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R. Plačakytė1,d , K. Rabbertz6 , V. Radescu1,e , A. Sapronov4 , A. Schöning10 , S. Shushkevich1, W. Slominski7 ,
P. Starovoitov1, M. Sutton8 , J. Tomaszewska9 , O. Turkot1, G. Watt11 , K. Wichmann1, and M. Lisovyi1,f
1

DESY, Hamburg, Germany
Department of Physics, University of Oxford, Oxford, UK
3 CPPM, IN2P3-CNRS, Univ. Mediterranee, Marseille, France
4 Joint Institute for Nuclear Research (JINR), Joliot-Curie 6, 141980 Dubna, Moscow Region, Russia
5 T. Kosciuszko Cracow University of Technology, Kraków, Poland
6 Institut für Experimentelle Kernphysik, Karlsruhe, Germany
7 Institute of Physics, Jagiellonian University, Ul. Reymonta 4, 30-059 Kraków, Poland
8 Department of Physics and Astronomy, Sussex House, University of Sussex, Brighton BN1 9RH, UK
9 Faculty of Physics, Warsaw University of Technology, Koszykowa 75, 00-662 Warsaw, Poland
10 Physikalisches Institut, Universität Heidelberg, Heidelberg, Germany
11 Institute for Particle Physics Phenomenology, Durham University, Durham DH1 3LE, UK
12 Present address: Department of Physics, St. Petersburg State University, Ulyanovskaya 1, 198504 St. Petersburg, Russia
13 CEA, DSM/Irfu, CE-Saclay, Gif-sur-Yvette, France
14 DESY, Platanenallee 6, 15738 Zeuthen, Germany
2

Received: 5 May 2014 / Accepted: 22 August 2014 / Published online: 30 September 2014
© The Author(s) 2014. This article is published with open access at Springerlink.com

Abstract Sets of parton distribution functions (PDFs) of
the proton are reported for the leading (LO), next-to-leading
(NLO) and next-to-next-to-leading-order (NNLO) QCD calculations. The parton distribution functions are determined
with the HERAFitter program using the data from the HERA
experiments and preserving correlations between uncertainties for the LO, NLO and NNLO PDF sets. The sets are used
to study cross-section ratios and their uncertainties when calculated at different orders in QCD. A reduction of the overall
theoretical uncertainty is observed if correlations between the
PDF sets are taken into account for the ratio of W W di-boson
to Z boson production cross sections at the LHC.
1 Introduction
Accurate knowledge of the parton distribution functions
(PDFs) of the proton is required for precision physics at the
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LHC. PDF sets are now available as determined by several
groups [1–6] at leading-order (LO), next-to-leading-order
(NLO) and next-to-next-to-leading-order (NNLO) accuracy
in QCD. To obtain the cross-section predictions, the PDF sets
should be paired with calculations of the coefficient functions
at the matching order of the accuracy. Theoretical uncertainties for the predictions arise from both the PDF and the
coefficient-function uncertainties.
Most of the Standard Model processes at the LHC are calculated to NLO accuracy. The uncertainties due to missing
higher orders for the coefficient functions are typically determined by varying factorisation and renormalisation scales.
This leads to large uncertainties often as large as 10 % of
predicted cross sections, which usually exceed uncertainties
due to the PDFs determination. For a handful of processes
known at NNLO, the PDF uncertainties often exceed uncertainties due to missing higher orders in coefficient-function
calculations.
The experimental precision achieved by the LHC experiments often exceeds the precision of theoretical calculations.
Ultimately a more complete set of NNLO calculations should
remedy the situation in future. At present, special methods are employed to reduce theoretical uncertainties. One
such method is to measure ratios of observables which are
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expected to have similar higher-order corrections. For example, the W boson charge-asymmetry measurements [7,8]
employ almost full cancellation of the scale uncertainties for
W + compared to W − production. However, this cancellation
is not always possible. For example, the measurement of the
W W di-boson to Z boson production cross-section ratio per√
formed by the CMS collaboration using s = 7 TeV data [9]
benefits from cancellation of the PDF uncertainties, but the
scale uncertainties for the NLO calculation dominate the theoretical uncertainty. While there is no complete NNLO calculation of the W W production available at present1 , a reduction of the scale uncertainty for this ratio could be achieved by
using NNLO calculations for the Z boson production cross
section. To benefit from cancellation of the PDF uncertainties, correlated sets at NLO and NNLO are required in this
case.
Several Monte Carlo (MC) simulation programs such as
Powheg [10], MC@NLO [11] and aMC@NLO [12] use
NLO matrix-element calculations which are matched to parton showers. The parton-shower simulations are limited to
leading-log accuracy at the moment requiring LO PDFs for
consistency. Coherently determined, correlated LO and NLO
PDF sets may be exploited for the determination of PDF
uncertainties for the experimental processes which are sensitive to the interplay of the hard-scattering matrix elements,
soft resummation and PDF content of the proton. An example of such process is the W boson mass measurement using
the charged-lepton transverse-momentum distribution from
the W ± → ± ν decay.
This paper reports a determination of the PDFs with correlated uncertainties for LO, NLO and NNLO sets. The
sets are determined using the data from the HERA experiments [5] and the HERAFitter analysis framework [5,13,14].
The experimental uncertainties are estimated using the MC
method [15] and then transformed to eigenvector PDF
sets [16,17]. The new PDF sets are used to study correlations of the Z boson production cross section calculated at
NLO and NNLO and to determine theoretical uncertainties
for the W W di-boson over Z boson production cross-section
ratio. An overall reduction of the theoretical uncertainty is
observed.
2 PDF analysis
The PDF analysis reported in this paper uses the combined
HERA data [5]. These input data are accurate measurements of the inclusive deep-inelastic scattering (DIS) neutraland charged-current cross sections combined by the H1 and
ZEUS collaborations. The neutral-current data cover a wide
range in Bjorken x and absolute four-momentum transfer
1

During review of the paper the first NNLO calculation of the WW
di-boson production cross section has become available [50].
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squared, Q 2 , sufficient to cover the LHC kinematics, while
the charged-current data provide information to disentangle
contributions from u-type and d-type quarks and anti-quarks
at x > 0.01.
This analysis is based on the open-source QCD fit framework as implemented in the HERAFitter program using the
QCDNUM evolution code [18] for DGLAP evolution at LO,
NLO and NNLO [19–24]. To compute DIS cross sections,
the light-quark coefficient functions are calculated using
QCDNUM in the M S scheme [25] with the renormalisation
and factorisation scales set to Q 2 .
The heavy quarks are dynamically generated and the
heavy-quark coefficient functions for the neutral-current γ ∗
exchange process are calculated in the general-mass variableflavour-number scheme (VFNS) of [26–28] with up to five
active quark flavours. For the charged-current process, pure Z
exchange and γ ∗ /Z interference contributions to the neutralcurrent process, the heavy quarks are treated as massless. The
NLO QCD analysis of the combined F2cc data, performed
by the H1 and ZEUS collaborations [29], demonstrated that
the preferred value of the charm-quark-mass parameter, Mc ,
used in VFNS (related to the charm-quark pole mass) is
strongly scheme dependent. This analysis is repeated here
to determine the preferred value for the NNLO heavy-quark
coefficient functions. As a cross check, an NLO analysis
is repeated first and found to reproduce the H1 and ZEUS
results. The preferred mass-parameter value at NLO (NNLO)
is Mc = 1.38 GeV (Mc = 1.32 GeV) and it is used for the
results reported in this paper. For the LO fit, the charm mass
is set to Mc = 1.38 GeV. The bottom-quark-mass parameter
is set to 4.75 GeV for fits at all orders.
The strong coupling constant is set at the Z boson mass
M Z to α S (M Z ) = 0.1184 [30] for both NLO and NNLO fits.
The LO fit uses α S (M Z ) = 0.130, similar to the values used
in CTEQ6L [31], HERAPDF1.5LO [32], MSTW08LO [3]
and NNPDF2.1LO [33] PDF sets.
The data included in the fit are required to satisfy the Q 2 >
2
Q min = 7.5 GeV2 condition in order to stay in the kinematic
domain where perturbative QCD calculations can be applied.
Variations of these choices are considered as model PDF
uncertainties.
The PDFs for the gluon and quark densities are parameterised at the input scale Q 20 = 1.7 GeV2 as follows:




xg(x) = A g x Bg (1 − x)C g − Ag x Bg (1 − x)C g ;

(1)

(1 + DŪ x + EŪ x );

(2)

;

(3)

x Ū (x) = AŪ x

BŪ

(1 − x)

x D̄(x) = A D̄ x

B D̄

(1 − x)

CŪ

xu v (x) = Au v x

Bu v

xdv (x) = Adv x

Bdv

C D̄

2

Cu v

(1 − x)

2

(1 + E u v x );

(4)

Cdv

(1 − x)

(1 + Ddv x).

(5)

Here the decomposition of the quark densities follows the one
from [14] with x Ū (x) = x ū(x) and x D̄(x) = x d̄(x)+x s̄(x).
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The contribution of the s-quark density is coupled to the dquark density as x s̄(x) = rs x d̄(x) with rs = 1.0, for fits at all
orders, as suggested by [34], and x s̄(x) = xs(x) is assumed.
The extra polynomial parameters Ddv , DŪ , EŪ are set to
zero for the central fit; however, they are allowed to vary to
estimate the parameterisation uncertainty. The normalisation
of the xu v (xdv ) valence-quark density, Au v (Adv ), is given
by the quark-counting sum rule. The normalisation of the
gluon density, A g , is determined by the momentum sum rule.
The x → 0 behaviour of the u- and d-sea-quark density is
assumed to be the same leading to two additional constraints
BŪ = B D̄ and AŪ = A D̄ /(1 + rs ). The negative term for
the gluon density is suppressed at high x by setting C g = 25.
After application of these constraints, the central fit has 13
free parameters.
The fit uses the χ 2 definition from [5] with an additional
penalty term described in [35]. The statistical uncertainties
use expected instead of observed number of events. The data
contain 114 correlated systematic uncertainty sources as well
as bin-to-bin uncorrelated systematic uncertainties. All systematic uncertainties are treated as multiplicative. The minimisation with respect to the correlated systematic uncertainty sources is performed analytically while the minimisation with respect to PDF parameters uses the MINUIT
program [36]. The central fit result is comparable to the
HERAPDF1.0 set [5]. The χ 2 per degree of freedom values, χ 2 /Ndof , for the LO, NLO and NNLO fits are 523/537,
500/537 and 498/537, respectively.
The PDF uncertainties arising from the experimental
uncertainties are estimated using the MC method [15]. The
method consists in preparing a number of Nr replicas of the
data by fluctuating the central values of the cross sections
randomly within their statistical and systematic uncertainties taking into account correlations. The uncorrelated and
correlated experimental uncertainties are assumed to follow
the Gaussian distribution. A set of 1500 replicas is prepared
and used as input for the LO, NLO and NNLO QCD fit.
The fits are inspected to ensure that the minimisation has
converged for fits at all three orders. Replicas where one
of the fits has failed are discarded. To check that this procedure does not introduce any bias, a study in which the
non-converged fits are included has been performed. It is
found that the non-converged fits have negligible impact.
A total of Nr = 1337 replicas remain for which fits at
all orders have converged and they are used for the further
analysis.
A test of the fit results is done by investigating the χ 2 distribution. For the MC method, the χ 2 distribution is expected
to have a mean value of 2Ndof since it is given by the combination of fluctuations in the data plus random fluctuations
for each MC replica. Figure 1a shows the observed χ 2 distributions for the fits at LO, NLO and NNLO. The distributions
follow the expected χ 2 distribution. Figure 1b shows the cor-
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Fig. 1 Distribution of χ 2 /Ndof for fits to 1337 data replicas at LO,
NLO and NNLO (a). Correlation of χ 2 /Ndof between NLO and NNLO
fits (b). The vertical line in a indicates the expected mean value of the χ 2
distribution for the fits to the data replicas in the MC method (2 × Ndof )

relation of the χ 2 /Ndof values for the fits at NLO and NNLO.
A high degree of correlation is observed.
The central values, μ, and uncertainties, , of the predictions, based on MC PDF sets, are estimated using the mean
values and standard deviations over the predictions for each
replica, σi . The predictions can be cross sections calculated at
different orders or PDFs determined at given x, Q 2 values.
The correlation due to experimental uncertainties between
NLO and NNLO predictions is determined as

ρ

NLO−NNLO

1
=
Nr

 Nr

NLO
i=1 (σi

− μNLO )(σiNNLO − μNNLO )
.
NLO NNLO

For many applications, the eigenvector representation of
the PDF uncertainties [16,17] is more convenient than the
MC representation. The eigenvector representation typically
requires fewer PDF sets to describe the PDF uncertainties. A
procedure suggested in [37] is adapted here to determine the
eigenvector representation for the correlated LO and NLO as
well as NLO and NNLO MC PDF sets.
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The grid for the central fit uses 199 grid points spanning in x from 10−6
to 1 with four anchor points at 0.01, 0.1, 0.4 and 0.7 and logarithmic
spacing between them. The grid for the error determination spans in
x from 10−5 to 1 with the same anchor points. The uncertainties for
x < 10−5 are set to those at x = 10−5 .

Q2 = 1.7 GeV2
NLO MC
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0.2

where the matrix V is built using eigenvectors of C times
the square root of the corresponding eigenvalues. For each
vector Vk , a symmetric PDF error set is defined at the starting
scale as

2

2

0.4

k=1

Here the index i is determined by the x-grid index l, PDF
flavour index f and order index o as i = l +( f −1)N x +(o−
1)N x N f . The resulting error sets are evolved from the starting scale to other scales using QCDNUM. Since the eigenvalues are found to be strongly ordered in magnitude, only
39 (45) eigenvectors corresponding to leading eigenvalues
can approximate the matrix C for NLO-NNLO (LO-NLO)
sets with high precision, as demonstrated in the following
discussion.
The NLO PDFs with their uncertainties determined using
the MC method and its eigenvector representation, using
39 sets, are shown in Fig. 2. Very good agreement is
observed between the two representations. A similar picture is observed for the LO and NNLO PDFs. The correlation among PDF values at different x is shown in Fig. 3.
The eigenvector representation reproduces all the correlations very well with small deviations at high x (x > 0.7).
All PDFs show high degree of correlation for neighbouring
x values which can be explained by intrinsic smoothness of
the PDF parameterisation, which has few parameters, and the
fact that the PDFs at comparable x are constrained by similar input data. There is a sizeable anti-correlation between
PDFs at small and large x values caused by sum rules. The
correlation patterns as a function of x are similar for PDFs
determined at NLO and NNLO and, with the exception of the
gluon density at high x, there is a strong correlation between
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The procedure makes use of the ability of the QCDNUM
program to perform PDF evolution based on a tabulated input.
An x-grid of N x = 97 points xl with variable spacing2 is used
to determine the N f = 5 average PDFs x f (xl ). The PDFs
are represented by Eqs. 1–5 including correlations between
PDFs at the No = 2 orders, LO-NLO and NLO-NNLO.
The correlated uncertainties are described by the dimension
N = N x × N f × No = 97 × 5 × 2 covariance matrix C
which is represented as
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Fig. 2 NLO PDFs with the experimental uncertainty bands as well as
the relative uncertainties determined by the MC method and its eigenvector representation. From top to bottom, the panels show xu v (x),
xdv (x), x Ū (x), x D̄(x) and xg(x) distributions
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NLO and NNLO PDFs. A qualitatively similar, strong correlation is observed for the PDFs determined at LO and NLO;
however, it is somewhat reduced compared to that for the
NLO and NNLO PDFs. This explains why more eigenvectors are required for the correlated LO-NLO PDF set. As a
cross check, the correlations between NLO and NNLO PDFs
are studied using a bi-log-normal parameterisation
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Fig. 3 Correlation coefficients, given in percent and represented by different colours, among different PDFs at NLO and NNLO at the starting
scale Q 2 = 1.7 GeV2 and x-grid points. From top to bottom, the panels
show correlation coefficients for the xu v (x), xdv (x), x Ū (x), x D̄(x)
and xg(x) distributions. The left column corresponds to the original
MC-method calculation and the right shows the result of the eigenvector representation. Each panel shows the correlation coefficients as a
function of the x-grid point for the NLO (bins 1 − 97) and NNLO (bins
98 − 194) PDFs. Bins 0, 27, 43, 62, 78 and 97 correspond to anchor
points at x = 10−5 , 0.01, 0.1, 0.4, 0.7 and 1.0 with logarithmic x
spacing between them

instead of the parameterisation of Eq. 1–5. Similar correlation patterns are observed with some differences for the
gluon density at high x, where the uncertainties are large.
Model uncertainties in PDFs arise from the uncertainties
of the input parameters of the fit. The value of the strangequark density suppression rs is varied by ±0.30. The variation range is defined by the uncertainties found by the ATLAS
collaboration [34,38] and cover the somewhat lower value
determined by the CMS collaboration [8,39]. Based on the
ATLAS analysis, this variation is considered to be fully correlated between the NLO and NNLO PDFs.
The uncertainties of the heavy-quark masses are also
assumed to be fully correlated between NLO and NNLO.
The charm-quark mass uncertainty is taken from the H1 and
ZEUS analysis [29] to be 0.06 GeV. The bottom-quark mass
is varied between 4.3 and 5.0 GeV.
The uncertainties of the QCD evolution at small Q 2 are
probed by varying the Q 2min cut between 5 and 10 GeV2 .
The choice of the Q 20 value is also tested by varying down
to Q 20 = 1.5 GeV2 . The resulting change in the PDFs is
considered as a symmetric uncertainty.
The strong coupling constant at both NLO and NNLO,
maybe considered to be the same, or different, following the
analyses from [4,5] or [1,3], respectively. To cover different
possibilities, α S (M Z ) is varied by ±0.002 independently for
the LO, NLO and NNLO fits.
Parameterisation uncertainties are estimated by including
additional terms in the polynomial expansion following the
procedure outlined in [5]. The extra terms are added coherently to LO, NLO and NNLO sets to preserve the correlation
pattern.
The PDF sets are reported in the LHAPDF v6 format [40].
The correlated NLO-NNLO and LO-NLO sets are labelled
as “HF14cor-nlo-nnlo” and “HF14cor-lo-nlo”, respectively.
Separate sets are provided for experimental and model plus
parameterisation (“HF14cor-lo-nlo-nnlo_VAR”) uncertainties. The experimental uncertainties are reported as both
Monte Carlo (“HF14cor-lo-nlo-nnlo_MC”) and symmetric eigenvector (“HF14cor-nlo-nnlo_EIGSYM”, ”HF14corlo-nlo_EIGSYM”) sets. The symmetric eigenvector set is
ordered according to the size of the PDF uncertainty, approximate calculations may use the first 26 sets only. The reference
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Table 1 Cross-section predictions, experimental (Exp.) as well as model and parameterisation (Mod.) PDF uncertainties, scale uncertainties and
correlation coefficients for the Z boson and W W di-boson production calculated at NLO and NNLO using the HF14cor-nlo-nnlo PDF set
Cross section

Value
pb

Exp. PDF
pb

Mod. PDF
pb

Scale
pb

σ ZNLO

29,890

±450

σ ZNNLO
NLO
σW
W

30,390

±420

46.1

±0.6

+490
−490
+520
−540
+0.7
−0.6

+680
−940
+190
−260
+1.5
−1.4

set for all PDF sets is chosen to be the set averaged over the
MC replicas.

3 Prediction of Z and W W production cross sections at
the LHC
The usage of the correlated NLO and NNLO PDF sets is
exemplified by calculating W W di-boson and Z boson pro√
duction cross sections for the pp collisions at a s = 7 TeV
centre-of-mass energy. The recent measurements of W W
di-boson production by the ATLAS and CMS collaborations [9,41] have generated considerable interest from the
theoretical community. The uncertainties of the measurements and predictions are comparable and the measurements
are about 1 − 2σ above the expectations. The difference may
originate from missing higher orders [42,43], electroweak
effects [44] and possible New Physics contributions [45].
The W W di-boson and Z boson production processes are
expected to have similar PDF dependences which may lead
to reduced uncertainties for the ratio of the cross sections. In
the following discussion, the predictions obtained using the
HF14cor-nlo-nnlo PDF sets are compared to the measurement of the ratio obtained by the CMS collaboration [9].
The total cross section for W + W − di-boson production,
σW W (called W W di-boson production in the following) is
calculated at NLO using the MCFM v6.6 program [46,47].
The calculation includes the gluon–gluon initiated box diagram which first contributes at order α S2 and so is formally
NNLO. The factorisation and renormalisation scales are
given by half of the scalar sum of the transverse momenta
of the outgoing final-state particles, HT /2. The contribution
from Higgs boson production, which contributes approximately two percent, is not included. As a cross check,
the total W W di-boson cross-section predictions from the
original paper [47] are reproduced using the corresponding
setup.
The total cross section for Z /γ ∗ boson production, σ Z
(referred to as Z boson production in the following discussion) is calculated at NLO and NNLO using FEWZ [48,49].
The invariant mass for the lepton pair is chosen to be 60 <
M < 120 GeV as in the analysis of the CMS collaboration.
The factorisation and renormalisation scales are fixed to the Z
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Correlation coefficient
σ ZNNLO
σ ZNLO

NLO
σW
W

1

0.697

0.736

0.697

1

0.451

0.736

0.451

1

boson pole mass, M Z . The FEWZ calculation includes NLO
electroweak corrections, which are small for this mass range.
The contribution from γ γ →  processes is not included
for either W W di-boson or Z boson production.
Uncertainties due to missing higher-order corrections are
estimated by varying the default scale up and down by a factor of two, for both factorisation and renormalisation scales
simultaneously or independently, excluding the variation in
opposite directions. An envelope of all variations is built and
maximal positive and negative deviations are taken as the
asymmetric uncertainty. The scale uncertainty is dominated
by the variation of the renormalisation scale for W W diboson production and by the variation of the factorisation
scale for Z boson production. The scale uncertainty is treated
as uncorrelated between W W di-boson and Z boson production. The experimental PDF uncertainties are symmetric by
construction. The model and parameterisation PDF uncertainties are quoted as asymmetric.
The resulting cross sections with their correlations are
given in Table 1 and shown in Fig. 4. The predictions for Z
boson production calculated at NLO and NNLO show a high
degree of correlation. The scale uncertainties are reduced significantly for the NNLO prediction, becoming smaller than
the PDF uncertainties. The central value of the prediction at
NNLO is larger than that for NLO by 1.7 %. This difference is smaller than the uncertainty of σ ZNLO on the missing
higher-order corrections, estimated by the scale variation.
The correlation of the σW W and σ Z cross sections is very
large for the experimental PDF uncertainties for both the
NLO and the NNLO calculations. Model and parameterisation PDF uncertainties are also highly correlated for most
of the uncertainty sources when both cross sections are calculated at NLO. When σ Z is calculated at NNLO, an anticorrelation for some sources is observed. A detailed breakdown of the model and parameterisation uncertainties for the
total cross-section calculations is given in Table 2.
An anti-correlation between σW W and σ Z is observed
for the variation of the rs parameter. In addition, an anticorrelation between σ ZNLO and σ ZNNLO is observed for the
variation of the Q 2min cut as well from the addition of the
Du v parameter to the PDF parameterisation. A positive correlation between σW W and σ Z at both orders is observed for
the Mc , Mb and α S (M Z ) variations.
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Table 2 Shifts of the W W di-boson and Z boson production cross
sections due to the model and parameterisation variations in the PDF fit

s = 7 TeV
31000

NLO (%)
σW
W

Variation

σZNNLO [pb]

rs (−0.3)

30000

Exp. ⊕ Mod. PDF
Exp. PDF

29000

30000

σNLO
[pb]
Z
s = 7 TeV

−0.29

−0.33

−0.81

0.39

0.42

Mc (−0.06 GeV)

−0.81

−0.89

−0.76

Mc (+0.06 GeV)

0.55

0.66

0.61

Mb (−0.45 GeV)

0.13

0.11

−0.02

Mb (+0.25 GeV)

−0.07

−0.07

0.00

α S (M Z )(−0.002)

−0.54

−1.27

−1.17

Q 2min (−2.5 GeV2 )
31000

σ ZNNLO (%)

rs (+0.3)

α S (M Z )(+0.002)

Scale

29000

1.00

σ ZNLO (%)

Q 2min (+2.5 GeV2 )

0.52

1.23

1.17

−0.25

−0.35

0.23

0.75

0.73

−1.06

Q 20 (−0.2 GeV2 )

−0.21

−0.19

−0.14

+Du v

−0.03

−0.32

0.97

+DŪ

−0.04

−0.02

−0.01

+EŪ

0.01

0.00

0.00

σZNLO [pb]

31000

Table 3 Predictions of the W W di-boson to Z boson production crosssection ratio with PDF and scale uncertainties
Ratio

30000

Exp. ⊕ Mod. PDF
Exp. PDF

29000

Scale

45

46

47

s = 7 TeV

σZNNLO [pb]

31000

30000

Exp. ⊕ Mod. PDF
Exp. PDF
Scale

45

46

47

Exp. PDF
×10−3

Mod. PDF
×10−3

Scale
×10−3

NLO
σW
W
σ ZNLO

1.543

±0.008

+0.023
−0.021

+0.069
−0.058

NLO
σW
W
NNLO
σZ

1.517

±0.010

+0.036
−0.027

+0.050
−0.046

48

σNLO
WW [pb]

29000

Value
×10−3

48

σNLO
WW [pb]
Fig. 4 Correlation of the cross-section predictions for Z boson production calculated at NLO and NNLO, W W di-boson and Z boson
production both calculated at NLO and W W di-boson production calculated at NLO and Z boson production calculated at NNLO. The error
bars indicate scale uncertainties

Effects of variations of the input parameters other than
considered in Table 2 can be estimated by scaling the reported
shifts assuming a linear dependence of the cross sections.
Validity of this approach has been verified for the rs parameter which has been varied down to rs = 0.3 in steps of 0.1.
The observed anti-correlation between σW W and σ Z for the
rs -parameter variation can be caused in part by the different x ranges probed by the two processes and the assumption that the s-quark density has the same x dependence as
the d̄-quark density, adopted in this paper because of a lack
of sensitivity of the HERA data. The effect of this assumption can be probed by treating the rs -parameter variation as
uncorrelated for the two cross sections. Note, however, that
the anti-correlation leads to a conservative uncertainty for the
σW W to σ Z cross-section ratio.
The predicted ratio σW W /σ Z using the Z boson production cross sections calculated at NLO and NNLO is given in
Table 3. The predictions are compared to the CMS data in
Fig. 5. The data and calculations agree reasonably well. The
scale uncertainty is reduced by using σ ZNNLO . Experimental
PDF uncertainties cancel in the ratio becoming negligible
compared to the scale uncertainties.
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Exp. ⊕ Mod. ⊕ Scale
Exp. ⊕ Mod.
Exp.

CMS

mismatch of the calculation order is beyond the NLO accuracy and thus could be considered to be covered by the NLO
calculation uncertainty, which is estimated by the scale variation. Given the observed anti-correlations between NLO and
NNLO sets, this procedure may, however, lead to an underestimation of the PDF uncertainties. A calculation of the W W
di-boson to Z boson production cross-section ratio using the
HF14cor-nlo-nnlo NNLO PDF set yields

s = 7 TeV

σNLO
/ σNNLO
WW
Z

NLO
σNLO
WW / σZ

NLO(NNLO PDF)

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

103 × σWW / σZ

Fig. 5 Ratio of the W W di-boson to Z boson production cross sections
calculated at NLO and NLO/NNLO compared to the result obtained by
the CMS collaboration (hatched area). The inner, middle and outer
filled error bars of the predictions indicate experimental and full PDF
uncertainties and the total uncertainty calculated as the scale and full
PDF uncertainties added in quadrature, respectively
NLO /σ NLO and σ NLO /σ NNLO due to the
Table 4 Shifts of the ratios σW
W
Z
WW
Z
model and parameterisation variations in the PDF fit

Variation

NLO / σ NLO
σW
W
Z
×10−3

NLO / σ NNLO
σW
W
Z
×10−3

rs (−0.3)

0.020

0.020

rs (+0.3)

−0.018

−0.019

Mc (−0.06 GeV)

0.001

−0.001

Mc (+0.06 GeV)

−0.002

−0.001

Mb (−0.45 GeV)

0.000

0.002

Mb (+0.25 GeV)

0.000

−0.001

α S (M Z )(−0.002)

0.011

0.010

α S (M Z )(+0.002)

−0.011

−0.010

Q 2min (−2.5 GeV2 )

0.002

−0.007

Q 2min (+2.5 GeV2 )

0.000

0.028

Q 20 (−0.2 GeV2 )

0.000

−0.001

+Du v

0.005

−0.015

+DŪ

0.000

−0.001

+EŪ

0.000

0.000

A detailed breakdown of the model uncertainty sources
for the ratio of the cross sections is given in Table 4. The rs
variation results in a large uncertainty for the ratio using both
NLO and NNLO calculations of σ Z . Additional experimental
input constraining rs will allow this uncertainty to be reduced.
Variations of the Q 2min cut and addition of the Du v parameter
NLO /σ NLO ; however, these variations
cancel in the ratio for σW
W
Z
NLO /σ NNLO . The variations of
have significant impact on σW
W
Z
Mc , Mb and α S (M Z ) do not affect the ratio significantly for
either the NLO or NNLO calculations of σ Z .
An alternative approach to benefit from the partial cancellation of the PDF uncertainties is to use NNLO PDFs for the
processes with only NLO matrix-element calculations. The

123

/σ ZNNLO =
σW W
+0.023
(mod.)] × 10−3 ,
[1.527 ± 0.008 (exp.)−0.022
where the uncertainties represent the experimental (exp.) and
model plus parameterisation (mod.) PDF errors only and are
NLO /σ NLO ratio. The
very similar to the PDF errors for the σW
W
Z
NLO
central value is consistent with the σW W /σ ZNNLO calculation within 0.7 %; however, the PDF uncertainties may be
underestimated by 30–50 %.
Adding the PDF and scale uncertainties (Table 4) in
quadrature, the cross-section ratio of W W di-boson to Z
boson production calculated as the ratio of NLO predictions
is
NLO
NLO
−3
= [1.543+0.073
σW
W /σ Z
−0.062 ] × 10

and as the ratio of NLO to NNLO predictions is
NLO
NNLO
−3
= [1.517+0.051
σW
W /σ Z
−0.047 ] × 10 .

The usage of the mixed-order calculations leads to a 30–40 %
reduction of the overall theoretical uncertainty.

4 Summary
Sets of LO, NLO and NNLO parton distribution functions are reported preserving the correlations of PDFs determined at different orders. The sets are determined with the
HERAFitter program using the combined HERA data. The
input parameters of the fits use recent experimental results
on the charm-quark mass parameter Mc and the strangeness
suppression parameter rs . The experimental PDF uncertainties are determined using the MC method and reported using
both MC and eigenvector representations. A high degree of
correlation is observed for the PDFs at different perturbative order and similar Bjorken variable x. The model and
parameterisation PDF uncertainties are estimated by varying
the values of the input parameters and by adding extra terms
in the PDF parameterisation.
The correlated NLO and NNLO PDF sets are used to calculate the W W di-boson and Z boson production cross sections. The W W di-boson production cross section is calculated at NLO using MCFM. The Z boson production cross
section is calculated at NLO and NNLO using FEWZ. Significant correlations of the PDF uncertainties are observed for
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the cross sections calculated at different orders. For the ratio
of the W W di-boson to Z boson production cross sections an
overall 30–40 % reduction of uncertainties is observed when
using mixed-order calculations due to the reduced higherorder uncertainty for the Z boson production cross section
calculated at NNLO.
Acknowledgments We are grateful to the DESY IT department for
their support of the HERAFitter developers. This work is supported in
part by Helmholtz Gemeinschaft under contract VH-HA-101, BMBFJINR cooperation program, “Dinastiya” foundation and RFBR Grant
12-02-91526-CERN_a.
Open Access This article is distributed under the terms of the Creative
Commons Attribution License which permits any use, distribution, and
reproduction in any medium, provided the original author(s) and the
source are credited.
Funded by SCOAP3 / License Version CC BY 4.0.

References
1. S. Alekhin, J. Bluemlein, S. Moch, The ABM parton distributions tuned to LHC data. Phys. Rev. D 89, 054028 (2014).
arXiv:1310.3059 [hep-ph]
2. R.D. Ball, V. Bertone, S. Carrazza, C.S. Deans, L. Del Debbio et al.,
Parton distributions with LHC data. Nucl. Phys. B 867, 244–289
(2013). arXiv:1207.1303 [hep-ph]
3. A. Martin, W. Stirling, R. Thorne, G. Watt, Parton distributions for
the LHC. Eur. Phys. J. C 63, 189–285 (2009). arXiv:0901.0002
[hep-ph]
4. H.-L. Lai, M. Guzzi, J. Huston, Z. Li, P.M. Nadolsky et al., New
parton distributions for collider physics. Phys. Rev. D 82, 074024
(2010). arXiv:1007.2241 [hep-ph]
5. H1 and ZEUS Collaborations, F. Aaron et al., Combined measurement and QCD analysis of the inclusive e± p scattering cross sections at HERA. JHEP 1001, 109 (2010). arXiv:0911.0884 [hep-ex]
6. P. Jimenez-Delgado, E. Reya, Dynamical NNLO parton distributions. Phys. Rev. D79, 074023 (2009). arXiv:0810.4274 [hep-ph]
7. ATLAS Collaboration, Measurement of the inclusive W ± and
Z/gamma cross sections
√ in the electron and muon decay channels
in pp collisions at s = 7 TeV with the ATLAS detector, Phys.
Rev. D 85, 072004 (2012). arXiv:1109.5141 [hep-ex]
8. CMS Collaboration, Measurement of the muon charge
asymme√
try in inclusive pp → W + X production at s=7 TeV and
an improved determination of light parton distribution functions.
arXiv:1312.6283 [hep-ex]
+ −
9. C.M.S. Collaboration,
√ Measurement of the W W cross section
in pp collisions at s = 7 TeV and limits on anomalous W W γ and
W W Z couplings. Eur. Phys. J. C73, 2610 (2013). arXiv:1306.1126
[hep-ex]
10. S. Frixione, P. Nason, C. Oleari, Matching NLO QCD computations
with Parton shower simulations: the POWHEG method. JHEP 11,
070 (2007). arXiv:0709.2092 [hep-ph]
11. S. Frixione, B.R. Webber, Matching NLO QCD computations and parton shower simulations. JHEP 06, 029 (2002).
arXiv:hep-ph/0204244
12. R. Frederix, S. Frixione, V. Hirschi, F. Maltoni, R. Pittau et al.,
Scalar and pseudoscalar Higgs production in association with a topantitop pair. Phys. Lett. B 701, 427–433 (2011). arXiv:1104.5613
[hep-ph]
13. HERAFitter, An open source QCD fit framework. http://herafitter.
org

Page 9 of 10 3039
14. H1 Collaboration, F. Aaron et al., A precision measurement of the
inclusive ep scattering cross section at HERA, Eur. Phys. J. C 64,
561–587 (2009). arXiv:0904.3513 [hep-ex]
15. Z. Ajaltouni, S. Albino, G. Altarelli, F. Ambroglini, J. Anderson, et al., Proceedings of the workshop: HERA and the LHC
workshop series on the implications of HERA for LHC physics.
arXiv:0903.3861 [hep-ph]
16. J. Pumplin, D. Stump, W. Tung, Multivariate fitting and the error
matrix in global analysis of data. Phys. Rev. D 65, 014011 (2001).
arXiv:hep-ph/0008191 [hep-ph]
17. J. Pumplin, D. Stump, R. Brock, D. Casey, J. Huston et al.,
Uncertainties of predictions from parton distribution functions.
2. The Hessian method. Phys. Rev. D 65, 014013 (2001).
arXiv:hep-ph/0101032 [hep-ph]
18. M. Botje, QCDNUM: fast QCD evolution and convolution. Comput. Phys. Commun. 182, 490–532 (2011). arXiv:1005.1481 [hepph]
19. V. Gribov, L. Lipatov, Deep inelastic ep scattering in perturbation
theory. Sov. J. Nucl. Phys. 15, 438–450 (1972)
20. G. Altarelli, G. Parisi, Asymptotic freedom in Parton language.
Nucl. Phys. B 126, 298 (1977)
21. G. Curci, W. Furmanski, R. Petronzio, Evolution of Parton densities
beyond leading order: the nonsinglet case. Nucl. Phys. B 175, 27
(1980)
22. W. Furmanski, R. Petronzio, Singlet Parton densities beyond leading order. Phys. Lett. B97, 437 (1980)
23. S. Moch, J. Vermaseren, A. Vogt, The three loop splitting functions
in QCD: the nonsinglet case. Nucl. Phys. B 688, 101–134 (2004).
arXiv:hep-ph/0403192 [hep-ph]
24. A. Vogt, S. Moch, J. Vermaseren, The three-loop splitting functions
in QCD: the singlet case. Nucl. Phys. B 691, 129–181 (2004).
arXiv:hep-ph/0404111 [hep-ph]
25. S. Weinberg, New approach to the renormalization group, Phys.
Rev. D 8, 3497–3509 (1973)
26. R.S. Thorne, R.G. Roberts, An ordered analysis of heavy flavour
production in deep inelastic sc attering. Phys. Rev. D 57, 6871
(1998)
27. R.S. Thorne, A variable-flavour number scheme for NNLO. Phys.
Rev. D 73, 054019 (2006)
28. R. Thorne, Effect of changes of variable flavor number scheme on
parton distribution functions and predicted cross sections. Phys.
Rev. D 86, 074017 (2012). arXiv:1201.6180 [hep-ph]
29. H1 and ZEUS Collaborations, H. Abramowicz et al., Combination
and QCD analysis of charm production cross section measurements
in deep-inelastic EP scattering at HERA, Eur. Phys. J. C 73, 2311
(2013). arXiv:1211.1182 [hep-ex]
30. Particle Data Group Collaboration, J. Beringer et al., The review
of particle physics. Phys. Rev. D 86, 010001 (2012)
31. J. Pumplin, D. Stump, J. Huston, H. Lai, P.M. Nadolsky et al.,
New generation of parton distributions with uncertainties from
global QCD analysis. JHEP 0207, 012 (2002). arXiv:0201195
[hep-ph]
32. H1 and ZEUS Collaborations, “HERAPDF1.5LO PDF Set with
Experimental Uncertainties”, H1prelim-13-141, ZEUS-prel-13003.
33. NNPDF Collaboration, R.D. Ball et al., Unbiased global determination of parton distributions and their uncertainties at NNLO and
at LO, Nucl. Phys. B 855, 153–221 (2012). arXiv:1107.2652 [hepph]
34. ATLAS Collaboration, Determination of the strange quark density of the proton from ATLAS measurements of the W → ν
and Z →  cross sections, Phys. Rev. Lett. 109, 012001 (2012).
arXiv:1203.4051 [hep-ex]
35. H1 Collaboration, F. Aaron et al., Inclusive deep inelastic scattering
at high Q 2 with longitudinally polarised lepton beams at HERA,
JHEP 1209, 061 (2012). arXiv:1206.7007 [hep-ex]

123

3039 Page 10 of 10
36. F. James, M. Roos, Minuit—a system for function minimization
and analysis of the parameter errors and correlations. Comput.
Phys. Commun. 10, 343–367 (1975)
37. J. Gao, P. Nadolsky, A meta-analysis of parton distribution functions. JHEP 1407, 035 (2014). arXiv:1401.0013 [hep-ph]
38. ATLAS Collaboration, Measurement of the production √
of a W
boson in association with a charm quark in pp collisions at s = 7
TeV with the ATLAS detector. arXiv:1402.6263 [hep-ex]
39. CMS Collaboration, S. Chatrchyan et al., Measurement
of associ√
ated W + charm production in pp collisions at s = 7 TeV, JHEP
1402, 013 (2014). arXiv:1310.1138 [hep-ex]
40. LHAPDF the Les Houches Accord PDF interface. http://lhapdf.
hepforge.org/
41. ATLAS Collaboration,
Measurement of W + W − production in pp
√
collisions at s = 7 TeV with the ATLAS detector and limits on
anomalous W W Z and W W γ couplings, Phys. Rev. D 87, 112001
(2013). arXiv:1210.2979 [hep-ex]
42. S. Dawson, I.M. Lewis, M. Zeng, Threshold resummed and approximate NNLO results for W + W − pair production at the LHC. Phys.
Rev. D88, 054028 (2013). arXiv:1307.3249
43. F. Campanario, M. Rauch, S. Sapeta, W + W − production at
high transverse momenta beyond NLO. Nucl. Phys. B879, 65–79
(2014). arXiv:1309.7293 [hep-ph]

123

Eur. Phys. J. C (2014) 74:3039
44. M. Billoni, S. Dittmaier, B. Jäger, C. Speckner, Next-to-leading
order electroweak corrections to pp → W + W − → 4 leptons at
the LHC in double-pole approximation. JHEP 1312, 043 (2013).
arXiv:1310.1564 [hep-ph]
45. K. Rolbiecki, K. Sakurai, Light stops emerging in WW cross
section measurements? JHEP 1309, 004 (2013). arXiv:1303.5696
[hep-ph]
46. J.M. Campbell, R.K. Ellis, C. Williams, Vector boson pair production at the LHC. JHEP 1107, 018 (2011). arXiv:1105.0020 [hep-ph]
47. J.M. Campbell, R.K. Ellis, C. Williams, Gluon–gluon contributions
to W + W − production and Higgs interference effects. JHEP 1110,
005 (2011). arXiv:1107.5569 [hep-ph]
48. C. Anastasiou, L.J. Dixon, K. Melnikov, F. Petriello, High precision QCD at hadron colliders: electroweak gauge boson rapidity
distributions at NNLO. Phys. Rev. D 69, 094008 (2004)
49. Y. Li, F. Petriello, Combining QCD and electroweak corrections
to dilepton production in FEWZ. Phys. Rev. D 86, 094034 (2012).
arXiv:1208.5967 [hep-ph]
50. T. Gehrmann, M. Grazzini, S. Kallweit, P. Maierhöfer, A. von Manteuffel et al., W + W − production at hadron colliders in NNLO
QCD. 2014. arXiv:1408.5243 [hep-ph]

