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Introduction

1.1 Reaction-diffusion systems

The main topic of this thesis are parabolic differential equations of the form

aul-
ot

= d;Au; + fi(z,uy, .. u,) (G=1,...,n). (1.1)

Systems (1.1) are called reaction-diffusion systems and have a wide range of appli-
cations in chemistry, physics, biology, ecology and geology. They serve as a typical
mathematical model for many processes which are time and space dependent. Here
the unknown functions uq,...,u, could, for example, represent the densities of in-
teracting populations or the concentrations of chemical reactants. The functions
fi, -+, fn, which are in many cases nonlinear, describe the reaction between the par-
ticipants. The diffusion terms d;Au; reflect the distribution in space. In this thesis
we are going to focus on models with positive diffusion coefficients d;, : = 1,...,n.
The processes, which are described by the systems (1.1), usually take place in
some confined area (e.g. biotop). Hence, we postulate the differential equations (1.1)
for all (z,t) € 2x (0,00), where  is a bounded domain in R™. In our investigations

we consider the case m = 1, that is we set 2 = (0,1) to be a bounded interval. In



addition, we impose either Dirichlet or Neumann boundary conditions at (0,¢) and
at ([,t) for all ¢ € (0,00) and consider an initial condition at the moment ¢ = 0.

The mathematical theory, which underlies reaction-diffusion processes, is a widely
developed and fundamental field in the area of partial differential equations. The
main focus of the investigations in this field lies on the existence of the solution, its
structure, stability, local and global behaviour. For that purpose many qualitative
techniques and approaches have been developed, among them semigroup methods
and variational methods.

In our work we introduce an alternative approach to the field of reaction-diffusion
equations. It combines the techniques of analysis with numerical computations and
is known as “computer-assisted proofs”. It is in the nature of computer-assisted
methods that the verification of some assumptions, which are problematic to treat
analytically, is left to the computer.

The main focus of our thesis lies on the investigation of the properties of station-
ary solutions # to (1.1). Using some particular examples, we intend to answer the
questions of its existence and stability. Moreover, granted that the stationary solu-
tion is stable, we propose a method for the quantification of its domain of attraction.

The methods developed in this thesis are applied to some particular examples
which we have picked from different areas of biology. We are going to consider the

following models

1. the Schnakenberg model which describes the pattern formation in developmen-

tal biology;

2. a predator-prey model. This model simulates the interaction between two

different species, one of which predates on the other;

3. the spruce budworm model which demonstrates the distribution of the pest
insect spruce budworm and is important for pest control strategies;
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4. a competition model, where the interaction of two different species, this time

on the basis of competition, is observed.

In the next section we provide a brief description of the examples above, accentuating

on their biological background.

1.2 Examples

1.2.1  Turing instability

The concept of Turing instability is an important concept in the field of pattern
formation. It explains the property of some reaction-diffusion systems to exhibit
stationary solutions which are heterogeneous in space. This heterogeneity, given
that the observed solution is stable, corresponds to the final pattern. Basically,
according to Turing [59], the pattern is caused by those modes of the solution which
are stable without diffusion, but became unstable after diffusion is introduced into
the system. This idea of Turing has been quite innovative, since before establishing
this concept, diffusion had been understood by scientists only as a smoothing factor.

Let us consider a system of the form

(w(z,t) = Duge(z,t) + F(u(x,t)), ¢t>0, x€]0,],

Ou(0,t)  Ou(l,t)
o v

=0, t>0, (1.2)

L u(z,0) = u'(x), x € [0,1],

where D = diag(dy, d») is a matrix with positive diagonal elements and F' : R? — R?
is the nonlinear reaction term. For convenience we denote the elements of the vector
Fas F = (f,g)T. The system above incorporates the Neumann boundary condition,
to be understood as a no flux condition. If, for example, the interaction between

two species is under consideration, then the no flux condition means that no single



animal leaves the observed habitat. Additionally, there exists no external influence
on the resulting solutions.

In the following we present a brief description of the notion of the Turing insta-
bility. For more details please refer to [19, 37].

Let u* be a spatially homogeneous equilibrium of system (1.2), that is F'(u*) = 0.
In particular, due to Turing, we are interested in the case where u* is stable in the

absence of diffusion, i.e. u* is a stable solution of the ordinary differential system,

associated with (1.2). Let us set w = u — u*. It is easy to see that the linearisation

of (1.2) about u = u* results in

(wy(x,t) = Dwyy(x,t) + Jpw(z, t), t>0, xe€l0,l,

ow(0,t)  ow(l,t)
o Ov

=0, t>0, (1.4)

L w(z,0) = w'(2), x € [0,1],

where Jr is a 2 x 2 Jacobian matrix defined as

Gui  Gus

In the following we will establish some particular conditions for the elements of the

(1.5)

(uf,u3)

Jacobian Jg, which will be the reason for an inhomogeneous equilibrium to bifurcate
from u* as either the width [ or the diffusion coefficients d;, ds are varied.

Let (¢;, Aj) denote the jth eigenpair of the second order derivative operator, de-

, . grx\  jim?
fined on [0, {], with no-flux boundary conditions. Thus, (¢;, A;) = | cos - )

7 =0,1,2,.... By the separation of the variables technique, we obtain the solutions



of (1.4) of the form

w(z,t) = Z@(x)sj(t), (1.6)

where s;(t) € R% Substituting (1.6) into (1.4) and equating the coefficients of each

¢; we have
ds;(t)
(Jlt = Cij(t), (17)
where C is the matrix
C; =Jp—\D. (1.8)

We investigate the stability of the trivial solution w = 0 by examining the behaviour
of the eigenvalues of the matrices C;. Suppose that each C; has two eigenvalues
with negative real part. This means that s;(t) decays to zero as t — oo and hence
the trivial solution w = 0 is asymptotically stable. Now if any C; has an eigenvalue
with positive real part, then |s;| can grow exponentially, thus causing w to grow as
well. Hence the trivial solution w = 0 will be unstable to any spatial perturbations
which are not orthogonal to ¢,;. Now let the parameter [ (or d; and dy) be chosen
so that some C; has an eigenvalue with zero real part. Then, as [ (or d; and dy) is
varied locally, the stability of w = 0 may switch. This change of the stability reflects
a bifurcation of some inhomogeneous equilibrium from the trivial solution u = u*
for (1.2). This conclusion follows after the application of the Lyapunov-Schmidt
bifurcation method to the problem (1.2). We omit to go into many details on this
approach and for more thorough description we refer to [19, 52]. Here we simply note
that if C; has an eigenvalue with zero real part, then some non-trivial equilibrium

for (1.2) will bifurcate from u = u*. The eigenvalues, o, of C; satisfy

0”4+ (Nj(di + do) — (fuy + gus))o + h(X;) =0, (1.9)



with
h(>‘) = >‘2d1d2 - (dlgw + d2fm>>‘ + fur Gus = fusGus - (1’10>

Here and in the following all the partial derivatives are evaluated at u*, unless stated

otherwise. In case 7 = 0 the eigenvalues of C} satisfy

o’ — (fm + guz)a + fu1gu2 - fuzgm = 0. (1'11)

Since u* is a stable solution of (1.3) by hypothesis, the spectrum of Cy belongs to

the left half of the complex plane. Hence we have

Jur + guy, <0, (1.12)

JurGus = JusGuy > 0. (1.13)

The roots oy, o9 of (1.9) are given by

_()‘(dl + d2) - (fu1 + gu2)) + \/()‘(dl + d2) - (fu1 + gu2))2 - 4h()‘)
7 .

0'1,2()\) =

From (1.12) and the positivity of A, dy, and d, follows that C; will have an eigenvalue
with zero real part, if h()\;) = 0. This is a necessary condition for the change of the
stability (and bifurcation). For the fixed eigenvalue \; the condition h(A;) = 0 could
be represented as a neutral stability curve in the (dy,ds) plane. If the parameters
dy, dy are varied, then we will observe the growth of small perturbations in the
solution of (1.4) every time one of these neutral stability curves is crossed. For more
details please refer to [19].

Now let us fix the diffusion coefficients d;, ds and allow the width of the interval
[ (and thus the eigenvalues \;) to vary. Let us consider (1.10). It is easy to see, that
as A\ — 0o, we have h > 0. Furthermore, (1.13) implies that h(0) > 0. Hence the

function h posseses two positive real roots AL, which are then given by

(dlguz + d2fu1) + \/(dlguz + d2fu1)2 - 4d1d2(.fu1gu2 - fu2gu1)
2d;ds ’

6
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if and only if the following two conditions are satisfied

dlguz + d2fu1 > 0) (]_]_4)

(dlgw + da fu, )2
4dydy

> fu1gu2 - fuzgul' (]-]-5)

Note that in the case of the equal diffusion coefficients, that is when d; = ds, the
conditions (1.12) and (1.14) contradict each other and therefore no Turing instabil-
ity could be observed. Furthermore, from (1.12) and (1.14) one obtains one more
necessary condition for the Turing instability: the components f,, and g,, should
have opposite signs.

Going back to the matrix C} it is easy to see that C; will have an eigenvalue o,
which belongs to the right-hand side of the complex plane, if and only if A; € (A_, A\})
(which is equivalent to h(A;) < 0). The interval (A_, A1) is the instability region for

the eigenvalues ;. If A\; € (A_, A\;) then the trivial solution © = u* becomes unstable

22
in the jth eigenmode. In addition, observe that from \; = jl—z follows that the width

[ of the given interval should be large enough in order to surely incorporate some
unstable modes.

Further we wish to comment that when d;,d> and the kinetics parameters are
varied the unstable window of eigenvalues is varied as well: it could be pushed around,
shrinked or enlarged.

We finish our discussion of Turing instability by collecting the conditions (1.12)
to (1.15), which one has to impose on the elements of the Jacobian matrix Jr in order
to generate the spatial pattern. For more detailed analysis of the Turing instability

please refer to [19, 37].
1.2.2  Schnakenberg model

The Schnakenberg model has been introduced in 1979 as the simplest model which

describes the formation of pattern in developmental biology. The ideas of the mor-
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phogen prepattern theory became the main motivation for this model. This theory
has been developed by Wolpert [62] in 1969 and it introduces the concept of po-
sitional information. According to Wolpert [62], pattern evolves as a result of the
reaction of the cells to certain chemical concentrations or morphogens. Embryonic
cells are able to “read out” the positional information from the existing morphogen
map (prepattern) and differentiate themselves or migrate accordingly. Thus, as soon
as the morphogen map is established, the pattern formation process continues au-
tomatically. The morphogen map could be seen as the result of the reaction of
morphogens with each other combined with their diffusion throughout the medium.

The dimensionless Schnakenberg model, postulated on an interval 2 = (0,[), has

the form

( ult(x>t) = ul:c:c(x>t) + 7 (a - Ul(l’,t) + U%(l’,t)’l@(l’,t)), t> Oa M [Oa l]a

Ug(2,1) = dugg,(z,t) + v (b — ui(z, t)ua(z, 1)), t>0, zel0,l],
ou(0,t)  Ou(l,t)
= = >
ov ov 0 t20,

where a, b, d, v are some positive constants. The Schnakenberg model describes
the mechanism of the reaction between different morphogens, which is called the
activator-inhibitor mechanism. Here one of the morphogens wu; represents the activa-
tor, which is autocatalytic, and the other one, us, is the inhibitor. The autocatalytic
property of u; is reflected in the term ufuy. For more details we refer to [37].

It is easy to see that the only spatially homogeneous equilibrium has the form

uj =a+b,
o (1.16)
RN



Thus, the conditions (1.12) to (1.15) read

0<b—a<(a+b)? (1.17)
(a+b)*> >0, (1.18)
d(b—a) > (a+0b)? (1.19)
(d(b—a) — (a+0)*)* > 4d(a + b)*. (1.20)

The inequalities above define the (a,b,d) parameter space, which is called pattern
formation or Turing space. As it was already mentioned above, condition (1.17)
together with (1.19) implies d > 1. Therefore, in order for the pattern to emerge,
the inhibitor should diffuse faster than the activator.

Now let us discuss the parameters a, b, d, satisfying conditions (1.17) to (1.20).
In order to determine those parameters, one can express (1.12) to (1.15) in the terms
of the parameter uj. After that, by letting uj to take on a range of positive values,
one can calculate the corresponding ranges for a and b, for a given value of d.

From (1.16) we have

b=uj—a,
L w —a (1.21)
T (u)?

Next, using (1.21), we express the elements of the Jacobian matrix in the terms of u}
and, by analysing the conditions (1.12) to (1.15), arrive at the following boundary

curves

(1.22)

1 our  (uf)? 1 ut (ut)?
Tk 1_ 1 1 b: % 1 1 1 )
a<2u1< Vd d)’ 2u1<+\/3+ d

For more details please refer to [37]. As one can see at d = 1 the curves in (1.22)
contradict each other and hence the Turing space is empty. By letting d take on

9



values greater than 1, we observe that above some crtitical value of d a Turing space
starts to grow. We denote this value as d. and obtain it from (1.22) by determining
the d such that both curves give a = 0 at b = 1. We obtain d = d, = 3+ 2v/2 and at
this value two inequalities in (1.22) are no longer contradictory. The Turing space
lies between the two curves in (1.22). Note that only due to the relatively simple
form of the Schnakenberg nonlinearity, it is possible to carry out the analysis above.
For more complicated forms of the nonlinear terms, one has to apply some other
methods, mostly numerical computations.

As we have mentioned above, for the spatial pattern to occur, the width [ of the
observed interval is important, namely, [ should be sufficiently large in order to surely
incorporate some unstable modes of the solution. Thus, by picking an appropriate
constellation of the parameters a, b, d, and posing the problem in a sufficiently large
interval, one achieves the desired pattern structure at the end.

In our numerical simulations we set « = 0.1, b = 0.9, d =10, v =1, [ = 5.
The computed approximate stationary solution components w; and w, are shown on

Figure 1.1.

14 : : : ‘ 1.1

1.3f 1.05}

1.2}
1 .
11
0951
l»
0.91
091

o8l 0.85f

0.7t 0.8

L L L L 0.75 . . " L
0 1 2 3 4 5 0 1 2 3 4 5
wl u)z

FIGURE 1.1: Approximate stationary solution of the Schnakenberg model which
correspond to the parameter constellation a = 0.1, b=10.9, d =10, v =1, [ = 5.
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1.2.3  Predator-prey model

Another model, which exhibits the pattern behaviour in accordance with the Turing
instability concept, is the predator-prey model. The pattern in the context of this
model should be understood as the fluctuation of the densities of the predator and
prey, which interact in some bounded domain. In our thesis we consider the predator-
prey model, formulated on the interval Q = (0,1).

We consider the following reaction-diffusion system
( ult(x>t) - dlulx:c(x>t) + (hl(u1($7 t)) - UQ(ZL',t))Ul(l’, t)> t> Oa T [Oa l]a
Uy (2, 1) = dotgg, (z,t) + aus(x, t)(uqy (z,t) — he(us(z,t))), t>0, z€]l0,l],

0u(0,t) _ ou(l,t)

= t >
v v 0 =0,

L u(z,0) = u(2), z € 10,1],

where the functions h; and he have the form
hi(s) =e1 (71 + 728 — 8%)

ho(s) =1+ egs,

and dy, ds, a, €1, €2, Y1, 72 are some positive constants.

The model above describes e.g. the interaction between two different types of
plankton: phytoplankton (prey) and zooplankton (predator). It has been observed
that in some cases plankton displays spatial heterogeneity, which was called patch-
iness. For the purpose of the investigation of that phenomenon Steele [54] in 1974
has suggested this predator-prey model. Here the u;, uy components represent the
densities of phytoplankton and zooplankton respectively.

Following the results of Mimura and Murray [35], we have chosen the following

constellation of the parameters:

1 2
a = 1, dl = 00125, dg = 1, g1 = §, E9 = g, Y1 = 35, Yo = 16, [=1. (123)

11



This constellation satisfies conditions (1.12) to (1.15). Note that the condition that
d is essentially smaller than dy, and both d; and ds are sufficiently small is important
for the generation of pattern. For more detailed analysis of the model above we refer
to [35].

The result of our numerical simulations is shown on the Figure 1.2.

11

10.5F

10t

9.5¢

" " " " 85 . . " "
0 0.2 0.4 wl 0.6 0.8 1 0 0.2 0.4 wz 0.6 0.8 1

FIGURE 1.2: Approximate stationary solution of predator-prey model which corre-
spond to the parameter constellation in (1.23).

1.2.4  Spruce budworm model

Spruce budworm (Choristoneura fumiferana) is a serious pest which is mostly ob-
served in eastern Canada and northern Minnesota. This caterpillar (or moth) pre-
dates on coniferous trees and, in large numbers, is capable of damaging and killing
the host. The only natural enemies of the spruce budworm are birds, which also eat
other insects. Over the last century canadians have observed that every 30-40 years
a sudden outbreak of the spruce budworm takes place. The outbreak may last for
several years. During this time a large amount of trees are defoliated, and the forest
industry, as well as the dependent communities, suffer great losses.

In 1978 Ludwig et al. [31] have proposed a model which simulates the interaction
between spruce budworm and forest. Since the life-span of the tree is significantly

larger than that of the spruce budworm, the forest variables were treated as con-
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stants. Thus, the model has become a single-species model. In dimensionless form,
formulated on the interval 2 = (0,1), it reads

u(:c,t)) u?(x,t)

q 14 u?(x,t)

p

ug(z,t) = dugy(z,t) + ru(z,t) (1 —

u(0,t) =u(l,t) =0, t >0,

u(z,0) = u’(z), x € [0,1].

\
Here the positive parameter r is directly proportional to the linear birth rate and
is inversely proportional to the intensity of predation. The positive parameter ¢ is

proportional to the carrying capacity, which is related to the density of the foliage

u?(x,t)

available on the trees. Term —; 2 (D)

reflects the predation by birds and has a
sigmoid character. The qualitative form of the predation term implies the existence
of an approximate threshold value for the population of spruce budworm. When the
population is small, the predation is moderate, when it exceeds the threshold value,

¢

the predation is “ switched on”.

It is easy to see that the steady state solutions are the solutions of

s 52
f(S)ITS<1—§)—m:0

Clearly, s = 0, is one of these solutions. The other solutions, if they exist, satisfy

S S
r(l—;) =T (1.24)

The equation above can be solved explicitly or graphically. We omit the detailed

discussion of the solution to (1.24) and refer to [36] for more information. Here we
simply note, that there exists a domain in the r, ¢ parameter space, where three
roots of (1.24) exist. The boundary curves of that domain for some positive a are

given by

(1.25)



One can obtain the rigorous explanation for the sudden outbreaks in the spruce
budworm population by analysing the behaviour of the model as the parameters r
and ¢ change. In particular, one says that the spruce budworm model exhibits a
hysterisis effect: when r and ¢ change to some new values the system changes as
well, but as » and ¢ change back to the old values, the system does not retrace its
steps in reverse. This effect is then reflected in the sudden jumps of the population
levels from the smallest stable equilibrium to the largest stable equilibrium and vice
versa (see [36]). The largest stable equilibrium is called an outbreak equilibrium.
Now let us comment on the spatial patterning of the spruce budworm. For that
purpose we examine the trivial steady state solution u = 0. The linearisation of the

given problem about u = 0 results in
ur(z,t) = dug,(z, t) + ru(z,t), t>0, z€]l0,1],
u(0,t) = u(l,t) =0, t >0, (1.26)
u(z,0) = u’(x), x € [0,1].

Let M be a number such that u(x,0) < M, Vz € (0,1), and let u(x,t) be a solution

of
w(@,1) = due(z, ) +ru(z, ), >0, xe 0,

u(0,t) = u(l,t) =0, t>0, (1.27)
u(z,0) = M, xz € [0,1].

The Fourier analysis shows that

N 4M K1 r—d PN (95 4 1)
(1) = — Z2j+1e( B )sm (f) (1.28)
§=0

Application of the comparison principle to the problems (1.26) and (1.27) results in

0 <w(zt) <u(z,t), Yee(0,0), t>0. (1.29)
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From (1.28) we see that if [ < W\/g , then u decays exponentially to zero as t — oo,

and, due to (1.29), so is u. Therefore we conclude, that if [ < ﬂ\/g then

lim u(z,t) =0, Vz € (0,1),

t—o00

and no spatial structure occurs. Therefore, similar to the previous results, when the
interval width is not large enough the pattern will not occur.

There is one more interesting relation between the size of the interval and the
behaviour of the solution. Namely, it is possible to establish a correspondence be-
tween the maximum value of the solution u,, and the length [ of the interval. The
numerical evaluation of that correspondence, which was performed by Ludwig et. al
[31], has shown that there exists a critical domain size Iy, above which the maxi-
mum population can achieve the outbreak state. In particular, if [ < [y, then the
outbreak of the spruce budworm population is not possible. The value of [y could be
approximately obtained by analytical means (see [37]).

In our numerical simulations we set in (1.25) a = 1.5, which has produced the

values r = 0.6391 and ¢ = 5.4. In addition we choose d = 3. In order for pattern

to emerge it is essential to choose [ > m %l = 6.8068. On the other hand, for

the purpose of avoiding the sudden outbreak, we have chosen some [ < [y. The
analytical approximation to the value [y has resulted in [y ~ 57.5552. The result of

our numerical simulations with [ = 12 is illustrated on Figure 1.3.
1.2.5  Competition model

The interaction of species, which are forced to coexist and have similar preferences in
resources, is described by competition models. The model we are going to consider
in our work is based on the interaction between grey and red squirrels in Britain. In

the beginning of the 20th century North American grey squirrels have been imported
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FIGURE 1.3: An approximate stationary solution of the spruce budworm model.

into various sites in Britain. They have managed to successfully spread through
the country, forcing the red indigenous squirrel to drive off. Okubo et al. [39]
investigated this displacement and proposed a competition model. In dimensionless

form, formulated on the interval 2 = (0, (), this model reads
( ult(x>t) :ulxx(x>t)+ul(zvt)(1 —Ul(l’,t) —a12u2(l’,t)), t> Oa T [Oal]a

gy (2, 1) = dugy,(x,t) + aug(z, t)(1 — ug(z, t) — agyuy(z,t)), t>0, z€][0,1],

ou(0,t)  Ju(l,t)
o v

=0, t>0,

L u(z,0) = u'(2), z €10,1].

Here uy, us represent the densities of the grey and red squirrels respectively. The
dimensionless parameter a denotes the ratio between the net birth rates of grey and
red squirrels. If o > 1, the net birth rate of the grey squirrels is higher than the
net birth rate of the red squirrels. The coefficient d stands for the ratio between
the diffusion coefficients. In particular, d > 1 implies the faster diffusion of the
red squirrel. The parameters a2 and as; measure the competitive effect of the red
squirrel on the grey and vice versa.

In the absence of diffusion the above system has four homogeneous steady states,
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which are given by

’&1 = 0, TLQ = 0; (130)
’&1 = 1, TLQ = 0; (131)
Uy = 0, Uy = 1; (132)
_ 1-— 19 _ 1— 921

! 1-— A12021 2 1 - 12021 ( )

The latter steady state exists only when ajsas; # 1. The stability or instability,
respectively, of the steady states is easy to verify with the standard methods. We
obtain that the state (0,0) is unstable. For the states (1.31) to (1.33) we will distin-

guish between following cases
(i) a1p <1, ag < 1,
(il) a1z > 1, as > 1,
(ifi) @ < 1, as > 1,
(iv) a2 > 1, a9 < 1.

Note that in cases (iii) and (iv) the steady state (1.33) does not belong to the positive
quadrant and therefore is not relevant for the biological interpretation. We obtain

that
(i) (1.31) and (1.32) are unstable, (1.33) is stable,
(ii) (1.31) and (1.32) are stable, (1.33) is a saddle point,
(iii) (1.31) is stable and (1.32) is unstable,

(iv) (1.31) is unstable and (1.32) is stable.
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The cases (i) to (iv) are shown in Figure 1.4. In case (i), that is, when the impact
of the species on each other is small, the steady state (1.33) is stable and the species
coexist. Cases (ii) to (iv) illustrate the competitive exclusion principle: two different
species cannot coexist and one of them eventually disappears. In case (ii) there are
two stable solutions: (1,0) and (0, 1). The matter of which population will ultimately
win depends on the initial condition: if the initial condition starts in the area I, then
the population us will die out and if it starts in the area II, then the population u;

will extinct (see [36]).

Ul @ u, (i)
lla12
’ Separatrix
PN J« /
S
— > <—
0 1 1/5121 u u,
u | (i) u, (vi)
lla12
1 1
N\ IR
0 1/a, 1 u 0 1 1/a, u

FIGURE 1.4: Schematic phase trajectories near the steady states for the competition
dynamics.

For our further investigations we will be interested in the constant stationary
solution which correponds to case (i) ( even though it does not reflect the real inter-
action between grey and red squirrels). For more details on the competition models

we refer to [36, 37].
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1.3 Contents and scope of the thesis

As it was already mentioned above, the main subject of investigations in this thesis
are stationary solutions @ to problem (1.1). In particular, we are interested in the
results on their existence, stability, and - in the case of the stability - in the size of
their domain of attraction.

Due to the complex structure of the reaction-diffusion systems (1.1), it is usually
impossible to calculate non-constant stationary solutions « in closed form. This is
certainly the case with the Schnakenberg, predator-prey, and spruce budworm mod-
els. The question of existence of solutions to problems of the above type has been a
subject of investigation of many scientists for many years. Concerning the examples,
which are under consideration in our thesis, one can find many papers devoted to the
pattern formation phenomenon, and various discussions of the numerical and analyt-
ical aspects of the models above. For example in [3] by using the homotopy analysis
method, based on the fractional order differential equations, author constructs an
approximate analytical solution to the Schnakenberg problem. In [51] a numerical
method for the solution of the pattern formation models (and specifically for the
Schnakenberg model) is proposed. In [7] one can find the examination, along with
the numerical approximations, of some certain type of the travelling wave solutions
of the spruce budworm model. Some numerical aspects of the modelling the spruce
budworm problem are discussed in [55]. A theoretical analysis of the pattern forma-
tion, along with the computation of numerical approximations for the predator-prey
model can be found in [29, 33, 35]. In [38] the pattern formation phenomenon is
discussed. Most of the results about numerical investigations of these examples do
not go beyond the computed approximation w. Therefore, some rigorous quantita-
tive results on the exact stationary solution are desirable. In our thesis we want to

apply computer-assisted techniques, which can ensure the existence of a stationary
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solution u in some explicitly known neighbourhood of a numerical approximation w.

In particular, we are intending to use the computer-assisted enclosure methods,
which were developed for elliptic boundary value problems by Plum [5, 41, 42, 43,
45, 46], to the stationary formulation of (1.1). In the course of the implementation of
the methods above, the given problem is transformed in such a way, that it becomes
suitable for the application of a fixed-point theorem. As a result a constant « such
that

la-wly <a (1.34)

is obtained. The existence of the solution is shown simultaneously. Since some of the
conditions needed for the fixed-point theorem are verified numerically, this method
is referred to as computer-assisted method.

Furthermore we will be concerned with stability properties of the enclosed sta-
tionary solution u. For the stability investigations we consider a linearisation of
problem (1.1) at @, which we denote as Lz (rigorous definition of Lz will be given
later). In our thesis the operator L; will play an important role. In particular, by
establishing the sectoriality of this operator we will be able to verify the stability of
% and compute an upper bound to its domain of attraction. The notion of sectori-
ality has its roots in semigroup theory and defines those classes of linear operators,
which have a bounded resolvent and the spectrum of which can be included into
some certain sector. The sectoriality of L; will be established with the help of the
computer-assisted methods. Of a special help for us at this point will be the method
of eigenvalue exclosure, which provides a proof for a non-existence of eigenvalues
on a local basis. This method is especially useful in those cases when the operator
Ly has complex eigenvalues. By eigenvalue exclosure, combined with some certain
analytic estimations, we will be able to obtain an upper bound to the norm of the

resolvent operator of L; and show that its spectrum is contained in a sector, which
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72

has an opening to the right of some angle ¢ € (0 ) and a cusp at some real point z.
The methods, which we propose in our thesis provide us with the explicit values for
this constants ¢ and z. Note, in particular, that if z is positive, then the stationary
solution w is stable. In addition, we will be paying attention to the special case of a
self-adjoint operator L;. Although the eigenvalue exclosure method can be applied in
this case as well, one may follow more direct approach which requires less numerical
effort. Namely, as opposed to the excluding of eigenvalues, in the self-adjoint case it
is possible to compute enclosure intervals for eigenvalues by means of some known
variational method for computing eigenvalue bounds.

Finally, while examining the stability properties of stationary solutions, we have
developed approaches for the quantification of theirs domains of attraction. In our in-
vestigations we apply some results from semigroup theory. In particular, estimations
of the form

—tLy

e < Ce ™, (1.35)

HE(X)

are essential. As a result we obtain the estimation of the domain of attraction in the

following sense: we compute some value dy such that
if  Jlup —all, < 0o then tlim |lu(t) —ul|, = 0. (1.36)

The quantification of the attraction section opens an opportunity for the investigation
of the long-time behaviour of a time-depedent solution. In particular, since the
system (1.1) is autonomous, one observes, that if for some fixed time 7" > 0 the
solution of (1.1) is contained in the neighbourhood of @ of the size &y, then the
conclusion (1.36) is valid, and the solution converges to the stationary solution .
The time T', which satisfies the above condition, can be found with the help of the
computer-assisted enclosure methods for the time-dependent problems. This is the

subject of further research.
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The constant dy, which we have computed for the Schnakenberg and predator-prey
models, turned out to be relatively small. The reasons for this lie in the theoretical
methods, which are used for the determination of the constant C' from (1.35). In this
cases, the semigroup approach, which is sufficient for many qualitative purposes, has
proved to be not efficient enough for explicit estimations.

When the operator L; is self-adjoint, it is possible to obtain the domain of at-
traction, using eigenfunctions series expansion techniques. In this thesis we propose
two different approaches for the quantification of the domain of attraction in case of
self-adjoint L;. In the basis of this approaches lie explicit embedding estimations of
C[0,1] — H'(0,1). As a result the estimations similar to (1.36) are obtained. The
computed constants dp are now significantly better, compared to the cases discussed
above. In the view of the improvement in the attractor’s size, we have also estab-
lished some certain classes of problems with non-self-adjoint linearisations, attractor
of which can nevertheless be obtained by methods developed for the self-adjoint
linearisations, after applying some symmetrisation technique.

Finally, before concluding this section, we wish to remark on the recent work of
Cai [8]. In her work the author has considered the Schnakenberg problem, modelled
on a two-dimensional domain. Similar to our results, the author was able to prove
the existence and stability of some particular stationary solution, and has quantified
its attractor. The corresponding value for dy was quite small as well. In our thesis we
investigate some other examples and extend our research to models and stationary
solutions with self-adjoint linearisation. As we have already mentioned above, the
results on the domain of attraction for these models are significantly better.

This thesis is organised as follows. In Chapter 2 we present some preliminary re-
sults, which we apply in the course of the thesis. In Chapter 3 we discuss computer-
assisted methods for the enclosure of stationary solutions. In Chapter 4 we study
the operator Ly and show its sectoriality. In Chapter 5 we investigate the stability
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properties of stationary solutions and obtain their domains of attraction. In Chap-
ter 6 we present a brief description of variational methods for computing eigenvalue
bounds and develop them in the framework of the given problems. In Chapter 7 we
report on the results. The description of the corresponding numerical procedures is

presented in Appendix A.
1.4 Notations

We denote by N, R, and C the natural', real, and complex numbers respectively.

For n € N we denote by R"™ the n-dimensional euclidean space, endowed with the

norm |y, = <Z yl> . (Y1, ..., yn) corresponds to the transpose of y € R™.

For the matrix A € C™*™ we denote by A* its adjoint and by |Als = \/Amax (A*A)
its euclidean norm.

For the diagonal matrix D = diag(dy,...,d,) we denote dyi, := min d; and

jzlv"'vn

Amax = max d;.
j:1,...,TL

The identity matrix (operator) is addressed as I.

For z € R and R > 0 we denote by B(z, R) the ball with center in z and radius
R. BY(z, R) is to be understood as the complement to B(z, R).

We denote by L£(X,Y) the space of continuous linear operators between the Ba-
nach spaces X and Y. We set £(X, X) = L(X).

The Lebesque spaces L,(0,1), 1 < p < oo are endowed with the norms

Wy = ([ 100 ae)

[ flloe = esssup |f(2)].

z€(0,1)

Lin particular, 0 ¢ N
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We write || f{|, for [|f|[; - In addition, we denote by (,-)> the scalar product in
Ly(0,1).

The Sobolev spaces W#?(0,1), where k is any positive integer and 1 < p < oo,
consist of all the functions f € L,(0,1), which admit weak derivatives D f for |a| < k
belonging to L,(0,1). The norm on W*?(0,1) is defined as

1 lwrson = D IDfI,-

lal<k

When p = 2, we write H*(0,1) for W*?(0,1).

We denote by C'[0, ] the Banach space of continuous complex-valued functions on
0, 1], endowed with the maximum norm ||-|| . If & € N, Cy[0, [] is the Banach space of
k-times continuously differentiable complex-valued functions on [0, (], endowed with

the norm

I lcuoq = D 1D Flls -

laf<k

Let I C R be a compact interval and X be a Banach space. We consider the func-
tional spaces B(I; X), C(I; X), consisting respectively of the bounded, continuous

functions f : I — X. B(I; X) is endowed with the sup norm
15y = sup 1F ()] x -
tel

We set also
Cy(I; X) = B(I; X) N C(I; X), ||.f||C’(I;X) = HfHB(I;X) :

The Banach spaces of Holder continuous functions C*(I; X) (« € (0, 1)), are defined
by

CoI;X) ={f € I X) < [flonmy = sup DTG )

t,sel, s<t (t - S>a

1l oy = flloo + [Fleaw:x)-
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We denote the corresponding spaces of R™-valued functions by an upper index n. For
example we write L5(0,1) or C"[0,{]. The corresponding maximum and Ly norms

have the form

[ fll.e = max esssup |fi(x)],
i=1,..., n ZBE(Ovl)

i = ([ fT(x)f(x)dxf |
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2

Preliminaries

The main subject of this thesis is the reaction-diffusion system of the form

up(x,t) = Dugy(z,t) + F(u(z,t)), t>0, x€]0,],

u(z,0) = up(x), x € [0,1].

In the system above u : [0,1] x [0,00) — R" is the unknown, D = diag(dy,...,d,),
with d; > 0 is the matrix of diffusion coefficients, F' : R" — R" is a given nonlinear
function modelling reactions, up : [0,/]] — R™ is a continuous function of initial
conditions. The operator B, (p = 0,1) is the formal linear operator of boundary

conditions with

- (2.2
Bulu(-, D](z) = (‘9 ( ’“) (@),
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Throughout this work we assume that the components of the vector F' = (F, ..., F,)T

and the elements of its Jacobian matrix

oF;
F, = 2.3
Y <ayj)i,j:1,...,n 23)

are all continuous functions. We write Fy(u(z,t)), if the Jacobian is evaluated at a

function u(x,t).

This chapter is devoted to some preliminary results needed in the sequel. In
particular, we introduce facts from the theory of analytic semigroups, theory of un-
bounded self-adjoint operators and derive the explicit estimations of the embedding

Cm0,1] — HP(0,1).
2.1 Some preliminaries on analytic semigroups

The methods of semigroups provide an elegant and comprehensive approach to the
field of abstract time-dependent problems. Our main concern in this subsection will
be a special class of semigroups, namely analytic semigroups. Below we introduce
several classical results from that field, which are going to be useful in our work.
We omit the detailed description of these results. For a more thorough overview on

analytic semigroups please refer to [10, 11, 21, 30, 32, 63].
2.1.1 Sectorial operators. Analytic semigroups

We start with the following

Definition 2.1. Any real number 0 satisfying z = re? for some positive real r is
called an argument of a complex number z and is an angle made by z with the positive
x-azis. The particular argument of z lying in the range —m < 0 < 7 is called the

principal argument of z and is denoted by arg(z).
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Definition 2.2. Let X be a Banach space. Let T : D(T) C X — X be a linear

operator. The resolvent set p(T) and the spectrum o(T') of T are defined by
p(T)={NeC: T - X" e€L(X)}, oT)=C\p().

The complex numbers A € p(T') such that T — X is not one-to-one are called eigen-

values. If X € p(T), we set
(T —XI)"' = RO\, T).
R(\,T) is called resolvent operator or simply resolvent.

Definition 2.3. Let X be a Banach space. We say that a linear operator T : D(T) C

T
X — X 1is sectorial if there are constants a € R, 6 € (5, 7r> , M >0 such that

(i) p(T) D Spa:={Ae€C:X#aq, |arg(A —a)| < 0},
(2.4)

(@) RO Tl pox) <

For every t > 0 the properties of a sectorial operator T" allow us to define the

operator exponential e/’ by means of a Dunford-Taylor integral as

1
et = — RN T) d\, >0, (2.5)

2mi )y, . va

™

Wherer>0,77€(2,

9) and 7, is the curve

Yr =X € Crfargh[ =, [\| = r}U{A e C: Jargh[ <n, [\| =7}, (2.6)
oriented counterclockwise. Hence 7., + a is given by
Yrpta={X € C: |arg(A—a)| =7, |A\—a| > r}U{A € C: |arg(A—a)| < n, |[A\—a| =1}.
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Lemma 2.4. [30, Lemma 1.3.2, p. 11] If T is a sectorial operator, the integral in

s
a)

(2.5) is well-defined, and it is independent of r > 0 and n € (2 6’).

Let us additionaly set

My =, veX (2.7)

and introduce the following

Definition 2.5. Let T be a sectorial operator. The function from [0,00) — L(X),

T s called the analytic semigroup generated by T (in X ).

t—e
We continue with
Proposition 2.6. [32, Proposition 2.1.1, Proposition 2.1.4]
(i) ef'x € D(T) for eacht >0, v € X.

(i) For every x € X and t > 0, the integral fot esTads belongs to D(T).

Below we would like to introduce one property of the analytic semigroup, which

will be essential for the estimation of the domain of attraction.

Lemma 2.7. Let T be a sectorial operator and let €T be given by (2.5). Let a be

the number introduced in (2.4). Then the following statement holds.

<Ce", t>0 (2.8)

HetTHL(X)

for some positive constant C'.

Proof. Let us introduce the shifted operator T := T — aE. Then p(T') contains the

sector Spo with 0 € (g, 7T) and R(A\,T) = R(A +a,T), so that

HAR(A,T’)HM) <M, )€ Sup. (2.9)
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From definition (2.5) follows that
el = etTeat, (2.10)

Let us choose n € (g, 6’), r > 0 and consider

1 ~
— / RN, T) dA
Yrin

271

£(X)

Let us make a substitution A\t = £. Then, due to Lemma 2.4, for t > 0 we have
= 1 ~\ d 1 ~\ d
T = — 6€R<§,T) _fz_/ e§R<§,T> _E
2m /., t t 21 ), t t

After obvious parametrisation of v, ,, we arrive at

_ 1 +o0 i mo in 400 » —in —in
etT - / epe IR pe ’T e—dp - / 6pe "R pe ’T e dp
2mi \ J, t t . t t
n (¥ ia -~ ; d
+ / e R (re ,T) z're’a—a .
. t t

From (2.9) follows

etT

M +o00 1 n
‘ S - (2/ _ ePCosndp_'_/ ercosada) )
LX)~ 2w r P —n

Setting
M +o0 1 n
C:=— (2/ - epcosndp—i—/ eTCOSO‘da) (2.11)
2\ Jroop -
and taking into account (2.10), we obtain the desired estimation. O

2.1.2  Cauchy problem. Mild solutions

Let us introduce the following
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Definition 2.8. Given three Banach spaces Z C Y C X (with continuous embed-
dings) and given o € (0, 1), we say that Y is of class J, between X and Z if there is
C > 0 such that

lylly < Cliyliz vl ™, veZz (2.12)

Let T: D(T) C X — X be a sectorial operator. Let X, denote a space of class

Jo between X and D(T'). We consider the initial value problem

u'(t) = Tu(t) + H(u(t)), t>0,
(2.13)
u(0) = uy,

where ug € X, and H : X, — X is a continuous function. In addition for every

R > 0 there is K > 0 such that
[H(z) —H(y)lx < Kllz—ylx,, =yeB0R)C X, (2.14)
Let us introduce the following

Definition 2.9. We say that a function u defined in an interval I = [0,7) or I =
0, 7] is a mild solution of problem (2.13) if u € (C'\ {0}; X,) and it satisfies

t
u(t) = eTug +/ eI H(u(s))ds, tel. (2.15)
0

Due to the embeddings D(T) C X, C X it follows that ¢ — €' is analytic in

(0, 4+00) with values in £(X,). In order to avoid blowing up of HetTHﬁ(X yast—0

[32], we make the following assumption

limsup ||e < +o00, (2.16)

‘T
P Hc(xa)

Therefore HetTH £(X0) is bounded on every compact interval contained in [0, +00).

For our further investigations we will need the following
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Theorem 2.10. [30, Theorem 6.3.2, p. 91] The following statements hold.

(a) If u,v € Cp((0,7]; Xo) are mild solutions of (2.13) for some T € (0,00), then

u="v.

(b) For every i € X, there exist v, 6 > 0 such that if ||ug — ||y < r prob-

lem (2.13) has a mild solution v € Cy((0,9]; X,). The function u belongs to

C([0,6]; X,) if and only if ug € D(T)XQ := closure of D(T) in X,.
In addition, let us set

tmax = sup{7 > 0 : problem (2.13) has a mild solution u, in [0, 7]},
(2.17)

u(t) =u.(t), if t<r7.

u(t) is called the maximally defined solution. Due to Theorem 2.10(a), u is well

defined in the interval
I:= U{[O, 7] : problem (2.13) has a mild solution w, in [0, 7]} (2.18)

and we have t,,,, = sup I. Of course t,,.x and I may depend on uy. We suppress this
dependency for now and write t,,., and I unless otherwise needed.

The following lemma will be useful for the global existence result.

Lemma 2.11. /32, Lemma 7.1.1, p.257] Let f € Cy((0,7); X), 7 € (0,00), and set
t
I(t) :/ eI f(s)ds, 0<t<T,
0

If0<a <1, thenT € C*([0,7]; X,), and there is C > 0, not depending on T and
f, such that

Tl er-aqo.mxa < € sup [[f(O)]x-
te(0,7)
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Let us now introduce a result, concerning existence in the large of the solution of

(2.13).

Theorem 2.12. Let the function t — |[u(t)|| . be bounded on I. Then ty. = 00.

Thus the mild solution of problem (2.13) exists for all t > 0.

Proof. Assume by contradiction that .., < oo. By Theorem 2.10 there exists a
mild solution u € Cy((0, tyax); Xo). In the following we would like to show that w

can be continuously extended to t = .. Mild solution u is given by
t
u(t) = ey —i—/ eI H(u(s))ds, t€ (0, tmax)- (2.19)
0

Since t — [Ju(t)||y, is bounded, then ¢ — H(u(t)) is bounded and continuous with

values in X in the interval (0, ,ax). By Lemma 2.11 the expression [; e~ H (u(s))ds
belongs to C1=([0, tmax); Xo). In addition, observe that ¢ — e'Tuq is well-defined
and analytic on (0, +00). Summing up, we find that u belongs to C?((0, tmax); Xa)

with 6 € (0,1). Thus u is a uniformly continuous function on (0, y.y] and

tmax
W(tma) = € g + / tma=9T B () ds.
0

Indeed, let (t,),en be a sequence in (0, tyayx ), Which converges to tyay. Due to the uni-

form continuity of u we have lim u(t,) = u(tmax). In addition, due to the continuity

n—oo

of function H, we conclude that lim H(u(t,)) = H(u(tmax))-

tn—Tmax

By Proposition 2.6, u(tn.x) € D(T) C D(T)Xa. Thus, w is a mild solution of

(2.13) on (0, tyax]. By Theorem 2.10, the problem
w'(t) =Tw(t) + Hw(t), > tmax,  W(tmax) = utmax)

has a unique mild solution w € C([tmax, tmax + 0]; Xo) for some 6 > 0. Now let us
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introduce a function

a(t) = {u(t), t € (0, tumax), (2.20)

w(t), t€ [tmax,tmax + 0.
For t € (0, tmayx) the function @ satisfies

a(t) = u(t) = ey +/0 eI H (4(s))ds.

For t € [tmax, tmax + 0], taking into account that wu(ty.y) satisfies (2.19), we have

¢
a(t) = w(t) = et Tyt + / eI H(w(s))ds
tmax
tIIlaX
— 6(t_tmax)T (etmaxTuO _I_/ e(tmax_S)TH(a(S))ds)
0
¢
—i—/ eI H(a(s))ds
tmax
¢
= eTug + / eI H(4(s))ds.
0
Thus, @ € Cy((0, tmax + 9]; X4) is a unique mild solution of problem (2.13). This is

a contradiction with the definition of ¢,,,.. Therefore, ..« = 0. O

Remark 2.13. The result of Theorem 2.12 is used to prove existence in the large
when we have an a priori estimate on the norm of u(t). We will be able to obtain

this estimate later, during the estimation of the domain of attraction.
2.2 Self-adjoint operators

All results in this section were taken from [27].

Definition 2.14. Let H be a Hilbert space. A densely defined operator on H is a
pair (D(T),T), where D(T) C H is a dense subspace of H, and T : D(T) — H is a
linear map.
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Definition 2.15. Let H be a Hilbert space. If (D(T'),T) is a densely defined operator
on H, and Dy C D(T) is a subspace of D(T) which is still dense in H, we call
(D1, T|Dy) the restriction of the operator (D(T'),T) to D1. An extension of a densely
defined operator (D(T),T) is a densely defined (Dy,Ty) such that D(T) C Dy and
(D(T),T) is the restriction of (Dy,Ty) to D(T).

If (Dq,T}) is the restriction of (Ds,T3) to Dy, one may write Ty = Ty|D; or

Ty C Ts.
Definition 2.16. Let H be a Hilbert space and (D(T),T) be densely defined on H.
The graph T'(T) of (D(T),T) is the linear subspace

INT)={(v,w)e Hx H:veD(T)andw=T(v)} (2.21)
of Hx H.

Definition 2.17. The densely defined operator (D(T'),T) is said to be closed if T'(T)

1s closed in H x H when the latter is seen as a Hilbert space with the inner product

(v, wr), (v2, w2)) gxm = (U1, v2) g + (W1, wa) . (2.22)
The operator is said to be closable if there exists a closed extension of T.

Definition 2.18. Let H be a Hilbert space and (D(T),T) be densely defined on H.
The domain of the adjoint D(T*) is defined to be the set of all w € H such that the

linear map

£r {Dm ~ G (2.23)

Yl v (T, w)

is continuous, i.e., those w such that, equivalently, [ extends uniquely to linear

w

functional fi € H', or there exists a constant C > 0 with

(Tw,w)| < Cllv||, Yoe D(T). (2.24)
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The adjoint is the linear map

(b - H
T . _ (2.25)
w +— the unique vector T* w such that [} (v) = (v, T*w),

where the existence of the vector is given by the Riesz Representation Theorem for

Hilbert spaces.
Finally, we introduce

Definition 2.19. Let H be a Hilbert space and (D(T'),T) be a densely deifned clos-

able operator.

(1) The operator (D(T),T) is symmetric or Hermitian if it is closable and T C T*,

i.e., equivalently, if
(Tv,w) = (v, Tw), Yv,we D(T). (2.26)
(2) The operator (D(T),T) is self-adjoint if it is closable and T =T*, i.e., if it is
symmetric and in addition D(T*) = D(T).
In our further investigations we will use the following perturbation result.

Lemma 2.20. [27, Lemma 4.26, p. 66] Let H be a Hilbert space and let (D(T'),T)
be a densely defined closable operator with the adjoint (D(T™),T*) which is densely
defined as well. Then for any S € L(H) the operator (D(T),S + T') is closable and
its adjoint is given by (D(T*), S* 4+ T%).

2.3 Embedding estimations

Let us introduce the following two lemmata, which could be considered as an explicit

version of the embedding: H7(0,1) — C™[0,1].
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Lemma 2.21. For all ¢ € H'(0,1) the estimation

lel2, < Collells + Cull¢'ll3 (2.27)
holds with
1
CO =p+ 7,
L ! (2.28)
Cy = -
P
for any p > 0.

Proof. For ¢ € H(0,1), z € [0,]] and j = 1,...,n we have
2 ’ d 2
les@P = [ Tl dy
x l
< [ewP a2 [ a0l
0 0

and likewise

(I - 2)s ()2 = — / d%(a —9lesw)) dy

I !
< [ 1ok ar+2 [ (=alewligwl a

Adding both inequalities, we obtain for all x € [0,/] and j =1,...,n

! I

10 ()]” S/O |05 ()] dy+2l/0 i€ ()] dy.
After application of Young’s inequality with p > 0, we obtain
1 1
i@ < (7+0) losl+ ellE

Since for a € H}(0,1)

lasllz < D llaills = llall; (2.29)
i=1
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holds, we obtain Vz € (0,]) and Vj =1,....,n

1 , 1
i@ < (7 +0) 1ol + S

Hence it follows

1 1
ol < (5 + ) el + 3113

The proof of the lemma is complete.

We will comment on the appropriate choice of the parameter p later.

Remark 2.22. Note, that Lemma 2.21 holds for all p € H}(0,1) without any bound-

ary conditions. As a matter of fact, when Dirichlet boundary conditions are imposed,

it 1s possible to obtain better embedding constants.

Lemma 2.23 (Dirichlet boundary conditions). For ¢ € (H(0,1))" the estimate

2 2
lolls < Collelly + Culle'll3

holds with
Cy =0,
l
Cl - Zv
and also with
CO = Bv
21
C, = —
1 2

for any p > 0.

Proof. For p € (H3(0,1))", z € [0,] and j =1,...,n we have

\w@ﬂslﬂ@@wm

\%@ﬂg/ﬁﬁwww
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Adding both expressions and applying Cauchy-Schwarz inequality, we obtain

Ly
o) < LI

Hence from (2.29) estimation (2.30) with Cy, C; as in (2.31) follows.

For the second estimation we proceed as follows.

xT

X d ,
@ = [ oWl <2 [ lei)lléwdy
o dy 0
and

I%'(x)IQZ/ d%lsoj(y)IQdy§2/ 0 ()1l (y)ldy.

Addition of these inequalities and application of Young’s inequality with p > 0 results

in
!
e@P < [ 1o wllewldy
0
I l
P 2 1 / 2
<= ; dy + — » d
< [lewl g [ IemPa
P 2, 1 2
— Ll + o Il
Hence from (2.29) estimation (2.30) with Cy, C; as in (2.32) follows. O
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3

Enclosure of stationary solutions

In this chapter we are going to describe a computer-assisted method which provides
the existence and enclosure results for a stationary solution of the reaction-diffusion

system of the form

u(z,0) = up(x), x € [0,1].

Let @ denote a stationary solution of (3.1). System (3.1) in its stationary formulation

reads

~D#'(z) — F(a(z)) =0, =z €0,
(3.2)
Bylu](0) = B,[ul(l) = 0.

Let HP(0,1) := {¢ € H(0,1) : B,[¢](0) = B,lp](l) = 0} and let w € HP(0,1) denote
a numerical approximation to u. We aim at the existence and enclosure results in

the following sense: we want to derive a constant «, such that a stationary solution
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u satisfying

[ —wl, <o (3.3)

exists. In other words we are looking for some “sufficiently small” and explicitly
described neighbourhood of w which contains @. The estimation (3.3), as well as the
existence of u will follow after the application of the Schauder’s fixed point theorem
to a suitable formulation of (3.2). In order to obtain this formulation we will have

to verify some certain conditions with the help of the computer.
3.1 Some preliminary facts and notations

Let us introduce a notation
Co(x) == —F,(w(z)), z€]0,1]. (3.4)
Throughout this chapter we make the following assumption:

(Gop) there exists a monotonically non-decreasing function G : [0, +o00) — [0, 400)

such that

[F(y +w(x)) — Flw(x) + Co(@)yla < G(lyl2), yeR", ze€[0,1],

(3.5)
with G(h)=o0(h) as h—0+.
Let us introduce an operator F : C"[0,1] — L5(0,1) as
(F(0))(z) := F(e(z)), ze€l0,1]. (3.6)

We want to show that
Lemma 3.1. The operator F: C™[0,1] — L5(0,1) is Fréchet differentiable at w.

Proof. In order to show the assertion we introduce an operator C, : C"[0,l] —
L3(0,1) as
(Cop)(@) = Cu(@)p(x), 2 €0,]] (3.7)
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and note that for any y € R” the inequality

max Jy;| < fyl: < v max |y (3.8)

__________

holds.
By assumption (Gy) for all € > 0 there exists 6 > 0 such that for any ¢ € C"[0, ],

satisfying |¢o(x)|e < 6 Vo € [0,1] follows

l
[F(p +w) = Fw) + Copll, = \//0 |F(p(z) + w(z) — Fw(z)) + Cu(z)p(z) 3dx

< \/ [ ot

(3.5) l
2. / o(@)3de = £ llolly < eVl -
0

Taking into account (3.8) we obtain the following assertion: for all ¢ > 0 there exists

d > 0 such that for any ¢ € C™[0, ], satisfying [|¢||, < % we have

IF (0 +w) = F(w) +Cupll, < Vil -

Thus F : C"[0,1] — L35(0,1) is Fréchet differentiable at w with Fréchet derivative

given by
(F'()lel)(x) = =(Cop)(x) = =Cu(z)p(z) = Fy(w(x))e(x), zel0d]. (3.9)
U
Next let us introduce a function g : C"[0,1] x C"[0,{] — L5(0,1) as
glp,w) :=Flp+w) - F(w) +Cop. (3.10)
We will need the following result
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Lemma 3.2. Let a > 0. For any ¢ € C"[0,1], satisfying ||¢||, < a we have

g, w)ll, < VIG(av/n). (3.11)

Proof. Let o« > 0 and let ¢ € C"[0,1] satisfy ||¢||,, < a. Then according to (3.8)
we have |o(x)]2 < ay/n for all z € [0,{]. From (3.5) and the monotonicity of the

function G follows

8(p(z), w(x))l2 < Glp(x)2) < Glavn), = €[0,1].

Consequently,

g, w)lly = \//0 g(p(2), w(@)de < VIG(av/n).

Next we introduce an operator A : D,(A) — L3(0,1) as

H2n(07 l) N (H(%(Ov l))nv if pP= 07
Dy(A) = HF(0,1) =
{oe HM0,1) : ' (0) = /(1) =0}, if p=1, (312)

Ap = Dy".

Finally, given that F is Fréchet differentiable at w, we introduce a linear operator
L, :D,(L,) — L3(0,1), which denotes the operator obtained by the linearisation of
problem (3.2) at w. Thus, L, is defined via

Dy(L,) = H2(0,1), Ly :=—Ap+Cup. (3.13)
3.2 Existence and enclosure theorem

At first we would like to show several preliminary results. We start with
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Proposition 3.3. The embedding E : Hy(0,1) — C"[0,1] is compact.

Proof. The assertion of the proposition follows from the Rellich-Kondrachov theorem

[2, Theorem 6.2, p. 144]. O
In our next result we will be using the embedding I € £(C"[0,1], L5(0,1)).

Proposition 3.4. Let A: HP(0,1) — L3(0,1) be the operator introduced in (3.12).

Then the operator —A + IE : H2(0,1) — L5(0,1) is one-to-one and onto.
Proof. For v e HZ(0,1), r € L3(0,1) consider a boundary value problem of the form
—Av+IEv =r. (3.14)

Note that problem (3.14) is a system of linear ordinary differential equations of second
order with constant coefficients. The existence of the unique solution v follows after
the application of the standard methods from the theory of ordinary differential
equations (see uniqueness and existence Theorem [61, Theorem I, p. 169]).

O

Corollary 3.5. Let A : HP(0,1) — L3(0,1) be the operator introduced in (3.12).
Then the following implication is satisfied for every & € L(C™[0,1], L5(0,1)):

If —A+¢F:HP(0,1) — L3(0,1) is one-to-one, then it is also onto,
(3.15)
and (—A+EE)™' € £(Ly(0,1), HP(0,1)).

Proof. Consider for v € HZ(0,1) and r € L%(0,1) the boundary value problem
—Av+EFv=r. (3.16)

According to Proposition 3.4 the operator —A + IE : HP(0,1) — L3(0,1) is

one-to-one and onto. Let us introduce an operator K : HZ(0,1) — HZ(0,1) and a
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function s € HP(0,1) as
K:=(—A+IE)YIE —¢E),

(~A+ITE)'r.

S
It is easy to see that the boundary value problem (3.16) is equivalent to
v=Kv+s. (3.17)

Let us consider the operator K. Since —A + I E is one-to-one and onto, the Open
Mapping Theorem implies that (—A + IE)~' : L2(0,1) — HZ(0,1) is bounded. In
addition, the embedding F : HY(0,1) — C™[0,1] is compact. Thus K : HZ(0,1) —
HZEP(0,1) is compact as well. By assumption —A + £F is one-to-one. Therefore
the homogeneous problem (3.16), and hence also the homogeneous problem (3.17),
has only the trivial solution. An application of the Fredholm’s Alternative to (3.17)
results in the existence of a unique solution v € HZ(0,1) for every r € L3(0,1). Hence
(—A+€ER)™ : L3(0,1) — HP(0,1) exists and, due to Open Mapping Theorem, is
bounded. O

Finally let us introduce the existence and enclosure theorem, which was developed

by Plum.

Theorem 3.6. Let w be an approzimate solution of a boundary value problem (3.2).
Let L, : HZ(0,1) — L%(0,1) be given by (3.13). Suppose that positive constants ¢,
K are known such that

|—Aw — F(w)l|, <9, (3.18)

ull . < K ||Lyull, VYue HP(0,1). (3.19)

In addition, let there exist a monotonically non-decreasing function G : [0, +00) —

0, 4+00), satisfying (3.5). If

0< o = VIG(av/n) (3.20)

45



holds for some a > 0, then there exists a solution u € CZ}[0,l] to problem (3.2)
satisfying

o —w| < a. (3.21)
Proof. Let us set u = 4 — w and denote
dw] == —Aw — F(w). (3.22)
Consider the boundary value problem
L,yu—g(u,w)=—dw] on(0,1), Byul](0)= B,[ul(l)=0. (3.23)

In the following we are going to show that a solution u € HP(0,1) of (3.23) exists and
satisfies ||ul| < c. If this is the case then @ := u+w is a solution of (3.2), satisfying
(3.21). The required smoothness of @ will eventually follow from the differential
equation (3.2).

From (3.19) follows that L, = —A + C, is one-to-one on HZ(0,1). In ad-
dition, by Lemma 3.1 the operator C, is the Fréchet derivative of F and C, €
L(C™0,1], L3(0,1)). Hence the application of Corollary 3.5 to the operator L, results
in the existence of a bounded operator L' : L5(0,1) — HZ(0,1). Therefore, taking
into account the compactness of the embedding £ : H}(0,[) — C™|0, ], boundedness

of L', and continuity of g, we may represent (3.23) as

u=—L;"(dw] — g(u,w)) =: Tu, (3.24)

w

where T": C™[0,1] — C™[0,[] is a continuous and compact operator. The existence of
a fixed point u € C"[0,[] of problem (3.24) would follow from the Schauder’s fixed-
point theorem if we would be able to find a closed, convex, bounded set U, such that
TU CU. Let us set

U:={uel0,1]:|lul, <a}l (3.25)
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Note that Tu € HZ(0,1). Since G satisfies (3.5), by Lemma 3.2 g(u,w) satisfies
(3.11). From (3.19), (3.24), (3.18), and (3.11) follows

|Tullyy < K |[LTull, = K |dw] — g(u,w)|l, < K(8 + VIG(ay/n)).
The operator 7' maps the set U from (3.25) onto itself, if
K(6 4+ VIG(ayn)) < a,
which is equivalent to
6 < = —ViG(avh).

Hence, if the inequality above holds true, then due to Schauder’s fixed point theorem
a fixed point v € C™[0,1], satisfying |lul|, < «, of problem (3.24) exists. Therefore
u € HP(0,1) is a solution of (3.23). Consequently, @ € HP(0,1) is a solution of (3.2)
satisfying ||u — w||, < a. The smoothness of @ follows from the differential equation

(3.2). The proof of the theorem is complete. O

In order to obtain the enclosure interval for the stationary solution u, we need to

1. find a constant ¢§ satisfying (3.18),
2. find a constant K satisfying (3.19),

3. find a monotonically non-decreasing function G satisfying (3.5).

In the next section we are going to present a method which provides us with
the constant K. It is obvious, that for condition (3.20) to hold, the defect bound §
should be sufficiently small. Thus, a highly accurate numerical approximation w is
required. The accuracy of w can be achieved with the help of the Newton algorithm.
We comment on the computation of the highly accurate numerical solution w, as well
as on the computation of the corresponding defect bound ¢ in the Appendix A.

In Section 3.4 we discuss the computation of constant a satisfying (3.20). We
report on the function G in Chapter 7.
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3.3 Computation of constant K

In this section we describe the calculation of constant K satisfying (3.19). For that
purpose we are going to use the estimations of the embedding H{(0,1) — C™[0,],
which were presented in Lemma 2.21 and Lemma 2.23 in Chapter 2. Recall that for
u € H(0,1) we have

lull%, < Collully + Cullv'll5, (3.26)

with constants Cy and C being chosen as in (2.28) or as in (2.31) (specifically for
the Dirichlet boundary conditions).
For the computation of the constant K we consider the weak form of the eigen-

value problem for L} L,:
u € HP(0,1), (Lyu, Lyv), = A (B {u,v), + (u',v'),) Vo€ HP(0,1), (3.27)

where § > 0 is a fixed constant. For simplicity in the following we are going to use

the notation
M(u> 'U) = <qu> Lw'U>2 )

N(u,v) = B {u,v), + (u',0v"),.

It is easy to see that the bilinear forms M and N are positive definite self-adjoint
forms on the space HF(0,1) and N is bounded. Therefore problem (3.27) is equivalent
to an eigenvalue problem for a self-adjoint operator in HZ(0, 1) and the usual spectral
terms are well-defined for this problem.?

The variational characterization of the smallest eigenvalue A; of problem (3.27)
gives

<qu> qu>2
(u,u)e + (u',u')s

A < 3 vu € HP(0,1)\ {0}.

2 We will discuss the spectral properties of self-adjoint operator L* L,, in Remark 4.11. In partic-
ular, the existence of the orthonormal basis of eigenfunctions follows from the compactness of the
resolvent of the self-adjoint operator under consideration.

48



Hence, if we can compute some \ satisfying
0 <A<y, (3.28)

we obtain

1
(8 llulls + 'l13) < 3 ILoully  Yu € HP(0,0). (3.29)
Next, we introduce the following

Proposition 3.7. If A satisfies (3.28), then (3.19) is satisfied with

K:\/imax{%,Cl}. (3.30)

Proof. Starting with

C
2 0 2 2
lulls < Fﬂ lully + Cy [lw']];

and using (3.29), we obtain

C
lulloe < \/max {FO,Cl}\/ﬂ lall + 113

1 C
< \/ g { 2Ll = K ol

Hence, the proof is complete. O

In case when Neumann boundary conditions are imposed, the constants Cy and
('} should be chosen as in (2.28). Thus, K becomes a function of p. Observe that we
will have more chances to satisfy inequality (3.20), if constant K is small. Therefore,

it makes sense to choose p such that

max{% (p—l— %) ,%} — min. (3.31)
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The choice of the positive constant [ is made in such a way that K is as small as
possible. We accomplish this task by making several tests with the different values

of 3. Note that A\ depends on (.
3.83.1 Alternative approach for self-adjoint L,

In this section we are going to operate under the assumtion that
(A) The operator L, is self-adjoint in L5 (0,1) and its resolvent is compact.

The fact that this is true will be shown later in Proposition 4.10. In that case one may
follow a different approach for computation of the constant K. The main advantage
of this approach, compared to the method described above, is that it requires less
numerical effort.

Let us assume, that the constants Ky > 0 and K; > 0 satisfying the inequalities
lully < Ko |[Loully, we Hy(0,1), (3.32)

l'lly < KillZoully, € HY(0,0) (3.33)

are known. It is easy to see that (3.26) combined with (3.32) and (3.33) yields in

K = \/CoK3 + G K2, (3.34)

Let us assume at the moment, that the value of constant K is known. Then we
obtain the constant K, as it is described in the following lemma, which for n = 1

can be found in [42, Theorem 2, p. 44].

Lemma 3.8. Let (3.32) hold with some constant Ky, and let ¢ be defined as

¢ = min Apin(C,(x)). (3.35)
z€[0,]]
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Then (3.33) holds with

1
\/d Ko(1—cKo), if cKo <1,

Ky = (3.36)
1

2 V Qdmin 7

Proof. Let u € H2(0,1), u # 0. From (3.32) follows the injectivity of L, and

otherwise.

therefore L,u % 0. We have

I I
(Lyu,uy, = —/0 u”(:)s)TDmdx%—/o u(z)TCy () u(x)dx

- /0 (@) D) + /0 ()T C () @)
> dnin |10l + ¢ [Jull;- (337)
On the other hand the application of the Cauchy-Schwarz inequality results in
(Lou, u)y < lully || Loully - (3.38)

Combining (3.37) and (3.38), we obtain

1
dmin

2
[l < == (llully | Lowlly = c llully) - (3.39)

Let us set p = M From (3.32) follows u < Kj. Expression (3.39) reads

[ Lol
112 1 2
l'lly < 5—n(1 = cp) || Luull; (3.40)
. 9 . . . L1
Observe that a function f(u) = —cp® + p achieves its maximum at p* = % Hence
c
if p* > Ky then we set u = Ky in (3.40). Otherwise we have
2 1 * 2 1 2
le/ll; < dminf(u ) | Lesully = Ted— | Losul] -
The proof of lemma is complete. O
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Now let us discuss the computation of the constant K,. We consider the eigen-

value problem of the form
uw€ HP(0,1), Lou=Au; on [0, (3.41)

Since L, is self-adjoint in L5(0, ) and its resolvent is compact (according to Assump-
tion (A)), there exists a system of eigenfunctions of (3.41), which is orthonormal and
complete with respect to (-, -),. The spectrum of L, consist only of the eigenvalues,

which are real and converge to infinity. If
0 < A < min{|)| : X eigenvalue of (3.41)}, (3.42)

then by the eigenfunctions expansion we obtain
1
lully < I Lwull,

Thus, (3.32) is satisfied with

> =

3.3.2 Additional comments

Note, that for the computation of the constant K a positive lower bound A, defined
as in (3.28) or as in (3.42) respectively, should be determined.

At first, observe that the positivity of A implies that the operator L, is one-to-
one. The converse is also true. Therefore during the computation of A the injectivity
of L,,, which is essential for the fixed point theorem, will be proven. In addition, let
us consider the approach described in Section 3.3.1. As we will see later in Chapter 4,
the eigenvalue problem (3.41) is the same eigenvalue problem, which occurs in the
course of the verification of the stability of u. Thus, since we are looking for stable

u we are interested in cases where the eigenvalues of (3.41) are positive.
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Finally let us remark that due to the self-adjointness of (3.27) and (3.41) the
variational methods for computing eigenvalue bounds will be applied for computing

eigenvalue bounds. These methods will be presented in Chapter 6.
3.4 Enclosure statement

Having a monotonically nondecreasing function G satisfying (3.5) at hand, we insure

the enclosure inequality by proceeding as follows:

1. We approximately solve the equation
! -
0=~ VIG(avy/n)

looking for & with the help of the Newton algorithm. Thus, we set as starting

value ay = 0 and proceed as:

o f(@) =6~ 5+ VIG(anym),

fla)

.&k+1:a{k—m, (/{7:0,,/{20)
Here kj is the index at which the iteration should be stopped.

2. We set o := 1.01 & and check the inequality (3.20) using interval arithmetic.
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4

Operator L;

The main objective of this chapter is an operator Ly : D,(Ls) — L3(0,1) (p = 0,1)
defined as
H3(0,0) 0 (H;(0,)", if p=0,

Dy(Lg) = Hy(0,1) =
{pe HI0,): ' (0)= /(1) =0}, if p=1, (41)

Lap = =D¢" + Cap,

where

(Cap)(x) := Ca(x)p(x) = —Fy(u(x)), x€[0,1]. (4.2)
Our main task will be to show that —L; is a sectorial operator, i.e. it satisfies the
conditions of Definition 2.3. For the reason of convenience let us reproduce them
here. We want to show that there are constants a € R, 6 € (g,ﬂ') , M > 0 such

that
(i)  p(—La) D S ={A€C: X#a, |arg(A —a)| < 0},

. M
(i) RN, —La)ll g 00)) < D A€ Spa-

o4



As we will see later the sectoriality of —L;, and, specifically, the fact that —Lj
generates an analytic semigroup e '@, will be essential for the quantification of the
domain of attraction of 4 and establishing the global existence of a solution of (2.1).

The required properties (i) and (ii) will be shown to some certain extent by
computer assistance. We will proceed as follows. At first, by analytic estimations
we will obtain properties (i) and (ii) outside some bounded domain on the complex
plane. Inside this domain the investigation will be reduced to the determination of
those local areas, where no eigenvalues of L; can lie. We will accomplish this task
by implementing a numerical method, called the eigenvalue exclosure method. In
particular, we will introduce some auxiliary self-adjoint eigenvalue problem and will
compute the eigenvalue bounds to the eigenvalues of this problem with the help of
some known variational methods. In addition, during this process, we will be able
to obtain the estimation of the reslovent as in (ii). This approach will be especially
helpful in the case when the spectrum of L; contains complex eigenvalues.

In the particular case of the self-adjoint Lj, its sectoriality can be shown by
making use of the spectral properties of the self-adjoint operators. We discuss this

approach in Section 4.2.

4.1 Sectoriality of —L;

T
Let us introduce for z € R and ( € (0, —) a sector

2
Se.={AeC: |arg(\ — 2)| < ¢}. (4.3)

In addition, recall that for z € R, R > 0 we denote B(z, R) to be a ball of radius r
with center in z.

As it was already mentioned above, we prove the sectoriality of —L; in two
steps. At first, by performing certain estimations of terms involved into the resolvent
equation, we will show properties (i) and (ii) for all such A, which belong to the
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complement of the sector 5’472 and lie outside the circle B(z, R). Thus in the first
step the domain ggz N BY(z, R) is under consideration. In the second step we will
show that properties (i) and (ii) are satisfied for all such A, which are still in the
complement of the sector 5}72, but lie inside the circle B(z, R). This will be done

with the help of the eigenvalue exclosure procedure.
4.1.1  FEstimation in ng N BC(z, R)
Let us assume that for z € R a constant K, is known, such that

Note that we understand C; — 2z in the following sense

((Ca = 2)p)(2) := Ca(x)p(x) — zlp(x), =01,

Details on the computation of K, will be given down below.

We continue with the following

Theorem 4.1. Let Ly : H2(0,1) — L%(0,1) be the linear operator, introduced in

(4.1), and let z € R and ¢ € (O, g) Then the estimation

M .
HR()‘v Lﬁ)Hﬁ(LgL(O,l)) < ‘)\ _ Z| ) VA€ S(C:z N BC(Za R) (45>
holds true. Here
~ R
M = 4.6
Rsin(¢) — K.’ (46)
where K, as in (4.4) and
K,
. 4.
= sin(() (47)
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Proof. Let A\ € C. For ¢ € HZ(0,1) and f € L3(0,1) consider the differential
equation
Lap —dp =, (4.8)
which is equivalent to
—Ap+(z =N+ (Ca — 2)p = f. (4.9)

Recall that the operator A is defined by (3.12). Let us consider the operator —A + z.

Depending on conditions, imposed on the boundary, the operator —A + z has the

eigenvalues X, € R, j = 1,2,...,n, which are given by
m2k? .
djl—2 + z, if p=0,
2 k—1 2
de—i-Z, if p=1,

2
In both cases it follows that the spectrum of —A + z is included in a sector 5}72.
Therefore the operator (—A + z — \) ™! exists for all A € ggz
After regrouping the terms in (4.9), for all A € ng we obtain
p=(—A+z-N"f—(=A+2-N""(Ca—2)e.
Thus, if the following condition is satisfied

1

. ~C . —1
if AeSg, issuch that [(—A+2z-X) HL(Lg(o,l)) < r (4.10)
then ||¢[|, can be estimated from above as
-1
loll, < e 22N Jawon
Tl (A + 2 = N g 00 K-
Consequently, for A, which satisfy (4.10), follows that A\ € p(Lz) and
[(=A+2z— )‘>_1H£(L"(0 1)
RN, La) || frn < — S : (4.11)
2500 = T A+ 2= N ppon K-
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We proceed with the estimation of ||[(—A + z — )\)_IHL(LQ(OJ))- After a straightfor-

ward computation, taking into the account the imposed boundary conditions (either

Dirichlet or Neumann), for ¢ € HZ(0,1) we obtain

I—Ap + 20 = 2l = || ~di} + 205 — Ags |

j=1
. 2
=3 (Il-diw} + 201 — Redey o + (1mA)? i [3) . (4.12)
j=1
Let us introduce the following two domains

Q2 :={A e C:0 < ReX—z < cot(¢)|ImA|}, (4.13)

Qy :={A € C:ReX < z}. (4.14)

We have QCCZ =0, U Q.

For A € €, the following estimation holds

1
A — 2| \/|Re)\ 2|2 + |ImA| ) [Tm\|

Hence, from (4.12) for A € ©; we obtain
2
|=di] + 201 = Mgl = (ImA)? 151
> sin?(Q)[A — 22 2. (4.15)

Let us consider A € §25. Since Rel — 2z < 0 and taking into account the boundary

conditions, we obtain
=i + 205 = Redgy||, = || =dsjl; = 2ReX = 2)d; [[ ]I, + (Red = 2) sl
>(ReA = 2)° sl
Hence, from (4.12) for A € Qs follows
=i} + 25 = Aglly = 1A= 2 el (4.16)
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Gathering together (4.15), (4.16), and (4.12), we arrive at

Sin(g) |)‘_Z| ||90||2’ if Aey,

|—Ap + zp — Apl|, > .
2T A =2 lelly, if \e Q.

Therefore we have

1

sin() it Aeq

[(-A+2- A)_ch(LS(o,z)) SqIA N z|’ (4.17)

— if A e Q.
A —z| ' €5

On the other hand, in order for the estimation (4.11) to hold, condition (4.10)
should be satisfied. Combining (4.17) and (4.10) together, we obtain that (4.11)
holds if

K- if AeQ,

A —z[ > ¢ sin(C)’ (4.18)
K., if A€

From (4.17) and (4.18) for all \ € ggz follows

1

-1 snQ) K.
[(A+2-2) HL(L;(O,I)) = A —z| it A =2l > sin(¢) (4.19)

K .
Let us choose R > — (ZC) Thus for A € S¢, N B(z, R), using (4.11) and (4.19),
sin ’

we proceed as follows

1 1 . 1
1RO Ll < 2 ——— <
R 1

T Rsin() — K. [A— 2|

—~ R
We set M := ——————— and obtain the assertion of the theorem. O

Rsin(¢) — K,
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As one can see, Theorem 4.1 provides the estimation of the resolvent for those

A€ ggz, which lie outside the circle B(z, R), that is for A € S’CCZ N BYz,R). In
addition it follows that p(Lz) D gcz N BY(z, R). The domain ggz N B(z, R) is

considered in the next section.
4.1.2  Estimation in S’CZ N B(z, R). Exclosure of eigenvalues

The method of eigenvalues exclosure provides a proof of a non-existence of eigenvalues
on a local basis. Recall from Chapter 3 that w denotes a numerical approximation

to @ and the operator L, : D,(L,) — L5(0,1) is given by
D,(L,) == HP(0,1), L,:=—-A+C,, (4.20)
with
(Cop)() = Cu()p(x), = €l0,1].

In addition, let us introduce a notation

|C — Calsp := max |C,(x) — Ca(x)]a. (4.21)

xz€(0,1]

We comment on the computation of |C,, — Cyls, later.

Now we continue with the following

Theorem 4.2. Let L, : HP(0,1) — L5(0,1) be the linear operator introduced in
(4.20). Let p € C be some given point in the complex plane. Assume that the bottom

eigenvalue of the eigenvalue problem

v € HY(0,0), (Lo — m)p, (Lo — ), = R {0,1),,

Ve HP(0,1),

(4.22)

which we will denote as ki, 1s positive. Then there exists no eigenvalue A of L, in

the circle B, /k1).
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Proof. The assertion of the theorem follows from Poincaré’s min-max principle: for

k1 the following estimate

i < (Lo — ), (Lo — 1))y _ |A— 4l 2||<P||2 R
(e, 90>2 ||90||2

holds true for any given eigenvalue A of L,, and eigenclement ¢ € HZ(0,1). Hence

no eigenvalue A can lie inside the circle B(j, /7). O

Since we are interested in the eigenvalues A of L; a transition from L, to L

should be made. For that purpose let us introduce the following

Theorem 4.3. Let Ly : HP(0,1) — L%(0,1) be the linear operator introduced in
(4.1). Let p € C be some given point in the complex plane and k1 be a positive lower

bound to the bottom eigenvalue of (4.22). Then if
|Cw - Cﬂ|5p < '%b (423)

there exists no eigenvalue A of Ly in the circle B(p, /K1) with

Ky = (VR — |Cy — Calsp)?. (4.24)

Proof. Let ¢ € HP(0,1) be an eigenelement of L,,. From Poincaré’s min-max prin-

ciple follows:

(L — 1) (—A+Co— el

1 1
< — = —

[(=A+Ca — p+Co — Ca)ell,

E R

= (1(2a = el + [1(Co = Calell,)

a\

(II( = W¢lly +1Co = Calsp [l 2l,) -

a\
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Consequently,

1 1
1——IC, —Cy ) Plly < = Lﬂ—,U/(,O :
Hence if
|Cw — Cﬁ|Sp < 4/ 1%1

holds, then

1
< Ly — .
Iollz = —Z=— = Colsy I(La = well,

(4.25)

With (4.24) the assertion of the theorem follows from Poincaré’s min-max principle.

0

Now we demonstrate how during the implementation of the eigenvalue exclosure

procedure an upper bound to ||R(A, Lﬂ)Hﬁ(Lg[O’”) can be gained.

Theorem 4.4. Let Ly, p, k1 be defined as above. Let 0 < & < 1. Then for every
A € B(p, §\/r1) the estimation

1

R )\,Lﬁ n S e
IR Lalllegonm < =gy /m

(4.26)

holds.

Proof. Let ¢ € HP(0,1) be an eigenelement of L;. Then for any constant ¢ € C we

have

I(La = (1 + @)elly = 1(La = well, = lal llell, = (VEr = laD llelly, (4:27)

where the last inequality follows from the definition of x; and Poincaré’s min-max
principle.

From (4.27) for ¢ # 0 and |¢q| < \/k; follows that
I(La — (k4 q))ell, > 0.
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Therefore, if |q| < /1, the operator Lz — (u+ ¢) : Hy(0,1) — L5(0,1) is injective.
Now for ¢ € HP(0,1) and f € L5(0,1) consider

(La— (n+q)p = . (4.28)

Since Lz — (p + q) is injective, the Fredholm’s Alternative applied to (4.28) results
in the bijectivity of Lz — (1 + ¢). Hence for |¢| < \/k1 and for all f € Ly(0,1) from
(4.27) we have

-1 1
H(Lﬁ - (,u + Q)) fHE(Lg(O,l)) < m ||.f||2 :

Consequently, we obtain

1

H(Lﬁ — (n+ Q))_IHL(LS(OJ)) < m

Let us choose |g| < &/r1 with 0 < ¢ < 1. Then for every A € B(u,£,/k1) we obtain

the resolvent estimation as

1

R >\, Lﬂ n S 1 & —
|| ( )HL(LQ(O,I)) (1 _5)\/,%_1

O

Let us briefly sum up the eigenvalue exclosure process. We choose 1 € C such
that we suspect that no eigenvalue A of L, lies near to . After that we compute the
positive lower bound &; to the bottom eigenvalue of the eigenvalue problem (4.22).
If condition (4.23) holds, then due to Theorem 4.3 we obtain a circle B(u, /K1),
with 1 as in (4.24), which does not contain eigenvalues of L;. In addition, due to
Theorem 4.4 in the circle B(u,£y/k,) a resolvent estimation (4.26) is valid.

During the implementation of the eigenvalue exclosure method we cover the

bounded domain ggz N B(z, R) with a finite union of circles, each of which does
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not contain eigenvalues of L;. Furthermore, we gather estimations for the resolvent

as in (4.26). Hence, for some i = 1,..., K, K > 0, we obtain
HR()\vLﬁ)Hc(Lg(o,z)) < MIiC ==, VA€ ggcz NB(z, R)NB (Mmg\/ ’fﬁ)
with
A K
S¢.NB(z,R) C UB <,ui,§\/f<a’1) :
i=1

We denote the resulting vector of the resolvent estimations as M, that is

Mic = (Mg, ..., ME)" (4.29)
and set
Mg = Jnax M. (4.30)
Therefore,
IR L)l iy o) < MiE™, VA € SN B(z, R). (4.31)

Now let us comment on the choice of the constant &.

Remark 4.5. Let £ € (0,1). Observe that for \ € SCCZ N B(z, R) N B (1, &/k1) we

have
1 el RSV} 1
(I=8vE = A=z  (1=&E1

BN La)ll g g 0.)) < (4.32)

Let us set M = n— 2|+ 6\/}{_1. Then we obtain
(1=8)/F1

M
A — 2|’

IR, La)ll £ (g 0.)) < VA € SE€.NB(z, R) N B (1, &/k1) -

I — 2|

whereas the
Vv E1

Now let & converge to zero. Then constant M converges to

radius of the circle, in which the estimation of the resolvent is valid, converges to

zero. Hence there is no optimal choice for £&. In our computations we set & = %
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4.1.8  Final estimation of ||R(\, Lﬂ)||£(L,21(07l)). Sectoriality

Combination of (4.5) and (4.31) results in

M .

—, YAeSE. NBzR),

IR La)lls < § [A— 2] < (2, R)
Mig>, YA e SE,NB(z R).

The estimation of the resolvent above is not exactly the “classical” estimation in the
sense of the property (ii) from Definition 2.3. Nevertheless, this estimation will be
quite useful for our further investigations on the domain of attraction. In particular,
starting with the problem

Lap — Ap = f,
with ¢ € H2(0,1) and f € L5(0,1), we will use the following estimation

M o .
loll, < 4 i Ml VA€ SEN Bz R),

M|\ fll,, YA€ SE, N B(z R).

(4.33)

The application of (4.33) will be demonstrated in Chapter 5.

Now let us show the property (ii). We will follow the approach introduced in
(4.32). Namely, for each \ € S'CZ NB(z,R)NB (,ui,&/ﬂa’i), i=1,..., K we have

M;
1RO La)leazom < =5

with M, = =2+ &y ,Hl. Now set Mmax = max MZ Thus we obtain
(1 =&k, i=1,. K

Mmax
A —z]’

IR\, La)||, < VA e S¢.NB(z R). (4.34)

Setting M := max{]\/z, Mopax b, from (4.5) and (4.34) we have

IR\, La) ||, < VA e SE.. (4.35)

A= 2|
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In addition, by combination of the eigenvalue exclosure procedure with Theorem 4.1
we have shown that

p(La) D SE.. (4.36)

Now let A be an eigenvalue of L;. Then —\ is an eigenvalue of —L; and from

(4.36), (4.35) follows
(A) p(=Lg) D Sr—¢,—, for some z € R and ¢ € <07 g)7

M
A+ 2]

(B) HR()‘a _Lﬂ)H,C(Lg[O,lD < VA e SW—C,—z-

Therefore the properties (i) and (ii) are satisfied and the operator —L; is sectorial
in L5(0,1).

4.1.4  Some additional remarks

To conclude this section, let us present the following remarks.

Remark 4.6. Let us discuss the computation of |C, — Calsp. Due to (4.21) and the

definition of the euclidean norm we obtain

ICo — Calsp = g{%?l{} \/)‘maX(Cw(x) — Ca(2))*(Cu(x) — Cy(x)).

After some elementary transformations, the estimation of |C, — Cylsp can be reduced
to the estimation of the expressions which contain only |w||, and ||t — w|| . It is

possible to obtain the estimation of ||w||, since the numerical approzimation w is

oo’

available. For the estimation of |u — w|| . we use (3.21).

Remark 4.7. Let us briefly discuss the calculation of K,. At first, consider the

following estimation

1(Ca = 2)eelly < [[(Ca — Coo + Co = )¢l
< I(Ca = Co)elly + [I(Co = 2)¢ll,
< (ICa = Colsp + 1C — 2sp) Il »
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where

IC — 2| 5p = Max \/Amax(Coo(z) — 2)*(Clo(z) — 2).

z€[0,l]

Hence, we set

Kz = |Ca — Cw|gp —I— |Cw — Z|Sp- (437)

The term |C, — z|sp is given by

|Cy — 2|sp = max \/)\maX(C'w(x) —2)*(Cy(x) — 2)

z€(0,l]

and can be reduced to the estimation of the expressions which contain only ||w||,, .

Remark 4.8. As one can see the estimation (4.5) holds for all z € R and { € (O, g)

Let us make the following observations concerning the choice of this constants.

1. Observe from Theorem 4.1 that the constant R - radius of the circle, outside
of which (by Theorem 4.1) no eigenvalue can lie, depends on z. Thus, if one
chooses constant z “close” to the spectrum or even “in” the spectrum of Ly,
the radius will increase in such a way that the circle B(z, R) will cover the

“critical” regions, where the eigenvalues may lie.

2. In our computations we proceed as follows. We compute approximate eigen-
values of the operator L, and establish the sector 5”572, which contains these
eigenvalues. After that we set in Theorem 4.1 z = % and ¢ = C. Now, by The-

orem 4.1 we conclude that no eigenvalue of Ly can lie outside g% NBC°(%,R),

where R > — (’}) The domain S’CCZ N B(Z, R) is now the domain where we
sin :

implement the eigenvalue exclosure process. After that implementation we es-
tablish values for z and ¢, such that p(Lg) D SCZ NB(%,R). Now we can apply

Theorem 4.1 again, this time with this new values for z and (. As a result we
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obtain the non-existence of eigenvalues in SCZ N BY(z, R), combined with the

resolvent estimation (4.5).
4.2  Self-adjoint Ly

In this section we would like to discuss a particular case when the operator L; :

HP(0,1) — L3(0,1), introduced in (4.1) and given by
Lap = =D¢" + Cagp,

is self-adjoint. In that case the results from the spectral theory for self-adjoint
operators can be employed. Therefore the sectoriality of the self-adjoint L; can be
shown by a simpler method, than the approach that has been described above. In
addition, we will introduce a condition on the matrix C, which is equivalent to
the self-adjointness of L;. This condition will be helpful for the determination of
those classes of problems, which can be treated by the methods we propose for the

self-adjoint operators.
4.2.1 Sectoriality of —Lg
At first we introduce

Lemma 4.9. The operator Ly : HP(0,1) — L5(0,1) given by (4.1) is self-adjoint if
and only if
Cr = Cy. (4.38)

Proof. At first observe that the operator A : HP(0,1) — L5(0,1) given by Ay =
—D¢y" is self-adjoint. Ome can find a proof of this assertion, which is based on
the application of the Friedrichs extension procedure in e.g. [57, Proposition 2.1,
Proposition 2.2, p. 100-101]. Let us consider the operator C; : C"[0,1] — L5(0,1)

which is defined via



For our further purposes we extend C; to the whole L5 (0,1). Thus, C; : L5(0,1) —
L3(0,1). Observe, that (4.38) is equivalent to the symmetry of C;. Therefore, (4.38)
implies self-adjointness of C; and vice versa.

Now let us assume that C: = C,. Since C; € L£(L5(0,1), L5(0,1)) by Lemma 2.20
(with —A instead of T" and C; instead of S) the operator L; = —A 4 Cj is closable
and its adjoint L is given by L* = —A* + C:. Since —A and C; are self-adjoint, Ly
is self-adjoint as well with D,(L%) = D,(Lgs) = HZ(0,1).

On the other hand, if L; is self-adjoint then it is closable and L; = L;. Again,

from the self-adjointness of —A follows that C; = Cj. O
Let us introduce the following notation
A = min Apin(Ca(2)).
z€0,l]
Now we investigate the spectrum of L;. We consider an eigenvalue problem
Liu=Xu (0<az<I), Byul(0)= Byul(l)=0. (4.39)

We would like to show that

Proposition 4.10. There exists an orthonormal basis {¢x}3>, of L5(0,1) of the

eigenfunctions of Ly such that
Lagr = \ep, k=1,2,.... (4.40)

The eigenvalue sequence A\, — 00, as k — oo. Additionally, \, € R, k € N, and

A< <.
Proof. We start by introducing a positive constant ¢ such that

A+ o >0. (4.41)
For u € HP(0,1) and r € L5(0,1) consider the eigenvalue problem

(La+oDu=r (0<z<1), B,u)(0)=B,u(l)=0. (4.42)
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For u € HP(0,1), u # 0 we have
((Lg +oDu,u)s = (—Du" u)s + {(Cqa + o 1)u, u)s
= (Du',u)y 4 ((Ca + o )u, u)s

> doin, |5+ (A + ) [Jul3 > 0.
>0 >0

Thus, the operator Ly + ol : HZ(0,1) — L35(0,1) is injective. Application of the
Fredholm’s Alternative to problem (4.42) results in the bijectivity of Ly + oI.
Further, the operator Ly + oI is bounded. Indeed, we have that
I(Za + o D)ully = |=Du" + (Ca + o L)uf,
< [|[=Du"ll, + [[(Ca + o T)ull,

< diax ||u||H;(0,l) + 2?61[30)% Amax(Ca(2) + o) ||U||Hg(o7l)

S max{dmax, m[%}li} Amax(cﬁ('x> + UI)} ||U’
ze|0,

H3(0,0)

Due to the bijectivity and boundedness of L; + oI, by Open Mapping Theorem
we conclude that the inverse operator (Ly + o)™ : L5(0,1) — HP(0,1) is bounded.
Further, due to Rellich-Kondrachov Theorem [2, Theorem 6.2, p. 144] the embedding
E : Hy(0,1) — L5(0,1) is compact. Therefore E(Ly; +ol)™' : L5(0,1) — L3(0,1) is
compact as well.

Moreover (Lg + ol)~! is symmetric. Indeed, from the symmetry of Ly the sym-
metry of (Lz + o) follows. Further let U,V € L3(0,1) and consider

w:= Ly +ol)"'U € HP(0,1),

vi=(Lg+ol)"'V € HP(0,1).

Then we have

(Lg + o) 'U, Vg = (u, (Lg + 01)v)y = {(Lg + oD)u,v)e = (U, (Lg + o)1V ),.
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Since (Lg +oI)~! is symmetric, then E(Ly+ol)™' : L3(0,1) — L5(0,1) is a compact
and symmetric operator. Moreover, F(Ly + oI)~! is self-adjoint, since it is defined
on the whole space L5(0,1). Due to the spectral theorem for the compact and self-
adjoint operators [64, Theorem 1, p. 325] there exists an orthonormal basis (@x)ken
of L3(0,1) of the eigenfunctions of E(Ly + oI)~'. The corresponding sequence of
eigenvalues (fux)ren is real and converges to 0. In addition, due to the injectivity of

E(Ly + o)™, we have u # 0. Hence, for all k € N we have
E(Lg +01)™' @ = jux @y,

and consequently,

It follows that

Lapr = (— - 0) Pk (4.43)

=g
Since pu — 0 for k& — oo, the sequence (Ag)reny has no finite accumulation point.
Consequently, it can be considered as monotone non-decreasing. We have shown the

assertion. O

Remark 4.11. As discussed in Chapter 3, Section 3.3 in case of the non-self-adjoint
operator Ly one proceeds with the enclosure of the stationary solution (and in par-
ticular with the calculation of constant K ) by considering eigenvalue problem (3.27)
for the operator L: L. Following the steps of the proof of Proposition 4.10 and tak-
ing L:Lg instead of Ly and HP(0,1) := {¢ € H}0,1) : B,le](0) = By[p](l) = 0}
instead of HP(0,1) one can show the compactness of the resolvent of the self-adjoint
operator L} Ly and consequently conclude the existence of the orthonormal basis of
the eigenfunctions of L: Ly as well as the existence of the non-decreasing sequence of

the eigenvalues of the correspondent eigenvalue problem.
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Now let us discuss the computation of the eigenvalues of L;. In particular, we will

be interested in the lower bound to the spectrum of L;. We introduce the following

Theorem 4.12. Let Ly and L, be defined as in (4.1) and (3.13) respectively. Let

M\ denote a positive lower bound to the bottom eigenvalue of the eigenvalue problem
p € HY(0,1), (Lo, ¥)y =Ao,0)y, Vi€ HF(0,0).

If
C. — Calsp < i,
then

A > A — |Co — Calsp- (4.44)

Proof. Let p € HP(0,1) be an eigenfunction of L,,. From Poincaré’s min-max prin-

ciple follows

1 1 ,
(0, )y < T (Lo, @)y = T (=D¢" + Cop — Cap + Cap, @),

1 1
1
= 5\_ (<Lﬂ807 S0>2 + <(Cw - Cﬂ) @7 @)2)
1
1 2
=3 ({Lap, )s + |Co = Calspl ll2ll3) -
1
Thus, if
Co — Calsp < M,
then
(Lap, @)y 2 (M = |Co = Calsy) llell3
The assertion of the theorem follows from Poincaré’s min-max principle. O

Due to the self-adjointness of Ly, a lower bound of A\; can be computed with
the help of the variational methods for the computation of eigenvalue bounds. We
present a detailed description of these methods in Chapter 6.
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In the following we assume that we were able to compute a constant z := A, —
|C,, — Calsp - the lower bound to the spectrum of L. Thus for every eigenelement
© € HP(0,1) we have

(Law, )y = 2(0,)s 5

and hence
(=Lap, 9y < —2(p,p)y (4.45)

We want to show the following

Proposition 4.13. Let operator Ly : HP(0,1) — L3(0,1) be the self-adjoint operator
defined above. Then — Ly is a sectorial operator with an arbitrary 0 < m and a = —z,

where 6 and a are the constants from Definition 2.35.

Proof. By Proposition 4.10 and definition of z we have p(—Lz) D Sy _. for an arbi-
trary 0 < m.

Let us verify condition (2.4)(ii). From (4.45) follows
((=La + 2)p, )y < 0. (4.46)

Let us denote L := —Lg + 2 : HZ(0,1) — L2(0,1). Then we have that p(L) D Sy.
Let A € Spo. Then A = pe? with p > 0, —7 < 6 < m. For p € HP(0,l) and
f e L3(0,1) we consider

Ao — Lo = f. (4.47)
Since A € Sy problem (4.47) has a unique solution ¢ = R(\, L)f. Let us multiply

(4.47) by e73" and take the inner product with ¢. We obtain

0

lolls — e (L, p)a = e

—10
2

<.fa ()0>2

0
pez
Taking the real part of the equation above, we get

0 0 ~ —if
p CoS <§> ||g0||§ — Cos <§> (Lo, p)2s = Re (67 (f 60>2) < |[[fllz llll, -
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I ~
Therefore, taking into account that cos (5) > 0 and, by (4.46), (Lp,p)s < 0, we

obtain
1
1 cos (Q)
lolly, £ —— Ifll, = 20111, -
2= peos (g) 2 I\l 2
Thus, for A € Sy we have
~ M, 1
R)\,LH <22 Gith My, = 4.48
H A D eggon =P ™ " cos(9) s
Since R(\, L) = R(\ — z, —Lg), we obtain
My,
[R(A = =, —Lﬂ)Hc(Lg(OJ)) < |T|2’ for = A € Spp,
and consequently,
M,
RN —La)ll g0y < ot for A& Sy ..
We have obtained the assertion. O
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5

Domain of attraction

In this chapter we are going to consider a nonlinear system of parabolic differential

equations of the form

u(z,0) = up(x), x € [0,]]

from the point of view of stability. In Chapter 3 we have established the existence of
the stationary solution @ of (5.1) and found an explicitly described neighbourhood
of numerical approximation w € HZ(0,1), which contains @. In Chapter 4 we inves-
tigated the operator L; : HZ(0,1) — L3(0,1) and established its sectoriality. In this
chapter we show that if the lower bound to the spectrum of L; is positive, then u is
asymptotically stable and its domain of attraction can be quantified by the methods
we are going to propose in sequel.

Throughout this chapter we make the following assumption
(G) There exists a monotonically non-decreasing function G : [0, +00) — [0, +00)
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such that

|F(y +u(z)) — Fu(z)) + Ca(z)yla < G(lyl2), y e R", z€]0,]]

(5.2)
with G(h) =o(h), h—0+.
Thus, from (5.2) follows that for each € > 0 there exist ¢ > 0 such that
|G(h)| < el|h|, for |h|<o. (5.3)

For our further investigations the following remark will be important.

Remark 5.1. Consider (5.3). Note that if G is known, then a function § : (0,e9] —
(0,00) satisfying
Ve >0 V|h| <d(e) |G(h)| <elhl (5.4)

can be computed.
5.1 Basic framework

In the following we write system (5.1) as a Cauchy problem in some suitable Banach
space X. We wish to construct a proper framework, in which the existence of the
mild solutions to a Cauchy formulation of (5.1) can be established. For that purpose
let us recall the abstract setting to the Cauchy problem from Chapter 2. We have
considered three Banach spaces D(T) C X, C X, where X, was the space of class
Jo between D(T') and X. This is the kind of framework, which we are aiming at,

while considering problem (5.1). Let us introduce
Proposition 5.2. The space C"(0,1] is of class Jy o between L(0,1) and HZ(0,1).
Proof. We have that H%(0,1) C C"[0,1] C L5(0,1). Hence we will prove the assertion,

if we can find a positive constant C' such that

1 1
lelloe < Cliellz, lells ¢ € HE(0,1). (5.5)
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By partial integration, taking into account the conditions, imposed on the boundary

(Dirichlet or Neumann), we have

[ — l -
an:/wwwmzww%WM—/wm%wmmswmwm. (5.6)
0 :VO 0

According to Lemma 2.21 and Lemma 2.23 the embedding estimation
2
lells < Coliells + Cull¢'ll; (5.7)

with Cp and Cy given either by (2.28) or (2.31) (for Dirichlet boundary conditions)
holds. Inserting (5.6) into (5.7) we obtain

2 2 2 2
lells < Collell + Colle'lly < Collelly + Crllelly 1971

= llelly (Collelly + Crlle"ll,)

2 2
< llelly /€3 + OBV Il + I < /€3 + CE Il N, -

Thus, we obtain

1 1
lelloe < Cliell, lells ¢ € HE0,0),

with € := (C2 + C2)1. We have shown the assertion. O

Taking into account Proposition 5.2, we make the following setting in the abstract
framework from Chapter 2: X = L3(0,1), X, = C"[0,!], and D(T) = D,(Ls) =
HP(0,1), where Ly is the operator which was introduced in (4.1). Now we write
(5.1) as a Cauchy problem in L%(0,1). For that purpose we switch our viewpoint
and consider the function u = u(x,t) not as a function of = and ¢, but rather as a

mapping of ¢ into the space L3(0,1) of functions in x. Thus, we introduce
u: [0,00) — L5(0,1),

defined by
u(t)(z) :=u(z,t) VYrel0,l], t>0.
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Now (5.1) reads

u'(t) = Au(t) + F(u(t)), t>0,
(5.8)
U(O) = Ug.

At first, let us remark on the nature of u.

Remark 5.3. Here and in the following we regard the solutions of Cauchy problems
only as mild solutions. In particular, this implies that the time-derivative u'(t) (or

v'(t), which will appear later) has only symbolic character.

In (5.8) the operator A : D,(A) — C™[0,(] is the operator, which was introduced
in (3.12), that is

H;L(O, l) N (H?(O> l))na if p=0,
Dy(A) = Hy(0,1) =
{o e Hy(0,1): ¢ (0) =¢'(I) =0}, if p=1,

Ap = D"

and the mapping
F:C"0,l] — L5(0,1)

is the mapping, which was defined via (3.6), i.e

(Fe)(z) := Flp(x)), Ve (0,1).

Now let us introduce a new unknown

with

A stationary solution u satisfies

Au+ F(a) = 0. (5.9)
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Substraction of (5.9) from (5.8) results in

V' (t) = —Lgv(t) + g(v(t), w), t>0,

(5.10)
v(0) = vo,
where the operator L; : D,(Ly) — L5(0,1) is the operator from (4.1). Thus,
Dy(Lqa) = Hy(0,1), La=—A+Ca,
and a function g : C"[0,1] x C™[0,{] — L3(0,1) is given by
g(p,u) :==F(p+u) — F(a) + Cap. (5.11)

Let us list some properties of g. At first, we have g(0,u) = 0. Next we show that

Lemma 5.4. For each ¢ > 0 there exist 6 > 0 such that for any ¢ € C™[0,l]

sa ’LS? m (2 —, we have

lg(e, D)l < evnllel (5.12)

and

gl a)lly <ellell,- (5.13)

Proof. At first, note that for each y € R"

jmax [y;] < [yl: < Vi max |y, (5.14)

__________

holds. Due to (3.6),(5.2), and (5.11) for any ¢ € C™[0,!] we have

g(o(x), u(2))]2 < G(lp(2)]2), = €0,1]
(5.15)

with G(h)=o0(h), as h—0+.
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Thus, for each £ > 0 there exist § > 0 such that for any ¢ € C"[0,[] satisfying
lo(x)|2 < Vo €|0,1], we have

B (5.14) B
lg(p, @)l < rg%>l<| g(e(x), u(x))ls
(5.15) . (5.15)
< <
max (Je(x)l2) eg%w( )l
(5.14)
< E\F%ﬁﬂ?{ lpi(@)| =evn el (5.16)
and
(e, @)1, \// g(ola), 1)) 3 < \// G2 (|p(z
(5.15) ! )
<. / (@) 2dz = € o]l (5.17)
0

Now, if ||| < then, due to (5.14), |p(z)|2 < 0 Vx € [0,{]. Hence the above

o

_— \/ﬁ’
)

inequalities hold for all ¢ € C™[0,[] satisfying [|¢|,, < —=. We have shown the

vn

assertion. O

Next, having the local existence result in mind, let us impose one further as-
sumption on g. Namely, we assume that for each R > 0 there is K (R, @) > 0 such

that
lg(xz, w) — gy, w)ll, < K(R,a) ||z —yll, z,y € B(O,R) C C"[0,1],  #y. (5.18)

In the previous section we have shown that the operator — L is sectorial in L5 (0, 1).
Therefore, taking condition (5.18) also into account, we see that problem (5.10)
satisfies the assumptions made in subsection 2.1.2. Hence, by Theorem 2.10 if vy €

C™0,1], there exists a mild solution v € Cy(I,C"[0,1]) to problem (5.10) such that

t
v(t) = e Fy, —I—/ e~ ag(y(s),u)ds, tel, (5.19)
0
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where [ is given by (2.18).
We have established an appropriate framework for our further investigations on

the stability and the domain of attraction.

5.2 Strategy

In the following we are going to investigate the stability properties of the sta-
tionary solution #. In particular, under some certain conditions we will establish
its asymptotic stability and will quantify its domain of attraction. Based on the
fact, that the function g(v,u) is in general g(v,u) = O(||¢||,,), but not necessarily
g(v,u) = O(]|¢|l,), we will have to consider the semigroup e~*“# in the space C"[0, ]
(and not in the space L5 (0,1)). In particular, an upper estimation to He_tSHc(cn[o,z})
will be of importance for our stability investigations. Therefore, in the following we
will be concentrating our attention on the restriction of the operator L; to the space
C™0,1], which will be addressed as S. We are going to show that —S is a sectorial
operator in C"[0,(]. Thus, it generates an analytic semigroup and an estimation of

can be derived. Once the esimation of He is at hand, we

He_ts Hz(cn 0,1)) e Hc(cn[o,l})
will proceed with the stability investigations by using property (5.12) of the function
g and Gronwall’s Lemma. As a result, we will establish that under some certain
conditions a stationary solution u is asymptotically stable and the upper bound to
its domain of attraction is computable.

When the operator — L is self-adjoint a different approach for the above stability
investigations can be implemented. As a matter of fact it is possible to obtain
better results for the domain of attraction, using the technique of expansion into the
series of eigenfunctions of Ly, together with the explicit version of the embedding

H0,1) — C™[0,1]. In the following we are going to propose two different methods

for the verification of the stability and quantification of the domain of attraction in
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case of self-adjoint —L;.

Having mentioned that the embedding estimations yield better results for the
domain of attraction, let us briefly discuss why they cannot be applied in the general
case, when the operator L; is not necessarily self-adjoint. Let ¢ € H7(0,l) and
consider the estimate

lellz, < Coliells + Cille'll3- (5.20)

As we will see later, for the stability investigations the upper bound to |l¢l is
required. Thus, due to (5.20) an upper bound to ||¢’||2 is of interest. This bound

can be obtained as follows. By partial integration, we estimate

(La 912 2 a3+ min Auin(CT + T 1B
On the other hand, by the Cauchy-Schwarz inequality we have

(Lagp, ©)2 < [[Lagl2llell2- (5.21)

Thus, if ¢ := m[ionl] Amin(CE 4+ C3) <0, we obtain
xe|0,

1
le'll <

o dmin

(IILagll2llell2 — cllell3) - (5.22)

As one can see from (5.22) the term ||Lzp|2 is now under consideration. In the

sequel this term gives rise to the term ||LgetLe

|l2, which can be estimated only as
| Lae™" 7|y < €e, for some constants C' and a. Thus, it is not useful for the stability
investigations, since for t — 0, ||¢[|, will not be bounded. The reason for this result
lies in estimation (5.21), which is not quite optimal for our purposes. In case of the

self-adjoint Ly it is possible to avoid estimation (5.21) by using the eigenfunction

series expansion techniques.
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5.3 Results from Chapter 4

Recall from Chapter 4 that for z € R and ¢ € (0, g) the sector gc,z is given by

Se.:={NeC: |arg(\ — 2)| < (}. (5.23)

From now on we are going to assume that by the implementation of the methods,
which were presented in Chapter 4, namely, by the eigenvalue exclosure procedure

and Theorem 4.1 we have shown that the operator L; satisfies

(Ag) p(Lz) D S@‘Cz for some given z € R and ¢ € (O, g)

In addition, estimation (4.33) holds.
5.4 Operator &
We introduce an operator S : D,(S) C C"[0,1] — C™[0,] as

Dp(8) = {» € C310,1] = By[¢](0) = By[¢l(l) = 0},
(5.24)
S = Lyp.

Consequently, it follows

R(\,S) = R(\, Ly)

C"[O,l]' (525)

In the following we intend to show that —S satisfies conditions (i) and (ii), listed in

Definition 2.3.
5.4.1 Resolvent set of S

Lemma 5.5. Let (Ay) be satisfied. Then

p(S) > SE.. (5.26)
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Proof. Let X\ be an eigenvalue of S and let ¢ € D,(S) be a corresponding eigenele-
ment. From (5.24) follows

Ap =S¢ = Lyp.

Since D,(S) C D,(Ly) = HZ(0,1), then ¢ € D,(L;) and X is an eigenvalue of L; as

well. Hence, the following implication holds true:
o(S) C o(Ly). (5.27)
From (5.27) and assumption (Ag) follows that p(S) D p(Lz) D ng O
5.4.2  “New” differential equation
Let A € SCCZ For ¢ € HP(0,1) and f € C"[0,1] we consider a differential equation
Lap — Ap = f. (5.28)

In the view of assumption (Ap) problem (5.28) has a unique solution

Due to (5.25) we write
o= RO\ La)f = RO\S). (5.29)
Next, let us introduce a constant diagonal matrix Cy = diag(cy, ..., ), with c? €

R, (j =1,...,n) and with the additional property

min ) =z, (5.30)

with z from (Ap). In the sequel we will need the following notation

(Cop)(x) := Cop(x), x€]0,l].

Now let us write differential equation (5.28) as

—Ap +Cop — Ap = — (Ca — Co)p
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and denote

f=Ff—(Ca—Co)e. (5.31)

We want to show the following

Proposition 5.6. For \ € ng, o € HP0,1) and f € C™0,1] the differential
equation

—Ap+Cop—Ap=f (5.32)

15 uniquely solvable.

Proof. Observe that the inverse operator (—A+Cy—\) "t exists for all A € p(—A+Cy).

Since A € gcz then (5.32) is uniquely solvable for all A if
SE, C p(—A+Cy). (5.33)

The spectrum of the operator —A + Cy with either Dirichlet or Neumann conditions,

imposed on the boundary, has the form

72 k2 )
djl—2—|—0?, if pZO,
N (A4 ) = . j=1,...,n, keN.
w(k — :
djT+C?’ it p=1,
By (5.30) condition (5.33) is satisfied. We have shown the assertion. O

In the following, in order to obtain an upper bound to [[R(A,S)|zcn(o ), We
will shift our focus from problem (5.28) to problem (5.32). Due to the simple form
of (5.32) it will be possible to write the solution of this problem using the Green’s
functions. Consequently we will apply the maximum norm to this solution and obtain

the desired results. During this process estimation (4.33) will be applied.
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5.4.3  Preliminary results

Before starting with the estimation of || R(A, S)[| z(cno,): let us show several auxiliary

results.

Lemma 5.7. For given X\ € SCZ let mj = pj + iv; be a complex number such that

Then

Proof. From

and (5.34) follows

For all A € SCCZ we have

Hence, by (5.30) due to

ReA — z < cot(C)[ImA|.

(5.38), we obtain

Rel — ¢ < ReX — z < cot(¢)[ImA].

Inserting (5.36) and (5.37) into (5.39), we arrive at

T

— 02 < 200t(Qluwil, (= 1s...0m).

Solving the inequality above with respect to |v;|, we obtain

1 — cos(() B ¢
ol 2 =2 — g () ol
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Thus,
1
Imj| = /1> + [vs]* < Jvgly |1+ cot? (Q) = Vil —=
2 sin ()

with sin (%) > 0 for ( € (O, g) Hence we have obtained the assertion of the

lemma. O

Remark 5.8. Observe that m; from (5.34) satisfies

T (j=1,...,n). (5.40)

Proof. We show the assertion by a straightforward computation. Starting with the
system of equations

Re)\—cg =d; (,u? — VZ),

Im)\ = QdJILLJVJ,

we derive
. A —cl| = (Red = &)
J 2d; ’
2 A=+ (ReX = &)
J 2d; )
Hence the assertion follows. O

We continue with

Lemma 5.9. Let \ € S’CZ Then

|)\—c?| > |\ — z|sin((). (5.41)
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Proof. Let us recall the definitions of the sets € and Q5 from (4.13) and (4.14). For

convenience we reproduce them here again
Q:={A e C:0 < ReX—z < cot(¢)|ImA|},

Qy :={A € C:ReA <z}

For all A € €1y, taking into account that sin(¢) > 0 for ¢ € (0, 5), we obtain

1

A — 2| = V/|ReA — 22 4 [ImA|2 < |TmA|y/1 + cot(¢)2 = |Im)\|m. (5.42)
i
Since c? € R it follows, that
A=) = [ImA|. (5.43)
Combining (5.42) and (5.43), we obtain for all A € :
A=l > |X = 2sin(C). (5.44)

For A € Qy, by (5.30), we have
ReA—cggReA—zSO,

and therefore [ReX — ¢J|> > [ReX — z|?. Consequently, for all A € €, we obtain

A=l = \/|Re)\ — 2+ [TmA? > VIReX — 2|2 + [TmA2 = |\ — 2|. (5.45)
From (5.44) and (5.45) for all A € S*ZCC we have
A=l = |X = 2sin(C).

The proof of the lemma is complete. O

Finally, we will need the following
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Lemma 5.10. Let ¢ € C, g = a+bi, a € R, b € R. Then for each y € R the
following inequalities hold.

[sinh(by)| < |sin(qy)| < cosh(by).

| cos(qy)| < cosh(by).

Proof. Let us start with

| sin(qy)| = | sin(ay + biy)| = | sin(ay) cosh(by) + i cos(ay) sinh(by)|

= \/sinz(ay) cosh?(by) + cos?(ay) sinh?(by)

\/sin2(ay) + sinh?(by) > | sinh(by)|,
\/coshZ(by) — cos?(ay) < cosh(by).

We continue with

| cos(qy)| = | cos(ay + biy)| = | cos(ay) cosh(by) — isin(ay) sinh(by)|

= \/0082(ay) cosh?(by) + sin®(ay) sinh? (by)

= \/cosh2(by) — sin?(ay) < cosh(by).

5.4.4  Estimation of ||R(A, S)|| cnion)

At first, for convenience, let us reproduce here estimation (4.33). For ¢ € HZP(0,1)

and f € L5(0,1) we have

M R
loll, < 4 iz Ml VA€ SEN B R),

Mln(l]aXHfHZ? \v/)‘eggsz(zaR)a
where M , Mg and R are given by (4.6), (4.30), and (4.7) respectively. In the sequel
we will be using a notation
C =y — Cy. (5.46)
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In addition, for ¢ € <0, g), a,b € R such that ab > 0 and b # 0 let us introduce a

function P: R xR — R as

P(a,b) := +/absin(¢) tanh ( asiz(() sin <g) l) . (5.47)

Now we have all necessary machinery in order to introduce the main result of this

section.

Theorem 5.11. Let S be the linear operator introduced in (5.24). Let M, M7
and R be given by (4.6), (4.30), and (4.7) respectively, and z, ¢ be the constants

introduced in assumption (Ag). Let us denote

— 1
sin(¢) sin (%)7

M =

Then the estimation

Mo

IR ) cempony < pyu VA e SE, (5.48)
holds with
M. = M + v/nl Qmax (1\7 RM}%“) . (5.49)

Proof. For all ¢ € HP(0,1) and f € C™[0, ] we consider the boundary value problem
(5.32):
—Ap+Cop —Ap = ].

Rewriting the problem above componentwise, we obtain

digj + (A =i =~Fi, Byleil(0) = Bylgj)(1) = 0.
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For m? = (j = 1,...,n) the corresponding Green’s function is represented

by a diagonal matrix with elements G¥(z,y) of the form?

( 1 sin(m;(l —y)) sin(m;z), = <y, £ 0
i =0,
dym;sin(myl) | sin(m;(l — z)) sin(m;y), x>y, P
Gy (.y) = (550)
1 cos(m;(l — y)) cos(m;z), £ 1
B 1 = 1.
| djmysin(m;l) | cos(m;(l — x)) cos(myy), x>y, P

Hence, for all z € [0, (], taking into account (5.31), a solution of (5.32) has the form
! ! l
o) = [ ey = [ @wnrwis- [ @eniwemi.
0 0 0
Therefore for j = 1,...,n we obtain

wm»iéﬁuwﬁ@@—[}maw Cony)on(y)dy.

1

Thus, it follows

IMMSMEWMMW4+ NGRS

A@@w Cony)only)dy

For the convenience of the notation let us introduce for all j =1,... n:

)

me:Awamww

n

T%W:A@mw Conly)on(y)dy

k=1

Hence, from (5.51) follows

P P
H¢ko§;ggwggfnCEﬁx)+72tﬂ>

< P (). :
< max max Tf (z) + max max Ty (x) (5.52)

3 This is a standard result from the Green’s function theory. For more details see e.g. [34].
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We start with the estimation of m[a())l(] max 17 (2).
xe .7 7777 n

l
1 (x) < max |1 >|/0 G2z, )| dy

ye(0,]]

—m%}i\f] (/ ‘pry‘dy—i-/‘pry‘dy)

Due to (5.50) we obtain

1 x
70 < . i (] — i .
1, (@) _;2%?1(] |fi(y)] T (] (/0 |sin(m;(l — z)) sin(m;y)| dy

+ [ Jsingom,(1 = y)sinfom,a) dy> ,

if p=0 and

T, ( 7) < max |f;(y) 1 ml </Ox\608(mj(l—x))COS(mjy)\dy

€l0,]] | |d;jm; sin(m;l)
l
+ [ loostmy(t = ) cosmya) dy ).

if p=1.
In the following we are going to use the results of Lemma 5.10, namely, for each

€ [0,] we estimate
[sin(m;y)| < cosh(v;y),
|cos(m;y)| < cosh(v;y),

Im; sin(myy)| > |my| [sinh(v;y)] .
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Thus, for p = 0,1 we obtain

o (/ cosh(v(1 — x)) cosh(v;)dy

17 (x) <
(@) Hel[%}l{‘ fiw) d; |m;| |sinh

l
+/ cosh(v;(l —y)) cosh(z@-z)dy)

1 1
= ~ cosh(v;(l — inh(v:
ynel[%}l{‘ J(y)‘ dj |mj‘ ‘Siﬂh(l/jl” (Vj cos (V]( SL’))SIH (V]x>
1 :
+ ” cosh(v;x) sinh(v; (1 — x)))
J
max |f;(4) 1 sinh(v;l)
~yeon Y @ my | Jsinh(m ) v
1 sinh(v;0)] 1
R R e e o R DA R v R AT A

After the consecutive application of Lemma 5.7, Remark 5.8, and Lemma 5.9 we

arrive at
1 1 1 1
dj [my| [v;] = dj |m;[*sin (5) })\—cj‘sm (%) = [A—z|sin(¢)sin (%)

Thus, VA € S¢., z € [0, 1]

1
TP (z) < max
1,(o) [Ol]| fiw) \)x—z|sin(§)sin(%)
and
» 1
max max 77 (r) < max max |f;(y)| . .
j=Lemaelog 7=1,...n y€(0,]] |A — 2] sin(() sin (%)
1
11l

- |A — z|sin(() sin (%)

/\

(5.53)

| )\
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Now we continue with the estimation of m[ax} max T2pj (). Using Holder’s inequality,
z€[0,l] 7=1,..., n

we obtain

o

max max 73 (z) < max max <HG§($>')HOOZ‘
k=1

2€[0.0] =Ly n %I 2€[0,] 5=

i ||sok||2> L)
We continue as follows

|G (x, )HOO = max <max }G?(x,y)} ,;2{33(} }G;’(x,y)‘) .

y€[0,7]

Due to (5.50) and the results of Lemma 5.10, we have
cosh(v;y) cosh(v;(l — z)) - cosh(v;x) cosh(v;(l — x))

max |G¥(z,vy)| < max - < - ;
y€[0,z] | gt y)} y€[0,z] d; |m;| |sinh(v;1)| d; |m;| |sinh(z;1)|

cosh(v;x) cosh(v;(l —y)) - cosh(v;x) cosh(v;(l — x))

max |G¥(z,y)| < max - < -
yelz,l] | i v < yelz,l] d; |m;| |sinh(v;1)| d; |m;| |sinh(z;1)|

Therefore,

cosh(v;x) cosh(v;(l — x))

GP(x. - <
ma [ G5l < e == D)

The function h(z) = cosh(v;x) cosh(v;(l — x)) is symmetric with respect to the axis

x = L and on the interval [0, ] attains its maximum at = 0 and = = [. Thus,

2
cosh(v;l) 1
GP(x. - < J = )
2e0h 165 (. )l < d; [my| [sinh(v;0)]  d; [my] tanh([v;] 1)

Applying again Remark 5.8 and Lemma 5.9, we arrive at
1
<
d; |my| tanh (Jm;] sin (%) )

xz€[0,1]
B 1
-
\/dj ‘)\ — c?} tanh < })\ Cj‘ sin (%) l)
V4
< L . (5.55)

Vdj|\ — 2| sin(¢) tanh < M_Zal—ém(osin (

]V

)
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We continue with the estimation of the term Z ’ Cirll llorll,. Applying the Cauchy-
2

Schwarz inequality in R™, we obtain

Z’éjk 2”901@”2 < JZ’ ik \IZS%Q \l (5.56)
k=1
From (5.54), (5.55), and (5.56) follows
TP
I )
LTRSS
.
k=1
< max (5.57)

Vdj]A — 2] sin(¢) tanh

_ il
A 2fsin(Q) (g) l)
d; 2

<
ﬂ‘
VR

For A € SE., [\ — 2| > R follows

2
k=1

max. - el
V/d;j|\ — z| sin(¢) tanh ( % sin <%) l)
J




Thus, for A € SCCZ, such that |\ — z| > R, we have

;g%fg]jgﬁfnTé’j(fﬂ) < Qllell,- (5.58)

Let us introduce for z € R a function

(5.59)

It is easy to see that ﬂ(m) for x > 0 is a decreasing function. It converges to 0 as
x — oo and converges to 1 as x — 0. Rewriting the expression in (5.57) in terms of

function 1&, we obtain

max max T3 (z)
z€[0,l] j=1,..n

= ol
" . A — z|sin . - A — z|sin .
V i\ — 2] sin(¢) %sm <£> I ( wsm (%)l)

: el -
|A — z|sin(() sin (%) I ( M_Z;&(O sin (%) l>

For A € QC’Z, such that |\ — z| < R we have

1 1
<

¢( |A_Z;m<<> i (g) l) ‘Q&( Rsi;(()sin (%) l).

96



Therefore
1

A — z[sin(¢) sin ($) I ( w sin (§) l>

R

d]
S .
A — z|Rsin(¢) sin (§) It (1 / Rs;n.(g) sin (§) l)
B R
R (A= z|P(R,d;)
|A — z|y/Rd; sin(¢ tanh( sin(¢ sm ($) l> !

Thus, for \ € S’CZ, A — z] < R, we obtain

3

2
Cik )
max max Tp( ) < ——— max LH@H
z€[0,l] j=1,.-., T A =z]i=l.n P(R,d;) ?
RQ
= 5.60
Combining (5.58) and (5.60), we have
Q||(p||27 V)‘ € S(C:szC(Za R)7

Iy (r)<q R A 5.61
max max Tp,(z) < e © el e SC.NB(z R). (5:61)

Application of (4.33) to (5.61) results in

I£ll,, YA€ SENB(z ),
max max 13 (z) < %QMIJE?X

z€[0,l] j=1,...,n
A — 2]

Ifl,, VA€ 8C.N B, R).
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Since || f|l, < Vnl| f| ., we continue as

max max Ty (z)
z€l0,] j=1,...n %

QM+/nl !
e ‘anw, VA€ 5E. N Bz R),

<
— R QMmaX

Hence for all A € ggz we have

max max Ty (z) < QV/nl max (]\7, RM{%“) I/l : (5.62)
z€[0,l] j=1,...,n |)\—Z|
Finally, combining (5.52) with (5.53) and (5.62), we obtain
el (M+ QV/nl max (M RM;gax)) &fﬂj'.
From ¢ = R(\,S) f and (5.49) the assertion of the theorem follows. O
Remark 5.12. Let 5* be chosen such that c?* = min co = z. As we will show later

j=1,.m

for the stability of u and the consequent quantification of its domain of attraction
the constant z should be positive. In the process of quantification of the domain
of attraction we aim at the largest possible upper bound to this domain. For that
purpose, as we will see later, the constant My, from (5.49) should be kept as small

as possible. Therefore, one can try to choose c?, j # j* in such a way that the

does not result in a large value. In our computation we have

chosen ¢, j # j* to be the mean values of (Cy(x)); over x € [0,1].
5.4.5 Sectoriality of —S

Let A be an eigenvalue of §. Then —\ is an eigenvalue of —S. Thus, from (5.26)
and (5.48) follows
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(A) p(=8) D Sr—¢,—. for some given z € R and ¢ € (0, g),

Mo

(B) 1R =)l zcnpory < A+ 2]

(5.49).

VA € Sr_¢—., with the constant M. from

Therefore, the operator —S satisfies all of the requirements in (2.4) and is sectorial

in C"[0,1]. We denote 0 := 7 — (.
5.4.6  Computation of the constant C'

Since —S8 is sectorial, then it generates an analytic semigroup et

He_tSHE(C"[OJ]) <Ce™™, t>0,

holds with constant C' given by

Moo +001 n
O = 7> (2/ _epcosndp+/ 6rcosada) , n c (E,9> , > 0.
2 r P _ 2

n

Let us discuss computation of C. We introduce

Definition 5.13. The F(x) function is defined by the integral

< o=y
El(.ilf) = 7dy, x> 0.

S and the estimation

(5.63)

(5.64)

We cannot compute the value of the first integral in (5.64) directly, therefore we

s
have to estimate it from above. Since cos(n) < 0 for n € (5, 6’), we can represent

the first integral in (5.64) as the E; function of the positive real argument | cos(n)|:

/‘+OO lepcosndp _ /+00 16_p| COS"'d,O f>=p|:cosn\ /+00 |cOS(7])‘€_ﬁ dp
r P - p | -

r| cos(n)| P | COS(TI)|

too 1
:/ —e Pdp = Ey(r|cos(n)|),
|

r|cos(n)| P
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which could be estimated from above by elementary functions (see [1]) as

1
Ey(r| cos(n)]) < emleosml ]y (1 + 7) .
1( | ( )|) ’T’|COS(77)|

We obtain the value for the second integral in (5.64) by means of numerical integra-

tion. In particular, we apply the trapezoidal rule. Since cos(a) is an even function,

n n
/ ercosadazzf ereosa g,
—n 0

For any fixed positive r we set

we have

frla) = e (5.65)

k
Let N, denote the number of quadrature points &; = %, k=0,...,N;,— 1. Then,
q

according to the trapezoidal rule, we have

/ " eesada = AQU) + E(S)). (5.66)

-n

with

QU = (%ﬂ(&w £ faw) + %ﬁ(%—ﬂ) ,

3
n I
|E(fr)] < 1)l -
12]\7(12

By a straightforward computation we obtain

(@) = re" @ (rsin?(a) — cos(a)),

and consequently,

1£7 ]l < €7r(r +1).
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Choosing large enough N,, we can make |E(f,)| sufficiently small. For the verified

results we perform our computations in interval arithmetic. Let us denote

I(fr) = 2(Q(fr) + E(f2)).

Hence, we arrive at the following inequality for C'

M, 1
C < == (2eloln (14 —— ) +1I(f,) ). 5.67
on (6 n L+ oostr) HIUY (5.67)
Note that we may adjust the values for n and r as follows: for a fixed value of 1 we
find a numerical approximation 7* for the value r* at which the expression on the

right of (5.67) has its minimum. Thus, we obtain the estimation of the semigroup as

[ Hc(cn[o,l]) < Coe™” (5.68)

with C, given by

M » 1
Coo 1= =22 ((2e=Icostl 1y S — =) ). .
- (26 (1 + (n)|) +I(f )) (5.69)

7| cos
Now let us introduce the following remark.

Remark 5.14. In the course of our investigations with the hope of obtaining a better

result for the domain of attraction we have tried to implement a more direct approach

for the computation of the constant C'. Let us briefly comment on this approach.
Let us go back to the proof of the Theorem 5.11 and repeat all the steps of the

proof up until the estimation (5.58). Further, let us denote

> o
@ (|A = z|) = max k=1

J=bem \/dj|>\ — 2| sin(¢) tanh ( 7“_2(';1“(0 sin (

(5.70)

N

)
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Thus, we obtain

Q||S0||27 V)\ € S(C:szc(Za R)>
Qx==2D)llelly, VA€ SE NB(zR).

z€l0,]] j=1,...n %

max max Ty (z) < {

Following the same strateqy as earlier, we arrive at

QM+/nl .
max max Tp( ) < |>\ - ‘ ||f||oo7 V)\ € SC:Z ﬂBC(Z, R),

rEIIL QA — ) MEe/al || fll.., YA€ SN B(zR).

Hence, we have

(M+ QM\/7)

IR, S)| £(ompony < i

A — 2]

Pyl VA €SS, NBC(z R),

+ Q(IX — 2))Mp<v/nl, VA€ SE,NB(z R).

Making the transition from S to —S, we arrive at

IR =Sl cmion)

<M+ QM\/_>

M
A+ 2]

=t VA€ Sy_. N B (=2 R),

+ Q (N + 2| )M2x\/nl, VYA€ Sy_.N B(—z,R).

< (5.71)

The above estimation has enabled us to follow a more direct approch for the estimation
of constant C'. The general idea was it to use the “non-classical” estimation (5.71) of
the resolvent operator directly in the definition of the semigroup (2.5) with the hope

of obtaining a better result for the constant C. Finally, we have arrived at
1
< —F(rt), t>0,

He_ts HL(C"[O,I]) =5

with F(r,t) defined as

Pt - (M + QML) (2 [ Ler=Wdp + [7 e @da), if r> R,
B, if r<Rt,
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and the function Fy(r,t) defined as

__ri 1 Rt
Fi(rt) ::2]\/[/ —epeosp 4 2\/75622/
r p T

Mmaxep cos(n)

V/ pt sin(C)d i, tanh (, / psm(g sin (%) l)

pcos(n) d,O—I-M/ rcos(a)d

dp

+2(z\7+m@ﬁ)/“1

Rt P

n

+VnlQ, Mic”vr /
t $in(¢)dpin tanh rsin(©) in ($) 1) /-n
2

IIll Il

e cos(a) dOé,

"o 2
Z ’ Cikll - In order to obtain the value of C' the estimation of
2

ik
k=1

max min F'(r,t) was required. This estimation did not result in a better value for the

constant C'.
5.5 Domain of attraction

Consider problem (5.10). Recall from Chapter 2 that ¢, is given by

tmax = sup{7 > 0 : problem (5.10) has a mild solution v, in [0, 7]},

v(t) =wvu(t), if t<T.
v is called a maximally defined solution on the interval I given by
I:= U{[O, 7| : problem (5.10) has a mild solution «, in [0, 7]}

and we have t,,,x = sup /. Note that I and ., depend on vy, i.e. I = I(vg) and
tmax - tmaX(UO)'
Finally, let us introduce

(o = max{Cy, 1}. (5.72)

Thus, by (5.68), it follows

~

e _tsHL(cn [0,1]) < Cece (5.73)
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Theorem 5.15. Let —S be the sectorial operator in C™[0, (] introduced in (5.24) and
suppose that z, introduced in assumption (Ag), satisfies z > 0. Let g : C™[0,1] X
Cm0,1) — L3(0,1) satisfy (5.12). Then there exist &, Cso > 0, and a < 0 such that

if vo € C™[0,1], |Jvoll,, < b0, we have tpax(vy) = 00 and
o)l < Coce™ oollye, ¢ > 0. (5.74)
The trivial solution of (5.10) is asymptotically stable.

Proof. Since —8 is a sectorial operator, it generates an analytic semigroup e~*. In
subsection 5.4.6 we have computed a positive constant C.,, and consequently (by

(5.73)), a positive constant C, such that

He_tSHL(cn[o,l]) < Cue™™, >0

Let 8 > 0 be some small constant and let us set

z

E=¢gpi=———. (5.75)
Vi(l + §)Co

Due to condition (5.12) there exists d(go) with

o), Dl < ovalo@)l for v e 0.0 o < " and ez 0. (570

Now let v be a maximally defined solution of (5.10) on the interval I(vy), with vy

satisfying

o) _ (5.77)
\/ﬁcoo

The mild solution v of (5.10) is given by

lvoll o <

¢
v(t) = e Sy, —|-/ e Sg(u(s),u)ds, tel.
0
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After applying the ||-|| to the equation above, we obtain
t
o)l < He_tSUOHOO +/ He_(t_s)sg(v(s),ﬂ)Hoods, tel.
0

Using (5.73) and (2.7), we estimate

t
HU@N@;SC@ﬁ_”H%Hm*i/jC&ﬁ_“ﬂﬂﬂgﬁﬂﬁmemd& tel
0
Using (5.76), we obtain
t
lv(®)lloe < Coce™ [lvoll +/ Coce™ %0/ ||u(s) ||, ds,
0

as long as [[v(t)]| . < O(o)

tel
oo—\/ﬁv €

d(c0) _ (=)
VnCs —

Let us set p(t) := e |[u(t)|| .. Then the inequality above reads

Note that since Cs, > 1, by (5.77) we have [|vg|,, <

t
A A )
p(t) < Coop(0) + Cooam/ﬁ/ p(s)ds, aslongas |[v(t)| < \(/8%), tel. (5.78)
0
Gronwall’s Lemma applied to (5.78) implies
A C’ooa()\/ﬁt 5(6())
p(t) < Cwe p(0), aslong as |[v(t)], < , tel,
o) \/ﬁ
and, consequently,
A (O )
o). < CooelCf0Vmi=21 |40l aslong as |Ju(t)]| . < (80), tel. (5.79)
e 9] e 0] 0 \/ﬁ
Inserting (5.75) into (5.79), we obtain
. o
[0l < Cuce® lunlls, s longas o(t)l < 220, ter,  (5.80)

oo — \/ﬁ’
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Bz

with a 1= —775 <0.
: d(e0)
Since |lvol|,, < —— (due to (5.77)) from (5.80) follows
VnCs
J )
()], < (;%), as long as [|o(t)]|, < (;%), tel, (5.81)
which implies (by continuity):
[o()]l . < Coce®™ ||voll,, forall tel. (5.82)

)
From (5.82) we see that |[v(¢)] < \(/8%)

tmax (Vo) = 00. We have obtained the global existence of the mild solution v and the

for all t € I. Therefore, by Theorem 2.12

estimation (5.82) holds for all ¢ > 0. O

Remark 5.16. As we see from the proof of Theorem 5.15 the upper bound to the

d(g0)

domain of attraction is given by 0y := \/,CA’ . By Remark 5.1 if the function G
Nloso

is known, the value for d(go) can be computed from (5.4) by setting ¢ = ey =

V(1 + 58)Co

quantify the domain of attraction. Finally, we wish to remark that in our applications

. Hence, having the computable constants Cw and z at hand, we can

Cs 18 larger than 1, and therefore Co = C.

To conclude this section let us introduce the following remark, concerning the

eigenvalue exclosure method and the consequent choice of the constant z from (Ap).

Remark 5.17. Let us consider 6g. We want the upper bound to the domain of at-
traction to be as large as possible. Therefore, it is desirable for the constant Cs,
and, consequently, for the constant My, to be as small as possible. Now let us recall
the eigenvalue exclosure method presented in Chapter 4: by choosing some appro-
priate point p in the complex plane, it is possible to obtain the result on a local
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non-existence of the eigenvalues, as it was described in Theorem 4.2. During the
exclosure of eigenvalues one observes that as a parameter p € C approaches the spec-
trum of the operator Lz, the upper bounds to the norm of the resolvent operator from
(4.29), and consequently, the constant My, increase. Thus, in order to avoid the
unnecessarily large My, in the course of the eigenvalue exclosure one may consider

looking for some 0 < z* < z (given that (4.23) holds) such that
Moo (") < My (2),

where under My, (z) we formally understand the value of M., computed using z. In
the case of the Schnakenberg and predator-prey model we have found such z*, which

has returned better results for the domain of attraction.
5.6 Self-adjoint Ly

In this section we consider a special case of the self-adjoint operator L; and propose
two approaches for the quantification of the domain of attraction of u. These ap-
proaches are based on the eigenfunction series expansions techniques and embedding

estimations of H{*(0,[) — C™|0,].
5.6.1 Models with self-adjoint linearisation

Before starting with the description of the approaches mentioned above, let us com-
ment on the classes of problems, which can be treated by these methods. At first
recall from Chapter 4, Lemma 4.9 that the operator Lj; is self-adjoint, if and only if
the condition

Cr =0, (5.83)

is satisfied. It is obvious, that in case n = 1 and ¢;; € R condition (5.83) auto-

matically holds. Hence, a single differential equation with real values is a problem
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with the self-adjoint linearisation. As an example of that case we consider the spruce
budworm model.

Our search for the system of the differential equations, which describes a real life
situation and satisfies the requirement (5.83) directly, was not quite successful. As a
matter of fact, for many reaction-diffusion systems, it is even essential for the non-
diagonal elements of Cy to have different signs (e.g. activator-inhibitor or predator-
prey mechanisms). But we were still able to specify special classes of problems, for
which the methods we are going to propose will be valid. We introduce them in the

following

Proposition 5.18. Let C; € R™™ be a constant matrix. If the elements of Cy

satisfy the following conditions

1. Forn = 2: the non-diagonal elements have the same sign

Cij .

2. Forn=3: 2 >0 (Z,] = 1, ey 3) and C12C23C31 = C21C32C13
C..
ji

then there exists a constant diagonal matriz T € R™", n = 2,3, such that the matriz

Cy = T71CLT is symmetric.
Proof. After direct computation we obtain

Cijtj
t;

Cij = 1,)=1,...,n,

where ¢;;, t; (i,7 =1,...,n) denote the elements of matrices 6’11 and T respectively.

Therefore the matrix Cj is symmetric if and only if

Cijtj Cjiti

t; t;
and hence, if and only if
li .
L= C—], i,ji=1,...,n (5.84)
tj Cji



t
holds. For n = 2 it immediately follows that in order for L to exist the non-diagonal
2

elements of matrix C; must have the same sign and vice versa.

Let us consider the case when n = 3. From (5.84) follows

1 a2
- D)
to Ca1
t3 C31
- D)
1 C13
lo  [co3
t3 C32

Cij .
Above equations imply: —2 >0 (3,7 =1,...,3) and

Cji
titst
1 — 1t3ta 012031023‘ (5.85)
tatits  \ carci3cso

Thus, from (5.84) the conditions on Cy, which were listed in item 2 follow. Now let

Cij

>0(i,j=1,...,3) and
Cji

C12€23C31 = C21C32C13- (5.86)

Since <4 > 0 (1,7 =1,...,3) from (5.86) we have
Cji

0 < S2BEBL_ g (5.87)

C21C32C13

C12C93C t1tot
[C12C23 1 _ hilals (5.88)
C21C32C13 t1tals

Consequently, we obtain

109



Finally, from (5.88) we choose

b [
12 a1’
ls _ Jen
131 ory
b [
ls C32
Thus, the assertion of the proposition follows. O

In the proposition that follows we would like to demonstrate how the transfor-
mation 7' can be introduced into problem (5.10) in case when the corresponding
linearised operator Lz is non-self-adjoint. Clearly, after the transformation we will
be aiming at a self-adjoint L;. Additionaly, in order to apply the methods we devel-
oped in the thesis, we need for a corresponding nonlinear part of the problem after
the transformation, which we will denote as g(w(t), u),to be “small” for “small” w(t).
Hence, g(w(t), u) must satisfy some conditions, which are similar to conditions (5.12)

and (5.13).

Proposition 5.19. Let us consider Cauchy problem (5.10). Suppose that @ is a
constant stationary solution of (5.10). Let the operator Ly : HP(0,1) — L5(0,1)

which is given by
Lap(x) = =Dy"(z) + Cap(x), =z €]0,1],

be non-self-adjoint with the constant matriz Cy, satisfying conditions of Proposi-

tion 5.18. Then (5.10) can be transformed into a Cauchy problem of the form

w'(t) = —Law(t) + g(w(t), u), t>0,
(5.89)
w(0) = wy,
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where the operator Ly : HEP(0,1) — L5(0,1) is self-adjoint and the nonlinearity g :
C™0,1] x C™0,1] — L5(0,1) satisfies the following conditions: for each &€ > 0 there

exists 6 > 0 such that for any w(t) € C™(0,1] satisfying [|w(t)| ., < & follows
[g(w(t), 0)| < Ellw(t)] (5.90)
and
1g(w(t), w)ll, < Ellw(t)]l, (5.91)

Proof. Let us introduce the T-transformation from Proposition 5.18 into problem

(5.10). For this purpose we rewrite (5.10) as
V'(t) = Av(t) + F(v(t) + @) — F(a) (5.92)

and define
w(t) =T u(t). (5.93)
Applying T~ from both sides of (5.92), we obtain
w'(t) = T Av(t) + T HF(v(t) + @) — F(a)]

= T 'ATw(t) + T [F(Tw(t) + ) — F(a)]

= Aw(t) — Caw(t) + T~ F(Tw(t) + u) — F(a)] + Caw(t)
= —Law(t) + §(w(t), ),

with
Law(t) :== —Aw(t) + Caw(t), (5.94)

Gw(t), @) = T~F(Tw(t) + @) — F(@)] + Caw(?). (5.95)

By Proposition 5.18 the matrix 5@ is symmetric. Therefore, by Lemma 4.9 the
operator Ly is self-adjoint.

Let us show the properties (5.90) and (5.91). Observe that

Tg(w(t),u) = g(o(t), ).
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Thus, we obtain
g(w(t),u) =T g(v(t), ). (5.96)

Recall that function g satisfies conditions (5.12) and (5.13). Thus, for each ¢ > 0

there exists § > 0 such that for any v(t) € C™[0,(] satisfying ||v(t)| < \/_, t>0
follows
B (5.12) .
lg(w(®), a)ll = [T (), @), < eval T llv(t)
(5.93) .
< eVl T 7] o) -
and

IIEJ(w(t),ﬂ)IIz:HT‘lg(v(t),ﬂ)Hg(< e |77, vt ||2 < €HT 7l w1, -

Both inequalities above hold as long as ||[Tw(t)||, = ||v(?)] \/—, t > 0. Thus,
they hold for any w(t) € C™[0,!] such that |Jw(t)|, < ||T||_ , t > 0. Now set
= |7} —n and set £ as either € = e\/n ||T7Y |7, for estimation (5.90), or

= = ¢ |||, |||, for estimation (5.91). We have shown the assertion. O

Thus, we were able to transform the initial value problem (5.10), formulated for
the non-self-adjoint operator Lz, into the initial value problem (5.89), which corre-
sponds to the self-adjoint linearisation at « and contains nonlinearity g, satisfying
conditions (5.90), (5.91).

As one can see the above transformation is valid only in the case, when matrix
Cy is a constant matrix, that is when the constant stationary solution u is under
consideration. Thinking about the models of biological interaction, which could
serve as a good candidates for the above transformation, one can certainly point
out the symbiosis and competition models. In our work we apply our results to the
competition model.

Later we will comment on the possible extensions of the classes above.
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5.6.2  Preliminary results

Before starting with the formulation of the main results of this section, we need some

preliminary information.

Let {@r}72, be an orthonormal basis of L5 (0,1), where @ is an eigenelement of

Lz, corresponding to the eigenvalue \;, (see Proposition 4.10). A function f € L5(0,1)

could be represented as

f Z Sokv

k=1

where the series is convergent in L5(0,/). In addition,

LA =) {f @)y
k=1

Further, let us introduce a notation

(H(0,D)", if p=0,
HB(0,1) =
H™0,1), if p=1.

Finally, recall from Chapter 4 that we use the notation \{ as

AY == min Apin(Ca(2)),
z€[0,]]

and choose the positive constant ¢ so that
A+ o> 0.

We continue with the following

(5.97)

(5.98)

(5.99)

(5.100)

Lemma 5.20. Let f € HP(0,1). Then for any constant o satisfying (5.100), the

following identity holds

/0 (f’(x)TDf’(fo(w)T(C( ) +ol)f ) =) (Net0)| {f, @iy [ (5.101)



Proof. Let g € H2(0,1) and f € HE(0,1). Partial integration, paying regard to the

boundary conditions, yields

(L+01)9. 1)y = | (9@ D@ + g(a)" (Cula)! + o)) d

= [ (4@ DTG + 90 (Cute + 01T )

On the other hand, using the representation (5.97), the self-adjointness of the oper-

ator Ly, and (4.40), we obtain

oo

(La+0l)g, [y, = Z (La +01)g, Pr)y (fs Pr)y

ol
—_

M 1M

(9, (La + a)@r)y (f, Pr)s

(Ae +0) (9, Pr)o (f Pr)o-

e
I

1

Hence, for each g € HP(0,1) and f € HP(0,1) we have

z
/0 (9'($)TDW+9(JJ)T(C( v ol)f(z )) d

k:l

Since HP(0,1) is dense in HP(0,1), we can choose a sequence (f,)nen € HP(0,1),
which converges to f € HP(0,1), as n — oo. Let us consider (5.102) with f,, instead

of g. We obtain

l
/0 (£2(@) D @) + ful@) (Cala)" + o) f(2) ) da

k:l
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Since f, — f in HP(0,1) as n — oo, the left-hand side of (5.103) converges to
fol <f’(x)TDf’(x) + f(2)T(Calz)" + a])f(x)) dz in HE(0,1), as n — oco. Now let us
consider the right-hand side of (5.103).

At first, let us introduce for f, h € HE(0,1) the following norm (which is equiv-

alent to H{(0,1) norm) and the scalar product:

=

11l := ( / (£ D@ + £)7 (Cula)” + o) TD)) dx)2 ,

l -
()= [ (7" DR + £@) (Cata)” + o1 da

Now let us set
1

VerErie

The functions {4 }ren build an orthonormal basis in (HZ(0,1), ((-,-))). Indeed, for

k€ N.

Yy =

all 7,k € N we have

1 : ~/ T~ -\ ~ T T ~
(s ) =~ / (#1(@)" DF) + @ul@) (Cala)” + o 1)5(x) ) da

RVeTe 01)()\. o) (Br: (La + o) @)z
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=WH;M+O_)<Aj+a><¢k,¢j>2

Nt+o)o o
Do+ o) &=

(5.104)

Further, the set {4 }ren is complete in (HZ(0,1),((-,-))). Let v € HEP(0,1), such
that v L{¢ %, V7. Then we have

=((v,1;)) = /Ol (U’(:L’)TDW +u(x)T(Ca(2)" + UI)W) dx

= (v, (La + 0l)j)a = (X + )0, ¥5)2 = VA + (v, )2

Since the set {@k}ren is complete in L5(0,1), it follows that v = 0. Therefore,
{4r }ren is the orthonormal basis of (HZ(0,1), {{-,-))).
Thus, for each v € HP(0,1) we have

vll* = ZI (v, ¥ou))|* =

2

l
/0 (v’(w)TDW + (@) (Ca(2)" + o [)wk—(;p)) A

{0, (Lo + o Dyinlal = S|V otw, @l

I
e 1 1

(A + ) (v, @i)al” (5.105)

B
Il
—

Now let us go back to (5.103). By the Cauchy-Schwarz inequality and (5.105) we

estimate the following difference

Z )\k‘l'a fna¢k>2_ <.fa @k)Z)(fﬁ ¢k>2
k=

k=1

k=1

= [l = FHLILAL- (5.106)
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As n — oo the difference f, — f — 0 in HP(0,1), and therefore, due to the norm
equivalence, the right-hand side of (5.106) converges to zero. Thus, the right-hand
side of (5.103) converges to > ;- (A + 0)| (f, @k)y |?, as n — oco. Therefore, for
f e HP(0,1), we obtain

l 00
(5@ DT + 1) (Cale) + oD F@) o = S0+ )l -0,

k=1
The proof of lemma is complete. O

For simplicity, we denote

1
2

)= ([ (P DF@) + s ) +onF@) ) . o)

Thus, by Lemma 5.20 we have
a(f) = (Z(Awo—)\ (f. mﬁ) - (5.108)
k=1

For our further investigations the connection between ||| and ¢(¢) will be impor-

tant. We continue with the following

Lemma 5.21. Let ¢ € HP(0,1). The inequality

C
el < 4/ —ale) (5.109)
18 satisfied with:
1.
1 1 412(XS + o)
S — 1+ ——"“-1]. A1
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2. If p € (H}(0,1))", then

2
i, if  dmin > ZZ(A? +0),
Gy = Vi , (5.111)
——————, otherwise.
2/ + o

Proof. At first, let us consider estimation (2.27) (or (2.30)) with Cy, C} chosen as in
(2.28) (or as in (2.32)). It follows

duain 2117 < duainCo 2115 + duninCh 10113
= duinCo |l + duinC1 113
+C1 (AT +0) llell; — C1 (AT + o) [lell;-
Thus if
dminCo — C1 (A + ) =0, (5.112)

then

uain [|9]1% < duninC1 €]l + C1 (XS +0) ||l < Cig* ().

Let us rewrite condition (5.112) with Cj, C chosen as in (2.28). We obtain

dminp2 + %dminp - ()\10 + U)
p

=0.

1 1
din (9 7) = 2 (6 +0) =

Solving the equation above with respect to p, we obtain

1 412(XS + o)
= 1 LTI
P= 39 \/ L.

Hence (5.109) holds with C} as in (5.110). In order to obtain (5.111) we proceed the

similar way. Let us rewrite condition (5.112) with Cy, Cy as in (2.32). We obtain

dming - ()\? + O') =0.

1
2p
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Hence

X 4o
P= dmin

and (5.109) is satisfied with C as in the second case of (5.111). Now let us consider

(2.30) with Cy, Cy as in (2.31). It follows

2
din 1912 < duinC1 1|15 < Cr?()-

Hence in that case (5.109) holds with C; = L. We obtain the estimation (5.111)

by distinguishing between the choices (2.31) and (2.32) with respect to the smaller
Cy

value of . O

5.6.3  Computation of the constant Cp,

In Chapter 4, Proposition 4.13 we have shown that the self-adjoint operator —L; is
sectorial in L5(0,1). Therefore it generates an analytic semigroup e~*L# and there
exist C' > 0 such that

et

Hz(Lg(o,z)) < Ce™”,

where z is the constant from assumption (Ay). Here we would like to briefly comment
on the computation of the constant C'. As matter of fact, C' will be computed exaclty
the same way as it was described in the subsection 5.4.6 for the general L;. In
particular, we use (5.69). The only difference now is that in (5.69) instead of the
constant M., we use the constant Mp,, which was introduced in (4.48). Thus, we

obtain the following estimation

|e7 ||, < Cp,e™™, (5.113)
with
ML =k 1
Cp, = —22 (2 leostly (14— — ) 4+ 1(fn) ). 5.114
Lo o < € n + f*| COS(T])| + (f ) ( )
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5.6.4 First result on the domain of attraction

Let us consider problem (5.10). As earlier, tyax(v9) and the time interval I(vg) are
given by (2.17) and (2.18) respectively. At first let us introduce one preliminary

result.

Proposition 5.22. Let Ly : HZ(0,1) — L3(0,1) be the sectorial operator introduced
in (4.1), and suppose that constant z, introduced in assumption (Ag), satisfies z >
0. Let function g : C"[0,1] x C™0,l] — L%(0,1) satisfy (5.13). Then there exist

01, Cr, >0, and a < 0 such that if v(t) € C™[0,1], ||v(t)| . < 01, t € I(vg), then we

[

have

@)y < Croe™ lolly, ¢ € I(vo).

Proof. Let (3 be some small positive constant and let us set

f=g = — (5.115)

with Cp, from (5.113).

According to condition (5.13) there exists d(e1) with

lg(o(@), @)lly < ex o)l

for v € C"[0,1], |[v(t)] < 5\(/6%)

=:0pand t > 0. (5.116)
The mild solution v of (5.10) is given by
t
v(t) = e iy, —i—/ e~ t=ag(y(s),u)ds, tel.
0

Applying the ||-||, to the equation above, we obtain

t
o)l < He_tL"‘von +/0 He_(t_S)Lﬁg(v(s),ﬂ)HQds, tel.
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Using (5.113) and (2.7), we have

t
l(®)lly < Croe™ Jluoll, +/ Cre % lg(v(s), w)llyds, te€ 1.
0

Using (5.116), we obtain
t
lv(®)lly < Croe™ [luoll, +/ Croe” ey |Ju(s)ll, ds,
0
aslong as  |v(t)||, <6 tel.

Let us set p(t) := e ||v(t)||,. Then the inequality above reads

t
p(t) < Cp,p(0) + C’L251/ p(s)ds, aslongas ||v(t)|| <6, tel. (5.117)
0

Gronwall’s inequality applied to (5.117) results in
p(t) < CL2eCL2€1tp(O), as long as |[v(t)||,, <01, tel,
and consequently,
[v(t) ||, < Cr,el@2172 ||yl ,  aslong as [|v(t)]|, <61, te€ T (5.118)
Inserting (5.115) into (5.118), we obtain

[o(®)ll, < Crae™ Juolly,  as long as o(®)], <61, €T,

Bz

with a = —113

< 0. We have shown the assertion. O

Remark 5.23. Observe that the result of Proposition 5.22 is wvalid for any (not

necessarily self-adjoint) operator, which is sectorial in L3(0,1).

For our following investigations we need to impose one further assumption on
function g : C™[0,1] x C™[0,1] — L5(0,1). From now on we are going to assume that

(HP) the function g is continuous in ¢ with values in HZ2(0,1), namely g € C'(I; HZ(0,1)).
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Now we introduce the first result on the domain of attraction

Theorem 5.24. Let Ly : H2(0,1) — L3(0,1) be the sectorial operator introduced in
(4.1). Let Ly be self-adjoint and suppose that constant z, introduced in assumption
(Ao), satisfies z > 0. Let function g : C™[0,1] x C™[0,l] — L5(0,1) satisfy (5.13).
Then there exist P, dy > 0 and a < 0 such that if vo € HP(0,1), q(vo) + P ||vol|, < da,

we have tyax(vg) = 0o and
o))l < Ke(q(uo) + P luolly), £ 20, (5.119)

where v(t) is a solution of (5.10). The trivial solution of (5.10) is asymptotically

stable.

Proof. Let § > 0 be some small constant and let us set

e=e = —— (5.120)

with Cp, from (5.113).
Due to condition (5.13) there exist d(e;) with
lg(v(®), w)ll, < exllo@)ll,

d(e1)

for v e C"[0,1], |lv(t)]|, <

oo —

=:6; and t > 0. (5.121)

B

Let o be a positive constant satisfying (5.100). Let us set

P = \/%x/z +o(1+05). (5.122)

Now let v be a maximally defined mild solution of (5.10) on the interval I(vp),

satisfying

=: b5, (5.123)



where ¢ is from (5.107) and C} is the embedding constant from either (5.110) or
(5.111). Note that from Lemma 5.21 and (5.123) follows

lvoll.. < 6. (5.124)

The mild solution of (5.10) is given by
t
v(t) = e tHay, —i—/ e_(t_s)Lﬂg(v(s),ﬂ)ds, tel. (5.125)
0

Let us take the inner product with the eigenfunction ¢ of the operator L;. Due to

the self-adjointness of L; and by Fubini’s theorem, we obtain

t

(v(t), Pr)y = (€™ v0, Pr), + /0 (e =ag(u(s), @), @r), ds
t

= (vp, e 030, + / ((v(s), ), e, ds
0

t
_ 6—)\kt <U0a @k)g + / 6—)\k(t—8) <g(v(3)’ ﬂ), ¢k>2 ds, tel.
0

From the definition of z follows 0 < z < A\;, k € N. Now let us multiply the above
equation with /A, 4+ o, multiply the result with its adjoint, summ it for all k, take
the square root and apply Minkowski’s inequality. All these operations yield

(Z(Ak +0)| (v(t), Pr), |2>

k=1

N[

< (Z(Ak +0)e™ ) (ug, G, |2>

k=1
2\ 3
) . (5.126)

Considering the last term of the inequality above, let us introduce a sequence

+ <i(Ak +0) (/Ot e ) (g (u(s), T), ¢k>2ds)

k=1

f(5) = (fi(8))gen €
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with elements f; : I — R defined as

fi(s) = VM + o e (g(o(s), @), Gr), (5.127)
Let us at the moment make the following assumption

(%) f(s) is a Bochner integrable function.

If (%) is satisfied, then one can apply Bochner’s theorem (see Theorem 5.36 later) in

1
2)2

order to obtain

(500,

= (i()\k +0)

k=1

(/ e <g<v<s>,u>,¢k>2ds)

S/o | (f(3))renll, ds

l2

-/ <Z<Ak+a>e-2*k<t-s>|<g<v<s>,u>,¢k>2|2) ds.
- (5.128)

Later in this subsection we present the notion of Bochner integrability and show that
assumption (%) is satisfied.
Inserting (5.128) into (5.126), we obtain

(Z(Ak +0)| (v(t), Pr)y |2>

k=1

< <Z<Ak +0)e ) {uo, i) |2>

+ /0 (Z(AkJra)e‘%’“(t_s”<g(v(s),ﬂ),@k)2\2> ds. (5.129)

Now let o be some given constant chosen in an interval

2lal + 0 — A\
1 5.130
< ( U+)\1 ’ )’ ( )
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where a is the constant used in Proposition 5.22, that is a = 1 - ﬁ Let us represent

—2X\(t — s) as

20t —s) = —=(1 = )(A + 0)(t = 8) = (1L + @) (A + 0)(t = 5) + 20(1 = 5),

and denote

(b()\k + U) = (>\k + J)e_(l_a)()‘k‘FO')(t—s)'

Function ¢(\, 4+ o) has its maximum at (\; + 0)* = m Thus, we have

6_1

(M +0) < o((A +0)7) = O—a)—s)

(5.131)
Hence, using (5.131), we estimate the third term in (5.129) as

/0 (Z()\k + 0)6_2>\k(t—8)| (g(v(s),u), @k>2 |2> ds

1
2

Z()‘k + O_)6—(1—@)()\k+0)(t—s)—(l-l—oa)()\k+U)(t—s)+2a(t—s)| <g(v(s), ﬂ), @k)g |2) ds

1
t oo 1 3
e
- o He)(Akto)(t=s)+20(t—s) D a0 12 4
< (Z T—a)it—» |<g<v<s>,u>,gpk>2|) .

k=

—_

_1
2 1

1
2
= a)( A1 +o s o(t—s)
_\/1—a \/t—s ez (=(1+a)(Ai+o)(t—s)+20(t— <Z| >2|2) ds,

where in the last estimation we have used e Mt < e~ M,
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Further, taking into account (5.98) and (5.121), we obtain

1 o
-2 Z
\/1 —a / Vi—s At ( 8 A ‘2> -

k=1

(SIS

1
2

o(l—a)— >\1(1+a) S -~
/W_S ) g(ols), )], ds

1
2

t
1 o(1—a)=A(1+a)
(t=s)
e 2 g1 ||v(s ds,

as long as  |[v(t)||, <, tel. (5.132)
Let us define m := —w. Note that from (5.130) follows that m > 0.

Hence the last integral in (5.132) reads

¢ 1 o(l—a)— /\1(1+a) t e—m(t—s)
ez " ds = v(s)]|, ds.
| = Mol ds = [ S ot

Combining the result above with Proposition 5.22, we continue as follows

F% c / | \/—1 ) (o (s)|, d
_— e vlS S
11—« ! 0 t—s 2

MI»—-

e

<——5C e"mt=8) s |y, ds
\/m 1~ Lo \/— || 0”2
_1 t
e 2 1
< 10y, e ™ v / emta)s g,
—\/m 1V~ Lo || 0||2 0 P——
aslong as  |[v(t)||, <1, tel. (5.133)

Let us consider fo F= ¢ elmta)s ds. After introducing the substitution v = v/ — s,

we obtain

te(m—l—a)s (mia)t Vit (mtay?
ds = 2T / e T dp.
/ovt—s 0

From (5.130) follows m + a > 0. Indeed, since a = — ﬁfﬁ < 0, we have

1 (5130)
m+a=m-—la| = §(A1—U+a()\1+a)) |al
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Therefore, we continue with estimation

Vi 2 & 2 s
2 / em Mt gy <2 / e~ (mrart gy — : (5.134)
0 0 m—+a

Combining all of the above, we arrive at

/0 <Z()\k + U)e—zAk(t—s)| (g(v(s), @), @k>2 |2) ds

k=1
ez T
< C at
S A g [[voll m+a
as long as  |lu(t)||, <0, tel.
Let us define
1
1 3
B(a) =
@ = (T=ama)
and find B(a*) = min B(a). Some technical computations result in o* =
)
%‘;1'. Hence,
2()\1 + O')
B(a*) =
(@) == al

It follows that

s : 2 /A
/ <Z<Ak+a>e-w-8>|<g<v<s>,u>,¢k>2|2) ds < 4| e Cet ool
0

k=1 A= laf

aslong as  |lv(t)||, <o, tel. (5.135)

Inserting (5.135) into (5.129) and taking into account the fact that |a| < z < A\, k €
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N, we obtain

<Z<Ak+a>|<v<t>,¢k>2|2> §<Z<Ak+o>e—”ktl<wk ) \/g Al”f@eatnvab

k=1 k=1

1
o] 2
< e (Z(Ak +0)| (vo, Pk), |2> + Pe [|voll,

k=1

as long as  |lv(t)||, <01, tel,

2
with P = W/g\/z + o(1+ ) (recall also that &, satisfies (5.120)).

According to (5.108) the inequality above reads
qg(v(t)) < e"(q(vo) + Pllwolly), aslongas [o(t)|, <o, tel.  (5.136)

Note that by (5.124) we have |lvg||,, < 1. By Lemma 5.21 we obtain

C c o,
)l <4/ 7 —q(v(t)) < /7= (a(vo) + Pllwoll,),
aslong as  |lu(t)||, <o, tel. (5.137)

Since q(vo) + P [|voll, < %@ (by (5.123)), from (5.137) follows
lv(t)]|, <1, aslongas |v(t)|, < d,

which implies (by continuity):

&

dmin

[o()]o < e (q(vo) + Pllwoll,)  Vt €I (5.138)

From (5.138) we see that the mapping ¢ — |[v(¢)||, is bounded on /. By Theo-
rem 2.12 the mild solution v exists in the large and the estimation (5.138) holds for

all t > 0. We have proven the assertion. O

Remark 5.25. As one can see from the proof of Theorem 5.24 the upper bound to the
51 V dmin _ 5(51) V dmin
vV Cl C’ln
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non-decreasing function G : [0, 4+00) — [0, +00) is khown, then the constant 0(eq)

can be computed from (5.4) by setting € = €1 : - . Hence, having the

T Lt P

computable constants Cr, and z and the monotonically non-decreasing function G at

hand, we can quantify the domain of attraction.
5.6.5 Second result on the domain of attraction

In order for the second approach to work we need to impose some further assumptions

on g.

Additional requirements on g

Recall that function g : C"[0,1] x C"[0,[] — L5(0,1) is given by
8(p,u) = F(p +u) - F(a) + Cap

and satisfies assumptions (G), (HP) and (5.18). At first, observe, that from assump-
tion (G) follows that

(G1) There exists a monotonically non-decreasing function G : [0, +00) — [0, +00)

such that
|g(p(2), a(2))]3 < Gi(lp(x)]2) for all = € [0, 1],

with Gy(h) = o(h?®), as h—0+.

Now we list all the additional requirements we are going to impose on g:

(G2) There exist a monotonically non-decreasing function Gy : [0, +00) — [0, 4+00)

such that
g, (p(2), u(2))[5 < Ga(lp(x)|o) for all z € [0,1],

with Go(h) = o(h), as h—0+.
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(G3) There exist a monotonically non-decreasing function Gj : [0, +00) — [0, 4+00)

such that
|ga(p(2), u(x))[5 < Ga(lp()|2) for all z € [0, 1],

with G3(h) = o(h®), as h—0+.

From (G1), (G2), and (G3) follows that for any €1, e9,£3 > 0 there exist 6 > 0 such

that
Vbl <6 |Gi(h)| < eilhf, (5.139)
VIh| <& [Ga(h)| < &alh], (5.140)
VIh| <6 |Gs(h)| < e3h|?. (5.141)

As in the case with the general operator Lj, in order to compute an upper bound to
the domain of attraction we will need a result, which is similar to Remark 5.1. We

introduce the following

Remark 5.26. Let a1, as, az > 0 be given. If the functions G1, Go, G5 are known,

then a function § : [0,€y) — (0,00) satisfying
Ve>0 VIh| <6(8) ar|Gi(h)| + az|Go(h)||hf* + as|Gs(h)| < é[Rf° (5.142)
can be computed.

Now let us briefly comment on our intentions in the following. Observe, that
property (5.12) (or (5.13)) implies that function g(p, ) is “small” for “small” . In
the following we are going to establish the similar result. Namely, we will show that
after the application of ¢ to g(y,u) and ¢, given that g(y, u) satisfies (HP), (G1),
(G3), and (G3), the property above does not change. Thus, ¢(g(¢,u)) will also be
“small” for “small” ¢ .

We continue with
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Lemma 5.27. [22] A Hermitian positive definite matric B € C"*"™ has a unique

Hermitian positive definite square root.

Observe that since the positive constant o satisfies (5.100), the matrix C; + ol

is positive definite. Let us introduce

Lemma 5.28. Let the assumptions (G1), (G2), and (G3) be satisfied. Then for each

€1, €2, €3 > 0 there exist § > 0 such that for any ¢ € CT[0,1] satisfying ||¢|| . < %
we have
g(p(@), u(x))" (Ca(2)" + ol)g(p(2), u(w))

~ -

< e.C(2)8 ()T (Ca(z)” + o) @(x), (5.143)

(4 (¢(2), a(2))¢' ()" Dgy(p(2), u(x))¢/ (x) < €2 zmax5 (¢' (@)D ¢'(2), (5.144)

min

(gal(x), () ()" Dgal(p(x), @(2))W (2) < esdmaxd [(2) ] (2)]3,  (5.145)

Amax(Ca(z) + o)

for all x € [0,1], where C(z) := Amin(Ca(r) +01)

Proof. In the following for simplicity we write g, g, g, instead of g(¢(x),u(x)),
g,(p(x),u(x)), ga(w(x), u(x)) respectively. In addition, we drop letter x and address
matrix Cy(z)” + ol as C.

Since C' is a positive definite and Hermitian matrix, due to Lemma 5.27, it has
a Hermitian positive definite square root C' 2. Then by (G1) and, consequently, by

(5.139) for each 1 > 0 there exists § > 0 such that

7|2 (G1) T
< (c)

eilpl3d, if Jpla <6
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Now let us introduce

\T
z = <Ci) ®.
Then
2l =" C'5, (5.146)
and
N\T
o= (C‘i) . (5.147)

Using (5.146) and (5.147), we continue as follows: for each ; > 0 there exists § > 0

such that
712

g'Cg < ‘(05)

koo = ‘(O%)T

1 T 1 T
<|(ct) ()
Using again the fact that C' is a positive definite and Hermitian matrix, we obtain

(@),

2 2

16 oTC P, if ol <6. (5.148)

2

2

= )\max (C) )

Setting in (5.148)

A L )\max (Cﬁ(z)T + UI) - )\max (Cﬁ(x) + UI)
C) = R Ca@ T+ 01) ~ Do (Culd) T o) (5.149)

we obtain estimation (5.143).

Let us continue with the estimation (5.144). This time we set

/

z= D2y

[NIES

Hence
21> = (¢')" D¢ (5.150)
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and

o' =D"z2z (5.151)

We continue as follows: by (G2) and, consequently, by (5.140) for each 5 > 0 there

exists 0 > 0 such that

_ —(5.151 _1 1 1 1\ _
(8,¢) D(g,¢) = (¢)'glDgy =" 2" (D 5giD2> (Dégg;D 2>z

2 2 (Gz) 1
g Bl < |D!

) 20 2
D D7 Gallela)l

2

2 2 2 2 o
< ‘D% ‘D‘% £y0]2[2 P20 )D% ‘D‘% £90 (¢')T DG
2 2 2 2

dmaX 2 .
=e § (P)'Dy', if ||y <6.

We have obtained (5.144).
In order to obtain (5.145), we proceed as follows. By (G3) and consequently, by
(5.141) for each €3 > 0 there exists § > 0 such that

- - T 1 N\ 2
(gat)" Dgatt) = (@) gl D} D¥(g,t) = (Digg) (Digu) = |Dhgyi

2

2 (Gs)
gl < |}
2

IN

1 2 _/2(5.141) 1 2 91112
D Galle)l; < | D3| elol3olal:

= 53dmax5|90|g|ﬂ/|§> if |§0|2 < d.

Note that if ||p]| < % then, due to (5.14), |¢(x)|2 < 0 for all x € [0,]. Hence all

the results above hold for ¢ € C70, 1] satistying |||, < %. The proof of lemma is

complete. 0

Now let us introduce several notations, which we will use in the sequel. We denote

the upper bound to ||@||> as U,. Computation of U, is not difficult. Since @ is a
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stationary solution of (5.1), it follows
duin @ l5 < (DU, @)y < [F(@)ll; [[all, < (IF (@) = F@)llyHF @)l (12 = wlly+lwll,)

where the terms ||[F(u) — F(w)||, and ||& — w||, in the estimation above can be ob-

tained with the help of (3.21). Hence for some positive computable & we have

(IF(@) = F @), + IF@)l) (17 = wll, + w],) < K

and set
_ 1 .
l@|5 < U, = —K. (5.152)
In addition we denote
n = max C(z), (5.153)
z€0,l]

Now we introduce

Lemma 5.29. Let the assumptions (G1), (G2), and (G3) be satisfied. Then for any

J
£ > 0 there exists 6 > 0 such that for any ¢ € HE(0,1), |l¢|l., < — we have

\/ﬁ
qa(g(p, u)) < eq(p). (5.154)

Proof. According to (5.107) we have (note that g(p,u) € HZ(0,1))

l
7*(g(p,u) = /0 g.(¢(2), a(x))" Dg,(p(x),u(z))dx
+ /O glo(x),u(x))" (Ca(z)" + o) g(p(x), a(x)) dz. (5.155)

Let us consider the expression g, (p(x),u(x)). We have



Each component (g,);, (j =1,...,n) of the vector g,(¢(x), u(z)) can be estimated

with the help of Young’s inequality with £ > 0 as

0= (3 (e o)) - (o £ 300)

i=1 =1

B " e, "9 B ?
- (Soen) 2 (S5en) () + (35w
< (14¢) (Z gij (so’)z) +< ) (Z gif )

7 and

0p; 0uz

where 7 denote the elements of matrices g, (p(z), u(z)) and g, (¢ (), u(z))

and (¢');, (¢'); are the elements of vectors ¢'(z), u'(z) respectively.
Further, let us consider the term g_(¢(z), w(x))" Dg,(p(x), u(x)). From the esti-

mation above follows

g.(¢(x). a(x))" Dg. (¢(x). a(a)
= > (&)

= (1 +&)(g,(¢(2), u(x))¢' ()" D(g,(p(z), ulx))¢/ ()

" (1 + 2) (8a(¢(x), 1)) (x))" Dlga(p(@), a(@)) (). (5.156)

Since the assumptions (G;),(G2), and (G3) are satisfied, by Lemma 5.28 the estima-
tions (5.143), (5.144), and (5.145) hold. Thus, combining (5.144) and (5.145) with
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(5.156), we obtain that for each €5, €3 > 0 there exists 6 > 0 such that

l
/0 g, (o(z), ()7 D, ((x), (@) da

dmax : / SVY2RY 1 : /
< (14 ¢&)es g ) / © (:)J)TDap’(z)dx + (1 + g) €3 max0 / |u (z)|2|gp(z)|2d9§,
min 0 0

o
i < —. 1
i el < (5157)

Further, by (5.143) we have: for each £, > 0 there exists § > 0 such that

/0 g((), (@) (Ca(2)" +ol) glp(x), a(x))de

A

l -
<& /0 C(z)p(2)T(Ca(x)" + o) p(z)da

< £,0n /0 o(2)T(Ca(2)" + o) p(x)dz, if | (5.158)

o
< —
Pl <

with 7 from (5.153). Combining (5.155), (5.157), and (5.158), we obtain: for each

€1, €9, €3 > 0 there exists 6 > 0 such that

dmax : /
(el 0) < (1+9255 [ @) Do

!
+ (1 + %) €3 max0d /0 [’ (2)|*|p(z) P

+ 51577/0 ()T (Calz)" + o) p(x)dx

dmaX
gmax{(1+§)8gd —0, 61577} ()

!
+ <1 + %) €3 max0 /0 |a'(z)?|¢(2) *dz,

o
if < —. 5.159
it el < (5159)
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Using (5.152) and (5.109), we estimate the last term in (5.159) as follows

l
—/ T T O
/0 @ (2) () Pde < U |Joll%, < UfoQ(w)-

min

Inserting the last estimation into (5.159), we obtain: for each €1, €9, €3 > 0 there

exists 0 > 0 such that

Amax 1 . C
q2(g(907 TL)) S max {(1 + g)EQTa €, (]- + g) 63dn’1ax de 1 }5q2(80)>

. )
if el < NG (5.160)
€3 ~
Choose & = ;chl’ then
2

dmax 1 - C dmax -
(1+€)€2d . = (14'%) EgdmaXde% = d . (€2+€3Ux01).

Thus (5.160) reads: for each €1, €9, €3 > 0 there exists § > 0 such that

dmax 7
el ) < max {eun, P (e 4 20,0 b oo

dmax dmax r 7 . 5
< <7]€1 + i gg + . UmClag) 5 (p), if el < NG

With &2 := <7]€1 + %82 + ‘fl:a: Um0153) 0 we obtain the assertion of the lemma. [
Domain of attraction

Now we are ready to formulate

Theorem 5.30. Let L : HP(0,1) — L5(0,1) be the sectorial operator introduced in
(4.1). Let Ly be self-adjoint and suppose that constant z, introduced in assumption
(Ao), satisfies z > 0. Let function g : C™[0,1] x C™[0,1] — L5(0,1) satisfy (5.154).
Then there exist 53, K > 0 and a < 0 such that if vo € HP(0,1), q(vo) < 03 then
tmax (Vo) = 00 and
|v(t)]l,, < Ke™q(vg), t>0, (5.161)
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where v(t) is a solution of (5.10). The trivial solution of (5.10) is asymptotically

stable.

Proof. Let § > 0 be some small constant. We set

Eo 1= . (5.162)

(O}
Il

By property (5.154) there exists 6(¢p) > 0 such that
a(g(®),0) < Zg(0(®), i o)l < 2 v >0 (5.163)

Now let v be a maximally defined mild solution of (5.10) on the interval I(v), with

vp satisfying

5 S dmin
o(v) < 2E)Vmin s (5.164)
C’ln

where ¢ is from (5.107) and C) is the embedding constant from either (5.110) or

(5.111). Note that from Lemma 5.21 and (5.164) follows

d(o)
e

[[voll o < (5.165)
The mild solution v to (5.10) is given by

t
v(t) = ey, —i—/ e~ Iag(y(s),u)ds, tel
0

Now let us repeat the steps of the proof of Theorem 5.24 up until (5.129). Thus, we
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arrive at

(Z (Ae +0) @k>2 ‘2>

|

+/Ot (Z(Aﬁa)e‘”’““‘s’\(g(v(S),ﬂ),sﬁka) ds, tel.  (5.166)

k=1

[NIES

1
2

WE

(A + @)™ {vo, Pr), |2)

e
Il

1

Since A\; > z > 0 and using (5.108), we obtain

q(v(t)) < e *q(vo) +/0 e g (g(v(s),u))ds, tel.
Using (5.163), we have
0(0(t) < ¢ alun) + & [ Igo(s))ds

as long as  ||v(t)|| . < 2

tel. 5.167
oS L€ (5.167)

Note that by (5.165) we have |[v]| < k\;%).

Gronwall’s lemma applied to (5.167) yields

q(v(t)) < e )l (vy), aslongas [ju(t)||, < 6\(/5%), tel.
From (5.109) follows
o)l </ a(o) < 4/ e g,
as long as  |jv(t)] . < 2(&) tel. (5.168)

OO—\/H’
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Inserting (5.162) into (5.168), we obtain

&

lo()]l o <4/ dC1 e*q(vg), aslongas |v(®), < 5\(/3), tel, (5.169)
min n

. _ B
with a = 173 < 0.

0(E0)V/lnin

Now since g(vg) < (by (5.164)) from (5.169) follows

C’ln
6(e 6(e
lo()]l. < % as long as  [[u(t)]|. < 5? tel,
which implies (by continuity):
lv(®)]l < Ke®q(vo) VEe L (5.170)

with K = ”dC% . We see from (5.170) that the mapping t — ||v(t)]|_ is bounded

on I. By Theorem 2.12 we obtain the existence of the mild solution v in the large

and the estimation (5.170) holds for all ¢ > 0. O

Remark 5.31. As one can see from the proof of Theorem 5.30 the upper bound to

0(E0) V/lnin
VCin

U,Cy, é|h| = &2 and compute §(2o) from (5.142).

the domain of attraction is given by o3 = . Recalling Remark 5.26, we set

dmax o dmax
, a3

dmin dmin

alzlr];aQ:

5.6.6  Proof of assumption (%)

Now let us show that assumption (x) holds. For that purpose we will need some

results from measure theory. At first, let us introduce

Definition 5.32. Let (S,8,m) be a measure space, and f a mapping defined on S

with values in a Banach space X . f is called weakly measurable if, for any ¢ € X*,
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the numerical function ¢(f(s)) = (f(s), @) of s is measurable. f is said to be finitely-

valued if it is constant # 0 on each of a finite number of disjoint measurable sets B;

with m(B;) < oo and f(s) =0 on S — UB]-. f is said to be strongly measurable if
J

there exists a sequence of finitely-valued functions convergent (in the norm of X ) to

f(s) m-a.e. on S.

Definition 5.33. [ is said to be separably-valued if its range { f(s);s € S} is separa-
ble. It is m-almost-separably-valued if there exists a measurable set By of m-measure

zero such that {f(s);s € S — By} is separable.

Definition 5.34. A function f defined on a measure space (S,B,m) with values
in a Banach space X is said to be Bochner integrable, if there exists a sequence of

finitely-valued functions f,, which converges to f m-a.e. in such a way that

tim [ 17 = (o)l mids) o

Finally, we will need the following two theorems

Theorem 5.35. [064, Pettis Theorem, p. 131] f is strongly measurable if and only if

it 15 weakly measurable and m-almost separably valued.

Theorem 5.36. [12, Theorem 8, p. 650] A strongly measurable function f : [0,t] —

X is Bochner integrable if and only if s — || f(s)||x is integrable. In this case

‘/Otf(s) ds

Proposition 5.37. Let g € C(I, HP(0,1)). Let f(s) = (fx(s))ren with fr(s) given

‘Kﬂ@%

XgAnﬂmu@-

Now we introduce

by (5.127). Then

bslnﬂwm@-
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Proof. According to Theorem 5.36 if we can show that

(1) f(s) is a strongly measurable function

2) o llf(s)ll,, ds < oo

then the assertion of the proposition would follow.

Let us start with assumption (1). Due to Theorem 5.35 if f is weakly measurable
and m-almost separably valued, then it is strongly measurable. The m-almost sep-
arability immediately follows from the fact that X = [, which is a separable space.
Let us show that the first requirement of Theorem 5.35 holds as well. Recall that

every ¢ € (Iy)" is of the form

¢ (52)* — R (Tg)pen — Ziﬂkzk

k=1

for some z = (z)ren € lo. Then for all s € [0,t] we have

S(f(5)) = fuls)z.
k=1

Since (fx)ren C C[0,¢], then ¢(f) is measurable. Hence the first requirement of
Theorem 5.35 is satisfied. Thus f is strongly measurable.
We show assumption (2) as follows. Due to the positivity of the spectrum of L;

we have

LF ()., = (Z(Ak +0)e ) (g (u(s), ), @k>2l2>
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Since g € C(I; HZ(0,1)) by Lemma 5.20 we obtain

NE

(e + o)l (g(v(s), @), &r), |

=
Il

1

:/0 g.(v(z,s),u(x))" Dg,(v(x, s), u(x))dx

T / g(v(z, ), 6(2))T (Calz)” + o) B(0(, 5), () de

< dina 182 (0(), D)5 + max Amax(Ca(@)" + o 1) [|g(v(s), )3

< max{dmax, ;Iel[%)?] )‘maX(Cﬂ(x)T +ol)}[g(v(s), u) H?{{I(O,l) ’

'

7

=K
and therefore

/ 1F$),, ds < VE / I&(0(5), @)Ly 0 5
0 0

Since g is continuous on I, its integral over [0, t] is finite and we have

/0 1£(3)]l, ds < oo.

Hence the requirements of Theorem 5.36 are satisfied.

The proof of proposition is complete. O

5.6.7 Outlook

In this subsection we would like to discuss whether it is possible to extend the classes

presented in Proposition 5.18.
We start with the general case, when the transformation matrix 7" € R"*" is not
diagonal. The matrix C; € R"™ " is still required to be constant at the moment.

After the transformation we arrive at the linearised operator of the form

Law(t) = =T ' DTwe,(t) + T~ CyTw(t).
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Our goal is to find conditions on the elements of the matrix C; which provide the
symmetry of D = T-'DT and Cy = T-'C,T. In the following let us denote the

elements of the inverse matrix 7~ ' as t', i,j = 1,...,n. A straightforward compu-

ij
tation shows that the symmetry requirement for D and Cj results in the following

system of nonlinear equations

> d; (tt — taty') =0,
i=1

Z Cji (tzktl_jl — tzlt];jl) = 0,

i,j=1

kl=1,...,n. (5.171)

It is easy to see that in case n = 2 system (5.171) reduces to the system

ti1to1 + tiatee = 0,
i+t o

2 2 )
t21 + t22 Co1

which results in the following elements of the matrix 7":

C12

tin = F4/ —ta2,
C21
C12

tig = &4 [ —ta.
C21

Hence, for n = 2, the conditions on the elements of matrix C; remain the same as
it was stated in Proposition 5.18. In general case of n > 3 the situation becomes
more complicated, since it is hard to find an analytical solution of system (5.171).
Nevertheless, for some fixed values of ¢;; and d; it is possible to solve the nonlinear
system above with the help of the verified Newton computation (combined with
interval arithmetic). As a result one obtains an interval-valued transformation matrix
T and, consequently, an interval-valued matrix C,. In that case for the further
investigations it would be advisable to use the midpoints of the elements of matrix

Cy. In addition, one would have to introduce a perturbation argument to this matrix.
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Now let us consider the case of a non-constant stationary solution u and diagonal
matrix 7. Notice that for the transformation 7" to work, 7" should be a constant
matrix. It is easy to see that when the stationary solution is not constant, then
condition (5.84) reads
ti Cij (LU)

— ===, VYzxel0l], Vij=1,...,n. (5.172)
tj cji()

Hence the transformation 7' is valid, if:

1. For n = 2: ¢;(x) # 0, Vo € [0,1], (1,7 = 1,2) and legxi = B, with B being
21\

some positive constant.

2. Forn = 3: ¢j(x) # 0, Vo € [0,1], (4,5 = 1,2,3) and there exist positive

constants By, By, Bs such that for all x € [0, ]

Clg(l') o
(@) By,
031(25) .
Clg(l’) - B2>
023(1’) _ 33

with BlBng =1.

In case n = 2 the conditions above hold, for example, for the nonlinearity of the form

fi(ur) + bruful + ¢4
F(Ul, Uz) = )
fa(usg) + bgu‘lﬁlug_l + ¢

with by, by, 7, ¢ > 0, and C'-functions f; and fo.
To conclude, we wish to remark that the results from this section could be extended to

a domain €2 € R™ with m = 2,3. In that case the “explicit” embedding estimations
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from Lemma 2.21 (or Lemma 2.23) should be changed appropriately. One can find

this estimations for the case of a single equation in [42, Corollary 1, p.42].
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6

Bounds for eigenvalues

Our main concern in this chapter will be a computation of verified bounds to N
smallest (with suitable N € N) eigenvalues of some given eigenvalue problem. For
self-adjoint operators there are several approaches which aim at this purpose. Our
choice will be to use the Rayleigh-Ritz method for the computation of upper bounds
of eigenvalues, the right-definite Lehmann method and Lehmann-Goerisch method
for the computation of lower bounds, and the homotopy method, which will provide
us with some necessary a priori information. The main focus of this chapter is on
the application of these variational methods to particular eigenvalue problems, which
arise in the course of our investigations. Below we introduce a list of these problems.

For simplicity, we drop the index w in the notation of the operator L,. We consider:
1. Eigenvalue problem for computing the constant K:
u€ HY(0,1), (Lu,Lv)y, = (B (u,v), + (u',v'),) for allv € HJ(0,1).
2. Eigenvalue problem which is under consideration during the eigenvalue exclo-
sure procedure:

ue HY(0,1), p€C, ((L—pu,(L—p)v),=A\(u,v), forallv € Hy(0,1).
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3. Eigenvalue problem which is associated with the self-adjoint L:
we HP(0,0), Lu=\u. (6.1)

The eigenvalue problem above is under consideration for two purposes: com-
putation of the constant K and verification of the stability of a stationary

solution.

As one can see, the first two types of eigenvalue problems can be united into one
generic eigenvalue problem of the form
we HY(0,1), ((L—v)u,(L—v)v), =B (u,0), + Ba (u',0),)

(6.2)
for all v € HP(0,1)

The positive constants #; and (G, and v € C are chosen as follows.

(8,1), for eigenvalue problem of type one,

(1, B2) = {

(1,0), for eigenvalue problem of type two,

{O, for eigenvalue problem of type one,
UV =

i, for eigenvalue problem of type two.

The main reason for this unification is to simplify the description of the application of
the variational methods to the problems above. This way we do not have to discuss
each problem separately, but merely change the settings for the parameters (3, (>
and v. The eigenvalue problem of type three will be handled separetely.

This chapter is organised as follows: in the first section we present a general
outline of the variational methods. In the succeeding two sections we discuss the

application of these methods to eigenvalue problems (6.2) and (6.1).
6.1 Variational methods for computing eigenvalue bounds

Let M be a positive definite hermitian sesquilinear form defined on D(M) = H,
where H is an infinite dimensional separable Hilbert space. Let A be a bounded
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positive definite hermitian sesquilinear form on H. We consider the following eigen-
value problem

M(u,v) = M (u,v) forallv e H. (6.3)

There exists a sequence of eigenvalues A\, € R, Vk € N such that
A< X<,

with A\, — o0 as k — oo.

Below we introduce a sequence of theorems which we are going to apply in order
to compute upper and lower bounds of the first N eigenvalues of (6.3). One can
immediately see that the eigenvalue problem (6.2) is of type (6.3). The eigenvalue
problem (6.1) can be seen as a special case of (6.3) as well, since in practice one
would consider

M(u,v) = (Lu,v), = (Du',0v"), + (Cu,v),

N(U, U) = <u> 'U>2 ) (64)

with H = D,(L) = HP(0,1). We will avoid the detailed discussion of above theorems
and for more thorough overview we refer to, e.g., [44]. We start with the Rayleigh-
Ritz method for computing upper bounds of eigenvalues. This method is based on
the Poincaré min-max-principle and could be found in [49, Theorem 40.1 and Re-

marks 40.1, 40.2, 39.10].

Theorem 6.1 (Rayleigh-Ritz). Let @y, ..., uy € H be linearly independent (approz-
imative eigenelements). Define the symmetric matrices
Ag = (M(t;, ;)i j=1..N (6.5)
Ay = (N (s, 07) )i j=1..N- (6.6)

Let Ay < --- < Ay be the eigenvalues of
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Then the following inequalities hold:

By means of the Rayleigh-Ritz method we can compute approximations for the
eigenvalues and upper bounds to them. Since our aim is to obtain wverified upper
bounds, we should perform the Rayleigh-Ritz method twice. During the first com-
putation the size of the matrix eigenvalue problem (6.7) is set to M such that M > N,
and the trial functions w4, ...,u, € H are chosen to be some suitable ansatz func-
tions @1,...,¢p € H. After the eigenvalue problem (6.7) is solved by means of
some known numerical method (e.g. Cholesky method, QR-algorithm) the values
A1, ..., Ay and the eigenvectors (D, ... () ¢ RM  satisfying (:)s(k))TAlm = O,

(x(k))TAOW = Apdy are obtained. The values Ay, ..., Ay should be the good ap-

proximations to the eigenvalues A1, ..., Ay and the elements
M .
e ="l (6.9)
j=1

approximate the eigenelements. After that we repeat the step above setting M = N
this time and taking u}*V, ¢ = 1,..., N as trial functions. In order to avoid rounding
errors we perform this second computation using interval arithmetic.

In the following for simplicity we write @; instead of u}".

Next, for computing the lower bounds to the eigenvalues we introduce the right-
definite Lehmann method for problem (6.4) and the Lehmann-Goerisch method for

problem (6.3). More details on these methods one can find in [15, 16, 17, 18, 28].

Theorem 6.2 (right-definite Lehmann method). Let dy,...,ax be linearly inde-

pendent functions (approximative eigenelements) in H. And let p € R exists such
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that: Ay < p < Ays1. Define the matrices
Ay = ((Lai’ ﬁj>2)i,j:1...N’
Ay = (<ai7aj>2)i,j:1...N’

Ay = ((Lay, Luy),)

ij=1.N"

Let 1y <1y <--- < 7N <0 denote the negative eigenvalues of

(AO — pAl)ZL’ =T (A2 - 2pA0 -+ p2A1>LE. (610)
Then
1
e > p+ (k=1,...,N). (6.11)
TN+1-k

Let us point out that the eigenvalue bounds derived by the means of the right-
definite Lehmann method are optimal in the sense that no better bounds can be
computed based on the knowledge of wy,...,uy and Luy,..., Luy.

We continue with lower bounds for problem (6.3). Let us introduce

Theorem 6.3 (Lehmann-Goerisch). Let iy, ..., uy be linearly independent functions
(approzimative eigenelements) in H. And let p € R exists such that: Ay < p < Ani1.
Let X be some vector space, b some positive definite symmetric bilinear form on

Xa, and T : H — X be some linear operator such that

b(Tp, T7p) = M(p,¢)  forall »,¢ € H. (6.12)
Let w®, ..., w™) € X satisfy
b(To,w?) = N(p, @), (i=1,...,N) foral ¢cH. (6.13)

Form the third matriz Ay == (b(w®, wW)); ;i1 and let 7 < -+ < 7y < 0 be the

-----

eigenvalues of the matriz eigenvalue problem

(AO — pAl)ZL’ =T (A(] - 2pA1 -+ p2A2>LE, (614)
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where Ag and Ay are given by (6.5) and (6.6). Then,

(k=1,...,N). (6.15)

We would like to make a following remark concerning the Lehmann-Goerisch

method.

Remark 6.4. The method of Lehmann-Goerisch is in fact an “improved” version of
the left-definite Lehmann method, earlier proposed by Lehmann. In the left-definite

Lehmann method the condition (6.13) is replaced by the condition:
Mo, 0Dy = N(p, @), (i=1,...,N) forall o€ H (6.16)

and the matriz Ay is replaced by Ay = M(w® W), ;_,

,

..... ~. For condition (6.16)
the explicite knowledge of WV, ... W) is required. Since it is not always possible
to compute the values WV, ... W) explicitly, the practical implementation of the
left-definite Lehmann method is rather difficult. However it is possible to overcome
this problem by introducing the “XgbT'-concept” and replacing (6.16) by (6.13), as it
was done by Goerisch. The lower bounds of the Lehmann-Goerisch method are worse
(respectively not better) than the bounds of left-definite Lehmann method, but they
are computable.

It is intuitively clear that in order to make Lehmann-Goerisch’s bounds ‘close’ to

left-definite Lehmann methods bounds one should construct the matrices Ay and A,

to be ‘similar’ to each other, i.e.:
b(w®, wl) = M9, w) (6.17)

From the view of (6.12) follows: w® ~ Tw®, (i = 1,...,N). So, if 4;, (i =
1,...,N) are good eigenelements approzimations and X;, (i = 1,...,N) are eigen-

value approzimations, then (6.16) would provide: w® =
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w® could be chosen as:

w ~ iTa,-, (i=1,...,N), (6.18)

taking condition (6.13) also into account.

Notice that in both cases (right-definite Lehmann method and Lehmann-Goerisch
method) an a priori information about the lower bound p to the eigenvalue Ay
is required. In order to satisfy this requirement we apply the method of homotopy
which is based on the comparison principle. The main idea of the homotopy method

is it to find a sequence of eigenvalue problems (EP),, s € [0, 1] which satisfies:

(H1) the eigenvalues (A}),oy of (EP)y are computable in closed form (or at least

lower bounds to them are available),
(H2) A <AL < Xi < Ajforallk, 0<t<s<I,
(H3) the eigenvalues (A}),y are the eigenvalues of the given problem.

Starting at the known values of (A\?) weny We go forward on s. Making usage of the
monotonicity property (H2), we transfer the known information about the sequence

(AD) ey Onto the sequence (A}') s1 > 0. Having the information for the sequence

keN 1
(AL)pen We repeat the step above, taking this time s; instead of 0 and some s5 > s,
instead of s;. The algorithm continues until we arrive at the given problem. The
information which is transferred in the course of homotopy in our case is the value
for the lower bound p. We will give a detailed description of this process later.

If the spectrum of the given eigenvalue problem does not contain any clusters,

then the implementation of the homotopy process can be simplified, due to the

following
Corollary 6.5. [6, Corollary 1, p. 76] Let X, b, T be defined as above. Let u €

H, @ # 0 andw € Xg such that (6.13) holds (with w, @ instead of w™, ;). Moreover,
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let p > 0 be chosen such that there are at most finitely many eigenvalues of (6.3)

below p, and

<) (6.19)

<\<p. (6.20)

We conclude this section by presenting an outline of the homotopy method.
Let us begin with the general case, which includes the possibility of the clustered

eigenvalues. Suppose that
we H, M(u,v)=\N(u,v), forall veH, sel0,1] (6.21)

is an eigenvalue sequence (EP)g, satisfying hypothesis (H1), (H2), and (H3). We

will be establishing this sequence later (see Section 6.2 and Section 6.3).

(1) We start with choosing N, > N, where N denotes the number of eigenvalues

we wish to estimate, such that:
0 1
AY > AV (6.22)

This choice is always possible due to the fact that )\532 — o0 as N — oo.
Moreover, we assume that )\531)1 41 and )\531)1 are sufficiently separated from each
other. Condition (6.22) is easy to check since a lower bound AESZ e AESZ i

is available and the upper bound Ag\l,) to )\5\1,) can be computed. Thus (6.22) is
satisfied if:

0 1
M1 > AY. (6.23)

Since (A,(f’) ren are explicitly known, AESZ . 1s easy to obtain. The upper bound
to )\g\l,) is calculated with the Rayleigh-Ritz method.
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(2)

In the next step we are looking for such s; that:
AT < AW (6.24)
We satisfy (6.24) using the same strategy as in the step (1), namely by testing:
A <200 (6.25)

Here Ag\s,;) denotes the upper bound to the eigenvalue AE@;), which one can
obtain by means of the Rayleigh-Ritz method. Observe that s; exists due to

(H2) and the fact that )\532 ., and )\SSZ are sufficiently separated from each other.

We choose s; so, that it is close to sup{s € [0,1] : Aﬁ;) < AS%)LH}, i.e. the lower

bound to AESZ +1 and the upper bound to AE@;) should almost ‘hit’ each other.

One can use the bisection method for the determination of s;.

Since (6.25) is satisfied, we proceed further with the calculation of a lower
bound AE\S,;) to Aﬁ;) using the right-definite Lehmann method (or the Lehmann-
Goerisch) method. As it was already mentioned above, in order to use the

right-definite Lehmann (or the Lehmann-Goerisch) method we first need a

priori information about the lower bound p of the eigenvalue )‘5\211- Since

the sequence ()\,(f))keN is increasing in s and with regards to (6.25), the most

suitable choice for p which is available, is

0
pi= A (6.26)
Having p, we can easily compute the lower bounds to )\,(fl) (k=1,...,Np).

The next step we perform the same way as above, this time looking for sy > s1,
such that:

AT <A (6.27)
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At first we consider the case when >\ _1 and A{! N are sufficiently separated

from each other. Condition (6.27) holds true, if:
AP < AR, (6.28)

where A( ", is calculated using the Rayleigh-Ritz method and >\ is known
from the previous step. We choose sy so, that it is close to sup{s € (s1,1] :
Af,fl)_l < Aﬁi)}. Next, we set p 1= AE{Z) and perform the computation of the

lower bounds to A" (k=1,..., N, —1).

Now suppose that the eigenvalues )\( ", and )\( belong to a cluster )\5\5,1 Koo )\Sé}ll).

In that case we choose sy € (s1,1] so that it is close to sup{s € (s1,1] :
Aﬁf ) “Ki-1 S >\ K } (observe that AE{? K,—1 and Al N} "k, are sufficiently sep-

arated from each other). After that we set p := )\ K1 and proceed with the

right-definite Lehmann (or the Lehmann-Goerisch) method as usual, comput-

ing lower bounds to )\1282), (k=1,...,N,— K —1).

The algorithm continues as described in steps (2) and (3) until s = 1 or there are
no eigenvalues left any more. In the latter case, we should start the algorithm from
the beginning, taking some Nj, > N, this time. Generally the starting value of N,
should be large enough for us to expect that at s = 1 we will arrive at N eigenvalues.

Now let us consider the case when the given eigenvalue problem has no clustered
eigenvalues. In that case during the homotopy Corollary 6.5 will be used.

We consider the sequence of eigenvalue problems (6.21). We repeat the first step
of the homotopy as it was described for the general case. We proceed with the second

step as follows:
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(2) we look for some s; > 0 such that

M, () ai))
(G aly)

0
<AV (6.29)

In particular, we choose s; close tosup {s € [0, 1] : (6.29) holds }. Due to Corol-

lary 6.5 we obtain that there exists an eigenvalue V) such that
pr <A < QD (6.30)

where p; denotes the lower bound of the interval in (6.20). Observe that due to

the monotonicity condition (H2) we may expect that at most NV, eigenvalues
lie in the interval (0, >\N +1) and therefore at most Nj, — 1 eigenvalues belong
0 (0, p1). Thus, assuming that )\(51 Ny, 41 and AG N are sufficiently separated from

each other, we conclude that A1) = )\Sé}ll).‘l

Next, we look for sy > s; such that

M, (a2 e, )
) e\ P
N(“N, 15 Up,— 1)

(6.31)

Following the same strategy as in the step (2) we conclude the existence of an

eigenvalue >\ 1 in the interval [py, p1), with ps being the lower bound from

(6.20).

The algorithm continues until s = 1 or there are no eigenvalues left (in which case we

have to start the homotopy from the beginning, choosing this time some N}, > Ny).

Let p denote the lower bound of the interval in (6.20), which we have at hand when

4 This conclusion could be verified by the means of the Rayleigh-Ritz computation of A
We choose to omit the implementation of this step due to the fact that the final Rayleigh- thz
computation at s = 1 will either show the conclusion above a posteriori or show that the homotopy
was not successful.

81)
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we start the enclosure of n > N eigenvalues at s = 1. At that point we have to

perform the verified Rayleigh-Ritz computation in order to make sure that p > AS),

which should be the case if our previous assumptions were correct. After that we
compute a lower bounds to A,(cl) (k =1,...,n) as it was described in Theorem 6.2

(or Theorem 6.3).

6.2 Variational eigenvalue bounds for problem (6.2)
6.2.1 Sequence of eigenvalue problems for the homotopy
We consider the eigenvalue problem of the form (6.2). Recall that the linear operator

L is given by
Lu:= —Du" +Cu, u€ HY(0,1).

Here, D = diag(dy,...,d,) and
(Cu)(z) := C(z)u(x), =z €]0,],

where C'(z) is a n x n differentiable matrix. After a straightforward computation we

obtain
(L —v)u, (L —v)u), = (=Du" + Cu — vu, —Du" + Cu — vu),
= (—Du",—Du"), + (Cu, —Du"), + (—Du",Cu),
+ (Cu,Cu), — v (u, —Du"), — v (—Du", u),

— v (u,Cu)y — v {Cu,u), + |V|* (u,u), . (6.32)

Let us consider the second and the third terms of the right-hand side of (6.32).

After partial integration, taking into account the boundary conditions (Dirichlet or
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Neumann), we obtain:

I
(Cu, —Du"), = —/0 u(z)TC(x)T Du'(z) dx

| ! ,
= —u(:E)TC’(at)TDu’(:E)’O +/0 (u(z)"C(2)") Du'(z) d

_ /0 (W (2))7C(2)T Du/(z) dz + /0 (@) (C'(2))" Du(2) dz.

Likewise

l !
(—Du",Cu), = / (' (2))'DC(z) o/ (x) dz —I—/ (u/(2))' DC'(z) u(x) de.
0 0
Adding both expressions yields

(Cu,—Du"), + (—Du",Cu), = /Ol(u'(:c))T <C’(:E)TD + Dm) o' () de

+ [ () DO ufe) d (6.33)

Since C'(z)T'D + DC(x) is a Hermitian matrix, we estimate the first term of (6.33)

as

/Oz(U'(a:))T (C(:E)TD + Dm) W () dr > |3,

with ¢ := min Ay, (C(m)TD + DC(:C)).
Let us set

B(z) == (C'(x))" D

and denote

= \/mﬁ Anax ((B(2))" B(x)) = | Bls, (6.34)
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Observe that
A((B(x))" B(z)) = XA (B(z) (B(x))"), Vze]l0,1]. (6.35)
We proceed as follows.

/Olu(x)T (C" ()" Du/(z) dz| < /Ol ’u(x)T (C'(z)" DM‘ dz

< max \/)\max ((B(x))" B(x)) /Ol ’u(x)Tu’(:c)‘ dx

xz€[0,]]

< &lullafl 2. (6.36)

In the last estimation the Cauchy-Schwarz inequality was used. Similarly, taking

into account (6.35), we obtain

/O(U’(I))TDC’(x) u(z) de| < lulloflw]2. (6.37)

Combination of (6.36) and (6.37) results in

/0 u()" (C'(x))" D) de + / (! ()" DOE) al@) de > —2€ s}

Further, due to Young’s inequality with p > 0, we arrive at the following estimation

of (6.33)

(Cu, —Du"), + (=Du",Cu), = (¢ = &p)llv]l; — % lull3 (6.38)

Integration by parts for the terms five and six of the right-hand side of (6.32) yields

—v (u,—Du"y, — v (—Du" u), = —2Re(1/)/0 (W (z))" Du/(z) dz
> —2Re(v) d |[u'[;, (6.39)

with

J- dymax  if Re(v) >0,
B dmin  Otherwise.
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We continue with the estimation of the seventh and eighth terms of the right-hand
side of (6.32) as

> —e, [lully, (6.40)

with €, := max Apax [VC(SL’) + ﬁC(m)T} :
Finally, the fourth term of the right-hand side of (6.32) is estimated as:

(Cu,Cu)y > n(u,u),, (6.41)
where 7 := Irgn Amin (C(:c)T@>

Combining (6.38), (6.39), (6.40), and (6.41) with (6.32), we obtain

(L — v)u, (L — v)u)y, > (—Du", —Du"), + (c — 2Re(v)d — gp) '),

+ (7}— % —&, + \1/\2) (u,u)y .

Finally, denoting
Py := (¢ —2Re(v)d — &p,

Py ::n—§—6y+|y|2,
p
we arrive at
(L —=v)u, (L —v)u), > (=Du",—Du"), + P, (u',u'), + P2 (u,u),. (6.42)
Let us introduce a sequence of eigenvalue problems (EP),, s € [0, 1] as
(EP),: ue HP(0,1),
(1—=38)(=Du",—Dv"), + Pi(1 —s) (u',v"), + Pa(1 — s) (u,v),
+ 5 (L= v)u, (L= v)v)y = A [By {u, v)y + o (u/,0),],
forall v e HP(0,1), s€l0,1].
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For the reasons which will be explained later we would like to perform a spectral

shift o > 0. Therefore, we consider the following sequence of eigenvalue problems

(EP),: ue Hy(0,1),
(1—s)(—Du",—Dv"), + (Pi(1 — s) + o) (u,0")y + (Po(1 — s) + 0 1) (u,v),
+ s (L= v)u, (L= v)v)y = X [By {u,0), + B (', V)],
for all v e HZ(0,1), s€l0,1], (6.43)
with A =\ 4.
It is easy to see, that the problem (EP); is the given problem (6.2) (with the

shift ¢). Thus the requirement (H3) is satisfied.

The base problem (EP)y is given by
u € H2B(0a l)> <—DU”, _D'U”>2 + (Pl + 0-62) <u/a UI>2 + (P2 + Uﬁl) <u> 'U>2

= A(O) [61 <u7 U>2 + 52 <u/7 U/>2]7
for all v € HP(0,1), (6.44)
In the next subsection we will show, that its eigenvalues can be computed in closed
form.
Now we would like to show that for each fixed k € N the eigenvalues /\,(:) satisfy

property (H2), namely that they are monotonically non-decreasing with respect to

s. Let us define for u,v € HP(0,1) and s € [0, 1] the bilinear form B,[u,v] as
Bu,v] :==(1 = s) (—Du", —Dv"), + (Pi(1 — s) + 0 3) (u',v'),

+ (P(1 =) +0b1) (u,v)y + s (L — v)u, (L = v)v),,
and the inner product < -,- > as
<u, v >= [ (u,0), + Bo (W, 0"),.

Let us consider for all w € H2(0,1), u # 0 the function

Blu, u
Js,u) = %
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After differentiating f(s,u) with respect to s, we obtain

I(L = v)ully — | Du"|l; — P[5 — P lul;

Folorw) = By [l + Balle 2

From (6.42) follows fy(s,u) > 0. Therefore, the function f(s,u) is a monotonically
non-decreasing function with respect to s and Poincaré’s min-max principle implies

that for each fixed k € N, )\,(f) is monotonically non-decreasing with respect to s.
6.2.2 Figenvalues of the base problem

In this subsection we are going to show, that the eigenvalue problem of the form (6.44)
satisfies requirement (H1). Since in our examples (Schnakenberg and predator-prey
model), eigenvalue problem of type (6.2) is postulated with the Neumann conditions
on the boundary, we would like to restrict our following investigations to case p = 1.

For convenience we introduce a notation
HY(0,1) = {u € HY0,1) : u'(0) = u/(I) = 0}. (6.45)
Eigenvalue problem (6.44), taken without o-shift, has the form
u € Hy(0,1), (=Du",—Dv"), + P, (u/,v'), + P (u,v), = A0 8y (u, V), + B2 (W, 0"),],
for all v € Hy'(0,1). (6.46)

After partial integration of (6.46) we obtain

u € HY(0,1), <D2 ui”,v>2 — P (", v), + P2 (u,v), = A\ (61 (u,v)y — Ba (U, v),],

for all v € HY(0,1), (6.47)
with the additional condition on the boundary
u///(o) — u///(l) — O

Let us denote
X = {ue H)(0,1) : v (0) =u"(I) = 0}. (6.48)
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Then, since H2Y(0,1) is dense in L%(0,1), from (6.47) we obtain
ueX, D*u"+ (A8 —P)u" + (P—AY8)u=0.
Let us rewrite the expression above componentwise:
w e X, dCul + (A§°>52 _ Pl) !+ <P2 . Ag‘%) w;=0, ¥j=1,...,n. (6.49)

In the following, without loss of generality, we omit writing indices j and (0). Let us

consider the characteristic polynom, corresponding to (6.49)
'+ (ABy — PO)E2 + (Py — ABy) = 0. (6.50)

Let us, for simplicity, denote
Ky = A0y — P, (6.51)

Ky = Py — \Gi. (6.52)
Setting £2 =t in (6.50) we obtain the quadratic equation
d*t? + Kt + Ky = 0, (6.53)
solutions of which are given by

— K + /KZ — 1K,

try = o (6.54)
Thus, the roots of (6.50) are
S12=%Vh, &a==EVh (6.55)
Let us consider the case when t; # t5. From (6.54) we have
K} # 4Kyd®. (6.56)

Inserting (6.51) and (6.52) into (6.56) we obtain

N33 — 2\(Bo Py — 2d°3y) + (P — 4d*Py) # 0.
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Hence condition (6.56) holds if and only if
D =d?B} + B3P, — P13, < 0. (6.57)
Now let us consider a system of the form
{eVhe eVhz oVir —Via) (6.58)
Computation of the Wronskian to the set in (6.58) yields 4v/#1to(t; — t9). Thus if

Witits(t — t2) # 0, (6.59)

then the functions in (6.58) are linearly independent and (6.58) is a fundamental
system. In addition, observe that since t; # ¢y from (6.59) follows t; # 0, to # 0. A

general solution now reads
u(z) = CreVi® 4 Che VT 4 CyeVBe 4 Cue VR 1 e |0,1].
Inserting the boundary conditions, we obtain
AC =0, (6.60)

where

Vit -Vt Via —Vty
vt —t1vt tov/To —ta/To

tiviieVil —t/Ee Vil ty/feVil —ty\/feVE

and O is the vector given by C' = (C}, Cy, C3,C4)T. By a straightforward computa-
tion we obtain the following solutions to system (6.60):
either Cy=0Cy,  C3=0C;=0 and sinh(y/#l) =0,

(6.61)
or Ci=Cy=0, C3=C; and sinh(y/tl) =0.
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Therefore we have: either

ik

Vi =2 kez\{o}, (6.62)
Vh="TE ez o). (6.63)

[

Inserting (6.62) and (6.63) into (6.54), we obtain that either

21.2
VK2 — 4K,d? = —Qdﬂlk + K, kez\{o}, (6.64)

or

21.2
VK2 4K2d2—2d27rlk K., keZ\{o}. (6.65)

Equation (6.64) has solutions if and only if —2d*™ ° 1 Ky > 0. Inserting (6.51) and

(6.52) into (6.64), we obtain
4k4 _l_ Pl ™ k‘2 + P2 7.(.2]{:2

d27r
— . if — 2d
Bo ™= +/51 [2

A = +K1>O ]{ZEZ\{O}

On the other hand, equation (6.65) has solutions if and only if 20l27r P K, > 0.

Inserting (6.51) and (6.52) into (6.65), we obtain
4k4—|—P1 2k2+P2 7T2/€2

d27r
27,2 ) if 2d°
Bo™H= + By 12

A\ = - Ky >0 keZ\{0}.

Thus, combining both results together, we have

4k:4

+ P17 i + P
ﬁzwzkzﬂ%@l

d27r

A = . kez\ {ol. (6.66)

In view of (6.61) the eigenfunctions corresponding to the eigenvalues (6.66) are given
by

(z) =e T, keZ\ {0} (6.67)
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Clearly, set in (6.67) is orthogonal and complete in Ly(0,1). Therefore, in case t; # ty
we have found all eigenvalues.
Now let us consider the case when t; = t5. From (6.54) we see that t; = t5 is
equivalent to
K} = 4Kyd®. (6.68)

Since K7 € R then Ky > 0. Consequently, from (6.52),

Py
Ao (6.69)

A fundamental system of solutions has the form

{e\/m’ :)se\/ax, e_\/Ex, xe_\/ax}. (6.70)

Y

If t; # 0, then the functions in the set above are linearly independent. This condition

follows from the computation of Wronskian. A general solution reads
u(z) = CreVh® 4 ChweVt® 4 Cae™Vh® 4 Cuze Ve 2 € [0,1].

Inserting the boundary conditions, we arrive at the system

AC =0, (6.71)
where
Vit 1 -Vt 1
VeVt (14 yaEDevit /e Vil (1 — /Gl)e Vil
A —

tivt 3tq —tivth 3t1

tl\/ﬂ6\/al (3 + \/ﬂl)tle\/ﬁl —tl\/ﬂ6_\/al (3 — \/El)t16_\/al

and C' = (C1, Oy, C3,Cy)T. By astraightforward computation we obtain the following
solution to system (6.71)
Cl = Cg, 02 = 04 = 0, and smh(\/ﬂl) = 0. (672)
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Hence, we have
sinh(v/#1) = 0,

and consequently,
ik
Vi = % ke Z\{0. (6.73)

Inserting (6.54) into (6.73), and solving the resulting equation for A, we obtain

22

2T 4 py
Be

A ke z\ {0} (6.74)

We see from (6.74) that A\ exists only if 5, # 0. By (6.69) Ay should satisfy

2 m2k?
% < %, ke Z\ {0},
which is equivalent to
2d2ﬁj2k2ﬂl < 3Py — Py, ke Z\ {0} (6.75)
From (6.75) follows that
[Py — 1 P1 = 0. (6.76)

Hence, if §2 # 0 and the condition above is satisfied, then solution (6.74) exists.

Now let us consider the case when 5 = 0. Then, by (6.51), we have K; = —P;.

2[2

Then, inserting (6.54) into (6.73), we obtain Py = —2d*™3~, k € Z\ {0}, which is a

contradiction, since P; is a fixed number.
Due to (6.72) the functions of the form (6.67) are the basis for the eigenspace,
corresponding to eigenvalue (6.74). As earlier it follows that we have found all

eigenspaces.
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Now let us consider condition (6.57). One can see that (6.76) and (6.57) comple-

ment each other. Therefore, gathering everything together, we obtain

)
w2 k2

2d§ 7 + P

e ’

k€ Z\ {0}, if By #0, [oPp— 1P >0,

4]{34 2]{32
+ P+ Py
w2k ’

fo——+ 51

\ 12

T
“

ke Z\ {0}, otherwise.

Consequently,

)
w2 k2

2d§ 7 + P

2 ’
2O (6.77)
Ik 41.4 27.2
2k +P17Tl2k + Py

i
w2 k2 ’
ﬁzl—Q + 5

ke N, if B2#0, [oPr— [P >0,

k € N, otherwise.

\

Thus, eigenvalue problem (6.44) satisfies requirement (H1).
6.2.3 Lehmann-Goerisch method

In this subsection we are going to obtain the terms Xg, b, T" from Theorem 6.3. Let
us consider the eigenvalue problem (6.43) and set
M (u,v) :=(1 =) (—=Du", —Dv"), + (Pi(1 = s) + 0 32) (u',v'),
+ (Po(1 =) +081) (u,0)y + 5 (L = v)u, (L = v)v),,

N (u,v) =01 (u,v), + o (W', 0",

As one can see the bilinear form Mg (u,v) is Hermitian. Moreover, for o > 0 large
enough, it is also positive definite. N'(u,v) is positive definite and Hermitian as
well. We proceed with introducing the “XgzbT”-terms, which are required for the

Lehmann-Goerisch method.

169



Define the vector space X as
Xg = L3(0,1) x L5(0,1) x L5(0,1) x L5(0,1), (6.78)

the positive definite Hermitian bilinear form b° as

w1 w1

s w w - - -

b wj, , 7112 =5 (w1, W)y + (1 = 5) (we, Wa)y + (P1(1 — 5) + 032) (ws, W3),
Wy 'LZJ4

+ (Po(1 = s) + 1) (wa, W), (6.79)
and the linear operator 7: HZ(0,1) — Xg as

(L—v)u

. "
Tu = 5,“ . (6.80)

u

Due to (6.79) and (6.80) condition (6.12) holds automatically. So, it is left to

find such w®, ... w™N) € X5 that

b (T, w') = N(p, @), (i=1,...,N) forall ¢ec HP0,I). (6.81)
Let us rewrite condition (6.81) (taking ¢ = u) in our case

_ (4) _ B S VAN O) _ O
s <(L v)u, wy >2 +(1—29) < Du"  ws >2 + (Pi(1 —5s)+00s) <u , Wy >2
@\ _ ~ I~
+ (P(1—3s)+ o) <u,w4 >2 = B (u, W)y + B (W, ),
for all u € HY(0,1), s €[0,1], (i =1,...,N). (6.82)

W.lo.g. we omit writing index ¢ in the future.
Let us choose wy, wy € HY(0,1), ws € H(0,1), and wy € L(0,1). Recall that we

consider two different types of eigenvalue problems: with either Dirichlet or Neumann

170



boundary conditions. Hence, the integration of (6.82) by parts yields
s (u, (L — v)*wy)y + (1 — 8) (u, —Dw})y — (Pi(1 — 8) + 052) (u, wh), +
+ (1= s) + 0B1) (u, wa)y = Bu {u, @)y — B2 {u, @),

for all u € HP(0,1), s € [0,1], (6.83)

combined with the condition on the boundary. In case p = 0, we have

811)1(0) -+ (1 - S)’UJQ(O) = swl(l) -+ (1 - S)U)Q(l) = 0, (684)
and in case p = 1 the additional boundary condition reads
sDw1(0)+(1 — 8) Dwy(0) + (P (1 — s) + o 52)ws(0)

= sDwi(l) + (1 — s)Dwy(l) + (Pi(1 — s) + o fB2)ws(l) = 0. (6.85)
Since H2(0,1) is dense in L%(0,1), we obtain

S(L—v)w; — (1= s)Dwy — (Py(1 —8) 4+ oB2)ws + (Pe(1 — 8) + 01wy = Bri — Gott”

(6.86)
Let A®) be a good numerical approximation to A®), and @ a corresponding approx-
imative eigenelement. Now we have to make a choice for the vector w. According

to Remark 6.4, for the purpose of obtaining good bounds, we propose the following

setting
(L—v)u
1 1 . ~ 1
wr=—T(1) == l?/u
A6 A0 u
u

(s) )

Pl

1 1
We choose the elements (wq, ws) as the approximations to < (L—v)u,—= Dﬂ”)
in the following space

X ::{ < U1 ) € H}(0,1) x H}(0,1) : such that

)
condition (6.84) (p = 0) or condition (6.85) (p = 1) holds for all vy, 02}.
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Further we set
L,
= — u’
A6)

ws

and satisfy (6.86), by solving (6.86) with respect to wy.
In our applications (Schnakenberg model with Neumann boundary conditions)
the approximative elements @ are such, that condition (6.85) is automatically satis-

fied. Hence in that particular case we set:

1
= — (L —v)i 6.87
Wy = ——— D" (6.88)
2T N ’
L (6.89)
Ws ‘= S‘(S)u . .

So, it is left to find wy, such that (6.86) holds, i.e.

1
P2(1_S>+0-61

wy =

{6112 — fott” — s(L — v)*wy + (1 — s) Dwsy
+(P(1—s)+ 052)11);,}. (6.90)

The expression above demonstrates again the necessity of o-shift: if we set o = 0,
then for s = 1 we obtain zero in the denominator.

Combining (6.90) with (6.87) to (6.89), we obtain by a straightforward calculation

_ 1 (
i Py(1—s)+op

Mg i + M3 @] + M3, + M) , (6.91)

S
Wy
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where

1
M = — 7 )D2,
7 Ais
s 1 N 1
M = WS (C—=vE) D+ D(C—VvE))+ W(Pl(l —s)+00)FE — B F,
M = —=sDC",
27, A(S

1
M, i= BiE + 55sDC” -

7

NG s[(C—vE) (C—vE)|.

The next step in the implemetation of the Lehmann-Goerisch method is the con-

struction of matrix A§ := (b*(w®,w))); ;=1 n. Combining (6.79) with (6.87) to

-----

(6.89) and (6.91), we obtain

1 1 1
AS": W@] ( - )~ W@] (P(]_—S)—‘—O-/B)fwl]
2i; A(s )\ 1 A(s) )\] 2 1 2 Algs) )\gs) 3
+ (P(l—s)+op)W; , s€[0,1], (1,j=1,....N), (6.92)

where
Wi, = (L — v)i, (L — v)iy),
Wy, = (—Duy, —Duf),
W, == (1,

1
Wi, = (Po(1—3s)+ 061)2<

S ~1v s ~I s ~/ s ~
Mg ;" + M7 a; + M; t; + M,

S ~iv s ~I s ~/ s ~
Mg a3’ + My uj + Mj u; + M3ju]> )

2

6.3 Variational eigenvalue bounds for problem (6.1)

In this subsection we consider eigenvalue problem (6.1). This time L is a self-adjoint

operator in L5 (0,1). We introduce the following
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Lemma 6.6. Let ¢ be defined as
€ 7= min Ain(C(2)). (6.93)
Then the sequence of eigenvalue problems (EP)s, s € [0,1]:
u e HP(0,1), L= —Du"+ ((1 —s)c+ sC)u= Ny (6.94)
satisfies conditions (H1),(H2), and (H3).

Proof. 1t is clear, that condition (H3) holds.

Let us consider condition (H1). Setting s = 0, we obtain the eigenvalue problem
we H2(0,1), —Du"+ cu= \Ou.

Hence, A are given by

%%I%ﬁ+9 keN,j=1,...,n, (6.95)
where
21.2
7Tl—2k, if p=0,
Xﬁz k € N.
2 _12
Zﬁﬁjﬂifsz

Therefore condition (H1) is satisfied.

We continue with condition (H3). For u € HP(0,1) consider

f(s,u) = (Lsu,u), _ (=Du",u), + c(u,u), + s {(C —c)u, u>2.

(u, u)y (u, u)y
Differentiating the expression above with respect to s, we obtain

(m&m:ﬁgé%%@% (6.96)

It is easy to see that, due to the choice of ¢, f(s,u) > 0. Hence, the condition (H2)

follows from the Poincaré’s min-max principle. O
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In order to obtain the two-sided bounds for the eigenvalues of (6.1) we perform the
homotopy method as it was described above, applying Theorem 6.1 and Theorem 6.2
to problem (6.94).
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Results

In this chapter we are going to report on the results of the methods introduced
in the thesis. We apply these methods to the Schnakenberg, predator-prey, spruce

budworm and competition models.
7.1 Schnakenberg model

Recall that the dimensionless Schnakenberg model, postulated on an interval 2 =

(0,1), has the form

(upy(m,t) = urg, (2, t) + v (a —ui(z,t) + ud(z, us(z, b)), t>0, ze€l0,1],

Ugy (2, 1) = dugg, (z,t) + v (b — ud(z, t)us(z, 1)), t>0, ze€][0,1],
ou(0,t)  Ou(l,t)
pu— = >
ov ov 0 t=20,
( u(x,0) = u(x), z € [0,1].
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In our computations we set for all x € [0,]]
20 .
ul(z) = uf + Z Ccos ((z — 1)T> ,
i=1

uy(z) = uj + i Ccos ((z — 1)7rl_:c) ,

i=1

where
b
5= ) 7.2
T (a0 (72)

In addition, we choose the following constants of the pattern formation mode: a =

0.1, 6=0.9, y=1,d=10 and [ = 5.
7.1.1  The function G

Let u,v € R™. By a straightforward computation we obtain

glu,v) =~ ( _Z ) Q= uug + 2uiusvy + Uy,

Thus, we have

19(u, v)|2 < V27 (Judus| + 2Jwrus|[vr] + [uf]|vs])

2
< V2, (ﬁmu Tl + |v2|) ul2.

Therefore we set

G(h) = \/57 <%h + [l + HU2||OO> h2. (7.3)

Note that for the enclosure of a stationary solution we take v = w. During the
stability investigation we set v = @ and use estimation (3.3).
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7.1.2  Enclosure of the stationary solution

Recall that for the enclosure of the stationary solution the values for constants ¢
and K satisfying (3.18), (3.19) are required. The function G is given by (7.3). Our
numerical simulations (which were performed using the interval arithmetic package
INTLABI50]) has resulted in § = 0.53% - 107°. More details on that computation (as
well as on the computation of the highly accurate numerical approximation w) one
can find in Appendix A.

Recall from Chapter 3, (3.30) that for computation of constant K we need to
compute A, which is a a positive lower bound to the first eigenvalue of problem
(3.27), and choose (by trial) a positive constant 3 so that K is as small as possible.
In order to find A we consider a shifted eigenvalue problem (6.43) and implement
the variational methods, described in Chapter 6. In particular, we implement the
homotopy algorithm.

We have started homotopy with 11 eigenvalues. At s = 1 we have arrived with 5
eigenvalues. In Table 7.1 the lower bounds for the eigenvalues arising in the course
of homotopy are presented. Here Agf) denotes the lower bound of the nth eigenvalue
of the shifted eigenvalue problem at the moment s. This bound has been computed
using interval arithmetic. Note that at the moment s = 0 the value for Aglo) is known.
During the homotopy we have performed the Rayleigh-Ritz (by Theorem 6.1) and
Lehmann-Goerisch (by Theorem 6.3) computations to find the bounds for eigenval-
ues. As a result we have obtained the verified lower bound to the first eigenvalue,
which is given by (note, that the shift parameter o = 49.2592) Agl) = 0.0053. After
setting A = Agl) and 3 = 0.5 in (3.30) we have arrived at K = 18.5013.

Having computed the values for K and ¢, we continued with the implementation
of the Newton algorithm for the determination of the value « as it was described in

Section 3.4. As a result we have obtained v = 0.2 - 1004
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Table 7.1: Lower bounds for eigenvalues in homotopy A,(f)

0

0.5859

0.6695

0.8364

0.9637

0.9739

56.7842

—_| =
O =

49.1950

56.7122

42.3611

54.1490

56.6958

36.2623

48.9366

51.5077

96.6295

30.8614

44.4635

47.0737

52.2707

56.5443

26.0837

40.6785

43.3575

48.6866

06.2229

56.5420

21.7623

37.4497

40.2644

47.6987

52.7354

53.0621

53.8903

18.2439

34.3653

37.4971

45.8536

50.0935

50.4356

51.3025

17.4968

30.4691

36.0373

43.6911

48.3697

48.7464

49.7261

11.9154

29.2870

33.6674

41.6204

47.5759

48.0888

49.6866

N W O Oy | 00| ©

1.0000

23.8261

29.0595

39.4937

47.4399

48.0477

49.2645

7.1.3  Stability. Domain of attraction

For the discussion that follows let us remind that we use the notation

where 1 is the stationary solution, the existence of which (including the error bound)
we have already established.
By Theorem 5.15 there exist g, C.. > 0, such that if vy € C"[0,1], ||vo|,, < o,

we have t,.x(v9) = 0o and

[o()lloo =0, ¥Vt =0.

Here &y, C. are given by

5 = 6(£0)
V20

. M - 1
Coo = =2 2e sy (14 —— — I(f7) ).
2m ( ¢ t +77*|cos(77)| +1(fr)
At first we comment on the computation of the constant Cs,. The major difficulty

here is to compute the constant M,,. We have accomplished this task with the help
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of Theorem 4.1, exclosure of eigenvalues, and Theorem 5.11. For the application of
Theorem 4.1 the values for constants z and ( were required. Following the strategy
described in Remark 4.8, we have computed the approximate eigenvalues of the
operator L,. This eigenvalues were included in the sector 5’:5, where z = 0.0865
and 5 = 1.4487. Thus, in Theorem 4.1 we set z = Z and ( = QN“ . Using the enclosure
constant «, we have obtained |C; — C,|s, < 0.1275 - 109, In addition, using (4.37),
we have computed K; = 5.353. Thus, by Theorem 4.1 we have determined R = 6
- the radius of the circle, outside of which (excluding the sector S s ;) no eigenvalues
could lie. In the next step we have performed the eigenvalue exclosure in the area

5’502 N B(z, R) Figure 7.1 illustrates the process of the eigenvalues exclosure, where

the parameter ; was chosen in the area €, = {1 € ggz NB(2,R) : Tm(y) > 0}. It is

clear that the eigenvalues of L; lie symmetric with the respect to the real axes. Here

FI1GURE 7.1: Eigenvalues exclosure for p € Qu

the green circles correspond to the area, where no eigenvalues exist. On Figure 7.2
and Figure 7.3 one may observe the enlarged picture of the “critical” regions, where

the eigenvalues may exist. As it was already mentioned before, the implementation
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of the eigenvalues exclosure is possible only as long as the condition (4.23) holds true.
In our numerical simulations we were able to exclude the eigenvalues of L; in the
left-hand side of the complex plane, therefore proving the stability of the stationary

solution .

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4

FI1GURE 7.2: Eigenvalues exclosure for p € Q,,,

x 10

1 1 1 1 1 1 1 1 1 1
0.0861 0.0862 0.0862 0.0863 0.0863 0.0864 0.0864 0.0865 0.0866 0.0866

FiGURE 7.3: Eigenvalues exclosure for p € Qu
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i i i i i i i i j
-10 -8 -6 -4 -2 0 2 4 6 8 10

FIGURE 7.4: Eigenvalues exclosure for p € Q,

In the next step we have chosen z = 0.01 and ¢ = 1.5359 (see Remark 5.17).
The application of Theorem 4.1 has resulted in K, = 5.3849, R = 6, and M =
9.8125. Further, we continued with the eigenvalue exclosure in the area SCCZ NB(z, R),
collecting this time the estimations for the resolvent of L; as in (4.26). Figure 7.4
illustrates the second eigenvalue exclosure process in Q, = {p € SCZ N B(z,R) :
Im(p) > 0}. Here the yellow circles correspond to the area, where the estimation
for the resolvent has been conducted. After the implementation of the eigenvalues
exclosure we have obtained Mi* = 32.9221. Finally we have used (5.49), (5.69)

respectively in order to compute
Moo = 8143 - 107,

Co = 17735 .10°,  with r=0.6237

We have obtained the value for §(gg) from (5.4) by setting

z

(]__Fﬁ)—é\/ﬁ = 0398? . 10(_5) with 6 = 10_15,

o —
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and using (7.3). Finally, we computed
§(g0) = 0.118%- 107,

d(20)

0y = —
" V2

= 0.4703 - 1079

Therefore we have obtained the following result
it [juo —a,, <0.470] 1009 = lim [Ju(t) -, = 0.

As one can see the upper bound to the domain of attraction is quite small. As
we have already mentioned earlier, the reason for this are the theoretical semigroup

estimations for computing constant C'.
7.2 Predator-prey model

Recall from Chapter 1 that the predator-prey model has the form

(upy(x,t) = dyugg,(x, t) + (hy(ui(x, b)) — ug(x, t))uy (z, t), t>0, z€]0,l],
Uy (2, 1) = datag,(z,t) + aus(x, t)(uy(z,t) — ho(us(z,t))), t>0, x€]l0,l],

ou(0,t)  Ou(l,t)
o v

=0, t >0,

L u(x,0) = u(x), z € 0,1,

where the functions hy and hy are given by
hi(s) =e1 (71 + 728 — 5%,

ho(s) =1+ e9s.

In our computations we have chosen the following pattern generating constellation

of the parameters:

1 2
azl, d1:00125, d2:1, 5125, 8225, ’}/1:35, ’}/2:16,l:1
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The initial conditions were set to

20

W) =5+ cos ((z— 1)?),

i=1
20

uy(z) = 10 + Zcos ((z - 1)?) ,
i=1

for all z € [0,1].

Before starting with the further description let us point out that the computations
of the predator-prey model were implemented only on a partly verified basis. Namely,
the results presented in the following were obtained without the computation of the
lower bounds to the eigenvalues (only the upper bounds to the eigenvalues were

computed). Additionaly, the interval arithmetic methods were not applied.
7.2.1 The function G

Let u,v € R™. By a straightforward computation we obtain

2 3 2
g(u U) . E172Uu] — E1Uy — 361U1U1 — U1U
’ au Uy — Aol '

Estimation of the euclidean norm of g(u,v) results in

lg(u,v)]2 = \/(awu% — e1ud — 3e1uPvy — ugug)’ + a? (uyug — equd)’

S 81’)/2|U1|2 + 51|U1|3 + 351|u1|2|v1| + |U1UQ| + a|u1uz| + a52|uQ|2

1
< e1vyo|ul3 + e1|uls + 3e1|ul3|vy | + 5(1 + a)|ul3 + agsul3.

Thus, we set

1
G(h) = (5172 + Elh + 351 ||U1||oo + 5 (1 + a) + &82) h2. (74)
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7.2.2  Enclosure of the stationary solution

As earlier we require constants § and K, satisfying (3.18) and (3.19).

Our computations has resulted in the following bound for defect: § = 2.4314 -
100-9). We give more details on the computation of § and a highly accurate numerical
approximation w in Appendix A.

For compuation of K we use again (3.30). The Rayleigh-Ritz computation for
A, with 3 chosen as 100 in (3.27), has resulted in value A = 9.5671 - 10~%. Inserting
this value into (3.30) we obtain K = 10.7228. We set v = w in (7.4) and by
Newton method described in Section 3.4 derive a@ = 2.6432 - 10(-°). Hence in the

a-neighbourhood of the numerical approximation w a stationary solution u exists.
7.2.8  Stability. Domain of attraction

Here we proceed the same way as it was described for the Schnakenberg model.

The computation of the approximate eigenvalues of the operator L, has resulted
in Z = 0.5092 and ¢ = 1.2206. Based on the enclosure constant «, the value for
|Ca — C.,|sp was computed and was bounded by 4.0786 - 100=%. Hence, by Remark 4.8
we determine R = 151 and perform the eigenvalue exclosure process in the area
SE.NB(z, R).

A first implementation of the eigenvalue exclosure process has resulted in the
non-existence of eigenvalues of L; in the left-hand side of the complex plane. Hence
the stationary solution u is stable. In the next step we have chosen z = 0.1 and
¢ = 1.4835. Theorem 4.1, applied to this new values of z and (, has resulted in
R = 145 and M = 11.9230. After the implementation of the eigenvalue exclosure
in the area S¢, N B(z, R), which this time was combined with the estimation of

the resolvent norm, we have obtained Mg = 5.5003. We use again (5.49), (5.69),
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(5.75), (7.4), (5.77) respectively in order to compute
M = 4.8986 - 107,

Co=8219-10°, with r=0.634,

z

fp=——"— =86034-100%9,  with 3=10"1?,
D1+ 0)CV2
6(g0) = 1.2811- 1009
5y = 2] 099 1010
CocV2

As one can see, for the same reason as in the case of the Schnakenberg model, the

result on the domain of attraction is quite small.
7.3 Spruce budworm model

In dimensionless form, formulated on the interval Q = (0,1), the spruce budworm
model reads

p

w(z,t) = dug(z,t) + ru(z, t) (1 — u(, t>) u(z,t)

14 u2(x,t)

u(0,t) =u(l,t) =0, t >0,

u(z,0) = u’(z), x € [0,1].

\

For our computations we set » = 0.6391, ¢ = 5.4, d = 3, and [ = 12. In addition we

have

w(z) = sin (77 + sin (2”7‘6) e,

7.83.1 The function G

Let u,v € R. By a straightforward computation we obtain

(. 3v? + 2vu — 1 o2
g(“’”>_< q+(1—|—(u+v)2)(1+02)2) ' (75)
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Therefore we estimate
9w, 0)] < (g T 3Jf? + 2ol ul + 1) uf? (7.6)

and set

G(h) = <g+3||v]|io+2]|v]|ooh+1) h?. (7.7)

7.3.2  Enclosure of a stationary solution. Computation of the first eigenvalue

As in the cases with the Schnakenberg and predator-prey models, we need to deter-
mine the values of § and K. Our numerical computations of the upper bound to the
defect has resulted in 6 = 0.8715- 10", For detailed description of the computation
of ¢ and a highly accurate w please refer to Appendix A.

In the case of the spruce budworm model the linear operator L; is self-adjoint.
Hence we proceed as it was described in subsection 3.3.1. Recall that in order to
obtain the value for the constant K, the constant K, which has to satisfy (3.32) and

is given by

Ko= <, (7.8)

> =

with A\ defined as in (3.42), should be computed. In Table 7.2 we present the lower
bounds for the eigenvalues obtained in the course of the corresponding homotopy
process. At s = 0 we have started with 3 eigenvalues. At s = 1 we have arrived with
2 eigenvalues. We have computed the upper and lower bounds for these eigenvalues,
using Theorem 6.1 and Theorem 6.2. As one can see, due to the simple implemen-
tation of the homotopy (only one step), we have actually found the lower bound to
the first eigenvalue by means of comparison problems.

Inserting the value A = Agl) into (7.8) we have obtained K, = 3.443]. By

Lemma 3.8 we have computed K; = 1.9163. Next, inserting the embedding con-
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Table 7.2: Lower bounds for eigenvalues in homotopy

n| A9 A
1]-0.4334 [ 0.2904
2| 0.1834 | 0.8347
3] 12115 | —

stants Cy and (1, corresponding to the Dirichlet boundary conditions, that is Cy =

0, Cy = %, we obtain K from (3.34) as K = 3.320%.

T
Due to (7.7) and the above values of § and K, the enclosure inequality (3.20) was
satisfied with v = 0.0037.
Having the value for a, we have estimated |C; — C,|sp < 0.013%. Thus, due to

(4.44), the first eigenvalue of L; was bounded by
A > A e = euls = 02768 =: 2. (7.9)
7.3.3  FEstimation of the attractor

Recall that in Chapter 5, in case of the self-adjoint L;, we have presented two
approaches for the quantification of the domain of attraction. We start with the
description of the first approach. By Theorem 5.24, there exist constants P, d, > 0

such that if vg € HP(0,1) satisfies q(vg) + P |lvg||, < d2, then we have . (vo) = 00

and
Jim (6] =0,
Here 65, P are given by
dy = 6(eq) 4 (7.10)
2 — 1 017 :

2
P= \/gx/z+a(1+ﬁ). (7.11)
We compute §(e1) using (5.4). At first we set

(7.12)



with z from (7.9). The constant Cp, is computed as it was described in subsec-
tion 5.6.3. This computation has resulted in Cp, = 1.257}. The constant 3 in (7.12)
should be small and positive. We set 3 = 107'°. Therefore, we obtain ; = 0.2207.
Having &; and function G from (7.7) at hand, we obtain d(g;) = 0.0973.

Now we are ready to compute d5, which is the upper bound to the domain of
attraction. At first, let us comment on the embedding constant C;. Since the
Dirichlet conditions are imposed on the boundary, by Lemma 5.21 we use C} as it is

given in (5.111). Thus, we consider the following values for C}

[ 12
Z’ lf d Z Z(O' — T),

————  otherwise,
2o —r

with o > r. Hence, for a given parameter constellation we distinguish between the

following values for o

4d
(A) r<o< A + 7, which has resulted in o € (0.6391, 0.7224],

4
(B) o > l_j + 7, which has resulted in o > 0.7224.

Cases (A) and (B) correspond to the first and second lines in (7.13) respectively. In
Table 7.3 we present the results on the domain of attraction after the implementation
of the first approach.

Table 7.3: Domain of attraction computed by the first approach

o o

Case (A) 0.0973

10 | 0.317

Case (B) ™60 T0.5722
1000 | 1.0182
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Thus, for example, for 0 = 10 from Table 7.3 we see that

it q(uo— @)+ Pllup —lly < 03159, then lim [lu(t) — @, =0.  (7.14)

t—o00

Notice that as o grows, the upper bound to the domain of attraction grows as well.
On the other hand, the terms on the left-hand side in the estimation of the domain
of attraction, that is the constant P and the term Cj + oI, which is present in ¢,
grow as well.

Now let us continue with the description of the second approach. By Theo-

rem 5.30 there exist d3 > 0 such that if vy € HZ(0,1), q(vy) < 3 then tya,(vg) = 00

and
tlim lo(@®)|l. = 0. (7.15)
Here 03 is given by
5(50) dmin
03 = —F—v—. 7.16
3 C’ln ( )

Eo = (7.17)

with z from (7.9) and 8 = 107'°. We obtain &, = 0.2768. After that we determine
the mononically non-decreasing functions Gy, G, and G5 from (G1), (G2), and (G3).

Starting with (7.5), after lengthy computations, we have obtained

B &
Gy(h) = 7 > oot (7.18)
n=1
h2 &
Ga(h) = 7 > Kigonh™Y, (7.19)
n=1
7
Gs(h) =" Py, Y, (7.20)
n=1
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where the vectors C = (Cy,...,C5)T, K = (Ky,...,Ky)T and P = (P,..., P;)7T are
in fact various expressions depending on ||a|| . After the application of (3.3) with

a = 0.003%, we obtain
C = (1.328, 17.6903, 76.629%, 162.76)2, 136.7192)" ,
K =107 - (0.005, 0.05%, 0.248Y, 0.7183, 1.476F, 2.204%, 2.3487, 1.723%, 0.685)" ,

P = (16.4643, 83.3822 187.01%, 269.9843, 262.12%, 157.65%2, 61.684%)"

As soon as the functions Gy, Gg, and G3 are established we compute 6(&y) from
(5.142) by setting a; = 1, as = d, az = dU,C}, and é|h| = 2. In our computations
we have to distinguish between the different cases for the constant € again. In
Table 7.4 we present the results on the domain of attraction after the implementation
of the second method. From Table 7.4 one immediately sees that the upper bounds

Table 7.4: Domain of attraction computed by the second approach

g 53
0.65 | 0.0102

Case (A)
0.72 | 0.017;
10 | 0.029}
Case (B) | 100 | 0.0303
1000 | 0.0308

to the domain of attraction are now smaller then the upper bounds, computed by

the first approach. Consider, for example, 0 = 10. We have
if q(up—1u) <0.029; then lim JJu(t) —ul|, = 0. (7.21)

Observe that the results to the doamin of attraction are smaller in comparison to
the results obtained by the first approach. This is due to the presence of the term

P ||ug — ul|, in the first inequality of (7.14).
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7.4 Competition model

The competition model reads

( ult(x>t) = ulxx(x>t) + ul(l’vt)(l - ul(l’vt) - a12uQ(1’,t)), > Oa LS [Oa l]a
gy (2, 1) = dugy,(x,t) + aug(z, t)(1 — ug(z, t) — agyuy(z,t)), t>0, z€][0,1],

ou(0,t)  Ju(l,t)
o v

=0, t >0,

L u(z,0) = u'(2), z €10,1],

where «, a2, as; are some positive constants. The competition model is a model
with the non-self-adjoint operator L;. On its example we would like to demon-
strate the application of the T-transformation, discussed in Lemma 5.18. Hence, we

consider the following constant stationary solution

1—a12 _ 1—a21

i =—2 = 7.22
! 1-— 120921 2 1-— 12021 ( )

Before starting with the quantification of the domain of attraction of the solution

above, let us introduce the following

Lemma 7.1. Let C; € R™™ be a constant symmetric matriz. Let the operator

Lz : Di(Lz) — L5(0,1) be given by

Di(Lz) = {¢ € H3(0,1) : ¢'(0) = ¢'(I) = 0},
Lap = —Ap + Cap,  (Cap)(x) := Cap(x), x € [0,1], (7.23)
D(A) = Di(La), Ap=Dy".

Let M\ (Lz) and A\ (Cy) denote the smallest eigenvalue of the operator Lz and the

matriz Cy respectively. Then we have

M(La) > M (C). (7.24)



Proof. Let o be the eigenfunction, corresponding to the first eigenvalue of Ly and
©7 be the eigenfunction, corresponding to the first eigenvalue of the operator —A.

Due to the self-adjointness of L; we have
(Lats 102 = (o1, L)z = (o1, —A¢T + Capl)e
On the other hand,
—Api = Mi(=A)ei =0,

since the first eigenvalue of the second order derivative operator, defined on (0,1),
with Neumann boundary conditions is zero.

Thus, taking into account the self-adjointness of C;, we obtain
(Lat?, 91)2 = (7, Cappt )2 = (Catol, 91 ).

Consequently, we have

Therefore, we obtain

M (La) (1, o1)2 = (Capl, 01 )2 = Amin(Ca) {1, )2 = M (Ca) {1, 91 ).
We have obtained the assertion. O

Now let us return to the competition model. By a straightforward computation

we obtain its Jacobian matrix as

-1+ 2u1 + Qa1oU2 a12U7
Cy =

aao1U2 Oé(—l + 2’&2 + aglul)

1—a12 1—a21 )T

Evaluating C, at the constant stationary solution u = < ,
I —appan 1 —apan

we obtain
1 1—ag aia(1 — aia)
Cﬁ -

1 — 12021 aa21(1 — agl) Oé(l — CL21)
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As one can see, if a # 1 and a5 # ag1, the matrix C; is not symmetric. Following
the Proposition 5.18 we choose a5, a9 such that

a12(1 - alz)

> 0
aa21(1 — a21)

holds. Due to the positivity of a;5 and a9, the condition above is satisfied if either
a1p < 1, as; < 1 or ajs > 1, as; > 1. In the following we will be investigating the
case when ao < 1, ag; < 1.

Now let us introduce a T-transformation into the original problem. For that

purpose we set

Q921 (1 — agl)

lo = /Co1 =

1 —appan
A straightforward computation results in
1 —ap (aa12a21(1 - CL12)(1 - a21))%
Co,=T'0,T = 1 —aan . 1 — aizay
(aar2a91 (1 — a12)(1 — ag))? a(l —ag)
1 — ajoa9; 1 —ajpay
with
A(C) L (1w + a1~ az)
W) =——(1—a all—a
1 2(1 — anan) 12 21

=

— ((1 — 19 + Oé(l - &21))2 — 40((1 — algagl)(l — alg)(l — &21))

(7.25)

).

Due to Lemma 7.1 we have )\1@@) > )\1(6'@). From a, < 1, ag < 1 follows that

A1(Cgz) > 0. Therefore the stationary solution (7.22) is stable in the presence of

diffusion.
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Now we set w(t) = T~ 'v(t). Further, using (5.96), by a straightforward compu-

tation, we obtain

. Vaz(1 — ap)wi + ajgy/aag (1 — agy)wiws
T =
12021 (6% (wozam(l — a21)w§ + a1/ alg(l — alg)w1w2)

g(w’u) ==

Thus, after the application of T-transformation, we arrive at the following problem

(7.26)
w(0) = wy,
where the operator Ly : Dy(Lg) — L2(0,1) is given by
Lop = —Dy" + Cap (7.27)

and is self-adjoint. Now we can apply Theorem 5.24 and Theorem 5.30 to problem
(7.26).
Starting with the nonlinearity §(w,u) we have computed functions G, G;, and

G5 as follows

G(h) = K12,
Gi(h) = Kih?,
Go(h) = Ksh?,

with

1

K = m(max <\/a12(1 — aa), a\/aa21(1 — a21))

+ %\/m (\/a12(1 —ap2) + \/aa21(1 - a21)) )v
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1 1
N - (5 max (ara(1 = aiz), @*an (1 - ax))

3V/3

-+ —\/aa12a21(1 — alg)(l — a21) (a12 -+ a2a21)

8

1
4

1
K2 =

= m (4 max (0,12(]. — a12), Oé3a21(]. — agl))

-+ 2\/0(&12&21(1 — alg)(l — a21) (a12 + Oézagl)

-+ Aa12a21 (a12(1 — a21) + OKCL21(1 — CL12)) ) .

+ —aajza9 (a12(1 — ag) + cagn (1 — am))) ;

By Theorem 5.24 there exist P, d5 > 0 such that if wy € HY(0,1), q(wo) + P |lwo||, <

da, we have ty.,(wy) = oo and

lim [|w(#)]_ = 0.

e )
t—o00

As earlier the constants 05, P are given by

Jy = 5(61)\/%,
P [Eviauen),

We compute 6(gq) using again (5.4). We set

z

= = T 0

(7.28)

(7.29)

(7.30)

with z = A (Cy) from (7.25) and Cp, computed as above. Since the Neumann

conditions are imposed on the boundary, we have chosen Cy as in (5.110), that is

1 1 A2(z + o)
Cl_;’ =39 (\/1+ min(1, d) _1>'
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Note that AY = 2z in (5.110). Due to the positivity of z, we set o = 0. Thus, having
d(e1) and C} at hand we compute J5 in (7.28).

In Table 7.5 we introduce the results on the domain of attraction for the different
constellation of the parameters (a, d, [, a2, as).

Table 7.5: Domain of attraction computed by the first approach

a, d, 1| ag | an Uy Us 02
1, 1,1 =] 2[0.8571]0.4286 | 0.0968
2,1, 1| %] 2/0.8571 |0.4286 | 0.0743
12,1 3| 3]0.85710.4286 | 0.096%
1, 1,2 5| 3]0.8571|0.4286 | 0.1163

12
Let us take, e.g., the parameter constellation (o, d, [, a1z, ao1) = (1, 2, 1, 3 §)
By Theorem 5.24 we obtain
if (T~ (uo — @) + P [T (uo — w)]|, < 0.0965,

then tpax(ug) = 0o and tlim |(u(t) —u)|, =0,
where @ = (0.8571,0.4286)7.

We proceed with the second approach as follows. By Theorem 5.30 there exists

3 > 0 such that if wy € HEZ(0,1) with g(wg) < d3 then tyax(wo) = co and

[w(®)]| e — 0.
We start by setting
z
Go = ——, 7.32
o= 10 (7.32)

with z from (7.25) and 8 = 107!, After that, following Remark 5.31, we set in
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(5.142):

)\max( ﬂ)
a; = = = y
! ! )\min( u
dmax
a =
? dmin ’

2
N - z
élh| = & = <1+ﬂ) :

Inserting the functions G; and G into (5.142) we obtain 0(&;) as

z

0(&g) = , 7.33
( 0) (1 + ﬂ) a1K1 + CL2K2 ( )
and finally compute d3, which is given by
5(50) dmin
03 = —————. 7.34
’ 20, (7.34)

In Table 7.6 we present the results on the domain of attraction, computed by the sec-
ond approach. We used the same constellations of the parameters («, d, [, a2, as1),
as in the case with the first approach. Let us again consider the constellation of the

Table 7.6: Domain of attraction computed by the second approach

a, d, 1| ap | an Uy o 03
1,1, 1| 4| 21]0.8571 | 0.4286 | 0.0543
2,1, 1| 5| 2|0.8571|0.4286 | 0.044;
1,2, 1] 4| 2]0.8571 | 0.4286 | 0.0443
11,2 1| 2]0.8571|0.4286 | 0.0663

12
parameters (o, d, [, ajs, as) = (1, 2, 1, 3 §) By Theorem 5.30 we have

if wp€ HP(0,1), q(T ' (ug—u)) < 0.0443
then tyax(ug) =00 and ||u(t) —ull , — 0,
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where @ = (0.8571,0.4286)7.

Finally, let us briefly comment on the change of the upper bounds to the domain
of attraction with respect to the change in the parameters. In both tables, we
have examined the case, where the competitive effect of the grey squirrels is higher
than the competitive effect of the red squirrels. By changing the parameters of the
model for a fixed stationary solution, we have observed the changes in the domain
of attraction. As one can see the growth in [ corresponds to the growth of both d,
and 03, whereas the growth in « causes the decade in both d; and 3. When the
parameter d increases 0, remains the same, while d3 decreases, which is due to the

presence of d in §(&p).
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Appendix A

Numerical treatment

In the present chapter we comment on the numerical computations which were car-
ried out in the course of this thesis. Before starting with the actual description of the
numerical procedures, we would like to comment on the notations in this chapter.
Although we have to present the numerical algorithms for three different models, for
simplicity reasons we will use more general notations for the terms under consider-
ation. For example, we use the notation NN for the number of the ansatz functions
in general, although this number is different for each model. When the distinguish-
ing between different problems is essential, we will comment on the corresponding
differences. In that case the k-index in the notation is used, with k£ = 1,2,3 for

Schnakenberg, predator-prey and spruce budworm models respectively.
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A.1 Ansatz space

We start with the definition of the ansatz functions for the problems above. Taking

into account the specifics of the given models, we introduce for all x € [0, ]

o;(x) for k=1,2,
qu(x):{ ’ j=1,....N,

sin <j7T§) , for k=3

with

) = (267 0)).

Boi(1) = (COS((Z.L)%), i= 1. M+,

where M, N are some positive constants and N = 2(M + 1) in the case of the

(A.1)

Schnakenberg and predator-prey problems. In addition, let us denote
wi(x) :cos<(i—1)?>, i=1,....M+1
Thus, we perform all computations in the following ansatz space

V =span{ ¢;(z), j=1,...,N}. (A.2)

It follows that the numerical approximation w(x) is represented in the form

wf@) =3 a0,(@) (A3)

with «; being appropriate Fourier coefficients. In addition, let us introduce for

k = 1,2 the following representation of the components w;(z), ws(z):

M+1

wi(z) = Z Qi1 (), (A.4)

M+1

wy(x) = Z 250 (). (A.5)
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A.2 Newton algorithm

In order to obtain a sufficiently small bound ¢ from (3.18) we need to compute a
highly accurate numerical solution w. We are going to carry out this step using
Newton’s algorithm. In the following, in order to avoid misunderstanding, we denote
the defect of numerical solution w as d[w].

Starting with some rough numerical approximation w(® we proceed with Newton’s

algorithm as follows:

o Lo =_—djw™]

(n=0,1,...,n), v'™ € HP(0,1). (A.6)

o WD . ) 4 )

Here Lv™ and d[w™] are given by
o™ — _D (U(n))” + C ™, (A.7)
dw™] = —Dw™ — F(L™). (A.8)

We terminate the iteration at some index ng. There exist two possible reasons for

this: either the Fourier coefficients of the solution

N
v (2) =3 B 6(x) (A.9)
j=1
satisfy
B < e, (A.10)

where ¢ is some given tolerance, or some maximal iteration number has been reached.
When k£ = 1,2 in order to solve (A.6) we use a Galerkin method. In case k = 3

we find the solution of (A.6) with the help of the collocation procedure.

Newton-Galerkin method. Schnakenberg and predator-prey models. We start by multi-

plying the above system with the ansatz function ¢;, and taking the scalar product
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in L3(0,1). We obtain

o (L™ @), =(-d[w™],$;),,i=1,....N
(n=0,1,...,n), v'™ € HZ(0,1).
o WD) .— ) 4 ®

Taking into account (A.7), (A.8), and (A.9), we write the Newton-Galerkin step as:

o (Mt bg7) B0 = gy
(n=0,1,...,n9). (A.11)
o o) o 4 g

The matrices M, Mén), and the vector M?En) are defined as follows:
Mlij = <D95;/’ ()5]'>2 )

Még) = (C,0Pi, Pi)g »
M = (=d [™], ¢;),,

fori,j5 =1,...,N. The matrix M; can be calculated explicitly and has the form

(dg g—j (% — 1)2, 1= 7 and 7 is even,
My, = dy 12 (Z — 1)2 t=j and 7 is odd, (A.12)
21 2
\ 0, otherwise.
The matrix M and the vector M{™ read:
M = [ () 80) $1a) + 5 ole) a0
13 (@) Gia(@) Bia(e) + [1(2) @iale) Giale)) dz,  (A13)
= [ (1(2) @) + (@) 2(2)
(@) i (2) + () Biale) ) do, (A.14)
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where @; ,,(x), m = 1,2 denotes either the first or the second component of @; given

by (A.1), and the functions f'(z), hy(z), p

=1,...,4 are given by

fil@) =7 (1= 2" (@i (@) |

7)== (@)

fo(z) = 2y (2)w” (@),

fie) = (@)

W) = (w7(2))

W) i=d ()

in case of the Schnakenberg nonlinearity, and by

fi(z) == <—€171 - 26172W§n)(55) + 3¢e1 (WYL)

f3(x)
f3(x)

= wl"(2),

=~ (2),

fi(x) :=a <2sgw§") (z) — w&")(:)s) + 1) ,

W) = d (@)
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(A.16)
(A.17)

(A.18)
(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)
(A.27)

(A.28)



e (@) —w£"><x>w§"><x>>, (4.29)

() = a (ol @l @) = 2 (7)) - (@) (A.30)

when the predator-prey model is under consideration.

It is easy to see that due to (A.1), (A.4) and (A.5) the computation of the elements

of Mz(n) and Mén) can be reduced to the computation of terms of the form

M+1

S / o0 (2)i(2) 05 (2)d,

i1=1

M+1 M+1

Z Z CN“m(il)dm(iz)/o ©i, ()i, () 0s(x) 05 () d,

i1=1 i2=1

M+1M+1

!
Z Z @m(il)@m(iz)/o i (2) i () (x)dx,

i1=1 io=1

M+1M+1 M+1

DD IP PLIALIE Y PACPREERERE

i1=1 10=1 iz=1

fori,j =1,...,N. In the integrals above, the index m(7) is given by either m(i) = 2i
or m(i) = 2i — 1, depending on the term, and ¢, is given by either &p,u) = amg)
OF Qi) = (1 — 1)* () (when the second derivative is under consideration).

It is possible to compute the integrals above in closed form with the help of the

formula (A.78), which we present later in this appendix.
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Thus, going back to (A.11) again, we approximately solve the corresponding
system with the help of Gauss algorithm. We continue the computation, until one

of the termination conditions is satisfied.

Newton collocation method. Spruce budworm model. We consider the Newton step

(A.6). We evaluate the function v(™ in the collocation points x,, as follows
N .
O (2) =Y B si (—m) =1,...N A31
V" (2) j:1ﬂj sin (jr—=), m=1,...N. (A.31)

In particular, we choose the collocation points as

m

= ——I =1,...,N.
N—l—l’ m ) ’

Lm

Evaluating the term d [w(”)] and the term Lv™ in x,,, we obtain

(d [w(")]) (Tm) =1 dpm

NN . w(n)(xm) (w(n)(xm))Z
— w( ) € — rw( ) € -
d( ) (Tm) (€m) (1 q ) - 14+ (W ()

2

(L™]) (@)

2w (x,,
=—d (U(”))H (@) + | =1+ 25 ™ (@) + W (@)

‘ (14 @ (@))?)

™ (Zm)

Let us denote the matrices S*, K, S? as follows
m
Sl g .
mj = S (‘”N+ 1) ’

. —r+ QCw(")(zm) + 5
K = 4 (14 @™ (@n))*)

0, otherwise,

it m=y,

2

o T
S2 = d]2l_2

mj .
0, otherwise,

it m=y,
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for all m,j =1,...,N. Then Newton step (A.6) reads
(§'S8% + K™ shpm = _d, (A.32)

where 8™ = (8™, .. 8T and d = (dy,...,dn)T. We find 8™ from (A.32)
with the help of Gauss algorithm. Using (A.31) again, we can construct v™ and
eventually obtain w1, The computation continues, until one of the termination

conditions is satisfied.
A.3 Calculation of the upper bound for defect

Our aim in this subsection is to find ¢ which satisfies (3.18). Having computed a
highly accurate solution w*, k = 1,2, 3, we may hope, that the upper bound for the

defect is sufficiently small in order to satisfy (3.20).

Let us at first derive the expression Hd [w(k)} H; After straightforward calcula-

tions we obtain

Jafol = [ (=)= (=t (o) ))2dx

l " 2
—i—/ (—d2 <w§2)> + awéz) (1 + 82@052) - w?))) dz, (A.34)
0

2 ! " r 2 w(3) ? ’
Hd [w(g)} H2 = /0 <—d(w(3)) —rw® 4 g(w(?’)) + %) dz. (A.35)

Inserting (A.4) and (A.5) into (A.33) and (A.34) one can see that the computation

of Hd [w(k)} H; k = 1,2 could be reduced to the computation of the integrals of the
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form

M+1 M+1

l
Z NN Z &m(n) .o &m(zp) /0 Piq (LU) ‘e (pip (SL’) d.flf, (A36)

i1=1 ip=1

where Gy, ;) and m(i) are defined as in the previous section and p = 1,...,6. For the

computation of the expression (A.36) in closed form we apply again (A.78).

We compute some of the terms of Hd [w(?’)} Hz explicitly, using the sinus summa-

x
tion theorem and the orthogonal property of sin <Z7T7) The rest terms are handled

with numerical integration methods. In particular, we approximate these terms with
the trapezoidal rule and bound the quadrature error rigorously. We comment on this
approach later, in section A.7

In (3.18) the safe bounds for defect are required. Hence, in order to pay regard
to rounding errors, we implement all calculations in interval arithmetic, using the

interval package INTLAB [50].
A.4 Rayleigh-Ritz Method

Recall that we need to find bounds for the eigenvalues of the problems (6.1) and (6.2).
In this subsection we comment on the appilcation of Theorem 6.1 in both cases. The
eigenvalue problems of the type (6.1) occur, when we consider the spruce budworm
model. For the Schnakenberg and predator-prey model the eigenvalue problems of

the type (6.2) are under consideration.

Problem of the form (6.2). Recall that we consider a sequence of eigenvalue problems

of the form

u € HP(0,1), My(u,v) = AN (u,v) forallv e HP(0,1), s €[0,1], (A.37)
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where
M(u,v) := (1 = s){(—=Du", —Dv")g + (P(1 — 8) + 0 32){u/, V)5
+ (Po(1 = s) + 0B1){u, v)2 + s((L — p)u, (L — p)v)a,

N(“? 'U) = /61<u7 U>2 + /62<u/a UI>2a

where the constants (31, B2, P, o, u depend on the model.

For some linearly independent @y, ..., ay € HZ(0,1) we define

Therefore we can approximate eigenvalue problem (A.37) in the form required for
Theorem 6.1, namely

Az = XAz, (A.38)

In the first step, in order to obtain the required approximate eigenpairs, we take as
linearly independent trial functions the ansatz functions ¢4, ..., ¢y and construct

M x M matrices Aj and Ay, where M > N. The matrices Af and A; read

A5 = (1—8)Da+ (P(1—8)+0B)G+ (P(1—s)+0B)U + sL

Ay = BU + (G,

with

(dy)?Z5 (4 —1)*, i =jandiis even,

={ ()25 (54)",  i=jandiis odd, (A.39)

0, otherwise,
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(£ —1)% i=jandiis even,
Gij = (¢, @) = = (1), i =jandiis odd,
L0, otherwise,
Loi=j=1,
Uij = %, 1=7>1,
0, otherwise.

The matrix L reads

L= (L~ @i (L= m)¢i)2); o, = L1 — 1 (L2)" = iLe + U,

with

=1,..

.....

By a straightforward calculation we obtain

Ly = M, + M,

(A.40)

(A1)

(A.42)

where M; and M, are given by (A.12) and (A.13) respectively (taken without index

n). The matrix L; takes the form
Ly = Da + My + (My)" + Ms,

where the matrices M, and M5 are defined as

My = (<C<ﬁi, —D85;,> )” 1,.,M"’
M5 = (<Cgpl7 Cgpj> )’L] 1,...,M *

Note that the function &7 has the form

@9’={: (

»

2 .

3

—
H\» m|

(55) ¢, if j isodd.

»
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A straightforward calculation for the elements of the matrices My and Mj5 yields
l
Mg == [ (40000 (0) + (052005 @)
0
+ o fo(2)30 (2)F)5(2) + o fi (2) Pi (2) Fal2) ) do,

Ms; :/0 ((ff($)+f§(f€)) Pia () @i (@) + (fule) fa(2) + fo(2) fa(2)) @ia(a) s ()
+ (i) fa(x) + fo(2) fu(2)) @i (2)@;2(7)

+ (B@) + f2(x)) Giale) piola) ) da

where the functions f;(z), i = 1,...,4 are defined as in (A.15)-(A.18) for k =1 and
as in (A.23) -(A.26) for k = 2. As before, the computation of the elements of the

matrices My and M;s can be reduced to the computation of the integrals of the form

M+1 M+1

Z . Z Cmiy) - - - Cm(iy) /0 i () ... (x)pi (), () du,

=1 ip=1

(G,j=1,...., M), (A.43)

where p = 1,...,4. We derive the values for integrals above with the help of (A.78).

After the matrices Aj and A; are constructed, we compuite the eigenvalues and
eigenvectors of the problem (A.38). As a result of our computation we obtain approx-
imations to eigenvalues 5\‘{, cee 5\34 and the eigenvectors 2, ... M) The required

approximate eigenelements are formed as
M .
= a2, i=1...M (A.44)
j=1

In the next step we construct the N x N (with N < M) matrices Zlg and A,, taking

as the trial functions in A% and A; the eigenelements from (A.44). The elements of
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/13 and 1211 have the form

~ M M .

AOZ] = Z Z LU%Z)LUIEJ)A(]Z“
h=1 t=1
M M '

Alz] - Z Z x;:)xgj)Alht
h=1 t=1

This step is implemented using the interval arithmetic. In particular, for the evalu-
ation of the expressions in (A.43) we use the interval package C-XSC [26]. Thus, we

consider the eigenvalue problem
AOSZL' = 5\5/111’, (A45)

where the matrices /18 and /11 are the matrices with interval entries. In case, when
the dimension of (A.45) is small (n = 1,2) the enclosure for its eigenvalues can be

obtained rather directly. When n > 2 we use the following

Lemma A.1. [23] Let A, B C CN*N be Hermitian matrices with interval entries, and
with B positive definite for all B € B. For some fized Hermitian Ay € A, By € B
let (S\k,fizk) (k = 1,...,N) denote approximate eigenpairs of Agx = AByx, with
& By & Oy .

Suppose that, for some ro,r1 > 0,
| X*AX - X*BXA|_<ry, ||XAX—-E|_<mn, AcA Beb,

where X = (&y,...,Zy), A:(S\I,...,S\N). If ry < 1, we have for all A € A,Be B

and all eigenvalues \ of Ax = A\Bx

Ae UM B\, r), wherer = ,and BAr)={z€C:|z—= ) <r}.

Moreover, each connected component of this union contains as many eigenvalues as
midpoints \;
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After the application of Lemma A.1 we obtain the enclosures Af € A (i =
1,...,N) for the first N eigenvalues of the problem (A.38). By Theorem 6.1 we

obtain

A; <A <sup(A)), (i=1,...,N).

Problem of the form (6.1). Spruce budworm model. We consider a sequence of eigen-

value problems of the form
we HE(0,1), (Lau,v)y = X (u,v)y for allv € HE(0,1), s €[0,1],  (A.46)
where the operator Ly is given by
Lo = —du” + (1 — s)c + sc(x))u

with the function ¢(z) defined as

and ¢ denoting its lower bound. Let us denote
Ap = (L, U5)2)ij=1,...M,
Ay = (<ﬂi7aj>2>i,j:1 ..... M-

As in the case where k = 1,2 we take as linearly independent trial functions u; (i =

1,..., M) the ansatz function ¢; = sin(in7) (i = 1,... M) and consider the matrix

eigenvalue problem of the form
Asz = N Az,

A straightforward computation results in the following expressions for A and A,
Aj = Da+ ((1 —s)c—sr)S + 2sMsg,
Al = 57
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where

A2, if Q=

0, otherwise,

o~

° o=
Sij = <¢i7¢j>2 = g’ ! ! J> (A48)

otherwise,

and matrix Mg is given by

o= (G wimp) o)) A

.....

We compute the elements of matrix Mg with the help of the trapezoidal rule. We
comment on this computation in Section A.7.
Repeating the same steps as in the case of the problem (6.2), we find the approx-

imate eigenpairs (A%, @;) with
M .
ii=y gy, i=1,...M (A.50)
=1

and construct the “new” N x N interval matrices A3 and A;. For the verified solution

of the eigenvalue problem
ASZL’ = 5\5/111’
we use Lemma A.1. Finally we obtain A% < A% <sup(A$), (i=1,...,N), with A?

being the enclosure intervals for S\f.
A.5 Calculation of the matrix A,

This section is devoted to the computation of the matrix A; for the Temple-Lehmann
(problem (6.1)) and Lehmann-Goerisch (problem (6.2)) methods.
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Problem of the form (6.2). In this paragraph we are going to treat the Schnakenberg

and predator-prey models. Recall from Chapter 6 that the matrix Aj has the form

1 1 1
As__::S #W—I— 1—8 #W—I— P 1_3 ‘I—U #W—‘—
2, OV 1+ (1 =) BT 2, T (P1(1—s) +0b) OV 34
+(P(1—s)+ 0B)W3,, ij=1,....N, (A.51)

where S\f, 1 =1,..., N are the approximate eigenvalues. The matrices Wy, Wy, W3, Wy

are defined as

Wi = (L= Vi (L= D))y (A52)
Wy = ((—Du}, —Dﬂ;’h)id_:l 7777 N (A.53)
Wy = (@, 14)2),,_, v (A.54)
Wi = e (R e (A5)

where the expression H(w;) has the form:
H(w;) = M5 + M; ) + M3 a; + M; ;. (A.56)

In (A.52) to (A.56) 1, is chosen as in (A.44). Hence the elements of matrices W7,

W5, and W3 can be represented as

M M ' ‘
Wlij = Z Z LL’S)SL’EJ)EM

h=1 t=1
M M '

W, = > aa Day
h=1 t=1
M M '

Wa, =Y. 2z Gy,
h=1 t=1

with L, Da and G as in (A.42), (A.39), and (A.40) respectively. Next we continue

with the computation of the matrix W;. After a straightforward calculation we
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represent W as

where

16

S 1 m
Wi = (Py(1 —5) + 031)? mZE ’

=1

l
1. ~ivT 2 TR miv
0
! T
2 . ~1U TAr =!I
E’ = / u;” Mo, My, u; dr,
0
! T
3 . ~ v TxNr =~/
0
! T
4 . ~ v TAxAr =~
E = / (% MOZ_ngUj dl’,
0
¢ T
6 . " TF =
E;. .—/ u; My, My, u; dz,
0
¢ T
7T o 575 =/
0

l
8 . =T TR =
E--.—/O u; My, M3 u; dr,

l
11 . T T =
E .—/0 U, Mzngjuj dx,

l
6. [ ~TA/TNT. &
E; .—/ u; M3 M3 uj; dr,
0
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(A.60)

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)

(A.66)



and

E® = (E?)",
B = (%),
E"Y = (E")",
E® = (EY,
EY = (E®)",
EY = (E%)

In the case of the Schnakenberg model, after straightforward computation we obtain,

for the matrices in (A.56),

s L /10

Mol- = _S\_f (O dz) ) (A.67)

1 10s 1

YRS R L (A.68)
b w5 A+ E )
s 4 —Iy —F;5

M2¢ - 5\_578 (dF4 dF5) ) (A69)
. B — %’YSF()‘ — %ng —%fysﬁ} — %SFQ

Ms, = %vdeﬁ — %SF’Q B2 + %’78(1F7 - %sFm ' (A.70)

where
F} =25 (y(1 — 2wiwq) — Re(v)) + P(1 — s) 4+ o1,
Fy = —wf + 2dwiws,
F3 = 2sd (yw} — Re(v)) + P(1 — s) + 031,
Fy = wjws + wiwy,

e /
Fy5 = wwy,
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Fy := wiwg + 2wjwy + wiwy,

Fr = (w1)2 + wiwy,

Fy == 7% (1 — dwywy + 8wiw?) — 2yRe(v)(1 — 2wiwy) + v,
Fy := —7*w? + dy*wiws + y0w? — 2pywiws,

Fio = 27w} — 2Re(v)yw? + V2.

In the case of the predator-prey nonlinearity, we obtain

s 1 [(d*> 0
—/61 + %Hls %SHQ
5\? 2 1 5\5 3
s 2 Hy, duw]
M;, = —s (_m‘;g H;) , (A.73)

A
1 L ! .
) ( 2 sesdHs = psHy 5psdw! = S5 Ho ) 7 (A.74)

1 T T
1 " 1 .13 1 1
5\5 SawWy S\f SHg ﬁg + S\f SH7 x: SHlO

where
H; = 2ds (—e1m — 2e17w1 + 3e1wi + w2 — Re(v)) + P(1 — s) + o3,
Hy = —awsy + dwy,
Hj; :=2s(a(2e0wy —wy + 1) —Re(v)) + P(1 — s) + 0,
Hy := d (—2e17yWw] + 6e1wiwy + wh) ,
Hs := a (2eqwh — wy)),
Hg := —2e179wy + 6g1 ((w1)2 + wlwf) + wh,
Hy7 = a(2eqwl — wy),
2 2

Hg = ‘—5171 — 2e17yow1 + 351wf + wy — 1/}2 + a“wy,

218



Hy == wy (—81’}/1 — 2e17w1 + 351(4}% + wy — 17) — awsq (CL (252w2 —wi + 1) — l/)

H10 = wf + |CL(2€2W2 —wi + 1) — I/‘2 .

Next, combining (A.57)-(A.66) with (A.67)-(A.70) or (A.71)-(A.74), we obtain ex-
pressions for E™, m =1,...,16 as a functions of wy, wy, and their derivatives up to
second order, and of both components of u;, and their derivatives up to fourth order.
Representing wi, we, @; using (A.4),(A.5) and (A.44) respectively, we can rewrite

each E™, m =1,...,16 as a combination of integrals of the form

M+1 M+1 M

Z Z szm(il)“‘ Qi /Gr(i(t / ¢21 ¢zp )¢ ( )Q;t(f) dx,

i1=1 ip=1 h=1 t=1

where p = 1,...,8, m(i) is defined as earlier, and Gy, @(,?(h) and ¢; are given by
(@)
o 0 i - e
am(i) = § (0 = D)am@), ﬁm(h) = (h— 1)93m(h)’ ¢i = o
(i — 1)% ), (h— 1), v

The choice of dy) 67(;@ and (;SZ depends on the term under consideration. The
integrals above can be computed in closed form with the help of the formula (A.78).
For the verified computation of this integrals we use the interval package C-XSC [26].

Hence, we compute matrix W, and consequently matrix Aj in closed form.

Problems of form (6.1) We consider
A2ZJ <L UZ,L U]>

forall4,j =1,...,N. Due to (A.50) elements of Aj can be represented as

AQ:] szh l’t s¢ha s¢t>2~

h=1 t=1
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Let us define the following matrices:

4
2Rl i h=t
Ky = (—d¢}, —d¢)y = 23" !

0, otherwise,

2

_ 2T _
B, . dhi. it h=t,

0, otherwise,

M@pz<<%N@+7Tf%%5F)¢m(%ﬂ@*fff%%ﬁf)@>;

Then, by a straightforward computation, we obtain
((LsPn, Lsdt)2)np=1,..m4 = K1 + 2Ky + K,

where K5 and K3 are given by
Ky = ((1—5)c—rs)Da + 2sDMs,

Ks = ((1—35)c—758)2S 4+ 4s((1 — s)c — r8) Mg + 45* M,

with S and Mg as in (A.48) and (A.49) respectively. We compute the elements of

matrix M; with the help of the trapezoidal rule with verified quadrature error bound

(see Section A.7).

Final remarks In order to find the lower bounds to eigenvalues for problem (6.1) we

consider the following eigenvalue problem
(A5 — pAv)e = 7 (A5 — 2045 + p* Ay ).
In case of problem (6.2) we consider

(A5 — pA)x = k (A5 — 2pA, + p*AS)a.
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The matrices in the problems above are the matrices with the interval entries. There-
fore, we find the enclosure intervals for their eigenvalues by application of Lemma A.1.

In case of (A.75) we compute the enclosures 7; € 7; and by Theorem 6.2 estimate

1
>p+——F7-—— (i=1,...,N).
TN+1—i SUPTN+1—1' ( )

Ai > p+
In case of (A.76) by Theorem 6.3 we have

P p
e — = p —
1 — KNgi—i 1 —sup Knii-

Az p

(i=1,...,N),

with k; € IC; - the enclosure intervals computed by Lemma A.1.
A.6 Integral computation formula

In the course of our numerical computations we have to evaluate expressions of the

form

M N !
SO abrre % / (@) (@) i, ()i () .- s, (2)dz,  (ATT)

k=111 i,....ip=1 0
where ¢p(2) = cos((k — 1)%F) and p runs from 1 to 8. Due to the orthogonality
property of the functions ¢ (z), the integral above can be computed in a closed
form. Direct numerical computation of (A.77) could last long, when the expression
above has a high order complexity. Observe, for example, p = 8 and M = N. Then

(A.77) would have O(N') complexity. Thus, in order to reduce the computation
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time, we proceed as follows

Y bt | e @pn). g @)

kym=111,ia,....ip=1

M N
l
ol Z Z Z kB Yin Vi -+ + Vi Olk—1) b7 (m—1) 450 03 (in—1)

T,01,02,...,0p€{—1,1} kym=111,i2,...,ip=1

2N[—2 h(N—1) (p—h)(N—1) N

[
T optl Z Z Z Z Z e fm
T,01,02,...,0 S - ——(p— V— k,m=1
1,02,.,0p€{=1,1} [=— (N[ —1) J=—h(N—1) K=—(p—h)(N 14) (he1) e 1)=1

'

with I+J+K=0

N N
E Yiy -+ Vi, E ’)/Z‘h+1 e ’}/Z'p y (A78)
Ulyeenstp=1 ih+17---7i1):1
22:1 ou(in—1)=J Zﬁ:h+1 ou(in—1)=K

where h runs from 1 to p — 1. As one can see, the complexity of (A.77) is now
sufficiently reduced. Observe, for example, p = 8, h = 4, M = N. Then the
resulting expression would have O(N %) complexity. Notice that, with the purpose of
achieving fast computation, the value of h could be adjusted accordingly.

Thus, the intergral (A.77) is computed in a closed form and within a reasonable

amount of time.
A.7 Trapezoidal rule

As we have seen earlier, while considering the spruce budworm model, we approxi-
mate some of the arising integrals with the help of the trapezoidal rule. In general,

we have
/f 1), 6,(x))dx = QUf) + E(f), (A.79)

where under the expression f(w(z), ¢;(z), ¢;(x)) we understand the type of the ex-
pressions, which we obtain while computing some parts of the defect and the elements
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of the matrices Mg and M. In particular, f depends on the numerical approxima-

tion w and in case of matrices Mg and M, also on the ansatz functions ¢;(x). Let

lk
N, denote the number of quadrature points z;, = N k=0,...,N;, — 1. Then,
q
according to trapezoidal rule, we have
I (1 & 1
Qf) = N <§f(3€0) + flar) + if(qu—l)) ; (A.80)
g k=1
B < s 1] (A1)
12N o '

Let us comment on the computation of the term ||f”||_,. Estimation of Hf”HOO
reduces to the estimation of the maximum norm of the terms containing different
combinations of w, the derivatives of w up to fourth order, and the derivatives of ¢;
up to second order. Using the Taylor expansion, we obtain the following bounds

Hw(j)Hoo < _max |w(j)(§k)| + L Hw(j+1)H

—=0,...M IM ;o J=1...,4 (A.82)

[e.9]

where M is an arbitrary number, & = %, k=0,...,M. Note, that we choose M

to be large, in order to keep the term ||w small. Since the numerical solution is

‘Il
[ee]

given by (A.3), we have
& e
w'(x) = 3 Zajj5 cos (37> .z €[0,1]. (A.83)
j=1
Since | cos (j=£) | < 1 we obtain the following bound for [|w"|
&
lo'lle < 75 D lasls® (A.84)
=1

Finally, N, in (A.81) should be chosen large enough in order to keep |E(f)| small.

The verified computations were performed using the interval package INTLABI[50].
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