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Abstract—The problem of fusing state estimates is encoun-
tered in many network-based multi-sensor applications. The
majority of distributed state estimation algorithms are designed to
provide multiple estimates on the same state, and track-to-track
fusion then refers to the task of combining these estimates. While
linear fusion only requires the joint cross-covariance matrix to be
known, dependencies between estimates in nonlinear estimation
problems have to be represented by high-dimensional probability
density functions. In general, storing and keeping track of
nonlinear dependencies is too cumbersome. However, this paper
demonstrates that estimates represented by Gaussian mixtures
prove to be an important exception to this rule. The dependency
structure can as well be characterized in terms of a higher-
dimensional Gaussian mixture. The different processing steps of
distributed nonlinear state estimation, i.e., prediction, filtering,
and fusion, are studied in light of the joint density representation.
The presented concept is complemented with different simpler
suboptimal representations of the dependency structure between
Gaussian mixture densities.

Keywords—Nonlinear estimation, distributed estimation, un-
known dependencies, Gaussian mixtures.

I. INTRODUCTION

Distributed implementations of state estimation algo-
rithms [1], [2] become increasingly important in view of the
trend towards network-based multi-sensor systems. Networks
of multiple sensor devices offer several advantages over
centralized systems including scalability, robustness to failures,
and the ability to monitor large-scale phenomena. Instead of
continuously transmitting measurements to a central estimation
system, it is usually desired to compute track estimates of
the state at the sensor nodes of a multi-sensor system or at
local processing nodes in close proximity to the sensors and to
transmit these estimates only when a fusion result is desired.
The combination of locally computed estimates is referred to
as track-to-track fusion [2]–[4].

The majority of studies on distributed estimation problems
are concerned with linear process and sensor models [1], [3]–
[6]. Linear state estimation problems generally prove to be
more intuitive and handier than their nonlinear counterparts,
and the Kalman filter algorithm [7] can be employed for the
purpose of computing minimum mean-squared-error (MMSE)
estimates. However, distributed or decentralized problem setups
still render linear state estimation difficult. The local processing
and subsequent fusion of Kalman filter estimates does not
resemble a single centralized Kalman filter, which is fed
with all measurement data at every time step, i.e., MMSE
fusion does not correspond to the MMSE estimate given all
available measurements. This discrepancy has been studied, for
instance, in [4] and can be addressed by full-rate communication

f
(x

A
,
x
B
)

xB
xA

−2 0 2 4 6 8−2
0

2
4

6
8
0

0.05

(a) Joint density for two Gaussian mixtures that represent local estimates
of the same state.
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(b) Fusion result for the joint Gaussian mixture shown in Fig. (a). The
green density corresponds to the density lying on the green plane.

Figure 1. Joint probability density function of the local red and blue estimates.

networks [8] or by employing global knowledge at the local
processing nodes [5], [6].

The major challenge in track-to-track fusion problems is
the correct treatment of dependencies between the tracks to
be fused. The general problem is that estimates though being
computed independently cannot be deemed to be independent.
The main reason for interdependencies resides in the fact that
each locally computed estimate refers to the same state to be
tracked, and hence, the same process noise is modeled multiple
times [3]. A fusion algorithm must be in the position to account
for possible dependencies in order to prevent erroneous or
overconfident fusion results. Optimal solutions, such as [5], [9],
often rely on stringent assumptions, which are often difficult
to meet. An alternative direction is to employ suboptimal
fusion strategies [10] that provide conservative fusion results
irrespectively of the underlying dependencies.

In nonlinear distributed estimation problems, the treat-
ment of dependencies between local estimates is even more
complicated [11]–[14]. Here, dependencies are represented
by joint probability density functions [15], [16]. This paper
contributes a systematic derivation of the dependency structure
between Gaussian mixture estimates, for which an example
is shown in Fig. 1(a). Gaussian mixtures are a widely used
concept in nonlinear estimation problems, e.g., for multi-target
tracking [17] or in machine learning [18]. The major result of
this paper is that the dependency structure itself is a Gaussian



mixture, and it is studied how this Gaussian mixture is affected
by the processing steps of the considered nonlinear estimator.
Compared with linear estimation problems, it is demonstrated,
which additional challenges have to be addressed in nonlinear
distributed estimation problems. Also, strategies for suboptimal
representations of the dependency structure are presented.

II. PRELIMINARIES

Underlined variables x ∈ Rnx denote vectors or vector-
valued functions, and lowercase boldface letters x are used for
random quantities. Matrices are written in uppercase boldface
letters C. The pair (x̂e,Ce) represents an estimate x̂ of an
uncertain state x with error covariance matrix

C = E
{
(x̂− x)(x̂− x)T

}
.

A random quantity x with x ∼ N (x̂,C) is normally distributed,
and the function N (·; x̂,C) is the Gaussian density

f(·) = C−1 · exp
{
− 1

2

(
· −x̂

)T
(C)−1

(
· −x̂

)}
with mean x̂ and covariance matrix C. The scalar C is the
normalization factor. The identity matrix is denoted by I. The
index k ∈ N is the time step; it is omitted if a fixed time step is
considered. The superscript e is used for estimates and filtering
results, and the superscript p is used for prior estimates and
the results of the prediction step.

III. LINEAR TRACK-TO-TRACK FUSION

In this and the subsequent sections, we confine ourselves
to the problem of fusing two track estimates stemming from
sensor nodes A and B. This section summarizes the problem
of linearly fusing Kalman filter estimates. For this purpose, the
dependency structure after prediction, global and local filtering
is analyzed.

A major benefit of using linear Kalman filter methods is that
dependencies between two estimates (x̂eA,C

e
A) and (x̂eB ,C

e
B)

are given by the cross-covariance matrix

Ce
AB = E

{
(x̂eA − x)(x̂eB − x)T

}
of the estimation errors. The two estimates can be concatenated
together into the joint state estimate x̂eJ = [(x̂eA)

T, (x̂eA)
T]T,

which has the joint error covariance matrix

Ce
J = E

{([
x̂eA
x̂eB

]
−
[
I
I

]
x

)([
x̂eA
x̂eB

]
−
[
I
I

]
x

)T
}

=

[
Ce
A Ce

AB
Ce
BA Ce

A

]
.

This relationship implies that x̂eA and x̂eB are estimates on two
“copies” of x.

1) Prediction: Even if the local estimators are initialized
with independent estimates, i.e., Ce

AB = 0, it is the common
process noise that enters through the prediction step and causes
non-zero cross-correlations. Given a process model

xk+1 = Ak xk +wk (1)

for time step k to k + 1, the process model related to the joint
estimate is[

xk+1
xk+1

]
=

[
Ak 0
0 Ak

] [
xk
xk

]
+

[
I
I

]
wk , (2)

where the process noise wk affects both “copies” in the same
way. Accordingly, the time update of the joint covariance matrix
reads

Cp
J =

[
Ak 0
0 Ak

]
Ce

J

[
AT
k 0
0 AT

k

]
+

[
Cw
k Cw

k
Cw
k Cw

k

]
,

where Cw
k is the covariance matrix of wk. Hence, the predicted

cross-covariance matrix becomes

Cp
AB = AkC

e
ABAT

k +Cw
k .

2) Global Filtering: The filtering step in a multi-sensor
system usually benefits from the conditional independence of
the measurements given the current state. However, due to
cross-correlations, the estimation parameters (x̂pB ,C

p
B) do not

remain unaffected by a measurement update at node A, i.e.,
the optimal processing of a measurement updates the entire
joint state estimate. At a given time step k, let (x̂pJ,C

p
J) be the

prior joint estimate to be updated by measurement information.
A measurement ẑA at node A is related to the joint state space
by the sensor model

zA = HJ

[
x
x

]
+ vA (3)

with HJ = [HA 0] and measurement noise vA. The Kalman
gain [7] then yields

KJ = Cp
JH

T
J

(
HJC

p
JH

T
J +Cv

A

)−1

=

[
Cp
AH

T
A

(
HAC

p
AH

T
A +Cv

A

)−1

Cp
BAH

T
A

(
HAC

p
AH

T
A +Cv

A

)−1

]
=:

[
KA

KBA

]
with non-zero KBA. The joint state estimate and covariance
matrix have to be updated according to[

x̂eA
x̂eB

]
= (I−KJHJ)

[
x̂pA
x̂pB

]
+KJ ẑA (4)

and

Ce
J = (I−KJHJ)C

p
J(I−KJHJ)

T +KJC
v
AK

T
J , (5)

respectively.
3) Local Filtering: Apparently, the measurement ẑA also

updates x̂pB in (4), which is the optimal strategy but is not
desired if nodes A and B are intended to operate independently.
An update of only x̂pA corresponds to setting KBA := 0, which
is implicitly done when distributed track estimates are computed
without interchanging measurements. This states the reason why
track-to-track fusion only provides suboptimal results. Although
(x̂pB ,C

p
B) is not affected by ẑpA, the cross-covariance matrix

Cp
AB = (Cp

BA)
T has to be updated. The parameters after the

local measurement update at node A are given by

x̂eA = (I−KAHA)x̂
p
A +KA ẑA , (6)

x̂eB = x̂pB , (7)
Ce
A = (I−KAHA)C

p
A(I−KAHA)

T+KAC
v
AK

T
A , (8)

Ce
AB = (Ce

BA)
T = (I−KAHA)C

p
AB , (9)

Ce
B = Cp

B . (10)



4) Fusion: The fusion of two track estimates can be
achieved by means of the Bar-Shalom/Campo formulas [3].
This fusion rule is an optimal linear combination

x̂fus = (I−Kfus) x̂
e
A +Kfus x̂

e
B (11)

that minimizes the MSE E
{
(x̂fus − x)T(x̂fus − x)

}
. The

required gain is

Kfus = (CA −CAB) · (CA +CB −CAB −CBA)
−1

and yields the error covariance matrix

Cfus =CA −Kfus (CA −CBA) . (12)

This combination rule provides maximum likelihood fusion
results [4]. In particular, with local processing and subsequent
fusion of estimates, we cannot obtain the same results as with a
centralized Kalman filter, which has access to all measurements
and computes an MMSE estimate.

IV. LINEAR TRACK-TO-TRACK FUSION
WITH GAUSSIAN DENSITIES

For the later analysis of Gaussian mixtures in Sec. V, a
characterization of dependencies in terms of joint probability
densities is required. Therefore, the considerations in the
previous Sec. III are viewed from a different perspective.

In Bayesian filtering theory, conditional probability densities
for the state x are computed [19]. In the special case of
linear process and sensor models, as in the preceding section,
and normally distributed noise terms in (1) and (3), Kalman
filtering is related to the processing of the underlying Gaussian
probability densities. This relationship can be established
because the covariance matrix (5) does not depend on the actual
measurements (see, e.g., [20]). The prediction step and the
filtering step correspond to the Chapman-Kolmogorov integral
and Bayes’ rule for probability densities, respectively. At a
given time step k, dependencies between the estimated densities
f e(xA) = N (xA; x̂

e
A,C

e
A) and f e(xB) = N (xB ; x̂

e
B ,C

e
B)

can again be expressed in terms of a joint density representation

f e(xA, xB) = N
([
xA
xB

]
;

[
x̂eA
x̂eB

]
,

[
Ce
A Ce

AB
Ce
BA Ce

B

])
, (13)

where the superscript e denotes the current estimated density

f e(xk) = f(xk | ẑk, · · · , ẑ0)

and superscript p is used for predicted densities

fp(xk+1) = f(xk+1 | ẑk, · · · , ẑ0) .

For a shorter notation, we write y = xk+1 in the following.
1) Prediction: For the prediction of the joint Gaussian

density (13) from time step k to k + 1, the transition density
f(y

A
, y
B
|xA, xB) with y := xk+1 has to be derived from the

process model (2), which is then given by

f(y
A
,y
B
|xA, xB)

=

∫
δ(y

A
−Ak xA − wk)·

δ(y
B
−Ak xB − wk) · f(wk) dwk

(14)

with f(wk) = N (wk; 0,C
w
k ). Although this function is no

valid transition density due to the product of dirac deltas, the
Chapman-Kolmogorov integral for the prediction becomes

fp(y
A
,y
B
) =

∫ ∫
f(y

A
, y
B
|xA, xB)

· f e(xA, xB) dxA dxB

(15)

=

∫
N
([

y
A
− wk

y
B
− wk

]
;

[
Akx̂

e
A

Akx̂
e
B

]
,[

AkC
e
AA

T
k AkC

e
ABA

T
k

AkC
e
BAA

T
k AkC

e
BA

T
k

])
f(wk) dwk

= N
([

y
A
y
B

]
;

[
x̂pA
x̂pB

]
,

[
Cp
A Cp

AB
Cp
BA Cp

B

])
by rearranging the integrals, exploiting the sifting property,
and completing the square in the exponent. As in the previous
subsection, the parameters of the predicted density are

x̂pX = Ak x̂
e
X ,

Cp
Y = AkC

e
Y AT

k +Cw
k

for X = A,B and Y = A,AB,BA,B. In contrast to the
standard prediction step, the dimension of the process noise
term is only a fraction of the dimension of the joint state.

2) Global Filtering: In the filtering step, the likelihood
that corresponds to the sensor model (3) and measurement ẑA
has to be employed. For vk ∼ N (0,Cv

k), the likelihood

f(ẑA |xA) =
∫
δ(ẑA −HA xA − vk)N (vk; 0,C

v
k) dvk

= c · N (xA; x̂
L
A,C

L
A)

(16)

yields an unnormalized Gaussian density, and it can be rewritten
as the likelihood

f(ẑA |xA, xB) = c̃ · N
([
xA
xB

]
; x̂LJ ;C

L
J

)
(17)

for the joint state space, which has the parameters

(CL
J )

−1 = TT(CL
A)

−1T ,

(CL
J )

−1x̂LJ = TT(CL
A)

−1x̂LA

given in the information form [21] with T = [I 0]. The
measurement update can now be carried out by means of
Bayes’ theorem for probability densities, i.e.,

f e(xA, xB) = C · fp(xA, xB) · f(ẑA |xA, xB)

= N
([
xA
xB

]
; x̂eJ;C

e
J

)
,

(18)

which is the product of two Gaussian functions with normal-
ization constant C. The parameters x̂eJ and Ce

J comply with
the Kalman filter formulas (4) and (5).

3) Local Filtering: In distributed track-to-track fusion
applications, a measurement ẑA usually implies that only the
marginal density fp(xA) is to be updated in place of the global
update (18) for fp(xA, xB). However, the reformulation of the
local likelihood (16) into the global likelihood (17) reveals that
also the marginal density fp(xB) is affected by a measurement
at sensor node A. Hence, a local filtering step at node A without
affecting the estimated density at node B cannot simply be
expressed in terms of Bayes’ theorem applied to the joint



density, as in (18). In order to compute the joint density after
the local update, we first consider the linear transformation
(I−KAHA)xA in (6), which yields the joint density

f e,1(xA, xB) =

∫
δ(xA −K1 ξ)f

p(ξ, xB) dξ

= cfp(K−1
1 xA, xB)

= cN
([

K−1
1 xA
xB

]
;

[
(K−1

1 K1)x̂A
x̂B

]
,

[
Ce
A Ce

AB
Ce
BA Ce

B

])
= N

([
xA
xB

]
;

[
K1x̂A
x̂B

]
,

[
K1C

e
AK

T
1 K1C

e
AB

Ce
BAK

T
1 Ce

B

])
(19)

with K1 = (I−KAHA). The sum in (6) can then be expressed
in terms of the convolution

f e(xA, xB) =

∫
f e,1(xA − v, xB)·

N (v;KA ẑA,KAC
v
AK

T
A) dv

= N
( [

xA
xB

]
;

[
K1x̂A +KA ẑA

x̂B

]
,[

K1C
e
AK

T
1 +KAC

v
AK

T
A K1C

e
AB

Ce
BAK

T
1 Ce

B

])
.

(20)

The resulting density f e(xA, xB) has the parameters given in
equations (6)-(10).

4) Fusion: For the purpose of fusing two marginal densities
f e(xA) and f e(xB), the joint density is considered as a
likelihood for the state x, i.e.,

ffus(x) = C · N
([

I
I

]
x;

[
x̂eA
x̂eB

]
,

[
Ce
A Ce

AB
Ce
BA Ce

B

])
. (21)

The resulting function is again a Gaussian density. The
parameters can be derived by considering the exponent, using
the block inverse of the joint covariance matrix, and multiplying
out the brackets:

− 1
2
xT

[
I I

] [ Ce
A Ce

AB

Ce
BA Ce

B

]−1 [
I
I

]
x+ . . .

= − 1
2
xT

(
C−1

A +C−1
A CAB

(
CB −CBAC

−1
A CAB

)−1
CBAC

−1
A

−C−1
A CAB

(
CB −CBAC

−1
A CAB

)−1

−
(
CB −CBAC

−1
A CAB

)−1
CBAC

−1
A

+
(
CB −CBAC

−1
A CAB

)−1
)
x+ . . .

= − 1
2
xT

(
C−1

A +C−1
A (CA −CAB)·(

CB −CBAC
−1
A CAB

)−1
(CA −CBA)C

−1
A

)
x+ . . .

= − 1
2
xT

(
CA − (CA −CAB)·(

CA +CB −CAB −CBA

)−1
(CA −CBA)

)−1

x+ . . . ,

(22)

where the last equation can be derived by applying the
Woodbury matrix identity. As expected, the resulting covariance
matrix is identical to (12), and further rearrangements will lead
to the mean (11). The fusion rule (21) implies that the resulting
density lies on the “diagonal” of the joint density [15], [16],
as illustrated in Figure 1(a) for a more complex density.

On the basis of these considerations, we are now able to
generalize the joint density representation and fusion of track
estimates to a special class of nonlinear estimation problems.

V. NONLINEAR TRACK-TO-TRACK FUSION
WITH GAUSSIAN MIXTURE DENSITIES

Nonlinear state estimation is in itself a formidable task but
becomes even more complicated when estimates have to be
computed in a distributed fashion. As in the linear case, optimal
fusion of local tracking results requires knowledge about the
underlying dependencies. Again, the dependency structure is
linked with the joint state space representation of the estimates
to be fused, which requires the consideration of far higher
dimensional probability densities than in the centralized case,
i.e., the joint state representation has a multiple of the dimension
of the original state space.

Gaussian mixture densities form the basis for many efficient
filtering algorithms [22] to tackle nonlinear estimation problems.
In target tracking applications, they can be used to model the
uncertainty about a target’s maneuver [23] or to represent
uncertainties in multi-target tracking scenarios [17]. Against
the background of distributed multi-sensor systems, the problem
of fusing Gaussian mixture estimates has been studied in
[11], [12], [24], where the treatment of common information
or conservative fusion rules are considered. In [25], [26],
parameterized joint densities for Gaussian mixture estimates
have been derived with the objective of providing a generalized
correlation coefficient for Gaussian mixtures. This section
complements these studies with a systematic derivation of
the dependencies between two Gaussian mixture estimates.

We commence this section with the construction of the joint
density of two independent Gaussian mixture marginals. The
local Gaussian mixture densities

f e(xA) =

NA∑
i=1

ωiAN
(
xA; x̂

i
A,C

i
A

)
(23)

and

f e(xB) =

NB∑
i=1

ωiBN
(
xB ; x̂

i
B ,C

i
B

)
(24)

at sensor nodes A and B, respectively, are assumed to be
independent. In this case, the estimates can be fused by
multiplication and renormalization [15], [16], which yields

f fus(x) = C

NA∑
i=1

NB∑
i=1

ωiAω
j
BN

(
x; x̂iA,C

i
A

)
·N
(
x; x̂jB ,C

j
B

)
= C

NA∑
i=1

NB∑
i=1

ωiAω
j
BN

([
x
x

]
;

[
x̂iA
x̂jB

]
,

[
Ci
A 0

0 Cj
B

])
.

(25)

Evidently, the last expression leads us to the joint density

fJ(xA, xB)=

NA∑
i=1

NB∑
i=1

ωiAω
j
BN

([
xA
xB

]
;

[
x̂iA
x̂jB

]
,

[
Ci
A 0

0 Cj
B

])
of f e(xA) and f e(xB), which has NA ·NB components.
The following example conveys an impression of the joint
dependency structure of Gaussian mixtures.

Example: Joint Gaussian Mixture Density
The dependency structure, i.e., the joint density, of the indepen-
dent Gaussian mixtures

f(xA) = 0.3N (xA;−0.5, 0.5) + 0.7N (xA; 3.5, 1.5)

f(xB) = 0.7N (xB ; 1, 1.2) + 0.3N (xB ; 5, 0.8)



is given by a two-dimensional joint Gaussian mixture with four
components

0.21N
(
x,

[
−0.5
1

]
,

[
0.5 0
0 1.2

])
, 0.49N

(
x,

[
3.5
1

]
,

[
1.5 0
0 1.2

])
,

0.09N
(
x,

[
−0.5
5

]
,

[
0.5 0
0 0.8

])
, 0.21N

(
x,

[
3.5
5

]
,

[
1.5 0
0 0.8

])
.

The joint density is shown in Fig. 1(a). The fusion result is plotted
in Fig. 1(b) and lies on the “diagonal” of the joint density.

1) Prediction: As in the linear case, the prediction step
states the reason for dependent local estimates. Let the transition
from a time step k to k + 1 be given by the process model

y = Ax+w , (26)

where the density of w now is a Gaussian mixture

f(w) =

Nw∑
i=1

ωw,iN (w; ŵi,Cw,i) . (27)

In order to perform the time update of the current estimated
joint Gaussian mixture

f e(y
A
, y
B
) =

NJ∑
i=1

ωe,i
J N

([
y
A
y
B

]
;

[
x̂e,iA
x̂e,iB

]
,

[
Ce,i
A Ce,i

AB

Ce,i
BA Ce,i

B

])
,

the Chapman-Kolmogorov integral (15) from Sec. IV is applied,
which results into

fp(y
A
, y
B
) =

∫ ∫
f(y

A
, y
B
|xA, xB)

· f e(xA, xB) dxA dxB

(28)

=

NJ∑
i=1

Nw∑
j=1

∫
ωe,i
J ωw,j N (w; ŵj ,Cw,j)

N
([

y
A
− wk

y
B

− wk

]
;

[
Akx̂

e,i
A

Akx̂
e,i
B

]
,

[
AkC

e,i
A AT

k AkC
e,i
ABAT

k

AkC
e,i
BAAT

k AkC
e,i
B AT

k

])
dwk

=

NJ∑
i=1

Nw∑
j=1

ωp,i,j
J N

([
y
A
y
B

]
;

[
x̂p,i,jA

x̂p,i,jB

]
,

[
Cp,i,j
A Cp,i,j

AB

Cp,i,j
BA Cp,i,j

B

])
.

The predicted Gaussian mixture has the parameters

ωp,i,j
J = ωe,i

J ωw,j , (29)

x̂p,i,jX = A x̂e,iX ,

Cp,i,j
Y = ACe,i

Y AT +Cw,j

for i = 1, . . . , NJ, j = 1, . . . , Nw with X = A,B and Y =
A,AB,BA,B. An example of the prediction step is discussed
in the following paragraph.

Example: Prediction of Joint Gaussian Mixture Density
The joint Gaussian mixture depicted in Fig. 1(a) undergoes a
prediction step according to the model (26) with A = 1 and the
process noise density

f(w) = 0.8N (w; 0, 3) + 0.2N (w; 4, 1) (30)

The prediction result is shown in Fig. 2(a) and possesses
NJ ·Nw = 8 components. Each component is a Gaussian with
a cross-covariance of either CAB = 3 or CAB = 1, which states

f
(x

A
,
x
B
)

xB
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−5
0

5
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0
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0.02

(a) Predicted joint Gaussian mixtures with correlated components due
to common process noise.
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(x

)

x
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0
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(b) Fusion result corresponds to the plane.

Figure 2. Predicted joint Gaussian mixtures and fusion result.

the reason for the diagonal orientation of the joint density. The
fusion result is shown in Fig. 2(b).

Instead of the linear model (26) with a Gaussian mixture
noise terms, other models can be used. Only the transition
density (14) has to turn into a Gaussian mixture such that
the joint Gaussian mixture representation is preserved. A
particularly interesting result of the joint prediction step is that
the joint process noise density and hence the joint transition
density has the same number of components as in the original
state space, i.e., the joint transition density also has Nw

components and not, as one might expect, (Nw)2 components.
Linear distributed estimation requires bookkeeping of

the cross-covariance matrices CAB . For Gaussian mixtures,
the required effort to keep track of the dependency struc-
ture between two estimates becomes tremendous: Not only
bookkeeping of the cross-covariance matrices Ci

AB for each
component is necessary, but also the weighting factors have
to be computed correctly. In this regard, the problem of
double-counting becomes apparent, which is a well-known
problem in distributed estimation systems. The local prediction
of (23) and (24) implies that each ωw,j is multiplied with
each weight ωiA and each ωiB , but (29) reveals that ωw,j
is only incorporated once in the joint prediction result, i.e.,
ωp,i,j
J = ωe,i

J ωw,j = ωiA ω
i
B ω

w,j . As a consequence, the
weighting factors cannot simply be stored and managed locally,
which proves the high complexity of nonlinear track-to-track
fusion.

2) Global Filtering: Again w.l.o.g., we consider a measure-
ment at the first state component xA. The likelihood may refer
to an arbitrary nonlinear sensor model but has to be represented
by a Gaussian mixture

f(ẑk|xA) = c

NL∑
i=1

ωL,iN
(
xA; x̂

L,i
A ,CL,i

A

)
.

We take the same path as in Sec. IV and, analogously to (17),
this likelihood can be seen as a likelihood for the joint state
representation. According to Bayes’ theorem, the filtering result
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(a) Measurement update of red Gaussian mixture density results into
global update of joint density.
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(b) Only local update of the red Gaussian mixture. The variances of
the blue local density are not updated.
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(c) Fusion results for both joint densities, which correspond to the
green and red plane.

Figure 3. Joint densities after measurement at sensor node A. Global and
local update of joint Gaussian mixture.

is a product

f e(xA, xB) = C · fp(xA, xB) · f(ẑA |xA, xB) (31)

of Gaussian mixtures, which requires a componentwise com-
putation according to (18) and has NJ ·NL components. The
components have the parameters

Ce,i,j
J =

(
(Cp,i

J )−1 +TT(CL,j
A )−1T

)−1
,

x̂e,i,jJ = Ce,i,j
J

(
(Cp,i

J )−1xp,iA +TT(CL,j
A )−1x̂L,iA

)−1
,

ωe,i,j
J = C ·ωp,i

J ·ω
L,j ·N

(
x̂L,jA −Tx̂p,iJ ; 0,TCp,i

J TT +CL,j
A

)
.

for i = 1, . . . , NJ, j = 1, . . . , NL and T = [I 0]. The first two
formulas correspond to the information form of the Kalman
filter [21], i.e., mean and covariance parameters are updated by
means of Kalman filter formulas. The third equation reveals
that the measurement update of a Gaussian mixture requires a
measurement-dependent reweighting [22]. The global filtering
step is illustrated in the following example.

Example: Global Measurement Update
The predicted joint density from Fig. 2(a) is processed with the
likelihood function

f(zA |xA, xB) = 0.8N
(
xA,−0.3,

5

8

)
+ 0.2N

(
xA, 2,

1

2

)
through Bayes’ rule (31). The filtering result is shown in Fig. 3(a).
Apparently, the density is also altered along state component xB .

3) Local Filtering: Sec. IV has revealed that a local
measurement update without affecting other marginal estimates
cannot be expressed in terms of a Bayesian update step, i.e., the
update (31) automatically affects fp(xB). In order to achieve
a local update of fp(xA), we reduce the update step to

f e(xA) = C · fp(xA) · f(ẑA |xA) , (32)

which yields the parameters

Ce,i,j
A =

(
(Cp,i

A )−1 + (CL,j
A )−1

)−1
,

x̂e,i,jA = Ce,i,j
A

(
(Cp,i

A )−1xp,iA + (CL,j
A )−1x̂L,iA

)−1
,

ωe,i,j
A = C ·ωp,i

A · ω
L,j · N

(
x̂L,jA − x̂p,iA ; 0,Cp,i

A +CL,j
A

)
.

After the local update, the dependency structure has to be
adapted by applying the calculations (19) and (20) to each
component. The cross-covariance matrices in each component
are

Ce,i,j
AB = (Ce,i,j

BA )T = (I−Ke,i,j
A )Cp,i,j

AB with

Ke,i,j
A = Cp,i

A

(
Cp,i
A +CL,j

A

)−1

.

Although CB has not directly been modified, the joint density
now has NJ ·NL components, which implies

Ce,i,j1
B = Ce,i,j2

B = Cp,i
B ,

x̂e,i,j1B = x̂e,i,j2B = x̂p,iB , for j1, j2 ∈ {1, . . . , NL} .

As for the prediction step, an open question is how to manage
and where to store the weighting factors. However, the good
news is that the updated joint weights ωe,i,j

J only rely on local
information due to Tx̂p,iJ = x̂p,iA and TCp,i

J TT = Cp,i
A . Hence,

the updated weighting factors are identical for global and local
filtering, i.e., ωe,i,j

J = ωe,i,j
A . The difference between local and

global filtering can be seen in the following example.

Example: Local Measurement Update
The predicted joint density from Fig. 2(a) is considered, and only
the marginal fp(xA) is updated with the likelihood

f(zA |xA) = 0.8N
(
xA,−0.3,

5

8

)
+ 0.2N

(
xA, 2,

1

2

)
(33)

through Bayes’ rule (32). The filtering result is shown in Fig. 3(b).
The only parameters that are altered along state component xB
are the weighting factors since they depend on the actual
measurement.

4) Fusion: The fusion of two locally estimated Gaussian
mixtures f e(xA) and f e(xB) is again analogous to (21), i.e.,
the joint density is interpreted as a likelihood and evaluated on
its diagonal according to

ffus(x) = C

NJ∑
i=1

ωiJN
([

I
I

]
x;

[
x̂e,iA
x̂e,iB

]
,

[
Ce,i
A Ce,i

AB

Ce,i
BA Ce,i

B

])

=

Nfus∑
i=1

ωifusN
(
x; x̂ifus,C

i
fus

)
.

(34)

For each exponent, the calculation (22) provides the parameters

x̂ifus = (I−Ki
fus) x̂

e,i
A +Ki

fus x̂
e,i
B ,

Ci
fus = Ce,i

A −Ki
fus

(
Ce,i
A −Ce,i

BA

)
,

ωifus = C ·ωiJ ·N
(
x̂e,iA − x̂

e,i
B ; 0,Ce,i

A +Ce,i
B −Ce,i

AB −Ce,i
BA

)



where the gain is defined by

Ki
fus = (Ce,i

A −Ce,i
AB) ·

(
Ce,i
A +Ce,i

B −Ce,i
AB −Ce,i

BA

)−1
.

This fusion rule has already been applied at the beginning of this
chapter in order to derive and study the joint density (25) for
independent local Gaussian mixture estimates. In the following
example, this fusion rule is applied to the joint Gaussian
mixtures of the previous examples.

Example: Fusion Results After Global and Local Processing
Figures 1(b), 2(b), and 3(c) have been computed by employing
the derived fusion rule for Gaussian mixture representations.
In particular, Fig. 3(c) elucidates that local processing and
subsequent fusion differs from a global processing scheme and
only provides suboptimal results.

Discussion: A management system for distributed track-to-
track fusion applications must be in the position to reconstruct
the joint Gaussian mixture density from the local tracks. While
linear Gaussian estimation problems only require knowledge
on the cross-covariance matrices, the step towards Gaussian
mixtures renders distributed estimation much more difficult:
The cross-covariance matrices for every component have to be
tracked and for this, a one-to-one assignment between the local
components is required. For instance, the exemplary process
noise (30) has indicated that different covariance parameters
between different components of f(xA) and f(xB) can appear.
Furthermore, the weighting factors for the joint Gaussian
mixture have to be reconstructed, which are dependent on the
actual measurements. A solution could consist of storing local
and global weights separately. The local weights are updated
by local measurements, which do not require information about
other estimates. The global weights are used for the prediction
step in order to prevent double counting of the weights of the
transition density.

VI. CONSERVATIVE FUSION STRATEGIES

The preceding section has unveiled that bookkeeping of
the nonlinear dependency structure between Gaussian mixture
densities is far more difficult than between Gaussian densities.
If bookkeeping is too expensive or fully decentralized scenarios
are considered, suboptimal fusion strategies can be pursued that
do not require knowledge about the underlying dependencies.
The exponential mixture fusion rule [27]–[29]

fEMD(x) = C fαA(x) f
1−α
B (x) , α ∈ (0, 1)

can be viewed as the most notable concept, which is a
generalization of covariance intersection [10] or covariance
inflation [30]. This fusion rule provides conservative results
according to [29]. By raising the Gaussian mixtures (23)
and (24) to the power of α and (1 − α), the fusion result
is not a Gaussian mixture anymore. In [12], [31], it has been
proposed to apply covariance intersection to each components
of the Gaussian mixtures to be fused, which gives

fGCI(x)=

NA∑
i=1

NB∑
i=1

ωiAω
j
BN

([
x
x

]
;

[
x̂iA
x̂jB

]
,

[ 1
αC

i
A 0

0 1
1−αC

j
B

])
,

where the covariance matrices are upper bounds for the
covariance matrices in (34) (see, e.g. [30]). Both strategies
may result into very conservative fusion results.

A different possibility is to conservatively bound the com-
mon process noise, such that no dependencies between the local
estimates arise. This strategy of federated filtering [13] can be
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Figure 4. Comparison of different fusion strategies: Optimal ( ), EMD ( ),
GCI ( ), NF ( ), FGM ( ).

applied as long as no other sources of dependencies are present.
Instead of the joint transition density f(y

A
, y
B
|xA, xB)

in (28), the conservative product representation

fNF(yA, yB |xA, xB) = fα(y
A
|xA, ) · f1−α(yB |xB)

is used such that each local density can independently be
processed in the prediction step. However, this concept again
does not preserve the Gaussian mixture representation. Sec. V
has demonstrated that the process noise density for the joint
Gaussian mixture consists of fully correlated components.
Hence, a different conservative approximation

fFGM(w)=

Nw∑
i=1

w̃w,iN
([
w
w

]
;

[
ŵi

ŵi

]
,

[
1
αiC

w,i 0
0 1

1−αiC
w,i

])
of the common process noise (27) can be obtained by con-
servatively bounding each component. This way of treating
the common process noise preserves the Gaussian mixture
representation of the joint estimate and fusion results. However,
it requires bookkeeping of the weighting coefficients. A
concluding example provides a comparison of the different
fusion strategies.

Example: Suboptimal Fusion Strategies
Five further prediction and local filtering steps are performed
based on the result in Fig. 3(b). In each prediction step, the pro-
cess noise (30) is used. At sensor node A, the local likelihood (33)
is applied. Sensor node B employs the likelihood

f(zB |xB) = 0.1N
(
xB , 0,

1

2

)
+ 0.9N

(
xB , 3,

2

5

)
.

Fig. 4 depicts different fusion strategies. The green density is the
optimal fusion result that is based on a joint Gaussian mixture
with 1024 components. Each local Gaussian mixture has only 128
components. Note that the joint Gaussian mixture has less than
1282 component due to the fully dependent process noise. The
red dashed density is the exponential mixture fusion result that is
very conservative and not a Gaussian mixture. Componentwise
application of covariance intersection yields the red density, which
is also conservative but a Gaussian mixture. The blue density
is obtained by the nonlinear federated filter, which only bounds
the process noise and yields close-to-optimal results. The black
density employs the conservative process noise approximation
by a Gaussian mixture and hence is itself a Gaussian mixture. α
is 0.5 in each case.

VII. CONCLUSIONS

This paper has demonstrated how to construct and exploit
the dependency structure for Gaussian mixture estimates. The
considerations prove that nonlinear track-to-track fusion is
far more difficult than in the linear case. Not only the cross-
covariance matrices between every two components have to
be stored and updated in each processing step, but also the
weighting parameters have to be kept track of. In particular,
the weights are the reason why efficient distributed estimation
algorithms are difficult to achieve. The weights cannot be



managed independently from the local track estimates since they
depend on the actual measurements. In addition, the weights
of the process noise must not be double-counted. An idea is to
store weights that are related to local measurements separately
from weights that are related to the process noise. A further
problem is the continuously increasing number of components,
which has to be addressed by reduction algorithms. In this
regard, it has to be analyzed how these algorithms affect the
dependency structure.

So far, only the two-sensor case has been studied. For more
than two sensor nodes, the dependencies between every two
Gaussian mixtures have to be considered, which may lead to
unacceptably large demands for memory and computational
power. In general, this paper encourages the assumption that
other density representations for nonlinear estimation also do
not possess simpler dependency structures.
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