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Abstract

Shear stresses in cross–sections of prismatic beams can be evaluated for a given normal stress
distribution by integration of the equilibrium equations. The considered thin–walled cross–
sections have a constant thickness for each element and may be otherwise completely arbitrary.
Introduction of a warping function yields a second order differential equation with constant
coefficients. The solution of the boundary value problem leads to element stiffness relations for
two–node–elements within a displacement method. The computed shear stresses are exact with
respect to the underlying beam theory. It should be emphasized that the present formulation
is especially suited for programming.

Keywords: Prismatic composite beams; Thin–walled cross–sections; Flexural shear stresses;
Two–node element; Suitable for programming

1 Introduction

Shear stresses in prismatic beams subjected to bending without torsion can be evaluated using
the equilibrium equations. The differential equation contains the transverse shear stresses and
the normal stresses, see e.g. [1,2,3]. For arbitrary cross–sections one obtains a partial differ-
ential equation which can be solved approximately using the finite element method, e.g. [4,5].
In thin–walled cross–sections the flexural shear stresses are assumed to be constant through
the thickness. For multiple connected cross–sections usually force methods are applied. The
unknown circular shear flux for each cell is determined by continuity conditions. However the
procedure is not convenient for programming. This holds especially for open profiles with in-
tersections and for closed cross-sections.

In this paper we describe a displacement method which is well suited for programming. We
consider straight beams subjected to torsionless bending. The shear stresses are obtained from
a derivative of a warping function. Hence, the equilibrium leads to a second order ordinary
differential equation with constant coefficients. The solution leads to stiffness matrices and
load vectors for two–node elements within a displacement method. The computed solutions are
exact within the underlying beam theory and satisfy the stress boundary conditions along free
edges and the continuity conditions for multiple connected domains.
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2 Torsionless bending of prismatic beams

We consider prismatic beams where the assumptions of the technical beam theory are given.
Let x describe the length direction of the rod and y and z be section coordinates, which are
not restricted to principal directions and lie arbitrarily with respect to the center of gravity S.
The parallel system ȳ = y − ys und z̄ = z − zs intersects at S. The cross–section consists of m
thin–walled elements and may be simply or multiple connected. Each element has a constant
thickness h and α denotes the angle between the element and y-axis. Furthermore, we define a
local coordinate s and specify the partial derivatives, denoted by commas

s =
√

(ȳ − ȳ1)2 + (z̄ − z̄1)2 , s,y = cos α , s,z = sin α . (1)

Here ȳ1, z̄1 are the boundary coordinates of the considered element. The beam is subjected to
bending moments My and Mz and shear forces Qy and Qz. Further stress resultants are not
present.
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Fig. 1. Coordinate systems

Let βy(x) and βz(x) denote rotations about the axes y and z, and v(x) and w(x) the transverse
displacements. Hence, the standard beam kinematic is extended by a warping function ϕ̃(y, z)
due to shear deformations, see also [4]:

ux = βy(x) z̄ − βz(x) ȳ + ϕ̃(y, z)

uy = v(x)

uz = w(x) .

(2)
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The strains are obtained by partial derivatives as

εx = ux,x = β′
y z̄ − β′

z ȳ

γxy = ux,y +uy,x = −βz + v′ + ϕ̃,y

γxz = ux,z +uz,x = βy + w′ + ϕ̃,z ,

(3)

where the prime ()′ describes the derivative with respect to the beam coordinate x.

The stresses follow from the material law for linear isotropic elasticity

σx = Ei εx = Ei (β
′
yz̄ − β′

zȳ)

τxy = Gi γxy = Gi (−βz + v′ + ϕ̃,y )

τxz = Gi γxz = Gi ( βy + w′ + ϕ̃,z ) ,

(4)

where Ei and Gi denote Young’s modulus and shear modulus of element i, respectively. Further
stress components σy, σz and τyz are set to zero within the beam theory.

Introducing the warping function ϕ with the substitutions

ϕ,y = −βz + v′ + ϕ̃,y ϕ,z = βy + w′ + ϕ̃,z , (5)

applying the chain rule and using (1) yields

τxy = Gi ϕ,y = Gi ϕ,s s,y = τ cos α

τxz = Gi ϕ,z = Gi ϕ,s s,z = τ sin α .
(6)

Here, τ(s) is the shear stress, which is constant through the thickness, and t(s) is the shear flux

τ(s) = Gi ϕ,s t(s) = τ h. (7)

The equilibrium equations in terms of the beam stresses can be taken from the literature, e.g.
[1]. Along free edges s = sa the shear stresses must vanish. Thus, the boundary value problem
is defined as follows:

τ,s +σ′
x = Gi ϕ,ss +σ′

x = 0

τ(sa) = 0

(8)

with

σ′
x = Ei (β

′′
y z̄ − β′′

z ȳ) := ni (ay ȳ + az z̄) . (9)
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where ni = Ei/E and E is a reference modulus.

The constants ay and az are derived using the conditions

Qy = −M ′
z =

∫
(A)

σ′
xȳ dA

Qz = M ′
y =

∫
(A)

σ′
xz̄ dA

(10)

or with eq. (9)

Qy =
m∑

i=1

[ni

∫
(Ai)

(ayȳ
2 + azȳz̄) dA]

Qz =
m∑

i=1

[ni

∫
(Ai)

(az z̄
2 + ayȳz̄) dA] ,

(11)

where Ai denotes the area of the element section. Introducing the moments of inertia

In
ȳ =

m∑
i=1

[ni

∫
(Ai)

z̄2 dA], In
z̄ =

m∑
i=1

[ni

∫
(Ai)

ȳ2 dA], In
ȳz̄ =

m∑
i=1

[ni

∫
(Ai)

ȳz̄ dA] , (12)

the system of equations (11) can be solved for the unknown parameters ay und az

ay =
QyI

n
ȳ − QzI

n
ȳz̄

In
ȳ In

z̄ − In
ȳz̄I

n
ȳz̄

az =
QzI

n
z̄ − QyI

n
ȳz̄

In
ȳ In

z̄ − In
ȳz̄I

n
ȳz̄

. (13)

The integral of the shear stresses (6) yields the shear forces, thus it holds Qy =
∫
(A) τxy dA and

Qz =
∫
(A) τxz dA . The proof is given in the appendix.

3 The displacement method

The cross–section is discretized with m two–node elements, see Fig. 2. The nodes must be
positioned only at the element intersections, at free edges and at thickness jumps. The element
coordinates are r1 = {y1, z1}, r2 = {y2, z2}, the length is denoted by l and the thickness
h is constant for each element. Furthermore, we introduce the local normalized coordinate
0 ≤ ξ = s/l ≤ 1 .
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Fig. 2. Two–node element

The linear inhomogeneous second order differential equation (8)1 can be solved exactly as

ϕ = ϕh + ϕp

ϕh = c1 + c2 ξ

ϕp = c3 ξ2 + c4 ξ3 .

(14)

The constants c3 and c4 of the particular solution are obtained with

ȳ = ȳ1 + ∆y ξ ȳ1 = y1 − ys ∆y = y2 − y1

z̄ = z̄1 + ∆z ξ z̄1 = z1 − zs ∆z = z2 − z1

(15)

as

c3 = − l2

2 Gi

ni(ay ȳ1 + az z̄1) c4 = − l2

6 Gi

ni(ay ∆y + az ∆z) . (16)

The constants c1 and c2 are replaced using the element degrees of freedom ϕ1 = ϕ(0) and
ϕ2 = ϕ(1)

c1 = ϕ1 c2 = ϕ2 − ϕ1 − c3 − c4 . (17)

Hence, the shear flux t(ξ) is derived with (7) and (14)

t(ξ) = Gi h ϕ,s =
Gih

l
(c2 + 2c3 ξ + 3c4 ξ2) . (18)
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Evaluation of t(ξ) at ξ = 0 and ξ = 1 yields with (17) the nodal values t1 = −t(0) and t2 = t(1)


 t1

t2


 =

Gih

l


 1 −1

−1 1





 ϕ1

ϕ2


 − Gih

l


−c3 − c4

−c3 − 2 c4




ti = kivi − fi .

(19)

Introducing the element node matrix ai which relates the element arrays to the global arrays
one obtains

vi = ai V Ti = aT
i ti . (20)

The number of components of V corresponds to the number of nodes. Furthermore, Ti denotes
the global shear flux vector of element i. The equilibrium in length direction requires that the
sum of the shear fluxes must vanish at the nodes. Considering (19) and (20) one obtains

m∑
i=1

Ti = KV − F = 0 . (21)

The global stiffness matrix K and the right hand side vector F are obtained by standard
assembly procedures

K =
m∑

i=1

aT
i ki ai F =

m∑
i=1

aT
i fi . (22)

The system of equations (21) can be solved with VI = 0 where I is an arbitrary node. A different
node yields another solution for V which distinguishes only by a constant. This describes a rigid
body motion, which has no influence on the shear stresses.

The back substitution yields with (18) the shear flux and with τ(ξ) = t(ξ)/h the shear stresses
for every element. Furthermore, we introduce the unit warping function with

∫
(A) ϕ̄ dA = 0 by

ϕ̄ = ϕ − 1

A

∫
(A)

ϕ dA , (23)

where A =
m∑

i=1

Ai. The integral can be computed by a summation over the elements as follows

∫
(A)

ϕ dA =
m∑

i=1

[
hl (c1 +

1

2
c2 +

1

3
c3 +

1

4
c4)

]
i
. (24)

Thus, the arbitrary nodal point I with VI = 0 does not influence the result for ϕ̄. For symmetric
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cross–sections symmetry conditions for ϕ̄ can be considered to reduce the total number of
unknowns. Finally the function ϕ is specified with (5)

ϕ(y, z) = (−βz + v′) ȳ + (βy + w′) z̄ + ϕ̃(y, z) . (25)

Note, that ϕ̃ describes the nonlinear part of the warping function and the derivative of ϕ̃ the
nonlinear part of the shear stresses.

4 Center of shear

For the center of shear M with coordinates {yM , zM} the condition holds

Qz yM − Qy zM =
∫

(A)

(τxzy − τxyz) dA =
∫

(A)

τ (y sin α − z cos α) dA , (26)

with the flexural shear stresses according to (6). The integration yields

∫
(A)

τ y sin α dA =
m∑

i=1

Gi

[
h sin α { y1 (c2 + c3 + c4) + ∆y (

1

2
c2 +

2

3
c3 +

3

4
c4) }

]
i

(27)

and corresponding expressions for
∫
(A) τ z cos α dA. To determine yM a computation with Qy = 0

and Qz = 1 has to be carried out and properly for zM .

Using Betty–Maxwell reciprocal relations Weber [6] showed, that the coordinates of the center
of shear and of the center of twist are identical, the latter being defined as point of rest in a
cross–section of a twisted beam. Based on this result explicit formulae for yM and zM can be
derived

yM = −Rn
ȳIn

z̄ − Rn
z̄ In

ȳz̄

In
ȳ In

z̄ − In
ȳz̄I

n
ȳz̄

zM =
Rn

z̄ In
ȳ − Rn

ȳIn
ȳz̄

In
ȳ In

z̄ − In
ȳz̄I

n
ȳz̄

. (28)

The proof is given in the appendix. In the following the so–called warping moments using the
warping function ω(y, z) of the Saint–Venant torsion theory are specified:

Rn
ȳ :=

m∑
i=1

[ni

∫
(Ai)

ωz̄ dA], Rn
z̄ :=

m∑
i=1

[ni

∫
(Ai)

ωȳ dA] . (29)

For this purpose the Saint-Venant torsion stresses are expressed with the derivatives of ω(y, z)
and the twist θ, e.g. [1]

τ̃xy = Gi θ (ω,y −z) = τ̃ cos α

τ̃xz = Gi θ (ω,z +y) = τ̃ sin α .
(30)
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We use the tilde to distinguish the torsion quantities from the bending quantities. The shear
stresses τ̃(s) and the flux t̃(s) follow from

τ̃(s) = Gi θ(ω,s −rn) , t̃(s) = τ̃ h. (31)

The element coordinates y, z can be written as y = −rn sin α and z = rn cos α where the
orthogonal distance rn is expressed with the element coordinates, see Fig. 2

rn = sign (zn∆y − yn∆z) |rn| with rn = {yn, zn}

rn = r1 + ξn n , ξn = −r1 · n , n = (r2 − r1)/l .

(32)

The equilibrium in length direction with σx ≡ 0 and stress boundary conditions of the Saint–
Venant torsion theory read

τ̃ ,s = Gi θ ω,ss = 0 τ̃(sa) = 0. (33)

The solution of the differential equation reads ω(ξ) = c̃1 + c̃2 ξ. The constants are expressed
through the element degrees of freedom ω1 = ω(0) and ω2 = ω(1) as c̃1 = ω1 und c̃2 = ω2 − ω1.
From (31)2 and with a linear shape of ω we observe, that t̃(s) is constant in each element. With
boundary condition (33)2, t̃ ≡ 0 holds for open parts of the cross–section and thus only closed
parts of the cross–section contribute to the torsion moment.

Evaluation of (31)2 yields the shear flux at the nodes t̃1 = −t̃(0) and t̃2 = t̃(1)


 t̃1

t̃2


 = θ




Gih

l


 1 −1

−1 1





 ω1

ω2


 − Gih


−rn

rn







t̃i = k̃iṽi − f̃i .

(34)

For the assembly θ = 1 can be set. The assembly and the solution of the system of equations
is described in (20) - (22).

The unit warping function is defined as ω̄ = ω−∫
(A) ω dA/A. Having ω(s) we are able to express

the warping moments as

Rn
z̄ =

m∑
i=1

ni

[
hl { ȳ1 (c̃1 +

1

2
c̃2) + ∆y (

1

2
c̃1 +

1

3
c̃2) }

]
i

(35)

and corresponding expression for Rn
ȳ . Thus evaluating eq. (28), both coordinates can be calcu-

lated in one step.

Remark:
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An alternative direct method for the evaluation of warping properties due to torsion (yM , zM , Fωω =∫
ω2dA) of thin–walled open and closed profiles has been given in [8]. Their theory for open

profiles requires two modifications before it can be applied to closed profiles. For each cell of
the profile the evaluation of a constant Ψ is necessary. Secondly one has to omit one element
from each cell for the element equations whereas this is not the case for the property equations,
see [8]. Furthermore the global system of equations is non–symmetric.
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5 Examples

The first three examples deal with constant Young’s modulus and shear modulus. Within the
fourth example we consider a composite cross–section.

5.1 Open cross–section

The first example is taken from the textbook of Petersen [2]. The welded profile consisting of
a U300 (DIN 1026) and L160× 80× 12 (DIN 1029) is replaced by a thin–walled cross–section,
see Fig. 3. The discretization is performed with 5 elements and 6 nodes. The local coordinate s
follows from the element node relations. For this example a system of equations with 5 unknowns
has to be solved. We calculate the shear stresses due to Qy = −120 kN and Qz = −200 kN, see
Fig. 4. The results are exact within the underlying beam theory and correspond to the solution
in [2], which is computed by hand. The coordinates of the center of shear are evaluated using
eq. (26) or (28). The warping function ϕ̄ with G = 1 kN/cm2 is depicted in Fig. 5. One can see,
that the nonlinear part of ϕ̄ in comparison to the linear part is small, see also eq. (25).

254

95 159

h=16 h=12

z

S y

y

h
=

1
2

74

210
184

h=16
z

���� � 	mm

284

h
=

1
0

s

s

s

s

A = 86.76 cm2

Iȳ = 11376.92 cm4

Iz̄ = 4513.26 cm4

Iȳz̄ = 3013.22 cm4

ȳM = 1.386 cm

z̄M = 10.058 cm

Fig. 3. Open cross–section
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Fig. 4. Shear stresses τ(s) in kN/cm2
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5.2 Symmetric mixed open closed cross–section

The second cross–section consists of open and closed parts, see Ref. [2]. In [2] overlapping of
the elements with each other is avoided introducing gaps in the idealized cross–section, see Fig.
6. Without considering symmetry the system is discretized with 10 elements and 15 nodes. The
nodes across the gaps are assumed to have the same warping ordinates which is enforced when
solving the global system of equations. The Figures 7 and 8 show the distribution of the shear
flux for given shear forces Qy = 100 kN and Qz = −1000 kN, respectively. The coordinate z̄M

is evaluated with eq. (26) letting Qy = 1 and Qz = 0 or using eq. (28). Considering symmetry
conditions ȳM = 0 holds. Due to mistakes in [2] when calculating the statically undetermined
shear flux t1 in the closed parts of the cross–section there are different results. With the correct
values t1(Qy) = 0.561 kN and t1(Qz) = 3.349 kN one obtains our numbers. A comparative
analysis without the gaps in the discretization leads to negligible differences. Thus the effort to
avoid overlapping of the different elements is not justified for this example.
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z

S

s

s

ss

100 100200200

h=30

h
=

1
2

h
=

1
4
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z

h=26
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150150

646.99
473

515

988

15

7

13

7

A = 521.03 cm2

Iȳ = 705141.77 cm4

Iz̄ = 77621.88 cm4

z̄M = 20.417 cm

Fig. 6. Symmetric, mixed open closed cross–section
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5.3 Cross–section with two cells

The third example according to Fig. 9 is also taken from [2]. The considered profile is unsym-
metrical and has open and closed parts with two cells. We use 9 nodes and 10 elements for
a discretization. The coordinates of the center of shear are evaluated with eq. (26) or (28),
respectively. Fig. 10 shows the computed shear stresses due to Qz = −1000 kN. The values at
z̄ = 0 in the webs are given. Again, the solution is exact and corresponds to the results in [2],
which are calculated by hand. The warping function ϕ̄ for G = 1 kN/cm2 is depicted in Fig.
11. As the plot shows there is continuity of the displacement field within the whole domain.
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100 100 100

100
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1
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y
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s

s

s

31.46
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Fig. 9. Cross section with two cells
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5.4 Composite cross–section

The composite cross–section according to Fig. 12 consists of a concrete part and a steel part,
see [3]. The ratio of Young’s modules and shear modules is Es/Ec = 5.7 and Gs/Gc = 5.4. As
reference modulus we choose E = Es. To avoid overlapping of the web with the flange a gap
with l = 12.5 cm and vanishing thickness h has been introduced in [3], see Fig. 12. Without
considering symmetry the cross–section is discretized with 8 nodes and 6 elements. The nodes
across the gaps are assumed to have the same warping ordinate which is enforced when solving
the global system of equations. The shear force is given as Qy = −3732309.9 kN, thus we
obtain a constant ay = −1. The coordinates of the center of shear are evaluated with eq. (26)
or (28), respectively. Due to symmetry yM = 0 holds. The computed shear flux corresponds to
the solution in [3], see Fig. 13. The warping function is depicted in Fig. 14.

50 50 50 50

25

80

[cm]

2.5

h=25 s
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Fig. 12. Composite cross–section
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6 Conclusions

For the numerical analysis of the shear stresses in cross–sections of prismatic beams a dis-
placement method has been developed. The approach holds for arbitrary open and closed thin–
walled profiles. The discretizations are performed using two–node elements. The computed shear
stresses are exact within the underlying beam theory. The stress boundary conditions along free
edges and the continuity conditions for multiple connected domains are automatically fulfilled.
Furthermore the procedure yields the coordinates of the center of shear. The essential equations
can easily be implemented in a finite element program. Several examples show the correctness
of the implementation.

A Appendix

A.1 Integral of the shear stresses

The integral of τxy according to (6)1 is reformulated adding the equilibrium equations (8)1

∫
(A)

τxy dA =
∫
(s)

[τ cos α + ȳ (τ,s +σ′
x)] h ds . (A.1)

With ȳ = ȳ1 + s cos α and thus ȳ,s = cos α it holds
∫

(A)

τxy dA =
∫
(s)

[(τ ȳ),s +σ′
xȳ]h ds (A.2)

and with integration by parts
∫

(A)

τxy dA = −
∫
(s)

(τ ȳ h,s ) ds + [(τ ȳ)h]sb

sa
+

∫
(s)

σ′
xȳ dA . (A.3)

The first integral of the right hand side vanishes with constant thickness h. This, also holds for
the boundary term considering (8)2. Therefore eq. (A.3) yields with (10)1 the shear force Qy.
In an analogous way one can show that integration of τxz according to (6)2 yields Qz.

A.2 Coordinates of the center of shear

In order to derive explicit formulae for yM , zM we introduce the stress function Φ and the
warping function ω of the Saint–Venant torsion theory [1] by

Φ,z = ω,y −z − Φ,y = ω,z +y (A.4)
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where ω is solution of the boundary value problem (33). Now, eq. (26) can be reformulated
inserting y and z from (A.4)

Qz yM − Qy zM =
∫

(A)

τ [(−Φ,y −ω,z ) sin α − (−Φ,z +ω,y ) cos α] dA (A.5)

and with application of the chain rule and eq. (1)

Qz yM − Qy zM =
∫

(A)

τ [Φ,s (sin α cos α − sin α cos α) − ω,s (sin2 α + cos2 α)] dA

= −
∫

(A)

τ ω,s dA .
(A.6)

Integration by parts leads to

Qz yM − Qy zM =
∫

(A)

τ,s ω dA − [τωh]sb

sa
. (A.7)

The boundary term vanishes considering (8)2. Inserting (8)1 and (9) it holds

Qz yM − Qy zM = −
m∑

i=1

[
∫

(Ai)

ni (ay ȳ + az z̄) ω dA] . (A.8)

Introducing the warping moments according to (29) we get

Qz yM − Qy zM = −ay Rn
z̄ − az Rn

ȳ . (A.9)

Inserting (13), with Qy = 0 one obtains yM and with Qz = 0 the coordinate zM according to (28)
is given. For a homogeneous beam cross–section and assuming principal axes the corresponding
formulas have been derived by Trefftz [7] using an energy criterion.
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