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1

Introduction

With the first measurement [1] of same-sign W ± W ± jj vector boson production at the
√
LHC ATLAS experiment at s = 8 TeV, the program to test V V → V V scattering
and the EW quartic gauge couplings has been started. The data are in agreement with
the Standard Model (SM) prediction [2–5] and provide the first evidence for electroweak
(EW) gauge boson scattering, namely W ± W ± → W ± W ± . In this context, the class of
processes with two EW gauge bosons and two jets in the final state plays a very important
role. Furthermore, these processes are important backgrounds for searching signals of new
physics beyond the SM.
From the theoretical side, progress has been made to provide predictions at next-toleading order (NLO) QCD accuracy. The strategy used so far is first to implement the
calculation of the hard processes
pp → V V jj + X,

(1.1)

where both gauge bosons decay leptonically, in a parton level Monte Carlo program, where
parton distribution functions and a jet algorithm to cluster final state partons into jets are
applied, and then interface it to other programs which can do parton shower and hadronization. From a physical point of view and also due to the complexity of the calculation, it has
been traditional to classify the process, eq. (1.1), into EW and QCD induced contributions
based on the difference in the overall coupling constant at leading order (LO) and calculate
them separately. The interference effects between these two contributions are expected to
be negligible for most measurements at the LHC. However, if needed, one can calculate
these effects at LO using an automated program e.g. Sherpa [6]. For a recent discussion
on this issue, we refer to ref. [5], where the interferences of the same-sign W ± W ± jj vector boson production process were studied, which are expected to be maximal because
the gluon-initiated subprocesses are absent at LO and both the EW and QCD amplitudes
involve only left-chiral quarks and leptons.

The EW-induced channels of order O α4 for on-shell production at LO are further
classified into “vector boson fusion” (VBF) mechanisms, which are sensitive to the EW
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Calculational details

In this paper, we calculate the QCD-induced processes at NLO QCD for the process
pp → l1+ l1− l2+ l2− jj + X,

(2.1)

at order O(αs3 α4 ). We assume that all the leptons are massless and l1 6= l2 . This process
is then divided into the contributions
pp → V̂ jj + X,

pp → V1 V2 jj + X,
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quartic gauge couplings and the dynamics of V V → V V scattering and other contributions
including V V V production with one V decaying into two jets. The important message is
that the VBF mechanisms can be strongly enhanced if VBF cuts are applied. References
for the NLO QCD calculations of the EW-induced channels and the definition of the VBF
cuts can be found in ref. [5].

In this paper, we consider the O α4 αs2 QCD-induced mechanism for four chargedlepton production in association with two jets at the LHC and will present the first theoretical prediction at NLO QCD accuracy. The final-state leptons are created via a virtual
photon or a Z boson. The dominant contribution comes from the phase space regions
where two intermediate Z bosons are simultaneously resonant, therefore this process is
usually referred to as ZZjj production. The NLO QCD computation of the corresponding
EW-induced VBF mechanism has been done in ref. [7]. The NLO QCD corrections to the
QCD-induced channels are much more difficult because QCD radiation occurs already at
LO, leading to complicated topologies (up to hexagons with rank-5 tensor integrals) with
non-trivial color structures at NLO. The calculations for W + W − jj production have been
presented in refs. [8, 9], for the same-sign W + W + jj in refs. [4, 5] and for W ± Zjj in ref. [10].
Similar calculations with the massless photon in the final state have also been calculated
for γγjj [11–13] and W γjj [14] production. Results for γγjjj production at NLO QCD
have been very recently presented also in ref. [12]. Results at the total cross section level
for on-shell V V jj production have been very briefly reported recently in ref. [15].
Our ZZjj calculation with leptonic decays has been implemented within the VBFNLO
framework [16, 17], a parton level Monte Carlo program which allows the definition of
general acceptance cuts and distributions. As customary in VBFNLO, all off-shell effects,
virtual photon contributions and spin-correlation effects are fully taken into account. In
this paper, we focus on the four charged-lepton final states. The l+ l− ν̄ν channels are
simpler and can be easily adapted from the four charged-lepton code (e.g. switching off
a virtual photon contribution, changing the lepton-Z couplings). This possibility will be
available in the next release of VBFNLO.
The outline of this paper is the following. Details of our calculation are provided in
section 2. In section 3 numerical results for inclusive cross sections and various distributions
are given. Conclusions are presented in section 4 and in appendix A results at the amplitude
squared level for a random phase-space point are provided in order to facilitate comparison
with independent calculations.

Figure 1. Representative tree-level Feynman diagrams.

uu → uu V1 V2 ,
uc → uc V1 V2 ,

ud → ud V1 V2 ,
dd → dd V1 V2 ,
ds → ds V1 V2 ,

gg → ūu V1 V2 ,
¯ V1 V2 ,
gg → dd

(2.4)

where the sub-dominant processes in eq. (2.2) and the leptonic decays are implicitly included.
From these seven generic subprocesses we can obtain all the amplitudes of other subprocesses via crossing or/and exchanging the partons. We work in the 5-flavor scheme, i.e.
external bottom-quark contributions with mb = 0 are included. Subprocesses with external
top quarks are excluded, but virtual top-loop contributions are included in our calculation
as specified below.
At NLO QCD, there are the virtual and the real-emission corrections. We use dimensional regularization [18] to regularize the ultraviolet (UV) and infrared (IR) divergences
and use an anticommuting prescription of γ5 [19]. The UV divergences of the virtual
amplitude are removed by the renormalization of αs . Both the virtual and the real corrections are infrared divergent. These divergences are canceled using the Catani-Seymour
prescription [20] such that the virtual and real corrections become separately numerically
integrable. The real emission contribution includes, allowing for external bottom quarks,
275 subprocesses with seven particles in the final state.

–3–

JHEP07(2014)148

where V̂ = Z, γ ∗ with subsequent decay V̂ → l1+ l1− l2+ l2− and Vi = Z, γ ∗ with Vi → li+ li−
(i = 1, 2). Some representative Feynman diagrams are shown in figure 1. At the LHC,
the dominant contribution comes from the process in eq. (2.3) with V1 = V2 = Z because
the gauge bosons can be both simultaneously on-shell. For simplicity, we describe the resonating Z propagators with a fixed width and keep the weak-mixing angle real. Moreover,
since those leptonic decays of the neutral gauge bosons are consistently included in our
calculation by the replacement of the polarization vectors with the corresponding effective
currents, we will sometimes refer to the process in eq. (2.1) as ZZjj production.
We use the Feynman diagrammatic approach and classify at LO the above contributions into 4-quark and 2-quark-2-gluon amplitudes

Figure 2. Selected Feynman diagrams contributing to the virtual amplitudes.
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The virtual amplitudes are more challenging involving up to six-point rank-five oneloop tensor integrals appearing in the 2-quark-2-gluon virtual amplitudes. There are 42
six-point diagrams for the last subprocess in eq. (2.4). Since the kinematics does not change
if a Z boson is replaced by a virtual photon, the same hexagon integrals occur in the ZZ,
Zγ ∗ , γ ∗ Z and γ ∗ γ ∗ contributions and hence are reused for optimization. The 4-quark
group is simpler with 24 generic hexagons for the first subprocess in eq. (2.4). For the
other 4-quark subprocesses with different flavors there are 12 hexagons.
In figure 2, we highlight some contributions to the virtual amplitude. Diagrams including a closed-quark loop with gluons attached to it, e.g. the last diagram of figure 2,
are taken into account. However, we do not include closed-quark loops where the Z/γ ∗
vector bosons or/and the Higgs boson are directly attached to them. This set of diagrams
forms a gauge invariant subset and contributes at the few per mille level to the NLO results [9], and hence are negligible for all phenomenological purposes. On the other hand,
the discarded diagrams, which include the loop-induced gg → H(→ ZZ)jj channels, can
be regarded as a new mechanism, which also receives contributions from gg → ZZgg. To
properly take into account these loop-induced channels one has to calculate the square of
those amplitudes, which formally are of higher-order but can be somewhat enhanced by the
Higgs resonance and the large gluon luminosity at the LHC. Part of those amplitudes can
be obtained from the gg → ZZg calculation presented in ref. [21]. This effect is expected
to be at the few percent level, which is of similar size as the interferences between the
EW and QCD induced mechanisms discussed in the introduction. We note that NLO EW
corrections are also at the same level.
The evaluation of scalar integrals is done following refs. [22–26]. The tensor coefficients
of the loop integrals are computed using the Passarino-Veltman reduction formalism [27]
up to the box level. For pentagons and hexagons, we use the reduction formalism of ref. [28]
(see also refs. [29, 30]).
Our calculation has been carefully checked as follows. The present calculation shares a
large common part with our previous W ± Zjj calculation [5], which has been validated at
the amplitude level performing two independent calculations. For the real-emission part,
the structure of QCD radiation and therefore the implementation of the Catani-Seymour
dipole subtraction method is the same. The only difference is the computation of the treelevel amplitudes. Using two independent codes, we have crosschecked the real-emission
amplitudes and the corresponding subtraction terms at a random phase-space point and
obtained 10 digit agreement with double precision. Similarly, the integrated part of the

3

Numerical results

As input parameters, we use MW = 80.385 GeV, MZ = 91.1876 GeV, mt = 173.1 GeV
and GF = 1.16637 × 10−5 GeV−2 . The tree-level relations are then used to calculate the
weak mixing angle and the electromagnetic coupling constant. We use the MSTW2008
parton distribution functions [34] with αsLO (MZ ) = 0.13939 and αsNLO (MZ ) = 0.12018.
The Z total width is calculated as ΓZ = 2.508905 GeV. All fermions but the top quark
are approximated as massless. We work in the five-flavor scheme and use the M S renormalization of the strong coupling constant with the top quark decoupled from the running
of αs . However, the top-loop contribution is explicitly included in the virtual amplitudes.
We choose inclusive cuts defined as
pT (j,l) > 20 GeV
|yl | < 2.5

|yj | < 4.5

Rl(l,j) > 0.4,

(3.1)

where the anti-kt algorithm [35] with a cone radius of R = 0.4 is used to cluster partons into
jets. For the cut on Rlj , all reconstructed jets are taken into account. We use a dynamical
factorization and renormalization scale with the central value
µF = µR = µ0 =

1
[ET (jj) + ET (4l)] ,
2

(3.2)

where ET = (p2T + p2 )1/2 is calculated for the systems of the two tagging jets and of
the four leptons. The two tagging jets are defined as the highest transverse-momentum
jets. This scale choice is well motivated because the ET (jj) term interpolates between
the transverse momenta and the invariant mass of the tagging-jet system. It is therefore
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dipole subtraction term defined in ref. [20] has been validated at the integration level. Moreover, the real-emission contribution including the subtraction terms has been crosschecked
against Sherpa [6, 31] and agreement at the per mill level was found. For the virtual part,
we have again checked the whole virtual amplitudes with two independent calculations and
obtained full agreement, typically 6 to 12 digits with double precision, at the amplitude
level. The first implementation uses FeynArts-3.4 [32] and FormCalc-6.2 [33] to obtain
the virtual amplitudes. The in-house library LoopInts is used to evaluate the scalar and
tensor one-loop integrals.
For the second implementation, which will be publicly available via the VBFNLO program
and is the one used to obtain the numerical results presented in the next section, we use
the in-house library presented in ref. [29] to compute the amplitudes and evaluate the
tensor integrals.
Furthermore, we closely follow the strategy described in refs. [5, 14, 21, 29] to optimize
the code and to deal with numerical instabilities occurring in the numerical evaluation of the
virtual part. With this method, we obtain the NLO inclusive cross section with statistical
error of 1% in 3.5 hours on an Intel i5-3470 computer with one core and using the compiler
Intel-ifort version 12.1.0. The distributions shown below are based on multiprocessor runs
with a total statistical error of 0.03%.
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Figure 3. Scale dependence of the LO and NLO cross sections at the LHC. The reference scale
µ0 is defined in eq. (3.2). All possible combinations of charged leptons of the first two generations
are included.

similar to the default scale defined in ref. [14]. We have checked that the two scale choices
indeed produce nearly identical results for various kinematic distributions at both LO
and NLO levels. In the following, results for the integrated cross section and for various
differential distributions with the above setting will be presented. We sum over all possible
combinations of charged leptons of the first two generations, i.e. final states e+ e− µ+ µ− ,
e+ e− e+ e− and µ+ µ− µ+ µ− are all included. Since Pauli-interference effects for the identical
lepton channels are neglected, this sum amounts to a factor of two compared to the single
e+ e− µ+ µ− result.
As customary in the framework of perturbative QCD, our NLO results depend on the
scales µF and µR . We set them equal for simplicity. The scale dependence of the total
cross section at LO and NLO is shown in figure 3. At the default scale µ0 , we obtain
+0.13
σLO = 4.7783(3)+1.25
−0.93 fb and σNLO = 5.075(2)−0.30 fb where the numbers in the parentheses
are the statistical errors of the numerical integrations and the other uncertainties are due to
µ0 /2 ≤ µF = µR ≤ 2µ0 variations. As expected, the scale dependence around the central
value µ0 is significantly reduced when the NLO contribution is included.
We now study the phase space dependence of the NLO QCD corrections. In figure 4,
we display the distributions of the transverse momenta (top left) and the invariant mass
(bottom left) of the two hardest jets and the invariant mass of the four-lepton system (top
right). The distributions of the rapidity separation between the two jets are in the bottom
right panel. The K factors, defined as the ratio of the NLO to the LO results, are shown
in the small panels. To give a measure of scale uncertainty, we vary the scales in the
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Figure 4. Differential cross sections with inclusive cuts for the transverse momenta (top left),
the invariant mass of the four-lepton system (top right) and of the two tagging jets (bottom left).
The distributions of the rapidity separation between the two jets are in the bottom right panel.
The bands describe µ0 /2 ≤ µF = µR ≤ 2µ0 variations. The K-factor bands are due to the scale
variations of the NLO results, with respect to σLO (µ0 ). The solid lines are for the central scale while
the dotted and dashed lines correspond to µ0 /2 and 2µ0 , respectively. All possible combinations of
charged leptons of the first two generations are included.

range µ0 /2 ≤ µF = µR ≤ 2µ0 and plot the LO and NLO bands in the large panels. The
K-factor bands are due to the scale variations of the NLO results, with respect to σLO (µ0 ).
As expected, the scale uncertainties for all the distributions are significantly reduced at
NLO. We observe non-trivial behaviors of the K factors, varying from 0.8 to 1.7 for the
default scale. The rapidity-separation distribution shows that NLO QCD corrections are
important at large separation (∆ytags > 4), which is the phase space region selected by
VBF cuts [7] to enhance V V → V V scatterings.

–7–

JHEP07(2014)148

j

1.2
K

s = 14TeV
LO
NLO
µ /2
0
µ
0
2µ

-3

10-2

-

pp → l+1l1l+2l2 jj+X

10

dσ/dm4l [ fb/TeV ]

[ fb/TeV ]
T,j

s = 14TeV
LO
NLO
µ /2
0
µ
0
2µ

j

10

dσ/dp

-

pp → l+1l1l+2l2 jj+X

102

E
j1
j2

18.3459102072588
4853.43796816526

px

py

0.0

0.0

0.0

0.0
-7.096445419113396×10−15

j3

235.795970274883

-57.9468743482139

j4

141.477229270568

-45.5048903376581

e+

276.004829895761

31.4878768361538

-8.65306166938040

-65.9221967646567

pz
18.3459102072588
-4853.43796816526
-228.564869022223
-116.616359620580
-274.066240646098

e−

1909.28515244344

29.6334571080402

40.1409467910328

-1908.63311192893

µ+

2241.46026948104

28.1723094714198

30.2470561132914

-2241.07910976778

67.7604270068059

14.1581212702582

4.18725552971283

-66.1323669723852

Table 1. Momenta (in GeV) at a random phase-space point for j1 j2 → j3 j4 e+ e− µ+ µ− subprocesses.

4

Conclusions

In this paper, we have presented first results at NLO QCD for the four charged-lepton
l1+ l1− l2+ l2− production in association with two jets at the LHC via QCD-induced mechanisms
at order O(αs3 α4 ). The final-state leptons are created via a virtual photon or a Z boson.
The dominant contribution comes from the phase space regions where two intermediate Z
bosons are simultaneously resonant, therefore this process is usually referred to as ZZjj
production. All off-shell effects, virtual photon contributions and spin-correlation effects
are fully taken into account. We have shown that the NLO QCD corrections are important
and hence should be taken into account for precise measurements at the LHC. With this
result the calculation of NLO QCD corrections to the production of two massive gauge
bosons together with two jets is now practically complete.
Our code will be publicly available as part of the VBFNLO program [16, 17], thereby
further studies of the QCD corrections with different kinematic cuts can be easily done.

A

Results at one phase-space point

In this appendix, results at a random phase-space point are provided for comparison with
future independent calculations. We focus on the virtual amplitudes, which are most
complicated, of the seven benchmark subprocesses in eq. (2.4). The amplitudes of all other
subprocesses can be obtained via crossing or/and exchanging the partons. The phase-space
point for the process j1 j2 → j3 j4 e+ e− µ+ µ− is given in table 1, which is the same as the
one in ref. [5].
In the following, we provide the squared amplitude averaged over the initial-state
helicities and colors. We also set α = αs = 1 for simplicity. The top quark is decoupled from
the running of αs , but its contribution is explicitly included in the one-loop amplitudes.
All contributions including UV counterterms or a closed-quark loop with gluons attached
to it are taken into account. As specified in section 2, diagrams including a closed-quark
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µ−

loop with the Z/γ ∗ or/and the Higgs boson directly attached to it are excluded.1 At tree
level, we get
2

|Auu→uu
| = 3.40655603126 × 10−6 ,
LO
2

|Auc→uc
| = 6.3242194040 × 10−7 ,
LO
2

ud→ud | = 1.741578298 × 10−6 ,
|ALO
2

|Add→dd
| = 5.195659083 × 10−6 ,
LO
2

2

gg→ūu
|ALO
| = 9.4530961185 × 10−9 ,
¯ 2

gg→dd
|ALO
| = 1.11282506898 × 10−8 .

(A.1)

The interference amplitudes 2Re(ANLO A∗LO ), for the one-loop corrections and the Ioperator contribution as defined in ref. [20], are given in table 2. For the one-loop integrals,
we use the convention
Z
µ2ǫ
1
R Γ(1 − ǫ)
T0 =
,
(A.2)
dD q 2
2
2−ǫ
iπ
(q − m1 + i0) · · ·
with D = 4 − 2ǫ. This amounts to dropping a factor (4π)ǫ /Γ(1 − ǫ) both in the virtual
corrections and the I-operator. In addition, the conventional dimensional regularization
method [18] with µR = MZ is used. Switching from the conventional dimensional regularization to dimensional reduction method induces a finite shift. This shift can be calculated
observing that the sum |ALO |2 + 2Re(ANLO A∗LO ) must remain unchanged [36]. The shift
on the Born amplitude squared is given by the following change in the strong coupling
constant, see e.g. ref. [37],

αs 
αsDR = αsM S 1 +
.
(A.3)
4π
The shift on the I-operator contribution can easily be obtained using the rule given in
ref. [20].
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|Ads→ds
| = 9.644392564 × 10−7 ,
LO

1/ǫ2

1/ǫ
uu → uu

finite

2.8915745669×10−6

-1.4951973738×10−6

6.947191076×10−7

loop

-2.8915745669×10−6

1.4951973738×10−6

1.215325266×10−5

I+loop

-3.7×10−17

3.2×10−18

1.284797177×10−5

I operator

1.6010109373×10−7

-1.216280481×10−7

loop

-5.3681641568×10−7

-1.6010109374×10−7

3.231794702×10−6

I+loop

-3.2×10−17

-1.7×10−17

3.110166654×10−6

I operator

ud → ud

1.4782975725×10−6

4.4089012802×10−7

-3.349421572×10−7

loop

-1.4782975726×10−6

-4.4089012788×10−7

6.305527891×10−6

I+loop

-3.7×10−17

I operator

1.4×10−16
dd → dd

5.970585734×10−6

4.4102124035×10−6

-2.278825350×10−6

1.0675989830×10−6

loop

-4.4102124036×10−6

2.278825350×10−6

1.8933497562×10−5

I+loop

-8.2×10−17

I operator

-1.1×10−16
ds → ds

2.0001096545×10−5

8.186414665×10−7

2.4415310398×10−7

-1.854819651×10−7

loop

-8.186414665×10−7

-2.4415310395×10−7

5.284395333×10−6

I+loop

-7.3×10−17

I operator

2.7×10−17
gg → ūu

5.098913368×10−6

1.3039060448×10−8

-9.9737377238×10−9

8.78497860×10−11

loop

-1.3039060448×10−8

9.9737377219×10−9

3.21106128×10−9

I+loop

-3.0×10−20

I operator

-2.0×10−18
¯
gg → dd

3.29891107×10−9

1.53496729122×10−8

-1.22781617391×10−8

1.05371064×10−9

loop

-1.53496729122×10−8

1.22781617377×10−8

2.17252400×10−9

I+loop

-3.4×10−20

I operator

-1.4×10−18

3.22623464×10−9

Table 2. QCD interference amplitudes 2Re(ANLO A∗LO ) for j1 j2 → j3 j4 e+ e− µ+ µ− subprocess.
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uc → uc

5.3681641565×10−7
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