a € A
with as = a3 = 0.

For the rest of this chapter we consider the non-trivial case dy + ﬁo% < Y. If we find
a consistent quadruple, then there is definitely unsecured interbank lending, since banks
with s > dp + Bo B2 P 2 need to borrow in order to pay out the households’ claims.

ess inf s, €ss sup S,

Define § := — s and S := —s, > Set A = {Y > & +50%} =
! ((50 +50%761}) C [0,1] and define

Y :=essinf YV = sup inf Y (7).
A NCA,P(N)=0t€A\N

Note that Y > g + BO%
Furthermore, define A : [0,1] — [0, 1] by
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3 The Interbank Market

with ag(s) = (dp + 50% — )~ and (a1(s) + az(s))as(s) = 0 for all s € S. Thus, by the
definiton of R**, h is well-defined.

Lemma 3.3. Set pp := 0 and py, := h(pn-1),n € N. Then p := limy, o0 pn € [0, 1] exists
and depends only on (o, Bo,d0). D is the largest fixpoint of h.

We consider the model parameters as constant. Obviously, p depends on P, and the
distributions of Sy, and Y. The lemma states, that p is independent of the choice of a
particular assignment or equilibrium prices where there is ambiguity. This is important
in the next theorem, since the existence of a consistent quadruple depends only on the

value of p.

Theorem 3.4. There is a consistent quadruple (p,r, Pi,a), iff p > 0 and for p > 0
there is an assignment a € A, s.t. (P, % — 1, P, a) is consistent. A consistent quadruple
(p,r, P1,a) with p =1 exists, iff p = 1, which is equivalent to

P c —c
aS+ B2+ 5 +Y(Z2-1)T-Y(Z2-1) >0
P() C1 C1

The value of p also tells us whether a redemption rate of 1 is possible, which is,
economically speaking, the optimal case. There might be other criteria to choose a
consistent quadruple than maximizing the redemption rate. We will discuss some of
those in a more specific setup in the next chapter.

Finally, we will show that we can get unique optimal assignments for given (p,r, P;)

by making only the following two assumptions:

Assumption 3.5. The auctioneer assigns bonds and unsecured interbank loans according

to the following rules:
o suppliers in the bond market may sell their minimal supply only

e demanders in both markets get assigned a constant fraction of their maximal de-

mand

Minimal supply and maximal demand are taken over all possible optimal assignments,

giwen by theorem [3.3.
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3.2 The existence of an interbank market and equilibrium prices

Theorem 3.6. For equilibirum prices (p,r, P1), assuming the optimal assignment

s unique and given by

0 , S>50+,30%
ai(s) = 504—50%—3 ; 50§S§50+50%
Bobt + 45550 —5) , s<do
a(s) 0 s 8250
2 =
%(5@—8) R S<50
05(5) s—00—Pog , s>00+ o
3 =
0 ; S§5o+/30%
5(5) 0 s 5250
1 =
(1 — 482450y (5, —s) | s <&y
where
P,
U _ 1
A8Y = BIY =80 = Bop My, iy)
P P
B _ 1 1
AS” = BOFOP(Y > bo + ﬁoFO) + E[(Y - 50)1{60<Y§60+Bo%}]’
and

ADY = E[(60 — Y) 1y <s}]-
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4 Optimal interest rates and initial

allocation

As we have seen in the previous section, the auctioneer can choose between different
interest rates, iff §o = E'Y. This choice has an impact on the expected utility of terminal
wealth, in contrast to the choice of an optimal assignment. Therefore we will determine
the interest rate, which maximizes expected utility of terminal wealth, given an initial

allocation (a, By, do).

Depending on the distribution of A, supp, ¢(o,p,) V2 (Py) might not be attained. Thus
we will choose an interest rate P € argmaxVa(P)), if possible and P = P else (P, = P»
is a possible equlibrium price in every case and is also the unique equilibirum price for
any initial allocation with dp > EY’). Note that P} depends on the initial allocation:
Py = Py (a, Bo, d0)-

The banks are aware of the choice of P; a priori, i.e. they know which interest rate
will result depending on their initial allocation. Thus we can look for an optimal initial

allocation considering the choice of interest rate described above.

We will calculate some examples in this chapter, but first we will derive a general

result, namely the optimal amount invested in the liquid asset.

Assume that there is an optimal allocation («, By, d9) with 69 > EY. Set (&, Bo, 5~0) =
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4 Optimal interest rates and initial allocation

(a, Bop + 60 — EY, EY'). Then the bond price in t = t; is given by P, > Py and we have

V2(a7 /807 50, PZ)

S P.
= <a ‘;2 +50i+50—A01 — (1 —A)Cg)
0

j2) ' 1{A§é(5o+50%)}

Stz P2 1
" <a So T Popp T 00T Ae)p (1= A)C2> s Lot i)

St2 = Py
< <a o B+ BY —Aer — (1 A>C2) Hagd corsot2))
St2 5 P2 1
G- BOPoﬁ + (EY — Aq);a - (1= A)C2> ' 1{A>é(5o+/30%)}

Expected utility is strictly increasing, thus we have

E(U(Va(a, Bo, 60, P2))) < E(U(Va(@, Bo, do, P2))) < E(U(Va(&, Bo, do, PY))).

by definition of P;. This is a contradiction to («, By, dp) being optimal.
Using 6g = EY, the equality constraint on the initial allocation is equivalent to o =

1— EY — (. The inequality constraints on « and £y become
0< By <1-FEY.

The constraint on dg is obviously fulfilled, since FY > 0. We can rewrite the terminal

wealth as a function in one variable:

Va(Bo) := Vao(1 — EY — fo, o, EY, P{(1 — EY — By, fo, EY)).

The optimization problem becomes

% .
el 2V

Where convenient, we will consider V5 as a function in o and Sy or only in .
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4.1 Example: Binomial distributions for risky asset and liquidity demand

4.1 Example: Binomial distributions for risky asset and
liquidity demand

Let 0 <d < u, pe€(0,1) and assume

Sty
So

Siy

P( S,

=u)=p=1-P( =d).

Furthermore, let 0 < \; < A\, < 1, m, € (0,1) assume
P(A:)\h):Wh:1—P(A:/\l).

Set 7 : =1 — my,. Recall that Y = ¢;A. Thus FY = Cl(ﬂh)\h + 7rl)\l); Y = C1AR-
Let the utility function of banks be given by U : R — R, U(x) := —% exp(—kz) for
some k > 0.

First, we determine optimal bond prices.

(i) 0o = cr(mpdn +mA), Bo = Fream(An — )
In this case, there is no need for unsecured lending, if P, € [POW, PQ] # (.

Substitute z = P%' Expected utility of terminal wealth is given by
Py
E(U((Va(z))) = mpU | au+ BOFO + 7 (An — N Par — (1 — Aj)ez
Py
+m (1 —p)U | ad + 50? + (A — M) P — (1 — Ap)ez
0

P
+mppU <Oéu + /5’0?2 — (A — A)er Per — (1 — Ah)Cz)
0

P.
+mh(1 —p)U (ad + 50% —m(A — N)erPox — (1 — /\h)02>

Taking the derivative with respect to x and evaluating at = = P?Cl, we get
OE(U(Va()))
e . C2
ox TP

P
= 7Tl7rh()\h — /\l)cngpU/ (au + ,BOF(Q) + 7Th<)\h - /\1)02 — (1 — )\1)62)
P.
+mmn (A — N)erPo(1 — p)U’ (ad + BOF(Q) + (A — A)e2 — (1 — )\l)c2>
/ P2
—mpm(An — Ni)er PoapU <au + ﬁOFO —m(An — A)e2 — (1 — )\h)02>

P
_Whﬂl()\h — )\l)clpg(l — p)U/ (ad + 50?(2) — 7Tl(/\h — )\Z)CQ — (1 — )\h)02>

= 0,
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4 Optimal interest rates and initial allocation
since
7Th()\h — )\1)62 — (1 — /\l)CQ = (Wh/\h + 71'1)\1 — 1)02 = _ﬂ'l(}\h — )\Z)CQ — (1 — )\h)CQ.

The second derivative with respect to x is strictly negative:

PE(U(Va(x)))
0%x

P
= m(mn(An — N)e1P2)*pU" <Oéu + 5053 + 7 (A — M)ea — (1 — Az)62>
P
+m(mn (A = M)erP2)?(1 — p)U” <0<d + ﬁOFi + mh(An — M)ez — (1 — Al)c2>
P.
+ 7 (m (A, — N)er P2)*pU” <Oéu + Bon —m(An — N)e2 — (1 — )\h)02>

P.
(= Aer P20~ U (ad-+ 6o 2 = O~ ez = (1= Wea )

< 0,

since U is strictly concave an therefore U” < 0.

Thus = 52 is the unique zero of w, E(U(Va(x))) is increasing for

z < p2- and decreasing for > z2-. Resubstituting P = %, we get as expected-
utility-maximizing bond price P; = Pg%. This value does not necessarily lie in the
interval POW, P>, thus we get different optimal interest rates depending

on the values of ¢; and c¢s:

Py , €1 2>
* cL D Po
Py P c2 , a<eos Po mi(An—N)
caam (A=) P Bo
Po Bo » 2> T (A=)

Note that this result holds for all strictly increasing, strictly concave utility func-

tions.

(ii) dp = Cl(ﬂ'h)\h + 7rl)\l)> By < %clm()\h — >\l)
In this situation, banks with s = Ajpc1 need to borrow on the unsecured interbank
market and banks with s = A\jc; can pay households’ liquidity needs out of the

liquid asset.

By theorem a consistent quadruple (p,r, Pi,a) with p = 1 exists, iff

P —
aS+ B2 + 0+ Y (2 1) -V(2 -1 >
P() C1 C1
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4.1 Example: Binomial distributions for risky asset and liquidity demand

i):cl)\handﬁzwzd. The

Here we have Y = ess inf (Yl{y>50+50 L2

condition becomes

P
ad+ fo + 00 + e (2 — D) — e (2 - 1) > o
Py c1 a1

P
<:>ad+50§+50—Ahcl—(1—Ah)0220
0

P P, P
— — < = — —_— — — — — .
< « (Po d) < P() 50 <P0 1> )\hcl (1 )\h)CQ

Since % > d, this is possible, iff
0

Py
Fo_éo (PO—1> —)\hcl—(l—Ah)@ > 0.

This also means, that for

Py Py Py
_ _ 1) = (1 —
o ( ) d) > ) do < P, ) Anc1r — (1 — Ap)ea,

there is no consistent quadruple (p,r, P1,a) with p = 1 and thus only banks with
s = Apcq are borrowers on the unsecured market. Therefore the redemption rate
can either be p or 0. In the latter case, there is no consistent quadruple. A

redemption rate of p is possible, if

P P P.
a<u2> 2**2+50 <P21>+>\h01+(1)‘h)02-
0

Expected utility of terminal wealth is given by
Py
E(u(Va(z))) = mpU | au+ Boﬁo + (A — N1 Pox — (1 — X\))co
Py
+m(1=p)U | ad+ 503 + (A — N1 Per — (1 = A2
0
P. P.
7 pU (Oéu + Bomr — m(An — N)er—a — (1 — )\h)02>
Pop P
P P
+7r(1 = p)U (ozd + Bopi2 — (O = N)er —x — (1 - )\h)02>
op p

Taking the derivative with respect to =, evaluating at

In(p) — k(Bo g (1 = 5) — (An = Ai)e2)
H(ﬂ'h + %Wl)()\h — Al)clpg

Tr =
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4 Optimal interest rates and initial allocation
and dividing by the positive constant mmy(Ap — Aj)c1 Paexp(kea), we get

1 OE(U(Va(x)))

P
7rl7Th()\h - )\l)clpg eXp(/iCQ) ox x:1““’)7"@0%(17%>7(Ah7Al>62>
m(ﬂ'h-&-%wl)()\h—/\l)cng

In(p) — k(Bo2 (1 — 2) — (An — Ai)ea) e
(7Th+ =) "

= pU’ (au+6o +

— P2 I-H— (=X
+(1—p)U (ad—i— 50 + Th ( ) K(/BO ( ) ( " l)CQ) + A162>
(7Th + pm)
, P, In(p) = £(Bo2 (1 = 3) = (An = Ai)ea)
-U (au + Boﬁp —m = _fm) + Apc2

1_p / Py
—U |ad+ fo=——
P ( “Pp K (pmn + 1)

= 0’

ln(p) _ H(ﬁﬂ%(l — %) — (>\h — )\1)02) 4 )\hC2>

since

— B — Ly _(n — )
pU’ (O‘u—i-ﬁo + Th () H(ﬁopo(l p) il 1)62)4-/\162) =

/i(ﬂ'h—’-]%ﬂ'l)
1
Th Py Wh(l_ﬁ) 7Th()\h_>\l)
U [In(p)— "t aut o2 [1— P2 ) gy [ TARTA Ly
b < (p)li(ﬂ'h—l-%ﬂ'l) BOP()( 7Th—|—%7'rl 2 7Th—|-%7'rl l

L ny P, 1) N ThAR + 5T
=prtmexp | —k [ au+ Bo— &) =
p P Py pry, + T + %m
1

m 1 m(l =) (—m()\h —A) >
Ul -In(p)————+aut+fo——- | 1+— | +eo | ——4
( n(p)ﬁ(pﬂthm) Bo 0;0( et Im 2\ pm 1 h

In(p) — K(Bo e (1 — 1) — (An — Ni)ea) )
+ )\hCQ

(pﬂh-Hrl)

P
=U' (au—l—ﬁo2 —
FPop

and analoguosly

— k(o211 —\)c
1—p)U (oszrBo . n(p) — w(Bo (1 = 5) — (A — N1) 2)+>\162>:

(7Th+p 1)

_ — Ba-LH—(, -
1=py (ad+,80P2 —m In(p) = B0zt (1= ) — (= A)e2) —l—)\h02>
P Pop

(P?Th + )
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4.1 Example: Binomial distributions for risky asset and liquidity demand

Again, the second derivative with respect to x is strictly negative:

0%x
= mm O = M P20 (V)

+7Tl(7Th()\h - /\1)61]32)2(1 - p)U” (VQd’l(Pl))

1 u
+1p (T (An — )\1)01P2)2];U" (V2 ’h(P1)>

1—
+7(m(An — A)er P2)? p2pU" <V2d’h(P1)>

< 0,

since U is strictly concave an therefore U” < 0.

Thus the optimal bond price in this case is

k(T + %m)(}\h —N)er Py

T ) R D 0w Agen)

Next, we look for an optimal initial allocation. Using 6g = EY = ci(mpA\p + mA;) and

a + B+ dg = 1, we can write the portfolio value as a function of only one variable, for

example for A = \; and % = u:
AL Py Py
Vot (a) = au+ (1 — o — cr(mpAp + WIAZ))F + 7 (An — )\1)01F — (1= X\)e2
0 1
P P P
= a(u— )+ (L= er(mdn +mA)) 5+ m(n = Mer - — (1= Nez.
PO PO Pl

The first derivative of the expectation of terminal wealth with respect to « is

OEU (Va(ar)))
Oa

= mp(u— ii) exp (—H (VQ’\”U(Q))>

(1= p)(d = ) exp (< (154(@))
+mpp(u — 112(2)) exp <—/£ (VQ’\”"“(Q)))
(1= p)(d - 1) exp (< (V2" (@)

Thus w =0, iff

pu — ;2)) <7Tz exp (_H (‘/QAl’u(@))) + T eXp <—/<a (VQAMU(Q)))) -

(1-— p)(gz) —d) (m exp (—/1 (VQ’\l’d(a))) + 7, exp (—/ﬁ; (VQ’\h’d(a)>>> .
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4 Optimal interest rates and initial allocation

This equation can be solved to

Py
_1—]?130
- P
p U—ﬁi

exp (—ka(u — d))

Py
1 l-pp —d
—a= In LT
—k(u — d) Pou— 7
B_g
1=p o __ <1, thus the right-hand side is positive.

. _ Py 1-p
Since pu + (1 — p)d > B> e have D u,%
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5 Proofs

Proof of [3.1. We will prove Theorem by stating the KKT conditions for our opti-
mization problem and then deriving the set of optimal solutions for every case. In order
to get the standard KKT representation, we rewrite the constraints with d; as a slack
variable.

The Karush Kuhn Tucker conditions

For a fixed state s € S and fixed (P,r,p) we get as necessary conditions for the
optimization problem max f (81, v+, v, 01) with f(B81,7+,7-,601) = S1P2+y4+(1+7)p—
Y- (1+7)+ d1.

(1) primal feasibility

9(B1,74,v—,61) > 0 with g : R* — R*,

9(/81;7—&-7’7—7 51) = (/81774-77—7 51)

h(6177+”y_761) =0 with A : R4 - Ra
Py
h(B1,74,7-,01) = 1P+ 74 —7— + 61 — 50?0 — 00+ s

(2) dual feasibility

Let pi, @ = 1,2,3,4 be the KKT multipliers on 81 > 0, v+ >0, v~ >0 and é; >0

and v the multiplier on the budget constraint. Then

1, p2y 43, g > 0

(3) complementary slackness
Bipn = yp2 = Y—p3 = 01p04 = 0
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(4) stationarity: Vf + Z?‘Zl wiVg+vVh =0

P+ py+vP =0
(I+r)p+pe+v=0
—(1+r)+pus—v=0
1+ +v=0
We can rewrite the first condition as % + P%Ml + v =0, since P; € (0,00). Dual

feasibility and complementary slackness hold for up iff they hold for fi; := P% 11, i.e.

the first stationarity condition can be replaced by

Py

=0
P1+M1+V

Regularity
Since f and g are affine functions, a maximum point must satisfy the above conditions.
Sufficiency
Since f and g; (j = 1,...,4) are continuously differentiable and concave and h is

affine, those conditions are also sufficient for optimality.
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For every element of the optimal order set, there is a unique 41, which represents the

amount invested in the liquid asset. Since it can be calculated via
Py
1= 3050—511314-50—34-7— — 7+

it will not be stated explicitely for every case.
We will have to consider various different cases in order to determine optimal order
sets for p, r and P;. The following charts sum up all case differentiations: For p € [0, 1],

€ (-1,0), P, € (0,00), refer to case (i) and for p € [0,1], r € [0,00), P} € (0,%),

r € [0,00), Py € 00), which splits up

refer to case (v). What remains is p € [0, 1], € (£ 2

into the following cases:

e For p=0:

P1 S ( Pg) P1 P2

1477

(vi)

(viii)

Pi=12 | Pie({2,P) | PL=P| P € (P2)
- : : ) (i)
re(0,5-1) (vii) (viii) (ix) (iii)
r=1-1 (vii) (viii) (x) (iv)

‘Pl:% Ple(l%’ﬁ)‘ﬂzump‘P1€(<1+r>p=oo)
rc (% —1,00) ‘ (vii) ‘ (xi) (xii) (xiii)
e For p =
Plz% P1€(1+T,P) P=P Ple(P27 )

—o | _ : o) | Gav)
€ (0,00) (xvii) (xv) (xv) (xv)

(i) p€[0,1], r € (—1,0), P, € (0,00)

By stationarity we have

ps + pa =1 <0,
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which is a contradiction to dual feasibility. Thus there is no maximum. (For a
given strategy, lending more on the unsecured interbank market and investing it

into the liquid asset always yields higher return)

0°=0, se8

(11) ]56[0,1),7":0, PIG(PQaOO)

Then by stationarity

P

M1:1—§+u4>u420,
1

pe=1—(14+7r)p—+ s> ps >0

and therefore by complementary slackness 81 = v = 0. Given the price parame-

ters, the objective function now is independent of the choice of v_ and 4;:
Py
f(0,0,7-,01) = —y- + 61 = 50;0 + g — s.

The resulting order sets are uncountable:

O° ={(f1,74,7-) €C? : B =74 =0}, seb.

(iii) p € (0,1), 7 € (0,5 — 1), P € (Py,00) or p =0, r € (0,00), P € (P,,00)

By stationarity,

Py
M1=1—F+M4>M420,
1
p2=1—(14+7r)p+pg > pg >0,
p3+pg=1>0

and therefore by complementary slackness 51 = v = 0 and (y— = 0V d; = 0).

The resulting order sets are singletons:

P
0° ={(0,0,(Bo=+6o—s)"}, seS&.
Py

(iv) pe (0,1), 7 =5 —1, P € (P2, 00)

42

By stationarity

Py
M1=1—?+M4>H420,
1
ps + pg =1 >0,
p3 + pe=1>0

and therefore by complementary slackness f; =0 and (y— =0V d; = v+ = 0).



a) ot + 80— 5> 0

The budget constraint implies
P
Y4 — Y- + & :ﬁofl+(50—8>0.
Py

Since y— > 0, we get v+ + 91 > 0 and thus v— = 0. Again, the objective
function is constant and v, and §; can be chosen arbitrarily as long as v, +
01 = Bopt + 60— s.
Py _
b) Boﬁo—l—éo—S—O
Y4+ — 77— + 61 = 0 and the above conditions imply v = vy- = d; = 0.
Py
C) ﬂoﬁg+(50—8<0
Since 74 —v— + 91 <0 we get vy =91 =0 and v_ = —ﬁo% — &+ s.

The optimal order sets can be summed up in the following form for s € S:
P, P _
O° ={(B1,74+,7-) €C”: 1 = 0,74 < (50?; +d0—8)", - = (503(1] +6d0—8)"}

P
g+ ps = (1+r)— = <0,
Py

a contradiction to dual feasibility and again we have no maximum. In this case
lending more on the unsecured interbank market and investing it into bonds always

yields higher return.

0°=0, seb.
(Vi)ﬁ€[0,1)77”:07P1:P2
p2=p1+1—p>pu >0,

which by complementary slackness means vy = 0.

The objective function becomes 51 P, —v_+61 = Bg% + 8o — s by primal feasibility.
Thus all allocations with 81 P, — v_ + 01 = ,30% + 6o — s and By,7. 61 > 0 are
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optimal.

Note that for s > dg + ﬂo% we get

~—

P
. =BiP =6 —fo=+ _s > 0.
S~~~ Py P
>0 >§o+ﬁopf(1)

0° ={(B1,74+,7-) €C°: 74 =0}, sebS.

(vii) p€[0,1), 7 € (0,00), Py = {2
pe=p1+ (L+7)=(1+7)p>p =0,
pa=p1+(1+r)—1>p >0,
which by complementary slackness means v, = §; = 0. The objective function
becomes (S1Pr —v-)(1+71) = (ﬂo% + 0o — s)(1 + r) by primal feasibility. Thus
all allocations with g1 P —vy_ = ﬂo% + o — s and B1,v— > 0 are optimal. Again,

for s > Bg% + do we get

Py
_=p01P1 -6 — Bo—= + S >0
v —~— Py \/P
20 >d0+Bo7p

P,
OS :{(B177+7’Y—) € CS:’Y—&- :Oa/Bl—Pl - Y- = F;BO"’(;O_S}, LS S

(vii) p € (0,1), 7€ (0,5 — 1], P € ({{&, P2) or p=0, 7 € (0,00), Pi € ({2, P2)

P .
M2=M1+F?—(1+T‘)p>,u120,

P
u4:u1+—2—1>u120and
Py

P
u1+u3=(1+7“)—32>0,
1

which by complementary slackness means
=606 =0 A (,31:0 V 7_:O.>
a) s> g+ ,30%

~—

Py
V- =p1Pi =00 — o5 + s > 0,
~—— Py -
>0 >50+ﬁopfé

thus 81 = 0.
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b) s =0dp + Bo%
Y- = /81P17
which means y_ = ; = 0.
c) s <o+ Bog

Py
P = ~v_ 40 — — >0
BiPr = v +o+50P0 s

>0 <Bo+B0 Bt

and therefore v_ =0, 1P, = dg + ﬁo% —s.

O ={((5+5 —5)"0,(Bo +d—5)7)}, s€S.

(ix) pe (0,1),7€ (0,5 1), A=Prorp=0,7 € (0,00), P =Py

p2 =pia+1—(1+7)p>pa >0,
w1+ p3 =1 >0 and
N4+M3:T>07

which by complementary slackness means
¥+ =0 A (5125120 V ’)/_:0).
a) 5> 00+ P

Py
_ =1 P+ 61 —6g — Bog— 0
Y- = 1P+ 61 =g BOPO-F s >0,

>0 >80+B0 7+
thus 1 =901 =0 and v_ = =g — Bo% + s.
b) 5= 0o+ fopt
V- = B+ o1,
which means v_ = 5 = §; = 0.

c) s <6+ Popt

Py
BiPr+6 = v +5+Bo——- s >0
\’7,./ Py \/P
>0 <Bo+Bo L

and therefore y_ = 0. The objective function becomes 1P, + 01 = &g +
Bopt — s, thus all allocations with 8P + 61 = 6o + fo — s and 1,61 > 0

are optimal.
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forall s S
s s . Pl + o . Pl —
O = {(B1,74,7-) €C*: p1 P < (504-30?0—3) Y+ =0,7- = (504‘50?0—5) }-

(X)ﬁ€(071)7T:%_17P1:P2

ps + 1 =1>0,
pa + po =1 >0 and
ps + pg =1 >0,

which by complementary slackness means
y-=0 V pi=7+=6=0.

a) 5> 0o+ Pt

As in (vi), by primal feasibility we get

v- >0,
thus
p1 =4 =01 =0,
which means
Y S
Y- = =00 OPO S.

b) s =00+ Sopt
Primal feasibility implies
1P+ 4 + 01 =7-,

thus

c) s<5o+ﬂo%

Here the budget constraint implies

P
P 01 = v_ +06 — — > 0.
PP+ vy +01= 7 +0+ﬁopo SP
>0 <<50-i-5017(1J
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Thus we get v— = 0. The objective function becomes
Py
PiPr+ vy + 61 = 50+B0F — s,
0
independent of all four variables. Thus every allocation with

B1,7+,01 20, 7-=0

and

P,
51P1+’Y++(51:50+50?(1)—8

is optimal.

P P, _
0° = {(B1,7+,7-) € C%: B1P1 + 7+ < (&g +6o;; —8)F - =% +/30;; —s)" ).

(xi) p€(0,1), 7 € (5~ 1,00), P € ({5, 7i555)

P .
M2=M1+Fi—(1+r)p>u120,

P
u4:,u1—|——2—1>u120and
Py

P
u1+u3:(1+7")—32>0,
1

which by complementary slackness means
Y+=0=0 A (Bi=0 VvV ~-=0).

This is the same situation as in case (viii).

s_qgBo b0 sy P -
O —{((Fo‘i‘?g PO) 707(60P0+50 S) )}, ses.

(xii) p€(0,1),r € (}5 —1,00), P = ufiz)p

Py
1

s+ p1=1+r)—(14+r)p>0and

ps+p2=1+r)—(1+r)p >0,
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which by complementary slackness means
nh=0 A (=0 VvV pr=74=0).

Analogously to case (viii) this yields the following optimal allocations:

a) s>5o+ﬂo%

P
R N
g 0 50P0+8

b) s =do+ Bof

c) s<5o+5o%

Every allocation with

Br,7+ 20, y-=0=0

and

P;
B1Pr 4 v+ :50+ﬁoFl —s.
0

P; P _
0° = {(Bla’}’+a’7—) € C?: P + v = (50 +IBOF(1) — S)+,’y_ = ((50 +'30F(1) — s) }

(xiii) p € (0,1), 7 € (j —1,00), Pi € ({72550 %0)

. P
p=pp+ (1+7)p— 5 > p2 20,
1
pa=pa+ (1+7r)p—1>pus >0,
p2 + pz = (L+7)(1—p) >0,

therefore 51 =61 =0 and (y4 =0V ~y_ =0).

0* = {(0, (50]];1) +d0—s)7, (502 +d00—9))}, seS.
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(xiv) p=1,r=0, P € (P, )

P
/~L1=M2+(1+7’)—?2>M220,
1
therefore 51 = 0. The objective function becomes constant, thus
O° ={(B1,74+,7-) €C*: 1 =0}, seS.

Py
1+r)

(xv)ﬁzl,ré(O,oo),Ple(( ,00)

Py
M1=M2+(1+r)—?>,u220,
1
pa=po+ (1+7)—1>ps >0,
therefore 51, = 61 = 0. Again, the objective function becomes constant, thus

P
O° = {(5177—!—77—) ECS:/BI :0774-_,7— = P;,BO‘i‘éO_S}, sES.

(xvi) p=1,7=0, L =P

The objective function directly becomes constant, thus O°% = C* for all s € S.

(xvil) p=1,7 € (0,00), P = 575

pa=p1+ (1+7r)—1>pus >0,

therefore 61 = 0. The objective function becomes constant, thus

P
O° = {(B1,74:7-) EC°: B1PL+ 74 — - = F(l)ﬁo +3dp— s}, seS.
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Proof of [3.3. Now we prove Theorem by looking for optimal assignments. By defini-
ton, (r, P1) is an equilibirum price pair iff there is an optimal assignment. Since we now
have to check the market clearing conditions, the initial endowment is important and
we have to make case differentiations accordingly. All equations containing the liquidity
demand s are to be considered PY-a.s..

First, let 09 < E(Y) and assume there is an optimal assignment. Thus by definiton
a(s) € O° C C%, in particular a;(s)P; + az(s) — as(s) < 50% + 89 — 5. We have

P

Elay(Y)Py + as(Y) — as(Y)] < E[ﬁgg 46—V = ,Bojj; +6— EIY] < o

in contradiction to

Ela1(Y)P1 + a2(Y) —a3(Y)] = 50;1),
which can be derived directly by applying the market clearing conditions Efas(Y)] =
Ela3(Y)] and Ela1(Y)] = E[hi(Y)] = %g. Thus there is neither interbank lending nor
trading of bonds, thus banks with g < s fail. The remaining banks can only put their
spare liquidity in the liquid asset. This implies

S A8 A5 £S B
(61,'Y+,’7_,51) = (307070750 - S)'
0

The terminal wealth of a bank facing liquidity demand s < g is

50) = @22 4 B2 L so—s— (1= e
Va(a, Bo, do) 5 +ﬂopo+ 0—s—( 01)02

Now let 09 = E(Y) and By > 0, consider the cases (i) to (xvi) from above. We do
not have to check each of the seventeen cases from the proof of individually. We can

group them in five categories:

e Cases (i) and (v)
Since O° = () for all s € S, there is no optimal assignment.
e Cases (ii), (iii), (iv), (xiii), (xiv) and (xv)

For all s € S and for all (81,74,7-) € O° we have 51 = 0. Assume there is an

optimal assignment, then a(s) € O° for every s € S implies
Ela(Y)] =0,

which is a contradiction to Sy > 0 and the market clearing condition Ela;(Y)] =

%‘;. Again, there is no optimal assignment.
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o Cases (vi), (vii), (viii), (ix) and (xi)

Py N[, 722 (where for p = 0,

This means p € [0,1), 7 € [0,00) and P; € [£2 Tir (TP

141>

P
(Eri +00).
For all s € S and for all (81,7v+,7-) € O° we have y4 = 0. Also, for s > &y —i—,@’o
we have y_ > 0.

Assume P (Y > do + 60%) > 0 and let a be an optimal assignment. Then
Elaa(Y)] =0 and Ela3(Y)] >0,

a contradiction to the market clearing condition Elag(Y)] = Eas(Y")]. This means
that in order to find an optimal assignment in these cases we have to assume

Y < §o+ ,80% P-a.s..
In cases (viii) and (xi), all order sets O° consist of only one element

Bo s

—{( FO_Evovo)}

and assigning exactly those amounts accords with both market clearing conditions:

E(Y
Elay(Y)] = P1+]’if)— ](31) =]’2§,

Elas(Y)] = 0 = E[a3(Y)).

We get

Bo s
CL(S) (Pl +FO—F1,0,0) (51)

In cases (vi), (vii) and (ix), the market clearing condition demands

Elay(Y)] = Elaz(Y)] = 0,

thus by as(s) > 0 we get aa = 0. In case (vii), this results directly in the unique

optimal assignment (/5.1]).

In cases (vi), we apply the budget constraint:
P
a1(s)P1 = a1(s) P + az(s) — az(s) < ,6’0 + do — s,
which also holds in case (ix). By the market clearing conditions we get

Elay(Y)P1] = Elar(Y) P + aa(Y) — a3(Y)] = 60 [50 + do — Y7,

o1
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52

thus a;(s)P, = B@%-i—éo—s for all s € S. Therefore, the unique optimal assignment
is again given by ([5.1))

There is no trading on the unsecured interbank market. Therefore p and r can be
chosen arbitrarily (they do not matter anymore regarding optimization). Also, p
doesn’t have to be checked for consistency. What remains is two conditions on P:
Py € (0,P;] and ess sup Y < §p + ﬂo%, which means

esssup Y — E(Y)

Bo

This is possible, iff 5y > (ess sup Y — E(Y))%’ > 0.

P1€ P() 7P2 .

The investment in the liquid asset is given by

P,
01 = ﬁéﬁo —a1(s)Pr + 60 — s+ as(s) —az(s) =0

for all s € S.

Thus, the terminal wealth of a banking facing liquidity demand s = A¢y is

Va(e, fo,00) = O‘S%j (?2 ;ZZ - E)P2 - (1= a)@
_ Su Py Py P s
matg, Thp T mep — (e e
St2 Py P s
== =+ (E(Y)—-s5)—-(1-—
g +BOPO +( ( ) S)Pl ( 61)62
S P,
= a2+ By + (B(A) = Ner = — (1= Ney
S Py |

Cases (x) and (xii)

This means p € (0,1), r € [% —1,00) and P} = i)ﬁ orp=1,r € (0,00) and

(1+r

P = %, For s > 6o + 60% we directly get

ai(s) = az(s) =0, as(s) =s—3d — 50;1)-

In case (x), we have a1 (s)P; + az(s) < do + ﬁo% — s and by the market clearing

conditions

Ela1(Y)P1+a2(Y)] = Elai(Y) P +a2(Y) —a3(Y)] + Elas(Y)] = 50;1) + Elas(Y)]

) P,
—ﬂ0P0+E[(Y do ﬁop)l

EY_Z(S() Pl
) {Y>50+Bo%}] - E[(50+BOFO_Y)

1{Y§50+50%}] ’



Since

Ela(Y)Pr+ ax(V)] = Ella (V)P + a2(Y )y o5 6,23

this implies a1(s)P1 + a2(s) = do + /6’0% — s for all s < 4§y + ﬁo%. This equation

also holds for case (xii). In both cases, an optimal assignment is characterized by

P P
a1()Pt + as(s) = (3o + Bo'ok — 8)*,as(s) = (30 + Bo' ot — )™, Elas (v)] = 22,
The investment in the liquid asset is given by

P
o1 = F(l)ﬂo —a1(s)P1 4+ 0o — s + az(s) — az(s) =0

for all s € S.

Note that if P (Y > 8 + 50%> = 0, there is no unsecured lending and the results
are as in cases (vi), (vii), (viii), (ix) and (xi). In particular, the optimal assignment
is unique. Else, we get multiple solutions. Applying P, = ﬁ (<= (Q+r)p=

%) , we get for the terminal wealth of a banking facing liquidity demand s:

S )
%mﬂww::%£+“@&+@@O+MF%@W+H—O—SM
Sty P, P, .
— Py o |
a S, + (a1(s)Pr + a2(8))P1 as(s) Pip - )ea

For a bank facing liquidity demand s < g + 60% this results in

St P1 P2 S
5) = a2 (ot ot o2 -2
Va(a, Bo, do) g + (do + ﬁoPO S)Pl ( 01)62
Sy, . P Py s
NCLC I Wt BN 0510 0 I E A G .
aSO +ﬁoP0 + (E(Y) S)Pl ( 01)02
And for s > §g + ﬁo% we get
St P1 PQ S
v §) = a2 _(s—6y— Bty -2
2(a, Bo, do) g (s —do ﬁOPO)Plﬁ 01)02
Sy, P, P, s
+ -+ (E(Y) - - —(1——)c
st TP TR o)

Cases (xvi) and (xvii)

This means p =1, r € [0,00) and P; = 11%. In case (xvi), we get

E[]P;(l)ﬁo +6—Y — al(Y)Pl + ag(Y) — ag(Y)] =0
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by market clearing and dp = E(Y'). Together with a(s) € O, this implies
P
Foﬁo+5o—8=a1(3)P1+a2<3) — as(s). (%)

The same holds in case (xvii). In particular, 6; = 0. All assignments with
Elay(Y)] = 2, Elas(Y)] = Elas(Y)] and (x) are optimal. For a bank facing

liquidity demand s, this results in

StQ S

Va(a, Bo, 60) = %, + 50 + (60 —s)(L+7)— (1 - 5)02-

Next, let o > E(Y) and Sy > 0. Since many of the arguments are the same as in the
correspondent cases for ég = E(Y), we can keep the proofs shorter. As above, we can
show that in the cases (i), (i), (iii), (iv), (v), (xiii), (xiv) and (xv) there is no optimal

assignment.
o Cases (vii), (viii), (xi), (xii) and (xvii)

Assume, there is an optimal assignment. Then a(s) € O®, thus

Eloa(Y)Py +ax(¥) — as(¥)] = E[fo - L= Y] = Ao +%—[1>mi

But the market clearing conditions imply
Py
Elai(Y)P1 +a2(Y) —a3(Y)] = Ela(Y) 1] = 50307
a contradiction.

e Cases (vi) and (ix)
This means p € [0,1), r € [O,% — 1) and P, = P, (where for p =0, s — 1 = +00).
For P (Y > dg + 50%) > 0 there is no optimal assignment, follovvlng the same
arguments as above. Again we get, as(s) = as(s) = 0 for all s € S. In case (vi),
the budget constraint implies a1(s)P; < &g + ﬂo% — s, which also holds in case

(ix). The resulting optimal assignments are characterized by

(o) = w9 =0, @) < gy - p Fw=p

The investment in the liquid asset is given by

P P
o1 = *150 —a1(s)P1 + 60 — s+ as(s) — az(s) = Féﬂo +d0 — ai(s)Pr — s.
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There is no trading on the unsecured interbank market, p and r can be chosen
arbitrarily. The resulting terminal wealth of a banking facing liquidity demand s
is

Va (e, Bo, 0o) =a—+Py—=—+dp—s—(1——)ca.

o Case (x)

This means p € (0,1), r = % — 1 and P; = P». Optimal assignments are charac-

terized by

P. P
az(s) =0, ai(s)Py+az(s) <+ Bog — 5, for s <8y + fo—,
Py Py
P P
a1(s) =az(s) =0, as(s) :S—(So—ﬁoi, f0r5>(50—|—ﬁ0—2,
Py P,

Ela(Y)] = ==, Elaa(Y)] = Elaz(Y)].
The investment in the liquid asset is given by

5 ﬂ0%+50_a1(5)P2_a2(5)_87 S§50+/30%,

1 p—
0, s> 0+ 50%

The terminal wealth of a banking facing liquidity demand s < dg + Bo 5 P 2 ig

S, s
Va(a, Bo,00) = 04*52 + 50 + do—8—(1—=—)ca,
C1

and a banking facing liquidity demand s > §g + 50ﬁ§ has terminal wealth

Va(a, Bo, 60) = St2 <ﬁo + 0o — S> ]1) (1- i)cz-

c1
e Case (xvi)
This means p = 1, r = 0 and P, = P». All assignments with Ela;(Y)] = %‘;,
Elas(Y)] = Elas(Y)] and a(s) € Of for all s € S are optimal assignments. The

terminal wealth, given liquidity demand s, is

S S
‘/2(@750750) = ‘;2 +BO +50_5_(1—a) 9.

Technically, for Sy = 0 there is only lending and 0 goods on the market. But the above
results also hold (they were derived for Sy > 0), i.e. instead of deriving optimal order
sets on a market without bond trade, we formally allow trade of bonds but demand
Ela;1(Y)] = 0. Thus we assume dp = E(Y) and Sy = 0. There is no optimal assignment

in the cases (i) and (v).
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o6

o Cases (vii), (viil) and (xi)

Assume, there is an optimal assignment a. Then for all s € S ay(s) = 0. The
second market clearing condition E[az(Y)] = Efa2(Y)] = 0 implies a3 = 0. By the
first market clearing condition Efa;(Y)] = 0 we have a; = 0. But then, in all three

cases, the condition a(s) € O° for all s € S is violated.

Cases (ii), (iii), (vi) and (ix)

Again, ag(s) = 0 for all s € S, thus az = 0. This can hold only if Y < 504—50% =y
P-a.s.. This is a contradiction to dg = E(Y'), since Y is assumed not to be constant.
Cases (iv), (x), (xii) and (xiii)

This means p € (0,1), r € [% —1,00) and P € [ﬁ,oo). In case (x) and (xii),
we derive a1 = 0 with the first market clearing condition. In case (iv) and (x) we
now have as(s) < (6g — s)™ for all s € S. The second market clearing condition
implies

Elay(Y)] = Elas(Y)] = E[(do —Y) "] = E[(do — ¥)"].
The last equation holds, because E[dg — Y] = dp — E(Y) = 0. This concludes

as(s) = (6p — s)* for all s € S. This also holds in cases (xii) and (xiii), thus we
can characterize an optimal assignment by

ai(s) =0, as(s)= (6o —s)" and a3(s)=(0p—s)" forallscS.
We get 61 =0 for all s €. S. Applying 1 = a+ [y + 6o = a+ E(Y) yields
(1-E(Y)32 + (BE(Y)=s)(L+r)p— (1= £)ea, s < B(Y)
VZ(aaﬁ()adO) = S,
(I-EY))52 +(EY)=s)(1+r)—(1-2)c2, s> E(Y)
Cases (xiv), (xv), (xvi) and (xvii)
This means p = 1, r € [0,00) and P} € [%, o0). We can show a; = 0 using the
first market clearing condition. In case (xiv) and (xvi) we use a(s) € O° C C*® to
show az(s) — a3(s) < dp — s. Applying

E[CLQ(Y) - ag(Y)} =0= E[50 - Y]

yields aa(s) — az(s) = 09 — s. The same holds for the cases (xv) and (xvii). An

optimal assignment is characterized by

a1(s) =0 and aa(s) —as(s) =E(Y)—s, forallsedb.



Terminal wealth is

S P,
Va(a,Bo.d0) = a g2+ B + (G0 —)(1+7) = (1= D)ea
0 0 1

Finally, let 69 > E(Y) and By = 0. The cases (i), (v), (vii), (viii) and (xi) can
be treated as for ép = E(Y) and By = 0, where we showed that there is no optimal

assignment.

e Cases (ii), (iii), (vi) and (ix)

This means p € [0,1), r € [0, % —1) and P; € [P, 00). For an optimal assignment
we have ag = 0, thus ag = 0. This can hold only if ess sup Y < §p. In this case
the optimal assignment is given by a = (0,0,0) and the investment in the liquid

asset is 01 = §p — s. This yields terminal wealth of

S,
Va(a, Bo,d0) = a% +00—s5—(1— i)02-
0 C1

e Cases (xii), (xiii), (xv) and (xvii)
By the market clearing conditions, we get 0 = Ela1(Y) + a2(Y) — a3(Y)], which
by a(s) € O° turns into
0=E[(50—Y]=50—E<Y)>0,
a contradiction.

e Cases (iv) and (x)

This means p € (0,1), r = % —1land P, € [Py,00). a3 =0 is clear. For s > g
we get as(s) = 0, ag(s) = dgp — s and therefore 6; = 0. For s < §p, asg(s) = 0.
Thus az(s) < dp — s and 01 = g — s — az(s). a is an optimal assignment iff

E[GQ(Y)] = E[Yl{y>50}] — (50P(Y > (50) and for all s € S
ai(s) =0, 0<aa(s)<(do—s)", asz(s)=(d—s)".

Terminal wealth is

St
Va(a, Bo, 0o) = ogy too—s—(1=g)ea, 5=
Y 9 S
as%?—i—(&)—s)%—(l—é)cz, 5> 0o
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5 Proofs

o Cases (xiv) and (xvi)

This means p = 1, r = 0 and P; € [P,00). a is an optimal assignment iff

Elay(Y)] = Ela3(Y)] and for all s € S
al(S) = 07 a2(8) > 07 CL3(S) > 07 CLQ(S) - ag(S) < 50 - S.
Furthermore, ; = dp — s + a3(s) — az(s) and terminal wealth is
s

S,
Voo, Bo, 00) = a%Jr&O—s_(l_f)Cz_
0 C1

o8



Proof of [3.3 For a3(s) = (do —i—ﬁo? —5)” and (ai1(s) +az(s))as(s) =0 for all s € S, we
get
. (s =60 — o)L, V5"(a, Bo, do) > 0,5 > b0 + Bo k2,
Rs’m(p’;g —1,Pya) =9 (g — (1= 2)e)t, Vo (o, Bo,60) < 0,5 > 60 + B,
0, s < 50+50%
with V3" (e, Bo, do) = agz — (s — 0o — [30%)% — (1= Z)ea for s > do + ﬂo%

Thus

[Rystz( ]19—1 P, )]

1 -
» -( 50 50 0> { —(1- 7)02>(y So— ,30 ) Y>6o+,30 }]

(S, Y
E Pla 2
i _<a S0 ( 01)CQ> {0032 (1= X)ea<(¥ ~b0— o 52 >;,Y>5o+ﬁo§3}]

1 -
= I;E -<Y (50_ﬁ0 0) {a StQ (1,£)C2>(y So— BO ) >0}:|

(S, Y
E -2 1-—— .
+ ( So ( c1 )02) {0< (17X)02<(Y d0—PBo Po)p}]

We will show that h is monotonely increasing on [0, 1]. By definition, h(p) > 0 = h(0)

for all p € [0,1]. Let 0 < p < ¢ <1, then
P, _
h(p)E [(60 +hrp —Y) ]
0

1
— pE |:RY7St2 (p7 [ 1’ P27 a):|
p

= E|(Y -8 —
[( 0= 0> {a 202—(1—;)C2Z(Y—5o+ﬂo£§);>0}:|

{0304?02—(1—6}1)02<(Y—50—50}}%);}]
P0> {a —(1- *)C2>(Y 80— Bo%);ﬂ)}}

St Y
B 2 (1= =
i [(Q S0 ( 01)02) {002~ (1= X )er< (¥ ~60- ﬁopo)q}]

—(1- e )1
So ( 61)02) {0<(Y—5o+ﬁo%)§<ass —(1=X)ep<(Y 80— 50P0)p}]

IN
=
7N
)-<
|
&
|
™
[«)

— |1
P0> {aitg_(1_:)C2>(Y—50—ﬂ0£§);>0}}
E 21— =
" |:<a SO ( Cl)CQ) {O<O‘St2 —(1- )02<(Y do— /BOPo)q}:|
StQ

E Y —6

99



5 Proofs

Py
= E|lY -0 —po—= |1
[( 0= Fo P0> {0?5—(1—:)C2Z(Y—50—50%);>0}}

S, Y
E =2 (1 - = 1
" [(“sb ( q>@> agaiﬁ—u—:wrdyﬂ%ﬂ%%>”]

q

1
= qE |:RY’St2 (Qa g - 17 P27 CL):|
P
- Mo |G- ot -]
0
Define a [0, 1]-sequence (py)nen, by
po:=1, pp:=h"(1), n € N.

Then obviously for n € Ny we have p,+1 = h(py) and the sequence (p,)nen, is monotone,
since p; <1 = pg and p, < pp—1 implies pyi1 = h(pn) < h(pr-1) = pn. Since (pn)nen,
is bounded, the monotone convergence theorem for sequences of real numbers implies
that the sequence is convergent. We define

p:= lim p, = lim A"(1).

n—oo n—oo

By the representation of h(p) we derived above, it is clear that p only depends on
(e, Bo, do)-

Using this representation again and applying that the sequence (pp)nen, is mono-
tonely decreasing, monotone convergence (Beppo Levi) implies h(p) = h(limy,— o0 prn) =
lim,, 00 A(pp) = D.

Finally, assume, there is p > p with h(p) = p. Then py = 1 and p, | p imply that
there are k,m € N with m > k and py > p > pm. Then p,, = K™ *(pp) > W™ F(p) = p
by monotonicity of h, which is a contradiction. Therefore, p is the largest fixpoint of

h: O

60



Proof of [3.4. First assume, that p > 0. Then by theorem r==z—1land P = P,

1
p
are equilibrium prices. A corresponding market clearing assignment is (not necessarily
uniquely) given by a € A, a3(s) = (do +50% — )~ and a1(s) +az(s) < (0o + 50% —s5)T

for all s € S. In this market, the real redemption rate (see definition is given by

Thus, (p, % — 1, Py, a) is a consistent quadruple.
Now, let (p,r, P1,a) be a consistent quadruple. Remember that we only consider the

case g > EY and 6g + ﬁo% <Y. Therefore, p > 0.

[ ] ﬁ =1
This means
E [RYS:2(1,r, Py,a)]
Elaz(Y)(1+7)]
Since 0 < R**(1,r, Py,a) < ag(s)(1 + r), this implies

RYSt2 (1,7, P a) = az(Y)(1 +7).
By definition of R®*, this implies for all x € supp(Sy,)

asﬁo+a1(s)P2+a2(s)(1—1—7")—ag(s)(1—1—7")4—51(5)—(1—5)02 > 0 for all s: as(s) > 0.

In particular,

P,
o+ a1(s) Paaz(s) (147) —as(s) (147) 481 (s) = (1= —)ez 2 0 for s > do-+Bo -
0 1 0

since all assignments satisfy as(s) > 0 for s > &g + ,6’0% (see the definition of

Aq, ..., Ag, Ag and Ag in theorem .

Looking at possible equilibrium prices, also given by theorem we have for

Bo >0
P
r>0and P = 2
1+
This implies for all By > 0
P Py Py
1 < B2
BOPO BOP(1+T) _ﬂop
and
Py
al(s)Pg = a1<8)P1F1 = al(s)Pl(l + 7“),

61



5 Proofs

62

since a; = 0 for By =0 (see Aj,...,Ay).

Applying r > 0 and §1(s) = %Bg —a1(s)Py + dp — s — az(s) + as(s), (see proof of
, we get

(5)Pa + aa(s)(1+7) — aa(s)(L+ 1) + 51(s) < o+ B = )1+ 7).

This yields

T P1 S P2
L Ll +r) = (1 e >0 f -2
ozSO+(6o+ﬁoPO s)(T+7)—( 61)02_0 ors>6o+BoP0

and thus

X P2 S P2
(o4 B2 —s) = (1— D) >0 5o+ Bo 2.
a50+(o+ﬁopo s) — ( 01)62_ or s > oJmBoPO

Thus, by definition of h, we have h(1) =1 and thus p = 1.

0<p<l1

For the assignments, we only have to consider A;, A3, As and Ag. Thus ag is

uniquely determined by
Py _
as(s) = (6o + 50? —s) forallse S
0

and ai(s) = as(s) = 0 for s > g + 50%. Assume p = 0. Thus RY:St (p,%
1, Py,a) = 0, where @ satisfies as(s) = (5o+ﬁo% —s)~ and (a1 (s)+az(s))as(s) =0

for all s € S. This is equivalent to

St, Y
(a?o — (1 — ;1)62)1Y>50+ﬁ0% < 0, P-a.s.

Since we assumed &g + 50% <Y, this implies

— Y

asS—(1—-—)e) <0.
C1
Therefore,
S, Y
aS—t; —(1- 0—1)02 <0, P-as.
ans thus
RY5% (p,r, Py, a) "2 0.

But then

E [RV%: (p,r, 1, a)]

P T Emm

a contradiction.
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