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Abstract

In this Thesis we investigate the phenomenology of two QCD-scale modified
gravity models. The first f(R) modified gravity model is the square-root
QCD-scale modified-gravity model (MG1), which is motivated by g-theory,
a phenomenological approach to solve the cosmological constant problem.
By applying a Markov Chain Monte Carlo (MCMC) simulation using cos-
mological data we find that this model can describe the large-scale structure
of the universe very well and can be considered as a viable candidate for
dark energy (DE). In addition, we obtain a best fit value of the gluon con-
densate compatible with previous theoretical estimates. We also solve the
cosmological perturbation equations numerically in the framework of this
model and analyze the behavior of the effective gravitational coupling con-
stant and the gravity estimator Eg. The consequences of this model are
also considered on local scales using the chameleon mechanism. We find
that the model cannot satisfy local tests of gravity as its scalar degree of
freedom does not exhibit the chameleon effect. However, a local version
of this model, involving an additional free parameter is shown to satisfy all

local tests of gravity with appropriate choices for the model free parameters.

The second f(R) model which is investigated in this Thesis is a modified
gravity model that is relevant in the high-curvature regime. We consider
the effect of a logarithmic f(R) theory (MG2), motivated by the form of
the one-loop effective action arising from gluons in curved spacetime, on the
structure of relativistic stars. In addition to analyzing the consistency con-
straints on the potential of the scalar degree of freedom, we discuss the pos-
sibility of observational features arising from a fifth force in the vicinity of
the neutron star surface. We find that the model exhibits a chameleon effect

that completely suppresses the effect of the modification on scales exceeding



a few radii, but close to the surface of the neutron star, the deviation from
General Relativity can significantly affect the surface redshift that deter-
mines the shift in absorption (or emission) lines. We also use the method of
perturbative constraints to solve the modified Tolman-Oppenheimer-Volkov

equations for normal and self-bound neutron stars (quark stars).
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Introduction

Modification of the Einstein-Hilbert action (EH) to include higher order curvature
invariants has a distinguished history, beginning just a few years after the introduction
of General Relativity (GR) [1} 2]. However, it was the realisation that renormalization
at one-loop order demands that the EH action be supplemented with higher order
terms that stimulated interest in modifications in the strong gravity regime, such as
Starobinsky’s well-known curvature driven inflationary scenario [3]. The possibility
that such corrections could affect gravitational phenomenology at low energies was
not seriously considered until the discovery of the acceleration of the expansion of the
universe [4, 5], whereupon f(R) models in particular, in which the EH action is replaced
with a more general function of the Ricci scalar, have been intensely studied by many
authors (see [6l [7] for comprehensive reviews).

Modifications of gravity that lead to deviations in the low energy regime, corre-
sponding to the late universe, must, in addition to compatibility with cosmological
observations and internal consistency requirements, stand up to a host of constraints
arising from equivalence principle tests and solar system measurements on local scales
[8]. Since f(R) theories can be reformulated as a scalar-tensor theory with a fixed cou-
pling to matter, these tests are sufficient to rule out the models, unless the fifth force
generated by the scalar degree of freedom is effectively screened, as in the chameleon
mechanism [9-H11]. By comparison, the strong gravity regime is poorly constrained by
observations [12].

The most natural candidate for a model of the strong force is a non-Abelian gauge

theory with gauge group SU(N.) (N, = 3) where it is coupled to fermions (quarks) in



the fundamental representation. This theory is known as Quantum Chromodynamics
(QCD) (see [13] and references therein). The perturbative content of this theory is
given by N flavors of quarks and N2 — 1 = 8 gluons. This theory has two interesting
properties: confinement and the asymptotic freedom [I4, [15]. By confinement it is
meant that the force between quarks does not diminish as they are separated. There-
fore, one needs an infinite amount of energy to separate two quarks and therefore they
are bounded forever into hadrons like protons and neutrons. In the low-energy limit,
calculations in QCD require a nonperturbative approach. On the other hand, asymp-
totic freedom means the color force get weaker at increasing energy or decreasing length
scales, so that it is possible to do perturbative calculations in QCD in high energies. In
addition, the ground state in QCD, which is an example of a nonperturbative vacuum,
is typically characterized by the presence of non-vanishing condensates, including the
gluon condensate and quark condensates [16].

In the remainder of this chapter we introduce the basic concepts that will be used
throughout this Thesis. First, in section we will briefly describe the treatment of
the homogeneous universe in General Relativity. Then in section [1.3| we will discuss
the cosmological constant problem and a possible solution: ¢-theory. Cosmological
perturbation theory is discussed in section followed by an introduction to Yang-
Mills theory and QCD in section Section [I.6] contains an overview of this Thesis.

1.1 Conventions

Throughout this Thesis (except where explicitly stated) we work in units with A =
c = 1, where h is the reduced Planck constant and c is the speed of light in vacuum.
In addition, we use the metric signature (—, +, 4, +) so that the Minkowski metric is
Nuw = diag(—1,+1,+1,+1). Greek indices a, 3, i1, v, ... indicate spacetime coordinates
0,1, 2,3 and the Einstein sum rule is adopted unless otherwise indicated. Latin indices
1,7,k run over the three spatial coordinates 1,2,3 and latin indices a,b,c,... for an
SU(N) group run over 1...N? — 1.

The metric covariant derivative is defined as V,A, = 0,4, — FfwA(; where 9,
represents a partial derivative with respect to the spacetime coordinates and FZB is
the Christoffel symbol defined by I‘Zﬁ = %g’“’ {9av,8 + 98v.a — Gapp} With gaps =
09ap/0xs. A derivative with respect to a scalar field ¢ will be indicated by 0V/0¢ = V4.



The Riemann-Christoffel curvature tensor is R’),,,. = 0xI'p, — 8, T, + T Ih, —Tikly, .

The Ricci tensor and Ricci scalar are defined as R, = R

A and R = g""R,,, respec-

tively.

1.2 Homogeneous universe

The cornerstone of modern cosmology is Einstein’s General Theory of Relativity (GR).
This theory relates the geometry of spacetime with its matter content via the Einstein
field equations. This theory is a generalization of Newtonian gravity and the Special
Theory of Relativity. General relativity is based on the Equivalence Principle, which
in its strong form is stated as [17]:

“at every spacetime point in an arbitrary gravitational field it is possible to choose
a locally inertial coordinate system such that, within a sufficient small region of the
point in question, the laws of nature take the same form as in unaccelerated Cartesian
coordinate systems in the absence of gravitation.”

In its weak form, the Weak Equivalence Principle (WEP), we should replace the
laws of nature by the laws of motion of freely falling particles. Violation of the WEP is
described by the parameter n, which is identically zero in any metric theory of gravity,
including General Relativity [18]. It is defined by

aA —ap

, 1.1
aas+ ap (1.1)

n=2

where ap and ap are the acceleration of two bodies A and B towards each other,
when there is no other source of acceleration. The parameter i has been constrained
by WEP violation tests as: |n| < (0.3 £ 1.8) x 10713 [19], || < 5 x 1071* [20]. In
addition, future experiments will further tighten these constraints. For example, the
MICROSCOPE project is capable of achieving the precision || < 10716 [21] and the
Reasenberg/SR-POEM project should reach 2 x || < 10717 [22].

Let us take a brief look at the Einstein field equations. One starting point is the
standard Einstein-Hilbert action

1

S T

/ Vogd iz (R — 20) + S g ] (12)

where A is the cosmological constant term and G is the gravitational coupling constant.

The last term in the Einstein-Hilbert action is the action of the matter fields ,,. The



Einstein field equations
Ry — 3Ry + Mgy, = 87GT (1.3)

are obtained by varying the action (1.2)) with respect to the metric g,,, where the

energy-momentum tensor of the matter T;},atter is defined as

2 5 Smatter
N

pmatter _ (1.4)
The energy-momentum tensor contains information about the matter content of the
physical model under consideration. The Einstein field equations satisfy the Equiv-
alence Principle. For example, as the gravitational coupling constant G is constant
throughout spacetime in the framework of GR, the Strong Equivalence Principle is re-
spected in this theory. By specifying the energy content of the problem in question and
applying symmetries, one can solve the Einstein field equations to obtain the metric
coefficients and the evolution of the matter and energy content, as we will do in this
section for the case of a homogeneous and isotropic universe.

To describe the universe on cosmological scales it is necessary to apply the Cos-
mological Principle to the Einstein field equations. The Cosmological Principle can be
stated as [I7]: the universe is homogeneous and isotropic when it is looked on enough
large scales. It can be rephrased as: the position of us on the Earth is not an specific
privileged location within the universe as a whole.

The twin requirements of homogeneity and isotropy are satisfied by the Friedmann-
Robertson-Walker (FRW) metric [I7]. For a flat universe, the FRW metric can be

expressed as

1 0 0 0
1o &) o 0

I =110 0 a@t) 0o | (1.5)
0 0 0 a2(t)

where the time dependent function a(t) is called the scale factor. The evolution of the
scale factor, which depends on the matter and energy content of the universe, will be

given shortly.



With this metric, the components of the Ricci tensor and the Ricci scalar are cal-

culated to be

Roo = —3% , (1.6a)
Ry = 6;; [2a* + ad] , (1.6b)

(@) (.60

where an overdot indicates differentiation with respect to cosmological time ¢. In ad-

R=6

dition, the symmetries imposed by the Cosmological Principle also require that the

energy-momentum tensor be in the form of a perfect fluid

—p(t) 0 0 0
0 Pt 0 0

matterpy __

=00 o pe o | (L7)
0 0 0 Pt

where p(t) and P(t) are the energy density and pressure of the fluid respectively. To
get the evolution of the scale factor, one needs only the time-time component of the

Einstein field equations

1
Roo — §gooR = 87GTyp , (1.8)
which gives
-2
a 8tGp
H?> == = 1.9
=L, (19)

where H(t) = % is the Hubble parameter. The i components also give

. a ArG
H—G—H?:g:—%(p—l—&o) . (1.10)
The density parameter is defined as
Q = pﬁ , (1.11)
cr

where the index ¢ refers to the type of content, such as matter (m), radiation (r) or the

cosmological constant (A). The critical density pe, is defined as

3H?
= 1.12
Per e ( )
The first Friedmann equation (1.9) can then be rewritten as
H? 0, —4 0, -3 0
Fg = QT.CL_ + Qma_ + Q s (113)



where the 0 index indicates value of the relevant quantity at the present time.
The Friedmann equations have an exact solution in the presence of a single perfect

fluid with the equation of state (EoS) w
P(t) = wp(t) , (1.14)
In a spatially flat universe, the solution for the scale factor is
a(t) = agt 7@ | (1.15)

where ag is is an integration constant which here can be taken as 1. Different types of

matter have different equations of state that give rise to different behavior.

e Matter dominated universe (w = 0) a(t) o t*/3.
e Radiation dominated universe (w = 1/3) a(t) o t'/2.

e Cosmological constant dominated universe (w = —1) where the scale factor grows

exponentially.



1.3 Cosmological constant problem

1.3.1 Description of the problem

The cosmological constant problem is almost as old as quantum field theory. The
Heisenberg uncertainty principle asserts that the ground state energy of quantum oscil-
lators cannot be zero as the kinetic and potential energy cannot vanish simultaneously.
Since a quantum field can be considered as a superposition of an infinite number of
harmonic oscillators, the result is an infinite ground state energy. This infinite energy
can be ignored as long as gravity is absent. It can be neglected by definition (nor-
mal ordering), as only energy differences are important in quantum field theory in flat
spacetime.

But when gravity comes to the scene, the problem returns. Gravity is sensitive to
the total amount of energy, not only the differences, so a difficult question arises: does
the ground state energy of quantum fields gravitate? If the answer to this question
is positive, then we encounter a big problem. Observations indicate that the vacuum
energy density that gravitates (which plays the role of the cosmological constant),
should be at least 41 orders of magnitude smaller than the vacuum energy of the
quantum fields.

To see this in more detail, we include the vacuum energy of quantum fields into the
action . Lorentz invariance requires that the vacuum energy-momentum tensor
should be of the form [23]

< O‘T/.LII‘O >= —PvacGuv » (116)

where pyac is the quantum vacuum energy density. By assuming that the vacuum energy

of the quantum fields gravitates, the field equations (1.3) should be rewritten as

Ry, — %ng + Mgy = 8TGT M + 871G < 0[T),,[0 >, (1.17)
or by replacing A with Acg
Aet = A 4+ 871G pyac, (1.18)
one obtains
Ry — %ng + Aesi g = STGT M. (1.19)

The effective cosmological constant A.g is the observable value that should be obtained

from observations. However, as mentioned above, the value of the observed cosmological



constant pgps is much less than the theoretical expectation. Observations indicate that
]
Pobs = Pvac + A/87G ~ 1074 GeV? . (1.20)
On the other hand, the energy of the ground state in quantum field theory (QFT),
taking for example a scalar field, is obtained naively as
Acutoft dgka 1 A4
_ k2 2 ~ cutoﬂ. 1.21

Prac /0 Emp2 VT e (121)
If General Relativity is valid up to the Planck scale, then we can take Acyiof = Mp) =
1/v/8nG, which would give

peac > 27 10771G72 = 2 x 10" Ge V. (1.22)

However, from eq. we have pyac +A/87G ~ 10747GeV*, so the two terms should
cancel to 118 decimal places [4]. This is what is called the main cosmological constant
problem (CCP1). If we assume Acytor = EQep where Eqep ~ 0.3 GeV is the QCD
cutoff, the two terms should cancel out to 41 decimal places.

The main cosmological constant problem exposes a mismatch between General Rel-
ativity and QFT. However, after the discovery of the accelerated expansion of the
universe, cosmologists were forced to address two other related problems. The first
(which we refer to it as CCP2a) is that in order to explain the data, one needs a value
of the cosmological constant that is not exactly zero, but is fantastically small compared
to the typical scales of quantum field theories, implying a high degree of fine-tuning.
The second (CCP2b) is that the observed value of the dark energy density is within
an order of magnitude of the present matter density (and to a lesser extent, the radia-
tion density) despite having differed by many orders of magnitude in the history of the

universe. These can be summarized as [24]:
e CCP1. why Ags < (Ep)*?
e CCP2a. why A #07?

e CCP2b. why A ~ pmatter ~ +107H(eV)*?

present
Several directions to solve the cosmological constant problem such as supersymme-
try [25], supergravity [26], string theory [27H30], the anthropic principle [31] [32], and
the g-theory [33],[34] have been considered. In section we will consider the ¢g-theory

approach to the cosmological constant problem.



1.3.2 ¢-theory

g-theory describes the gravitational effect of the vacuum energy density [33-40]. The
basic idea of ¢-theory can be stated as follows: the energy density of the quantum
vacuum €micro, which could be of order of O(E%V) where Eyy is a UV cutoff, does not
appear in the low-energy field equations. The quantum vacuum is assumed to be a self-
sustained Lorentz-invariant medium that should be characterized by some conserved
charge ¢ i.e. €micro = €micro(q). It is the macroscopic vacuum energy density €macro(q)
that appears in low-energy effective theories such as GR. For an equilibrium value of
the parameter ¢, say qo, the macroscopic energy density is nullified €pacro(qo) = 0;
therefore the main cosmological constant problem is in principle solved, as we will see
in following.

By considering a variable g(z), the effective action for the gravitational and matter

sectors can be written

R

Saalal = [ v=atte (g + ) + 57 (129

where the vacuum energy density €(q) can be a generic function

6((]) = Abare + evar(Q) 5 (124)

where Ap,re is a constant term from the ground state energies of the Standard Model
(SM) fields and €y, (g) is the dynamical part of €(¢). Then by using the Gibbs-Duhem

relatiorﬂ and Lorentz invariance we obtain [33]
de
Py =— <e — q> =—py. (1.25)

In equation ([1.25)), each term could be of order (Ep;)*, but they can cancel exactly for

an appropriate value of the vacuum variable ¢qq

de(q)
dq

pv (Go) = [6(61) —q L% =0, (1.26)

therefore the main cosmological constant problem CCP1 is in principle solved.

! From the Gibbs-Duhem relation Ndy = VdP — SdT (which follows from the first law of thermo-
dynamics) for dT' = 0 one can write dP = %du. Then by identifying the chemical potential u = de/dg
and integrating, one obtains the first equality in (1.25).



The preceding analysis is valid for an equilibrium situation; in an expanding uni-
verse, one would expect perturbations in the variable gy, giving rise to a new value
g = qo that can result in a tiny non-zero vacuum energy (cosmological constant)
pv (q0) = pobs # 0. We will discuss this situation in more detail in section

Some concrete candidates for the variable ¢ that have been considered in the liter-

ature are as follows.

1. The vacuum variable ¢ could arise from a three-form gauge field A [34] [41], 42]

where ¢ is obtained from the four-form field strength F = dA and €*7® is the
Levi-Civita symbol. The modified Einstein and Maxwell equations are obtained

by applying the variational principle to the action ((1.23))

2K(q) (R — 3Rgw) = —2(VuVy — gwD) K(q) + pvgu — T, (1.28a)

dpv(q) d
R—K =0 1.28b
d + R . (q) =0, ( )

where k(q) = 1/87G(g)with a vacuum energy density

de d
= e—qg|=4+R-K
pv € q<dq+qu (q))

= e—qu, (1.29)
where p is an integration constant corresponding to the chemical potential.
2. Another candidate can be realized by a pseudoscalar [33]
q o Fuuﬁ’“” , (1.30)

where F,, = V,A, — V, A, is the field strength and ﬁw/ is a dual tensor. For a
gauge vector field A that belongs to the SU(N) group, one has

q o< tr(F, FPY (1.31)
where F),, « [D,, D,] and D,, is the covariant derivative associated with the local

SU(N) group. One example related to this type has ¢ proportional to the gluon
condensate [37, 142], 43]. This will be discussed in more detail in section

10



3. The last possibility which we discuss here is a vector-field realization such as an
aether-type velocity field u, [33]. In this case one assumes that the action does
not depend on u, but instead depend on its covariant derivative u, = V,u*. In

a flat FRW universe with cosmic time ¢, the asymptotic solution u, = (ug, u;) is

uo(t) = qot, u; =0, (1.32a)
uy, = qod,, - (1.32b)

and H(t) — 1/t. Starting from a de-Sitter universe with A > 0, for a unique
value of go = qo/(Ep1)?, one ends up with a static Minkowski spacetime gy =

A/(2E%)). However, in this case there is the danger of ruining the standard
Newtonian physics for a small self-gravitating system [44]. This problem can be

avoided in a special model with two massless vector fields [45-49].

There are other dynamical cancellation and adjustment approaches to the cosmo-
logical constant problem. For example, Dolgov [50] and Ford [51] have used a mass-
less scalar field, non-minimally coupled to gravity, to cancel the cosmological constant
dynamically. In addition, it is also possible that quantum effects restore conformal
invariance on length scales comparable to the cosmological horizon size, so as to cancel
the cosmological constant [52H54]. Another possibility is to cancel the cosmological
constant by quantum particle production in de Sitter spacetime [55H57]. In this sce-
nario, the effective energy-momentum tensor of the produced particles can act to cancel
out the cosmological constant. There are also another approaches such as a step-wise
relaxation of the vacuum energy density [58] and vacuum-energy decay from particle

production [59].
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1.4 Cosmological perturbations

It is possible to produce any cosmic history H = H (a) using the extra degree of freedom
in f(R) models [60, 61]. Therefore the background (zero-order) cosmology is not enough
to distinguish the f(R) models from other theories of gravity. To find some observables
to distinguish f(R) theories one can use the perturbation (first-order) cosmology [62].

The first relativistic consideration of the linear cosmological perturbations in a FRW
universe was first done by Lifshitz [63], and subsequently refined by many authors
[62, [64] (see [65] for a textbook treatment). An initial fluctuation in the gravitational
potential with amplitude ~ 107° can grow to reproduce the current structure of our
universe [62]. This initial fluctuation can be produced by inflation [66HG9].

To understand the structure of the Universe we should go beyond the simple ho-
mogeneous FRW model. This can be done perturbatively, i.e. splitting the physical
quantities in two parts. The homogeneous background part depends only on the cosmic
time ¢ and is described by the FRW equations. The perturbative part depends on time
and scale. This means we can write the metric as (in this subsection a quantity with a

bar indicates the corresponding background quantity)

uv = g,ul/(t) + 5gMV(t’ X)’ (1'33)

where ¢ is the cosmic time and x indicates the spatial coordinates. These perturbations

in the metric can lead to perturbations in the Einstein and energy-momentum tensor

G = Gu(t) + 6G L (t,x) | (1.34a)
Ty (t) + 0T (8, %) (1.34b)

T
where the homogeneous part is satisfied separately by the FRW equations
G = 81GT), . (1.35)
However, we are interested in the inhomogeneous part
0G,, = 8nGIT), . (1.36)

In section we considered the FRW homogeneous solutions of ([1.35)); in following we
consider the perturbed equations that stem from (|1.36]).
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The treatment of the perturbations is made simpler by the fact that the scalar,
vector and tensor modes are decoupled at linear order, so the resulting Einstein equa-
tions can be solved separately. The tensor modes correspond to gravitational waves,
and the vector modes decay in an expanding universe, so the scalar modes are most
important for structure formation. The most general form of the metric for the scalar
perturbations can be written

goo = —(1+2¢),

goi = —aB; , (1.37)

gij = a® (6;5(1 — 2¢) — 2E;) .
However, the four variables 1, B, ¢ and E represent too many degrees of freedom
so we must impose a gauge. In this Thesis we make use of the Newtonian gauge
(B=FE=0,% =V and ¢ = ®) in which the scalar degrees of Freedom ¥ and ® can be
identified with the Newtonian and spatial curvature potentials respectively. Changing
coordinates to conformal time 7, where dt = a(7)dr, so the metric takes a simpler form,

the perturbations to the homogeneous FRW metric ([1.5)) in the Newtonian gauge can
be written as [65]

ds* = a(1)?[— (1 + 2U(x, 7))dm% + (1 — 2®(x, 7))dx?] . (1.38)

In GR, in the absence of anisotropic stress, ¥ = ®.

One can write the perturbed energy-momentum tensor as
T(? :T8+5T8 =—p(1+9), (1.39a)
TP =T + 6T = —(p + P)v; , (1.39b)
T} =T + 6T = (P + §P)5} + 7t (1.39¢)

where dp(t,x) = p(t,x) — p(t) and 6 P(t,x) = P(t,x) — P(t) are the energy density and

pressure perturbations. In addition 6 = dp/p is the density contrast, v; is the velocity

field and 7T§- is the traceless component of the energy-momentum tensor perturbations.

It is easier to analyze the linear evolution equations of the perturbations in Fourier

space. Let f = {W,...,dp} denote the set of all metric and matter perturbations. Then

we can relate the real space perturbations to the corresponding Fourier components as
d®k

flr,x) = / R f(m)e™ (1.40)
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where k = kk is the comoving wave number vector. Then the partial differential equa-
tions for f(7,x) become ordinary differential equations for each Fourier mode fi (7).
Individual Fourier modes are decoupled.

The energy-momentum conservation equations (V,T"" = 0) gives two equations

which relate the metric potentials and matter perturbations [70]

. : a 0P
§=—(1+w)(0—3d) - 35(% — w)d, (1.41)
b= -0 swp— O gas oy, (1.42)

where an overdot represents the derivative with respect to the conformal time 7 and
w = P/p is the equation of state of matter. The parameters o and 6 are anisotropic

stress and momentum perturbations respectively which are defined by the relations

(1.43a)

70

(p+ P)0 = —ik!sT . (1.43b)

. 1 .. .
(p+ P)o = —(k'k; — 500

The anisotropic stress o vanishes for baryons and CDM.

We need two more equations which are obtained from field equations for the metric.
In GR, by inserting the perturbed metric and the perturbed energy-momentum
tensor into the field equations (G, = 87GT),, ) one obtains the Poisson and

anisotropy equations respectively

E2® = —4nGa’pA | (1.44a)
k2 (® — W) = 127Ga*(p + P)o (1.44b)

where A is the comoving density perturbation
H
pA=pd+—(p+Plo, (1.45)

in which H = lg—g. In chapter 3| we will discuss perturbation theory for the QCD-scale

a

modified-gravity model.
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1.5 Yang-Mills theory and QCD

In 1954, Chen Ning Yang and Robert Mills [71] extended gauge theory for Abelian
groups to include non-Abelian groups to describe the strong interaction. A non-Abelian
gauge theory was used to unify the electromagnetic and weak forces by Glashow [72]
and Goldstone, Salam and Weinberg [73]. In addition, the strong force, which describe
the interaction between gluons and quarks is a Yang-Mills theory [74]. So, all forces
in nature except gravity can be described by Yang-Mills theories. Electromagnetism
is invariant under the gauge group U(1) and the other forces are invariant under the
gauge groups SU(2) and SU(3). In this section we review briefly Yang-Mills theory
with special attention to QCD.

A central object in field theory in d-dimensional spacetime is the action which is a

functional of the fields
S = /ddmL($) . (1.46)
A field theory is established when the fields ¢ (x) and the Lagrangian £(z) are defined.
Then the fundamental equations of motion of the classical field theory are obtained by
the least action principle
0S

——=0. 1.47

e A0
Suppose the field ¢(z) describes fermions (in the case of QCD, quarks) with mass m
and Lagrangian £(x)

L(x) = ¢(z)(ir" 0y — m)y(x) (1.48)
where y#s are the Dirac gamma matrices which are defined by the anticommutation
relation {y#,7*} = —2n* and ¢ = ¥4, The fermion field v () belongs to the

N-dimensional fundamental representation of the group G, which has N components
¥;(x), where i = 1,2,... N.

The gauge principle requires that the Lagrangian be invariant under the local
transformation (see Sec. 2.1.2 of Ref [75])

Yi(@) = Uy (2)¢; (), U(x) = exp(—it*0"(z)) , (1.49)

where the t%s are the generators of the group G and 0% are the transformation param-

eters for the SU(N) group, a = 1... N? — 1. If t® satisfy

[t%, %] = i fabere (1.50)
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where ¢ are the structure constants, then the transformation is a non-Abelian
gauge transformation. In addition, 8% is a spacetime dependent parameter, and the
transformation is a local gauge transformation.

It is clear that the Lagrangian is not invariant under a non-Abelian local gauge
transformation. The non-invariant term stems from the use of the partial derivative
0y. However, it can be made invariant by replacing the ordinary derivative with the
covariant derivative

8y — Dy = 0, — iegt® A% | (1.51)

where e, is a coupling constant and Aj; are the gauge fields which should transform

under a gauge transformation as
la __ i —1 —1
1A% 5 t°A1 = U <t“AZ - auU> Ut (1.52)

So, the Lagrangian density

£(w) = Ta) (" Dy — m)(a) = {Fa F (1.5

is invariant under gauge transformations (1.49) and (1.52)). The second term in eq.
(1.53) is a kinetic term for the gauge fields (here gluons) with

Ff, = 0,AL — 0,A% + g f*°AD A . (1.54)
Finally, the classical Lagrangian density of QCD can be written as

Ny
299D (3) = 3G (@) (I Dy — i)y ) — JFRFH (1.55)
k=1

where Ny is the number of fermions (quarks).

Before quantizing a Yang-Mills theory, first the problem of gauge freedom should
be addressed. To see the importance of the gauge fixing problem, consider the QCD
Lagrangian density without fermions in Eq.

1
LOOP () = = FF (1.56)

This Lagrangian defines a classical theory of non-Abelian gauge fields which interact
with each other. In order to quantize this theory by using the canonical formalism, we

should first construct the canonical momenta IIf, conjugate to the field Aj. Then by
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setting the appropriate commutation relation for these operators, one can quantize the

theory. The canonical momentum conjugate to A, is defined by

a 8L a
Wy = = —F (1.57)

with A% = 9y A* . The canonical commutation relation can be written as
[A% (2), 1% (1) eo=yo = 0ab g6 (x — y) - (1.58)
Assuming p =v=0and a=b=11in , one obtains
[A5(2), T (9)]ag=yo = i0°(x — ), (1.59)

However from (|1.57)), we get
e =0. (1.60)

So, egs. (1.60) and (1.59) are inconsistent and the use of the canonical formalism to

quantize the theory fails.
Like quantum electrodynamics, the problem is the invariance of the original La-

grangian under gauge transformations [75]

a a aoc c ]‘ a
Al — A% 4 [P0 AG — — 5,0, (1.61)

€y
One way is to eliminate the gauge freedom is to fix the gauge, for example, by imposing

the Lorentz condition
8“AZ =0. (1.62)

One way to dealing with constrained systems is the Lagrangian multiplier method
[76]. According to the Lagrangian multiplier method, the following term should be

added to Lagrangian ([1.56|)

1
_ Hopa)2
2w(8 Au) , (1.63)

where —i acts as a Lagrangian multiplier and the parameter w is called the gauge

fixing parameter. Then the modified Lagrangian can be written

1 1
LD (z) = —F P — %(6"143)2 . (1.64)

Because of the gauge fixing term, the Lagrangian is no longer gauge invariant. However,

the physical predictions of Lagrangian (|1.56|) are independent of the gauge fixing term.
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So, the value of w is arbitrary. Two common choices are Feynman gauge (w = 1) and
Landau gauge (w — 0).

Lagrangian solve the problem of vanishing canonical momentum. In the
case of quantum electrodynamics, we could have a consistent quantized theory with
Lagrangian density . However in the case of non-Abelian gauge theory, there
arises a new problem. To keep the unitarity of the theory one should introduce the

Faddeev-Popov ghost term into the Lagrangian (1.64)) [77] (see also section 2.2 of [75])
Lpp = (0"7") D", DI = 6909, — e f* A, | (1.65)

where x is the ghost field.

Finally, the total Lagrangian of quantum chromodynamics can be written as

Lqep = La + Lar + Lrp + Lp (1.66a)
1 a apuv
Lo =—JFu P, (1.66b)
1 a\2
Lor = —%(amu) : (1.66¢)
Lrp = (9"1") D" (1.66d)
Ly = P(x)(iy" Dy — m)i(z) , (1.66e)

where Lq is the gauge vector field (gluon) kinetic term, Lo is the gauge fixing term,
Lpp is the Faddeev-Popov ghost term, and Lp is the fermion (quark) Lagrangian.
A, n, vy are vector gauge field, Faddeev-Popove ghost field, and the fermion field respec-
tively.

Forming the generating functional

Z10.6.6 n, 1] = / (AN [dx [ de dl
< expli / Pr(Laep + AT 4 YT EO gt )}, (L6T)

one can quantize the Lagrangian (1.66a}) using the functional-integral formalism [7§],
where J ,£ ,n are the source functions for the bosons, ghost and fermions (quarks) re-
spectively. Using the generating functional ((1.67)) one can obtain the connected Green’s

function
"W, .. ]

8J(x1)...8J(xy) o ’

G(x1,. .. an) = (—i)" ! (1.68)
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where W[J,...] = —iln Z[J,...]. Using these Green’s function and defining the associ-
ated Feynman rules, one can calculate the propagators and vertices using perturbation
theory in QCD.
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1.6 Overview

This Thesis consists of two main parts, each focused on different f(R) models of gravity.
Before discussing the models in detail, in chapter [2] we will describe the phenomenology
of f(R) theories and the chameleon mechanism. Then in chapter |3 we will consider
squared-root (|R|'/?) QCD-scale modified-gravity (MG1), a f(R) theory motivated by
g-theory. After introducing the MG1 model in section in section we investigate
the behavior of the cosmological perturbations in order to distinguish the model from
ACDM. Then, in section [3.3|we constrain the model parameters using cosmological data
through a Markov Chain Monte Carlo (MCMC) simulation. Finally we will investigate
the viability of this model on local scales using the chameleon mechanism in section
B.4

In chapter 4| we investigate a f(R) theory motivated by the semiclassical approach
to quantum gravity and its effect on the structure of relativistic stars (MG2). In section
we propose a phenomenological f(R) model of the form R + aR? + gR2 In(R2%/ut)
by considering the calculation of the gauge invariant effective action for gauge fields
in curved spacetime. Then in section we investigate constraints imposed upon the
model from the requirements of internal consistency and compatibility with observa-
tions, and discuss the potential observational signatures due to a change in the effective
gravitational constant near the surface of the star. In section [4.3] we will solve the mod-
ified Tolman-Oppenheimer-Volkov equations and calculate the effect of the f(R) theory
on the mass-radius diagram of neutron stars with different equations of state. In this
section we also consider the effect of the f(R) model on a separate class of neutron
stars, self-bound stars, consisting of strange quark matter with finite density but zero
pressure at their surface.

In chapter 5| we summarize the main results and provide conclusions.
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f(R) theories and the chameleon

mechanism

In modern cosmology it is assumed that the Universe has undergone two phases of
cosmic acceleration. One accelerating phase occurred in the early universe shortly
after the big bang, known as inflation [66H69]. This phase of acceleration is essential
to solve the flatness, monopole and horizon problems [67] and in addition can give
rise to the almost flat spectrum of temperature anisotropies observed in the Cosmic
Microwave Background (CMB) radiation [79]. The second accelerating phase, which
has started relatively recently, was discovered by two independent groups in 1998 using
observations of type Ia supernovae [4, [5]. The simplest, but most natural candidate
to explain this recent accelerating expansion is the cosmological constant term A, with
the constant equation of state (EoS) w = —1 [80, 8I]. As described in section the
cosmological constant confronts us with two difficulties: the fine-tuning (CCP1, CCP2a)
and cosmic coincidence problems (CCP2b). In order to solve or alleviate these problems
many dynamical dark energy models with time-varying EoSs have been proposed. The
quintessence [82] [83], phantom [84H86], quintom [87H89], K-essence [90, O1] and ghost
condensate [92] 93] scenarios are examples of dynamical models involving scalar fields.
In those models, the dark energy effect comes about due to the potential energy of the
fields, and the dynamics is affected by the form of the field’s kinetic term. Although
many dynamical dark energy models have been suggested, the basic ACDM model with
a cosmological constant remains an excellent description of the universe on large scales.

f(R) theories modify the Einstein-Hilbert action to include a general function of
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the Ricci scalar, however, any f(R) theory can be transformed to the Einstein frame
where the action for the gravitational sector takes the standard form. The extra scalar
degree of freedom (scalaron) in f(R) theories is coupled directly to the matter sector
with a coupling of order unity. If we want to use this scalar field to explain the dark
energy (as in quintessence models) its mass must be of order Hy, the present Hubble
parameter. However, a directly coupling to the matter sector of this scalar field of
order unity causes violations of the Equivalence Principle (EP) and constraints derived
from other local experiments. [8, 04]. One way to suppress the offending terms is the
chameleon mechanism [9HI1].

In this chapter, beginning in section we discuss f(R) theories of gravity and

then in section we will discuss the chameleon mechanism.

2.1 f(R) theories

One approach to model the accelerating phases is to modify the Einstein-Hilbert action
by replacing the simple Ricci scalar R term by a general function of R, i.e. f(R). For
example, Starobinsky in 1980 proposed a model to describe inflation using f(R) =
R+ aR? with a > 0 [05]. One of the first attempts to model dark energy with f(R)
theory was f(R) = R — a/R"™, where the corresponding curvature becomes significant
in low-curvature limits, corresponding to late-time cosmology [96-98]. It was shown
that this model has an instability [99] 100] and, in addition, contradicts the local tests
of gravity [I0IHI03]. However there are a number of viable f(R) gravity models that
can pass cosmological and local gravity constraints [I04HI08]. One can list the most

important conditions for viability of f(R) models for Ry > 0 as [106]
frR>0, (2.1&)
frr >0, (2.1b)
where fr = df /JdR, frr = d*f/dR? and Ry is the Ricci scalar today. The first condition
is essential to avoid problems with unitarity arising from ghost degrees of freedom.
When the frr > 0 condition is satisfied, the squared mass of the scalaron field is

positive, avoiding potential problems with instabilities.

Consider a 4-dimensional modified action

M2
S: f/d4$\/jgf(R)+/d4l’£*matter(gum¢m)7 (22)
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where f(R) is a general function of the Ricci scalar R, M3, = (87G)~!, G is the
bare gravitational coupling constant and £ ater i @ matter Lagrangian density that
depends on the metric g, and the matter fields t,. The modified Einstein equations
are obtained by varying with respect to the metric g, as

1
7f(R)g/u/ - VMVVfR + g;u/DfR = 87TGT£atter, (2.3)

fRR,uV - 9

where fr = df(R)/dR. T;‘,atter is the energy-momentum tensor of the matter fields,

which is defined by the variation of Liyatter With respect to g as

2 45
matter _ 2 O matter
Tymatter — T g (2.4)

One can rewrite the field equations (2.3) as
1
Ryy = 5By = 87G (T + T,7) (2.5)

where the dark energy stress-energy tensor TEVE is defined as

1 1
128 = i (1= F R = 50~ F(R) + 9,90+ 00fr) - (20)

Then one can reproduce the accelerating solutions by an appropriate choice of the
function f(R) [109} 110].

Eq. is a set of equations that are second order in derivatives of R, which is
itself second order in derivatives of g,,, so the resulting equations are fourth order.
Fortunately, metric f(R) theories (i.e. f(R) theories in which the metric g,,, is the only
independent variable in the gravitational sector) can be transformed to the Einstein
frame (EF) in which we have second order differential equations in terms of a metric
with an extra scalar degree of freedomﬂ This is achieved by applying the following

conformal transformation

G = F ()9 (2.7a)
F(¢) = fr = e 2Q%/Mr1 (2.7b)

! In addition to the metric f(R) theories considered in this Thesis one can also have Palantini f(R)
theories, in which the metric and the connection are treated as independent degrees of freedom. See

[6] and references therein for details.
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where Q = 1/1/6. By applying above transformations to the action |D we obtain

/d4\/7[ PZR ~’“’6qu8,,¢ V((ﬁ):| +/d4$£matter(F_1(¢)§umwm>v (2'8)
where a tilde represents quantities in the Einstein frame and

M3, frR — f(R)
2 f}% ’

Although solving the field equations arising from the action ({2.8)) is easier that those

V(¢) =

(2.9)

arising from the original action [2.2] there is a difficulty. The scalaron ¢ is coupled
directly to the matter sector with a coupling of order unity through the F‘l(gb)ﬁ,w

term.

2.2 Chameleon mechanism

One can model dark energy as quintessence i.e. a scalar field rolling down a potential
[83, I11]. For a single scalar field the dynamics of such a scalar field in the Einstein
frame is given by (cf.

gz /d4x\/jg (JWQIQDIE - %(6¢)2 - V(Qb)) —/d4$£’matter( Q¢/Mplg vy wm) : (2'10)

The scalar field ¢ interacts directly with the matter through a conformal coupling of
the form e@¢/Mp1. The matter field 1y, couples to the Jordan frame (JF) metric g,

which is related to the Einstein-frame metric g, by
Juv = 62Q¢/MP1§/.U/ > (2'11)

where ) is a dimensionless constant (Q = 1/v/6 for f(R) theories). Therefore the
scalar field of the quintessence or f(R) theory is directly coupled to the matter section
with a coupling of gravitational strength. Such couplings lead to strong violations of the
Equivalence Principle (EP) [8]. Therefore it is interesting to consider a mechanism that
can suppress its EP violating contribution. Here we discuss one of these mechanisms,
viz., chameleon gravity [9HIT]. In this mechanism, the mass of the scalar field depends
on the density of the environment. In a high density medium such as the solar system
or inside the atmosphere, the mass of the scalar field is very large, with the result that

the range of the scalar field is undetectable in local gravitational tests. Moreover, for
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large bodies such as planets and stars, the thin-shell effect (see section suppresses
the fifth force due to this scalar degree of freedom and the scalar field is trapped inside
the celestial object. Therefore, it is almost impossible to detect the footprint of the
chameleon field for test bodies in ground based experiments or in solar system tests of
gravity (with current instrumental accuracy) if the scalar field behaves like a chameleon
field [112]. However, on large scales, where the matter density is much smaller that
the atmospheric matter density, the mass of the scalar field is of order of the Hubble
parameter Hy and can therefore give rise to the accelerated expansion.

The chameleon potential V(¢) can be assumed to be (at least in some regions)
of the runaway form (see figure . That is, the potential should be monotonically

decreasing and satisfies for ¢ — oo (for other possible potentials see [11])

Vi Vies
1% 0 =2 50 MUY 2.12
(¢) % b V % ) ‘/'7¢ % ) ) ( )
and also for ¢ — 0
V \%
V(¢) — oo, MUENSS M S (2.13)
4 Ve

where V, = dV/d¢ and Vs = d*V/d¢?. Varying the action (2.10) with respect to ¢,

we get the following field equation for the chameleon field

E|¢ — V¢> _ ]\?}jlguuTﬁatter 7 (214)
where Tlﬁatter = —JL_—Q%. The trace of the energy momentum tensor is given by
T = gWT;}/atter = —py for a nonrelativistic fluid, where p; is the energy density in the

Jordan frame. In the Einstein frame we have pp = pse*@?/Mp1 which is not conserved
(for example in a FRW universe pg + 3Hpp = MiméﬁE), however, p = 3@4/Mpi5L ig
conserved. Then eq. (2.14]) reduces to

16 = Vi + 7pe 0 = Vi (6) (215)
where the effective potential V.g is defined as
Verr(9) = V() + pe@?/Mer (2.16)

The effective potential has a minimum at a field value ¢n,i,, which is a solution of the
equation

Vg(dmin) + AJQ/)eQ‘ﬁmi“/MPl =0, (2.17)
Pl
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Figure 2.1: A typical runaway potential V' (¢) = 1/¢ (dash-line) that can give rise to the
chameleon effect and the effective potential Vg (solid-line).

and the corresponding squared effective mass of the scalar field is defined
2 _ d2Veff

mmin - d¢2 ¢:¢)min ’

Equation 1) shows that if p increases, then ¢, decreases, as V4 and eQo/Mp1 gre

increasing functions of ¢. Then we expect My, to increase, because V g4 is a decreasing

(2.18)

function of ¢. This is what is called chameleon behavior.
In the case of a spherically symmetric body, eq. (2.15]) yields
d’¢ 2d¢p dVeg Q
S = L SV peW@eMen 2.19
a? Crar T de 0T ™ (2.19)
To solve eq. (2.19) we use the following boundary conditions [10]

Pir=0) = 0,
d(r—o00) = o¢p. (2.20)

The first condition asserts that the the solution is non-singular at the origin and the
second condition specifies that the fifth force on test particles vanishes at infinity.

Now consider a spherically symmetric body with density p. which is immersed in a
medium with density pp. The mass of the body is M. = (47/3)p.R3, where R. is the
radius of the body. In addition we have the following quantities

¢c = Qbmin ) d)b = ¢min ) (221)

p=pe p=py
me = mmin(qsc) > mp = mmin(qbb) .
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In the following we discuss the solution of the field equation (2.19)), following the treat-
ment in [112] (see Appendix [B|for details of the derivation).
To obtain the solutions of the field equation (2.19) we assume that Vg4 can be

approximated with a harmonic oscillator in the region r > R, (where ¢ ~ ¢.) as

o 2do

P mi (¢ — ) - (2.22)
The solution in this case is
e—mb(r—Rc) emb(r—RC)
p(r)y=A " + B " + o , (2.23)

with two dimensionless constants A and B. By imposing the boundary condition ¢ —
¢ as 7 — oo we get B = 0. Therefore the solution for the external regions of the test

body can be written
efmb(rfRC)

() = A————+ o (2.24)
To investigate the interior solutions r < R., we divide the interior region into two
different regions: from r = 0 to R; where (¢ ~ ¢.), and from r = Ry to r = R. (where

¢ > ¢.). When ¢ > ¢, the second term in the effective potential dominates and so

Q
Vet ¢ R —— pe. 2.25
eﬁ7¢ ]\4131 pC ( )
We can then rewrite equation (2.19) as

d’¢  2de Q

a0 L9, 2.26
a? T ar Mplp (226)
The solution of eq. (2.26) is

_ Q
6Mpy

o(r) per? + g + D¢, Ry <7 <R, (2.27)

where D and C are dimensionless constants. When ¢ ~ ¢. again we can use the

harmonic oscillator approximation

Veit.s = m2(¢ — ¢c) , (2.28)
with solution
e Mer emc(r—RC)
Or) =E——+F————+¢ 0<r<Ry, (2.29)
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where E and F are dimensionless constants (and E = —Fe~"<f< to prevent singularity
at r =0).

Using the boundary conditions and the continuity of solutions ,
and and their first derivatives d¢/dr at the boundaries r = Ry and r = R, we
can obtain the dimensionless constants A, C, D, E, and F'.

Therefore, for a test body of density p. mass M, and radius R. in a medium with

density pp, the chameleon field outside the body is expressed approximately [using
equations (in the mpR. < 1), B.16| and [B.21a] as [10]

QMC e—mb(r—RC)

Pthick (1) = — prya. . + éb , (2.30a)
QMC efmb(rch)
in = - s 2.
Btnin (1) gy MP13€th . + ¢ (2.30b)
where
_ Mpi(ép — ¢c)

The subscripts thin and thick in eqs. (2.30a}, [2.30b]) define the type of solution. As

we shall see in the following subsections, an f(R) model can pass the local tests if it
exhibits a thin shell solution. The parameter €, in eq. (2.31)) determines whether the
solution is thick- or thin-shell: a thin-shell solution corresponds to €, < 1.

2.2.1 Effective gravitational coupling constant

For the chameleon force F,; (fifth-force) on a test body of mass m at distance r from

1
a central body of mass M, and radius R, we have [10]

= Q =
Foal = m =1V, (2.32)

!The geodesic equation in the Jordan frame has the form
i+ Th, %" =0,
and in the Einstein frame can be written
B4 TE B0 = =0 4" — 20 43" i b,

where 6 = Q¢/Mpi. In the nonrelativistic limit the last term can be neglected and the chameleon force
on a test particle is given by:
ﬁch = —m0’¢€¢ .
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where ¢ is described by one of the external chameleon field solutions in ([2.30]).

One can write for the total force (gravitational+chameleon) on a test particle with
mass m at distance r from a central body with mass M, and radius R. in a medium
with density pp

mM,
Fiot = Fo + Fy = Geffrch (2.33)

where the effective gravitational coupling constant for the thin- thick-shell case is de-

fined as

(2.34)

1 +6Q% e ™= RI)]G  thin-shell
T 1+ 202%™ —RIG  thick-shell

where G is the bare gravitational coupling constant. One can easily see that Geg ~ G
for the thin-shell case, while Geg # G in the thick-shell regime. Therefore, a theory

can satisfy the laboratory tests of gravity if it has the thin-shell solution on local scales

[10]. We define

Q

eff

(2.35)

and use this parameter to check the deviation from General Relativity. In GR 6% = 1

and Geg = G = GN.

2.2.2 Fifth force searches

One way to search for a fifth force due to a scalar field is to consider the potential
energy associated with it. The potential energy is generally parametrized by a Yukawa

potential [113]

M M, B_T/A
a

87['Mp1 r

where M; and Ms are the masses of the two test bodies with separation r. The strength

U(r) =

(2.36)

of the interaction is determined by the parameter « (gravitational strength corresponds
to = 0O(1)) and A is the range of the potential. Null fifth force searches constrain the
(a, A) plane (cf. figure 2.13 of ref [18]). For A ~ 10 cm — 1 m, the tightest bound on

the coupling constant « is from Hoskins et al [114]. For laboratory experiments it is
a <1073, (2.37)

and for A ~ 10'°m, one has a < 107!, Now consider two identical test bodies of

uniform density p. and radius R. and total mass M.. Using the external chameleon
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fields of egs. (2.30a)) and (2.30bf), the chameleon potential energy is obtained as

M2 e—mu(r—Rc)

. - _ 2 c
Utthk(T) 2Q 87 Mpy , s (238&)
U 202 (92, ME e 2.38b
i) = 2Q2(0) e (235)

where here my, plays the role of 1/X. So, by comparing with eq. (2.36]), we will obtain

for the interaction strength parameter
pnick = 2Q7 Ohin ~ 18Q% €y, - (2.39)

Oihick clearly violates the bound in eq. for @ ~ O(1). We shall also see this in
the case of the QCD-scale modified-gravity model in the following chapter. But one
can easily check that agpn < 1073 for Q ~ O(1). Current experimental data give an
upper bound A < 1 mm for a strong (a ~ 1) Yukawa potential force which translates

to a mass of my > 10~ 3GeV [114].
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3

IR|'/2 QCD-scale modified-gravity
(MG1)

One of the recent models that has been suggested to describe the accelerating expansion
of the universe is the squared-root QCD-scale modified-gravity model [43] (sometimes
we refer to the model just QCD-scale modified-gravity). Starting from g¢-theory as
an approach to solve the main cosmological constant problem (CCP1), the huge value
of the quantum vacuum energy in the action is nullified. Then by identifying the
parameter ¢ in the ¢g-theory with the gluon condensate and considering its perturbation
due to the expansion of the universe [42, [43], one obtains a nonanalytical term in
the effective gravitational action, which can be interpreted as an f(R) gravity model.
This model explains the late time expansion of the universe very well only with two
fundamental energy scales, the QCD energy scale Eqcp and the Planck energy Epi,
and a single dimensionless coupling constant 7. This QCD-scale modified-gravity model
(or square-root modified-gravity model) has been suggested to explain the large scale
structure of the Universe. To describe gravity at local scales, another f(R) model has
been suggested with an extra dimensionless constant ¢ [43].

In this chapter we will consider different aspects of QCD-scale modified-gravity. In
section [3.1) we will discuss briefly QCD vacuum and introduce the model. In section
we will investigate the cosmological perturbations in the QCD-scale modified-gravity
model. We will consider the effect of the modification on some of the perturbation the-
ory parameters such as the effective gravitational coupling constant Gg, the gravity

estimator Fg [115], the late integrated Sachs-Wolf (ISW) effect [116] and the matter
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power spectrum. Then in section 3.3} using a Markov Chain Monte Carlo simulation, we
will constrain the cosmological and the model parameters with observational data. The
constraints on the parameter 3, = qo/q where ¢y = (300MeV)? is the expectation value
of gluon condensate, are especially interesting. As the QCD-scale modified-gravity pro-
vides a relation between high-energy physics and cosmology, we can therefore constrain
a quantity from particle physics (i.e. the gluon condensate) by large-scale observations.
If a modified theory gives rise to the observed phenomenology on large scales and could
pass the local gravity tests by exhibiting a chameleon effect on the local scales, then
this model would be a viable theory of gravity from largest scales to the local scales.
In section we will check the consistency of QCD-scale modified-gravity with the
local experiments of gravity by using the chameleon formalism [9, [I0]. In this section,
we also check the consistency of the local QCD-scale modified-gravity model with the

local tests as well.

3.1 |R|"?> QCD-scale modified-gravity model

3.1.1 Gluon condensate and ¢-theory

As in this chapter we investigate a version of g-theory that uses the QCD vacuum
to solve the main cosmological constant problem, we begin by briefly discussing some
properties of the QCD vacuum.

The ground state in QCD, which is an example of a nonperturbative vacuum, is
typically characterized by non-vanishing condensates i.e., the gluon and quark con-
densates. For example, in the framework of the instanton liquid models [I17], the
topological modes of the gluon and quark condensates are given by the strong non-
perturbative fluctuations of the gluons and light quarks. Such fluctuations are caused
by the quantum tunneling of the gluon vacuum between topologically different classical
states [I18]. One of the main characteristics of the QCD vacuum is the topological
instanton-type contribution ey, [16] which is derived from the QCD trace anomaly
[119-121]

. 6% —
Tigon = SFAF™ + 37 mytbgy (3.)
q=u,d,s

where TZ-iQCD is the trace of the energy-momentum tensor, m, is the quark mass,

1y = u,d, s are the quark fields (up, down and strange respectively), F, 1w 1s the field
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strength of the gluon gauge fields (see eq. (|1.54)) and oy = eg /4w where e4 is the gauge
coupling constant (see eq. ((1.51)). On the other hand, if we assume that the QCD
vacuum is Lorentz invariant, then the quantum vacuum should have the form of the

cosmological constant [23], [122]
< 0| T} |0 >= —€vacGym - (3.2)

Using eq. (3.2), one can write for the instanton energy density from eq. (3.1]) [123]

9 o 1 _
e = =35 < 0| : ?SFﬁy(x)F““”(x) 110 > +1[< 0l :myau:|0>, (3.3)

— < 0] :mgdd: |0 > — < 0|:ms5s:|0>]

=(5+1) x 10°MeV* |

12

where :: indicates normal ordering. It is clear that the magnitude of ey, in eq.
is much larger than the value of the observed cosmological constant py ~ 10~47GeV*
[4]. Therefore, there should be a mechanism to suppress it to the observed value pops.
We have already discussed one of these mechanism to nullify this huge vacuum energy
density in the field equations in section [I.3.2] viz., ¢-theory.

The next step is to suggest a model to explain the current accelerated expansion of
the Universe. To find such a model we will identify the variable g in ¢-theory as the

gluon condensate from quantum chromodynamics (QCD) [37]

1

0> : (3.4)

where the field strength F}j,, is defined in eq. and the numerical value is estimated
to be ¢ ~ (300MeV)* [124]. Then we assume that there is an equilibrium value of the
gluon condensate ¢ (i.e. o) that nullifies the vacuum energy density py(Go) = 0.
However, in a nonequilibrium state such as in an expanding universe, the vacuum

quantity ¢ is perturbed to a new value qy # G

@0 = do+ a(H) = py (o) ~ Cﬂquaqm) £0. (3.5)

Parametrizing the dynamics in terms of the Hubble parameter, one can use the ansatz

pv(H) ~ 0+ arH*Ajep +aH* + ... (3.6)
+as|H|ASep + as HP Adep + - .
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where a; ...aq are constants of order unity. The linear term in H gives the right order
of magnitude for the observed vacuum energy density py =~ HOA%CD [37]. On the
other hand, in a spatially flat Robertson-Walker universe the Ricci scalar has the form
R = 6(2H? + H). Recognizing that \H!A%CD ~ |R|"?|q03/* (Aqcp ~ qé/4) motivates
the use of an f(R) model. In the next subsection we will describe this QCD-scale
modified-gravity model in more detail and in the rest of this chapter investigate its

properties.

3.1.2 The MG1 model

In [42] Klinkhamer suggested the following QCD-inspired modified gravity model (MG1)

as a candidate to explain the accelerating expansion of the Universe

Seff[ga wm] = /d4x\/jg K(QO) f(R, QO) + Smatter(g,uua 77bm) ) (37&)
21
f(R,q) =R — (}2) , (3.7hb)
0
1 3
7o = /K (3.7¢)

where 1y, represents the matter fields, n > 0 is a dimensionless coupling constant and
qo is the equilibrium value of QCD gluon condensate [37] and K(qo) = (167G) L. Not
that as the Ricci scalar in principle can be negative, we instead of VR in equation
we have written (R2)i. The action can be rewritten in the Jordan frame
as a Brans-Dicke theory [8, [17, 125]

St = /R d'ay/=g[K(XR = U (X )] + Smatter (G, Ym) (3.8)
with 21 13/2
n°lq 1
Ux) = JMOJQ . (3.9)

in terms of a dimensionless scalar field x < 1.
By varying the action (3.8]) with respect to g,.,, x and the gauge field A (see eq.
1.54)), we obtain the following field equations

1 1 1 1
wy o T“V—f py 1 wiZ W/D
R — SRy oxIe i~ g U9 = L VIV =g h)x
ou
R = —
Ix
opv oUu
- = K—— 3.10
34 34 (3.10)
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where 4 is an integration constant corresponding to the chemical potential of the con-

served charge q and py = —pugq.

To investigate the cosmological aspects of the model we consider a spatially-
flat (% = 0) Robertson-Walker universe ds?> = —dt? + a?(t)dz? where t is the cosmic
time. We assume a one-component universe, i.e., we only consider a matter component
Pm, which is assumed to be a perfect fluid of pressureless nonrelativistic matter (CDM)
with equation of state wy, = Py /pm = 0. Then by taking G = G and ¢o = (300 MeV4)
one can solve the field equations numerically [43] for the background cosmology. We
consider three parameters from the background cosmology as in [43]: the present time
Hubble parameter Hy, the effective equation of state of dark energy wpg and a redshift

corresponding to the transition from the deceleration to acceleration era zjps.

In addition to the background cosmological parameters, the value of an estimator
FEq, a parameter constructed from the first order cosmological perturbations, is cal-
culated for linear sub-horizon matter-density perturbations. The relationship between
weak gravitational lensing of galaxies to their large-scale velocities has been suggested
as a smoking gun for modified gravity [115]. This relationship is quantified by a mea-
sure FEg. This estimator is an observational quantity whose mean value is the ratio of
the Laplacian of the perturbation potentials to the peculiar velocity. This estimator is
also insensitive to the galactic bias b, a significant advantage of such a probe. In f(R)

theories of gravity one has [61]

i

Ea(z) = A+ B’ (3.11)

where " is the current matter density parameter, 8 = dlnD/dIna = 5/H5, D is the
linear density growth factor 6 = dp/p and fr = df /dR. For ACDM, the value of the
estimator Eq value is obtained as 0.418 [I15]. We will discuss this gravity estimator in

more detail in section B.2.3

To solve the equations (3.10), we introduce the following dimensionless variables
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t', h(t'), f, u, s and r [126]

t=1K/(ng)") (3.12a)
H(t) = h(t'ynay '/ K (3.12b)
Ut) = u(t)n2q* /K2 (3.12¢)
X(t) = s(t'). (3.12d)
pm(t) = ren(t )P * /K (3.12¢)

where K = 1/(167G) and variables U and y are defined in equation (3.9). From
the action (3.8)), the following closed system of four first order ordinary differential

equations is obtained

. 10u

) 1
h h E 9 (3.13a)
s=u, (3.13b)

1 2 1 8u

1 g2 1 0u 1
U= 3hv 3u+ 3595 (3.13c)
m = —3hrm | (3.13d)

where in the above equations the overdot stands for differentiation with respect to the
dimensionless cosmic time ¢’ and from equation (3.9)

1 1

u(t') = 1@

(3.14)

The initial conditions for (3.13|) are obtained by substituting ¢’ = tgy in the following
equations [120]

21 33, 405 ,
; =14+ X2y - = , 1
ha(t) =55 | 1+t — r gt (3.15)
V3 9
i / — 1 _ Y E .y - 2 .1
si(t) ( Tt (3.15b)
vit) = &), (3.15¢)
8 3v3

The starting time tga¢ must be small enough but larger than the time t...s, the
time corresponding to the QCD crossover at temperature Teross ~ Tqep ~ 300MeV
[126]. One should take a starting time value using condition 1 >> tgart > teross ~
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nEqcp/Ep1 ~ 1072 for n ~ 10~%. We solve the equations by tstart = 1072
and G ~ Gy realization. The results are presented in table [43]. For comparison,
we have presented in the third column the recent results from the Planck data for the
ACDM model [127]. We can see that the results of the QCD-scale modified-gravity
model (age, Hyp and E¢) are in good agreement with the ACDM results. However,
the QCD-scale modified-gravity model prediction of —0.68 for the parameter wpgr may
perhaps provide as a crucial test for the model, as long as independent measurements
of the present values of dH/dt, H and pj; can be done. The ACDM values of the
parameters age and H are obtained from the Planck data [127] and the ACDM value
for the parameter z;, is obtained in [128]. We will discuss the cosmology of this model
again in section where we apply a Markov chain Monte Carlo simulation to obtain
the cosmological constraints on the model and cosmological parameters. The interesting
point about the result in table is that one can obtain the first three parameters in
this table without specifying go and G.

For later use, we will follow [I29] and parametrize f(R) models by the Compton
wavelength parameter

fRR IH
By=~——"—R —
0 fR o’ 1’
a=

(3.16)

where fr = df /dR, frr = d*>f/dR? and a prime indicates a derivative with respect
to Ina. Standard gravity (GR) has By = 0 and for the QCD-scale modified-gravity
By = 0.246 [42]. Local gravity tests require By < 1.1 x 1072 at the 95 confidence level
(CL) [61].

3.2 Cosmological perturbations in the MG1 model

In this section, we will investigate the cosmological perturbation in the square-root
QCD-scale modified-gravity model and compare the results with the ACDM model. We
mainly focus on two cosmological parameters of the first order perturbation cosmology,
the effective gravitational coupling constant Geg and a gravity estimator Eq [115]. We
also discuss the late-time integrated Sachs-Wolfe (ISW) effect and the matter power
spectrum in QCD-scale modified-gravity.
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’ parameter ‘ MG1 ‘ ACDM ‘

Ho( kms 'Mpc™!) | 68.1 | 67.30+ 1.3 [127]
WpE -0.662 -1.00
Zin(tiy o) 0.523 0.640-33 [128]
Age (Gyr) 13.2 | 13.82 4 0.048 [127]
EU(z =0.25) 0.456 0.418 [115]

Table 3.1: Cosmological parameters resulting from the MG1 model. The index 0 repre-
sents the present time value of the related parameter. The parameters of this table are as
follows: Hj is the present time Hubble parameter, wpg is the present time effective EOS
parameter of the dark component and z;,,(¢;,t) is the redshift corresponds to the transition
of deceleration to acceleration. EY' is gravity estimator which is introduced in [I15] for
searching of the deviations from standard GR. For comparison the results for the ACDM
model is presented in the third column.

3.2.1 Parametrization of perturbations in modified gravity

In this section, we will distinguish QCD-scale modified-gravity from ACDM by com-
paring the structure formation in these two models. To accomplish this, we follow the
formalism introduced in [I30] to parametrize the perturbations in the modified theory
by using the Compton wavelength parameter By (see ) in such a way as to be
able to implement them in a numerical code [130].

To obtain the perturbation equations for the modified theories of gravity, one should
modify the Poisson and anisotropic equations and . Here we consider

the following parametrization for the deviation from GR [130]

kWU = —4nGa’u(k,a) (pA + 3(p + P)o) , (3.17a)
k2[® — y(k,a)¥] = p(k, a)127Ga®(p + P)o (3.17b)

where the functions y(k, a) and u(k, a) include the information about the deviation from
GR where both of them are unity in GR. By comparing egs. and one
sees that the spatial curvature potential ® in eq. is replaced by the Newtonian
potential ¥ in eq. (3.17al). This is due to the fact that non of the observable depends
directly to ® [I30]. For example the clustering of matter and the peculiar velocities are

directly connected to ¥ (see eq. (1.42))). In addition, with the parametrization of eq.
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(3.17]), the perturbation equations can be calculated for high redshifts as well, where
the anisotropic stress term o is important.
For the functions p and v we consider the following parametrization introduced in

[131]

_ 1+ /61)\%]{:2@3

p(k,a) = H)\—%Qas ) (3.18a)
1+ BaA2k2a?

where s and As are determined by the theory. But to take into account the effects due
to the modification of gravity, one should introduce a k-independent factor due to the
modification of the background as well [132]. For example in f(R) theory with By < 1
one can choose 1 = 4/3, Ba = 1/2, A3 = p1M\3, A} = Byc?/(2HE) together with
1 1+ 81 k2at

1-— ,33’)\1‘2613 1+ /\%k2a4 ’

with the same (k,a) as in (3.18b) and 3 = 1.4 x 1078, In eq. (3.19) the coefficient
@ in the eq. (3.18a]) is rescaled by the k-independent factor due to the modification of

the gravity theory. Therefor one can see that even in the case of the k = 0 there could

p(k,a) =

(3.19)

be some deviation from the GR (where p = 1). For alternative methods to parametrize
the perturbations in the modified gravity see [I31HI34]. In the next subsection, we
use the above parametrization in the MGCAMB code [130], a modified version of
CAMB [135], to investigate the cosmological perturbations in the square-root QCD-
scale modified-gravity. In figure [3.1] we have plotted the evolution of the potentials as
a function of scale factor for ACDM model (By = 0) and QCD-scale modified-gravity
(Bo = 0.246). We can see that the magnitude of the Newtonian potential ¥ is enhanced
and the magnitude of the spatial curvature potential ® is diminished with respect to
the ACDM model. This behavior has been reported in [132] as well. The modes which
have not entered the horizon yet (k = 0) are unaffected by the modification to gravity.
The modes which enter the horizon earlier (kK = 0.1 h/Mpc) are more dramatically
altered in comparison to the modes which enter more recently (k = 0.01 h/Mpc).

We have plotted in figure the ratio of the two potentials for different values of
k. One can see that for initial times, when the f(R) effects are negligible, the solutions
tend to the GR solutions, i.e., ®/¥ = 1. But when the modes enter the horizon

they start to decline from one and tend to 0.5. Th effect of the recent acceleration
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Figure 3.1: Evolution of the perturbation potentials ® and ¥ in the long-wavelength
regime in the square-root QCD-scale modified-gravity model (MG1) with By = 0.246
(solid line) and the ACDM model with By = 0 (dash line) for different values of comoving
wave number k as a function of scale factor a. We can see that the magnitude of the
Newtonian potential ¥ is enhanced and the magnitude of the spatial curvature potential
® is diminished with respect to the ACDM model due to the modification of gravity.
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Figure 3.2: ®/V in the square-root QCD-scale modified-gravity model (MG1). In initial
times (z > 1), when the f(R) effects are negligible, the solutions tend to the GR solutions,
i.e., ®/U = 1. However, when the modes enter the horizon they start to decrease from one
and tend to 0.5. The effect of the recent acceleration expansion can be seen in the different
asymptotic behavior of the & = 0.001 h/Mpc mode which enters the horizon well after the
starting of the acceleration expansion and the asymptotic behavior of larger ks (smaller
scales) which enter the horizon during matter dominated era. This wavelength-dependence

behavior is due to the scale-dependent transition function during the horizon crossing.

expansion can be seen in the & = 0.001h/Mpc which is the mode which entered the
horizon well after the start of the accelerated expansion (after the matter-dominated
era). This mode behaves differently with respect to the modes which enter the horizon
during the matter dominated era. This wavelength-dependent behavior is due to the

scale-dependent transition function during the horizon crossing.

3.2.2 Effective gravitational coupling constant

From eq. (3.17al) one can deduce that (by ignoring o for z < 30) [131]

Geff
G

= u(a, k) (3.20)

41



where u(k,a) in contains two different terms for rescaling the bare gravita-
tional coupling constant G, the k-independent pre-factor 1/(1— 1.4 x 1078 \;|?a®) that
accounts for the background rescaling due to the modifications of gravity and the k-
dependent rescaling term (1 + $1A\2k%a%)/(1 + A2k%a*) that accounts for the first-order
perturbation rescaling. We plot Geg/G in figure in the QCD-scale modified-gravity
for different comoving wave numbers. We can see that as the modes enter the horizon,
Gt /G starts to grow. There is a difference between modes which enter the horizon dur-
ing the matter dominated era and the modes which enter the horizon during the dark
energy dominated era as expected. For large comoving wave numbers (small scales)
the value of Geg/G tends to 1.37, theses modes entered the horizon before the dark
energy dominated era. On the other hand, for large wavelengths, which entered the
horizon well after the dark energy dominated era, the value of G.g/G tends to 1.27
(k = 0.001 h/Mpc). For the k = 0 case, the tiny deviation from Gg/G comes from the
1/(1 — 1.4 x 1078|\{|?a®) factor starting around z ~ 0.8, when the transition from the
deceleration to acceleration phase happens. This behavior is not seen in figure
as the ratio ®/V is characterized by v which does not contain any background rescal-
ing factor like . This wavelength-dependence behavior is due to the scale-dependent
transition functions during the horizon crossing. This results are in agreement with the

previous results. For example in [136], for f(R) gravity one has

2
G 1+4;§—Rm
- 2
87FF1—|—3a]§—Rm

Geft , (3.21)

where F' = fp and m = Rfrpr/fr. Therefore in the limiting case %m < 1 (small ks)
one gets Geg >~ G when F' ~ 1 as one can see for £k = 0 in figure On the other
hand, for %m > 1 (large ks) one gets Gog ~ 4G/3 again by assuming F' ~ 1. In
this case as k increases, the deviation from GR takes effect earlier as the relevant mode
enters the horizon earlier.

ISW observational constraints gives (z ~ 0, k = 0.01hMpc~!) [132]:

1< Gt

o
< 1.403, 0502 < & <1 (3.22)

therefore from figures [3.2| and one can easily see that the MG1 model satisfies this

constraints.
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Figure 3.3: Ge/G in the square-root QCD-scale modified-gravity model (MG1). For
large comoving wave numbers (small scales) the value of Geg/G tends to 1.37. These
modes enter the horizon before the dark energy dominated era. On the other hand, for
large wavelengths, that enter the horizon well after the dark energy dominated era, the value
of Gesr/G tends to 1.27. This wavelength-dependent behavior is due to scale-dependent
transition functions during the horizon crossing.

3.2.3 Gravity estimator Fg

In this section we will consider once more the gravity estimator E¢ from section [3.1.2]
but this time consider the perturbations parametrization (3.18]). One can write this

estimator as [115]
_ V(@49
~ 3HZ6Ba !

where 8 = C(ljlflllf = h% and D is the linear density growth factor. Using eq. 1) for

the modified gravity we can write

— 'u(ka a)(l + ’7(a7 k)) Qm(]
2 B3

where 0 is the present time matter density parameter. In figure one can see

G (3.23)

Eg (3.24)

the observational constraints and the theoretical prediction of the parameter Fg from
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Figure 3.4: Comparison of observational constraints with predictions from general rel-
ativity and viable modified theories of gravity for Fg. The gray shaded region is the
1o envelope of the mean Eg on scales R = 10h~!Mpc. The horizontal line shows the
mean prediction of general relativity Eq = Qy, 0/ Q,,(2)9%% at the effective redshift of the
measurements, z = 0.32. This figure has been reproduced from [I139].

general relativity and viable modified theories of gravity at redshift z = 0.32. This plot
has been obtained by analysing 70205 luminous red galaxies [I37] from the SDSS data
[138] by averaging over scales R = (10 — 50)h~*Mpc.

We solved numerically the full perturbation equations for ACDM model (By = 0)
and QCD-scale modified-gravity (By = 0.246) for different comoving wave numbers.
The results for Eg for the squared-root QCD-scale modified-gravity and ACDM are
plotted in figure From this figure, we can see firstly that when the modes enter
the horizon, QCD-scale modified-gravity deviates from ACDM. Secondly, there is again
a difference between modes which enter the horizon during the matter dominated era

and the modes which enter the horizon in the dark energy dominated era. The latter
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case shows scale dependent behavior after entering the horizon for z ~ 0.8 but for
z > 0.8 they are scale-independent. This redshift is close to the inflection redshift in
section which corresponds to the redshift of the transition from the deceleration
to acceleration phase. In addition the scale independent behavior of the ACDM model
is apparent as well. Moreover we can see the inversion of the effect of the modification
to gravity around k£ ~ 0.001 h/Mpc. For the modes which have not entered the horizon
yet (k < 0.001 h/Mpc) the effect of the modification to gravity presents itself as an
enhancement in the value of Eg, as one can see in the top-left panel in figure [3.5] For
the modes which have entered the horizon recently ( e.g. & = 0.001 h/Mpc) the effect
of the modification of the gravity theory on Eg almost disappears, as one can see in
the top-right panel of figure[3.5] Finally for the modes which have entered the horizon
during the matter dominated era k& > 0.001 h/Mpc, the effect of the modification to
gravity on the parameter E¢g is reversed respect to the modes which have not entered
the horizon yet. In this case, we can see that the effect of the modification to the
gravitational theory causes diminishing of the parameter Eg compare to the ACDM
model.

To compare our results with the observational results for E¢g [139], from figure
we can see that for z ~ 0.3 and £ = 0.1 h/Mpc, Eg ~ 0.34 which is in agreement with
the observational results in figure 3 of Ref. [139] (see figure [3.4).

In addition, in figure [3.6] we have plotted the logarithmic derivative of the density
perturbation growth 5 = dIlnD(a)/dIna = 5/((5H) versus scale factor for QCD-scale
modified-gravity and ACDM models. In the ACDM model, d1n D/dIna =~ [Q,(a)]®/™
[140]. When the universe transfers from a matter dominated era to a cosmological
constant dominated universe, the growth rate is suppressed in ACDM. However if
gravity is modified, the growth rate can be enhanced or diminished compared to ACDM.
The reason is that the gravitational potential ¥ is enhanced (see the right column
of figure which leads to the increase of the gravitational force on the density
perturbations and so the growth rate will be enhanced. One can see this from figure
for the wavelength inside the horizon as reported in [I31].

In figure [3.7] we have plotted the matter power spectrum for the square-root gravity.
For comparison, we have plotted the results for the ACDM model as well. One can
see that for the large scales, the effects of the modified gravity are indistinguishable

from the ACDM model. However, for smaller scales, due to the enhancement of the
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Figure 3.5: The gravity estimator E¢ in the square-root QCD-scale modified-gravity
model (MG1) with By = 0.246 (solid-line) and the ACDM model with By = 0 (dash-line)
for different values of comoving wave number £ as a function of redshift z. The subhorizon

modes are diminished and the superhorizon modes (here k = 0) are enhanced compared
to the ACDM model. The modes that enter the horizon during the matter dominated era
(k = 0.1 h/Mpc, k = 0.01 h/Mpc) show scale dependent behavior for z < 10 where the
modes that have not entered the horizon yet, or have entered recently (k = 0.001 h/Mpc),

the scale dependence can be seen for z ~ 0.8. The value of F¢ for the modes which enter

the horizon during the matter dominated era is in agreement with the observational results
of Ref. [139], which report that Eg(z = 0.32) from 0.328 to 0.365 in the 1o level for f(R)

gravities.
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Figure 3.6: Evolution of the logarithmic density perturbation growth rate § =
dln D/dIna in the square-root QCD-scale modified-gravity model (MG1) with By = 0.246
(solid-line) and the ACDM model with By = 0 (dash-line) for different values of comoving
wave number k as a function of scale factor a. Models which enter the horizon during the
matter dominated era are enhanced relative to the ACDM model because the gravitational
potential ¥ is enhanced. This increases the gravitational force on density perturbations

and so the growth rate will be enhanced.
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Figure 3.7: Matter power spectrum in the MGI1 (solid-line) and in the ACDM model
(dash-line).

density perturbations in the square-root modified-gravity, the matter perturbations are

amplified compared to the ACDM model as discussed in [136].

3.2.4 Late integrated Sachs-Wolfe effect

The evolution of the gravitational potentials affect the CMB spectrum, an effect which
was described for the first time by R. K. Sachs and A. M. Wolfe [141] and is known as
the Sachs-Wolfe effect. There are two types of Sachs-Wolfe effect. The non-integrated
Sachs-Wolfe effect [141] is caused by gravitational redshift occurring at the surface of
the last scattering. In this type, the frequency of the photons shifts when the photons
climb out of the potential wells at the surface of last scattering. These wells are created
by the energy density at that time and also by the matter perturbations.

On the other hand, the integrated Sachs-Wolfe effect (ISW) [116] [142] is caused by
the variation of the gravitational potentials between the last scattering surface and the
observation point and so is not a part of the primordial CMB spectrum. There are two
main contributions to the ISW. The early-time ISW occurred shortly after the surface
of last scattering due to the effect on the matter perturbations of the non-negligible

radiation density and the late-time ISW occurred much more recently when the universe
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entered the dark-energy dominated era. When a photon enters a cosmic well (say, that
of a supercluster) it gets a kick of energy and it keeps a little of that energy when it
climbs out of the well, as the well is stretched out and becomes shallower due to the
expansion of the Universe. Similarly, when a photon loses energy by climbing up a
potential hill (such as that of a supervoid) it will not get all of that energy back as the
potential hill becomes slightly squashed. The ISW effect can be expressed as

%(ﬁ) = /(<i> + W)dy , (3.25)
where Y is the comoving distance and 7 is the photon propagation direction. As this
is a late time effect (important for z < 2), we can observe it only for large angles or
equivalently at larger angular scales. The temperature anisotropy power spectrum for
the square-root QCD-scale modified-gravity and the ACDM model is depicted in figure
We can see that only low-I’s (large angles) are affected with respect to the ACDM
as it is expected. Therefore there is a possibility to remove the degeneracy between GR
and modified theories by CMB observations. However, as this part of the spectrum is
related to the low-I’s and therefore large angular scales, this degeneracy may survive

due to the cosmic variance [143] even with improvement in the related data.

3.2.5 Discussion

To summarize this section, we have investigated the behavior of the square-root QCD-
scale modified gravity through the first order perturbation cosmology. We parametrized
this modified gravity by the value of By, the Compton wavelength parameter and then
investigated the first order perturbation theory in this model numerically by modifying
the open source MGCAMB code [130].

First we considered the gravitational potentials ¥ and ®. The magnitude of the
Newtonian potential ¥ is enhanced and the magnitude of the spatial curvature potential
® is diminished compared to the ACDM model. In addition, the modes which enter
the horizon during the matter dominated era have been more enhanced or diminished
with respect to the modes which enter during the dark energy dominated era. This
wavelength-dependent behavior is due to the scale-dependent transition function during
horizon crossing. The enhancement of the potential ¥ causes the amplification of the

growth of matter density perturbations as one can see in figure [3.6
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Figure 3.8: The temperature anisotropy power spectrum in the square-root QCD-scale
modified-gravity (MG1) (solid-line) and the ACDM model (dash-line). Only low I’s (large
angles) are affected with respect to the ACDM model as expected due to the late ISW
effect.

The ratio of the effective gravitational constant to the bare gravitational constant
Gest/G was obtained as Geg/G =~ 1.37 for modes which enter the horizon during the
matter-dominated era and Geg/G ~ 1.27 for modes which enter the horizon recently
after the domination of the dark energy. This effective gravitational coupling constant
is not observable directly.

Then we investigate the gravity estimator Eg for different values of the comoving
wave numbers k. We found that value of Eg for the square-root QCD-scaled modified-
gravity is in agreement with the results of the observations in [139], i.e. between 0.328
to 0.365 at the 1o level. In addition for z = 2,5 ~ 0.8 (see section we can see

the effect of the dark energy domination on the super-horizon modes.

3.3 Cosmological parameter estimation

As discussed in section the non-perturbative QCD vacuum is characterized by the
presence of gluon and quark condensates. So, constraining the values of these conden-

sates is very important to shed some light on the QCD vacuum. In this section, we will
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constrain the value of the gluon condensate g through g-theory using the cosmological
data. Therefore, as ¢g-theory relates QCD vacuum to cosmology, one can constrain a
quantity from the microscopic physics (QCD) by data from macroscopic (cosmological)
observations.

We use the publically available CosmoMC package [135] together with modifications
to MGCAMB [130]. To implement the g-theory model, we use the parametrization
of the modified gravity introduced in subsection [3.2.1] Using the numerical method

described in section we rewrite By, the Compton Wavelength parameter, as

1.3091

By = L:?M : (3.26a)
7.58448,"" — 2

By=L (3.26b)

q
where go = (300 MeV)* as in [43)].
To get the best fit values of the cosmological parameters, the maximum likelihood
method is used where the total likelihood function Ligia = e Xiota1/2 is the product of

the separate likelihood functions with

2 2 2 2 2
Xtot = XSNIa T XCMB T XBAO T Xgas - (3.27)

In relation SNIa stands for type Ia supernovae, CMB for cosmic microwave back-
ground radiation, BAO for baryon acoustic oscillations and gas stands for the X-ray gas
mass fraction data. The best-fitting values of the cosmological and model parameters
are obtained by maximizing Liota Or equivalently minimizing x2,. In appendix [A] we
have explained in detail the methods for calculating each x? from the observational
data.

The data we have used to fit the model in this section are as follows: cosmic mi-
crowave background radiation (CMB) data from seven-year WMAP [144], 557 Union2
data of type Ia supernova [145], baryon acoustic oscillation (BAO) data from SDSS
DR7 [146], and the cluster X-ray gas mass fraction data from the Chandra X-ray ob-
servations [147].

The basic parameter set for the MCMC analysis is P = {Qph%, Qparh?} with the
following flat priors: Quh? € (0.005, 0.1), Qpah? € (0.01, 0.99). In addition, for
the parameter 8, = qo/q we take the flat prior 3, € (0.1 10). Figure shows 2-D

cosmological constraint contours with 1o and 20 confidence levels. Best fit and mean
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values of the cosmological and model parameters are listed in table. with 1o and
20 confidence levels. From table. we can see that the best fit results are given as:
dark energy density Qpg = 0.7245f8:8ii§f8:8§$g, dark matter physical density Q.h? =
0.115210-013210-0350 the baryon matter physical density Qyh? = 0.022315-0015+0-6020
and By = qo/q = 1.0288T0IPIT0I9 where gy = (300 Mev)?. The age of the universe
in this model is given by 13.7741f8:§8?§f8:§gég Gyr. All cosmological values are in a
good agreement with the results of the ACDM model [127] as predicted in [43] as one
can see in the last column of table In addition, one can see that these results are in
agreement with the latest cosmological constraints on modified-gravity theories [148].
An interesting result of this section is the bounds on the parameter 8, = (300MeV)?/q.
From table one can see that the best fit value of parameter 3, is 84 = 1.028. This
best value implies that the best fit value of the gluon condensate is ¢ ~ (300 MeV)*.
This best fit value is of the order of the values obtained in previous theoretical investi-
gations. For example, in the original work in the framework of QCD spectral sum rules
one obtains ¢ ~ (440 MeV)?* [124, [149]. In addition Bell and Bertlmann, using an anal-
ysis of the non-relativistic version of heavy quark sum rules, obtained g ~ (514 MeV)*
[150]. Here, by using the g-theory and the large-scale observations, we can constrain a
microscopic quantity i.e., the gluon condensate q. Constraining with recent data like
Planck [I51] and nine-year WMAP [I52] could improve the bounds on parameter ;. In
addition, to improve the constraints further one can use the weakly or fully nonlinear
scales [153), [I54]. By using the most massive halos data inferred from SDSS and the

galaxy-galaxy lensing signals [I55], one can tighten constraints on fj.

3.4 Chameleon behavior of the MG1 model

As has been discussed in section f(R) theories can survive as a viable theory of
gravity if the related extra scalar degree of freedom behaves like a chameleon field on
local scales. In the case of the large celestial objects like the Earth in the solar system,
the chameleon field should be trapped inside the body. In other words, the celestial
object should have a thin-shell. In this section, by applying the chameleon formalism
[9, [10] (see section[2.2), we will try to investigate the validity of the suggested g-theory

modified gravity models by considering their behavior on local scales. To do so, first in
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Figure 3.9: 2-D constraint contours of the cosmological parameters with 1o and 20 regions
in the MG1 model. To obtain these plots, SNIa+CMB+BAO+X-ray gas mass fraction data
with BBN constraints have been used. Furthermore 3, = qo/q where go = (300 Mev)? is
the gluon condensate.

section [3.4.1| we suggest some physical situations in which to consider the characteristics

of the chameleon field in QCD-scale modified-gravity.

3.4.1 Local tests

In sections and we will consider the chameleon field of the square-root model
and a local version of QCD-scale modified-gravity in the physical situations described
in this section to see if these models can satisfy the local experiments. If the scalar
degree of freedom exhibits a chameleon effect, deviations of the model from GR on the

local scales are not detectable.

e A. Ball in the atmosphere (BA): In the first case, consider a small test copper

ball of radius lcm and density p. = 8.92g/cm? such as those used in small scale
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Parameter H MG1 ACDM

Qph? 0.02231 0001510001 | 0.02214 + 0.00024
Qch? 0.11521) 013240018 0.1187 4 0.0017
Qpg 0.72450-0353+0.0448 0.692 + 0.010
2 1028870 20 9000
Ho(kms'Mpc~!) || 70.6610717186+0.0589 67.80 + 0.77
Age (Gyr) 13.7741710-2098+0-3710 13.798 +0.45

Table 3.2: The best fit values of the model parameters with 1o and 20 regions from
MCMC calculation using CMB, SNIa BAO and X-ray gas mass fraction data. 84 = qo/q
where go = (300 Mev)? is the gluon condensate. In the last column we have presented the
results for ACDM (Planck+WMAP-+BAO+highL) [127] for comparison.

gravity experiments [114]. We will investigate the effect of the chameleon field
due to this ball in the atmosphere where py, ~ 1.3 x 1073g/cm?®. The local gravity
tests in this case can rule out those models that can not account for gravitational

phenomena in laboratory tests.

e B. Ball in the solar system (BSS): in the second case we again consider the
same ball as in case A, but this time, we assume that the ball is surrounded by
a medium with the average density of the solar system system pj, ~ 10~2*g/cm3.
It might be possible to detect the chameleon field footprint in this case if an
experiment were done in a space-based environment such as the GG experiment

[156].

e C. Earth in the solar system (ESS): in the third case we consider the Earth
with p. ~ 5.52 g/cm?® and R. ~ 6 x 10°m in the solar system where p, =~
10~24g/cm3. For a modified gravity theory to describe gravity on solar system
scales [94, [157], the chameleon field of celestial bodies like the Earth must be
trapped inside the body. In other words, the celestial body should have thin-
shell.
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3.4.2 Large-scale model

As we have seen, Klinkhamer in [42], 126] suggested the following QCD-scale modified-

gravity model as a description of the large-scale structure of the universe
1 1
f(R)=R— —IR|z, (3.28)
Lo

where Ly = M]%l/(2nq3/4), n=24x10"% and gy = (300 MeV)% The corresponding

chameleon potential from eq. (2.9)) in this case is

M2
V(p) = SLP%I Fz(ll_ 7y (3.29)
where
F(¢) = fr = exp(—2Q¢/Mpy) , (3.30)
and Q = 1//6.

To investigate the local behavior of this f(R) model we will test its chameleon field
behavior in the three physical situations in section [3.4.1] The numerical results are
presented in table In addition, the behavior of the chameleon field is depicted in
the left panel of figure [3.10] The right panel of figure shows the acceleration due
to the chameleon field of the ball a, on another test body in its vicinity

ag = Q/Mpi|V¢| . (3.31)

From table [3.3] we can see that in all cases we have the thick-shell effect. This
is especially important for the case of the Earth in solar system (ESS) where the
chameleon force should be trapped inside the celestial body (thin-shell effect) to avoid
contradicting the results of the solar system tests [I0]. In addition, the current ex-
perimental results for the fifth force searches give an upper bound m; > 107 GeV
(corresponding to an interaction distance A < 1 mm) for the strong Yukawa force (i.e.
o~ O(1)) [B] (see section [2.2.2)). However, for the ball in the atmosphere case we have
my = 0.34 x 10722 < 10713 GeV and a = 0.33 ~ O(1), therefore, this model contra-
dicts the constraints of the fifth force searches on the local scales. From figure [3.10, we
can see that the scalar field starts rolling down the potential very close to the center
of all the bodies considered and the field value changes inside the bodies as are would

expect for the thick-shell effect [I0]. The chameleon accelerations are of order of the
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Experiment BA BSS ESS
pe(g/cm?) 8.92 8.92 5.52
pb(g/cm?) 1.3 x 1073 10~ 10~
R.(m) 0.01 0.01 6 x 10°
me( GeV/c?) || 1.01 x 10712 | 1.01 x 107 | 7.06 x 10720
my( GeV/c?) || 1.34 x 10722 | 1.95 x 10738 | 1.95 x 10738
Eth 6.22 x 102 | 2.27 x 10?3 1.01 x 106
Shell Type Thick Thick Thick
a 0.33 0.33 0.33
6 = Geg /G 1.33 1.33 1.33
x(¢p) 1 0.99 0.99

Table 3.3: Chamelcon behavior results for f(R) = R — |R|2 /Lo (MG1). The second col-
umn (BA) corresponds to a small test body in the atmosphere (ground-based laboratory).
The next column (BSS) is the results for the same test body but this time in a medium with
density of the average density of the solar system (orbital-based laboratory). The fourth
column is the results for the Earth inside the solar system (ESS) when the environment
density is 1072%g/cm3. The indices ¢ and b indicate the test body and the background
respectively.
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gravitational acceleration as 62 = 1.33 in these cases. In section we considered the
effective gravitational coupling constant in the perturbation theory and we obtained
Get/G ~ 1.37 which is close to the results of this section. But again we should assert
that the Gog of this section is directly measurable but the Geg in section [3.2.2]is not
directly measurable and they are different physical quantities.

If we consider this model in a background with the average density of the dark
matter density p, = ppar =~ 0.25 x 10729 g/cm?, we find the interesting result for the

dark energy density ppg
ppE = V() ~ 247 x 10747 GeV | (3.32)

which is very close to the results of observations [144]. This result was expected as this
model was proposed to explain the accelerating expansion of the Universe. In addition
X = F(¢), which is the value of scalar field in the Brans Dicke theory (see eq. )
at infinity, here is obtained as 0.68, which is close to the value which has been obtained
in [42], x ~ 0.72.

In summary we deduce that the squared-root modified gravity (i.e., f(R) = R —
|R|% /Lo) works very well for the large scale gravity, but on local scales this model does
not satisfy the constraints from local experiments.

The following discussion may reveal the reason for the contradiction with local
experiment constraints in this model. One can write the approximated form of the
potential V' (¢) in eq. for ¢ < Mp; (which is valid for the late-time universe) as
~ M}%l Mpy

V(g) ~ 8LZ2Q¢ (3.33)

where M32;/L% ~ O(ppr) ~ 10747GeV*. In fact, the potential (3.33) has the form of a

power law potential, i.e,

V(g)=M* (g)n , (3.34)

with n = 1 and where M has dimension of mass. Power law potentials can explain the
local tests or cosmological tests but not both [I58]. If we were to make this potential
appropriate for large scales we should choose M = 10%eV, which contradicts the results
of local experiments by a few orders of magnitude [I58]. On the other hand if we want
to have a power law potential that satisfies local experiments we should take M =

1073eV. As the parameters in eq. (3.33) are chosen to satisfy large-scale constraints,

o8



the potential can not simultaneously account for the behavior of gravity on local-scales.
Therefore QCD-scale modified-gravity explains the gravity on the large scales very well

but it fails as a gravitational theory on the local scales.

3.4.3 Local-scale model

In this section we consider an alternative form for the QCD-scale modified-gravity f(R)

theory which was suggested by Klinkhamer in [42]

|R|V2/ Ly

= T

(3.35)

where ( is a constant of order unity. The form of the chameleon potential is obtained

as
M2 1 1
F = exp(—2Q¢/Mpy) , (3.36b)
IR = 31:204 (i T % - 1> ) (3.36¢)
! :
A=a=mn (8<1 — F) +54¢ +6y/3¢(8(1 - F) + 27<>) . (3.36d)

To investigate the chameleon behavior of this model we test it for the different cases
described in section Here again we take n = 2.4 x 1074, go = (300 MeV)* and
consider two values of ( =1, 100 .

A. ¢ = 1: here we consider the experiments described in [3.4.] for the local QCD-
scale modified-gravity in eq. for { = 1. The numerical results are listed in table
In addition, the behavior of the chameleon field and the acceleration due to it, is
depicted in figure .

From table 3.4 we can see that for ¢ = 1, we are always in the thick shell regime
except for the the case of a small test body in the atmosphere. However, we require that
at least an astronomical object like the Earth, exhibits thin-shell behavior in the solar
system as well. So, in the next case, we will test the model for a larger value of parameter
(. In addition, this model is not suitable to explain the cosmological acceleration as
the density of dark energy in this model is too small, ppr = V(¢p) =~ 7.25 x 10~ 48GeV*
for pp = ppyr =~ 0.25 x 10_29g/cm3.
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Figure 3.11:
3.31

The chameleon

(left column) in the f(R) = R —

field (right column) and the chameleon acceleration ag

B2/ Lo 1nodel with ¢ = 1 for different physical
Trergrn/e model wi ¢ =1 for different physica

situations. In the thick-shell cases (second and third rows), for the visual clarity, y-axes

are scaled by the values of the field at the center of body ¢pss,prss respectively.
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Experiment BA BSS ESS
pe(g/cm?) 8.92 8.92 5.52
pp(g/cm?) 1.3 x 1073 10~ 10~
Re(m) 0.01 0.01 6 x 106
me(GeV/c?) || 6.69 x 1075 | 6.69 x 107> | 3.67 x 107°
my(GeV/c?) || 1.07 x 1079 | 4.35 x 10736 | 4.35 x 10736
€th 3.29 x 1071 | 1.53 x 10'® 6.89
Shell Type Thin Thick Thick
oY 9.88 x 10714 0.33 0.33
0% = Gegt/G 1.00 1.33 1.33
x(op) 1.00 1.00 1.00
Table 3.4: Chameleon behavior results for f(R) = R — % for ¢ = 1. The

second column (BA) corresponds to a small test body in the atmosphere (ground-based
laboratory). The next column (BSS) shows the results for the same test body but this time
in a medium with density of the average density of the solar system. The fourth column
shows the results for the Earth inside the solar system (ESS) when the environment density

is 1072*g/cm3. The indices ¢ and b indicate the test body and the background respectively.

B. ¢ = 100: in this case, we consider the aforementioned experiments for the local
QCD-scale modified-gravity model in eq. for the ¢ = 100 case. The numerical
results are listed in table In addition, the behavior of the chameleon field and the
acceleration due to it, is depicted in figure (3.12)).

From table we can see that for ( = 100, we are in thin shell regime for a small
test body in atmosphere and for the Earth in the solar system, but for the the case
of a small test body in the solar system, the object exhibits thick-shell behavior. This
behavior is reported in [9, [10] as a test for detecting the chameleon field in orbital-
based experiment. As before, this model is not suitable to explain the cosmological
acceleration as the density of dark energy in this model is too small, pprp ~ 1.23 X

10~ 48GeV4.

3.4.4 Discussion

To summarize, by using the chameleon formalism approach we investigated two pro-

posed g-theory modified gravity models on local scales (scales which are very much
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In the thick-shell case (second row), for visual clarity, y-axis is scaled by the values of the

field at the center of body ¢pss.
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Experiment BA BSS ESS
pe(g/cm?) 8.92 8.92 5.52
pp(g/cm?) 1.3 x 1073 10~ 10~
Re(m) 0.01 0.01 6 x 106
me(GeV/c?) || 6.69 x 1073 | 6.69 x 1073 | 3.67 x 1073
my(GeV/c?) || 1.07 x 1077 | 4.35 x 10734 | 4.34 x 10734
Eth 3.20 x 10718 | 1.54 x 10" | 6.92 x 10~*
Shell Type Thin Thick Thin
oY 9.88 x 10718 0.33 0.0020
0% = Gegt/G 1.00 1.33 1.00069
x(op) 1.00 1.00 1.00
|R[*?/Lo

Table 3.5: Chameleon behavior results for f(R) = R — FEwgmycivel for ¢ = 100. The
second column (BA) corresponds to a small test body in the atmosphere (ground-based
laboratory). The next column (BSS) shows the results for the same test body but this time
in a medium with density of the average density of the solar system. The fourth column
shows the results for the Earth inside the solar system (ESS) when the environment density

is 1072*g/cm3. The indices ¢ and b indicate the test body and the background respectively.

1
smaller than the size of the Hubble horizon.) By considering f(R) = R— %

(which is
suggested in [126] to account for the accelerated expansion of the universe), we found
that this model is not an appropriate model to describe the gravity on local scales.
Regarding laboratory tests gravity, this model cannot satisfy the constraints from the
local tests of gravity. In addition for larger bodies such as the Earth in the solar system,
this model does not have a thin-shell, a necessary condition for any theory of gravity

to survive as a viable theory on such scales. We have also considered a local version of

the QCD-scale modified-gravity. By choosing an appropriate value for the parameter

[R['/2/Lo

C ~ 0(102) n f(R) =R — W’ we C

an make this model satisfy observational
constraints on local scales. However, we could not use this model on large scales as

this model does not reproduce the correct values of the observed dark energy density

(ppE) in this case.
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3.5 Summary

In this chapter we have investigated the square-root QCD-scale modified-gravity model
(MG1) on large and local scales using local tests of gravity and cosmological data. We
investigated structure formation by solving the perturbation equations numerically in
section finding that the enhancement of the Newtonian potential ¥ causes the
amplification of the growth of matter density perturbations. In order to discriminate
between General Relativity and the MG1 model, we calculated the value of the gravity
estimator F¢ and showed that it is compatible with current observation limits.

Then in section [3.3| we performed a Markov chain Monte Carlo simulation to obtain
detailed constraints on the cosmological parameters of the model. We found that the
best fit values for the main cosmological parameters are comparable with the ACDM
model. The best fit value for the gluon condensate ¢ is found to be of the order
of the values obtained in previous theoretical studies: [y = qo/q = 1.0288, where
g0 = (300 MeV)*. To tighten the constraints on this fundamental parameter, an
interesting direction for future work would be to make use of constraints arising from
the most massive halos inferred from SDSS data and also the galaxy-galaxy lensing
signals.

In section we tested the MG1 model on local scales. We found that the model
cannot satisfy laboratory tests of gravity as the effective gravitational coupling constant
is too large (Gegr ~ 1.33G ). In addition, fifth force searches can detect a chameleon
force because the scalar degree of freedom has a large interaction distance, detectable
in laboratories. We also found that celestial bodies like the Sun and Earth in the
framework of this model exhibit the thick-shell effect, leading to contradictions of solar
system tests of gravity. To address these difficulties, we also considered a local version
of the MG1 model that contains an extra degree of freedom (. We found that for
appropriate choices of the model parameters, this local model can satisfy the laboratory
and solar system tests easily. In addition, there is the possibility of detecting the
chameleon field in future orbital experiments. However, this model cannot describe the
large scale dynamics of the universe as it cannot predict the right value for the observed
energy density of dark energy.

The source of the inconsistency of the MG1 model with the local experiments arises

because it is considered as though it were exact. However, the motivation to introduce
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the f(R) theory in the first place was to generate new phenomenology at a specific
scale. Many problems with modifications of this kind arise when they are tested on
scales far removed from those for which they are designedE

In order to cure the problems associated with the local behavior of the MG1 model,
a suggestion for future work would be to replace the constant ¢ in the local model
by a function of Ricci scalar ((R) such that on cosmological scales (R < 1), the
CLO\RP/ 2 term in the denominator would be negligible compared to 1 and the model
would reduce to the large-scale model (3.5). With a reasonable choice of ((R),
the extra term in the denominator could be considerable when R > 1, so as to give
rise to the consistent behavior on local scales.

To summarize, the MG1 model has been shown to be a viable theory of gravity
on large scales. An advantage of this phenomenological model is that it involves only
parameters from known physics such as Ep; and Eqcp. However, this model cannot
satisfy the constraints from local tests of gravity and, on local scales, must be replaced

by a modified version that contains an extra degree of freedom.

1 One technique to handle corrections to GR is to treat them as only next to leading order terms

in a larger expansion. This techniques is known as Gravity with Perturbative Constraints [I59] (cf.

section .
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4

Modified gravity with logarithmic
curvature corrections and the

structure of relativistic stars

In this chapter, we will consider another QCD-scale modified gravity (the MG2 model).
By considering the semiclassical approach to quantum gravity, we propose a phe-
nomenological f(R) model of the form R+aR?+ §R2 In(R?/u*) that is relevant for the
strong field regime in the interior of relativistic stars. f(R) theories with logarithmic
terms have been previously considered as models of dark energy [160] and modified
gravity models of this form have also been discussed in early works [I6IHI63] in the
context of the Starobinsky inflationary model. Cosmological evolution in a logarithmic
model arising from a running gravitational coupling has also been studied in a recent
work [164].

It is well known that in the absence of a viable theory of quantum gravity, semiclas-
sical methods like quantum field theory in curved spacetime are useful tools to study
the influence of gravitational fields on quantum phenomena [165]. The curvature of
spacetime modifies the gluon propagator with terms proportional to the Ricci scalar
in a constant-curvature spacetime locally around the gluons. As was first shown by
Leen [166] and Calzetta et al. [167, [168] (see also [169]), one-loop renormalization of
non-Abelian gauge theories in a general curved spacetime induces terms logarithmic in
R that dominate at large curvature. Neutron stars probe the dense QCD phase dia-

gram at low temperature and high baryon densities, where the baryon density in the
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stellar interior can reach an order of magnitude beyond the nuclear saturation density
Pns = 2.7 x 10kg m 3. In such a dense medium, where the strong nuclear force plays
a paramount role, we consider the effect of corrections to the EH action involving terms
of the form aR? + ng In(R?/u*) on the observational features of the neutron star.

We shall also consider the effect of the f(R) model on a separate class of neutron
stars: self-bound stars, consisting of strange quark matter with finite density but zero
pressure at their surface [I70-H172]. The interior of the star is made up of deconfined
quarks that form a colour superconductor, leading to a softer equation of state with
possible observable effects on the minimum mass, radii, cooling behaviour and other
observables [173HI75].

The structure of this chapter is as follows. First in section [4.1| we motivate the f(R)
model by considering the calculation of the gauge invariant effective action for gauge
fields in curved spacetime. Then in section [£.2] we investigate constraints imposed
upon the model from the requirements of internal consistency and compatibility with
observations, and discuss the potential observational signatures due to a change in the
effective gravitational constant near the surface of the star. In section the structure
of relativistic stars is considered in the framework of the f(R) theory, and we summarise

our results in section The work of this chapter is based on [176].

4.1 Motivations for the M G2 model

The behaviour of gauge theories in curved spacetime was studied in detail by several
authors some thirty years ago, with the intention of seeing if quantitatively new effects
appear in the high-curvature limit (cf. [I77] for a textbook discussion and original
references). In particular it was shown by Calzetta et al. [167, [168] that for a pure
gauge theory in a general curved space-time, the effective value of the gauge coupling
constant can become small in the high-curvature limit, due to the presence of In(R/u?)
terms in the renormalised gauge-invariant effective action: a situation referred to as
curvature-induced asymptotic freedom. Without going into details, in this section we
sketch how this result comes about, and use the form of the full result to motivate the
phenomenological f(R) theory that will be investigated in more detail in the remainder

of this chapter.
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The classical action for a pure gauge field is Sg[A] = [ d%z\/=gLq, where Lg is
defined in ([1.66a)) and in curved spacetime

Ff, = VAL =V, A% + eg fay AL AL, (4.1)

in terms of the metric covariant derivative V,. The generating function for disconnected

graphs in the presence of a background gauge field fl# and a source J, (with only the

gluon source) isﬂ

Al
[

Z[J, A] =
/ D[A]D[x]D[x] exp <z [SG[A + Al + SaF + Skp + Sgrav + / ddeTgJ“A“]> :

(4.2)
where in this chapter Sy = —i(D -a,D - a) is the gauge fixing term and Sgpost =
—fdd:n\/—g)_(D - (D + a)x is the ghost field action. Here D refers to the (gauge)
covariant derivative in curved spacetime D, =V, —ieg/_lu. Renormalizability in curved
spacetime requires the inclusion of squared-curvature terms in addition to the Einstein-

Hilbert action
2
Seray = / d4a/—g(—MEA + @R + a1 R*™P7 Rypo + 0o R* R, + a3R?),  (4.3)

where d is the number of spacetime dimensions, M3, = 1/87G and the authors of
[167,, [168] use a metric with signature -2 and, relative to our convention, the opposite

sign for R,,. The gauge-invariant effective action I'[A] is obtained via a Legendre

transformation from the functional W = —iln(Z). To one-loop order, it is given by
[[A] = S[A] + Sgrav + & Indet (k) — ilndet(D?), (4.4)
where
Ky = guwD? — (1 = 1/w)D, D, — 2iegFy + Ry, (4.5)

and D? = D,D*". Since I'[A] is gauge invariant, the calculation may be simplified with-
out affecting the final result by choosing the Feynman gauge w = 1. In general, one
has a choice concerning the separation of the full action into a free part and an inter-

acting part, which determines which terms provide propagators entering into Feynman

! In this section we use the shorthand (f, g) = [ d%a\/=gfa(z)ga(z) for fields f, g with components
fa; 9a-
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diagrams and which provide vertices. The above choice corresponds to taking the free
part to consist of all terms quadratic in the quantum fields A, ¥, XE' Regularising using

dimensional regularisation gives

F[‘Zl] = S[AB] + Sgrav,B

1 d 1 1 d d 2, (4—d) 1%
T amie )d/2/dwv (Mjw{[Hm (1—2>]F<2—2)Cegu Fuo i+
d+1) d—17 92 — d
re-dy | L@+ g d-17 o RIVPO R
+I2-3) { 9d(d—2)R T 560 e T 560 Tl ]
oo 1—“7_7
H 4.6
3 oy ! 1} o)

where 6,,C = tr(tq,tp), N is the dimension of the gauge group and H; stands for
curvature and field strength terms entering into the relevant Schwinger-DeWitt series.
The subscript B indicates that these terms involve bare quantities. Adopting the
minimal subtraction scheme, the renormalised gauge-invariant effective action I'[4] is

found to be
I'[A] = S[A] + Sgrav

it o (2)

R eECFL B8 By B9 + BT — RN,

where S [fl] + Sgrav contain finite renormalised coefficients and g is the Euler-Mascheroni
constant. Here, the minus sign is kept in the logarithm to emphasise that it is —R/6
that plays the role of ‘squared mass’ in the loop integrals, however, the integrals leading
to this result are well-defined regardless of the sign of R [I68]. From a phenomenolog-
ical perspective the In(—1) = i7 is simply another finite contribution entering into the
coefficients of the squared curvature and field strength terms in the gravitational and
gauge field actions. It is noted in [167] that the appearance of a negative argument in
the logarithm could possibility be interpreted as a vacuum instability. However, such
imaginary terms could be cancelled by others arising from global topological effects or
from further R-dependent corrections. It should also be noted that for effects such as

curvature-induced asymptotic freedom, only the real part In(|R|/|Ro|), where Ry is a

1 Another possibility is to treat terms involving the background field A as interaction terms, in
which case the inverse propagator involves only the first and last terms in (4.5). As shown in [I68], the

final results for the two methods agree.
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scalar curvature chosen so that e, is small and so perturbation theory is valid, enters

the expressions for the effective coupling constant egff [167].

Equation takes account of the corrections to the quantum field theory due to
the presence of non-negligible spacetime curvature. Ordinarily, QCD can be treated in
Minkowski spacetime, which is maximally symmetric, however, in situations where the
gravitational field is particularly strong it is desirable to generalise this. An obvious
first step is to consider a spacetime that maintains maximal symmetry but allows for
non-zero curvature, such as a de Sitter or anti-de Sitter spacetime (cf. [I78] [I79] ).
Hence in the interior of a neutron star, where the spacetime curvature is particularly
large, one can consider a Lagrangian on local, microscopic scales with a maximally

symmetric spacetime with constant curvature.

In a maximally symmetric spacetime with constant curvature, the Ricci and Rie-
mann tensors are proportional to the Ricci scalar i.e. R, 0 RFP7 R?, R, RI R?.
On the small scales relevant for QCD, the background spacetime is highly symmetric
and one can consider the maximally symmetric case as an approximation: the gravita-
tional part of the effective Lagrangian for a non-Abelian gauge field such as the gluon
field would thus consist of R? and R?In(R/u?) terms. Here, the factors of R? arise as

a combination of the R, ,,R**?, R, R*"" and R? terms in 1)

On astrophysical scales, however, gluons are no longer the relevant degrees of free-
dom and the situation is quite different. On large scales, far removed from those
relevant for subatomic particles, relaxing the constant curvature condition would lead
to a non-standard dependence of the gravitational action on the curvature. The phe-
nomenology of a neutron star is a window onto the strong-field limit of gravitational
theories, and as such, it is of great theoretical interest to consider the observable ef-
fects of alternatives to General Relativity, the simplest being f(R) theories. Modulo
stability and consistency constraints, the form of the function f(R) can be arbitrary.
In this chapter we are interested in the effect of modifications to the EH action on the

structure of relativistic stars, where QCD plays an important role. Motivated by the
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results summarised in this section, we propose a phenomenological f(R) mode]E|

B

M2
Stot = Pl /d4$\/?g |:R + OéR2 + §R2 IH(RQ/M4) + Smattery (48)

2

where the constants « and 8 should be determined by observations. As we consider
only astrophysical scales, we do not include the effect of the cosmological constant
term. We note that modified gravity theories of this form have also been discussed in
early works discussing the effective gravitational action of conformally covariant fields
[I61HI63] in the context of the Starobinsky inflationary model.

As we are considering neutron stars, a natural choice of the parameter p should

contain the relevant mass scales. We will assume
p=mg,/Mp;, (4.9)

where m,, is the neutron mass and Mp; is the reduced Planck mass. Taking account of
factors of ¢ and h, the numerical value of p? is 2 ~ 1.3 x 10~"m~2. The characteristic
value of the Ricci scalar for a neutron star can be estimated by (cf. [I8I]) Ry =
8mGpy ~ 6M,/ czri’ where M, is the mass and 7, the radius of the star. For a typical
neutron star with M, = 1.8M and r, = 10km, we have Ry ~ 1.6 x 10~®m~2, with
larger values expected in the high-density region near the core. Thus, p? is of the order

of the curvature of a typical neutron star.

4.2 Constraints on the M G2 model

In section we shall investigate the phenomenology of relativistic stars in the f(R)
theory described by the action , working in the metric formalism. Firstly, in
sections and we consider consistency and observational constraints to check
the viability of the model in such a medium. It is important to emphasise that we treat
the model as an effective theory valid in the interior and vicinity of ultra-dense matter,

and so do not consider cosmological or solar system tests.

! In principle one could extend this to include terms involving one (but making use of the Gauss-
Bonnet invariant, not both, cf. [I80]) of the other curvature invariants in (4.7). However, since on
the small scales on which (4.7)) is relevant we can treat the background spacetime as approximately

maximally symmetric, we consider only a function of the Ricci scalar here.
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4.2.1 Consistency constraints

An f(R) model inevitably introduces a scalar degree of freedom, which is constrained
by the requirement that the model must be free of instabilities [6]. Such consistency
constraints are not always obvious at first sight; indeed, generalising the findings of
Dolgov and Kawasaki [99], it was pointed out by Frolov [182] that many f(R) models
that deviate from General Relativity in the infrared possess a crippling nonlinear insta-
bility. In this section, we illustrate how these constraints can restrict the parameters

of our model.

From (4.8)) we have

B R

f(R) = R+ aR* + 532 lnﬁ. (4.10)

In this section and throughout this chapter, we shall restrict ourselves to the case in

which the R?In(R?/u*) term is subdominant to the R? term i.e. |y| < 1, where

v =B/ (4.11)

The system is best studied in the original frame (i.e without performing a conformal
transformation to the Einstein frame). The equation of motion for the scalar degree of

freedom is

2f — frR 8nG
DfR:fng+3

where T is the trace of the stress-energy tensor and fr = df(R)/dR. Defining

T, (4.12)

this can be recast in the form
dv
Oy=—-5F 4.14
=0~ (4.14)
where F = —(87G/3)T appears as a force term and V' is a potential satisfying
dv 1
— ==(2f — frR) . 4.15
= 5(2f ~ faf) (4.15)

In the model at hand, the form of f(R) and its derivatives are given by
s

f(R) = R+aR?+ 532 In(R?/put), (4.16)
fr(R) = 1+ (2a+ B)R+ BRIn(R?*/ut), (4.17)
frr(R) = 2a+3B+ BIn(R*/u*), (4.18)
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so that
v _1
dx 3

As we shall see in section [£.3] the modified Einstein equations involve frp, which is

(R — BR?). (4.19)

not analytic at R = 0. Hence, we shall restrict our analysis to non-negative values
of the curvature scalar. To obtain the form of the potential without inverting, one
can multiply by and integrate with respect to R to yield the parametric
equationsﬂ

X(R)=R [Qa + 5+ FIn <fﬁ>] , (4.20)

R? R? R?

V(R) = -5 {BR [204 +Ig+BIn (u“)} —3a—38—3BIn (u“) } . (4.21)
The potential is shown in figure One can see immediately that in the limit of large
curvature (R — oo) V' — —oo while x — sgn(f)oo (for negative S the potential turns
back on itself after an inflection point to reach negative y.) This should be contrasted
with the behavior of the basic f(R) = R + aR? model, where the potential is a simple
quadratic in the x-field. Thus, Frolov’s singularity — in which the curvature singularity
is a finite distance in field and energy values away from the stable solution — will be
avoided.

What is the nature of the stable solution in this model in the absence of matter?
From we note that there are two stationary points, at R = 0 and R = 1/
respectively; to ensure perturbative stability, the scalar degree of freedom should satisfy

the important requirement that its squared mass term is positive mi = d*V/dy*® > 0.

It follows from (4.18)) that

oo _ AR d(2f — frR\ _1-23R
mX(R)dXdR< 3 ) 3frr

however, one cannot substitute R = 0 into this expression due to the singularity in the

logarithmic term in (4.18]). For small € we have from the form of the potential

(4.22)

@
3

! Note that in order to show the full form of the potential obtained from (4.10)) using the range
R € (—00,00), we have adjusted the numerical factors here so that the arguments of the logs depend

V(R=4e)= o[l +~+ %m(e? S + O(ed), (4.23)

on R?. We shall only consider the part corresponding to R > 0.
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Figure 4.1: The potential V() corresponding to positive (blue) and negative (red) R.
The branch points at x = x. are indicated by the black circles. Large values, « = p =1,
|B| = 0.25 have been chosen to illustrate the important features. Left panel: Negative 3.
Middle panel: Positive 8. The apparent minimum at xy = 0 in the middle panel is actually
a maximum with branch points at y = x« < 1, as can be seen in the right panel, which is
a close-up of the region around y = 0 for 5 > 0.

which should be positive as € — 0 if R = 0 is a minimum. Assuming |y| < 1, this is
true only when 8 < 0, regardless of the sign of a.
For R = 1/ to be a minimum, one needs frr(R =1/5) < 0. As we do not consider

negative curvature, 8 > 0 and the condition is equivalent to
R.B > 1, (4.24)

where we have defined
R. = p*exp (-3 - 7_1) . (4.25)

When |y| < 1, the dimensionless ratio R, /u? is exponentially large for negative v and
exponentially small for positive 7. We conclude that the stationary point at R = 1/
is only stable for negative alpha.

Since maximally symmetric solutions lead to a constant Ricci scalar [and so the
derivatives of x vanish in ] one can conclude from this that the maximally sym-
metric solution is Minkowski spacetime (R = 0) when 5 < 0 and de Sitter spacetime
when 5 > 0, a < 0.

We can also analyse the sign of mi away from the stationary points. For negative

B8 we find

m>>0 = R<R, (B <0), (4.26)
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which in terms of x is x < x« = —28R.. For positive 8 one must also take the
numerator of (4.22)) into account, giving

R.<R< 3, R,<
m:>0 = {R>R>2ﬂ >§ (B> 0). (4.27)
k 27 % 2

The relevant interval depends on whether the condition R, < % is satisfied. Since we

are only interested in positive 5 here we can write this as
e’ bl S 2¢ 32| 2al. (4.28)

As discussed in section [4.3] in order to make use of the method of perturbative con-
straints we shall work with parameter values such that |au?| < 1. Hence, when || < 1,
R, < % is easily satisfied if & > 0. Similarly, R, > % when a < 0.

The requirement that the graviton is not a ghostﬂ or equivalently that the effective
gravitational constant Geg is positive, imposes the well-known condition fr(R) > 0.
Using the definition of x this gives x > —1. We can write this condition in terms of R:

for « > 0, # < 0 the range of the scalar curvature is bounded
R<—|2aw, (-22E 1) R
0 QMQB 3
where W, is the upper branch of the Lambert W function. If |y| < 1, the exponential
in the argument is small, so the upper limit is

20+

frR>0 = R<p’e 7 =e'R, (>0, 8<0) (4.29)

Thus, the condition ensuring the positivity of the scalar mass is sufficient to
ensure that Geg > 0. If we were to consider positive 5, we need only recognise that
since the function fr(R) is decreasing as it crosses the axis at fr(R = 0) = 1 the
smallest value it can reach is fr(R = R.) = 1 — 28R,. The condition can thus be

expressed as

fR>0 = R*<;B (>0, B>0) (4.30)

! As calculated by expanding the propagator about Minkowski spacetime.
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Parameters Unitarity mi >0
-0 8>0 R, <1/28 R, <R<1/2p
(6%
B <0 R < e'R, R < R,
“0 B>0| R<—-1/2a, RZe'R.|1/28<R<R,
(6
B <0 R < —1)2« R < R,

Table 4.1: The unitarity and positive-squared-mass constraints on the allowed curvature

range for different values of the parameters a and 3, using |y| = |3/a| < 1 and |p?a| < 1.

R, is defined in 1)
which, as noted above, is easily satisfied with the choice v <« 1. For negative o we ﬁndE|

ex 1 -1 -1
— [25 Wo (—p(ﬁ;;)ﬂ (<0, B<0)
R <

1, 4 -1 ’ (431)
- [25 W, <—’W>] (@ <0, B>0)

where Wy and W_; indicate the upper and lower branches of the Lambert W function
respectively. Since for large x, Wy(z) ~ In(x), and for small z, W_;(z) ~ In(—=x), when
|v] < 1, we have

1

RS-, (4.32)

as in the B = 0 case i.e. f(R) = R+ aR?. For 3 > 0 this is a stronger upper bound
than that in (4.27)). For 8 < 0, « is positive and so is weaker than , which
already restricts R to exponentially small values. One difference between this and the
f(R) = R+aR? model is that the negative a case is not ruled out by the frr condition,
so can be considered as a viable parameter choice, albeit for a restricted range of values
of R. These constraints are summarised in table [£.1]

As with many f(R) models in the literature, the potential V' (x) is multivalued, with
branches at the points x = x. (see figure . As long as the conditions derived above
are satisfied, the field will not reach these critical points. In the case of negative 5 (with
a > 0) this amounts to a (large) upper limit of the value of the spacetime curvature

for which the model can be considered valid, which is far away from the stable solution

! Since the inverse function R(x) is multivalued, for & < 0, 8 > 0 there is a second valid region:
_ ~1
R > —[28 Wo (= exp(3 +771)/(21°B))]

value of the scalar curvature.

~ e'R.. However, this corresponds to an extremely large
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at R = 0 and for the small values of |y| considered here, significantly larger than the
curvature encountered in neutron stars. However, for positive 3, the potential has no
stable minimum when a > 0 and the branch point occurs at the lower limit of the range
of validity, corresponding to a value of R much smaller than the characteristic curvature
of a neutron star. In a realistic scenario, this could be remedied by the presence of a
matter term T # 0, which would give rise to a minimum in the effective potential.
Since the model in this chapter is considered phenomenologically as an (ultraviolet)
modification to General Relativity that is relevant in the presence of dense nuclear
matter, and in reality neutron stars are not completely isolated but instead occur in
astrophysical situations with a non-zero stress-tensor, the instability may be avoided in
practice. This notwithstanding, in the remainder of this chapter we will consider only
negative values of 5.

The results of this subsection are presented in table In particular we note that
for 8 > 0, the condition ensuring unitarity — equivalent to fr > 0 for f(R) theories
— is satisfied for a wide range of curvature values when « is positive, but is restricted
to values less than —1/2« (as in the f(R) = aR? case) when a < 0. In the latter case,
however, the condition for positive squared mass is significantly tighter, so this choice
of parameters would lead to instabilities for all but a tiny range of curvature values
in the absence of matter. Despite this, in the numerical work in section [4.2| we shall
consider both positive and negative values of «, so as to compare with other works in

the literature.

4.2.2 Observational constraints

We begin this subsection by considering the fifth force due to the extra scalar degree
of freedom of the f(R) theory. This fifth force can affect the effective gravitational
constant Geg and gravitational redshift at the surface of a neutron star z;.

To investigate the effective gravitational coupling constant, consider the parameter
82 in equation . The parameter ¢ can be constrained with binary pulsar tests [183].
For example, observations of the famous Hulse-Taylor binary pulsar PSR B1913+16
[184] give || < 0.04. The binary pulsars PSR J141-6545 [185] and PSR1534+412 [186]
give |§] < 0.024 and |§] < 0.075 respectively.

The parameter 62 for a neutron star of mass M = 2M, and radius rs = 11km for

two values of parameter o and fixed v = 3/« is plotted in figure In this figure
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Figure 4.2: The parameter 0> = Gog/G — 1 against the distance to the surface of a
neutron star of radius ry = 11km and M = 2M, in the f(R) = R+ aR? + ng In(R/u*)
gravity for different values of o and v = 8/«

one can see that for the case with o = 5 x 10°, §2 < 0.001 for » > 1.2r, so the
model easily satisfies the observational constraints quoted above. For the larger value,
a =5 x 109, 6% takes larger values further from the surface of the star, however, since
binary pulsar tests are sensitive to the scale s > 75, corresponding of the order of the
mean separation of the two stars, any effect on the orbital motion of a binary system
is completely negligibleﬂ

However, near the surface of the star, the deviation from GR is larger: this deviation
has observational effects on redshift of surface atomic lines that could in principle
distinguish GR from modified theories of gravity [189, 190]. The thermal spectrum of
a neutron star will be detected by an observer at infinity with a gravitational redshift

zs equal to

zo=-—=B(r) 2 -1 (4.33)

1 One could also consider gravitational radiation from binary pulsars as a potential discriminant
between GR and modified gravity [I87]. It has been shown in [I88] that an application of f(R) =
R + aR? to the gravitational radiation of a hypothetical binary pulsar system requires that a <
1.7 x 10'"m? , under the assumption that the dipole power accounts for at most 1% of the quadrupole
power. However, as we shall see in the following section, consistent application of the perturbative
method means that we must restrict « to values a < 10°m?. Thus, as far as our assumption that the
logarithmic term constitutes only a subdominant correction to the R? term holds true, the f(R) model
considered here is not significantly constrained by measurements of the orbital period decay of double

neutron stars.
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Figure 4.3: The gravitational redshift parameter z, against the distance to the surface of a
neutron star with radius s = 11km and M, = 2M, in the f(R) = R+aR?+ §R2 In(R/u*)
model for different values of a and v = 8/a = —0.05.

where B(r) = 1 — 2GM/r and )\ is the wavelength in the laboratory. Buchdahl’s
theorem [191] limits the value of M/R for a spherical symmetric star in GR to M/R <

4/9, so the maximum possible value of the of the redshift from the surface is z5 < 2.

In figure we have plotted zs as a function of r in the immediate vicinity of
the surface of a typical neutron star with mass M; = 2Mg and radius r; = 11km for
v = B/a = —0.05. We can see that in the case of @ = 5 x 10°m?, the deviation from

GR is considerable, but for & = 10°m? and o = 5 x 10°m?, the gravitational redshift

GR

zs is close to the GR value z;

~ 0.51. A large number of neutron stars exhibiting
thermal emission have been observed by X-ray satellites such as the Chandra X-ray
Observatory, and XMM-Newton (see [192] for a recent review) and proposed missions
such as ATHENA [193] promise an increase in the number and quality of the lines
that can be used to analyse neutron star properties. In principle then, for large «
this deviation could be observed in lines originating close to the surface of the neutron
star; in practice this would be dogged by uncertainties relating to the composition of

the outer envelope of the neutron star, and would require a careful treatment that is

beyond the scope of this chapter.
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4.3 Relativistic stars in the M G2 model

As mentioned in the Introduction of this chapter, neutron stars probe the dense QCD
phase diagram at low temperature and high baryon densities, where the baryon density
in the stellar interior can reach an order of magnitude beyond the nuclear saturation

density pps = 2.7 x 107kg m3.

In such densities, matter can pass into a regime
where the quark degrees of freedom are exited. In this section we consider the internal
structure of relativistic stars within the framework of the phenomenological f(R) model

(4.8) and calculate the effect on the neutron star mass-radius (M-R) relation.

4.3.1 Field equations

To obtain the field equations, we will use the method of perturbation constraints
adopted by Cooney et al. [194] for the study of neutron stars in f(R) theory, and
later used (in a slightly different form) by other authors [I81, T95HI97]. This method
is useful for investigating corrections to GR that give rise to field equations that would
otherwise be almost unmanageable. The correction terms are treated as next to leading
order terms in a larger expansion. To this end, the modified theory in eq. is

rewritten as

M?
s =2 [atoy=gnr an(m) + s, (4.342)
RQ
h(R) = R? + gm I (4.34D)

where v = /a. In order to avoid conflict with the consistency constraints discussed
in Sec. we can consider the regime in (a, ) parameter space where a > 0 and
B <0ie a>0andvy <0 with |y| < 1. In this section, however, we elevate a to
the status of a perturbative parameter and so focus on the («, ) parameter space. In
addition, in order to compare with related works in the literature, we consider both
negative and positive values of a.

The field equations arising from the action (4.34)) are

1 1
RMV — §gWR + o hRR,uV - ig,wh - (VMVV - g,uVD) hR = 87TGT;311/atter ) (435)

where hp = 6h/0R and T = —2/,/—g0S™**" /9gh¥. Taking the trace of eq.

R — alhgR — 2h + 30hg] = —8rGT™ " | (4.36)
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and substituting R from eq. (4.36]) in to eq. (4.35) gives

1 1
R;w + « hRRuV - ig,uu (hRR - h) - <vuvu + 29#1/':) hR:|

= 81QQ (T:jzl/atter o 5

1
g,uVTmatter> ) (437)

We shall consider the perturbative expansion in the dimensionless constant
cr = o’ (4.38)

(recall from (4.9)) that p? is of the order of the curvature of a typical neutron star). At
zeroth order in cpr, the equations are ordinary GR equations with gl(f,),) solutions; in the
perturbative approach we expand the quantities in the metric and stress-energy tensor

up to first order in cp i.e.

G = 99 + crgy) - (4.39)
Considering the line element
ds* = —B(r)dt* + A(r)dr? + r* (d6? + sin® 0d¢?) , (4.40)

and assuming a perfect fluid inside the star (T = diag|—p, P, P, P]) the field
equations (4.37)) can be written

Roo [ Roo 1 Lo, 3B A 20,0

5 +oz_hRB +2(hRR h)+2A(R+(QB 2A+7~)hR) = 4nG(p+ 3P),
(4.41a)

Ry R 1 1 I B’ 3A" 2 , B

1 +a|hgr 5 Q(hRR h) 2A(3hR+(23 94 + T)hR) =4nG(p— P),
(4.41b)

Ry [ Ryy 1 L., B A 4,

22 4 o he ™2 - Z(hpR—h) — — S 2 )| =G - P

(4.41c)

where a prime indicates differentiation with respect to r. To first order in cg the pressure

and the energy density are P = PO 4+ ¢gPM and p= p(o) + cR,o(l) respectively.

4.3.2 Modified Tolman-Oppenheimer-Volkov equations

In astrophysics, the Tolman-Oppenheimer-Volkoff (TOV) equations constrain the struc-

ture of a spherically symmetric body of isotropic material that is in static gravitational
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equilibrium [I98]. Before considering an ansatz for the solutions inside the star and
obtaining the modified Tolman-Oppenheimer-Volkov equations (MTOV), something
should be said about the exterior solutions. As the modified theory in eq. is
considered for high-curvature regimes in presence of matter, we assume that, outside of

the star, the solutions can be approximately explained by the Schwarzschild solution

(4.42)

r

_ 2GMyor\
Aout(r) = Bout(r) t= (1 - - )
where for a few radii far from the star, M;, receives no corrections due to the modified
theory. However for distances close to the surface of the star, a good approximation
should include the « corrections.

The ansatz for the interior solutions is then

. (4.43)

A= (1 26M0)

where M (r) contains corrections to the first order in « arising from the form of hA(R).

Using Eqgs. (4.41]) and the geometrical relation

Roy Ru Ry 2M'G
58 ToA Ttz T T (444)

the first MTOV equation is found to be

aM

1 1 (2 A
— 4 2 _ 2 4 _ — —_—_— —_——— 4 " . 4.4
dr eroar ( ohr = qq(hrR—h) =575 ((r 24 R+h’R>> (4.45)

The second MTOV equation is derived by using eq. (4.41c)), the conservation equation
\V4 Tmatteru -0
ptv =

l;' _ _prP 7 (4.46)
and the relation
This gives
‘fo = —%(pHD) MG + 4nGrP — ar® <i(hRR —h)+ i(% T fQ r+47GPhy
(4.48)
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4.3.3 Neutron stars

The structure of neutron stars has been previously studied in f(R) models of the form
f(R) ~ R+ aR? [194H196] and the Starobinsky model [199] as well as in models
incorporating R*”R,,,, terms [181], 200] and the gravitational aether theory [201]. The

modification to GR manifests itself in observable features such as the mass-radius (M-

R) relation of neutron stars. To solve Eqgs. (4.45]) and (4.48]) a third equation is needed

to relate the matter density p and the pressure P i.e. the equation of state (EoS)
of the neutron star. The EoS contains information about the behavior of the matter
inside the star. As the properties of matter at high densities are not well known, there
are different types of equation of state that give rise to different M-R relationships
[174, 202]. Here, we consider two types of EoS: the simpler polytropic EoS and a more
realistic SLy EoS [203].

4.3.3.1 Polytropic EoS

In this case we consider a simplified polytropic equation of state

C=26+50, (4.49)

where
§ = log(p/g cm™?), ¢ = log(P/dyn cm™?) . (4.50)

The MTOV equations (4.45) and (4.48)), together with (4.49)), were then solved numer-
ically, using a Fehlberg fourth-fifth order Runge-Kutta method to integrate from the

center of star to the surface. We define the surface of the star as the point where the
density drops to a value of order 10%kg/m?®. We use this value to define the surface
(rather than p = 0) for numerical stability as the density and pressure drop precipi-
tously near the surface of the neutron star. Moreover, this density corresponds to the
boundary of the neutron star crust, and is thus the limit for the equations of states
considered in the calculation, which describe nuclear matter at high densities (cf. [196]).

To obtain the M-R diagram for a given equation of state, one can solve the MTOV
equations for stars with initial conditions (central densities) within a specified range.
In the f(R) model in hand, hppg includes the In(R?/u*) term, which is not well defined
at R = 0. Thus, we restrict the calculation to the R > 0 domain i.e. we do not consider

stars with a pressure high enough to give rise to negative curvature. The density at
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—e

a;(SLy) i a;(SLy)
6.22 10 11.4950
6.121 11 —22.775
0.005925 | 12 1.5707
6.48 14 14.08
11.4971 15 27.80
19.105 16 —1.653
0.8938 17 1.50
6.54 18 14.67

© 0 N O A W NN -

Table 4.2: Parameters of the SLy EoS model

the centre of the star is increased from pps (pps = 2.7 X 10" kg m~? is the nuclear
saturation density) until the point where the Ricci scalar goes to zero. The numerical
results for this case are shown in figure In this case the deviation from GR can
clearly be seen to increase for larger values of . For this type of equation of state it
can also be seen that the deviation from GR becomes more asymmetric for negative
and positive values of « as vy increases, and positive (negative) values of « give rise to

lower (higher) mass stars for a given radius.

4.3.3.2 SLy EoS

The SLy equation of state models the behavior of nuclear matter at high densities . An

explicit analytic representation is

3
“ +1aj§aj§a3€ folas(& —ag)) + (a7 + as€) fo(ag(aip — &))

+(a11 + a128) folarz(ars — €)) + (a15 + a16€) fo(arr(ars — €)) . (4.51)

where ¢ and ¢ are defined as in (4.50|) and

1

folz) = = 1 (4.52)

The coefficients a; are listed in table [203].
The results are shown in Fig. Here again the density at the center of star
changes from p,s to the point where the Ricci scalar goes to zero. As the SLy equation

of state is stiff and R o (p — 3P), when 7 # 0 we do not obtain stars with a radius
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Figure 4.4: The mass-radius (M-R) diagram for neutron stars in GR (o = 8 = 0) and
f(R) = R+aR?+ gRQ In R?/p* using a simplified polytropic equation of state (4.49). Here
~v = /a and the range of the matter density at the center of the star is varied from p, to

3

the point where the Ricci scalar goes to zero for the y # 0 cases. pns = 2.7x 107kg m ™" is

the nuclear saturation density. The dotted contour gives the 20 constraints derived from

observations of three neutron stars reported in [204]. The presence of the logarithmic term

(7 # 0) can be seen to cause larger deviations from the GR case compared to the R-squared

model (y = 0).
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smaller than rs ~ 11km, compared to ry < 10km for the R-squared model (left-top
panel). The deviation from the GR case is most prominent where the central density
(and thus the pressure) takes intermediate values such that R is large. At this point,
which corresponds to extremely low-mass stars, an asymmetric deviation from GR that
increases in magnitude with |y| can be seen, as with the polytropic equation of state.
However, here it is the solutions corresponding to positive a that exhibit the greatest
deviation from GR.

As in the f(R) = R + aR? model [195, 196] there is an inversion of the modified
gravity effect near the central density p =~ 5p,s for the SLy equation of state. This
point corresponds to stars with a mass ~ 2Mg; since this is close to the point where
R = 0 (beyond which the logarithmic model is not valid) there is little deviation from
the GR case for stars with astrophysical masses for this equation of state. If one were
to use a softer equation of state (which permits a larger range of central densities) one

would expect larger deviations from the GR case after this inversion point.

4.3.4 Binding energy

An important property of neutron stars that is often neglected in theoretical studies
is the binding energy [205H207], which due to the extreme compactness of relativistic
stars, can constitute a significant fraction of the mass of the star (as large as 25% [208]).
This can be an important factor in models of binary evolution. The so-called baryonic
massﬂ M p necessarily exceeds the total mass of the star — the measurable quantity
plotted in the M-R diagrams — as the latter includes both the rest-mass energy of its
constituents and the negative binding energy. The baryonic mass is defined in terms
of the volume element of the Schwarzschild metric (4.43]) and the number density of

particles n(r) as [206]
Mp = 47rmB/ ) n(r)[A(r))Y?r2dr, (4.53)
0

where mp is the mass of a baryon and r, the surface radius of the star. In our case,
since we do not consider mass transfer or accretion driven evolution, a more useful

quantity is the proper mass

Mp = 4z / " p(r)[A(r)])Y2r2dr, (4.54)
0

1 If the star were to be disassembled into its constituent baryons, Mp would be the total mass of
the baryons.
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Figure 4.5: The mass-radius (M-R) diagram for neutron stars in GR (o = 8 = 0) and
f(R) = R+ aR?* + gRQ In R?/u* using the realistic SLy equation of state 1) Here
~ = /a and the range of the matter density at the center of the star changes from p,s to
the point where the Ricei scalar goes to zero for the v # 0 cases. pps = 2.7x 107kg m™? is

the nuclear saturation density. The dotted contour gives the 20 constraints derived from

observations of three neutron stars reported in [204]. For larger values of 7, the presence

of the logarithmic term can be seen to cause larger deviations from the GR case compared
to the R-squared model (v = 0). The deviation from the GR case is most prominent where

the central density (and thus the pressure) takes intermediate values such that R is large.
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given in terms of the mass density p(r), which is related directly to the pressure by the
equation of state [cf. (4.49)) and (4.51))]. The mass density is related to the total mass
M by

M = 47r/ ! p(r)rdr. (4.55)
0

In terms of this quantity we have the gravitational binding energy of the neutron star

[207]
BEg = (Mp — M)c?, (4.56)

which, following [207], we define as a positive quantity so that M = Mp — BEg/c? (cf.
[205])).

In figure we calculate the gravitational binding energy using in the frame-
work of the f(R) model for the polytropic and SLy equations of state. We find that
the deviation of BEg from the GR case follows the behaviour exhibited in the M-R
diagrams in figures [£.4] and In the polytropic case, where the simplified equation
of state allows for significant deviations of the total mass M from the GR case, we
see a decrease in the magnitude of BEg for negative o and an increase for positive
« corresponding to the increase and decrease respectively of the total mass. The size
of the deviation increases with the magnitude of o, and very small values < 0.8Mg
(not relevant for astrophysical situations) can lead to a change in the sign of BE¢g (i.e.
positive gravitational binding energy) for large values of «. However, for realistic values
of the total mass, this is not an issue. In the case of the more realistic SLy equation of

state, the deviation from the GR case is almost negligible.

4.3.5 Quark stars

The concept of a star made of strange quark matter was first suggested by Itoh [170]
and later expanded upon by Witten [I71]. The unusual physical properties, such as
the absence of a minimum mass and a finite density but zero pressure at their surface
were later studied by Alcock et al. [172, 209]. In this model it is assumed that the
star is made mostly of u, d, s quarks together with electrons, which give total charge
neutrality. The interior of the star is made up of deconfined quarks that form a colour
superconductor, leading to a softer equation of state with possible observable effects on

the minimum mass, radii, cooling behaviour and other observables [I73HI75]. In this
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Figure 4.6: The gravitational binding energy BEq [defined in 1' as a function of
the total mass M for the polytropic (left-panel) and SLy (right-panel) equations of state
in the logarithmic f(R) model. In each case, the value of v is taken to be v = —0.1.

subsection we investigate the effect of the modified gravity on the structure of this type
of self-bound star.

The equation of state of strange matter made up of u,d, s quarks can be considered
in the framework of the MIT bag model. In this model, a linear approximation is
assumed as [210]

P~alp—po) (4.57)

where pg is the density of the strange matter at zero pressure. The MIT bag model
describing the strange quark matter involves three parameters, viz. The bag constant
B = po/4, the strange quark mass ms and the QCD coupling constant c.. If we neglect
the strange quark mass, then a = 1/3. For ms = 250 MeV we have a = 0.28. In units
of Beo = B/(60Mev fm—3), the constant B is restricted to 0.98 < B < 1.52 [210]. The
M-R diagram for a quark star with a = 0.28 and B = 1 is shown in Fig. [4.7] From this
figure it is clear that the masses of quark stars with negative values of a are always
enhanced with respect to GR and the masses of quark stars with positive values of «
are diminished relative to GR, irrespective of the value of v. Compared to the SLy and
polytropic equations of state, larger values of a [i.e. o = O(10"m?)] can give rise to
stars with masses and radii in the ranges allowed by the observational constraints. As
in the previous subsection, it can be seen that the deviation is larger for larger values
of |7|. In the case of the quark star, however, the equation of state is less stiff so there

is more deviation in the mass-radius diagram with respect to GR.
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4.3.6 Perturbative regime

In all considered cases, it is important to stay in the perturbative regime, so that
the first order corrections to the metric in (4.39) are small. This can be measured

quantitatively with

Anc(r)
Agr(r)
where A(r) is the rr component of the metric defined in eq. and the subscripts
MG and GR refer to the modified gravity and General Relativity cases respectively.

IA| = ‘ - 1' , (4.58)

This quantity varies as a function of radius for each star, and also depends on the
corresponding central density. In Fig. we have plotted the quantity |Ay,q.| as a
function of a5 = /10 (where the subscript max refers to the maximum value for a
given choice of parameters) for the SLy, polytropic and quark star equations of state.

A necessary condition for the validity of the perturbative approach is |Apax| < 1.
The plots for the SLy and polytropic equations of state (left and middle) show that
the f(R) = R+ aR?*+ gRQ In R? /p* model can be treated pertubatively for |a| < 108.
The dependence of |Apax| on « is linear, with the slope depending on the value of ~.
Including a small logarithmic term (v = —0.01) decreases |Apax|, however, increasing
v further leads to larger deviations from GR and thus larger values of |Apax|. As
mentioned above, in the quark star case, we can reach larger values of « respect to

neutron stars while remaining in the the perturbative regime.

4.4 Summary

In this chapter we have considered the effect of a logarithmic f(R) theory, f(R) =
R+aR?+ gRQ In R?/u*, motivated by the form of the one-loop effective action arising
from gluons in curved spacetime, on the structure of relativistic stars. Unlike many
f(R) theories in the literature, the modifications to General Relativity are significant
in the strong-field regime, which is less well constrained by observations. Considering
the motivation, we treat the model as an effective theory, valid in the interior and near
vicinity of neutron stars, where QCD effects play an important role.

An f(R) theory inevitably introduces a scalar degree of freedom, and in section
we have derived the constraints imposed upon the parameters of the model due to

stability and internal consistency requirements. Unlike the related R + aR? model, we
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Figure 4.8: The parameter |Apax| = [Ana () /Acr(7) —1|max as a function of a5 = a/10°
for the SLy equation of state (left), polytropic equation of state (middle) and quark star
(right) in the MG2 model. The red (solid), blue (short-dashed), magenta (dot-dashed),
green (long-dashed) lines indicate the v = 0,—0.01, —0.1, —0.25 cases respectively. A nec-
essary condition for the validity of the perturbative approach is |[Apax| < 1. The circles
indicate the parameter values used in Figs. FIZII, @ and @

find that, when the logarithmic term is a subdominant correction — i.e. |y| = |8/a| <
1, which we assume throughout this work — one can consider positive and negative
values of a. In addition, in the absence of matter, the existence of a stable minimum
at R = 0 forces us to work with negative values of the coefficient of the logarithmic
term .

In section [4.2.2] we have also considered the constraints imposed upon the model
by observations; in particular relating to the possibility of a fifth force due to the scalar
degree of freedom. Since we treat the model as an effective theory valid only in the
vicinity of ultra-dense matter, we do not need to contend with cosmological or terres-
trial constraints, however, it is important to consider the effect of the modification on
binary pulsars and direct observations of neutron stars. Transforming the theory to the
Einstein frame, we have shown that the model exhibits a chameleon effect, completely
suppressing the effect of the modification on scales exceeding a few radii, so that any
effect on the orbital motion of a binary system is completely negligible. We showed that
this model satisfies the binary star observations of the effective gravitational constant
for a wide range of parameters o and =y .

On smaller scales, near the surface of the neutron star, the deviation from General
Relativity can be significant. Observations of bursting neutron stars depend strongly on

the surface redshift zg, which determines the shift in absorption (or emission) lines due
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to elements in the atmosphere, as well as the Eddington critical luminosity. In figure
we have plotted the dependence of z; on the radial coordinate in the immediate vicinity
of the neutron star surface (which is directly related to the observable quantity JA/A =
zs) showing that there are strong a-dependent deviations from General Relativity,
which could in principle be detected, utilising data from future X-ray missions.

In section [4.3] we have used the method of perturbative constraints to derive and
solve the modified Tolman-Oppenheimer-Volkov equations for neutron and quark stars.
The changes to the mass-radius diagram for neutron stars are shown in figure [£.4] for a
toy polytropic equation of state and in figure for a realistic SLy equation of state.
As in the f(R) = R+aR? model [195] [196] there is an inversion of the modified gravity
effect near the central density p ~ 5pns for the SLy equation of state. For the SLy
equation of state, the deviation from GR is more evident for smaller central densities
(corresponding to the lower-right of the plots in figure . However, in the polytropic
case, for higher central densities (top-left part of the plots in figure one can observe
a larger deviation from GR with respect to lower central densities (bottom-right on the
plots). In addition, in the polytropic case, the deviation from GR is much larger than
the SLy case for equal values of the parameter « . For the polytropic equation of state,
the asymmetry in the M-R diagram for positive and negative values of parameter « is
also reduced. In this section, we have also calculated the gravitational binding energy
of the neutron stars for each equation of state.

As has been noted in the case of other f(R) models, there is a degeneracy with
the choice of equation of state that is largely unconstrained. To break this degeneracy,
one could consider other observables, such as those relating to the cooling [211] or spin
properties [212] of the neutron stars. In particular, it was suggested in [194] that since
cooling by neutron emission — which is the dominant cooling mechanism for young
(< 10* — 10° years) neutron stars — is particularly sensitive to the central density of
the star, measurements of the surface temperature could offer a discriminant. However,
in practice, the neutrino cooling rate is difficult to model due to the strong dependence
on features such as condensates in the star’s composition.

We find that the range of the parameter a < 10°m? that is consistent with the
perturbative treatment in our model for the SLy and polytropic equations of state is

comparable with that in related works, where o < 10%m? [195] [197], o < 10° m? [196].
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In the quark star case, one can reach larger values of o ~ 10"m? while remaining in
the the perturbative regime.

Finally, in section we have considered the case of self-bound stars, consisting
of strange quark matter. We found that the M-R diagram and internal density distri-
bution were insensitive to the presence of the logarithmic term, and for positive « the
mass is always enhanced relative to that calculated using General Relativity.

As the modified Tolman-Oppenheimer-Volkov equations for the f(R) model consid-
ered here involve In(R2/u*) terms that are not well defined at R = 0 we have restricted
our analysis to the R > 0 domain. Since neutron star equations of state are stiff and
R x (p—3P), when v # 0 we cannot consider central densities above a maximum value.
This is particularly evident in figure [4.5] as the largest deviations from GR. occur for
stars with low masses, corresponding to a medium central density. Using an equation
of state that is less stiff for large densities would give rise to more significant deviations
for larger mass stars. This can be seen in the quark star case.

To conclude, we have shown that considering the finite logarithmic terms arising
in the calculation of the effective action for a gauge field in a phenomenological f(R)
framework leads to interesting observational consequences differing from the predictions
of General Relativity. To make this connection more definite is beyond the scope of this
Thesis, although as observational data improve, one can entertain the possibility that
neutron star systems may in the future have a role to play in analysing the predictions

of quantum field theory in curved spacetime.

95



96



Concluding remarks

In this Thesis we considered two QCD-scale f(R) theories of gravity, one modifying
General Relativity in the small curvature limit (MG1) and another in the high-curvature
limit (MG2). The motivation for modifying such a successful physical theory on large-
scales (small curvatures) stems from observations of the accelerating expansion of the
universe, which forces physicists to address the cosmological constant problem. g¢-
theory has been proposed as a solution to the main cosmological constant problem,
one realization of which can utilize elements of known physics. QCD has a nontrivial
vacuum structure that allows for the formation of condensates that can play the role of
conserved charges in the g-theory framework. One advantage of this proposal is that
the model provides a framework for the dynamics of dark energy without introducing
new physics in an ad hoc manner.

The second model (MG2) we considered takes its motivation from the treatment
of the gauge fields (gluons) in QCD in a curved spacetime background relevant for
high-density environments. The resulting f(R) theory induces corrections to General
Relativity, not in recent cosmological situations, but instead in high-curvature environ-
ments such as neutron stars where GR has not been extensively tested. Although both
of the models considered in the Thesis are phenomenological in nature, the motivation
behind exploring both the high-energy and low-energy regimes is that testing the limits
of the standard theory can reveal information relevant for a final theory of quantum
gravity.

Following introductory material in chapters [I] and [2, we considered in chapter [3] a
low-energy modified f(R) model: the squared-root QCD-scale modified-gravity model
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(MG1). We analyzed its phenomenology on large and local scales using cosmological
data and local tests of gravity, finding that this model can explain the late time dy-
namics of the Universe very well. However, on local scales this model cannot satisfy
local gravity tests and one needs to use a local version of the theory with additional
degrees of freedom.

f(R) theories, like all dark energy models, can give rise to differences in structure
formation, compared to the standard ACDM model. We showed that the modifications
to gravity enhance and diminish the Newtonian potential ¥ and the curvature potential
® respectively compared to ACDM. The enhancement of the former causes the ampli-
fication of the growth of matter density perturbations. We calculated the evolution of
the gravity estimator E¢g (which acts as a discriminant between ACDM and modified
gravity) and found its value to be constrained with current constraints.

In order to do a detailed comparison with the available cosmological data, in section
[3.3] we performed a Markov chain Monte Carlo simulation to obtain the constraints on
the cosmological parameters in the MG1 model. We found the best fit values for
the main cosmological parameters to be comparable to those in ACDM, with dark
energy density Qpg = 0.7245, dark matter physical density Q.h? = 0.1152, the baryon
matter physical density Q,h? = 0.0223 and the present value of the Hubble parameter
Hy =70.6610. In addition we used the cosmological data to constrain the value of the
gluon condensate ¢g. The best fit value (20 CL) for the parameter 5, = qo/q was found
to be 1.0288f8:$g§8, where go = (300 MeV)?, which is of the order of the previous values
obtained in theoretical works. To further improve the constraints on the value of this
parameter, one could include weakly or fully nonlinear scales [153] [I54] in the analysis.
To tighten the constraints on this fundamental parameter, an interesting direction for
future work would be to make use of constraints arising from the most massive halos
inferred from SDSS data and also the galaxy-galaxy lensing signals. [155].

To test this model on local scales we used the chameleon mechanism. We found
that this model cannot satisfy the laboratory tests of gravity as the measured effective
gravitational coupling constant is too large on local scales i.e. Geg ~ 1.33G . This
model cannot satisfy the constraints from fifth force searches as well as its scalar degree
of freedom has a large interaction distance, which would be detectable in the laboratory.
On the scales of order of the solar system, the celestial bodies in the framework of this

model exhibit the thick-shell effect in contradictory to the solar system tests of gravity.
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To attempt to address this problem, a local version of the MG1 model was considered,
with an additional parameter. We showed that for appropriate choices of the model
parameters, this model can satisfy the laboratory and solar system tests easily, however,
as it cannot match the observed energy density of the dark energy, this model cannot
describe the large scale dynamics of the universe.

In chapter {4 we considered another modified theory (MG2). We investigated the
effect of a logarithmic f(R) theory, f(R) = R+ aR? + gRQ In(R?/pt), motivated by
the form of the one-loop effective action arising from gluons in curved spacetime, on
the structure of relativistic stars. Unlike many f(R) theories in the literature, the
modifications to General Relativity are significant in the strong-field regime, which is
less well constrained by observations. Considering the motivation, we treat the model
as an effective theory, valid in the interior and near vicinity of neutron stars, where
QCD effects play an important role.

We derived the constraints imposed upon the parameters of the model due to sta-
bility and internal consistency requirements, as well as those imposed upon the model
by observations; in particular relating to the possibility of a fifth force due to the scalar
degree of freedom. Transforming the theory to the Einstein frame, we showed that the
model exhibits a chameleon effect, completely suppressing the effect of the modification
on scales exceeding a few radii, so that any effect on the orbital motion of a binary
system is completely negligible. We showed that this model satisfies the binary star
observations of the effective gravitational constant for a wide range of parameters «
and [ .

On smaller scales, near the surface of the neutron star, the deviation from General
Relativity can be significant. Observations of bursting neutron stars depend strongly
on the surface redshift zs, which determines the shift in absorption (or emission) lines
due to elements in the atmosphere, as well as the Eddington critical luminosity. We
found that there are strong a-dependent deviations from General Relativity, which
could in principle be detected, utilising data from future X-ray missions. We also
used the method of perturbative constraints to derive and solve the modified Tolman-
Oppenheimer-Volkov equations for neutron and quark stars and calculated the range
of validity of the perturbative treatment as a function of the parameters o and S.
We showed that the model exhibits deviations from General Relativity in the mass-

radius diagram for the relativistic stars, which are in principle measurable, although
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the precise form is strongly dependent on the equation of state of the star. In the case of
self-bound stars, consisting of strange quark matter, we found that the M-R diagram
and internal density distribution were insensitive to the presence of the logarithmic
term, and for positive « the mass is always enhanced relative to that calculated using
General Relativity.

To break the degeneracy between the equation of state and the effect of modified
gravity, one could consider other observables, such as those relating to the cooling or
spin properties of the neutron stars. In particular, it was suggested in [194] that since
cooling by neutron emission — which is the dominant cooling mechanism for young
(< 10* — 105 years) neutron stars — is particularly sensitive to the central density of
the star, measurements of the surface temperature could offer a discriminant. However,
in practice, the neutrino cooling rate is difficult to model due to the strong dependence
on features such as condensates in the star’s composition.

In this Thesis we concentrated on phenomenological modifications to the General
Theory of Relativity, motivated by the physics of the strong nuclear force. As we
showed, a wide range of tests of the gravitational interaction exist in both the high and
low curvature regimes that can be used to place strict constraints on the parameters of
prospective models. Although gravity and QCD are normally studied in isolation, the
possibility of a relationship between the two would open up an exciting new perspective
on the physical world. In this Thesis we demonstrated that phenomenological QCD-

scale f(R) models can result in observable phenomena differing from the standard case.
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Appendix A

Data fitting method

In this appendix we discuss the data fitting method in the Markov Chain Monte Carlo
(MCMC) simulation to estimate the parameters of the QCD-scale modified-gravity
model in section using cosmological data.

To get the best fit values of the relevant parameters, the maximum likelihood
method is used. The total likelihood function Ligia = e~ Xiot/2 is defined as the product

of the separate likelihood functions of uncorrelated observational data with

2 2 2 2 2
Xtot = XSNIa T XCMB 1 XBAO T Xgas > (A1)

where SNIa stands for type Ia supernovae, CMB for cosmic microwave background ra-
diation, BAO for baryon acoustic oscillation and gas stands for X-ray gas mass fraction
data. Best fit values of parameters are obtained by minimizing y2,. In this thesis we
use the cosmic microwave background radiation data from seven-year WMAP [144],
type Ia supernovae data from 557 Union2 [145], baryon acoustic oscillation data from
SDSS DR7 [146], and the cluster X-ray gas mass fraction data from the Chandra X-ray

observations [147]. In following section we discuss each X7 in detail.

A.1 Cosmic microwave background

To obtain xZyg, We use seven-year WMAP data [144] with the CMB data point
(R,l4,2«). The shift parameter R, which parametrize the changes in the amplitude
of the acoustic peaks is given by [213]

Qo * dZ

R:
c Jo E(2)°

(A.2)
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where z, is the redshift of recombination (see ({A.7])), c is the speed of light in vacuum,
Qmo is the present value of the matter density parameter, and E(z) = H(z)/Hp. In
addition, the acoustic scale [o, which characterizes the changes of the peaks of CMB

via the angular diameter distance out to recombination is defined as [213]

7r(2y)
In = . A3
AT (A.3)
The comoving distance 7(z) is defined
c [* d7
= — A4
and the comoving sound horizon distance at recombination 74(z,) is given by
alz) cs(a)
s\<x) = d 5 A5
ne) = [ e (A5)
in terms of the sound speed ¢s(a), defined by
3 ]
s(a) = |3(1 . A.
@) = 301+ 400) (A6)

The seven-year WMAP observations gives (0,9 = 2.469x 107°h~2 and Qg = 0.02258f8:888§g[144].
The redshift of recombination z, is obtained by using the fitting function proposed

by Hu and Sugiyama [214]

2z = 1048[1 4 0.00124(Q,07%) " 38][1 4 g1 (Qnoh?)??] , (A7)
where
0.0783(Qpoh2) 0238 0.560
9= 210.763° 92 = 2181 ° (A-8)
1+ 39.5(Quoh?)0- 1+ 21.1(Qpoh?)-
Then one can define Y2y as Xoup = XTC&\l/IBX, with [144]
Ia —302.09
X=|RrR-1725 |, (A.9a)
z« — 1091.3
2.305 29.698 —1.333
Colp = | 293689 6825.270 —113.180 | , (A.9D)

—1.333 —113.180 3.414

where 051\1/[]3 is the inverse covariant matrix.
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A.2 Type Ia supernovae data

To obtain X%Nla, the SNIa Union2 data [145] is used which includes 577 type Ia super-
novae. The expansion history of the universe H(z) can be given by a specific cosmolog-
ical model. To test this model, we can use the observational data for some predictable
cosmological parameter such as luminosity distance dr,. Assume that the Hubble pa-
rameter H(z;aq,...,ay) is used to describe the Universe, where parameters (o, ...ap,)
are predicted by a theoretical cosmological model. For such a theoretical model we can

predict the theoretical '"Hubble-constant free’ luminosity distance as

dr, z dz'
DI'=H,— = (1
L 07 ( +Z)/0 E(Z5ay,...,an)

1+ 2z z dz'
= Hj sinn [\/ Qi / , A.10
V%] [ o H(Z;0u,...,ap) ( )

where E' = H/Hy, z is the redshift parameter, and

sin(y/|Qxk|z)  for Qx <0
sinn(/|Qklz) = ¢ /|| for Qx =0
sinh(y/|Qxk|z) for Q4 > 0.

Then one can write the theoretical modulus distance

pun(2) = 5logyo[ D (2)] + po (A.11)

where pg = 5logyo(cHy ' /Mpec) + 25. On the other hand, the observational modulus
distance of SNIa, piops(2i), at redshift z; is given by

uobs(zi) = mobs(zi> - M7 <A12)

where m and M are apparent and absolute magnitudes of SNIa respectively. Then the

parameters of the theoretical model, a;s, can be determined by a likelihood analysis by
defining Y2y, (i, M') in Eq. (A.1]) as

X%NIa(ah M/) = Z (MObS(Zj) — Mth(ai7 Zj))Q (A13)

2
j %)
=2 (5logyo[Dr (a4, 2)] — Mobs(27) + M')?
= 2 bl

j %j

where the nuisance parameter, M’ = ug + M, can be marginalized over as
+o0o

1
Xénta () = —2111/ dm’ eXp[_ingIa(aivM/)] . (A.14)
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A.3 Baryon acoustic oscillation

The baryon acoustic oscillation data from the Sloan Digital Sky Survey (SDSS) Data
Release 7 (DR7) [146] is used here for constraining model parameters. The data con-
strain parameter d, = r5(zq)/Dv(z), where r5(zq) is the comoving sound horizon dis-
tance (see (A.5)) at the drag epoch (where baryons were released from photons) and
Dy is given by [215]

2 od \? oz 3
D = — . A.15
v [ ([ ) H(z)] (A19)
The drag redshift is given by the fitting formula [216]
1291(Qoh?)0-251 b
= 14 b1 (Qpoh”)™ Al
= 1+0.659(Qm0h2)0-828[ + 01 (Shol”) } ’ (A-16)

where

b = 0.313(Qumoh?) "ML + 0.607(Qunoh?)607]
by = 0.238(Qmoh?)"?* . (A.17)

Then we can obtain X]23 A0 DY X% AOQ = YTCE&OY, where

[ do2 —0.1905
Y= <d0_35 — 0.1097> ’ (A.18)

and its covariance matrix is given by [146]

1 ( 30124 —17227>

BAO = \ 17227 86977 (A.19)

A.4 X-Ray gas mass fraction

The ratio of X-ray gas mass to the total mass of a cluster is defined as the X-ray gas

mass fraction [147]. The model fitted to the ACDM model is [147]

pACDM 1.5
ACDM () _ KAyb(z) [ A (2) _ (A.20)
& 1+ s(z) \ Qmo Da(z)

The elements in Eq. (A.20]) are defined as follows: DA“PM () and D (z) are the proper

angular diameter distance in ACDM and the alternative theoretical model respectively,

where

c ) 2 dy
DA(Z):—(l—i—z) FQHSIHH [\/\Qk\/o H(z’J ) (A.21)
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The angular correction factor A

A= ( é‘s%é”)" N <[H(H(Z)DA(Z) >" ’ (A.22)

2500 z)D 4 (z)|APM

is caused by changes in angle for the alternative theoretical model #2509 compared to
0LGPM | where 1 = 0.214 4+ 0.022 [147] is the slope of the fgas(r/T2500) data within the
radius r9500 (72500 is the radius of the gas core in Mpc/h units).

The bias factor b(z) in Eq. contains information about the uncertainties
in the cluster depletion factor b(z) = by(1 + apz) and the parameter v accounts for
departures from the hydrostatic equilibrium. The function s(z) = so(1 + asz) denotes
the uncertainties of the baryonic mass fraction in stars with a Gaussian prior for s,
with sp = (0.16 & 0.05)h%; [147]. The factor K describes the combined effects of the
residual uncertainties, such as the instrumental calibration. A Gaussian prior for the
‘calibration’ factor is considered as K = 1.0 + 0.1 [147].

Then Xéas is defined as [147]

i [ é\agDM(Zi) - fgas(Zi)]z n (So — 0.16)2
of (zi) 0.00162
(K —1.0)2 (n—0.214)?
0.012 0.0222 ’

Xoas (A.23)

i

with the statistical uncertainties o, (z).
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Appendix B

Chameleon-field solutions

In this appendix we will present the chameleon-field solutions in the case of a spherically
symmetric object. We follow the treatment in [112].
For a spherically symmetric test body eq. (2.15)) yields

¢ 2dp  dVeg Q  Qé/Mp
i et = — . B.1
a2 Trdr T de 0T (B-1)
We consider the following boundary conditions to solve field equation (B.1]) [10]
d
d—f(r —0)=0, (B.2a)
¢(r — 00) = ¢, . (B.2b)

Eq. guarantees that the chameleon-field is non-singular at » = 0 and the second
condition asserts that the fifth force vanishes at infinity.

Consider a sphere with matter density p. with mass M, = (47/3)p.R2, where R.
is the radius of the body. We assume that this sphere is immersed in an environment

with density p,. We define the following quantities for later use

¢C = (bmin ) (z)b = ¢min 3 (B3)
p=pe P=pb

me = mmin(QbC) ) mp = mmin(d)b) )

where ¢min and m(¢) are defined in equations (2.17) and (2.18)). In the following, we
discuss the solution of the field equation (B.1)).

As a first approximation, we assume that Vig 4 can be approximated with a har-
monic oscillator in r > R, (where ¢ ~ ¢y,) so that

d?¢  2do B

ar?  rdr

mi (¢ — ) - (B.4)
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The solution of the field equation (B.4]) can be written

e_mb(T_Rc) emb(r_Rc)

p(r)y=A4 + B + op , (B.5)

r T

with two dimensionless constants A and B. By imposing the boundary condition (B.2b))
we get B = 0. Therefore, the solution for the external regions of the test body have
the form
e_mb(r_RC)
o(r) = A————+ ¢ (B.6)
To investigate the interior solutions r < R;, we divide the interior region into two
different regions: from r = 0 to R; (where ¢ ~ ¢.), and from r = Ry to r = R. (where
¢ > ¢c). When ¢ > ¢, the second term in the effective potential dominates and so
Q
V.o & —— pe- B.7
eff,¢ Mplpc (B.7)
We can then rewrite equation (B.1)) as
d>¢  2d¢o . Q

— & —p . B.8
dr? = rdr MP]p (B.8)

The solution of eq. (B.8)) is

o(r) = 2

= 6Mp

c
per? + —+ De Ry <r <R, (B.9)

where D and C are dimensionless constants. When ¢ ~ ¢., then again we can use the

harmonic oscillator approximation

Ve = m2(¢ — o) (B.10)
with solution
e~ MeT me(r—Re)
o(r) = E——+ F————+ ¢, 0<r<Ry, (B.11)
where E and F are dimensionless constants (and E = —Fe~<f< to prevent a singu-

larity at r = 0).

Using the boundary conditions and the continuity of solutions ,
and and their first derivatives d¢/dr at the boundaries r = R; and r = R, we
can obtain the dimensionless constants A, C, D, and F.

There are three types of solution for the chameleon-field depending on the value of
R;.

110



Type 1. No-Shell solutions. In this type R; = R, so we can use eq. for the
external region and eq. (B.11)) for the interior i.e.

F (emc(r—Rc) _ e—mc(r+Rc)) % + ¢, r < R,

¢(’l“) = { A (e—mb(T—Rc)) % + be > Rc ‘ (B.12)

The constants A and F' are obtained by matching the interior and external solutions
in equation (B.12)) and their first derivatives at R = R, as

¢b - ¢c
A = B.13
me + myp + mee=2mele — my e=2meke ( )
X (1 —meRe — e2™efe —m R.e™2melle) |

¢b - ¢c
o= 1+myR.) .
Me + myp + mee™2Melle — e 2meRe (1+mpRc)

Type 2. Thick-Shell solutions (R; = 0). In this case eq. (2.24) is again applicable
for the external region and eq. ([2.27)) is applicable inside. Therefore, we can write

Q 2
mm:{(wﬁmr+D% e (B.14)

—my (r—Rc
At—"—— bi )-i-gf)b r>R..

The coefficients A and D are obtained by matching the interior and external solutions
and their first derivative at R = R.. In this case one obtains
-~ Q R

3Mp1pc 14+ mpR. ’

_a ] 1, QpcR?
¢ 1+mpRe 27 3¢ Mp
Type 3. Thin-Shell solution (0 < Ry < Rc). In this case using the solutions (B.6]),

(B.9) and (B.11)) we can write for the scalar field ¢(r)

A= (B.15a)

D

(B.15b)

F (eme(r=R1) _ g=me(r+Ry)) 146 O<r<mi
$(r) = G per’ + Ot + Do Ry <r <R (B.16)
A(emm(r=R) 1 4 g r> R

In this case by matching the solutions and their first derivatives at the boundaries we
will get four equations for five unknowns A, C, D, F' and R;. First we find Ry as a
function of other unknowns.

We saw above that whenever ¢ ~ ¢, in the interval [0, R;], we used the harmonic
approximation Veg ¢ ~ mi(gb — ¢.) and where ¢ > ¢. we used the linear approximation
Vegr,s ~ =

= So to obtain Ry, where the harmonic oscillator approximation changes to

111



the linear one, we use the following procedure [I58]: at R = Ri, ¢ starts to increase

from ¢ = ¢, and so m?(¢ — ¢..) increases as well utill m?2(¢ — ¢.) = ]%’; ¢. But as always

Veirp = Vi + % < % (as V4 < 0), so the harmonic approximation is a suitable

approximation for m2(¢ — ¢.) < % and the linear approximation is suitable for the

2( 4 _ Qpe
mz (¢ — ¢c) > Mpy*
1. If Ry = R; (No-shell), then we should have

mE(o(Re) — 6.) < e (B17)

where ¢(R.) is obtained by replacing r = R, in (B.12)). If the above condition is

satisfied then Ry = R, is a good approximation.

2. If Ry =0 (Thick-shell), then we should have

Qpe
Mpy’

where ¢(0) is the interior solution in (B.14)) at » = 0. If the above condition is

satisfied then Ry = 0 is a good approximation.

me($(0) — ¢c) > (B.18)

3. Otherwise we will obtain R; by the condition

mEO(I) — 60) = L

where ¢(R1) = ¢(r = Ri1) in (B.16). In this case we can find R; by solving
equation (B.19)

(B.19)

_ QpcRy
m2Mp)(1 — e=2melin)

(B.20)

The unknowns A, C, D and F in (B.16|) can be obtaining numerically by matching
the solutions and their first derivatives at the boundaries R = R; and R = R.. For the
thin-shell case, when R; < R, one can approximate F' ~ 0 and write [I5§]

B 4 5\ 3Mp (b — oc)
A — SaR3p, | SHPLOh — ¢c) B.21
drMp \3" P BpcR? (B.21a)
Q 3
C= JRD B.21b
QpR2 1
D=1- —. B.21c
2Mpy ¢ ( )
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