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1 Introduction
In 2012, David Wineland and Serge Haroche were awarded the Nobel prize in physics ``for
ground-breaking experimental methods that enable measuring and manipulation of individual
quantum systems''. Wineland's experiments demonstrated the coherent control of individual
trapped ions, whereas Haroche managed to control and manipulate microwave photons in a
cavity using Rydberg atoms. Only two years later, it is possible to control and manipulate
quantum systems consisting of multiple atoms. This opens up new prospects for those systems
serving as prototype quantum computers and quantum simulators. One day, these machines
may eﬃciently solve some of today's hard computational problems.
In order to be able to appreciate these achievements, we have to ask: What makes quantum
systems so special? The answer to this question is founded on the fundamental diﬀerence
between classical and quantum information. The smallest unit of classical information as we
use it in our computers and cell phones today is represented by 0 and 1, and is called a bit. In
contrast, quantum information is represented by a qubit, which has two so-called eigenstates
|0⟩ and |1⟩. The diﬀerence to a classical bit is that quantum information is described by a
wave function |Ψ⟩, which can be in an arbitrary normalized superposition of these two states
|Ψ⟩ = sin(𝜃/2) |0⟩ + cos(𝜃/2)𝑒𝑖𝜙 |1⟩ .

(1.1)

Here, 𝜙 and 𝜃 represent arbitrary angles. A familiar object represented by two angles as
degrees of freedom is the surface of a sphere. This implies that the qubit can be in one of
an inﬁnite amount of diﬀerent states on this surface whereas the classical bit can only be
in one of two states, i.e. the north or south pole. However, once we attempt to retrieve
information about the qubit state, it turns out that we either get |0⟩ or |1⟩ (with a certain
probability depending on the actual qubit state |Ψ⟩). In other words, in each measurement, all
the information collapses on one of the two eigenstates. Only with a repeated measurement
of an inﬁnite number of identical copies of the state one could infer the actual quantum state.
So, it seems that there is no advantage in using a qubit over a classical bit. However, the
power of quantum information emerges when combining a lot of qubits. As long as the qubits
are not measured, they interact with each other taking into account their full information. To
cut a long story short, this enables very fast parallel (quantum) computing. Any classical
algorithm can run on such a quantum computer. Additionally, a certain class of problems can
be solved exponentially faster than on any computer working with classical bits. That is why
a lot of research is invested in building such a machine.

1

1 Introduction

Qubit

|1⟩

Classical bit

|Ψ⟩

1
0
|0⟩

Figure 1.1: Qubit vs. classical bit.

An important resource of quantum information is called entanglement. Imagine two qubits 𝐴
and 𝐵 described by the common wave function
|Ψ⟩ =

1
√2

𝐴 𝐵
𝐴 𝐵
(||0 0 ⟩ + ||1 1 ⟩) .

(1.2)

Now, we separate the qubits far away from each other and measure qubit 𝐴. By measuring 𝐴,
the qubit state collapses either on ||0𝐴 ⟩ or ||1𝐴 ⟩. Intriguingly, this measurement determines
the outcome of the measurement of qubit 𝐵. Two parties sharing such an entangled state can
use its properties to communicate in an absolute secure way.
In order to enable quantum communication over large distances, one requires a network
distributing quantum states [Cir+97; Kim08]. D. P. DiVincenzo has come up with two
criteria, which any future quantum network should fulﬁll [DiV00].
1. The ability to interconvert stationary and ﬂying qubits.
2. The ability to faithfully transmit ﬂying qubits between speciﬁed locations.
Photons are well suited to transmit quantum information over long distances. They can be
guided in optical ﬁbers with very low attenuation on the order of 0.17 dB/km at 1550 μm
wavelength1 . In classical optical ﬁber communication, ampliﬁers are used to compensate
for the photon losses in the ﬁber. This is no longer possible in the quantum regime because
a quantum state cannot be ampliﬁed without destroying part of its information. Instead,
quantum repeaters are used to bridge even longer distances [GT07]. These employ additional
photons to distribute entanglement between the sender, the repeater stations and the recipient
such that the message qubit gets teleported from the sender to the recipient. In this way, the
photon carrying the quantum information does not physically travel all the way to the recipient.
For a quantum repeater to work reliably, it needs to be able to store quantum information for
some time and retrieve it on-demand [Sim+10]. Therefore, Quantum memories are required.
They can be implemented in a variety of systems, for instance single trapped ions [Bli+04],
atoms [Ros+07], single spins [Mau+12], two-level defects [Nee+08] and spin ensembles
[Ste+12]. At the nodes of a future quantum network the ﬂying qubits (photons) are converted
1
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into stationary qubits and the information is then processed in quantum computers [OBr+14;
McA+12]. Again, such converters may be realized in a variety of diﬀerent physical systems.
Recently, a basic quantum network connecting two single atoms has been demonstrated
[Rit+12; Hof+12].
A crucial requirement for the practical application of any physical realization of a quantum
system is scalability. This means that there are no constraints, which would limit the number of
physical qubits in a system. In terms of scalability and fast operation times, solid state systems
such as superconducting (SC) quantum circuits [CW08], nanomechanical devices [OCo+10]
and spin doped solids [Wu+10] are well suited to perform local computations. Typically
these devices operate at microwave or radio frequencies and in a cryogenic environment in
order to eliminate thermal noise. However, it is technically very diﬃcult to build long and
cryogenic microwave cables. Thus, this frequency regime is less suited for long distance
quantum communication. In order to realize a remote connection between such systems, a
coherent quantum converter is needed, which can reversibly convert the microwave or RF
signal to an optical photon [Tog+10; Sag+11; Cla+11; De +12]. Based on nanomechanical
resonators, a prototype device operating in the classical regime has been reported recently
[And+14].
SC quantum circuits operate in the microwave frequency range between 1 and 10 GHz. Instead
of natural atoms, macroscopic Josephson qubits are used, which are basically anharmonic
electromagnetic oscillators. The ﬁeld has made tremendous progress in the recent years.
This includes the creation of arbitrary quantum states [Hof+09], the demonstration of an
elementary quantum processor, which could run Shor's algorithm for prime factorization
[Luc+12], and the implementation of a quantum error correction algorithm [Ree+12]. The
SC quantum circuit architecture is scalable but suﬀers from qubits with short coherence times.
The coherence time determines how long a quantum state can be stored until it decays. A
drastic improvement came along by introducing a new architecture based on Josephson qubits
in a three-dimensional cavity [Pai+11; Rig+12]. In contrast, natural systems such as atoms
or nuclear spins, feature much longer coherence times. This comes with the price that they
are much harder to control and manipulate.
So, each physical quantum system has its advantages and drawbacks such that the way towards
a successful quantum technology may lie in the coherent integration of diﬀerent quantum
systems. Due to their good performance and scalability, hybrid systems based on SC coplanar
waveguide (CPW) resonators coupled to polar molecules [Rab+06; TNM08], trapped cold
atoms [Ver+09; Pet+09] or to spins in solids [Ima09] have been proposed in the years from
2006 to 2009. Whereas the ﬁrst two proposals are technically extremely challenging due to
the need for ultra high vacuum and traps above a superconducting chip, the latter idea has
been proven to be quite fruitful. Today, the research activity is mainly focused on circuit and
cavity QED experiments with spin ensembles consisting of NV-centers in diamonds [Sch+10;
Ams+11; Kub+12; San+12; Gre+14; Put+14]. Strong coherent coupling between NVs
and a SC resonator as well as with a SC qubit has been demonstrated [Kub+10; Zhu+11;
Kub+11]. The ﬁrst attempts to couple iron group impurity spins to superconducting resonators yielded only weak coupling [Sch+10]. Recently, coherent coupling to iron group ions
3
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could be demonstrated by employing a whispering gallery mode 3D resonator [Gor+14a].
Other types of spin ensembles under investigation include phosphor [Tyr+12] and bismuth
donors [Geo+10] in silicon bearing the potential of coherence times on the order of a second.
It should be noted that strong coupling of three dimensional cavities to organic molecule
spin ensembles has also been demonstrated in conventional room temperature electron spin
resonance (ESR) experiments [Chi+10; Abe+11]. All spin ensembles mentioned so far
were paramagnetic ensembles but recently, strong coupling of three dimensional cavities to
ferromagnetic ensembles has been reported as well [Zha+14; Tab+14; Gor+14b].
An interesting alternative presents itself by rare earth elements due to their large spin tuning
rate [KC80] and long optical and spin coherence times [Böt+06a; Ber+07; Rak+09]. In
particular, the rare earth elements neodymium and erbium additionally possess optical transitions in standard telecommunication bands. This makes them very attractive for a microwave
to optical quantum media converter. Tremendous progress has been achieved with optical
quantum memories based on rare earth elements such as multimode storage [Usm+10] and
the implementation of a teleportation scheme [Bus+14]. Additionally, in the microwave
regime, ensembles of erbium spins coupled to SC CPW resonators have been studied before
[Bus+11; Sta+12]. However, at that time, the strong coupling regime was inhibited by the
large inhomogeneous spin linewidth. During this thesis we were able to demonstrate coherent
strong coupling of erbium spin ensembles to superconducting as well as non-superconducting
resonators [Pro+13; Tka+14; Pro+14c]. This paves the way towards the realization of a rare
earth based reversible microwave to optical quantum converter [OBr+14].
In this thesis, we study hybrid systems based on the rare earth elements erbium (Er) and
neodymium (Nd) doped into Y2 SiO5 (YSO) and YAlO3 (YAlO) crystals. The focus lies
on Er due to its optical transition in the telecom C-band at 1.54 μm making it an obvious
choice as core element of a reversible optical to microwave quantum converter. In this work,
we investigate the physics of spin ensembles coupled to quantum circuits, and demonstrate
experimentally the potential of the rare earth approach for application as coherent quantum
memory and reversible quantum converter.
The thesis commences with an introduction into paramagnetic impurities in crystals and
their spectroscopic properties. Then, the theoretical concepts of hybrid quantum systems are
presented. The theory part concludes with the description of the experimental setup.
The experimental part of this thesis is divided into three chapters. First, the continuous wave
(cw) microwave spectroscopy of the rare earth samples coupled to SC resonators is presented.
The magnetic anisotropy is investigated and we demonstrate strong coupling to both Er in
YSO and YAlO and Nd in YAlO. Moreover, we study the AC g-factor of Er:YSO with a
three dimensional cavity operating in the strong coupling regime. In order to integrate rare
earth crystals with SC circuits on an application level, it is important to locally embed rare
earth based memory elements on the SC chip. In collaboration with N. Kuckharchyk and
Prof. A. D. Wieck from the RUB Bochum, samples of focused ion beam implanted Er:YSO
have been investigated with our on-chip ESR setup.
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Part 2 discusses the time resolved microwave spectroscopy of a 50 ppm doped Er:YSO spin
ensemble strongly coupled to a copper CPW resonator. The chapter focuses on the coherence
properties of the Er spin ensemble and presents our results on the storage of multiple coherent
microwave pulses.
Finally, part 3 concentrates on the optical transition of the erbium spin ensemble. Here,
the optical properties at milli-Kelvin temperatures are studied with particular focus on the
interplay between microwave pulses and optical transmission. This is a prerequisite for the
implementation of a coherent reversible quantum converter.

5

2 Paramagnetic Ions in Solids
This chapter provides a general introduction into the properties of paramagnetic impurities
in crystals and the theoretical background for their investigation with electron spin resonance
and optical spectroscopy.

2.1 Transition ions of the 4f group
The rare earth (RE) group or lanthanide series of elements, named after their ﬁrst element
Lanthanum, consists of 15 elements which all have very similar chemical and physical
properties. For instance, they are all metals having a silvery, shiny surface on fresh cut edges
oxidizing quickly in moist air. The conﬁguration of the outer orbitals of all RE elements is
5s2 5p6 5d1 6s2 and along the series the underlying 4f shell gets ﬁlled. Since the outer shells
dominate the chemical und physical properties of an element, the 4f elements all behave
similarly. Typically, RE elements appear as tripositive ions in many compounds. In this
thesis, we focus on the crystals Y2 SiO5 and YAlO3 , where the Yttrium (Y3+ ) can be replaced
by a RE3+ ion. As schematically shown in Fig. 2.1, the 4f shell of the tripositive ion is well
shielded from the environment by the 5s2 and 5p6 shells, which is the reason for its sharp
lines in optical spectra and good coherence properties at low temperatures [AB12; Böt+06b;
Böt+06a]. Among all RE elements every second ion namely Ce3+ , Nd3+ , Sm3+ , Gd3+ ,
Dy3+ , Er3+ and Yb3+ is a so called Kramers ion and possesses only a twofold degenerate spin
groundstate, which can be accessed by microwave spectroscopy after lifting the degeneracy by
a magnetic ﬁeld. Therefore, these elements are well suited for the coupling to superconducting
circuits, which operate in the microwave frequency range. All RE elements oﬀer optical1
transitions, but only two of the Kramers ions (Nd3+ , Er3+ ) oﬀer optical transitions in standard
telecommunication bands of ﬁber-optic communication. These bands are deﬁned by distinct
parts of the absorption spectrum of silica glass optical ﬁbers with minimum absorption and
negligible dispersion. This makes Er and Nd excellent candidates for application in quantum
communication because they can be both interfaced with superconducting qubit processors
and the optical communication band at 1.54 μm (Er) and 1.30 μm (Nd), respectively [Bus+11].

2.2 Rare earth impurities in crystal ﬁelds
In the experiments presented in this thesis, we used rare earth doped Yttrium Orthosilicate
(Y2 SiO5 ) and Yttrium Orthoaluminate (YAlO3 ), where the rare earth element replaces the
Yttrium in the crystal.
1

Here and throughout the thesis, the word ``optical'' includes visible as well as near infrared wavelengths.
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Y2 SiO5 (YSO) belongs to the C62ℎ space group in Schönﬂies notation, meaning that it is a
monoclinic crystal with a two-fold rotational axis and a mirror plane perpendicular to the
rotational axis denoted by 𝑏. The dimensions of the unit cell are 𝑎 = 1.041 nm, 𝑏 = 0.6721 nm
and 𝑐 = 1.249 nm, and the angle between 𝑎 and 𝑐 is 102∘ 39′ [Sun+08]. There is another
useful coordinate system (𝑏, 𝐷1 , 𝐷2 ), which is based on the optical extinction axis 𝐷1 and
𝐷2 [LWM92]. 𝐷1 is oriented 23.8∘ from the 𝑐-axis and 78.7∘ from the 𝑎-axis, and 𝐷2 is
perpendicular to 𝐷1 . In this thesis, the direction of an applied magnetic ﬁeld is given by
the angles 𝜃 and 𝜙, which are deﬁned with respect to the 𝑏 and 𝐷1 axes. Typically, this
coordinate system is used to describe the magnetic anisotropy of RE doped YSO, which will
be discussed later.
(a) RE3+

5s, 5p
4f

(b)

4

Er3+ :YSO

𝐼13/2
1.54 μm

4

𝐼15/2

even
isotopes
𝑚𝑠 = 1/2

THz

Z2
Z1

GHz
𝑚𝑠 = −1/2

167

Er

𝑚𝐼 = 7/2
𝑚𝐼 = −7/2
𝑚𝐼 = −7/2
MHz
𝑚𝐼 = 7/2

Figure 2.1: (a) Schematic structure of a tripositive rare earth ion: The 4f shell is shielded by the closed
5s and 5p shells. (b) Level structure of Er3+ doped into Y2 SiO5 .

Figure 2.1(b) shows the level scheme of Er doped into YSO. The erbium ion has an optical
transition in the telecom C-band at 1.54 μm from the 2𝑆+1 𝐿𝐽 =4 𝐼15/2 to the 4 𝐼13/2 state.
Here, 𝑆, 𝐿 and 𝐽 denote the spin, orbital and total magnetic moment, respectively. The host
crystal YSO perturbs the 4 𝐼15/2 state by a weak crystal ﬁeld and therefore, it splits up into
eight (𝐽 + 1/2) Kramers doublets 𝑍𝑛 with transition frequencies in the THz range [Dou+95].
Since all experiments are carried out at cryogenic temperatures, only the lowest doublet is
populated and one can truncate the system to an eﬀective spin 1/2 system. The degeneracy of
this spin level can be lifted by applying a magnetic DC ﬁeld, and the resulting Zeeman shift
yields a splitting in the GHz frequency range at moderate ﬁelds on the order of 100 mT. Only
the odd isotope 167 Er with a natural abundance of 22.9% features an additional nuclear spin
of 7/2 and eﬀects a hyperﬁne splitting such that the spin 1/2 transition splits up into eight
allowed transitions, see Fig. 2.1(b) [Bus+11]. The magnetic properties of the eﬀective spin
1/2 system in the Er3+ ion are determined by the large unquenched total orbital moment J
in the crystal ﬁeld yielding a large magnetic moment of almost 7 𝜇𝐵 and a large magnetic
anisotropy due to the low axial symmetry C2ℎ , which is expressed in terms of a g-tensor. The
full eﬀective Hamiltonian is given by
𝐻 = 𝜇 𝐵 𝐁 ⋅ g ⋅ 𝐒 + 𝐈 ⋅ 𝐀 ⋅ 𝐒 + 𝐈 ⋅ 𝐐 ⋅ 𝐈 − 𝜇 𝑛 𝑔𝑛 𝐁 ⋅ 𝐈 .

(2.1)

𝐁 denotes the applied magnetic ﬁeld, 𝐒 is the electronic spin, 𝐈 is the nuclear spin, 𝐀 and 𝐐 are
the hyperﬁne and quadrupol tensors, respectively, and 𝜇𝑛 is the nuclear magnetic moment with
its nuclear g-factor 𝑔𝑛 [Gui+06], [AB12] (chapter 3). The ﬁrst term describes the Zeeman
8
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interaction, the second and third the hyperﬁne and quadrupol interaction, respectively, and
the last term represents the nuclear Zeeman interaction. For the most abundant even Erbium
isotopes, only the ﬁrst term of Eq. (2.1) remains.
In the Y2 SiO5 crystal, the erbium can replace the yttrium ions at two diﬀerent positions with
either 6 or 7 oxygen neighbor atoms. These two nonequivalent crystallographic sites have local
C1 symmetry and their optical transitions 4 𝐼15/2 → 4 𝐼13/2 have slightly diﬀerent wavelengths.
Site 1 has a vacuum transition wavelength of 1536.48 nm and site 2 has 1538.90 nm at zero
magnetic ﬁeld [Böt+06b]. Each of the sites is divided into two magnetic classes due to the
C2ℎ symmetry such that one has to use 4 diﬀerent g-tensors in order to describe the spectrum
[KC80; Gui+06].
Rare earth ions in YAlO3 (YAlO), behave to a certain degree similar to RE ions in YSO
and the level scheme shown in Fig. 2.1 is comparable. Here, only the diﬀerences will be
highlighted. YAlO belongs to the D1 62ℎ space group and is an orthorhombic crystal, which
shows a weaker magnetic anisotropy than YSO [ARM97]. The unit cell of YAlO consists
of four magnetic inequivalent classes for the RE dopant ions, which corresponds to the four
distorted perovskite cells of the unit cell. However, this number is reduced. Because of the
crystal's symmetry, they subside to two eﬀective magnetic classes. In particular, it is the
mirror symmetry of the yttrium ions in the (001) plane and the inversion symmetry through
the aluminum sites [Bri+09].

2.3 Electron spin resonance spectroscopy
The following sections are based on the book by A. Abragam and B. Bleaney [AB12], and
the book by A. Schweiger and G. Jeschke [SE01].

2.3.1 Electronic and nuclear moments
A paramagnetic substance has no net magnetic moment in the absence of a magnetic ﬁeld.
However, if an external magnetic ﬁeld is applied, it acquires a magnetic moment, which is
proportional and parallel to the external magnetic ﬁeld. Such a material consists of magnetic
dipoles, which, in zero magnetic ﬁeld, are randomly oriented. These magnetic dipoles can
only occur if the atoms or ions possess a net angular momentum 𝐆, which is related to the
magnetic moment 𝝁 of such a dipole by the gyromagnetic ratio 𝛾, 𝝁 = 𝛾𝐆. The (classical)
equations of motion of such a dipole in a magnetic ﬁeld 𝐁 are given by
d𝝁
= 𝛾𝝁 × 𝐁 .
d𝑡

(2.2)

One can show, that the magnetic moment 𝝁 precesses around the direction of the magnetic ﬁeld
with an angular frequency of 𝝎𝐋 = −𝛾𝐁, which is called Larmor frequency. The component
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of 𝝁 parallel to 𝐁 remains constant so that the so-called Zeeman energy of the dipole in the
magnetic ﬁeld remains ﬁxed, too,
𝐸 = −𝝁 ⋅ 𝐁 .

(2.3)

Consider a free ion, which has a net angular momentum. Then, the electron system of
that ion will possess a permanent magnetic moment and the gyromagnetic ratio reads as
𝛾 = −𝑔(𝑒/2𝑚𝑐). The minus sign comes from the negative charge 𝑒 of the electron with mass
𝑚. The quantity 𝑔 depends on the contributions of spin 𝐒 and orbital momentum 𝐋 to the total
angular momentum. If only the orbital momentum is present, 𝑔 = 𝑔𝐿 = 1, and for only spin
contributions, 𝑔 = 𝑔𝑆 = 2. Here, we neglect the QED corrections to these quantities, which
are on the order of 10−4 . For the general case of spin-orbit coupling 𝐉 = 𝐋 + 𝐒, the value of
𝑔 is given by the Landé formula
𝑔𝐽 =

3 𝐿 (𝐿 + 1) − 𝑆 (𝑆 + 1)
−
.
2
2𝐽 (𝐽 + 1)

(2.4)

The total magnetic moment is given by 𝝁 = −𝑔𝐽 𝜇𝐵 𝐉, where 𝜇𝐵 = 𝑒ℏ/2𝑚𝑐 denotes the Bohr
magneton. The same considerations also hold for nuclear magnetic moments but instead of
𝜇𝐵 , the nuclear magneton 𝜇𝑛 = 𝑒ℏ/2𝑀𝑐 ∼ 10−3 𝜇𝐵 has to be employed where 𝑀 denotes the
mass of the proton. An alternative way of writing this is to deﬁne 𝑔𝐼 = 𝑔𝐽 (𝑚/𝑀) and keep
𝜇𝐵 in the deﬁnition of the total magnetic moment.
If the free ion possesses a nuclear angular momentum 𝐈, it is typically coupled to 𝐉 by the
following Hamiltonian
𝐻 = 𝑎 (𝐉 ⋅ 𝐈) .

(2.5)

This forms a number of energy levels with quantum numbers 𝐹 = (𝐽 +𝐼), (𝐽 +𝐼 −1), ..., |𝐽 −1|
with a separation of Δ𝐸 = 𝑎𝐹 . The Zeeman splitting of such a level for small magnetic ﬁelds
with respect to the hyperﬁne interaction energy is given by 𝜇𝐹 = −𝑔𝐹 𝜇𝐵 𝐹 , where
𝑔𝐹 =

𝐹 (𝐹 + 1) (𝑔𝐽 − 𝑔𝐼 ) + [𝐽 (𝐽 + 1) − 𝐼 (𝐼 + 1)] (𝑔𝐽 − 𝑔𝐼 )
2𝐹 (𝐹 + 1)

.

(2.6)

However, in typical ESR experiments, the hyperﬁne energy is usually smaller than the Zeeman
energy. In the strong ﬁeld limit, the contribution of the nucleus to the energy spectrum is
treated as a perturbation of the external magnetic ﬁeld and the total energy spectrum is
given by
𝐸 = 𝑔𝐽 𝜇𝐵 𝐽𝑧 𝐵 + 𝑎𝐽𝑧 𝐼𝑧 − 𝑔𝐼 𝜇𝐵 𝐼𝑧 𝐵 .
The subscript 𝑧 denotes the z-component of the vector.
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2.3.2 Magnetic resonance
A magnetic dipole precesses in a static magnetic ﬁeld with an angular frequency 𝜔𝐿 = −𝛾𝐵.
This eﬀects an oscillating magnetic ﬁeld normal to the static magnetic ﬁeld and the magnetic
moment interacts with an external oscillatory ﬁeld 𝐵1 cos(𝜔𝑡), which is perpendicular to
the static magnetic ﬁeld. If the frequency of the external AC ﬁeld matches the precession
frequency 𝜔 = 𝜔𝐿 , it is possible to manipulate the component pointing parallel to the static
ﬁeld 𝜇 cos 𝛼 even if 𝐻1 ≪ 𝐻. (A full quantum mechanical description will be given in
Sec. 3.2.2.) Changing the component of 𝜇 parallel to 𝐁 will change the energy of the dipole
𝐸 = −𝜇𝐵 cos 𝛼 = −𝛾𝐺𝐻 cos 𝛼 .

(2.8)

Since the angular momentum is quantized, 𝐺 cos 𝛼 can only take values ℏ𝑀, ℏ(𝑀 − 1),
... The smallest change of momentum is Δ𝑀 = ±1 requiring one quantum of energy ℏ𝜔.
Hence, electron spin resonance spectroscopy allows to determine the value of the g-factor 𝑔
by measuring the resonance frequency for a given magnetic ﬁeld
𝑔=

𝜇𝐵 𝐵
.
ℏ𝜔

(2.9)

Classical dynamics of the driven spin
The equations of motion of the classical magnetic moment (see Eq. (2.2)) already provide
a good understanding of the evolution of a spin which is subject to a resonant driving ﬁeld.
For the sake of simplicity, we consider a circularly polarized magnetic driving ﬁeld 𝐁𝟏
with components 𝐵1𝑥 = 𝐵1 cos(𝜔𝑀𝑊 𝑡) and 𝐵1𝑦 = 𝐵1 sin(𝜔𝑀𝑊 𝑡). The coordinate system
(𝑥, 𝑦, 𝑧) is set up such that the static magnetic ﬁeld points along the 𝑧-axis. Thus, the Larmor
precession with frequency 𝝎𝐋 takes place in the (𝑥, 𝑦) plane. It is convenient to remove the
time dependence of 𝐁𝟏 by going into a counterclockwise rotating frame with frequency 𝜔𝑀𝑊 .
With the oﬀset frequency 𝛀𝐒 = 𝝎𝐋 − 𝝎𝐌𝐖 , Eq. (2.2) takes the following form
d𝜇𝑥
d𝑡
d𝜇𝑦

d𝑡
d𝜇𝑧
d𝑡

=

−Ω𝑆 𝜇𝑦 ,

=

Ω𝑆 𝜇𝑥 − 𝛾𝐵1 𝜇𝑧 ,

=

𝛾𝐵1 𝜇𝑦 .

(2.10)

The presence of the driving magnetic ﬁeld 𝐁𝟏 induces an additional precession with frequency
𝜔1 = 𝛾𝐵1 . The resulting motion leads to a nutation. In the resonant case Ω𝑆 = 0, the
magnetic moment 𝝁 precesses around the 𝑥-axis with a frequency 𝜔1 proportional to the
magnitude of the drive ﬁeld.
Note, that by applying short pulses, one can rotate the magnetization vector by an arbitrary
angle. Pulses rotating the spin to the (𝑥, 𝑦) plane, are called 𝜋/2-pulses. Accordingly,
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rotations which invert the magnetization are called 𝜋-pulses. These pulses are the essence of
pulsed ESR spectroscopy. The frequency 𝜔1 is also called Rabi frequency. In the quantum
mechanical description, the components of the magnetization are replaced by spin operators
but the essential dynamics stays the same (see Sec. 2.3.6).

2.3.3 Eﬀective spin and magnetic anisotropy
In order to detect an ion with solid state ESR, it has to possess a partly ﬁlled shell. These
occur predominantly in the transition groups, i.e. the 3d (iron group), 4d (palladium group),
5d (platinum group), 4f (lanthanide group) and 5f (actinide group). An ion embedded in a
solid crystal cannot be approximated by a free ion in vacuum because the ion is surrounded
by diamagnetic ions. These so-called ligand ions produce a strong electrostatic ﬁeld aﬀecting
the motion of the electrons. The electrostatic ﬁeld reﬂects the local crystal symmetry and the
resulting Stark splittings range from 1 THz to several 100 THz. This lifts the degeneracy of
the ion's ground state almost entirely. In the case of an ion with an odd number of electrons,
Kramer's theorem predicts that at least a twofold degeneracy must remain. These twofold
degenerate states are called Kramers doublets. Since the Kramers doublets do not interact
with electrostatic ﬁelds, it makes sense to introduce the concept of an eﬀective spin 1/2 for
describing the doublets. The idea is to keep the form of the Hamiltonian for the Zeeman
interaction of the free ion (see Eq. (2.1)) and to introduce a g-tensor accounting for the
deviations from the free spin 1/2
𝐻 = 𝜇𝐵 𝐒g𝐁 .

(2.11)

At this point, it should be noted that similar considerations also hold for the hyperﬁne
and quadrupole interactions, and a hyperﬁne tensor 𝐴 and a quadrupol tensor 𝑄 have to be
introduced, respectively. It is possible to diagonalize the g-tensor. The axes of the diagonalized
basis are called (magnetic) principal axes and 𝐻 takes the following form
𝐻 = 𝜇𝐵 (𝑔𝑥𝑥 𝐵𝑥 𝑆𝑥̂ + 𝑔𝑦𝑦 𝐵𝑦 𝑆𝑦̂ + 𝑔𝑧𝑧 𝐵𝑧 𝑆𝑧̂ ) .

(2.12)

The g-factor for a given orientation of the experiment is given by the direction cosines 𝑙, 𝑚
and 𝑛
2
2
2
𝑔 2 = 𝑙2 𝑔𝑥𝑥
+ 𝑚2 𝑔𝑦𝑦
+ 𝑛2 𝑔𝑧𝑧
.

(2.13)

In the special case of cubic symmetry, 𝑔 remains isotropic. For axial symmetry where
𝑔𝑥𝑥 = 𝑔𝑦𝑦 = 𝑔⟂ and 𝑔𝑧𝑧 = 𝑔∥ , Eq. (2.13) simpliﬁes to
𝑔 2 = 𝑔∥2 cos2 𝜃 + 𝑔⟂2 sin2 𝜃 .

(2.14)

Since the principal g values for Er:YSO reveal a low axial anisotropy (e.g. for site 1: 𝑔𝑥 ≈ 0,
𝑔𝑦 ≈ 1.5, 𝑔𝑧 ≈ 14.8 [Sun+08; Gui+06]), Eq. (2.14) is a good approximation to study this
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spin ensemble. The magnetic anisotropy inﬂuences the coupling of the AC probe magnetic
ﬁeld, too. It turns out that the coupling g-factor 𝑔1 for axial symmetry and 𝐵1 ⟂ 𝐵 is given
by [AB12]
𝑔1 =

𝑔⟂ 𝑔∥
𝑔

.

(2.15)

Figure 2.2 illustrates the angular dependence of the AC and DC g-factors 𝑔1 and 𝑔 for axial
symmetry.
16
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Figure 2.2: Angular dependence of DC and AC g-factors in axial geometry, g⟂ = 1, g∥ = 15.

Note that in contrast to d-group ions, the quenching of the orbital momentum is only a minor
eﬀect in the 4f and 5f groups and often leads to a ground state, which carries a large amount
of both spin and orbital momentum. This gives rise to large eﬀective g-values and large
hyperﬁne structures. Consequently, those ions are very attractive for applications requiring a
large spin tuning rate or operation at zero ﬁeld and microwave frequencies.

2.3.4 Spin-spin interaction
Spin-spin interaction summarizes all dephasing eﬀect due to the presence of magnetic ﬁelds
created by the magnetic dipole bath surrounding a single spin. Dipole-dipole interactions
broaden the absorption line of the probed spin transitions. An empirical description is the
Gaussian approximation for the lineshape
𝑓 (𝐵) =

1

1

2
(2𝜋 ⟨𝐵𝑖 ⟩) 2

2
(𝐵 − 𝐵 0 )
exp −
.
(
2 ⟨𝐵𝑖 ⟩2 )

(2.16)

𝐵0 is the center of the line, ⟨𝐵𝑖2 ⟩ is the mean second moment of the line.
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On length scales below 0.5 nm, the exchange interaction exceeds the dipole-dipole interaction,
which gives rise to ``exchange narrowing'' and results in a Lorentzian line shape of width Δ𝐵
𝑓 (𝐵) =

1
Δ𝐵
.
2
𝜋 (Δ𝐵) + (𝐵 − 𝐵 )2
0

(2.17)

However, the later does not apply for the samples investigated in this thesis due to the low
concentrations of doped ions. In the context of circuit QED hybrid systems, the linewidth of
NV-centers in diamond has been determined to lie between a Gaussian and Lorentzian line
shape [San+12; Put+14] and is subject of active research.
In the following, three dephasing mechanisms are presented. It is crucial to understand their
origins in a speciﬁc material in order to improve the coherence and storage time of a potential
quantum memory.
Spectral diﬀusion
Electronic spin ensembles often feature a rather large linewidth Γ⋆
2 , which can exceed the
bandwidth of the excitation pulses used in pulsed ESR spectroscopy. This gives rise to
two groups of spins; the 𝐴 spins which are excited and the 𝐵 spins which remain in their
equilibrium state. The magnetic ﬁelds created by the magnetic moments of both 𝐴 and 𝐵
spins interact with each other such that spin magnetization gets transferred from the 𝐴 to the
𝐵 system where it is undetectable. Also, the equilibrium magnetization can be transferred
from the 𝐵 to the 𝐴 system. Thus, the observer of the 𝐴 system notices a relaxation process
although non-equilibrium magnetization may be present in parts of the spin ensemble which
are not accessible experimentally. This process is called spectral diﬀusion.
Instantaneous diﬀusion
In experiments with low spin concentration (< 1018 cm−3 ), the magnetic interactions between
the spins cannot be always neglected. Consider a spin 𝑆1 which gets excited by a microwave
pulse. Its precession frequency depends on the external magnetic ﬁeld. However, if a spin-ﬂip
of a neighboring spin 𝑆2 happens, the DC magnetic ﬁeld slightly changes resulting in a small
diﬀerence in the precession frequency. Thus, the 𝑆1 spin acquires a diﬀerent phase compared
to its original precession frequency. Multiple spin ﬂips in the environment give rise to a
random walk of the 𝑆1 spin frequency through the frequency spectrum. For a randomly
distributed spin ensemble of concentration 𝐶, the relaxation time caused by instantaneous
diﬀusion is given by
2
1
𝜋 𝜇0 𝜇𝐵 g1 g2 2
=𝐶
sin (𝛽/2) .
𝑇ID
ℏ
9√3

(2.18)

Here, g1 and g2 are the DC g-factors of the excited spins and in most cases g1 ≈ g2 is a good
approximation. The angle 𝛽 quantiﬁes the ﬂipping angle of the spin state due to a microwave
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pulse. By experimentally varying 𝛽, one can separate 𝑇ID from other dephasing contributions.
For a g-factor of 2 and a concentration of 1018 cm−3 , 𝑇ID ≈ 1.2 μs [SE01].
Spin diﬀusion
Spin diﬀusion is always present in spin ensembles and is responsible for establishing a
common spin temperature. The coupling term 𝜔𝑓 𝑓 (𝑆𝑥̂𝐴 𝑆𝑥̂𝐵 + 𝑆𝑦̂𝐴 𝑆𝑦̂𝐵 ) mixes 𝐴 and 𝐵 spins
with a strength given by the ﬂip-ﬂop frequency 𝜔𝑓 𝑓 . The diﬀusion rate depends on the
distance 𝑟 of 𝐴 and 𝐵 spins and scales with 𝑟−6 .

2.3.5 Spin-lattice interaction
The goal of this section is to give an order of magnitude estimation of the energy relaxation
times of the spins of Kramers ions and determine their functional behavior with temperature.
The energy density of the phonon radiation bath is given by
𝜌ph d𝜔 =

ℏ𝜔3 2
1
d𝜔
+ 3
,
2𝜋 ( 𝑣3𝑡
𝑣𝑙 ) exp (ℏ𝜔/𝑘𝐵 𝑇ph ) − 1

(2.19)

where 𝑣𝑡 and 𝑣𝑙 denote the transversal and longitudinal sound velocities, respectively. For
this estimation, we will set 𝑣𝑡 = 𝑣𝑙 = 𝑣 and ignore any wave velocity dispersion. Phonons
propagating through the crystal shake the lattice, which leads to a modulation of the electric
ﬁeld. This gives rise to an orbit-lattice interaction. However, the spin does not react to an
electric ﬁeld and the phonons couple only indirectly to the spins via the spin-orbit interaction.
In order to calculate the relaxation rate, it is useful to expand the crystalline electric potential
𝑉 in powers of the strain 𝑉 = 𝑉0 + 𝜖𝑉1 + 𝜖 2 𝑉2 + ⋯. Here, 𝑉0 is the static term, which has
no inﬂuence on the spin. The matrix element of the ﬁrst non-vanishing order is
𝜔𝑖𝑓 =

2𝜋 2 |
𝜖 |⟨𝑖| 𝑉1 |𝑓 ⟩||2 𝑓 (𝜔) .
ℏ2

(2.20)

Here, 𝑓 (𝜔) is the linewidth function. The states ⟨𝑖| and |𝑓 ⟩ denote the initial and ﬁnal states
of the spin before and after emission of a phonon, respectively. This process is called a direct
process, where one phonon is emitted or absorbed, respectively. The strain 𝜖 can be related
to the phonon energy density and the Einstein coeﬃcient of induced emission and absorption
is given after integrating over the lineshape by 𝐵 = 𝜋|𝑉1 |2 /ℏ2 𝜌𝑣2 , where 𝜌 is the crystal
density, see [AB12] (chapter 10.4). The temperature dependence of 𝑇1 of a Kramers doublet
is given by
1
ℏ𝜔
= 𝑅𝑑 (ℏ𝜔)5 coth
,
(
𝑇1
2𝑘𝐵 𝑇 )
where 𝑅𝑑 =

3
1
|𝑉 |2
2𝜋ℏ4 𝜌𝑣5 Δ2 1

(2.21)

and Δ denotes the crystal ﬁeld splitting. We now attempt to

estimate the 𝑇1 time at a temperature of 𝑇 = 20 mK for an Er3+ ion doped into a perfect
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Y2 SiO5 crystal. The density of Y2 SiO5 is 4.44 g/cm3 and we assume an average speed of
sound of 3 × 103 m/s with an uncertainty of one order of magnitude. For rare earth doped
crystals, |𝑉1 |2 is on the order of (300 GHz)2 [AB12]. The crystal ﬁeld splitting of the ﬁrst Er3+
Stark level amounts for Δ ≈ 900 GHz [Dou+95]. Assuming a Zeeman splitting of 10 GHz, we
obtain 𝑇1 ≈ 197 s. For a Zeeman splitting of 5 GHz, the formula yields 𝑇1 ≈ 105 min. Note
that in our experiments, the crystal lattice is distorted by the comparably large concentration
of dopant ions, which alters the transition probabilities and therefore reduces the 𝑇1 time.
Nonetheless, energy relaxation times in the order of seconds are to be expected. As a side
remark, non-Kramers ions have relaxation times, which are smaller by a factor of 10−3 . The
reason for the long relaxation times of the Kramers doublets is that in zero magnetic ﬁeld
also the 𝑉1 term vanishes due to the time reversal symmetry. An external magnetic ﬁeld
produces an admixture of excited states, which is on the order of ℏ𝜔/Δ compared to unity
for non-Kramers ions. The matrix elements of the spin states of iron group ions are typically
larger and the relaxation times shorter [AB12].
The direct process, which was just described, is the dominant relaxation mechanism in the
temperature range 𝑘𝐵 𝑇 ≪ ℏ𝜔 investigated in this thesis. For comparison, we give the full
temperature dependence of the longitudinal relaxation for Kramers doublets without further
derivation, see [AB12] (chapter 10.4),
1
𝑇1

ℏ𝜔
(direct process)
( 2𝑘𝐵 𝑇 )

=

𝑅𝑑 (ℏ𝜔)5 coth

+

Δ
𝑅or Δ3 exp
−1
[
( 𝑘𝐵 𝑇 )
]

+

𝑅𝑟 𝑇 9 + 𝑅′𝑟

−1

(Orbach process)

2

ℏ𝜔
𝑇 7 (Raman process) .
( 𝑘𝐵 )

(2.22)

2.3.6 Quantum mechanical description of the time evolution
Neglecting relaxation for the moment, the time evolution of a quantum system can be described
by the Liouville equation
d𝜚 ̂
̂
= −𝑖 [𝐻(𝑡),
𝜚]̂ ,
d𝑡

(2.23)

̂ and the density operator
with the Hamiltonian2 𝐻(𝑡)
𝜚 ̂ = ∑ 𝑝𝑖 ||Ψ𝑖 ⟩ ⟨Ψ𝑖 || .
𝑖

(2.24)

If the Hamiltonian is time independent, the time evolution is given by 𝜚(𝑡)
̂ = 𝑈̂ 𝜚(0)
̂ 𝑈̂ †
̂
̂
with 𝑈 = exp(−𝑖𝐻𝑡). However, in a typical pulsed ESR experiment, the spin system is
2

The Hamiltonian is given in units of energy over ℏ.
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subject to time-dependent perturbations introducing a time dependence into the Hamiltonian.
Nonetheless, it is possible to approximate the Hamiltonian by a number of piecewise constant
Hamiltonians, such that the approximate time evolution can be written
†

†

†

𝜚(𝑡)
̂ = 𝑈̂ 𝑛 𝑈̂ 𝑛−1 ⋯ 𝑈̂ 1 𝜚(0)
̂ 𝑈̂ 1 ⋯ 𝑈̂ 𝑛−1 𝑈̂ 𝑛 .

(2.25)

The propagators 𝑈̂ 𝑖 represent either pulsed microwave manipulations or periods of free evolution.
Two level dynamics
Here, we consider a spin 1/2 system. The single spin subspace is spanned by the 𝑆𝑥̂ , 𝑆𝑦̂ and
𝑆𝑧̂ operators. They are given by the Pauli matrices
𝑆𝑥̂ =

0 1/2
0 −𝑖/2
1/2
0
, 𝑆̂ =
, 𝑆̂ =
(1/2 0 ) 𝑦 (𝑖/2
0 ) 𝑧 ( 0 −1/2)

(2.26)

The Hilbert space of systems involving multiple spins is given by tensor product of the single
spin Hilbert spaces. Figure 2.3 shows the representation of a single spin on the Bloch sphere.
The 𝑧-component is often referred to as longitudinal magnetization and the projection onto
the 𝑥-𝑦-plane is called transverse magnetization.
|𝑒⟩
𝑆̂

𝑆𝑧̂
𝑆𝑦̂

𝑆𝑥̂
|𝑔⟩
Figure 2.3: Bloch sphere.
spin, respectively.

The kets |𝑒⟩ and |𝑔⟩ denote the excited and ground state of the

In an external magnetic ﬁeld, the spin precesses with the Larmor frequency 𝜔𝑠 around
the axis of the static magnetic ﬁeld. For the description of the dynamics close to the
resonance, it is convenient to move to a so-called rotating frame by applying the transformation |Ψ⟩rot = exp(𝑖𝜔MW 𝑆𝑧̂ 𝑡) |Ψ⟩. This coordinate system rotates with the applied
microwave frequency 𝜔MW . The Hamiltonian of the Zeeman interaction transforms to
𝐻̂ 0 = (g𝜇𝐵 Δ𝐵/ℏ)𝑆𝑧̂ = Ω𝑠 𝑆𝑧̂ . The Hamiltonian of the oscillatory ﬁeld applied along the
𝑥-axis is given by 𝐻̂ 1 = 𝜔𝑅 𝑆𝑥̂ , where 𝜔𝑅 is the so-called Rabi frequency.
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At zero temperature, the density operator in thermal equilibrium is given by 𝜚 ̂ = −𝑆𝑧̂ . Then,
a 𝜋/2 pulse is applied which rotates the magnetization vector to the −𝑦-axis3 . Thus, the
density operator is now given by 𝜚1̂ = 𝑆𝑦̂ . The time evolution of the density operator
follows accordingly
̂

̂

𝜚2̂ (𝑡) = 𝑒−𝑖Ω𝑠 𝑆𝑧 𝑡 𝜚1̂ 𝑒𝑖Ω𝑠 𝑆𝑧 𝑡 = cos(Ω𝑠 𝑡)𝑆𝑦̂ − sin(Ω𝑠 𝑡)𝑆𝑥̂ .

(2.27)

Typically, the precession frequencies of spin ensembles in solids follow a certain distribution,
which is often referred to as inhomogeneous broadening. This is taken into account by
a normalized distribution 𝑓inh (Ω𝑠 ) and the operators have to be replaced by the ensemble
average to infer the net magnetization
⟨𝑆𝑦̂ ⟩ =
⟨𝑆𝑥̂ ⟩ =

1 ∞
𝑓inh (Ω𝑠 ) cos(Ω𝑠 𝑡) dΩ𝑠 ,
2∫
−∞
1 ∞
𝑓inh (Ω𝑠 ) sin(Ω𝑠 𝑡) dΩ𝑠 .
2∫
−∞

(2.28)
(2.29)

The precessing spins can be compared to oscillating classical magnetic moments representing
electromagnetic dipoles. Therefore, the spin ensemble emits electromagnetic radiation
proportional to ⟨𝑆𝑦̂ ⟩ and ⟨𝑆𝑥̂ ⟩. Thus, Eqs. (2.28) and (2.29) clearly show that the emitted
signal decays over time due to the increased dephasing of the spins until their individual
contributions average to zero. This decay is called free induction decay.
Up to now, dissipation has been neglected. The presented description can be extended to treat
an open quantum system by introducing a Lindblad operator 𝐿(̂ 𝜚)̂
d𝜚 ̂
̂
= −𝑖 [𝐻(𝑡),
𝜚]̂ + 𝐿(̂ 𝜚)̂ ,
d𝑡

(2.30)

The simplest form of 𝐿̂ for a single spin is given by
𝐿(̂ 𝜚)̂ = −Γ1 𝑆𝑧̂ 𝜚𝑒 − Γ2 (𝑆+̂ 𝜚𝑒𝑔 + 𝑆−̂ 𝜚𝑔𝑒 ) ,

(2.31)

where 𝑆±̂ = (𝑆𝑥̂ ± 𝑖𝑆𝑦̂ )/2. The indices of 𝜚 denote the respective entries of the density matrix,
where 𝑒 denotes the excited and 𝑔 the ground state. The ﬁrst term in Eq. (2.31) describes
the longitudinal relaxation whereas the second term describes the dephasing Γ2 = Γ1 /2 + Γ𝑝 ,
where Γ𝑝 denotes the pure dephasing rate.
Electron spin echos
Paramagnetic spin ensembles can have a quite large inhomogeneous broadening on the oder
of 10 MHz. In the context of quantum memory research, this leads to a fast decay of stored
information withing 100 ns due to the free induction decay. The previous analysis has been
3

The sign of the spin operator for electrons is opposite to the magnetization, e.g. the magnetization component
𝑀𝑥 corresponds to 𝜚 ̂ = −𝑆𝑥̂ .
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performed without considering relaxation processes indicating that the information of the
initial 𝜋/2-pulse is still in the system. Indeed, if the time evolution could be reversed, all spins
would return to their starting position, i.e., being in phase again and emitting a measurable
signal. This can be done by applying an additional 𝜋-rotation around the 𝑥-axis. Such a
pulse inverts the phase 𝜙 of the 𝑦-component of the magnetization vector (𝜙 → −𝜙) and the
𝑥-component stays unchanged. The density operator before the second pulse has been derived
in Eq. (2.27), and right after the pulse is given by
𝜚3̂ (𝜏) = − cos(Ω𝑠 𝜏)𝑆𝑦̂ − sin(Ω𝑠 𝜏)𝑆𝑥̂ ,

(2.32)

where 𝜏 denotes the delay between the 𝜋/2 and the 𝜋-pulse. The subsequent evolution reads
𝜚4̂ (𝜏 + 𝑡) = − cos(Ω𝑠 (𝑡 − 𝜏))𝑆𝑦̂ + sin(Ω𝑠 (𝑡 − 𝜏))𝑆𝑥̂ .

(2.33)

For 𝑡 = 𝜏, 𝜚4̂ = −𝑆𝑦̂ which means that the system is refocused. This time evolution is
now inserted into the equations of the inhomogeneous ensemble yielding ⟨𝑆𝑦̂ ⟩ = −1/2 and

⟨𝑆𝑥̂ ⟩ = 0. Hence, the system is rephased and emits an echo pulse. This sequence is called two
pulse echo sequence, see Fig. 2.4 for a schematic representation. Note that we have neglected
the case where the inhomogeneous linewidth is larger than the bandwidth of the pulse. In this
case, the description becomes more complex in terms of the line shape of the emitted echo.
In a realistic system with relaxation, the two pulse echo enables us to measure the coherence
time 𝑇2 by varying the time 𝜏 between the pulses and recording the emitted echo amplitude.
For the analysis of the data, the recorded amplitude vs. 2𝜏 is plotted. The characteristic
timescale of the exponential decay in this plot is given by the coherence time 𝑇2 . There are a
number of diﬀerent pulse schemes and we refer to Ref. [SE01] for further details.
𝜋/2-pulse
𝑆𝑦̂

−𝑆𝑦̂

𝑆𝑥̂
0

echo

𝜋-pulse

𝑆𝑥̂
𝜏

t

2𝜏

Figure 2.4: From left to right, spin dynamics of the two pulse sequence in the equatorial plane of the
Bloch sphere. After the initial 𝜋/2-pulse, the spins defocus. At 𝑡 = 𝜏, the 𝜋-pulse ﬂips the phase of the
𝑦-component leading to a rephasing and an echo at 𝑡 = 2𝜏.

The second important pulse scheme is the three pulse or stimulated echo sequence involving
three 𝜋/2-pulses. It can be viewed as a two pulse sequence where the second 𝜋-pulse has been
separated into two 𝜋/2-pulses with separation time 𝑇𝑊 . In a stimulated echo experiment, the
ﬁrst two pulses are separated by a short time 𝜏 and the waiting time 𝑇𝑊 is varied. The ﬁrst
two 𝜋/2-pulses serve as a polarization generator. This polarization grating is stored for a time
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𝑇𝑊 , until it is transferred back to transverse magnetization by a so-called read-pulse with a
subsequent echo after a time 𝜏. For the quantitative description, it is again convenient to look
at the evolution of a single spin packet. After the second 𝜋-pulse, the density operator is
given by
𝜚(𝜏)
̂ = cos(Ω𝑠 𝜏)𝑆𝑧̂ .

(2.34)

This is called a polarization grating. Then, after 𝑇𝑊 , a ﬁnal 𝜋/2 pulse yields
𝜚(𝜏
̂ + 𝑇𝑊 ) = − cos(Ω𝑠 𝜏)𝑆𝑦̂ ,

(2.35)

and the following time evolution after time t
1
− [cos(Ω𝑠 (𝑡 − 𝜏)) + cos(Ω𝑠 (𝑡 + 𝜏))] 𝑆𝑦̂
2
̂
+ [sin(Ω𝑠 (𝑡 − 𝜏)) + sin(Ω𝑠 (𝑡 + 𝜏))] 𝑆𝑥 .

𝜚(𝜏
̂ + 𝑇𝑊 + 𝑡)

=

(2.36)

The terms with sin(Ω𝑠 (𝑡 + 𝜏)) and cos(Ω𝑠 (𝑡 + 𝜏)) cannot yield an echo response because
the time 𝑡 is only positive valued. However, for 𝑡 = 𝜏 all terms with sin(Ω𝑠 (𝑡 − 𝜏)) and
cos(Ω𝑠 (𝑡 − 𝜏)) become time independent and contribute. Note that in the three pulse sequence
half of the polarization defocuses such that for the ensemble response one gets ⟨𝑆𝑦̂ ⟩ = −1/4.
This is half of the two pulse echo signal. The relaxation of the stimulated echo with longer
𝑇𝑊 is limited by the so-called phase memory time 𝑇𝑚 , which will be further discussed in the
experimental part of the thesis.
Electron spin echo envelope modulation (ESEEM)
Electron spin echo envelope modulation (ESEEM) is a pulsed ESR technique, which allows
to study the magnetic environment of an electron spin. The electron spin of an ion doped into
a crystal interacts with the surrounding nuclear spins by dipole-dipole interaction. Here, we
consider a four state system |𝑆, 𝐼⟩ of one electron spin 𝐒 and a nuclear spin 𝐈. The electronic
and nuclear precession frequencies are denoted by 𝜔𝑒 and 𝜔𝐼 , respectively. If the nuclear spins
are suﬃciently far away (≫ 0.3 Å), Fermi contact coupling is negligible and the interaction
Hamiltonian reads
𝐻 int
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𝑔𝜇𝐵 𝑔𝑛 𝜇𝑛 𝐒 ⋅ 𝐈 3(𝑔𝜇𝐒 ⋅ 𝐑)(𝑔𝑛 𝜇𝑛 𝐈 ⋅ 𝐑)
−
]
𝑅3
𝑅5

=

−

≈

𝜇0 𝑔𝜇𝐵 𝑔𝑛 𝜇𝑛
2
[3 cos (𝜃) − 1] 𝐒 ⋅ 𝐈 .
4𝜋
𝑟3

[

(2.37)
(2.38)
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The simpliﬁcation in the last line is obtained by assuming 𝐒 ∥ 𝐈, which is justiﬁed in a
suﬃciently strong magnetic ﬁeld. In this regime, one can evaluate the 𝑧𝑧 and 𝑥𝑧 part of the
dipole-dipole interaction [Hof89; Sco07]
𝐴𝑧𝑧

=

𝐴𝑥𝑧

=

𝜇0 𝑔𝜇𝐵 𝑔𝑛 𝜇𝑛
2
[3 cos (𝜃) − 1] ,
4𝜋
𝑟3

(2.39)

𝜇0 𝑔𝜇𝐵 𝑔𝑛 𝜇𝑛
3 cos(𝜃) sin(𝜃) .
4𝜋
𝑟3

(2.40)

The interaction lifts the twofold degeneracy |−, ±⟩ and |+, ±⟩ by the super-hyperﬁne frequencies
ℏ𝜔1 =

2
𝐴𝑧𝑧
𝐴2𝑥𝑧
+
− ℏ𝜔𝐼 ,
√ 4
( 2
)

(2.41)

ℏ𝜔2 =

2
𝐴𝑧𝑧
𝐴2𝑥𝑧
+
+ ℏ𝜔𝐼 ,
√ 4
( 2
)

(2.42)

where 𝜔𝐼 = 𝑔𝑛 𝜇𝑛 𝐵/ℏ is the nuclear Zeeman frequency.
(a)

(b)

Y

𝐁

Y

Si
Er
Y

Y

(c)
𝐒

𝐈

𝜃
3

O

𝜔2

-4

Å

|4⟩ ≈ |++⟩
|3⟩ ≈ |+−⟩

𝜔𝑒
𝜔1

|2⟩ ≈ |−+⟩
|1⟩ ≈ |−−⟩

Figure 2.5: (a) Crystal structure of Er:YSO at site 2. (b) Dipole-dipole interaction between an electronic
𝐒 and nuclear 𝐈 spin. (c) Resulting level structure: The electronic levels split by the two super-hyperﬁne
frequencies 𝜔1 and 𝜔2 .

The new eigenstates deviate slightly from the eigenstates of the uncoupled |±, ±⟩ system. The
mixing angles are given by 𝜙1 = 𝐴𝑥𝑧 /2𝜔1 and 𝜙2 = 𝐴𝑥𝑧 /2𝜔2 yielding
|1⟩
|2⟩
|3⟩
|4⟩

=
=

− sin(𝜙1 /2) |−+⟩ + cos(𝜙1 /2) |−−⟩ ,
cos(𝜙1 /2) |−+⟩ + sin(𝜙1 /2) |−−⟩ ,

(2.43)
(2.44)

=

cos(𝜙2 /2) |++⟩ + sin(𝜙2 /2) |+−⟩ ,

(2.46)

=

− sin(𝜙2 /2) |++⟩ + cos(𝜙2 /2) |+−⟩ ,

(2.45)

where |1⟩ denotes the lowest and |4⟩ the highest energy level.
In the case of Er doped YSO, 89 Y features a nuclear spin 1/2 with 100% abundance and
g𝑛 = −0.2748. The isotopes of Si and O with nuclear spin are negligible due to their low
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abundance. Here, only even isotopes of Er are considered and the Hamiltonian of an Er-Y
pair in a magnetic ﬁeld reads as follows [Gui+07]
𝐻 = 𝜇𝐵 𝐁g𝐒 − 𝜇𝑛 𝑔𝑛 𝐁𝐈 + 𝐻 int ,

(2.47)

where the interaction term is given by the dipole-dipole coupling (see Eq. (2.38)).
For a three pulse echo sequence, the echo intensity for a pair of interacting spins is given
by [SE01]
𝐼(𝜏, 𝑇𝑊 ) =

1
𝑉 + 𝑉2 ) ,
2( 1

(2.48)

where
𝑉1

=

1−

𝑘
1 − cos(𝜔2 𝜏)] [1 − cos(𝜔1 (𝜏 + 𝑇𝑊 ))] ,
2[

(2.49)

𝑉2

=

1−

𝑘
1 − cos(𝜔1 𝜏)] [1 − cos(𝜔2 (𝜏 + 𝑇𝑊 ))] .
2[

(2.50)

The parameter 𝑘 = (𝜔𝐼 𝐴𝑥𝑧 )/(𝜔1 𝜔2 ) determines the depth of the modulation and is linked to
the transition probabilities between the two allowed and the two partially forbidden transitions
[Mim68]. Note, that the two pulse ESEEM signal is given by evaluating Eq. (2.48) with
𝑇𝑊 = 0. The ESEEM signal can become quite complex if multiple ions are involved and the
total intensity for N interacting ions is given by
𝑁

𝑁

1
𝐼(𝜏, 𝑇𝑊 ) =
𝑉1,𝑛 + ∏ 𝑉2,𝑛 .
2 (∏
)
𝑛=1
𝑛=1

(2.51)

ESEEM spectra are analyzed by removing the baseline (i.e. the exponential decay) and
Fourier transforming the data. In this thesis, ESEEM time-domain data is typically multiplied
by a Hamming window before a discrete fast Fourier transform is applied. The Hamming
window is a window function, which helps to suppress numerical artifacts in the discrete
Fourier transform.

2.4 Optical spectroscopy of erbium ions in YSO
Erbium ions doped into Y2 SiO5 possess an optical transition corresponding to a wavelength
of approximately 1.54 μm. The transition lies inside the 4f shell and goes from the 4 𝐼15/2
to the 4 𝐼13/2 state as shown in Fig. 2.1(b), Sec. 2.2. The optical transition corresponds to a
vacuum wavelength of 1536.48 nm at site 1 and 1538.90 nm at site 2 in zero magnetic ﬁeld
[Böt+06b]. The erbium ions at each site can occupy two diﬀerent magnetically inequivalent
positions, i.e. magnetic classes. Thus, at zero magnetic ﬁeld, the 4 𝐼15/2 and 4 𝐼13/2 states are
each twofold degenerate. Applying a magnetic ﬁeld can lift the degeneracy and a 4-level
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structure emerges for each class. For each site, 2 × 4 optical transitions are possible, which are
labeled (𝒶𝑎 , 𝒷𝑎 , 𝒸𝑎 , 𝒹𝑎 ) for class 𝑎 and (𝒶𝑏 , 𝒷𝑏 , 𝒸𝑏 , 𝒹𝑏 ) for class 𝑏. [Sun+08] (see Fig. 2.6).
4

|𝑒 ↑⟩
|𝑒 ↓⟩

𝐼13/2
𝒶

4

𝐼15/2

𝒷

𝒸

𝒹

|𝑔 ↑⟩
|𝑔 ↓⟩

Figure 2.6: Optical transitions for an erbium site and magnetic class. In a magnetic ﬁeld, the
degeneracy of the spin states in the optical ground and excited state is lifted thereby giving rise to four
optical transitions.

The g-tensors of the optical ground and excited states diﬀer such that for most orientations of
the magnetic ﬁeld, the transition energies of the optical transitions 𝒶 and 𝒸 do not coincide.

2.4.1 CW spectroscopy
In this thesis, the optical spectroscopy is performed in transmission at milli-Kelvin temperatures. At such low temperatures, it is justiﬁed to truncate the level structure of Er3+ in YSO
to the eﬀective 4-level system mentioned above. This is possible because the crystal ﬁeld
splitting is on the order of 1 THz and therefore, ℏ𝜔 ≫ 𝑘𝐵 𝑇 . In the following the optical
ground and excited states will be denoted with the letters 𝑔 and 𝑒 and the spin state will be
indicated by arrows such that in a magnetic ﬁeld |𝑔 ↓⟩ denotes the lowest level.
The interaction Hamiltonian of a monochromatic light ﬁeld (e.g. from a laser) 𝐄(±) (𝐫, 𝑡) =
𝐄0 (𝐫, 𝑡) exp(∓𝑖𝜔0 𝑡) with a two level atom is given in the rotating wave approximation by
𝐻̂ rwa (𝑡) = −𝐝 ⋅ 𝐄0 (𝑡)𝑒−𝑖𝛿0 𝑡 𝜎̂+ − 𝐝∗ ⋅ 𝐄∗0 (𝑡)𝑒𝑖𝛿0 𝑡 𝜎̂− ,

(2.52)

where the envelope of the electric ﬁeld amplitude 𝐄0 is evaluated at the position of the atom.
The 𝜎̂± are the raising and lowering operators expressed in the eigenbasis (|1⟩ , |2⟩). The
solution to this problem including dissipation is obtained by solving the Liouville equation,
which yields the Bloch equations [GC08]
d
𝜚 ̄ (𝑡)
d𝑡 22
d
𝜚 ̄ (𝑡)
d𝑡 11
d
𝜚 ̄ (𝑡)
d𝑡 21

=

−𝜔21 𝜚22
̄ (𝑡) + 𝑖 [Ω(𝑡)𝜚12
̄ (𝑡) − Ω(𝑡)∗ 𝜚21
̄ (𝑡)] ,

(2.53)

=

𝜔21 𝜚22
̄ (𝑡) − 𝑖 [Ω(𝑡)𝜚12
̄ (𝑡) − Ω(𝑡)∗ 𝜚21
̄ (𝑡)] ,

(2.54)

= (𝑖𝛿 − Γ21 ) 𝜚21
̄ (𝑡) + 𝑖Ω(𝑡) (𝜚11
̄ (𝑡) − 𝜚22
̄ (𝑡)) .

(2.55)
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Here, 𝜔21 = 1/𝑇1 is the decay rate, Γ21 = 1/𝑇2 denotes the dephasing rate and 𝜚 is the density
matrix. The Rabi frequency Ω(𝑡) = 𝐝 ⋅ 𝐄0 (𝑡)/ℏ is determined by the ﬁeld amplitude of the
incoming monochromatic light. The optical homogeneous linewidth measured for Er:YSO is
73 Hz at 1.5 K and 7 T [Böt+06b; Mac+97]. To our knowledge, this is the narrowest linewidth
measured for an optical transition in any solid [Sun+08; Boe+03].
However, the linewidth measured in experiments is on the order of 100 MHz because the
inhomogeneous linewidth dominates the absorption proﬁle. Local variations of the crystal
ﬁeld lead to a distribution of transition frequencies enhancing the dephasing.

2.4.2 Time resolved spectroscopy
In order to determine the coherence properties of the optical transition, one has to study
the time evolution of the ensemble. This is done by applying certain resonant optical pulse
sequences to the ensemble and measure the response. A 𝜋-pulse rotates the Bloch vector
by 180∘ , a 𝜋/2-pulse by 90∘ . These pulses have to be very short, i.e. much shorter than
any decoherence mechanism. Therefore, in experiments, one tries to minimize the pulse
length and to maximize the ﬁeld amplitude of the laser light. One distinguishes three basic
pulse schemes, free induction decay, 2 photon echo (2PE) and 3 photon echo (3PE). Since
the quantum mechanical description of pulsed microwave spectroscopy has already been
discussed in Sec. 2.3.6, it is only brieﬂy summarized for the optical spectroscopy. In optics,
one detects intensity rather than amplitude and phase.
Free induction decay
An initial 𝜋/2-pulse brings the Bloch vector of all dipoles to the equatorial plane, where
they precess with their transition frequencies. First, all dipoles are in phase but due to the
inhomogeneous broadening, they dephase quickly as they evolve with time. Thus, the photo
detector will detect an exponentially decaying radiation intensity from the sample.
𝐼(𝑡) ∝ exp (−2𝑡 / 𝑇2∗ ) .

(2.56)

Since the inhomogeneous broadening is on the order of 100 MHz, this decay is very fast and
cannot be observed with our experimental setup [Rie13]. The characteristic timescale of this
decay is denoted by 𝑇2∗ .
Two pulse echo
The goal of this sequence is to refocus the dipoles by inversing the time evolution. The ﬁrst
𝜋/2 pulse brings the dipoles to the equatorial plane where they dephase. After a time 𝜏,
a 𝜋-pulse inverts the magnetization eﬀectively reversing the time evolution, such that after
another delay time 𝜏 all dipoles are in phase again. This leads to a coherent emission of light.
By varying the delay time 𝜏, an exponential decay of the detected intensity is observed
𝐼(𝜏) ∝ exp (−4𝜏 / 𝑇2 ) .
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Three pulse echo
This sequence allows us to measure the longitudinal relaxation time. First, two 𝜋/2-pulses are
applied, which are separated by a short time 𝜏 ≪ 𝑇2 . The dipoles are now slightly dephased
and point to the north pole of the Bloch sphere. Next, one waits for a time 𝑇𝑊 , where the
dipoles are subject to longitudinal relaxation. A ﬁnal 𝜋/2-pulse brings the ensemble back to
the equatorial plane, where the dipoles rephase after a time 𝜏 and emit a pulse of light. By
varying the time 𝑇𝑊 , one can determine the 𝑇1 relaxation
𝐼(𝑇𝑊 ) ∝ exp (−2𝑇𝑊 / 𝑇1 ) .

(2.58)

Note that this only holds true when eﬀects such as spectral diﬀusion are negligible.
Spectral diﬀusion
Spectral diﬀusion additionally perturbs the optical transition (see also Sec. 2.3.4). It results
from the modulation of the transition frequencies of an ion due to the interaction with its
dynamic environment. The random variation of the transition frequency of the ion can be
viewed as a random walk in frequency or a diﬀusion through the optical spectrum. In other
words, an initial sub-ensemble of dipoles with linewidth Γ will acquire a larger linewidth
over time. The dynamic environment can be spins in the vicinity of the ion, structural
rearrangement of the crystal lattice or moving charge defects [Böt+06b]. In the case of RE
ions at low temperatures, spin-spin interactions represent the dominant mechanism. Here,
the implications of this process on the shape of the 3PE spectrum are discussed. In the
presence of spectral diﬀusion, the decay curve of the 3PE experiment deviates from the usual
exponential form
𝐼(𝜏, 𝑇𝑊 ) = 𝐼0 exp (−2𝑇𝑊 / 𝑇1 ) exp (−4𝜏𝜋Γeﬀ (𝜏, 𝑇𝑊 )) .

(2.59)

Here, 𝜏 is the time beween the ﬁrst two 𝜋/2-pulses and 𝑇𝑊 is the waiting time after that until
the ﬁnal 𝜋/2-pulse. The ﬁrst exponential decay in the equation is the usual 𝑇1 decay from
Eq. (2.58) and Γeﬀ (𝜏, 𝑇𝑊 ) is given by
1
Γeﬀ (𝜏, 𝑇𝑊 ) = Γ0 + ΓSD [𝑅𝜏 + {1 − exp (−𝑅𝑇𝑊 )}] .
2

(2.60)

The ﬁrst summand Γ0 denotes the linewidth in the absence of spectral diﬀusion, ΓSD is the
FWHM linewidth broadening due to dipole-dipole interactions and 𝑅 is the rate of the diffusion process, which is given by the spin-ﬂip transition rates of the perturbing spins [Böt+06b].
The FWHM linewidth due to dipole-dipole interactions is given by [Böt+06b]
Γmax

2
𝜋 𝜇0 ||𝑔𝑔 − 𝑔𝑒 || 𝑔env 𝜇𝐵 𝑛env
=
,
ℎ
9√3

(2.61)
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assuming an isotropic g-tensor of the spins and the environment. The spectral diﬀusion rate
can be calculated as follows
ΓSD (𝐵, 𝑇 ) = Γmax sech2

𝑔env 𝜇𝐵 𝐵
.
( 2𝑘𝐵 𝑇 )

(2.62)

Here, 𝐵 denotes the static magnetic ﬁeld, 𝑇 is the temperature and 𝑔env is g-factor of the
magnetic environment.
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This chapter provides an introduction into hybrid quantum circuits based on superconducting
resonators and qubits coupled to paramagnetic spin ensembles. First, superconducting
transmission lines, microwave resonators and qubits are introduced. Then, the coupling
mechanism between those components and paramagnetic spin ensembles is presented.

3.1 Superconducting quantum circuits
Superconducting (SC) quantum circuits are macroscopic electrical circuits fabricated with
lithographic techniques that operate in the quantum regime. The building blocks consist of
electromagnetic LC harmonic oscillators, working at microwave frequencies, and non-linear
resonators, forming the qubits. In this architecture, the harmonic LC resonators serve as
storage, coupling or readout units for the qubits. Such an approach is extremely versatile
because it allows the engineering of speciﬁc quantum systems. Those circuits may serve as
on-chip quantum simulators to compute complex quantum systems [GAN14]. The ﬁeld of
this so-called SC circuit quantum electrodynamics (QED) is rapidly evolving. The ability
to control and create almost arbitrary quantum states [Hof+09] has led to the realization of
prototype quantum computers [Luc+12; Bar+14]. A short review of the state of the art is
given in Ref. [DS13]. The goal of this thesis is to explore the coupling of SC circuits to rare
earth ions, which can serve as long coherent memories or reversible quantum converters for
SC qubits.

3.1.1 Superconductivity
In 1911, H. Kammerlingh Onnes noticed, that for certain metals and below a (material
dependent) critical temperature, the electrical resistance vanishes [Onn11]. This interesting
property is accompanied by perfect diamagnetism discovered by Meißner and Ochsenfeld in
1933 [MO33]. These ﬁndings show that superconductivity is a new thermodynamic state
described by a complex order parameter Ψ [GL50]. The microscopic origin of type I superconductivity is explained by the BCS theory [BCS57]. It turns out that the order parameter
Ψ describes a macroscopic wave function Ψ = √𝑛𝑆 exp(𝑖𝜑), where 𝑛𝑆 is the density of the
superconducting condensate (the Cooper pairs) and 𝜑 is the phase. In contrast, the so-called
high-T𝑐 or type II superconductivity is still an active ﬁeld of research.
For the purpose of this thesis, it is suﬃcient to remember that superconducting circuits are
low loss, electrical circuits that are described by a macroscopic wave function, and therefore,
they can exhibit quantum phenomena on a macroscopic level.
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3.1.2 Qubits
The research on superconducting quantum information circuits started with the realization of
the charge qubit [NPT99; Bou+98], which consists of a superconducting island connected
by a so-called Josephson junction and a capacitor to the rest of the circuitry. The Josephson
junction is a crucial non-linear circuit element and it will by described in detail in the next
paragraph. The charge qubit has been improved over the years to the so-called transmon
qubit [Koc+07; Sch+07], which is widely used in todays scientiﬁc research. Other types of
qubits are the phase qubit [MDC85; Yu+02] and the ﬂux qubit with one Josephson junction
[Fri+00]. Modern versions of the ﬂux qubit employ three Josephson junctions [Moo+99]
and the ﬂuxonium qubit is made of a large number of junctions [Man+09]. Among those
qubits, the three junction ﬂux qubit is the most interesting candidate for directly interfacing
qubits with spin ensembles in solids [Zhu+11]. In the following, this qubit will be discussed
in greater detail.
A quantum harmonic oscillator has an even energy level spacing with a separation given
by ℏ𝜔, where 𝜔/2𝜋 denotes the frequency. By applying a (classical) microwave pulse with
frequency 𝜔/2𝜋, the oscillator gets excited. However, due to the even level spacing, it is not
possible to address a certain level individually. Instead, the excitation gets distributed over all
levels following a Poisson distribution. In order to form a qubit, a non-linearity is required,
which makes those levels distinguishable in energy. This allows to truncate this anharmonic
oscillator to an eﬀective two level system. The most convenient non-dissipative non-linearity
in SC circuits is a Josephson junction [Jos62]. It consists of two superconducting electrodes
separated by a thin insulating barrier. Inside this barrier, the macroscopic wavefunction
decays exponentially. Since the system is described by a single wave function and assuming
the same electrode material on both sides, the wave functions on either side of the barrier only
diﬀer by a phase 𝜑. This leads to the Josephson equations
𝐼(𝜑) =
𝜕𝜑
=
𝜕𝑡

𝐼𝑐 sin(𝜑) ,
2𝜋
𝑈,
Φ0

(3.1)
(3.2)

with the ﬂux quantum Φ0 = ℎ/2𝑒 and the critical current 𝐼𝑐 . By inserting the Josephson
equations into the deﬁnition of the response of an inductor 𝑈 = −𝐿d𝐼/d𝑡, one obtains th
non-linear inductance of the Josephson junction
𝐿𝐽 (𝜑) =

Φ0
2𝜋𝐼𝑐 cos(𝜑)

(3.3)

The energy associated with a Josephson junction is 𝐸 = ∫ 𝐼 𝑈 d𝑡 resulting in
𝐸 = 𝐸𝐽 (1 − cos 𝜑) ,

(3.4)

with 𝐸𝐽 = ℏ𝐼𝑐 /2𝑒 after inserting the Josephson equations. Figure 3.1(a) shows a micrograph
of a ﬂux qubit fabricated by O. Astaﬁev similar to the one analyzed in Ref. [Abd+08].
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Figure 3.1: (a) Micrograph of a ﬂux qubit (small circular structure) embedded in a coplanar microwave
resonator (central line). (b) Schematics of a three junction ﬂux qubit. (c) Eﬀective potential of the ﬂux
qubit with its two computational states (gray lines).

In the following, we will brieﬂy derive the basic properties of the ﬂux qubit. A detailed
description is for instance found in Ref. [Jer13]. The qubit is schematically presented in
Fig. 3.1(b) and consists of a superconducting loop interrupted by three Josephson junctions,
two junctions are identical and one has an 𝛼-times smaller Josephson Energy 𝐸𝐽 . The SC
wave function has to be single valued along a closed loop. This means that by going around
the loop, the phase is only allowed to acquire integer multiples of 2𝜋. In other words, the
currents ﬂowing through the loop are quantized, as well as the magnetic ﬂux they create.
This gives rise to the so-called ﬂux quantization condition. Taking the phase changes at the
Josephson junctions into account, the following ﬂux quantization condition has to be fulﬁlled
Φext
∑ 𝜑𝑖 + 2𝜋 Φ0 = 2𝜋𝑁 .
𝑖=1,2,3

(3.5)

Here, Φext denotes the externally applied magnetic ﬂux and 𝑁 is the number of ﬂux quanta in
the loop. Equation (3.5) allows to eliminate one degree of freedom and the potential energy
is given by [Moo+99]
𝐸
= 2 + 𝛼 − cos(𝜑1 ) − cos(𝜑2 ) − 𝛼 cos(2𝜋Φext /Φ0 − 𝜑1 − 𝜑2 ) .
𝐸𝐽

(3.6)

For 0.5 < 𝛼 < 1.0, a ﬂux qubit is formed. The corresponding (2𝜋 periodic) potential shows
two minima along the axis deﬁned by (𝜑1 = 𝜑2 ) for Φext /Φ0 = 0.5, see Fig. 3.1(c). These two
(classically) degenerate groundstates are characterized by persistent supercurrents ﬂowing in
opposite directions in the loop of magnitude
𝐼𝑝 = 𝐼𝑐 √1 −

1
.
4𝛼 2

(3.7)

These persistent currents can be quite large, creating a macroscopic magnetic moment, which
makes ﬂux qubits particularly interesting for hybrid quantum systems with natural spins. Due
to the quantum mechanical tunnel coupling 𝛿× between both groundstates, the degeneracy is
lifted, which forms the two computational states of the ﬂux qubit |0⟩ and |1⟩.

29

3 Hybrid quantum circuits

3.1.3 Transmission lines and microwave resonators
Transmission lines (TL) are coplanar waveguides (CPW) used to guide the microwave signals
on SC chips. They consist of a central conductor, which is separated by gaps on both sides
from the electrical ground, see Fig. 3.2(a). One can regard these TLs as two dimensional
versions of the more common coaxial cables used in microwave communication. In our
circuits, they are usually impedance matched to 50 Ω and Fig. 3.2(a) presents the equivalent
circuit [Poz05]. The impedance of the lossless CPW is given by 𝑍 = √𝐿/𝐶, which is a valid
approximation because we are mostly concerned with SC transmission lines.
(a)

(b)

z

𝑅d𝑧

𝑅𝑔 d𝑧

(c)

𝐼(𝑧)
𝐶𝑐

𝐿d𝑧
𝐶d𝑧

z

𝐶

(1)

𝐶𝑐
R

𝐿

(2)
𝑄𝑐

𝐶
R

𝐿

Figure 3.2: (a) Coplanar transmission line and corresponding equivalent circuit. (b) Transmission line
resonator. The solid and dashed lines sketch the current distribution of the ﬁrst harmonic. The lumped
element circuit model of the resonator is shown below. (c) Lumped element resonator coupled to a
transmission line (notch type conﬁguration).

By interrupting the central conductor at two locations by a small gap, a so-called CPW
resonator is formed, see Fig. 3.2(b). Its resonance frequency and higher harmonics are
determined by the boundary conditions set by the two gaps giving rise to standing waves.
In addition to these distributed element resonators, lumped element (LE) resonators will be
employed in the investigations presented in this theses. They consist of spacially separated
inductances and capacitances and they are typically smaller in size compared to CPW resonators. Due to their small size, it is convenient to arrange multiple LE resonators on a single
chip with diﬀerent resonance frequencies [Wue+11]. Figure 3.2(c) shows a typical coupling
geometry where an LE resonator is coupled to a transmission line.
It is convenient to describe elements of microwave networks in terms of a scattering matrix
𝑆. The notch type resonator presented in Fig. 3.2(c) represents a two port network indicated
by the numbers (1) and (2) in the ﬁgure. Let 𝑉𝑖± denote the amplitude of the voltage wave at
port 𝑖 and + and − the incident and reﬂected wave at that port, respectively. The system is
completely described by [Poz05]
𝑉1−
𝑆11
=
(𝑉2− ) (𝑆21
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𝑉1+
𝑆12
.
𝑆22 ) (𝑉2+ )

(3.8)
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Typically, we probe the transmission coeﬃcient 𝑆21 in our experiments. The complex 𝑆21
transmission through the system displayed in Fig. 3.2(c) is given by [Kha+12; Gao08]
(𝑄𝑙 /|𝑄𝑐 |) 𝑒𝑖𝜙
𝑆21 (𝑓 ) = 𝑎𝑒𝑖𝛼 𝑒−2𝜋𝑖𝑓 𝜏 1 −
.
[
1 + 2𝑖𝑄𝑙 (𝑓 /𝑓𝑟 − 1) ]
⏟⏟⏟⏟⏟⏟⏟ ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
environment

(3.9)

ideal resonator

Here, 𝑄𝑙 and 𝑄𝑐 describe the loaded and coupling quality factors, respectively, 𝑓𝑟 is the
resonance frequency and 𝜙 denotes a possible impedance mismatch. The quantities labeled
``environment'' take into account the cable delay 𝜏, additional attenuation or ampliﬁcation 𝑎
present in the measurement setup as well as an additional phase 𝛼. The internal quality factor
−1
−1
is given by 𝑄−1
𝑖 = 𝑄𝑙 − Re {𝑄𝑐 }. Since the internal quality factor describes intrinsic
losses, it can also be used to detect the presence of weakly coupled spins by monitoring the
change of 𝑄𝑖 as a function of the magnetic ﬁeld. In this thesis a robust and eﬃcient algorithm
to ﬁt Eq. 3.9 has been developed and published in Ref. [Pro+14b].

3.2 Coupling spin ensembles with microwave circuits
3.2.1 General considerations
Resonators
The coupling strength of a single spin to a cavity is determined by the ﬁeld strength of the
vacuum ﬂuctuations. The energy of the ground state |0⟩ of the cavity is given by
⟨0| ∫

1
|𝐵𝑐 |2 d3 𝑟
𝜇0

|0⟩ =

ℏ𝜔
.
2

(3.10)

Here, 𝐵𝑐̂ = 𝑖𝐵0 [𝑓 (𝑟)𝑎 ̂ − 𝑓 ∗ (𝑟)𝑎†̂ ] denotes the magnetic ﬁeld operator with the normalization
factor 𝐵0 and Eq. (3.10) simpliﬁes to [HR13]
⟨0|

1 2
ℏ𝜔
𝐵 𝑉 |0⟩ =
,
𝜇0 0 𝑚
2

(3.11)

where 𝑉𝑚 denotes the eﬀective mode volume given by 𝑉𝑚 = ∫ |𝑓 (𝑟)|2 d3 𝑟. The normalization
factor 𝐵0 represents the root mean square (r.m.s.) magnetic ﬁeld amplitude of the vacuum
ﬂuctuations, which will be denoted by 𝐵vac from now on and can be calculated from
Eq. (3.11) [HR13]
𝐵vac =

𝜇0 ℏ𝜔
.
√ 2𝑉𝑚

(3.12)
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The coupling of a single spin 1/2 to the cavity is given by the product of its magnetic moment
and the vacuum ﬁeld
𝑣1 =

1
𝜇 g𝐵 /ℏ ,
2 𝐵 vac

(3.13)

where 𝜇𝐵 is the Bohr magneton and g is the eﬀective g-factor. For typical dimensions of SC
resonators, a single spin coupling on the order of 10 Hz is obtained. This is by far smaller
than the typical dissipation rates of SC circuits, which are on the order of 100 kHz.
For lumped element resonators, the coupling strength can be estimated using the inductance
and the magnetic ﬁeld dependence on the current. The average current through the inductance
𝐿 per one oscillation period is 𝐼 = √𝐸/4𝐿, where 𝐸 denotes the electromagnetic energy.
In order to estimate the ﬂuctuation current, we set 𝐸 = ℏ𝜔/2 with the resonance frequency
𝜔/2𝜋 of the circuit. Using this current, one can deduce the magnetic ﬁeld and insert it into
Eq. (3.13) yielding the coupling strength.
Flux Qubits
Similar considerations hold for the ﬂux qubit. The vacuum ﬂuctuation current is determined
by the persistent current in the qubit loop. Typical values are in the region of 𝐼𝑝 = 150 nA. The
absolute value of the magnetic ﬁeld created by the persistent current is given by 𝐵 = 𝜇0 𝐼𝑝 /2𝑅
to ﬁrst order. Typical coupling strengths between single spins and ﬂux qubits are about a
factor of 103 larger compared to lumped element resonators. Since the persistent current
is controlled by the design of the Josephson junctions, it should be possible increase it up
to 500 nA, while simultaneously decreasing the geometric dimensions to boost the coupling
strength. Assuming a diameter of the wire forming the loop of 20 nm and a single spin
situated at 20 nm distance, the coupling would already amount for ∼ 70 kHz. In order to enter
the strong coupling regime, a coherence time of 20 μs would be suﬃcient, which is already
achieved today [Ste+14].
However, typical modern SC circuits operate in a regime where single spins cannot be accessed
coherently. The following sections provide a solution to this problem by employing a whole
ensemble of of identical spins, which boosts the coupling strength by the square root of
their number.

3.2.2 The Tavis-Cummings model
The Tavis-Cummings model [TC68] describes the interaction between 𝑁 identical two-level
systems (spins) and one cavity mode. In the rotating wave approximation, it is given by
𝑁

𝑁

1
𝐻̂ TC = ℏ𝜔𝑐 𝑎†̂ 𝑎 ̂ + ∑ ℏ𝜔𝑠 𝜎̂𝑘𝑧 + ∑ ℏ𝑣1 (𝑎𝜎̂ ̂𝑘+ + 𝑎†̂ 𝜎̂𝑘− ) .
2
𝑘=1
𝑘=1
⏟ ⏟⏟⏟⏟⏟⏟⏟⏟⏟
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
cavity
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Here, 𝜔𝑐 denotes the cavity frequency, 𝜔𝑠 is the spin transition frequency and 𝑣1 is the
single spin-cavity coupling strength. The Hamiltonian commutes with the total number of
excitations present in the system 𝑛 ̂ = 𝑎†̂ 𝑎 ̂ + ∑𝑁
𝑘=1 |↑⟩ ⟨↑|, which allows diagonalization in
the eigenspaces of constant excitation [Bre09]. For 𝑛 = 1, the basis states |cavity; spins⟩ are
|1; ↓ ⋯ ↓⟩ and all N states of the form ||0; ↓ ⋯ ↑𝑖 ⋯ ↓⟩. Within this manifold, diagonalization
of the Hamiltonian yields the following dressed states
|+⟩ =
|−⟩ =

𝑁

1 |
|0; ↓ ⋯ ↑𝑘 ⋯ ↓⟩ ,
𝑘=1 √𝑁

cos(𝜗) |1; ↓ ⋯ ↓⟩ + sin(𝜗) ∑

𝑁

1 |
|0; ↓ ⋯ ↑𝑘 ⋯ ↓⟩ ,
𝑘=1 √𝑁

− sin(𝜗) |1; ↓ ⋯ ↓⟩ + cos(𝜗) ∑

(3.15)
(3.16)

and the eigenenergies
2
𝜔𝑐 + 𝜔 𝑠
(𝜔𝑐 − 𝜔𝑠 )
𝐸± = ℏ
± ℏ√
+ 𝑣2𝑁 .
2
4

(3.17)

The mixing angle is given by tan(2𝜗) = (2𝑣1 √𝑁)/(𝜔𝑐 − 𝜔𝑠 ) and the collective coupling
strength 𝑣𝑁 = 𝑣1 √𝑁 has been introduced [Bre09]. The rest of the remaining 𝑁 − 1 eigenstates have eigenenergies of ℏ𝜔𝑠 and are antisymmetric combinations of the ||0; ↓ ⋯ ↑𝑖 ⋯ ↓⟩
states that do not couple directly to the cavity which is why they are called dark states.
Equation (3.17) shows that a collective coupling strength emerges, which increases the resonator - spin coupling by the square root of the number of spins. Even if the single spin
coupling can be very small (∼ 10 Hz), a large number of spins increases the coupling to the
MHz regime allowing strong coupling. An excitation transferred to the spin system manifests
itself as a coherent symmetric superposition of all ||0; ↓ ⋯ ↑𝑖 ⋯ ↓⟩ states. For the second
and higher order excitation manifolds the same considerations hold as long as the number
of excitations is much smaller than the number of spins. In this low excitation regime,
the situation presents itself as two coupled harmonic oscillators. This is in strong contrast
to the case of a single spin coupled to a cavity, where the level structure is non-linear [Fin+08].
Of course, the Tavis-Cummings model is a simpliﬁed model. For instance, the spin transition
frequencies are not identical in an actual doped crystal but rather follow a distribution. The
following sections address the case of an inhomogeneously broadened spin ensemble coupled
to a microwave resonator in the weak and strong coupling regime.

3.2.3 Weak Coupling
In a weakly coupled spin ensemble, the coupling strength 𝑣𝑁 of the microwave resonator
to the spin ensemble is smaller than the linewidths1 of both resonator and spin ensemble
𝑣𝑁 ≪ 𝜅, Γ⋆
2 . The magnetic susceptibility of the spin system modiﬁes the inductance of the
1

Note that all linewidths are HWHM linewidth if not explicitly mentioned otherwise.
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microwave resonator to 𝐿′ = 𝐿(1 + 𝜒𝜁), where, 𝜁 is a ﬁlling factor accounting for the speciﬁc
mode distribution of the magnetic mode of the resonator. In the limit of 𝜒𝜁 ≪ 1, one can
approximate the expression for the modiﬁed resonance frequency of the microwave resonator
by a Taylor expansion with respect to 𝜒𝜁
𝜔′ =

1

1
≈ 𝜔0 − 𝜔0 𝜒𝜁 ,
2
√𝐿′ 𝐶

(3.18)

where 𝜔0 = 1/√𝐿𝐶 is the unperturbed resonance frequency. The susceptibility of a
paramagnetic spin ensemble is obtained by solving the Bloch equations in the steady state
where the change of the magnetization d𝑡d 𝑀𝑧 is zero. In the limit of low probing power, the
real and imaginary parts of the susceptibility are given by [AB12]
𝜒′

=

−𝜒0

𝜒″

=

𝜒0

𝜔𝑠 Δ

2
Δ2 + Γ⋆
2

,

𝜔𝑠 Γ⋆
2

2
Δ2 + Γ⋆
2

(3.19)

(3.20)

Here, 𝜒0 denotes the DC susceptibility and Δ = 𝜔0 − 𝜔𝑠 is the detuning. Let us introduce
the coupling constant 𝑣 = 𝜔0 √𝜒0 𝜁/2, which quantiﬁes the energy exchange between the
resonator and the spin system. This is justiﬁed by the following consideration: In the limit
of a detuning larger than the linewidth Γ⋆
2 , no energy is exchanged between the two systems.
In this so-called dispersive limit, the dispersive frequency shift is given by 𝑣2 /Δ which is
compared to Eq. (3.18) combined with Eq. (3.19)
𝜒0 𝜁 𝜔20
𝜒 𝜁𝜔 𝜔
𝑣2
Δ
= 0 0 𝑠
≈
.
Δ
2
2Δ
Δ2 + Γ⋆ 2

(3.21)

2

Inserting the DC susceptibility 𝜒0 = 𝑀𝜇0 /𝐵 yields 𝑣𝑁 = g𝜇𝐵 √𝜇0 𝜔0 𝑛𝜁/4ℏ, where 𝑛 denotes
the density of spins. Thus, the modiﬁed resonance frequency and linewidth of the microwave
cavity is given by [Bus+11]
𝜔′0

= 𝜔0 +

𝜅0′

= 𝜅0 +

𝑣2 Δ
2
Δ2 +Γ⋆
2
𝑣2 Γ⋆
2

Δ2 +Γ⋆
2

2

,

(3.22)

.

(3.23)

Resonance frequencies and linewidths are determined for instance by using Eq. (3.9), where
𝑄𝑙 = 𝜔0 /2𝜅. Note that Eqns. (3.22) and (3.23) are only valid in the weak coupling regime
where just a single resonance is present.
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3.2.4 Strong coupling and inhomogeneous broadening
In order to describe an actual experiment, the Tavis Cummings Hamiltonian is not suﬃcient.
The cavity of the hybrid system is connected to the outside world and probed either in
transmission or reﬂection. Therefore, it is an open quantum system. In input-output theory
[GC08] (chapter 14.3), this is modeled by bath operators 𝑐𝑖̂ , 𝑐𝑟̂ and 𝑐𝑡̂ describing the incident,
reﬂected and transmitted ﬁeld. Figure 3.3 schematically illustrates the situation. The signal
detected by a vector network analyzer can be the complex transmission through the system
𝑆21 (𝜔) = ⟨𝑐𝑡̂ ⟩ / ⟨𝑐𝑖̂ ⟩, which is given by the ratio of the expectation values of the transmitted
and incident bath operators. A measurement in reﬂection is also possible, which is described
by 𝑆11 (𝜔) = ⟨𝑐𝑟̂ ⟩ / ⟨𝑐𝑖̂ ⟩. Here, the calculation of 𝑆21 (𝜔) will be sketched, which is similar to
the 𝑆11 (𝜔) case.

𝑏†̂ 𝑏̂

𝑐𝑖̂
𝑎†̂ 𝑎 ̂

𝑐𝑟̂

𝑐𝑡̂

Figure 3.3: A cavity with a spin ensemble coupled to the environment.

The cavity decay rate is given by 2𝜅, where 𝜅 is the HWHM linewidth. The resonance
frequency of the cavity is 𝜔𝑐 /2𝜋 The decay rate of spins into modes other than the cavity
mode is given by 2𝛾 (HWHM homogeneous spin linewidth). The spin ensemble contains
N spins with a certain distribution of transition frequencies 𝜔𝑘 /2𝜋 around a mean frequency
𝜔𝑆 /2𝜋. The system is considered in the few photon limit, where the spin operators 𝑠𝑘̂
can be replaced by bosonic operators 𝑏̂𝑘 (Holstein-Primakoﬀ approximation [HP40]). The
Heisenberg equations of motion written in the rotating frame of the incident ﬁeld at frequency
𝜔/2𝜋 are given by [Din+11]
𝑎 ̇̂ =

− [𝜅 + 𝑖 (𝜔𝑐 − 𝜔)] 𝑎 ̂ − √𝜅 𝑐𝑖̂ + ∑ 𝑣𝑘 𝑏̂𝑘 + 𝑓𝑎̂ (𝑡) ,
𝑘

𝑏̇̂𝑘

=

− [𝛾 + 𝑖 (𝜔𝑘 − 𝜔)] 𝑠𝑘̂ − 𝑣𝑘 𝑎 ̂ + 𝑓𝑘̂ (𝑡) ,

𝑐𝑟̂

=

𝑐𝑖̂ + √𝜅 𝑎 ̂ ,

𝑐𝑡̂

= √𝜅 𝑎 ̂ .

(3.24)

Here, 𝑣𝑘 denotes the coupling strength of a spin to the cavity and 𝑓𝑎̂ (𝑡) and 𝑓𝑘̂ (𝑡) are noise
operators ensuring the preservation of the commutation relations. In the limit of large 𝑁,
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the spin distribution can be approximated by a continuous distribution and the complex
transmission is given by [Din+11]
𝑆21 (𝜔) =

⟨𝑐𝑡̂ ⟩
𝜅/𝑖
=
,
⟨𝑐𝑖̂ ⟩ 𝜔 − 𝜔𝑐 + 𝑖𝜅 − 𝑊 (𝜔)

(3.25)

with
𝑊 (𝜔) = 𝑣2𝑁

∞

∫
−∞

𝜌(𝜔′ )
d𝜔′ ,
𝜔 − 𝜔′ + 𝑖𝛾

(3.26)

where 𝜌 is the normalized distribution of the spin frequencies (inhomogeneous broadening)
and 𝑣𝑁 = √𝑁𝑣1 is the collective coupling strength. Typically, the homogeneous linewidth
𝛾 is small, especially in the case of rare earth spin ensembles, and can be neglected in most
applications due to the large inhomogeneous broadening. In the absence of inhomogeneous
broadening 𝜌(𝜔) = 𝛿(𝜔 − 𝜔𝑆 ), Eq. (3.26) is easily computed, but more realistic cases may be
Lorentzian and Gaussian spin distributions, respectively [Din+11; Afz+13]:
𝑊𝛿 (𝜔)

=

𝑊Lorentz (𝜔)

=

𝑊Gauss (𝜔)

𝑣2𝑁

𝜔 − 𝜔𝑠 + 𝑖𝛾
𝑣2𝑁

𝜔 − 𝜔𝑠 + 𝑖𝛾 + 𝑖Γ⋆
2
√ln 2𝑣2𝑁

=

−𝑖

⋅

(𝜔 − 𝜔𝑠 ) + 𝑖𝛾
erfc −𝑖
.
(
)
√
2Γ⋆
2 / ln 2

2Γ⋆
2

(𝜔 − 𝜔𝑠 ) + 𝑖𝛾

2

√𝜋 exp −
[ ( 2Γ⋆ /√ln 2 ) ]
2
(3.27)

The emergence of a mode splitting is a good indication of strong coupling. However, the
distance of the peaks and their shape can be quite diﬀerent depending on the frequency
distribution of the spins. Figure 3.4 compares the power spectrum |𝑆21 |2 of a CPW resonator
coupled to a spin ensemble with a Lorentzian and a Gaussian line shape. The collective coupling strength (𝑣𝑁 /2𝜋 = 12 MHz) is kept ﬁxed as well as the cavity decay rate (𝜅/2𝜋 = 5 MHz)
and the total inhomogeneous linewidth (Γ⋆
2 /2𝜋 = 4 MHz). From left to right, the fraction of
the linewidth of spins following a Gaussian distribution is increased. This is achieved by using
a Voigt proﬁle, which is a convolution of Gaussian and Lorentzian distributions. The 𝑊 (𝜔)
function for this case turns out to be given by 𝑊Gauss (𝜔) and replacing 𝑖𝛾 → 𝑖𝛾 + 𝑖ΓLorentzian .
As one can see, the shape of the inhomogeneous spin distribution clearly inﬂuences the
spectrum. Although the coupling and absolute linewidth do not change, the peaks of the
mode splitting appear further apart and narrower in the case of a Gaussian inhomogeneous
distribution. Speciﬁc distributions give rise to new eﬀects such as cavity protection [Din+11],
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Frequency (GHz)

where the cavity suppresses the decay of excitations to the dark modes. This is the case
for inhomogeneous spin distributions 𝜌(𝜔) decaying faster than 𝜔−2 . The interaction of
inhomogeneously broadened spin ensembles with a microwave resonator is an active ﬁeld of
research and Refs. [Put+14; Kri+14] are recommended for further reading. Most of the time,
however, we will assume a Lorentzian distribution for the sake of simplicity.

5.02
5.00
4.98
0.0

0.2
0.4
0.6
0.8
Gaussian fraction of the linewidth

1.0

1
|𝑆21 |2
0

Figure 3.4: Power spectrum as a function of probe frequency for diﬀerent inhomogeneous spin line
shapes from purely Lorentzian (left) to purely Gaussian (right).

Another convenient type of probing a whole array of resonators is the notch type conﬁguration
(Sec. 3.1.3). The derivation of the 𝑆21 transmission is analogous. Neglecting the homogeneous
broadening and assuming a Lorentzian inhomogeneous broadening, one obtains [Sch+10]
𝑆21 = 1 −

𝜅𝑐
𝑖(𝜔 − 𝜔𝑐 ) − (𝜅𝑐 + 𝜅𝑖 ) +

𝑣2𝑛
𝑖(𝜔−𝜔𝑠 )−Γ⋆
2

.

(3.28)

Here, 2𝜅𝑐 and 2𝜅𝑖 denote the coupling and internal decay rates of the resonator.

3.2.5 Temperature dependence of the collective coupling
The thermal population of the energy levels of a paramagnetic spin 1/2 system is given by the
Boltzmann distribution
P(|𝑥⟩) =

𝐸𝑥
𝐵𝑇

exp (− 𝑘
𝐸
exp (− 𝑘 ↑𝑇
𝐵

)
𝐸↓
𝐵𝑇

) + exp (− 𝑘

, 𝑥 ∈ {↑, ↓} ,

(3.29)

)

with the energy of ground and excited state being 𝐸↓ = − 12 g𝜇𝐵 𝐵 and 𝐸↑ = 12 𝑔𝜇𝐵 𝐵, respectively. The coupling strength 𝑣𝑁 is proportional to the square root of the net magnetic moment
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𝑀𝑧 , which depends on the diﬀerence in the state population, 𝑣𝑁 = 𝑣0 √𝑁 [𝑃 (|↓⟩ − 𝑃 (|↑⟩)].
After inserting Eq. (3.29), the expression is simpliﬁed using tanh(𝑥) = (𝑒𝑥 − 𝑒−𝑥 )/(𝑒𝑥 + 𝑒−𝑥 )
𝑣𝑁 = 𝑣0

√

tanh

g𝜇0 𝐵
.
( 2𝑘𝐵 𝑇 )

(3.30)

This expression only holds true for a perfect paramagnet, where the spin-spin interaction
is negligible.

3.3 Measurement of the spin lattice relaxation
Direct microwave absorption
A convenient way to study the spin lattice relaxation (SLR) is by measuring the direct
microwave absorption signal of the spin ensemble coupled to a microwave transmission line
[Pro+13; Cla+13]. When the frequency of the incident microwave signal is in resonance
with the spins, it gets attenuated because part of the microwave power is absorbed by the
spins. In a typical setup, the 𝑆21 (𝑓 ) transmission is measured such that the coupling to the
spins appears as a dip in the power spectrum |𝑆21 (𝑓 )|2 . For very low microwave powers,
i.e. no saturation of the ensemble, the magnitude of the absorption dip is proportional to
the population diﬀerence of spins in the ground and in the excited state Δ𝑁 = 𝑁1 − 𝑁2 ,
which is proportional to the magnetization of the ensemble 𝑀𝑧 . In order to measure the spin
relaxation time, a strong and resonant microwave pulse is applied which saturates the spin
system Δ𝑁 = 0. Then, the |𝑆21 |2 transmission is measured at the same frequency but at low
microwave power and recorded over time [SE01]. After the pulse, the ensemble relaxes back
to its equilibrium level, which is 𝑁2 /𝑁1 = exp (−ℏ𝜔𝑠 /𝑘𝐵 𝑇 ) ∼ 10−5 at 20 mK temperature.
The spin lattice relaxation signal is given by the |𝑆21 |2 (𝑡) signal at time t compared with the
transmission magnitude right after the saturation pulse |𝑆21 |2 (0)
|𝑆21 |2 (0) − |𝑆21 |2 (𝑡) ∝ 𝑁1 − 𝑁2 ∝ 𝑀𝑧 .

(3.31)

At low temperatures ℏ𝜔 ≫ 𝑘𝐵 𝑇 , the SLR of paramagnetic ions in crystals is dominated by a
direct process and the SLR time 𝑇1 is given by
1
ℏ𝜔
= 𝑅𝑑 (ℏ𝜔)5 coth
,
( 2𝑘𝐵 𝑇 )
𝑇1

(3.32)

where the parameter 𝑅𝑑 describes the induced emission and absorption of photons, see Sec. 2.3.5.

Spin ensemble coupled to a resonator
In hybrid circuit QED experiments, it is not always possible to detect a strong direct microwave
absorption signal due to low spin concentrations. Nonetheless, in such a situation, it is still
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possible to detect the spin ensemble by employing a resonator due to the √𝑁 enhancement
of the coupling strength (see Sec. 3.2.2). The amplitude transmission spectrum |𝑆21 | of a
resonator coupled to a transmission line shows a dip at the resonance frequency. If a spin
ensemble is in resonance with the resonator, the dip gets shallower because a part of the
power is absorbed by the spin ensemble. The amplitude of the dip in the |𝑆21 | spectrum is
proportional to
|𝑆21 | ∝ 1 −

𝜅𝑐
𝜅
1
=1− 𝑐
,
𝜅
𝜅𝑙 1 + 𝑣2 / Γ⋆ 𝜅𝑙
𝑁
2

(3.33)

where 𝜅𝑙 and 𝜅𝑐 describe the loaded and coupling dissipation rates of the resonator. The
collective coupling strength is given by 𝑣𝑁 and the inhomogeneous spin linewidth is denoted
⋆
2
by Γ⋆
2 . The quantity 𝑣𝑁 / Γ2 𝜅0 in the denominator is called cooperativity 𝐶. In the case of
weak coupling, 𝐶 is smaller than 1 whereas in the case of strong coupling, it is larger than
1. For very weakly coupled spin ensembles, i.e. 𝐶 < 0.1, Eq. (3.33) can be approximated by
⋆ 2
2
performing a Taylor expansion with respect to 𝐶 such that |𝑆21 | ∝
∼ 1 − 𝜅𝑐 / 𝜅𝑙 + 𝜅𝑐 𝑣𝑁 / Γ2 𝜅𝑙 .
The second part of the equation contains the collective coupling squared, which is directly
proportional to the number of spins, i.e. the population diﬀerence 𝑁1 − 𝑁2 .
The protocol for determining the SLR time is similar to the case of direct microwave absorption.
First, a strong pulse saturates the ensemble. According to Eq. (3.33), the dip of the resonator
gets deeper because the collective coupling strength is zero right after the pulse. After the
pulse, the resonator is monitored at very low power to avoid further saturation of the spin
ensemble. While the ensemble relaxes back to its equilibrium state, the dip of the resonator
gets shallower again. In the case of very weak coupling 𝐶 < 0.1, it is possible to ﬁt the time
dependence of the amplitude of the resonator dip directly with an exponential decay. Note that
in contrast to direct absorption one analyzes the amplitude instead of the power. It turns out
that the ﬁt yields also reasonable values for 𝐶 > 0.1, because the 𝑇1 time of the exponential
decay is mostly inﬂuenced at the beginning, where 𝐶 is still very small. For arbitrary 𝐶
values, one has to ﬁt the full model
⎡
⎤
1
⎥.
|𝑆21 | = 𝐴 ⎢1 − 𝐵
𝑡−𝑡0
⎢
⎥
1
+
𝐶
1
−
exp
−
[
( 𝑇1 )] ⎦
⎣

(3.34)

The amplitude 𝐴 corresponds to the baseline of the transmission spectrum far away from the
resonance, 𝐵 is given by 𝜅𝑐 / 𝜅𝑙 , 𝐶 is the cooperativity in equilibrium, 𝑡0 denotes the time
directly after the saturation pulse and 𝑇1 is the SLR time. The derivation for a transmission
line resonator goes analog and Eq. (3.34) transforms to
|𝑆21 | = 𝐵

1
1 + 𝐶 [1 − exp (−

𝑡−𝑡0
𝑇1 )]

.

(3.35)
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3.4 Microwave-optical conversion
Erbium doped crystals are well suited for implementing a reversible single photon microwave to telecom C-band converter. The biggest challenge for implementing an eﬃcient
scheme is imposed by the inhomogeneous broadening of both the optical and microwave
transitions. In the following, a conversion protocol with a theoretical eﬃciency of 90% is
presented [OBr+14]. It employs spectral hole burning and controlled reversible inhomogeneous broadening (CRIB) [Hét+08; Spa+13] in conjunction with 𝜋-pulses to achieve a
large bandwidth and a refocusing of the dephasing induced by the inhomogeneous broadening.
The system consists of four levels and is shown in Fig. 3.5(a). The lowest two states form
the spin ensemble (|↓⟩, |↑⟩) and the ground and the topmost state form the optical ensemble
(|↓⟩, |𝑒⟩). The fourth state is an auxiliary level (|𝑥⟩). First, the system starts in the ground
state and by optical pumping all the population is transferred to the auxiliary state. Then, a
narrow band laser selectively transfers population back to the ground state such that a very
narrow frequency ensemble is formed. The system preparation ﬁnalizes by applying a gradient
magnetic ﬁeld, which broadens the ensemble in frequency space.
(a)

(b)

|𝑒⟩

1.

|𝑥⟩

2.

|↑⟩

|↑⟩

|↓⟩

|↓⟩

CRIB

𝜌(𝜔)

𝜌(𝜔)

1.

𝜔

Preparation

|𝑒⟩
2.
𝜋-pulses

𝜔

Conversion

(c)
cavity bus
|↑⟩

|1⟩

|↓⟩

|0⟩

Transfer to SC qubit

Figure 3.5: Schematics of an optical-to-microwave conversion protocol.

This preparation scheme reduces the intrinsic inhomogeneous broadening of the ensemble to
a minimum by selecting only a sub-ensemble with the desired frequency. In order to maintain
a high bandwidth, this sub-ensemble is subsequently broadened in a controlled way by a
gradient magnetic ﬁeld. This bears the advantage that by reversing the gradient the ensemble
rephases automatically. This technique is called controlled reversible inhomogeneous broadening (CRIB).
In Fig. 3.5(b), an incident optical photon (ﬂying qubit) is absorbed and its coherence is
stored in the coeﬃcients of the |↓⟩ and |𝑒⟩ levels. The aim of the following procedure is
to transform this coherence to a SC qubit (stationary qubit). After a certain time 𝜏1 , the
coherence is transfered from the |𝑒⟩ to the |↑⟩ state by an optical 𝜋-pulse. Then, one waits for
another time 𝜏2 after which the population is transfered back to the |𝑒⟩ state and the gradient
magnetic ﬁeld is reversed (CRIB technique). The reversal of the magnetic ﬁeld eﬀectively
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inverts the time evolution such that at time 2𝜏1 , a photon echo should be emitted. In this
case, however, no photon echo will occur due to the dephasing of the spin state. At this
moment, another optical 𝜋-pulse transforms the coherence back to the spin state |↑⟩, where
the rephasing continues. In Fig. 3.5(c), the system is again in phase and a tunable microwave
cavity similar to the one employed in Ref. [Kub+11] is brought into resonance for the time
of a Rabi swap. The excitation is now in the cavity which is subsequently tuned into resonance with a qubit where the excitation gets transferred to. Note that the procedure is reversible.
An alternative to CRIB would be to employ an atomic frequency comb (AFC) [Afz+09],
which rephases itself after a time determined by the inverse of the comb spacing.
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This chapter describes the general experimental setup, which is used throughout the theses. It
is capable of performing both microwave (in the 3-12 GHz range) and optical (𝜆 ∼ 1.54 𝜇m)
spectroscopy at milli-Kelvin temperatures.

4.1 Cryostat
All investigations were performed inside a cryogen free Bluefors BF-LD-250 dilution refrigerator with a base temperature of 20 mK and anti-reﬂection coated (𝜆 ≈ 1.54 μm) windows
at two opposite sides (Sapphire and Spectrosil 2000, UQG Optics Ltd) allowing for optical
spectroscopy at milli-Kelvin temperatures. The refrigerator is cooled down to approximately
3.6 K by a cryomech pulse tube cooler before the dilution unit cools down further to base
temperature. The 3 He / 4 He mixture gets liqueﬁed by a Joule-Thomson valve. The cryostat is
separated into several temperature stages. The 60 K stage and the 4 K stage are cooled by the
pulse tube, the still stage and the mixing chamber (MC) are cooled by the dilution circuit.
(a)
4k stage

(b)

(c)

still (0.7 K)
MC (20 mK)

Figure 4.1: (a) Lower levels of the cryostat, the top silvery plate is the 4 K stage with typical
temperatures between 3.5 and 3.8 K. All HEMT ampliﬁers are mounted there. The golden plate in the
middle is the still stage and the bottom plate is the mixing chamber stage with a base temperature of
20 mK. (b) Solenoid coil, mounted at the still level. The sample is anchored at the MC stage and enters
the solenoid coil from the bottom via a metallic ﬁnger. (c) The Helmholtz coil pair is supported by long
copper tubes, which are ﬁxed at the still stage. The sample hangs in the center, thermally anchored to
the MC plate. In the picture a 3D cavity is installed.
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Figure 4.1(a) shows a photograph of the lower levels of the cryostat. All cryogenic HEMT1
ampliﬁers are installed at the 4 K stage and all samples are thermally anchored to the MC
stage. At the still level, a self-built superconducting solenoid coil and a Helmholtz coil pair
are mounted, see Figs. 4.1(b) and 4.1(c), respectively. The solenoid coil has a maximum
ﬁeld of 370 mT and is used for on-chip electron spin resonance (ESR) experiments in order
to investigate the spin ensembles. The Helmholtz coil pair has a maximum ﬁeld of 275 mT
and the setup is used for both ESR and optical studies. The symmetry axis of the Helmholtz
coil pair is parallel to the optical axis deﬁned by the windows of the cryostat. The sample
space can be used with standard on-chip ESR sample holders as well as with 3D resonators
and shielded qubit sample holders. In addition, it is possible to control the two coils of the
Helmholtz coil pair individually in order to apply magnetic ﬁeld gradients at the sample.
Figure 4.2(a) shows the circuit diagram for powering the solenoid and the Helmholtz coils
and Fig. 4.2(b) displays the wiring inside the cryostat at the 4 K stage. The currents for the
coils are supplied either by two Tektronix PWS4205 power supplies connected in parallel, or
a Keithley SMU2602A SourceMeter and a Yokogawa GS820 source measure unit connected
in parallel, too. From the 60 K stage to the 4 K stage, four high-T𝑐 superconductor cables
are used. From the 4 K stage, superconducting NbTi wires2 are employed. In the following
sections, the general setup for microwave and optical spectroscopy is described.
Igrad
Cryostat

(a)

1

(b)

IH

2

H1

1

2

3 4

H2
S
3

IS

4

Figure 4.2: (a) Circuit layout for powering the Helmholtz (H1 , H2 ) and the solenoid (S) coils. The part
of the circuit, which is inside the cryostat, is marked by the dotted rectangle and the connections into
the cryostat are labeled by numbers 1-4. By adding the grey part to the circuit including an additional
current supply, gradients can be applied in the Helmholtz coil setup in order to artiﬁcially enlarge the
inhomogeneous broadening of the spin ensemble. (b) Picture of the 4 K stage with the wiring for the
coils biases. Four high-T𝑐 cables conduct the current from the 60 K to the 4 K stage where wiring is
continued using superconducting NbTi wires. The connections shown in (a) are done at the three posts
anchored below the 4 K plate and superconducting tin-solder provides good electrical contact.

1
2

A high-electron-mobility transistor (HEMT) is a heterostructure ﬁeld-eﬀect transistor, which is able to operate
at higher frequencies than ordinary transistors.
Single ﬁlament NbTi superconductor with copper cladding, diameter ≈ 0.152 mm plus 0.178 mm insulation,
(type T48B-M) from Superconductor Inc.
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4.2 Microwave spectroscopy
The cryostat is equipped with seven microwave lines, of which four are used for input and three
for output. All cables from the 60 K stage down to the MC are stainless steel coaxial cables
in order to minimize the thermal conductivity between the stages while maintaining a good
electrical conductivity. The cables for the part from the 60 K stage to room temperature are
made from copper for the three output lines and stainless steel for the four input lines. Most of
the on-chip ESR investigations are performed in the single microwave photon regime. In order
to maintain a good signal to noise ratio, the incident microwave probe signal is attenuated at
several temperature stages by Inmet-Aeroﬂex AH9026-XX attenuators, see Fig. 4.3. After the
signal has passed the sample, it is guided through a shielded cryogenic microwave circulator
(Quinstar CTH0408KCS) where the third port has been terminated by a 50 Ω resistor, which
shields the sample from the backaction of the cryogenic HEMT ampliﬁer.
50Ω

(1)
(2)

60 K

(1)

-20 dB

4K

variable attenuator

Bluefors BF-LD-250

PC

𝐁

-20 dB

20 mK

-10 dB

Microwave
source
coil bias

Temperature control

HEMT

700 mK

solenoid coil
sample

Vector Network Analyzer
Agilent PNA-X

(2)

50Ω

highpass

Figure 4.3: Setup for continuous wave microwave on-chip spectroscopy. The sample is placed inside a
solenoid coil and cooled down to 20 mK. Typical probing powers at the sample range from −120 dBm
to −140 dBm. Cold attenuators, a cryogenic circulator and HEMT ensure a good signal-to-noise ratio
down to the single photon regime.

The refrigerator contains three HEMT ampliﬁers, which are all anchored to the 4 K stage.
Two of them are used in this thesis: LNF-LNC4_8A featuring a bandwidth of 4-8 Ghz with
40 dB gain and 2.6 K noise temperature, and LNF-LNC4_8A having a 6-20 GHz bandwidth
with 31 dB gain and a noise temperature of 9.5 K. At room temperature, the signal is further
ampliﬁed by two Minicircuits ZVA-183-S+ ampliﬁers. These ampliﬁers are separated by a
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circulator (Pasternack PE8402), where again the third port has been terminated by a 50 Ω
resistor. Depending on the scope of the setup, additional ﬁlters are inserted. Typically, the
on-chip ESR experiments presented in this theses use a 3-7 GHz bandpass ﬁlter between the
sample and the circulator. The continuous wave microwave spectroscopy is carried out by
measuring the 𝑆21 (𝑓 ) transmission with an Agilent Technologies N5241A PNA-X Vector
Network Analyzer and sweeping the magnetic ﬁeld of either the solenoid or the Helmholtz coil.
The superconducting Nb resonators used in the on-chip ESR spectroscopy were fabricated a
the IMS3 by Dr. Stefan Wünsch. Figure 4.4(a) shows a lumped element (LE) resonator of
dimensions 0.6×0.6 mm2 fabricated at the IMS [Wue+11]. These LE resonators were arranged
in arrays of three to nine resonators per chip connected by a common 50 Ω transmission line.
The resonators in an array have diﬀerent resonance frequencies covering the band from 4
to 5 Ghz to allow multiplexed readout [Jer+12; Che+12]. They possess loaded and internal
single photon quality factors of ∼ 103 and ∼ 104 , respectively.
(a)

(b)

7

Qi ×10−4

0.6 mm

5
3
1

-160

-120
-80
Power (dBm)

Figure 4.4: (a) Optical micrograph of a LE resonator. (b) Power dependence of the internal quality
factor. The solid line is a guide to the eye.

Figure 4.4(b) presents the internal quality factor of one LE resonator as a function of power.
At high power, the internal quality factor Qi is seven times larger than at low microwave
power. This dependency results from the coupling to parasitic two level ﬂuctuators caused by
impurities in the superconductor or substrate [Gao+07; Gao+08b; Gao+08a; Wan+09]. The
saturation of those defect states at high power eﬀectively reduces the overall photon loss. The
quality factors were determined using the algorithm presented in Ref. [Pro+14b]. With regard
to the coupling strength between the resonators and the spin ensembles, LE resonators are
comparable to conventional coplanar waveguide (CPW) resonators. However, LE resonators
are more compact and can easily be arranged in multiplexed arrays to study several samples
at the same time. Furthermore, they outperform CPW resonators in large magnetic ﬁelds,
which are needed for the investigations of Er:YSO at small DC g-factors. We found that
our LE resonators can withstand an in-plane magnetic ﬁeld up to 340 mT without degrading
signiﬁcantly. In a few experiments, other types of microwave resonators were used; a LE
3
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resonator fabricated on a Nd:YAP crystal (Sec. 5.2), a copper CPW resonator (Sec. 6) and a
3D cooper cavity (Sec. 5.4). They will be discussed in the respective experimental sections.

4.3 Optical spectroscopy
For the optical spectroscopy at 1.54 μm wavelength, a Toptica DL 100 grating stabilized single
mode diode laser is used. Its wavelength is adjusted manually by a screw and a ﬁne adjustment
including periodic and triggered frequency sweeps are possible via a piezo control. An optical
isolator (Thorlabs IO-5-1550-HP) at the output of the laser prevents damage by backwards
propagating beams. The wavelength of the laser is measured by an Ångstrom high-Finesse
WS6 wavemeter. A Brimrose acousto-optical modulator allows us to modulate the intensity
of the beam on short timescales (∼ 50 ns) with a modulation signal provided by a Tektronix
AWG520 arbitrary waveform generator.
(a)

(b)
PDA10CS

ﬁber

in

polarization
control

FPD510-F

cryostat
M
AO

focusing

Figure 4.5: Second small optical table at the cryostat. (a) The laser beam is coupled out of the ﬁber,
linear polarized, widened to approximately 1 cm diameter and ﬁnally focused into the fridge. In the
background, the Thorlabs PDA10CS photodetector is seen. (b) Optical output of the cryostat. The
beam is focused on the AOM switching it between two photo detector.

The optical probe signal is prepared on a standard optical table. Then, it is coupled into
a polarization maintaining ﬁber and guided to a smaller optical table, which surrounds the
Bluefors BF-LD-250 dillution fridge, see Fig. 4.5. On this small table, the light is coupled out
of the ﬁber and sent through a polarization control stage before it is focused onto the sample
inside the cryostat. The focusing is realized with three lenses: First, a concave (𝑓 = −7.5 cm)
and a convex lens (𝑓 = 25 cm) widen the parallel beam to approximately 1 cm diameter.
Second, a convex lens (𝑓 = 30 cm) focuses the beam onto the sample. Using Gaussian beam
propagation, the beam waist at the sample is calculated to be approximately 60 μm. For a
1 mW laser beam, this corresponds to an intensity of about 350 kW/m2 at the sample. The
corresponding average electric and magnetic ﬁelds are 510 V/m and 1.7 μT, respectively.
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Figure 4.6: Setup for optical spectroscopy.
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4 Experimental setup

4.4 Rare earth doped crystals

The transmitted light exits the cryostat at the opposite side and is guided through an additional
acousto-optical modulator. It allows us to switch quickly between two photodetectors, a
slower Thorlabs PDA10CS switchable gain detector and a fast Menlo Systems FPD510-F
photodetector with 250 MHz bandwidth. The voltage signals from the detectors are recorded
by a Tektronix 5054B oscilloscope.

4.4 Rare earth doped crystals
Most of the rare earth (RE) doped crystals were grown by Scientiﬁc materials Inc.4 using the
Czochralski method. The company provides the dopant concentration 𝑐𝑑 in relative atomic
percent, that is, 𝑐𝑑 = 𝑁𝑑 /𝑁sub . Here, 𝑁𝑑 denotes the number of RE dopant atoms and 𝑁sub
denotes the number of atoms in the bulk, which can be replaced by the dopant (Y in our case).
Typical concentrations range from 10 to 1000 ppm. In this thesis, the host materials Y2 SiO5
and YAlO3 doped with the rare earth elements Er and Nd are investigated. The Nd doped
YAlO3 sample has been provided by the MTI company5 .
In addition to bulk doped crystals, our collaborators from RUB Bochum performed focused
ion beam irradiation with Er3+ ions onto undoped Y2 SiO5 crystals. The ESR properties of
those surface doped samples are investigated in Sec. 5.3.

4
5

http://www.scientificmaterials.com
http://www.mtixtl.com/yalo3nd-doped10010x10x05mm1sidepolished.aspx
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5 Anisotropic coupling of microwave
resonators to rare earth spin ensembles
This chapter presents the results on interfacing microwave resonators to rare earth spin ensembles (Er, Nd) in the few photon limit. The collective coupling strength and the inhomogeneous
spin linewidth is analyzed with respect to temperature and magnetic anisotropy.

5.1 Anisotropic coupling to rare earth spin ensembles
doped into Y2 SiO5
In the following investigations, 200 ppm erbium doped Y2 SiO5 (Er:YSO) crystals are mounted
onto a superconducting (SC) niobium chip containing 9 lumped element (LE) resonators
occupying the band between 4.5 and 5.2 GHz. The LE resonators are connected to a 50 Ω
transmission line and possess loaded and intrinsic quality factors of 𝑄𝑙 ≃ 103 and 𝑄𝑖 ≃ 104 ,
respectively. For tuning the spins, the static magnetic ﬁeld is applied in parallel to the chip's
surface to avoid degradation of the SC resonators by induced screening currents. For our setup,
we ﬁnd that ﬁelds up to 340 mT have no signiﬁcant inﬂuence on the LE resonator properties.
(a)

(b)
D1

b
Er:YSO1

60∘

D2

Figure 5.1: (a) Er:YSO crystal on top of an array of LE resonators. (b) Orientation of the axes of
the crystal.

Figure 5.1(a) shows a micrograph of the Er:YSO crystal (sample ID: Er:YSO1) on top of the
resonator array. The colors originate from interference due to the close proximity of the crystal
to the chip's surface. The feature on the right hand side is GE varnish, which has penetrated
the small gap between the crystal and the chip. The varnish serves as a glue to ﬁx the crystal
on the SC chip. The LE resonators covered by the GE glue possess much lower quality
factors, presumably originating from dielectric losses and parasitic two level systems in the
glue. It is important that the glue is applied such that the crystal experiences no mechanical
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stress when it is cooled down because this would increase the inhomogeneous spin linewidth.
Figure 5.1(b) illustrates the cut of the crystal with respect to the crystal axes. By varying the
direction of the magnetic DC ﬁeld with respect to the crystal axes, the magnetic anisotropy
of the Er3+ ions is studied and the collective coupling strength to the LE resonator as well as
the inhomogeneous spin linewidth are extracted for each direction.
4.62

|𝑆21 |
1.0

Frequency (GHz)

4.60
0.1

4.58

S1𝑎

S1𝑏

S2𝑎

S2𝑏

4.56
4.54
4.52

20

30

40
Magnetic ﬁeld (mT)

50

60

Figure 5.2: On-chip ESR spectrum of sample Er:YSO1 coupled to a LE resonator. The orientation of
the crystal's b-axis with respect to the DC magnetic ﬁeld is 𝜃 = 81.3∘ .

Figure 5.2 shows a typical on-chip ESR spectrum of the Er:YSO1 crystal. The transmitted
microwave amplitude |𝑆21 | is plotted in color vs. frequency and magnetic ﬁeld. The spectrum
was recorded in the few photon regime at a temperature of 22 mK. The black line, which
corresponds to the resonator's absorption dip, experiences four dispersive frequency shifts.
There, the resonator couples to the spin system and the corresponding energy loss manifests
itself by a reduced quality factor. Theses are caused by the coupling of the resonator to the
electronic spin transitions of the four sub-ensembles of the Er:YSO1 spin ensemble.
The spectrum is analyzed in the following way: First, the resonance frequency of the LE
resonator is extracted as a function of the magnetic ﬁeld by ﬁtting the spectrum using the
circle ﬁt method [Pro+14b]. Second, the dispersive shifts of the resonance frequency are
ﬁtted to the weak coupling theory presented in Sec. 3.2.3 in order to extract the collective
coupling strength 𝑣𝑁 , the inhomogeneous spin linewidth Γ⋆
2 and the DC g-factor gDC . The
results are presented in the following table.
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Crystal
transition
S1𝑎
S1𝑏
S2𝑎
S2𝑏

Er:YSO1 (200 ppm, 𝜃 = 81.3∘ )
𝐵DC (mT) g-factor 𝑣/2𝜋 (MHz) Γ⋆
2 /2𝜋 (MHz)
24.1
30.5
40.9
46.0

13.6
10.7
8.0
7.1

6.7
7.0
10.2
11.0

25.5
25.5
28.8
30.4

Here, the subscripts of the labels S⋯ indicate the electronic transitions of the erbium ions
at site 1 or 2 and magnetic subclass 𝑎 or 𝑏. For all four transitions, we observe a collective
coupling strength that is smaller than the inhomogeneous linewidth. Transitions with smaller
DC g-factors possess a larger collective coupling strength but also a larger inhomogeneous
spin linewidth. The increase of the linewidth can be explained by inhomogeneities in the
magnetic DC ﬁeld. The erbium doped crystal is glued onto a superconductor which is a
perfect diamagnet. The homogeneous DC ﬁeld, which is responsible for the Zeeman splitting
of the spin transitions, should be aligned parallel to the surface of the superconducting LE
resonator chip. However, the orientation of the magnetic ﬁeld is not perfect and the residual
perpendicular component gives rise to counteracting ﬁelds created by the superconductor.
This inhomogeneity broadens the distributions of spin transition frequencies. By employing
a normal metal resonator, one can avoid this eﬀect, but normal metal resonators have low
quality factors due to their the ﬁnite electrical resistivity, see Sec. 6.1. By linear extrapolation
of the linewidth to zero magnetic ﬁeld, we obtain an intrinsic inhomogeneous spin linewidth
of Γ⋆
2 /2𝜋 ∼ 19±1.4 MHz. Note, this value sets a lower limit for the collective coupling
strength for obtaining strong coherent coupling, i.e. 𝑣𝑁 /2𝜋 ≫ 19 MHz. The increase of the
collective coupling strength has a diﬀerent cause. The magnetic anisotropy of the erbium ions
in YSO is described by a g-tensor g. Therefore, the eﬀective magnetic moment of the erbium
spin depends on the direction. The full Hamiltonian is given by
𝐻 = 𝜇𝐵 𝐁DC ⋅ g ⋅ 𝐒 + 𝜇𝐵 𝐁AC cos 𝜔𝑡 ⋅ g ⋅ 𝐒 .

(5.1)

The ﬁrst term describes the anisotropic Zeeman interaction of the spin with the static magnetic
ﬁeld and the second term speciﬁes the anisotropic coupling to the oscillating magnetic ﬁeld.
In a typical experiment, 𝐁DC and 𝐁AC are perpendicular to each other so that they experience
diﬀerent eﬀective g-factors. For materials with axial symmetry, small DC g-factors are
accompanied by large AC g-factors, see Sec. 2.3.3, Fig. 2.2. Thus, it is necessary to explore the anisotropic coupling in order to enter the strong coupling regime, where 𝑣𝑁 ≫ Γ⋆
2 , 𝜅𝑙 .
Furthermore, it is crucial to investigate the temperature dependence of the collective coupling
strength and the inhomogeneous spin linewidth. The temperature dependence can help to
identify the given spin ensemble as a paramagnet, i.e. an ensemble of uncoupled spins (on
the timescales of interest). In order to do this, spectra similar to Fig. 5.2 were recorded at
diﬀerent temperatures and the extracted couplings and linewidths for all four transitions are
presented in Fig. 5.3.
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Figure 5.3: Temperature dependence of the collective coupling strength and the inhomogeneous
spin linewidth. The error bars are omitted for better readability (linewidth: < ±1 MHz, coupling:
< ±0.06 MHz). The coupling strength ﬁts well to the theory of paramagnetic ions in solids (lower
dashed line). The larger error in determining the linewidth only allows for a qualitative analysis. The
upper dashed lines show the general trend that the linewidth increases with increasing temperature.
The labels a-d numerate the transitions in the spectrum starting with the lowest ﬁeld transition.

The temperature dependence of the collective coupling strength was ﬁtted to the standard
theory of paramagnetic ions in crystals, see Sec. 3.2.5,
𝑣𝑁 = 𝑣0

√

tanh

ℏ𝜔
,
( 2𝑘𝐵 𝑇 )

(5.2)

with 𝜔 = 2𝜋×4567.5 MHz. Figure 5.3 shows a nice agreement between theory and experiment
for all four sub-ensembles, and conﬁrms the paramagnetic properties of the 200 ppm Er3+
doped Er:YSO1 sample. The determination of the inhomogeneous spin linewidth from the ﬁt
to the spectrum is subject to a larger error and the data allow only for a qualitative analysis.
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DC g-factor

The general trend shows that the linewidth increases with increasing temperature, except
for the lowest spin transition (see Fig. 5.3a). However, the large spread of values (±0.5 to
±1 MHz), does not allow for further conclusions at this point.
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Figure 5.4: Simulation of the DC g-factors of sample Er:YSO1 as a function of 𝜃 for ﬁxed 𝜙 = 111∘ .
The black crosses indicate the measured DC g-factors.

Sample Er:YSO1 was studied in four diﬀerent orientations. For each orientation and for
all four sub-ensembles, collective coupling strength 𝑣𝑁 , inhomogeneous spin linewidth Γ⋆
2
and DC g-factor were extracted. In order to understand anisotropic behavior, the data were
compared to a simulation of the system Hamiltonian (see Sec. 2.2) using the Matlab package
EASYSPIN [SS06] and the g-tensors provided in Ref. [Sun+08]. Figure 5.4 presents the
measured data on top of a simulation of the DC g-factors. The simulation yields the best
agreement with the data for 𝜙 = 111∘ , which is within reasonable agreement with the crystal
cut provided by our supplier (Fig. 5.1(b) ) 60∘ ∼ 69∘ = 180∘ − 𝜙.
20
15

5
0

𝜃 = 48∘
𝜃 = 59.4∘

5
10
DC g-factor

15

S1𝑏

10

𝜃 = 81.3∘

10

0

(b)

𝜃 = 43.5∘

AC g-factor

Coupling (MHz)

(a)

15

S2𝑏
S2𝑎

5

S1𝑎

0

50

100
150
𝜙 (∘ )

200

Figure 5.5: Anisotropic coupling. (a) Coupling vs. DC g-factor. For almost all samples, the coupling
scales inversely to the DC g-factor. (b) Simulated angular dependence of the AC g-factor for 𝜃 = 44∘ .
The grey line denotes the mean orientation. The coupling measured with on-chip ESR represents an
average value with respect to the AC g-factor anisotropy due to the inhomogeneous AC ﬁeld of the
LE resonator.
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All samples show the general trend that transitions with smaller DC g-factors possess larger
coupling strengths, see Fig. 5.5(a). The reason for the change in coupling strength is also
attributed to the magnetic anisotropy. The AC magnetic ﬁeld of the LE resonator is oriented
in the plane perpendicular to the static magnetic ﬁeld. However, it is still very inhomogeneous
in this plane instead of pointing in only one direction. The coupling strength of an individual
spin to the LE resonator depends on its eﬀective magnetic moment 𝜇eﬀ = 𝜇𝐵 gAC . Figure
5.5(b) shows the angular dependence of the so-called AC g-factor for an orientation of 𝜃 = 44∘
of the DC ﬁeld. Thus, in order to calculate the collective coupling strength, one has to take
into account the angular variations of the vacuum magnetic ﬁeld 𝐁vac (𝐫) and the g-factor
𝑣2𝑁 =

∫

𝜌(𝐫) |𝑣(𝐫)|2 d𝐫 ,

(5.3)

where 𝑣(𝐫) ∝ 𝐁𝐴𝐶 g 𝐒 and 𝜌(𝐫) denotes the density of spins, which is typically assumed to
be homogeneous.
Although the collective coupling 𝑣𝑁 increases for smaller DC g-factors, coherent strong
coupling is not possible because the inhomogeneous spin linewidth is always larger than 𝑣𝑁 .
Therefore, a diﬀerent orientation was chosen. For this, a new crystal (sample ID: Er:YSO2)
was employed with the same dopant concentration as Er:YSO1 and a 30 degrees rotated
D1 axis such that the axis coincides with one of the crystal edges, see Fig. 5.6(ii). In this
experiment both Er:YSO1 and Er:YSO2 were measured simultaneously, each crystal covering
diﬀerent LE resonators of the array. The crystals were aligned such that the DC magnetic ﬁeld
forms angles of approximately 43.5∘ (Er:YSO1) and 48∘ (Er:YSO2) with the crystallographic
b axis.
Figure 5.6 presents the on-chip ESR spectrum. The resonators covered by erbium doped
crystals show again a number of dispersive shifts. The dotted and dashed lines indicate
the 4 sub-ensembles of Er:YSO1 and Er:YSO2, respectively, and the transitions are labeled
according to their site and magnetic subclass. The eﬀect of the magnetic anisotropy is cleary
visible; with increasing magnetic ﬁeld, i.e. decreasing DC g-factor, the collective coupling
strength increases. The positions of the resonators below the crystal could be partially
identiﬁed by laser scanning microscopy (LSM) in a separate experimental setup at 4 K
[ZAU06; Zhu+12], see Ref. [Pro+13] for an image of the scan. The evaluation of Er:YSO1
has been discussed in Fig. 5.5. Here, we will focus on the Er:YSO2 sample, which shows a
pronounced mode splitting at 250.6 mT indicating strong coupling of resonator #5 to the S2𝑎
transition. In the ﬁeld region between 210 and 265 mT, a faint and narrow absorption line is
visible belonging to the same transition. The crossing of this line with the resonances #6-8
eﬀects a complex hybridization pattern due to inductive coupling of the resonators mediated
by the spin ensemble coupled to resonator #5. In addition, small dispersive shifts in the ﬁeld
region starting from 200 mT indicate coupling to hyperﬁne transitions. Figure 5.7 presents a
detailed investigation of the avoided level crossing at 250.6 mT. The spectrum in Fig. 5.7(a)
shows the avoided level crossing, the absorption dip and two further uncoupled resonances.
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Figure 5.6: On-chip ESR amplitude spectrum of samples Er:YSO1 (inset (i)) and Er:YSO2 (inset (ii))
coupled to an array of nine SC LE resonators. The four electronic transitions of Er:YSO1 are indicated
by dashed lines whereas the dotted lines denote the transitions of Er:YSO2.

In oder to analyze the spectrum, the raw power spectrum |𝑆21 (𝜔)|2 directly in resonance at
253.1 mT is shown in Fig. 5.7(b) and compared to the oﬀ-resonant case at 204.3 mT. The full
power spectrum in resonance can be described by
5

𝑎 + 𝑎2𝑖 (𝜔 − 𝜔𝑖 )
|𝑆21 (𝜔)| = 𝐵(𝜔) 1 + ∑ 1𝑖
.
2 ]
2
[
𝑖=1 (𝜔 − 𝜔𝑖 ) + 𝛾𝑖 /4
2

(5.4)

Here, 𝐵(𝜔) is a second order polynomial accounting for the baseline, 𝜔𝑖 and 𝛾𝑖 denote the
frequencies and linewidths of the resonances, respectively. The coeﬃcients 𝑎1𝑖 and 𝑎2𝑖 denote
the absorptive and the dispersive parts of the resonances. Figure 5.7(b) depicts the ﬁt of
Eq. 5.4 to the resonant power spectrum. The resonances are marked in the plot and the dips
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labeled with |+⟩ and |−⟩ belong to the normal mode splitting. To extract the mode splitting,
the raw data is normalized to the baseline and the uncoupled resonances #3 and #4 as well as
the absorption dip are subtracted.
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Figure 5.7: (a) Transmission spectrum of resonator #5 strongly coupled to the electronic spin of the
𝑆2𝑎 transition of the Er:YSO2 crystal. (Inset) The internal damping rate 𝑘𝑖 /2𝜋 of the resonator clearly
resolves the hyperﬁne spectrum of 167 Er3+ . The labels ``HF1'', ``HF2'' and ``HF3'' denote magnetic
hyperﬁne transitions and ``Q'' marks a quadrupole transition. (b) The dark gray line displays the
power spectrum |𝑆21 (𝜔)|2 at the anticrossing at 251.3 mT, which is ﬁt using Eq. (5.4) (orange line).
The gray line is the transmitted power measured away from the avoided level crossing at 204.3 mT.
(c) The corrected transmitted power spectra taken at 250.6 mT (dark gray line) and at 251.3 mT (gray
line) clearly show a normal mode splitting. The solid green and purple lines show the ﬁt to these
splittings, respectively.

Figure 5.7(c) presents the corrected spectra at two diﬀerent spin-cavity detunings (𝜔𝑆 −𝜔𝑐 )/2𝜋
of 14 MHz at 251.3 mT (gray line) and 1 MHz at 250.6 mT (dark gray line). Two clearly
separated dips are visible conﬁrming the strong collective coupling of resonator #5 to the
S2𝑎 sub-ensemble. The normal mode splitting is ﬁtted to the model of two coupled quantum
harmonic oscillators, see Sec. 3.2.4. The results are presented in Fig. 5.7(c) by the green and
purple curves. The ﬁt has been performed in two steps. First, the external 𝜅𝑐 /2𝜋 = 4.7 MHz
and internal 𝜅𝑖 /2𝜋 = 0.7 MHz decay rates of resonator #5 have been determined far away from
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the ALC at 204.3 mT. These values were set constant for the subsequent ﬁt of the normal mode
splitting. The ﬁt yields a collective coupling strength of 𝑣𝑁 /2𝜋 = 34 ± 0.5 MHz and a HWHM
inhomogeneous spin linewidth of Γ⋆
2 /2𝜋 = 12 ± 0.25 MHz, amounting for a cooperativity
𝐶 = 𝑣2𝑁 /𝜅𝑙 Γ⋆
of
approximately
17.8.
2
To investigate the inﬂuence of the 167 Er hyperﬁne transitions, the decay rate of the resonator
has been investigated, which is shown in the inset of Fig. 5.7(c). Due to the strong hyperﬁne
interaction, the hyperﬁne spectrum is rather complex below 6 GHz and amounts for approximately 14 lines in our magnetic ﬁeld range (205-280 mT). Therefore, it was impossible to
identify all transitions with conﬁdence. Beyond 6 GHz, the hyperﬁne spectrum is dominated
by the Zeeman shift and appears as a regular pattern such that the classiﬁcation is easier, see
Refs. [Bus+11; Gui+06]. In general, two types of transitions are visible in the spectrum,
hyperﬁne transitions with constant nuclear spin projection Δ𝑚𝐼 = 0 (denoted ``HF'' in the
inset) and weaker coupled (partially forbidden) quadrupole transitions with Δ𝑚𝐼 ± 1 (labeled
``Q'' in the inset). All of them are weakly coupled and the evaluation of the resonator's
damping rate dependency yields a coupling strength of 4 MHz with a linewidth of 7.6 MHz
for transition ``HF1''. For the quadrupole transition ``Q'', a collective coupling strength of
1.8 MHz and a linewidth of 7.1 MHz is determined.
Table 5.1 summarizes the results of the microwave spectroscopy. For both samples, the
coupling strength scales inversely proportional to the DC g-factor. This is in agreement with
the other orientations of sample Er:YSO1 (see Fig. 5.5(a)) and the theoretical considerations in
Sec. 2.3.3. Apart from the last two transitions of Er:YSO2, Γ⋆
2 scales with the DC g-factor. The
increase of the inhomogeneous spin linewidth with increasing magnetic ﬁeld can be explained
by inhomogeneities in the spatial distribution of the Zeeman ﬁeld. However, transitions with
a large g-factor are more susceptible to magnetic ﬁeld ﬂuctuations and inhomogeneities in the
magnetic ﬁeld, which broadens the inhomogeneous spin linewidth, too. For a well aligned
sample, the latter eﬀect is dominant and explains the decrease of the linewidth of the S2𝑎
transition of sample Er:YSO2 with DC g-factor of 1.4. It should be noted that an ESR study of
this crystal on a X-band Bruker Elexsys 580 spectrometer at a temperature of 6.3 K suggests
minimal linewidths of 14 and 25 MHz for the low and high ﬁeld transitions, respectively.
Crystal
transition
S1𝑎
S2𝑏
S1𝑏
S2𝑎

Er:YSO2#5 (𝜃 = 48∘ )
g-factor 𝑣𝑁 /2𝜋 Γ⋆
2 /2𝜋
13.4
2.7
1.6
1.4

4.4
13
22
34

23
34
32
12

Er:YSO2#9 (𝜃 = 43.5∘ )
g-factor 𝑣𝑁 /2𝜋 Γ⋆
2 /2𝜋
15.2
3.3
1.8
7.3

4.1
13
21
8

20
24
26
28

Table 5.1: Measured g-factors, collective coupling strengths 𝑣𝑁 , and linewidths Γ⋆2 in MHz of all four
Er electronic spin transitions.
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The narrow absorption line which traverses the spectrum (see Fig. 5.6) is caused by spins
directly absorbing the microwave signal from the transmission line. This eﬀect has also been
detected in a highly doped ruby crystals [Sch+10; Cla+13]. However in our experiment, the
spin concentration is 𝑛Er ∼ 7 × 1017 cm−1 , which is at least an order of magnitude lower. We
estimate the number of absorbing spins to be approximately 𝑁𝑠 ∼ 1013 , which have a large
AC g-factor of about 15.
We studied the absorption line of the microwave transmission line away from the frequency
region of the LE resonator array. At a magnetic ﬁeld of 273.2 mT, corresponding to a frequency
of 5.331 GHz, we measure the microwave absorption spectrum. The excitation power amounts
for 0.1 fW and is low enough to avoid any saturation of the spin ensemble. Figure 5.8(a)
shows the recorded absorption dip, which has a depth of 12%. A ﬁt to a Lorentzian (solid
green line) yields a HWHM linewidth of 13.8 ± 0.4 MHz, which is in good agreement with the
linewidth determined by ﬁtting the normal mode splitting of resonator #5 (12 MHz). We note
that the here demonstrated direct detection of the spin ensemble may pave the way towards a
traveling wave quantum memory, which can store and retrieve photons without the aid of a
resonator [Afz+13].
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Figure 5.8: (a) Transmission line absorption dip revealing the S2𝑎 transition at a magnetic ﬁeld of
273.2 mT. The green line displays a Lorentzian ﬁt to the spectrum. (b) Reappearance of the absorption
signal after a strong saturation pulse. The solid line is an exponential ﬁt to the data.

The presence of an absorption line allows for studying the spin-lattice relaxation dynamics
of the spin ensemble directly, see Sec. 2.3.5 for the method. In the experiment displayed in
Fig. 5.8(b), a strong and resonant microwave pulse with a power of 0.1 nW and 1 s length
saturates the spins which are subsequently probed with a power of 60 fW at the central
frequency of 5.330 MHz.
After the strong microwave pulse, the spins relax to their equilibrium level. This is determined
by the temperature of the experiment (𝑇 = 20 mK) yielding 𝑁2 /𝑁1 = exp(−ℏ𝜔𝑎 /𝑘𝐵 𝑇 ) ∼ 10−5 .
Figure 5.8(b) shows the decay of the absorption signal. A ﬁt with an exponential decay curve
yields a spin-lattice relaxation time of 𝑇1 = 4.3 ± 0.2 s (solid line). The relaxation time at low
temperatures is dominated by a direct process and the measured time is in accordance with
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the order of magnitude estimation presented in Sec. 2.3.5. A comparison by extrapolation of
the relaxation time measured in pulsed ESR [KC80] at 4.2 K gives 𝑇1 ≃ 3 𝑠 in agreement with
our value.
Based on these ﬁndings, the optimal parameters for coupling LE resonators to Er:YSO are
known such that the sample can be studied in further detail. In this experiment, the Er:YSO2
sample was positioned such that it only covers one resonator from the previous study. Note
that the coverage of just a single resonator isolates this resonance from the rest of the other
resonators due to the strong frequency shift caused by the dielectric constant of the YSO
crystal. This allows for a very clean signal. Figures 5.9(a)-(c) present a detailed view
on the avoided level crossing of the S2𝑎 transition coupled to the LE resonator at diﬀerent
temperatures. While the size of the mode splitting of the electronic transition decreases, some
hyperﬁne transitions appear strongest at 100 mK.
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Figure 5.9: Avoided level crossing at diﬀerent temperatures. Remarkably, the hyperﬁne transitions are
more pronounced at 100 mK, and the system is still strongly coupled at 1 K,.

In order to investigate this eﬀect in greater detail, coupling and linewidth were analyzed as
a function of the temperature for both the electronic S2𝑎 and the hyperﬁne transition marked
``HF'' in Fig. 5.9.
Figure 5.10(a) shows the temperature dependence of the collective coupling strength and
inhomogeneous spin linewidth. The crossover from the strong to the weak coupling regime is
marked by the dotted line. The temperature dependence of the coupling nicely agrees to the
theory of paramagnetic crystals as before in the case of weak coupling (gray line), see Fig. 5.3.
Due to the pronounced coupling, it is possible to even extract the temperature dependence
of one of the hyperﬁne transitions, which is marked with ``HF'' in Fig. 5.9. Figure 5.10(b)
presents the temperature dependence of both collective coupling strength and inhomogeneous

61

5 Anisotropic coupling of microwave resonators to rare earth spin ensembles

spin linewidth. The linewidth increases with increasing temperature from approximately
4 MHz to 5.5 MHz, whereas the coupling strength shows a pronounced maximum at 140 mK.
There, the coupling has a value of almost 4.4 MHz that approaches the strong coupling regime
because spin and resonator linewidth reside in the same regime. Below 140 mK, the coupling
strength decreases quickly to about 2.1 MHz. Towards higher temperatures, the coupling
strength decreases to about 2.4 MHz at 1 K.
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Figure 5.10: (a) Temperature dependence of the collective coupling strength of the S2𝑎 transition
coupled to the LE resonator. The solid line is a ﬁt to the theory and the dashed line indicates the level
of the inhomogeneous spin linewidth. (b) Temperature dependence of coupling strength and linewidth
of the hyperﬁne line ``HF''. The coupling is strongest around 140 mK and approaching the strong
coupling regime.

This behavior can be explained by looking at the level structure of the odd 167 Er spin ensemble. The nuclear spin 7/2 couples to the electronic spin 1/2 such that the composite system
consists of 16 energy levels. The strong hyperﬁne interaction eﬀects a zero ﬁeld splitting
of approximately 5.6 GHz for the largest transition. Since our LE resonator has a resonance
frequency of 4.7 GHz, we are working in a regime where the Zeeman and the hyperﬁne
interaction are of the same order of magnitude. Consequently, the hyperﬁne spectrum is
rather complex and it is not possible to associate all lines in the spectrum with conﬁdence.
Nevertheless, it is possible to draw some qualitative conclusions. At zero temperature, only
the lowest |𝐼, 𝑆⟩ = |7/2, −1/2⟩ of the 16 levels will be populated. A transition originating
from a higher level, e.g. |3/2, −1/2⟩ → |3/2, 1/2⟩, will possess zero coupling strength because
there is no population. As the temperature increases, the lower levels get ﬁlled ﬁrst such that
the coupling strength of the transition increases up to the point where the higher states become
populated as well. Then, the coupling strength decreases again because it is proportional to
the population diﬀerence of the corresponding levels 𝑣 ∝ √𝑁1 − 𝑁2 .
Taking the hyperﬁne tensors provided in Ref. [Gui+06], it is possible to estimate the energy
spectrum using the Matlab package EASYSPIN [SS06]. Based on this, we calculate the thermal
population of all 16 hyperﬁne levels as a function of temperature. The occupation probability
of a certain level with energy 𝐸𝑖 is given by the Boltzmann statistics 𝑝𝑖 = 𝑍1 exp(−𝛽𝐸𝑖 ),
where 𝑍 is the partition sum and 𝛽 = 1/𝑘𝐵 𝑇 . We extract the coupling strengths 𝑣 ∝ √𝑝𝑖 − 𝑝𝑗
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of the transitions preserving the nuclear spin momentum1 . The result is shown in Fig. 5.11.
The simulated temperature dependencies show maxima for all but one transition and are in
qualitative agreement with the measured dependencies. In principle, these transitions could
serve as a sensitive sensor to determine the temperature of the spin system.
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Figure 5.11: Simulated temperature dependencies for the coupling strengths of the hyperﬁne transitions
of 167 Er.

In conclusion, we have demonstrated coherent strong coupling of a SC LE resonator to an
Er3+ spin ensemble. The collective coupling strength shows a paramagnetic temperature
dependence in accordance with theory. This is also conﬁrmed for one of the 167 Er hyperﬁne
transitions. The spin relaxation time of 4.3 s measured via direct microwave absorption is
comparable to the estimations presented in Sec. 2.3.5. From the exploration of the magnetic
anisotropy, we can conclude that strong coupling is only achieved at high magnetic ﬁelds,
i.e., small DC g-factors. In contrast, the low ﬁeld transitions show weak coupling and a
large linewidth.
From these investigations, we have acquired a good understanding of the physics of Er:YSO
spin ensembles coupled to LE resonators. However, with regard to applications in SC quantum
information circuits, it would be desirable to operate at much lower magnetic ﬁelds, which
have to be compatible with the Josephson junctions of SC qubits. It is therefore interesting to
investigate rare earth ions doped into other host crystals such as YAlO3 with higher symmetry
and less anisotropic g-tensors.

5.2 Rare earth ions doped into YAlO3 host crystals
In the Sec. 5.1 it was shown that reaching the strong coupling regime requires trading the
coupling strength against the high spin tuning rate originating from large g-factors. This
requires large magnetic ﬁelds beyond 200 mT to achieve the necessary Zeeman splitting.
Since the ﬁnal goal of these investigations is the integration of rare earth spins into the state
1

Note that this is a simpliﬁed approach, which neglects the strong mixing of the spin levels, which can lead to
diﬀerent allowed transitions.
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of the art circuit QED architecture, operating at lower magnetic ﬁelds ∼ 10 mT is desirable
[Sen+08]. At larger magnetic ﬁelds, the critical currents of the Josephson junctions will
degrade signiﬁcantly. In addition, magnetic vortices in the superconductor increase the losses
and limit the overall coherence of the circuit. The magnetic anisotropy of RE doped crystals
strongly depends on the properties of the host material, e.g. the symmetry of the crystal.
Choosing a proper host material can overcome the limitations of Er:YSO spin ensembles
and enable strong coupling at much lower magnetic ﬁelds. Here, a YAlO3 (YAlO) crystal is
chosen as a host for Nd3+ and Er3+ ions [ARM97; AR02]. Both Nd and Er are interesting
because they both exhibit optical transitions inside standard telecommunication bands.
YAlO3 belongs to the orthorhombic space group 𝐷2ℎ and its unit cell is subdivided into four
distorted perovskite cells, which create four magnetic subclasses for the Y3+ ions [ARM97].
The mirror symmetry of the Y3+ ions in the (001) plane and the inversion symmetry through
the aluminum sites reduces the number of eﬀective subclasses to two. So, in contrast to YSO,
one expects to see at maximum two sub-ensembles in the ESR spectrum. The hyperﬁne
spectrum of 167 Er doped YAlO diﬀers from Er:YSO and exhibits a zero ﬁeld splitting with
a maximum transition frequency of almost 4 GHz, see Ref. [Tka+14] for a simulation of
the spectrum. In the case of Nd:YAlO, the maximum zero ﬁeld splitting (ZFS) amounts for
approximately 3.5 GHz. The frequency range of the ZFS would allow one to directly couple
a ﬂux qubit to the spin ensemble at zero magnetic ﬁeld [Mar+10; Zhu+11]. Moreover, the
hyperﬁne spectrum features so-called zero ﬁrst-order Zeeman transitions, which can enhance
the coherence properties of the spin ensemble because of their insensitivity to magnetic ﬁeld
ﬂuctuations to ﬁrst order [McA+12]. According to Ref. [AR02], the principal values of the
g-tensor of Er:YAlO are 𝑔𝑥 = 8.98, 𝑔𝑦 = 8.13 and 𝑔𝑧 = 2.73. For Nd:YAlO, 𝑔𝑥 = 2.83,
𝑔𝑦 = 2.58 and 𝑔𝑧 = 1.69 have been determined.
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Figure 5.12: On-chip ESR spectrum of Er:YALO coupled to LE resonator #1. The numbers give the
nuclear spin numbers for the eight hyperﬁne transitions.

The Er:YALO sample being investigated in the following is a 50 ppm erbium doped crystal
from Scientiﬁc Materials Inc. The experimental setup is comparable to the previous chapter
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apart from two diﬀerences. The employed SC chip is a 3 LE resonator chip and the crystal is
ﬁxed by gently pressing it with a teﬂon screw onto the SC chip covering two LE resonators. In
this conﬁguration, the resonators operate in the frequency band around 4.4 GHz and exhibit
loaded and internal quality factors of 𝑄𝑙 ∼ 660 and 𝑄𝑖 ∼ 2500. The magnetic ﬁeld is applied in the (001) plane of the crystal and forms an angle of 10∘ with the crystallographic 𝑏 axis.
Figure 5.12 shows the on-chip ESR spectrum of LE resonator #1 coupled to the Er:YAlO spin
ensemble. Only one electronic transition with a DC g-factor of 9.4 is detected. It shows a
pronounced avoided level crossing. The collective coupling strength is 𝑣𝑁 = 32.2 MHz and
the inhomogeneous spin linewidth is measured to be Γ⋆
𝑠 = 16 MHz. In comparison to our
experiments with Er:YSO, both coupling and linewidth are comparable but the strong coupling
is already achieved at 35 mT, which is a factor of seven improvement over the required ﬁeld
of 250 mT for Er:YSO. In this experiment, the two magnetic classes overlap. We believe
that a small misalignment of the magnetic ﬁeld remains, which gives rise to an increased
inhomogeneous spin linewidth such that an improved alignment could reduce Γ⋆
2 further.
The spectrum presented in Fig. 5.12 also shows the hyperﬁne transitions of the odd 167 Er
isotope. In contrast to 167 Er:YSO, we are operating in a frequency regime above the ZFS.
Therefore, all hyperﬁne lines are visible and can be associated to the respective nuclear
momenta −7/2 to 7/2. The following table lists the coupling strengths and linewidths of the
transitions with nuclear spin momentum 𝑚𝐼 .
𝑚𝐼

7/2

5/2

3/2

1/2

−1/2

−3/2

−5/2

−7/2

𝑣𝑁 /2𝜋 (MHz)
Γ⋆
2 /2𝜋 (MHz)

9.7
31

7.3
27

7.6
29

7.2
26

3.8
15

5.7
22

5.7
33

5.0
25

From lower to larger ﬁelds, the coupling strength of the transitions decreases, which can be
attributed to the thermal population of the hyperﬁne state. Since we are only 400 MHz away
from the ZFS, the transition matrix elements of the hyperﬁne transitions are not unity but
rather vary in a complex way. This prevents a more detailed study of the thermal population
of the levels and their coupling strength. However, by repeating the same experiment with a
resonator operating at higher frequencies (e.g. 9 GHz) one can circumvent the problem and
even use the hyperﬁne spectrum to measure the temperature of the spin system by comparing
the individual coupling strengths. A complete characterization of the Er:YAlO spin ensemble
is given in Ref. [Tka+14]. For the purpose of this thesis it is suﬃcient to note that strong
coupling can be achieved at low magnetic ﬁelds of 35 mT. Even though such a ﬁeld is not
yet suited for the direct integration with SC qubits, it is much easier to deal with an can be
shielded from the rest of the circuitry. Our investigation showed a pronounced hyperﬁne
coupling where the low ﬁeld transitions appear strongest. By choosing an isotopically puriﬁed
167
Er:YAlO spin ensemble, one may be able to operate even at zero ﬁeld. The data suggests for
a puriﬁed sample an approximate collective coupling strength to the LE resonator of ∼ 22 MHz.
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A feasible quantum computer technology requires the integration of local memory elements
directly on the SC chip. The local integration of spins via ion implantation is presented in
Sec. 5.3. Here, the performance and coupling of SC LE resonators are investigated, which
were directly fabricated on a 1000 ppm Nd doped YAlO3 substrate from the MTI company.
These substrates had never been used before for the fabrication of SC circuits and required an
adoption of the fabrication process by our collaborator S. Wünsch. Moreover, the dielectric
permittivity of YAlO3 was only given in a range between 16 and 20, which made it impossible
to achieve a good impedance matching to 50 Ω. The microwave spectroscopy is carried out
in the usual way and the crystal has a similar orientation as the Er:YAlO sample discussed
before such that the DC g-factor is optimized.
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Figure 5.13: Avoided level crossings between the two LE resonators and the Nd spin ensemble. The
coupling to the hyperﬁne transition is clearly visible.

Despite the expected impedance mismatch, the sample shows a strong signal. Due to the
impedance mismatch, the baseline of the spectrum shows low frequency modulations. These
can be clearly distinguished from the pronounced and narrow signal of the LE resonators.
Figure 5.13 presents the baseline corrected spectrum. The spectrum shows several pronounced
dispersive shifts and a large avoided level crossing (ALC) at a magnetic ﬁeld of approximately
110 mT. This is attributed of the electronic transition of the even Nd isotopes. There are two
odd isotopes (143 Nd and 145 Nd) with a nuclear spin of 7/2 but diﬀerent nuclear magnetic
moments. 143 Nd with 12.2% abundance contributes more to the signal compared to 145 Nd
with 8.3% natural abundance [HL11]. The respective hyperﬁne tensors are slightly diﬀerent and, to our knowledge, only the hyperﬁne tensor of 143 Nd has been measured so far [AR02].
Another prominent feature of the spectrum are the intense absorption lines traversing the
spectrum. In order to extract the coupling strength and linewidth of all transitions, it is
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necessary to apply a common ﬁt, including the electronic absorption line, because they are
partially overlapping and inﬂuence each other. Therefore, a two dimensional ﬁt on the entire
spectrum was performed. The DC g-factor of the electronic transition is determined to be
2.97 and the collective coupling strength yields 𝑣𝑁 /2𝜋 = 199 MHz with an inhomogeneous
spin linewidth of Γ⋆
2 /2𝜋 = 21 MHz. Thus, we operate in the strong coupling regime, and it is
the strongest coherent coupling ever measured with paramagnetic spin ensembles in a hybrid
circuit QED architecture. The collective coupling strength of the ﬁrst hyperﬁne transition
amounts for 𝑣𝑁 /2𝜋 = 97 MHz but has a linewidth of Γ⋆
2 /2𝜋 = 144 MHz. The large linewidth
originates from the fact that both odd Nd isotopes contribute to the coupling. However, due
to their diﬀerent hyperﬁne interactions their frequencies deviate from each other causing this
large inhomogeneous spin linewidth. Due to the visibility of the absorption lines of both the
electronic and the hyperﬁne transitions, it is possible to study the spin Hamiltonian over a
much broader frequency range.
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Figure 5.14: Absorption lines due to direct MW-ensemble coupling. The strong line is the electronic
transition of the even Nd isotopes. The fainter lines belong to the two odd isotopes 143 Nd and 145 Nd
with 12.2% and 8.3% natural abundance, respectively [HL11]. (Inset) Absorption at low magnetic
ﬁelds. The 7/2 line is clearly visible down to zero ﬁeld. |S21 | values larger than unity are an artifact of
the normalization procedure, which divides all the data by the frequency spectrum at maximum ﬁeld
in order to remove the oscillations of the baseline.

Figure 5.14 presents the absorption line spectrum from 3 GHz to 7.7 GHz. The observable
frequency range is only limited by the operational band of the HEMT ampliﬁer and the
employed cryogenic microwave isolator (both 4-8 GHz). The linewidth of the absorption line
of the electronic spin transition shows a clear magnetic ﬁeld dependence. Its depth in the
power spectrum increases from approximately 35% at 3.48 GHz to 65% at 6.87 GHz. The
absorption dip is ﬁtted with a Lorentzian and yields a linewidth of Γ⋆
2 /2𝜋 = 91 ± 5 MHz at
3.48 GHz (83.1 mT) and 114 MHz at 6.87 GHz (166.2 mT). This is larger than the linewidth
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obtained by ﬁtting the avoided level crossing. The larger inhomogeneity may originate from
magnetic ﬁeld inhomogeneities along the 1 cm long transmission line which is much more
susceptible to those compared to the smaller dimensions of the LE resonators of 0.6×0.6 mm2 .
It should be noted that despite the large linewidth determined by direct ﬁtting of the absorption
dips, this linewidth would still suﬃce to enter the strong coupling regime due to the large
collective coupling strength of the LE resonator to the ensemble of 𝑣𝑁 /2𝜋 = 199 MHz. Down
to about 4 GHz, the hyperﬁne absorption lines are clearly visible. Some absorption lines
split at larger magnetic ﬁelds indicating the presence of the two odd Nd isotopes. At lower
frequencies, the hyperﬁne interaction dominates the Zeeman interaction, leading to a strong
mixing of the eigenstates in the uncoupled basis |𝑆, 𝐼⟩ and reducing the transition matrix
elements. Speciﬁcally, below 4 GHz, the hyperﬁne absorption dips become fainter which is
accompanied by a bending of the absorption lines towards the vertical axis of the plot. The
inset of Fig. 5.14 presents a ﬁne scan around zero magnetic ﬁeld. Although we are operating
below the optimal band of the ampliﬁer, it is possible to identify the 7/2, 5/2 and 3/2 states and
follow them back to their zero ﬁeld splitting. At zero ﬁeld, the 7/2 state shows the strongest
signal and possesses a transition frequency of approximately 3.45 GHz. The reason for the
weaker absorption signal at lower ﬁelds is mainly caused by a reduction of the transition
dipole moment, which is conﬁrmed by simulating the hyperﬁne spectrum using the data
from Ref. [AR02]. In contrast to the simulation, which predicts a vanishing transition matrix
element at zero ﬁeld, we can still identify the 7/2 absorption line. Therefore, it is possible
to couple a resonator at zero magnetic ﬁeld to the 7/2 transition while remaining compatible
with SC Josephson qubits. This could be realized by an isotopically puriﬁed 143 Nd:YAlO
spin ensemble. Furthermore, both the 5/2 and 3/2 absorption lines show a local minimum and
maximum at 4 mT, respectively. Those present so-called zero ﬁrst order transitions, which
prolong the coherence time of the spin system due to their ﬁrst order insensitivity to magnetic
ﬁeld ﬂuctuations.

5.3

Focused ion beam implanted Er3+ in Y2 SiO5

This section focuses on a further aspect towards the practical implementation of erbium
based hybrid systems. In a SC quantum processor circuit, memory elements are required
to be placed at speciﬁc positions, where they can fulﬁll their tasks without interfering with
the rest of the circuitry. One possible approach is to locally implant spins into an empty
crystal or directly into the substrate on which the circuit is fabricated [Kol+12]. In our
work, we use a focused ion beam (FIB) to implant Er3+ ions into an undoped Y2 SiO5 (YSO)
crystal with high spatial resolution[Kuk+14]. We then perform circuit QED experiments
on these crystals and conﬁrm the successful implantation of erbium ions by studying the
electron spin resonance properties at the single photon level. The results of this work have
been published in Ref. [Pro+14a]. Recently, a related work by Wisby et al. reports weak
coupling (∼ 1 MHz) of SC resonators to an implanted Gd3+ :Al2 O3 spin ensemble [Wis+14].
However, in our work, Y2 SiO5 is used as a host material for the Er3+ ions, which promises
long optical and spin coherence times [Böt+06b; Ber+07; Rak+09]. In addition, we achieve
collective coupling strengths which are an order of magnitude larger compared to the work
by Wisby et al. Figure 5.15(a) shows a schematics of the ion implantation, which has been
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performed at RUB Bochum by our collaborators N. Kukharchyk and A. D. Wieck [Kuk14].
The crystal's surface is divided into several areas where we implant Er3+ ions in order to study
the eﬀect of the amount of implanted ions per area (ion ﬂuence) on the coupling strength and
inhomogeneous spin linewidth. The Erbium ions were implanted into the YSO crystals in an
EIKO-100 FIB system with an energy of 300 keV. The ions were extracted from an Au78.4
Er10 Si11.6 liquid metal ion source (LMIS), developed by A. Melnikov at al. [Mel+02]. The
ion beam was accelerated to an energy of 300 keV and separated into its ion isotopes by a
built-in Wien ﬁlter. The resolution of the ﬁlter does not allow for a ﬁne separation between
the Erbium isotopes, but it was possible to minimize the amount of the unwanted 167 Er
isotope to less then 5%. For comparison, the natural abundance amounts for approximately
20%. The amount of ion ﬂuence 𝐹 is estimated by 𝐹 = 𝐼 𝑆𝑡 , where 𝐼 is the ion current, 𝑡 is
the dwell-time of the beam on a single drawing point, and 𝑆 is the area covered by the ion beam.
The penetrating ions trigger a number of processes in the crystal, mainly ion-ion collisions
resulting in lattice defects. This implantation process has been simulated by our collaborators
employing the SRIM software [ZZB10], which yields an ion distribution with a mean depth
of 60 nm and 39 nm mean deviation [Kuk+14]. In order to repair the damage of the crystal
lattice caused by the ion beam, thermal annealing is required. At RUB Bochum, both rapid
thermal annealing (RTA) and 1.5-2 hours long-time annealing have been performed.
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Figure 5.15: (a) Sketch of the implantation process. A focused Er3+ ion beam irradiates several areas
of an undoped Y2 SiO5 crystal. (b) Schematics of the coupling geometry. (c) Picture of the implanted
YSO crystal on top of a superconducting chip with an array of nine LE resonators. Each implanted
area ﬁts to the size of one LE resonator.

There are two ways to investigate the properties of implanted ions, either optically, i.e. by
confocal photoluminscence [Kuk+14], or in the microwave frequency range using electron
spin resonance (ESR). In the case of a magnetic ion, ESR allows one to obtain information
about the properties of spins in solids, such as g-factors, relaxation and coherence times, and
inhomogeneous linewidths [SE01]. Typically, 3D resonators deployed in ESR measurements
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probe the spins distributed over the whole crystal volume. In contrast, on-chip ESR allows to
study the surface region of the paramagnetic sample [Sch+10; Bus+11; Kub+12; Sig+14].
Since the implanted ions only occupy a region 100 nm below the surface, on-chip ESR is a
convenient tool for this investigation, see Fig. 5.15(b).
Figure 5.15(c) shows a picture of the YSO crystal magnetically coupled to an array of superconducting lumped element (LE) resonators similar to the experiments presented in Sec. 5.1.
In our work, we investigate two samples (YSO2 and YSO4), which have 5 and 4 implanted
areas, respectively. Each implanted area covers one speciﬁc LE resonator. The LE resonators
covered by the Er:YSO crystal possess loaded quality factors of 𝑄𝑙 ∼ 650. The resonance
frequencies of the LE resonators occupy the frequency range from 4 to 5 GHz.
Figure 5.15(b) presents a schematic cross-section of the coupling area. The oscillating
magnetic ﬁeld of the microwave penetrates several microns into the crystal, see Ref. [Pro+13]
for a simulation of the AC ﬁeld. A DC magnetic ﬁeld is applied along the surface of the
SC chip.
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Figure 5.16: ESR transmission spectrum of the YSO4 crystal, area #3 coupled to one of the LE
resonators. Two dispersive shifts of the resonator are visible in the spectrum due to the magnetic
coupling to the electronic spin transitions S1𝑏 and S2𝑎 of the erbium ions

Figure 5.16 shows the on-chip ESR spectrum of the YSO4 sample area #3. The plot displays
the transmitted amplitude ||𝑆21 || in color as a function of the magnetic ﬁeld and the probe
frequency. The resonator shows up as a black line which is distorted by two dispersive shifts.
There, the resonator couples weakly to the Er spins [Sch+10; Bus+11]. From the spectrum,
we extract the collective coupling strength 𝑣𝑁 and inhomogeneous spin linewidth Γ⋆
2 by
ﬁtting the weak coupling theory described in Sec. 3.2.3 to the decay rate of the resonator. In
the following, we will focus on the high ﬁeld transition of our samples, which possess DC
g-factors of 1.09 (YSO4) and 1.03 (YSO2), respectively. The orientation of the crystals is
shown in Fig. 5.15(a).

70

5.3 Focused ion beam implanted Er3+ in Y2 SiO5
(b)
15

15

Coupling (MHz)

Coupling (MHz)

(a)

10
5

10

YSO2
YSO4

5
2
3
1
(Fluence)0.5 (1/cm2 )0.5

×107

0.2

0.6
Temperature (K)

1.0

Figure 5.17: (a) Collective coupling vs. the square root of the ﬂuence. The dashed straight line shows
the expectation for a 100% eﬀective implantation. The gray line is a ﬁt to an empirical theory, see text
for details. (b) Temperature dependence of the collective coupling strength of sample YSO4 area #3.
The temperature dependence follows the expectation for a paramagnetic crystal (gray line).

The on-chip ESR spectra of all samples are analyzed by comparing the collective coupling
strength 𝑣𝑁 and inhomogeneous spin linewidth Γ⋆
2 to the implanted ﬂuence. Figure 5.17(a)
displays the extracted coupling strengths versus the square root of the ﬂuences. If the implantation process had the same eﬃciency for all ﬂuences, one would expect the data points
to follow a straight line because 𝑣𝑁 ∝ √𝐹 . However, the coupling strength is not proportional to the square root of the incident ﬂuence 𝐹 and the deviation increases for larger ﬂuences.
In order to interpret this result, it is important to emphasize that the entire sample preparation
process consists of FIB irradiation and subsequent annealing in Ar atmosphere. Both processes can provide a contribution to the reduced implantation eﬃciency. Two samples, which
were only treated with RTA, show no ESR response. We found that long term annealing
(∼ 1.5-2 hours) is crucial in order to detect the erbium ions with on-chip ESR. However, a
large inhomogeneous spin linewidth remains and does not show a signiﬁcant dependence on
the ﬂuence.
There are two major contributions to the inhomogeneous spin linewidth: Dipole-dipole
interaction and local distortions of the crystal ﬁeld which modulate the eﬀective g-factor.
Using Refs. [Bro+11; BC08], we can estimate an upper limit for the contribution to the
inhomogeneous broadening due to dipole-dipole interaction. Assuming the ion distribution
calculated by our Monte Carlo simulation, Γ⋆
2 /2𝜋 varies from tens of kHz for the lowest
ﬂuence to approximately 80 MHz for the sample with the largest ﬂuence. Since the linewidth
always resides at a high level, we conclude that the distorted crystal ﬁeld dominates the
linewidth. The details of the implantation and annealing processes are complex and a more
detailed study would be needed to model the entire process.
Since we do not know exactly the distribution of the ions in the crystal and the distortion of
the lattice, we use the known implantation process parameter ﬂuence to motivate a simpliﬁed
empirical model. From all erbium ions per area 𝐹 penetrating the sample, only a subset
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𝐷 ≤ 𝐹 will ﬁnally be a in an appropriate conﬁguration. Therefore, merely these ions
contribute to the ESR signal and 𝑣𝑁 ∝ √𝐷. We assume that the implantation yield (including
post-annealing) is exponentially reduced by the amount of ions per implanted area 𝐷 (dose),
𝐷̇ = 𝑘 exp(−𝐷/𝐷𝑐 ). Here, 𝑘 = 𝐼/𝑆 is the intensity of the FIB and 𝐷𝑐 denotes a critical dose
where local interaction eﬀects in the crystal start to dominate over the enhanced amount of
erbium ions. The total number of incident ions per area is given by the ﬂuence 𝐹 = 𝑘𝑡, where
𝑡 denotes the total implantation time for a given area 𝑆. The eﬀective implanted dose 𝐷 with
respect to the ﬂuence is given by
𝐹
𝐷(𝐹 ) = ln 1 +
𝐷 .
(
𝐷𝑐 ) 𝑐

(5.5)

Accordingly, the collective coupling scales as 𝑣𝑁 ∝ √𝐷(𝐹 ). The ﬁt to the experimental
points is presented in Fig. 5.17 and yields 𝐷𝑐 ≈ 1013 cm−2 . Only in the limit of low ﬂuence
𝐹 ≪ 𝐷𝑐 , we observe that the collective coupling is proportional to the total number of
implanted ions.
In order to check whether the implanted ions form a paramagnetic spin ensemble, we studied
the temperature dependence for sample YSO4 area #3. Figure 5.17 shows the measured
temperature dependence of the collective coupling strength 𝑣𝑁 , which nicely follows the
theory of paramagnetic crystals
𝑣(𝑇 ) = 𝑣0

√

tanh

ℏ𝜔
.
( 2𝑘𝐵 𝑇 )

(5.6)

Thus, the implanted ions can be modeled as a system of the independent spins [Bus+11]. In
contrast to the coupling strength, the inhomogeneous spin linewidth Γ⋆
2 /2𝜋 is about 70 MHz
and stays constant in the temperature range from 30 mK up to 1 K. Since crystals grown by
the Czochralski method are known to have a much smaller linewidth at low temperatures (12
MHz for 200 ppm doping concentration, see Sec. 5.1), we assume that the distorted crystal
ﬁeld dominates the inhomogeneous broadening over dynamic eﬀects in this temperature range.
⋆
2
In the limit of weak coupling where 𝑣𝑁 ≪ Γ⋆
2 and the cooperativity 𝐶 = 𝑣𝑁 /𝜅Γ2 < 1, we
can study the spin-lattice relaxation dynamics directly. Here, we employ a technique similar
to Sec. 5.1 where our weakly coupled cavity is equivalent to a long transmission line. The
details of the method are given in Sec. 3.3. An initial strong microwave pulse saturates the
spin ensemble and the depth of the resonator dip increases signiﬁcantly. The resonator is
then continuously probed at low power in order to observe the decrease of the resonator dip
while the spin ensemble is relaxing back to its equilibrium position. We observe a double
𝑏
𝑎
exponential decay with two time scales 𝑇SLR
≈ 1 s and 𝑇SLR
≈ 10 s. This suggests that
the energy relaxation is dominated by a direct process on short timescales plus an indirect
process on larger timescales. Typically, the spin-lattice relaxation time 𝑇1 at low temperatures
(ℏ𝜔 ≫ 𝑘𝐵 𝑇 ) is dominated by a direct process 1/𝑇1 ∝ (ℏ𝜔)5 coth(ℏ𝜔/2𝑘𝐵 𝑇 ), see Sec. 2.3.5.
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Table 5.2 summarizes the results of our on-chip ESR investigations of implanted Er:YSO samples and compares them to a doped as-grown Er:YSO crystal. We note here, that the implanted
crystals have a similar orientation as the bulk doped crystal investigated in Sec. 5.1. The
eﬀective local concentration and number of spins are calculated from 𝐹 and using Eq. (5.5).
⋆
All implanted samples couple weakly to the LE resonators because 𝑣 ≪ Γ⋆
2 . The linewidth Γ2
does not show a signiﬁcant dependence on the coupling strength or ﬂuence. The value of the
calculated average single-spin coupling is in accordance with our estimation of 𝑣1̄ /2𝜋 ∼ 70 Hz
using the inductance of the LE resonator [Wue+11] and the simulated magnetic ﬁeld [Pro+13]
with an AC g-factor of 15, see also Sec. 3.2.1. We detect no signiﬁcant diﬀerence between
the YSO2 and the YSO4 samples.
To summarize this section, erbium ions were implanted by focused ion beam irradiation of
a Y2 SiO5 substrate. The ions possessed an energy of 300 keV and penetrated up to 100 nm
inside the substrate. A subsequent annealing of the samples in argon atmosphere at 1200∘ C
for 1.5-2 hours turned out to be crucial. The implanted spin ensemble was characterized
by on-chip ESR spectroscopy at 20 mK and at the single microwave photon limit. The
collective coupling strengths of the implanted spins vary with the implantation ﬂuence from
5 to 18.7 MHz, and exceed the typical dissipation rates of SC circuits. The temperature
dependence of the coupling strength shows paramagnetic behavior and the inhomogeneous
spin linewidth is 5 to 10 times larger compared to a bulk doped Er:YSO crystal grown by
the Czochralski method. In order to reduce the spin linewidth, further investigations of the
annealing process are required. We believe that implantation into heated substrates will be
crucial for an optimal process. This work paves the way towards the local integration of erbium
spins in SC quantum circuits. This concept can be developed further to enable reversible
conversion of microwave and telecom C-band photons by combining microwave and optical
waveguides on the same crystal [SPT13; OBr+14].
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YSO2
#3
#4
#5

#2

YSO4
#3
#4

9.01 11.18 15.41
18.77
48.6
136
69.2
93.1
40.6
102
244
487
145
215
288
348
58.4 86.8
116
141
75
76
90
100
1.83 2.91
1.9
(2)∗
12.2 15.6
11.9
(14)♯
∘
1.5 h at 1200 C in Ar atmosphere

#1

assuming an average 60 nm thick layer, ∗ uncertainty ≈ 30%, ♯ uncertainty ≈ 25%, † SLR signal too weak

6.53
107
6.73
46
18.5
96

#2

9.85 12.73 17.71
105
105
112
15.0
114
1030
81
225
414
32.9 90.8
167
109
85
87
†
†
1.13 1.10
1.19
†
†
7.36 8.16
7.49
2 h at 1200∘ C in Ar atmosphere

5.06
68.1
4.80
35
14.1
85

#1

34
12
–
200
∼ 103
76
4.3
–
–

bulk
Er:YSO

Table 5.2: Comparison of coupling strength 𝑣, inhomogeneous spin linewidth Γ⋆2 , ﬂuence 𝐹 , eﬀective local concentration 𝑐eﬀ
̃ , eﬀective number of
𝑏
𝑎
spins 𝑁̃ eﬀ coupled to the transition, the average single spin coupling strength 𝑣1̄ and spin lattice relaxation times 𝑇SLR
, 𝑇SLR
of all samples with
implanted Er3+ ions and a doped as-grown crystal.

‡

𝑣𝑁 /2𝜋 (MHz)
Γ⋆
2 /2𝜋 (MHz)
𝐹 (1012 cm−2 )
𝑐eﬀ
̃ ‡ (ppm)
𝑁̃ eﬀ (×109 )
𝑣1̄ /2𝜋 (Hz)
𝑎
𝑇SLR
(s)
𝑏
𝑇SLR (s)
annealing param.

crystal ID
implanted area
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5.4 3D cavity QED experiments with Er3+ :Y2 SiO5

5.4

3D cavity QED experiments with Er3+ :Y2 SiO5

In Sec. 5.1, the DC g-factor and the collective coupling anisotropy has been studied. Already
at this stage, it was pointed out that the oscillating magnetic ﬁeld of the LE resonator is largely
inhomogeneous in strength and direction. Therefore, the collective coupling strength is given
by an integral over diﬀerent AC g-factor contributions. This two-fold inhomogeneity has
challenging implications regarding the implementation of a quantum memory. The spatial and
g-factor inhomogeneities lead to an inhomogeneous distribution of the Rabi frequencies of
the spins. Note that these issues can be addressed by optimal control pulse schemes [Sig+14],
which becomes relevant for the eﬃcient implementation of a multimode quantum memory,
see also Sec. 6.5.
There is a way to overcome the problem of the AC ﬁeld inhomogeneity by using a three
dimensional geometry for the microwave resonator. In collaboration with Andrej Tkalčec
[Tka13] and the group of Prof. M. Tobar, a cylindrical microwave cavity has been developed.
Figure 5.18(a) shows a photo of the 3D copper cavity. In oder to reduce the mode volume,
it has been loaded with a sapphire cylinder conﬁning the electrical ﬁeld. The 50 ppm Er3+
doped YSO crystal is placed in the center of the cylinder supported by two teﬂon corks. Figure
5.18(b) presents a schematics of the coupling geometry. The so-called TE011 mode ensures
a homogeneous magnetic AC ﬁeld at the position of the crystal (dashed line), which is also
conﬁrmed by simulations, see Ref. [Pro+14c].
(a)

(b)

(c) 𝐷
1
𝑏
BAC

BDC

𝜃
𝐷2

Figure 5.18: (a) Three dimensional sapphire loaded copper cavity. The loops on the left and right serve
as coupling coils. (b) Coupling geometry: The dashed line represents the AC magnetic ﬁeld of the
TE011 mode, which is very homogeneous at the location of the Er:YSO crystal (purple). (c) Orientation
of the crystal axes.

The cavity is operated in the overcoupled regime with a loaded quality factor of 𝑄𝑙 = 800.
This corresponds to a cavity linewidth of 3.5 MHz. In oder to determine the internal quality
factor, the cavity was measured in the strongly undercoupled regime where 𝑄𝑙 is dominated
by the internal quality factor. At low temperature, the internal quality factor is 72300,
which is 3.5 times larger than at room temperature. In order to study the AC g-factor, the
crystal is rotated around its 𝐷2 axis, which points along the symmetry axis of the cylindrical
cavity, see Fig. 5.18(c). For each orientation, the coupling strength of the S2𝑏 transition is
extracted and the result is shown in Fig. 5.19. The maximum coupling strength measured is
𝑣𝑁 /2𝜋 = 21.2 ± 0.3 MHz with an inhomogeneous spin linewidth of Γ⋆
2 /2𝜋 = 18 ± 0.7 MHz,
which proves strong coupling between the Er:YSO spin ensemble and the 3D cavity. The
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dependence of the collective coupling strength is then compared to a simulation of the AC
g-factor using the Matlab package EASYSPIN [SS06] by superimposing both dependencies.
The result shows an increase of the coupling strength from 4 MHz at 0∘ to 21 MHz at 70∘
originating from a ﬁve fold increase of the AC g-factor. A full characterization of the sample
can be found in Ref. [Pro+14c].
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Figure 5.19: Collective coupling strength vs. rotation angle 𝜃. The solid line shows the simulated AC
g-factor for the S2𝑏 transition. The size of the points covers the approximate uncertainty of the data.
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In this chapter, the coherence properties of a 50 ppm doped Er3+ :Y2 SiO5 crystal are investigated by pulsed on-chip ESR. In contrast to the previous chapter where the spin ensemble has
been studied in the few photon regime, strong 𝜋 and 𝜋/2-pulses will be used which manipulate
all the spins of the ensemble. The experimental setup is able to rotate the spins by 𝜋 within
40 ns. Here, a copper-based CPW resonator with a loaded quality factor of approximately
133 is employed. This resonator has an eﬀective mode volume of about 11.78 mm3 , giving
rise to a single spin coupling of 2.4 Hz while assuming an AC g-factor of 15. This is more than
an order of magnitude smaller compared to the lumped element resonators employed in the
previous chapter. This setup can be regarded as a prototype quantum memory, which enables
multimode storage of quantum information. We use this test-bed for probing the coherent
interaction of Er3+ with its environment and demonstrate coherent multimode storage of up
to 16 excitations with state of the art eﬃciency.

6.1 Inhomogeneous spin linewidth and
collective coupling revisited
In contrast to the investigations in the previous chapter, a non-superconducting copper CPW
resonator is employed. Normal metal resonators have the advantage that they do not perturb
the magnetic DC ﬁeld that is required for the Zeeman shift. Therefore, we expect to measure
a minimal inhomogeneous linewidth of the Er3+ :Y2 SiO5 spin ensemble. In the following, the
hybrid system is characterized by continuous wave spectroscopy.
(a)

4 mm

(b)

D1

3 mm
2 mm

b
D2

4 mm

45∘

Figure 6.1: (a) Crystal on copper CPW resonator. (b) Orientation of the crystal.

Figure 6.1(a) shows a picture of the sample. The Er:YSO crystal is pressed onto the resonator
by a Teﬂon screw. The orientation of the crystal is displayed in Fig. 6.1(b) and is chosen
such that the DC g-factor for the 𝑆2𝑎 transition becomes minimal and the coupling strength
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maximal. Since the goal is to apply strong MW pulses later in the experiment, no cryogenic
attenuation has been used. Due to the usage of stainless steel cables on the input line, 13 dB
attenuation is achieved. On the output side, the last part from 60 K to room temperature
is bridged with CuNi cables whose total attenuation amounts for 11 dB. At this point, it is
important to discuss the implications of room temperature black body radiation on the sample
because the amount of attenuation is very low. In order to estimate the noise power entering
the resonator, a frequency band of Δ𝑓 = 50 MHz around 3.72 GHz is assumed corresponding
to about twice the full resonator bandwidth, which is a conservative estimation. For a matched
circuit 𝑃noise = 𝑘𝐵 𝑇 Δ𝑓 , which yields for 𝑇 = 300 K a total noise power of ∼ −106 dBm at
the sample. Thus, the number of photons in the cavity is roughly on the order of ∼50. This is
not suﬃcient to saturate the spin ensemble.
The sample is characterized in the usual way by continuous wave MW transmission spectroscopy while sweeping the magnetic ﬁeld. Figure 6.2 presents the resulting spectrum
recorded at 25 mK and a probing power of ∼100 fW. The transmitted amplitude is color
coded and all four sub-ensembles are resolve with g-factors 14.2, 4.0, 1.9 and 1.1. A clear
anticrossing is observed for the high ﬁeld transition at a magnetic ﬁeld of 246 mT. Moreover,
the electronic transition close to 140 mT also shows a weak anticrossing indicating the onset
of strong coupling. The spectrum features a number of weak hyperﬁne lines, but is was
not possible to associate them to speciﬁc transitions with suﬃcient conﬁdence. Speciﬁcally,
the 167 Er3+ level structure is dominated by the hyperﬁne interaction because the resonance
frequency of 3.7 GHz lies below the maximum zero ﬁeld splitting of approximately 5.6 GHz.
This leads to a number of avoided level crossings and a strong mixing of the states expressed
in the uncoupled basis.
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Figure 6.2: |𝑆21 | transmission vs. frequency and magnetic ﬁeld. Four sub-ensembles and a number of
hyperﬁne transitions are visible. The S2𝑎 transition shows a clear avoided level crossing.
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The following analysis concentrates on the high ﬁeld transition at 246 mT with a DC g-factor
of about 1.1. The avoided level crossing is analyzed by ﬁrst ﬁtting the resonator far away
from the transition. This yields a resonance frequency of ∼ 3.721 GHz and HWHM linewidth
of ∼ 14.0 ± 0.1 MHz. Then, these parameters are kept ﬁxed when ﬁtting the mode splitting.
It turns out that this does not ﬁt the lineshape properly. If the resonator linewidth is added
as a free parameter, the ﬁt is much better, see Fig. 6.3. We extract a collective coupling
strength of 𝑣𝑁 /2𝜋 = 13.20 ± 0.7 MHz and a HWHM inhomogeneous spin linewidth of
Γ⋆
2 /2𝜋 = 7.3 ± 0.4 MHz. The ﬁtted resonator linewidth is 𝜅𝑙 /2𝜋 = 8.2 ± 0.5 MHz being a
factor of 1.7 smaller than the oﬀ-resonant linewidth. This increases the loaded quality factor1
to 𝑄𝑙 ≈ 227. Currently, we cannot explain this peculiar behavior. Despite this fact, we
conﬁrm that the hybrid system is indeed strongly coupled because we observe vacuum Rabi
oscillations, see Sec. 6.3. The change of the linewidth may be attributed to the fact that we
couple a microwave resonator characterized by a homogeneous linewidth to a spin ensemble
forming an eﬀective harmonic oscillator with an inhomogeneous linewidth. Moreover, it
should be noted that this is a very interesting parameter regime where 𝜅𝑙 > Γ⋆
2 , which has not
been explored so far in the research on hybrid quantum systems. Typically, superconducting
resonators are employed with sub-MHz linewidths exceeding the inhomogeneous linewidths
of spin ensembles by orders of magnitude. Therefore, a detailed theoretical study is required
to model the inﬂuence of the inhomogeneous broadening entirely. According to the ﬁt, 𝜅𝑙 and
Γ⋆
2 are of the same order of magnitude, placing the system close to the so-called impedance
matched regime [Afz+13]. This is also supported by the observation that the signal strength
of the mode splitting is on the same order of magnitude as the bare resonator transmission,
see Fig. 6.3.
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Figure 6.3: Avoided level crossing of the resonance at 246 mT (black points). The solid black line
represents a ﬁt to the data. For comparison, the resonator at 227.7 mT is displayed (gray dots).

1

Since this measurement is performed in transmission, we cannot directly determine the internal quality factor
𝑄𝑖 . However, from experiments where we tried to maximize 𝑄𝑙 , we estimate that 𝑄𝑖 is ≳ 400
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Since this Er:YSO sample has a four times lower ion concentration than the samples investigated
in the previous chapter, it is interesting to compare the spin-lattice relaxation times. A 3 s long
pulse with a power of 1 μW saturates the spin ensemble, which is subsequently probed at a
frequency of 3.72 GHz and a MW power of 10 nW. At high temperatures, the sample operates
in the weak coupling regime such that the spin-lattice relaxation time can be determined by
ﬁtting an exponential decay curve to the |𝑆21 | data. This is justiﬁed until 0.45 K because
below, the decay curves deviate from pure exponentials. Figure 6.4(a) shows the obtained 𝑇1
values from 0.45 K to 1.0 K. According to theory, the dominant energy relaxation mechanism
is a direct process (see Sec. 2.3.5) which scales as 𝑇1−1 ∝ coth(ℏ𝜔/2𝑘𝐵 𝑇 ). Since the resonance
frequency 𝜔/2𝜋 is known, the only free parameter is the proportionality constant. The purple
line in Fig. 6.4(a) displays the ﬁt of this function to the data. By extrapolation to 30 mK, a 𝑇1
of approximately 100 s is predicted.
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Figure 6.4: (a) Temperature dependence of the spin-lattice relaxation time. The purple line is a
ﬁt assuming a direct relaxation process. (b) |𝑆21 | decay curve after a saturation pulse, plotted in
double-logarithmic scale. The decay strongly deviates from a simple exponential decay curve. The
green line is a ﬁt employing a sum of three exponential decays. After 100 s, ≳ 90% of the spins are
relaxed back to equilibrium.

In contrast, Fig. 6.4(b) presents a |𝑆21 | decay curve measured at 30 mK and plotted with
double-logarithmic scaling. The decay strongly deviates from a simple exponential decay.
Also, it is not possible to ﬁt the signal employing the strong coupling theory, see Eq. (3.35)
in Sec. 3.3. This may originate from the fact that the bare loaded quality factor 𝜅𝑙 depends on
whether the cavity is coupled to the spin ensemble, see the analysis presented in Fig. 6.3. The
only function which achieves a perfect ﬁt to the data is a sum of three exponential decays,
represented by the green line in Fig. 6.4(b). The decay times are 2.76 ± 0.26 s, 19.2 ± 1.1 s and
73.9 ± 1.7 s. After 100 s, the signal has decayed by ≳ 90%, indicating that most spins are in
thermal equilibrium. The dominant decay is given by the second timescale of the ﬁt function,
yielding an approximate 𝑇1 ≈ 20 s. At this point we have to conclude that the details of the
relaxation process appear to be much more complex, such that we can only speculate that the
strongly coupled cavity oﬀers an additional energy decay channel for the spin system.
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The hybrid system operates in an interesting regime, where 𝜅𝑙 > Γ⋆
2 . To investigate the
dependence of the power spectrum |𝑆21 |2 (𝑓 ) on the inhomogeneous spin linewidth Γ⋆
2 , an
additional magnetic ﬁeld gradient is applied.
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Figure 6.5: (a) Power spectra of the Cu resonator coupled to the spin ensemble. The colors indicate
spectra with diﬀerent magnetic ﬁeld inhomogeneity introduced by the Helmholtz coil pair. For
comparison, the orange line presents the spectrum of the uncoupled resonator. (b) Half mode splitting
vs. electrical current inhomogeneity Δ𝐼 = (𝐼1 − 𝐼2 ) in the Helmholtz coil pair.

This is achieved by driving the two coils of the Helmholtz coil pair with diﬀerent currents
𝐼1 and 𝐼2 . Figure 6.5(a) presents the resulting spectra of the resonant hybrid system. The
colors denote power spectra at diﬀerent inhomogeneity Δ𝐼 = (𝐼1 − 𝐼2 ). The average current
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is kept ﬁxed to (𝐼1 + 𝐼2 )/2 = 7.121 A. For comparison, the orange line shows the |𝑆21 |2 (𝑓 )
transmission of the uncoupled resonator measured at a diﬀerent magnetic ﬁeld away from the
spin transition. In the absence of magnetic ﬁeld inhomogeneity (black line), a clear mode
splitting is observed. As Δ𝐼 increases, the amplitude of the peaks of the mode splitting
decreases. Simultaneously, the separation Δ𝑓 of the peaks of the mode splitting increases. In
the center of the mode splitting, the amplitude increases, such that above Δ𝐼 = 1.25 a three
peak structure emerges.
Such a complex behavior is not covered by the theory of two coupled quantum harmonic
oscillators given by Eq. (3.25). Therefore, most of the spectra cannot be ﬁtted with conﬁdence.
However, one can draw important conclusions from the peak separation of the mode splitting.
Namely, in ﬁrst order approximation, the half width of the peak separation yields the collective
coupling strength Δ𝑓
≈ 𝑣𝑁 . Figure 6.5(b) presents the result. With increasing inhomogene2
ity, the peak separation grows, which suggests that the collective coupling strength might
increase. This is very peculiar because the collective coupling strength is typically assumed
to be independent of the inhomogeneous broadening!
On the scale of the crystal's dimensions, the gradient magnetic ﬁeld is approximately linear
and causing a small deviation of the precession frequency proportional to the position of
the spin in the crystal. Thus, the resulting inhomogeneous lineshape is a convolution of the
intrinsic inhomogeneous lineshape of the ensemble and a box-like shape resulting from the
gradient ﬁeld. Above Δ𝐼 = 1.5 A, the peaks of the mode splitting vanish. So, the spectrum
at Δ𝐼 = 1.5 A is situated at the border of the strong and weak coupling regime. The modiﬁed
inhomogeneous spin linewidth at Δ𝐼 = 1.5 A has been calculated by using a magnetic ﬁeld
simulation of the Helmholtz coil pair yielding Γ⋆
2 ≈ 22 MHz. This value is on the same level
as Δ𝑓 /2 = 𝑣𝑁 and larger than the bare resonator linewidth. A complete understanding of the
underlying eﬀects requires a complex theoretical treatment similar to Ref. [Put+14; Kri+14]
and to our knowledge, the regime where 𝑣𝑁 ≈ 𝜅𝑙 ≈ Γ⋆
2 has never been explored so far.

6.2 Time domain setup
In order to measure the coherence properties of the spin ensemble, time resolved measurements are necessary. This imposes a considerable challenge on the experimental setup. The
single spin coupling is approximately seven orders of magnitude smaller than the collective
coupling strength. To perform a 𝜋 rotation of the whole ensemble within the coherence time,
a high power microwave pulse is needed because the Rabi frequency is proportional to the
single spin magnetic moment Ω = 𝑔𝜇𝐵 𝐵𝐴𝐶 /2ℏ.
On the other hand, the setup should guarantee a good isolation such that no microwave power
leaks into the system between the pulses. This is crucial when the hybrid system is operated
in the strong coupling regime where the collective √𝑁 enhancement of the coupling strength
makes the system extremely susceptible to low microwave powers resulting in a partial saturation of the spin ensemble. The collective coupling strength has been determined in the
previous chapter 𝑣𝑁 /2𝜋 = 13.2 MHz. The vacuum Rabi frequency is given by Ω0 = 2𝑣𝑁
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such that a single photon is transferred to the spin system within ∼ 18.9 ns due to the collective
coupling. In contrast, to rotate all spins within 40 ns in the excited state (𝜋-pulse), 1.6 × 1014
photons are required.
Figure 6.6 presents a schematics of the setup. The microwave pulse generation with a large
on/oﬀ ratio is achieved by a two step process. A two-channel Tektronix AWG 7062 arbitrary
waveform generator (AWG) generates two pulses of equal length (10-40 ns) but of diﬀerent
shape. The ﬁrst one is a rectangular pulse switching the output of an Agilent E8257C MW
source on for the duration of the pulse. The microwave frequency of the source is detuned by
200 MHz below the microwave resonator frequency. The generated microwave pulse enters
the local oscillator port of a frequency mixer. There, the frequency of the pulse is shifted
by 200 MHz to match the frequency of the microwave resonator. The required 200 MHz IF
signal is generated by the second channel of the AWG. Then, the signal is ampliﬁed by 30 dB
and sent into the cryostat.
Note that only for the duration of the pulse, the microwave is tuned into resonance with the
microwave resonator. This means that parasitic microwave power leaking into the cryostat
in between the pulses is oﬀ-resonant and does not perturb the sample. To achieve the
required phase stability, all devices are connected by a common 10 MHz reference clock.
Note that the mixer shown in Fig. 6.6 generates two sidebands but only the upper sideband
is resonant with the sample whereas the lower sideband is 400 MHz detuned and cannot
perturb the sample. The attenuator shown in the schematics represents all attenuation along
the input line including losses at the mixer. In a typical experiment, the output power of the
Agilent microwave source is set to 0 dBm and further ampliﬁed by 30 dB. Taking all attenuation in the system into account, the pulse has an approximate power of 10 mW at the sample.
The transmitted signal is ﬁrst ampliﬁed and ﬁltered by a high-pass ﬁlter before it gets
demodulated by an IQ mixer. The local oscillator of the IQ mixer is supplied by an Anritsu
M637022A source, which has the same frequency as the Agilent source used for the pulse
generation. Both sources are frequency locked. Since the local oscillator is detuned from the
frequency of the incoming microwave pulse, a 200 MHz signal remains on the I and Q port.
This signal is low-pass ﬁltered and then acquired by a Tektronix TDS5054B oscilloscope. The
input ports of the oscilloscope operate in the AC mode to get rid of DC oﬀsets. In a ﬁnal step,
the data is transferred to a standard personal computer where the 200 MHz is removed from
the I and Q signal by a digital mixer. This mixer is implemented by multiplying the signal
with a local oscillator at frequency 𝑓LO = 200 MHz and subsequent ﬁltering using a second
order digital Butterworth ﬁlter [But30] with a cutoﬀ frequency of 𝑓3dB = 14 𝑓LO . By recording
a 200 MHz signal instead of a DC pulse, DC oﬀsets and low frequency noise including drifts
are avoided. This gives a much better signal-to-noise ratio and makes the data acquisition
reliable and robust.
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6.3 Vacuum Rabi oscillations

6.3 Vacuum Rabi oscillations
In the strong coupling regime, the resonant MW cavity and spin oscillator energy states are
no longer eigenstates of the coupled system. Instead, they hybridize and the coupling lifts the
degeneracy of the resonant energy levels by the vacuum Rabi splitting. The vacuum Rabi frequency is given be Ω = 2𝑣𝑁 . This means that a photon in the resonator will get transferred to
the spin system and back to the resonator in a time 𝜏𝑅 = 2𝜋/Ω. For our system with a collective
coupling strength of 𝑣𝑁 /2𝜋 = 13.2 MHz, this Rabi oscillation period amounts to 𝜏𝑅 = 37.9 ns.
It is possible to observe the coherent dynamics of the coupled cavity-spin systems already in
the low MW power regime with pulse lengths that exceed the coherence times of the coupled
system. This was ﬁrst experimentally demonstrated for a hybrid circuit QED system consisting
of an NV spin ensemble coupled to a SC CPW resonator [Put+14]. In our experiment, we
applied a long (Δ𝑡𝑝 ≫ 1/𝜅, 1/Γ⋆
2 ) and resonant MW pulse exciting the hybrid system and
driving it into the steady state. Simultaneously, we observe the transmitted power as a
function of time. When the system is in the steady state, the MW drive is switched oﬀ. Figure
6.7(a) shows the recorded microwave power vs. time of the whole pulse sequence. Both at
the beginning and the end of the pulse, an oscillation is observed. These occur due to the
coherent exchange of photons between the resonator and the spin system. The radiated power
is directly proportional to the energy stored in the cavity. An extended theoretical analysis
of the dynamics can be found in Ref. [Kri+14]. Since the collective coupling strength is
not much larger than the decay rates of the hybrid system, only one clear oscillation period
is observed. Figure 6.7(b) presents a zoom at the end of the pulse. Superimposed on the
exponential decay of the microwave signal from the cavity, a clear oscillation is observed. To
determine the oscillation period, the time diﬀerence between the ﬁrst minimum and maximum
is measured and multiplied by two yielding 𝜏𝑅 = 66.4 ns.
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Figure 6.7: (a) Transmitted resonant microwave power vs. time. The beginning and end of the pulse
shows a characteristic oscillation. (b) Zoom onto the oscillation at the end of the pulse.

This disagrees with the value obtained from the cw spectroscopy. It would correspond to a
̃ /2𝜋 ≈ 7.5 MHz. This places the system at the transition region between
coupling of only 𝑣𝑁
strong and weak coupling considering 𝜅𝑙 /2𝜋 = 8.2 MHz and Γ⋆
2 /2𝜋 = 7.3 MHz. The small
coupling can be explained by noting that the experiment has been performed with a rather large
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microwave power of approximately 1 mW at the sample applied for 4 μs. This saturates the spin
̃ ∝ √𝑁↓ − 𝑁↑ is
ensemble considerably such that the eﬀective coupling strength given by 𝑣𝑁
reduced. Here, the arrows denote the spins in the ground and excited state, respectively. From
this, we can infer the amount of polarization assuming full polarization in the cw measurement
𝑃 =

𝑁↓ − 𝑁 ↑
𝑁↓

=

̃
𝑣2𝑁

≈ 32.3% .

𝑣2𝑁

(6.1)

However, the straightforward way of measuring vacuum Rabi oscillations is to send a short
MW pulse into the cavity and measure the emitted microwave power response. In this
experiment, the MW frequency was ﬁxed to the cavity frequency at 3.719 GHz and the
magnetic ﬁeld was swept in order to investigate the two high ﬁeld transitions and compare
the results to the oﬀ-resonant case. Figures 6.8(a) and (b) display the response of the hybrid
system to a 20 ns MW pulse with a power of approximately 10 mW corresponding to about
81 × 1012 photons. In each plot, the gray line denotes the oﬀ-resonant response and the black
data represents the resonant response.
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Figure 6.8: Response to a 20 ns MW pulse. The grey line shows an oﬀ resonant pulse for comparison.
(a) S1𝑏 transition (143.0 mT). (b) S2𝑎 transition (245.8 mT).

The weaker coupled transition S1𝑏 exhibits longer oscillation periods, see Fig. 6.8(a). The
signal of the high ﬁeld transition S2𝑎 presented in Fig. 6.8(b) shows one more oscillation.
The oscillation period measured from the ﬁrst minimum to the second minimum amounts
for 𝜏𝑅 = 39.8 ns being in good agreement with the value obtained from the cw spectroscopy
𝜏𝑅 = 37.9 ns. As we will see in the next section, the pulse employed in this experiment
corresponds to an eﬀective 𝜋/2-pulse. Thus, a large amount of energy is transfered into the
system but apparently the Tavis-Cummings physics still seems to apply. It would be interesting
to repeat the same experiment in the single photon regime which is currently not possible
due to the insuﬃcient sensitivity of the setup. A suitable setup should consist of a cryogenic
Josephson parametric ampliﬁer [Ber+10] with a subsequent cryogenic HEMT ampliﬁer to
achieve a reasonable signal-to-noise ratio.
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Interestingly, the resonant pulse (black line) shows for both transitions a longer decay time
compared to the oﬀ-resonant case (gray line). Since the decay rate of the spin system caused
by the transfer of excitations into dark modes is smaller, the photons remain longer in the
hybrid system. In other words, the spin ensemble extends the lifetime of the photon and
therefore serves as certain kind of memory here.

6.4 Spin coherence properties
Figure 6.9 shows a typical two pulse echo (2PE) sequence. An initial 20 ns long and 10 mW
strong 𝜋/2-pulse rotates the spin ensemble to the equatorial plane where it starts dephasing.
A subsequent 40 ns long 10 mW 𝜋-pulse applied after a delay time 𝜏 = 400 ns reverses the
time evolution and the ensemble emits an echo at time 2𝜏.

Amplitude (arb. u.)

The recorded pulse shapes of the 𝜋/2 and 𝜋-pulse feature vacuum Rabi oscillations2 . Although
the 𝜋/2 pulse width is only 20 ns, the width of the echo is on the order of 100 ns due to the
ﬁnite bandwidth of the microwave cavity. The amplitude of the echo is proportional to the
⟨𝑆𝑦̂ ⟩ expectation value of the spin ensemble, see Sec. 2.3.6. In general, the 2PE sequence
refocuses dephasing introduced by the inhomogeneous frequency broadening, such that it
is possible to determine the spin coherence time 𝑇2 by measuring the echo amplitude as a
function of twice the delay time 2𝜏.
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Figure 6.9: Spin echo sequence with a pulse separation of 𝜏 = 400 ns. Each pulse is accompanied by
vacuum Rabi oscillations. The 𝜋/2-pulse has a width of 20 s, but the echo appears as a 100 ns wide
pulse of approximately Gaussian shape.

The echos are analyzed by integrating over the full echo power signal to obtain the total radiated
energy. Then, the square root of the energy is plotted vs. 2𝜏 and ﬁt to an exponential decay
to retrieve the 𝑇2 time. Figure 6.10 presents such a 𝑇2 decay curve recorded at a temperature
2

Note that the free induction decay is not observable here because the large inhomogeneous broadening results in
a very short 𝑇2∗ time of 22 ns.
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of 30 mK. The signal features prominent oscillations and the solid line represents a ﬁt to an
exponential decay including an oscillatory term. This yields a 𝑇2 time of approximately 5.6 μs.
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Figure 6.10: The exponential echo decay is modulated by prominent oscillations. The solid line
presents a ﬁt to the data with a 𝑇2 time of 5.6 μs.

The oscillatory modulation of echo decay curves is called electron spin echo envelope modulation (ESEEM), Sec. 2.3.6. It originates from the dipole-dipole coupling of the Er3+ spin
to its coherent magnetic environment. The closest magnetic dipoles are the nuclear spins
of the yttrium 89 Y ions surrounding the erbium ion at a minimal distance on the order of
4 Å. The dipole-dipole coupling gives rise to a super-hyperﬁne splitting of the electronic spin
states by two super-hyperﬁne frequencies. A theoretical treatment of this system is provided
in Sec. 2.3.6. To investigate this eﬀect with higher ﬁdelity, a diﬀerent pulse sequence is
employed, which allows for observing the modulations over a longer timescale.
The stimulated pulse echo sequence (3PE) consists of three 𝜋/2 pulses and measures the
phase memory 𝑇𝑚 . In the absence of spectral diﬀusion, it probes the longitudinal relaxation
time. In spin systems, the phase memory time 𝑇𝑚 is typically longer than 𝑇2 but smaller than
the energy relaxation time 𝑇1 . Therefore, the 3PE sequence is well suited to study ESEEM
eﬀects with higher resolution. Figure 6.11 shows the 3PE echo decay. The plot shows clear
oscillations at the beginning, which fade out and reappear at 𝑇𝑊 ≈ 40 μs. This beating is a
clear sign for the presence of the two super-hyperﬁne frequencies.
The decay curve can be ﬁt best with a double exponential decay with characteristic timescales
of 2.1 ± 0.4 μs and 23.9 ± 1.2 μs. The ﬁtted double exponential decay is then used to normalize
the data. After normalization, the data is Fourier transformed using a Hamming window to
suppress numerical artifacts. The Fourier power spectrum presented in Fig. 6.12(a) shows
a clear broad peak at about 500 kHz. The nuclear spin of 89 Y has a g-factor of −0.2748
[Gui+07], which yields a free precession frequency in the experimental ﬁeld of ∼ 246 mT
of 515 kHz. This is in good agreement with the experiment conﬁrming that it is indeed
the 89 Y nucleus interacting with the erbium spin. Due to the limited time resolution of
the 3PE experiment, the Fourier spectrum does not resolve the two hyperﬁne frequencies.
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Additionally, the measured Fourier spectrum is compared to a numerical simulation, where
the four closest Yttrium ions were considered to contribute most, see Fig. 6.12(b). The
crystallographic data from Ref. [MBB67] has been used to measure the ion-ion distances and
angles with respect to the magnetic DC ﬁeld of the experiment. Due to the small DC g-factor,
the dipole-dipole interaction is small. Therefore, the super-hyperﬁne frequencies are too close
to be resolved in the experiment. Note that it is the electronic spin coherence which limits the
frequency resolution.
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Figure 6.11: Stimulated echo decay. The beating between the two hyperﬁne frequencies is clearly
visible. The data can be ﬁt with a double exponential decay with decay times of 2 and 23.9 μs.

The presence of a super-hyperﬁne interaction may have an interesting consequence. The Er3+
ion could act as a local spin bus to address individual 89 Y nuclear spins in its vicinity, which
may perform subsequent computations. However, the current electronic spin coherence times
limit the frequency resolution such that in the present experiment, the ESEEM frequency
resolution is not suﬃcient to distinguish individual nuclear spins. Therefore, operation in a
regime with larger DC g-factor is required. This enhances the super-hyperﬁne interaction and
separates the individual nuclear spins from each other in the Fourier spectrum. A minimum
frequency separation exceeding the 35 Hz homogeneous linewidth of the 89 Y nuclear spins is
required [DS88].
In this context, it is interesting to look at the impact of the super-hyperﬁne interaction on the
homogeneous broadening of the Er spin, which gives rise to the so-called frozen core eﬀect
[Hul05]. An important source of decoherence for the Er spin are nuclear spin ﬂips because,
at milli-Kelvin temperatures, the nuclear spin bath is not yet polarized by the magnetic ﬁelds
employed in this experiment. A nuclear spin-ﬂip must conserve energy such that the dominant
process is the simultaneous ﬂipping of two or more nuclear spins at a time (ﬂip-ﬂop process).
The Er3+ ion produces a magnetic ﬁeld in its surrounding, which shifts the energy of the 89 Y
nuclear spins in its vicinity. Due to this energy discrepancy with the rest of the nuclear spin
bath, it is harder to meet the energy conservation requirement for those 89 Y nuclear spins
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around the Er ion. Thus, nuclear spin-ﬂip processes are suppressed in the vicinity of the
erbium ion improving its coherence. Note that the stability of the frozen core improves with
increasing DC g-factor inducing a larger energy discrepancy. In the presented experiment,
the DC g-factor is about 1.1, which gives rise to only a small shift of the nuclear precession
frequencies. Since spin-ﬂip processes are not entirely suppressed, the frozen core will melt
on longer time scales. With the appearance of the ﬁrst nuclear spin-ﬂips, the homogeneous
broadening increases as a function of time giving rise to spectral diﬀusion, see Sec. 2.3.4.
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Figure 6.12: (a) FFT of the ESEEM power spectrum. (b) Simulation of the frequency spectrum based
on the crystal structure.

Decoherence induced by the electronic spin bath
There are two major classes of decoherence: (I) Dephasing induced by the magnetic environment of the spin ensemble, and (II) direct spin-spin interaction within the spin ensemble.
Source (I) can be addressed by investigating the temperature dependence of the coherence
time 𝑇2 . Figure 6.13(a) presents the temperature dependence of the coherence time from
30 mK up to 1 K. Note that the vertical axis of the plot is given in 1/𝑇2 and both axes are
scaled logarithmically for improved visibility. In the displayed temperature range, the 𝑇2
time decreases by approximately 1 μs. Below 50 mK, 𝑇2 remains constant. This indicates
that magnetic ﬂuctuations are frozen out at these temperatures. In order to interpret the
data, it is important to remember that Er:YSO consists of four sub-ensembles. Those present
a considerable magnetic background. From the continuous wave microwave spectroscopy,
the g-factors for all sub-ensembles were determined. Then, we calculate the Zeeman shift
of all sub-ensembles at the magnetic ﬁeld of the experiment. Figure 6.13(b) shows the
corresponding transition frequencies. The lowest frequency of 3.72 GHz belongs to the S2𝑎
ensemble, which is the sub-ensemble under investigation. The remaining three ensembles
in the frequency range from 6.39 GHz to 48.81 GHz represent a ﬂuctuating magnetic background. To put the transition frequencies into perspective, Fig. 6.13(b) also provides the
eﬀective Zeeman temperatures 𝑇 (𝑧) = ℏ𝜔/𝑘𝐵 , where 𝑘𝐵 is the Boltzmann constant. The
lowest Zeeman temperature of 307 mK belongs to the S1𝑏 ensemble. As the temperature rises,
the background spins perform random spin-ﬂips altering the precession frequencies of the S2𝑎
ensemble under investigation.
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Figure 6.13: (a) 1/𝑇2 vs. temperature. Note the logarithmic scale. Between 30 mK and 1 K, the 𝑇2 time
decreases from approximately 5.6 μs to 4.4 μs. The solid line is a ﬁt to theory considering decoherence
induced by thermal ﬂuctuations from the surrounding sub-ensembles. (b) Transition frequencies and
eﬀective temperatures at 246 mT of all sub-ensembles.

Speciﬁcally, spin ﬂip-ﬂop processes are the dominant ﬂipping mechanism. These processes
become important in relatively concentrated samples [KA62] and consist of a spin ﬂipping
up while another one is ﬂipping down or vice versa. Consequently, this rate is proportional to
the product of the occupation probabilities of the spin up and the spin down state for a given
temperature. The occupation probabilities are given by the Boltzmann statics (Sec. 3.2.5),
𝑃↑ = [1 + exp(𝑇 (𝑧) /𝑇 )]−1 and 𝑃↓ = [1 + exp(−𝑇 (𝑧) /𝑇 )]−1 . By including a residual dephasing
rate Γres , the temperature dependence of 𝑇2 is described by [Kut+95; Tak+08]
1
= Γres +
∑
𝑇2 (𝑇 )
𝑖∈{S ,S ,S
1𝑏

2𝑏

1𝑎 }

(1 + 𝑒

(𝑧)
𝑇𝑖 /𝑇

𝜉

(𝑧)

−𝑇𝑖
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/𝑇

.

(6.2)

)

Here, 𝜉 is a temperature-independent free parameter. The orange line in Fig. 6.13(a) presents
the ﬁt of Eq. 6.2 to the data. Note that Γres and 𝜉 are the only free parameters because the
Zeeman temperatures are known from the cw spectroscopy. Below 100 mK, the temperature
dependence saturates and the ﬁt yields a Γres ≈ 1/5.63 μs−1 . Also, the ﬁt nicely reproduces the
data including the shallower slope towards larger temperatures. Therefore, we conclude that
spin ﬂip-ﬂop processes of the other three sub-ensembles dominate the temperature dependence
of the decoherence rate.
The second source of decoherence are spin ﬂip-ﬂop processes within the sub-ensemble under
investigation. Those give rise to instantaneous spin diﬀusion (see Sec. 2.3.4), which cannot be
refocused by a two pulse echo sequence (2PE). However, it is possible to measure this dipolar
interaction with a modiﬁed 2PE sequence where the angle of the second pulse 𝜃2 is varied
from 0 to 𝜋. The latter angle would correspond to a normal 2PE sequence. The 𝜃2 = 𝜋-pulse
typically refocuses the magnetic ﬁeld inhomogeneity and low frequency noise, which is
constant on the timescale of the pulse sequence. However, if a spin ﬂip-ﬂop occurs, the
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𝜃2 -pulse cannot refocus this interaction because the pulse ﬂips both spins involved in the interaction as they belong to the same spin ensemble. So, the ﬂip-ﬂops reduce the observed 𝑇2 time.
On the other hand, if the 𝜃2 -pulse is shortened, it will only refocus a subset of the spins.
This can be regarded such that the shortened 𝜃2 -pulse mimics a homogeneously dilute spin
ensemble [Bro+11; KA62; SE01]. Figure 6.14(b) shows a sketch of the pulse sequence. In
our experiment, the 𝜃2 -pulse is shortened by decreasing the pulse height, and Fig. 6.14(a)
presents the resulting reciprocal 𝑇2 times as a function of the 𝜃2 -pulse height. As the pulse
height is reduced, 𝑇2 = 5.6 μs stays constant until it increases below pulse heights of 50%.
In the limit of zero pulse height, 𝑇2 reaches approximately 7 μs. In contrast to literature, the
coherence time does not increase immediately when the second pulse is faded out. This can be
explained by considering the coupling geometry of the experiment, which has been neglected
so far. Figure 6.14(c) presents a schematics of the setup. The closed blue lines represent
the magnetic AC probe ﬁeld of the pulse. To ﬁrst order, the central conductor of the CPW
resonator can be approximated by a wire such that the magnetic ﬁeld decays proportional to
the inverse of the distance 𝑟. Since the Rabi frequencies of the spins are proportional to the
magnetic ﬁeld strengths, they scale proportional to 1/𝑟 as well. Therefore, only in a narrow
region indicated by the green area, the condition for a 𝜋-rotation is fulﬁlled. In the rest of the
crystal, the mismatched phases contribute weakly to the overall signal, such that the decay
curve is dominated by the signal from spins in the green region. By decreasing the pulse
height, the magnetic ﬁeld strength decreases and the green area moves towards the CWP
resonator. As the eﬀective area exits the crystal, none of the spins can be refocused eﬃciently
and the measured 𝑇2 time increases.
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Figure 6.14: (a) By decreasing the height 𝐵𝜋 of the refocusing pulse, 𝑇2 increases up to 7 μs. Note
that the vertical axis has a reciprocal scale. Interestingly, 𝑇2 stays constant until the ﬁeld amplitude of
the refocusing pulse is reduced by ∼ 50%, indicated by (*). The purple lines are guides to the eyes.
(Inset) Linear ﬁt to the slope assuming (*) marks the position of the 𝜋-pulse, see text for details).
(b) Schematics of the pulse sequence. (c) Possible explanation of the observed behavior. Due to the
anisotropic AC magnetic ﬁeld, the region inside the crystal where the Rabi frequency allows a perfect
𝜋-pulse depends on the pulse strength.
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In order to analyze the data, the point where the slope starts, indicated by the arrow in
Fig. 6.14(a), is deﬁned as eﬀective global (𝜃2 = 𝜋)-pulse. The data, rescaled to sin2 (𝜃2 /2) of
the rotation angle 𝜃2 of the normalized pulse, is shown in the inset. According to the theory of
instantaneous spin diﬀusion (see Sec. 2.3.4), 1/𝑇2 ∝ sin2 (𝜃2 /2). The orange line in the inset of
Fig. 6.14(a) shows a linear ﬁt to the rescaled data. There, 𝑇2 varies from 7 μs to 5.6 μs. From
the slope, we extract a spin concentration of 𝐶 = 1.28 × 1017 cm−3 . For comparison, the
concentration given by our manufacturer is 50 ppm corresponding to ∼ 9.35 × 1017 Er3+ /cm3 .
Since we are considering a single sub-ensemble, only 1/4 of the spins participate yielding
𝐶 = 2.34×1017 cm−3 . This deviates merely by a factor of about 2 from the experimental result
conﬁrming that despite the inhomogeneous pulses, the measurement yields a reasonable result.
Using the measured spin concentration, we can calculate the average dipole-dipole interaction
strength. The coupling frequency between two dipoles is given by [Bro+11] (Supplementary
material)
𝑣𝐷 =

𝜇0 𝜇𝐵2 𝑔𝑎 𝑔𝑏
4𝜋ℏ𝑟3𝑎𝑏

2
(1 − 3 cos (𝛼)) ,

(6.3)

where 𝑔𝑎 and 𝑔𝑏 are the g-factors of the two spins and 𝛼 denotes the angle between the direction
of the Zeeman ﬁeld and the inter-spin axis. The parameter 𝑟𝑎𝑏 quantiﬁes the mean distance of
the spins [BC08]

𝑟𝑎𝑏 (𝐶) =

3
[Γ( 2 + 1)]

√𝜋

1/3

Γ(1 + 13 )
Γ(1)

1 1/3
(𝐶 ) .

(6.4)

Here, Γ denotes the gamma function. To determine 𝑣𝐷 for the present ensemble, one has
to average over the angular dependence of Eq. (6.3). By inserting the measured spin concentration, a dipole coupling strength of 𝑣𝐷 /2𝜋 ≈ 11.9 kHz is determined giving rise to a
theoretical limit for 𝑇2 of 13.4 μs. Repeating the calculation with the concentration provided
by our supplier yields 𝑣𝐷 /2𝜋 ≈ 21.6 kHz, which would correspond to a 𝑇2 ≈ 7.4 μs.
The measured 𝑇2 = 5.6 μs determined by the optimal 2PE sequence (𝜃2 = 𝜋) lies below the limits imposed by instantaneous spin diﬀusion. In fact, the investigation clearly
shows that direct dipole coupling within one sub-ensemble can only be made responsible
for approximately half of the measured decoherence rate. The remaining contributions
may originate from thermal ﬂuctuations of the 167 Er3+ spin bath. Speciﬁcally, the 167 Er3+
nuclear spin is not fully polarized at the temperature and magnetic ﬁeld used in the experiment.
In Sec. 5.1, it has been noted that it is not possible to enter the strong coupling regime at high
DC g-factors with the 200 ppm Er:YSO2 sample. In this measurement, the low ﬁeld transition
exhibits a g-factor of 13.6 and an inhomogeneous spin linewidth of Γ⋆
2 ≈ 23 MHz. With our
present result, it is now possible to estimate the dipole-dipole interaction. The dipole-dipole
interaction 𝑣𝐷 scales linearly with the concentration but quadratically with the DC g-factor.
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For a concentration of 200 ppm and a g-factor of 13.6, the dipole-dipole interaction amounts
for 𝑣𝐷 ≈ 13 MHz. Thus, dipole-dipole coupling is responsible for half of the line broadening.
This is a factor of 611 larger than in the 50 ppm and 𝑔 = 1.1 sample investigated in this chapter.
As a concluding remark, the problem of the anisotropic AC ﬁeld encountered in these
measurements due to the planar architecture has been addressed recently in the literature.
So-called adiabatic pulses like WURST-20 (Wideband, Uniform Rate, Smooth Truncation
20) and BIR-4 (𝐵1 Insensitive Rotation 4) [Sig+14] should enable more uniform pulses. This
is particularly important for improving the retrieval eﬃciency of the echo, which is crucial
for the feasible operation of a spin ensemble as a quantum memory.

6.5 A multimode memory for coherent microwave pulses
A desired but feasible quantum memory would be able to store multiple photons. In a spin
ensemble, the number of stored modes is limited by 𝑇2 /𝑇2∗ , where 𝑇2∗ = 1/Γ⋆
2 is the total
ensemble dephasing time. This can be very large in inhomogeneously broadened ensembles.
In our experiments discussed in the previous chapters, 𝑇2 /𝑇2∗ ≈ 266. However, the ﬁnite
bandwidth of the cavity stretches the emitted spin echo to 100 ns such that the eﬀective
maximum number of modes is reduced to approximately 56. Here, we demonstrate the
potential of Er:YSO as a possible multimode quantum memory by storing and retrieving
several weak coherent pulses. Storage of microwaves in the high power regime has been
reported in Ref. [Wu+10]. A recent investigation by Grezes et al. [Gre+14] demonstrates
storage of extremely weak microwave pulses (∼ 3 photons) in an NV spin ensemble with an
eﬃciency of 2 × 10−4 . In a multimode spin ensemble quantum memory, an incoming photon
is mapped onto a coherent spin wave in the ensemble. For simplicity, we only consider the
case of a single photon. The generalization to multi-photon and coherent states is straight
forward as long as the number of excitations is much smaller than the number of spins in
the ensemble. A single photon being absorbed by an ensemble of 𝑁 spins manifests itself
as a coherent superposition of all possibilities of one spin being excited with the rest in the
ground state. In an inhomogeneously broadened ensemble, one has to consider the diﬀerent
precession frequencies of the spins, yielding
|Ψ⟩ph =

1
√𝑁

𝑁

−𝑖𝛿𝑘 𝑡
|
,
∑ |↓1 ↓2 ⋯ ↑𝑘 ⋯ ↓𝑁 ⟩ 𝑒

𝑘=1

(6.5)

where 𝛿𝑘 denotes the detuning of the 𝑘-th spin from the mean precession frequency of the
ensemble. As the time 𝑡 progresses, this state dephases into a dark mode, such that the bright
mode can absorb the next photon. The temporal separation between the application of storage
pulses has to be larger than 𝑇2∗ [Wu+10], here 𝑇2∗ ≈ 22 ns. Upon application of a 𝜋-pulse, the
time evolution is reversed and all the dark modes rephase again emitting a photon. Thus, the
time order of the incident photons is reversed with respect to the sequence of emitted photons.
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Next, a proof of principle experiments is performed, which demonstrates the multimode
storage capability of the Er:YSO spin ensemble by applying weak coherent MW pulses. All
MW storage pulses have a length of 10 ns and their amplitude is controlled by the amplitude
of the 200 MHz modulation pulse applied at the IF port of the mixer shown in Fig. 6.6. The
pulse calibration can be found in appendix 9. Figure 6.15 shows a sequence of four irregularly
spaced weak pulses, which are sent into the ensemble. A 𝜋-pulse situated in the middle of the
plot reverses the time evolution of the ensemble. Note that the height of the 𝜋-pulse exceeds
the vertical scale of the plot. After the refocusing pulse, all four stored pulses are retrieved in
reversed time order. Each applied MW pulse has a power of approximately 25 μW. Since the
pulse length is set to 10 ns, this corresponds to ∼ 1011 photons.
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1
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Figure 6.15: Storage and retrieval of four irregularly spaced MW pulses. The strong 𝜋-pulse in the
middle extends far beyond the graph's vertical axis. The presented data is the result of 18 averages
with a repetition rate of 10 mHz.

The storage eﬃciency for a given pulse is deﬁned by the retrieved energy over the input
energy. As one can see from Fig. 6.15, the recorded input pulses exceed the output pulses by
far. Therefore, one can estimate the storage eﬃciency by comparing the respective recorded
pulse energies. Experimentally, this is done by comparing the integral over the recorded
power of the input pulse, with the integral over the recorded power of the output pulse. For
this example, we determine an eﬃciency of 1.7% for the most recent pulse and approximately
0.4% for the rest.
In a second experiment, 16 evenly spaced weak pulses have been stored and retrieved. This
time, the input pulses consist of ∼ 4.6 × 1011 photons each. Figure 6.16 presents the complete
recorded pulse sequence. Note that the detection of the weakest pulses required a large
ampliﬁcation of the signal. Therefore, the comparably strong input pulses operate in the
saturation limit of our ampliﬁers. This makes them appear smaller than they actually are. In
addition, the signal is averaged 595 times with a repetition rate of 10 mHz. As expected, the
emitted echos decay towards longer storage times.
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Figure 6.16: Amplitude vs. time of a 16 pulse sequence stored in the spin ensemble. All input pulses are of the same height and 10 ns width. Note
that the strength of the input pulses is already in the saturation limit of our ampliﬁers, i.e. they appear smaller. The retrieved pulse stream shown in
the plot is exponentially damped and exhibits oscillatory behavior. (Inset) Zoom on the ﬁrst two pulses.
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6.5 A multimode memory for coherent microwave pulses

Interestingly, the decay pattern shows modulations attributed to electron spin echo envelope
modulations (ESEEM), which have been investigated in Sec. 6.4. The performance of a
memory is deﬁned by the eﬃciency for a pulse being stored during the coherence time 𝑇2
of the spin ensemble. For the present system, this corresponds to approximately 5.6 μs.
To determine the overall memory performance, the pulse energy at 2.8 μs = 𝑇2 /2 after the
refocusing pulse is analyzed and compared to the energy of the input pulse. Since the
recorded input pulses operate in the saturation regime, we use the input energy values from
the previous study (see Fig. 6.15) weighted with our calibration curve in appendix 9. The
result is an energy retrieval eﬃciency of ∼ 2 × 10−4 , which is comparable to recent experiments with NV centers [Gre+14]. Another study working with classical pulses containing
1014 photons achieved an eﬃciency of 10−10 [Wu+10]. This shows that our setup is operating with a state of the art eﬃciency. Miniaturization of the resonator and the usage of
parametric and cryogenic HEMT ampliﬁers may enable operation in the single photon regime.
According to Grezes et al. [Gre+14], the theoretical limitation for the eﬃciency is given
by 𝑇2 . For the present values, this should give an eﬃciency of 10−3 . They point out, a
non-Markovian bath can reduce the single spin Rabi oscillation time faster than the spin-echo
decay time as observed in Ref. [HGA06]. The remaining order of magnitude may be attributed
to the inhomogeneous AC ﬁeld, which causes inaccurate 𝜋-pulses, such that only a fraction
of the stored energy is refocused properly. The application of optimal control pulse schemes
[Sig+14] would help to improve the yield. Furthermore, clever resonator designs with very
homogeneous AC ﬁelds [Ben+13] in conjunction with surface spin doped samples [Pro+14a]
would also contribute to a better eﬃciency.
However, signiﬁcant progress can only be achieved with better 𝑇2 times. Isotopically puriﬁed
Er:YSO crystals reduce the amount of decoherence due to unwanted magnetic impurities. One
order of magnitude is typically achieved by operating the memory at a clock transition where
the spin is to ﬁrst order insensitive to magnetic ﬁeld ﬂuctuations [Dol+11]. Speciﬁcally for
spins in YSO, spectral diﬀusion due to the coupling to the Y89 nucleus and other electronic
sub-ensembles might limit the overall performance. The theoretical analysis by Grezes et
al. [Gre+14] shows that already an improvement in coherence by one order of magnitude
would allow for eﬃciencies on the order of 0.1, enabling experiments in the quantum regime.
This is certainly within reach.
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This chapter focuses on the optical properties of Er3+ :Y2 SiO5 . First, the optical transitions
are investigated by continuous wave transmission spectroscopy. Then, the microwave-optical
interaction of the Er3+ :Y2 SiO5 hybrid system is studied. Speciﬁcally, the energy relaxation
of the spin system is monitored optically. This is a ﬁrst step towards the implementation of a
coherent quantum converter.

7.1 Setup
Figure 7.1(a) shows a photograph of the sample holder used in the experiments. It has two
slits which allow laser light to pass through the sample. The microwave part of the setup is
identical to the one presented in Sec. 6. The laser is aligned such that it is as close as possible
to the surface of the CPW resonator sketched in Fig. 7.1(b).
(a)

(b)

SiO 5

3+ :Y 2

Er

Laser

MW mode

Figure 7.1: (a) Sample holder with microwave connectors on the left and right and slits in the front
and back for the laser. In the middle, the Er:YSO crystal is seen. (b) Schematics of the hybrid system
shown the coupling geometry where the optical beam (red) overlaps with the magnetic mode of the
CPW resonator (blue).

Depending on the scope of the experiment, the optical spectroscopy is carried out either in
pulsed mode at high powers (1 mW) or at low powers (∼ 10 μW) and continuous wave. In
both cases, we did not detect a rise in temperature, showing that the hybrid system is indeed
operating at milli-Kelvin temperatures.

7.2 Optical spectroscopy of 50 ppm Er:YSO
First, the optical properties of the Er:YSO sample are investigated. The laser is tuned such
that it sweeps continuously over the optical transition of a speciﬁc site at low power. The
transmitted signal is recorded with a photo-detector. An optical transition shows up as a dip
in the spectrum. By applying a magnetic ﬁeld, the recorded dip splits up into maximum 8
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dips. For every magnetic class 𝑎 and 𝑏 belonging to a crystallographic site, a 4-level structure
is associated. If the corresponding optical ground and excited g-factors diﬀer, all transitions
can be seen.
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Figure 7.2: Optical transmission power spectrum vs. magnetic ﬁeld of (a) site 1 and (b) site 2. The
spectra were recorded at ≈ 10 μW laser power.

Figure 7.2 shows the so-called Zeeman spectrum for the optical sites 1 and 2. Here, the script
characters 𝒶, 𝒷, 𝒸, 𝒹 indicate the optical transition and the superscript denotes the magnetic
class [Sun+08]. For site 1, all transitions separate whereas at site 2, the 𝒷𝑏 and 𝒸𝑏 transitions
coincide. The allowed transitions from the ground state (𝒷) appear strongest in the spectrum
because the |𝑔 ↓⟩ state is the most populated state at low temperatures. However, the recorded
spectrum does not reﬂect the thermal distribution of the states due to optical pumping eﬀects.
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These would vanish at lower probing powers, but in this case, the larger power allows us to
follow all absorption dips up to large Zeeman splittings. For the rest of the analysis, we focus
on the transitions of site 2𝑎 . These do couple to the high-ﬁeld spin transition of the microwave
resonator and allow us to study the microwave-optical interaction in the strong coupling regime.
At this point, it should be noted that in collaboration with D. Rieger, the optical coherence
and 𝑇1 times of the here studied sample have been determined employing optical two and
three pulse echo schemes, respectively. The optical 𝑇2 is approximately 28 μs and the 𝑇1 time
amounts for 1.5 ms [Rie13].

7.3 Optical detection of the spin relaxation
The experiment presented in this section attempts to monitor the population of the |𝑔 ↑⟩ state
after excitation with a microwave pulse by optically probing the 𝑐 transition going from |𝑔 ↑⟩
to |𝑒 ↑⟩. This imposes some challenges: For instance, the HWHM inhomogeneous broadening
of an isolated optical transitions at a typical magnetic ﬁeld of 246 mT is ∼ 150 MHz, requiring
broadband pulses to cover the full signal. This can be achieved by sweeping the frequency of
the laser for the duration of the pulse. In addition, the pulse should be relatively short in order
to obtain a suﬃcient time resolution. Furthermore, the relaxation time 𝑇1 of the microwave
transition requires a waiting time of 5𝑇1 ≈ 100 s in order to start oﬀ in a deﬁned state. The
optical setup has been modiﬁed accordingly and it is schematically displayed in Fig. 7.3. It is
synchronized to the microwave time domain setup discussed in the previous chapter, which is
used for the microwave pulses.
A global trigger initiates a fast frequency sweep of the laser and starts an arbitrary wave
generator (AWG). The AWG generates a rectangular voltage pulse sent to the acousto-optical
modulator, which translates it into an optical pulse. The timing is chosen such that this
broadband pulse only covers the targeted optical transition. The signal is acquired in the usual
way using photo detectors and an oscilloscope. Although the major part of the optical ﬁbers
are polarization maintaining ﬁbers, the polarization slowly drifts on a timescale of minutes.
In order to compare the absorption signals with conﬁdence, a reference beam, which does not
enter the cryostat, is recorded additionally. The analysis of the acquired absorption signal is
performed by ﬁtting a Gaussian line shape to the absorption dip. The second port of the global
trigger unit starts the microwave pulse sequence. The corresponding setup is described in
Fig. 6.6. The time delay between the two channels of the global trigger is tuned such that the
microwave pulses always arrive ﬁrst at the sample. A precise timing is not necessary because
the optical setup probes the 𝑧-component of the spin system, i.e., its magnetization. From the
spin lattice relaxation measurements, it is known that the longitudinal relaxation takes place
on the time scale of seconds, which is very long compared to the experimental accuracy.
Thus, although the coherence information decays fast, the 𝑧-component remains for a long time.
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7.3 Optical detection of the spin relaxation

Figure 7.4(a) presents a saturation experiment where the 𝑐 transition at 246 mT is probed
optically while a continuous-wave microwave signal resonant with the spin transition is increased in power. The plot shows the depth of the absorption dip as a function of the applied
microwave power. At −70 dBm, the absorption signal increases until it saturates at −40 dBm,
indicating a saturation of the spin transition. We note that the temperature of the cryostat
remained constant during the entire experiment.
Since the MW setup can supply short strong microwave pluses, it is possible to investigate
the dynamics of the saturation process. In this experiment, short microwave pulses with ﬁxed
power and variable length are applied. The microwave power is chosen to 10 dBm at the
sample as in the pulsed ESR experiments.
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Figure 7.4: (a) MW power dependence of the optical 𝒸𝑎 absorption dip. (b) Optical absorption signal
of the 𝒸𝑎 transition vs. MW pulse length. The power of the pulse is approximately 10 dBm at the
crystal. Curve (i) was recorded using optical pumping to reset the system whereas curve (ii) was
measured by waiting 100 s after each point to allow the spin ensemble to thermalize to the ground state
(see text for details).

There are two methods to measure the spin relaxation. Graph (ii) in Fig. 7.4(b) has been
recorded with the following pulse sequence. First, a resonant MW pulse excites the spin
ensemble. Then, the 𝒸𝑎 absorption dip is probed by a 200 μs long broadband optical pulse of
1 mW power. Before the next measurement is started, a waiting time of 100 s ensures that the
spin system relaxes back to its ground state. This protocol has the obvious disadvantage that it
takes a long time to record all the experimental points for diﬀerent pulse lengths. This makes
the experiment susceptible to low frequency noise produced by the intensity variations of the
polarized laser beam. This results in a larger error bar of the experimental points. Here, a
reset button would be preferable, which reinitializes the system in the ground state. This may
be possible by employing higher levels in the optical spectrum.
A way to circumvent this problem is to achieve a partial reset by optical pumping. The essence
of this procedure is to transfer a part of the population back to the ground state and erase
all coherent information such that the system starts with a deﬁned state, which can be any
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state with ﬁnite magnetization. The drawback is a reduced signal strength because a smaller
fraction of the ensemble contributes to the signal. The procedure of acquiring the signal is
identical to the procedure discussed before but instead of the 100 s waiting time, the following
pumping scheme is applied. For a duration of 3 s, the 𝒸𝑎 transition is probed with 200 μs
long broadband pulses at a repetition rate of 50 Hz. The laser power is ﬁxed to 1 mW. The
pulses pump the population from the |𝑔 ↑⟩ to the |𝑒 ↑⟩ state. With a certain probability, some
of the excitations will relax into |𝑔 ↓⟩ state. The repetition rate is slow enough such that in
between the pulses, the system has approximately 20 ms time to relax. This is enough time
because the optical energy relaxation time has been determined to be approximately 1.5 ms
[Rie13]. Graph (i) in Fig. 7.4(b) shows the result, which has been recorded in a fraction
of the time compared to Graph (i). The optical absorption data shows a nice and smooth
dependence on the length of the input MW pulse. The equilibrium depth resides on a higher
level, indicating that the applied pumping scheme does not establish full polarization, which
is expected. Both measurements clearly demonstrate the observation of the spin dynamics
using an optical readout. One should point out that thermal eﬀects cannot be responsible for
the observed phenomena, because the spin-lattice coupling is weak with relaxation rates in
the sub-Hz regime.
Although the applied microwave pulses are in the correct regime of coherent manipulation,
no Rabi oscillations are detected. Note that a pulse length of about 40 ns at the current power
corresponds to an eﬀective 𝜋 rotation of the spins detected by the spin echo experiments in
the previous chapter. The absence of Rabi oscillations in the measurement originates from
the inhomogeneous magnetic AC ﬁeld of the CPW resonator. This ﬁeld decays in a ﬁrst
approximation inversely to the distance from the central conductor of the resonator, giving
rise to a continuous distribution of Rabi frequencies. The optical probe beam only measures
an ensemble average inhibiting the detection of an oscillatory signal. Such challenges may be
addressed by optimal control pulse schemes [Sig+14].
These ﬁndings now allow to move a step further. Figure 7.5(a) shows a cut of the optical
Zeeman spectrum of Fig. 7.2(b) at 246 mT, which is the magnetic ﬁeld at which the S2𝑎
transition is in resonance with the microwave resonator. From the cw optical spectroscopy,
all transitions can be identiﬁed and the corresponding absorption dips are labeled accordingly
in the ﬁgure.
In the following experiment, the spin ensemble is saturated by a 3 s long MW pulse with
a power of approximately 10 μW at the sample. The laser power is set to 100 μW. After
the MW pulse is switched oﬀ, the laser probes the absorption dip of the 𝒸𝑎 transition with
the broadband pulse technique described above. Every second, such a short pulse is sent to
monitor the time evolution of the depth of the absorption dip. Speciﬁcally, the absorption dip
is ﬁtted by a Gaussian function and the depth is normalized to the baseline of the oﬀ-resonant
transmission. Figure 7.5(b) shows the resulting time dependence of the 𝒸𝑎 absorption. Since
the probing power of the laser is comparably weak, the decay curve reﬂects the decay of
the |𝑔 ↑⟩ state. An exponential ﬁt yields a 𝑇1 time of 20.8 ± 1 s. For consistency, the 𝒹𝑎
transition is probed. This transition connects the |𝑔 ↑⟩ state with the |𝑒 ↓⟩ state. Note, that
the labels of the state vectors imply that this transition does not conserve the angular spin
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momentum and should be forbidden. However, the presence of the crystal ﬁeld eﬀects a
mixing of the eigenstates compared to the free ion such that the usual selection rules do not
apply. Nevertheless, the transition shows a slightly smaller absorption signal. Figure 7.5(b)
presents the corresponding decay curve. One can see that the decay is slightly faster, caused
by optical pumping of the probe laser. Population, which is transferred to the |𝑒 ↓⟩ state, is
more likely to decay into the ground state |𝑔 ↓⟩. This accelerates the measured decay.
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Figure 7.5: (a) Optical transmission at 246 mT. (b) Time evolution of the absorption dips of transitions
𝒸𝑎 and 𝒹𝑎 after a strong microwave pulse on the |𝑔 ↓⟩ to |𝑔 ↑⟩ transition of site 2a (site 2𝑎 ). (c)
Corresponding time evolution of the absorption dips of the 𝒶𝑎 and 𝒷𝑎 transitions.

To complete the analysis, we probe the two transitions originating from the |𝑔 ↓⟩ state. The
result is displayed in Fig. 7.5(b). Both absorption signals from the 𝒶𝑎 and 𝒷𝑎 transitions
weaken slightly over time. In fact, one would have anticipated that the absorption dips grow
as the spins relax to the ground state. Here, the signal is entirely masked by optical pumping
eﬀects. The stroboscopic laser beam pumps population into the |𝑔 ↑⟩ state. Unfortunately,
this eﬀect dominates the spin relaxation signal. Moreover, the laser beams probing the |𝑔 ↑⟩
state address a much larger volume because outside the copper cavity's eﬀectiv mode volume,
most of the spins are in the ground state. The present experimental setup did not allow a study
at lower laser probe power or techniques involving averaging. The latter is inhibited by the low
noise frequency power ﬂuctuations of the laser, which destroy the small signal. Despite these
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issues, the experiment gives an impression of the complexity of building a coherent microwave
to optical converter. The measured 𝑇1 relaxation time is in agreement with its determination
by microwave saturation spectroscopy, see Sec. 6.1. In that respect, these experiments can be
understood as a proof of concept to see what is possible. In future experimental investigations,
optical pumping combined with speciﬁcally engineered MW pulses may eventually enable
coherent transfer of quantum information. A theoretical proposal is presented in Sec. 3.4. A
crucial point for the practical implementation is the possibility of a quick reset of the system
to its ground state. This may be achieved by optical pumping to higher levels of the Er3+ ion,
requiring lasers with shorter wavelengths [Dou+95].
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8 Conclusions
In this thesis, the microwave and optical properties of rare earth spin ensembles have been
investigated with particular focus on the rare-earth (RE) element erbium. The goal of the
thesis was to explore the potential of RE based hybrid quantum systems for applications in
quantum computing and quantum communication.
The ﬁrst part of the thesis deals with the coupling of rare-earth spin ensembles to superconducting (SC) lumped element (LE) resonators. We identiﬁed all four erbium sub-ensembles
in the low temperature on-chip microwave spectroscopy. Subsequently, the angular magnetic
anisotropy of the Er:YSO crystals has been analyzed. For speciﬁc orientations of the static
magnetic ﬁeld, the ensemble possesses large eﬀective g-Factors, which result in a stronger
Zeeman eﬀect. This lowers the magnetic ﬁeld requirements for tuning the spins into resonance
with the SC circuit. We found, however, that in order to enter the strong coupling regime,
one has to scarify the large spin tuning rate of Er:YSO: At high DC g-factors the coupling
strength is small and the inhomogeneous spin linewidth is high, whereas at low DC g-factors
the coupling strength is larger and the linewidth is small. By probing this anisotropic behavior,
we have been able to determine the correct parameter regime for achieving strong coupling
between the resonator and the spin ensemble. This means, the collective coupling strength
dominates both the dissipation rate of the resonator and the inhomogeneous spin linewidth
of the ensemble. A collective coupling strength of 𝑣𝐷 /2𝜋 = 34 MHz and an inhomogeneous
linewidth of Γ⋆
2 /2𝜋 = 12 MHz has been determined. These ﬁndings were published in
Ref. [Pro+13]. The temperature dependencies conﬁrmed the paramagnetic properties of the
investigated spin ensembles and the spin lattice relaxation time has been determined to 4.3 s
for the 200 ppm Er:YSO sample.
Having demonstrated strong coupling of an erbium spin ensembles to a SC LE microwave
resonator, issues regarding the practical integration of RE spin ensembles with SC quantum
information circuits were addressed. Employing YAlO3 (YAlO) as a new host material with a
higher crystal symmetry, we managed to decrease the magnetic ﬁeld requirements for strong
coupling from 250 mT to 36 mT [Tka+14]. In a further study, we investigated SC circuits
fabricated directly onto a Nd:YAlO substrate and we conﬁrmed strong coupling, too. A third
step towards a feasible application of rare earth spin ensembles is the local integration of ions
into the crystal. This allows one to realize local memory elements in a SC circuit which do
not interfere with the rest of the circuitry. Together with our collaborators at RUB Bochum,
focused ion beam implanted Er:YSO crystals were investigated [Kuk+14]. We probed the
implanted ensembles by on-chip ESR spectroscopy and studied the dependence of the coupling
strength with respect to the number of implanted ions. It has not been possible to enter the
strong coupling regime due to a larger inhomogeneous spin linewidth compared to bulk-doped
crystals. We believe that the linewidth could be decreased by hot implantation and an improved
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annealing procedure. The temperature dependence conﬁrmed the paramagnetic properties
of the ensemble. These experiments demonstrate the high potential of this approach [Pro+14a].
Since the ﬁrst part of the theses has been devoted to the study of the magnetic anisotropy of
the Er:YSO spin ensemble, it is interesting to investigate the AC g-factor anisotropy as well.
However, this is not possible in the planar circuit architecture, and therefore, a 3D cavity
has been employed. Here, a distinct electromagnetic mode ensured a homogeneous AC ﬁeld
at the position of the crystal. By rotating the crystal with respect to the magnetic ﬁeld, we
determine a change of the AC g-factor by a factor ﬁve. At maximum AC g-factor, the 3D
cavity showed strong coupling to the Er:YSO spin ensemble [Pro+14c].
To complete the characterization of rare earth based hybrid systems, we developed a new
setup for time domain investigations of a 50 ppm doped Er:YSO crystal. Here, a nonsuperconducting coplanar waveguide copper resonator with a relatively large mode volume
was employed allowing for simultaneous microwave and optical spectroscopy due to the
overlap of optical and microwave modes. This conﬁguration served as a test-bed to explore the crucial elements of a future quantum memory and quantum converter. Since the
setup is diﬀerent to the previous investigations, we ﬁrst characterized it by continuous wave
microwave spectroscopy. As a result, all erbium sub-ensembles were detected and despite
the fact that the resonator featured a very low g-factor, the high-ﬁeld transition is strongly
coupled. The hybrid system operated in an interesting regime, where the inhomogeneous
spin linewidth and the homogeneous linewidth of the copper resonator were on the same
order of magnitude. Spin saturation spectroscopy revealed a 𝑇1 of approximately 20 s at 30 mK.
By applying magnetic ﬁeld gradients, we were able to manipulate the inhomogeneous spin
linewidth. As the inhomogeneity is increased, the hybrid system underwent a transition from
the strongly coupled to the weakly coupled regime. Interestingly, the power transmission
spectra showed unexpected shapes, which were not covered by the theory of two coupled
quantum harmonic oscillators. At the border from the strong to the weak coupling regime, the
mode splitting transformed into a three peak structure followed by a single resonance peak
in the weak coupling regime. Moreover, the data suggested an increase in coupling strength
by a factor of 1.5 while the inhomogeneous spin linewidth increases by a factor of 3. Up
to now, the details of the observed phenomena are subject to theoretical investigations and
may originate from the interplay of the homogeneously broadened harmonic oscillator and
the inhomogeneously broadened eﬀective spin oscillator system.
Next, we probed the same spin ensemble by short microwave pulses. Speciﬁcally, the strongly
coupled high-ﬁeld transition has been in the center of the investigation. As a response
to a 20 ns long pulse, the system showed coherent vacuum Rabi oscillations between the
hybridized modes of the spin ensemble and the copper cavity. They match the coupling
strength determined by continuous wave spectroscopy. In order to probe the coherence time
𝑇2 of the Er:YSO spin system, we used a two pulse echo sequence. The echo decay curve
revealed a 𝑇2 of 5.6 μs. Interestingly, we observed prominent oscillatory modulations of
the echo decay. Those are attributed to super-hyperﬁne dipole-dipole interactions with the
nuclear spin of the surrounding 89 Y3+ ions. To achieve a better frequency resolution, the
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so-called electron spin echo envelope modulations (ESEEM) were probed by a stimulated
echo sequence, which has a longer decay time. The oscillations matched the expected
frequency range around the free precession frequency of the 89 Y3+ nuclear spin of approximately 500 kHz. Based on the crystal Er:YSO structure, we have performed a numerical
simulation of the ESEEM spectrum which also showed good agreement with the measurement.
As the temperature was increased, the decoherence rate grew. We found that this temperature
dependent decoherence arises predominantly from spin ﬂip-ﬂop processes of the other three
erbium sub-ensembles present in the crystal. At temperatures below 50 mK, 𝑇2 remained
constant indicating that those ﬂuctuations are frozen out. The residual decoherence has two
dominant contributions. At 30 mK, spin ﬂips of the non-polarized nuclear spins of the 167 Er
isotope contribute as well as dipole-dipole interactions withing the same spin ensemble. In
order to probe the magnitude of the latter contribution, we employed a modiﬁed two pulse
echo sequence where the magnitude of the refocusing pulse was varied. Despite the challenges
imposed by the inhomogeneous AC probe magnetic ﬁeld of the resonator, a dipole-dipole
coupling strength of 𝑣𝐷 /2𝜋 ≈ 11.9 kHz was extracted. This sets a theoretical limit of ∼ 13.4 μs
on the maximum 𝑇2 time achievable using the present Er:YSO crystal with a concentration
of 50 ppm. Since the dipole-dipole interaction strength scales quadratically with the DC
g-factor, spin ensembles with large g-factors have a two orders of magnitude larger 𝑣𝐷 , which
contributes signiﬁcantly to the linewidth.
Next, we tested a prototype multimode quantum memory scheme. Four irregularly spaced
low power coherent microwave pulses were stored in the Er:YSO spin ensemble and retrieved.
Each coherent pulse consisted of approximately 1011 photons. We even managed to store
and retrieve up to 16 pulses containing 4.6 × 1011 photons each. The retrieval eﬃciency
was determined to be 10−4 . Although this appears to be rather low, it is on the same level
as state of the art experiments with NV centers [Gre+14]. In fact, most of the eﬃciency
depends on the magnitude of 𝑇2 and only one order of magnitude is lost due to imperfect
refocusing pulses and related experimental details. Improving 𝑇2 by one order of magnitude
would already boost the eﬃciency signiﬁcantly. In the case of erbium spin ensembles, a lower
concentration of the spins as well as isotopically puriﬁed samples are necessary. Regarding the
constraints imposed by the dipole-dipole coupling, a concentration of 5 ppm Er:YSO, would
increase the maximum achievable coherence time above 100 μs. Also, it would be beneﬁcial
to position the crystals such that their magnetic classes overlap forming a single spin ensemble.
Finally, we investigated the hybrid system by optical spectroscopy at 1.54 μm. By applying
a magnetic ﬁeld, the full Zeeman spectrum was measured and all transitions were identiﬁed.
Then, the microwave-optical interaction was studied by probing the optical transitions and
applying microwave pulses. In order to achieve a reasonable signal-to-noise ratio and cover
the full bandwidth of the optical transition, we developed a setup generating short broadband
optical pulses. This enabled us to record the energy relaxation of the spin system by stroboscopically probing one of the optical transitions. This may be the ﬁrst step towards the
implementation of a coherent quantum converter.
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Outlook
In the past years, hybrid quantum systems received a lot of attention. The coherent interaction
between quantum systems of diﬀerent physical nature is interesting on both a fundamental
level and with regard to applications. In this theses, we have coherently interfaced solid state
spin ensembles with SC quantum circuits. Although spin systems have been investigated for
decades with electron spin resonance using 3D cavities, the combination with the emerging
ﬁeld of circuit QED has created a research ﬁeld of its own. The strong coupling of those
coherent microwave circuits to solid state spin ensembles has shed new light on those systems. For instance, the physics of the collective coupling to inhomogeneously broadened
spin ensembles is not yet fully understood. Speciﬁcally, our experiments on the low quality
factor resonator yielded interesting spectra and there is ongoing theoretical research activity
investigating the inﬂuence of the spectral shape of the inhomogeneous spin linewidth on the
coupling physics. In this context, it has already been shown that distinct spectral shapes give
rise to new eﬀects such as cavity protection where the dephasing into dark modes is suppressed.
The results on the focused ion beam implantation of erbium ions into Y2 SiO5 substrates are
also interesting from a material science perspective. In order to reduce the inhomogeneous spin
linewidth, a more detailed understanding of the process of erbium ions entering the substrate
and substituting the yttrium ions is required. In order to improve the yield of this mechanism,
current eﬀorts rely on implantation in hot substrates. Once focused ion beam implantation
of erbium enables high quality strongly coupled spin ensembles, it will be a key technology
towards the practical integration of spins in circuit QED processors. This will also allow the
integration of on-chip optical waveguides with erbium implanted substrates [SPT13], which
may lead to combined on-chip microwave-optical spectroscopy and a prospective on-chip
quantum media converter.
An exciting question is: Is it possible to build a rare earth based single photon and multimode
quantum memory? The experiments in this thesis demonstrate the multimode storage capability of erbium doped Y2 SiO5 . Although the setup is not optimized, it achieves a good ﬁdelity.
The extension of the presented pulse sequences to the few photon coherent state regime is
straightforward. In order to achieve the necessary signal-to-noise ratio, a Josephson parametric
ampliﬁer in series with a cryogenic HEMT ampliﬁer has to be employed. Furthermore, a
smaller superconducting cavity is required, in order to reduce the power requirements for the
𝜋-pulse. The high power pulses used in the present experiments would destroy a cryogenic
HEMT ampliﬁer. To boost the eﬃciency, adiabatic optimal control pulses [Sig+14] have to be
applied for achieving an accurate refocusing. Next, lower ion concentrations will provide an
increase in coherence due to the reduction of dipole-dipole interactions. With these improvements, few to single photon ﬁdelities of 0.1 may be in reach within the next years [Gre+14].
In parallel, the operation at lower magnetic ﬁelds based on Er3+ :YAlO3 crystals and the
incorporation of qubits in the circuit is realistic on a short timescale. However, the presence of
the Al nuclear spin in YAlO3 may hinder a larger coherence. On the other hand, the decoherence may be suppressed by a frozen core eﬀect as in the case of Er3+ :Y2 SiO5 . Based on the
experience with hybrid circuit QED systems acquired in the last years, a proof of concept multimode single photon quantum memory is certainly realizable within the next three to ﬁve years.
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Another exciting yet more challenging question is: Is it possible to construct an erbium based
microwave to optical quantum converter? The combination of optical and microwave spectroscopy at milli-Kelvin temperatures opens up a whole new set of challenges. In this thesis, a
basic setup has been investigated illuminating the complexity of this task. The planar architecture of the on-chip microwave resonators introduces ﬁeld inhomogeneities, which require the
application of adiabatic optimal control pulse schemes. An interesting way to circumvent this
is to use a 3D microwave cavity. The larger geometric dimensions allow for more ﬂexibility.
This allows easy optical access and homogeneous microwave magnetic ﬁelds at the same time.
However, the core problem of the large inhomogeneous broadening of the optical transition
remains. Recently, a theoretical scheme for coherent optical to microwave conversion of single
photons has been proposed [OBr+14]. Despite the technical challenges, reversible coherent
microwave to optical conversion of quantum states may be possible. The question is, whether
this will ever be feasible with a reasonable ﬁdelity. From today's perspective, architectures
based on nanomechanical resonators operating in the single photon regime may be easier to
implement in the short-term because they rely on a less complex conversion scheme [And+14].
The hybrid system Er:YSO or similar rare earth compounds coupled microwave circuits may
be of use in the research on quantum metamaterials. There, coupled multi-qubit and multiresonator systems are investigated to manipulate the propagation of light in an engineered way.
A simple metamaterial consisting of many qubits coupled to a common microwave waveguide
[Zag+09] is easily realized by coupling an Er:YSO crystal to a long microwave transmission
line. On a fundamental level, combined multi-wavelength single photon spectroscopy of
Er:YSO or related compounds may enable the investigation of coherent quantum energy
transport in multi-scale solid state systems.
In any scenario, hybrid systems based on rare earth ions doped into crystals face a bright and
diverse future.
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9 Zusammenfassung
In dieser Arbeit wurden optische Eigenschaften und Mikrowelleneigenschaften eines Seltenerdspinensembles untersucht, wobei im Zentrum das Seltenerdelement Erbium stand. Ziel
war dabei die Untersuchung des Anwendungspotentials seltenerdbasierter hybrider Quantensysteme im Hinblick auf deren Integration in Quantencomputern und für die Quantenkommunikation.
Im ersten Teil wurde die Kopplung der Seltenerdspinensemble an supraleitenden (SL) lumped
element (LE) Resonatoren untersucht. Alle vier Teilensembles des Erbiums konnten durch
on-chip Tieftemperatur-Mikrowellenspektroskopie identiﬁziert werden. Anschließend wurde
die magnetische Anisotropie des Er:YSO Kristalls winkelaufgelöst untersucht. Unter gewissen Magnetfeldorientierungen ergeben sich hohe DC g-Faktoren, die zu einem verstärkten
Zeeman Eﬀekt führen. Dadurch werden geringere Magnetfelder benötigt um die Spins in
Resonanz mit dem SL Schaltkreis zu bringen. Es stellte sich jedoch heraus, dass zur Erreichung des starken Kopplungsregimes auf diesen Vorteil verzichtet werden muss: Bei hohen
DC g-Faktoren ist die Kopplungsstärke klein und die inhomogene Linienverbreiterung des
Spinensembles groß. Umgekehrt ist bei kleinen DC g-Faktoren die Kopplung größer und die
Linienbreite kleiner. Durch systematische Analyse dieser Anisotropie konnten die nötigen
Parameter für das starke Kopplungsregime ermittelt und starke Kopplung nachgewiesen werden. In diesem Regime dominiert die Kopplungsstärke die Dissipationsrate des Resonators
und die inhomogene Spinlinienbreite des Ensembles. Die gemessene kollektive Kopplungsstärke betrug 𝑣𝐷 /2𝜋 = 34 MHz bei einer inhomogenen Spinlinienbreite von Γ⋆
2 = 12 MHz.
Diese Ergebnisse wurden in [Pro+13] veröﬀentlicht. Die Temperaturabhängigkeiten der untersuchten Spinensemble bestätigten deren paramagnetische Eigenschaften. Die Messung der
Spin-Gitter-Relaxationszeit in einem 200 ppm dotierten Er:YSO Kristall ergab 4, 3 s.
Mit dem Nachweis starker Kopplung der Erbium Spinensemble an LE Mikrowellenresonatoren wurde ein wichtiger Meilenstein erreicht. Dies erlaubte den nächsten Schritt, der sich
mit der Frage nach der praktischen Integration von Seltenerdspinensemblen beschäftigte.
Hier wurde YAlO3 (YAlO) als neuer Wirtskristall eingesetzt. Die höhere Kristallsymmetrie
ermöglichte eine deutliche Reduzierung der notwendigen Magnetfeldstärke von 250 mT auf
36 mT [Tka+14]. In einem weiteren Experiment wurde die Kopplung von SL Schaltkreisen untersucht, die direkt auf einem Nd:YAlO Kristall hergestellt wurden. Hierbei wurde
ebenfalls das starke Kopplungsregime erreicht. Ein weiterer Aspekt, der für die praktische
Anwendung von Seltenerdspinensemblen in SL Quantenprozessoren essentiell ist, liegt in
der ortsaufgelöste Integration von Seltenerdionen in einen Kristall. Dadurch ist es möglich
lokale seltenerdbasierte Speicherelemente zu deﬁnieren, ohne den Rest des Schaltkreises zu
stören. In Zusammenarbeit mit unseren Projektpartnern von der RUB Bochum sind YSO
Kristalle untersucht worden, die mittels fokussierter Ionenimplantation (FIB) mit Erbium
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dotiert wurden [Kuk+14]. Die implantierten Ensemble konnten ebenfalls durch on-chip ESR
Spektroskopie detektiert werden. Außerdem wurde die Abhängigkeit der Kopplungsstärke
von der implantierten Konzentration untersucht. Hier wurde das starke Kopplungsregime
nicht erreicht, da, verglichen mit den volumendotierten Kristallen aus den vorangegangenen
Experimenten, die inhomogenen Linienbreite des Spinensembles erhöht war. Wir glauben,
dass diese Linienbreite durch heiße Implantation und ein verbessertes Ausheilprotokoll weiter
reduziert werden kann. Die Temperaturabhängigkeit bestätigte die paramagnetischen Eigenschaften des Ensembles. Alles in allem demonstrieren die gezeigten Experimente das große
Potential dieses Ansatzes [Pro+14a].
In einer zweidimensionalen Resonatorarchitektur, wie sie in den vorangegangenen Experimenten verwendet wurde, ist die Untersuchung des AC g-Faktors nicht ohne weiteres möglich.
Daher wurde ein 3D Resonator verwendet, dessen spezielle elektromagnetische Mode für ein
räumlich homogenes AC Magnetfeld am Ort des Kristalls sorgt. Durch Rotation des Kristalls
bezüglich des externen statischen Magnetfelds änderte sich der AC g-Faktor um eine halbe
Größenordnung. Bei maximalem g-Faktor zeigte der 3D Resonator starke Kopplung an das
Er:YSO Spinensemble [Pro+14c].
Zur weiteren Charakterisierung eines 50 ppm dotierten Er:YSO Kristalls wurde ein neuer
Aufbau entwickelt, der eine zeitaufgelöste Untersuchung ermöglichte. Hier wurde ein nichtsupraleitender koplanarer Kupferresonator mit einem vergleichsweise großen Modenvolumen
eingesetzt. Dieser ermöglichte gleichzeitige optische und Mikrowellenspektroskopie aufgrund
des Überlapps beider Moden. Diese Anordnung diente als Testumgebung, um die wesentlichen
Elemente zukünftiger Quantenspeicher und Quantenkonverter zu untersuchen. Im Vergleich
zu den vorangegangen Untersuchungen wies der Aufbau einige Unterschiede auf. Daher wurde
er zunächst mit Dauerstrichspektroskopie untersucht. Alle Erbium Teilensembles konnten detektiert werden, und trotz des niedrigen Gütefaktors des Resonators war der Hochfeldübergang
stark gekoppelt. Das Hybridsystem arbeitete in einem bislang wenig untersuchten Bereich mit
inhomogener Spinlinienbreite und homogene Linienbreite des Kupferresonators von gleicher
Größenordnung. Mittels Spin-Sättigungsspektroskopie wurde eine 𝑇1 Zeit von circa 20 s bei
30 mK ermittelt.
Durch Anlegen von magnetischen Feldgradienten war es möglich, die inhomogene Linienbreite des Spinensembles zu beeinﬂussen. Mit wachsender Inhomogenität durchlief das
Hybridsystem den Übergang vom starken hin zum schwachen Kopplungsregime und interessanterweise zeigten die Leistungsspektren unerwartete Formen, die nicht mit der Theorie
zweier gekoppelter quantenmechanischer harmonischer Oszillatoren erklärt werden konnten. An der Grenze vom starkem zum schwachem Kopplungsregime transformierte sich die
Modenaufspaltung zu einer Struktur bestehend aus drei Peaks, die anschließend zu einem
einzigen Peak im schwachen Kopplungsregime übergingen. Darüber hinaus suggerierten die
Daten einen Anstieg der Kopplungsstärke um einen Faktor 1, 5, während die inhomogene
Linienbreite gleichzeitig um einen Faktor 3 anwuchs. Derzeit sind die Details der beobachteten
Phänomene Gegenstand theoretischer Untersuchungen. Möglicherweise kommen sie durch
das Wechselspiel eines homogen verbreiterten harmonischen Oszillators und eines inhomogen
verbreiterten eﬀektiven Spinoszillators zustande.
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Im Weiteren wurde das Spinensemble mit kurzen Mikrowellenpulsen untersucht. Der stark
gekoppelte Hochfeldübergang stand dabei im Zentrum der Untersuchungen. Als Antwort
auf einen 20 ns langen Puls zeigte das Hybridsystem kohärente Vakuum-Rabi-Oszillationen
zwischen den hybridisierten Moden von Spinensemble und Kupferresonator. Diese stehen
im Einklang mit der Kopplungsstärke, die über die vorangegangen Dauerstrichspektroskopie
ermittelt wurde. Um die Kohärenzzeit 𝑇2 zu bestimmen, wurde eine Zweipuls-Echosequenz
verwendet. Die Zerfallskurve ergab ein 𝑇2 von 5, 6 μs. Interessanterweise war die Zerfallskurve
von deutlichen Oszillationen geprägt. Diese sind auf eine Superhyperfeinwechselwirkung mit
dem Kernspin der umgebenden 89 Y3+ Ionen zurückzuführen. Um eine bessere Frequenzauﬂösung zu erreichen, wurde eine stimulierte Echosequenz verwendet, die eine größere Zerfallszeit
aufweist. Die gemessenen Oszillationen entsprachen dem erwarteten Frequenzregime nahe
der freien Präzisionsfrequenz des 89 Y3+ Kernspins von circa 500 kHz. Dies Spektrum konnten
wir durch eine numerische Simulation auf Basis der Er:YSO Kristallstruktur bestätigen.
Bei steigender Temperatur wuchs die Dekohärenzrate und die Analyse zeigte, dass diese Temperaturabhängigkeit im Wesentlichen auf Spin ﬂip-ﬂop Prozesse der anderen drei Teilensemble
zurückzuführen ist. Unterhalb von 50 mK blieb 𝑇2 konstant, da dort die magnetischen Fluktuationen der anderen Ensemble ausgefroren sind. Die verbleibende Dekohärenzrate hat zwei
dominante Beiträge. Bei 30 mK ist der Kernspin des 167 Er Isotops noch nicht vollständig polarisiert. Dazu kommen Dipol-Dipol Wechselwirkungen innerhalb des selben Teilensembles.
Um die Größe des letzteren Beitrags abzuschätzen, wurde eine modiﬁzierte Spinecho-Sequenz
verwendet, bei der die Größe des Refokussierungspulses variiert wurde. Trotz der Herausforderungen durch das inhomogene AC Magnetfeld, konnte eine Dipol-Dipol Kopplungsstärke
von 𝑣𝐷 /2𝜋 ≈ 11, 9 kHz ermittelt werden. Für den aktuellen Er:YSO Kristall mit einer Ionenkonzentration von 50 ppm führt dies zu einer theoretischen Grenze für 𝑇2 von ∼ 13, 4 μs.
Da die Dipol-Dipol Wechselwirkung quadratisch mit dem DC g-Faktor skaliert, ist 𝑣𝐷 in
Spinensemblen mit großem g-Faktor bis zu zwei Größenordnungen größer und trägt damit
signiﬁkant zur Linienbreite bei.
Zudem wurde ein Prototyp eines Quantenspeicherprotokolls getestet. Vier unregelmäßig angeordnete, kohärente Pulse niedriger Leistung wurden im Er:YSO Spinensemble gespeichert
und anschließend ausgelesen. Jeder dieser kohärenten Pulse entsprach 1011 Photonen. Es war
uns sogar möglich bis zu 16 Pulse mit je 4, 6 × 1011 Photonen zu speichern und auszulesen.
Die Eﬃzienz des Speichers war 10−4 . Diese Zahl darf nicht unterschätzt werden, denn im
Vergleich mit Experimenten an NV-Zentren in Diamant [Gre+14] erreichte der Speicher der
aktuellen Untersuchung die gleiche Eﬃzienz. Tatsächlich wird die Eﬃzienz im Wesentlichen
durch die Größe der 𝑇2 Zeit bestimmt. Die Analyse zeigte, dass nur etwa ein Faktor 10 durch
unvollkommene Refokussierungspulse und verwandte experimentelle Details verloren wurde.
Eine Verbesserung der 𝑇2 Zeit von einer Größenordung hingegen, kann die Eﬃzienz des
Speichers erheblich steigern. Im Falle von Erbium Spinensembles sind dafür eine niedrigere
Spinkonzentration sowie isotopenreine Proben nötig. Die durch die Dipol-Dipol Wechselwirkung limitierte 𝑇2 Zeit würde im Falle einer Konzentration von 5 ppm bereits auf jenseits
von 100 μs steigen. Ebenfalls wäre es von Vorteil die Kristalle so auszurichten, dass ihre
magnetischen Klassen überlappen und sie damit ein einziges Spinensemble bilden.
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Abschließend wurde das selbe Hybridsystem optisch bei 1, 54 μm spektroskopiert. Durch
Anlegen eines Magnetfeldes wurde das gesamte sogenannte Zeemanspektrum vermessen, bei
dem alle optischen Übergänge zugeordnet werden konnten. Danach wurde die Interaktion
zwischen optischen und Mikrowellenübergängen untersucht, indem die optischen Übergänge
vermessen wurden, während ein Mikrowellenpuls einen Spinübergang trieb. Um ein akzeptables Signal-zu-Rauschverhältnis zu erreichen, wurde ein Aufbau entwickelt, der kurze,
breitbandige Pulse erzeugen konnte. Dieser erlaubte die Detektion der Spinrelaxationszeit
durch stroboskopische Messung eines bestimmten optisch Übergangs. Dies ist ein erster
Schritt in die Richtung der Entwicklung eines kohärenten Quantenkonverters.

Ausblick
Hybride Quantensysteme haben in den letzten Jahren viel Beachtung erfahren. Die kohärente
Wechselwirkung zwischen unterschiedlichen physikalischen Quantensystemen ist interessant
für fundamentale Fragestellungen, wie auch für Anwendungen. Diese Arbeit hat sich mit der
Kopplung von Festkörperspinensembles mit SL Quantenschaltkreisen beschäftigt. Auch wenn
Spinsysteme schon seit Jahrzehnten mit Elektronspinresonanz in 3D Resonatoren untersucht
wurden, hat die Kombination mit dem aufkommenden Feld der circuit QED zur Entstehung
eines neuen Forschungsgebiets beigetragen. Die starke Kopplung solcher kohärenter Quantenschaltkreise an Festkörperspinensemble hat neues Licht auf diese Systeme geworfen. In
der Tat ist die Physik der kollektiven Kopplung von Resonatoren an inhomogen verbreiterte
Spinsysteme noch nicht vollständig verstanden. Bezogen auf diese Arbeit ist insbesondere das
überraschende Verhalten des Resonators mit dem geringen Gütefaktor hervorzuheben. Zur
Zeit ist die theoretische Forschung damit beschäftigt, den Einﬂuss inhomogen verbreiterter
Spinsysteme auf die Kopplungsphysik zu verstehen. In diesem Zusammenhang wurde bereits
gezeigt, dass bestimmte Formen des Spektrums neue Eﬀekte hervorbringen, wie den cavity
protection Eﬀekt, bei dem die Dephasierung in dunkle Moden unterdrückt wird.
Die Resultate der fokussierten Ionenstrahlimplantation von Erbium Ionen in Y2 SiO5 Substrate
sind aus materialphysikalischer Sicht ebenfalls spannend. Um die inhomogene Linienbreite zu verringern, ist ein detaillierteres Verständnis des Implantationsprozesses und der Art
und Weise, wie die Erbiumionen die Yttriumionen ersetzen, notwendig. Zur Verbesserung
der Eﬀektivität dieses Prozesses setzen aktuelle Experimente auf Implantation in geheizte
Substrate. Sobald fokussierte Ionenstrahlimplantation hochqualitative und stark gekoppelte
Spinensembles ermöglicht, wird sie eine Schlüsseltechnologie darstellen auf dem Weg zur
praktischen Integration von Spins in circuit QED Quantenprozessoren. Eine weitere Möglichkeit bietet sich durch die on-chip Integration optischer Wellenleiter auf Erbium implantierte
Substrate [SPT13]. Dies könnte kombinierte on-chip optische und Mikrowellenspektroskopie
ermöglichen und perspektivisch einen on-chip Quantenmediakonverter.
Eine spannende Frage ist nun: Ist es möglich, einen seltenerdbasierten Einzelphotonenspeicher
mit Multimodenkapazität zu bauen? Die Experimente dieser Arbeit zeigen bereits die Multimodenspeicherkapazität des Erbium dotierten Y2 SiO5 . Auch wenn der Aufbau nicht speziell
optimiert wurde, erreicht er einen guten Wirkungsgrad. Die Erweiterung der Pulssequen-
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zen auf das Einzelphotonregime kohärenter Pulse ist überschaubar. Das dafür notwendige
Signal-zu-Rausch Verhältnis fordert den Einsatz eines kryogenen HEMT Verstärkers mit
vorgeschaltetem parametrischem Verstärker. Darüber hinaus ist ein kleinerer Resonator wichtig, da dadurch die für den 𝜋-Puls notwendige Maximalleistung herabgesetzt werden kann.
Andernfalls würde die hohe Pulsleistung des aktuellen Experiments den HEMT Verstärker
zerstören. Um die Eﬃzienz zu steigern, sind einerseits spezielle adiabatische Pulsformen notwendig, die trotz der Magnetfeldanisotropie eine gute Refokussierung ermöglichen [Sig+14].
Andererseits kann die Kohärenz nur durch Reduktion der Ionenkonzentration wesentlich
erhöht werden. Innerhalb der nächsten Jahre können diese Verbesserungen durchaus zu Wirkungsgraden von 0, 1 im Wenige- bis Einzelphotonenregime führen [Gre+14]. Parallel dazu
ist in näherer Zukunft der Betrieb bei niedrigeren Magnetfeldern basierend auf Er3+ :YAlO3
Kristallen und die Integration von Qubits in den Quantenschaltkreis realistisch. Die Gegenwart
des Kernspins des Al in YAlO3 könnte möglicherweise eine größere Kohärenzzeit verhindern.
Jedoch wäre es möglich, dass durch einen frozen core Eﬀekt wie bei Er3+ :Y2 SiO5 dieser
Dekohärenzkanal unterdrückt wird. Auf Grundlage der in den letzten Jahren gesammelten
Erfahrungen im Bereich der hybriden circuit QED Quantensysteme ist ein Prototyp eines
Multimoden-Einzelphotonenquantenspeichers sicher innerhalb der nächsten drei bis fünf
Jah re realisierbar.
Eine ebenso spannende jedoch schwierige Frage ist: Ist es möglich, einen Erbium basierten
Mikrowellen- zu optischen Photonen-Konverter zu realisieren? Aus der Kombination von
optischer und Mikrowellenspektroskopie bei milli-Kelvin Temperaturen ergeben sich ganz
neue Herausforderungen. In dieser Arbeit wurde ein grundlegender Aufbau untersucht, der
die Komplexität dieser Aufgabe gut beleuchtet. Die planare Architektur des on-chip Resonators führt zu Inhomogenitäten, die spezielle Kontrollpulse erfordern. Ein interessanter
Weg ist die Verwendung von 3D Resonatoren, da die größeren geometrischen Abmessungen
eine erhöhte Flexibilität bieten. Das erlaubt gleichzeitig einen einfachen optischen Zugang
und homogene AC Mikrowellenmagnetfelder. Jedoch verbleibt das Kernproblem der großen inhomogenen Linienbreite des optischen Übergangs. Kürzlich wurde ein theoretisches
Konzept zur Einzelphotonen-Konversion in diesem System vorgeschlagen [OBr+14]. Trotz
der technischen Herausforderungen wird reversible und kohärente Mikrowellen- zu optischen
Photonen-Konvertierung höchstwahrscheinlich möglich werden. Die Frage ist jedoch, ob gute
Wirkungsgrade erreicht werden können. Aus der heutigen Sicht sind Architekturen basierend
auf nanomechanischen Resonatoren kurzfristig einfacher zu realisieren und im Einzelphotonenregime zu betreiben, da diese ein weniger komplexes Konversionsprotokoll erfordern
[And+14].
Das Er:YSO Hybridsystem und vergleichbare, an Mikrowellenschaltkreise gekoppelte Materialien haben ebenfalls Potential in der Forschung an Quantenmetamaterialen. Diese beschäftigt sich mit der Ausbreitung von Licht in künstlichen, gekoppelten Multiresonator- und
Multiqubitsystemen. Ein einfaches Metamaterial besteht beispielsweise aus vielen Qubits
gekoppelt an einen Mikrowellenleiter [Zag+09]. Dieses kann bereits durch Kopplung eines
Er:YSO Kristalls an einen langen planaren Mikrowellenleiter erreicht werden. Kombinierte Multiwellenlängen-Einzelphotonenspektroskopie von Er:YSO oder ähnlichen Materialien
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kann zur Untersuchung fundamentaler Fragestellungen beitragen, wie beispielsweise kohärentem Quantenenergietransport in einem Multiskalen-Festkörpersystem.
In jedem Falle wird den Hybridsystemen basierend auf Kristallen mit Seltenerddotierung
auch weiterhin eine interessante und vielseitige Zukunft bevorstehen.
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Appendix
Nomenclature

‡

Symbol

Meaning

Comment

𝑣
Γ⋆
2
𝛾
𝜅
Δ𝑓3dB
𝑄𝑐
𝑄𝑖
𝑄𝑡 , 𝑄𝑟
𝛿×
Δ
𝜖
𝝁
g
g, 𝑔
𝐿
𝑆
𝐽
𝜒
𝜉

coupling strength
inhomogeneous linewidth
homogeneous linewidth
resonator linewidth
resonator bandwidth
coupling quality factor
intrinsic quality factor
total quality factor
tunnel coupling energy in a ﬂux qubit
frequency detuning
electric moment
magnetic moment
g-Tensor
g-factor
total orbital quantum number
total spin quantum number
total angular momentum quantum number
susceptibility
ﬁlling factor

in units of 2𝜋Hz
in units of 2𝜋Hz ‡
in units of 2𝜋Hz ‡
in units of 2𝜋Hz ‡
Δ𝑓3dB =2𝜅
1/𝑄𝑡 = ∑𝑗 1/𝑄𝑗

𝐿=𝑆,𝑃 ,𝐷,𝐹 ,𝐺,𝐻,𝐼⋯
or 𝐿=0,1,2,3,4,5,6⋯

half width at half maximum (HWHM)
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Magnetic ﬁeld angles
The orientations of the magnetic ﬁeld with respect to the crystal frame are given by the angles
𝜙 and 𝜃.
• 𝜙: angle between x axis and xy plane (for YSO: D1=x, xy-plane=D1D2-plane)
• 𝜃: angular deviation from the z axis (for YSO: b)

Pulse calibration
The amplitude of the microwave pulses is controlled by a microwave mixer (Marki M8D420LS).
Figure 1 shows the measured pulse energy vs. the voltage amplitude at the IF port of the
mixer. As one can see, the mixer's transmission is not a linear function of the IF voltage.

0.6

Energy (arb. u.)

0.5
0.4
0.3
0.2
0.1
0.0
0.0

0.2

0.4
0.6
0.8
IF amplitude (V)

1.0

Figure 1: IF amplitude vs. relative pulse energy.
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