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AN INEXACT NEWTON REGULARIZATION IN BANACH SPACES
BASED ON THE
NONSTATIONARY ITERATED TIKHONOV METHOD

FABIO MARGOTTI AND ANDREAS RIEDER

ABSTRACT. A version of the nonstationary iterated Tikhonov method was recently in-
troduced to regularize linear inverse problems in Banach spaces [Inverse Problems 28,
104011, 2012]. In the present work we employ this method as inner iteration of the inex-
act Newton regularization method REGINN [Inverse Problems 15, 309-327, 1999] which
stably solves nonlinear ill-posed problems. Further, we propose and analyze a Kaczmarz
version of the new scheme which allows fast solution of problems which can be split into
smaller subproblems. As special cases we prove strong convergence of Kaczmarz variants
of the Levenberg-Marquardt and the iterated Tikhonov methods in Banach spaces.

1. INTRODUCTION

We consider nonlinear ill-posed problems

(1) F(z) =y
in the abstract framework of Banach spaces, that is, F': D(F') C X — Y operates between
Banach spaces X and Y where D(F') denotes the domain of definition of F. Recently,
this setting has been attracting and still attracts a lot of research since several real-life
applications are naturally modeled with the help of Banach spaces, see, e.g., the first
chapter in [15].

The starting point for our investigation is the Newton-type algorithm REGINN (REGu-
larization based on INexact Newton iteration) [13] which improves the current iterate
via

Tpt1l = Tn + Sn

by a correction step s, obtained from approximately solving a local linearization of (1):
(2) Aps =b,

where A, := F'(x,) is the Fréchet derivative of F' in z, and b, := y — F (x,) is the
corresponding nonlinear residual. REGINN typically applies an iterative solver to (2),
called inner iteration, to find a step satisfying

(3) ||An3n_bn|| <M||bn||

with a pre-defined constant 0 < p < 1.
Now, assume that (1) splits into d € N ’smaller’ subproblems, that is, Y factor-
izes into Banach spaces Yy,...,Y; 10 Y = Yy x Y] x --- x Yy 1. Accordingly, F' =
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2 FABIO MARGOTTI AND ANDREAS RIEDER

(Fo, Fr,...,Fy1)", Fj: D(F) € X = Y;, and y = (Yo,¥1,---,Ya—1) - Our task can be
recast as: find x € D(F') such that

(4) Fi(z)=vyj, j=0,...,d—1

The Kaczmarz variant of REGINN determines s,, from (3) where, however, A, := F) . (z,)
and b, := Ynmodd — Frmodd (). Thus, the subsystems are processed cyclically breaking

the large-scale system (1) into handy pieces. This kind of cycling strategy was initi-

ated by Kowar and Scherzer [9] and further investigated by several researchers, see, e.g.,

2, 4, 8, 11]. We emphasize that systems like (4) arise quite naturally in applications

where the data is measured by d individual experiments or observations. For instance,

in electrical impedance tomography one wants to find the conductivity of an object by

applying, say, d current patterns at the boundary and measuring the resulting voltages

at the boundary as well.

In this work we consider the iterated Tikhonov regularization as suggested by Jin and
Stals [7] as inner iteration of REGINN. The resulting scheme is called K-REGINN-IT which
is short for Kaczmarz version of the REGINN-Iterated-Tikhonov method. As a byproduct
we thus generalize the Levenberg-Marquardt regularization (Hanke [5]) to Banach spaces.

On the following pages we present a complete convergence analysis of K-REGINN-IT
under the usual assumptions. As our setting is rather abstract and as our arguments
are sometimes very technical we try to guide the reader gently through the exposition.
Therefore, we collect needed properties and concepts of Banach spaces in Section 2. This
material is taken from [3], [14], [16], and [15]. In Section 3 we define K-REGINN-IT,
prove its well-definedness and termination. Next we validate strong convergence in the
noise-free situation (Section 4) and finally show the regularization property in Section 5.

To keep this exposition lean we restrained from presenting numerical examples. In a
forthcoming paper we plan to compare numerically different types of K-REGINN methods.
The impatient reader is referred to [12] where we solve the inverse problem of electrical
impedance tomography by K-REGINN with an inner iteration of Landweber type.

2. BASIC FACTS ABOUT THE GEOMETRY OF BANACH SPACES

If the context is clear, we always use a generic constant C' > 0 even if it takes different
values at different instances. Sometimes we write a () < b(x) if and only if there exists
a positive constant C' independent of = such that a (x) < C'b(x) for all x.

In the following we formulate the assumptions on the Banach space X which we will
need later to define and to analyze our method properly.

To cover the lack of an inner product in a general Banach space, we introduce the
duality mapping. This is the set-valued function J,: X — 2% defined by*

* * * * * -1
Jp () = {z" € X" (2", 2) = ||2"|| [|=]| and [lz*|| = [[«[|""}, 1 <p < oo,

where the symbol (-, -) denotes the inner product in Hilbert spaces as well as the duality
pairing in a general Banach space. For all z € X, J, (z) # 0 (see [3]) and the relation

(5) Ty (x) = ||| J; ()
holds for each r,t > 1. The duality mapping .J; is called the normalized duality mapping

and as a consequence of the Riesz representation theorem, it is the identity operator in

IThe duality mapping is often defined in a more general way associated with a so called gauge function.
We prefer to use here this particular definition, which is actually the duality mapping associated with
the gauge function ¢ — tP~1.
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any Hilbert space. A selection j,: X — X* of the duality mapping J, is a single-valued
not necessarily continuous function satisfying j, (x) € J, (x) for all x € X. We will often
use the estimates (J, (z),y) < |z[|”~" |ly|| and (J, (z),z) = ||z||” which are immediate
consequences from the definition of J,. Observe that the inner product also shares these
properties for p = 2.

We suppose now that the Banach space X has the following geometrical properties
where we use the notation a V b := max {a, b}:

Assumption 1. (a) X is reflexive;
(b) For each 1 < p < oo, the duality mapping J,: X — X* is single-valued, continuous
and invertible with a continuous inverse satisfying
-1 _ * * *k AU
J,=Jp XT = XTEX,
where p and p* are conjugate numbers, i.e., ]lg + # = 1.
(¢) There exists a number 1 < s < oo such that, for all 1 < p < oo, the conjugate
numbers of s and p satisfy
15 @) = 5 GO < G Qa1 1~ o =7
for all z*,y* € X*, where Cp o« > 0 is a constant which depends only on p and s.

s*—1

Y

As a substitute for the polarization identity
1 21, o [
Sl =yl = 5 Il = (w9 + 5 Il
which holds in Hilbert spaces, we introduce the Bregman distance A,: X x X — R,

By 9) = el = (3 ) 3) + - 1, ()

p*

In any real Hilbert space, Ay (z,y) = 3 ||z — y|I>. A straightforward calculation shows

the equality?
1 1
Ay (z,y) = 5 l)|” = 5 IylI" = (L (), 2 — )

and the three-points identity
(6) Ap (xvy) - Ap (Zay) - AP (Z,l’) + <JP ($) - JP (y> y T — Z) )
for all x,y, z € X. Further,
1 1
A, (zy) > = lz)|”+ = llyll” = lyl”" ]l
p (2, 9) pll | p yll” = Nyl =]

Using now Young’s inequality®, we find that A, (-,-) > 0. Moreover, if (z,), .y C X is a
sequence and x € X is a fixed vector, then A, (z,z,) < p implies

1
—1
leal (E ]l — ||a:||> <p

1 1

Considering now the cases - ||z, | — [|lz[| < 211)* T, || and z% ol = Nzl > 5= l2all, we
conclude the implication
7) Ay () < p = ]l < 26° (]| 7).

2This equivalent form is probably the most common definition of Bregman distance in Banach spaces
with single-valued duality mappings.
a,b>0:ab<aP/p+0bF /p*
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Therefore, (1,,),,cy is uniformly bounded. A similar result can be proven if A, (x,,z) <
p. The continuity of the duality mapping (Assumption 1(b)) is handed down to both
arguments of the Bregman distance A,. Of course = y implies A, (z,y) = A, (y,z) = 0.
The reciprocal and other important results are true under further properties of X:

Assumption 2. (a) The functional || - ||P is strictly convez for any 1 < p < oo;

(b) Any sequence (xy),, ey C X satisfying x, — x and ||z,|| — ||z]| asn — oo, converges
strongly: ||z, — z|| — 0 as n — o0;

() If 1 < p<s<oo then

Ap (z,y) = Cllz =yl
for all x,y € Br (0, ||-||) :=={z € X : ||z]]| < R} where C > 0 depends only on p,s and R.

Assumption 2(a) implies the strict convexity of A, in its first argument, which in turn
ensures that x = y whenever A, (z,y) = 0. In fact, if  # y then for A € (0,1), we derive
the contradiction

0<A,(Az+ (1 =ANy.y) <MD, (z,y) + (1= A) A, (y,y) = 0.

For our convergence analysis we rely on both Assumptions 1 and 2. We emphasize that
the properties of X listed therein are not entirely independent of each other: some of them
can be proven assuming the others. Note that both assumptions hold true in case X is s-
convex and uniformly smooth (see, e.g., [3], [15] and [14] for details). Important examples
are the spaces LP(Q), IP(N), and W™P(Q) with 1 < p < co. They are uniformly smooth*
and max {p, 2}-convex. For the Lebesgue spaces the duality mapping .J,: LP(Q) — L? (Q)
is given by

(8) Jp(f) = | £~ sign(f).

3. THE K-REGINN-IT METHOD

We will need a bunch of standard assumptions about the structure of the nonlinear-
ity F'.

Assumption 3. (a) Equation (1) has a solution ™ € X and for a given and fized number
1 < p < o0, there exists a p > 0 such that

B, (z*,4A,) :={ve X:A,(z",v) <p} CD(F).

(b) Suppose that all the functions Fj, j = 0,...,d — 1, are continuously Fréchet dif-
ferentiable in B, (x,Ap) and that their Fréchet derivatives Fj: B, (z,A,) — L(X,Y))
are uniformly bounded by a constant M > 0:

HFJI(U)H < M for allv e B, (z",A,) and j=0,...,d— 1.
(¢) (Tangential Cone Condition (TCC)): Suppose that
[F(v) = Fj(w) = Fj(w) (v —w)|| < n|F;(v) - Fi(w)],

for allv,w € B, (z%,A,) and j =0,...,d—1, where 0 <n < 1 is a constant.

4They are actually min{p, 2}-smooth, which is a stronger property.
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We suppose to access only noisy versions yjj of the exact but unknown data y; = F;(z™)
satisfying

5j
(9) ly; — ;"I < ;.
The positive noise levels d;, j =0,...,d — 1, are assumed to be known. Further, define
the maximal noise level
(10) §:=max{d;: j=0,...,d—1} > 0.

As the spaces Y; are arbitrary, the duality mapping J, does not need to be single-valued
(for any 7 > 1). Then, j,: Y; — Y represents a selection of J;.

Now, we define K-REGINN-IT recursively: Let z,, € D(F') be given. The inner itera-
tion to compute the Newton step s,, starts with setting z, ¢ := x, and produces z, ;11
recursively as minimizer in X of the strict convex functional

1 r
(11) T, (2) = . 105 — Ay (2 — @) || + iy (2, 20k)

with «,, > 0. Here,
On
Ap = Fiyy (@n) and 8 =y = Floy ()

where [n] := nmodd denotes the remainder of integer division. Observe that the mini-
mizer 2, 41 of T;ik: X — R exists and is unique due to the strict convexity of A,. Set
Snk = Znk — Tp a0d Tpiq = Ty, + Sp g, where the final (inner) index k,, is determined as
follows: choose 7 > 1, pu € (0,1) and kpax € NU {o0}. Define k,, = 0 in case of

(12) L] < -
Otherwise set
(13) krpe = min {k € {1,... kmax} : ||0) — Ansn < w]|62]|}

using min () = oo. Finally,

o krec : krec < Fmax,
" kmax : kREG > kmax-

Note that z,11 = znk, and x,.1 = x,, if and only if (12) holds. The outer iteration stops
as soon as the discrepancy principle (12) is satisfied d times in a row. Our approximate
solution of (1) is then xy where N = N () is the smallest number® which satisfies

(14) ly? = Fy (an) | <785, §=0,...,d—1.

See Algorithm 1 for an implementation in pseudocode.
AS 2 k41 is the minimizer of T7 ;, we have T2, (zn 1) < T3, (zng) yielding

(15) 162 — s || < 18— Ausasl|s k=0, ko — 1,

where equality holds only if 2, 11 = 2k S 2n g1 F 2k results in o, Ay (25 k11, 2ng) > 0.
Using the optimality condition 0 € 8T37k (2nk+1), We arrive at

Qp, (Jp (Zn,kJrl) - Jp (Zn,k)) € A;Jr (bi - Ansn,kJrl) .

5The number N is chosen by a posteriori strategy, it thus depends actually on § and y°: N = N (67 y‘s) .
But we stick to the simpler notation N = N (9).
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Algorithm 1 K-REGINN-IT
Input: zy; (¥7,0;); Fj; Fj, j=0,...,d = 1; 13 kmax; T
Output: zy with Hyjj — Fj(zn)|| <765, =0,...,d—1;
(:=0; x9g:=xpN; c:=0;
while ¢ < d do
for j=0:d—1do
n:={0d+ j;
W, =y = Fylwa); An = Fi(an);
if ||| < 76; then
Tpal =Ty, c:=c+1;

else
k:=0; 2,0 1= xp;

choose «a,, > 0 properly;

repeat
Zn k1 1= arg min(% ||bf1 —A,(z— xn)H + an, (2, 2nk))
zeX
k:=k+1;

until [[b) — A, (2o — @) || < 1 [|[03]] or & = Kmax
Tpt1 = Zng; €= 0;
end if
end for
(:=0+1;
end while

TN = Ted—c;

Hence, there exists some selection j, such that
1 ., .
‘]p (Zn,k—I—l) = Jp (Zn,k) + a_Anjr (bfz - Ansn,k-i-l) .

Remark 4. By definition of s, the above equality can be rewritten as the implicit iter-
ation

L,
(16) Znk+1 = J;* (Jp (Znd) + Oz_A:LjT (bi - An (zn,k-i-l — In)))

which can be solved for z, 1 by a fized point iteration. Alternatively, one may apply a
gradient method like steepest descent (see, e.g., [1]) directly to the nonlinear functional
(11) to find its minimizer.

Remark 5. If kyax = 1 then k, € {0,1} for alln € N and ,,41 minimizes
1 Oin r
Tg,o (.1') = ;Hy[T[L]] - F[n] (xn) - F[/n] (xn) (x - xn) H + anAp (l’, wn) :
In Hilbert spaces this functional reads (with p =1 = 2)

1, &, 2
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revealing K-REGINN-IT as Kaczmarz version of the Levenberg-Marquardt method in Ba-
nach spaces. In case of a linear problem (F; = A; are linear for all j’s) we have
1y, s
& n T
Tn,O (l’) = ;Hy[é]] - A[n]xH + anAP (SL’, xn)

and the method is now a Kaczmarz version of the iterated Tikhonov method defined in [7]
for the particular case d = 1.
In the next theorem we prove that K-REGINN-IT is well defined and terminates.

Theorem 6. Let X andY be Banach spaces with X satisfying Assumptions 1 and 2 with
1 <p<s <r. Let Assumption 3 hold true and start with o € B, (T, A,). Choose
a > 0 and define the constants

Co = 6p"M ([[*]| v p7) > 0

Cy:=2p" (”x"‘“ Vv (p—l— _02)17) > 0.

1 (r—1)(s*—1)—1
efine iy 1= min {a, a} > 0, where a == C, ™" e >0 wi
D 0, wh crT e, o 0 with

and

-1

0<02<<2Op80 p”M)

where Cy ¢« 15 the constant from Assumption 1(c). Additionally, assume that the constant
of the TCC in Assumption 3(c) satisfies 0 < n < Cs where

1
Cyim 5= Ci >0
with
04 = Cp*,s*Ofp - )(p_l)MS*CQ > 0.

Further, let o, € [Oimin, Qmax] fOT SOME Qmax > Qmin, T > g:% and j € < Jm 1). Then,

there exists an N (6) such that all iterates {x1,...,xnwe)} of K-REGINN-IT are well defined
and remain in B, (zT,A,). Moreover, only the final iterate satisfies (14) and

(17) Ap (@7 xn) < Ay (27, 01)
for all 1 <n < N(§) where equality holds if and only if (12) applies. Furthermore,
(18) |xn|| < C for all o >0 and n < N(9),

with C' > 0 being independent of n, N(9), and 6.

Proof. First, observe that the bounds on Cy imply Cy < 1/2 which makes C3 well defined.
The lower bound on 7 guarantees that we can select y from an open interval.

We argue inductively: Suppose that o, ..., z, are in B, (z*,A,) and (17) holds. Fur-
ther assume that x,, is not the final iterate, i.e., (14) is not satisfied for N = n.

If z,, satisfies (12), then z,,11 = z,, € B, (z*,A,) and (17) becomes an equality. In case
x,, violates (12), x, 1 is also well defined as we demonstrate now: We define e, := =+ —x,

and, by (6), we find that
AP (Z‘+, Zn,k-&-l) _Ap ($+7 Zn,k) - _Ap (Zn,k+17 Zn,k) + <Jp (Zn,k+1) — Jp (ka) N x+>
= <‘]p (zn41) = Ip (Znk) » Znjet1 — 33+>
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(19) = ain (Gr (09 = Ansnis1) s An (Snis1 — €n))
= o (e (= Ausnien) (0= Auca) = (0 = Ausa)
< o (1= w716 = Aveal) = [~ Awsai)
for k=0,...,k, — 1. Now, using Assumption 3(c), we get for all k < k,, — 2
187 = Aweall < o = vl + 1| iy () = g () = Fy (@) (" = ) |
(20) < 8 + 11| Floy (%) = Fioy )| < 8+ 1 ([l = v | + |63
< b -+ 1)+ ] < (L) 1)

As () [[B3]] < w||B3]] < [|b8 — Ansnast||s & < kn — 2, and in view of (20) we
conclude that the right-hand side of (19) is negative. Then, for all I < k,,,

l—

[aary

(Ap (37+7 Zn7k+1) A (ﬁ? Zn:k))

0
1 r— +1
< = sl (5 ) 1880 = 18 = Ausea])

N+l
LLi@wa—Awm“WQW

(679

>
Il

<

From (15), oo, > @, 7 > "+ - and C3 < oz we deduce that

(21) Ay (7, 200) <A (a7, 200) + = 00|

_2T
From (20) and (22 +1n) < C3 < L,

+1 1
L e e e R A -1 A

yielding [[b3|| < 2M |len||. By |len|| < [lznll + [[#7], the induction hypotheses z, €
B, (z*,A,), and by (7), we see that HbgH < Coy. As 2,0 =z, € B, (2z%,4,), it follows
from (21),

T

A, (m+, Zn,l) <p+ _2T

which in view of (7) implies

(22) |2na]| < Cy for all I < k.

Rearranging the estimate
165 = Ansngl|” < (|15 — Ansnprt || + 1 An (Sngs1 — sa)ll)"

(185 = Ansnpsa || + M | znp1 — znill)”

2" (”bi — Ansn,kHHT + M" || zn ki1 — zn,kHT)

IAN A IA
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we obtain
(23) — 165, = Ausngna||” < —5; ||b‘S Ansnl| + M |zn g1 — 2kl

To bound the rightmost term we use Assumption 1(c) and note that p*—s* > 0 for p < s:

||Zn,k+1 - zn,kH = } J;* (Jp (Zn,k—f—l)) - J;* (‘]p (Znyk))”
< Cor o (1p G ) IV T ) P~ 15 (zaksn) = o (o) [T

s*—1

= Gy (2|l V ) 7070

L.
a_nA;:jr (bfl - Ansn,k’—i-l)

< C’p*,s*Cl(p*_S*)(p—l)aifs*Ms*fl Hbi B (r—1)(s*—1)

for all k& < k, — 1. We proceed using (15), o, > @, and (r — 1) (s* —1)—=1> 0 for r > s:
- HbfLHr[(r_l)(s*_l)_l]
a%s*fl)r

M Hzn,k+1 . Zﬂ}}gw’ < (Cp*,s*cl(p*,s*)(pfl)Ms*> ||bi B AnSn,kHr

(r—1)(s*~1)—1 r(s*—1)
r sF—1
< (Cp*,s* Cfp*_s*)(p_l)Ms*> C’O—] ||bfz — AnSnkaT

Qn

< (G CFIMT G ) = A

= Cy ||8% — Apsng]” -
From (23),
(24) — |88, = Apsnpra || < - (; - C”) 162 = Ansngl|” = —Cs ||65, — Apsng||”
for all k < k,, — 1. Inserting (24) into (19) we, in view of (15), arrive at

Ap (l’+, Zn,k—i—l) - Ap ([L’+7 Zn,k)
1 5 r—1 77"’1 5 )
< L= Aol (2L ) 82 = a8 = Awsa] )
Qy, T
Since —C} Hbfb — AnsmkH < —uCy HbiH for all £k < k,, — 1 we have that
1
(255 ) 121 = Ca = s < =Ca 1)

with Cy := uCs — ("TH + 77) > 0. Further,

= . LA RSN -1
Z znk:-i-l Ap ($ 7an ZHb 7’“”
k=0 G

for all [ < k,, resulting in

Hb‘s

(25) H Z Hb‘S ,k”r_l <A, (x+,xn) - A, (ZL‘+, zn,l) < 00.
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As || — Apsn| = w6 for all k <k, — 1

05 Iur—l ‘ bn '

n

[ < o0,

for all [ < k,,, which shows that | < oo and then k, < oo. Hence z,41 = 2,4, is well
defined and letting [ = k,, in (25) gives

Hb5H Sy
Z Hb n,k” S Ap (£E+,£Bn) - Ap <$+7$n+1)

which finally validates (17): A, (2t ) < A, (2, 2,) < p.
Now we prove that Algorithm 1 terminates. Deﬁne the set I := {n eN: HbiH > 76[n]}

and suppose that I has infinitely many elements. Using again Hbi — Ansnka > 1 HbgH
for all £ <k, — 1 and o, < Qpax, it follows from (26) that

(26)

5 T
05/[_1 anH k, < Ap ($+’xn) — Ap (95+7$n+1)

max

for all n € I. But for n ¢ I, k, = 0 and the above inequality trivially holds. Therefore,

Z HbiHTk Z (2, 20) = Ay (27, 2041)) <A, (27, 20) < 00.
n=0

Define now 0y, := min 5 > 0 and observe that k,, > 1 for all n € I. Hence,
0<j<d—-1
> (Tomm)” <10 kn —ZWH k, < 00
nel nel

which can hold only if the number of elements in [ is finite. Thus, N (§) is the largest
element in I plus 1. From inequality (17),

A, (3: xn)<A (:c x0)<oo

for all 6 > 0 and n < N(9). It follows that ||z,|| < C for all n < N(J) and some C' > 0
independent on n, N and 6. O

Weak convergence of K-REGINN-IT is an immediate consequence of (18) and the reflex-
ivity of X, see [10, Corollary 3.5].

Corollary 7. Let all the assumptions of Theorem 6 hold true. If the operators Fj},
7 =0,...,d =1, are weakly sequentially closed then for any sequence <y§51)¢)i€N with
6@ =max {(6;),: j=0,...,d—1} = 0 as i — oo, the sequence (l’N(é'(i)))ieN contains
a subsequence that converges weakly to a solution of (1) in B, (x*,A,). If © is the
unique solution of (1) in B, (z",A,), then (.’I?N(g))5>0 converges weakly to v+ as § =

max{d; : j=0,...,d—1} = 0.
Remark 8. The constants Cy and Cy in Theorem 6 depend on the unknown solution x™.

But as xg € B, (x*,A,) we conclude that both constants are bounded in p, ||zo||, and p.

Remark 9. At a first glance the restriction s < r in the above theorem might affect the
computation of a minimizer of TS, (11) via (16). This, however, is not the case due to
(5). For instance, if Y = L' and s > 2 we can realize J. on'Y by (5) and (8).
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Remark 10. The monotonicity estimate (17) actually holds in a more general setting:
(27) Ap (U, ns1) < By (Un, )
whenever 0, is a solution of the [n]-th equation: yp) = Fiy) (U5) .
Remark 11. Let kyax = 00 and assume that (12) is violated by x,,. Following [5] we find

5" = Fg @) | < |95 = Flog () = Fly (20) @ags — ) |
+ ”F[n] (Tp41) — Flj (zn) — F[/n} (Tn) (Tny1 — xn)H
< plluiy’ = B @a) || + 0l Floy (2ns1) = By () |

so that
O] O] _tn
||?J[n] — Flu) (@n41) || < A”y[n] — Fly) () || where A = 11—
i
Now, if 0 < n < HC;%?) and T > 03(11:“22])_7] then T(Z;n < 1 — 2n and restricting p to
i
( T;:n, 1— 27]) yields A < 1.

4. CONVERGENCE IN THE NOISE-FREE SETTING

From now on, we need to differ clearly between the noisy (§ > 0) and the noise-free
(0 = 0) situations. For this reason we exclusively mark quantities by a superscript ¢
when the data is corrupted by noise: 2%, b°, A% etc. Thus, @, b,, A, etc. originate from
exact data. Note that the starting guess is chosen independently of §: z§ = .

Algorithm 1 is well defined in the noiseless situation when we set §; = 0, 7 = oo, and
70; = 0. Then, the discrepancy principle (12) is replaced by ||b,|| = 0, in which case
Tpi1 = X,. Termination only occurs in the unlikely event that an iterate xy satisfies
ly; — Fj (zn)|| =0 for j =0,...,d — 1, i.e., xx solves (4). In general, Algorithm 1 does
not stop but produces a sequence which converges strongly to a solution of (1) as we will
prove in this section, see Theorem 13 below.

Except for the termination statement, all results of Theorem 6 hold true with an even
larger interval for the selection of the tolerances: u € (Cig, 1). Accordingly, the constant

in (26) is replaced by C5 := uCs —n > 0. Further, N (§) = oo in case we have no
premature termination.
With the next lemma we prepare our convergence proof for the exact data case.

Lemma 12. Assume all the hypotheses from Theorem 6 but with p € (013, 1). Then,
(28) Ay (T, Tpi1) S A, (x+, xn) - A, (x+, xn+1)
for all n € N.
Proof. From (6),
(29) Ay (T, ng1) < A, (a7 20a1) = Ay (27, 20) + [(Jp (Tng1) — Jp (@), 2F — 2)]
But from the definition of the scheme and from properties of j,,

[y (@) = () 2™ = 2] = [y (o) = Ty () 2™ — )]

kn—1

- Z <Jp (Zn,k-i—l) - Jp (Zn,k) y Lp — ZL’+>
k=0
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kn—1
- o Z <j'r n Ansn,k+1) 7An («rn - I+)>
kn—l
= —Z B0 = Ansa sl [ An (0 = 27|
) Il nu’“” 1
< "5 L (6 () 80 ()
5
We have used the TCC (Assumption 3(c)), (15) and (26). Inserting this result in (29),
we arrive at (28) with constant ”C—tl —1>0. O

In the following convergence proof we adapt ideas from our work [12]. The line of
argumentation is similar to [12] but we decided to present all details for the reader’s
convenience.

Theorem 13. Let X and Y be Banach spaces with X satisfying Assumptions 1 and 2
with 1 < p <s <r. Let Assumption 3 hold true and start with xy € B, (x*,A,). Choose
the constants min, Qmax, and Cs as in Theorem 6 and assume that the constant of the
TCC in Assumption 3(c) satisfies 0 < n < C3. Additionally, let kyax < 00 in case d > 1.

If o, € [min, Qmax] and p € (n/Cs, 1) then K-REGINN-IT either stops after finitely many
iterations with a solution of (1) or the sequence (x,), .y C B, (#7,A,) converges strongly
in X to a solution of (1). If ™ is the unique solution in B, (z*,A,), then z, — x* as
n — oo.

Proof. If Algorithm 1 stops after a finite number of iterations then the current iterate is
a solution of (1). Otherwise, (2,),y is a Cauchy sequence, as we will prove now.

Let m,l € N with m < [. We consider first the case d > 1. Write m = mod + my
and [ = lod + 13 with mg,lyp € N and mq,l; € {0,...,d — 1}. Of course mg < ly. Choose
20 € {my, ..., lo} such that

d—1
(30) Z (lyj = Fj (@z0a:5) | + [|220a1541 — Tzga+5 1)
=0
< Z (ly; = Fj (@noa+i) || + | Znod+j+1 — Tnga+l)
]:
for all ng € {mo,...,lo}. Define z := zod + 21, where z; = 13 if 2y = [y and 2y = d — 1

otherwise. This setting guarantees m < z < [. From Assumption 2(c),
[z = 2l < 2° (lzm — 2" + [l2: = 2l]") S Ap (22, Tm) + By (22, 71) -
Identity (6) implies now that
(31) [2m — @l]® < Bme + Buz + f (2,m,1)
with B, = A, (x1, 2) — A, (27, 2,) and
fGm ) = |(Jy (2.) = Jp (@m) 2. — 20)| + [(Jp (22) = T, (m) , 2. — 2T)].
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By monotonicity (17), we conclude that A, (z*,z,) = v > 0 as n — oo. Thus, 3, , and
B1. converge to zero as m — 0o (Whlch causes z — 00 and | — o0). Further,

(32) (z,m,1) Z (T (1) = Jp (@) o — 1)

As in the proof of Lemma 12 we ﬁnd
=

33)  [{Jp (@ng1) = Jp (z0) 2. — 27| < _Z 160 — Apsapll " [|An (2. — 27|

From Assumption 3(c),
T o I A R GO
< 10l [ = Ao (= = )| + [[Fo (22) = P ()]
+ ||F[n} (22) = Fin) (2n) — F[/n] (@n) (z2 — xn)||
< (n+1) (Iball + || Fou (22) = Fiay () ])
<+ 1) @lonll + [y — Froy (22)]]) -
Observe that in the last norm, the operator Fj, is applied in the "wrong” vector x.. To

estimate this norm, we use Assumption 3. Write n = nod + ny with ng € {mo,...,lo}
and ny; € {0,...,d —1}. Then,

191 — Frg (@) = Y — Fuy (20421

d—1
< Hym - Fnl (mzod-l-nl)H + Z ||Fn1 <x20d+j+1) - Fm (xzod-i-j)“
=0
< Hynl - m (‘rzod-i-m H + —Z H x20d+] x20d+j+1 - xzod-l-j)H
d—1
< (172 ) 30 0 = 5 (o)l + s = 2
7=0
From (30),
d—1
Y — Flny (22) ]| < (1+ —> > (lys = Fy @noasi) | + [ Zngasis1 — Tngassl) -
7=0

Inserting (35) in (34), (34) in (33), and (33) in (32), we arrive at
kn—1

(36) Z”b ”Z 1bn = Awsapl”™ + g (2, 1) + h (z,m, 1)

where
=1 kol
r—1
ICENIED D S A Zny] s gt
n=m " k=0
n—1

1
Z m, l Za Z Hb" -4 S"’“HT 12 ||$n0d+]+1 'rn()d'f‘JH
=m

n
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The first term on the right-hand side of (36) can be estimated by (26). It remains to
estimate g and h. As

kn—1

Z ”bn - Ansn,kHril S kmax anHTil )
k=0

and ||b, — Anspkl|l > p||bn] for all k <k, —1

kmax r—
(37) g(z,m,l) Z (Z ||yn1 - nl $n0d+n1 || IZHyJ $ngd+])|l>

n() mo \n1=0
lo lod+d—1
Z Z”ynl_ ni Z'noUlJrnl)H - Z anHT
no=mon1=0 n=mg
a lod+d— 1||b ||kn 1
) S
K n=mo Qn —

Similarly, we estimate the last term in (36),

lo d—1
kmax r—1
(38) h(z,m,l) < o Z (Z 19 — Fay (Tnodnd) || Z |ZTnod+j+1 — xnod-i-JH)

min

nog=mg \n1=0 7=0
lo d—1
S Z (Z Hynl - n1 xn0d+n1) | + Z Hxnod+n1+1 - xnodJran >
no=mo \n1=0 n1=0
lod+d—1 lod+d—1
= > ball'+ D lwns =zl
n=myo n=mo
Qi lod+-d— 1||b ||kn_1 lod+d—1
<N Z 16n = Ansngl ™™ + D lwnps —zal”
K n=mo Qn n=myo

Relying on Assumption 2(c) once again, we obtain

(28)
[Zni1 = Zall” S Ap (Tn, Tng1) S A (ervxn) -4, (era $n+1) .

As r > s, we have for m,[ large enough that

lod+d—1 l0d+d 1
Z ||$N+1 - :L'TLHT < Z ||xn+1 - an < A (:B xmo) - AP (ZL‘+, xlod-f-d) = 5moylod+d'
n=mo n=mgo

Plugging this bound into (38), inserting then inequalities (38) and (37) in (36), (36) in
(31), and using (26), we end up with

(39> ||Im - Il”s S Bm,z + Bl,z + ﬁmo,l0d+d~

Now we consider the case d = 1 (where kp.x = oo is allowed). This situation is easier
because we only need to change the definition x, in (30) to the vector with the smallest
residuum in the outer iteration, i.e., choose z € {m, ...} such that ||b.|| < ||b,]|, for all
n € {m,...,l}. Then, from (34),

[An (22 = 27) [ < 0+ 1) 2[1ball + 110:]1) < 3 (0 + 1) [[ba
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which, together with (33) and (32), leads to

TL

f(z,m, 1) <3(n+1) Z Z — Apsal .
n=m k=0
Plugging now this result into (31) and using again (26), we arrive at (39) with my and
lod 4 d replaced by m and [, respectively.
In any case the right-hand side of inequality (39) converges to zero as m — oo revealing

(#5),en to be a Cauchy sequence. As X is complete, it converges to some z,, € X.
Observe that k, > 1if ||b,|| # 0 and as ||b, — Anspi|l > p]|bn] for all & <k, — 1,

1 E n! 26
b < Hb || b T‘ 1 < ||b ” bn . Ansnk r—1 (<) 00.
Z 16 Z ,
“n =0
Then, Hy[n Fio (@n)|| = [ba]l = 0 as n — oo and as the F}’s are continuous for all
j=0,...,d—1, we have y; = Fj (). If (1) has only one solution in B, (z*,A,) then
Too = x+. O

5. REGULARIZATION PROPERTY

In this section we validate that K-REGINN-IT is a regularization scheme for solving (1)
with noisy data y°. Indeed, we show that the family (:va( 5))5>0 of outputs of Algorithm 1

relative to the inputs (y°)s-o converges strongly to solutions of (1) with exact data y.
To avoid possible wrong interpretations, we will not use the notation ¢;, 7 =0, ...,d—1,
as in (9) any more. Instead, when we write d;, we mean a positive number in a sequence
of &’s as defined in (10), i.e., & := max {(d;),: j =0,...,d— 1} > 0.
We follow ideas from [10] and [12]. In a first step we investigate the stability of the
scheme, i.e., we study the behavior of the n-th iterate 2° as § approaches zero. The sets
X, defined below play an important role.

Definition 14. Let X := {xo} and define X, 11 from X, by the following procedure: for
each & € X, define 0,0(§) =& and o, ,41(&) as the minimizer of

]- e r

(40) Wik (2) = ;an - F[/n] €) (z—=¢) ” + Ay (2,00k(8))
where b, 1= Y] — Finy (€) - Define
(41)  kreo (€) = min {k € {1 k)t [[Bn = Fly (€) (0 (€) =€) || < [P ||}
and B

0 : b, =0,

kn (€)= < krea (&) ¢ krea (§) < Kmax,
kmax . kREG (5) > kmax-

Then 0,1(§) € Xpy1 for k =1,..., k. (&) in case k, (§) > 1 and only for k = 0 in case
kn(€) = 0. We call £ € X, the predecessor of the vectors 0, (§) € X,11 and these
ones successors of &

Of course z,, € X, and X, is finite for all n € N. Moreover, from (17) we get

Ap (er: £n+1) < A;Lo (erv gn)
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whenever &,,1 € X, is as successor of &, € X,,. We emphasize that the sets X,,, n € Ny,
are defined with respect to exact data y.
The proof of the next lemma basically adapts ideas of [7] and [10].

Lemma 15. Let all the assumptions of Theorem 6 hold true. If 6; — 0 as i — oo then
for n < N (8;) with §; > 0 sufficiently small, the sequence (a:ii)ieN splits into convergent
subsequences, all of which converge to elements of X,,.

Proof. We prove the statement by induction. For n = 0, xgi =z € Xy. Now, suppose
that for some n € N with n41 < N (4;) for i large enough, (%), <y Splits into convergent
subsequences, all of which converge to elements of X,. To simplify the notation, let
(J:f;')ieN itself be a subsequence which converges to an element of &, say,

(42) limz’ = ¢ € A,

1—00

We must prove that the sequence (xfj +1)i N splits in convergent subsequences, each one
converging to a point of &), ;. Let us prove beforehand by induction over k that

(43) 20 = 0nn(€) as i — oo for all k < ky (€).
In the remainder of this proof we suppress the dependence of the o, ;s on .
For k = 0, zflfo = 2% — £ = 0,0 as i — o0. Suppose for some k < k, (£) — 1 that
5.0 18 uniformly bounded (see (22)) and X
is reflexive (Assumption 1(a)), there exists, by picking a subsequence if necessary, some

z € X such that Zfzi,k:—i-l —Z as ¢ — 00. Now, for all g € Y

[n]’
(9. oy () s2n) = 9 (Fpoy (@) = Foy (€)) s gesn) + 92 Foy (€) 80

But as sf;,ﬁl = zf;;kﬂ — 2% 27z - ¢=:Fasi— oo and Fpy (&) g e X*,

zflfk — O as 1 — 00. As the family (zi’;kﬂ)

n

<g, F[/n] () Sii,k+1> - <F[/n] )" g, szi,k+1> — <F[/n] &) 9,§> = <ga F[/n] (€) §> :

Now, as F, is continuous and 20— €,
{9, (Fly (22) = Fly () 80| < llgl
as © — 00 because Hsi"’kHH < HzfikHH + fo;

(44) (9. Foy (3) $0iisn) = (9, Fy (€)5)
and as g € Y[Z] is arbitrary,

v ‘F[/n] () = Fiy) (f)”g(x,y[n]) Hsff,kﬂHx —0

[n]

is uniformly bounded. Then,

Fly (20) 8300 = Fly (6.

From (9) we conclude that

i i) O 7 =
bfL - F[/n] (xi) Spkt1 — bn F[/n] €)s
and then
(45) b — Fy (€) || < liminf ||65 — Fy (25) 82,4 |-
Now, Assumption 1(b) guarantees that J, is continuous and similarly to (44) we get

<Jp (Zizk) ’Zfl’ik+l> = <Jp (Zilk) — Jp (Onk) vzfzi,lc+1> + <Jp (on.k) 7Zf:,k+1> = (Jp (Onk),Z)
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which in turn implies

_ L 1 _
(46) Ay (Zonk) = IZ11” + o lonill” = (Jp (Onk) , Z)

‘p - <Jp (Zizk) 7Zfl,ikj+l>>

< tmint (sl + o 12

p*
— Tim d; 8
= liminf A, (zn’kﬂ, an) .

From (42), (45), (46) and due to the minimality property of ziik Iy

Wik (Z) < liminf Tgfk (zitkﬂ) < liminf Tgfk (Onpt1) = llgonng’k (Onge+1) = Wak (Ont1) 5

where W, and T T‘fk are defined in (40) and (11), respectively. Using minimality and
0;

uniqueness of o, x41, we conclude that o, 41 = Z and then 27, .| — 0y x41. Accordingly,
Sfj’kﬂ — 0y k41 — & which implies that 5 = o, ;41 — . We prove now that
5 5 ,
(47) A, (Zn,kJrl’ an) — A, (On k41, Onk) aS @ — 00.
Define

o di di 1 o
a; =4, (znl’kﬂ, an) . a:=limsupa;, c:=2A,(0nk+1,0nk),

T . .
, and re := liminf re;.

1 _ ; i
resi= - 6% = Fpy (a) sl

In view of (46), it is enough to prove that a < c. Suppose that a > ¢. From the definition
of lim sup there exists, for all M € N, some index ¢ > M such that

a—c
48 i > a—

(48) a; > a 1

From the definition of lim inf, there exists N; € N such that
(49) re; > re — W,

for all i« > N;. As above, lingik (Onkt1) = Wk (0nrs1) and then there is an Ny € N
1—00 ’

such that
. o, (a—c

(50) T (Gusn) < W (o) + 2209

for all i > N,. Using (45) and setting M = N; V Ny, there exists some index ¢ > M such
that

Whk (Ongs1) <re+ aze=re+ aya — ay, (a — )

ap (a—c) o, (a—c)

Sre,;—l—T%—anai—l—T—an(a—c)
anla=¢) 5 (s anla—o
=re; + apa; — 5 = Tn,k (Zn,k-H) 9
. o, (a—c)
< Tsfk (Onpi1) — 5

where the second inequality comes from (49) and (48) and the last one, from the min-
imality of zszﬂ. From (50) we obtain the contradiction Wy, x (0 +1) < Wik (Ongs1)-
Thus, a < ¢ and (47) holds. From the definition of a Bregman distance we have
HzflkaH — ||lonss1] - As fo,k:ﬂ — Oy 41 we conclude that fo,kﬂ — Opk+1 88 1§ — 00,
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see Assumption 2(b). So far, we have shown that each positive zero sequence (d;);y

6i. . .
contains a subsequence ((L-j) such that z,7. ., — onry1 as j — oo which proves (43).

jEN
Consequently,
and
(51> bf{ - F[/n} (xiz) sfik — ’l;n - F[/n] (5) (CTn,k: - 5)

as 1 — oo for all k <k, (£). Now we have to differ three cases:
Case 1: 1 <k, (§) = krgc (€) . From definition (41),

“En — 1, (§) (@nkae) =€) H < /‘HgnH
It follows from (51) that for i large enough
(607 = Froy (@) 0yl < el

which in view of (13) implies k% < k, (¢). Then k% € {0,...,k, (£)} and we conclude
using (43) that 2%, = 25 n splits in at most k, (§) + 1 convergent subsequences, each

one converging to an element of X11.
Case 2: ky, (&) = kmax. In this case, k% < kpax = kyn (£) and we proceed as in Case 1.

Case 3: k, () = 0. Then b, = 0, that is, Yy = Fi () and € € X,p1. We will
prove that ZBii 1 — § as © — oo. Assume the contrary, then there exist an ¢ > 0 and a
subsequence (8;,,),,cy such that e < ||¢ — x|, +1|| and using Assumption 2(c),

(27) 1 NI |
e< oty (60m) S SA, (6 ) B S, (66 =0
C C
contradicting € > 0. Il

In the second step towards establishing the regularization property we provide a kind
of uniform convergence of the set sequence (AX),), to solutions of (1). For the rigorous
formulation in Lemma 16 below we need to introduce further notation: Let [ € N and
set gé” := x9. Now define 57(121 =0, 0 (&(Ll)) by choosing kD e {1,... ,kn(&(f))} in case of
kn(fg)) > 1 and & = 0 otherwise. Then 57(121 is a successor of 5,(11). Of course 5&1) € X,
for all n € N and reciprocally, each element in X, can be written as 5,(11 ) for some [ € N.

Observe that (&@)%N represents a sequence generated by K-REGINN-IT with the inner
iteration stopped with an arbitrary stop index %D less than or equal kn(&g )). Due to this
fact, we call the sequence (kg))neN a stop rule. Then each element of (f,(f))neN satisfies

[y = Finy (€)= Fry (69) (00 (€8) = OV = 12 (|9 — Frop (67)

see (41). Hence, Theorem 13 applies to (&(Ll))neN, that is, the limit

: k:gkﬁf)—

(52) g = lim £V

n—o0

exists and is a solution of (1) in B, (27, A,).
The following result is adapted from [6] and generalizes Proposition 19 in [12].
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Lemma 16. Let all assumptions of Theorem 13 hold true and let (gﬁ))neN denote the

sequence generated by the stop rule (kﬁf))neN. Then, for each ¢ > 0 there exists an M =

M (€) € N such that
HSS) _x((QH <€ foralln> M and all | € N.

In particular, if x* is the unique solution of (1) in B, (x*,A,) then 1€V — 2| < € for
alln > M and alll € N.

Proof. Assume the statement is not true. Then, there exist an ¢ > 0 and sequences
(n;);,(1;); C N with (n;); strictly increasing such that

||§§fj) —zW|| > eforall j €N

where (fg] ))n represents the sequence generated by the stop rule (kg] ))n. We stress the
fact that the iterates gff; ) must be generated by infinitely many different sequences of
stop rules (otherwise, as &(f]) — 2 as j — oo for each [ and as the [;’s attain only a
finite number of values, we would have Hfr(llj ) 2l )H < € for n; large enough). Next we
reorder the numbers [; (excluding some iterates if necessary) such that

(53) Hg}j) - :L‘((QH > e for all [ € N.

Now we construct inductively an auxiliary sequence (é;)n, which is generated by a stop

rule (En)n, as well as a sequence of unbounded sets (£,,), such that £, C N\ {1,...,n}
with £,.1 C £,, n € Ny, and

(54) kp=k® forall I € £,, n € N.

Set a) = xo. As ko(go) < oo there exists Eo e {0,.. .,ko(go)} such that /k?o = k:(()l) for
infinitely many [ € N. Let £y C N be the set of those indices [. Assume that EO, e ,E ;
EO, e ,En, and £g,..., £, have been constructed with the requested properties. Then
define &,yq = Onin (fn) see Definition 14. Since kn1(&up1) < 00 we find a knyq €

{0,..., knsy1(§ns1)} such that an = an for infinitely many [ € £n\{1 ,n+1}.
Those l s are collected in £,,1 C £, and the inductive construction of (fn)n is complete.
In view of (52) the limit Zo, := lim,, .o &, exists in B, (z*, A,) and solves (1). Observe

54 -~ > . .
that, if [ € £o, then & = g, (&) D 035, (E0) = 0,7, (6) = &. By induction,
(55) le £, = ¢V =¢  forallneN,.

Since the ”"diagonal” sequence gn converges to To, as n — 00, there exists M = M (e) € N
such that

(56) Ay () < o3
vAvhere C' > 0 is the constant in Assumption 2(c). AVVe can additionally suppose that
&, € B, (xt,A)) for all n > M. In fact, as lim,_,« &, = Too and the mappings J, and
A, (T, -) are continuous, we have that A, (foo, En) and <Jp <§n> — Jp (Too) s Too — x+>

converge to zero as n — oo. From (6),

Ap(x+,§n):Ap(fm,§)+A(x o) + < (gn)— (oo),foo—x+>
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and as A, (z1,7) < p, we conclude that A, <x+, &) < p for n large enough.
Now, for ly € £ fixed,

(55) o~ (56) Ce®
( ooan+1> = Ay <I007§M+1> < 9s+1"

As T, is a solution of (1) and 51(\1/[0“ EMH € B, (x",A,), inequality (17) applies and the
errors A, (ioo, §T(f°)) are monotonically decreasing in n for all n > M + 1. In particular,
o > lo>M+1 (because Iy € £, C N\ {1,...,M}). Then
Ce®
I
A <x007€( 0)> < A ( OO7§M+1> 25—&-1.

As 5550) — 2% asn — o0, we conclude that

A, (3:00,9:( )) = hmA (xoo,fgo)) g
From the inequality in Assumption 2(c),

Jebe) = 2@ < 2 (Jleh) — Fuell" + || —2|I°)
2° s
§5<A (13oo;£ )"‘A ( gg)))<6>
contradicting (53) . O

We are now well prepared to prove our main result.

Theorem 17 (Regularization property). Let all assumptions of Theorem 6 hold true but

with kpax < 00 ford > 1. If §; — 0 as i — oo, then the sequence <xf{}(5_)> splits in

i/ ieN
convergent subsequences, all of which converge strongly to solutions of (1) as i — oco. If
xt is the unique solution of (1) in B, (x*,A,) then

: di _
tim o5, — ] = 0.

Proof. If N (6;) < I for some I € N as i — oo then the sequence (x%(ai))ieN splits in

subsequences of the form (:cffj )jen where n is an iteration index less than or equal to I.
According to Lemma 15, each of these subsequences splits into convergent subsequences.
Hence each limit of such a subsequence must be a solution of (1) due to the discrepancy
principle (14). In fact, if 2% — a as i — oo, then using (9),

ly; = Fj (@) = lim [ly; = Fj (2)|| < lim (7 +1)6; =0, j=0,....d~1.

Suppose now that N (§;) — oo as i — oo and let € > 0 be given. As the Bregman distance
is a continuous function in both arguments, there exists v = 7 (¢) > 0 such that

(57) Ay (z, )

where C' > 0 is the constant appearing in Assumption 2(0) . From Lemma 16, there is an
M e N such that, for each 51(\? € Xy, there exists a solution 28 of (1) satisfying

[o@ - Q) < 2
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According to Lemma 15, the sequence xj; splits into convergent subsequences, each one

5. ) .
converging to an element of X);. Let (z,/);en be a generic convergent subsequence, which
converges to an element of X/, say

%i; (lo)

6 (1)

We will prove that the subsequence (x,/ N6 )) jen converges to the solution zss’. In fact,

5i.
since z,; — {M as j — 0o, there exists a J; = J; (€) such that

[

As N(d;;) — oo as j — oo, we have N((Sl-j) > M for all j > J where J > J; is a
sufficiently large number. Then, for all j > J,

| < o) - )] +

Finally, (57) and Assumption 2(c) lead to

(Es

1 5i (17) 1 5
lo) |5 I i s
HxN((s )_x(O)H < 5Ap <$t(x?)>$N](6¢j)> CA < o0 7$M> <€

4

We like to emphasize that the regularization property of K-REGINN-IT holds without
any additional assumption on Y other than it is a general Banach space.
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