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Chapter 1

Introduction

1.1 Motivation

We begin with the (time-dependent) nonlinear Schrodinger equation in the form

v
z%—t+A\p+|\If|2qf=o, (1)

used in nonlinear optics or with the (standard) one-dimensional discrete nonlinear
Schrodinger equation

Z,d\I/n
dz

+ Oé(anJrl + \anl - 2\1171) + H’an‘ijn = 07 (i)

with v € R, p > 0, used for modeling of nonlinear waveguide arrays.

The first equation describes the envelope U of a traveling wave in a weakly
nonlinear and dispersive medium (see [33], [39] and [29]). The character of the
nonlinearity |¥|?¥ is due to the physical properties of the medium (so called Kerr
medium) and

0? 0? 0?
A= 0x? * 03 * 0z3

denotes the standard Laplace operator on R3. Whereas this equation is usually
considered on the whole space corresponding to propagation in bulk media, some
phenomena can be modeled on a smooth bounded domain using the zero Dirichlet
boundary condition (e.g. the propagation of intense laser beams in hollow-core fibers
with a noble gas, see [21]).

By waveguide one understands a medium that allows wave propagation only
along its axes, i.e. it “guides light” (see [28], where the connected concept of a
photonic crystal is also described). The second equation (I) describes the light
propagation in a one-dimensional coupled waveguide array, i.e. the propagation in
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every waveguide is allowed only along the z-axis, the waveguides lie parallel and
regularly spaced on a surface and for every waveguide we take into account only
the interaction with the two neighboring waveguides in the array. The quantity ®,,
describes some transformation of the electric field E, in n-th waveguide (for the
transformation, see [15]). The array is usually assumed infinite (big enough) for
modeling purposes (see [1] and [19]).

Using the standing-wave ansatz ¥(z,t) = e*u(x), A > 0 for the first equation
(1) we obtain the (time-independent) nonlinear Schrodinger equation (NLS),

—Au+ Au = |[ulP~lu (+)

with p = 3. Since the Laplacian A can be approximated by its standard discretiza-
tion, the discrete Laplace operator Ay,

Au(z) = }lll_If(l) Apu(x)

u(z + he;) — 2u(x) + u(z — he;)
Apu(zx) = Z 2
i=1
for all sufficiently smooth v € C3, it is natural to consider the discrete (time-
independent) nonlinear Schrodinger equation (DNLS)

—Apu+ A= |uffu ()

on some (possibly unbounded) subset of the h-grid RY := {hz | 2 € Z}, where d is
the space dimension and p > 1, and to investigate the behavior of its solutions as
h — 0.

Interestingly enough, using the same ansatz ¥,,(z) = ¢"**u,,, A > 0 for our second
motivational equation (I), we obtain the same DNLS in one dimension

Az

—Unp+1 + 2“% — Up

12 — + Aty = pifuu Pt

with h = 1/y/a, i.e. h now describes some physical parameter of the model.
The NLS (+), p > 1 is often treated with variational methods (see [5], [41]) using

the energy functional
Vul | w? fuft
Viu) = —_— A= = —.
() /Q { > T T i

One common notion of solution is the one of ground states, i.e. minimizers of V' (u)
w.r.t. a constraint (see [13] and [8] for details). The ground states usually have

no zeros (see [18], [11]). We therefore restrict our attention to the non-negative
solutions of DNLS.



It is known that the NLS type equations accompanied with the zero Dirichlet
boundary condition on a bounded domain exhibits three different regimes depending
on the parameter p (see [35], [6]). In the subcritical region p € (1, %) all positive
distributional solutions are smooth and bounded. For p > ﬁ we begin to see
so called very weak solution, basically regular distributions that also satisfy the
equation in the distributional sense and may be unbounded. Moreover, for p > %
under some additional regularity assumptions on the solution and the domain the
only non-negative solution is the trivial one (see [36], [20] Chapter 9 and [11], but
also [16] for existence results on other domain types).

It is therefore of interest whether the DNLS in some sense reflects such behavior:
do there exist a priori bounds as defined below or discrete solutions that blow up
for h — 07 See also [31], where the authors discuss how discrete solutions reflect
the symmetry of the corresponding continuous solutions. Such question can also
be important in numerical analysis to distinguish whether the unboundedness of a
numerical approximation is due to the purely computational reasons or is an inherent
property of the discretization (see [12]).

We consider the DNLS both on bounded box domains with the zero Dirichlet
boundary condition (next 8 chapters) and on the whole space (last chapter). An
essential feature of this thesis is the separation of a priori estimates and the conver-
gence theory:

A Priori Estimates Let h > 0, a;,b; € Ry, 1 < < d and define Q := [[, (a;, b;)
(so called admissible domains). We are interested in non-negative functions
u: €, — R defined on the bounded discrete set €, := Q NRY that satisfy the
DNLS ()
—Apu(r) + Mu(r) = |u(z) [P~ u(x)

for z € Q NRY and the boundary condition u(z) = 0 for z € 90 NRYL. 1t is
easy to show (see the proof of Theorem 10.9) that there exists a uniform (for
all such solutions) bound that may be h-dependent. It has been proved in our
joint paper [32] that the a priori estimate

|z (@) = maxu(z)] < K
holds also for all A > 0 (for which Q2 stays admissible) with some h-independent
K > 0. The corresponding statement for Q = R¢, Theorem 10.9, is one of two

main results of the thesis. For the sake of completeness we also present the
proofs from [32] for the one-dimensional case in Chapter 2.

Convergence theory In the rest of the work, we assume a priori estimates in L°°-
norm for non-negative solutions (as discussed above) of the (general) DNLS

—Apu = f(u) ()
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and derive the existence of a classical solution for the corresponding (general)
NLS

—Au = f(u) (++)

by approximating it with solutions of DNLS (k%) (convergence theory), as-
suming only continuity of f. This is Theorem 9.10, the second main result of
the thesis. The advantage of separating a priori bounds from the convergence
theory consists in allowing the same convergence results for other types of
nonlinearities than in (x), provided the L> bounds are already available.

1.2 Outline of the work

The following nine chapters of this thesis can be loosely divided in three parts.

The first part includes the next two chapters and provides motivation and some
fundamental ideas for the rest of the work. In the second chapter a priori estimates
for the one-dimensional NLS (4++), Theorem 2.4, and DNLS (*x), Theorem 2.7, on
bounded intervals for a class of nonlinearities with superlinear growth, that includes
the case f(u) = |u[P"'u — Au from (x), are presented. These results are generalized
to d-dimensional bounded boxes, d > 1, in our joint paper [32].

In the third chapter we deal with the convergence theory on one-dimensional
bounded intervals. A uniform in space and grid spacing bound on the non-negative
solutions of (xx) derived in the previous chapter yields the existence of a classical
solution of (++) in Theorem 3.19; moreover, this solution u € C*((a, b)) N C([a, b)),
a < b can be approximated by solutions u,, u,: [a,b] "Ry, — R of (++) uniformly
on the h,-grids of u, as h, — 0, i.e.

n—o0

Hu — Un”LOO([a,b]ﬂRhn) — 0.

The first two chapters provide the complete theory for bounded one-dimensional
intervals and expose the main technical difficulty for the generalization to d > 2,
namely the need for uniform convergence in Lemma 3.13. We used three ingredients
to obtain it in 1d case. Firstly, we needed the discrete energy estimates from Lemma
3.15 that allows us to control the discrete W'2-norm, i.e. the quantity

2

u(z + h) — u(z) L

h

2 ._
|’uHW01’2([a,b]ﬂRh) = Z

z€[a,b)NRy,

of the solutions u, u: [a,b] "R, — R of (%) through the L>*-norm of f(u). Sec-
ondly, by Lemma 3.11 we have a way to extend a grid function to a continuous one
that preserves Wh2-norms, i.e. the continuous WO1 “_norm of the interpolant can
be controlled by the discrete VVO1 2_norm of the underlying grid function. Thirdly,
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we used that W,?(I) embeds compactly into C'(I) on a bounded one-dimensional
interval I, Lemma 3.13, allowing extraction of uniformly convergent subsequences
from sequences which are bounded in VVO1 2 Since this embedding is valid only for
d = 1, in higher dimensions we have to use W14(Q) spaces which embed compactly
into C'(Q) for ¢ > d and bounded 2 C R¢. This means we have to adapt the first
two steps to the W14 setting.

In the second part, Chapters 4 till 9 we carry out this program. In the forth
chapter we show how to obtain a W4 bound

ullyrey < Cllgllira:
with r > dd—fq and C' > 0 for the unique weak solution of the Poisson problem

—Au=g in Q,
u=0 on Jf)

on a bounded convex domain 2. The main emphasis is to present a proof of this
by no means original result that can be transferred into the discrete setting. At
the heart of the proof lie Lemmas 4.9 and 4.13 that provide pointwise estimates for
Green’s function G of () and its first derivative:

G(z,y)| < Kilz —y[>™% V(z#y) e
10,,G(z,y)| < Koz —y|"™% V(e#y) e, 1<i<d

with some K7, Ky > 0. We spend two next chapters obtaining analogous estimates
for the discrete Green’s function.

We start in Chapter 5 with the basic definition of discrete objects (discrete
derivatives, discrete Green’s function etc) and the crucial Theorems 5.31 and 5.37
taken from [10]. Exactly as one can control the value of a harmonic function in
the center of a ball through the values on the boundary, those theorems allow us to
control discrete derivatives D;'u and DFu of a grid function u, u: €, — R in the
center of a discrete cube ), := QN R¢, Q= (=R, R)?, R > h through the values of
u on the boundary 9Q NRY and the values of Aju in Q NRY.

We then proceed in Chapter 6 with pointwise estimates for the discrete Green’s
function, Lemma 6.3 and its discrete derivatives, Lemma 6.9, analogous to the ones
in Chapter 4

2—d
2

G(z,y) < Killz — y> + vh?) Vz € Qy, Yy €
]D;Z,G(;v,y)] < Kyflr —y)? +’yh2]%, Vo € QU0 Qp,Vy € Qp,1 <i <d,

where K7, K5, > 0 are h-independent. This is the most technical part of the thesis.

5



We reap the fruits of our preparations in Chapter 7, obtaining the discrete ana-
logue to the W1t4-bound of Chapter 4 in Theorem 7.9. As a short intermezzo before
the final step we present in Chapter 8 an interpolation method that provides control
for the WP norm of the continuous interpolant through the discrete W1* norm of
the underlying grid function, Theorem 8.13. We conclude this part with Chapter 9
where the convergence theory from Chapter 3 is carried over to the higher dimen-
sions, yielding Theorem 9.10:

Theorem

Let f: R — R be continuous and assume that there exists a sequence of grid spac-
ings (hp)nen, hn =~ 0 and a corresponding sequence of solutions (uy, )nen of dis-
crete problems (x*) with h := hy, unloq, = 0 and a positive C' > 0 such that
[tnll @, ) < C, ¥n € N. Then, there exists a (renamed) subsequence (uy)en and

a classical solution u € C?(Q) N C(Q) of (x*), ulaq = 0 such that
|un — ull o, ) — 0, asn— oo,

The third and the last part of the thesis consists of only one chapter, Chapter 10.
Here we consider the equation () on the whole grid R¢. We derive an uniform in
space and grid spacing bound for non-negative solutions of (x) in Theorem 10.9:

Theorem
There exists C' > 0 such that ||ul| e ge) < C for all non-negative solutions of

—Apu(z) + du(z) = uP(z), = €RY
uniformly in A € (0, 1] for fixed A > 0, p € (1, df‘g).

By analogy with the continuous case (see [30]) we believe that % is sharp in
the sense that for every p € (d%‘lQ, % + ¢) with sufficiently small € > 0 there is a
sequence (U, )neny Of non-negative solutions with ||u,,|| Leo(rg ) — 00 for n — o0

The proof is based on a rescaling argument and yields a nontrivial solution either

of the continuous equation

—Au(z) = uf(z), xR
or of the discrete equation

—Apu(z) = uP(z), xRy

In the first case we obtain a contradiction to the nonlinear Liouville theorem 10.2
from [22] that prohibits any nontrivial solution. The corresponding discrete non-
linear Liouville theorem 10.8 was obtained in this thesis using a refinement of



the discrete Hardy’s Inequality 10.7 and the discrete version of Agmon-Allegretto-
Piepenbrink principle (see the proof of 10.8).

Finally, using the convergence theory on bounded discrete domains from Chap-
ter 9 we can convert the a priori estimates from Theorem 10.9 into the convergence
result on bounded subsets of R? in Corollary 10.11.






Chapter 2

A Priori Estimates for
One-Dimensional Model Problem

2.1 Model Estimate for Continuous Case

2.1 Motivation (One-dimensional a priori estimate).

The purpose of this chapter is to present the one-dimensional a priori estimates in
the continuous, Theorem 2.4, and in the discrete setting, Theorem 2.7. In both cases
we consider the class of nonlinearites with superlinear growth (see assumptions on
f in the mentioned theorems) that include the classical Schrodinger nonlinearity
f(z,u) = |ulP~ u — Au, p > 1, X > 0 discussed in the Introduction. We begin with
the elliptic comparison in Lemma 2.3 that extends the (elliptic) maximum principle
(see [23] and Lemma 5.15 in the discrete setting) from —u” to —u” — Au with A
below the first eigenvalue.

2.2 Remark (Publication).
The discrete a priori estimate from Theorem 2.7 together with Lemma 2.6 was
already published in [32].

2.3 Lemma (Elliptic comparison).

Let w € C*((—L, L)) N C([—L, L]) satisfy
—w"(z) < Nw(z), =€ (-L,L),
w(—L)=w(L)=0

with 0 < A\g < Ay, where \y = \([—L, L]) = (%)2 is the first eigenvalue of

—u"(z) = Mu(x), z€(—L,L),
u(—L) =wu(L)=0.

Then w <0 on [—L, L].



»
We show that
w (z) = max{w(z),0} € Wy*((—L, L))

for w € C*((—L, L)) N C([—L, L]). To see this, define v(z) := x>0 w'(z). By
monotonicity v 6 L*((—L, L)). Thus, it is sufficient to show
L

| w@e@da-- | Co(@)p(e) da

for all ¢ € C5°((—L, L)).

Since I, := {x € (=L, L) | w(z) > 0} is open by continuity of w, we have

I, = U2, I; with some open disjunct intervals I;, ¢« € N. We define wy, := Xuk_ 1, W,
Vg 1= Xul_k:ljiw’ with w, — wy, vp, — v pointwise, obtaining

/LL wi ()¢ (z)dx = /I+ w(x)g' (v)dz = /1+ ,}E’Sowk(x) cQ(z)da
=§;/&w<x>¢<x>dx=—§;/hwf :

= —lim [ wl)e)dz =— /_L v(z)p(r)da

k—o0 _

by dominated convergence and w(z) = 0 for all = € 91;, i € N.
The Poincaré inequality with the optimal constant yields

L 1 L
/ u(x)Pde < — / ()P da
L )\1 —L

for all u € W,*([~L, L))
Multiplying (%) with w, (z), integrating over (—L, L), we obtain

/L —w'(r)wi(z)dr < Ao /L w(z)w, (z)d .

L —L

After integrating by parts using dominated convergence and applying the Poincaré
inequality we get

[wt@rar< [ ewpar< [ u@ras

Since by assumption A\g < Aq,
L
[ wi@ras=o
-L
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and the Poincaré inequality yields

/_L s (2)2dz = 0.

L

This implies wy =0, i.e. w < 0.
<

2.4 Theorem (Continuous Model Estimate).
Let K >0, L >0 and let

(1°) g:[0,400) — R be continuous, positive and strictly increasing with

(20) limg o0 \/ST =0 for G ng

(3°) f:[—L,L] x R — R be continuous with

flz,s) >g(s) >0, Vs>K,Vee|[-L, L]

Then, there exists M = M(g, L, K) with [ju|/«c < M uniformly for all classical
non-negative solutions of

—U()Zf( u(r)), =€ (=L, L),

)
) (%)
>

(1) Preliminary observation

From (1°) we have G(s) < (s — K)g(s), yielding

S S+ S S

G = (- K)gs) = 9(s)

for s > K. By (2°), the Lh.s of this inequality converges to zero and since the
r.h.s. is positive, we have

S

lim — = 0.
s—o0 ()
This implies that g has at least linear growth, i.e. there exists K; > K such

that
g(s) >s, Vs> Kj.

It follows that
g(s) > Aos, Vs> K,

11



with every 0 < Ao < 1. Let A\g € (0,min{1,\;/4}) be arbitrary, but fixed,

where \; = (%)2 is the first eigenvalue of

—u"(x) = Mu(x), =z € (-L,L)
u(—L) =wu(L) =0.

Since g is continuous, we can set

A, = AoS — >
g 1= max (dos—g(s)), 20,
obtaining
g(s) > Xos > Aos — Ay, Vs > K,
g(s) > Aos — Ay, Vs € [0, K4,
ie.

g(s) > Xos — Ay, Vs >0.
Since f is continuous on [—L, L] x [0, K], we repeat the argument, setting

Ap = Aos — A, — > 0.
= B, Oos = A= 0, 2
z€[—L,L]

Taking into account (3°), we now analogously have
flz,8) > Xos— A, Vs>0,Vee|[-L,L] (+)
with A:= A, + A,.

Proof idea

We have at our disposal two estimates for f. Whereas the linear estimate (+)
holds without any restriction on s, the superlinear estimate (3°) is valid only
for sufficiently large values of s (correspondingly, for sufficiently large values
of u). Let M be the maximum of a non-negative solution u. We can assume
M to be sufficiently large, M > K, otherwise there is nothing to prove. By
continuity of u we have a closed interval, a neighborhood of the maximum
point, where u > K and (3°) still holds. Using this condition it is possible to
obtain an estimate from above for /(x) at the right end of this interval, point
x1. Then, using (4) and a comparison argument on [z, L] we can obtain for
u'(z1) an estimate from below. Comparing these two estimates we will obtain
an upper bound for M.

Auziliary estimate
We want to prove that




for every ;> K > 0. Since g is positive and strictly increasing, we have

G(/uf)—/mg(s)ds—t/u g(Tt)dTSt/ug(Tt)dT

K K/t K

gt/ug(T)dﬁtG(u)

K
for every t € (0,1]. We therefore obtain
Glt)
G(p
1

< ! ;
\/1_G(#t) V1—t

G(w)

vVt € (0,1).

Now the claim follows from monotonicity:

t=—2vT— 1|, =2

1 1 L | L |
- d:t< —— _dt< -~ d
[t e [
Iz G(u n

Descending from mazimum
Let u be an arbitrary, but fixed non-negative classical solution of (%) with
|u]|lo =: M. Without loss of generality we may assume M > K.

We also may assume that M = u(xg) with some zq € (—L,0]. If this is not
the case, we replace u with v, v(z) := u(—=z) which is a solution to (%) with
rhs f(z,v(z)) := f(—z,v(z)). For this r.h.s. both (3°) and (+) stay valid
due to uniformity in = and we then use ||v||oo = ||| co-

Furthermore, we denote 1 := min{z € (z¢, L) | u(z) = K}, x; > .
Now u(z) > K for x € [xg,z1]. Using (3°) we first obtain that

—u"(x) = f(z,u(z)) > g(u(z)) >0, Vz € [xg,x1]

i.e., u(z) is strictly concave and, since u(xy) = M, strictly decreasing on
[0, 1], implying that

u'(z) <0, V€ [xg,x1].

Multiplying (%) with «/(z) < 0, on [z, 1] we also get



Integrating this inequality over [zg, x], zo < x < 7 we obtain

_/xj@dsg/x:g(u@))ul(s)d&
A l(ay)
S + :
\:6_/

u'(z)? > 2G(M) — 2G (u(w)).

< G(u(r)) — G(ulxo)),

Since u'(x1) < 0, in particular this implies

u'(21) < —V2G(M) = 2G(K) = —/2G(M) (1)

and, more generally, from /() < 0 and G(u(z)) < G(M) for = € (g, x1]
follows

u'(z) < —+/2G(M) — 2G (u(x))

viz) < -1
V2G(M) — 2G(u(z)) —

We now integrate over [xg, 1]

T u/(s) B X1 5
/mo G0N — G0 S / tds,

ds < (zg— 1),

ds >z — x,

/ (z1) 1

u(wo) /2G(M) —2G(s)
1
)

/K V2G(M) — 2G(s)

obtaining

ds

xl—xOS/M ! ds= ! /M !
« VRGN 300 T VAGO e i am

(M)

M / L qiee M
G — 7
V2GM) S 1 — COi) V2G(M)

where we have used the auxiliary estimate (1). Taking (2°) into account, we
see that x1 — x¢ as M — oo uniformly for all solutions of (x). We denote

2\

_2 Loy,
3G 2

M, ::min{u>K|

14



and assume M > M, obtaining x; — zy < é Since xy < 0, the length of the
interval [z, L] has a positive lower bound,

L—Ilzg- (#)

Comparison function
We define v: [z, L] — R as the solution of the following linear BVP
—v"(x) = Nv(x) — A,
U<x1) = K7
v(L)=0
with Ao as in (4). Since u satisfies
—u'(z) = f(z,u(z)) = Aou(z) — A,
U(.Tl) = K7
u(L) =0,
we get for w:=0v —u
—w’(z) < Aw(x),
w(ay) = w(l) =0,
and since 0 < A\g < M ([—L,L]) < A([z1,L]), Lemma 2.3 yields v > v on
(1, L]. From u(x;) = v(z1) we get

Flu(zy + h) —u(2)] > $v(zy +h) —v(z)], VYhe (0,L—x)

and consequently, u'(z1) > v'(x1).

We have the explicit representation for v

: A
v(z) = acos(v/ Ao(z — x1)) + Bsin(v/ Ao(x — 21)) + IR
0
From v(z;) = K we get a + )\% = K, implying a = K — )\%. From v(L) =0

we get

A
acos(v/ Ao(L — x1)) + Bsin(v/Ao(L — x1)) + = 0.
0
We have \g < % = (ﬁ)z, implying § > 2v/ AL > +/Ao(L — 71); so, we obtain

B —4A (K - %)cos (VAo(L — 1))
sin (vAo(L — 1)) |

15




Since v'(z1) = Vo3, taking into account (I) we obtain

_%_(K—%)COS(\/)\_o(L_xl)) oy /
Vo sin (vAo(L — 1)) =v'(z1) < u'(21) £ —V2G(M),
\/)\_0)\—0<1—COS (\/)\_O(L—xl)))—i-Kcos (\/)\_O(L—Jm)) 2G (M),

sin (vVAo(L — 1)) -

Using (#), from vAo% < v/Ao(L — 21) < 2¢/AgL < I we have
sin (/oL — 1)) = sin (Vo).

0 < cos <\/)\_0(L _ x1)> < cos ( >\0§> ,

implying that the 1.h.s. of the previous inequality, which is an upper bound
for \/2G(M), depends only on the assumption constants, and we have

Ao /\%—l—Kcos( Xo%) ?
(/) )

G < 3

M < My:=maxqu>K|Gp) <

Putting everything together we get

M < maX{Ml, MQ} = M
<

2.2 Model Estimate for the Discrete Case

2.5 Notation.

For h > 0 denote
Gy :={zh |z €Z},

(a,b)p := (a,b) NGy,
[a,b], == [a,b] NG

and
Df f(a) = 1T =),
Dy f(r) = T

as long as r.h.s. are well-defined for f: Q, C G, — R.
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2.6 Lemma (Discrete Elliptic Comparison).
Let h, L > 0 with £ € N and let w: [-L, L], — R satisfy

—D;f Dy w(z) < MNw(x), z € (—L, L)y,
w(—L) =w(L)=0

with 0 < A} < A?, where A} = 4 sin® (22) is the first eigenvalue of

~ D} Dyulx) = Mufz), @ € (~L, D),
w(—L) =w(L) =0.
Then, w(z) <0, z € [-L, L].

>
We multiply (%) with w,, sum up over (—L, L), and exploit partial summation,
obtaining

1=¥ 3 @)z 3 Didful)-uso
€(—=L,L)n

ze(—L,L)p
S Dfu(e) Diwn(a) + HD}wl—Lywos ) — DiuL — byws(L)]
ze€(—L,L)
= Z Dfw(z) - Difwy(x) > Z Dfwy(x) - Diwy(x).
z€[—L,L)

To see the last inequality let © € [-L, L),. If w(z), w(x 4+ h) >0 or
w(x),w(x + h) <0 then

Dyjw(x)Djfwy(z) = Dywi () D we (2).
If w(z) <0< w(z+h) then Difw,(z) > 0 and D} w(z) > D w, (z), implying
Difw(e) D, () > Dfw, (2) Dy ().

Finally, if w(x) > 0 > w(z + h) then D} w, (z) <0 and D w(z) < Djfw,(z), also

implying
D w(a)Dyfw. (x) > Diw, (2)Df w. ().

Using the discrete Poincaré inequality, we get
h 2 )\8 + 2
0< Z (Difwy(z 2 < Ao Z wi(z) < V Z (Difwy(x))”,
z€(—L,L), L zel-L,L),

and since w, (—L) = 0 consequently w, = 0.
<
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2.7 Theorem (Discrete Model Estimate).
Let K, L > 0 and let

(1°) g: [0,400) — R be continuous, positive and strictly increasing with

(2°) limg e \/%(_S) =0 for G(s) := [ g(t)dt;

(3°) f:[-L,L] x R — R be continuous with

flz,s) >g(s) >0, Vs>K,Veel[-L, L]
Now let h > 0, % €N, L > 4h and denote

Qp, == (a,b)n,
Qh = [a, b]h

Then every non-negative solution u: 2, — [0, 4+00) of

u(x + h) — 2u(x) + u(x — h) .
_ = = f(z,u(z)), x€Q, ()

w(—L) = u(+L) =0

satisfies o
Jullo <M

with some M > 0 independent of h.
>
(1) Preliminary observation

From (1°) we have G(s) < (s — K)g(s), yielding

52 S-S S

G = (5 K)g(s) ~ 9(s)

for all s > K. By (2°), the lhs of this inequality converges to zero and since
the rhs is positive, we have

s
lim — = 0.
S§—00 g(S)

This implies that g has arbitrary linear growth, i.e. for every A > 0 there

exists K, > K such that
g(s) > As, Vs> K,.

We choose \ := \g := ( )2, K, := K,,, yielding

s
L

g(s) > Nos, Vs> Kj.
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Since g is continuous, we can set

Ay = max (A\os —g(s)), >0,

s€[0,K1]
obtaining
g(s) > Xos > Ags — A,, Vs> Ky,
g(s) > Xos — Ay, Vs €0, K],
i.e.

g(s) > Xos — Ay, Vs >0.

Since f is continuous on [—L, L] x [0, K;], we repeat the argument, setting

Ap = Aos — A, — > 0.
pi= max (Aos — Ay~ f(z5)), 20
z€[—L,L]

Taking into account (3°), we now analogously have
flx,s) > Xs— A, Vs>0, Vo e[-L, L] (+)
with A:= Ay + A,.

Equivalent estimation value

Let u be an arbitrary but fixed non-negative solution of (x). We denote M :=
||| and assume without loss of generality that M > K. Since our problem is
symmetrical w.r.t axis reflection, we can assume that M = u(xy) with zy < 0.
Both R := u(zo+ h) and u(zo + 2h) are well-defined due to L > 4h and from
(+) we obtain

2R— M +0 _ 2u(zg+ h) —u(zg) — u(xg + 2h)
h2 Z h2 :f(R)Z)\OR_AZ_Aa
L2
M <2R+ Ah* < 2R+ ATe
i.e. a bound for R implies a bound for M. It is therefore sufficient to find a

bound for R and without loss of generality we assume R > K.

Auxiliary inequality
We show the following auxiliary estimate (cf. (%) in the proof of Theorem 2.4)

/R ds - 2R o
o VG(R)-G(s) ~ /GR)

Since ¢ is positive and strictly increasing we get

Rt R R
G(Rt):/ g(s)ds:t/ g(tT)dTSt/ g(t)dT =tG(R) >0

K K/t K
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for every t € (0,1). This yields

G(Rt)
<

am =

1
T V1t
for the same values of ¢t and we get
/ _ R dt / dt
VG G(S) \/G G(Rt) \/G \/1

2R

\/— \/1—25 VG(R

Descending from mazximum

Since 0 < K < M, there exists z1 € [z, L — h];, such that u > K on [xq, 1]
and u(z1+h) < K. Since R > K, we have x1 # xg, i.e. [xg+h,z1] # (). Using
(1°) and (3°) we see that

Dy Dyulx) = —f(u(x)) < —g(u(x)) <0,
Dyu(x +h) — D u(x) <0,
D, u(z+h) < Dy u(x)

as long as « € [zg, z1]p. It follows inductively that

Dfu(xz) = Dyu(x+ h) < Dyu(z) < ...< Dyu(zo+ h)
w(xg+h)—M <0
N <

= Dru(zg) =
= u(r+h) < u(z)
as long as z € [xg + h, z1]p.

Derivative bound at the end of the interval
We now want to derive an upper bound for the forward difference of u at ;.
For = € [z + h, z1], we have on one hand, using (3°)

—Djf ((D;, u(z))?) = —=Dif (Dyu(z) - Dy u(x))
= —D; u(z + h) - D} Dy u(x) — Dy u(x) - Dif Dy u(x)
= —D; Dy u(x)(Dyu(x + h) + Dy u(x))

Y \a

>g(u(z))>0 <0 <0

< g(u(z)) Dy u(z + h) = g(u(z)) Dy u(x)
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and on the other hand with some @ € [u(z 4+ h), u(z)]

(z+h)
D G(u(e) = § (Glute+ ) ~Glute)] = 1 [ gt as

= () T 5 e D u(a),

since @ < u(x) implies g(u) < g(u(z)), and D; u(x) < 0. Together, we obtain
—Dyy (D u())?) < Dy G(u())
on x € [xg+ h, z1], and summing up over [zg + h, x];, © < x1 we also get
— (Dyute+ )" < = (Dyute + )"+ (Dyulwo + 1)
- Y b [(D,;u(z)ﬂ h< > DfGu(x)h

zE€[xo+h,x]n z€[xo+h,z]n
= G(u(z +h)) — G(u(zo + h))
= (Dyu(r))* > G(R) — G(u(w + h))

J

-~

<0 >0

and finally

Dfu(z) < —y/G(R) — G(u(z + h)) < 0. (1)
In particular, this inequality holds for 1 € [xg + h, z1].
(6) Shrinking interval

We now want to show that [z, 21] shrinks as R goes to infinity. More precisely,
we want to show that

2R
1 — X S .
G(R)
Consider n q
t
#(t) := t ) - ds, tel0,R]
/ o 1
A (t) := ORI <0, tel0,R)

with ¢ being well-defined due to (). Since G(t) is growing on [0, R), the
derivative s/(t) is decreasing on that interval. We gather

1 (z+h) 1 [ul@)
D s(u(z)) = E/ i (t)dt = E/ —(t)dt
u(x) u(z+h)
-1

> —s(u(x + h)) - (=Djfu(z)) = NEGEEE: h))D;{u(x)
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Rewriting (1)

Difu(z) < —/G(R) — G(u(z +h)) <0, V€ [vo+h,21]n
—Djfu(x
VG - Glte T )

we get
D se(u(z)) > 1.

Using this and (1) we obtain

Ty — To = Z h < Z Djf se(u(x))h

z€[zo+h,z1]n z€lzo+h,z1]n

w(u(xy + h)) — 2(u(xo + h)) = s(u(zy + h)) — 2(R)

:/R L dsg/R L ds < 20 .
a(i+h) /G(R) — G(s) o VG(R)—G(s) G(R)

From (2°) we can define

2 L
Rlzzmin{T>K| P SE, ‘v’er}.

Assuming now R > R;, we have

2o B

L
$1—$0§§:>L—$12

Preparations for comparison function
Let A\ be the first eigenvalue of

—Di Dy v(z) = Mv(z), =z € (a1, L),

v(zy) =v(L) =
Note that
L _ 4h
L—21>=—>—=2
T 5 5 h

Since, exactly as in the continuous case, we have the representation
v(x) = acos(v(z — z1)) + Bsin(v(z —z1)), € [1, L],

22




for the general solution, plugging in the boundary conditions we find o = 0
and setting x — xy = kh, k € N we also get

1
— D D, sin(v(x — x1)) = —— (sin(vkh + vh) — 2sin(vkh) + sin(vkh — vh))

12
= —%(2 sin(vkh) cos(vh) — 2sin(vkh))
22 4sin’ (%
_ Sin(ykh)w - sin(ykh)%m
4sin?(4h
= sin(v(x — 1)) SH;LQ( z )

For the first (positive) eigenfunction we have

m ~

: 2 7h
4 sin (m)

Vl(L—CL’l):ﬂ':>V1:L — M= X)) = 12
—
We define v, = 5 = m and

4 7h
M= \w) = = sin? | —— ) .
; (V) 72 sin (4(L—x1))
We aim to show that the double-sided estimate
L

results in a double-sided estimate A" that is independent of h.
We have

™ < 141 ™

N p— ]j* —_—

4L — 2 2(L — xy)
and from L > 4h also

s
< =
- L

7h vih  wh  wh
_— = < — < — =
4(L — xq) 2 — 2L — 8h

|

This implies, A" < A" and, moreover, on one hand

)\h:4Sin2 (ﬁ) 3 4(&)2 :( - )>2§ (z>2:)\0

* h? - h?
and on the other hand

) mh in2
wilatn) o wlae) e g
2

A= =
- h? (4@_@))2 ( < )2 TAL-)r ()
4(L—z1)
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since sin(z)/z is monotonically decreasing on (0, 7]:

—tsint + cost < cost, vt € [0, 7],
/ d (t cost) §/ d(sint), Vz € [0,7],
0 0

xcosx —sinx < 0, Vo € [0, 7],

(SinZ’)/ _ wcosw —sinz 0. Vi e (0.7,

T2

(8) Comparison function
We define v: [z, L] — R as the solution of

—Dj D, v(x)

v(z1)

v(L)

") — A,z € (zy, L),
(z

A
(),
0.

Since u(x) > 0 satisfies

—D;f Dy u(x)
u(ry)

u(L)

for w := v — u we have

flu(x)) > Xou(z) — A > Nu(z) — A, Vo € (x1,L)
(z1),

u
0

— Dy Dy w(x) < Nw(x), Va € (xy, L),
u(z1) = w(L) =0

with 0 < A* < A From discrete elliptic comparison 2.6 we obtain v(z) < u(z)
on [z1, L], and due to v(x1) = u(x1) also Dy v(zy) < Difu(zy).

We want to estimate D, v(x1). To this end we use the explicit representation

A
v(z) = acos(vi(x — x1)) + Bsin(ve(r — x1)) + W
From v(z1) = u(z1) we get a + £ = u(zy), thus @ = u(z;) — £. From
v(L) =0 and v (L — x1) = %I(L —1) = 5 we get
. A A
0= acos(vu(L —x1)) + Bsin(vu(L — z1)) + Ui B+ = f o= %
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We evaluate D; v (x):

hDfv(zy) = v(zy + h) — v(z1) = acos(vih) + Bsin(v.h) + A a— —

)\h

*

= a(cos(vh) — 1) + Bsin(v,h)

Since Dy v(z1) < Dfu(zy), using (1) and u(z;) < R we get

%[a(cos(y*h) — 1)+ Bsin(wh)] < \/G MEE))
=] = \/G <\/G x1+h))
E a(l — cos(y*h)) Bsm(y*h)]
1—cos(vh) = Asin(v.h)
h Ak
<0
1 (vih) A sin(v.h) + cos(v.h) — 1
— cos(v, sin (v, cos(vih) —
<« po__TRA\TY 7
<R . + i "
1 —cos(vh)  Av, sin(vih)
<
L V)
T Am

< i
VA AV

implying

G(R) _ G(K) (%+%)2

<G(K)+ z_}_ Ar \°
- K? L MK

Since G(t)/t? — oo as t — oo, we have the following bound

R<m1n{r>K]G()2 I(()—i—(z—l— Ar )2 Ver}.

2 L MK
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Chapter 3

Convergence Result for
One-Dimensional Model Problem

3.1 Discrete formulation

3.1 Motivation (Model Problem).

In this chapter we consider the convergence problem in the simplest, one-dimensional
setting. The aim is to present the essential ideas without the burden of technicalities
and to point out the main difficulties which arise in higher dimensions.

3.2 Convention (Admissible grid spacings).
The grid spacing h is called admissible for the interval [0, L] if £ € Z,. We assume
all grid spacings in this chapter to be admissible.

3.3 Notation (Grid).

We denote by M), := {z;}%, Ny, := L/h the equidistant grid on [0, L] with grid
spacing h, i.e. h =x; — x;_1, 1 <1i < Nj,. We also denote M), := {xi}ZN:’Lfl.

3.4 Definition (Finite Differences).

For w: M; — R we define the forward finite difference quotient by

u(Ti1) — u(z;)

Diu(x;) := : ; 0<i< N, —1,
the backward finite difference quotient by
D;U(LUZ) = U(xl) — U('Ii_l)u 1< < Nhu

h
and the discrete Laplace operator by
Apu(z;) := D Dy u(z;) = D;, Difu(z;)
w(wiv) — 2u(x;) + u(zi—q)

- 3 . 1<i<N,—1.
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3.5 Lemma (Summation by parts).
Let u,v: M; — R. Then

Z D u(x;)v(x;)h = — ‘ w(x;) Dy v(z)h + u(zy, )v(en, —1) — u(zr)v(x),
Z Dy u(x;)v(z;)h = — . u(z;) D v(xi)h + u(zn, —1)v(xN, ) — w(zo)v(a).
»

Direct calculation yields

Z D u(ax;)v(x;)h = Zu(wz)v(ajl_l) — Z u(z;)v(z;)
S Z_ u(z;)(v(z;) — v(wi—1)) — w(zr)v(zo) + u(zy, )v(TN_1)
= _ z_: w(x;) Dy v(z)h 4+ u(zy, )v(an, —1) — u(xr)v(x).

Swapping v and v in the first equality we obtain the second one.
<

3.6 Definition (Discrete Formulations).
In the classical continuous setting we are looking for u € C?((0, L)) N C([0, L]) such

that
—Au(r) = —u"(z) = f(u(z)), =€ (0,L),

u(0) = u(L)

~—

(BVP)

I
o

with some f € C(R).

In the discrete case we are looking for u: M, — R that satisfy one of following three
equivalent formulations (see the next lemma).

The classical discrete formulation for (BVP) is the problem

—Apu(z) = f(u(x)), =z€ Mh,

w(0) = u(L) = 0. (Fa)
The weak discrete formulation for (BVP) is the problem
Nyp—1 Nyp—1
> Dfu(w)Difolzi)h =Y flulx:)e(x:)h, ,
i=0 =0 (£7)
u(0) =u(L) =0,



where equality has to hold for all ¢: M), — R with ¢(0) = ¢(L) = 0.
The very weak discrete formulation for (BVP) is the problem

=D ulw)Anplah = 3 flulz)p(h (FY)
u(0) =u(L) =0,

where equality has to hold for all ¢: M), — R with ¢(0) = ¢(L) = 0.

3.7 Remark (Summation sets).

The summation sets in the right hand sides of (P}) and (P}’) are chosen for the sake
of symmetry with the corresponding left hand sides; condition ¢(0) = ¢(L) = 0
naturally implies

3.8 Lemma (Equivalence of the discrete formulations).
The discrete formulations (P,), (P;) and (P}) are equivalent.

>
Let ¢: M), — R be a grid function with ¢(0) = ¢(L) = 0. We multiply (F,) with
@ and sum up over 1 < < N, — 1

) - X' =Dy ulws) + Dy u()

> fuole) = = 3 Sunlaelr) = 3 L
- NZ DRI oy 4 i AN
- NZ DS iy 4 NZ LW
- 3" Diuta Do

Adding f(u(xg))e(ze) = 0 to the left hand side, we get (B,) = (F}).

Since u(0) = u(L) = 0, we can expand > D; u(x;) Dy ¢(x;) backwards, swapping u
and . This yields (P)) < (P)).

Plugging ¢;: M, = R, 1 < j < N, — 1, ¢;(z;) = 0;;, 0 < i < N into (P)) and
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(P)) and in each case dividing by h we obtain (P,):

_ Dju(x;) | Dyu(wj)

f(ulzy)) = P N = —Apu(r;), 1<j<N,—1,
1

flulay) == u(z)App(a:) = —Apu(a;), 1<j<N,—1
i=j—1

<

3.2 Main result for the model problem

3.9 Announcement (Convergence Theorem).

Let f: R — R be continuous and assume that there exists a sequence of grid spacings
(hn)nen, hn "Z8°0, a corresponding sequence of solutions (Un)nen, Upn: My, — R of

discrete problems (P, ) and a positive C' > 0 such that

[unllL=asy,,) = max{fun(z)| | 2 € My, } <C, YneN.

Then, there exists a (renamed) subsequence (u,),eny and a classical solution u €

C%((0, L)) nC([0, L]) of (BVP) such that
|tun — ul[zo(ar,, ) — 0, asn — oo.

3.10 Notation (Linear Interpolation).

For u: M, — R we denote by @: [0, L] — R the piecewise linear approzimation of
u, i.e. u(x) =u(x), Yo € M), and @ is linear on [x;, z;41], 0 <1 < Nj, — 1.

3.11 Lemma (Regularity of linear interpolation).
For u: M, — R we have & € W,*((0, L)) with

Np—1

[ @ as =3 prut)

>
We have the following explicit representation

(z) = U(Im)h— u(;)

and pointwise
W' (x) = Difu(z;), @ <z <z, 0<i<N,—1.
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Continuous piecewise differentiable function on the real line are weakly

differentiable. We also have
Np—1 g, +1 Ny, —1

/ dx—Z/ dx—Z|D+ u(z;)]

3.12 Motivation (Embedding results).

The following classical embedding result is exceptional to R!. Since the proof is
short and does not involve geometrical considerations, we find it suitable to present
it here. This result can be extended to the compact embedding W2 — C% for all
a € (0,1/2), see [2], Chapter 6.

3.13 Lemma (Embedding results).
Let u € Wy?((0,L)). Then there exists @ € C([0,L]), @(0) = @(L) = 0 with
ulgy = wae Now let (up)pen C Wy 2((0, L)) with [Jug|lwiz.z) < C for some
C > 0. Then, there exists @ € C([0, L]) such that @, = @ (i.e. uniformly on [0, L])
up to a subsequence as n — oo, where u,, — u,, is defined as above.
>(1 ) Continuous embedding
Let uw € C§°((0,L)). We can extend it to uw € C([0, L]), u(0) = u(L) = 0.
Identifying v and % we obtain

u(O)—l—/OIu’(t)dt‘ §/0L|u'(t)\dt

L
<VI / w(t)2dt < VIulwizor-
0

u(z)] <

Taking the maximum, we get
ulloqo.r)y < VIIullwrzo,r)- (+)

Now let, (tn)nen € C3°((0, L)) be such that u, — u in Wy?((0,L)). Since
(tn)nen is a Cauchy sequence in Wy*((0, L)) it is also (after the extension) a
Cauchy sequence in C([0, L]). For limit @ € C(|[0, L]), u, = @, we also have
u, — win L*((0,L)). This yields @ = u a.e.

(2) Compact embedding
From (+) follows that (u,)nen is also bounded in C([0, L]). In order to use
Arzela-Ascoli theorem we need only to show equicontinuity. Without loss of

generality assume z < y, then
Yy Yy Yy
lun(x) — un(y)| = / u t)dt‘ < / |/, (t)[>dt / 1d¢

< Munllwrzqo,onyvy — o < CVy — .
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<

3.14 Convention.
We will identify the function v € W, ((0,L)) with its continuous representative
u € C(]0, L)) in the sense of the previous lemma.

3.15 Lemma (Boundedness).

Let f: R — R be continuous and assume that there exists a sequence of grid spacings
(hn)nen, a corresponding sequence of solutions (uy,)nen, Un: My, — R of discrete
problems (P, ) and a positive C' > 0 such that

tnll oo ar,, ) < C, ¥n €N,

Then, there exists C' > 0 such that

A

litnl 2o,y < €, ¥n €N,

>
From the uniform boundedness of (u,),en and the contmmty of f we get
| f (un)|| oo (0, ) < C for some C' = C(C, f) > 0. We denote N,, := N, , obtaining

Np—1 Np,—1

L
/(”)dx—Z|D+unxl|h qunx, Nt (x5)hy < CCL L=:0C.
0

<

3.16 Remark (Higher Dimensions).

The uniform convergence in the previous lemma is essential. In higher dimensions
we have to use discrete LP-estimates instead of the energy estimates in order to
apply compact embeddings.

3.17 Lemma (Passing to the limit in the linear part).

Let f: R — R be continuous and assume that there exists a sequence of grid spacings
(hn)nen C Ry, a corresponding sequence of solutions (uy,)nen, tn: My, — R, N, :=
Ny, of the discrete problems (P, ) and a positive C' > 0 such that ||uy ||z~ (s, ) < C,
Vn € N. Then, there exists a (renamed) subsequence of (uy)en such that

Np—1

— Z U (23) Ap, () by LEN / z)Ap(z)dz,

for all ¢ € C3([0, L]) and
Uy =3 U

for some u € C([0, L)), u(0) = u(L) =
>
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(1) Subsequence in C*([0, L])
The functionals

c(o,L])) = R
D, : Nl

U Z U () U (23) Py

are uniformly bounded in n, because

10 (O)] < Nwnll poe (ag, ¥ Mleqo.n L < CLI o,z

*

Due to separability of C([0, L]) there exists ® € C*([0, 1]) such that &, — ®
up to a (renamed) subsequence.

(2) Extending the limit element to L*([0, L])
For any U: M), — R we denote

Np,
RIZERE=IN DI S CALS
=1
From
Np—1 Nn, Nn,
P (P) = | D un(@) (i) hn| < (| D w2 (@) oy | Y W2 (i)
=1 =1 =1

< CVL|¥] 201,
letting n — oo we get for a fixed ¥ € C([0, L])
[@(T)] < CVL[ ¥ 12(0,1)-

Since C([0, L]) is dense in the complete space L*([0, L]) we can extend ® by
continuity onto L*([0, L]). We denote by @ € L*([0, L]) the Riesz representative
of this extension.

(3) Convergence )
For U: M;, — R we set @,(¥) := &,(¢)). We want to show that

Bal=B0,9) = = D ) B gl = — [ Bp()i()dr = a(-2p)

=1
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for every p € C3([0, L]) as n — oo. For ¢ € C3([0, L]) we have the consistency
A, 0 = Ap|l oo ay, y — 0 as n — oo,
implying
|Pn (=LA, 0+ Ap)| < CL||Ap, o = Apll g, ) = 0 a8 0 — o0

Hence, letting n — oo we get
L
D, (—An,p) = Pu(—Ap) + Cu(Ap — Ap, ) = &(~Ap) = —/ WApduw.
0

Identification of u

We now want to show that @ can also be obtained as an accumulation point
of (ty)nen in C([0, L]). Taking the (renamed) subsequence (uy,)nen that cor-
responds to the extracted subsequence used in the first step and applying
Lemma 3.15 and Lemma 3.13 we extract a (renamed) convergent subsequence
(Gn)nen with a limit uw € C([0, L]), @, = u as n — oco. We now only need to
show that u = u, yielding also uniqueness of u for fixed ® from the first step.
First we show

L
O (—Ap,0) 0 = | u(@)Ap(r)dz, Ve e C([0,L)).
0

We get

Np—1 Np—1
P (—Ap,p) =— Z Un (23) Ap, (i) hyy = — Z U () A, (i)
i=1 =1
No—1 No—1
== (@) Ap(@i)hn + D () [Ap(wi) = Ao ()]

= i=1
No—1 No—1

=— Z u(z;) Ap(x;)hy, + Z tin (i) Ap(2i) b

Nn—l

+ Z @n(xz)[AgO(xz) — Ahn¢(xi)]hn

LEN —/OLu(m)Ago(x)dx,

since for n — oo

ﬁfOL |A<p z)|dx

—>0 A o

Np—1

> [u(@:) = @ (2:)]Ap(w:) hy

i=1

n

< ‘ unHC[OL] Z xz |h — 0
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and

Np—1
L= ) (@) [Ap(w:) — Ap, (@) hn
=1
Np—1
<D (i) [ | Ap — A, ll ey, ) = 0-
=1 r>0
<CL

We now have

/0 fu(z) — a(a)]¢"(z)da = 0, Vi € C3(0, 1)),
implying B

/0 () — @) () dz =0, Vo € C((0, L]).

< Since C1([0, L]) D C5°((0, L)) is dense in L*([0, L]) we have @ = u a.e.

3.18 Lemma (Passing to the limit in the nonlinear part).

Let f: R — R be continuous and assume that there exists a sequence of grid spacings
(Bn)nen; hn "= 0, a corresponding sequence of solutions (i, )nen, tn: My, — R,
N, := N, of discrete variational problems (P}, ) and a positive constant C' > 0
such that [[un |z~ ) < C, ¥n € N. Then, there exists a (renamed) subsequence
(tn)nen such that

Np—1

> flunapladh == [ futa)ple) da,

for all ¢ € C([0, L]) and
Uy =3 U
for some u € C([0, L]), u(0) = u(L) = 0.
>(1> Subsequence in C*([0, L])
The functionals
c(l0,L]) = R
D, gl

U Z F(un ()0 () hay

are uniformly bounded, because

|[Pn (W) < (1 ()l oo () [ lloo,en L < [ Flloe -0 [Pl oo, L-

Due to separability of C([0, L]) there exists ® € C*([0,1]) such that ®, = &
up to a (renamed) subsequence.
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(2)

Extending the limit element to L*([0, L])
From

|@n (V)] = Zf(un(ﬂfi))‘l’(ﬂfi)hn < Zfz(un(ﬂfi))hn Z‘I’Z(%’)hn

< Nl —cenVIN® 2o,

letting n — oo we get for a fixed ¥ € C([0, L])

|D()| < || £l (-c.op VN | r2qo.0)-

Since C([0, L]) is dense in the complete space L?([0, L]) we can extend @ to
L3([0, L]). We denote by F' € L?([0, L]) the Riesz representative of ®.

Identification of F

We take the (renamed) subsequence (u,),en that corresponds to the conver-
gent subsequence in the first step. Using Lemma 3.15 and Lemma 3.13 we
now extract from it a further (renamed) convergent subsequence (uy,)nen, this
time with @, =2 u as n — oo for some u € C([0, L]). Our aim is to show that
F = f(u), also implying that « is unique once F' is fixed. We have

- i Fun (@) (i) hn = i () (@) hn

Z fu(z;))o(x) by + Z flin(2:) — f(u(z:))lphn
_>/ f(u x, asn — oo, for all p € C([0, L)),

provided

Z fan(x;)) — flu(x;)]e(x;)h,| — 0.

=1

But this claim follows from uniform continuity of f on [—C,C] and uniform
convergence of i, toward u. We have therefore

/0 F(u(e) — F@)p(@)dz =0 Yo € C((0,L]).

Since C([0, L]) is dense in L?([0, L]) we finally obtain f(u) = F a.e.
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3.19 Theorem (Convergence Theorem).

Let f: R — R be continuous and assume that there exists a sequence of grid
spacings (hn)nen, hn "2 0 and a corresponding sequence of solutions (Un)nen
of discrete problems (F,) and a positive C' > 0 such that |[u,||zes, ) < C,

Vn € N. Then, there exists a (renamed) subsequence (u,),eny and a classical so-
lution u € C?((0, L)) N C([0, L]) of (BVP) such that

|un — u||Leoar,, ) — 0, asn — oo.

>

Using the convergent subsequence obtained after applying Lemma 3.17 as the
initial sequence for Lemma 3.18, we obtain a subsequence of (u,),en for which the
claims of both those results hold with the same uniform limit, so letting n — oo we
have

/OL )= | flule)e@) .

for all ¢ € C3([0, L]) with ¢(0) = ¢(L) = 0 with some u € C([0, L]),
u(0) = u(L) = 0. Let v € C?((0, L)) N C([0, L]) be the classical solution of

—v"(z) = f(u(z)), x€(0,L)
v(0) =v(L) = 0.

Taking the weak formulation of this BVP and subtracting it from the weak
formulation of our original problem we get

for all ¢ € C?([0, L]) with ¢(0) = ¢(L) = 0. Repeating the final argument from
Lemma 3.17 we get u = v a.e., i.e. u € C%((0,L)).
<
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Chapter 4

A Priori Estimates for Convex
Domains in the Continuous Case

4.1 Estimates for Green’s function

4.1 Motivation (Continuous case).

The results in this chapter are either known, often in a much stronger form ([4],[40])
or classical ([20],[23]). They and especially their proofs are presented here in order
to provide an guideline for and to motivate the corresponding discrete results in the
following three chapters. As in the previous chapter this has the advantage of sep-
arating the essential ideas from the technical difficulties arising from discretization.

4.2 Convention (Dimension).
We will always assume d > 3.

4.3 Announcement (Regularity estimate [4]).
Let Q C R™ be a bounded and convex domain. Let f € L(2), ¢ > %’p for some
1 < p < oo. Then, there exists a unique weak solution u € VVO1 () of the boundary-
value problem
~Au(z) = f(z), T,
u(z) =0, x € 0N

and it holds
ulliy < C(d,p, g, Q)| fllq,

with some C(d, p, q,) > 0.

4.4 Notation (Generic constants).
We reserve the letters K and K* to denote generic constants, i.e. expressions like

A(z) < KB(x)
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mean that

A(x) < CB(x)
for some particular real number C' > 0. We explicitly allow the case B(z) = 1.
The same generic constant within a chain of inequalities can stand for different
particular constants; the change of particular constants is indicated by adding or
removing of asterisk, i.e. in

1) (2) (3) (4)
A(x) < KB(z) < K*C(z) < K*D(z) < KP(x)

the particular constants may need to be changed in the second and fourth inequali-
ties, one can always choose the same particular constant in the third inequality, and
K in the first and in the last inequalities can stand for different particular constants.
Using the notation
A(z) < KB(z) <: CB(x)

we pick some particular constant C' for which the previous inequality holds. If we
have some (fixed within our consideration) quantities si,...,s,, n € N, we write
K(s1,...,8,) to indicate that the corresponding particular constants can be chosen
depending only on those quantities.

4.5 Theorem (Classical existence result).
Let 2 be a bounded convex domain. If f is a bounded, locally Holder continuous
function in €2, then the classical Dirichlet problem

—Au=f in Q,
u=@ on 0

is uniquely solvable in C%(Q)NC(Q) for any continuous boundary value ¢ € C(99).

>

The proof follows from Theorem 4.3 in [23] and the fact that convex domains
have regular boundary by the exterior cone condition, see Chapter 2 in the same
book.
D |

4.6 Definition (Green’s Function).
We denote by ®: R?\ {0} — R,

1

() = = %m

o2

the fundamental solution to Laplace’s operator —A in R¢, where wy denotes the
volume of the unit ball in RY. We have —Au = f for

ue) = [ Ba-iwdy cer
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as long as f € C°(RY) (see [23]). B
For © C R? open and bounded we define the corrector function p:  x Q — R
as the classical solution (if it exists) of

—Ay@(x>y) = 07 Yy € Qa

for all = € € fixed.
Green’s function (if it exists) is defined by

G(z,y) == 2y —z) —p(z,y), V(z#y) e

4.7 Remark (Representation and smoothness).
It is a classical result ([20], [23]) that if the corrector function is sufficiently smooth,
o(z,-) € C?(Q)NCHQ) for all z € Q, then the solution u € C*(2) N C(Q) of

—Au(z) = f(z), x €,

u(z) =0, x € 0, ()

has the representation

W= G f o u(z) = / Glr.y)f(y)dz, zeQ, (+)

Q

provided f € C%*(Q) with some « € (0, 1] and the boundary of  is C2.

The existence of G satisfying (+) for the weak solutions of the Poisson problem
(%) can be obtained on general bounded domains (see [37] and [24]).

The following theorem states that in the case of convex domains the representa-
tion via the corrector function also holds.

4.8 Theorem (Green’s representation on bounded convex domains).
Green’s function G: Q x 2 — R exists for every bounded convex domain 2. More-
over,

ua) = [ Gafw)dy, ze9
satisfies the equation
—Au(z) = f(z), z€Q,
u(z) =0, x € 01,
for f € C5°(92).

>
The existence and uniqueness of G follows from Theorem 4.5. Using Definition
3.2.3 from [27] we construct G: Q x © — R such that G(z,y) = ®(x —y) — h(x,y)
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with Ayh(z,y) =0 for all x,y € Q. Theorem 3.3.15 from the same book yields
lim,,, G(x,2) =0 for all z € Q, y € Q. This implies ¢ = h and G = G. We now
use three other theorems from [27]. From Theorem 3.4.10 we obtain —Au = f for

u(z) = / G, y)f(y) dy

with f € C5°(€2) and from Theorems 3.3.9 and 3.4.17 we also have lim,_,, u(z) =0
for all z € 09, i.e. u is the classical solution to (x).
<

4.9 Lemma (Rough estimate for Green’s function).
Let G(z,y) be Green’s function for a bounded domain € C R?. Then it holds

0<G(x,y) <Klz -y, V(z#y) e

(1) Estimate from below
Let x € Q be arbitrary but fixed. The corrector function ¢(z,-) is har-
monic and therefore bounded. Since ®(z,-) is positive and unbounded in
every pricked neighborhood of z, there exists e > 0 such that G(z,y) > 0
for all y € B(x,e) \ {z}. We now apply the minimum principle to G(z,-) in
Q\ B(z,¢e) to obtain the claim.

(2) Estimate from above
From minimum principle for the corrector function we have ¢ > 0. The
representation formula now implies

Glz,y) <O(y—z) < Klz—y[* % V(z#y) e
<

4.10 Motivation.

From the structure of Green’s function one sees that G(z,y,) — 0 for z € Q,
T # yp = y € 08, as n — oco. The symmetry of Green’s function implies also
G(zn,y) = 0 fory € Q, y # x, — x € 9, as n — oo. The following inequality
reflects this behavior. Another possible way of looking at this result is to consider
a sequence (T, Yn)nen wWith z, — = € 99, 0 # |y, — xz,] — 0 as n — oo. The
following estimates states that G(x,,,y,) will stay uniformly bounded provided

dist(z,,, 0Q) < Ky, — x|

4.11 Lemma (Combined estimate for Green’s Function, [40]).
Let 2 C R be an open, bounded and convex set. Let G be Green’s function for €.
Then, it holds
Gla,y) < Klz —y™6(@), V(v #y) e,
where §(x) := dist(z, 02).
>
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(1)

Auziliary function
We construct a harmonic function to be used later in a comparison argument.

Denote A := Bu (0)\ Bé(O) and let h: A — R be the classical solution of

“Ah=0, z€A,
h(z) =0, =€ dB(0),
h(z) =1, z¢€ 83%(0).

We show that

1 1 11
h(tz)gz(t—g), Vte{g,g}, Vee S ={zecR||z| =1}

holds for some s > 0. Since the limit

fm P02 gy, PETES) RGO, (5> — grad b <§> 2

t—1+0 t— % 7040 T 0z 5)

is uniformly bounded on S; (23], Ch. 6), the claim follows. We also define
A, = e¢A = {ex | x € A} for all ¢ > 0 and the corresponding functions
he: A — R by h.(z) := h(%), obtaining

tz t—<¢ e 1le
he(tz) h(g)_%( . >, WE[S’T}’ Vz e S

FEstimate

To prove the estimate we fix a point y € {2 and consider two cases
(i) |z —y| < 20(x). In this case we have

G(z,y) < K|z -y~ < Ko — y|'" ().

(i) |z —y| > 20(z) [& d(x) < M?Z;m]
Setting € := i|x —y| we obtain 2e = W—;y‘ > §(z). Let 2/ € 9 be a point

B (2’ —x)
5(z'—=)|"

and Q is convex, the open half-space {p € R? | (p — ', 20 — 2') > 0} does
not intersect €. Therefore, B(zg, ) N = {z'}.

We show that the estimate |z — 2| < 3¢ holds for z € T, T := B(zo, L&) N
Q. Denote by 2’ the projection of z onto the line joining z and 2/, i.e.
z—x=(z—2)+ (¢ —x), (z— 2,2 —x) =0 (see Figure 4.1). Now

with |z — 2| = d(x) and denote x¢ := 2’ + Since |z — 2| = 0(2)

43



Figure 4.1

lz—x|=+/]7 — 22+ ]z — 22 < \/(25)2 + (Es
< 3e.
Since |z — y| = 4e, this implies
1 —
e-yl=e<lz—yl-fo—z<lz—yl Vzel.
So, the function G(-,y) is harmonic in I' for our fixed y and satisfies the
following boundary conditions
G(z,y) =0, Vzedl'NoQ,
G(zy) < K|z =y < Ko — y ™
< Klz —y*¢, Vzeodl\on.

We construct the following comparison function

H(2) = h(z — z)K|z —y|*?, zeT.
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By construction H(z) is harmonic in I" with

H(z) = K|z —y|*? Vzedl'\ o9,
H(z) >0, Vzedl'noQ.

So, by comparison principle we have
G(z,y) < H(2) = he(z — xo)K|z —y|*¢, zeT.
Particularly, since z € I we also have

4 o —€/5
Gla,y) < hola — o) Ko =y < e E 21

_ %f(é(x)

o~y
— o =y < KF(x)|r -yt

€
D |
4.12 Motivation.
We now prove the previous result in a fashion which is more suitable for the discrete
case.

4
(1) Auziliary function

We construct a harmonic function to be used later in a comparison argument.

Denote @, = {z € R [ 11 < [a|oe, |2y < 11412}, 12 1= 50z, 11 = 5o

and let h: @y, r, — R be the solution of
—Ah = 0, =€ er,r27
hz) =0, |2|e =11,
h(z) =1, |x|y =r1+re.
The choice of r; and ry implies that @, ,, is a domain. Really, since from
|z|o = 71 follows |z|; < dry, it is sufficient to have
] N 1 < 1
d—1"" 2ydd 2vd(d—1)

From the classical Schauder ([23], Ch. 6) estimates we have

dri<ri+renr<

h(tey) < s(t —r1), VYt € [r,r1+ ),
with some s > 0. By scaling
76"1,7"2 = eQT’LW = {€ZL‘ | YIS Qmﬂ“z}

the corresponding function h.: Q5 . — R, h.(z) :=h (f) satisfy

T1,72

ho(tey) = h (tﬂ> < x (f _ rl) _ (t - 7“15) VEe [ere(r 4 )],

€ 9 9
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(2) Estimate
To prove the estimate we fix a point y € {2 and consider two cases

(i) |z — y|1 < 4V/dd(x). In this case we have

G(z,y) < Klz —y ™ = K|z — y|" Yz — y|
< K*z —y|" e -yl < K|z —y|' ().

(i) |z =yl > 4Vdd(x) [ 6(x) < 2.
Setting

4/d
= |z —yly > 4Vd6(x) = roe > m(m) = 26(x).
(z'—=)

Let 2’ € 982 be a point with |z —2'| = 6(z) and denote zg := 2'+retT—7

o—a’| -
Let O € SO(d) be a rigid rotation that transforms the vector xy — 2’ to
riee;. We now define

Cr(2) :=={y e R |0y = 2)h <r} ={y e R | [O(y)ls <7} + 2,
Qr(2) ={y €R [0y — 2)loo <7} ={y €R*[|O()|c <7} + 2.

By construction and convexity we have (see Figure 4.2).

C(rl +ra2)e

Figure 4.2

QreNQ =10,
QN D {2’}
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We now show that the estimate |v — 2| < ev/2ry holds for z € T, T' :=
Clri4r2)e(®0) N2 Denote by 2’ the projection of z onto the line joining =
and 2/, i.e.

(z =22 —2x)=0.

{(z—z’)+(z'—x):z—x,

By geometrical properties of C(,,.,). we obtain
2= ol = V7= 2P + = 7 < Vrae) + () = Varae.

We now have

1 1
eyl 2oyl —lo— 2| 2 —lr —yh — |r — 2| 2 —me — V2re

Vd Vd
1 V2
_€<ﬁ_2_\/3> =ve =7z -yl = ylz -y

.

=y>0

for all z € T. So, the function G(-,y) is harmonic in I" for our fixed y and
satisfies the following boundary condition

G(z,y) =0, Vz € o' N oY,
G(z,y) < K|z —y|*? < K|z —y|*¢, Vzedl'\ Q.
We construct the following comparison function
H(2) := h(O(z — x0)) K|z —y[*?, z€eT.
By construction H(z) is harmonic in I" with
H(z) >0, z € ' N o1,
H(z) = K|z —y|*?, zecal'\ o0
So, by comparison principle we have
G(z,y) < H(2) = he(z —xo)K|z —y|>¢, zel.

Particularly, since z € I' and moreover O(z — zy) € span{e;}, we also
have

Glz.9) < 1O — w0 Ko =y~ < et |08 s
< %K(;(x)‘l‘ _ y‘2—d < %K(S(x)\:c _ y‘l—d ’x — y’

€ [z —yh
——
<1

< K*(z) |z — y)
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<

4.13 Lemma (Estimates for the derivatives of Green’s function, [40]).

Let Q C R? be an open, bounded and convex set. Let G be the Green’s function for

2. Then the estimate holds

|0, G (2, y)| < Kl —

>
(1) Case distinction

y' Y A£y) e, 1<i<d

Let y be arbitrary but fixed. As above we denote d(x) := dist(x,09) and

consider two cases

(2) v =yl = olx)

Denote R := % The function G(-,y) is harmonic in B(z, R) since B(x, R) €
 and |xr — y| > 2R. We can therefore write

100, G (2, y)| =

= wal? Jop @R

Since for £ € 0B(z, R)

1
9 G(&.y)d
o | o FCE W)

1

< G(&,y)dog.
wqeR4 /BB(ac,R) € y)dog

0(§) < d(x) + |v — £ = 3R,

E—ylzlz—yl-lr—¢&=lz—yl-R=|r—yl-
using Lemma 4.11 we obtain

|0, G (2,y)| <

[z —yl _ lz—y

2

K

wq R4 dB(z,R)
K*

€ —y'~"6(¢) d o

< |z — y|1dR/ do
wqaR? dB(x,R) ¢

< K|z —y|

(3) |o =yl <d()

2 Y

Denote R := =4 Once again G(-,y) is harmonic in B(z, R) € €. Since

2
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E—y| >z —yl— |z —¢ = |x;y| for £ € OB(z, R), using (*) together with
Lemma 4.9 we obtain

1
0.,G(x,y)| < / G(&,y)do
9.0 S o | Gl6 ) do

K

d
wal dB(z,R)
*

- wde

|z —y[*?

€ =yl *dog

|Z‘ o y|27ddwdefl

<K = K*x —y['

4.2 Riesz potentials

4.14 Motivation.

In order to obtain the LP estimates for Green’s function we introduce the following
potential operator. Lemma 4.17, Theorem 4.18 and Theorem 4.5 are taken from
[23], Ch. 7. The proofs of the first two results will be translated into discrete setting
in Chapter 7.

4.15 Definition (Riesz Potential Operator).
The Riesz Potential Operator is defined by

(Vof)(x) = / o — gD fy) dy

with 1 € (0,1] and © C R?, |Q] := meas(Q) < co.

4.16 Motivation (Well-Posedness and Continuity).

Our next aim will be to show that V), is well-posed and continuous as a mapping
from LP(Q2) into L4(2) for some p,q > 1. In order to apply the Young inequality for
convolution we need the following lemma.

4.17 Lemma (L” estimate for the Riesz Potential).
Let Q € R? be bounded and z € Q be fixed. Then h(y) := |z — y|4¥+=V € LP(Q) for
alll§p<ﬁ,u<1andalllgpgoo,,uzl,with

1—6\""
o< (325) i iar

where 6 :=1 —p~ L.
| 2
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(1) L' estimate
Since h(y) is radial-symmetric around z and decreasing along axes of sym-
metry, changing € to a ball B(x, R) with wgR? = |B(z, R)| = |Q| will not
decrease the integral:

R
/ |z — y‘d(ufl) dy < / |z — y‘d(ufl) dy = dwd/ pAe=1),.d=1 4,
Q B(z,R) 0

B wy R B wcll_“]m“

1 p

(2) LP estimate
The assumption 1 < p < ﬁ, p < 1 implies that d(p — 1)p = d(p' — 1) for
some y' € (0, 1), since

p=1>pp—1)>-1=1>p>py =pp-1)+1>0

We therefore have
1—p/ 0 w p 1
Il < (%) = (p(n = 1)+ 1) Ty

_1a1-s\1! 1_ s\
(MY e = (G3) wlan

for € (0,1) and

. = QP = |Q 1—(1—1/p)’ 1<p< oo,
I p p
Al =1 =9

for p=1.
<

4.18 Theorem (L” estimates for the Riesz potential operator).
The operator V,, maps LP(£2), 1 < p < oo continuously into L9(Q2) for any ¢, 1 <

q < oo satisfying
1 1
0<di=—-———-<p.
P q

Under this assumption we have
1—6\""°
_ . ~
Vol < (725) ok i0r il i € @)

50



(1)

p=1
For 1 < ¢ < oo we get

Vs, = (/ [ sy dx)q < (/ann%dx)" YT

p>1 1,1 _
< QAT fllp = Q12N f N1, VS € LP()

for all 1 < p < oo and for ¢ = oo we get

pzt 1/p' P
Vifllso < WfI < 1QPZ N fllp Vf € LP(Q)
also for all 1 < p < o0.

pe (0,1)
Denote r := <. From 1 >1—§ > 1—p > 0 we obtain 1 < r < ﬁ, implying

h(y) = |z —y|"* DV e L"(Q), z€Q

with uniform in z bound

1-6 1-6 B ~
ol < (3=%) i lar =
Writing
h|f| _ hr/q|f|p/q . pr(=1/p) |f|p5
where

we can apply the Holder inequality with three multipliers (assuming ¢ < oo
and w.lLo.g || f|l, # 0)

e (V) (@) < /Qh(:v—y)\f(y)ldy

) {/QhT<x_y)|f(y>|pdy}l/q{/Qhr(x_y)dy}l_l/p{/g|f<y>rpdy}5.
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Since the last two multipliers can be estimated independently of z we obtain

1/q
H%MA{AAWWwW@WMM}CVWMW

1/q
:{//mmwmmmww}c%Wm@
QJQ

1/q
SW{Aw%wm§ LFlE/ecr=r

ye

1-6
- e = (L) ek el
=

We have used h(x — y) = h(y — x) and the Fubini-Tonelli theorem.
For ¢ = oo we have r = p’ and therefore

AN L—py|u—0
IVaflloo < IR < { Z—=5 ) wa "1l

<

4.19 Remark (L? estimates for the Riesz potential operator).

The previous result still holds in the case 6 = p for p > 1 (the proof requires the
classical integral Hardy-Littlewood inequality [26]). For the corresponding result
with Q = R? see Chapter 5 in [38]. The same remark applies to the case ﬁpp =qin
the following theorem. The questions concerning the regularity of the boundary are

discussed in [14] and [24].

4.3 Linear a priori estimate

4.20 Theorem (Regularity Estimates).
Let © C R™ be a bounded and convex domain. Let f € LI(Q), ¢ > %”p for some

1 < p < c0. Then, there exists a unique weak solution u € VVO1 () of the boundary-
value problem
—Au(z) = f(z), =€,
u(z) =0, x € 0N

and it holds
||UH1,17 S C(dvpaQ7Q)HfHQ7

with some C(d, p, q,2) > 0.
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>

(1)

Restricting q
Without loss of generality we can assume g € ( p p] # 0, since

1fllg < K(q,p, DN fllp < K (a0, 4, D)1 fllz
for all ¢ < p < q.

Estimates for Green’s function

We want to show that under our assumption f — G * f is a bounded operator
from L?(Q) to W'P(Q). Since all finite-dimensional norms are equivalent, it
is sufficient to show that

1G = fllp < K[l fllg, VS € L),
10:(G =+ fllp < Kl fllg, Vf € LU(Q), 1<i<d

Furthermore, Lemmata 4.9 and 4.13 yield

QG(w,y)f(y)dy‘</Q Gle,y)|fly |dy<K/| dy,

yld 2

[ ouctenia \ [lo.calilar i [ D a,

i.e. it is enough to show that Vj,; and V5,4 have the desired properties. By
Lemma 4.18 this is the case, if

! !
0< <

»QI»—t
@Ir—‘

From our assumption we have

Approximating solution
We approximate f with (fi)ken € C5°(Q2) in L9,

\f— felly =0  as k — oc.

By the classical existence result 4.5 and the representation theorem 4.8 there
exist (up)reny € C*(2) N C(Q), solutions of

Aue) = filz), e
ug(z) =0, x € S



with up = G * fi. The a priori estimate

lukll1p < Cd, p, 4, Q)| fillg

yields the uniform boundedness of ug,k € N, implying the existence of a weak
limit up — uwin WP(Q) as k — oo. Passing to the limit in the weak formula-
tion of our problem, we see that u is indeed a weak solution.

Uniqueness
Suppose that uy, uy € VVO1 P(Q) are two weak solutions for our problem. Then
U = Uy — Uy satisfies

/Vu-Vgoda::O, Vo € C5°(Q)
Q

By Hélder inequality this holds also for all ¢ € W*(Q). For u € LP()
we have |u[P~2u € LP (). From (2) we can choose ¢ € Wol’p/(Q) as a weak

solution of
~Ap = |ulP"u, inQ

w =0, on 0f).

Testing the weak formulation of this equation against u € W, ”(Q) we obtain

0—/Vu-Vg0dx—/\u|pdx:>U—0.
Q Q
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Chapter 5

Discrete Laplace Operator

5.1 Discretizations

5.1 Convention.
We will always assume that the dimension of the underlying space is d > 3.

5.2 Notation (Grid, Discrete Neighbors).
For 0 < h < 1 we denote by G, := {hk | k € Z} the equidistant grid on R? with
grid spacing h. We call subsets of G, discrete sets. For x € G;, we define

Np(x):={x+the; |1 <i<d} CG,
the set of discrete neighbors. Note that x & Ny (z).

5.3 Remark (Discrete Laplace).

We want to use the classical discretization of the Laplace operator which determines
the way we define NV, (x) and, successively, other “discrete topological” concepts. For
other discretizations and operators we may need to use different definitions of the
discrete neighborhood.

5.4 Motivation (Discretization, Recovery).

We will now consider the two following questions concerning discretization: firstly,
how general sets in R? are discretized, and, secondly, which sets can be uniquely
recovered from their discretizations.

5.5 Notation (Domain Discretization).
Let Q C R? be a bounded domain and let h > 0. For z € QN G, and y € Ny, (z) we
set
na(,y) =+ aly — ),
where a :=sup{y € [0,h] | z+sy(y—z) € Q Vs € [0,1)}. We denote for z € QNG

N} (x) == {nq(z,y) | y € Nu(z)}
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the set of discrete neighbors w.r.t. €.
We define the discretized interior by

Further, we define the discretized boundary layer by

o

()} == (2N Gu) \ (),

In other words, 2N G, consists of two types of points: those which can be connected
with all their discrete neighbors by open line segments lying fully in €2 and those
which cannot. We also define the discretized boundary by

Oh§Y := Uzeang, YUyen, () 1ne(2,y) | na(z,y) € 00},
i.e. in general 0,2 ¢ G, and we set
c, Q= (NG UQ C Q.
for the discretized closure.

5.6 Remark (Discrete closure).
Take note that in general QN Gy, ¢ cl, Q ¢ G;,. First, consider Q = (—h, h)? C R2.
Then (€2), = {(0,0)}, (Q); = 0 and 8,Q = {(0, +h), (£h,0)}. This shows that

{(h,h)} C (2N Gy) \ (cl, Q) # 0.

Now, let Q := {x € R? | |z| < 2h}. We have (Q), = {(0,0), (£h,0), (0, +h)},
(Q)), = {(£h,£h)} (4 points) and

Y = {(0,£2h), (£2h,0), (£h, £v/3h), (£V3h, £h)} ¢ Gy.

5.7 Notation (Discrete Sets).
Let ©, C G;, be bounded. We denote

Qp 1= Ugeq, (Nn(z) U {z}),
th = ﬁh \ Qh.

the discrete closure and the discrete boundary, correspondingly.

5.8 Remark (Analogy with open sets). B
Take note that for bounded discrete sets one always has 92, NQy, = 0 and Q C ..

5.9 Convention.
To avoid confusion we use the following convention: discrete sets will always be
denoted with the grid spacing in the subscript.
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5.10 Definition (Admissible Domains, Grid Spacing and Discrete Sets).
If for Q == [ (as, by), as, b; € R, a; < b;, 1 <4 < d holds

{a17b1} X X {adybd} C G,

i.e. if the corners of €2 belong to G, then the domain €2 is called admissible w.r.t.
h (if h is considered to be fixed) or the grid spacing h is called admissible for  (if
Q is considered to be fixed).

Take note that not every rectangular domain possesses an admissible grid spacing
(e.g. (0,1) x (0,4/3) C R?). If Q is admissible w.r.t. h, then (Q)} = () and defining

]

Qpn == ()

we get
0, = Opf2,
ﬁh = Clh Q.

Moreover, as long as €2, # () we can recover

d
Q= H (min xi,maxxi) .
i=1

weﬁh Cﬂth

In general, we call a non-void discrete set €2, C G, admissible if €, = (Q); or,
equivalently €, = cl, Q for some admissible (w.r.t. h) domain €2; in this case we
define the full discretized closure and the full discrete boundary by

CIZ 0:=0NG,
oy, == 00NG),.

5.11 Notation (Faces).
Let ), C Gj, be admissible. We denote by

8+Qh = U?Zlﬁth

Oy, == 0y, N {x; = max z;}
JJEQ}L

discrete front face (in the direction 7) and by

0~y = UL 07,
81_Qh = th N {iL‘Z = HILH .731}

€Q

discrete back face (in the direction 7).
Take note that

f QN O =07 U NIy Q=0 U NIy Y =0
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for 1 <i# 75 <d.
Analogously are defined

é+Qh = U?Zléj_Qh,
éigh = nglé;Qh,

3;rQh = 90, N {z; = Iré%xxi},
x€Qp

d7Qy, == 0, N {x; = min ;}.

zE€Q

5.2 Discrete Green’s function

5.12 Definition (Finite difference quotients).
Let €, C G, be admissible and let w: €2, — R. The forward respectively backward
finite difference quotient are defined as

u(z + e;h) — u(z)

Ditu(z) = : , T Eﬁh\anh,
D u(x) = U= uéx —l seq, \ 0; .

In the case of several variables we write D u(x,y).

5.13 Definition (Discrete Laplace Operator).
Let ), C Gy, x € Qp, and u: 0, — R. The discrete Laplace operator is defined by

Apu(z) ::% —2du(x) + Z u(y)

YEN,(z)

5.14 Definition (Discretely connected component).

Two points z, y in €2, C G, are discretely path-connected if there is a sequence
T = T1,T9, ..., 2, =y, n € N such that za,..., 2,1 € Q) and x;11 € Np(x;),
1 <17 < n—1. This defines an equivalence relation that divides €2} into equivalence
classes which we call discretely connected components. A discrete set consisting of a
single discretely connected component is called discrete-connected.

5.15 Lemma (Discrete Maximum Principle).
Let Q5 C Gp, u: Q) — R and XA > 0 be such that

—Apu(x) + Au(z) <0, € Q.
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If max, g u(r) = uw(r) > 0 with some z € €, then u = u(¥) on the discretely
connected component of §, containing z. If €, is bounded with

u(z) <0, x €y,

then u(z) <0, z € Q.

>
For the first part, assume that max, g u(r) =: u(¥) > 0 for some = € €2,. Since

(~Bo V(@) = o | d+2ARu(e) — 3 uly) | 255 S0 () — uly)],

yEN, (%) YENL(Z)

we obtain

Y [u@ —uy)<o.

yENL(Z)

On the other hand, since u(z) > u(y) for all y € Q,, we obtain u(y) = u(z) for

y € Np(Z). Repeating this argument, we see that u is constant (and non-negative)
on the discretely connected component of Q, which contains Z.

For the second part, assume u(Z) > 0 and let z € 09, belong to the discretely
connected component containing z. The first part yields u(z) > 0, a contradiction.
<

5.16 Theorem (Solvability for the discrete Poisson equation).
Let 2, C Gp be bounded with f: Q, — R, g: 09, — R. Then there is a unique
solution wu: €, — R to discrete Poisson equation

—Apu(x) = f(x), =€ Qy,
u(z) =g(x), =€ .

>
This is a linear system with equal number of variables and equations. The
solvability is therefore equivalent to the uniqueness of the trivial solution for

—Apu(z) =0, z€Qp,
u(z) =0, =€,
This follows from the Discrete Maximum Principle 5.15. See Ch. 4 from [25]) for
numerical treatment.

<
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5.17 Notation (Discrete d-function).
The function dy,: G, — R is defined by

Loox=0,
dn(x) == {gd v 40

We set §(x) := §y(x).

5.18 Definition (Discrete Green’s function).
Let €, be a bounded subset of G,. We define the discrete Green’s function (for zero
boundary conditions) G: Q; x €, — R as the solution of the following DBVP with
fixed y € O,

—ApG(z,y) =0p(x —y), =€ Qp,

G(z,y) =0, x € 08y,
5.19 Lemma (Representation formula). B
Let €, be a bounded subset of G, and let G: Q) x €, — R be the corresponding

Green’s function. Let u: Q, — R be an arbitrary grid function with u| o0, = 0
Then the following representation holds

=3 Gla,y)[-Anu(y)h?, = ey

yeQy,

>
We denote the right hand side of the representation by v. By direct calculations
we obtain

~Apo(@) = 3 [ Mna Gl - Anyu(@)h = 3 Gule — y) Ay nuly)h?

yeQy, yEQ,

= —Ahu( ), T &€ Qh,
2{: 0- Z&hylt ]h «—-O S 8(2h.

yeQ,

Since —Ap[v(z) — u(z)] = 0 for € Qy and v(z) = u(zr) = 0 for x € Y, the
discrete maximum principle 5.15 yields v(x) = u(z) in Q.
<

5.3 Comparison principle

5.20 Motivation.
We want to obtain a result which represents a discrete generalization of the mean
value property for harmonic functions (see [23]), namely an estimate for a discrete
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difference quotient of a grid function in the center of a |- |, ball given the boundary
values of the function, the values of the discrete Laplacian in the ball and the radius
of the ball.

Such a result was obtained by Brandt in ([10]). This paper deals rigorously only
with the case of the central finite difference quotients with a concluding remark that
analogous estimates for the forward f.d.q. can be obtained in a similar manner.

We therefore include full proofs for the forward f.d.q. case and, for the sake of
completeness, also the proofs for the central f.d.q. case. The proofs in the rest of
this chapter are essentially due to Brandt.

5.21 Definition (Nearest neighbor to a boundary point).
Let Q; C Gy, be admissible. For x € 09, we denote & € €, with |z — &| = h. Since
)y, is admissible, Z is unique.

5.22 Notation (Disjoint union).
We write C' = A U B for disjoint union, i.e. for C = AU B with AN B = ().

5.23 Lemma (Discrete Maximum Principle for admissible set).
Let €, C G, be admissible, with u: Q; — R such that

—A;ﬂt(l‘) <0, x€Qy,
u(z) <0, zely,
u(x) +u(z) <0, xely,

where I, UT) = 0€),. Then
u(z) <0, x€ Q.

>

Let, by contradiction, u(Z) = max,ecq, u(z) > 0 with some z € €,. Exactly as in
the proof of the Discrete Maximum Principle 5.15, this implies u(y) > 0 in some
boundary point y € 9Q,. If y € I', we get a direct contradiction. Otherwise,
y € I'} and by the construction also u(y) > 0, i.e.

u(y) +u(y) >0

again a contradiction.
<

5.24 Remark (Generalization).

In the previous result the assumption of admissibility can be replaced with the
assumption that x +— & is uniquely defined only on I'}, since the proof does not
change in this case.
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5.25 Theorem (Solvability for generalized boundary condition).
Let Q, C G, be admissible with 0€), = I', U I". Further, let f: 2, — R and
g: 09, — R. Then there exists a unique solution to

—Apu(x) = f(x), =€ Qy,
u(z) = g(x), wely,
w(z) +u(z) = g(x), zel}.
>

Replace Lemma 5.15 with Lemma 5.23 in the proof of Theorem 5.16.
<

5.26 Lemma (Comparison principle).
Let Q, C G, be admissible with u: €;, — R such that

v < =Apu(z) < vy, x € Qy
< u(z) < po, rel)
2u < ulx) + u(®) < 2up, xely,

where I, UT') = 0€Q), and vy 9, pt1 2 € R. Then if Q, = cly, ((—R, R)d) we have

ot (R =) S u(e) < o+ SR =), Vwe, 12i<d

and if Q;, = cl, (R, R)* N {z; > 0}) we have

p1 + %xz(R — ;) <wu(r) < ps+ %IZ(R —x;), Vre,, 1<ild
>
(1) First reduction
Let i € {1,...,d} be arbitrary, but fixed. We denote
%(RZ —2?) i Q, =dy ((—R,R)?),

%xi(R —x) 0, =y (MR, RN {z; > 0}).
It is only necessary to prove the estimates from above using the upper bounds
from the assumptions. Considering —u we then obtain the corresponding

estimates from below.

v(x) =

(2) Second reduction
It is also sufficient to show that

—Apw(z) < vy, x € Qy,
w(z) <0, zely,
w(z)+w(@) <0, zel)



for w: Q, — R implies
w(z) < v(x),

since plugging in w := u — uo yields the previous claim.

(8) Comparison function
Direct calculation yields

ﬁ (QZZ + h)2 — 21312 + (%1 — h>2

5 h2 = U9, T € Qh,

—Apv(z) = %Ah (27) =
since constant and linear functions are discrete harmonic. This implies
—Aplw(z) —v(x)] <0, x€Q,
and since v(x) > 0, z € Q, also

w(r) —v(z) <0, zelj,
[w(z) —v(z)] + [w(E) —v(E)] <0, xely.

Applying Lemma 5.23 we get the claim.

5.4 Inner estimates for forward differences

5.27 Notation.
We introduce the following notation

(331,96’1' = a,l’d) = (1’1, sy L1y Ay Tjg 15 - - - ,iUd)-

5.28 Lemma _(Vanishing boundary values estimate, Forward Differences).
Let Qn C Gn, i = clu((=R, R)* N {z; > —R + h}) be admissible with R > h and
i€ {l,...,d}. Let v > 0 and let u: Q) — R satisfy

|Apu(z)| < v, x€Qy,
)=0

u(z x € 0y,

Then
DFu(0)] < vR.

>
We define Gj, := ¢l (=R, R)* N {z; > 0}) and U: G, - R

U(z) =5 [u(x) —u(xy, z; = —x; + h,xq)],

N | #—
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implying
h
U(xy,z; = h,xq) = §Di+u(x1,xi =0,24), € Q.

Moreover, we have for x € 9; G},

I:=2[U(z)+U(2)] =2[U(x1,2; = 0,24) + U(1, 27 = h, 24)]

=u(xy,x; = 0,2q) — u(xy, z; = h,xg) + u(xy, z; = hyxg) — u(xy, 2, = 0,24) =0

and for z € 9 G,
1
Ulx) =U(z,z; = R,xq) = é[u(xl,xi =R, xq) —u(zy,2; = =R+ h,z4)] = 0.

Finally, for z € 0G}, \ 9;G}, holds

since x € 0;G), C 0;Q, implies (1, x; = —x; + h,xq) € 0;Q, 1 <14,j < d, 1 #j.
Since |ARU| < v on G}, we can apply Lemma 5.26 on this set, yielding

2 2
‘D;ru(xl,xi = O,xd)| = \U(xy, 2 = h,2q)| < %%h(R— h) < vR,

for x € Gj, C .. Since he; € Gy, this estimate also holds for D} u(0).
<

5.29 Lemma (Simple harmonic estimate, Forward Differences).
Let Qp C Gp, Qp = cly, ((—R, RY¥{N{x; > -R+ h}) be admissible with R > h. Let
1> 0 and let u: Q) — R satisfy
—A;ﬂl(l’) =0, z €y,
’U(l’)’ < M, T € 8@'Qh7
u(z) =0, x €\ .

Then

[DFu(o)] < 2.

| 2
Define G}, := cl,, ((—R, RN {x; > O}), and U: G, - R

U(z) := 5 [u(x) —u(ey, 2, = —x; + h,24)]
then, for = € GG, we have
AhU(I’) = 0,

U(z1,zi = h,xq) = 2Dfu(zy, 2, = 0,2q).
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Moreover, we have for z € 9; G},

[:=2[U(x)+U&)] =2[U(x1,2; = 0,x4) + U1, 2; = h,24)]

=u(xy,z; = 0,2q) —u(xy, z; = h,xq) + u(xy, v, = hyxg) —u(xy, v, =0,24) =0

(1)

and for z € 9 G,

|U(z)| = |U(z1,2; = R, zq)| = % lu(zy, 2 = R, xq) —u(z, 2 = =R+ h,z4)| < p.
(2

)

U(x) =0, (3)

since x € 0;Gy, C 0;€, implies (1, x; = —x; + h,xq) € 0;Q, 1 <4,j < d, 1 # j.
We introduce V(z) := &£, v € Gj,. Subtraction of a linear function preserves
harmonicity, i.e.

Finally, for 0G}, \ 9;G}, holds

—Ap(U(x) =V(x)) =0, x¢€Gp.
From V(z) > 0 in G}, we get on 9; G,
Ulx) = V(x)+U(@) - V(@) <U(x)+U(z) =0

and on 0G}, \ 0,G},
U(z) = V(z) <U(x) =0.

Since V(z) = V(x1,2; = R, x4) = pu, we obtain
U(x) = V(z) <0
on 97 G},. Applying Lemma 5.23 we get
Ulx) <V(x), x¢€Gp.

Analogously, since (1) — (3) hold also for —U(x) we can apply the same argument
to —U(z) — V(x), obtaining

U(z) > -V(x), z€Gp,

1.e.

U(z)| <V(z), z€Gy,
Since (x1,x; = h,z4) € Gy, for z € G, we get

1

SHEN)
x| =

2
|Dfu(zy, 2 = 0,24)| = E\U(xl,xi = h,xq)| <

and setting x = 0 € G}, we get the claim.
<
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5.30 Lemma (Difficult harmonic estimate, Forward Differences).
Let Qp, C G, Qp :=cly, ((—R, RY¥YN{x; > -R+ h}) be admissible with R > h and

ie{l,...,d}.
Let j € {1,...,d} \ {i}, > 0 and let u: ), — R satisfy

—Ahu(x) =0, x¢€ Qp
lu(x)| < p, x € 0;Q
u(x) =0, z€d,\ ;.

Then
[DFu(0)] < 2.
>
(1) Auziliary function
We introduce the following notation F;, P;: Q, — Q

Pi(x) == (x1,2; = —x; + h, xy),

Py(x) = (21,75 = —2;, 4)
with P, P; = P;P; due to orthogonality. We define
U(x) = § [u(z) — w(Pz) + u(Pjz) — u(PPjx)],
obtaining
U(he;) = L [u(he;) — u(0) + u(he;) — u(0)] = £D;u(0).

Define Gj, C Gy, Gj, := cl, ((—R, RN {x; > 0}) (see Figure 5.1). We observe
that
xr € ath C 8th = P,$,R£L‘,PZPJ € 8th,

implying
|U(l’)| <uwu x€ 8th.

Considering analogous properties of F;,P;, P;P; on the other parts of the
boundary, we get

U(,T) =0, ze€ 8Gh \ (ath U OZ_Gh)

For z = (z1,2; = 0,24) € 0; G), we have & = x + he;, i.e. Pii =x, Px = &,
P,P;t = Pjx, P,P;x = P;z. This yields

U(w)+U(f)=[U(x) ( i’)] [( x)—u(i')]



€i

Figure 5.1: Sets 2, and G},

€;

U

Figure 5.2: Sets Dy, and Dy, N {z; > x;}
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for x € 0; G,. In other words, U satisfies

l’) = O, MRS Gh7
2) =0, x €3G\ (9;GrUI G,
|U(x)| < p, z € 0;Gh,

) 0 T € Q_Gh

First compam'sgn function
We define V: GG, — R by

—AV(z)=0, ze€Gy
V(z)=0, z€dGy\ (9;GrU0; Gy)
V(z)=p, z€0;Gy,
V(z)+ V() =0, ze€d;Gp.

Here and further in this proof such definitions are well-defined due to Theo-
rem 5.25. Applying Lemma 5.23 to U — V and —U — V we get

U <V onG,.
It is therefore sufficient to estimate V.

Second comparison function
Define W: G}, — R by

—AW(z) =0, z€G,
W(z)=p, x€dfGy,
W(l’) =0, xr € 0G), \ (81Gh U ath) ,
W(x)=—p, x€d;Gy,
W(x)+W (@) =0, xcd; G

The sum V + W is discrete harmonic with

(V4+W)(z)+(V+W)(&)=0, xe€d; G,
(V+W)(z)=p, xed Gy,

Since X () := %&x; is non-negative on G, and discrete harmonic in G, with
X(x)=p, x€drG,

68



we can apply Lemma 5.23 to V + W — X, obtaining

V(z)+W(x) < M;i, z € G,
We will see later that W (the;) > 0 for t € {t € N | the; € G}. In particular,

for t = 1 this implies

wh
V(he;) < —
(hey) < 2

and consequently

>

il
R

i

2 2
+ == N < Z N < =92
[DFu(0)] = 7 [U(hes)| < 3V (hes) < 25

o

Third comparison function
We want to prove that W is non-negative along e;. To this end, we define
UT: Dy = R, Dy :i=cly (R, R)* N {z; > 0} N {z; > 0}) (see Figure 5.2) by

AUt (2) =0, x€ Dy,
U (z) + 0T (&) =0, x€d; DyUO; Dy,
UF(z) = —p, = €] Dy,
(x)=p, x€ 0Dy,
(x) =0, x € 0Dy \ (0;D, U 0;Dy,)
Taking the symmetric part of U w.r.t. hyperplane {z; = z;},

\I/;Zm =0t (x) + Ut (2, 1 = 25,25 = 14, 7q)

we observe that

_Ah\l/:;;m =0, € Dy
‘I/;;m = 0, T € (9Dh\ (a;Dh U @’Dh)
U (2)+ 95, .(2) =0, x€0;DyUd; Dy,

implying U} = 0in D;, by Lemma 5.23. In particular, we have

sym
Ut o (x)=2¥"(x) =0, =z€D,N{z;=ux}.

sym

Applying now Lemma 5.23 and the Remark thereafter to ¥ on D, N{x; > z;}
(not an admissible set!) we get U™ > 0 on this set, in particular

UH(z) > 0,2 € D, N{x; = h},
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implying from W (x) + ¥* (&) = 0 on J; Dy,
UH(z) <0,z € D,N{x; = 0}.

We now construct ¥: G, — R by

07 lf x] = 0 and T < _R7
# if ; =0 and z; = R.

This function is discrete subharmonic in Gy, since it is harmonic in G, N ({z; >
h} U{z; < —h}) by construction, for x € G, N {z; = h} (analogously, for
r e GN{r; =—h})

1
—Ah\p = ﬁ[—\qj(l’ ;h@j) +\\I’+($; h@j)j] — Ah‘lf+ < 0.

=0 <0 =0

and for + € G, N {z; = 0} we have U(x) = 0, ¥(y) > 0 for y € Nj(x), so
—ApV(x) <0 by definition.

(5) Final comparison
Now consider the difference ¥ — W. We want to show that ¥ — W < 0 in G,
We have

IA

—Ap(V(x) —W(x)) <0, x€ Gy,
(\I/ — W)([E) 0, ze€ aGh \ Q-_Gh,
(U — W)(@) + (W — W)(&) =0, =€ Gp.

Once again, using Lemma 5.23, we get claim. This implies 0 < ¥ (x) < W(x)
for x € {the; € Gy |t e N} C G, N {z; = 0}.

<

5.31 Theorem (Combined estimate for the forward finite difference quotient).
Let Q, C Gu, Qp := (=R, R)*N{x; > —R+ h}) be admissible with R > h and
with some ¢ € {1,...,d}. Let v,u > 0 and let u: £ — R satisfy

v, x €y,
Wy, T € 0y

Then



>
By Theorem 5.16, we can decompose u = Zj:o uj, where

—Apug(z) = =Apu(z), x € Qp,

up(x) = 0, x € 0y,
and, for 1 < 5 <d,
—Apuj(x) =0, x € Qy,
u;(z) = u(z), =€ oy,
u;(x) =0, x € 0y, \ 0;82,.

Using Lemmas 5.28, 5.29 and 5.30, we get
d d A
IDF (O] € 21D s5(0)] = ID* (0] + 3 1D*(0) < R+ 25

=0
<
5.32 Remark (Special case).

We conclude with the proof of the special case R = h that is not covered by the
previous theorem.

5.33 Lemma (Forward differences, special case). B
Let Qn C Gn, Qn = clu((—h, h)?) be admissible. Let v, > 0 and let u: ), — R
satisfy

|Apu(z)| < v, =€y,
lu(z)] < p, x € 0Qy.
Then 5
|DFu(0)] < E‘u %R, 1<i<d
>
From
[Aru(0)] < v,
we get
—vh? — 2dpu u(0) vh? + 2du
2d 2d ’
vh?
u(0)] < 2+
Direct calculation yields
ih) —u(0)| _ |uesh)| + [u(0)] _ p  vh
Dt _ lule < <ol 4 =
| D" u(0)] - < . =245
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5.5 Inner estimates for central differences

5.34 Lemma _(Estimate for vanishing boundary value, Central Difﬁerences).
Let Q, C Gn, QO = clu((— R, R)?) be admissible. Let v > 0 and u: ), — R satisfy

|Apu(z)| < v, x€Qy,
u(z) =0, =€,

Then y
|DFu(0)| < o 1<i<d
> B _
We introduce G, C Gy, G, = cl, ((—R, RN {x; > O}) and define U: G}, — R
by

U(z) = = [u(z) —u(zy, x; = —x4,24)],

DN | —

obtaining
U(xy,2; = h,xq) = hDfu(zy, 2, = 0,24), x € G,

We now have for x € 9, G),
Ulz) =Ul(zy,z; = 0,24) = Lu(zr, 2 = 0,24) — u(z1, 3 = 0,24)] =0,
respectively for = € 9 G},
U(x) =U(xy,x; = R,xq) = %[u(xl,xi =R, xq) —u(z1,2; = —R,24)] =0,

and finally, U(z) = 0 for x € 0G}, \ 0;G,.
This means that U satisfies the assumptions of Lemma 5.26 on G}, yielding

1 1
| D¥u(ey, i = 0,24)| = U2, = hyea)| < E%h(R —h) < ZR,

NN IAN

for x € Qy,, in particular for x =0, and all 1 <17 < d.
<

5.35 Lemma (Simple harmonic estimate, Central Differences).
Let Q5 C G, Qp :=cly, ((—R, R)d) be admissible. Let © > 0 and u: €2, — R satisfy

—Ahu(x) =0, x€y,
’”LL(SC)| < M, T € a@'QhJ
u(zx) =0, x€dQ\ .

Then



>
We introduce Gy, C Gy, G, = cl, (=R, R)* N {z; > 0}) and define U: G}, — R
by

U(z) =

[u(z) — u(zy, v, = =25, 24)]

N | —

obtaining
U(zy,; = h,zq) = hDju(zy, 2, = 0,24), € Gy,

We now have

1
Ulx) = i[u(:z;l,xi =0,24) —u(xy,2; =0,24)] =0, z€0; Gy (1)
and
U(z)| = 5 |u(z1,2; = R, 2q) —u(xy, 2 = —R,xq)| <,  x € 9 Gy (2)
Moreover,
We define V() := £x;, x € G Subtraction of a linear function preserves discrete

harmonicity, i.e.

—Ap(U(x) =V(z)) =0, x€G.
From V > 0 on G}, we get

Ux) = V(z) <U(x) =0, z€dGy\ I Gh.
Finally, since V(x) = u, x € 9;" G}, we obtain
U(x) —V(z) <0, z€dGy.
Applying Lemma 5.15 we get
U(x) <V(x), x€Gh.

Analogously, since (1)-(3) hold also for —U we can apply the same argument to
—U — V, obtaining B
Ulr) > =V(x), =€,

i.e.

|U(z)| < V(z), x¢€Gy.
This yields
IDFu(0)] = 3 [U(hed)| < 3V (he) =

SRS

SHRS
| =
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5.36 Lemma (Difficult harmonic estimate, Central Difference).
Let Q, C Gy, Qp, = ¢l ((—R, R)d) be admissible.
Let i,5 € {1,...,d}, i # j be arbitrary but fixed, s > 0 and let u: €, — R satisfy

—Ahu(x) =0, x¢€ Qh,

]u(x)| <u, xT€ anh,
u(x) =0, z €\ ;8.

Then
DFu(0)] < &
> R
(1) Auziliary function B
We denote B, Pj: Q) — €,
Px = (21,2 = =i, Ta),
Pix = (21,2; = —x;,%4)

with P;P; = P;P; due to orthogonality. We now define

U(z) := g [u(z) = u(Pix) + u(Pjr) — u(PPr)],

> =

obtaining

U(he;) = Lu(he;) — u(—he;) + u(he;) — u(—he;)] = hD; u(0).

1
4

Introducing G, C Gy, G, = clj, (( i {x; > 0}) we get

(=
—AU(x) =0, z€ G,
U(I‘)ZO IE@Gh\aGh,
|U(x)| < p, z € 0;Gh,

since
x € 0G), \ (8th U GZ_Gh) C 0y, \ anh = P, PjZL‘, PZP]:E € 00y, \ 8th
T € ath C anh = P, PJI,RPT”L’ S anh,
x € 0; Gy, = Pix =z, Pjx = P Pjx.

(2) First comparison function

We define V: G, — R by

—AhV(ZL’) =0, z¢€GqGy,
V(JZ’) =0, xe€dGy, \ 8th,
V(l‘) =Uu, TE 8th.
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Applying Lemma 5.15 to U — V and —U — V we get
|U(z)| <V(x) z€ G
It is therefore sufficient to estimate V.

Second comparison function

Define W: Gj, — R by

— AW (z) =0, z€Gh,
W(x)=0, x€d;Gp,
W(z)=pu, x€dtGy,
W(z) = —p, x¢cd;Gp,
W(z) =0, x€dGy\ (0,GrUGy).

The sum V + W is discrete harmonic on G}, with
(V+W)(ZL‘) =0, x¢€ 6Gh\8th
(V+W)(z)=p, =€ G

Since X () := £x; is discrete harmonic on G and non-negative on Gj, with

X(x)=p, x€dtG,

12
R

we can apply Lemma 5.15 again, obtaining
V(z)+W(z) < X(z), z€G).

We will see later that W (the;) > 0 for t € {t € Z, | the; € G}. In particular,
for ¢t = 1 this implies

h
and consequently
1 1 lph p
DEu(0)] = LU (hen)| < 2V (hey) < LHA 1

Third comparison function
We want to prove that W is non-negative along e;.

To this end, we denote Dy, C Gi, Dy :=cly ((—R, R)* N {z; > 0} N {z; > 0})
(in general not admissible) and define U+: D, — R by
Ahqj+(l’) = O, WS Dh;
\I/+(CC) =M, TE a;_D}u
U ()
U ()

22 VIS a;rD}“
0, x€dDy\ (97 DyUd}Dy)

T
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Taking the symmetric part of U* w.r.t. hyperplane {z; = z;},

\Ij;’;ym =0 (2) + UF (21, 0 = 2,25 = 14, Tq)
we observe that
_Ahlngzm = O, S Dh,
Ui, =0, xe€dDy,

implying U} =0 in D;, by Lemma 5.16. In particular, we have

sym

Uh o (x)=20"(z) =0, x€DyN{z; =}

sym

Applying now Lemma 5.15 to ¥+ on DN {z; > x;} we get ¥ > 0 on this set,

in particular
U (z)

Ut (z) =

v

0, =€ DyN{x;=h},
, z€DpN{z; =0}

We now construct ¥: Gj, — R by

v @) P
\Ij(x) — \IJ+(£C1,$]' pnd —.’I/'j,afd)7 lf l»] < 0’
07 lf .’L'] = 0 and T; < R7

This function is discrete subharmonic in Gy, since it is harmonic in G, N ({z; >
h} U{z; < —h}) by construction, for x € G, N {z; = h} (analogously, for
r e GyN{r; =—h})

1
—Ap¥(z) = ﬁ[—tlf(x - hej)l+}11+(x — hejZ] — AUt (z) = 0.
=0 =0 =0

and for x € G, N {z; = 0} we have ¥(z) = 0, ¥U(y) > 0 for y € N,(z), so
—ApV(z) <0 by definition.

Final comparison B
Now consider the difference ¥ — W. We want to show that ¥ — W < 0 in G,.

We have
—Ap(V —W)(z) <0, z€Gp,

(U~ W)(z) =0, =€ dG.

Once again, using Lemma 5.15, we get claim. This implies 0 < ¥(z) < W (x)
for x € {the; € G}, | t e N} C G, N {z; = 0}.
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5.37 Theorem (Combined estimate for the central finite difference quotient).
Let Q, C Gn, O, = clp((—R, R)?) be admissible. Let v, > 0 and let u: Q;, — R
satisfy

|Apu(z)| < v, €y,
lu(z)] < p, €0y,
Then p
woov
D* <24z
Druo) < 4 VR

forall 1 <17 <d.

>
By Theorem 5.16, we can decompose u = Zj:o uj, where u;, 0 < j < d are
defined as the unique solutions of

—Apug(x) = —=Apu(x), x € Qp,

Uo(l’) = O, T € th
and
—Apuj(x) =0, x € Qp,
u;(z) = u(z), =€ 0y,

u;(x) =0, x € 0y, \ 0;82,.
Using Lemmas 5.34, 5.35 and 5.36, we get

d
d
| Dfu(0 Z (0)] = | D*uo(0) H—Z\Diu] )| < R+}’;

forall 1 <1 <d.
|

7
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Chapter 6

Pointwise estimates for discrete
Green’s function

6.1 Estimates for discrete Green’s function

6.1 Motivation.

The following two lemmas are due to Bramble, Hubbard and Zldamal [9]. Since we
need the extension of the first lemma, we present the complete proof. The rather
short proof of the second lemma is given for the sake of completeness.

6.2 Lemma (First estimate for discrete potentials, [9]).

Define
o(z) = oy(2) == /|z|> +vh%, =z € G

Then, on the one hand
—B(d =2+ B)o"*(x) < — Aulo(2)"], =€ Gn\ {0},
and on the other hand

— Aplo(2)P] < =B(d -2+ B+ ¢)o”%(x), =€ Gy, |z| > R,
— Aplo(z)°] < —dBo(x)’?, z € Gy,

for every 3 < 0,e € (0,2—3),and v > 5 >0, R > R with some 7 := A(d, B) > 0,
R := R(e,d, 3,7).
| 2
(1) Discretization error
From the mean value theorem we obtain

d

~Blo(e] = ~Alolo)] - 7 3 { a6+ o)}
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with gz S [Ii,ZCi + hei], n S [Z’Z - hei,xi], 1 S 1 S d.
For the continuous Laplacian we have

o7 (1l + %) ] = - ij

(Jaf? +90%) % + B(5 — 2)ab(|o]* +7h%) ]

2

| Bri(fef? +9h%) |

i

= —dfo(2)"™* = B(B - 2)|z[o(x)"
= —dfo(x)"? = B(B - 2)(o*(x) — Yh*)o(a)"™
= —B(B+d—2)o(z)"* + B(B — 2)yh*o(x) ",

(2) FEstimates for the derivatives
We calculate the derivatives needed for the error estimate:

0

o(a)’ = o (laf + 90 = ()
2 oo(a)’ = Bota)2+ (5 - 2)ala(a)
aa—;dx)B = B(B — 2)mio ()P + B(B — 2) [2z,0(2)** + (8 — 4)2do(x)°F]
=388 = 2mola)™ + (5 — DB — Dalola),
B () = 38(5 — 2(x) 1+ 36(5 - (8 - alo(a)’
 438(5— 28— Dadola)’" + (3 — (8 — (B — Oalo(x)
= 818~ 2)ota)’™ [3+ 65— 9T + (3 95 - 0) 1|
We observe that
0 < aio(@)™ = mﬁ vhE = mﬁ yh? =
With
p(s) =3+ 6(3 — )3+ (3 — 4)(3 - 6)s*.
(o)) = 3+ 6(3  A)ao(@) 2 + (3~ 4)(3 — O)ao(a)



We have (5 —4)(5 — 6) > 0 and the minimum is attained in

—6(8 —4) 3

T (B —4)(B-6) 6-8

taking into consideration the symmetry of p(s) w.r.t. s, this yields s, = 1.
We therefore obtain

IA
| =

Zo(@)” < B8 — Do) 3+ 65— 4) + (8~ 4)(3 — )

= 58— Do@)* 3+ 55 — 1)

= B8~ 1)(5 = 2)(6 ~ Hola)"
o » 3 9
S @) = B8 = 2)aa)'™ [3+6(3 — 4)5= + (8= 4)(8 = 6) =5

— P8 = Do(a) (6~ )+ 6(5 — 4) ~ 3(6 - 0]

_ %‘ﬁz)g(gj)ﬁ% 468 -24—35 112

633

(8) Neighbors comparison
Let x € Gy \ {0} and € € [z — he;, x + he;] for some i € {1,...,d}. We now
show than for every k € (0, 1) it is possible to determine 4 (independent of h
and x) such that
k7 20%(z) > 0%(€) > k*o?(x)

for all v > 4. For £ = = + The; with |7| < 1 we obtain
o2(&) = |z + Thei|* + vh? = |z|* + 27hx; + T°h? + yh2.
and consequently

(1 — k*)|x* + 27ha; + 72h% + (1 — k*)yh?
(1 —K?)|z|* — 2h|z| + (1 — k*)yh?
(1= K*)y — (1= k%)~

0, for~y>(1-k"2

since

(1— k|22 — 2alh > —(1 — k2)"h?

81



by the arithmetic-geometric mean inequality.
Now, using h|z| > h? we also obtain

k20%(z) — 0*(&) = (k7% — 1)|o|* — 27ha; — 72h* + (k™2 — 1)yh?

> (k72 — 1)|z|* — 2h|z| — * + (k7% — 1)yh?
> (k7% = 1)|z[* — hlz| + (k7% — 1)yh*

> [(2 = 1y — A0 — 1) 2

>0, fory>4(k2—-1)72

since

(k72 = 1)|z)* — 4|z|h > —4(k7% = 1) 'R?

by the arithmetic-geometric mean inequality.

(4) Estimate from below
We now can estimate

—Anlo(2)) = —Alo(z)f] - Z { aax o?(€) + %0%)}
—B(B+d—2)o(z )/3 ’ +6(6 = 2)yh*o(z)"!
h2 4 4
— 5388 =1)(8-2)(5 -3 Z{a (&)™ +o(m)"™"}

> —B(8+d—2)a(x)",

provided v can be chosen to satisfy

d
B(8 — 2)h? |yo(z)P* — (5—1)(5—3)2{ (&) + o) 4}

24

This is possible due to neighbors comparison

§ =ro(eypt - 2B 32{ (€ + oln) )

> yo(z)P~ — (- ;Ef —3) Z 2k g ()P4

=1
d(B —1)(B —3)k
12

— o) |7

for sufficiently large

B

— — —pB+4
v >J(B,d) ;== inf max {4(k;—2 —1)%,(1 - k)72 d(B 1)(€2 3)k } |

ke(0,1)
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(5) Restricted estimate from above
We now can estimate

—Aplo(2)?] = —Alo(2)?] — hiﬂ515@+5gﬁmﬁ

< —B(B+d—2)a(x)’ 7+ B(B - 2)yh*c(x)"*

Tﬁ(ﬁ 25 32{ (&) + o(p)P~1)

S—Mﬁ+d—2+@d@52
+ [Bea(x)?7? + B(B — 2)yho ()"

d

+h25(5 Qﬁ 32{0&541“7 Ny
=1

4
6w+d—2+@<>

provided the sum in the square brackets can be made non-positive for |z|
sufficiently large. By neighborhood comparison we have

d

S {o(&) ™+ o(n)’ ) < 2k o (2)

=1

for all k € (0,1) with corresponding v > 4. We see that

~Pola) e {_5 (' h'; - 7) r@- g+ 282 §>_<ﬁ6 ~3) 5

<0

for sufficiently large v and sufficiently large |x| > Rh for all R > R(e, d, 3,7).

(6) Unrestricted estimate from above
For 8 < 0 and = > —1 it holds

(1+2)” > 1+ Bz
This follows directly from Taylor’s expansion for (1 + x)” at zero

(1+2)’ =1+8(1+0) e+ (B - 1)1+ %" > 1+
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with some intermediate value £. Using this we finally obtain

d o(x+eh)? —20(x)8 +o(x —e;h)?
AhCTB(ﬂU):Z ( + 1h> 2 }(L2> + ( zh)

i=1

= i VEE T 2mh + 2+ Ah2 - o(x)®
_ =

=1

d B
V0|2 = 2z:h + B2 + vk — o (x)?
2 =

[y

> h™%0(x) ' (2 2(z) + 2 o22)

=1

= Bdo(x)"?,

=1

= h %0 (z)?

+h~ %0 (x)"

M- M-

7

SH

since
+2x;h + h? - —2|z|h + h?

ORI
& =2lz|h + h* > —|z|* — yh?
< |2]* = 2|z|h + h* > —h%

<

6.3 Lemma (Basic estimate for discrete Green’s function, [9]).

Let Q), C G, be bounded and let G: Q) x €, — R be its discrete Green function.

Define
2—d
2

vy (@) = [Jaf* + 1)
Then for every v > 4(d, 2 — d) with 4 as in the previous lemma holds

G(Ivy) S K(d7 7)@7($ - y)7 Vx S ﬁha V?J € Qh'
For fixed v := 29(d, 2 — d) we correspondingly have

G(r,y) < K(d)vy(z —y) V€, Yy € Q.

>
(1) Mazimum principle

Let y € Qj be arbitrary but fixed. We want to apply the discrete maximum
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<

principle to G(-,y) — Kv(- — y) on G},. Since the condition on the boundary
follows from the positivity of v and K, we only need to show

!
—Ap oGz, y) — Kv(z —y)] <0, Ve,
We COHSider two cases:

TFY

In this case we have
—Ap 2 [G(z,y) — Kv(x —y)] = KA v(x —y).

From the previous Lemma with § := 2 — d < 0 and sufficiently large v >
4(d,2 — d) one obtains
~Apafo(e —y)] = 0.

r=y
In this case the symmetry of v, v(he;) = v(he;), 1 <i,j < d yields

iﬁ () — o)) = 2 (4 -

- hd@(d 7) <0

Ah U(l‘) |z:0

and consequently
1
~ A0 [Gla,y) — Kolw = y)) = 51+ KO(d, 7)) <0

for all K > — e(d -

6.4 Lemma (Stairs estimate).
Let sp: [k, +00) = Nh, s(z) := |£] h for some h > 0. Then

sp(z) > (x +h), Vz>mh

m+ 2

holds for all m € N. In particular,

1
sp(x) > g(x—k h), Nz > h.
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»
Let sp(x) = kh for some k € N and > mh implying k£ > m. Then
kh <z < (k+ 1)h yields
z+h < (k+2)h.

So, k > m implies

sp(x) = kh > m

k-+2)h
m+2( +2) >m

m 5(@+h).

<

6.5 Lemma (Discrete Schwarz’s reflexion principle).
Let ©, C Gy, Q2 C R% Q;, = cl, Q be admissible with 9; ), C {z € R? | z; = 0}
and let u: €, — R be discrete harmonic with u|81_Qh = 0. Further, let G}, C Gy,

Gh, = cly, G with G := QU {(—x1,7,...,24) | z € Q}, and define v: G;, — R by

u(zy, e, ..., Tq), ifz1 > 0,2 € Gy
v(x) =<0, if 1, =0,2 € G,
—u(—x1,29,...,1q), ifx; <0,2€ Gy,

Then v is discrete harmonic in Gy,

>
By direct computation.
D |

6.6 Lemma (Second lemma on harmonic estimate).

Let 05 € Nand 0y := | 2| € NU{0}. We define
Up :={z € Gy | 01h < |Z|, |2]1 < (01 4+ 02)h}

for some h > 0. Furthermore, let n: U, — R be discrete harmonic in U with

n(x) =0, for |z|w = o1h,
=1,

n(x) for |x|; = (o1 + 02)h
Let 5:= Ld‘%J Then, the following inequality holds
(t—O'l) ’$—01€ih|
<K(d)—=K(d)—/———
o) < K@ = K@= (+

for all x = hte;, 01 <t <o;+35,1<i<d.
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>

(1)

Generality

From symmetry it sufficient to show the claim for e;. Both the left and the
right side of the inequality are independent of h, and we therefore can assume
h to be fixed. Now, for every fixed o5 the claim follows from the finiteness of
Up. Inductively, the claim also holds for finite set {1 < o9 < 2(d +2)}. We
can therefore assume for the rest of the proof that

o9 > 2(d + 2).

Admissible geometry
We want to show that

{z € Gy | || =01h} C{x € Gy | |x|1 < (071 + 09)h},

i.e. that the boundaries do not intersect.
First, we note that o; < 7% by observing that

o o o
0|35 <7

d d—1

This implies do; < 01 + 02 and consequently
|z|y < d|z|o = dorh < (01 + 02)h
for |z|e = o1h.

Admissible shifting depth

To prove our estimate, we first want to obtain an estimate for Dy along {e;th |
o1 <t <oy + s} using the combined harmonic estimate from Theorem 5.37.
To use this theorem near the inner boundary of U, we need to be able to
harmonically continue 1 onto some parts of {x € G, | |z|ooc < o1h} using
Schwarz’s reflection principle 6.5. This imposes the additional constraint s <
01.

To this end, we are looking for s € N, s < o7 such that

{yeGnl|lz—ylo <sh} C{y€Gnllyl < (014 02)h}

for all z = ejth, oy <t < 01+ s (see Figure 6.1 where d = 2, 01 = 3, 05 = 7,
s =2,t=4). Since || - ||;-balls are invariant in the sense

{ze€Gn||zh <RhR}N{z€Gy| 2z >h}=
{z€Gy|z1>2h}n{z€G,||z—ehli <(R-1)h}
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Figure 6.1

Figure 6.2
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for all R € N (see Figure 6.2 with d = 2, R = 3), it is sufficient to check

{y€Gnllr—ylow < shyr > 21}
ClyeGnly 2o, |z —yh < (02— (t—o01))h}

for = ejth, 01 <t < 01 + s (see Figure 6.3 where the left and right set in
the situation of Figure 6.1 are marked by correspondingly darker and lighter
filling). Using monotonicity of inclusion (if inclusion holds for t = o7 + s it
also holds for all 01 <t < gy +s), symmetry (dropping y; > x; condition) and
translation invariance w.r.t. shift | - —z|, we can reduce this condition even
further to

webnllyle <shy C{y € Gnllyl < (02— s)h}.

From our previous geometrical considerations in (2), this holds if

02
ds < o9 —s& s < ,
=02 ~d+1

i.e. we need to demand s < Lﬁj . We also need to ensure s < oy for Schwarz’s
reflection principle 6.5. This can be achieved by setting

IR

We now have s > 1 due to the assumptions in (1) and s+ 1 > LmJ =S.

Linear estimate

Let t € {oy,...,01+s} be arbitrary, but fixed. By discrete maximum principle
5.15 we have 0 < 1 < 1. Using discrete Schwarz reflection principle 6.5 if
necessary, we can apply the combined harmonic estimate 5.37 to the discrete
domain {y € G, | |y — thei|w < sh}, obtaining

n((t+ 1)hey) — n((t — 1)hey
2h
We now prove by induction that

) d
< ’Dfn(thelﬂ < 7

Lo —
n(terh) < dzf o

S
holds for 0y <t < 0y + s+ 1. For t = oy the claim follows by assumption,
since |o1e1h|loe = o1h. For t = o7 + 1 Schwarz’s reflection principle gives
n((o1 — 1)hey) = —n((o1 + 1)hey), implying

2n((o1 + 1)hey)

2h = Di‘:n<0_1h€1) S

Y

el

n((o1 4+ 1)hey) < "
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Figure 6.3
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Now let the claim hold for all t € N, 07 <t < f, t <s. Using Theorem 5.37
again and the induction step, we obtain

n((f + Dher) —n((f = Dhey) _ d
2h ~ sh’
o+ Dher) < 22+ SE - 1) - o),
o+ Dher) < S[(E+ 1) - o

(5) Inequality
Using the linear estimate from the previous step we only need to show that

d ! t—O‘l ! 09
—(t— < K(d)d .
SE—o) S K(d)d—— & s> K(d)

Applying the stairs estimate from Lemma 6.4 and using the assumption —2 >
72 we obtain

i
o 1 o9 1 op}
> 1= 1) —1=- _9
S_LlJrlJ >3<d+1+> 3(d+1 )

>1 (o) _ 09 . 1
=3\d+1 d+2) 3d+rn@+2)*

<

6.7 Lemma (Combined estimate for discrete Green’s function).
Let €;, be an admissible subset of G;, and let G: Qj, x Q;, — R be its discrete Green’s
function. Then it holds

where p(z) = dist(z, 0€,) and 7 is like in the Basic Estimate 6.3.

’<1> Proof idea
Let y € Qp be arbitrary but fixed and we can always assume x € (, i.e.
p(x) > h. We prove the estimate by distinguishing two cases: we use a direct
proof in the first case and a comparison argument in the second.

(2) |z —y| <2(d+1)p(x)
Since h < p(z) we have

v = y[* +yh* < 4(d + 1)*p*(2) +7p*(2) = [y + 4(d + 1))’ (2),
and the basic estimate 6.3 yields

2—d

d 1-d
G(x,y) < Kllx —y|* + 0% < Ko =yl +9h% 2 p(x).
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(3) & —yl>2(d+1)p(x)
Here we proceed in two stages: firstly, we choose a suitable set and secondly,
we construct an appropriate comparison function on this set.

(a) We set
09 1= ng_yr‘ o1 = L%J 5= \‘ o2 J

2h |’ dl’ d+1

We see that
e —yl
on =%
[z -y 02 02
%d+Uh_d+1§{?+1w§S+L

and also

2 1< 2 <
g
d+1|~d+1 "~ =77

since g9 > 2 > d%l.

(b) Let 2’ € 99 be such that |z — 2’| = p(z) and denote g := 2’ —i—alh('i i|

We introduce the following discrete sets

A ={z € Gy | |z|1 < (01 + 02)h, |7|c > 1R},

Uh = (Ah + 1'0) M Qh;
with the usual notation S + zp := {z+ 2o | z € S}. (see Figure 6.4 where
d=2,plx) =2 |z —yl =146 > 12 = 2(2 + 1)p(z), 09 = 7, 01 = 3,
s = 2, Uy is filled). Since Q, is admissible, we have |z — 2/|; = |z — 2/
and

[z — 2’| = p(z) <

)

_ < 1)h
[z —yl < h oy < |22 p S+l
2d+1) — d+1 d+1| <osh

implying

|z — x| < |z —2'| + |2" — 2] < (01 4 s)h ()
and analogously |z — zg|; = | — zg| < (02 + 01)h, i.e. € Uy.
Now let z € U,. We decompose z —x = (z — 2') + (2/ — z), where
(z =22 —x)=(2—2,x—2") =0. We now have

|z —z| = \/|z/ — 2|2+ |2 — /]2 < \/o3h? + 032 = V205D
—va | e va (2 )
- - d+2
<\/—<Iaf yl e yl):\/_ r—yl,

(d +1) 2 d+1
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Figure 6.4

since h < p(x) < 2|(Idjry1|). From d > 3 we infer s € (0,1). This implies

2=yl = e —yl = |z —2[ > (1 =) [z —y| >0,

ie. ydU,.
We therefore obtain that G(-,y) is discrete harmonic in Uj, with

G(z,y) =0, Vz €y,
G(zy) < K(d)[|z — y[> + 7025 < KX (@)[|z — y[?> + b=
= Ky (d)[|lx — y|> +yh3 2", Vz € 0U, N Qy,

since for all z € U}, holds
o=yl > (1= Pl =yl + (1= 50*9h® = (1= 0% (ja =y + 91

(c) Choosing a comparison function -
Let n: A, — R be defined as in Lemma 6.6. We now define H: Uj;, - R
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by
H(2) = n(z = a0) Ka(d)lle — yf + 077
This function is discrete harmonic by construction and
G(z,y) < H(z), Vze€dU,NQy,

G(z,y) =0< H(z), Vze€dU,N oy,
By discrete maximum principle we obtain
G(z.y) < H(z) = n(z = a0) Ky(d)[|lx —y* +yh*] 7", ¥z € U,

Taking into account that = € U, satisfies (%) we can apply Lemma 6.6
with ; = === i € {1,...,d}, getting

|x—z0|’

2—d
2

G(z,y) < n(x — xo) K1 (d)[|z — y|* + vh?]

|x — 29 — o1€:h)|

<K — Y2 +ynYT
< K(d) pys |z —y|* +~h7] 2
|z — 2|

= K(d) = y|? + vk ="

O'Qh
(4 p() 1
|z —y|? +~vh?]2

= K*(d)[|z — y|> + vh*] = p(z),

|z — y)? +h%) "

since
[z =yl _ lz =yl
h > > > >h
I PR R
_ 2
= @ e s PR e
- 1
= b > (1+3) 7 eyl k) = ——— (e — g + k)R,

<

6.8 Remark (Norm equivalence).

It holds
|z — y| < Vd|z -yl

17— Yoo < |7 =yl

for all ,y € RY. Moreover, for any ai, as, b1, by > 0 we have

(11’.%'1| + a2|:1:2\ Z K(al,ag,bl,lb)\/ bll'% + bgl’%, \Vlajl,l'g S R

due to the theorem of Riesz about equivalent norms.
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6.9 Lemma (Estimates for quotients of discrete Green’s function).
Let Q) C G;, be admissible, and let G': ), x Q;, — R be its discrete Green’s function.
Then

1—d
2

|D;,G(x,y)| <Kz —y>+vh1 2, €U Uy, 1<i<d

with ~ like in the Basic Estimate 6.3.
>
(1) Dealing with the boundary

Let y € Q, be arbitrary but fixed. Again we denote p(z) := dist(x, 09). For
x € 0; ), we have

DY G(a,y)| = | Gt eny) — Goy) ‘ _ 'G(x + hesy) '

h h

K(d)[|z —y + he;|* + vh?]
h

< K*(d)[Jz — y[* + ~vh?]

1-d
< 2 p(x + he;)

1-d
2

due to Lemma 6.7, the identity p(x + he;) = h and the third step in the proof
of Lemma 6.2 (note z # y). We can now assume that p(z) > h.

(2) Case distinction

We introduce d* := [Vd] + 1 > Vd, » := ZI/—E < 1 and consider the following
three cases

(3) =t= > p(a)
Choose R := p(x). Since for £ € By(z, R, | |o0) :={2 € G1 | |z — 7| < R}

p(€) < p(z) + [z — €loo < R+ R =2R,
€=yl > |z —yl—le—& > [e—y| — Vdlz — €|
> |z —y| = VdR = |z — y| — Vdp(x)

|x_y|oo
2|$—?J|—\/C_1ld—+

> |v —y| — |z -y
=(1—=2x)]z—yl >0,
~——

=:2€(0,1)

we have y € Bp(x, R, | |x), i.e. G(-,y) is discrete harmonic in this set. We
denote

Bi(7,R,| |oo) ={2€Gh |2 —T|oo < R,z; —x; > —R + h}.
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Using Lemma 6.7 and Theorem 5.31 together with the previous estimates we
obtain

d
DfG(x,y)] <2— max G(&,
DGyl <2 max (GEy)

d 1—d
<25 max  K(d)[¢ - yl> + vk 7 p(&)
£€OBY (2,R,]-|oo)

<AK(d)  max 2w -yl +4nY
£€OB;} (z,R,|'|c0)

< K (d)lx =yl + 907,
if p(x) = R > h (see assumptions in 5.31). Using Lemma 5.33 instead of
Theorem 5.31 one obtains the case p(z) = h.

(4) h < E= < p(a)
Choose R := | =¥ |h. This leads to

dth

2 = Ylo _ |2~y

hSRS d+ - d+

and also to y & By(z, R, | - |s) C Qp, since for £ € By(x, R, | - |o) we have
€=yl = Je =yl — |z =€ > |z —y| = Vdlz — &l 2 o —y| — VdR

Vd
2 e —yl = Zrle—yl =1 - =)z —y| > 0.

=:%2€(0,1)

The stairs estimate 6.4 and the norm equivalence gives

L (|7 =yl L[|z —vyl 2 211
- J1%° > - —Z1 > —
R>3( s +h)_3(\/3d+ +h) > K(d)||x —y|” +~vh7]2,

implying

d
D} G(x,y)| < 2— max G(&,
| i (,9)| RfeaBi(I,R,|'|oo)| S
<20 max K@) -yl +n2
~ R ¢eoBi(x,R,] )
d 2—d
< 2— max K (d)]|x -yl + 0% T
R ¢coBi (2,R,||) L o]

. 1-d
< K*(d)[]lz —y|* + 0] 7,

for R > h and analogously with Lemma 5.33 for R = h.
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(5) = < h

Choose R := [‘x;f}'l"ﬂh = h. Then for £ € OBy(x, R,| - |), we can estimate

h - h — 1
hZ §+ |CL’ y|oo > §+ |l‘ y| >K(d>“$—y|2+7h2]§.

2d+Vd
From the representation of Green’s function and Lemma 5.33 we obtain (recall
that —Ap, . G(x,y)|y—e = h™9)

2 11
DG < Z G —h—
DGyl <5 pmex 1GE )+ 55h0g
2 - 1
<z K(d)]|¢E =yl +~4h2 7 + ——
< econE L (d)[[§ =yl +~h7] 7 + ST
9 1 -
< K*(d)=h>¢ < K[|z —y|>+~h% = .
< KH(d)7 i+ oy < K(d)lle — yl” + 7k
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Chapter 7

Discrete A Priori Estimates for
the Linear Case

7.1 Discrete Riesz potentials

7.1 Motivation (Discrete linear a priori estimates).
The results of this chapter are essentially discrete pendants to the results of Chap-
ter 4. For this section see also Chapter 7 from [23].

7.2 Definition (Discrete L? Norms).
Let Q) C Gj, be bounded and let u: 2, — R. We define by

[ull?oq,, = D lu(x)|*h
zE€Q
the discrete L1 norm.

7.3 Definition (Discrete Riesz potential operators).
Let o € (0,1], v > 0 be fixed. The discrete Riesz potential is defined on G, by

d(l a)

Vo (@) = [J2]* + 717
For bounded €2, C Gy, it generates the discrete Riesz potential operator defined by

(Vo )z Zva,yx— f)h?, z e,
S

which maps f: €, — R to V,, f: Q, — R.

7.4 Notation (Diameter of an admissible set).
Let © C R? be admissible. We denote

diam Q2 := max sup |z; — y;|.
1<i<d 4 yeq
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7.5 Lemma (Uniform estimate for the discrete Riesz potential).
Let Q;, C Gi, Q1 = clp Q be admissible with admissible 2 = Hle(ai,bi), a; < b;,
1 <4 <d. Then

|V (2 — -)||Lq(§h) < K(a,7v,d,q,diamQ), V€ Q,

for )
, a€(0,1),
1<g¢g<( l-a
00, a=1.
>
(1) Symmetrization
We will sometimes suppress the («,y)-dependence, writing v := v,,. Let

x € Q, be arbitrary. Since v is positive and radially symmetric we have
lv(z = Mza@n) < [0llpaezy < 2700 Lagary:

where ﬁ: = clp((—¢c,0)?), QF = clif ((0,0)?), ¢ = max;<i<q(b; — a;) = diam Q2
(see Figure 7.1 with d = 2, Q = (5h, 10h) x (5h,9h)). It is therefore sufficient

.
€2
.

€1

Figure 7.1

to establish an upper bound on L?(2;}). We also can assume « € (0, 1), since
for « = 1 we have

HUI’WHQL"(QX) = Z ht < (diam 2 + 1)d.

weﬂz
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(2) Isolating the origin

Using radial symmetry of v we can write

1013 0qry = 2 @R =3 Jo@@)"h?+ Y |o(x)|%A!

zeQ) zeQ) zeQ)
|ﬂw<h |ﬂw>h
< 2¢)v(0) |qhd+§ lv(z)|?h,
xEQ+
|mkm>h

since 2¢ = #{r € G, | z; > 0,1 <i < d, |z|so < h}. The term

[V, ()72 =7~
is bounded uniformly in h due to g < ﬁ We denote

Gh:={z € Q| |z| > h}.

and prove the boundedness of [|v|[7, ., in two steps.

d(l—a)q
2

pa1—=(1=a)q)

Interior estimate by comparison integral
The main idea of the estimate is to interpret ||v||qu(Gh) as a lower Riemann

sum for [[v[|7,. with some G C Re If x € G}, with 7; > 0, 1 <i < d then it
follows by direct calculations that

v(xz) = min{u(y) |y € H

Denoting G} := {z € G, | z; > 0,1 < i < d} and G := [0,*\ [0, h)?

obtain
> Jo(a)|"h? < /|v )7d .

x€G+
Replacing G with the larger set (see Figure 7.2, where the dots represents G;/)
Grag = {z €R? | h < |x|2§\/ac,xi>0,1§i§d}

and using polar coordinates we finally get

Z|U($)|qh < / lv(x)|?dx S/ lv(z)|*d z g/ || 91— g ¢
G; G G'r'ad

rad

—(1-a Vde
— X pdi-a)g d—t g, — ¥4 rd(1-(1-a)q) *
_ Wa (\/ac)d(lf(lfa)q) _ pd(i—(1—a)q)
2 1-(1-ag ’
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€2

o
Grad
Figure 7.2

where wy/2¢ is the surface area of {|z| = 1}NR?. Since (1—a)q < 1, we avoid
the logarithmic singularity and have uniform in A boundedness.

Dimensional reduction

Denoting GY := G}, \ G} we now have to show the boundedness of ||U||%Q(G2).
The set GY represents points from G, for which at least one component w;,
i€ {l,...,d} is zero. We can partition it in sets where exactly 1,2,...,d —1
components are non-zero. For instance, the subset with exactly one non-zero
component corresponds to the intersection of G5, with axes. Since v is radially

symmetric, the sum over every such subset with exactly k non-zero components

can be calculated via y
(1) X et

meRﬁ
with
R} := RF N G,
RF = {2 €[0,d"\[0,h]" | z; > 0,1 <i<k}x{0}"
We now have to show boundedness for every such sum. Using the approach
from the previous step (observe R{ = G}) and introducing

Rf = {v R | h< |z < Ve, z; > 0,1 <i <k} x {0}F

we estimate

> fo(@)ht = hF Y " o(x) 7R < hd"“/k lu(z)|?d x
zER}, z€R} R

Vke

< hd_k/ lo(x)]?d (21, ..., 2x) < hd_k/ p=l=d=a)q q
RF h

rad

ik (\/%C)k—d(l—a)q hd(1—(1—a)q)

:h . J—
k—d(1—a)q k—d(l—a)q
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for k # d(1 — a)q and

Ve
Z lv(z)|7h? < h9™ k/ ph=l=d=a)a q . — pd=k <10g(\/Ec) - log(h))
h

acERk

otherwise. In both cases d > k and 1 — (1 — a)qg > 0 ensure uniform in A

boundedness.
L

7.6 Lemma (Discrete Hardy-Littlewood-Sobolev inequality).

Let Q, C Gn, Q, = 1, Q be admissible with admissible Q = Hle(ai,bi), a; < b,

1 <i<d. Then

IVar fllze@,) < K (o, d, diam Q,p, g, 7)[| f]| e ()

for every f: Q) — R, provided

1 1
0<§:=0(p,q) =———-<a
P q
>
(1) Case v =1
After setting % + 1% =1, 1 <p’ < oo direct calculations yield
1/q q 1/q
Vi f o = | D 1V D@IR | = D2 1D fy)ne] e
zEQ, zeQ), 1YEQ,
1/q
< STt [ St < 3T IF)IAY - (diam Q4 1) Y
yeQy, zeQ yeQy
1/p
< (Z | f(y)]”hd> (diam Q 4 1)%/a+d/v
yeQ,

= ||f||LP(Qh)<diamQ + 1>d/Q+d/p’
for all 1 < p < g < +00. We are therefore left with the

(2) Case a € (0,1)
Denote r := L& From1>1—6>1—a > 0 we obtain

1<r<

1—a’
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<

Using Lemma 7.5 this implies
Var(x— ) €L (), z€Q,
with a uniform bound
1Vay (2 = ) Lrny < Cla,,d, r, diam Q)
We can write
U £ = WALSP/1 - 0r 00 g

and apply the Holder inequality with three multipliers

:| oz'yf |<Zva'y$_ ’f )‘hd
yeQy,
1

yeQy, yeQy,

< (Z vZ,»,(fU—y)lf(y)l”hd> Cm P £ -

yeQ,
Lemma 7.5 finally yields

1/q

WVarfla@y < | Do D vhale =9l () PR

.Z‘Eﬁh yEQh

=D D v, @ =yt | [ fy)ln

ye, :DGﬁh

< Y fI e O £
= C"O| £l o) -

7.7 Remark (Extension).
We did not consider the case = a, p > 1, since it is not necessary for our purposes
(cf. Remark 4.19).
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7.2 Discrete Linear A Priori Estimate

7.8 Definition (Discrete Sobolev Norms).
Let ©;, C G;, be admissible and let w: ;, — R with u\mh = 0. We define by

d
loll gy = D0 0 DT ule)Ph.

=1 20y, U8; Qp

: 1
the discrete Wy norm.

7.9 Theorem (Discrete Linear A Priori Estimate).
Let Qp, C Gp, Qp :_Clh Q) be admissible with some admissible Q C R?. Let f: Q, —
R be given and u: £2;, — R be defined as the solution of

—Apu(z) = f(x), x € Qy,
u(z) =0, x € 0.

Then, for p € (1,00), ¢ > % it holds

||u||W01‘p(Qh) < K(d, p, q, diam Q)”f”LQ(Qh)-

>
Without loss of generality we can assume q € (ﬁpp, p] # 0, since

£l 2oy < K (g, p, d, diam Q)| f[| o) < K™(q, p, , d, diam Q)| f[| (o,
for ¢ < p < §. Due to norm equivalence on R? we obtain

d e d 1/p
lulwiron =D D [DFu(@Pr®| = (Z D u(x)!\ip(ghuaﬂ»
=1 2€0,U8; Qy i=1

< K (d) max | D7 ()| oo, 0-0,)-

It is therefore sufficient to have an estimate for || Df ul|1r(q,), 1 <7 < d.
From the Representation Lemma 5.19 we have

u() =Y G,y fWh', =€,

yeQ,

implying
Dfu(x) = Y DEG(x.y)f()h!, =€ QU0 D

IS
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for 1 < ¢ <d. From Lemma 6.9 we know that

1—d
|D;.G(z,y)] < K(d)[|e —y|* +10°] 2, 2 € QUI U, y €Dy

for fixed v := y(d), yielding

[Dfu(a)] < K(d) Y [le —yl + 027 () = K(d)(Vijanl F1)()

yeQy,

for z € Q, UO; Qp,, 1 <i < d. We now have

1D ulno-any < K DIVigas| Fllsnonan < KDINVigaal o,
= K*(d,diam Q, p, q)|| f|| La(n)

for 1 <i < d, since

as Lemma 7.6 demands.
R
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Chapter 8

Interpolation

8.1 Tensor product interpolation

8.1 Motivation (Interpolation).
Exactly as in the model problem 3 we need a way to interpolate a grid function in
such a way that

1. the interpolated function coincides with the grid function in the grid points;
2. the interpolated function belongs to W' and is continuous;

3. the W'P-norm of the interpolated function can be estimated by the discrete
WP_-norm of the grid function up to a grid-independent factor.

8.2 Motivation (Reference box).
We first construct an interpolation process on the simplest discrete set — reference
box — and then we extend it to a general discrete admissible domain.

8.3 Notation (Reference box, tensor element, natural numeration).
Let (iy,...,i4) € {0,1}%. We denote

(ilv"'7id) o — il “ e id
x =ay

with the convention 2° = 1.

Using binary representation we can map the set {0,1}¢ one-to-one onto the set
{0,1,...,2¢ —1}. We denote by 7: {0,...,29 — 1} — {0,1}¢ the corresponding
binary decomposition written in reverse order, i.e. m is additive with

7(0) = (0,...,0),
m(28) =(0,...,0,1,0,...,0), 0<k<d-1.
k ti
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We also define
o(k) = |r(k), ke{0,1,...,2¢ -1},

ie. if m(k) = (i1,...,4q), then
d
a(k)=>ij.
j=1

We now define by
Q = [0, )

the reference box with
Qn=QNG,={hr(k)|0<k <21}

Moreover, we define 75,: () — R by

Tk(l') — k) x?l(k) . -xgd(k)

for 0 < k < 24 — 1; for instance,

7'0(23) = 1,
7'3(90) = T122,
T5(Q?) = X1T3.

8.4 Definition (Interpolation on the reference box).
Let f: @Qn — R be given. Define f: ) — R by

Z ape(z) = f(2), x € Qp,

2d_1

&Y agn(hn(f) = f(hr(f), 0<j<2'—1.

This system is lower triangular with a positive diagonal, i.e. always solvable. Really,
let k € {0,...,2¢ — 1}, m(k) = (iy,...,iq) € {0,1}. Then,

me(h(k)) = 2t alf| o = @h) e (iah) = REi= = h®) >,

r=hm
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Now let k > j, w(j) = (¢},...,7,). This implies 1 = i, > ¢, = 0 for some s €
{1,...,d} and consequently

Te(hm(§)) = (iLh)™ -+ (iLh)" - - (i4h)" = 0.

Sfo
8.5 Example (Interpolation in 2d).
For instance, for d = 2 we have
TO(I1,$2) = 1, hT('(O) = (0,0),
7_1(51317:132) = I, hﬂ-(l) = (h7 0)7
To(w1, 12) = T, hm(2) = (0, h),
’7'3(371, Iz) = T129, h7T(3) = (h, h)

i.e. the system for determining (ay)?_, is given by

(&%) +0 +0 +0 = fo = f((), O),
@y +arh  +0 +0 = f1:= f(h,0),
a +0  Hah  +0= fy:= f(0,h),
(&) —F(th +062h +063h2 = f3 = f(h, h)

8.6 Motivation (Representation lemma).

We want to estimate the W, P-norm of the interpolant against the discrete W, *-
norm of the corresponding grid function. As the first step towards this aim we want
to obtain a representation of the coefficients «; through the finite differences of the
grid function. From Example 8.5 we see

Qp = f07
alh = fl - va
Oégh = f2 - fOJ

ash® = (fs — fo) — (i = fo) = (f2 — fo)-
The following lemma generalizes this observation.

8.7 Lemma (Representation lemma). R
Let f: Qn — R, fr.:= f(hm(k)),0 <k <2?—1be given and let f: Q — R

be the corresponding interpolant. Then it holds

k
ah® =3 (f; = f)B, 1<k<2' -1,

J=1
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where Bj(k), 1<j<k 1<k<2%—1 are some dimension-dependent constants. In
particular this implies

k
1
jon] < Cd) g5 D13 = fol,
j=1

for 1 < k < 2¢ — 1 with some C(d) > 0.

>
We prove this statement by induction. Let the statement hold for (ay)}_; with
some n € [1,2¢ — 1) N N. Since the matrix for determining (aj)7t] is lower

diagonal with ay = fo and 7x(hm(n + 1)) = kBt (7(n + 1)), we have

Oén+1h0(nJr1 fn+1 - fo ZOé hg(k nH

with %inﬂ) =

claim:

tr(m(n+1)), 1 <k < n. Using the induction assumption we get the

N

o(n n k)
Qpi1h (n+1) fn+1 - fO Z'Y = Z fO ﬁ(

Jj=1

= (far1— fo) v +Z {_ Z%ﬁnﬂ)@(k)} ]

=8 Tjﬁtl) Jj=1 k=j
n 7

::ﬁ§n+1)

<

8.8 Corollary. A
Let f: Qn — R, fi, :== f(hw(k)),0 <k <2?—1 be given and let f: Q - R

Z%Tk req

be the corresponding interpolant. Then it holds
[flzee@ < KAl @n)-

>
By direct calculation and the previous lemma
241 241
1l < D il = 1fol + Y lalh™®
k=0 k=1
241

< |fol + Z Cd)|fx = fol <2 C@A)fllz=(qu)-
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8.9 Lemma (Estimate for a tensor product element).

The following estimate
9 p
/ m(x) | daz < prlek)-b+d

holds for 1 <i<d,0<k<2¢—1andpe€[l,00).

>
By definition

m(k) _ x;n(k) . xgd(k)

and therefore

61»Z Tk(x) - x71'('1(k;) A 71'7;_1(]{3) 7Ti+1(k) 7'('4(]47) 1

sy gy g™ i (k)

forall 1 <i<d,0<k<2"—1. For m(k) = 1 this yields

9 ? : " (k)p
I:= — dz=nh TP g
/g;(a%m(m)) x g/o z; T,

J#i
d h d h
=h H / x;j(k)pdxj H / x;j(k)pdmj
j=1,j%#i 0 J=1,5#t 0
m;(k)=1 m;(k)=0
d d
ppt1
=h h
H p+1 H ‘
J=1,57#i j=1,5#1i
(K21 7 (60

and for m;(k) = 0 we immediately get I = 0.
<

8.10 Lemma (W, norm on reference box). )
Let f: Qn — R, fi := f(hm(k)), 0 <k <2¢—1 be given and let f: Q — R



be the corresponding interpolant. Then for p € [1, 00) holds

/QZ )pdeK(p,d)hdZ S D] f()l
>

€Q;  1<i<d:
We estimate

o -
mj@

z+he; €EQn

I =

0
241 P 241 9 P
/Z Za de/@Z |ak|axi7'k(x) dzx
=1 =
By norm equivalence on R2" we have

2d_1 2d_1 8 p
> llgmte) < Kipd) ™ | S joul (o)) |

for all 1 <i <d, x € (), yielding

< K(p,d) /ZQZ_Imyp(

=1 k=1

— K@ ?I%MQS/(

Invoking Lemmas 8.9 and 8.7 we obtain

241
I<K(pd Z |ak\p2hp o
/ 271 hp(
SK(pvd)Z lc)p Z|fj fO
k=1
241

< K(p.d)h S 1f — fol?
j=1

241

< K(p,d)h*

J=1

fi—fol”
h
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Geometrically, for every 1 < j < 24 — 1 we can represent the difference (f; — fo) as
a telescope sum of at most d terms of the form f, — f,, where hr(p) and hr(q)
have a common edge in Q. Really, let j € {1,...,2¢— 1}, w(j) = (i1, ..., 1q).
Choose kﬁlj), 0 < n < d like this

(k9 = (0,0,0,...,0),
(kYY) = (i1,0,0,...,0),
m(kY) = (i1,is,0, . ..,0),

m(kg)

(i17i27i37 s 7id)7

where some k;,(zj )’s can possibly coincide. By construction

d
—fo= kagp —fuw,

and hﬂ'(k‘ ), h?T(k‘ )), 1 < n < d, unless they coincide, have a common edge

n—

ha (kYY) = ha(kY)) + he,, with

oo — Lo
N ‘D;fk(jll‘.
So finally, we write
20-1 d f () — f (J) 20-1
d Fn - d P
rerpany 3 P ka3 (o,
= kU@lk,gﬂ k“lﬁékw

K(p,dh' > > D f(w)

TeQn 1<i<d:
(E—&—hez th

since every term in the penultimate sum appears in the last sum with multiplicity
at most 27
<

8.11 Lemma (Lower dimensional facets). X
Let f: Qn — R, f.:= f(hn(k)),0 <k <2?—1be given and let f: Q — R

Z Oéka €qQ

be the corresponding interpolant. Further, let S = S x--- x 8 with §; €
{{0},{R},[0,h]}, 1 <i<d. Then f|s depends only on {f(x) |z € Q,NS}.
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Define s := #{i | S; = [0, h]}, in other words S is an s-dimensional facet of Q.
Since the other d — s variables are fixed, f |s possesses exactly 2° degrees of
freedom. The set Q;, NS consists of exactly 2° points. Repeating the argument
from the Definition 8.4 we get the claim.
<

8.12 Definition (Interpolation on discrete admissible set). X
Let Q C RY, Q C Gy, U = clj Q be admissible with Q, := ©,U9Q),. Let u: Q) — R
be given. For every T € Q;, \ 07Q), define

d
Q" =2+ Q= []lz: 7 +hl.
=1

We construct @: Q* — R in the following way. First, define f: Q, — R by

flz) =ulx+2z), z€Q
Now, using f: @ — R from Definition 8.4 define
a(z) = f(x—z), xeQ”
Since
Q= Ufefzh\é+QhQi
we have defined @ on , provided the values @ on Q% are well-defined for all

z e, \ 3+Qh, i.e. the values on the common facets of two different boxes coincide.
This follows from Lemma 8.11.

8.13 Theorem (Norm estimate).

Let Q € R Q) C Gu, Qi = cl, Q be admissible with Q= QU O, Further,
let u: Q) — R, u|59h = 0 be given with its tensor product interpolant @: Q — R.
Then it holds

@llypoe < K(d p)llulhyr,
for p € [1, 00).
> A A
As in the previous Definition we write Q* := Q 4+ 7 for all z € Q,, \ 07Q), =: G},
Using Lemma 8.10 we estimate

d
N 0
il = 2 [ D

ox;
zeGy, ¢

" de <K(pdi? Y > > |Dfu(x)]

TGy xeQ® 1<i<ld:
r+he; €Q®

d
<K a3 IDfu@)P = K@ dlull,

i=1 xeﬁh\aj— Qp

()
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Chapter 9

Convergence Result for bounded
domains

9.1 Discrete formulation

9.1 Motivation (Main Result).
After the preparations in Chapters 5, 6 and 7 we are finally in the position to carry
out the program outlined in Chapter 3.

9.2 Definition (Discrete Formulations).
Let Q C R? and ), C Gy, Qi = cl(Q) be admissible. B
In the classical continuous setting we are looking for u € C*(€2) N C(€) such that

—Au(z) = f(u(z)), =€,

u(x) =0, x € 00 (BVP)

with some f € C(R).
In the discrete case we are looking for u: Q, — R that satisfy one of following three
equivalent formulations (see the next lemma).
The classical discrete formulation for (BVP) is the problem
—Apu(r) = flu(z)), =€,
u(z) =0, x € 0.

The weak discrete formulation for (BVP) is the problem

Yo Y Dru@Dre(a)ht =) flu())e(x)h’,

=1 $€QhU8th IEQh (P/L)
u(z) =0, x €Iy,
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where equality has to hold for all ¢: Q) — R with ©|aq, = 0.
The very weak discrete formulation for (BVP) is the problem

—Z T)App(z Zf

zEQ, TEQ, (P,;’)
u(z) =0, x €Iy,

where equality has to hold for all ¢: ), — R with ¢|sg, = 0.
Analogously to Lemma 3.8 we obtain

9.3 Lemma (Equivalence of the discrete formulations).
The discrete formulations (FP,), (P;) and (P)) are equivalent.

>
Let ¢: ), — R be a grid function with ¢laq, = 0. We multiply (P,) with ¢ and
sum up over x € €2

> ulaete) = = 3 dateee) =35 30 ~Dla) kD)

zeQy x€Qp
d _
—D;fu(z) Dy u(z)
=3 X —ew+ X (@)
=0 \zeQ,ua; z€Q,UIf

I D )

i=0 xeﬂhuai‘ Qp

obtaining (P,) = (P)).

Since u|mh = 0, we can expand Zle erﬂhua Qh
swapping v and ¢. This yields (P}) < (P}).

Define ¢,: ), — R by
1, ifx=y,
py(x) == { :

0, otherwise.

Ditu(z) D p(x) backwards,

with an arbitrary but fixed y € €. Plugging ¢, into ()

_ Z {_ D;Z@) . Dfu(yh— hea] _ A,

)
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and (P})

d
F(uly)) = 25 D [=uly + hey) + 2uly) = uly — hep)] = ~Dyuly).

=1

and in both cases dividing by h?, we obtain (F,).
<

9.2 Main result for bounded domains

9.4 Announcement (Convergence Theorem).

Let f: R — R be continuous and assume that there exists a sequence of grid spacings
(hp)nen, hn "Z8°0, a corresponding sequence of solutions (Un)nen, Un: Qpn, — R of
discrete problems (P, ) and a positive C' > 0 such that

ol e, = mec{un ()] | 2 €T, } <C, Vn €N,

Then, there exists a (renamed) subsequence (uy)nen and a classical solution u €
C*(Q) N C(Q) of (BVP) such that

[n = ull @, ) = 0, asn— oo,

9.5 Lemma (Embedding results).

Let u € Wy?(Q) with Q admissible and p > d. Then there exists a continuous
representative @ € C'(Q) with i@y, = 0 and a|, = u a.e. Now let (u,)nen C Wy ?(Q)
with [|u, ||[w1s@) < C for some C' > 0. Then, there exists & € C(Q) such that @, = @
(i.e. uniformly on Q) up to a subsequence as n — oo, where 1, is the continuous

representative of u,, n € N, as defined previously.

>

The continuous embedding follows from Theorem 4.12 in [2]. From Theorem 6.3
in [2] we have the compact embedding W?(Q) < Cp(Q?). Extracting if needed a
subsequence we obtain @, = @ with some @ € C(Q).
<«

9.6 Convention.
We will identify the function u € VVO1 P(Q) with its continuous representative @ €
C(2) in the sense of the previous lemma.

9.7 Lemma (Boundedness).
Let f: R — R be continuous and assume that there exists a sequence of grid spacings
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(hy)nen, a corresponding sequence of solutions (ty, )nen, tn: 24, — R of the discrete
problems (P, ) and a positive C' > 0 such that

unllpe@, y <€, VneN.

Then, there exists C' > 0 such that

~

where 4, is the tensor product interpolant (as defined in 8.12) of u,, n € N and
€ (1,00).

>

From the uniform boundedness of (u,)nen and the continuity of f we get
1f (un) || zr(n,) < C with some C' = C(C, f,p) > 0 for all p € [1,00). Using
Theorem 8.13 and Theorem 7.9, we obtain

||an||W1vP Q) = K(d:p)HunHWLP Q, < K*(d, p,diam Q)HfHL‘?(th)
0" () 0" (2ny)
< K(d,p,diamQ,C, f), V¥neN.

: __ 2dp dp_
with ¢ = 5 o  dip
|

9.8 Lemma (Passing to the limit in the linear part).

Let f: R — R be continuous and assume that there exists a sequence of grid spacings
(hp)nen C (0,1], a corresponding sequence of solutions (ty, )pen, Un: O, — R of the
discrete problems (F,) and a positive C' > 0 such that [[up|/;~@g, ) < C, Vn € N.
Then, there exists a (renamed) subsequence of (uy,),en such that

o Z 'Lbn Ahn n—>oo / fl?

Ieﬂhn

for all ¢ € C3(Q) and

Up =2 U
for some u € C(), u|sq, = 0.
>
(1) Subsequence in C*(Q)
The functionals B
cQ) - R
. U Z Uy () () he
xGth
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are uniformly bounded in n with V|| g = max,5 |¥(z)|, because
[P (U)] < ] oe @) [Pl 19 < CIOUNTY ] o@)-

Due to separability of C(Q) there exists ® € C*(2) such that ®, = & up to
a (renamed) subsequence.

Extending the limit element to L*(Q)

For any ¥ € C(Q2) we denote

1lle,,) = [ Y W(2)hd.

I‘Eth

From

[2,(0)] = | D un(@)¥(@)hg| < [ > wR(@)hd | Y U(a)hd

:EEth J,‘Eth Z‘Eﬂhn

< CVIQI N 2@,
letting n — oo we get for a fixed U € C(12)
(V)] < CVIQW]] 120

Since C(Q) is dense in the complete space L?(£2) we can extend ® by continuity
onto L*(Q2). We denote by @ € L*(Q) the Riesz representative of this extension.

Convergence B
We formally extend ® to all grid functions ¥: €2, — R and implicitly restrict

all ¢ € C(22) to the corresponding grids if necessary. We want to show that
Bu(~B00) == 3 wnlw) o)t " — [ Ap(wila) du = o(-Ay)
CIZEth Q
for ¢ € C3(Q). For ¢ € C3(Q) we have the consistency
AR, — Ap|| =@, ) — 0 as n — oo,
implying
[P (—Ap, 0 + Ap)| < ClQ[|An, 0 — Ao, ) — 0 as n — oo.

Hence,

D, (=Ap, ) = Cp(—Ap) + Op (A, 0+ Ap) = O(-Ap) = — / uApdu,
Q

for all o € C3(Q) as n — co.
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(4) Identification of U

We now want to show that @ can also be obtained as an accumulation point of
(tin )nen in C(Q). Taking the (renamed) subsequence (u,,),en that corresponds
to the extracted subsequence used in the first step and applying Lemma 9.5
and Lemma 9.7 we extract a (renamed) convergent subsequence (uy,)neny with
a limit u € C(), 4, = u as n — oo. We now only need to show that @ = u,
yielding also that the limit u is independent from the choice of the convergent
subsequence from the sequence fixed in the first step. First we show

O, (—Ap, p) oo, uw(z)Ap(x)dx, VYo e C3(Q).

Q
We get
Op(—Ap,0) == Y un(@)An,p(x)h = = > () A, p(2)hi)
(EEth erhn
== ) n()Ap(@)hl + > b (x — A, p(@)]h,
J?Eth CEEQ}L”
—— 3 u@dp@hl + Y ul@) — i ()] Ap(x) b
IEQ;Ln IEth
+ > iz — A, ()],

since for n — oo

A
o >y |Ag(z)| o

S u(@) — (@) Ap@he| < Ta—tnlom 3 1G], — 0

xGth erhn

and

L= Y (@) Ap(x) — Ap, ()]

< Y l(@)hy |Ae = Al e, = 0.

e T
hn ) —0

<ClQ

We now have
/Q[u(x) —a(z)|Ap(r)dz =0, Vo e C*Q).
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Consider the problem
Ap(z) =1p(x) z€Q 0
() =0, x € 0N

with a prescribed ¢ € C§°(2). By the classical existence and regularity theory
(see Chapter 4 in [23]) we have a unique solution in C?(Q)NC(£2). But since
is admissible with zero boundary condition, we can exploit Schwarz reflection
principle (see Chapter 2 in [23]). The Schwarz reflection ¢ of ¢, i.e. after 2d
reflections over the boundaries with sign change, satisfies (f) on the reflected
domain ©Q, Q € Q. Due to the compactness of the support of ¢ the reflected
is in C§° (Q) Applying the classical regularity theory (see Chapter 8 in [23]),
we get p € C(Q), and in particular ¢ € C*(Q). This yields

/Q fu() — a@)b(a) de =0, Vi € C3°(9).

< Since C5°(€2) is dense in L2(Q2) we have 7 = u a.e.
9.9 Lemma (Passing to the limit in the nonlinear part).
Let f: R — ]R be continuous and assume that there exists a sequence of grid spacings
(hy)nen, by " =0, a corresponding sequence of solutions (tUn ) nen, Un: Qp, — R of
the discrete variational problems (P, ) and a positive constant C' > 0 such that
[unll @, ) < €, ¥n € N. Then, there exists a (renamed) subsequence (un)nen

such that
S Flun(@))p(@)hd 22 / f(u(2))p(z) dz,

IGth

for all ¢ € C(Q) and

Up =3 U
for some u € C(), u|go = 0.
>(1> Subsequence in C*(Q)
The functionals
c(Q) - R
P Wi Y flun(@)W(a)hy,
2€Qn,,

are uniformly bounded, because
D0 ()] < 1 ()l oo @, ) N o |2 < 1 Lz —con 19 oy [€21-

Due to separability of C'(Q) there exists ® € C*(Q) such that ®,, = ® up to
a (renamed) subsequence.
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(2)

Extending the limit element to L?(Q)
From

[@a(0)] = | D flun(@)¥(x)hn| < \/ Y Plun(@)ha [ D W(a)hy

x€Qy,, x€Qp,,

< e -cep VI 2@, )

letting n — oo we get for a fixed ¥ € C(Q)

12(O)| < Il -c.onp VIU | 22y -

Since C(Q) is dense in | the complete space L? () we can extend ® to L*(Q).
We denote by F' € L*(Q) the Riesz representative of ®.

Identification of F

We take the (renamed) subsequence (u,)nen that corresponds to the conver-
gent subsequence in the first step. Using Lemma 9.5 and Lemma 9.7 we now
extract from it a further (renamed) convergent subsequence (u,),en, this time

with 4, = u asn — oo for some u € C'(§2). Our aim is to show that F' = f(u).
We have

P, (p) = Z f(un(x))gp(x)hg = Z f(@n(x))@(x)hz

= Y fu@)e@hd + > [flin(@) — flul@)))e(x)h
€y, z€Qp,,

— / flu(z))p(x)dz, asn — oo, for all p € C(Q),
Q

provided

Y [flan(e) = flu(@)]p(x)hi| — 0.

JJEth

But this claim follows from uniform continuity of f on [—C,C] and uniform
convergence of 1, toward u. We have therefore

/Q Fu(z)) — F@)p(z)dz =0 Yo e C@).

Since C'(Q) is dense in L?(Q) we finally obtain f(u) = F a.e.
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9.10 Theorem (Convergence Theorem).

Let f: R — R be continuous and assume that there exists a sequence of grid spacings
(hn)nen, hn "Z8° 0 and a corresponding sequence of solutions (tp )nen of the discrete
problems (F,) and a positive C' > 0 such that [[u, || «g, ) < C, Vn € N. Then,
there exists a (renamed) subsequence (u,),en and a classical solution u € C?(2) N
C(Q) of (BVP) such that

[tn = ullpom, ) = 0, asn — oo,

>

Using the convergent subsequence obtained after applying Lemma 9.8 as the
initial sequence for Lemma 9.9, we obtain a subsequence of (u,),ey for which the
claims of both those results hold with the same uniform limit, so letting n — oo we

have [ ~u@se@rde = [ e ds

for all p € C*(Q) with p|sq = 0 with some u € C(Q), ulan = 0. Let
v e C*Q)NC(Q) be the classical solution of

—Av(z) = f(u(z)), z€Q
v(x) =0, x € S

Taking the weak formulation of this BVP and subtracting it from the weak
formulation of our original problem we get

[fwmeAw@dx—&

for all p € C3(2) with ¢|sq = 0. Repeating the final argument from Lemma 9.8 we
get u = v a.e., i.e. u € C?(Q).
<
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Chapter 10

A Priori Estimates on G,

10.1 Discrete Nonlinear Liouville Theorem

10.1 Motivation (Discrete Nonlinear Liouville Theorem).

We want to generalize the following nonlinear Liouville Theorem from [22] to the
discrete setting. This is needed for a contradiction argument in the proof of the final
result of this chapter, Theorem 10.9. We begin with the discrete version of Hardy’s
Inequality (see [7]) and one useful refinement thereof.

10.2 Theorem (Nonlinear Liouville Theorem, [22]).
Let u(z) be a non-negative C? solution of

Au+uP =0
in R, d > 3 with
d+2
1<p< ——
Then
u(z) =0

10.3 Lemma (Discrete Regularized Hardy Inequality).
Let d > 3. There exists C'(«, d) > 0 such that

> O o35 (o
zeGy, €@y 1=1

for all u: G, — R with finite support and for all sufficiently large o > 0.
>
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(1) Vector field method
Let u: G, — R with finite support and F;: G, — R, 1 < i < d be arbitrary.

Then
DF (u2()Fi()) = u?(x + he;) Fi(x —i—hhei) —u?(x)Fy(z)
— 2z + he) DY Fi(x) + L0 he};’) —0) )
= u*(z + he;) Dj Fy(z) + D u(z) [u(x + he;) + u(z)] Fi(x)
< u?(x + he;) D Fi(z) + (D u(x))”
u(z + hei) - u(x))2

+

F}(x)

< uw?(x + he;) D Fi(z) + (Djfu(x
1
2

u?(x + he;) + ;u (x )> F?(x)

holds for all z € G, and 1 <7 < d. Since
d
> Y Df (ui(x)Fi(x)) =0
i=1 2€Gy,

due to the finiteness of supp u, we obtain

d

ZZ (D;’u(:v))2> ZZU (x + he;) D Fy(z)

i=1 z€G), i=1 z€G),

_ Z Z (%UZ(l‘ + he;) + %uz(@) F(x)
= =33 o) Dy ) + e - he) + PG

(2) Comparison estimate
We show that the estimates

(1 —¢)(|z]* + ah?®) <|z — Te;h|* + ah?
& — Tesh|? + %h? <(1+¢) <|:E|2 + %h?)

hold for all z € G,, 7 € [0,1], i € {1,...,d} and every ¢ € (0,1) with
sufficiently large a(e,d). Denote fy = 1 —¢, § = 1+ ¢ and let = € Gy,
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i €{l,...,d} and 7 € [0,1] be arbitrary but fixed. We estimate, on the one
hand

|z — Te;h|* + dh2 |z|? — 27ha; + T2h? + %hQ < |z|? + 2h|z| + (% + 1> h?

dla/d+1+1/e) a
< |z*(1 1 —h?
< |z]*(1+¢)+ w11 o) ( +e)d
< 2, Q.9
< 8 (af?+ 1),
provided
a+d+d/e d d

<lea> -+ —.
a(l+e) ~— >

On the other hand
|z — Te;h|* + ah? = |z|* — 2Tha; + T°h* + ah®

> |z)? — 2h|z| + ah® > 2P (1 — &) + <a - E) h?

a—1/e
=(1—¢)||z|*+ (Jz(l——/s)ah2} > Bo(|z)? + ah?),
provided
a—1/¢e 1
— 2> lsa>—
(1—-e)a g2’
Choice of the vector field
We set ;
€
Fia) = ~ 5,
(z) |z|? + ah? T € Gn

for 1 < i < d, where t,a > 0 are parameters yet to be determined. We now
can estimate

2 1222 |
F;(x)zma 1§Z§d,
tz(:n — h)2 Bt2(l‘2 + ghQ)
Fole —eh) = Z 1 1<i<d
obtaining
ZF2 <
- |$|2 + ah?’
ZF2 ﬁ s_¢&
B2 |z|2 + ah?
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Moreover, from the mean value theorem

D Fi(x) = 1@ = PZ(:“ —eh) _ %Fi(x — resh)

with some 7 € [0,1], 1 <14 < d. We calculate

0 —t 2tx?

]

= () =
52, 00 = G ame Y (ep + o

and obtain
_ —t 2t(x; — Th)?
D7 Fy(x) =
i File) |z — Te;h|? + ah? i (|lx — Te;h|? + ah?)?
—t 2t6(x7 + Sh?)

Blzl* +ah?) ~ Bi(|z* + ah?)*’

for all 1 <14 < d. Summing up we also see that
2 d 1
ZD Fay<t(Z -2y 1
I3 |z]2 + ah?
Plugging this estimates into the first step

d d
S5 (Dfu)’ = = ¥ @) 3 Dy Fite) + 52— hes) + 520

i=1 zEGy, z€GH i=1
u?(x) d 28 1 B
2 2 G ((5-%) " (37 3m)

For d > 3 we can achieve
d 28 d 1+¢
BB 1+e (1—¢)?

by making € > 0 sufficiently small, i.e. for all sufficiently large .. Since now

(428 _2<1 i)
teﬁ’&ioot(ﬁ 50) T

is positive, we get the claim by setting ¢ := ¢, where ¢ is the corresponding
maximizer.
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10.4 Corollary (Discrete Hardy Inequality).
Let d > 3. There exists C' > 0 such that

> P o5 S

zeGp\{0} z€Gy 1=1

for all u: G, — R with finite support.

>
For z # 0 we have

|z|? > h? = |2]* + ah® < (a+ 1)|2]?,

where « is sufficiently large for the previous lemma to hold, yielding

Loy MRy D
a+1 e — \x!2+ah2_ ]$\2+Ozh2'

z€Gp\{0} zeGn\{0}
<

10.5 Remark (Dimension).

Compare the condition d > 3 with the best possible constant C' = d> 3 in

d 2 (d—2)2 >
the continuous case, see [7].

10.6 Motivation (Shifted Hardy Inequality).

One possible question connected with the previous result is the following: can the
constant C' be made arbitrary small if we restrict the validity of the inequality to
the functions whose support is far away from zero. The answer is negativ as the
following lemma shows.

10.7 Lemma (Shifted Hardy Inequality).
There exists a sequence (U )nen, Un: Gn — R with finite support, u,, Z 0, supp(u,) C
{z € G, | 1 > nh}, n € N such that

d
S Y prufice ¥

i=1 z€gy, z€Gp\{0}

with C' > 0 independent of h and n.

>
(1) Reduction
Exploiting the scaling invariance w.r.t. h

d 2 d 2
Zizl ergh ‘D+un ‘ hd . Zi:l Zzegh [tn (2 + e;h) — u(x)|
Jun ()2 o Jun (kh)|2
>z {0} |x|2 = hd D kezi{o} T
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and to norm equivalence on R? it is sufficient to show

d 2
izt Daeg, [un (@ + eh) — u(z)]
un (kh)[*

Zkezd\{o} k2

éC’. (%)

(2) Construction of uy,
We set

n—1
Up = Z n X{z€Gn||x—2nhe1|1=ih}>
=0
where x denotes the characteristic function of a set (see Figure 10.1 with n = 3,
d = 2, where the values of uz in the corresponding points are labeled). By

construction we have supp(u,) C {x € G, | xr1 > nh}.

€2

€1

Figure 10.1

(3) FEstimate for the numerator
We estimate the numerator in (x). By construction of u,, we have

O’ f , + Zh N . :®’
|“n($+€z‘h)—un(w)|2:{1 if {2 + eih} O supp(un)

=3, otherwise.

forn e N, 1 <i<d, x € G,. We should therefore estimate the number of

elements in
d

U{:C € G | {z, x4+ e;h} Nsupp(uy,) # 0}.

i=1
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Since
{rteh|1<i<dxesupp(u,)}={x€q||r—2nhe|; <n},
we obtain
d 1
SN fun(a + eih) — un(2)* < d(2n+1)'— < K(d)n" .
n
i=1 €0,

(4) FEstimate for the denominator
We can estimate

Jun (kD) k:h (n — )2 X{weg| |o—2hnes |1 =in} (D)

kezd kezd i=0

"~ (1 = 9)* X{acg | |—2hnes|s —in} (k)
>
> Z o (@n +i)?
k:eZd 1=0

7’L - Z
- Z TL2 2n + 2)2 Z X{$Eg|‘l‘ 2hn61|1 Zh}(kh)

provided

To see this just observe that

1= (n—i)?% ., — i\

-~ VY sd-1 1- 2 2 -

nd; n? ! z_: n n n
is a Riemann sum for

! 2 —1 _ 2
/0 (-2 de = grmy iy > 0

<

10.8 Theorem (Discrete Nonlinear Liouville Theorem).
Letd>3and 1 <p< d%‘lQ. Then u = 0 is the only non-negative solution of

—Apu(x) =uP(x), x € Gp.
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(1) Comparison argument
Let there be a further non-negative solution, v > 0, u # 0. Suppose u(xg) =
mingeg, u(x) = 0 for some zy € G,. By Lemma 5.15, we obtain v = 0, hence
we may assume v > 0 on G,. From 1 < p < d%lZ we get

d=2—(p—1)(d—2)>0
we also get

ep—1)<2=(p-1)(d-2)
(p—1)2—d—¢)> 2

and setting € := ﬁ

Setting [ := 2 — d — ¢ and using Lemma 6.2 we obtain
—Ayof(x) < —B(d =2+ B+ )2 (z) = 0

for z € Gy, |r| > Rh with sufficiently large v and R.
The set {z € G | |r| = Rh} is finite, i.e. we can always find C' > 0 such
that

Co(2)? <wu(z), =€ Gy |r|e = Rh.

Since o” is radially falling to zero, for every w > 0 there exists R,, € N such
that )
Co(z)’ —w<0 2€G|r|e = Roh

with R, — 0o as w — 0. This implies
CoP(z) —w < u(z), |7|e = Ruh
CoP(z) —w < CoP(x) < u(z), |7|s = RA
—Ay [CoP(2) —w — u(x)] <0, |z]oo > RA
with R,, > R for all w > 0 sufficiently small. Applying the discrete maximum

principle on the set {x € G, | Rh < |z| < R,h} and letting w — 0, we
obtain

8
> B~ TV 8
u(e) = Co(z) = € (1+ R) 2]
c
for all « € Gy, |x| > Rh. This implies
—Apu(e) = uH(z)u(z) = CPHa D 2| Pu(e)

for x € Gy, |7|oo > max{Rh,1}. From (x) we get 2+ B(p — 1) > 0, i.e. for all
sufficiently large K there exists Rx € N (depending on A in general) such that

—Apu(z) > Klz|2u(x)

for all |x|s > Rkh.
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(2) Allegretto-Piepenbrinck-Agmon-Trick
We now apply the discrete version of the so called Allegretto-Piepenbrinck-
Agmon-Trick (see [3], Theorem 3.1 or [17], Theorem 1.5.12). Let

K
—Apv(z) — WU(&J) >0, Vze H (+)
x
hold for a fixed v: G, — R, v > 0 and a fixed s € Z,, Hy, :== {x € G}, |
x1 > sh}. Let ¢: G, — R, supp(p) C H be arbitrary. Multiplying (4) with
©*/v > 0 and partially summing over H, we obtain

Z { . Df“(i’?)Df%Q(ﬂi) - %gﬁ(az)} > 0.

rEH

By direct calculation for every 1 <1¢ < d and x € G;, we obtain

=D v(x .Jrﬁx :i vlx e;) —vlx @2(x+hei>—<p2(x>
LD DY £ (0) = g vl he) — ol (£ 210

:% [¢* (2 + he;) — 2¢0(x + hey)p() + ¢ (2)]

~ v(a + he)o() {@—2(%) = 2?2“7 Thee@) | o,y hei)}

h? v? x + he;)v(z) * V2
2

= (Dfela))” —vla+ he(o) (D 2(@)

yielding

Ji=> {Z (Df () — |x%soz(aﬁ)}

zeHs; (i=1
d
> Z Zv(x + he;)v(z) <Df%(m)>2 > 0.
r€H, i=1

Together with the first step this implies that for all sufficiently large C' > 0
there exists s € Z, such that

>3 )y 2oy £l

reHs =1 r€H;

for all ¢: G, — R with supp(y) C H,. This contradicts Lemma 10.7, i.e. our
original equation admits only the trivial solution.
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10.2 A Priori Estimate and Convergence Theory
on Gy

10.9 Theorem (A Priori Estimate on Gj).
There exists C' > 0 such that ||u||z(g,) < C for all non-negative solutions of

—Apu(z) + Mu(z) =uP(x), x € g, (6)n

uniformly in % € (0,1] for fixed A > 0, p € (1, 7%).
>

(1) Boundedness
Let u: G, — R be a non-negative solution for (x),. This implies

2du(r)

uP(z) = —Apu(z) + Au(z) < 2

+ Au(z)

2d
= uP M z) < A+ 73 Vo € Gy.

This yields the uniform boundedness for every fixed h € (0,1]. Moreover, we

have

(hu"z ()% < B2\ +2d < X + 2d

for all x € G, and h € (0, 1].

(2) Rescaling
Arguing by contradiction, assume there exists a sequence (hy)neny C (0, 1] and
a corresponding sequence (U, )nen, Un: Gn, — R of non-negative (and w.l.o.g.
non-trivial) solutions for (x); such that

[ PR S

This implies the existence of (z,,)nen, T € Gp, such that M,, := u,(x,) — oo
1

as n — oo and u,(x) < 2u,(x,) for all z € G,, and n € N. We set p, := Mn%p
and define v,,: G, — R by

hy, p=1

Ty = — = Myp? hy,
Hn
1
n = 7 Up Tn n )y € Y,
v () Mnu (xn + pnz), €G
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implying v,(0) = 1 and v,(z) < 2 for all z € G, , n € N. We obtain

i 20, () — vp(T + €;n) — V(T — €7)

d
iy (2un(y — Un(Y + €iftnTn) — Un(y — em%))

Mn =1 h% Y=Tn+pUnT
1 %

- ﬁ; (= An,un(Y)) ly=2ntpmz = ﬁ: (—=Aun(y) + B (Y) ly=zntpna
12

= 3 (FMidva(w) + Mivi(x)),

i.e. v, satisfies the equation

—Arvn(7) = =i An () + p My 0] (2) = —py Ao () + 0 ().
——

=1

(1)

The first step assures the boundedness of (7,),en. Two cases are therefore
possible: either 7, — 7 > 0 for n — oo up to a subsequence or 7, — 0
as n — 0o. We consider those cases separately. Take note that u, — 0 as
n — oo.

(3) Positive accumulation point

We construct v, : G, — [0, 00) as follows. The sequence (v,(e17,))nen C (0, 2]
possesses by Bolzano-Weierstrass a convergent subsequence (v, (€17, ))ken
with some limit in [0,2]. We assign this limit to v.(e;7). Analogously, we
extract a convergent subsequence from (v, (€27, ))ren and assign its limit to
v, (e27), and so on for every v (z), x € G,. Since the discrete Laplacian de-
pends only on a finite number of points, taking the limit in (f) after having
extracted and renamed all involved subsequences, we obtain

—Ayu () =08(x), x€G,
with v.(0) = 1, resulting in a contradiction to Theorem 10.8.

(4) Continuous limit
Let (Ry)nen, Ry > 0, n € N be a strictly increasing sequence with R,, — oo
as n — 00, i.e. ([—Rn, Ry]?)nen monotonically exhausts RY. We define

ng) = {&-‘ Tk

Tk

for n,k € N, implying that (—R%k),R,(f))d is admissible for G, with R, <
RW < R, + 1 for sufficiently large k € N.
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From [|vg|z(g,, ) < 2 we obtain

1A vkl Lo (gry) < Atwel|vnllLoo(gr,) + Vgl Lo(g,,) < 2+ 27

for all sufficiently large £ € N. Since for every 7, € (0, 1] exists a natural
number s, € N with s;7, € (1/2,1] we use Theorem 5.31 and obtain

2d
R EOng,) S Ikl e p) p®ang,,) (+)

+
||Dz UkHLoo([ SkTh

+ skaHA‘rkvkHLoo([_R§k)7ng)]dm ng) S K

for all sufficiently large £k € N and all 1 <17 < d.

Using the interpolation operator from Definition 8.12 we now construct vy €

C(-R",R]), keN.
Since by Corollary 8.8

- (k)\d/q o 1+d/q d/q

||UkHLq([_R§k)7R§k)}d) < (2R}") 7I1(13X o |Og(x)] <2 (R + D)YIK.
z€[=R7,Ry]

for sufficiently large & € N and by Theorem 8.13 with (4) (we write the

seminorm | - |1, instead of || - ||W01,p, because we in general do not have zero

on the boundary)

00 s mon) < K

we get

||@k ||W1,q([,R§k)7ng)]d) <K

with ¢ > d. Extracting from (f;kh_ R Rﬂd)k; a uniformly convergent subse-
’ eN

quence we obtain v € C([—Ry, Ri]Y) N Wh4([—=Ry, Ri]Y), v > 0, v(0) = 1.
Using the extracted subsequence as a starting point we repeat this argu-
ment on [—Ry, Rp]? and so on. The resulting function v: R4 — [0, 00) lies
in C(RY) N WEYR?Y) with v(0) = 1. Moreover, taking the diagonal subse-
quence, i.e. the first element of the convergent subsequence on [— Ry, R1]¢, the
second element of the convergent subsequence on [— Ry, Ry]? etc., we obtain
subsequence (v, )ien Of (vg)ken such that vy, — v uniformly on every bounded
subset of R? as i — oo. We want to show that v is a classical solution of the

continuous nonlinear Liouville equation 10.2, thus yielding a contradiction.

Passing to the limit in the equation
Repeating the arguments in Theorems 9.10 and noting that the p? v, () term
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converges to zero due to the uniform boundedness of v,(x) in x € G, and
n € N, we get that v satisfies

| ot=a0= [ v

for all ¢ € Cg°(RY). Here the boundedness of supp ¢ for ¢ € C$°(R) and uni-
form convergence on bounded subsets derived above replaces the boundedness
of the domain in the original Theorem 9.10, but we obtain only a very weak
solution. Nonetheless, it is well-known (see [35], [34]) that if 1 < p < -2

d—27
v e LP (R?), then v € C? and Theorem 10.2 applies.

loc

<

10.10 Remark (Convergence).

Now we know that every sequence (uy)nen, Un: Gn, — R of non-negative solutions
of (*)p, is uniformly bounded in L*(Gy,). Assuming h,, — 0 as n — oo we can
repeat the last two steps in the proof with v, := u,, n € N. The crucial difference
is that whereas v,, satisfies

A val@) = —EAun(@) +8(2), @€ G,
with u, — 0 as n — 0o, we now have

—Ap, up () = =Auy(x) + ub(z), x € Gy,
and the linear part of r.h.s. does not vanish in the limit.

10.11 Corollary (Convergence on Gy).

Let A > 0 and p € (1, %) be fixed. Further, let (u,)nen, tn: Gr, — [0, 00) satisfy

—Ap, un () + Auy(z) =ub(z), x € Gy,
with h, € (0,1], n € N, h, =2 0.
Then, there exists a (renamed) subsequence of (u,)neny and a non-negative solu-
tion u € C?(R?) of
—Au(z) + Mu(r) = uP(z), z€R?

such that
|u = unllL=@ng,,) — 0

as n — oo for every bounded (2.
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