The method of densities
for non-isotropic Boolean models

Zur Erlangung des akademischen Grades eines

DOKTORS DER NATURWISSENSCHAFTEN

von der Fakultdt fiir Mathematik des
Karlsruher Instituts fiir Technologie (KIT)
genehmigte

DISSERTATION

von
Dipl.-Math. techn. Julia Horrmann
aus Karlsruhe

Tag der miindlichen Priifung: 22. Oktober 2014

Referent: Prof. Dr. Daniel Hug

Korreferenten: Prof. Dr. Eva B. Vedel Jensen
Prof. Dr. Wolfgang Weil






Abstract

The Boolean model is the basic random set model for the description of porous struc-
tures like the pore space in sandstone or bread or for the solid phase of sintered ceramic
composites. It is obtained by decorating the points of a homogeneous Poisson point
process (the germs) with independent identically distributed random compact, convex
particles (the grains) and forming the union set. If a Boolean model is fitted to a real
structure the first task is to estimate the intensity from observable quantities.

In the isotropic case the Miles formulas can be used to express the intensity in terms
of the densities of the intrinsic volumes (in two dimensions these are the volume, the
half of the surface area and the Euler characteristic). This approach is known as the
method of densities.

In the more difficult non-isotropic situation Weil showed in two and three dimen-
sions that the intensity is uniquely determined by the densities of the mixed volumes.

Combining Weil’s ideas of translative integral geometry with ideas from harmonic
analysis and approximation theory we obtain formulas for the intensity, which are
directly comparable to the Miles formulas.

For this purpose we introduce a new collection of geometric functionals on the space
of convex bodies, the harmonic intrinsic volumes.

Under a regularity assumption on the grain distribution we obtain a series repre-
sentation of the intensity in terms of the densities of the harmonic intrinsic volumes.

Moreover, we introduce a modulus of isotropy of the grain distribution to quantify
the degree of anisotropy of the Boolean model. If the intensity is approximated by the
truncated series depending on the densities of only finitely many harmonic intrinsic
volumes, we can bound the error term from above using the modulus of isotropy.
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Chapter 1

Introduction

Introduced in 1975 by Matheron [Mat75] the Boolean model is now the basic random
closed set model for the description of porous structures. It is obtained by forming the
union set of a Poisson particle process on the space of compact convex sets. Depending
on the specific application, either the pore space or the solid phase of a material may be
described as a Boolean model. For example, the pore space of bread [BS91] was modeled
by the Boolean model, whereas for sintered ceramic composites it is the solid phase
which is described as a Boolean model; see [RGO0|. In particular physical phenomena
like percolation [MW91], IMS02| and elasticity [AKMO09] can be studied using Boolean
models. A treatment of the Boolean model, which contains a collection of its various
applications, can be found in [CSKM13, Chapter 3]. For an introduction of the Boolean
model, which is accessible to practitioners and presents available statistical methods,
we refer to the monograph [Mol97].

Let {& : i € N} be a random collection of points in R? forming a stationary Poisson
point process with intensity v > 0. Let Zy, Z1, Z,,... be independent, identically
distributed random convex bodies (nonempty, compact, convex sets) with distribution
Q, which are independent of the point process {{; : i@ € N}. The random points
&1,&, ... are the germs and the random sets Zp, Zs, ... are the grains of the Boolean
model. The random set 7 is called the typical grain. We can assume without loss of
generality that the centre of the circumball of the typical grain is almost surely at the
origin. Then, under a mild integrability condition on the grain distribution, the union

of the translated grains
oo

z:=\JZ+&)
i=1
is a random closed set, which is called the stationary Boolean model with intensity ~
and grain distribution Q. The random collection X := {& + Z1,& + Za, ...} of the
shifted grains is the particle process underlying the Boolean model. Alternatively the
Boolean model can be introduced directly as the union set of a particle process X on
the space of compact, convex sets, see Section for this approach.

Assume we observe Z in a compact, convex observation window W with positive
volume. Our aim is to extract distributional information from the geometric properties
of the sample Z N'W. Thus, we assume we can measure geometric functionals like the
volume or the surface area of the sample. The sample ZNW is a finite union of convex
bodies (a polyconvex set). By a geometric functional ¢ we mean a real-valued func-
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tional defined on the space of polyconvex sets with special additional properties, see
the precise definition in Section [2.3] Important examples of geometric functionals are
the intrinsic volumes Vj, ..., Vj, which are the coefficients in the polynomial expansion
for the volume of the parallel set of a convex body. For polyconvex sets which are
the closure of their interior 2V;_; is the surface area. The intrinsic volume Vj is the
Euler characteristic, which is constantly equal to 1 on the space of convex bodies. In
two dimensions Vj is for polyconvex sets equal to the number of connected components
minus the number of holes. The boundary of the observation window W has a dis-
turbing effect. It is therefore of advantage to assume a sufficiently large observation
window and to consider only limits as the window tends to infinity. This motivates
the introduction of the density (or specific value) of the Boolean model for a geometric
functional . The density of ¢ is the combined spatial and probabilistic mean value

_ . Ep(ZnrW)
Z) = lim -2 ")
P(2) = Jim =5

The crucial problem when studying a Boolean model is, that the particles overlap
and can therefore not be observed individually. Thus, neither the intensity nor the mean
geometric properties of the typical grain can be estimated directly from observations.
On the other hand it can be shown that the mean value Eo(Z N W) of a geometric
functional of a sample has a representation as an alternating series of mean values of
so-called translative integrals

(Re)*

Thus, to extract distributional properties from the above mean value or from the
density $(7), it is necessary to study translative integrals of geometric functionals.
This is the topic of translative integral geometry, see [SWO08| Sections 5.2 and 6.4].
In the ideal case translative geometric results can be used to replace the application
of ¢ to the intersection of translates of Z,...,Z; with the observation window by
an expression involving only geometric functionals of the individual grains 71, ..., Z;.
The most basic results of this form can be obtained if ¢ is the volume V; or V,;_;, which
is half of the surface area. Then, one can obtain the density formulas

Va(Z)=1— e EVal20) and V1 (Z) = e VDBV, 1 (Z)). (1.1)

Here, mean values of the volume respectively the surface area of the typical grain
multiplied by the intensity v occur on the right-hand side. It is therefore convenient
to introduce for a geometric functional ¢ the notation

P(X) == vEp(Zy).

The value (X)) is called the density of the particle process X since it has a represen-
tation similar to the definition of B(Z) where the geometric functional ¢ is applied to
the grains individually instead of to the union set Z and the contributions of the grains
are summed up, compare . Thus relation (1.1)) reads now

VaZ)=1—eVY and V1 (2) = e VOV, (X). (1.2)
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The density formulas from ([1.2]) can be inverted, which yields the formulas

Va(X) = —In(1 - V(2)) and Var(X) = ——— Vo r(2). (1.3)
1-Va(2)
In the densities of the particle process X are expressed by the observable densities
of the Boolean model Z. However, the actual aim is to extract from observations of
the Boolean model information about its parameters v and Q separately. That is, we
would like either to extract the intensity 7 or mean values of geometric functionals of
the typical grain.

The first task when fitting a Boolean model to a real structure is therefore the
estimation of the intensity v — on the one hand as a fundamental parameter on its
own, on the other hand because it is needed if one wants to extract mean values of
geometric functionals of the typical grain from the densities of the underlying particle
process. For an overview of the different existing methods for the estimation of the
intensity we refer to [Mol97, Chapter 5|, [SW08, Chapter 9.5] and [CSKM13|, Chapter
3.4.3].

One of the most popular methods seems to be the method of densities. Its idea is to
proceed similarly as for the method of moments in statistics where model parameters
are chosen in such a way that the moments of a parametric distribution on the real line
coincide with empirical moments. The role of the empirical moments is now played
by estimators of the densities of the Boolean model whereas the model parameters we
are interested in are the intensity and the mean values of geometric functionals of the
typical grain.

However, the state of the art is that the idea of the method of moments can be
directly applied only for the isotropic Boolean model, that is for Boolean models Z
with a distribution which is invariant under rotations of Z. The reason is that only
for an isotropic Boolean model density formulas as in can be obtained for all
intrinsic volumes. These formulas are known as the Miles formulas, see Miles [Mil76]
and Davy [Dav76]. They express the observable densities V4(Z),...,Vo(Z) in terms of
the densities V4(X),...,Vo(X) and can be inverted. For example in two dimensions
a complete set of density formulas for the intrinsic volumes is given by

VQ(Z) = 1 — G_VQ(X),

Vi(Z) = e V20V (X)), (1.4)
_ — _ 11—

Vo(Z) = e V2 V(X)) — ZV(X)?

™

Their practical relevance relies on the relation V(X ) = 7, which implies that the Miles
formulas can be used to determine from the densities V4(Z),...,Vo(Z) of the Boolean
model the intensity v and all mean values EV;(Zy), ..., EV5(Z)). For example we have
in two dimensions

WZPVO(Z)+P2%71(Z)2a (1.5)

where we use the abbreviation p := (1 — V(Z))~!. This is not only a surprising fact,
it is also very useful for applications and the basis for the application of the method of
densities for an isotropic Boolean model.
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For a non-isotropic Boolean model the situation is much more difficult because the
density formulas for the intrinsic volumes V,;_o, ...,V involve so-called mixed function-
als depending on several convex bodies. For example in two dimensions a functional
V1,1 depending on two convex bodies occurs. Then, the density formula for the Euler
characteristic is

Vo(Z) = e V2 [Vo(X) = Vi1 (X, X)]
with the mixed density o
Vl,l(X7 X) = ")/2E‘/1’1<ZU, Zl)

In higher dimensions the formulas become more and more difficult. In three dimensions
the density formulas for V; involve the mixed functional V54, which depends on two
convex bodies, and the density formula for Vj involves the mixed functionals V5,
which depends on two, and V229, which depends even on three convex bodies. A
simple inversion formula for the intensity as is therefore out of reach.

The investigation of the mixed functionals and the search for new geometric func-
tionals which complement the set of intrinsic volumes in an elegant way was mainly
promoted by Wolfgang Weil, see for example his lecture notes [WeiO7| and the ref-
erences therein. In the non-isotropic case the method of densities is therefore also
called Weil’s method. However, this line of research cannot be considered as com-
pleted because so far only uniqueness results are available. In [Wei99] it is shown
that the intensity in two and three dimensions is uniquely determined by the densities
of the intrinsic volumes and the densities of more complicated geometric objects like
the centred support function and the surface area measure, which can be associated
to a polyconvex set. A later uniqueness result in [WeiOla| involves only real-valued
geometric functionals. Namely, the densities of the mixed volumes V', which depend
in d dimensions on d polyconvex sets, are needed. More precisely, it is shown that
in two dimensions the densities of the intrinsic volumes together with the collection
of densities of the geometric functionals K +— V (K, M) where M is a fixed arbitrary
convex body determine the intensity, whereas in three dimensions the densities of the
intrinsic volumes together with the collection of densities of the geometric functionals
K~ V(K,M,M) and K — V (K, K, M) where M is a fixed arbitrary convex body
determine the intensity.

With the aim to contribute to the method of densities and in particular to the
important problem of intensity estimation for non-isotropic Boolean models we intro-
duce in this thesis a new collection of geometric functionals, which complements the
intrinsic volumes in a natural way, the harmonic intrinsic volumes. They are obtained
as integrals of the area measures Wy 1,..., ¥y, which are measures on the unit sphere
and can be considered as local versions of the intrinsic volumes. The integrands are or-
thonormal homogeneous polynomials on the unit sphere. More precisely, the harmonic
intrinsic volume le’p is a geometric functional obtained as the integral with respect
to the area measure U, of a homogeneous polynomial of polynomial degree [ on the
unit sphere. The second exponent p is used to enumerate an orthonormal basis of
the homogeneous polynomials of polynomial degree [. An appealing property of the
harmonic intrinsic volumes is the rotation formula

l7 J—
/vwawmm_o,Z>a

SOy
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for polyconvex sets K, where SO, is the group of proper rotations and v the Haar
probability measure on this group. As a main result we obtain in the final section of
this thesis inversion formulas for the intensity in two and three dimensions under a
mild regularity condition on the grain distribution.

Theorem 1. In two dimensions the intensity v has the series representation
— 1
=pVo(Z)+p* |=V1(Z &V () V(2
V= pVal2)+ g [ T2+ X AL T2 V)

with constants ¢y, for l+m >0 and p:= (1 =V,(Z))™!

For an isotropic Boolean model the sum over the densities of the harmonic intrinsic
volumes vanishes, which yields the well-known result , which can be obtained by
using the Miles formulas. In this thesis we introduce also a modulus of isotropy of the
underlying particle process as a measure of the degree of anisotropy of the Boolean
model. In the final section we obtain upper bounds for the error if the intensity is
approximated by the truncated sum involving only finitely many densities of harmonic
intrinsic volumes.

As a corresponding result in three dimensions we obtain the following theorem.

Theorem 2. In three dimensions the intensity v has the series representation

1= pVolZ) + ¢ [mwmm FY vy 2)]
o [eVal2) + 3o e V2V (2)V5 (2)]

with constants d,d}y, for | +m > 0 and constants e, e, for [ +m + o0 > 0 and

p = (1-Vy(2))" o

Again all sums over densities of harmonic intrinsic volumes vanish for an isotropic
Boolean model.

An open question remains the derivation of corresponding formulas for the intensity
in dimensions higher than three.

In this thesis we restricted to stationary Boolean models with convex grains. Under
an additional integrability assumption on the grain distribution it should be possible
to transfer our results to Boolean models with polyconvex grains whose Euler charac-
teristic is equal to one, compare [WeiOlal for the principle approach.

The structure of the thesis is the following. Chapter [2| contains the necessary back-
ground material from probability theory, convex geometry and stochastic geometry,
some information on spherical harmonics and some auxiliary results.

The starting point of this thesis has been the idea to apply the translative integral
geometric results for support measures which were obtained by Daniel Hug in his
habilitation thesis [Hug99]. These results are recalled in Chapter 3| and complemented
by new representations for mixed support and area measures in the concluding two
sections of Chapter

In Chapter [4 Daniel Hug’s results are applied to obtain density formulas for the
translation invariant marginal measures of the support measures, the area measures. In
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the final section of Chapter [ we apply the new representations for mixed measures from
the previous chapter to obtain inversion results for the densities of the area measures.
In particular we obtain in the final section integral representations of the intensity of
a non-isotropic Boolean model in two and three dimensions.

Chapter 5| is indebted to the original aim of this thesis, namely the application of
Daniel Hug’s translative integral geometric results for the derivation of density formulas
of the Minkowski tensors. These tensor valued geometric functionals have various
physical applications and are also interesting from a purely convex geometric viewpoint.
In this chapter we consider also a parametric example of a Boolean model and obtain
uniqueness results for the Minkowski tensors, which are in the spirit of Weil’s results
for mixed volumes mentioned above.

In Chapter [6] we introduce the new harmonic intrinsic volumes and derive density
formulas and uniqueness results similar to the results for the Minkowski tensors in the
previous chapter.

The final Chapter [7| contains the main contributions to the method of densities for
non-isotropic Boolean models.

It is a collection of various different results, which are combined in the final section.
In the first section, Section we obtain a disintegration result for the grain distri-
bution, which is used in Section for the introduction of the property of rotation
regularity. This regularity assumption has the pleasant effect that the densities of the
area measures are absolutely continuous with respect to the spherical Lebesgue mea-
sure as we show in Section Motivated by the concept of a modulus of continuity
we introduce in Section the notion of a modulus of isotropy for a rotation regular
particle process. In Section [7.5 we derive upper bounds for the best polynomial approx-
imation of the Radon-Nikodym derivatives of the densities of the area measures with
respect to the L2-norm. These bounds depend on the modulus of isotropy. In Section
[7.6] we relate the modulus of isotropy to the Euclidean norm of the vector of densities
of the harmonic intrinsic volumes of fixed polynomial degree. The main results are
contained in the concluding Section Here also Theorem [I| and Theorem [2| which
have been presented in the introduction, are achieved in Theorem respectively the
second part, of Theorem [7.7.6] In two dimensions we obtain in Theorem a series
representation of the intensity in terms of densities of the harmonic intrinsic volumes.
In Theorem we obtain error bounds in terms of the modulus of isotropy of the
underlying particle process if the intensity is approximated by the truncated series.
Theorem [7.7.6] contains in three dimensions a series representation for the intensity
in terms of the densities of the harmonic intrinsic volumes and also a corresponding
representation for the densities of the particle process of the harmonic intrinsic volumes
Vll’p . In Theorem and Theorem we obtain bounds for the approximation
error in terms of the modulus of isotropy of the underlying particle process if only
truncated series are used for the approximation of the intensity and the density of the
harmonic intrinsic volume le’p , respectively.

14



Chapter 2

Foundations

2.1 Foundations from probability theory

We denote the underlying probability space by (€2, A, P). The distribution of a random
variable £ is denoted by P¢. If £ is a real random variable, we denote by E £ its expected
value. A measure or signed measure on a topological space E will be defined on the
o-algebra B(E) of Borel sets if not stated otherwise. A finite signed measure p on F
can be represented as the difference of its positive part

pt(A) :=sup{u(B): B € B(E)and BC A}, Ae€B(E),
and its negative part
p(A) :==sup{—u(B): Be B(E)and BC A}, A€ B(E).

The representation p = put — p~ of p as difference of the two positive measures p™
and p~ is called Jordan decomposition, see [Cohl3l p. 117]. We denote by C(E) the
space of all real-valued continuous functions on F and by Cy(E) the space of functions
in C'(E) which are bounded. Let p, u;,7 € N, be finite positive measures on E. The
sequence (f,)nen converges weakly to p if

lim f e) i, (de) /f (de), f € C(E).

n—oo

For two topological spaces E and F, a mapping p : E x B(F) — [0, 00] is called a
probability kernel from F to F' if u(-, B) is Borel measurable for fixed B € B(F) and
if p(e,-) is a probability measure for fixed e € E. For e € FE the Dirac measure 0, is
defined by 6.(A) := 1{e € A} for A € B(E). The Lebesgue measure on R? is denoted
by A. The k-dimensional Hausdorff measure is denoted by H*. By H*LA we denote
the restriction of H* to a subset A.

For p € [1,00] and a measure space (F,B(E),u) we use the notation LP(E, )
for the LP-space and || - ||, for the LP-norm. We extend the definition of || - ||, to an
arbitrary real-valued measurable function f on F, which means that || f||, may be equal
to infinity.
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For f,g € L*(E, 1) we denote the scalar product by

(f.9) = / f(e)gle)u(de).

If we identify functions which coincide p-almost everywhere, the space L?(E,u) is a
Hilbert space with scalar product (-, -).

2.2 Foundations from convex geometry

For notions from convex geometry we refer to [SWO08, Chapter 14| and [Sch13al. Let
(-,-) be the scalar product and || - || the norm in RY. Let eq,...,e4 denote the standard
orthonormal basis of R?. The system of nonempty, compact subsets of R? is denoted
by C. On C we use the Hausdorff metric 6, which is defined by

zeK yelL €L yeK

d(K, L) := max {maxmin |z — y||, max min ||z — ZJH} , K,LeC.

By K we denote the family of nonempty, compact, convex subsets (convex bodies) of
R

The convex ring R consists of all finite unions of convex bodies and its elements
are called polyconvex sets. We also use the Hausdorff metric on the subclasses K and
R of C.

The extended convex ring S is the system of sets whose intersection with any
compact convex set belongs to the convex ring and its elements are called locally
polyconvex sets. Let M be a family of sets which is closed under intersections. A
functional ¢ on M with values in an abelian group G is called additive (or a valuation)
if

e(KUL)=¢(K)+ (L) —¢(KNL), K, LeMwith KULe M.

If ) ¢ M we extend the definition of ¢ by ¢(0) = 0. The most important cases in this
thesis are M = K and M ="R.

Let A be a subset of R%. Then int A, 9A and relint A are, respectively, the interior,
the boundary and the relative interior of A. For A, B C R? we use the notation

A+B:={a+b:ac Abe B}

for the Minkowski addition of the sets A and B. We denote the unit ball by B?, the
unit sphere by S% ! and the unit cube by C¢ := [0,1]¢. The volume of the unit ball
B? is given by kg := A(B?) = 7%2/T'(1 + d/2) and the surface area of the unit sphere
S91 by wq := dkg. For K € K the Steiner formula

d
M(K +€BY) =" e rg jVi(K), e>0, (2.1)
j=0
defines the intrinsic volumes Vj, ..., V;. On K the intrinsic volumes are nonnegative,

monotone under set inclusion, additive, continuous and invariant under rotations and
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translations. They have a unique additive extension to R. On R the functional Vj is
the Lebesgue measure. If K € R is the closure of its interior, V;_; (K) is the half of the
surface area of K. The functional Vj is the Euler characteristic, that is the additive
functional with Vo(K) =1 for K € K. For m € Nand K, ..., K, € K the polynomial
expansion

‘/;j(/\1K1++)\me): Z )‘i1"'AidV(Ki1a-"7Kid)a )\1,...,/\m>0, (22)

defines the mixed volume V : (K)¢ — R. The mixed volume V' is additive with respect
to each argument. For A C R? we denote by

k
pos A := {ZAixi:)\iZO,xieA,lgigk,kEN}

=1

the positive hull of A. For uy,...,ux € STt let Vi(uq,...,u;) be the volume of the
parallelepiped spanned by uq,...,u; and

sconv(uy, ..., ug) := pos{us, ..., up} NS

the spherical convex hull of wy,...,u;. The spherical Lebesgue measure on S% ! is
denoted by ¢ and scaled in such a way that o (Sdil) = Wy.
A convex body K € K is uniquely determined by its support function

h(K,u) ;= max{(z,u) : v € K}, ueS¥

The Steiner point of K € K is given by

s(K) = k" / h(K,u)uo(du).
gd—1

The centred support function of K € K is
h*(K,u) = h(K — s(K),u), u¢€ S

and is an additive functional on K.

For 0 < k < d the set of all k-faces of a polytope P C R? is denoted by Fi(P).
The orthogonal group is denoted by Oy4. The group of proper rotations is denoted by
SOy4 and is equipped with its standard topology. We denote the identity in SO, by id.
The unique normalized Haar measure on SOy is denoted by v. For the unit sphere, the
k-fold product of the unit sphere and the rotation group the LP-spaces will be equipped
with the corresponding Haar probability measure:

Lp(Sd_l) = LP (Sd_l,wejla) , LP ((Sd_l)k) = LP ((Sd_l)k,w;kak)

and

[P(SO,) = LP(SO4,v).
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We define by ¢ : C — R? the mapping that associates with each C' € C the center
of the (uniquely determined) smallest ball containing C'. The mapping ¢ is continuous
with respect to the Hausdorff metric; see [SWO08, Lemma 4.1.1]. Furthermore, we
define the grain space Cy := {C € C : ¢(C) = 0} and correspondingly Ky := Co N K and
R() = C() NR.

For R € R, we define N(R) := min{m € N: R = |J", K; with K; € K} and
N(@) := 0. The function N : R U {(} :— Ny is measurable, compare [SW08, Lemma
4.3.1].

Let Li,...,L; C R? be linear subspaces with dimL; + ... + dim L, =: m < d.
Then we choose an orthonormal basis in each subspace L; and define det(Ly, ..., L)
as the m-dimensional volume of the parallelepiped which is spanned by the union of
these orthonormal bases. On the other hand, if dim Ly + ...+ dim Ly > (k — 1)d, we
define

[Ly,..., L) :==det(Ly, ..., Ly).

Moreover, if Ay, ..., Ay are non-empty convex sets with dim A;+...+dim A, > (k—1)d
and L(A;) denotes the linear subspace which is parallel to the affine hull of A;, then
we define

[A1, ..., Ax] == [L(A1), ..., L(Ag)].

2.3 Foundations from stochastic geometry

In this section we introduce random closed sets, point processes and particle processes.
For more information on these fundamental notions of stochastic geometry we refer
to the survey article [SW10] and to the monographs [SW08| and [CSKM13]. In the
subsequent section the notions are combined and used to introduce the main object
of research in this thesis: the Boolean model. It is the important random closed set
which is obtained as the union set of a Poisson particle process.

We denote by F the class of closed subsets of R? and for A C R? by F4 the class
of closed sets which hit A and by F4 the class of closed sets which miss A. We equip
F with the hit-or-miss topology, which is generated by the system

{F¢.CeCYU{Fs:G C R open}.

An F-valued random variable is called a random closed set. On the subclass C of
compact sets the Borel o-algebra induced by the Hausdorff metric coincides with the
one induced from the hit-or-miss topology. A random closed set Z with a distribution
P, which is invariant under translations of Z is called stationary. If Py is invariant
under rotations of Z, the random closed set Z is called isotropic.

Let E be a locally compact space with countable base. A counting measure n on E
is a sum of Dirac measures

k
77:225%, k€NOU{OO},l'iEE,1§i§k.

=1

If the points x;,7 € N, are distinct we call  simple. A simple counting measure 7 can
be identified with its support {zq,xs,...}. For z € E it makes sense to write x € 7 if

18



n({z}) = 1. We call n locally finite if n(C') < oo for compact sets C' C E. We denote
by N,(E) the collection of locally finite simple counting measures. For A € B(FE) let
N 4 be the collection of locally finite simple counting measures without points in A.
Then, we equip Ny(F) with the o-algebra N,(E) which is generated by the system

{N; ¢ : G C E open and relatively compact}.

A point process X on E is a random variable with values in the space Ny(E) of simple
counting measures on . A point process on R can be identified with its support and
can thus be interpreted as a locally finite random closed set. For E = R% or E = F\ {0}
we define rotations and translations of a point process X by pointwise application. X
is called isotropic if its distribution Py is invariant under rotations of X and stationary

if Py is invariant under translations of X. The intensity measure of a point process X
is defined by
O(A) =EX(A), AecB(FE).

It maps a Borel set A to the mean number of points of X which lie in A. For a stationary
point process X in R? with locally finite intensity measure © it holds © = v\ with a
constant v > 0, which is called the intensity. The intensity v is the mean number of
points of X per unit volume.

A point process in F \ {0} whose intensity measure is concentrated on C is called
a particle process. In this thesis we make the general assumption that the intensity
measure O of a particle process is locally finite, which is equivalent to the condition

@(fc) <oo, CeC.

Then, for a stationary particle process X with intensity measure © # 0 there exist a
unique number v > 0 and a unique probability measure Q on Cy such that

EX(A) = 7//1{0 b o e AYdzQdC), A€ B(C). (2.3)
Co R4
We call v the intensity and Q the grain distribution of X. The right-hand side of
(2.3) defines a locally finite measure if and only if the grain distribution fulfils the
integrability condition
//\(C + BHQ(dC) < oo. (2.4)
Co

Therefore, we assume that the condition is fulfilled for all grain distributions
occurring in the following. The random compact set Z, with distribution Q is called
the typical grain of X. If X is a particle process with convex particles, is by
the Steiner formula equivalent to the Q-integrability of the intrinsic volumes
Vo, ..., Vy. For a measurable, translation invariant functional ¢ on C which is nonneg-
ative or Q-integrable we define the p-density of X as

P(X) = vEp(Z).

The scaling of the expectation by the intensity is motivated by the relations

A=t X A0 =lnmE Y e0),(25)

)\(B) CceX,ccrw




where B C R? is a Borel set with 0 < A\(B) < oo and W € K is a convex body with
A(W) > 0.
For a particle process X satisfying (2.4 the union set

ZX::UC

CeX

is a random closed set by [SW10, Theorem 1.22].

A Poisson process in F is a point process X with the property that X (A) is Poisson
distributed with parameter ©(A) = EX(A) for all Borel sets A C F with O(A) < oc.
If © is a locally finite measure on E without atoms there exists a in distribution
unique Poisson process with intensity measure © (see [SW08, Theorem 3.2.1]). A
Poisson process X has independent increments, that is for pairwise disjoint Borel sets
Ay, .. Ar C E with ©(4;) < 00,1 < i < k the random variables X (A;),..., X(Ax)
are stochastically independent.

Let X be a Poisson particle process with intensity v and grain distribution Q
satisfying the integrability condition . Then, the union set

Z:=|J K

KeX

is called a Boolean model. In this thesis we assume that X is a stationary Poisson
process of convex particles. A functional ¢ on R which is translation invariant, additive,
measurable and bounded on {K € K : K C C%} is called geometric. Assume we observe
the stationary Boolean model Z in an observation window W € K with V;(W) > 0.
Then, the mean value of ¢ applied to the intersection of the Boolean model with the
observation window is given by

X (_1\k-1
L Kok

see [SWO08, Theorem 9.1.2]. It can be shown that the series in (2.6)) converges absolutely.
Furthermore, the limit
_ . Ep(ZnrWw)
Z):=lim ———=
P2 = I e

is independent of W and defines the p-density of the Boolean model Z.

Formula and a calculation using essentially Fubini’s theorem imply the density
formulas for V; and V,_; stated in (1.2)).

We put our focus on non-isotropic Boolean models where densities of so-called mixed
geometric functionals depending on several convex bodies play an important role. For
a measurable, translation invariant functional ¢ : K¥ — R which is QF-integrable or
nonnegative the p-density of X is defined by

(2.7)

P(X,...,X):= Wk/gp(Kl, L KDQFA(K, .. K))

k times Ko
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For example, in the density formulas for the intrinsic volumes V;_», ..., V}, the densities
of X for special mixed functionals occur. In this thesis we consider densities (or specific
values) for various geometric functionals and even for measures which are, if evaluated
at a fixed Borel set, geometric functionals.

2.4 Spherical harmonics and two auxiliary lemmas

In this section we briefly recall some results on spherical harmonics. More detailed
information on this topic can be found for example in [DX13 Chapter 1].

Denote by 9;,1 < i < d the ith partial derivative and by A := 9% + ... + 92 the
Laplace operator on R%. A spherical polynomial is the restriction of a polynomial on R?
to the unit sphere. For n € Ny define by II,,(597!) the space of spherical polynomials
of degree at most n. A spherical harmonic is a homogeneous spherical polynomial ¢
with Ag = 0. Denote by S, the space of spherical harmonics of polynomial degree n.
By [DX13l Corollary 1.14| the space S, has the dimension

n+d—1 n+d—3
D(d,n) = —
am= ("""
where the binomial coefficient is defined as 0 if the lower entry is negative. The spaces
S; and Sy, for j # k are orthogonal subspaces of L?(S%1). Furthermore, we have

IL,(S" ) =S @...® S, (2.8)

For every | € Ny we can choose an orthonormal basis B; := {Yj1,..., Y pay} of S

Furthermore, B := | J B; is an orthonormal basis of L?(S971). This implies the identity
1=0

(f,9) =D _(£V)(Yg), foge LS. (2.9)

YeB

In two and three dimensions an orthonormal basis of the L?-integrable functions on
the unit sphere can be stated explicitly. For d = 2 we have

1, 1=0,
D(2,l):{2 [ >0

and Bg = {}/0,1} and Bl = {}/1717 )/2’2} with

YE),I = ]-7
Y, 1(u(f)) = cos(16),
Y 2(u(f)) = sin(10),
where [ € N, u(f) := (cos@,sind)" and 6 € [0, 27).

For d = 3 and [ € Ny we have D(3,1) = 2l + 1. An orthonormal basis can be stated
explicitly using the Gegenbauer polynomials

Cl)\, /\>—1/2,ZGNO,
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see [DX13, Appendix B.2| for their properties. Namely, an orthonormal basis is given
by By ={Yjor: 1 <k <1} U{Yi241:0 <k <[} with

Y ok (u(f, ¢)) = (sin 0)’“0;:% (cosf)sin(kg), 1<k<I,
Yiows1 (u(, 9)) = (sin@)FCF2 (cos ) cos(ke), 0<k <1,

where | € Ny, u(6, ¢) := (sinfsin ¢, sinf cos ¢,cosf)" and 0 < <7, 0 < ¢ < 27. The
tensor product of fi,..., fr : St — R is the function f; ® ... ® fr : (STHF - R
which maps (z1,...,2;) € (STH* to fi(z1) - fr(zx). On the product space (S4 1)k
the tensor product is a useful tool to obtain an orthonormal basis and a representation
of the scalar product.

Lemma 2.4.1. For every k € N the set
V®...0Y,:Y,....Y, € B} (2.10)

is an orthonormal basis of L*((STH)) and

(o= > (Ve eY)WMe.. oY.g), fgel’((SHH). (211

Proof. 1t is a well-known Hilbert space property that equation (2.11)) is fulfilled if (2.10)
forms an orthonormal basis of L?((S?1)k).
By [Mac09, Theorem 1.33] this is the case if for all f € L?((S?1)¥) the property

(f,Y19...9Y)=0, forallY;,....Y,eB

implies
f(zy,...,21) =0 for c"-almost all (zy,..., ) € (ST (2.12)

We proceed by induction. For k =1 the assertion (2.12)) holds obviously since B is an
orthonormal basis of L?(S%71). Now we assume for some k € N that (2.12) is fulfilled
for all f € L2((STH%). Let f € L*>((S¥1)*1). We define

fo@y, .o k) = f(x, .. Tk, 2), Ty, Tk, 2 € STTL
Then, f, € L? ((Sd_l)k) for o-almost all z € S9!, Assume

(f,Y1®...@Yky1) = wgl / (f,1®...QY;)Yii1(2)o(dz) =0 forall Yi,...,Y,1 € B.

gi-1
Then, it follows for all Yi,...,Y, € B that

(f,Y1®...®Y;) =0 for o-almost all z € S
This yields f(z1,...,2r41) = 0 for ¥ -almost all (z1,...,241) € (STHF ! and thus

the assertion.
O]
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For f € L*(S% 1) denote by m, f the orthogonal projection on II,(S¢!). For k € N
and f € L*((S41)*) we denote by m,f the orthogonal projection on the space

{fi®@...®fr: fi,..., fr € L (STH}

The following lemma provides an upper bound for the L?-error which arises if tensor
products of functions on the unit sphere are approximated by spherical polynomials.

Lemma 2.4.2. Let k € N and gy, ..., g1 € L*(S"). Then

k k
ln® .. @ge =l @ @ gi)lly <D llgi = magilla [ [ llgsllo-
=1 =1
i
Proof. We have
T(g1 ® ... @ gk) = Tn(91) ® ... @ Tn(gi).

Thus, we get

g1 ® ... @ g — (g1 ® ... ® gi)l2

=0 ® ... @ gk — Tn(g1) ® ... @ Tn(gi) |2

< |[[(g1 = m(91) ® G2 ® ... @ gill2 + |70 (91) @ (92 — Tn(92)) ® g3 @ ... @ gi)[l2 + ...
A Imalg) @ - @ Tal(gr-1) @ (gr — Tul(gk)) |2

k k
<> g = malgll2 [T gyl
i=1 j=1
J#L
which yields the assertion. O]

By [DX13 Lemma 1.2.4] the projection operator 7, has an integral representation
using a reproducing kernel given by

Zn(x,y) = Y Y(@)Y(y), xyeS

YeB,

Namely, for f € L?(S971) it holds

mfle) =i [ F)Zilaoldy), e st (2.13)

An easy calculation shows that
(Zn(@,) Zaly, ) = Zn(z,y), w,y € ST (2.14)
By |[DX13 Lemma 1.2.7] the reproducing kernel has for d > 3 the properties
| Zn(z,y)| < D(d,n) and Z,(z,z) = D(d,n), z,ye€ S (2.15)
Lemma 2.4.3. Letne Ny andY € S,,. Then

Yoo < Y]]z v/ D(d, ).
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Proof. For all z € S ! we obtain by (2.13) and from the Cauchy-Schwarz inequality
that

Y ()] = |[mY](2)] = |V, Zu(z, )| < [Y][2| Zn(z, ) l2-
By and we obtain
HZn(xv )HQ = \/(Zn(x? ')7Zn($v )) = \/Zn(l’,$> = \/D(dv n)a

which implies the assertion. [

2.5 A decomposition of the Haar measure
on the rotation group

For linearly independent vectors vy, . .., vg € S ! we denote by GS(vy, ... ,v4) a proper
rotation obtained by applying the Gram-Schmidt orthonormalization. More precisely,

let GS(v1,...,vq) be the unique matrix in SO, with columns zy, ..., z; fulfilling the
recursion

k—1

Yk = Uk_z<vkuyi>i27 1 §k§d7
— [Eal
2k = yk/llukl], 1<k<d-—1andz € {iﬂ} :
[l
where the sign of z; is chosen such that the determinant of GS(vq,...,v4) is equal to
1. Note that
GS(Dvy, ..., 0vq) =0GS(vy,...,vq), € SOguy,...,vq€ 8L (2.16)

Fix some 9y € SO4. We define a mapping ¥ : (S971)¢ — SO, by

GS(vyq,... for li ly ind dent vy, ...
Wlon. . v0) :{ (v1,...,v4), for linearly independent vy, ..., vq,

Yo, otherwise.

For v € S ! and k := min {i : (v, ;) # 0} let

1<i<d
Uy = V(v,€1,. .., €k 1,€k11,---,€d) (2.17)

Note that J,e; = v for all v € S1. Define by SO4(v) := {9 € SO, : Jv = v} the
set of all rotations leaving v fixed. Since SO,4(v) is a compact topological group with
countable basis, there exists a unique Haar probability measure v, on SOy(v). For a
proof of this general result compare e.g. [SWO08, Theorem 13.1.3].

By (2.16) we get for ¥ € SOy(e;) and o L-almost all (vy, ..., v4) € (Sd_l)d_1 that

VU (eq,vs,...,0q) = ¥(der, Vg, ..., 0vq) = ¥(eq, Vvg, ..., 0vg).
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This and the rotation invariance of ¢ imply the explicit representation of the Haar
probability measure on SOy(e;) as

1
Ve,(B) = e / H{U(er,vy,...,vq4) € BYa(d(vy, . .., vq)), (2.18)
d
(§d-1)d—1

for Borel sets B C SOy(e1). Now, we obtain a representation of the Haar measure
on the rotation group as an image measure with respect to the product of the Haar
measures on the unit sphere and the group of rotations leaving e; fixed.

Lemma 2.5.1. We have

v(A) = L / / 1{9,0 € A}v,,(d9)o(dv), A e B(SOy).

Wd
Sd=1 504(e1)

Proof. From the proof of [SW08, Theorem 13.2.9], by (2.16]), the rotation invariance
of o and ([2.18)) we obtain that

v(A) = wig / 1{U(v,vs,...,v4) € Ao (d(v, v, ..., v4))

(Sdfl)d
1 — _
= w—g 1{9, W (er, 0, g, ..., 0, 0g) € Ao (d(v,vs, . .., vg))
(§d—1)d
1
== [ [ e o),
w
ra SO(e1)
which completes the proof. ]

Remark 2.5.2. In Lemma we obtain a disintegration of the Haar measure on the
group SO, with respect to the Haar measure on the unit sphere S9! by an explicit
construction. This disintegration can be considered as a special case of a much more
general result. Let G be a locally compact second countable Hausdorff topological
group which acts properly on a topological space S. Then, Gentner and Last showed
in [GL11l (11)] that the Haar measure on G has an invariant disintegration along each
orbit in S. The special case where GG acts transitively on S, which is dealt with in
|[GL11, Example 1], applies to the situation of Lemma
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Chapter 3

Translative integral geometric results
for support and area measures

3.1 Support and area measures

For a convex body K € K and z € R? let p(K,z) denote the metric projection of
z to K. For x € K we define the normal cone of K at z by N(K,z) := {u € R? :
p(K,z 4+ u) = z}, and for nonempty, convex F' C K let N(K,F) := N(K,x), where
x € relint F. For z ¢ K put u(K,x) := (x—p(K,z))/||x—p(K,z)||. For K € K denote
by

Nor(K) := {(z,u) € 0K x S*™':u € N(K,z)}

the normal bundle of K. Then, the support measures (generalized curvature measures)
Zo(K,0), ..., Za—1(K, ) of a convex body K € K are defined by a local Steiner formula.
Namely, for any ¢ > 0 and Borel set n C 3 := R% x %!, the d-dimensional Hausdorff
measure (volume) of the local parallel set

MJ(K,n) :={zx € (K+eBY\ K : (p(K,z),u(K,z)) € n}

is a polynomial in €, that is,
d—1
HU MUK, n) = e rqZ5(K n);
5=0

see [Sch13al [SWOS] for further information. The support measures are related to the
intrinsic volumes by V;(K) = Z;(K,X), for j = 0,...,d — 1. The marginal measures
of the jth support measure are the measure

U,(K,B) :=Z;(K,R* x B), BeB(S"),
which is called the jth area measure of K and
(K, A):=Z;(K,Ax S, AecBRY,

which is called the jth curvature measure of K. Furthermore, it is convenient to extend
the definition of the support measures to K = () by

Ej(®7 ) =0.
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This convention is used for all convex body-valued functionals derived from the support
measures which will be introduced in this thesis. Thus, we have

Ui(0,)=0, ®;@-)=0 and V@) =0.

The support measures and the additive functionals derived from them have a unique
additive extension to the convex ring R. The following theorem collects some important
properties of the support measures.

Theorem 3.1.1. Let j € {0,...,d -1}, K € R and let A C R? and C C S¥! be
Borel sets.

(i) Positive Homogineity: For A > 0 we have
Zi(AK M x C) = N Ej(K, A).
(ii) Additivity: The map K — Z;(K,-) is additive on R.
(ili) Weak continuity: The map K — Z;(K,-) is weakly continuous on K.
(v) Translation covariance:
Zi(K+2,(A+2)xC)=%;(K,AxC), reR'KecKk.
(vi) Rotation covariance:

=,(0K, (WA) x (9C)) = =;(K, Ax C), ¥€ S04, K €K.

For special convex bodies the support measures have an explicit representation.
Namely, for a polytope P the jth support measure can be represented as a sum over
the j-faces of P by [Schl3al (4.21)]. On the other hand, by [Schi3al (4.25)] for a
smooth convex body K € C% the jth curvature measure has a representation as an
integral over the elementary symmetric function Hy_;_; of the principal curvatures of
OK and by [Sch13al (4.26)| the jth area measure has a representation as integral of the

jth normalized elementary symmetric function s; of the principal radii of curvature of
oK.

Lemma 3.1.2. Let j € {0,...,d — 1} and A C R? and C C S be Borel sets.
(i) If P is a polytope, then

E(P,AxC) = Y HTYI(N(P,F)NC)H(FNA).

w s
I FeF;(p)

(ii) If K € C% is a smooth convex body, then

U (K.C) = - / 1u € C}s;(u)o(du)
and
Q,(K,A) = Eu];) / {z € AYHy  j(z)H" (dz).
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3.2 Translative integral formulas

In the following, a crucial role will be played by an iterated translative integral formula
for support measures which is shown in [Hug99, Theorem 3.14].

3.2.1 The translative integral formula

For j € {0,...,d} and k € N, we define a collection of multi-indices by
mix(j, k) := {(my,...,mg) € {j,...,dY* :mi+ ... +mp = (k—1)d+ j}.

For m € mix(j, k), we write type(m) := j and |m| := k. For j < j' < d, k' € N,
m = (mq,...,mg) € mix(d — 5’ + j, k) and m’ := (m/,...,m},) € mix(j’, k'), we write

(m,m') == (mq,...,mg,my,...,mp)

for the concatenation of m and m/. If the concatenation (m,m’) occurs as index we
usually omit the brackets.

For convex bodies Ki,...,K; € K, j € {0,...,d — 1}, and k € N the following
iterated translative integral formula holds.

Theorem 3.2.1. (Hug 1999)
There exists a unique collection of Borel measures

EO(Ky, .. Ky ), m=(mq,...,mg) € mix(j, k)

on (RY)* x St such that E,(f;)l,,,,7mk(K1, ooy K Ay X x Ay x ) s positively homo-
geneous of degree m; with respect to (K;, A;) and

/ (KGN (Keo4x) N N (K +xg), (AN (Ay+22) N
(re)
N (Ag +2p)) x C)d(xa, ..., x)
= Z E%)(Kl,...,K,{;Al X ... x Ap xC)
memix(j,k)

for all Borel sets Ay,..., A, CR? and C C S4 1.

Proof. For the proof we refer to [Hug99, Theorem 3.14|, which states a corresponding
formula in the more general framework of relative support measures. The idea is to
prove the statement for polytopes by making use of their facial structure and to deduce
the result for arbitrary convex bodies by approximation. O]

We remark that a corresponding formula in the setting of sets with positive reach is
shown in [Rat97]. The measures E%)(Kl, ., Ki;+), m € mix(j, k), are called mized
support measures. Since it holds that Ey) = =, the exponent (j) is redundant in

the notation =% if it is clear that m € mix(j, k). To keep the notation as simple as
possible, we omit it in the following.
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The special case of Theorem with A, = ... = A, = R? leads to a translative
integral formula for the area measure V; with the mixed area measures of translative
integral geometry

U (K, K O) = E0 (K, .. K (RYE < O, C € B(ST™h), m € mix(j, k)

on the right-hand side. The mixed area measures of translative integral geometry
should be distinguished from the measures on the unit sphere which are introduced
as coefficients in the polynomial expansion of the (d — 1)th area measure of a linear
combination of convex bodies and which are also called mixed area measures, see
[Schi3al Chapter 5]. If we choose A; = ... = Ay = R? and C' = S%! in Theorem [3.2.1]
we obtain a translative integral formula for the intrinsic volume V; with the mixed
functionals of translative integral geometry

Vin(Ky, ... Ky) = En(Ky, .. Ky (RO x S471 m € mix(j, k)
on the right-hand side.

3.2.2 Properties of mixed support measures

We collect the important properties of the mixed support measures in a theorem.

Theorem 3.2.2. Let m € mix(j, k) and Ay,..., A, CR?, C C S, D' c (R})*F1 x
St and D C (R?)* x S be Borel sets.

(i) Symmetry:

Sy (K1 Ky Ay X o x A x C) is symmetric with respect to permutations
of {1,...,k}.

(ii) Decomposability:
Ed,mg,...,mk (Kl, . 7Kk, Al X D/) = Hd(Kl N Al)Emz,...,mk (KQ, ceey Kk, D/)

iii) Nonnegativity and support: Zp, . m, (K1, ..., Ky;+) is a finite nonnegative Bore

iii) Nonnegativity and b Sy (K13 K ) s a finit tive Borel
measure on (R)* x S4=1 which is supported by S; x ... x S x S471, where
S; = K; if m; =d, and S; = 0K; otherwise.

(iv) Positive homogeneity: For Ay, ..., \, > 0 we have
Eml,..‘,mk<)\1K17 cee /\kKky )\1A1 X ... X /\kAk X C)
= A N e (B K Ay A < O).
(v) Representation in the case of polytopes:
If K1, ..., K} are polytopes, then
Sy (Koo Kp Ay X0 X Ay < O)

R (P

Wd—j

F1€Fm, (K1) FreFm, (Ky)
X [Fla s 7Fk](Hm1LF1)(A1> T (HkaFk)<Ak)
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(vi) Additivity and weak continuity:
The map (K1,..., Ky) = Z,(Ky, ..., Ky;-) is additive and weakly continuous on
KCF.

(vii) Measurability:
The map (K1, ..., Ky) = E,.(Ki, ..., Ky; D) defined on KF is measurable.

(ix) Local determination:

If (K},...,K}) € KF.B1,...,8: C R? are open sets and K; N B; = K/ N f;, for
1=1,....k, then

En(Ky, .. K ) =Z0(K1, ..., K} )
on Borel subsets of 31 X ... x B x S47L.

(x) Translation covariance:
Em(Kl+£C1,...,Kk+$k;(141+£€1) X ... X (Ak+l'k) XC)
:Em(Kl,...,Kk;Al X ... X Ay XC) fOT’ZL‘l,...,iL'kQRd.

(xi) Rotation covariance:
En(OKy, ..., 0Ky (0A]) x ... x (WAg) x (¥C))
:Em(Kl,...,Kk;Al X ... X A X C) for v € SO,.

Proof. The property (v) of the classic support measures can be found in [Hug99l Corol-
lary 4.10]. Property (x) follows for polytopes P, ..., P from property (v). Using alge-
braic induction, the weak continuity and an approximation argument it is obtained for
arbitrary convex bodies. The rotation covariance follows from the representation for
polytopes and the weak continuity. All other properties are stated in [Hug99, Theorem
3.14]. O

The mixed support measures =, have a unique additive extension to the convex ring
R. This follows from their weak continuity and Groemer’s extension theorem ([SWO0S,
Theorem 14.4.2]). Some of their other properties (as the translative integral formula,
the symmetry, the splitting property, the positive homogeneity and the translation
covariance) extend immediately to their additive extensions by the inclusion-exclusion
principle. But there are some differences. Instead of being positive measures the
additive extensions are signed. Also the weak continuity is lost and only the following
measurability property remains.

Lemma 3.2.3. Let j € {0,...,d — 1}, m € mix(j, k) and f : (RY)* x S9! — [0, 00)
be measurable. Then

(K1,...,Ky) — / flz, .o xp,w) 2, (K, .. Ky d(zq, .0 2g, w))

(Rd)kxsdfl
is measurable on RF.
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Proof. The additivity of the support measures implies the additivity of the considered
map on RF. For every real-valued continuous function f on (R%)* x S9=1 with compact
support the above map is continuous on K* by the weak continuity of =,,. [SWO0S|
Theorem 14.4.4] implies that the map is measurable on R*. Thus, the assertion follows
from the general topological result [SW08, Lemma 12.1.1]. O

We extend the definition of the mixed support measures to locally polyconvex sets
Ki,...,K; C R Let B C R be a closed cube. Then, it makes sense to define by

En(Ky, . Ky ) =Z,(KiNB,..., KN B;)

the mixed support measure of Ki,..., K as a measure on B ((int B)* x S%°1). We
allow in the following the evaluation of =,,(Kj, ..., Kj;-) in arbitrary bounded Borel
sets and assume implicitly that B is chosen large enough.

A special collection of mixed measures

In the following we need special mixed measures on the space (Rd)k x Sk € N,
which are derived from mixed support measures where some of the convex bodies are
replaced by halfspaces. They will play a role in integral representations of the mixed
support measures with some of the indices equal to d — 1. The marginal measures on

(Rd) of these new mixed measures are special mixed curvature measures with some

of the arguments replaced by half-spaces, which have been introduced and investigated
by Goodey and Weil [GW02].
For u € ST ! we define by

u = {r € R": (z,u) <0}
the closed halfspace bounded by u* with outer normal u. Let
fla):= (1~ [lzD1{llz] < 1}drzl,, = €R™

Using polar coordinates we can show that

/f(x)?—[d‘l(dx) —1, uwestl (3.1)

Then, we define special mixed measures in the following way.

Definition 3.2.4. Let k, k' e N, 1 <k <d—jand m = (my,...,my) € mix(k+7j, k'),
Uty ..., U € Sd_l and Kl, R ,Kk/ eR. Then,

Em(“la---aukaKla“'ka”;')
= 2k / f(l’l) e f($k>1{($k+1, .. 7.,,Ck+k/> € '}Edfl,m’dflym <UI, o

(Rd)k+k’ x§d—1

c. ,u;,Kl, - .,Kk/;d(fljl, c. ,kark/,U,))
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defines a measure on (Rd) ¥ g1, Furthermore, we define by
U, (g, Koy ooy K ) 1= Em(ul, cun Ko, K (ROY x 0>
special mixed measures on S9! and by
Vi (s -+ i, K oK) ::\I/m<u1, cun Ko, K Sd—1>

the corresponding total measures.

In Definition we have defined mixed support measures where the first k argu-
ments are unit vectors and the following arguments are convex bodies. If this order is
not given we define mixed measures in the following way. For Li,..., L, € S“1UK
we define

Em(-Lla sy Lka ) = Em(LO'(l)7 ceey Lo‘(k)a ')7

where o is the permutation which sorts Ly, ..., L, in such a way that the unit vectors
occur first and the convex bodies afterwards but the order within the unit vectors
respectively convex bodies remains.

In the following lemma we give the explicit representation of the just defined mixed
measures in the case of polytopes. In particular we observe that the definition of the
measures does not depend on the explicit choice of the function f as long as the integral
property is fulfilled with respect to the unit vectors which appear as arguments.

Lemma 3.2.5. (a) Let uy,...,ux € S%1 and K, ..., Ky be polytopes. Then

Em(ul,...,uk,Kl,...,Kk/;Al><...><Ak/><C')

I S S A1 ((:lpoS(ui) +:1N(Ki,Fi)) N C)

Wd—j

F1€Fm (K1) Fy€Fm,, (Ky)
X [ut, ... ul, Fuy o Bl (H™OF) (AL - (H™ LF) (Aw).
(b) The map
(ugy ..o up, K,y ooy K)o = E(ug, o ug, Koy oo Kirs o)
15 weakly continuous on (Sd_l)k x KK

Proof. The representation in (a) follows from Theorem [3.2.2] (v) and the integral prop-
erty (3.1). Let B C R? be some cube with supp f C B. The mapping u — u~ N B is
continuous on S¢~!. Thus, Theorem m, (vi) implies that the mapping

(wry .y Ky K)o Ed,l,‘,,,d,l,m@; NB,...,u; NB,Ki,....Ky;")

is weakly continuous on (S%1)* x K¥'. Together with the continuity of the function f
this implies the assertion. O

The other properties of the mixed support measures collected in Theorem [3.2.2]
have obvious extensions to the mixed measures of Definition 3.2.4
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Translative integral formula for mixed support measures

The mixed support measures fulfil on their part a translative integral formula, which
follows from the homogeneity properties and a comparison of coefficients.

Lemma 3.2.6. Let Ky,... . Kjpw € K, j € {0,....d— 1}, j < j < d, k,k¥ € N
and m = (mq,...,mg) € mix(d — j' + 7, k), which implies (m,j') € mix(j,k +1). Let
A Apw CRY and C € S9! be Borel sets. Then

k/
/ Em, (Kla ooy K, (Kk—i—l M ﬂ(Kk+i + IEZ)) JAp XL
i=2

(Rd)k’fl

k,/
. X Ak X (Ak+1 N ﬂ(Ak—H + l‘l)> X C)d(.ﬁlfg, .. ,xkl)

1=2

= Z Em,m’(Kh R 7Kk+k/;A1 X ... X Ak+k’ X O)

m’ €mix(j' k')
Proof. Observe that
mix(j, k + 1) = {(m, ') : m € mix(d - j' + j,k),j < j' < d}
and
mix(j,k + k') = {(m,m') : m € mix(d — j' + j, k),m’ € mix(j', k'), < 5/ < d}.
Applying the translative integral formula for support measures, Theorem [3.2.1] to the

convex bodies K1, ..., K; and Kj,1N ﬂ (Kjyi+ Ty — xpy1) and using the translation

invariance of the Lebesgue measure We get

k+k k4K

(Rd)k+k’—1 i=2 i=2
i
—Z Z / Em,j/<K1,---,Kk,Kk+1ﬂﬂ(Kk+i+$k+i);A1 X
J'=j memix(d—j'+j, k)(Rd)kul i=2
i
. X Ak X Ak+1 N ﬂ(Ak—H + xk+i) X C) d<$k+2, e ,Jfk+k/). (32)
i=2

On the other hand an application of Theorem to all convex bodies Ky,..., Kjip
leads to

k+kK k+k

(Rd)k%»k/fl =2 =2

= Z Z Z Em,m’(Kh . ,Kk+k/;A1 X ... X Ak+k’ X C) (33)

=j me€mix(d—j'+j,k) m’ €mix(j’,k")
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Scaling (K;, A;) in (3.2) and (3.3) by \; > 0 for 1 < i < k and by A > 0 for
it > k and using then the homogeneity properties of the mixed support measures and
substituting x; by Az; for ¢ > k£ + 1 implies

Z Z AT )\mk>\ (k'—1)d+j"

j'=j memix(d—j'+j,k)
k;/
/ By (K, ..o Ky, (Kk—H N m(Kk—i-i +$k+z‘)>;A1 X ...

(Re)K 1 =2

k/
. X Ak X (Ak—H N ﬂ(Ak-H + xk—&—i)) X C)d(l‘k+2, R ,$k+k/>

1=2

d
_ Z Z )\71711 . )\mk)\ (k' —1)d+j’

j'=j memix(d—j’+j,k)

E Em,m/(Kl,. . .,KkJrk/;Al X ... X Ak+k’ X C),

m/emix(j/,k")

which is a multivariate polynomial in Ay, ..., A\, A. Comparing the coefficients of the
left- and right-hand side yields the assertion. O]

3.3 Partial inversion of the translative
integral formula

In this section we express sums of mixed support measures as linear combinations of
translative integrals.
For 7 € {0,...,d — 1} we need repeatedly the collection of multi-indices

mix(7) := {(m1,...,my) € {j,...,d—1}: my+...+my=(1-1)d+j1<1<d—j}
For example it holds
mix(d —1) ={(d—1)} and mix(d—2)={(d—-2),(d—1,d—1)}.
For Borel sets A;,..., Ay CRYand C C S9!,k € Nand K1, ..., K} € K we define
Tj(Kq, ..., K Av, .o A ©)
- / =,(K, O (K + 22) N
(Ré)s=1

We write i}
Ti(Ky,... K C) =T, (Kl, K (R x C)

and .
Ty(K,,... Ky =T, (Kl, Ky (R x S‘H) .

Then, we obtain the following partial inversion formula.
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Theorem 3.3.1. Let k] :={1,...,k}. Then

Z En(Ky, .o K Ay X oo x A x O)

m‘en‘ﬁ_X(J)
k
:Z(—l)k_l Z E(K“,,K”,AZN,A”,C)
=1 1<i) <...<i;<k
X 1T Va(K,NA,).

pe{1,...k}\{i1,...,51 }
Proof. For 1 € {1,...,k} let
By :={(m,...,mg) € mix(j, k) : my = d}.
We define an additive function on the collection of subsets of mix(j, k) by

p: Pmix(j, k) = R, B > En(Ky,... KAy x ... x Ay x C).

meB

By the translative integral formula Theorem and by splitting mix(j, k) in the set
of tuples (my, ..., my) with no entry equal to d and the set of those tuples with at least

one entry equal to d, we obtain

T}(Kl,,Kk,Al,,Ak,C)
= Z Em(K, .o K Ay X oo x A x O)

memix(j,k)
k
— Z Em(Kl,...,Kk;Alx...xAka’)Jrgo(UBp). (3.4)
memix(j) p=1
|m|=k

Since ¢ is additive, we can apply the inclusion-exclusion principle (see [KR97]|, p. 7),
which yields

(U > (D" Y @B, N...NB,)

{p1,--p1 }C[K]

1)k—l+1 Z © ﬂ Bp

=0 IC[k] pE[k]\I
e

For each [ € {1,...,k} the definition of ¢, the symmetry and the decomposability
property of the mixed support measures stated in Theorem [3.2.2] (i) and (ii) imply

ng m Z Z Eml ..... mk(Kl,...,Kk;AlX...XAkXC)

ICk] pek]\I IC memix(j,k
=l 1



= > I vatmenay)
I={i1,....i } C[k] pe[K]\I
X Z Em<Ki17--~7Kil;Ai1X~~-><Ailxc)-

memix(j,l)

Applying again the translative integral formula we get

k k—1
; (U Bp) LS Y (K K A A )
p=1 =1 1={i1,....i1 }C[K]
x [ VaE,nA,).
pe[k\I

Inserting this in (3.4)) we obtain the assertion. O

Remark 3.3.2. We call the inversion formula partial because we have only a represen-
tation of a sum of mixed support measures. Still for the special case k = d — j we
obtain a complete inversion formula since on the left-hand side there occurs only the
summand

Edfl’m’dfl(Kl, Ce ,Kd,j; A1 X ... X Adfj X C)

3.4 Representation of special mixed
support measures

In this subsection we show that some of the mixed support measures, namely those
with some of the indices equal to d — 1 can be represented as integrals with respect to
products of the ordinary support measures =; ;. This representation is a main tool
for the investigation of the mixed densities of geometric functionals derived from the
support measures.

In [Wei01b, Theorem 9.1] Weil obtained a representation of special marginal mea-
sures of mixed curvature measures ®;_; 41, With some of the indices equal to d —1
as an integral with respect to a product of (d — 1)th area measures. Later, Goodey
and Weil showed in [GW02, Theorem 1] that mixed curvature measures @1 41
have a representation as integrals with respect to a product of support measures =4
where the integrand is a special mixed curvature measure with some of the convex
body valued arguments replaced by halfspaces. This property complements the split-
ting property in the case where some of the indices are equal to d. The main ingredient
of the proof is the explicit representation of the mixed curvature measures in the case
of polytopes. Since an explicit representation of the mixed support measures for poly-
topes is also available (Theorem [3.2.1] (v)), Weil and Goodey’s result can be extended
to the setting of the mixed support measures.

For the formulation of the result we need the special mixed measures of Definition
where some of the convex body valued arguments are replaced by unit vectors.
We obtain the following decomposition result.
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Lemma 3.4.1. Let j € {0,...,d — 1}, k,k' €e Nwith1 < k < d—j and m €
le<k+], ]{],)7 K17 R 7Kk+k’ € K and let D = A1 X ... X Ak+k’ x C C (Rd)k+k/ X Sd_l
be a Borel set. Then

Ed-1,..d-1,m (K1, ..., Kpyir; D)

.....

k
:/-'-/H]-Ai(xi>5m(u1a"'7uk7K/€+1a"'7Kk+k”;Ak’+1 X
» =1

oo X Ak+k’ X O)Ed_l(Kl, d(l’l, ul)) . Ed—l(Kk; d(]}k, uk))
Proof. If K, ..., Ky are polytopes it follows from Theorem [3.2.2] (v) that
Ed—l 77777 d—l,m(Kh e Kk—f—k’; Al X ... X Ak—f—k’ X C)

-y ¥ DS

Fle]:d—l(Kl) er]:d—l(Kk) Fk+1e]:m1 (Kk+1) Fk+k/e]:7”k/ (Kk+k’)

X S ((21 (K“Fi)) i C) [Fy, . Frgw ] (HE VLR (Ay) - - - (HE L) (A

Wd—j

X (MM CF1) (Apga) - (™ L) (Apw)- (3.5)

We denote for a polytope K and F € F;_1(K) the outer unit normal of F' by up.
Then, we have N(K, F) = pos(urp). By Lemma [3.1.2] (i) we have the identity

- 1 _
Ean (K) = 5 > bu HULF,

FeFq_1(K)
where we use the Dirac measure 6,(-) := 1{u € -},u € S%!. Furthermore, the
linear subspace ufz is parallel to the affine hull of F;, which yields [F,..., Friw]| =
[ufl, PN ,u#k, Fk+1, ce 7Fk+k’]~

Using this in (3.5) yields
Batd—tm(K1, o Ky Ay X oo X Ay X O)

H1I ((i:zk:lpos(ui) + kff N(Ki,F,-)) N O)

i=k+1

3 D SEERTED S

Wd—j
sk Fht1€Fmy (Kit1) i €Fmy, (Kpq )
k
X [uy, ..y, Frgas oo Frgr] H La; () (™ CFsn) (Aga) -+ - (™ L ) (Akwr)
=1
X Ed—l(Kh d(l‘l, ul)) e Ed—l(Kka d([L‘k, uk))

The assertion in the case of polytopes follows now since Lemma [3.2.5] (a) implies

Eml 7777 mk,(ul, vy U, Kk+1> e 7Kk'+k’; Ak-i—l X ... X Ak-i—k:’ X C)
) k k+k
Hd_l_j ((Z pos(ui) -+ Z N(KZ, F,)) N C>
=1 i=k+1

= ok > >

Wd—j
Fi11€Fmy (Kk+1) Fprt €Fmyy (Ko pr) J
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X Uy s Figts oo oy oo (™ C 1) (Agsn) -+ (H™ CFp) (A

For polytopes K, ..., Ky and every continuous function f : (R4 x 41 5 R
approximation by elementary functions implies that

/ f(.flj'l, Ce 7$k+k’7 u)Edfl,..‘,dfl,m(Kla Ce 7Kk-+k/; d(.]?l, ey LTy u))

]Rd k+k! « gd—1

= / /f([L’l, . ,xk+k/,u)5m(u1, ceey Uk, Kk—i—l; ceey Kk—i—k’;d(xk-i-l; Ce ,xk+k/,u)
b

(Kl,d(m,ul))...u (Kk,d(xk,uk))

The weak continuity of the involved mixed measures implies the relation for arbitrary

convex bodies K1, ..., K and continuous functions f. This proves the assertion. [
For k € {1,...,n} and uy,...,u, € ST define a measure y(uy, ..., ug;+) on S4°1
by
2k
pr(ug, .. u; C) = W—Vk(ul, ) 1O Nsconv{ug, . ug)), (3.6)
k
where C' € B(S97!). The mapping (uy, ..., ug) — pr(uy, ..., u; ) is weakly continuous

n (S% 1% Thus, the same arguments as in the proof of Lemma lead to a
representation of the mixed support measure with all indices equal to d — 1.

Lemma 3.4.2. Let k€ {1,...,d}, Ki,...,. Ky € K and let D := A; X ... x A, x C C
(R* x S4=1 be a Borel set, then

k

/,uk(ul,,uk,C')HlAl(xZ) Ed_l(Kl,d(xl,ul))...Ed_l(Kk,d(Ik,uk)).
3

=1

Ed—l, Ld— 1(K17 <. aKk‘)D)
E/

The above relation can be interpreted as a special case of the representation of the
mixed support measure obtained in Lemma where k' = 0 if we define

mix(k+7,0) = {0}, (d—1,....d—1,0):=(d—1,....d—1)
and
E@(U’la"'?uk;c) = Mk(ulu"wuk;c)’ Up, ..., Uk € Sd71~

As a consequence of Lemma and Corollary we obtain then the following
representation for the mixed area measures with some of the indices equal to d — 1.

Corollary 3.4.3. Let j € {0,...,d — 1}, k,k' e Nwith1 <k <d—j and m €
mix(k + j, k'), Ki,..., Kpyw € K and C C S be a Borel set. Then

q[d—l ..... d—l,m(Kla"‘ka‘-i-k’ / / ul;'"auk‘aKk‘—i-la"‘?Kk-i-k/;C)
d—1 Sd 1

\I/dfl(Kl, dul) e \I/dfl(Kk, duk)
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and in particular
Vi, d—1(Kl> ooy Ky C)

= / "'/Nk(ula--wuk;C)\I/d—l(Kladul)'--\I/d—l(Kkaduk)'
gd—-1  gd—1

For special full mixed measures there exists a representation as integral with respect
to the first area measure.

Lemma 3.4.4. Let K € K and u € S*'. Then

Ve k) == [ €uomi.do),
Sd—1

where £(u,v) = gq(—(u,v)) with

go(t) = l(ﬂ' — arccos(t))V1 — 12 — %t, te[—-1,1],

gs(t) :=14+tIn(1 —1t)+ (% —In(2))t, te(-1,1),

k41 k+1 k41w
t) = ———tqg. (¢ t —
Jrt2(t) =17 gk(>+k_1gk()+k+2wk+2

t, te(-1,1),k>2.

Proof. In [SW08, Lemma 6.4.1] the relation
Vi(u, K) = 2h* (K, —u)

to the centred support function h* is shown. Berg [Ber69, (4)] derived the integral

representation
1

h*(K,u) = 71 ga({u, v))Uy (K, dv) (3.7)
gd—1

of the centred support function. The recursion formula for the functions g4 is derived
in [Ber69, Theorem 3.3]. It is also shown that g4({u,-)) is integrable on (—1,1) for
fixed u € S9!, Observe that for d > 3 it is sufficient to define g4 on (—1,1) since
then W, (K, -) is an atom free measure for all K € IC. This follows since by a result
of Alexandrov [Ale96, Chapter V, §IV, Lemma I| the area measure, which is called

curvature function in [Ale96], with j smaller than d — 1 is atom free.
O
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Chapter 4

Density formulas for area measures of
Boolean models

4.1 Mean value and density formulas

4.1.1 The isotropic situation

For an isotropic Boolean model the densities of the area measures evaluated at a fixed
Borel set are proportional to the spherical Lebesgue measure by the following result.

Proposition 4.1.1. Let Z be a stationary and isotropic Boolean model and j €
{0,...,d —1}. Then, we have

V(2,C) =w,'Vi(Z)a(C), CeB(S™).
Proof. For r > 0 we define a measure j, on S by
1 (C) :=EV; (ZNnrB,C)

for C' € B(S471).

The rotation covariance of ¥; and the isotropy of Z imply that the measure p,
is rotation invariant. By their definition in Section the positive part ;" and the
negative part u,- of i, inherit the rotation invariance from p,.. Since u” and p,. are finite
positive measures, they are both multiples of the Haar measure on S%~!'. Furthermore,
the total measure is given by

e (871 =EV;(Z nrBY).
Thus, we obtain
- (C) =w; ' o(C)EV; (ZNnrBY), C € B(S™H).

For fixed C' € B(S™!) the functional ¥;(-,C) is geometric and by the definition (2.7)
of the density of a Boolean model we have

_ 1
V,(Z,C) = lim EV;(ZNrB%0)

r—00 T’d,’{d
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1 (C)

= lim —

1 1 dy, —1
= rlggo TT@E‘G(Z NrBY)w; a(C)

=w, 'V;(2)a(C)

and thus the assertion. O

4.1.2 The non-isotropic situation

For a non-isotropic Boolean model the following density formulas for the scalar valued
intrinsic volumes have been proven by Weil [Wei90, Corollary 7.5] and are also stated
in [SW08, Theorem 9.1.5].

Theorem 4.1.2 (Weil 1990). Let Z be a stationary Boolean model. Then

Vd(Z) =1- e—Vd(X) and Vj(Z) _ e—Vd(X) Z

memix(j)
forj=0,...,d—1.

The translative integral formula for support measures can be used to derive the
following mean value formulas for support measures evaluated at a fixed Borel set.

Theorem 4.1.3. Let Z be a stationary Boolean model, W € K, j € {0,...,d—1} and
let ACR? and C C S9! be Borel sets.

If 1 =0, then
E[Z(ZNW, A x C)]
= E(W.Ax C) —e Va0 3" (_‘17;'7;'_1 I En(W, X, X5 A x RO 5 C)

memix(j) ’
— widvcl(W NA V. (X,...,X)o(C)

and if 3 > 0, then
E[Z,(ZNW,Ax ()]
=Z;(W,Ax C) —e VX Z % | En(W, X, ..., X; A x (RO x ©)

— Vd(WmA)ﬁm(X,...,X;C)].

Proof. By (2.6, we have E[|Z;(Z "W, A x C)|] < oo and

E[E(ZNW,AxC) =)

k=1

o0

PZ’ﬂk / / TOW, Ky, ..., K)Q(K)) ... Q(dKy),
K Ko
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where
T(W, K, ..., Ky) = / =W O Ky +21) O A (K4 ), A x C)d(an, ., ).
(RA)k
Since the series in (2.6)) converges absolutely, the function
T(W,-,....,.): KF >R

is Q*-integrable. On K the mixed support measures evaluated at A x C' are nonnegative,
real-valued functionals and therefore they are also QF-integrable by Theorem m
This shows the existence of densities for the mixed support measures, though only in
the case A = R? the density can be formed with respect to the first argument. Since

mix(j, k+ 1) = {(mg,m) : m € mix(d — mg + 7, k), 7 < mo < d},
an application of the iterated translative integral formula, Theorem with Ay =
.= A, = R?, yields

k—1

E[Ej(ZmW,AxC)]:Z Z Z

k=1 J memix(d—mo+j,k)
Emem (W, K1, Ky A x (RY? x CYQF(d(K, . . ., Ky)).
K5
Introducing for m = (my, ..., my) € mix(d — mo + j, k) the index [ as the number of
indices among my, ..., my that are smaller than d we obtain by the symmetry of the

mixed support measures that

E[Ej(ZﬂWA x C)]
d

00 E_1 (mo—3)\k L
— — k
- > > ()
k=1 mo=j I=1{mo>j}

X > / Znamd,..d AW K K A (RDE < O)QH(d(K, - Ky)):

méemix(d—mo+j)

|m| 1 k ! times

Then, we rearrange the summation using the index p = k£ — [ and use the decom-
posability of the mixed support measures, which yields

E[Ej(ZﬂWA x C)]

S o RO

|

mo=j I=1{mo>j} p=1{mo=j} (p+0) b
d—1

DS

méemix(d—mo+j)
|m|=l

[1]

mom(W, X, ., X5 A x (R x C)V y(X)P
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mo,m(m X, P ,X, A X (Rd)l X C’)e—Vd(X)

|
M a
3
4
T
==
T
]
[1]]

d (—1)lml=1 _ _
= > Y e B (WX, XA X (RY x C)e V)

mo=7+1 memix(d—mo+j)

FE(W, A% C) [1 - e_Vd(X)}

If we use the decomposability of the support measures in the case my = d and the
relation

mix(j) = {(mo,m) : j+1<my <d—1,m € mix(d —mo+j)} U{(j)}
we obtain

—1)lml _ -
=W, AxC)+ ) inmlEm(W, X, X Ax (RYMEL x 0 ValX)

< |ml|!
memix(j)

—1)Iml-1_ —
—VaWnA) Y L\Ifm(X, X C)e V)
memix(j)

[ml!

which yields the assertion for 1 < j < d — 1. A special situation occurs in the case
j = 0. Then, the area measure ¥, is proportional to the spherical Lebesgue measure.

As a consequence we can apply the translative integral formula Theorem to
the total measure Wo(-, S 1) = V;(-) and to the measure Wy(-, C) evaluated at some
Borel set C C S9! and compare the right-hand sides. Since the mixed measures
are homogeneous with respect to each of the arguments K, ..., K; we can scale each
convex body and compare the coefficients of the multivariate polynomial with respect
to the scaling factors. This yields

1
\I]m(Kla R ,Kk,C> = w_dvm(Kl’ .. 7Kk) O'(C), m e miX(O, l{?)

[]

As a corollary of the above theorem we obtain a density formula for area measures
evaluated at a fixed Borel set.

Corollary 4.1.4. Let Z be a stationary Boolean model, j € {0,...,d—1} and C C S%!
be a Borel set.
If j =0, then

_ 1 -
\110(27 C) = w—d € Va(X) Z W
memix(j) ’

44



and if 7 >0, then
U,(2,C) = e Va3
memix(j)

Proof. If we choose A = R? in Theorem we obtain

1
= lim —E\I/j(Z Nrv,C)
lim L [\II(TW )
r—o0 Vy(rW) J ’

_ —1)Iml-1 _ _
LT 3 % ([ (rIV, X, X:0) = Va(rW (X, ... X O)] .

memix(j)
The homogeneity properties of the (mixed) area measures imply
U,(rW,C) =17 U;(W,C)

and B N
U, (rW, X,...,X;C)=r™V, (W, X,...,X;C)

for m = (myq,...,mg) € mix(j). Observe that m; < d by the definition of mix(7).
Thus several summands converge to zero and it remains

wﬁm(x, L X;0).

Ui(Z,C) = e Va0 %"

~ |m|!
memix(j)

4.1.3 Density formulas for mixed area measures

The translative integral formula for mixed support measures Lemma implies a
translative integral formula for mixed area measures. By the same arguments as in the
proof of Theorem we can obtain the following density formulas for mixed area
measures where some of the arguments are fixed convex bodies or halfspaces.

Theorem 4.1.5. Let Z be a stationary Boolean model, Ly, ..., L, € R, j € {0,...,d—
1}, <57 <d-1,1<k<d—j meéemix(d—j +j,k) and C C S% 1 a Borel set.
Then,

ﬁjﬁm(za Ly, ..., Lg; C’) = e—Vd(x) Z

m/€mix(j’)

—1)Im=1_
()—\I/m/m(X, oy XLy, .o Ly ©)

m/|!
and for uy, ..., u, € ST we get

_ _1)\lm'|-1
= . —Va(X E: (=1 U :
\Ilk+j<Z,U1,...,Uk,O) =€ a(X) = W\Pm/(X,...,X,ul,...,Uk,C).
m/emix(k+j
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Remark 4.1.6. If we define densities T,;(X, ..., X;C) of translative integrals of area
measures evaluated at a Borel set C C S? ! in the usual way, the partial inversion
formula Theorem [3.3.1] applied to the right-hand side of Corollary yields a repre-
sentation of W;(Z, C) as linear combination of densities T;(X, ..., X;C) of translative
integrals with at most d — 7 entries X.

In the following it will be useful to define also densities of measures. Let W € K
with Vy(W) > 0, j € {0,...,d — 1}, k € N and m € mix(j, k). Then, densities of
(mixed) area measures are defined by

U(X,..., X;A) = fy’“/\Ifm(Kl,...,Kk;A)Q’“(d(Kl,...,Kk)), Ae B(S

K§
and ( n
_ EWV,(Z N oW;
U.(Z,A) = li J L Ae B(S4.
The monotone convergence theorem implies that ¥,,(X,..., X;-) defines a measure.

By Corollary Ej(Z, 1) is a finite signed measure.

4.2 Inversion of density formulas for area measures

So far, an inversion of the density formulas for area measures V; is possible for j = d—1
since Theorem [4.1.2] and Theorem imply

1

VX)) = —In(l - Vy(Z)) and @d,l(x,-):m

Ui1(Z,).  (41)

The inversion of the density formulas for j < d — 1 is more difficult because densities
of mixed area measures are involved. In this section we show that in the most relevant
dimensions d = 2 and d = 3 all densities of the area measures of the particle process
X can be expressed by the densities of the area measures of the Boolean model. This
is a direct consequence of Lemma and Lemma [4.2.2] In particular we obtain in
Corollary and Corollary formulas expressing the intensity 7 in two respec-
tively three dimensions in terms of the densities of the area measures of the Boolean
model Z. These formulas imply that the intensity 7 is in two dimensions uniquely de-
termined by V5(Z), ¥,(Z,-) and V(Z). In three dimensions + is uniquely determined
by V3(Z>, \IJQ(ZJ ')7 \111(27 ) and VO(Z)

These uniqueness results are in the spirit of results derived by Weil involving the
surface area measure and support functions [Wei99| or mixed volumes [Wei0lal.

In practise it is a complicated problem to estimate a measure-valued quantity. Thus
we consider in the next chapter applications of the formulas for area measures to real-
and tensor-valued quantities derived from area measures.

At first we express the densities of the area measure of the particle process of order
d — 2 by densities of the area measures of the Boolean model of order d — 2 and d — 1.

For the statement of the result we need the measure py(ug,...,ug; ) on the unit
sphere which was defined in for uy,...,u, € S ' and k € N.
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Lemma 4.2.1. Let Z be a stationary Boolean model,A € B(S4™1). Then
1

Ed—2(X> A) = Td(z)ﬁda(za A)
1 1 ? _ _
+ 5 (m) / / po(u, v; A)Wy 1 (Z, du)Wy_1(Z, dv).

gd—1 gd—1

Proof. We have
mix(d —2) ={(d—2),(d—1,d - 1)}.

Thus, it follows by Corollary that

— — 1—
Uy o(Z,A) = e ValX) {\IfdQ(X, A) = 5Va140(X, X5 A) | (4.2)

It is well-known (compare Theorem [4.1.2)) that

e Vi) =1 _Vy(2). (4.3)

From Corollary we obtain
Uy 141(X, X;A) = / / po(w, v; AYW g1 (X, du)Uq_y (X, dv). (4.4)

gi-1 gd—1
By Corollary we have

Uy 1(Z,A) = e VT, (X, A). (4.5)
Solving for Uy »(X, A) and combining (4.3), and we obtain the asser-
tion. [l

The densities of the area measure of the particle process of order d — 3 have also
a representation by densities of the measures of the Boolean model. Though, we are
not able to obtain an expression involving only densities of the area measures of the
Boolean model instead also the density of the measure Wy_5(Z, u;-) depending on a
unit vector u € S9! is involved.

Lemma 4.2.2. Let d > 3 and Z be a stationary Boolean model and A € B(S*™1).
Then

@d_g(X, A)
= _;@d—s(Z, A)
1-Vu2)

+<ﬁ)2 /@d_2(Z,u;A)§d_1(Z,du)

gd—1

1 1 K _ _ _

- —= AW (2, du) Vg1 (Z, dv)Ve_1(Z, dw).

+3<1_vd<z>> [ st A (2T (20002, 0
§d—1 gd—1 gd—1
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Proof. Since
mix(d —3) ={(d—3),(d—1,d—2),(d—2,d—1),(d—1,d—1,d — 1)},
Corollary yields
Wy 3(Z,A)

_ _ _ 1—
= ¢ ValX) [xpd_g(x, A) = V201 (X, X5 A) + 2Wir,0-1.0-1(X X0 X A)} - (4.0
By Corollary by the relation
— _ 1__
Uy o(Z,u; A) = e ValX) {wd_z(x, u; A) — 5xpd_lvd_l(x, X, u; A)] . ue S

which is a special case of the second formula of Theorem | and by . we obtain
Uy 941(X, X; A)

= / E01—2(X> Uu; A)Ed—l (X, du)

Sd—l
1 1— _
= S Z,u; A 0 X, X, u A)| Uy 1(X, du).
/{1—‘/6;(2) i—2(Z, u; )+2 d—1,d—1( u; )} d—1(X, du)
Sd—l

Then, (4.5) and Corollary imply

_ 1 o _
\I’d_27d_1(X,X;A) = (?) / \I/d_Q(Z,U;A)\I/d_l(Z, du)
1-Vu2z)) .

1—
-+ éqldfl,dfl,dfl(X; X,X,A) (47)

and

Ed1,d1,dl(X7X,X;A)_(1 V ) /// UU,w;A)Edq(Z,dU)
- d

Ggd—1 gd—1 gd—1

\I/d_l(Z, dU)\I/d_l(Z, dw) (48)

Solving for ¥ _3(X, A) in (4.6) and combining (4.7) and (4.8) yields the assertion. [

Remark 4.2.3. We do not obtain an inversion formula for ¥, 4(X,-). The reason is
that we would have to express the densities of the area measures

U (X,..., X)), memix(d—4)\ {(d—4)}
using densities of the area measures of the Boolean model Z. We have

mix(d — 4) = {(d—4),(d—3,d—1),(d—1,d—3),(d—2,d—2),(d—2,d—1,d—1),
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d—1,d—2,d

—nxd—Ld—Ld—nxd—Ld—Ld—Ld—n}

The densities of the area measures with multi-indices where only one of the indices is
not equal to d — 1 can be treated using Lemma and the density formulas for area
measures. But the densities of the area measures with the multi-index (d — 2,d — 2)
cannot be expressed in this way.

In two and three dimensions we obtain formulas for the intensity +. Namely, if we
choose A = R? in Lemma we obtain the following result.

Corollary 4.2.4. Let Z be a

’Y:VO(X): !

1-Vy(2)

stationary Boolean model in R%. Then

Vo(Z)

+1(L4@ ) //ﬁguvy (2, du)T,(Z, dv).

St st

For d = 3 we can apply Lemma [3.4.4] in Lemma [4.2.2] which yields the following

formula.

Corollary 4.2.5. Let Z be a
— 1 —

stationary Boolean model in R3. Then

7=Vo(X) = —=—%-Vo(2)

1-V4(2)

+(1_V3 )//5uv (2, du)Ts(Z, dv)

+1< 1
3\1-V4(Z

S2 52

) ///“3 u,0,w; 5)V5(Z, du)¥s(Z, dv) ¥o(Z, dw),

2 52 52

where & is defined in Lemma[3.4.4)

Remark 4.2.6. We have derived the formulas for the intensity 7, which are stated in

Corollary and Corollary |
Uy 3(X,-) from Lemma {4.2.1]

4.2.5 as special cases of the formulas for U, »(X, ) and

respectively Lemma [4.2.2] Alternatively, the formulas

for the intensity can be obtained by combining the results in [Wei99| (or [SWO08| p. 433
and p. 441]) with Berg’s representation (3.7]) of the centred support function.
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Chapter 5

Application to Minkowski tensors

In Chapter we have derived mean value formulas for the support measures of a
Boolean model observed in a window (Theorem and we obtained formulas for
the densities of the area measures of a Boolean model (Proposition and Corol-
lary [4.1.4). However, for the classification of Boolean models or the comparison of
two Boolean models it is important to capture the significant properties with as lit-
tle redundancy as possible. For this purposes it is desirable to study mean values of
less-complicated functionals derived from the support measures.

For isotropic Boolean models the intrinsic volume densities have already shown to
be a useful choice [AKMO3],[AKMO09]. On the foundational side, the importance of the
intrinsic volumes Vp, . .., Vy is expressed by Hadwiger’s [Had57| famous characterization
theorem, which states that the intrinsic volumes are a basis of the space of real-valued
continuous, additive and motion invariant functionals on the space of convex bodies
IC. As a consequence of the motion invariance, the intrinsic volumes reach their limits
when it comes to the proper characterization of non-isotropic structures. Therefore
one is interested in finding functionals which are sensitive to anisotropy and have as
little redundancy as possible.

The results of Section [5.1] to [5.5] are published in the joint article [HHKM14] of the
author with Daniel Hug, Michael Klatt and Klaus Mecke.

5.1 Minkowski tensors

In this section we introduce the Minkowski tensors, a collection of tensor-valued
functionals derived from the support measures. Many important physical proper-
ties like elasticity, conductance and permeability are tensorial. Especially in physics
the Minkowski tensors have recently become popular shape descriptors for anisotropic
structures, see [STMK™11, STMK™13| and the literature cited therein.

We denote by TP the vector space of symmetric tensors of rank p over RY. We use the
scalar product to identify R? with its dual space; then TP can be viewed as the vector
space of symmetric p-linear functionals on R%. A tensor 7' € T? is uniquely determined
by the (d+£_1) values T;, =T(ei,...,e,), 1 <ip < ... <y < d. Therefore, we

N

can identify TP with a (‘Hz_l)—dimensional Euclidean space, a fact which will be often

useful. The symmetric tensor product ab € T"** of symmetric tensors a € T" and
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b € T for r, s € N is defined by

1 . .
(@i = (r+s)! Z iy Qi Vi iy Oy LSy < d
’ TESr+s
where S, denotes the symmetric group of order r + s. We write 2" for the r-fold
symmetric tensor product of z € R?. The metric tensor Q € T? is defined by Q(x,y) =
(x,1), for 2,y € R% The application of a rotation g € O, to a tensor T € T? is defined
by

(97, ::T(gfleil,...,gfleip), 1<ip <0<, < d.

11,eenydp
Originally the Minkowski tensors have been introduced in the context of convex
geometric analysis where the characterization of additive functionals (valuations) on
the space of convex bodies K enjoying specific properties is a highly active field of

[e.9]
research. A valuation ¢ on K with values in the tensor space T := @@ T? is called
p=0

isometry covariant if
P(gK) = gp(K), g€ Oq
and if ¢ has a polynomial behaviour with respect to translation of K. This means that

there is some s € Ny and there are valuations ¢, : K — @ T? such that
p=0

P(K+1)=> pi(K)t*7, teR,Kek.
=0

Generalizations of Hadwiger’s result, which concerns scalar-valued functionals, to
vector-valued valuations which are isometry covariant have already been found in the
early '70s by Hadwiger and Schneider [HS71l [Sch72al [Sch72b].

More recently, tensor-valued valuations of higher rank have come into focus and
it immediately turned out that in this case a basis cannot be determined that easily.
The current mathematical study of tensor valuations has been initiated by McMullen
IMcM97|. For K € K, integers r,s > 0 and 0 < j < d — 1, the Minkowski tensors are
defined by

I(K) = / S (K, d(x, u) (5.1)
%
and )
K = ﬁ/xrd:c, (5.2)
K
where ¢, := ﬁwﬁ for 1 < k < d. From the properties of the support measures the

following properties of the Minkowski tensors can be derived.

Lemma 5.1.1. The Minkowski tensor @;’5 18 positive homogeneous of degree r + j,
continuous, additive and isometry covariant on K. The isometry covariance is of the

form

. 1

O (gK +t) = —
i (9K +1) Z(T_k,)!

" r gt (K), teR%ge 04K €K,
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In [McM97] McMullen conjectured that the basic tensor valuations QmCID?S, r,s,m €
Ny with r + s 4+ 2m = p, span the space of continuous, additive and isometry covariant
TP-valued functionals, for every p € Ny. Furthermore, it was already observed by
McMullen that the basic tensor valuations satisfy the linear dependencies

2”2 ST hs — QZCI)? =0, jpeN, (5.3)

where ®7° :=0if j < 0orr,s ¢ Noor r =d and s > 0. By the basic tensor
valuations do not form a basis of the vector space they span. McMullen’s conjecture
was almost immediately confirmed by Alesker [Ale99al [Ale99b]. In [HSSO8b)] it is shown
that the linear dependencies are up to linear combinations and multiplications
by ) the only ones. In addition, it is shown how a basis can be constructed and
the dimensions of the corresponding vector spaces are determined. In applications
to Boolean models often only translation invariant functionals are considered. The
space of continuous, additive, translation invariant and rotation covariant TP-valued
functionals on K is spanned by the basic tensor valuations Q"@?’S,s,m € Ny with
s+ 2m = p. The only linear dependencies (up to multiplication by @ and linear
combinations) between the translation invariant basic tensor valuations are

2rsPY® — QPY* > =0, se€N and &} =0, (5.4)

which is equivalent to

2
O = 1{s € 2Ng}

‘Wst1

Q**Vo, seN,. (5.5)

More information on the mathematical and physical background of the Minkowski ten-
sors can be found in [Sch00, HSS08a, HSS08b, ISTMK™11, ISTMK™13|. Of the many
characterization theorems for valuations with values in some abelian group G and re-
lated to the present work, we only mention [Sch78, Lud02, Lud03], Lud13, [Schi3bl [HS14]
which are concerned with characterizations of curvature measures, moment vectors,
moment matrices, covariance matrices and local tensor valuations.

5.2 Mixed Minkowski tensors

We use Theorem for the study of the translative integral of a Minkowski tensor.
In the following we shall apply integrals and limits to tensors meaning the application
to the real-valued coordinates. An important role is played by the following mixed
tensorial functionals.

Let Ky,...,Ky € R, j€{0,...,d—1}, k€ N, m € mix(j, k) and 7, s € Ny. Then,
we define mixed Minkowski tensors by

O (K, Ky) = / 2 E (K, oo Ky d(x, .. o, u).
(Rd)k x §d—1

A special case of the mixed Minkowski tensors are the mixed functionals of translative
integral geometry
Vip = @0,
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The translative integral formula for support measures Theorem leads to the fol-
lowing translative integral formula for Minkowski tensors.

Corollary 5.2.1.

/ O (Ey N (Kt a2) N O (Kt ) d(ma, . ywg) = Y QK. Ky).

(Rd)kil memix(j,k)

The (mixed) Minkowski tensors inherit various properties from the support mea-
sures, which we collect in a corollary.

Corollary 5.2.2. (i) )7  (Ki,...,K}) is symmetric with respect to permuta-
tions of {2,...,k}. Forr =0 it is even symmetric with respect to permutations
of {1,..., k};
(i) @50 (K. Ky) = @50 (Ky) 9% (Ka,..., Ky)
and
®11:;le,d,m3 ..... My (Klﬂ s 7Kk) = W<K2) (bksl,m&”.,mk (Klv K, ..., Kk);
(iii) @7 . (K1, ..., Ky) is positively homogeneous of degree my + r with respect to

Ky and of degree m; with respect to K; for i > 2;

(iv) if Ky,..., Ky are polytopes, then
Pns
mi

oy (K K

B 1 1 sqyd—1—j
REE Z Z / u* H T (du)

FlEfml(Kl) FkEfmk(Kk)(

< (B, B /xmml(dxl) Hm2(Fy) - H™ (F):

Fy

N(K“FZ)) nsd-1

(N

i=1

(v) the map (Ki,..., Ky) — ®75(Ky, ..., K}) is additive and continuous on K and
measurable on RF.

5.3 Mean value and density formulas for Minkowski
tensors

In this section we first establish connections between mean values of the Minkowski
tensors of the intersection of Z with a compact, convex window W and the densities of
the particle process X. For the translation invariant Minkowski tensors, we obtain thus
in a second step corresponding relations between the densities of the Minkowski tensors
of the Boolean model and the densities of the Minkowski tensors of the underlying
particle process. As the special case r = s = 0 one obtains Weil’s well-known formulas
for the densities of the intrinsic volumes of a non-isotropic Boolean model.
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5.3.1 The isotropic situation

Under the assumption of isotropy the densities of the Minkowski tensors of a Boolean
model are proportional to the densities of the intrinsic volumes.

Proposition 5.3.1. Let Z be a stationary and isotropic Boolean model, j € {0, ..., d—
1} and s € Ng. Then
0,s

(7)) =1{s € 2Ny }ay,;sQ*V;(Z),

J

where
2 Wi—jWsrd

Qdyjps = :
8§ Wq Wd—j+s Ws+1

Proof. By Proposition we have

Thus, we get

(Z)

_ 1 way Wa-—j

— 1 —
V.(Z,du) = ———V,;(Z “o(du).
[ ez =5 Tz [ et
gd—1 gd—1

In [SS02, (24)] it is shown that

—0,s
O

s! Wd—j+s

/ woldu) = 1{s € 2Ny} 22 03
d—1 Wert
J

which yields the assertion. O]

5.3.2 The non-isotropic situation

For a non-isotropic Boolean model we obtain the following mean value formulas for
Minkowski tensors as a corollary of Theorem [4.1.3]

Corollary 5.3.2. Let Z be a stationary Boolean model, W € K and r,s € Ng. If
j =20, then

E[@y"(ZNW)] = &y (W) — e Ve 3 o [Imf@}5 (W, X, X)

memix(j)

— 1{s € 2No} s QE D (W)V (X, ... ,X)}

and if 1 < j<d-—1, then

o] —an - S S g

J
memix(j)

(X,...,X)}

——0,s

— o (W)®

m

and

E[@:°(Z N W)] = &5°(W) (1 - e-WX)) .
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We obtain the following Minkowski tensor density formulas in general dimension.

Corollary 5.3.3. Let Z be a stationary Boolean model in R? and s € No. If j = 0,
then

68,9(2) — e—vd(x)]_{s [ 2N0}C Z

memix(0)

= 1{s € 2Ny} Oéd,o,sQ2V0< )-

and if 1 <5 <d-—1, then

$°(Z) = e ViX) > —(_1)%‘_160’3()( X)
; by - m (X, X).

memix(j)
Remark 5.3.4. For an isotropic and stationary Boolean model the same arguments as
in the proof of Proposition [5.3.1] can be used to show that

(X,...,X)=1{s € 2Ng}awg; sV (X, ..., X),

for m € mix(j),s € Nyo,j € {0,...,d —1}.

Thus, a comparison with the density formulas for intrinsic volumes from Theorem
shows that Corollary coincides for an isotropic and stationary Boolean model
with Proposition [5.3.1]

Remark 5.3.5. A comparison of the previous Corollary with Theorem [4.1.2] shows
that in the case 7 = 0 the Minkowski tensor densities do not contain more information
than the scalar valued densities V(Z). Though we would like to point out that this
is indeed not the case for the corresponding mean value formulas for finite section
window W, compare Corollary in the case j = 0. Namely, if for pairwise distinct
00, - - -, 04 > 0 the mean values E [®y°(Z N g, W)], for kK =0,...,d, are known, we can
separate the summands of different homogeneity degree in the right-hand side of the
corresponding equations by merely solving a system of linear equations. In particular,
if additionally the density V4(X) is known, we obtain the density 5;15 (W, X) in the
case d = 2 and the density 6;’;(1/1/, X) in the case d = 3.

5.3.3 Density formulas for mixed Minkowski tensors

We define mixed Minkowski tensors depending on unit vectors, which are derived from
the special mixed area measures of Definition [3.2.4]

LetkeN, je{0,...,d—1}, 1<k <d—j,u,...,up € ST Ky,.... K}, € K,
m € mix(k’' + j, k) and s € Ny. Then we define

0, .__ ok’ 0O, .
O (K, Kiyug, ) 1= 27 ¢ / vs\Ifm<K1,...,Kk,ul,...,uk/,ch)).
Sd—1

As before we use the abbreviation V,, := ®%°. Then the following density formulas for
the mixed Minkowski tensors are an immediate consequence of Theorem [1.1.5]
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Corollary 5.3.6. Let Z be a stationary Boolean model in RY, Li,..., L, € R, j €
{0,...,d—=1},j < <d-1,1<k<d—j, memix(d—j +7j,k) and s € Ny. Then,

= 0,s —Va(X) (—1)‘ml|71—0,s
0,0 (Z,Ly,...,Ly) =e > 0, (XX Ly, L)

T
m/Emix(j’)
and for uy,...,u, € S we get
—0, v (=)™,
®kj],m(Z7 U/l’ . 7uk) = e Vd(X) WQmim(X7 P 7X7 u1’ oo ,uk-)

m/Emix(k+7)

5.4 Application to a parametric Boolean model
in the plane

In this subsection we apply the formulas from Corollary to a parametric class of
planar Boolean models with ellipse particles studied in [STMK™T11), Section 2.2]. We
shall see that for this simple parametric model the obtained density formulas allow to
extract useful information from observations of the Boolean model.

For a € [0,00],7 > 0 and E € Ky, let Z, . g be a stationary Boolean model with
intensity v and the grains obtained by rotating F by a random angle 6 € [0,27). For
a < oo we assume that the random angle 6 has the probability density

fa(0) = c(a) |cosB|*,  for 6 € [0,27),

with
L(1+5
C(a) S opotly
2y7l(%5)
that is, the grain distribution of Z, - g is

21

Q) = / L{I(O)E € -} a(6) db.

0

where 9¥(6) € SO(2) is the rotation by the angle 6. The grain distribution of Z , g is
Q = 0g. In the following, we call £ the base grain and « the orientation parameter
of the Boolean model. We specify in this particular case the formulas for the densities
obtained in Corollary m For this we have to determine 610’8()(), s € Ny, Vo(X) and
V11(X, X). Starting with the density of the surface tensor we obtain for s € Ny that

B (X) = / 30 (K)QIK) = / OO (9(0)E) £ (0)db.
Ko 0

In the following we identify a p-tensor with an element of R in the usual way. We
obtain by [STMK™13, (8)], for s € Ny and ¢y,...,i, € {1,2}, that

2

(<I>(1]’s(19(9)E))4 ie Z (19(9))i1,j1 o (ﬁ(e))is’js (CI)[%S(E))J'l Js

Jlyeess Js=1

o7



and therefore, for 0 <[ < s, that

- 0,s
<q>1 (X)>1 12 2
) ) 1= )

I times s—1 times

S / Yo+ O30 - (9(0))a, fo (6)d0

Tlyeees ]9—1

((P?S(E))»

J1yeeerds

JNAL

ey 3 S <1>m<)(sl):ﬁl am 1)

J=0  k=0V(j—s+1)

j+!l even
s— 123+2k 8/2
x (a+2m—1) [](a+2m)™" (‘I’?’S(E))L...,Lz,...,2’ (5.6)
m=1 m=1 —— ——

J times s—j times

since we obtain for the integral prefactor in the second line of the above equation for
S1,...,84,5 € Ng with s; + ... 4 s4, = s that

2

/ ((0))1:(0(0))1%(9(0))3571(0(0))25 fo (6)d0

0
2

= c(a) /(cos 0)*1+%| cos 0]* (— sin 0)**(sin 0)**df
0

0, if 1+ s4 or sy + s3 is odd,
(s2+s3)/2 (s1+s4)/2
= [T @m-1) I (at+2m-1)
(—1)%2—m==t S Ea— , otherwise,
11 (a+2m)
m=1

by the symmetry properties of sine and cosine and since

)
) )
for a,b > —1; see [Art64, (5.6)] or [WW96, (12.42)]. In the case s = 2 equation (5.6
simplifies to

(sin @)*(cos p)’dp = 5

LD(HT (5
9 (++

o —
vl

(5.7)

~ ((a +1) (91%(B)),, + (2V(B)),, a (BV(E)),, )
X)
o+ 2 s

a(9(E)),, (®V4(E)),, + (a+1) (91%(E)),
On the other hand, we obtain for the mixed density

2m 27

Via(X, X) :72//‘/1,1(19(91)1*7719(92)E)fa(91)fa(92)d91d92

o8



2m 27

_ 2 / / Vir(0(01 — 02), ) fu(01) fa(02)d01d05

2w 21

0 0
:720(04)2//1/171(19(91)& E) | cos(f1 + 65)|*| cos(62)|* df1dBy,  (5.8)
0 0

where we have used that V) ; is invariant with respect to simultaneous rotations of its
arguments and that the integrand is 27-periodic with respect to 6;.

Furthermore it follows from [WeiO1b, Corollary 9.2] and the rotation covariance of
the support measures for 6 € [0, 27] that

‘/171(19(9)E,E):% / / a (9(0)uy, us) sin (a (F(0)uq, uz))

R2xS1 R2x S

El(E,d(iL’l,Ul))El<E,d(lL‘2,U2)), (59)

where a(uy,us) € [0, 7] denotes the smaller angle between wuy, uy € S*.

Remark 5.4.1. Assume that the above parametric Boolean model is observed and the
densities

—0,2 J—

q)l (Za,%E> and VQ(ZOL’,Y’E)
are therefore known. Is it possible to obtain the parameters o and  from the above
densities of the Boolean model? To see that this is indeed the case, we use Corollary

(.3.3 to obtain

8, (Zanm) = 87 (X) e V20 (5.10)
and (by Theorem
Vo(Zanp) =1 —e 25 =1 — e=7V2(B), (5.11)
Thus, yields
N _In (1=Va(Zanr)) (5.12)

Va(E)
and, by and ,
7 ((@28),, + (313(E),5) — 26 (8] (Zoyr))

o= — L (5.13)
Va(E) (‘I’f’Q(Za,v,ED

1,1

In [HHKM14, Section 7.2] equations (5.12)) and ((5.13)) are used to define estimators for
the intensity v and the orientation parameter o and the performance of the latter is
tested in a simulation study.

Remark 5.4.2. In [STMKT11, Section 2.2] the Boolean model Z, . g with the base
grain F being an ellipse is considered. Pixelized realizations of [0,1]> N Z, 5 are
used as input for testing the performance of real-valued characteristics derived from
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Minkowski tensors. More precisely, a so-called anisotropy index /3] 02 g introduced,
which is defined by

%0,2 ((I)(llz (Za,'y,Eh [Oa 1]2))171
(O (Zanp [0,11)),,

)

where
(I)(%Q (ZamE’ [Ov 1}2) - 0(1)72 / 1[0,1}2(x) u’ El(ZOémE’ d(xa u))
R2xS1
In [STMKT11, Section 2.2|, (5;>?) denotes the mean value obtained by averaging
oA 02 gver several realizations of Za~p and it is observed that for a = 0, that is, in
the isotropic case, we have (5;0’2> = 1. Furthermore, <5f0’2> seems to be constant as
function of the volume fraction V3(Z, , ). Unfortunately, we are right now not able

to explain these observations. But if instead of taking the mean value of ] %2 the
mean value is taken separately for the denominator and nominator, that is, if

<(q>‘fv2 (Zap.r2, [0, 1J2>)1,1>
<((I>(1)’2 (Zan,E, [0, 1]2>)2,2>

is considered, our previous results can be used to obtain some insight. The quantity
(5.14) can be considered as an estimator of

(5.14)

B [(007 (Z 6. 0.17)),
E (297 (Zorp [0.12)),,]

(5.15)

Since the support measures are locally determined and by Theorem we obtain
that
E [} (Zag.z, 0.1]°)] = E [ (Zap 1 2B%, [0, 1]°)] = ;7 (X) o200

(X)) e MRE),

—~

Therefore, by (5.7), we get

E[(@1 (Zans 019),, ] (B7°0) | @r 1) @02),, + (90()),,
E

(@ (Zoo 0.12),,]  (8700),,  @FE),+ @) (21°E),,

Hence, in the isotropic case (o = 0) the ratio in is equal to 1. Moreover,
the quantity is always independent of the volume fraction Vo(Z, - g), since the
volume fraction depends by only on the intensity v and not on the parameter
a. It is interesting and should be investigated further why these properties are also
observed for the quantity (8;%?) in [STMKT11} Sect. 2.2].

Remark 5.4.3. For a smooth base grain E € C7 we obtain special formulas since the
support measure =; can be represented as an integral over the unit sphere weighted
with the curvature radius of E (see (5.16)) or as an integral over the boundary of E
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(see (5.17)). We use the abbreviation u(«) := (cosa,sina)’, o € R and the notation
r(E,u) for the radius of curvature of E at a point x € OF with outer normal u €
S1. The representations of the area respectively curvature measure for smooth convex

bodies from Lemma [3.1.2] (ii) lead to

=\(E,-) = %/1{@;@),@ € (B, uyH (du), (5.16)
respectively .
=/(E,) = 5/1{(:1:,u(:c)) € YH\(dx), (5.17)

where for u € S we denote by z(u) the unique boundary point in dF with outer normal
wand, for z € OF, we denote by u(x) the outer normal of F at z. If a parametrization of
OF is known, can be used to determine (IJ(l)’S(E) for s € Ny, and via equation
then also @, (X). On the other hand, can be used to determine Vi1 (J(0)E, E),
and then via also V11(X, X); see (5.18)). In fact, observe that it follows from

(5.9) that

2m 2w

VOB B) = 5 [ [atu(s - 8+0).0(0) sin(s — 5+ 0)
(2, u(80))r (B, (o) B
= o [ [ (s e 0msisins) - 1051 € (. 2mly2n - 1) sin5)

x (B, u(By + B2 — 0))r(E, u(Ba))dbrdB,
— % //51 sin(8y) [r(E,u(By + B2 — 0)) +r(E,u(—B1 + B2 — 0))]

X r(E,u(B2))dB1dfs,

and hence
21 27
Vi (X, X) = +2(a)? / / Via(0(61)E, E) | cos(6r + 6)|*| cos(8,)|° d6rdbs
0 0

2 27

= 720(04)2//%7]51 sin(B1)r(E, u(B2)) [r(E,u(By + B2 — 61))

+ (B, u(=B1 4 B2 — 61))|dB1dBa | cos(61 + 02)|*| cos(6a)|* dbdb;

2 2w 27 0w

:72;(:)2////@sin(ﬁl)r(E,u(ﬁQ))[r(E,u(ﬁl+52—61+92))

(5.18)
+r(E,u(—p1 + B2 — 01 + 92))} | cos(61)|| cos(62)|*dBrdBy dbydbs.
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5.5 Planar Boolean model with smooth grains

In this subsection we consider a Boolean model Z with a grain distribution Q which
is concentrated on Ko N C?%. We write again u(p) := (cosp,sinp)’, p € R. Then, we
obtain from [Sch13al (4.26)| and Fubini’s theorem that

0,s

O, (X) =’ 17// (K, u(p))u(e)’de Q(dK)

:ﬁn// (. u()) QUK uli)dy,

0

where r(K,u) is the radius of curvature of K at u, for K € Ko N C% and u € S,
compare [Schl3al (2.49)|.

The surface tensor mean values are now related to the Fourier coefficients of the
function g : [0, 27] — [0, 00), where

g@%:v/MKWMMQMK)

Ko

We denote the sth Fourier coefficient of g by g(s). Then, we obtain for s € Ny that

99) = 5= [9tole e = 5 [ g(e)cos(s) — isin())*d
=3 () iz [ e ersnerias
S ()t ), L,

J times s—j times

and in the same way that

o s S s—j s!w1+s (50,3)()
9(=s) Z(j)l o v X)) e

Jj=0 ——— ——

J times s—j times

By the theorem of Carleson [Car66], it holds

s=N

: ~ isp __
lim _ZNQ(S)G = g(p)

for almost all ¢ € [0, 27]. Hence, it follows that the tensors

0

®,°(X), seN,
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determine
v E[r(Zo,u(p)] for almost all ¢ € [0, 27],

where Z; denotes the typical grain, i.e., a random convex body with distribution Q.
Remark 5.5.1. The situation in higher dimensions is similar. Instead of just one radius

of curvature one can use the product of all principal radii of curvature and the Fourier
expansion can be replaced by an expansion into spherical harmonics.

5.6 Uniqueness results for Minkowski tensors

The coordinates of the translation invariant Minkowski tensors @ are integrals of the
area measure W, over spherical monomials of polynomial degree s. By the theorem of
Stone—WeierstrafS the spherical polynomials are a dense subset of C'(S™™!) with respect
to the supremum norm. Thus, the measure ﬁj(Z, -) is uniquely determined by the

sequence of densities of Minkowski tensors 6;) ’S(Z ), s € Ny. Hence, the inversion for-
mulas for the densities of the area measures lead to uniqueness results for the densities
of the Minkowski tensors.

In two dimensions we obtain the following uniqueness result.

Theorem 5.6.1. Let Z be a stationary Boolean model in R?. Then, the densities

b4 —0,s

Vo(Z), ®,7(Z),5s € Ny and Vo(Z)

determine uniquely

EVy(Zy), E®VH(Zy), s € Ny and .
Proof. By Corollary we have

= #2(2)?0(2)
L1 (1_v2 ) //M2 (w1, us; ST (Z, dun) T (Z, dus). (5.19)

Sl g1

The measure ¥, (Z, -) is uniquely determined by the sequence of densities of Minkowski
tensors Ef *(Z),s € Ny. The assertion follows together with the well-known relations

1 —0,s

ViX)=—In(1—Vy2Z)) and @, (X)= g 3, (7). (5.20)

O
In three dimensions we obtain a uniqueness result of the same nature.

Theorem 5.6.2. Let Z be a stationary Boolean model in R®. Then, the densities
Va(Z), ®,°(2), ,"(2),s € Ny and Vy(Z)

determine uniquely

EVi(Zo), B®Y*(Zo), B (Zo), s € Ng and .
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Proof. For j € {1,2} the measure ¥;(Z,-) is uniquely determined by the densities of

Minkowski tensors 6;)78(Z),S € Ny. Hence, Corollary [4.2.5, Lemma |4.2.1| and ([5.20))
yield the assertion.

O

In dimensions higher than three it is an open problem wether the intensity can
be determined from densities of Minkowski tensors of the Boolean model. Even if we
include densities of mixed Minkowski tensors depending additionally on a unit vector
u, the answer is not known. For example in the case d = 4 we have

mix(0) = {(0), (1,3),(3,1),(2,2),(2,3,3),(3,2,3),(3,3,2),(3,3,3)}.

Thus, the density formula for V(Z) involves the mixed density V52(X, X). This mixed
density cannot be simplified using the decomposition results Corollary or Lemma
B3.4.4

Though, if we include mixed Minkowski tensors depending on a unit vector we
obtain the following result.

Theorem 5.6.3. Let d > 4 and Z be a stationary Boolean model in R?. Then, the
densities

Vil Z),8°(2),B°5(2),8,°5(2) and By"5(Z,u),u € S s € Ny

determine uniquely

—0,s —0,s —0,s
Va(X), @, (X), @5 5(X), @, 3(X), s € No.

Proof. Since the measure Uy (Z;-) is uniquely determined by 63;51(Z), s € Ny the

assertion follows from (5.20)), Lemma and Lemma [1.2.2] O

In comparison to the results in two and three dimensions Theorem is un-
satisfactory because densities of mixed Minkowski tensors depending on an arbitrarily
chosen unit vector u are involved. Thus, uncountably many real-valued quantities have
to be known. Furthermore, since the intensity cannot be determined, only a uniqueness
result for densities of the particle process is obtained and not for mean values of the
typical grain Z, as in two and three dimensions.
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Chapter 6

Application to harmonic intrinsic
volumes

6.1 Harmonic intrinsic volumes

In this section we introduce a completely new collection of geometric functionals on
KC, which we call harmonic intrinsic volumes. Each intrinsic volume is embedded into
a sequence, where the first element is the ordinary intrinsic volume and the other
elements are moments of the area measures with respect to orthonormal functions on
the unit sphere. This definition is simple but leads in combination with the concept
of rotation regularity to a surprising new perspective on the density formulas for the
non-isotropic Boolean model.

It is a well-known result that in the isotropic situation the densities of the intrinsic
volumes of the Boolean model can be expressed by the mean values of the intrinsic
volumes of the typical grain and vice versa. These results are the Miles formulas,
see in two dimensions. So far in the non-isotropic situation extensions of the
intrinsic volumes (like the mixed volumes) lead only to uniqueness results but not
to explicit inversion results. In two and three dimensions the consideration of the
harmonic intrinsic volumes will enable us to obtain expressions directly comparable to
the results for intrinsic volumes in the isotropic situation. That is, we can express the
densities of the harmonic intrinsic volumes of the Boolean model by the mean values
of the harmonic intrinsic volumes of the typical grain and the other way round.

Moreover, if only a truncated sequence of the densities of harmonic intrinsic volumes
of the Boolean model is used to approximate say the intensity, we will obtain error
bounds in terms of the modulus of isotropy. The geometric functionals for which density
formulas were derived previously are motivated by ideas from convex geometry. For
instance the consideration of the volume of linear combinations of convex bodies leads
to the mixed volumes considered in [WeiOla], the investigation of characterization
results for valuations on IC with prescribed properties inspired the definition of the
Minkowski tensors, which were considered in Chapter |5 and [HHKMI4]. Also the
consideration of densities of the centred support function in [Wei99| is inspired by
geometric ideas. Our harmonic intrinsic volumes, on the other hand, are, apart from
convex geometry, also inspired by harmonic analysis and approximation theory.

Recall from Sectionthat the functions Y, 1 < p < D(d, 1), form an orthonormal
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basis of the space of spherical harmonics of polynomial degree [ € Ny.

Definition 6.1.1. We define the sequence of harmonic intrinsic volumes of a polycon-
vex set K € R by

VI) = [ Vi) (K du),
gd—1
where 0 < j<d—1,l€Nyand 1 <p < D(d,]I).
Observe that the harmonic intrinsic volumes depend on the choice of the basis B

in Section
For each | € Ny we define the vector

VIK) = (V“(K), o V?’DW)(K)) .

J J J

The first element of the sequence of harmonic intrinsic volumes in lexographical order
is
0,1
VLK) = Vy(K), (6.1)
i.e. for (I,p) = (0,1) the jth harmonic intrinsic volume is equal to the ordinary jth
intrinsic volume. For all choices of (I,p) the harmonic intrinsic volume le’p inherits
various properties from the jth area measure, which we collect in the following lemma.

. .. lp - ..
Lemma 6.1.2. The harmonic intrinsic volume V}’p s positive homogeneous of degree
7, additive, translation invariant and measurable on R and continuous on K.

In contrast to the intrinsic volumes the harmonic intrinsic volumes are not rotation
invariant. However the following rotation formula holds.

Proposition 6.1.3. Let j € {0,...,d—1},1 € Ny, 1 <p < D(d,l) and K € R. Then
{%mm (L,p) = (0,1),

0, otherwise.

/ VIP WK )v(dY) =
SOq

Proof. The relation for (I,p) = (0,1) follows from (6.1) and the rotation invariance of
the intrinsic volumes. For (I,p) # (0,1) the rotation covariance of ¥;, which follows
from Theorem m, (vi) with A = R?, and Fubini’s theorem imply

/V”’M( (dV) // 1o (W) (VK du)v(dd)

SOq 504 §d—1

_ / / Vi) (00)0(d9) W, (K, dua).

Sd—1 Sod

Since o is up to a constant the only rotation invariant measure on S%!, we get

[ viroman = vt [ [ Vipwotdow (g d)

SOy4 Sd—1 gd—1

:!/(npﬁanwanw>:0
gd—1
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For special convex bodies the harmonic intrinsic volumes have more explicit repre-
sentations, which can be deduced from the corresponding representations of the area
measures from Lemma@ The harmonic intrinsic volume le’p (P) of a polytope P is
a weighted sum over the j-dimensional volumes of the j-faces of P. On the other hand,
for a smooth convex body K € C? the harmonic intrinsic volumes have an explicit
representation as integrals of the jth normalized elementary symmetric function s; of
the principal radii of curvature of 0K.

Lemma 6.1.4. Let j € {0,...,d—1}, 1 € Ny and 1 < p < D(d,1).
(i) If P is a polytope, then

VP (P) = ! > HI(F) / Yip(w)yH I (du).

J
Wd—j
T FeF;p)

N(P,F)nsd-1
(ii) If K € C% is smooth, then
(;)

2 [ iy, (woldn)
Wd—j

J
Sd—1

VIP(K) =

J

Furthermore, the situation for j = 0 is special. Since the Oth area measure is
proportional to the spherical Lebesgue measure, the orthonormality of the spherical

harmonics yields
1, (I,p)=(0,1
Ve = b 0 =0, 62
0, otherwise.

6.2 Mixed harmonic intrinsic volumes
We define mixed harmonic intrinsic volumes for £ € N, m € mix(j, k) and K;,..., K} €
R by
Vi (K, ... Ky) = /n,p(u)q/m(Kl,...,Kk;du).
gd—1

The translative integral formula for support measures Theorem leads to the
following translative integral formula for harmonic intrinsic volumes.

Corollary 6.2.1.

VPN (B +a2) N 0 (Kt o)) d(a, . zp) = Y VEP(KG . K.

(i) memix(j k)

By Lemma the mixed harmonic intrinsic volumes are measurable on R. The
mixed harmonic intrinsic volumes inherit various properties from the support measures,
which we collect in a corollary.

Corollary 6.2.2. Let Ky,..., K, € R be polyconvex sets. Then
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(i) Vi my (K1, o, Ky) is symmetric with respect to permutations of {1,...,k};
() Voo (K K) = Vy(K)VE (K, K
(iii) Vibp my, (K1, -, Ky) is positively homogeneous of degree m; with respect to K;

forie{l,... k};

-y Ly [ vwnt i

Wa—4
J Fle]:m,l(Kl) er]:mk(Kk)( k )
N(K;,F; nsd-1
£ vuom)

X [Fi, ..., B H™(F) H™(Fy) - - H"™ (F);

(v) the map VP is additive and continuous on KF and measurable on R*;

(vi)
V(K 4y, Ky +a) = V(K. KL, x,..., 1, € R

(vii)
Vrlr£p<UK17"-7aKk) = V/rzp(Kl;---,Kk% o€ SOd

6.3 Mean value and density formulas for harmonic
intrinsic volumes

In this section we first establish connections between mean values of the harmonic
intrinsic volumes of the intersection of Z with a compact, convex window W and
the densities of the particle process X. In a second step we obtain corresponding
relations between the densities of harmonic intrinsic volumes of the Boolean model
and the densities of harmonic intrinsic volumes of the underlying particle process. As
the special case (I,p) = (0,1) one obtains the well-known formulas for the densities of
intrinsic volumes of a non-isotropic Boolean model.

6.3.1 The isotropic situation

Under the assumption of isotropy the mean harmonic intrinsic volume of a Boolean
model intersected with a ball is equal to zero in all cases except for (I,p) = (0,1).

Proposition 6.3.1. Let Z be an isotropic Boolean model, j € {0,...,d — 1}, l € Ny
and 1 <p < D(d,l) andr > 0. Then

EV/*(ZnrBY) =0, (I,p)+#(0,1)

and
Vl,p(Z) _ {Vj(Z)7 (lap) = (07 1)

0, otherwise.
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Proof. For (I,p) # (0,1) the isotropy of Z, Fubini’s theorem and Proposition [6.1.3]
imply

EV!'"(ZNrBY) = / E [le’p(ﬁZ n rBd)] v (dd)
SOy4

_E / VI (9(Z 0 rBY) (d9) = 0.
SOy4

The relation for V;’p(Z ) is an immediate consequence. O

6.3.2 The non-isotropic situation

For a non-isotropic Boolean model we obtain the following mean value formulas for
harmonic intrinsic volumes as a corollary of Theorem [4.1.3]

Theorem 6.3.2. Let Z be a stationary Boolean model, W € IC, 0 < j <d—1,1€ Ny
and 1 < p < D(d,l). Then

» ) —Va (_1)‘m‘71 vh
E [ijp(zﬂw)] — VW) — e Va0 3 T“mwmp(w,x,...,)()

J
meEmix(j)

V(W VEP(X, ,X)]

As a consequence of the previous result we obtain density formulas for the harmonic
intrinsic volumes in general dimension.

Corollary 6.3.3. Let Z be a stationary Boolean model, 0 < 7 < d— 1,1 € Ny and
1 <p< D(d]I). Then

—Ip i7d (—1>|m|_1—lp
V,P(Z)=e Ve N eV ON(X, LX),

mft "

6.3.3 Density formulas for mixed harmonic intrinsic volumes

We define mixed harmonic intrinsic volumes depending on unit vectors, which are
derived from the special mixed area measures of Definition

Let keN,jc{0,....d— 1}, 1<K <d—j u,...,up €S Ki,...,K; €K,
m € mix(k' + 7, k), l € Ng and 1 < p < D(d,l). Then we define

Vrln,p(Kla SR 7Kk:au17 B ,Uk/) = 2k/ / }/27p(1))\11m<K1’ R Kk)“lv sy Uk dU)

Sd—1

Then, the following density formulas for the mixed harmonic intrinsic volumes follow
directly from Theorem [£.1.5]
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Corollary 6.3.4. Let Z be a stationary Boolean model, Ly, ..., Ly € R, j € {0,...,d—
1},j<j<d—1,1<k<d—j, memix(d—j +jk),l €Ny and 1 < p < D(d,1).
Then,

7bp —Va(X) (=)™ iy
VihZ, Ly, L) =e Ve N

m/emix(j’)

(X, X Ly, Ly) (6.3)

m/|!
and for uy,...,u, € S we get

_ —1)m=1__
Vé’i],m(Z, Uty ... ,Uk) = e_Vd(X) Z Lvlyp (X> s 7X7 Uy - - 7uk)'

¥
m/emix(k+7) ’

(6.4)

6.4 Uniqueness results for harmonic intrinsic volumes

The harmonic intrinsic volume le’p is the integral over the spherical harmonic Y;,
with respect to the area measure W;. The spherical harmonics are a dense subset
of L?(S41). Thus, the measure Ej(Z, -) is uniquely determined by the sequence of
densities of harmonic intrinsic volumes

J

V(2 = [ V@ (Z.du), 1€ N1 <p< DD,

gd—1

Hence, we can obtain uniqueness results based on the inversion formulas for the den-
sities of area measures. The proofs are exactly as for the Minkowski tensors, which is
why we omit them. In two dimensions we obtain the following statement.
Theorem 6.4.1. Let Z be a stationary Boolean model in R%. Then, the densities

J— J— _l7 JE—

Vao(2), Vi(2), V"(Z),1 eN,1 < p <2 and Vo(2)
determine uniquely

EVa(Zo), EVi(Z0), BV!"(Zy),1 € N,1 < p <2 and .

Also in three dimensions the mean values of the harmonic intrinsic volumes of the
typical grain are determined by the corresponding densities of the Boolean model.

Theorem 6.4.2. Let Z be a stationary Boolean model in R®. Then, the densities

Vs(2), V5'(Z), Vi'(Z),1 € No,1 < p <20+ 1 and Vo(2)
determine uniquely

EVs(Zy), EViP(Zy), EVIP(Zy),l € Ng,1 < p < 20+ 1 and ~.
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In dimensions higher than three we meet the same problem as for the Minkowski
tensors. That is, we cannot determine the mean values of the harmonic intrinsic vol-
umes of Zy from densities of harmonic intrinsic volumes of the Boolean model. Even
if we include densities of mixed harmonic intrinsic volumes depending additionally on
unit vectors, the answer is not known. For example in the case n = 4 we have

mix(0) = {(0),(1,3),(3,1),(2,2),(2,3,3),(3,2,3),(3,3,2),(3,3,3)}.

Thus, the density formula for V(Z) involves the mixed density V52(X, X), for which a
representation separating the two arguments in a way comparable to Corollary or
Lemma, [3.4.4] is missing. However, we can at least formulate the following uniqueness
result for the densities of harmonic intrinsic volumes.

Theorem 6.4.3. Let d > 4 and Z be a stationary Boolean model. Then, the densities
= —1, —1, —1, —1,
Vd(Z>>Vdfl(Z)7vdf2(Z)vVde(Z) and Vdfz(Za ),

with u € S¥1 1 € Ng, 1 < p < D(d,l) determine uniquely

=, =, —I,
Vd<X)aVdfl(X)vVde(X)avdf?)(X)?l S NU7 1 S p S D(d’ l)
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Chapter 7

The method of densities via harmonic
intrinsic volumes

For an isotropic, stationary Boolean model the density formulas for intrinsic volumes
can be inverted using the classical method of moments (see e.g. [Mol97]).

In the isotropic and stationary case the densities of the Minkowski tensors are
by Proposition proportional to the densities of the intrinsic volumes and thus
they do not contain additional information. On the other hand, the densities of the
harmonic intrinsic volumes are all equal to zero in the isotropic situation except for
those which are exactly the densities of the intrinsic volumes. For a non-isotropic
stationary Boolean model an inversion of the density formulas for Minkowski tensors,
which were obtained in Corollary is in general not possible because mixed terms
occur. However, in two and three dimensions uniqueness results in Theorem and
Theorem hold, which show that the sequence of all densities of the Minkowski
tensors determines the mean Minkowski tensors of the typical grain. Results of the
same type have been obtained for the harmonic intrinsic volumes. At first sight these
uniqueness results seem quite appealing but actually they are purely theoretical. In
fact, it is not clear how they can be used to directly determine the intensity, the mean
Minkowski tensors, or the mean harmonic intrinsic volumes of the typical grain. For this
purpose it is necessary to obtain explicit inversion formulas, i.e. formulas expressing
say the intensity in terms of countably many densities of geometric functionals. Results
of this kind can be obtained if we make a minor regularity assumption on the intensity
measure. Namely, we consider a stationary setting which is located between isotropy
and anisotropy. We introduce a rotation-regular particle process (see Definition [7.2.2)),
that is a particle process for which the grain distribution fulfils a disintegration property
with respect to the Haar measure on SO,4. A density n: Ko x SO; — [0, 00) occurs on
which smoothness assumptions can be made. It is then possible to introduce a modulus
of isotropy expressing how large the deviation from isotropy is. For a Boolean model
obtained from a rotation regular particle process the density formulas for the harmonic
intrinsic volumes can be completely inverted. That is the densities of the harmonic
intrinsic volumes of the particle process can be expressed in terms of the densities of the
harmonic intrinsic volumes of the Boolean model (see Theorem for the result in
two dimensions and Theorem for the result in three dimensions). Still, in practise
these inversion results cannot be applied directly, since infinite sums of densities of the
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harmonic intrinsic volumes are involved. We derive error bounds if only finitely many
densities of harmonic intrinsic volumes are known. The error bounds depend on the
previously introduced modulus of isotropy.

7.1 A disintegration result

The following theorem provides a unique disintegration of every probability measure on
the space of centered convex bodies with respect to a suitable rotation invariant mea-
sure. The disintegration is made unique by imposing a shift property on the occurring
probability kernel.

Theorem 7.1.1. Let Q be a probability measure on Ko. Then, there is a rotation
invariant probability measure Q on Ky and a probability kernel p : Ko x B(SOy) —
[0,00) which has for all K € Ky and 9 € SOy the property

p(VK, B) = p(K,BY), B e B(SO,) (7.1)
and fulfils
Q(A) = / / LK € A}p(K, d0)O(dK), A e B(Ky). (7.2)
Ko SO,

The probability measure Q is unique and the probability kernel p is unique Q—almost

everywhere provided that (7.1) and (7.2)) are satisfied.

Proof. The main idea of the proof is to find a measure pu on Ky x SOy such that Q is the
image measure of x under the mapping (K, 9) — 9K and Q is the marginal measure
of uwon Ky. A disintegration of p implies then the relation (7.2)) with a probability
kernel p.

We define a measure Q on Ky by

Q= K/ S Z LK € Ju(d9)Q(dK). (7.3)

The rotation invariance of Q follows from the rotation invariance of v. Now, define a
measure p on Ky x SOy by

= WK, 9 € Juv(dd))Q(dK). (7.4)
/4
Obviously, u and Q are related by
Q = pu(- x SOy). (7.5)
Furthermore, we have
Q= [ 1{0'9K) € J(a0)QK)
/4

74



_ / 1K € Yu(d(K, ). (7.6)

KoxSOq

Now, the theorem about the existence of the conditional distribution ([Kal97, The-
orem 5.3|) implies the existence of a Q-almost everywhere unique probability kernel p’
from ICy to SO, with

(A x B) = / J (K, B)Q(AK), A€ B(Ky),B € B(SOy). (7.7)
A

The probability kernel p fulfils (7.2)) but not necessarily (7.1). To obtain a probability
kernel which fulfils also (7.1) we construct a smoothed version of p'. Namely, we define
a probability kernel p from Ky to SOy by

p(K,B) := / 0 (oK, Bo ")v(do), B € B(50,),K € K.

S0q

The definition ([7.4) of 1 and the rotation invariance of v imply
(oA x Bo ) = u(A x B), forall p € SO,.

This, the rotation invariance of Q and Fubini’s theorem imply

WA x B) = / u(oA x Boy(do) = / / J (oK, Bo™YQ(dK )(do)

SOq SOq
~ [ ot B)QaE).

Moreover, the kernel p fulfils the property (7.1)) since the rotation invariance of v yields
for every ¥ € SOy, B € B(SO,4) and K € K, that

p(VK, B) = /P/ (09K, Bo™") v(do) = /ﬂ’ (¢K, Big™") v(do) = p(K, BY).
SOq4 SOq

In order to show the uniqueness we assume for i € {1,2} that Q; is a rotation
invariant probability measure on Iy and p; a probability kernel from Iy to SO, such
that (7.1) and (7.2)) are fulfilled. For i € {1,2} we define a measure u; on Ky x SO, by

15(A X B) = / (K, BYi(dK), A€ B(Ko), B € B(SO,).

The mapping T : (K,9) — (YK, K~") on Ky x SO, is measurable and bijective. For
i € {1,2} the rotation invariance of Q;, the property (7.1, Fubini’s theorem and the
relation ([7.2) imply for A € B(Ky), B € B(SO,) that

w(T(A % B)) = / / (0K, 07Y) € A x B}p,(K,d9)Qu(dE)

Ko SO4
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_ / / / (00K, 0Y) € A x B pi(o K, d9)Qy(dK )v(do)

/ // (9K, 00~") € A x B py(K, dd)Qy(dK v (do)

7 K/SO/ 19K € A} / {09~ € Byu(do)pi(K, d0)Q,(dK)
ZZ Slo{dz?K e A}px;;ﬁ)@i(dff)u(B)

— Q(A)(B).

Thus, gy o T = pg o T, which yields 1 = ps. This implies Q; = Q, and Q;-almost
everywhere p; = po. O]

Remark 7.1.2. In the statement of Theorem the measure Q lives on the space
of convex bodies. This assumption can be relaxed considerably. The proof carries
over to the more general setting of a compact group GG with countable basis operating
continuously on a Hausdorff-space E¥ with countable basis. Thus, a probability measure
Q on FE has a unique disintegration into a G-invariant probability measure Qon E and
a kernel p fulfilling an invariance property of the form ([7.1)). For example a measure Q
on the space of centered compact sets Cy fulfils a corresponding disintegration result.

Remark 7.1.3. For a probability measure QQ on Ky we call the unique measure Q from
Theorem the rotation invariant part of Q. By (7.3) the rotation invariant part of
Q has the explicit representation

Q(A) = / / 1{9K € Alv(dd)Q(dK), A e B(Ky). (7.8)

Ko SOq

Remark 7.1.4. The disintegration of measures which are invariant under the action of
a group acting on the measure space is an active field of research, see |[Kallll, [GL11]
and the references therein. If we replace the probability kernel p by the probability
kernel

p(K,B) :=p(K,B™"), K€Ky BecB(SO,),

we obtain the following equivalent formulation of Theorem [7.1.1]

Let Q be a probability measure on Ky and Q its rotation invariant part. Then,
there is a Q-almost everywhere unique probability kernel p from Ky to SO4 which is
jointly rotation invariant, i.e.

pWK,9B) = 3(K,B), B € B(SO,),K € Ko, 9 € SOy

and satisfies

@://1{19‘1K€~},5(K,d19)@(dl().

Ko SOq
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The above statement can be embedded in the general theory of invariant measures.
Namely, we define by

P / / WK, 9) € Ju(d9)Q(dK)

Ko SOq

a rotation invariant measure on Ky X SOy, which satisfies

0= [ 1K e ik, 9),
Kox S04
An application of the general disintegration result [Kal07, Theorem 3.5] to the rotation

invariant measure [ implies now the existence of the rotation invariant probability
kernel p.

Remark 7.1.5. Combining results from the general theory of invariant measures one
obtains even an explicit representation of the probability kernel p.
Firstly, Kallenberg showed in [Kalll, Theorem 2.4| that we can select representators
of the orbits
SO.K = {19K ¥ e SOd}, K e ICO

in a u-measurable way, i.e. there is a measurable mapping a : Ko — Koy which has for
Q-almost all K € Ky the properties
a(K) € SO4K and a(K) = a(L) for Q-almost all L € SO4K.

Let
Q= /l{a(K) € - JQ(dK).

Then, [Kal97, Theorem 5.3] implies the existence of a probability kernel ¢ from Ky to
SO, such that

p= [ [ 1) € ol an ).
Ko S04
Secondly, we need the so-called inversion kernel introduced for example in Kallen-
berg |[Kallll Theorem 3.1] or Gentner and Last [GL11, Theorem 2.1]. For K, L € Ky
let
SOd<K, L) = {19 € S50, : 9K = L}

Then, the inversion kernel is the unique probability kernel i from Ky to SOy which has
for K € Ky the properties

i(WK,9B) = i(K,B), B € B(S0y),0 € SO,

and
i(K,SO4(a(K),K)) = 1.

Now, we can show by the uniqueness of the kernel p from Theorem that p coincides
Q-almost everywhere with

p(K, )= / / 1{Yo~ ! € }q(a(K),d¥)i(K,do), K € K.

S04 80,
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Namely, p’ fulfils ((7.1)) since the rotation invariance of i and « implies for ¢ € SO, and
B e B(’Co) that

J(OK, Bo) = / (a(OK), B-L0)i(0K, do)
SO,

- /q(a(K),Bﬂ—lﬁa)i(K do) = p'(K, B).
S04

Furthermore, p’ fulfils since (K, -) is concentrated on SO4(a(K), K) and since
the definition of Q, the rotatlon invariance of o and the definition of Q and ¢ imply
for A € B(K,) that

/ / IK € AY/(K, d9)Q(dK)
:// /1{§alK€A}q(a(K) 9)i( K, do)Q(dK)
_ / / 1{9a(K) € A}g(a(K), d9)Q(dK)
:///1{q9a(gK)eA}q(a(gK),dﬁ)@(dK)V(d@)
_ / / 1{9a(K) € A}g(a(K), d9)Q(dK)
_ / / 1{IK € AYg(K, d9)Q(dK)

Ko SO4
—Q(A).

Now, it follows from the uniqueness of the kernel p from Theorem for Q-almost
all K € Ky that

i) = [ [ 1007 € Yatali), ao)i(K do). (7.9)
S04 SOy4

Alternatively, (7.9) can be derived via the technique of skew factorization described
in |[Kalll]. For this purpose, one has to apply |[Kallll Theorem 4.4| to the invariant
measure /i introduced in Remark

Example 7.1.6. If already the measure Q is rotation invariant, the uniqueness in the
statement of Theorem implies Q = Q and

p(K,-)=v, K€K,
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Example 7.1.7. Let m € N, Ey,..., E, € Ky with SO4E; # SOq.E; for i # j,

m
ai, ..., 4y, >0 with > a; =1, q1, ..., ¢, probability measures on SO, and
i=1

=1 50,
Then, it holds
Q=) a / 1{YE; € -Yv(dv)
=1 50,

and the kernel p fulfilling the properties of Theorem 7.1.1 is by Remark for Q-
almost all K € Ky and Borel sets B C SO, given by

(K. B) = / G(BoYi(K,do), K € SOuE,1<i<m.

SOq

7.2 Rotation regularity

A probability measure Q on K is called rotation regular if it has a decomposition of
the form

Q(A) = / / VIK € An(K, )(d)QdK), AcBU),  (7.10)

Ko SO4

with a rotation invariant probability measure Q on Ky and a measurable function n>0
on Ky x SOy satisfying

/ (K, 9)w(dd) =1, K € Ko (7.11)
S04
and
n(oK,¥) =n(K,¥0), K € Ky, 9¥,0¢€ SO,. (7.12)

The following theorem collects several statements which are equivalent to rotation
regularity. Especially Theorem [7.2.1] (a) shows that rotation regularity is fulfilled for
a large class of probability measures on K.

Theorem 7.2.1. Let Q be a probability measure on Ko. Then, Q has a disintegration
as in Theorem with a rotation invariant measure Q and a kernel p from Kqy to
SOy satisfying (7.1). The rotation regularity of Q is equivalent to each of the following
statements.

(a) The probability measure Q s absolutely continuous with respect to a rotation
invariant measure Q on K.

(b) For Q—almost every K € Ko the measure p(K,-) is absolutely continuous with
respect 1o v.
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(¢) The measure p on Ko x SOy defined by

pim [ [ 10.0) € Yot an@iar)

Ko SO4
18 absolutely continuous with respect to Q@ .

Proof. At first we show that the rotation regularity of Q implies (a). For A € B(K,)
the decomposition (7.10)), Fubini’s theorem, the rotation invariance of Q and (7.11)
imply

Q(A) = / / LK € Aby(K,9)Q(dK)w(dD)

S04 Ko

= / / 1{K € A}n(0'K,9)Q(dK)v(dv)

S04 Ko

= / / 1{K € A}n(K,id)Q(dK)v(dv)

SOq4 Ko

_ / 1K € Apy(K, id)Q(dK),

Ko

which shows that Q is absolutely continuous with respect to the rotation invariant
measure Q with Radon-Nikodym derivative K s n(K, id).

Now we show that (a) implies (b). Let f : Ky — [0,00) be the Radon-Nikodym
derivative of Q with respect to the measure Q. Then, we obtain for A € B(K,) by
the definition of Q, by the absolute continuity of Q with respect to Q, by the rotation
invariance of Q and by Fubini’s theorem that

Q) = [ Qwaptan = [ [ 14 € 04) fTAEK ()

- [ur ey [ puRva@ga).

which implies

Q- / 1{K € }F(K)O(dK)
with '

FK) =1 {/ FOR)(d9) £ 0 / FORW) | FK), K€K
Oq

SO0q

The rotation invariance of Q and Fubini’s theorem imply for A € B(Ky) that

Q(A) = / 1K € A}F(K)Q(dE)

Ko
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- / / 1{0K € A} f(OK)Q(dK)v(dv)

S04 Ko

_ / / 10K € A} FOK)o(dd)QdE).

Ko SOq

Therefore, the kernel p from Theorem is by its uniqueness for Q-almost all K € Ky
absolutely continuous with respect to v with Radon-Nikodym derivative ¥ — f(JK).
Now we show that (b) implies (¢). For a Borel set £ C Ky x SOy and K € Ky let

Ex ={9 € S0, : (K,v) € E}.

Let F be a null set with respect to Q ® v, then v(Ek) =0 for Q-almost every K € K.
Since we assume that (b) holds, the measure p(K,-) is absolutely continuous with
respect to v. This implies p(K, Ex) = 0 for Q-almost every K € Ky and thus

W(E) = / oI, Ex)Q(dK) = 0,

Ko

which yields (c).
Now we show that assertion (c) implies the rotation regularity of Q. We denote by
n" the density of p with respect to Q ® v. For every Borel set A C Iy the definition
of u implies
Q) = (A x 50s) = [ [ of (K.Dw(d0)Q(dK). (713)
A SO,
Thus, there is a null set Ny C Ky such that

/n"(K,ﬁ)y(dﬁ)zl, K e Ko\ M.

S04

Let
U’/(Kﬂ?)’ K € ]CO \ Nl

(K. 9) =
n (K. 0) {1, K e N,

Then, 7 fulfils in addition to (7.13) also the property (7.11]). Now, let
o5 0) = [ 1 (oK. 00 ldo).
S04

Then, the rotation invariance of v and Fubini’s theorem imply that 7 fulfils (7.11) and
(7.12). The representation (7.2) and the fact that 5 (K, -) is for Q-almost every K € Ky
a v-density of p(K, ) imply for A € B(Ky) that

Q(A) = / / 1{0K € A}y (K,9)v(d9)Q(dK).

Ko SO4
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Thus, the rotation invariance of Q and v and Fubini’s theorem yield

o) = [ [ 1ox e ay [ o (oK. o0 widewtan @)

Ko SOq SOq

_ / / LK € An(K, 9)(dd)Q(dK),

Ko SO4
which implies that #n fulfils (7.10) and shows thus the rotation regularity of Q. H

We call a random convex body Zj, rotation regular if its probability distribution
is rotation regular. Of particular relevance is the notion of rotation regularity in the
context of particle processes.

Definition 7.2.2. A stationary process X of convex particles in R? is called rotation
regular if the grain distribution Q has a decomposition of the form

Q(A) = / / 19K € Ayn(K,0)v(d9)Q(dEK), A€ B(Ky), (7.14)
Ko SOq4

with a rotation invariant probability measure Q on Ky and a measurable function n>0
on Ky x SOy satisfying

/ n(K,v(dd) =1, K €Ky (7.15)
504
and
n(oK,¥) =n(K,¥0), K € Ky, 9,0¢€ SO,. (7.16)

If X has the intensity v > 0, we say that X is represented by the triple (v,n,Q).
This representation is unique in the sense that v and Q are uniquely determined by X
and 7 is uniquely determined Q ® v-almost everywhere.

The decomposition Lemma of the Haar measure v on the rotation group can be
used to derive a useful representation of the grain distribution Q. Recall from Section
that we can map a unit vector v € S~ ! in a measurable way to a rotation 9, € SO,
which rotates the first standard basis vector e; to v. This allows us to replace i by a
special function on the unit sphere, which is crucial for later applications of results on
the polynomial approximation of functions on the unit sphere. Namely, we define for
K € Ky the function ng : S¥1 — [0, 00) by

nx(v) =n(K,9,), vesih
Now, we obtain the following decomposition result for Q.

Lemma 7.2.3. Let Q be a rotation reqular probability measure on Ky. Then

Q) = [ [ 100K € Anciot@nar). A Bk

Ko §d—1
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Proof. By Lemma [2.5.1| we obtain

_ / / 1K € Abn(K, 9)w(d0)Q(dK)

Ko SOq

. )
_ / - / / 1O0K € A(K, 0y0)v., (d0)o (dv)O(dE).

Ko Sd=1.804(e1)
Then, (7.16)), Fubini’s theorem and the rotation invariance of Q yield

/ wa / / {9, 9K € An(VK,9,)v., (d9)o(dv)Q(dK)

ICO Sd 1 SOd 61

_ / / / HO,0K € AWK, 0,)o(dv)Q(dK )ve, (d0)
S

S504(e1) K

:/w_d / 1{0,K € Aln(K,9,)o(dv)Q(dK)

and thus the assertion.

7.3 Absolute continuity of densities of area measures

Let X be a rotation-regular particle process with convex particles represented by the
triple (7,7, Q). The following lemma shows that the densities of the (mixed) area mea-
sures of X are absolutely continuous with respect to the spherical Lebesgue measure.
To indicate Radon-Nikodym derivatives of the densities of the (mixed) area measures
we replace the upper case psi in the notation for the measures by a minuscule psi.

Lemma 7.3.1. Let j € {0,...,d — 1}, m € mix(j, k), k € N and g : S* — R be

measurable, then

/g(v)@m(X,...,X;dv):wgl/g(v)@m(X,...,X;v)a(dv),

gd-1 gd-1
where
(X, X ) =P / / / f[n K, 9,00, e, (d9)9,, (K1, . . ., Ky; du)
(Ko)k S9=1 SOy(er) “=F
Q (K, - Ki)),
for v e S,

Proof. By ([7.14) and the rotation covariance of ¥,, we get

/ g, (X, ..., X;du)

gd—1
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:vk/ //g(u)\llm(ﬁlKl,...,19kKk;du)ﬁn(Ki,19i)

(SOg)k (Ko)k §d—1
@k(d(Klu s 7Kk))yk<d<1917 ce 7791?))

k
- / // (010) U (K1, 97 02K, - 07 0 K du) | [ (5, 9)
=1

SOd)k (Ko)* Sd—1
By ([7.16) we have n(K;,9;) = n(K;, 9197 '0;) = n(07 '0;K;, 91). Applying this in (7.17)

and using the rotation invariance of Q and Fubini’s theorem we obtain

/ g (X, ..., X;du)

k
— 'yk / / / g(ﬁlu)\ljm(Kl,ﬁl_lﬁgKg,,191_119kKk,du)Hn(ﬁl_llgzKZ,191>
(S0g)* (Ko)k §d—1 i=1
@k(d(Kla R Kk))yk(d<7917 s 71914:))

k
= / / / / (V1u) W K1,K27---ka;dU)HU(Ki,ﬁl)
i=1

SOd k—1 SOd (Ko)k Sd—1

Q" (d(Ky, ..., K))w(dd)v* 1 d(Ds, ..., 0))
=" / // g(ru) [ [ n(E, 90)v(dd)) W (K, . Ky du)QF(d(K, ., K)).
(Ko)* S4-1 SOy =1

For fixed u € S9! we obtain by the rotation invariance of v and by Lemma for
the inner integral that

k k
/9(191U)H77(Ki7191)V(d191)= /9(19161)HU(Kmﬁlﬁll)V(dﬁl)

SOy, i=1 =1

s / / o) [T 8 000, ey (00 (o),

S§d=1 80,(e1)

This yields together with Fubini’s theorem that

/g(v)ﬁm(x,...,x;dv)zwd / // /ﬁn&,ﬁw Ve, (d0)

Sd—l ICO k Sd 1 SOd
\vm(Kl, o K dn)QHA(K, - Ky))o(dv)

=w;? / g, (X, ..., X;v)0(dv).

Sd—1
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If X is additionally a Poisson particle process, the absolute continuity of the densi-
ties of the mixed area measures of X carries over to the densities of the area measures
of the Boolean model Z associated to X.

Lemma 7.3.2. Let j € {0,...,d — 1} and g : St — R be measurable. Then

/g@@%MPWE/@m%MMdM,

Sdfl Sd—l
where

(—1)lmi=1 _
Im|!

Ej(Za v) = e~V Z

memix(j)

LX), ve ST

m P

with ,,(X,...,X;-) for m € mix(j) defined as in Lemma |7.3.1]
Proof. By Corollary and Lemma we have

_ - —1)lml-1 _
/g(v)\lfj(Z,dv):e_Vd(X) > L/g(v>n11m(x,...,X;dv)

< |m]|!
Sd—1 memix(j) gi-1
—Va(X) (_1)|m|_1 1 —
h 2 g [ )X Xiv)alde),
memix(j) ’ gi-1
which implies the assertion. u

Our idea is to make use of the Hilbert space structure on L?*(S971) to obtain series
representations of the densities of the harmonic intrinsic volumes. Thus, an important
integrability condition will be the finiteness of

a(x) = [ 0 APVa(K + BYQEK) (7.18)
Ko
since it implies 1,,(X, ..., X;-) € L*(S%!) by the following lemma.
Lemma 7.3.3. Let j € {0,...,d —1},k € N and m € mix(j, k). Then

k
[ (X X515 < ca@(X)* [T Vi (X0,

i=1
with some cq > 0 which depends only on d.

Proof. For Ki,..., Ky € K the decomposability property Theorem (ii) and the
translative integral formula Theorem [3.2.1] can be applied to the mixed functional
Vin(K1, ..., Kg), which arises as the full support measure. This yields together with
the monotonicity of V; the bound

Vin(K1, ..., K)
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=k Vym(BY Ky, ..., Ky)
< Ky / Vi(BYN (K +my) N 0 (K + 2))d (2, - 2
(Rd)E

(Rd)

< k;'V;(BY) Hvd (K; + BY). (7.19)

=1

Furthermore, the rotational formula [SWO08| (6.20)] implies

k
/ Vi (K1, 92K, . 0 KV (d(0a, ., 0k)) < e[ ] Vin, (5), (7.20)
(SOq)k—1 4

for some ¢ > 0 depending only on d. By Lemma and Holder’s inequality we get
[ Bl Xioo(an)
Sd—1

_ / (Vk/ / / ﬁn(Ki,ﬁvﬂﬁul)uel(dﬁ)\llm(l(l,...,Kk;du)

gd—1 (Ko)k S9—1 SO4(e1) i=1

« @ (d(K, .. ,Kk))>20(dv)

[1 K// / g (K, 0,00, e, (d0) U, (K, ..., Ky du)

0)k Sd=1 SOq(er)
< (K, ., K)o (dv)rt / Vo (Ky o KOO (K, K. (7.21)
(Ko)*

Then, Fubini’s theorem, Lemma [2.5.1] the rotation invariance of v, the upper bound
(7.19) for the mixed functional V,,,, the shift property (7.16) and the rotation invariance
of the volume of the parallel set and of the measure () yield for the first multiple integral

in that
/ / / / (K, 0002, (d9) 0 (K, - ., Ko du)

Sd=1 (Ko)k S4-1 SO4(er)

Q(d(K, ..., Ki))o(dv)

=wdv’“/ //ﬁ (K, 0020 (d0) U (K, . ., K du)QF(d(K, . ., )

(Ko)k Sd—1 SOy

= wg //Hnm,ﬁ (dO)Vp (K, ..., Kp)QF(d(K, . . ., Ky))

(Ko)k SO4 =1
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k
< AP / 11 / n(K;, 9)2Va(K; + BHQ(dK;)v(dY)

50, =l
= cA¥ / / n(WK,1d)*Vy(0K + BHQ(AK) | v(d9) (7.22)
SOq4 Ko
k
= At / n(K,id)?Vy(K + BY)Q(dK) (7.23)
Ko
= ca(X)", (7.24)

with some ¢ > 0 depending only on d. For the remaining factor in (7.21)) the rotation
invariance of Q and ([7.20)) imply

k

v / VKo, KO (K, - K) < ¢ [] Vomd(X), (7.25)

(Ko i=1
with some ¢ > 0 depending only on d. Inserting (7.24) and (7.25)) in (7.21)) we obtain
the assertion. N

The integrability condition (7.18) ensures also the L*-integrability of the densities
of the area measures of the Boolean model associated to X.

Lemma 7.3.4. Let j € {0,...,d —1}. Then

m|

[95(Z: )3 < ca e 37 @)™ [V (X)
=1

memix(j)
with some cq > 0 which depends only on d.

Proof. The representation of Ej(Z ,-) derived in Lemma implies
2

w_ (X,...,X;0) | o(dv).

[ml!

3,20 = e [ 3

g1 \memix(j)

m

For each v € S?! Holder’s inequality implies

~  |m]!
memix(j)
< D0 (m YD X Xse)
memix(j) memix(j)

This and the upper bounds for the L?-norm of the densities of the mixed area measures
of X obtained in Lemma yields the assertion. O
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7.4 A modulus of isotropy
for rotation regular particle processes

In this subsection we give first a motivation for the introduction of a modulus of isotropy
and describe its construction in the planar case. Then, we give a short overview of
different moduli of smoothness on the unit sphere, in particular we present the recently
introduced modulus of smoothness on the unit sphere by Dai and Xu [DX10] and its
relation to approximation of functions on the unit sphere by spherical polynomials. We
define a modulus of smoothness on the rotation group and investigate its relation to the
modulus of smoothness on the unit sphere. Then, we introduce a modulus of isotropy
for a rotation regular particle process. This quantity measures the global variation of
the grain distribution with respect to rotations by angles smaller than a prescribed
parameter and will play an important role for the speed of convergence of series of
densities of geometric functionals related to a particle process.

7.4.1 Motivation

In applications isotropy is almost never given. Since statistical methods are often
developed under this assumption, small deviations from isotropy have to be neglected.
It is therefore desirable to define a global quantity for the degree of anisotropy and
to relate it to the error made when applying methods which are designed for the
isotropic situation. In stochastic geometry the method of densities for the estimation
of the intensity from the densities of the intrinsic volumes of a stationary Boolean
model is developed under the assumption of isotropy. Our aim is to show that the
method of densities is also applicable in the non-isotropic situation if the modulus of
isotropy is small. To provide the reader with some intuition, we describe now the basic
construction of this modulus of isotropy in the planar case.

At first we assume that the typical grain Z; in the plane is obtained by rotating a
fixed base grain F € Ky by a random angle 6 € [0, 27) with probability density f. We
extend f to a 2m-periodic function on the real line. Then, the traditional definition of
the modulus of continuity going back to Laplace is

w(f,t) = sup [f(z)— f(y)], t>0. (7.26)

lz—y|<t

We can interpret the value w(f,t) as a measure of the degree of anisotropy with respect
to rotations by angles smaller than ¢.

Now, assume that E is randomly chosen from Ky according to a rotation invariant
probability measure Q and then rotated by a random angle with probability density
fr depending on the realization F. In view of the disintegration result from the last
section this is equivalent to a minor assumption of regularity on the distribution of the
typical grain. Now we may consider the value

/ w(fp,)QE), t>0

Ko

as a global measure of the deviation from isotropy. Since the method of densities relies
on the densities of the intrinsic volumes it will be of advantage to weight not only
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probabilistically but also with respect to the volume of the parallel set of E, which
leads us to the integral

/w(fE,t)Vg (E+ B*) Q(dE), t>0

Ko

as a measure of anisotropy. Another important motivation of the above construction
is that the modulus of smoothness is related to the error made when approximating a
L2-integrable 27-periodic function by trigonometric polynomials.

7.4.2 A modulus of smoothness on the unit sphere

There exist different attempts to define convenient moduli of continuity on the unit
sphere in dimensions higher than two. Calderon, Weiss and Zygmund [CWZ67] replace
the distance |z —y|, z,y € R in by the geodesic distance d(u,v) := arccos(u, v),
u,v € S%1. Based on rotations one can define also moduli of smoothness of higher
order. For ¥ € SO, we define the rotation operator Ty applied to a function f : S¥1 —
R as

[Ty f] (v) == f(Yu), uec S

and the difference operator Ay by
Ag = qu — 1.

For r € N the r-fold iterated difference operator is

q

b= (Ty— 1) = Z (’”) (—1)re 7. (7.27)

q=0
We define a metric d on SOy by
d(’l91,’l92) = max d(191u,192u), V1,09 € SOy,

uesSa—1
where d denotes on the unit sphere the geodesic distance and we need the set of
rotations

SO4(t) :=={Y € SO4 : d(0,id) <t}, t>0,

which have distance at most ¢ from the identity rotation. A modulus of smoothness of
order r € N (or modulus of continuity for » = 1) based on rotations was introduced by
Ditzian [Dit99)] for measurable functions f : ST! — R as

Or(f,t), ;== sup | 1A fllp, t>0,p€[l,00]. (7.28)

VESO4(t

Observe that for r = 1 and p = oo the definition coincides with the one in
[CWZ67|, which is based on geodesic distances. In the following we use also the recently
introduced modulus of smoothness by Dai and Xu [DX10], which is obtained if we
replace the set SOy(t) in by the subset of SO,(t) which contains only rotations
in planes which are spanned by two coordinate axes. It has the advantage that it can
be computed more easily because only angles in finitely many planes are considered.
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For a more complete overview of the different moduli of smoothness on the unit
sphere we refer the reader to the introduction of [DX10] and to the relevant chapters in
two recent monographs on approximation theory on the unit sphere, [AHI2] Chapter
4], which presents the three-dimensional case, and [DX13, Chapter 4.

Now, we introduce the modulus of smoothness by Dai and Xu in more detail. Let
e Rand 1 <i < j <d. We denote by 9, ;9 € SO, the rotation in the (7, j)—plane
by the angle 6. For x = (x1,...,24)" € R this means for example

Yopx = (scos(p+6),ssin(p +0),x3,...,24),
if (1, 22) = s(cosg,siny) for s > 0, € [0,27). We use the abbreviation

Ai7j70 = Ag

5,0 "

For measurable f : S9! — R Dai and Xu’s modulus of smoothness of order r € N
with respect to the LP-norm with p € [1, 00| is

wrlf,)p = max sup 1AL 0 lps T >0. (7.29)

For the modulus of smoothness of first order we omit the index r. In most cases we
choose p = 2, in this case we omit the index p. Hence, we use the abbreviations

w(f,t) :=wi(f,t), w(f,t), :=wi(f,t), and w,(f,t) == w.(f,1)a.

We use the same notational conventions with respect to r and p for the modulus of
continuity defined in ([7.28)).

In [DX10] the modulus of smoothness w,(f,t), is defined only for functions f €
LP(ST1H, 1 < p < o0, or f € O(S41) for p = oo. For our purposes it is more
convenient to drop these assumptions and to allow the modulus of smoothness to
assume the value co. The moduli of smoothness w,(f,t), and &,(f,t), are closely
related to each other. In two dimensions the definitions of both moduli of smoothness
coincide. Thus, we obtain for all measurable f : S* — R that

wr(fit)p = r(f: 1)y (7.30)

In arbitrary dimension d > 2 one obtains the following relation.

Proposition 7.4.1. Let r € N, p € [1,00], t > 0 and f : S — R be a measurable
function. Then

wr(f, 0)p < @r(fi 1)y (7.31)

and
O(f,t) <cuw(f,t) (7.32)

with some constant ¢ > 0 depending only on d.

Proof. A small calculation (carried out in [DX10), p.1241]) shows ¥, ;9 € SO,(t) for
0 <6 < tandeach 1 <17 < j < d. This implies the first inequality. The latter
inequality is shown in [DX10, Corollary 3.11]. ]
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Remark 7.4.2. Under additional regularity assumptions on the function f: S% ! — R
we obtain bounds for the moduli of smoothness.

The difference operator A, ;g is related to the angular derivatives D, ;, which are
defined as derivatives with respect to the angles in the (4, j)-plane. For f € C(S%1),
x € S with (21, 22) = s(cos@,sinf) for s > 0 and 6 € [0, 27) we have

Diof(x) = %f(s cos(f), ssin(f), x3, ..., z,).

For f € CT(S%1) the iterated difference operator satisfies the bound
IAT 0 llp < clO"[1DF /1l (7.33)
with some constant ¢ > 0, see [DX10, Lemma 2.6, (ii)]. This yields
wr(f, t);n <ct" max HDZ,ijp

1<i<j<d

for f € C"(S% ') and some constant ¢ > 0.
If f is Lipschitz continuous with constant L > 0, i.e.

[f(u) = f(v)] < Ld(u,v), u,ve ST,
we obtain
|f(Ou) — f(u)| < Ld(Wu,u) < Lt, uec S0 e SO0yt

and thus

w(f,t) <@(f,t)<Lt, t>0.

If f is uniformly continuous, there exists for every € > 0 a d(¢) > 0 such that
If(u) — f(v)| <e, if d(u,v) < 8(e), wu,ve S

For the modulus of continuity we obtain

w(f, 1) <a(f,t) <e if t < d(e).

An important aspect of the modulus of smoothness is its relation to approximation
on the unit sphere by spherical polynomials. Suppose we need for f € L*(S%!) an
upper bound for the error

If = muflla = Inf [If —qll2

which we make if we approximate f in an optimal way by spherical polynomials of
degree at most n. Finding such bounds is a problem of approximation theory on the
unit sphere [AH12, [DX13|. The error of best approximation can be bounded in terms
of the modulus of smoothness of the function f by the following result, which was
obtaind in [DX10, Theorem 3.4].

Theorem 7.4.3. (Dai and Xu 2010) Let n € Ny and r € N. If f € LP(S%!) and
1<p<ooorfeC(ST) and p= oo, then

1
e
inf |1/ qup_cwr(f,nﬂ)p

q€Il, (Sd-1)

with a constant ¢ > 0 depending only on d and r.
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7.4.3 A modulus of smoothness on the rotation group

Now we define a modulus of smoothness for functions on the rotation group in a similar
way as in the last section for functions on the unit sphere.

For o € SO4 we define the operators T respectively T, operating on a function
f:50; — R by

[Tof1(0) == f(e?) and [T?f] (V) := f(Ve), ¥ € SO0

As before let § € R and 1 <7 < j < d. We define the difference operators A, and
Ai,j,& by
Ayi=T,—1

and
Az"j’g = Aqg

For the r-fold iterated operators it holds a binomial relation

Ay = Z (2) (=1 (T,)". (7.34)

q=0

9,0 "

Let r € N, pe[l,00],t>0and f:SO; — R be a measurable function. Then, we
define moduli of smoothness of order r by

@ (fit)p = sup [|ALfl, (7.35)
0€S04(1)
and
wy(f,t)p == max sup [|A7;,f]]p- (7.36)

1<i<j<d |o]<t

We use the same notational conventions with respect to r» and p as for the moduli
of smoothness for functions on the unit sphere.

Remark 7.4.4. As mentioned in the proof of Proposition it is shown in [DX10),
p.1241]) that 0, ;9 € SOq(t) for 0 < 0 <t and each 1 <1i < j <d. Thus, we have

w(ft) <w(ft), t>0

for all measurable functions f : SO4 — R. Similarly as in Remark we obtain
under additional regularity assumptions on the function f : SO; — R bounds for the
moduli of smoothness of first order on the rotation group. If f is Lipschitz continuous
with constant L > 0, i.e.

|f(01) = f(¥2)] < Ld(V1,72), D1,02 € SOy,

we obtain
W(ft) S S Lt, >0,

If f is uniformly continuous, there exists for every € > 0 a §(e) > 0 such that
lf(91) — f(92)] <€, if d(F1,72) < (), V1,95 € SOy.
Therefore, we obtain for the modulus of continuity that

W(f.t) < O(f,t) <e, if t < 8(e).
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The moduli of smoothness are invariant under the operator T by the following
lemma.

Lemma 7.4.5. For measurable f : SOy — R, 0 € SO4,r € N;p € [1,00] and t > 0, we
have

@r(f,t)p = @r(T4f, 1)y
and

wr(f,t)p = wr(TCf, 1)p-
Proof. At first let p € [1,00). Then, we obtain by the binomial relation and the
rotation invariance of v for ( € SO, that

agresiy = [ 15 (1) vereron

— q
s0, 14=9

)3 (D)vren

50, 1759

p

v(d9)

p

v(dd) = |ALF I,

which implies the assertion. For p = oo, the assertion follows since we obtain for
¢ € SO, that

7 T

rro _ r q q — r q q
I = s 13- (q)<_1> ¢t = s |3 (q)<—1> F(crd)
ALl

]

The moduli of smoothness of order 1 of products of functions can be bounded from
above in terms of the moduli of smoothness of each function by the following lemma.

Lemma 7.4.6. Let f,g € L™(S%"), p € [1,00] and t > 0. Then
w(fg,t)p < 0(f, 1) lgllee + 11 flloc w(g, 1)

and

w(fg,t)p < w(f, 1) lgllec + [I.fllc w(g, 7).
Proof. By definition we have

o(fg,t)p = sup [T, (fg) — fall,

0€504(t)

and
w(fg,t), = max sup HTm’j’g (fg) — ngp.

1<i<j<d 0]<t

This implies the assertion since we get for each p € SO, that

1T (f9) = Follo = 11T () To (9) = f9ll
= 1T, (F) To(9) = FTo(9) lp + 1 T, (9) = folly
S Tof = fllplTeglloo + 1 F oo 1 Tog = gl
= 18 flp llglle + [ flloc 1Ay llp-
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Related to a measurable function f : SO; — R and ¥ € SO4 we define two real-
valued functions fy and f* on the unit sphere by

fo(v) = f(9,9), wve gd-1
and
f*(v) = / fo(v)ve, (dV9), v e S (7.37)
SOq4(er1)

The map f* has a probabilistic interpretation. Namely, f*(v) is the mean value of f on
the set of rotations SOy4(e1,v), which rotate e; to v, with respect to the unique SOy(v)-
invariant probability measure on SOy(ep, v), which we denote by v, ,,v € S?~!. That
is, we have

frv) = / F(O) e o(d?), ve S
SOq4(e1,v)

The moduli of smoothness for functions on the rotation group are related to the
moduli of smoothness for functions on the unit sphere which are defined via rotations
in the following way.

Lemma 7.4.7. Lett > 0,7 € N;p € [1,00] and f : SO; — R be measurable, then

w58y < Wil welf, )y, (7.38)

where one should read 1/oo = 0. The bound remains true if w,(f,t), is replaced by

@r (f,1)p-
Proof. For all p € [1, 0] the definition of the moduli of smoothness in ((7.35)) is

wr(f*,t)p = sup [|AZS |,
(€S0ut)

respectively in (7.36) it is

wr(f*,t), = max supHA”L ef |-

1<’L<]<d‘ 0|<t
Thus, it is sufficient to show for ( € SO, that
1AL lp < wi” (AL llp, € [1,00)

respectively

IALf oo < 1A f||oo
For v € S9! it follows by the binomial relation ([7.34)) that

[AZf*] (v) = Z (;) (—=1)"79f*(Clv), wve St (7.39)
q=0
Let
vy = (M, q€{0,...,7},ve St
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Then, (7.39) and the definition of f* imply

210 =3 () [ s D) (7.40)

q
9=0 SO04(e1)

Let ¢ € {0,...,7} and v € S ! be such that the vectors v,, e, ..., €4 are linearly
independent. It is sufficient to consider this situation, because the linear independence
holds for o-almost every v € S9!, With the abbreviations

V. = (1, and V,, := GS(e, 9 ey, ..., 0. eq) € SO4(e1)

we obtain by (2.17)), since v, = ¥.e; and by (2.16) that

Uy, = GS(vg, €2, . .., eq) = (19,GS (e, I es, .., eq)

Using this relation in (7.40)), we can apply the invariance property of v, since ¥, €
SOy(ey) to obtain

* . r T— T
[ALF] (v) = Z (q)(—l) 1 / F(C19, 9)ve, (dVI) = / [ALF] (0u9)ve, (d0).
=0 SOy(e1) SOy(e1)
For p € [1,00) Jensen’s inequality and Lemma imply
1zl [ [ B @) v (@o)otde) =il A1
S4=1 S0g(e1)
This yields the assertion for p € [1,00). For p = oo the inequality follows from
AL loo = sup / [ALF] (00 ve, (@) < sup | [ALF] (0)] = | ALf oo

veSd—1 Y€S0y
S0q(e1)

]

As a corollary of Theorem [7.4.3] and Lemma we obtain a bound for the error
of best approximation of f*.

Corollary 7.4.8. Let n € Ng and r € N. If f € LP(SO4) and 1 < p < oo or
feC(S0y) and p = oo, then

1
: f * < 1/p N -
et 17—l < cwgMw (f, - 1),,

where ¢ > 0 depends only on v and d and with the convention 1/oo = 0.
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7.4.4 A modulus of isotropy

for a rotation regular particle process
Let X be a rotation regular particle process represented by the triple (”y,n,@) as
introduced in Section [7.2] Recall that Q is a rotation invariant probability measure on
Ko and n is a measurable function on ICq x SO, which is for each K € Ky a probability
density function with respect to the Haar measure on SO, and satisfies a special shift

property. Furthermore, the grain distribution @ of X has by (7.14) and by Lemma
the two representations

A= [ [roxmE o) = — [ [ 1@.8ndo@)der),

Ko SOy4 ’C() Sd—1

for A € B(Ky). An important role will be played by the application of the x-operator
from to the second component of the kernel n. Thus, it is convenient to introduce
the abbreviation

ny = [n(K,)]", K€Ky (7.42)

We obtain an alternative representation for nj.

Lemma 7.4.9. Let K € Ky. Then

N (v) = / Nox (V)Ve, (d9), v e ST

SO0y4(e1)

Proof. By the definition (7.37) of the x-operator it holds

ie(w) = / 0(I, )], (0)ver (d9).

SOgq(e1)
The shift property (7.16]) yields
[n(K, )]y (v) = (K, 0,9) = n(VK, U) = nox (v). (7.43)
This implies the assertion. [

As a consequence of Corollary we obtain the following upper bound for the
error of best approximation of 7} by spherical polynomials.

Corollary 7.4.10. Let n € No, r € N and K € Ky. If n(K,-) € LP(SOy) and
1<p<ooorn(K,-)eC(SO,;) and p = oo, then

1
. f * < 1/]7 N K" ,
et e = dlly < cw) T w (n( ) n+1)p

with the convention 1/oo = 0 and a constant ¢ > 0 depending only on d and r.

Now, we introduce a modulus of isotropy for particle processes, which will play an
important role for the speed of convergence of certain series of densities of geometric
functionals.
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Definition 7.4.11. Let ¢t > 0,1 < p < oo,7 € N and X be a rotation regular particle
process represented by the triple (7,7, Q). Then, we define the modulus of isotropy of
X by
1/2
BX, 1), = | 4 / wr (0, ), 02 Va(K + BYQWK) | . (7.44)
Ko

Remark 7.4.12. If the particle process X is isotropic, we have Q ® v-almost everywhere
n = 1 by the uniqueness of 7 in the Definition of a rotation-regular particle
process. Thus, W, (X, t), = 0 for all values of r,t or p.

Remark 7.4.13. The bounds from Remark [7.4.4] which hold for the moduli of smooth-
ness on the rotation group under additional regularity assumptions, imply the following
bounds for the modulus of isotropy of first order with p = 2. If n(K,-) is Lipschitz
continuous with constant L > 0 for every K € Ky, i.e.,

|77(K, 191) — U(K, 192)’ S Ld(ﬁl,ﬁg), 791,192 c SOd,K c IC(],

then s
B(X,t) < tL (YEVy(Zy + BY) .
If n(K,-), K € Ky is uniformly equicontinuous, i.e. there exists for every € > 0 a
d(e) > 0 such that

(K, 01) — (K, 92)| < €, if d(¥,95) < 5(€), 01,0 € SO4, K € Ko,

then .
B(X,1) < e (YEVy(Zo + BY)'?, if t < 6(e).

7.5 Polynomial approximation of Radon-Nikodym
derivatives of densities of area measures

Let X be a rotation regular particle process with convex particles. In this section we
derive upper bounds for the error in the L?-norm which arises if the Radon-Nikodym
derivatives of the densities of the area measures of X are approximated by spherical
polynomials in an optimal way.

Recall from Section [2.4] that m, is the orthogonal projection on the space IT,,(S4!)
of spherical polynomials of polynomial degree at most n.

Imposing only an integrability condition we can bound the approximation error of
the Radon-Nikodym derivative of they density of an ordinary (i.e. not mixed) area
measure in terms of the modulus of isotropy from the previous section.

Lemma 7.5.1. Let j € {0,...,d—1}, n € No, r € N and %»(X, -) as in Lemmam.
If a(X) < oo, then

_ - = 1
17,060 - m 3,06 < V0 @ (X, )

where ¢ > 0 depends only on d and r.



Proof. Lemma [7.3.1] implies
/ / / 771919;11((“) Ve, (d9)W(K, du)@(dK), ve St
’CO Sd—1 SOd 61

By the representation Lemma [7.4.9|of the x-operator on the kernel n we obtain for each
u e S and K € K, that

[ e @) =i ), ve 5
504(e1)
Thus, we get
(X0 = [ [ 0w diQuaE), ve st
Ko sd—1

Since we can exchange m, with the double integral in the above equation for @j (X,-)
by Fubini’s theorem we obtain

0,06 =m0, (6] 0 = [ [ = Tty o] V(K d) Q). (785

Ko §d—1

For each K € Ky and u € S~! the bound from Corollary [7.4.10| yields

1
* * _ . * —1
Hnﬂ;lK - ﬂ—TLnﬁ;lKH? - qEHir(lgdfl) ||7719;1K - QH2 < cwy (n(ﬁu K, ')7 n—‘H)

with some ¢ > 0 depending only on r and d. The shift property (7.15) of n yields
_ _ —1
n (ﬁu1K7 ) =" (K7 ﬁul) = Tﬁu [77 (Ka )] .
Thus, Lemma [7.4.5| implies

-1 1
Wi = mtyndls < o (T O] g ) = e ()

) (7.46)

with some ¢ > 0 depending only on r and d. Equation (7.45]), an application of Holder’s
inequality, Fubini’s theorem and (7.46) yield

[ (3,065 = 7B, (X.0] @) (@)

n+1

Sd—1
2
/ / / Wy — Ty | (0 (K. dw)QK) | o(dv)
-1 Ko gd—1
2 .
<o [ ] (= mond] ©) oo, aun@iar) v, cx)
Ko §d—1 gd—1
_ 1 \? .
< ey (0) [ (0 5 ) )@
Ko
Together with Steiner’s formula this implies the assertion. O
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For the Radon-Nikodym-derivatives of the densities of mixed area measures it is
more difficult to obtain upper bounds for the approximation error. The reason is that
products of special functions derived from the function 1 have to be approximated.
Thus, we need now the additional assumption that n is bounded on Iy x SOy.

Lemma 7.5.2. Let d > 3, m = (m1,my) € mix(j,2), j € {0,...,d -2}, n € Ny and
Vo (X, X;) as in Lemma|7.3.1 If ||n]le < oo, then

gcw(x ! ) 1912 (7 s (2T () +

= Vo (X)V s (X)2)

with some ¢ > 0 depending only on d.

Proof. Lemma implies

wm(Xax; )

- 72 / / / [77‘9‘9171[{17719191:11(2} (U) Vel(dﬁ)\pm(KbK%du)@2(d(K1,K2)>.
(Ko)2 §4=1 SO4(e1)

For K1, Ky € Ko and v € S9! the shift property (7.16) and the definition (7.37) of the
x-operator imply

/ s o) (1) ven (d9) = / ({1, (K, V], () v (d9)

Sod(€1) SOd(el)
= [n(Kla )U(K% )]* (U)

Thus, we have
Vi (X, X50) =77 / / [n(9, K, (0, Ky, )] (0) W (K, Ko; du) Q% (d(Ky, K)).
(]CO)Q Sd*l

By Fubini’s theorem the application of m, can be exchanged with the two-fold
integral in the above equation. This yields

/ ([ (X, X3 ) = w0, (X, X5)] ()" ()

Sd—1

([ [ (02K 00 K] = o [0 K0 2] ) 0
gd—1 (Ko)2 §d—1

. 2
x \Ifm(Kl,KQ;du)Q2(d(K1,K2))> o (dv).
Thus, Holder’s inequality and Fubini’s theorem imply
[, (X, X5 ) = Tt (X, X513
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2

<ot [ ] 0 Km0 ] = [0 B 0 )
(’Co)2 Sd—1
U, (K1, Ko; du)Q?(d(Ky, Ka))v? / Vi (K1, K3)Q%(d(Ky, K>)). (7.47)
(Ko)?
For each K, K € Ky and u € S%! the bound from Corollary for the polynomial
approximation of the sx-operator implies that

2

H (N0, K, (0, Ky, )}* — 7 [n(9, K1, )n(9, Ko, )r

1 2
<cw (U(ﬁule ‘)77(191:1[(2, ), n——|—1>

for some constant ¢ > 0 depending only on d. Since Lemma [7.4.5 shows that the map
f = w(f,1/(n+ 1)) is invariant with respect to the operator 7 o € SOy, using the
bound from Lemma for the modulus of smoothness of products of functions and
applying Holder’s inequality we obtain

w (77(19;1[(17 V(0 K, ), %ﬂr =w (Tﬂ“1 (K, (K, )], : )2

n+1

— o (300 B 7 ) < (s, )+ ()l

S 2 [W(T/(Kla ))2 + W(U(K% )2)} ”nHOO

Using the above bounds in ((7.47)), the rotation invariance of Q, the rotational bound

(7.20) and Steiner’s formula (2.1)) we obtain
HEmLX’ _WnE HQ

1’ 1\’
< cllliZ [ o) ) o (a0 )

n —+ n—+1

V (K1,K2@ (K17K2>> / Vm(K17K2)@2(d(K17K2))
(Ko)?

< el [ (0 7 )Vt + BYQR) Vo (X) + V()

n+1
Ko
XV iy (X)V iy (X)

el (X ) (o

Ving (X) 4 Viny (X)V g (X)?)
with some constant ¢ > 0 depending only on d. O

In the previous lemmas of this section we were interested in the densities of area
measures of the particle process X. Now, we assume that X is in addition a Poisson
particle process and Z is the Boolean model, which is the union set of the particles
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of X. Then, we obtain upper bounds for the L?-error which arises if the Radon-
Nikodym derivatives v,(Z,-) of the densities of area measures of the Boolean model
with j € {d — 1,d — 2} are approximated by spherical polynomials.

Lemma 7.5.3. Let n € Ny, r € N and let X be a rotation regular particle process and
Z the associated Boolean model. If a(X) < oo, then

_ _ - — 1
[Bas(2.) = 1T (2 £ 0V T8 (X )
with some constant ¢ > 0 depending only on d and r.
Proof. Lemma implies
Ed—l(Za ) = e~ValX) Ed—l(Xv ‘)
and Lemma yields

_ — — 1
a2 () = B sl < Va0 (%, )

with some constant ¢ > 0 depending only on d and r. Combining both results we
obtain the assertion. O

If we approximate the Radon-Nikodym derivative ¢, ,(Z,-) by spherical polyno-
mials we obtain the following result.

Lemma 7.5.4. Let d > 3, n € N and let X be a rotation regular particle process with
associated Boolean model Z. If ||n||e < 00, then

HEd—2(Z: ) =T Ed—2(z7 2

_ 1 o _
< e 705 (X0 ) (VaralX)V2 4 e Vi (X))

with some constant ¢ > 0 depending only on d.

Proof. From Lemma we get
_ = _ 1_
Vg olZ,)) =e ValX) [wd—2<X7 ) = §¢d—1,d—1(Xa X; )} .

Lemma yields

_ — — 1
[Ba-2(0X,) = B sl < Vo) (X, ),

with some ¢ > 0 which depends only on d. On the other hand Lemma [7.5.2implies
|Wd—1,d—1(Xa X;) =T Ed—l,d—l(Xv X5 )a

1 —
<cew (X, — o Vao1(X)?
<@ (X =7 ) il Vars()

with some ¢ > 0 depending only on d. The assertion follows by combining both
inequalities. O
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7.6 A lower bound for the modulus of isotropy

Let X be a rotation regular particle process represented by the triple (7,7, Q) with
a(X) < 0.
For j € {0,...,d — 1} we denote by

Vi(x) = (V00,7 00)

J J

the vector of all densities of harmonic intrinsic volumes of degree n € Ny. Then, the
modulus of isotropy

1/2
DX, 1) = y/w(n(K,-),t)Q VK + BYOK) | . t>0
Ko

from Definition [7.4.11| with » = 1 and p = 2 has a lower bound proportional to the
Euclidean norm of an(X).

Theorem 7.6.1. Let n € N and j € {0,...,d — 1}, then
— _ B 1
77 X)) < e V3(X)w (X, 5) |
where ¢ > 0 is a constanl depending only on d and on the isolropic part ”y@ of the

distribution of X.

Proof. Observe that by Definition the densities of the harmonic intrinsic volumes
are related to the densities of the area measures by

—, —
V0 = [ Vi (X, du)
gd—1
By Lemma the rotation regularity of X implies that the measure W;(X,-) is
absolutely continuous with respect to the spherical Lebesgue measure. Since we have

assumed @(X) < oo the bound from Lemma implies that the Radon-Nikodym
derivative (X, -) is L*-integrable. Thus, we have

V]lfp(X) = (Yi,pagj()g ).

Therefore, the upper bound for the approximation of Ej (X, -) by spherical polynomials
from Lemma leads to

oo D(dl)
7ol <3 Z
=Z X;))?
I=n Y€
= [l (X; ) T 95(X5 )13
2
<cV(X)'w (X 1) :
which implies the assertion. O
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Remark 7.6.2. Recall that by the definition of the modulus of isotropy a small value of
w (X , %) for large n means that X is almost isotropic. The above result could motivate
the development of a statistical hypothesis test. For some ¢ > 0 define the hypothesis

HO by
1
H()Z E(X,—) St
n

Theorem suggests that as a test statistic one could use a suitable estimator of the
value Va1 (X) ™|V 1 (X)]|-

Remark 7.6.3. If X is a Poisson process, we obtain for j = d — 1 a lower bound for
the modulus of isotropy in terms of the densities of the Boolean model Z related to X.
Namely,

Vaa(Z) Vi (2)| < cw <X’ %) ’

where ¢ > 0 is a constant depending only on d.

Remark 7.6.4. Theorem [7.6.1] holds also for the modulus of smoothness of order r with
a constant ¢ which depends additionally on 7.

7.7 Inversion of density formulas for harmonic intrin-
sic volumes

As main achievements we obtain in this final section in two and three dimensions a
series representation for the intensity of a non-isotropic Boolean model in terms of the
densities of the harmonic intrinsic volumes, that is in terms of real-valued observable
quantities (see Theorem in two and Theorem in three dimensions). For this
we combine results from the previous sections of the current chapter. Furthermore,
we build on the inversion formulas for the densities of the area measures, which were
obtained in the concluding section of Chapter 4l The idea of the proofs is to use the
Hilbert space structure on products of the unit sphere. This is possible under the
assumption of rotation regularity on the grain distribution, which was introduced in
Subsection [7.2] and a suitable integrability condition, which ensures by Subsection
the absolute continuity of the densities of the area measures with respect to the spheri-
cal Lebesgue measure. The disintegration result for the grain distribution from Section
shows that the assumption of rotation regularity is rather weak. The constants
occurring in the series representations are known explicitly as scalar products of spher-
ical harmonic functions on the unit sphere with prescribed functions. As a second step
we investigate the error which arises if the intensity is approximated by the truncated
series depending on only finitely many densities of harmonic intrinsic volumes. We can
bound this error in terms of the modulus of isotropy of the underlying particle process,
which was introduced in Section [7.4] (see Theorem in two and Theorem in
three dimensions). An essential input of the proofs of these approximation results are
the results on the polynomial approximation of the Radon-Nikodym derivatives of the
densities of the area measures from Section [Z.5]
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7.7.1 The two dimensional case

Let Z be a rotation regular Boolean model in R? represented by the triple (v, n, Q)
with

a(X) = y/n(K, id)?V, (K + B?) Q(dK) < oo
Ko
For u,v € S' let a(u,v) € [0, 7] be the smaller angle between v and v. Then, we define
o(u,v) == |sin(a(u,v))|a(u,v), wu,ve S
Furthermore we use the abbreviation
p=1/(1-Vy(Z)) =2

In this subsection we write D(l) := D(2,1),l € Ny for the dimension of the space of
spherical harmonics on S* of polynomial degree [. We need the constants

=19, Yip ® Ving), forl,meNy,1<p<D(),1<qg<D(m). (7.48)

Then, we can express the intensity by densities of harmonic intrinsic volumes in the
following way.

Theorem 7.7.1. In two dimensions the intensity v has the series representation

v =pVolZ) + p* Z Z Z & V(2 VI (2).

l,m=0 p=1 g=1

Proof. The inversion result Corollary [4.2.4] yields the representation

v =Vo(X) = +— //,ug u,v; SY) Ui (Z, du) ¥ (Z, dv), (7.49)
Sl g1
where 5 5
pio (u,v; S') = - Va(u, v)H! (sconv{u,v}) = - o(u,v). (7.50)

By Lemma the rotation regularity of X implies that the measure W (Z,-) is
absolutely continuous with respect to the normalized spherical Lebesgue measure
with Radon-Nikodym derivative 1,(Z,-). By Lemma the integrability condi-
tion @(X) < oo is sufficient to ensure that ¢, (Z,-) € L*(S'). Thus, we can use the
Hilbert space structure on L?((S1)?) and ( - in - ) to obtain that

2

7= pVo(2) + 2 (0, 00(2,) 8 1(2,)). (7.51)

An orthonormal basis on L? ((S')?) can be defined by tensor products of orthonor-
mal spherical harmonic functions as in Lemma [2.4.1l Then, the series representation

(2.11) of the scalar product implies

o D(l) D(m)

(.01 (Z,) ® =D > D (@i ® Y )(Yip ® Yo i (Z,) ®41(2,-)).

I,m=0 p=1 ¢=1
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Using the Definition [6.1.1] of the harmonic intrinsic volumes it can be shown for each
choice of [, m,p and ¢ that

(YLP ® Ym#b@l(Z’ ) ® El(zv )) = (K,pvwl(zv '))(Ym,qvgl(z7 ))
=V (2)V"(2) (7.52)

and thus the assertion. O

In applications only finitely many densities of harmonic intrinsic volumes of the
Boolean model can be measured. Thus, we are interested in the truncated series

n D) D(m

Yo = pVo(Z) + p? Z Z Z YWV Z), neN,. (7.53)

I,m=0 p=1 q=1

Obviously 7, converges to v as n goes to infinity. Moreover, it turns out that the speed
of convergence is controlled by the modulus of isotropy of the particle process X.

Theorem 7.7.2. Let n € Nyg. Then

|v—%|§c\/mvl(XW<X’ 1 )

n+1

with some constant ¢ > 0.

Proof. For 0 < I im <n,1 <p < D(l) and 1 < g < D(m) we get by the definition
(7.48) of the constants ¢, and by the scalar product representation (7.52) of the

harmonic intrinsic volumes that
—l, —m, 1 _ _
AV 2V Z) = ;(907 Yip ® Yig) (Yip @ Ying, ¥1(Z, 1) @ ¢1(Z, )
1 _ _
- ;(‘Pa Yl,p ® Ym,q)(ylxp ® Ym,qa T (¢1(Z> ) & ¢1(Z> )))

Thus, the series representation (2.11]) of the scalar product and the definition (7.53)) of
Yn imply

Yo = pVo(Z) + %2 (¢ [01(2,) @ 1(2,1)]) -

Together with the scalar product representation (7.51)) of v and the Cauchy-Schwarz
inequality we get

|(90 ¢1( )®El(za')_ﬂn [E1(27)®E1(27)D|
||%0”2 ||¢1( ) ®E1(Za ) = Tn [EI(Z7 ) ®$1(Z, )] 2

h/_’yn| -

glb glb

Then, we use the upper bound from Lemma for the L2-error which arises if
tensor products of functions are approximated by spherical polynomials to obtain

2

=l < S Npllo2194(2. ) = maths (2.2 02, )
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Now, the upper bound from Lemma for the approximation error which occurs if
the Radon-Nikodym derivatives of the densities of the area measures are approximated
by spherical polynomials implies

[91(Z,) = Tty (Z,) |2 < cp™ '/ Vi(X) T (X, (n +1)7")

with some constant ¢ > 0. On the other hand Lemma yields the bound

101(Z, )2 < cpt \Ja(X)Vi(X)

with some constant ¢ > 0. Thus, we obtain the asserted inequality.
O
Remark 7.7.3. If X is isotropic, the modulus of isotropy is equal to zero and v = ~,.

Remark 7.7.4. If n(K,-), K € Ky is Lipschitz continuous with constant L > 0, then
Remark [7.4.13| implies that

1
|’y_r>/n|§0_7 neN
n

with some constant ¢ > 0 which is independent of n.

Remark 7.7.5. In Theorem we can replace the modulus of isotropy of first order
by the modulus of isotropy w, (X, n%l) of order » € N. Then, the constant ¢ will
depend on r.

7.7.2 The three dimensional case

Let Z be a rotation-regular Boolean model in R3 represented by the triple (7,17,@)
with
a(x) = [ WPV (K + B) QUEK) < o,
Ko

Recall from Section [2.4] that D(3,1) = 2] + 1 is the dimension of the space of spherical
harmonics of polynomial degree [ € Ny on S2. We need the functions

o1p(u,v) == Va(u,v) / Yip(w)H (dw), u,ve€ S*1eN;,1<p<2+1,
sconv{u,v}
os3(u, v, w) = Vi(u, v, w)H*(sconv{u,v,w}), wu,v,w € S?

and
¢(u,v) := g({u,v)), for linearly independent u,v € S,

where

g(t) =1 —tn(1+1¢) — (% - m(z)) t, te(-1,1).
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Observe that it holds £ € L?*((S*)?). This follows since we can bound the L?*-norm
of the critical summand in the definition of £. Namely, it follows from the rotation
invariance of ¢ and by using polar coordinates that

((u,0))* (1 + (u, v))*0*(d(u, v))

S2 52

= ws / ({e1,v))* In(1 + (e1,v)) %o (d(v))

52
™

2 1
= WsWs / (cos0)*In(1 4 cos #)? sin fdf = 8> <§ In(2)* + n_1e ln(Z)) :
0

Then, we define for ,m,0 € Ny, 1 <p<204+1,1<¢g<2m+land 1 <s<20+1
the constants

b =r (‘Pl,pa Ying® Yos), dﬁ’% = (&, Yip,® Ym,q)

l,m,0
and 5
ef,;;zqtso = 3_7_(_ ((,03, Yl,p & Ym,q & Y:),S)’

We use the abbreviation
pi=1/(1—-Vs(2)) =e"3X,

Now, the densities of the harmonic intrinsic volumes Vf’p(X),l €Ny, 1<p<2[+1of
the particle process and the intensity v can be represented in terms of the densities of
the harmonic intrinsic volumes of the Boolean model by the following result.

Theorem 7.7.6. Let l € Ng and 1 < p < 2[+ 1, then

2m+1 20+1

VI X) = oV "2+ 00 Y S e v 2V (2)

m,0€Ng g=1 s=1
and
2l+1 2m—+1

Y =pVo(Z)+ 0 D0 3N VN2V (Z)

I,meNg p=1 ¢g=1
2141 2m+1 20+1

PN NN S e V2V (2) V) (2).

l,m,0€Ng p=1 g=1 s=1

Proof. By the Definition 1] of the harmonic intrinsic volumes we have
—1, —
V,'(X) = /Yl,p(w)qfl(x, dw).
SQ
Thus, the inversion formula for ¥, (X,-) from Lemma yields
_l7 _l’ 2 JE— J—
V(X)) =pV " (2) + % ///Yl’p(w);m(u,v; dw)Vo(Z, du)Vy(Z, dv)
S2 52 52
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with the measure

pe(u,v;C) = zVg(u,v)’l—ll(C Nsconv{u,v}), CeB(S?).

T

This means

2
_l, _l7 JE— J—
V(X)) =pV,(2) + % //gol,p(u,v)%(z, du)Uy(Z, dv).
§2 52
By Lemma the rotation regularity of X implies that the measure Wy(Z,-) is
absolutely continuous with respect to the normalized spherical Lebesgue measure

with Radon-Nikodym derivative 1,(Z,-). By Lemma the integrability condition
a(X) < oo yields ¥,(Z,-) € L?(S?). Thus, we can write

0

Vi"(X) = pV)"(2) + & (01 0a(2,) @ 0o(2,). (7.54)

By Lemma the tensor products of orthonormal spherical harmonic functions on
the unit sphere form an orthonormal basis of L? ((52)2>. Hence, the series represen-
tation (2.11]) of the scalar product implies

(9017P7E2(Z7 ) ® EQ(Za ))

2m+1 20+1

= 3 DD (1 Vg @ Vo) (Ying © Yoo, 0a(Z,) @ 0(Z,))

m,0€Ng g=1 s=1

For each choice of m,0,q and s the Definition of the harmonic intrinsic volumes
can be used to show that

(Vinig @ Yo 0(2:) @ Ta(Z,°)) = (Vi Dol 2, ) Vo, 0ol Z,))
=V V()

Using this together with the definition of the constants ¢;." as
q,s 1
C?;r;,o - ; (@l,p; Ym,q ® Y;),S>a
in ([7.54) yields the first equation of the assertion.

The relation for the intensity can be obtained by similar arguments. Namely, the
inversion formula for V(X) from Corollary yields

v=Vo(X)=pVo(2)+p° //5(%”)61(27 du) U (Z, dv)
S2 g2
+%p?)///,ug(u,v,w;SQ)WQ(Z,du)Wg(Z,dv)WQ(Z, dw),
S2 §2 §2

where

2 2
pa(u, v, w; S?) = =V (u, v, w)H?(sconv{u, v, w}) = =ps(u, v, w).
7r 77
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Thus, we obtain by the absolute continuity of the densities of the area measures ¥ (Z, -)
and U,(Z,-) with respect to the spherical Lebesgue measure and the L%-integrability
of their Radon-Nikodym derivatives a representation of ~ in terms of scalar products
as

v =pVo(Z)+p" (&11(Z, )@y (Z, -))+%p3(¢3,EQ(Z, V@U(Z,)@s(Z,+)). (7.55)

ical harmonic functions from Lemma 2.
scalar product we get

Now, using the orthonormal basis of L? (52)2) consisting of tensor products of spher-
and the series representation (2.11)) of the

2041 2m+1

(57@1(27') Z Z Z €YEP®YWQ)( lp®quv¢1< )®¢2(Zv'))'

I,meNg p=1 ¢g=1

Foreachlme Ny, 1 <p<2l+1and1l<qg<2m+1 we have

(Yz,p ® Ym,qv@1<zv ) ® @2(27 )) = (Yz,}m@l(Za )) (Ym,quQ(Za ))
= V\"(2)V5(2).

This leads by the definition of the constants
dﬁfm = (fa Yi,® Ym,q)

to
20+1 2m+1

(&40 (Z, )@ =N SN @ vV, (2). (7.56)

I,meNg p=1 qg=1
On the other hand we get

(3, 02(Z,) @ Uy(Z,) @ 1y(Z,-))

21+1 2m+1 20+1

= Z Z Z Z(@Bayz,p@y'm,q@y;,s)

I,m,0eNy p=1 ¢=1 s=1

X (S/Z,p ® Ym,q ® 3/0,37E2<ZJ ) ® EQ(ZJ ) ® EQ(ZJ ))

20+1 2m+1 20+1

= 3 3T S (e Yip @ Yang @ Yo )V, VUV

I,m,0eNy p=1 ¢=1 s=1

Inserting this and (7.56]) in (7.55)) and by the definition of the constants

s 2
eg)gl o 3_7_‘_ (3037 }/l,p 0% Ym,q & }/075)
we get the assertion. 0

Remark 7.7.7. In dimensions d > 3 an inversion formula can be obtained by the same
arguments for the density Vcll’lng(X). For an index smaller than d — 2 the situation

. . 7
becomes more difficult. For example we cannot express the density V" 5(X) by the
densities of the harmonic intrinsic volumes of the Boolean model because of the density
of the mixed area measure W, o(Z, u;-) which occurs in Lemma m
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For an application of the inversion formulas it is necessary that the involved series
converge fast enough. Thus, we consider the truncated expressions involving only
densities of harmonic intrinsic volumes up to the order n € Ny. Namely, for [ € Ny and
1<p<2l+1let

n  2m+1 2041

V"X =V (2402 S NS e v (2)V, N (2) (7.57)

m,0=0 ¢g=1 s=1

and

n  2l4+12m+1

T =pVo(2) + 02 3. NN @ ViT(2)V, M (2)

I,m=0 p=1 ¢q=1
n 2[4+1 2m+1 20+1

100 SN NS e VPNV (2). (7.58)

l,m,0=0 p=1 g=1 s=1

It is clear that Vll’p(X)n converges to Vll’p(X) and 7, to v as n goes to infinity. In the
first case the speed of convergence can be bounded similarly as for the intensity in two
dimensions by the modulus of isotropy of the particle process.

Theorem 7.7.8. Let n € Ng,l € Ny and 1 < p <20+ 1, then
_ — — 1
V(X)) = VP (X )l < e VI LVEX) ValX) @ (X ?)

with some constant ¢ > 0.

Proof. For 0 <m,o<n,1<¢g<2m+1and 1< s <20+ 1 the constants cf’gfo are
defined as
Cp e — 71-_1((;Dl,pa Ym,q X }/O,S)

l,m,0

and we have

VN2V (2) = (Vg ® Yous ¥2(Z.) @ $(Z.))
= (Ym,q ® }/;,sa Tn [¢2(Zv ) ® w2(Zv )])
Thus, the definition (7.57)) of Vj’p(X )n and the series representation (2.11)) of the scalar
product imply

n  2m+120+1

pr(X)n:pvl +p Z Z Zﬂ— Qalp’ mq®§/os)

m,0=0 ¢g=1 s=1

X (Ym,q & Y:),s; T, [EQ(Zv ) ® JQ(Zv )D
= pV"(2) + P21 (1 o [$(2,7) © 6(2,)]).

Together with (7.54)) and the Cauchy-Schwarz inequality this yields
—I, —1,
Vi'(2) = Vi"(2)a]
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=027 (1 02(2,) @ 0y(Z.) = 70a [U3(2,) @ 0y(Z,4)])|
< PQ ot 10l HEQ(Zv ) ®E2(Z7 ) = T [Ez(za ) ®E2(Zv )} 2-

Now the upper bound from Lemma for the L2-error which arises if tensor
products of functions are approximated by spherical polynomials implies

Vi"(2) = Vi"(2)a] < 02257 uglla 022, ) = miba( Z, ) o [0 2,

For u,v € S? we have

|o1p(u, 0)| = | Va(u,v) / Yip(w)H' (dw)| < 27| ¥ip|oc-

sconv{u,v}

This implies together with Lemma|2.4.3(and D(3,1) = 21+ 1 that ||,z < 27v2[+ 1.
Furthermore, we obtain by Lemma [7.5.3| that

[5(2:) = it 20l < e Tl @ (%)

with some constant ¢ > 0. On the other hand Lemma [7.3.4] implies

[92(Z, )2 < cp™ Va(X) \/V2(X)

with some constant ¢ > 0. These bounds imply together the assertion. O]

If the intensity ~ is approximated by the truncated series 7, depending only on
densities of harmonic intrinsic volumes of order at most n for some n € Ny, then the
approximation error can be bounded from above in terms of the modulus of isotropy
of X. The treatment of the intensity in three dimensions is more difficult than in
two dimensions. Therefore, we need the additional assumption that the function 7 is
bounded from above on Ky x SO,,.

Theorem 7.7.9. Let n € Ny and ||n]|~ < 0o, then

1\ -
ol < e (X —) B(X) 7]l

+1

with some constant ¢ > 0 and

B(X) = a(X)V(X)"2 4+ /a(X) Va(X)? + \Ja(X) V1 (X)V(X).

Proof. By equation ([7.55) we have

7= va(Z> + p2 (57@1(27 ) ®E2(Zv )) + 1p3<9037@2<27 ) ® ¢2(Z7 ) ® 2/}2(27 ))

3T
On the other hand we have

n  204+12m+1

1a=pVo2)+ 2 Y. NN @t ViT(2)V,) M (2)

I,m=0 p=1 q=1
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n 20+1 2m~+1 20+1

+0 3NN S @ vV, 2V (2)

ly,m,0=0 p=1 ¢g=1 s=1

= pVO(Z) + pz(faﬂn [Jl(zv ) ®¥2(Zv )])
0P (s [9a(Z,) @ 0a(2,) @ Ta(Z,)])

This follows since we have for 0 < I,m < n, 1 <p <2l+1,1<q < 2m+1 the
identities

df,;?z = (fa Yip® Ym,q)
and

m,q

—1, —m, —
V"2V (2) = (Yip © Yngs ¥1(Z,7) @ 4a(Z
:(}/lp®qu7ﬂ-n|: ( )

which implies

n 2141 2m+1

SN BV NZ) = (6m [61(Z) @ 6,(2.0)]).

Il,m=0 p=1 g¢=1

On the other hand we obtain for 0 <I,m,o<n, 1 <p<2[+1,1<¢g<2m+1 and
1 < s <20+ 1 the relations

s 2
elpgl o %(SD?M Yi,p & Ym,q (9 }/:)75)

and
-1, —m, 50,8 — — —
VL, (2 2V (Z) = (Yip @ Yoy @ Yo i, 0a(Z, ) @ 0o(Z, ) @ 05(Z, )
= (Yz,p®Ym,q®Y0,sa7rn [¢2(Za') )
which yield

n 204+1 2m+1 20+1

ST N e V2V 2V, (2)

l,m,0=0 p=1 ¢g=1 s=1

= % (03,70 [0a(Z, ) @ 95(Z,) @ 95(Z,)]) -

Thus, we obtain together with the Cauchy-Schwarz inequality that

|7 — Tl

= 0?6 01(Z,) @ a(Z,) = m [91(Z,) @ 6o(2, )]

+ 0 (. Dol Z >®w2< T2, - [ A2.) @ To2,) @ T2,
< PlElall1(2,) @ Bo(Z, ) = o [61(2,) @ Bo(Z, )] |
+p33%nsog|rzr|@2<z,-> @ Gy(Z,) @ 0y(Z,) — [%(Z,o ® Us(Z,) © 9a(Z,)] Iz
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Then, the upper bound from Lemma for the L2-error occurring when tensor
products of functions are approximated by spherical polynomials yields

|7 - '7n|
< PllEll (101(Z, ) = o1 (Z, Mella(Z, Mo + 1101 (Z, ) lal[02(Z, ) — Tatda(Z,-)]12)

9 _ _ _
+ p3;“¢3\|2”¢2(za ) = 1o (Z, )2 llo(Z, )3
From Lemma we obtain the bounds
[99(Z,)||l2 < cp™ "/ a(X)Va(X)

and

_ — 1 —
[91(Z, )2 < cpl\/a(X)Vl(X) +5a(X)?Va(X)?
with some constant ¢ > 0. On the other hand Lemma yields

_ — — 1
52 = 0 BlZ )l < 9™ ValX) 3 (X, )

Lemma [7.5.4] implies

n+1
X (Vi(X)Y2 + InllVa(X)*?)

_ _ 1
[0 Z.) — 71 G1(Z, )2 < cp' @ (X, —)

with some ¢ > 0.
Combining all these bounds we get

|ry_’>/n|

<@ (X7 ) el
x [Va) Va0 (Y1) + Il Va(X)2)
+ (VACOTAX) + S5 a07ax) ) Y7a00)] + 2 leallaato Tat
<@ (X ) il [OOV200% 4 VAR Va(X) + a0V C0OTa(X))

with some constant ¢ > 0.
O]

Remark 7.7.10. If X is isotropic, the modulus of isotropy is equal to zero and
V(X)) =V, (X)o, 1€Np1<p<2l+l

and

7= "o-
In other words, in the infinite series in the formulas (7.57) and (7.58)) only one summand
is not equal to zero.
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Remark 7.7.11. If n(K,-), K € Ky is Lipschitz continuous with constant L > 0, then
Remark [7.4.13| implies that

1 — — 1
-l <es and V00 V(X)) < eViH T

for l € Ng,1 <p < 2[4+ 1 and n € N with some constant ¢ > 0 which is independent
of n.

Remark 7.7.12. In Theorem the modulus of isotropy of first order can be replaced
by the modulus of istropy of order r. Then, the constant ¢ will depend on r.
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