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Abstract. The organization of drainage basins shows somenot randomly diffuse through the soil to the ocean, but rather
reproducible phenomena, as exemplified by self-similar frac-collects in channels that are organized in tree-like structures
tal river network structures and typical scaling laws, andalong topographic gradients. This organization of surface
these have been related to energetic optimization principlesunoff into tree-like structures of river networks is not a pe-
such as minimization of stream power, minimum energy ex-culiar exception, but is persistent and can generally be found
penditure or maximum “access”. Here we describe the orin many different regions of the Earth. Hence, it would seem
ganization and dynamics of drainage systems using thermathat the evolution and maintenance of these structures of river
dynamics, focusing on the generation, dissipation and transnetworks is a reproducible phenomenon that would be the ex-
fer of free energy associated with river flow and sedimentpected outcome of how natural systems organize their flows.
transport. We argue that the organization of drainage basin¥he aim of this paper is to understand the basis for why
reflects the fundamental tendency of natural systems to dedrainage systems organize in this way and relate this to the
plete driving gradients as fast as possible through the maxifundamental thermodynamic trend in nature to dissipate gra-
mization of free energy generation, thereby accelerating thalients as fast as possible. Such a basis will likely help us to
dynamics of the system. This effectively results in the maxi- better understand the central question of hydrology regarding
mization of sediment export to deplete topographic gradientghe partitioning of precipitation into evaporation and runoff
as fast as possible and potentially involves large-scale feedfrom first principles.

backs to continental uplift. We illustrate this thermodynamic

description with a set of three highly simplified models re- 1.1 River systems and organizational principles

lated to water and sediment flow and describe the mecha-

nisms and feedbacks involved in the evolution and dynam_SeveraI approaches have tried to understand this form of or-
ics of the associated structures. We close by discussing ho@anization from basic organization principles that involve
this thermodynamic perspective is consistent with previousdifferent forms of energetic optimization (see, e.g. the re-
approaches and the implications that such a thermodynami¥iew by Phillips, 2010 and Paik and Kumar, 2010) or from
description has for the understanding and prediction of subStability analysis of the conservation of sediment and water

grid scale organization of drainage systems and preferentizind transport laws (e.g. Kirkby, 1971; Smith and Bretherton,
flow structures in general. 1972). While the latter studies also provide explanations for

the evolution of spatial structures in river basins, these stud-

ies do not consider changes in energy specifically. We focus

here on those studies that deal with principles that explicitly
1 Introduction treat conversions of energy, as these are most closely related

to thermodynamics and the second law, and thus should have
River networks are a prime example of organized structureshe greatest potential for formulating organizational princi-
in nature. The effective rainfall, or runoff, from land does ples in the most general terms.
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226 A. Kleidon et al.: Thermodynamics and maximum power of river systems

In terms of energetic principles, Woldenberg (1969) possible” is non-trivial and is fundamentally constrained by
showed that basic scaling relationships of river basins carthe conservation laws of energy, mass, and momentum. Ap-
be derived from optimality assumptions regarding streamplied to river network structures, this general trend translates
power. Similarly, Howard (1990) described optimal drainageinto the hypothesis that these network structures form be-
networks from the perspectives that these minimize the tocause they represent the means to deplete the topographic
tal stream power, while Rodriguez-lturbe et al. (1992a,b)gradients at the fastest possible rate. This might appear coun-
and Rinaldo et al. (1992) used the assumption of “minimumterintuitive at first sight. It would seem that the second law of
energy expenditure” (also Leopold and Langbein, 1962;thermodynamics would imply that gradients and thus spatial
Rodriguez-Iturbe and Rinaldo, 1997) and were able to repro-organization are depleted, and not created. As we will see
duce the observed, fractal characteristics of river networksbelow, it is through a “detour” of structure formation that
Similar arguments were made by Bejan (1997) in the con-the overall dynamics to deplete gradients are accelerated and
text of a “constructal law”, which states that the evolution of hence the presence of structure can be interpreted as the re-
river networks should follow the trend to maximize “access” sult of the second law of thermodynamics in a broader sense.
(the meaning of “access”, however, is ambiguous and diffi-To evaluate this hypothesis, we need to understand the ener-
cult to quantify). Likewise, West et al. (1997) showed that getic limits to sediment transport, but we also need to take a
the assumption of minimizing frictional dissipation in three broader view of what is driving continental dynamics and to-
dimensional networks yields scaling characteristics in treegpographic gradients in the first place as these set the flexible
and living organisms that are consistent with observations. boundary conditions for river flow and its organization.

Related to these energetic minimization principles are
principles that seem to state exactly the opposite: that sysi.2 River systems in the broader, continental context
tems organize to maximize power, dissipation or, more gen-
erally, entropy production. These three aspects are closelyo understand the depletion of topographic gradients in rela-
related. While power, the rate at which work is performed tion to changes in energy and the second law, we need to look
through time, describes the generation of free energy, thist the broader context of the processes that shape topographic
free energy is dissipated into heat in a steady state, resultingradients. This context involves the dynamics of the conti-
in entropy production. This maximization is also related to nental crust as illustrated in Fig. 1 in a highly simplified way.
minimization. When frictional dissipation of a moving fluid This figure shows the dynamics of topographic gradients on
is minimized, its ability to transport matter along a gradi- land in terms of three steps from an initial state of local, iso-
ent is maximized. This aspect is further explored in morestatic equilibrium of continental crust to a state of global,
detail in this manuscript for the case of river networks as“stratigraphic” equilibrium in which continental crust is uni-
well as their surrounding hillslopes. Hence, the maximiza-formly distributed over the planet. This trend from Fig. 1a
tion of any of these aspects in steady state yields roughlyto c is reflected in an energetic trend of decreased potential
the same result, namely, that driving gradients that yield theenergy. In this idealized setup, we make the simplifying as-
power to drive the dynamics are dissipated as fast as possumption that there is no tectonic activity that would act to
sible. The maximum power principle was originally formu- form and concentrate continental crust and thus maintain the
lated in electrical engineering in the 19th century, and foundgeneration of continents.
repeated considerations in biology (Lotka, 1922a,b), ecology To relate the trend to energetic changes, we note that the
(Odum, 1969, 1988) and Earth system science (e.g. Kleienergy that describes the system consists of the potential
don, 2010a). Closely related but developed independentlyenergies of continental and oceanic crust. Continental crust
the proposed principle of Maximum Entropy Production has a lower density than oceanic crust. At our starting point,
(MEP) was first formulated in atmospheric sciences by Pal-Fig. 1a, the two masses are in a state of local, isostatic equi-
tridge (1975, 1979) and has recently gained attention, e.g. ifibrium. This state is associated with no uplift or subsidence
attempting to derive it theoretically from statistical physics of continental crust, since the buoyancy force due to the dif-
and information theory (Dewar, 2005, 2010), in applying it ference in densities is balanced by gravity. This local state
to a variety of environmental systems (Kleidon et al., 2010;is associated with a horizontal gradient in topography, here
Kleidon, 2010b) and to land surface hydrology in particular represented by the differende = Az¢ | — Azo,1, which mea-

(e.g. Wang and Bras, 2011; Kleidon and Schymanski, 2008)sures the tops of the two types of crust to a reference depth.
A recent example of the application of maximum dissipa- The lowest value of potential energy in the system would
tion to preferential water flow in soils is given in Zehe et be achieved in a state of “global equilibrium”, in which the

al. (2010). material of the continental crust is uniformly spread out over

In this paper, we use a thermodynamic perspective of thehe whole surface of the Earth, as shown in Fig. 1c. The as-
whole continental system to show that these proposed optisociated reduction in potential energy is shown mathemati-
mality principles are not contrary to each other, but all re- cally in the Appendix. In this state, the potential energy of
flect the overall trend in Earth system functioning to depletethe oceanic crust and the upper mantle would overall be low-
driving gradients as fast as possible. The term “as fast agred to an elevation belowz, g, While the potential energy
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A. Kleidon et al.: Thermodynamics and maximum power of river systems 227

of the continental crust would be lowered to an elevation be-
a. local, isostatic equilibrium low Azc,g.
The critical point relating to the role of river networks is
atmosphere that getting from step (a) to (c) without fluvial transport of
sediments is extremely slow. With the work done by runoff
and river flow in organized network structures on sediment
continental transport, the depletion of the _driving gradiext is, over_aII,

e substantially enhanced, possibly to the fastest possible rate
allowed by the system setting. Hence, our hypothesis relates
to step (b) shown in Fig. 1b. To evaluate this hypothesis, we
need to consider the response of continental uplift to the ero-
sion of topographic gradients by sediment transport.

Le 5 1.3 Structure of the paper

b. local disequilibrium by sediment transport In the following, we first provide a brief overview of ther-
modynamics to provide the context of a thermodynamic de-

atmosphere scription of the Earth system in Sect. 2. We then formulate
drainage systems as thermodynamic systems and describe
their dynamics in terms of conversions of energy of differ-
ent forms. We then set up three simple models to demon-
continental ansport strate the means by which drainage basins act to maximize
crust sediment transport and thereby the depletion of geopotential
gradients of continental crust. These examples are kept ex-
tremely simple to show that such maximum states exist and
what it needs to evolve to these maximum states. In Sect. 5
we then explore why the evolution and dynamics of structure
formation associated with river networks should be directed
towards achieving these maximum power states. In Sect. 6
. . - we characterize these dynamics in terms of different time
c. global, stratigraphic equilibrium .
scales that are based on rates of free energy generation and
atmosphere gradient depletion and the associated feedbacks that shape
the dynamics. In the discussion we then relate our results to
previous work on river networks, in particular to proposed
energy minimization principles, and more generally to ther-
] Azg modynamics and optimality and explore the implications of
these results. We close with a brief summary and conclusion.

Le

) t ’ Azog

2 Brief overview of the thermodynamics of Earth
system processes

L, Le

Thermodynamics is a fundamental theory of physics that
Flg 1. ngh|y SImp'IfIEd diagram to illustrate how continental crust deals with the genera| rules and limits for transforming en-
evolves from(a) a state of local, isostatic equilibrium throu¢f) a ergy of different types. It is commonly applied to conversions
state with sediment transport (o) a state of global, stratigraphic that involve heat, and to systems with fixed boundary condi-
equilibrium. Sediment transport provides the means to eﬁicientlytions, such as a heat engine. The scope of thermodynamics is,

transport continental crust along topographic gradients in the hor-h h wider. In the followi . ketch
izontal and thereby minimizes the potential energy within the sys- owever, much wider. In the following OVerview, we Sketc

tem (see Appendix for details). The ocean is shown in black and@Ut the common basis to describe a system in terms of ex-
plays a critical role here as the driver of the hydrologic cycle (thin changes of energy of different forms and how the first and
arrows), which in turn provides a substantial power source to accelSecond law of thermodynamics provide the limits of conver-
erate sediment transport. Plate tectonics is excluded for simplicitysion rates from one form of energy into another. We then
The symbols in the figures are used in the Appendix to quantify thisdescribe how thermodynamics provides the basis to describe

direction towards minimizing the potential energy associated withthe dynamics of systems in the context of Earth system func-
oceanic and continental crust. tioning at large.
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228 A. Kleidon et al.: Thermodynamics and maximum power of river systems

Table 1. Different forms of energy relevant for the description of drainage basin dynamics and their thermodynamic description as pairs of
conjugate variables, one extensive variable that depends on the size of the system, and one intensive variable that is independent of the siz
of the system.

form of energy extensive intensive variable  expression associated fluxes
variable variable for work and conservation laws
thermal entropy temperature Wwi=d(ST) cpp dT/dt =% Jp,
S T (heat balance)
kinetic momentum  velocity & =d(pv) dpldt=%F
p=mv v (momentum balance)
potential mass geopotential Wo=d(mgz) dml/di=XJm
(or gravitational) m (or gravitational (mass balance)
potential)
8z

We start with the general description of a system in termsunder conservation of mass, momentum and other conserva-
of its various contributions to the total energfyof the sys-  tion laws. For instance, when motion is generated (i.e. work
tem. The different forms of energy can be described in termds performed to accelerate mass), this corresponds to the gen-
of sets of conjugate variables, consisting each of an intensiveration of a velocity gradient at the expense of exploiting an-
variable that is independent of the size of the system, suclother gradient (e.g. heating or geopotential). When work is
as temperature, pressure, charge, surface tension or geopperformed to lift mass, it corresponds to the generation of
tential, and an extensive variable, which depends on the siza gradient in the geopotential, again, at the expense of ex-
of the system, such as entropy, volume, voltage, surface arealoiting another gradient (e.g. a velocity gradient). Hence,
or mass. A brief overview of these sets of variables and thehe dynamics within the system is all about converting gra-
related forms of energy relevant here is summarized in Ta-dients associated with one form of energy into gradients of
ble 1, while an overview of the thermodynamic terminology another form of energy. In a broader sense, the first law tells
is provided in Table 2. us to do the proper accounting of the build-up and depletion

The formulation of the dynamics of a system in terms of of gradients of different types. These gradients allow work
the conjugate variables and associated forms of energy seb be derived from them, so these gradients are associated
the basis for applying the first and second law of thermo-with free energy, i.e. energy that is able to perform work.
dynamics to the dynamics. The first law of thermodynamicsNote that sometimes this is referred to as “exergy”, or spe-
essentially states the conservation of energy, i.e. it states thaific forms of free energy are used (e.g. Gibbs free energy,
the sum of all changes of energy within the system balancesielmholtz free energy). In the following, we will refer to the
the energy exchanges with the surroundings. Traditionallyterm “free energy” in a general way as a gradient in a vari-
the first law is expressed as the change in total enetgy d able associated with a certain form of energy that can be used
of the system being balanced by external heati@gathd the  to generate another gradient. We will refer to the generation
work done by the systemid: term dW/dr = P as the power associated with this conversion.

In this context, a broader interpretation of the first law tells
dU = dg —dw. 1) us that the total of all energy conversions between different

When we take a broader view of the total energy of theforms of energy within a system need to balance the energy
system, then W is not removed from the system, but rather €xchanges with the surroundings. _
converted into another form of energy. For instance, when a The second law of thermodynamics states that the entropy
small amount of work & is being performed from differen-  of an isolated system can only increase. When this law is ex-
tial heat to generate motion, kinetic energy is increased byiended to non-isolated systems that exchange energy and/or
dW at the expense of heat, which is reducedHmyW . Dur- mass, it takes the form of a constraint for the budget of the
ing this conversion process, the total energy of the systen$yStem’s entropy:
remains cpnstant,lﬂzo, and itis merely the form of energy ds/dr = o + Z Jsi, @)
that is being altered. When we include these forms of en- ;
Y 2 oo L0 0 10 o e S/, hneres > 015 e enoy procces it e system by i

. 'reversible pr ;isth m of all entr X-

and the @& term represents the conversion of heat to some eversible processes, aiE Js; 15 the sum of all entropy e
other form of energy. More specifically, thédterm repre-  change fluxes with the surroundings associated with energy-
sents the work done to create a gradient in another variabland mass exchange. By constrainndo values greater or
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Table 2. Overview of the different thermodynamic terms used here, their brief definitions and their relevance to hydrologic processes.

term description examples used here

conjugate variables A set of two variables for which the product describes a see Table 1
form of energy. The pair is formed by one intensive and

one extensive variable.

extensive variable a variable that depends on the size of the system stocks of water (solil, river, water vapor), momentum of flow

intensive variable a variable that does not depend on the size of the system  geopotential (or gravitational potential), flow velocity

heat a specific form of energy measured by temperature
(better term: thermal energy)

soil heat storage

work the conversion of one form of energy into another; acceleration or lifting of water and sediment
mechanical definition: the exertion of a force over a
distance

entropy unavailability of a system’s thermal energy for thermal energy is only considered in this manuscript as

conversion into mechanical work. the end result of dissipative processes

free energy the capacity of a form of energy to perform work potential energy of surface water, kinetic energy of river flow

disequilibrium the presence of a gradient in conjugate variables,

associated with the presence of free energy of some form

gradients in geopotential, velocity

power the generation rate of free energy of a particular process

at the expense (i.e. depletion) of another gradient

generation rate of kinetic energy of stream flow resulting
from the depletion of potential energy of water

generation rate of free  rate of increase in free energy of a particular form (same  generation rate of potential and kinetic energy of water

energy as power)

and sediment

transfer
depletion of another form

the increase of free energy of one form due to the

free energy transfer from river flow to sediment
transport

import of free energy

transport of free energy across the system boundary

import of geopotential energy through precipitation

dissipation
into heat

the depletion of free energy by an irreversible process

frictional dissipation in fluid flow

depletion rate
conversion into another form

the reduction of free energy either by dissipation or by

water flow and sediment export deplete gradients of
potential energy

irreversibility

not able to be undone without the performance of work,

frictional dissipation in fluid flow

i.e. processes that dissipate free energy

equal to zero, the second law provides the direction intoJh o — Jhout= P. 3)
which processes evolve. This law is reflected in the sponta- '
neous depletion of gradients. For instance, heating gradients When we assume that no entropy is produced within the
are dissipated by heat conduction, while velocity gradientssystem (i.e.c =0), which is rather optimistic and serves
are dissipated by friction. Hence, a broader interpretation ofmerely to establish the upper limit fa?, we can then de-
the second law implies that natural processes are directeflve an expression of the maximum powBax that can be
such that they deplete their driving gradients. extracted from these heat fluxes by noting that the net entropy
To obtain the limits to how much mechanical work can be exchange of the system cannot become negative to fulfill the
extracted from a heating source, as for instance is the case faecond law:
a classical heat engine, the combination of the first and sec;
ond law result in the well-known Carnot limit. To outline the Z Jsj = Jhyout/TC - ]hvin/Th >0 (4)
derivation of this limit, we consider a fixed influx of heatinto  ‘
a system/p in from a hot reservoir with fixed temperatufg ~ using the expression ofSd=dQ/T for expressing the en-
and a heat flu¥h outfrom the system to a cold sink with fixed - tropy of a heat flux. The entropy budget can be rearranged
temperaturdc. The rate at which power can be extracted is to yield an expression faf out (> Jh.in Te/ Th) Such that the
given by the first law (noting that @/d = Jn,in- Jnout @and  second law is fulfilled. Taken together with the first law, this
P =dW/dz, both being in units of Watt W, or Wn while  yields the well-known expression for the Carnot limit (see
heatQ has the unit of J or J nf): comment by Kleidon et al., 2012b for a derivation of this
equation):
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230 A. Kleidon et al.: Thermodynamics and maximum power of river systems

rather gradients in geopotential. We take thermodynamics as
our starting point for the description of energy transfers in

When we relax the assumptions in this derivation and al_dralnagg: basins as it pro_wde; the frarr:e_lv_vk(})rlf tg (lj'escrlbe en-
low for (a) other processes to deplete the temperature gradfrgy and energy conversions in general. 1he labeling conven-

ent (e.g. diffusion or radiative exchange) so that entropy istIOn f(_)r variable names as well_as an overview of variables
used in the following is summarized in Table 3.

produced within the system and (b) the temperature gradi-
gnt Is affected by Fhe gengrated power (eg. by the CONVECs 1 Definition of drainage systems as thermodynamic
tive heat flux that is associated with the resulting motion), systems

then one can obtain a very similar expression for a maximum

power limit that is reduced by a factor of 4 due to the de- The starting point for a thermodynamic description is the to-
crease in the temperature gradient and due to a competing energy/ of the drainage system. In the simple illustration
dissipative process (Kleidon, 2012). We can generalize thig;sed here, the relevant contributionsitcare the geopoten-
maximum power limit to apply to practically all forms of en- {jg| energy of surface water (index “w”) and continental mass
ergy conversions, particularly to the ones involved in river (index “s”), the kinetic energy of water and sediment flow, as
flow and sediment transport. We will describe the applica-\ye|| as the dissipative heating sink term. Hence, changes in

When we now consider the dynamics of a system in the

context of the functioning of the Earth system at large, Wedvu = d(mny ¢w) + d(msds) + d(pwovw) + d(psvs) + d(T S), (6)
first note that free energy plays a central role in describing
the interactions of the system with the Earth (Fig. 2). First, wherem,, andms are the mass of surface water and continen-
free energy is ultimately derived and transformed from thetal crust within the system at certain geopotentiglsandes,
two planetary forcings of solar radiation and interior cooling respectively,p,, and ps the momentum associated with wa-
through a sequence of energy conversions. Thermodynamicégr and suspended sediment with velocitigsand vs, and
as outlined above, is the basis to account for these converf andS being the temperature and entropy within the sys-
sions and inherent limits. The surface water at some elevatiotem. For simplicity, we do not consider the forms of energy
above sea level (a.s.l.) has the potential energy that can bgarticularly, binding energies) and the associated processes
converted to the kinetic energy associated with runoff. Thisinvolved in the conversion of rock into sediment (i.e. phys-
potential energy is generated by the atmospheric cycling ofcal and chemical weathering or the wetting and drying of
water. The cycling of water, in turn, is driven by atmospheric soils). We assume that the continental mass already consists
motion, which is driven by the differential heating associatedof loose sediment particles and thus only consider the mo-
with solar radiation. Likewise, the sediment that is eroded bytion of continental mass suspended in water flow in form of
water flow gained its potential energy through lifting of con- sediments. Furthermore, we neglect bedload and dissolved
tinental crust, which is related to the motion of plates and thetransport as well as debris flows. While these processes play
mantle, which is ultimately driven by heating gradients be-important roles in transporting continental crust to the ocean,
tween the Earth’s interior and the surface. It is only throughwe focus here only on sediment transport. This focus is jus-
this broader perspective that we can fully account for the ori-tified because we aim to understand the role of river network
gin and the limits of free energy transfer from the primary structures, and these structures are formed by the redistri-
drivers to the dynamics of a drainage basin. bution of sediment mostly by fluvial processes. Hence, at a
In the following section we will nevertheless focus on the minimum, we need to consider the potential and kinetic en-
forms of energy that are directly involved in the generation of ergy of water and sediments.
river flow and sediment transport, with the larger-scale forc- ) o
ing taken as inputs of the associated forms of free energy. 3:2 Thermodynamic equilibrium

P < Pmax = Jhin (Tn — Tc) /Th . (5)

To identify the state of thermodynamic equilibrium for the
3 Drainage basins as thermodynamic systems forms of energy considered in Ed)(in the catchment sys-

tem, we exclude exchange fluxes from our consideration, so
We consider continental drainage basins as open thermodythat the total energy of the system as well as its mass and mo-
namic systems that exchange mass and energy with theimentum are conserved. For simplicity, we lump kinetic and
surroundings (Fig. 3). Incoming mass fluxes at elevationspotential energy associated with water and sediment into a
a.s.l. add geopotential free energy to the system. The followsingle variableA that expresses the non-heat related forms
ing description does not use thermodynamic analogies, as ibf energy. When we then assume that the system is approxi-
was done, for instance, by Leopold and Langbein (1962) whamately isothermal so that changesZircan be neglected (af-
viewed a river as a set of heat engines with water flow be-ter all, the dynamics within the system do not result in sub-
ing an analogy to a heat flow along a temperature gradientstantial heating within the system), we can then write By. (
Heat is not a direct driver of the dynamics of river flow, but as:
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Table 3. Overview of the parameter and variable names used in the models. The variables follow a terminology in which all fluxes of a
property are described b¥, the generation of free energy of some form from another form is describ&d the dissipation of free energy

into heat byD, and forces by. The subscript index refers to the substance (w: water, s: sediment), while the superscript refers to the type
of flux (no superscript: masg; momentum; ke: kinetic energy; pe: potential energy).

symbol description units

my, Ms mass of water and sediments kg

) geopotential (or gravitational potential) %2

Pws Ps momentum associated with water and sediment flow kg?’n s
v velocity of water and sediment flow (assumed to be equal) s
Jwin effective precipitation (import of water into the system) kds
Jw,out river discharge (export of water from the system) k& S
Js,in uplift of continental mass (import of sediment into the system) Kys
Js,out sediment export (export of sediment from the system) Hys
Fw,acoe Fs,acc accelerating force for water and sediment flow due to gravity (transfer of I(gzm S

Fw,da Fs,d
Fw,s
Fw,crit
p p
Jw,out' Js,out
pe pe
Jw,in' Js,in
pe pe

Jw,out Js,out
ke ke
Jw,out' Js,out

Pw, Ps

Dy, Ds
Pws
Ndv NS

de

I'c

kup
D¢

~ R

4 v ' R

geopotential to momentum)

drag force on water and sediment flow (momentum transfer from flow to surface at ‘R%J ms
rest)

drag force on water flow that detaches sediment (momentum transfer from water THgms
flow to sediment)

threshold drag needed to detach sediments kgs
momentum export associated with water and sediment flow Kefm's
import of potential energy by precipitation and uplift W
export of potential energy by runoff and sediment export W
export of kinetic energy by runoff and sediment export W
generation rate of kinetic energy from potential energy associated with runoff and W
sediments

dissipation of kinetic energy associated with runoff and sediment transport W
free energy transfer rate from water flow to detach and lift sediments W

dimensionless numbers to express the ratio of drag force to geopotential gradient
and settling of sediments to export

fraction of suspended sediments that is exported

mean distance to channel m
hydraulic radius m
number of drainage channels

coefficient describing uplift rate kg st
measure for disequilibrium associated with structure -1
area m?
gravitational acceleration nTé
horizontal dimension m
difference in height m

slope °

material property converting the work done on sediment detachment into a mass fluxt kgJ
density kgnr3
time scale S
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driver:

N/
— O __ generation of radiative
heating gradients by
7|

solar irradiation

heat engine:
conversion of radiative
heating gradients into
kinetic energy
associated with
atmospheric motion

dehumidifier and
desalinator:
conversion of the
kinetic energy of

atmospheric motion

into potential and

chemical free energy of

water vapor

transporter:
dynamics Of conversion of potential
and chemical free
the Iand energy of precipitation
into kinetic energy of
surface particulate and

dissolved material

lifter:

conversion of kinetic
energy of plate motion
into potential energy of
continental crust

heat engine:
conversion of
differential heating and
cooling in the interior
into kinetic energy of
the crust

driver:

..‘ generation of heating

gradients by secular cooling
‘ and radioactive decay

mantle

Fig. 2. Schematic diagram illustrating the paths of how free energy is generated and transferred from heating gradients to drive the shaping
of drainage systems by geologic and hydrospheric processes. The upper part of the diagram shows how radiative heating gradients fuel th
atmospheric heat engine, which in turn acts to dehumidify and desalinate ocean water, which then provides the precipitation input to drive
sediment transport. The lower part of the diagram shows how heating gradients in the interior result in plate tectonics and continental uplift,
which in turn maintains the topographic gradients for continental river flow. The symbiépresents an engine that converts the displayed
gradient into power. After Kleidon et al. (2012a).

dU = 0=dA + TdS. @) energy that is associz':lted’ with the gxchange 'quxes at the
] ) ] system boundary (which is further discussed in Sects. 3.2
Rearranging this to express changes in the entropy of the syggng 3.3). In the context discussed here, the mass balances

tem yields for water,m\y, continental mass:s are determined from the
ds = —dA/T. (8)  respective mass fluxes of water and sediments:
In other words, the second law of thermodynamics tells UStm,y /dt = Jwin — Jwout )

that the dynamics within the system are directed to minimize
the kinetic and potential energies of water and sediments. dms/dt = Jsin = Jsout. (10)
whereJy,in is the generation rate of runoff from effective pre-
cipitation (i.e. rainfall minus evaporation, as the latter plays
The dynamics within the system are constrained by the conenly an indirect role in fluvial erosion and runoff concentra-
servation of mass and momentum, and by the supply of fredion), Jw,out is the discharge of water from the basil,i, is

3.3 Conservation laws
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rainfall adds
mass Ju,in
at (Pin

Az
river discharge
® removes mass Jw,out at
= T\ fwandv
proﬂ
L removes mass Js,out at
uplift adds Poutand v
mass Js,in
at @in

Fig. 3. Definition of a drainage system as a thermodynamic system by delineating its boundaries (dashed lines), the fluxes across the bound-
aries (in terms of mass and momentum fluxes as well as their respective, conjugate variables), and the four forms of free energy considered ir
the simple models (potential energieg ¢, msg; kinetic energiepw v, psv). The change in energy within the system is expressed through

the respective values of the conjugate variables that convert mass and momentum fluxes to energy exchange fluxes. Ultimately, these energ
fluxes set the limits to the strength of the dynamics within the system.

the rate of continental uplift, angk outis the rate of sediment experienced by the sediment and the export of momen-
export (i.e. the net outflux of sediments from the system). tum, Fsacct Fws= Fsdt J_f’out In the remainder of the

The respective momentum balances for river and sedimentnanuscript, we consider the steady states of the mass and
flows py and ps are governed by the balance of forces: momentum balances and negldgtace The assumption of

the steady state is a simplification that may only be valid

dpw /df = Fwace— Fuud = yout (11) when asy)gtem is considerzd over sufficientlyylongyperiods. It
dps/df = Fsacc+ (Fwd — Fucrit) — Fsd— Jsp, oww  (12)  allows usto treat these conservation laws and explore the role
of structure formation in a simpler way than if the changes in
>;ime are considered as well. Real landscapes may maintain
non-steady states in which the time derivatives are compara-
ble to the fluxes. With respect to the steady state assumption
of the sediment fluxes, this assumption is very common in
Xgeomorphology (Ahnert, 1970; Paik, 2011).

where Fy acc and Fs acc are the accelerating forces due to
geopotential gradients (which for sediments plays a role onl
for soil creep and detachment in steep terraliy)g and Fs g

are the drag forces that act on water and sediment flow, re
spectively (wherdy q includes the dradws= Fw,d — Fw,crit

on sediment that results in its debtachmentpwhen the drag e
ceeds a threshold dfwcrir), and Jy,ou aNd 5 o are the ex- 4 Exchange fluxes across the system boundary
ports of momentum associated with water and sediment flow.
For simplicity we neglect the momentum transferred on Sed"l’he following exchange fluxes across the system boundary

iments by rain splash. We include the threshold term in theaffect the mass and momentumn balances and the amount of
momentum balance because this is often found in parametefyq total energy within the system (Fig. 3):

izations of sediment transport. It plays an important role in

determining the magnitude of sediment transport, but it ac- — effective precipitation, which adds mass to the system

tually is not a critical parameter to understand the conditions at a rateJy i, and at a certain geopotentigl,in. We

under which we would expect the formation of structures, as  exclude the fraction of precipitation that is evaporated

we will see further below. here and only consider the fraction of precipitation that
The steady state of the mass and momentum balances results in runoff. Hence, the combination of a mass flux

are given when runoff generation balances river discharge, atagiven geopotential adds potential enerw\mw’in)

Jwin=Jwout, continental uplift balances sediment export, to the system;
Jsin=Js,ous acceleration of water flow balances the drag
force and momentum exporky, acc= Fw,d+Jv‘3‘0ut, and the — river discharge, which removes mass from the system at

forces acting on the sediment balances the friction force a rateJy,out at a certain geopotentiagiy oyt and with a
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certain momentunp,,. This flux removes geopotential
energy diw dw,ou) and kinetic energy gy vw) from
the system;

— continental uplift, which adds continental mass to the
system at a ratés jn at a certain geopotentiak jn. This
addition of mass at a given geopotential adds potential
energy dfis¢s in) to the system;

— sediment export associated with river discharge, which
removes mass from the system at a ragg,tat a cer-
tain geopotentiabs out (= ¢w,out) @nd with a certain mo-
mentum ps. Sediment export hence exports potential
d(ms¢s,oup and kinetic energy gfs vs) from the system.

For simplicity, we assumein = ¢w,in = ¢s,in (We consider
the input of water and sediment at the surface at the same
elevation) andout = Pw,out= Ps,outin the following.

Since the heat balance does not play a central role for the
dynamics of drainage systems, we do not consider the whole
set of heat fluxes that shape the balances for temperature and

A. Kleidon et al.: Thermodynamics and maximum power of river systems

the water flow, the acceleration to the speed of the flow
and its maintenance in suspension against gravity. That
is, some of the kinetic energy of the water flowpg@)

is converted to kinetic energy of the sedimepgb),

and, to some extent, potential energy and the reduc-
tion of (negative) binding energy (the latter two con-
tributions are neglected here). The partitioningfafs

on the different forms of work performed on the sedi-
ments depends on material properties of the sediments,
slope and on the utilization of available transport capac-
ity. In the following, we assume that a constant thresh-
old stressFy crit is needed to detach sediment, while the
remainder maintains the kinetic energy of the moving
sediment. Hence, ify s is smaller than the threshold,
no sediment is detached and can be moved,;

frictional dissipation of sediment flowDs. Similar to
frictional dissipation of water flow, some of the kinetic
energy associated with sediment transport is converted
into heat.

entropy, d{ S), within the system. However, we will keep
track of the dissipation within the system. Furthermore, we
neglect the import of momentum associated with the uplift of
continental crust.

3.5 Dynamics within the system and its relation to
energy conversions

The hydrologic and geomorphic processes within the systentl (ms¢s) /dt = Jg;,
relate to the conversions of potential energy that is addeqj(pW vw) /it

to the system by in and Jsin to kinetic energy which is
exported from the system by out and Js out With a lower
potential energy. Additionally, some of the kinetic energy is

converted to heat. In a simplified treatment we need to ac-

count for at least the following processes:

These conversions are characterized by the budget equa-
tions of the potential and kinetic energies of water and sed-

iments of the basinmw ¢w), (msds), (pwvw) and (psvs),
respectively. At a minimum, they consist of the following

terms:
d(mwéw) /dt = Tt — Pw — Jwout (13)
P — Ps— Joou (14)
= Pu — Dw — Pus — Jout (15)
d(psvs) /dt = Ps+ Pus— Ds — J& (16)

In these equationsimn describes the import rate of poten-
tial energy of water associated with the influx of mdgs, at

a geopotentiabin, Py describes the conversion of this poten-

— generation of motion associated with water flow, re- tial energy into the kinetic energy of water flow, av\ﬁ%ut
sulting from an accelerating forc&yacc at the ex-  describes the export of potential energy due to lateral ex-
pense of depleting its potential energy. That is, the po-change at a geopotentiah,:. Equivalently, Jgfn describes
tential energy dw¢in) is converted into kinetic en- the import rate of potential energy by the addition of mass

ergy of the form dpwwvw). When we consider the Jsj, at a geopotentiapi, associated with continental crust

classical definition of mechanical work a¥vd= F dx, through uplift, which is converted into kinetic energy for

with dW =d(nw ¢in), this yields the well-known ex- sediment transport and is depleted by the export of sediments

pression for gravitational acceleration along the sIopeJSpf,ut triggered by the water flow at a potentigdy; (i.e. it

with an anglea of Fyace=V(mw¢in) =mwg sine ~ s related to the kinetic energy expaifS,, associated with

mwg Az/L; sediment export). The kinetic energy of water flow is driven

by the input of kinetic energyPy, and is depleted by fric-
tional dissipationDyy (related to the friction force 4 and

the velocity gradient), the transfer of free energy to sediment

transportPy,s (related to the drag forcg, s and the velocity

gradient), and kinetic energy expd@%ut by river discharge.

The kinetic energy associated with sediment transport results

— the drag forcefy, s due to the difference in velocities of from the balance of the free energy infRys, free energy in-
the water flow and the sediment performs work on the put from the conversion of potential energy of the sediment to
sediment. This work entails, e.g. overcoming of bind- kinetic energyPs (which generally plays a minor role, as de-
ing forces of the sediment, the lifting of sediment into scribed above), frictional dissipatiabs (related to the drag

— frictional dissipation of water flowb,,, associated with
a drag forceFy, g, which is driven by the velocity gra-
dient Vv between the water flow and the resting, conti-
nental crust. In other words, some of the kinetic energy
d(pw vw) is converted into heat @(S);
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force Fs g and the velocity gradient between the moving and Here, the runoff is expressed as the mass of water on the

resting sediment), and the export of kinetic energy by fluxslope,my =pow L W H, with L and W being the length and

J_lff,ut width of the slope and{ corresponding to the height of wa-
These equations express the conservation of mass, maer. Hence, the formulation of runoff is equal gg A v, with

mentum, and energy at a general level for water and sediA =W H being the cross section of the flow. The mass bal-

ment flow within a river catchment and act as constraints toance yields an expression for the total mass of watgt,on

the dynamics. At this general level, we can already identifythe slope as a function of effective precipitatiokyin, and

energetic limits to the dynamics that are not apparent fromthe flow velocity of runoff:

the mass and momentum balances. The transfer of kinetic

energy from water to sediment flow is driven by a velocity 7w = Jw,iinL/v. (18)
radient, but at the same time acts to deplete this gradien .

gransferring more and more kinetic energyrio sedime?wt transtirh(.a momentum balrfmce (Eq. 9) for water yields the flow ve-

port would at first increase the rate of sediment transport, bu[omty v on the slope:

eventually, the decrease in kinetic energy of the water flow _0_ _ _ b

would slow down the overall export of water and sedimentd(mW V) /dt = 0= Fuace— Fua = Jour: (19)

from the drainage basin. Once sediment is transported, it cahereFy 4 is a drag force on water flow which includes fric-

be arranged into channel networks that have a lower wettion and the stress that the water flow applies to the sediment,

ted perimeter for a given water flow in relation to a uniform Fy,s The accelerating force for water flow on the slope per

surface, thereby reducing frictional dissipation. It is in the unit S|0pe |ength,FW’aCC’ depends on the S|ope (that is, the

context of such simple considerations that we explore thregjeopotential gradienh¢/L) and on the mass of water on

ways of maximizing the power of sediment transport and itsthe slope (we neglect the effect of the water column on the
relation to preferential flow structures in the following. overall geopotential gradient):

Fwacc= mwg Sina ~ my A¢/L = Jywjin Ad/v, (20)
4 Maximum power in drainage systems and sediment

transport where the approximation is made that for small angles

sine ~a ~ Az/L. The export of momentum from the slope,

We consider three models in the following that deal with the _Jv[a,out' is given by the mass export (V\_Ihlch equals the import
transfer of free energy from water flow to sediment trans- N Stéady stat@lw,out= Jwin) at a velocityv:

port (model 1), the effect of rearranging sediments into the
form of river channels on the overall power to drive the de-

pletion of the topographic gradient (model 2), and the effectyyjthout specifying the specific form of the drag force, we

of enhanced removal of continental crust by sediment transcan combine Eqgs. (17)-(19) and obtain a quadratic equation
port on continental uplift (model 3). The three models con-or y as a function oy 4:

sider the mass, momentum, and energy balances in steady

state, i.e. the fluxes are constant and the state variables d¢® + Fw,av / Jwin —Ap =0 (22)
not change in time. Furthermore, we assume that vs=v

for simplicity. This implies that we neglect bedload transport Which yields a solution (with the restriction that- 0) of
and focus on the transport of suspended sediments.

Jvr\)/,out = (mwv) v/L = Jw,inv. (21)

1/2
v = (szv’d/ (4JV§,m) + A¢) P Fud/ 2din). (23)
4.1 Model 1: maximum power to drive sediment export
Two limits of this expression can be derived, depending on
In the first model we consider the generation and dissipatiorthe relative magnitude df’V% d/(‘”v%in) andAg¢ in the root of
of kinetic energy associated with surface runoff, and howEq. (21). We use the ratio of these two quantities to define a
much work can be extracted from this flow to drive sedi- dimensionless numbe¥y:
ment export from the slope. To do so, we consider the mass
balances of water and sediments as well as the momenturNg = Fy,q/ (2Jw,in A¢1/2)- (24)
balance for water flow in a steady state. Since we assume
vw =vs=v, We need to consider only one momentum bal- This dimensionless number expresses the strength of the
ance, so our starting point are the three balance equations falrag force in relation to the slope, with a large valuengf
mw, pw, andms. representing strong drag on shallow slopes, while a small
We start with the mass balance fary, which balances value of Ny represents little drag on steep slopes. Then,
effective precipitation with the discharge from the slope:  the root in Eq. (21) is expressed as/? (1 + N3)1/2 and
can be approximated for the limit of smalN§~ 0) and
dmy /dt = 0= Jwjn — mwv/L. a7 large (Vg> 1) values. At the limit of little frictional drag
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(Fwa~0 and Ng~0), the root can be approximated by sediment export flux is written agsv/L. This mass balance
APY2(1+ NHY2~ ApY2 (1 + N2/2) ~ A¢pY/2. This ap-  yields a steady state expression iy of
proximation yields the limit for the steady state flow velocity

of mg = u Pys(tsL) /(L + tsv) (30)
v & Agl2 (25) and a sediment export rafg ot Of

At the other limit of strong dragFuw,q>> 2 Jwin A¢Y2 and ~ Jsout= msv/L = p Pusv/(L/Ts + v) (31)
Ng>1, the root in Eq. (21) can be approximated by = 1 (Fwd — Fucrit) v2/(L/ts + v).

ApY2 (14 N2~ ApY? (Ng+ 1/(2Ng)) = Fud/ (2 Jwin)
+JwinA¢p/Fyg for large Ng. Then, the velocity is
approximately

In this expression, bothPys and v, depend on the drag

force, Fy.4, but in opposing ways. Whil@, s increases with

Fw,gd, the terms includingv decrease withFy4. This re-

v & (Jwin/ Fu,d) Ag. (26)  sults in a maximum possible sediment flux associated with
an intermediate value afy, 4. Figure 4 shows qualitatively

In this case the drag force strongly interacts with the flowthe variation of the different terms as well as the maxi-

velocity and the dependence of the resulting flow velocitymum in Js oyt @s @ function ofNy. For the plot, values of

on the slope changes from being proportionalt¢'/2 to L =100m,Jyjn=0.01kgn?s 1, Ap=1nfs 2, 15=10s,

A¢. Note that Eq. (23) represents supercritical flow, while . =1kgnm2 W1, and Fycrit = 0.1 N were used.

Eq. (24) can yield expressions for Chezy or Darcy flow. The We can characterize this maximum in terms of two con-

latter depends on the choice Bf, 4. If Fw g is a turbulent, trasting limitations, the extent to which sediment is detached,

frictional force that depends on the flow velocity, this equa- and the ability of the water flow to export the sediment. These

tion would yield the expression for Chezy flow (in which case two limits are characterized by the ratio of a velocity that is

the flow velocity would also be proportional #g1/2). If described by the length and time scale of suspended sedi-

Fwd is a binding force that does not depend on the flow ve-ments within the systemis= L /75, in relation to the velocity

locity, this equation yields an expression for Darcy flow. of water flow,v, and can be expressed by another dimension-

Before we explicitly consider the mass balance of sus-less numbeNs, defined by
pended sediments, we note that the drag on water flow is

needed to provide the stress to detach sediment and bring {¥s = vs/v . (32)
into suspension. We express detachment as a threshold pro- i e . »
cess as The first limit of low sediment depositionNg~0, or

1sv > L, which means that the effective transport distance
Fus = Fuwd — Fwcrit, (27)  before settling is much larger than the basin length) repre-
sents the case where the power to detach sediment is lim-
whereFy, crit is @ material-specific threshold stress dhg is iting the sediment export flux. At this limit, we obtain the
the force involved in detaching sediment. We assume in theapproximation
following that the critical threshold stre$g, ¢it describes the
frictional dissipation of the kinetic energy of water flow that Js,out~ @ Pw,s (33)
does not relate to the work of sediment detachment, so that o o
we do not account for the frictional drag of water flow addi- Which represents the limit of low values o in Fig. 4a,
tionally. The work performed by this force will then yield the because a low drag results in high export ability (as reflected

power to detach sedimemf, s, which is given by by the high value of) while detachment of sediments is lim-
' ited. The other limit is obtained for large valuesi{. In this

Pys = Fysv. (28) case,vz/(vs +v) =vW/vs) /(14 v/vg) =~ vz/vs, and

As it requires work to detach sediment, the rate of sediment/s,out ~ © Pw,sv /vs. (34)

detachment should be directly proportional to this power o

(Bagnold, 1966). The sediment export rate is then obtained his limit is shown for high values alg in Fig. 4a, where
from the mass balance of suspended sediments, which irdue to the high drag, the low flow velocity limits the export
volves the detachment work as well as a sedimentation an@f sediments from the system.

export rate: We now trace the power that is provided by the generation
of potential energy by effective precipitation to drive sedi-
dms/dt = 0 = p Pys — ms/7s — msv/L, (29) ment export from the slope. To start, the power generated by

effective precipitation over a geopotential differente is
where n is a material specific parameter which yields the given by

mass flux of detached sediment for a given powelis a
time scale at which sediment remains in suspension, and th&y = Fyaccv = Jw,in A¢, (35)
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a. Sediment Export Table 4. Different dependencies of sediment expaf§,ous On
geopotential difference\¢, (or slope) for different cases of dimen-
1'Oi'-._ v e ———— sionless numberdyy and Ns.
s = 08 ,”’ Pus
£ g o 1 ™~ 7 case dragon sediment  sediment
= - £ 067 2. water  export export
sg2 1 /- f limitation ~ (J
835 gad 4 ow imitation  (Js,oud
%% ; | /I ............. (Nd) (NS)
&> 02— Joour e, =
| A low low x (Ag)Y
O TTTT ‘ TTTT ‘ TTTT ‘ TTTT ‘ TT 1T ‘ TT 1T B |OW high O( (A¢)
0 05 10 15 20 25 30 C high low x (Ag)
Na D high  high o (Ag)?
b. Energetics
LT — P, The importance of these two limits, as formulated by the
£ 050 //’ Puws two dimensionless numbelg andNs, is that the limits yield
= _E 1 L, ; ; ;
Les 17 contrasting dependencies of the sediment exportkgigon
= £ s 0.20 i 5 JV';%U! the driving gradientA¢ (Table4). In case A of small values
g%g 010N of Ng and Ns, which describes conditions of low frictional
38 O-OSf{ i drag and if sediment is being detached, it is easily exported.
o g 0-02;!.,".;Pws "“'1*-%,,,“_:; T_hg expression for the sediment export is obtained by com-
001 l\:\ T ‘ L ‘ T TT ‘ L ‘ L ‘ T TT blnlng Eqs. 25) and 63)

0 05 10 15 20 25 3.0 1/2
Nqy Jsout™ 1 FysAg™e. (39)

Fig. 4. Demonstration of a maximum rate of sediment export result- In this case, the rate of sediment export depends on the root
ing from the tradeoff of increased drag resulting in greater work in of the slope,Js outox (A¢)Y/2. This case could, for instance,
detaching sediment®y,s, but lower flow velocityyp. (a) Water flow represent the case of the transport of very fine sediment in
velocity v, free energy transfefy,s, and rate of sediment export, a channel. In case B of a high value 8§, but a low value

Js,ous @s a function of the dimensionless numbeg, that charac-  of N, the expression for the sediment export is obtained by
terizes the strength of the drag fordg, ¢, in relation to the acceler- combining Egs.26) and B3)

ating force,Fy,acc associated with the slopga) Sensitivity of total

power, Py, frictional dissipation Dw, in water flow, kinetic energy  j. o~ 1 (Fus/Fwd) Jwin Ad. (40)

export,]v'\‘,’eout, of water flow, and the free energy transfgy; s, from Sou ( W'S/ W’ ) win

water flow to sediment transport, and the fractignf,s, that re-  Here, Js outx A¢. Case C is represented by a low value of

sults in sediment export. Ny, but a high value oiVs. The expression for the sediment
export is obtained by combining Eq25) and 34)

which is the well-known expression for stream power when jg ,, ~ (Fw,s/vs) Ag. (41)

considered in a channel (Bagnold, 1966). A part of this power

is wasted by frictional loss)y, or exported as kinetic energy  This case also yields a linear relationship of sediment export,

by runoff, Jk& , while another part is used to power the de- Js,outx (A¢), and could represent transport of coarser sedi-

tachment of sedimengy, s: ments in a channel. The last case D is obtained by high values
of Ng andNs. By combining Egs.Z6) and 34) we obtain

Dy = Fwritv (36) 2
TE = TB ot = Juwin v @37)  Jsout™ i (Fus/Fud) (Jwin /vs) (A¢)~. (42)
Pus = (Fwd — Fugcrit) v. (38)  This case of strong friction and limited ability to export sedi-

ments yields/s outox A¢2. This case is representative of over-

" N —1(1+N its in th il of land (or subsurface) flow on relatively shallow slopes. As we
ion / =v/(vs +v) =1/(1+N) results in the actual exportof i oo in the following, this is the most relevant case for

sedlmctar?t by ttheffltl;:ds"’”“ an(:hth;a.relmatmdr(]a r@ df z rer[])rg— dstructure formation because the non-uniformity in the slope
Srfnnf re %ar N it g pr?(\erert rr?t Isthosbm(lj (_arr;] (;;Crem Si 'rénhances the sediment export rate of the slope.
ents are deposited and return to the bed. The dilierent ener-, summary, model 1 demonstrates that only a small frac-

getic terms are shown in Fig. 4b, with the fraction of power tion of the power generated by runoff can be utilized to de-

provided by runoff generat_|on that ends up in sediment ®Xtach and export sediments and thereby deplete the geopo-
port from the slope shown in the graph A9s out

tential driving gradient of the slope. The existence of a

Of the power available for sediment detachmgpt, a frac-
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maximum in the sediment export rate results from the fundaflow in porous media, the contact area would be substantially
mental trade-off of increased drag yielding greater sedimengreater. The actual state of minimum dissipation will be af-
detachment, but also inevitably reducing the flow velocity atfected by such greater contact area, but the existence of a
which sediment is exported. In the case of such strong interminimum dissipation state should not be affected.

actions between water flow and sediment transport, the func- The dissipation by channel flowpy,c, is approximately
tional dependence of the sediment export rate on the slope igiven by the wetted contact area of the perimeter of the chan-
altered to quadratic form. Even though a maximum rate ofnel, 7 r¢, over the length of the slopgé:
sediment export may not be achieved, it is this case of strong

interaction and non-linear dependence on slope which will beDw,c ¥ DwomreN L,

of most relevance for the discussion of structure formation in
Sect. 5 below.

(45)

wherer is the hydraulic radius of the channel, which is as-
sumed to be a semicircle for simplicity. This radiyss de-
termined from the constraint that in steady state, the total flux
of water Jy,in is drained through th& channels at bank-full
flow:
Once work is performed on the sediment, mass can be re- )
arranged to form structures, such as channel networks. Théwin = N pwv7r¢ /2 (46)
presence of channels will affect the intensity of frictional
drag in model 1, as water flow in a channel has less friction®"
per un_it volume of runoff compared to overland flow becauser _ [2 Jwin/ (owv T N)]l/Z.
water in the channel has, on average, less contact to the solid '
surface atrest. In other Words, the formation of a channel W|”Us|ng Eq (41) to expresg in DW,Ca we get for the total
result in shifting the limit of high drag in the case of overland dissipation rateDy:
flow towards less drag and hence towards the case of chan-
nel flow. This effectively leads to a lower value 8%, and ~ Dw = Dw,0L?/(4N) + Dwo [270 N Jwin/ (pw v)]l/2 L
thereby alters the relationship between sediment export and _ , 5 -1 L pNY2,
the gradient in geopotential.

The model presented here is set up to show that this dif-This expression of total frictional dissipation exhibits a min-
ference of flow resistance can minimize frictional dissipation imum value for a certain optimum number of channdlggt,
of water flow in the presence of channels, so that sedimentlue to the tradeoff of a decreaseli, o asN ! with a higher
can be exported at a higher rate and the export limitation asrumber of channels because the distanre,to the next
sociated with overland flow can be reduced. To do so, wechannel decreases with, and an increase iy, ¢ with N1/2
consider a slope of dimensiah (length and width) that is  because the total wetted perimeter of all channels increases
wetted uniformly with an effective precipitatiafy, iy and on  with increasingN. This minimum in frictional dissipation,
which the runoff is discharged from the slope through chan-Dy, min, is found with an optimum number of channelg,t,
nels. We assume a constant flow veloaitpf water and a  to be
given drag forceFy, .

We start by writing the frictional dissipation rate of the
water flow Dy, as the sum of dissipation by overland flow,
Dy,0, and channel flowDy, ¢, respectively:

4.2 Model 2: maximization of sediment export by
minimization of frictional losses

(47)

(48)

Dwmin = (3/2) 73 Do LY (Juwin/ (ow 1)) "> (49)

and

Nopt = (2a/b)?3 = L3 8m) ™3 (pwv [ Juin) ">, (50)

Dy = Dw,o + Dwyp. (43)

When we express the water inflow &gin = pi L2, wherei

is the effective precipitation intensity, then it follows that the
optimal channel densitwgpt: v/(8m i) depends on the ve-
locity and thus on the slope and the rainfall intensityf the
stream velocity does not vary too much, then regions with
a high rainfall intensity should have a low optimum channel
where Dy, o is the constant rate of kinetic energy dissipation density, while regions with low rainfall intensity should have

The frictional dissipation of overland flov)y, o, takes place
across a contact area @ L, so thatDy, can be expressed
as

Dy,0 =~ DwodcL, (44)

of the water flow per unit wetted surface aréais the mean
distance to the channel, whichdgs~ L/(4N) with N be-
ing the number of channels on the slope ahd=0 asN
approaches infinityN — oo). This expression is a simplifi-

a high optimum channel density (although channel density is
also affected by other factors such as stage of development).
Figure 5 shows qualitatively the variation of the dissi-

pation terms as a function of channel numbérand il-

cation, as it is only an approximation of the actual flow pathslustrates the minimum dissipation state. For the plot, val-
of water to the channel. Note that if we considered subsurfaceies of L =1m, Jyin=0.01kgnT?s™1, p, =1000kg nr3,
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v=1ms?, and Dy0=1Wm2 were used. According to 0.3
this example, an optimum is achieved fér= 16 (Fig. 5).

In the absence of channels, the frictional dissipation would
be Dy (N = 0)= DW,oL2 or 1 W using the values given in
the example. The total frictional dissipation of the whole
slope is reduced in the best, optimal case to 22 % (cf. Fig. 5).
This minimization in overall frictional dissipation rate is
caused by the existence of the channels, so that the work on
the channel surface is reduced due to the reduction in drag as
compared to the slope, but the transport of sediment is main-
tained more easily. This reduction of sediment work within
the channel enhances the persistence of the structure. It also
relates closely to the notion of “minimum energy expendi- Fig. 5. Demonstration of a state of minimum dissipation of kinetic
ture” of the optimal river network theory, because the fric- energy of water flow due to the presence of channels. The graph
tional dissipation of kinetic energy of the fluid flow is mini- shows the sensitivity of total dissipatioBy, as well as the two
mized. Overall, the effect of channel flow is to transport more €omponents (dissipation by overland and channel fibw,o and
sediment for the same mean slofg /L. Stated differently, ~ Pw.c: respectively) to the density of channels,
the sediment export limitation is reduced, resulting in a lower
value of Ny and N for the flow within the channel.

Dissipation (W m-2)

0 T oo \\\\,\H‘ IR
1 10 100 1000

Number of Channels N

whereJs in is the rate of uplift, ands outis the sediment ex-
port. We express the rate of upliffs in, as a form of buoy-
4.3 Model 3: large-scale maximization of topographic ~ ancy to capture the effect of isostatic rebound as

radient depletion
g P Jsin = Jo — kupAe/L, (52)

As sediment is exported by channel flow from land to the Where Jo is the rate of _uplift without any continental mass
sea, the geopotential gradient that drives the flow is slowly2POve mean sea level (i&¢/L = (¢in — ¢ou)/L =0, SO that
depleted, at small scales, but also at the continental scale, re’s.in= J0), andkyp is a coefficient that includes the difference
ducing the mass of continental crust. As the weight ofthe " denS|t_|es of Contlngntal crust and Fhe upper mantle. This
continental crust decreases, it experiences isostatic rebounfrmulation of the uplift rate follows directly from the asso-
resulting in continental uplift. In a steady state in which the ciatéd buoyancy force, which is given by the decrease in the
mass of continental crust does not change, iey/dt ~ 0, total potential energy v_wth respect to _the vertical displace-
the removal of continental crust by sediment expéybut ment (see also Appendlx): When u;ed inthe mass balgnce fpr
is balanced by continental uplifiisin= Js ou Formally, we s, ON€ gets an asymptotic relaxation towards isostatic equi-
would also need to require that some tectonic process add&rium when noting thai¢ ocms. This expression yields a
continental crust to maintain such a steady state. This steady3ate of isostatic equilibrium with no uplift when the differ-
state assumption is very common in landscape evolutiorBNCe in geopotential i&¢o/L = Jo/ kup. _
models (Ahnert, 1970; Paik, 2011). Hence, a higher rate of With sediment export, a geopotential gradiex/L <
sediment export in steady state is matched by a greater uplifft¢o/L is maintained away from isostatic equilibrium. This
rate of continental mass. At the same time, however, strongeftate is associated with continental uplift due to isostatic re-
sediment export results in a diminished geopotential gradi-boundbgnd is associated with the generation of potential en-
ent, and a reduced gradient allows for less work to be per€rd¥:Js i (O, alternatively, the power involved in continental
formed on sediment export. These two contrasting effectsUPlift) given by
gregter uplift with greatgr se.d.iment e>.<port, _but greater de-JSp;en — JsinAd/L. (53)
pletion of the geopotential driving gradient with greater sed- > ’
iment export, result in a trade-off that affects the power as-Using the steady state/din=Jsou) and Eq. (46), we can
sociated with the uplift of continental crust. This trade-off write A¢/L as
shapes the value of the gradient in geopotemial/ L that
drives runoff and sediment transport. A/L = (Jo = Jsou) /kup (54)

The third model aims to demonstrate that this trade-off re-sg that the generation of potential energy associated with the
sults in a state of maximum power associated with the lifting ifting of continental crust becomes
of continental mass (after Dyke et al., 2011). To start, we
consider the mass balance of sedimentsin steady state Jspfn = Jsout(Jo — Js,out) / kup. (55)
(Eq. 8): This expression has a maximum value of

dms/dt =0= szin — Js’out, (51) ‘]sp,ien,max: ]g/ (4kup) (56)
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for a sediment export rate ot out= Jo/2 and an associated, 2.5

optimum geopotential difference ak¢opt/L = A¢o/(2L). —~— 20; JL

This trade-off between the uplift rate and the height at which » T ]

the continental mass is lifted to is shown in Fig. 6 as well Et = 157

as the resulting state of maximum power. For the plot, val- ‘g _@E E

ues ofkyp = 1 kg s "3 andUp = 1 kg m 2 s~ were used. The b Eg 10 T ~\\Vf Js.gu.{ ,,,,,,,,,,
existence of a maximum power state can be understood as G & 05 ‘~\\\

follows. With small sediment export, a state near isostatic Yo ~~e_
equilibrium is being maintained, the gradient in geopoten- 0= ‘ —

I I I I
0 0.2 0.4 0.6 0.8 1.0

tial is near its maximum value. In this state, little new po-
Sediment Export Js ou/Jo

tential energy is generated by uplift because the state is near

isostasy. With greater values of sediment export, more potengiy g pemonstration of a state of maximum power associated with

tial energy is being generated, but the steady state gradient igontinental uplift through sediment export. The graph shows the

geopotential is maintained at a lower value. For very largesensitivity of the power associated with uplif >, as well as the

sediment fluxes, the gradient in geopotential is decreasedecrease in slop&/¢, to the intensity of sediment export, as ex-

such that the generation of potential energy by uplift is de-pressed by the ratids ouy Jo.

creased. However, since sediment export is driven by this

gradient, it seems implausible that steady states are main-

tained beyond the maximum power state. at the other extreme. When the intensity of drag is then fur-
Since the geopotential difference generated by uplift is de-ther related to the rate at which work is being performed to

pleted only by sediment transport in these considerations, thdetach sediments, two limits were obtained in which either

maximum power state of uplift corresponds to the maximumthe detachment limits sediment export or the deposition of

intensity of depleting the geopotential difference in steadysediments within the system. Again, these two limits relate to

state. Maximum power of uplift occurs when the sedimentthe well-established limits of detachment and transport limits

transport rate is proportional tf/2. in sediment transport. What we show here is that these two
limits are associated with different functional dependencies
4.4 Maximum power and interactions between the on velocity, and thereby on slope. At the detachment limit,
three models the rate of sediment export is proportional to the flow ve-

locity while at the other limit at which the rate of deposi-
To set these three models into the larger context, let us revisition of suspended sediment limits export, the rate of sedi-
the continental view shown in Figs. 1 and 2 and relate thisment export is proportional to the square of the flow velocity.
view to the fundamental question of how the depletion of theCombined with the two limits on flow velocity, this results
geopotential gradients in topography generated by geologin a range of functional dependencies of sediment export on
ical processes is accelerated by the free energy input fronslope ranging from an exponent of 1/2 to 2. These different
the water cycle. The thermodynamic formulation of this per- dependencies originate from different intensities of interac-
spective in Sect. 3 included the balance equations of masgon between water flow and sediment transport. It is at the
and momentum for water and sediment transport (Egs. 74imit of high drag and low ability to export sediments when
10), and the associated forms of potential and kinetic energyhe system has the greatest ability to redistribute sediments
(Egs. 11-14). The conservation of mass in steady state yieldwithin the system (i.e. to build and maintain channel struc-
the almost trivial insight thatiy,in = Jw,out and Js,in= Js out tures) and thereby affecting the relative importance of these
It is not trivial because the steady states can be achieved dimits. Model 1 also demonstrates that a maximum in sedi-
different magnitudes of fluxes and by different intensities of ment export exists at intermediate values. This maximum can
interactions. Different magnitudes of the fluxes are in turn as-be understood as a state of co-limitation in which both limi-
sociated with different rates of energy conversions and, ulti-tations, detachment and deposition, act in similar strength on
mately, these differ in the rate at which the geopotential driv-sediment export, thereby resulting in the maximum export of
ing gradient is being depleted. sediments.

With Model 1 we derived different limits on sediment  Once such channel flow structures are shaped, Model 2
transport from a given rate of effective precipitatiffi, and  showed that the presence of channels can reduce the fric-
geopotential gradienfh¢/L. Two of the limits concerned tional drag on water flow in relation to the gravitational ac-
the strength of frictional dragw,q in relation to the accel- celeration. Hence, the formation of channel structures can al-
erating forceFy, acc of water flow that is due to the geopo- ter the high drag, low export limit and shift it towards the
tential gradient. These limits resulted in different functional low drag, high export limit that would be characterized by
relationships of water flow velocity to slope and relate to lower values ofNg and Ns. Thereby, the system exports the
the well-established hydrological transport laws of supercrit-detached sediments at a faster rate. As the relative contri-
ical flow at the one extreme, and water flow in porous mediabution to frictional dissipation is a combination of overland
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and channel flow, a minimum in frictional loss can be ob- a.initial uniform siope b. perturbation
tained at a certain channel densNy This optimum channel
density decreases with increasing mass of water that is to be
exported. Hence, as larger and larger continental regions are
being considered that drain greater volumes of water and sed-
iments, the formation of greater and fewer drainage channels
can reduce the frictional losses further, and thus enhance sed-
iment export and the depletion of continental-scale geopoten-
tial gradients.

With increasing values of sediment export, the geopo-
tential gradient is brought further and further away .. growtn
from a state of isostatic equilibrium. That is, the lo-
cal, isostatic disequilibrium of the geopotential gradient
A¢go/L — Agp/L = Js ouf kup (cf. Eg. 46) increases with in-
creasing values afs oys and results in greater rates of conti-
nental uplift. This reduction in gradient, however, inevitably
reduces the poweP,, and Ps that drive sediment export.
Model 3 showed that through adjustments in the intensity of
sediment export, continental uplift can be maintained in a
state of maximum power at which the generation rate of po-
tential energy of continental crust at the surface is at a max-
imum. Through this effect, the driving gradient for sediment
transport,A¢ /L, is maintained at a higher value in steady
state than in the absence of isostatic rebound.

In summary, the three models taken together sketch out
how the input of free energy by the continental water cycle
can accelerate the dynamics that deplete the state of isostatic
equilibrium of the continental crust (Fig. 1b) towards a state
of global equilibrium (Fig. 1d). This acceleration of conti-
nental sediment export is not arbitrary, but strictly bound by
upper limits on how much free energy can be transferred
from runoff to sediment transport and from isostatic rebound.Fig- 7- Six stages of structure formation that reflect increasing lev-
Furthermore, the reduction in frictional dissipation associ-€'S 0f disequilibrium and ability to generate free energy and drive
ated with channel flow provides a means to understand hov?Edlment transport. See main text for description.
the overall system could achieve such an optimum state at
which these upper limits are reached. This leaves the ques-
tion as to why the dynamics should progress towards these In this example, our use of the term “structure” refers
upper limits, which we will address in the following section. to the spatial, topographic heterogeneity on the slope and
includes the combination of two aspects: (a) the non-
uniformity (or heterogeneity) of the geopotential gradients,
expressed by the deviation of the local slopes from the mean
slope, and (b) the arrangement of these local deviations oc-

The three models of the previous section establish the ljm<Urs 1n an ordered way by the ordered, backward-invasive

. . X . rocess of channel incision. Hence, our use of “structure”

its to the dynamics of sediment transport, the importance o )

. . . ) .not only includes the connected channel network, but also

interactions, and the ingredients to understand how maxi-
o . . . . the steepened slopes that frame the channel network. In other

mization associated with the depletion of geopotential gra- ords. we refer to “structure” as organized heteroceneit

dients could be achieved. We now make the link between the ’ 9 9 y

three models more explicit. We discuss how the evolution Ofalong connective pat_h ways. . . .
. . . To do so, we consider a thought experiment, in which we
a drainage system from a uniform slope to a structured basi : .
e ok at a uniform and homogeneously sloped surface that is
as shown in Fig. 7, can be understood as the expected an ) . S i !
N i .. Close to isostatic equilibrium and experiences very little up-
inevitable outcome of the dynamics that evolve to maximize

the dissipation of the driving geopotential gradient by the ex-IIft (Fig. 7a). This slope is in a steady—state W'th respegt to
) the mass balances of water and sediments, i.e. the net influx
port of sediment from the system.

of water and sediments into the system balances the export
of runoff and sediments. The sequence of steps of how a

d. spread

e. dominance f. feedback

5 Evolution towards disequilibrium and maximization
by structure formation
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drainage network may form is shown in Fig. 7b—f. We use V¢, this expression implies that heterogeneity will result
this thought experiment to discuss qualitatively the increasen less sediment export, and that a decrease in heterogeneity
in energy conversions as well as the feedbacks that resultill result in enhanced sediment export. A maximum in
in structure formation. The evolutionary steps are consistensediment export is reached in the caseVaf, =0, i.e. a
with the insights that were derived from the models of the uniform distribution of slope within the channel. Since
previous section. The example is hypothetical, but also refrictional dissipation by water flow in this limit also depends
sembles channel structures that are commonly found in naen V¢1/2 (cf. Eq. 34), the maximum in sediment export
ture. Note that along real rivers, the slope does not vary unicorresponds to a minimum of frictional dissipation by water
formly, but is typically concave-upward (Smith and Brether- flow. This minimum in energy dissipation is consistent
ton, 1972). For simplicity, we use a uniform slope here. with the assumptions made by optimal river networks of
Before we describe these steps in more detail, we note thaninimum energy dissipation or expenditure.
the evolution in structure shown in Fig. 7 is mostly reflected In contrast, in the case of overland flow, i.e. large values
in the heterogeneity of the geopotential gradient rather tharof Ny and N, the rate of sediment export oy depends on
its mean value and by the connectivity of this heterogeneityV¢?2. In this case we find that the heterogeneity in the slope
into the channel network structure. We first introduce a mea-enhances sediment export:
sure of spatial disequilibrium that captures the variation in
the driving gradient (that is, the heterogeneity in the slope).Jsout x 1/2 (Vcbf + V¢§> = Vg2 + V¢, (58)
This measure describes the spatial extent of the structure. We
then relate this measure to the enhanced sediment export, ahid other words, the case where high detachment of sediment
describe the energetics of structure formation. The relatior@nd high deposition within the slope represents the situation
of this measure of disequilibrium to the connectivity of the in which a rearrangement of the driving gradient within the
structure is discussed at the end of Sect. 5.1 and in more dé&lope enhances the sediment export. As the slope is altered,
tail in Sect. 5.3. this affects the local value a¥y, with a steepening of the
slope resulting in a lower value @fy for the same intensity
. o ] . of drag. It is this case that is of central relevance for the for-
5.1 Disequilibrium associated with structure mation of the structures shown in Fig. 7.
To discuss structure formation, we use the deviation of the

The heterogeneity associated with the presence of a strudocal gradientve; from the mean gradien?¢ as a basis
ture relates to a non-uniform distribution of the geopotential® define a measure of spatial disequilibriump associated
driving gradientv¢; across the slope (where we use fe  With the presence of a structure:
symbol to refer to the local gradient), with the indexsed 1/2
to refer to a particular location on the slope. This gradientD¢ = (/ (qul? — V¢2) dA/A) , (59)
plays the central role to drive sediment export, as shown by
model 1. Depending on which limit acts on sediment export,\yhere the integration has taken over the areaf the whole
the extent of heterogeneity on the slope has different impli-sjope. This measure includes both, areas that exhibit steeper
cations on the magnitude of sediment export. slopes than the mean as well as areas with slopes shallower
Let us consider a simple example to illustrate the con-than the mean. Note that this measure of disequilibrium is in-
trasting role of heterogeneity in sediment export. We rep-sensitive to the spatial arrangement of the deviations. A ran-
resent the heterogeneity in gradients by only two valuesdom arrangement of these deviations could result in the same
V¢1 and Vo, of equal abundance witW¢1=Vé+Veh  measure as a spatial arrangement of interconnected chan-
andVe, = V¢ — Von, whereVe is the mean gradient of the nels of a flow network. As the latter configuration exhibits
slope V¢ =A¢/L) and Ve, represents the deviation from 3 stronger organization, this disequilibrium measure by itself
the mean gradient associated with heterogeneity. In the casg insufficient to detect persistent structures. When we look
of open channel flow (i.e. small values 8% and Ns), the  for persistent structures, we essentially look for a disequilib-
rate of sediment expot ourdepends oiV¢*/2. In this case,  rium De that grows and persists in time. In other words, we
the sediment export decreases with increasing heterogeneifyok for those spatial arrangements of disequilibrium that are
Vén: associated with a positive feedback on its own growth. It is
12 1/2 only through such a positive feedback that the disequilibrium
Js,out < 1/2 <V¢1 + V¢, ) can develop and persist in time.

Y 2 2 _ .
~ Vel (1 — 1/4Vey /V¢ ) (57) 52 Dynamics of structure formation

where the Taylor approximations (32 ~ 1 +x/2 — x?/8 To describe the dynamics of structure formation, we first con-
and (1-x)Y2~1-x/2—x%/8 for small values of ceptually separate the area of the sldpiato those parts that
x=(V¢n/V¢) were used. Becausds oyt decreases with reflect the structure (the heterogeneous part of the slope, with
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both, steeper and shallower slopes than the me&cture 5.3 Evolution towards greater disequilibrium and
and those of the remaining parts of the slope (the uniform structure
part of the slope)Asiope
The evolutionary trend in Fig. 7 is characterized by the areal
A = Astructure+ Aslope (60)  extent of the channel network structuryrycture and its dis-
i equilibrium, D¢. The different stages should furthermore re-
The spatial extent of the structuistructure represents those  fiact clear and consistent trends in the variables that reflect
areas in which the local slope deviates from the mean slopg,g jntensity by which the geopotential gradient is depleted.
by a certain threshold value and thus includes the channefpege include the reduction of frictional dissipation of water
network. Then, the sediment export characteristics of theyq,y by overland flow because increasingly more water is ex-
whole slope can be separated into the contribution to the tOta;')orted from the slope through the channel network, which is
sediment export by the SIUCUR, out structur@nd by the sed-  ¢aptred by the two variableBy,o and Dw,. The steepened
iment export of the mean properties of the slopgsutsiope  slopes at the boundary of the structure as well as the reduced
for the remaining arédsiope . frictional dissipation within the channel network of the struc-
Since the sediment export from the structure, i.e. the COMy,re should result in more work done to detach sediments

bination of steeper hillslopes and less steep _channels, iS 08 the steepened slopes and more efficient export of sedi-
average greater than the export from the remaining slope, thg,ants by channel flow from the slope, which is captured by

depletion of potential energy of the sediment should differ. 4 variables/s out structur@nd Js out siope The trends in these

Hence, we separate the depletion of potential energy into tWQ g rigples is sketched qualitatively in Fig. 8 and described in
terms, one representing the depletion of the potential energy, ,re detail in the following.

of the structure(ms¢s)structure @nd one for the remaining  gtaqe 1: uniformity (Fig. 7a). The initially uniform and ho-

slope,(ms¢s)siope mogeneously sloped surface has a uniform gradient in geopo-

tential, so thave; = V¢ at every locatiorn, so thatD¢ =0.
d(msgs) /dr = d (msds)structure/ & + d (ms@s)siope/dr - (61) Hence, the runoflf generated from incoming precipitation ex-

We can then further express the individual changes of potenP€riences the same, high drag throughout the slope which
) is characterized by a high value . The resulting water
tial energy by ot .
flow is dissipated entirely by overland flow as no channels
d(msds)suucture/d = (Jsindin — Jsout structurdout) Astructure/ A (62) are preserjt, i.eDyw = Dy, 0. As shown in model 2 ak_Jove, this
configuration of flow has the greatest contact with the sed-
and iment at the surface and experiences the greatest frictional
dissipation. With the greatest intensity of friction, the forces
d(ms¢s)siope/dt = (Js,indin — Js,outslopedout) Asiope/ A -(63)  acting on the sediment are greatest as well, but because of
the resulting slow flow velocity of overland flow, the actual
where we assume that both components are governed by thg, nghort of sediments is small. Hence, little of the continen-
same rate of uplift/s,in, but differ in their rates of sediment 5| nass is transported downslope by the flow, and if so, only
export. o o for a short distance. Overall, this results in little export of ki-
_ Since the initial state of the slope shown in Fig. 7a mostpetic energy of the overland flow as well as little sediment ex-
likely represents the case of overland flow, the rate of sedl—port from the slopeds our 0). In steady state, this small flux

ment export will be proportional t¥¢;". Because the Struc- ¢ sediment export would be balanced by a small rate of con-
ture by definition reflects the part of the slope with hetero- 4 antq uplift (/s in~ 0), which would involve little power to
geneity, it will have a greater rate of sediment export, so thaty ;s;4in P ~ 0)’_

the depletion rate of potential energy of the structure should Stage %gnperturbation (Fig. 7b). We now consider a random

procegd at a greater rate than that of the rema@ning S|°peperturbation that leads to the removal of some sediment from
That is, [d(ms@s)structure/dr| > [d(msds)siope/dr |, With the 5 smai area on the slope. This removal has the greatest prob-
difference between the two rates being roughly proportionalyijiry to occur at the lower end of the slope, as this is the

2 - .
to D¢. On the other hand, the different rates of change iny ace where the highest flux of water per unit cross section
(ms¢s)stucture@nd (ms¢s)siope affect the topographic gradi- - oecyrs, It could, however, also occur further upslope, or at a

ent and the spatial extent of the structure and the surroundingittarent location along the slope since we consider a random

slope, so that this should result in accompanying changes iRy rhation. Such a perturbation would lead to a steepen-

the areal extent of the structurBgtucture and the state of ing of the local slope, so thale; > V¢ for this location;.

disequilibrium,D¢, of the slope. Our measure for disequilibrium becomes greater than zero,
D¢ > 0 and the area of the structure, while small, starts to be
greater than zerd syucture> 0. Since the conditions of drag
and sediment transport are characterized by high values of
Ng and Ns, sediment export is proportional (ij)z. This
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local steepening of the slope hence results in disproportionathe overall dissipation should still somewhat increase due
enhancement of sediment transport from the perturbed aret the increase in size compared to the previous stage. At
and the local enhancement of sediment export should act tthis stage, the structure composed of steepened gradients at
enhance the growth of the perturbation. the edges and reduced gradients within the channel network

Stage 3: growth (Fig. 7c). The enhanced sediment exportlominates the fluvial behavior of the slope. The steepened
from the locally steepened slope has two important conseslopes at the edges generate more power to provide more
quences: first, it forms a positive feedback on the growth ofwork to detach sediments from the slopes. At the same time,
this perturbation. When the locally enhanced export removeshe leveling of slope and the reduction in wetted perimeter
material from the steepened slope, it pushes the steepenedthin the channels enhances the overall export of sediments
slope further upslope, where more sediment can be removedrom the slope. These effects should thus further enhance the
This then acts to enhance the perturbation in spatial extenpverall export of sediments by the structugout structure
resulting in larger values oA syucture@nd D¢. Second, the Stage 6: feedback (Fig. 7f). As the structure efficiently
area downslope of the steepened slope represents a confinetbdes and transports the sediment from the slope, its total
spatial channel structure with a reduced gradient within themass is reduced and so is its weight. With this reduction of
channel structure and a reduced contact area to volume flownass, the mean slope is being reduced, and thereby the driv-
ratio. That is, drag is reduced, the valueNyf is decreased, ing force for runoff generation and sediment transport. This
while enhancing the ability to export sediment, i.e. the valuereduction in slope thereby acts as a negative feedback to the
of Ngis reduced as well. Overall, this results in an enhancedgrowth of the structure. On the other hand, the reduction of
export of kinetic energy of water flow through the channel weight at sufficiently large scales will bring the elevation out
as well as enhanced export of sediments within the flow. Asof a state of isostatic equilibrium (cf. Fig. 1), which will en-
some water is exported by the structure, the frictional dissi-hance continental uplift to restore the equilibrium height, as
pation by overland flowDy, o, is reduced, while the sediment shown by model 3. While the overall size of the structure can
export by the structurels out structureiS €nhanced. no longer increase as it already dominates the slope, the dis-

Stage 4: spread (Fig. 7d). As the steepened slope proequilibrium D¢ can potentially increase further due to the
gresses to grow further upslope and deepens, the slopes aloggeater uplift of continental crust. Such an increaseif
the channel are steepened as well. This steepening of theould then affect frictional dissipation as it alters the local
channel slopes makes them more susceptible to perturbatiorggadients, and it can further increase the overall export of
that remove sediments. The location of such a perturbatiorsediments from the slope due to the increase in uplift. This,
would be another random event, with a higher probability toin total, enhances the overall depletion of the topographic
occur in areas of steeper slopes. When such a perturbatiogradient between continental and oceanic crust, thereby ac-
arises, this perturbation would grow and experience the sameelerating the evolution to the global equilibrium state shown
positive feedback as discussed in the previous two steps. This Fig. 1d.
is essentially a self-similar process forming self-similar net-
work structures and it would act to spread the steepening 06.4 Disequilibrium, structures, and maximization
the gradient in geopotential beyond areas directly upslope of
the channel, increasing the valuesActureand D¢. This To sum up, the evolutionary sequence of channel network
growth of the structure would collect more of the generatedformation as shown in Figs. 7 and 8 should follow a con-
runoff of the slope, it would generate more work in detachingsistent trend towards greater power for fluvial processes that
sediments on the steepened slopes at the edges of the strugye able to enhance the sediment export from the region. This
ture, and the channel network within the structure would ex-trend is accompanied with an evolution towards greater val-
port water and sediments more effectively. The overall fric- ues of spatial disequilibrium, as introduced in Sect. 5.1. Fur-
tional dissipation is decreased, wilhy , decreasing substan- thermore, the dynamics are such that they inevitably result in
tially, while Dy, slightly increasing simply because more greater connectivity of the channel network. At the center of
water is transported by channels. As more work on detachthis evolutionary sequence are feedbacks that enhance sedi-
ing sediments is performed and sediments are exported mor@ent export by the formation of structure. These feedbacks
effectively from the slope, the overall export of sediments, we explore in the following in more detail.
Js ous Should increase due to the increasddRut structure

Stage 5: dominance (Fig. 7e). Eventually, the structure
spreads by the positive feedbacks on growth over the whol& Time scales and feedbacks
slope. At this pointAstructure™ A, Asiope™ 0, and the extent
of disequilibriumD¢ has increased further. As the structure To better identify the feedbacks that lead to the evolutionary
grows in size, it becomes more efficient at exporting runoff dynamics towards maximization through structure forma-
and sediments, as discussed in the context of model 2 inion, we first introduce two time scales that describe the dy-
terms of the sensitivity tdy,in. This effect results in further namics described above. We then relate these time scales to
reduction in frictional losses within the structure, although the dominant feedbacks that are involved in the maximization
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disequilibrium, the difference in potential energy increases
and so does the value of the nominator, but since the sedi-
ment export from the structure increases as well so does the
value of the denominator. If the sediment export from the
mean slope is small, as is the case whnis high, then

the respective increases ([isds)siope — (Msds)structure@nd
Js,out structureshould proceed at similar paces, so thaticture
likely remains relatively constant in time.

> The time scale at which the geopotential gradient of the

slope is depleted is characterized by the total sediment ex-
~ Duc port from the slopeJs oyt that depletes the overall potential
_______ Duo energy of the slopeA (msgs)s, i.e. at geopotential heights

) v Js out structure abovegoyt. The time scale of gradient depletiotyepetion
: should hence be expressible as

Js,out, slope

r R ¥ I ' ' Tdepletion= A (msds)s/ (Js,out¢out)- (65)
S 0]
";; = c; % g § g 7 g § ¢ é This time scale is not a fixed property either. While the over-
SE gé g g g s gg §§ all potential gradient of the slope changes relatively little
7] . . .
@ g © @ g & while the value ofJs oyt increases through the evolutionary

stages of the structure, the time scale should decrease as the
Fig. 8. Qualitative sketch of the change in variables associatediqrmation of the structure progresses.

with river network structure formation in relation to the different When we compare the two time scales, we can
stages shown in Fig. 7. Shown are from top to bottom: the areal '

) ) - separate two different case > T ion and
extent of the structuredstructure in relation to the remaining area P - The first casesisetrurcéusr(eantsd;pfggg in which
of the slope,Agjops the disequilibrium,D¢, of the local geopo- ~ Fstructure Tdepletion P

tential gradientVe;, in relation to the mean gradient of the slope, "° structure can be formed 'because the driving gradient is

V¢; the frictional dissipation by overland flow,, o, and by chan-  depleted faster than the time it would take to form a structure.

nel flow, Dw,c; and the resulting sediment export by the structure, This case is not of interest here as it does not correspond

Js,outstructure@nd by the remaining slopés out siope to a case where a persistent structure has an effect on the
depletion of a gradient. We are interested in the other case in
which Tstructure< Tdepletion This should be the case when the

of power to drive the depletion of geopotential gradients atsediment export is highly limited ands out™ Js out,structure

the fastest possible rate. In this case, the denominator has the greatest value in
_ _ Eq. (58) and sinc&(msgs)siope — (Msds)structurd Should be
6.1 Time scales and structure formation less tham (ms¢s)s, the conditiontstructure< Tdepletionshould

be met in this case. It is this case in which structures are
The processes involved in structure formation and gradientormed faster than gradients are depleted. In the following
depletion should be governed by two dominant time scalesgiscussion on feedbacks we focus on this latter case.
a time scale that characterizes the formation of the structure,
Tstructure @Nd & time scalegepletion that characterizes the de- 6.2 Feedbacks, structure formation, and maximization
pletion of the geopotential gradient of the slope.

Since potential energy is depleted faster within the struc-We now discuss how the evolutionary dynamics of drainage
ture, the time scale at which structure is formed is described?@sins described in Sect. 5 can be generalized in a scheme
by the build-up of the difference in potential energy be- of the basic feedbacks involved in the evolutionary dynamics
tween the structurémses)structure and the remaining slope, toward; a sta_te of maximum povyer and mfaximum gradient
(mss)siope in relation to the difference in sediment export depletion. This general scheme is shown in Fig. 9 and ex-
from the structureJs out structureto the mean slopds outsiope ~~ P1@iN€d in the following.

In general, a state of maximum power requires at least two
Tstructure= ((Ms@s)siope — (MsPs)structurd / feedbacks for the evolutionary dynamics (Ozawa et al., 2003;
(64) Kleidon et al., 2012a). A fast, positive feedback starts the
dynamics and amplifies these further by generating free en-
The differences have been arranged such that the sign adrgy for the dynamics that deplete the gradient (loop A in
Tstructure IS greater than zero. The time scal@yctureiS not Fig. 9). Eventually, a negative feedback results from the gen-
necessarily a fixed value throughout the evolutionary se-erated dynamics from the accelerated depletion of the driv-
quence shown in Fig. 7, but may change as the disequiing gradient (loop B in Fig. 9). This negative feedback also
librium increases. With the progressive development of themakes the maximum state stable to perturbations (Ozawa et

(Js,out,structurébout - Js,out,slop@out) .
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7 Discussion

- driving +
----------------- » . —
gradient
loop B: l The models considered here are, of course, extremely simple,
slow, negative + with assumptions being made that may not always hold and
+ . loop D: many details being excluded from the considerations. The
flux > | generation Do steady state assumption that we made for the models may not
. ’?OPA,;, l always hold, in particular because rainfall does not occur uni-
ast, positive . . . . . .
feeZback + formly in time but shows distinct temporal variability. Con-
free energy * 1 struct figurations of river networks may not always be in an optimal
(another gradient) siructure state, either because they are still evolving and/or because en-
A_ loop C: ; vironmental conditions have changed. We also did not con-
. ' fpostve 4 sider that continental crust needs to be weathered before it
_ : can be transported as sediments, the details of flow paths of
dissipation | <-s==--mcaaao-d ! water through the soil and the groundwater system before

reaching the channel or the uptake of soil water by root sys-
Fig. 9. A general feedback diagram to illustrate how the dynamics t€ms and subsequent evaporation into the atmosphere. These
of free energy generation enhance gradient depletion and how theddfocesses also convert energy. Weathering requires energy
dynamics relate to structure formation. Solid lines with “+” indicate t0 overcome the binding energy of rock minerals, soil wa-
positive influences (e.g. a larger driving gradient results in a greateter movement and groundwater flow dissipate potential en-
generation rate). Dashed lines with-" show negative influences ergy, while a root system performs work in lifting water to
(e.g. an enhanced flux reduces the driving gradient). Four feedbacthe canopy. These aspects would need to be considered in a
loops (A, B, C, D) are shown: Feedbacks A and B on the left relatemore complete view of energy conversions in catchments, as
to the maximum power limit, and the feedbacks C and D on the rightye|| 55 their spatial organization, and their variation across
relate to how structured flow can achieve this limit. After Kleidon different climates. We also assumed that the sediments are
etal. (2012a). - . .
already weathered, so that the limiting process in depleting
topographic gradients is to transport the sediments down-

al., 2003). If a small perturbation increases the flux, the driv-Stream. If this were not the case, and the continental surface
ing gradient is reduced, thereby resulting in less generatiovould consist mostly of unweathered rock, then the gener-
of free energy and thereby a reduced flux. Likewise, when@tion of sediments by weathering of primary rock would be
a small perturbation reduces the flux, the driving gradient isth€ limiting process. Since the biota strongly affects weath-
increased and so is the generation rate of free energy. Hencg/ng rates (e.g. Dietrich and Perron, 2006, and discussion
these two feedbacks would seem to be the minimum ingreP€!0w), we would then need to include other processes to de-
dients in understanding how systems can evolve to a state gicribe the limitations in depletnjg gradients in continental to-
maximum power and why the maximum power state is stablg?®9raphy (and the driving gradients for other processes, such
against perturbations. as biotic activity, as well). Adq!t|onally, this work must c.)bw-.
When applied to the dynamics of sediment transport dis-0usly be implemented anq utlllzed'for concrete predlgtlons in
cussed here, the driving gradient corresponds to the gradieff'® future and tested against the rich data that is available as-
in geopotential of the slope, while the generated free energﬁomated with the structure of river networks in nature. What
relates to the disequilibrium formed in form of a river net- W€ presented here should only be seen as a proof-of-concept
work structure. The positive feedback that is represented bjnd can, therefore, only form the first step. .
loop A in Fig. 9 implies that the power for sediment export Nevertheless, thg thermodynamic perspective described
is enhanced by the resulting dynamics of sediment exporth€re —from the basics of energy transfers as the central core
This positive feedback is, in fact, accomplished by the struc-0f any dynamics of Earth system processes, the three simple
ture formation of two effects: first, the structure is associ- Mdels, the qualitative description of river network evolu-
ated with the formation of channeled flow which reduces thefion, and the association of the evolutionary dynamics with
dissipative loss (loop C), and second, the steepening of th&V0 contrasting feedbacks — forms a self-consistent, com-
driving gradient at the edge of the structure locally enhance®!€te picture which emphasizes the critical importance of a
the driving gradient (loop D). As these two feedbacks act COMPlete” view of river networks within the Earth system.
at a time scalesyucreOf Structure formation, these should TNis cgmplete view requires more than the fgndamental con-
represent the fast, positive feedback. The negative feedbaciervation of mass and momentum to describe the dynamics
(loop B) relates to the depletion of the geopotential driving of river networks. After all, surface water and sedlment. at
gradient by the enhanced sediment export through structurESSt conserve mass and momentum just as much as highly

formation. This feedback acts on the time SCalgietion Of dynamic river networks with high rates of sediment trans-
gradient depletion. port. The additional constraint on the dynamics arise from the

accounting of the associated conversion rates of energy that
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drive the dynamics, and the recognition that these conversioformation of heterogeneity maximizes sediment export for
rates are subjected to maximum power limits. This maximumexponents greater than 1, which is consistent with the steep-
power limit is fundamental. Sediment transport requires freeened hillslopes we find in drainage basins. Note that we do
energy for the work needed to detach, lift and transport, buthot consider different sediment sizes and increased discharge
the utilization of the energy source will inevitably impact that would be needed to derive a decrease in slope of river
its strength. The maximum power limit emerges from the networks and a uniform transport capacity.
transfer of momentum from water flow to sediment work  The fast, positive feedback that is associated with structure
and inevitably must reduce the momentum of the water flowformation (cf. Fig. 9) is consistent with what Phillips (2010)
through the conservation of momentum. It is this fundamen-refers to as “hydraulic selection” (although Phillips, 2010,
tal trade-off, the increase in power with a greater flux but adid not associate these feedbacks with optimality, we place
decline in power with increased depletion of the driving gra- such kind of feedbacks into the broader context of thermody-
dient that results in the maximum power limit. This two-way namic directions). Similar feedbacks have also been identi-
interaction of a driver causing a flux, but the flux depleting fied in other systems. For instance, Lenton (1998) identified a
the driver is what we mean by a “complete” view of the dy- positive feedback on growth in terms of coupled population-
namics of river networks. What we have shown here withenvironment dynamics. It would seem that this close associ-
very simple models is that such strong interaction can ex-ation of positive feedbacks and structure formation with en-
plain the emergence of structures as a way to deplete gradhanced free energy generation is a very general phenomenon
ents at a faster rate. Even though we omitted many aspectnd could explain the omnipresence of structures in many
in this study, it would seem that the representation of suchenvironmental systems. These feedbacks do not necessarily
strong interactions between driver and flux is critical for un- need to be formulated in thermodynamic terms to understand
derstanding the presence of structures and for predicting thetheir relation to structure formation in environmental sys-
effects. Hence, it is essential to properly account for the freeem. However, formulating these in thermodynamic terms
energy that is generated, transferred and dissipated acrogsovides us with the most basic and quantitative basis, so
processes. When free energy is utilized to drive one flux —that we can formulate principles of structure formation in the
like sediment detachment — the free energy of another promost general terms with the widest range of applicability and
cess —river flow — needs to be depleted. It is through thisrelate them to the evolutionary direction set by the second
coupling of free energy that the processes that shape riveiaw of thermodynamics. It would thus seem that a thermo-
networks interact with other Earth system processes, specifdynamic systems approach such as the one we have taken
ically with the dynamics of the continental crust and water here could be used to explore the general role of structure for
cycling, as shown in Figs. 1 and 2. It is the evaluation of thethe dissipative intensity of environmental systems, but this
dynamics that differentiates the one extreme case of surfaceould need to be explored in more detail in the future.
water and sediment at rest from the other extreme of high The focus on maximum power that we pursue here con-
sediment transport in terms of their ability to deplete the driv- tradicts the substantial work related to minimization of ener-
ing gradient of continental topography. The presence of rivergetic attributes, such as stream power (Howard, 1990), dissi-
network structures can then be seen as a consequence of thation (West et al., 1997) or energy expenditure (Rodriguez-
second law of thermodynamics in that these structures ackurbe and Rinaldo, 1997), only at first sight. Effective pre-
celerate the depletion of the driving gradient associated witlcipitation generates the kinetic energy of runoff, which is
continental topography. then either transported downslope, dissipated by friction, or
Our line of reasoning is consistent with previous work. transferred to perform work to detach and transport sedi-
Our very simple treatment of the mass and momentumments. Hence, the minimization of frictional dissipation of
balances of water in the context of model 1 yielded thekinetic energy does not contradict the maximization of sed-
well-known transport laws as limits related to the relative iment export. Likewise, the reduction, or even minimization
strengths of drag in relation to gravitational acceleration.of frictional dissipation by channel flow (as demonstrated by
When extended to sediment transport, these yield the twanodel 2) is associated with the maximization of transport.
well-established detachment and transport limits of sedimenWhile the particular choice of which aspect is minimized or
transport (e.g. Whipple and Tucker, 2002). When combinedmaximized seems arbitrary, it is again the larger scale con-
we were able to show that the rate of sediment export cartext which provides the key about the choice of optimization.
show contrasting functional relationships on slope, with ex-After all, the processes involved in river network formation
ponents ranging from 1/2 to 2. These relationships emergeare all driven by the geopotential gradients of continental to-
from different intensities of interactions between water andpography, and are directed towards depleting these gradients.
sediment flow. The different exponents explain the contrastitis in this broader context that these processes accelerate the
ing effects of heterogeneity on the rate of sediment exportdynamics of geopotential gradient depletion, i.e. they maxi-
where the lack of heterogeneity maximizes sediment ex-mize the depletion of thermodynamic gradients to the extent
port for an exponent of 1/2 with a uniform flow velocity in that is possible given the mass and momentum balance con-
channel flow with minimum energy dissipation, while the straints. What this emphasizes is that the definition of the
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system boundary and the processes that act within the sy8 Summary and conclusions
tem is critical to evaluate whether processes within a system
minimize or maximize dissipation. We described a thermodynamic perspective of the dynamics
Our work also relates closely to Bejan’s suggested “con-of river networks in a highly simplistic, but self-consistent
structal law of nature” (Bejan, 1997). Bejan’s suggested lawview to argue that the evolution and maintenance of river
states that “for a finite-size system to persist in time its con-flow structures reflect the fundamental tendency of nature to
figuration must change such that it provides easier access tdissipate gradients as fast as possible. The fastest possible
its currents” (Bejan, 1997). Much of the description of Be- rates for the dynamics are set by the maximum power limit,
jan’s work relates to the maximization of power, which in which was illustrated in the context of three simple models
part is accomplished by the minimization of frictional loss related to drainage systems. The first model described the
(e.g. see “engine and brake” discussion in Fig. 2 in Bejanlimits that shape the rate of sediment export and demon-
and Lorente, 2011). Our description of structure evolution instrated a maximum rate of sediment export that would de-
Sect. 5 is essentially consistent with Bejan’s work, in that theplete geopotential gradients at the fastest possible rate. The
river network evolves in such a way that it enhances over-second model showed that channel flow reduces frictional
all flux of sediment through the structure. This results in thedissipation. The third model showed that on large spatial and
positive feedback of structure formation as shown in Fig. 9.temporal scales, the interaction of sediment export with up-
The description provided here extends Bejan’s work in thatlift can result in a maximum rate of continental uplift. We
it (a) provides the basis to actually quantify these trends inthen described how the evolution of river network structures
terms of fluxes, power and dissipation, and does not need tean be understood as the implementation of the maximiza-
rely on an ill-defined concept of “access” and (b) that it pro- tion. Steepened gradients at the edges of the structure dispro-
vides the context of the thermodynamic limits as it relatesportionately enhance power generation, while the reduction
to the setting of the river network structure within the Earth of frictional dissipation within the structure enhances the ex-
system. port from the structure. We related two basic feedbacks to
The description of the evolutionary dynamics of river net- the evolutionary dynamics of structure formation, with a fast
work of Sect. 5 and the relation to feedbacks that were deacting, positive feedback by which the growth of the struc-
scribed in Sect. 6 would need to be evaluated at a quantitature enables further growth, and a slow, negative feedback
tive level. It would seem that the outcome should be com-that relates to the depletion of the driving gradient by the dy-
patible with previous approaches that evaluate instabilities imamics associated with structure formation. This description
the equations of water and sediment transport (e.g. Kirkbypof structure formation in terms of generation and dissipation
1971; Smith and Bretherton, 1972; Izumi and Parker, 2000;0f free energy as well as the associated feedbacks is very
Smith, 2010), but do not explicitly look at how such insta- general and should also be applicable to a broad range of
bilities relate to changes in the energetics. It would seem thastructures that we observe in nature.
the fast, positive feedback on structure growth described here In conclusion, our work emphasizes the importance of tak-
would directly correspond to the instabilities found in the ing a complete view on Earth systems from a broader, ther-
previous approaches. In that sense, it seems that our approaatodynamic perspective that focuses on energy transforma-
is consistent with these previous studies, but this consistenctions. The focus on such energy transfers is not an alterna-
would need a more detailed evaluation in the future. tive view of how nature works, it needs to be considered at
What we have not considered here is the role of the biotahe same fundamental level as the conservation laws of en-
in shaping the dynamics of drainage systems. Dietrich andergy, mass, and momentum. The free energy that is gener-
Perron (2006) have identified biotic contributions to practi- ated to drive the dynamics of a particular process needs to
cally all processes that drive the shaping of the continentatome from somewhere and needs to be drawn from these
landscape, such as enhancement of weathering by the biotzalances. This inevitably not only results in interactions at
or slope stabilization by vegetation (see also Phillips, 2009)the small scale but also at the Earth system scale at large,
Yet the models that we developed here are general in estalas illustrated in Fig. 2. In the case explored here, it is the
lishing the physical limits of the flow of water and sediment drag term in the water flow momentum balance that not only
and their relation to structure formation within which the provides the driving force for sediment detachment and ex-
biota can have an effect (under the given assumptions of sufport, but also the means to further slow down water flow.
ficient sediment availability). In this sense, the derivation of It is through the strength of such interactions that the lim-
the limits, particularly with respect to model 1 in Sect. 4.1, its on how much free energy can be generated to drive the
should hold. It would seem instructive to explore biotic ef- dynamics of a process are determined and hence these play
fects in a thermodynamic context in future work. We could a central role for the dynamics. Since we can then explain
then ask whether biotic effects would accelerate the dynamthe formation of structures as “enhancers” of the dynamics,
ics of drainage basins, thereby resulting in a topographic sigit shows how important it is to explore structures and inter-
nature of life that is associated with more dissipative drainageactions from the perspective of the energetics that are in-
basins. volved in the processes. It should be possible to extend the
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insights gained here to explain structure and heterogeneity itocal isostatic equilibrium shown in Fig. 1a and the global,

other natural systems, such as preferential flow paths in soilsstratigraphic equilibrium shown in Fig. 1c.

groundwater or rooting networks, and evaluate the extent to To show the reduction in potential energy due to lateral

which optimum structures for such processes would differsediment transport, we consider the conservation of mass of

across different climatic regions. the total mass of continental and oceanic crust, which set the
There are a few practical implications related to these in-constraints on the vertical extents, and the changes in poten-

sights for the modeling of drainage systems. First, there mayial energy within the system.

be some deficiencies in model parameterizations regarding

the adequate representation of free energy transfer betweeil-1 Mass balance constraints

processes. For instance, the drag applied to water flow no\tN i thi le that th ¢ both ) |
only results in some frictional dissipation by turbulence but & assume In this example that the mass of both, continenta

also the power to detach sediments. If the latter aspect is ig2hd 0C€anic crustyc andmo, are being conserved. _
The mass of continental crustc, is given by the density

nored in a parameterization of fluid turbulence, then the in- : . ) i
tensity of turbulence will be overestimated for a given drag. °c @S Well as the dimensions of the block. In the configuration
A second implication of this work is that the assumption thatShOWn in Fig. 1a, this mass is determined by
processes operate at states of maximum power could poten, — pcLcAzc, (A1)
tially be useful in providing a simple and principled way to o o o
derive subgrid-scale parameterizations of the effects of hetWhere for simplicity we assume that the third dimension is
erogeneity for models of land surface hydrology and geomorJndUd_e‘d in the dens!t)oc. For a given massc, this trans-
phology. After all, what we show here is that heterogeneityates into an expression fdrz, of
cannot be ignored and simply averaged out as it can play a me
critical role in accelerating the dynamics of a process. The el = pcLe
extent to which the complexity of channel network formation _. . . L
o . Similarly, the mass of oceanic crusty, is given by the den-
can be represented by a parameterization derived from max-. . L
imum power would, however, need to be further explored.Slty po > pc and the dimensions:
Last, the thermodynamic limits derived here could be devel-m, =, po (L — L) Azo. (A3)
oped further to derive the maximum rate by which water can
drain from a catchment through a river channel network. Fur-
thermore, it should be possible to develop a similar approac/Xtent of the crustzo,i:
to derive the thermodynamic limit of the evaporation flux. _ Mo
The combination of these two approaches would yield the %ol = 0o (L — L)

partitioning of precipitation into evaporation and runoff that When continental crust is redistributed to the state shown

reflects the fastest depletion of gradients. By comparing thisin Fig. 1c, the mass of continental crust is given by
partitioning to the Budyko curve, this may shed some light T

on the causes for why this partitioning can be described imn¢ = pc L Az g (A5)
rather simple terms. This would, however, require further de-
velopment of this approach.

(A2)

For a given mass of oceanic crugl, this yields the vertical

(A4)

and the vertical extent changesAqc g:

Azeg= ¢ (A6)
Al Reduction in potential energy of continental and 9= L
oceanic crust from a state OT Iocal,' 'SOSt"’,‘t_'C ) Likewise, the mass of oceanic crust is given by
equilibrium to a global, stratigraphic equilibrium
state mo = poL Azog (A7)

In this Appendix we demonstrate that sediment transportand the vertical extent changesAao,g

from land to ocean results in the reduction of potential energy Azgq = O (A8)
of continental crust material. To do so, we consider a simple %~ poL’
configuration that is shown in Fig. 1. A block of continental ;1 5 potential energy in local, isostatic equilibrium

crust of length L¢, with densityp. rests within oceanic crust
of a higher densitypo, and length L. The vertical position  The potential energy of the configuration shown in Fig. 1a is
of the block of continental crust is given by the vertical ex- given by the contributions by continental Crué}be ch and

tent, Azc = Az, from a reference line (lower dashed line in by oceanic crust/pe 0+ These contributions are given by
Fig. 1a). The thickness of the oceanic crust is considered with

regard to its vertical extenfz| = Az |, taken from the same Azl Lep
reference line. The indices “c” and “0” refer to continental Upec, = / Lcpcgzdz = c2cg Ang
and oceanic crust, while the indices “I” and “g” refer to the

(A9)
0
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and
Azo)
L—-L
Upeo) = f (L — L¢) pogzdz = %Azg,l. (A10)
0

Using Egs. A2) and A4) to expressAze) and Az in
terms of the masses; andm,, the total potential energy is
expressed by

2 8
me +
¢ 2(L — L¢) po

m2. (A11)

8
Upe,tot,| = Upe,0,1 + Upe,c| =
pe,to pe,o pe.c 2Lope

Al1.3 Potential energy in global, stratigraphic
equilibrium

The potential energy of the configuration shown in Fig. 1c
is derived equivalently. The individual contributions by the

continental and oceanic crust are given by

Azcg
Lpcg
Upe,cg= f Lpcgzdz = 20 (Azgyg — Azgyg) (A12)
0
and
Azog
Lp
Upe,o,g= / Lpogzdz = 20g Azg’g. (A13)
0

Taken together, and using Eq86) and @A8) as above to
expressAze,g and Azq g in terms of the masses. andm,
we obtain

g g P
Upe.tot,g= Upe,o,g+ Upecg= Tpcmg + mmg (1 - pf) (Al14)
Al.4 Difference in potential energy

We now consider the difference in potential enety¥pe tot
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Al.5 Summary

In summary, this note shows in relatively simple terms that
the transition from a local isostatic equilibrium to a global
stratigraphic equilibrium is accompanied by a reduction of
potential energy in the overall system.

In principle, one could also show that the initial state of
local isostatic equilibrium represents a state of minimum po-
tential energy with respect to the vertical position of con-
tinental crust,Azcj, and that the state of global equilib-
rium represents a state of minimum potential energy with re-
spect to the horizontal extent of continental crusg, This
would, however, require quite lengthly algebraic computa-
tions, which has been omitted here for reasons of brevity.
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