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Abstract.

We consider the approximation of trigonometric operator functions that arise in the
numerical solution of wave equations by trigonometric integrators. It is well known
that Krylov subspace methods for matrix functions without exponential decay show
superlinear convergence behavior if the number of steps is larger than the norm of the
operator. Thus, Krylov approximations may fail to converge for unbounded opera-
tors. In this paper, we propose and analyze a rational Krylov subspace method which
converges not only for finite element or finite difference approximations to differential
operators but even for abstract, unbounded operators. In contrast to standard Krylov
methods, the convergence will be independent of the norm of the operator and thus of
its spatial discretization. We will discuss efficient implementations for finite element
discretizations and illustrate our analysis with numerical experiments.
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1 Introduction

Recently, the numerical solution of large time-dependent hyperbolic problems,
especially wave equations, has been an active area of research. Several new
schemes have been proposed and analyzed. Short time error bounds have been
shown in [9, 11, 12, 13, 14, 19, 28] while long time properties have been studied
in [2, 3, 4, 15, 16, 17]. All these integrators require the evaluation or approxi-
mation of the product of a trigonometric operator function with a vector. For
simplicity, we will restrict ourselves to functions arising in the solution of linear
wave equations, namely we consider the approximation of

(L.1) y(r) = f(r* A,
for
(1.2) f(x) =cosv/x  or  f(z)=sincy/x,

where sincz = sinx/x. Here, A is a positive self-adjoined operator with com-
pact resolvent or a matrix that results from a finite difference or finite element
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discretization of such an operator and v is a function in a suitable Hilbert space.
However, our analysis applies to other matrix functions as well, in particular to
the functions arising in trigonometric integrators for nonlinear wave equations.

Recently, rational Krylov approximations for the approximation of functions
related to the matrix exponential operator have been studied in a number of
papers [1, 6, 7, 8, 20, 21, 22, 25, 31]. All these papers deal with the case that
the differential operator is symmetric or sectorial, so that the functions decay if
the eigenvalues become larger and larger. For such problems, the idea of using
rational approximations arises naturally since this leads to fast convergence of
small eigenvalues. For hyperbolic problems, the situation is less obvious, since
trigonometric functions do not decay (or do not decay fast in the case of the
sinc function) if the eigenvalues tend to infinity. Thus uniform approximations
of highly oscillatory functions on the whole positive real line will not be possible
for polynomials or rational functions. Theoretical results on the approximation
of the cosine function by rational functions can be found in [5].

A crucial idea for our method is to take the origin of the problem into account,
i.e. we exploit that weak solutions of the wave equation can be defined only if
the initial data is spatially smooth. Under this assumption, we will prove that
our algorithm allows to approximate the matrix cosine operator with a constant
number of steps, where the constant is independent of the norm of the matrix.
The main computational cost per step is the solution of a linear system, which
can be done either by a fast direct solver [21] or by a preconditioned iterative
solver [31]. For finite element discretizations, it turns out that the standard
method requires almost the same amount of work as the rational version.

The paper is organized as follows: We motivate our method in Section 2 and
recall some results from functional analysis. The main theorem and its proof
are given in Section 3. In Section 4, we discuss the implementation of our new
method and present some numerical experiments illustrating the efficiency and
the theoretical results.

2 Motivation

Let A be a positive self-adjoint operator with compact resolvent on a Hilbert
space H, so that A has an orthonormal basis of eigenvectors e; € H with eigen-

values \; > 0, ¢ = 1,2,.... Fractional powers A® are defined on appropriate
domains
o0 o0
D(A%) = {v = e € HI Y [Nl < OO} ={v | [|A%]] < oo}
i=1 i=1
EXAMPLE 2.1. For the negative Laplacian, A = —A, with homogeneous

Dirichlet boundary conditions on the unit square Q = [0,1]%, and H = L*(Q) we
have D(Az) = H(Q) and D(A) = HE(Q) N H2(Q).
For any function F' bounded on [0, 00), one can define F'(A) on H via

(2.1) F(A)v:= ZF()\,;) piei,  v= Zuiei c€H.
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We consider trigonometric functions that appear in the solution of the linear
wave equation

(2.2) v = Au, w(0) = ug, u'(0) = ug.

For initial data ug € D(A) and u) € V := D(Az), (2.2) has a strong solution
u € C*R,H)NCYR,V). For ug € V and uf, € H, (2.2) has a weak solution
u € CHR, H)NC(R,V), that satisfies

d2
(2.3) ﬁ(u(t),v) = a(u(t),v), forall veV,

with the inner product (-,-) in H and a(u,v) = (Azu, Azv) for u,v € D(Az). A
strong solution is also a weak solution and any weak solution can be written as

u(t) = cos(tA? Yug + tsinc(tA? )uj,

cf. [29]. The key observation here is that, despite of u being defined for all
uy € H and ujy € D(A™2), u is a (weak) solution of (2.2) only for ug € D(A?)
and uj € H. That is, all valid initial data vy occurring in applications is at least
in D(A%)7 while for uj, only u(, € H is required. Note that this statement does
not change when we are dealing with nonlinear wave equations. It is at the very
heart of a weak solution to be in V.

For the approximation of y(7) = f(72A)v by Krylov methods, it is known
from [18], that the approximation in the Krylov space

(2.4) Ko (A, v) = span {v, Av, A%v,--- A" Ly}

starts to converge superlinearly after m > HTA%H steps. Moreover, it requires
the initial data to be in D(A™~!) which is much smoother than the natural
requirements for the initial data. The key idea now is to use a variant of a
rational Krylov method [26]. Following [21, 31] we approximate y(7) in the
rational Krylov space

Ko (I +~72A)71v), v > 0.

The resolvent (I +~72A)~! maps a vector v € H into D(A), which implies that
this space is well defined for all v € H and all m without additional smoothness
assumptions. However, this approximation will not converge with a convergence
rate independent of the norm of 7A if the function to be approximated does not
decay. Therefore, it is necessary to exploit the additional smoothness of the data
appearing in wave equations. This can be done as follows. For v € D(A%), we
write

f(z) = £(0)

xa

(2.5) (A = pa(A)A% + f0)v,  Ya(r) =

and approximate v, in the Krylov space K,,((I + vy72A)~1, A%). In short,
our new method is to proceed analogously to [31] for the function 1, and the
starting vector A%v. For this method, a convergence rate will be shown.
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3 Convergence of rational Lanczos approximations

The Lanczos algorithm based on the Krylov subspace
Ko (I +~72A)71, A%), 0<a<l1
yields an orthonormal basis V,,, and the Lanczos recursion
(3.1) (I +~72A) "WV, = Vi T + ﬁmvmﬂefw

where 8V,,e1 = A% and V'V, = I. Here, A could be either a matrix or an
abstract operator. To improve the readability of the paper, we do not clearly
distinguish between matrices and operators in our notation. Following [31], we
use the relationship (2.5) between a given function f and v, to define

95 () = 1q ((i—l)w z € (0,1].
Note that
(32) 95 (I +72A) 1) = da(T2A).

This yields the approximation
ym(T) = y(r) = f(r* A

defined by
(3.3) yo (1) = f0)0 + 72 BVitba (T)er, B = [|A%|
where
~ 1
3.4 T =—(T;' —1).
(3.4) v( m — 1)

We will now prove that the artificial decay introduced by exploiting the smooth-
ness of the initial data enables us to derive a convergence rate. For simplicity,
we state the theorem for the most common cases only. From the following dis-
cussion it becomes clear that similar theorems can be derived for initial data in
different Hilbert spaces and for other functions f.

THEOREM 3.1. For f(x) = cos+/z, the approzimation (3.3) satisfies

oty (7) — cos(radyel < 0 22y, Jor v e D(A),
m2
1 1 C 1 1
() —cosrabyoll < SO rjabel,  for ve DY),
ma

while for f(x) = sinc /x, the approximation satisfies

Ik (r) —sme(ratyol < D rjab),  for v D(ab)
m2
()

1
ma

19, (r) — sine(rA% )| < o]l for veH.
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The constants C() are independent of T and of A.

Note that the error bounds are valid even for unbounded operators A. The
convergence depends on the smoothness of the initial data only. For bounded
operators resulting from finite difference or finite element approximations of an
(unbounded) operator, these bounds show that the approximation is independent
of the spatial discretization. The convergence is sublinear (cf. Definition 4.1.1
in [23]). In applications, where we aim for using just a small number of Krylov
steps, sublinear convergence may actually be more favorable than linear conver-
gence.

Before we prove this theorem, we need some auxiliary results. First we rewrite
the Lanczos approximations (3.3) as

BVings (Tm)er = gm ((I + 772A)_1)A"v
— P (A)(I 4 472A4) =D 4%,
with polynomials p,,, ¢m € Il,,,—1, where 1I,,,_; denotes the space of all polyno-
mials of degree m — 1 or less. As in [21, 31], the method can be alternatively

characterized as constructing iterates from the class of restricted rational ap-
proximations defined by

Rio) = (B pe ).

LEMMA 3.2. Let A be a self-adjoint positive operator and 0 < a < 1. Then

lyen (1) = (2 Ayl < 2B () T2 [|A%]],

m—1,«
where
2= e sup| LSO
* reR7-1(7) 220 T

= inf sup |¢(x)—q(2)].
9€lm—1 2¢(0,1) ’ v |

PROOF. According to [27] we have
(3.5) q((I + 'yTQA)_l)AO‘v = BViq(Thn)er for all ¢ € I1,,,_1.

From (2.5) and (3.2) we obtain

1
(3.6) e (f(TQA)U - yf‘n(r)) = Yo (1?2 A) A% — BV,q(Tin ey
(37) + /vaq(Tm)el - ﬁvm'wa (Tm)eb
We first bound the right-hand side of (3.6). Using (3.5) we have

1
| balo) =0 (= )l

wa(TQA)AO‘v —q((I+ 'yTQA)fl)AO"U

< sup
x>0
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a=1 a=1/2
J | B} (Yopt)  Yopr Bl (Yops)  Yomr
1 [45-1072 164-107T [ 36-10"T 2.00-10°
5 187-107% 270-1072 || 85-1072 3.10-1072
10 [ 3.2-1073 852-1073 || 5.6-1072 1.74-1072
15 1.6-1073 2.73-1073 || 4.5-107%2 1.18.1072
201 1.0-107% 1.79-1072 | 3.7-1072 1.40-102

Table 3.1: Numerical approximations to the optimal value of 7, vop., and the corre-
sponding value EY (vop:) for f(z) = cos/z

By (3.2) and (3.4), the difference in (3.7) can be bounded by

JaT) = g5 laell < _sup [o@) - g5 @] 147l
xe(0,

o(15) - valo)

by setting = 1/(1 4+ yx). Since ¢ € II,,,_1 was an arbitrary polynomial, the

< sup [|A%w]|,

x>0

statement of the lemma is proved. a
PROOF [of Theorem 3.1]. According to Lemma 3.2 it remains to bound
(3.8) E,”,;”:ia(v) = inf sup ’q(m) — gg‘ (:1:)‘

q€llm—1 z€(0,1]

fora=1and a = %, respectively. The error of this polynomial approximation
problem can be bounded by Jackson’s theorem (cf. [30]). We have

m—1 Y. 1
Em—l,a(’y) S Cuw (gou m) )
where w (¢g;0) is the modulus of continuity of g2 on the interval [0,1]. For
f(z) = cos/z, a straightforward but tedious calculation shows that w (¢7;6) <
C(v)6%, for a € {3,1}. For the f(z) = sinc/z we have w (g];0) < C(y)d5+a,
for o € {0, 1} a
For the practical application of this method one would like to choose v such
that the required accuracy is attained after a minimal number of steps. Lemma 3.2
shows that a priori error bounds for the proposed method can be given by choos-
ing v minimizing E:Z:ll’a(v). We have computed numerical approximations to
this optimal v with the help of the Remez algorithm [24, Section 1.3] to solve the
polynomial approximation problem (3.8). For the cosine function, the results for
a=1and a = % are summarized in Table 3.1. For the sinc function, the results
for a = % and a = 0 are summarized in Table 3.2.
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a=1/2 a=0
] EJJ (Vopt) 70pt Ej (’YOpt) 70pt
1 [16-1001 1.65-10° 2.1-107 5.00-10°1!
5 120-1072 3.13-107! || 8.6-10"2 1.49-10"2
10 | 7.8-107% 2.15-107' || 5.2-1072 6.58-1073
15| 5.2-107% 1.04-10' || 3.8-102 3.51-1073
20 | 3.8-107% 1.02-107! | 3.0-1072 2.20-1073

Table 3.2: Numerical approximations to the optimal value of 7, vop, and the corre-
sponding value E7(vop:) for f(z) = sinc/z.

4 Numerical experiments
4.1 Pseudospectral discretization

We start to illustrate the new error bounds by considering the following simple
problem:

u”:—Au, ’LL(O):UO GV:H&(Ovl)a
ul(O) = U6 €= L2(07 1)’
with A = —Ugg,

o — xr for 0<x
07 ) 1—2z for %<x

IAIA
= N[

and uo = 0. The solution is given by u(r) = 7sinc(rA2)uj). The eigenpairs
(¢r, A\p) of A are

or = V2sin(krz), e = (km)?, k=1,2,---.

It is easy to check that uj € D(A2) = HL(0,1), but u) & D(A). Galerkin
discretization with respect to the subspace Vi = {¢1,---,on} and orthogonal
projection onto the subspace lead to the following system of ordinary differential
equations

(4.1) uy = —Anuy, un(0) =0, uy (0) = uly g,
where
22 k
Ay = diag (7r2, (2m)?,-- -, (N7r)2) , uﬁ\m = {(16\7()2 sin (;) }kl N )

With respect to the relation between Ax and A, one has

1 1
A% unoll2 < [[AZug| =1
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Figure 4.1: Plot of un (1) = 7sinc(tAZ)uly o for 7 = 0.3 and N = 63 (solid) and of the
approximations with the standard Krylov space (dash-dotted) and the rational Krylov
space (circles) for 5 steps (left picture) and 10 steps (right picture).

independent of N. Here, ||- |2 denotes the Euclidean norm in CV and as before,
||-|| denotes the norm of the Hilbert space H (in this example H = L?(0,1)). This
is a particularly simple example of what has been discussed in Section 2. This
property, possibly with a constant different from one, holds for higher dimen-
sions, as well as for finite-difference (cf. [13]) and finite element discretizations
when the projections are properly chosen.

In a first experiment, we compare tl;le standard Krylov approximation to the
solution yn(7) = un (1) = 7sinc(rAR)u)y o of (4.1) with the rational Krylov
approximation for dimensions N = 63 and N = 1023. The parameter in the
rational method has been chosen as v = 0.214, which is the optimal value for
10 steps. However, the method is not sensitive with respect to choosing the
optimal 7. The results for 7 = 0.3 are shown in Figures 4.1 and 4.2. In both
figures, the solid line corresponds to the exact solution. The dash-dotted line is
the approximation in the standard Krylov-space and the line marked with large
circles corresponds to the rational Krylov approximation.

Figure 4.1 shows the approximations for N = 63 and after 5 and 10 Krylov
steps, respectively. As expected, the rational method first finds the low modes
of the solution, whereas the standard Krylov method takes care of the high
frequencies first. This can be seen in the softening of the kink in the first few
iterations. With a finer spatial grid, more and more high frequencies come in
and slow down the convergence of the standard Krylov method, see Figure 4.2
for N = 1023.

These simple experiments illustrate the result of our main theorem, which
shows that the error bounds are independent of the norm of the matrix. However,
they are obviously effected by the smoothness of the data.
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Figure 4.2: Plot of un (1) = 7sinc(tAZ)uly o for 7 = 0.3 and N = 1024 (solid) and
of the approximations with the standard Krylov space (dash-dotted) and the rational
Krylov space (circles) for 5 steps (left picture) and 10 steps (right picture).

4.2  Finite element discretization

Applying the Galerkin method with linear finite elements to the wave equation
of Example 2.1 in the weak form (2.3) gives

d2

(4.2) for all

a2 UV € Vh,

(un(t),vn) = alun(t),vp),

where V}, is the finite element space. For the nodal basis {¢1, @2, ...
finite element approximation can be written as

7901\/'}, the

N
(4.3) un(t) =Y (i, pn = ()}
=1

The initial values are chosen such that

Yy, € Vh,

a(up(0),vy) = a(u(0),vy),
) Yo, € Vi

h
(ur,(0), vn) = (u'(0),vn),

Inserting (4.3) into (4.2) gives the following system of ordinary differential equa-
tions for the coefficients puy, (t)
My (t) + Appn(t) = 0,

1r(0) = prno, 13, (0) = i o,

with the mass matrix M) and the stiffness matrix Ap, which are both sym-
metric positive definite. jp0 and 1, o are the coefficients of uy,(0) and w;,(0),
respectively. The norm in the Hilbert space L? is given by the Mj,-norm of the
1
coefficients, that is [|up|| = ||sllar, = | M2 pn |2
In order to apply our convergence result, we consider the transformation

~ 1 _1

Ap =M, *AM, ?

(4.4) Jin(t) = MZ i (2),
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which leads to
(4.5) fin(t) + Apfin(t) = 0,
with initial values
1 N N 1 N
in(0) = My pno =: fino, 11, (0) = M} i, o =2 I o-

One could interpret the transformation as choosing an orthonormal basis in
the finite-dimensional space. We will now approximate the solution of (4.5) for
[0 = 0 by directly approximating yn(7) = un(7) = cos(rg}%)ﬁh,o with the
new rational Krylov method. The approximation to the coefficient vector pp(7)
after m Krylov steps is denoted by g m(7) which corresponds to the function
Up,m (7).

The following two propositions are easy to prove.

PROPOSITION 4.1. Let up be the vector consisting of the coefficients of the
Ritz projection (4.3) of u. Then the finite element discretization satisfies

_1 ~
M, * Anpinllz = [[Anpinllz < [[Aull,  Vu € D(A),

where fip, and Ay, are defined in (4.4).

With this proposition and Theorem 3.1, the more important following propo-
sition can be shown.

PROPOSITION 4.2. For ug € D(A) let up(7) be the finite element approrima-
tion of u(r) = cos(tA)ug and let up . (T) be the rational Krylov approzimation
of up (7). Then the error is bounded by

.

[un(T) = whm (T = [l (T) =t (7) | a1, < \/ECIIAUOH.

Note that the right-hand side is independent of the dimension of the finite element
subspace.

In a similar way as for the preconditioned conjugate gradient method (cf.
[10]), one can compute approximations to up(t) without explicitly conducting
the transformation. This yields the following algorithm to compute the approx-
imation fip m (T) to pp(T)

v =M, Appno, w= My, 8= VvHw > 0;
v =v/B, wy =w/f
form=1,2,... do

tm—l,m = tm,m—l

Zm = (Mh + ’VTQAh)_lwm

_ .,H
ty,m = Wiy Zm

Um+1 = Zm — tm,mvm - tm—l,mvm—l
Wm41 = thnb-l-l

_ ~H =~
tm+17m Y VUm+1Wm+1

Um+1 = 'Um—i-l/tm-i-l,ma Wm+1 = wm+1/tm+l7m
end for
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Figure 4.3: Coarsest mesh used in first experiment

number of grid points 9 961 3969 16129
error 1.9-107°[15-1078 [ 1.3-107% [ 1.3-10°8

Table 4.1: Exact error after 10 rational Krylov steps for 7 = 0.3 for the second exper-
iment

The algorithm requires the solution of one linear system with the coefficient
matrix My, + v72A; per step and one solve with M), in the initial step. The
algorithm corresponds to the Lanczos iteration

(Mh + 'YTZAh)ithVm - Vme + Bmvm+163;”

where Vi, = [v1 ... vy and Ty, = ()7~ is a tridiagonal matrix. In finite
element approximations, the solution of such linear systems can be computed
efficiently by the preconditioned conjugate gradient method. The approximation

_1 ~1
to yn(1) = pun(t) = M, ? cos(TA} )fin,o for « = 1 is then given by
yflL,m(T) = :u’h,’m(T) = HKh,0 + 7_2 Vmg}/(Tm)el

To illustrate our theoretical convergence results, we consider (4.2) in the two-
dimensional unit square for the Laplace operator with homogeneous Dirichlet
boundary conditions and initial values chosen as

ug : (z,y) — 2(1 —2)y(1 —y), ug = 0.

The initial value ug is in D(A) but not in D(A?). We use a sequence of refined
regular triangulations. The coarsest grid is shown in Figure 4.3. In Table 4.2,
we present the error of ||up,(0.3) — up,10(0.3)|| obtained by the rational Krylov
method with v being optimal for 10 steps. As predicted by Proposition 4.2, the
error is independent of the spatial discretization.

In a second experiment, we use the domain and the mesh with 546 nodes,
shown in Figure 4.4, as well as a coarser mesh with 43 nodes and a finer mesh
with 5723 nodes. We use the same initial data as before on the inner square of
the domain and zero elsewhere. Then we compare the rational Krylov method
with the standard Krylov method, which can be applied to (4.5) in an analogous

1
way (i.e. without using M;> explicitly). The standard Krylov method requires
the solution of a linear system with M}, in each step whereas the rational Krylov
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Figure 4.4: Mesh and domain for the second experiment.

method requires the solution of a linear system with Mj, + y72A;,. We used a
direct solver for both methods, so that both methods required roughly the same
computational work per step. The error ||up(0.3) — up,m, (0.3)|| for both methods
and for the three different meshes is presented in Figure 4.5.
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