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1 Introduction

1.1 Overview of this work

Without doubt, the fundamental theorem of calculus is one of the most important cornerstones in
the history of modern analysis. Actually, the desire to reconstruct a function only by the informa-
tion of some kind of derivative and a given initial value was an important impetus to the archi-
tects of modern integration theory - with H. Lebesgue leading the way as the title of his monog-
raphy “Legons sur l'intégration et la recherche des fonctions primitives” distinctly testifies. How-
ever, within Lebesgue’s integration theory one cannot recover every differentiable function from its
derivative. So the question arises in which sense this is possible.

The first complete solution to this problem (without any integrability conditions imposed on the
derivative) was given by A. Denjoy using his so-called totalization process. This approach led to
the so-called Denjoy integral in the restricted sense. Loosely speaking, Denjoy constructed a trans-
finite sequence (I¢)¢<qo of more and more general integrals, where I is the Lebesgue integral and
(2 denotes the first uncountable ordinal. Then I is the Denjoy integral in the restricted sense (for a
fairly detailed account to Denjoy’s approach we refer to Chapter XVI of [Nat60]). Apparently, this
approach is not that easily accessible and moreover, and due to work of R. Dougherty and A. S.
Kechris (see [DK91]]), we know today that the constructive flavour of Denjoy’s approach can only
be purchased at the cost of this complexity, or to put it another way, this complexity is an inherent
characteristic of Denjoy’s constructive solution.

Nevertheless, Lebesgue was so amazed at Denjoy’s solution of his own “probleme des fonctions
primitives” that Lebesgue incorporated Denjoy’s solution into the second edition of his Legons.
Despite the complexity of Denjoy’s solution it is quite surprising that soon after Denjoy’s solution,
N. Lusin found a strikingly simple characterisation of Denjoy integrable functions, which has by
now become the usual access to this integral within modern treatises (see, e.g., [Gor94]) and which
is very close to the fundamental theorem of calculus for the Lebesgue integral. It reads as follows:

A function f : [0,1] — R is Denjoy-integrable in the restricted sense if and only if there is a continuous
function F : [0,1] — R of generalized absolute continuity in the restricted sense such that F' = f Lebesgue-
a.e. on [0,1].

The notion of functions of generalized absolute continuity in the restricted sense will be explained
later on in Chapter 2 and at this point we content ourselves with the hint that this notion is a
reasonable generalisation of the classical notion of absolute continuity.

Another solution to the problem of recovering a function from its derivative was given by O. Perron,
who used a notion of integral which is in its flavour close to Darboux’s approach to the Riemann
integral (see, e.g., [Gor94] or [Sak41] for details).

It took some time, but finally around 1925 it was recognized that the Denjoy and Perron integral
are equivalent. This is the so-called Hake-Alexandroff-Looman Theorem (see, e.g., Chapter VIII in
[Sak41]). However, it took further more than thirty years till R. Henstock and J. Kurzweil came up
independently of each other with a new notion of Integral which is based on an alteration of the
classical Riemann integral as simple as ingenious: Instead of considering in the definition tagged
partitions of uniform mesh, the mesh is localised and depends on the tags of the partition. The result
is an integral using a formalism almost as simple as the formalism of the Riemann integral, but, as
it finally turned out, with the same strength as the Denjoy integral: The Henstock-Kurzweil integral
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and the Denjoy integral in the restricted sense are equivalent. In particular, there is a Riemann-type
integration process that integrates all derivatives and recovers the corresponding function up to an
additive constant. Moreover, Lusin’s theorem also characterizes the Henstock-Kurzweil integral.

Now a natural question arises: Are there similar results concerning Stieltjes-type integrals? Are
there in particular results comparable to Lusin’s theorem? These questions are not only interesting
from a purely theoretical point of view, but also with respect to potential applications in complex
analysis (we will come back to this issue later on). Explorations of this kind date back to the early
days of modern integration theory where initially functions of bounded variation serving as inte-
grators were mainly in the focus of research (see, e.g., [Dan18| Rid36| [Youl7]; see also [Gar92] for a
more recent treatise of these questions). Even Lebesgue himself seized this question and devoted a
great part of the eleventh chapter of the second edition of his Legons to this topic based on a gener-
alisation of Denjoy’s totalization method.

Advanced considerations taking as their starting point either Denjoy’s totalization method (see, e.g.,
G. Choquet’s paper [Cho47]) or Perron’s approach to the restricted Denjoy integral (see, e.g., ]. Rid-
der’s work [Rid38) IRid39] and A. J. Ward’s paper [War36]) succeeded in overcoming the premise
of bounded variation; in particular, in [Rid38| Rid39, War36] theorems are proved giving Lusin-
type descriptive characterisations of the respective Perron-Stieltjes integrals defined there (see, e.g.,
[Rid38| Satz 20], [Rid39, Satz 6] and [War36, Theorem 7, 12, 13]).

Now it stands to reason to reflect about these questions in the Henstock-Kurzweil setting and, fur-
ther proceeding, to take into consideration vector-valued functions. Indeed, there is a huge amount
of works devoted to these question, see, e.g., [BP92, BGP92|[BP91} IPfe83, [IP{e95| Nar04, Fed99,[Fau97,
Sch96| ISY05] and the references therein to name but only a very few. However, although the prob-
lem of giving a so-called descriptive characterisation of Lusin-type for a given kind of integral has
become a recurrent object of mathematical research and a lively topic up to date in particular in con-
nection with the Henstock-Kurzweil integral, see, e.g., [BPP95| [BPT96, [Pia01) [Fau95| [Lee05| Lee03]
LL99, [Ye06] to name but a few, there is surprisingly only a small number of results of this kind
concerning the Henstock-Kurzweil-Stieltjes integral, see, e.g., Theorem 3.4 in [BP92], Theorem 3.2
in [BP91], Theorem 1 and 2 in [Fed99] and [Fau97]. However, apart from [Fau97] all the afore-
mentioned works are afflicted with the same flaw: Due to the absence of an appropriate notion of
differentiation with respect to a given function (one might speak of an differentiator in the style of
the terminology in the context of Stieltjes integration), they invoke differentiability (in the ordinary
sense) of the integrator. In particular, all these works consider integrators that satisfy one kind or
another of generalized absolute continuity. In contrast to that, Faure could treat in [Fau97|] contin-
uous integrators of so-called generalized bounded variation (in the restricted sense) and moreover,
in [War36] Ward was even able, using the Perron approach, to handle the discontinuous case and
in [Cho47] Choquet could treat, based on the Denjoy approach, continuous functions without any
condition imposed on them concerning their variational behaviour. So there seems to be some hope
that one can strengthen the results for the Henstock-Kurzweil-Stieltjes integral and perhaps extend
them to the vector-valued case. However, the things are more delicate. If we want to explore some
kind of vector-valued bilinear integral as, e.g., proposed by S. Schwabik in [Sch96], where both the
integrand and the integrator take their values in (possibly different) Banach spaces and to derive a
descriptive characterisation of this integral, we have to face the problem that none of the approaches
in the existing literature seems to be well-suited in order to achieve this aim:

As we said, the works [BP92]] and [BP91]] use differentiability properties of functions that are in some
generalized sense of absolute continuity. But this causes heavy problems if we want to proceed to
the vector-valued case since even a Lipschitz function with values in an infinite-dimensional space
which does not possess the so-called Radon-Nikodym property may fail to have at least a single
point of differentiablility: The function

f100,1] = L1([0,1]); t = 1o

is a classical text book example. For this reason in [Fed99] Federson cannot avoid to impose differ-
entiablility assumptions on the integrator.
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Ridder’s and Ward’s approach based on a Perron-type integration process uses minorant and ma-
jorant functions, for which there is no natural replacement if the considered functions do not take
their values, e.g., in a lattice. And since their proofs heavily rely on these concepts, there is no hope
that one can extend offhand these proofs to our situation. Moreover, Ward uses at several decisive
points the outer Lebesgue measure of the range of a given function, which cannot be done just like
that for functions with values in an infinite-dimensional space as we do not have there a canonical
analogon to the outer Lebesgue measure.

A similar remark applies to Choquet’s approach; indeed, in section 5.1 we will see that an assertion
as general as Choquet’s Théoreme 10 in [Cho47] cannot hold true even if complex-valued functions
are considered and that it might dramatically fail. In fact, the reason for this is that at its heart
Choquet’s approach is a real-valued approach as it is essentially based on the idea to consider the
points in the plane with the one component arising from the integrand and the other arising from
the integrator, or to have Choquet’s own say: “Le méthode que nous utiliserons repose essentiellement
sur la considération de I'ensemble plan paramétré: x = a(m); y = F(m).” (see [Cho47|, page 146).

So the most promising ansatz seems at the first glance to be Faure’s approach where a notion of
differentiability with respect to a function is used and which makes it obsolete to consider ordinary
derivatives. Unfortunately, Faure’s methods are essentially real methods: For example, some of
Faure’s results essentially rest on his Proposition 3.10 in [Fau97] which also cannot have an exten-
sion to the general vector-valued situation where the considered Banach spaces are not supposed
to possess the Radon-Nikodym property. Apart from this, Faure considers, as we already said, con-
tinuous integrators and uses the continuity at some decisive points (Lemma 4.2, which is used to
prove the crucial Lemma 4.3), while we want to capture discontinuous integrators, too.

However, the good news is that a combination of Ward’s concept of ¢-continuity and Faure’s ideas
concerning absolute continuity finally leads to the desired Lusin-type characterisation. The main
goal of the present work is to establish such a characterisation.

We now describe the content of this work in greater detail.

As in [War36|] we want so-called BVG«-functions to serve as integrators. Therefore the first section
of Chapter 2 is devoted to the study of this class of functions in the vector-valued situation and we
collect some basic facts, which are at least partly known in the scalar case. But nevertheless there is
also a novel aspect: Our Lemma [2.4]in its present form seems to have not yet appeared explicitely
in the existing literature. Indeed, an invalid version of it appears as Lemma 6.15 in [Lee89], but we
do not know of any other reference. Moreover, we use Lemma [2.4] together with Lemma an
extension of a result originally due to Ward in the scalar case, as a starting point in order to system-
atically work out some of the most important properties of BVGx-functions (we will come back to
this issue later on).

The next section explores BVGx-functions in connection with the so-called ACGx-functions and ex-
amines in particular the basic properties of the latter ones. Once again some of the results are more
or less known in the scalar or even in the vector-valued case, but despite this fact we provide de-
tailed proofs of these results for several reasons, which we would like to shortly quote. First, in
consideration of the sheer number of results it seems to be, at least in our opinion, all too audacious
to claim that all proofs go through in the vector-valued case; in particular, in view of the fact that this
is indeed not true! As an example, the proof of Lemma as given, e.g., in [Sak41] (Lemma 8.1)
or [Gor94] (Lemma 6.3) essentially rests on the assumption that the functions considered are real-
valued. The same remark applies to Theorem (cf. Theorem 6 in [Gor89]]). Moreover, existing
proofs as, e.g., in [Sak41] are at least in parts rather concisely written and so providing fairly detailed
proofs removes doubts whether in the omitted details of the existing proof the real-valuedness is
unnoticeably used. For this reason it is also no real alternative to cite [SY05], although they treat the
vector-valued case, as they often just refer to the proofs of the scalar-valued case leaving it to the
reader to check whether the proofs of the real-valued case are still valid in the vector-valued situa-
tion. This is finally aggravated by the fact that several proofs or statements in the existing literature
are erroneous. Above we have already mentioned Lemma 6.15 in [Lee89]. In [Gor94] it is frequently
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used that AC«-functions are BV«-functions, but this is (given the definitions in [Gor94]) not true! As
a result, a whole series of statements in [Gor94] in its present form is false. This seems to have been
noticed in [SY05] where the statements are more carefully formulated. However, in comparison to
the results we shall present the formulations are in fact too careful in the sense that they partly use
stronger assumptions than really needed. As a consequence, our results are distinctly preciser.

The last section of the second chapter is devoted to the proof of the Banach-Zarecki theorem for
vector-valued functions of generalized absolute continuity. It is based on the quite recently estab-
lished main result in [Dc05] and to our best knowledge it seems to be completely new. Apart from
the fact that this result is of some interest in its own, we will use it later on to establish an extension
of Theorem 6 in [Gor89].

Chapter 3 introduces and explores the so-called Henstock-Kurzweil variational measures. These
measures are well-suited to describe the variational behaviour of a function and are deeply related
to BVGs«-functions. In fact, after an excursion in the second section of Chapter 3 on the question
when these measures are o-finite (Where we prove distinct extensions of existing results), we will
explore this close connection in the third section and prove Thomson’s characterisation of o-finite
variational measures (see, e.g., Theorem (40.1) in [Tho85], Theorem 1 in [Tho81]). Since false ver-
sions of this theorem have appeared, unfortunately, several times in the literature, it seems to be
worth to provide an ab ovo proof of this result. In addition, our proof is completely elementary
(in particular, we avoid the notion of local systems used in [Tho85] or the language of derivation
basis employed in [Tho81]]) and presents a completely novel approach to this characterisation be-
cause we apply, as already mentioned above, systematically Lemma [2.4)and Lemma whereas
in the existing literataure these results seem to have carved out so far a rather stepmotherly ex-
istence. In addition, this systematisation comes along with rather transparent and simple proofs.
The last section additionally introduces the so-called fine measures. They are, as it turns out, well-
suited to describe differential properties of functions. The close relation between fine measures and
Henstock-Thomson variational measure is in the centre of attention in this section. Later on, it will
be revealed that this relation is in fact of extremely high importance for the differential properties
of the variational Henstock-Kurzweil-Stieltjes integrals under consideration.

Chapter 4 finally introduces the variational Henstock-Kurzweil-Stieltjes integral, which we are in-
terested in, as well as various notions of differentiability with respect to a function. The main results
then concern differentiability properties of the Henstock-Kurzweil-Stieltjes integral and the integra-
bility properties of the derivatives introduced before. Combining these two kind of results, we fi-
nally arrive in the last section at the desired Lusin-type characterisation of the variational Henstock-
Kurzweil-Stieltjes integral with BVGx-integrators thus giving improvements and far-reaching ex-
tensions of some of the results in [War36] and [Fau97].

The last chapter is devoted to various applications of the results obtained so far. In the first section
we come back to the problem of recovering a function from a relative derivative and we completely
solve this problem for bounded differentiators of generalized bounded variation (in the restricted
sense).

Afterwards, we revisit ACGx«-functions and derive another characterisation for them, which is in
the real-valued case originally due to Gordon (see [Gor89]). Using this result we shall reprove the
classical descriptive characterisation of the Henstock-Kurzweil integral due to Lusin.

As we will explain later on, this last mentioned result motivates to study Henstock-Kurzweil inte-
grals of functions with values in a space having the Radon-Nikodym property. This will be done in
the third section where we prove a far reaching extension of a result originally due to Bongiorno,
Di Piazza and Musiat (see Theorem 3.6 in [BPMO09b]) and we will also fill a gap in their proof.

The fourth section demonstrates how one can obtain “integration by parts”-results for variational
Henstock-Kurzweil-Stieltjes integral using the characterisations proved in Chapter 4.

In the last section we apply, as we indicated above, our results to complex analysis as we utilize
our results in order to study certain normed algebras of differentiable functions on compact plane
sets.
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1.2 Notation

Throughout the entire work we fix real numbers a < b. And we denote by J the set of all non-
degenerated (i.e., with nonvoid interior) closed subintervals of [a,b]. For ¢,s € R we put (¢,s) :=
[min{¢, s}, max{t, s}]. By N we denote the set of natural numbers without 0. If A C R, then A\(A) or
occasionally A\*(A) denotes the outer Lebesgue measure of A.

We further consider Banach spaces (V, || - ||v), (X, |- |x), (Y, || |lv) and (Z, || - || z) over the common
field K € {R, C}, where we usually supress the index in || - || x and just write || - || for X € {V, XY, Z}
if no confusion is to be expected. We further assume that there is a bilinear mapping B : X xY — Z
such that || B(z,y)|lz < |lz|[x - |lylly holds forall z € X and y € Y. We put z - y := B(z,y) for
(x,y) € X x Y. This notation also contains the convention that - bounds more strongly than other
algebraic operations. If we have, e.g.,, 7 = X and 2,2 € X andy € Y, then z — = - y is to be
read as z — (z - y) = z — B(z,y). The topological dual space of X is denoted by X*. If 2* € A™*
and z € X, then we usually write (z, z*) for 2*(x). (Note that this notation will not conflict with
(t, s) introduced above for ¢, s € R as the respective meaning will be always completely clear by the
context.) Moreover, throughout the entire work, the symbols f, F' and ¢ are exclusively reserved
for functions f : [a,b] — X, ¢ : [a,b] = Y and F : [a,b] — Z.

Let (%X, d) denote a metric space. For a non-empty subset £ C X we denote by dg the restriction
d|gx g of d to E. By Bor(X) we denote the Borel o-algebra associated with (X,d) and by 7 (X) the
set of all open subsets of (X, d). For x € X and ¢ > 0 we set

Ue(z) :={y € X: d(z,y) <e} and Az,e):={y e X: d(z,y) <e}.

Moreover, we set U (z) := U.(z) \ {z}. For any nonvoid subset E C X we denote by diam(E), §E,
int(E) = E° and E the diameter, the boundary, the interior and the closure of E in the space (X, d),
respectively. Moreover, we put dist(z, E) := inf{d(z,e) : e € E} forx € X. If ¥ = K, then we
always assume that d is the usual Euclidean metric. If (), p) is another metric space, we denote
by C(X%,9) the set of all continuous functions from X to ), where we supress the mention of 2
provided that ) = K. By H% we denote the one-dimensional outer Hausdorff measure on X (once
again, we drop the index X if the meaning of H' is clear by the context). Fore > 0 and A C X we
set

HL(A) = inf { > diam(B) : D C A. countable with A C UD} ,

BeD
where A, := {B C X : diam(B) < ¢}. Then H'(4) = lim. o+ H2(A) = sup,-o Hi(4).

If A is a set we denote by #A4 or |A] the cardinality of A and by PB(A) its power set. Moreover, we
let B(A,V) denote the subspace of all bounded elements in V4 and denote by || - ||4.o or (if no
confusion is to be expected) simply by || - || the uniform norm on B(A, V) (arising from || ||/). The
indicator function of a set A is denoted by 14 and the identity function on A is denoted by id4 or
simply by id if no confusion is to be expected.






2 Functions of generalized bounded
variation and absolute continuity

In this chapter we introduce the important class of functions of generalized bounded variation (in
the restricted and wide sense) and the class of functions of generalized absolute continuity (in the
restricted and wide sense) and explore their basic and deeper properties. Later on we will benefit
from these studies for the examination of Henstock-Kurzweil-Stieltjes integrals with integrators that
are of generalized bounded variation in the restricted sense.

First we must fix some notation.
For ) # E C [a, b] we set

rEN,a<a1<b1<a2<b2<...<ar<br<b}

AlB) = {{[aj’bj]}j_l : with a;,b; € Eforall j € {1,...,r}

Notice that the notation {a;, bj}};zl is always meant to indicate that the respective intervals are
listed in “increasing order” as in the defintion of A(FE). In addition, note that in what follows a
generic element of A(E) will always be written in the form {[a;, bj]};z1 and we speak of a partition
(on E).

For a function g : [a,b] — V and aset ) # E C [a, b] we set
w(g, E) := diam(g(F)) = sup{|lg(t) — g(s)|| : t,s € E} € [0, 0],

and for S = {[a;,b;]}’

j=1

€ A([a,b]) we put

Vi(S) =) wlg,laj.b])  and  W(S):=) llgb;) —g(ap)l.
i=1

J=1

In particular, Wiq(S) = Y_'_, (b; — a;). We further define

7j=1
Vilg, B) = 0, if F is a singleton,
= sup{V;(S) : S € A(E)}, elsewise,
and
0, if E is a singleton,
Vig, E) == 2 o8
sup{Wy(S): S € A(E)}, elsewise.

Now we can define functions of generalized bounded variation and of generalized absolute conti-
nuity.

2.1 Definition. Let () # FE C [a,b] and g € V1. We call g a function of

(a) bounded weak variation on E or of bounded variation in the wide sense on E or a BV-function
on E, if V(g,E) < oo, and we denote by BV (E, V) the set of all those functions;
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(b) generalized bounded weak variation on E or of generalized bounded variation in the wide
sense on E or a BVG-function on E, if there exists a sequence (E, )32, of subsets of E with
Unen En = E such that V (g, E,,) < oo for all n, and we denote by BVG(E, V') the set of all those
functions;

(c) bounded strong variation on E or of bounded variation in the restricted sense on E or a BV-

function on E, if V. (g, E) < oo, and we denote by BV«(E, V') the set of all those functions;

(d) generalized bounded strong variation on E or of generalized bounded variation in the re-
stricted sense on E or a BVG«-function on E, if there exists a sequence (E,)32, of subsets of E
with | J,, ey En = E such that V. (g, E,) < oo for all n, and we denote by BVG(E, V') the set of all
those functions;

(e) absolute continuity on E in the wide sense or an AC-function on E, if |E| = 1 or for each e > 0
there exists a § > 0 such that W,(S) < ¢ for each S € A(E) with Wiq(S) < 6, and we denote by
AC(E,V) the set of all those functions;

(f) generalized absolute continuity on E in the wide sense or an ACG-function on E, if there exists
a sequence (E,)52, of subsets of E with |}, En = E such that g € AC(E,, V) for all n, and we
denote by ACG(E, V) the set of all those functions;

(g) absolute continuity on F in the restricted sense or an AC«-function on E, if |E| = 1 or for each
€ > 0 there exists a § > 0 such that V,j(S) < ¢ for each S € A(E) with Wiq(S) < 8, and we denote
by AC«(E, V) the set of all those functions;

(h) generalized absolute continuity on £ in the restricted sense or an ACG+-function on E, if there
exists a sequence (Ey, )y, of subsets of E with | J, .y En = E such that g € AC«(E,, V) for all n,
and we denote by ACG+«(E, V') the set of all those functions.

2.2 Remark Let ) # E C [a, b].

(a) One immediately verifies that for E = [a, b] the above notions of bounded variation and abso-
lute continuity coincide with the classical ones and for g € BV ([a, b]) = BVx([a, b]) the values
V (g, [a,b]) and V.(g, [a, b]) both equal the classical variation.

(b) It is easy to show that the sets BV(E, V), BVG(E,V), BV«(E,V), BVG«(E,V), AC(E,V),
ACG(E,V), AC«(E,V) and ACG«(E,V) endowed with the usual algebraic operations form
vector spaces over K.

(c) We always have BV«(E,V) C BV(E,V) C BVG(E, V) and thus BVG+(E, V) C BVG(E, V).
(d) We always have AC«(E,V) C AC(E,V) C ACG(E,V) and hence ACG«(E,V) C ACG(E, V).

(e) Some authors (as, e.g., Saks, see p. 223 and 231 in [Sak41]]) require additional continuity or
boundedness conditions in the definition of generalized absolute continuity (in the wide or re-
stricted sense). The reason for this will be explained later on in Remark[2.13|and Remark[2.15]
As we refrain from doing so, the subsequent results are preciser than those given in [Sak41] in
so far as they work out in more detail, which boundedness and continuity conditions are actu-
ally needed in order to obtain the fundamental properties of functions of generalized bounded
variation and generalized absolute continuity.

(f) One has BV(E,V) C B(E,V). Infact, let g € BV(E,V) and fixt € E. Then for each s € E
we estimate [[g(s)|| < [lg(s) — g(®)]| + [lg(D)l| < Vg, E) + [|¢(¢)]| and obtain [|g]|z < V(g, E) +
lg(®)] < oo

(g) If g € AC(E,V), then clearly g|g is uniformly continuous and so it is bounded on E and

possesses a unique continuous extension to E. However note that this extension does not
need to coincide with g|5 and that g may not be bounded on £.

After these preliminary definitions we start the exploration of functions of generalized bounded
variation and of generalized absolute continuity in the next section.



2.1 Basic properties of functions of generalized bounded variation

2.1 Basic properties of functions of generalized bounded
variation

In this section we collect some of the basic properties of functions of generalized bounded varia-
tion.

2.3 Lemma. Let ) # FE C [a,b] with ¢ :== inf E and d := sup F and let ¢ € BV«(E,Y). Then ¢ is
bounded on [c, d).

Proof. For E = {c, d} there is nothing to be shown. So assume ¢ < d as well as (¢,d) N E # 0 and fix
to € EN(c,d). Consider an arbitrary ¢ € (c, to] and choose € E with z < t. Then we obtain

le@l < lle(t) = e(to)ll + lle(to)ll < sup  lo(s) — (o)l + lle(to)l

s,0€[x,to]

= Wl [, t0]) + [l (o) | < Vale, B) + [lo(to) -
Similarly, we get
le@ < Vilp, E) + lle(to)

for t € [tg, d). Hence, we arrive at

sup [le@lf < maxtlip(e)ll, lo(Dll, Valo, E) + llp(to) [} < oo

So ¢ is bounded on |[c, d]. O

2.4 Lemma. Let ) # E C [a,b] be not a singleton and put ¢ := inf E and d := sup E. The following are
equivalent.

(1) ¢ € BV+(E,Y).

(b) There is a strictly increasing function x : [a,b] — R such that ||¢(z) — p(y)|| < |x(z) — x(y)| for all
x € Eandall y € [c,d).

(c) Thereexistsan M > 0 such that V3 (S) < M forall S = {[a;,b;]};_; € A([c, d]) with {a;,b;}NE #
0 foreach j € {1,...,r}.

(d) There exists an M > 0 such that V. (S) < M forall S = {[a;, b;]}_; € A([c,d]) with [a;,b;] N E #
0 for every j € {1,...,r}.

Proof. (a) = (b): (cf. Lemma 2 in [War36]) For z € [c, d] we set
B = (Bnla,a)) Uz}, Bf = (BNl b)Ufe}  and  x(2) i= 2+ Va(e, By)—Valp, ).

We first show that y is in fact real-valued, i.e., we never have V. (p, E; ) = oo or Vi(p, Ef) = oo.
Indeed, let = € [c, d], assume that E is not a singleton and let S = {[a;, b;]}}_, € A(E;). If b, <z,
then we even have S € A(F) and we derive

T

V3(8) =) wlp, lag,b]) < Vilp, B).

j=1
If b, = , then {[a;, b;]}}_{ belongs to A(E) provided that r > 1. We can thus compute
T r—1

Vi(8) =Y wlelag,bi]) = Y _w(elaj, b)) + w(e, lar,a]) < Vilp, B) +2 sup el
i=1 =1 st



2 Functions of generalized bounded variation and absolute continuity

note that the quantity sup,;, [|¢(t)]| is finite by Lemma

In any case, we infer

Vi(e, E;) = sup  VZ(S) < Vi(p, E) +2 sup [lp(t)]| < occ.
SEA(EL) c<t<d

Analogously, one verifies V.. (¢, Ef) < oo.

We next show that y strictly increases on [c, d]. For this purpose, let z,y € [c, d] with < y. Obvi-
ously, Vi(p, E;)) > Vi(p, E; ) if E; is a singleton. So let us suppose that £ is not a singleton. Then

E, is not a singleton either. Take a partition S = {[a;, b;]}}_, in A(E; ) and put

S/ = {[alubl}a ey [afrflubrfl]v [a’l“vy]} € A(Ey_)7
where this is to be read as S’ := {[a1,y]} for r = 1. We obtain
Vilp, Ey) = VZ(S) 2 V(') = V2 (S) = w(e, lar, y]) — w(p, [ar,br]) > 0

and hence
Vilp, E;) > sup VS (S) = Vi(p, E, ).
SeA(E;)

A similar reasoning shows V.(p, E,f) < V.(p, E;f), and we thus conclude x(y) > x(z).

Letz € F and y € [¢, d]. For z = y we trivially have ||o(z) — ¢(y)|| < |[x(z) — x(y)|- So let x # y and
assume r < y as well as that I is not a singleton. Pick S = {[a;,b;]}7_; € A(E, ) and set, using
rel,

S :={[a1,b1], ..., [ar bo],[x,9]} € A(E, ).
We then estimate
Vi, By ) = VE(S) 2 VZ(S) = VE(S) = wle, [z,y]) = [lp(@) — o)

and arrive at
Vilo, E)) = Vilp, B ) = [lo(x) — o)l

This last inequality is certainly also true if E is a singleton (because {[z,y]} € A(E,)). These
relations lead to

X(@) = xW)] =y — 2+ Vilp, By) = Valo, B;) + Valp, B) = Vil B) = llo(x) — o (w)ll-
The case y < z can be treated similarly.
Finally we extend x to a strictly increasing function on |[a, b].
(b) == (c): Let {[a;, b;]}j—; € A(le, d]) with {a;,b;} N E # () for all j and pick t; € {a;,b;} N E. For
5,5 € [aj,b;] we then obtain
le(s) =G < lle(s) = @)l + lle(t;) — ()]
< Ix(s) = x(@)+ [x(t5) = x(8)] < 2(x(b;) — x(a;))
and, hence, w(¢p, [a;,b;]) < 2(x(b;) — x(a;)). This yields

r

> wle,las,b]) <2 (x(by) — x(aj)) = 2(x(b) — x(a))-
j=1

Jj=1

10



2.1 Basic properties of functions of generalized bounded variation

(c) = (d): Take {[a;,b;]};_; € A([c,d]) with [a;,b;] N E # 0 for all j and fix ¢; € [a;,b;] N E. By
hypothesis,

T

D (e, [ag, t]) + w(e, [, b)) < M.

Jj=1
For s,5 € [a;,b;] we have

le(s) = ()1l < llels) = o)l + llet;) — () < 2(w(e, [a;,t5]) + w(e, [t5, ;1))
and, consequently, 3", w(p, [a;,b;]) < 2M.

(d) = (a) is obvious. O

We want to not let go unmentioned that it is also possible to prove the implication (a) = (c) in
Lemma 2.4 more directly.

2nd proof of (a) = (c) in Lemma Assume that (a) holds and consider S = {[a;, bj]}gzl € A([e, d])
with {a;,b;}NE # O forall j € {1,...,7}. We put L := sup,,, ||¢(t)|| (recall that L is indeed finite
due to Lemma[2.3). o

Letz; < ... < z, be the points of the set £ N |J;_,{a;,b;}. If s = 1, then we have S = {[a1,b1]} or
S = {[a1,b1], [az, ba]} with by = ay € E. In both cases we obtain V() < 4L.

Now suppose s > 2. We then put I, := [z,,2,41] forv € {1,...,s —1}. If 21 = by, then define
Iy :=[c,b1]. f 25 = a,, then put I, ;1 := [a,, d]. Itis easy to see that every interval [a;, b;] is contained
in some I,, and that conversely each I,, contains at most two of the intervals [a;, b;]. Therefore, we
obtain

VZ(S) 4L+ 2w(p,I,) < 4L+ 2Vi(p, E)

v=1

since w(p, I,) < 2L for v € {0, s + 1}. The result follows with M := 4L + 2V,(p, E). O

As a simple corollary we mark down the following result.

2.5 Lemma. For ¢ : [a,b] — Y and O # E C |a, b] not a singleton the following statements are equivalent.

(a) We have p € BV«(E,Y) and ¢ is bounded on [a, b].
(b) There exists an M > 0 such that V;(S) < M for each S = {[a;, bﬂ};zl € A(la, b)) with {a;,b;} N
E#Oforallje{1,...,r}.

Proof. First suppose that condition (a) is satisfied. Lemma [2.4implies that there is an L > 0 with
V5 (S) < L for each S = {[aj,bj]};:l € A(le,d]) with {a;,b;} N E # 0 for all € {1,...,r}, where
c:=inf Fand d := sup E. Take S = {[a;,b;]}"_, € A([a,b]) with {a;,b;} NE # forall € {1,...,7}.
Put M := L +4sup,<,<, |[|¢(z)||. As the intervals [a;, b;] are non-overlapping and have at least one
endpoint in E, we conclude a;,b; € [c,d] atleast for j € {1,...,7}\ {1,7}. In addition, we have

w(ep, [aj,b;]) < 2sup,<, <y [lp(z)| for each j. Therefore, we immediately obtain VJ(S) < M.

Conversely assume that (b) holds. Clearly, (b) implies ¢ € BV«(E,Y"). Fixz € E and take t € [a, b].
Assertion (b) then yields

le@ < o) — @)l + e@)] < wle, & ) + lle@)|| < M+ [le(@)].

Hence, ¢ is bounded on [a, b]. O

11



2 Functions of generalized bounded variation and absolute continuity

2.6 Remark The equivalence (a) <= (c) in Lemma 2.4/ and Corollary [2.5|both give correct versions
of the false Lemma 6.15 in [Lee89].

2.7 Lemma. Let ) # E C [a,b] and let ¢ € BV«(E,Y). Then we also have ¢ € BV«(E,Y).

Proof. This can be shown essentially as Theorem 6.2 (c) in [Gor94]. But here is an alternative proof,
which is a natural outflow of Lemma [2.4]
We put

M :=sup{V;(S) : S ={[a;,b;]};=1 € A([c,d]) with [a;,b;] N E # 0 for every j € {1,...,7}},

which is finite due to Lemman Let S = (I;)}-, € A(E)andset A:={j e {1,...,r}: [,NE =0}.
Then V({;};¢4) < M. The intervals in the set {I; : j € A} are pairwise disjoint. In fact, let
i,j € A distinct and suppose to the contrary that I; N I; is nonvoid. As the intervals of .S are non-
overlapping, I; and I; intersect at a boundary point, say ¢, which belongs to E by the choice of S.
Due to t € (I; UI;)° N E, we infer (I; UI;)° N E # (), which implies , N E # Qor ;N E # 0
contradicting the choice of ¢ and j. Due to the pairwise disjointness of the closed intervals in the set
{I; : j € A}, whose endpoints lie in E, we can find closed, pairwise disjoint intervals {TJ} jea such
that I; C I; C [c,d] and I; N E # 0 for each j € A. This yields V ({I;};ea) < Vi({I;}jea) < M.
Altogether, we obtain V7 (S) = VS ({I;}jea) + V({1 }j¢4) < 2M. O

The next lemma plays together with Lemma [2.4a crucial and vital part in the proofs of some of our
main results. It gives a complete characterisation of BVG+-functions on a set E and extends Lemma
6 in [War36].

2.8 Lemma. Let () # E C [a, b].The following statements are equivalent for a function ¢ : [a,b] — Y.

(a) The function ¢ belongs to BVG«(E,Y).
(b) There is a strictly increasing function x : [a,b] — R and a countable set A C [a, b] such that

i @) — @)l <o

v=e |x(@) — x()]
forallz € E\ A

Proof. We closely follow the proof of Lemma 6 in [War36]. We first show that (a) implies (b). We
choose sets ) # E,, C [a,b] for n € N with UneN = E such that ¢ € BV«(E,,Y) is satisfied for
all n € N. For each E,, we take a function x,, as in Lemmaand we put

- —-n Xn X 7Xn(a)
g (D) — xn(a)

for x € [a, b]. Clearly, x is well-defined and strictly increasing.
For m € N we set ¢,,, := inf E,, and d,,, := sup E,,,. Take m € N with E,, N (¢y,d) # 0 and
x € Ep, N (¢, dm). The choice of x,, yields

B = (@) = xa(y)] IXm () = Xim (y)]
@) =XWI = 2 50 G~ va(@] 27 ®) = @)

le(@) — o)l
N Qm(Xm(b) - Xm(a'))

and thus

12



2.1 Basic properties of functions of generalized bounded variation

forally € (cm,dm) \ {z}. (For the first equation above note that we either have x,,(x) > x»(y) for
alln € Nor x,(z) < xn(y) for all n € N.) Statement (b) now follows with A :={J,, cx{em, dm}-

Conversely, assume that (b) holds. For n € N and k € Z we define E,, as the set of all x € E with
the property

Vy€la,b]: |x(x) —x(y)| < % = [lp(z) — W)l < nlx(z) — x|,
and we put

k+1
SSX($)<+}~

B, = {x ek, :
n

Since the inverse of a strictly increasing function defined on an interval is everywhere continuous
(see Proposition|D.2), we easily infer

U UEwe=E.2E\A
neNkeZ neN

Since A is countable and since every function is of class BV« on a singleton, it suffices to verify that
¢ belongs to BV«(E,, ;,Y) foralln € Nand k € Z.

So fix n € Nand k € Z, assume without loss of generality that £, j is not a singleton and consider
a partition S = {[a;, b;]}j_; in A(Ey, x). For each j € {1,...,7} we then have

le(2) = (05| < nix(2) = x(b;)] 21

for every z € [a;, b;] because a;,b; € E, ; C E, and

k+1 &k 1
0 < x(bj) = x(2) = x(bj) = x(aj) < ———— = —.
Inequality (2.1) implies
slo bl = sw (@) - o)l
AjSTXYX0;
< sup ([le(y) = o)l + lle(bs) — ()]
a;<z<y<b;
< sup  (nlx(b) = x(@)] + nlx(b;) — x(x)])
a;<z<y<b;

< 2n(x(b;) — x(a;)).

As a result,

T

Vi(S) = Zw(% [a;,b;]) < 2n Z(X(bj) — x(a3)) < 2n(x(b) — x(a)),

Jj=1
from which we conclude

Vg, Eng) = sup  V7(S) <2n(x(b) — x(a)) < cc.
SeA(En k)

Thus (a) holds. O

2.9 Remark As a references for a proof of Lemma [2.8|and for the implication (a) = (b) in Lemma
in the case of real-valued functions we only know [War36|] and [Sak41, p. 236] (but see also
Lemma 3.6 in [Fau97] for a proof for bounded functions). For the sake of completeness and since
the existing proofs are a little bit sketchy (especially Ward’s original one), we provided complete
proofs.

13



2 Functions of generalized bounded variation and absolute continuity

Since any monotone function has at most countably many discontinuities, we immediately infer the
following corollary from Lemma

2.10 Corollary. Every function ¢ € BVGx([a,b],Y) has at most countably many discontinuities.

At the close of this section we state a result analogous to Lemma [2.7|for BV-functions.

211 Lemma. Let ) # E C [a,b]. Then C(E,Y) NBV(E,Y) C BV(E,Y); more precisely: if p|z €
C(E,Y)andif p € BV(E,Y), then ¢ € BV(E,Y).

Proof. At this point we refrain from a detailed proof, but refer to the proof of Lemma below,
which is quite similar. O

2.2 Basic properties of functions of generalized absolute
continuity

In this section we collect basic properties of functions of generalized absolute continuity. With these
preliminaries at our disposal we shall prove the Banach-Zarecki theorem for ACG+-functions in the
next section and a generalisation of Theorem 6 of [Gor89] in chapter 5 below. A vital point in the
now upcoming examinations consists of the interplay between generalized bounded variation and
generalized absolute continuity.

Throughout the entire sectionlet ) # E C [a,b], ¢ := inf E and d := sup E.
212 Lemma. (a) AC(E,Y) CBV(E,Y)and ACG(E,Y) C BVG(E,Y).
(b) AC+(E,Y)N B([e,d],Y) C BV+(E,Y) and ACG+(E,Y) N B([e,d],Y) C BVG+(E,Y).

Proof. In (a) and (b) the corresponding second assertion is an immediate consequence of the corre-
sponding first one. We now only prove the first assertion of part (b) as the first assertion of part (a)
may be proved similarly using that every function in AC(E,Y’) is necessarily bounded on E. Our
proof is a detailed exposition of the proof on page 231 in [Sak41].

Clearly, the assertion is true if ' is a singleton. For this reason we may and will assume w.l.o.g. that
E is not a singleton.

Let ¢ € AC+(E,Y) N B([c,d],Y). We put M := [|¢||[¢,q),00 and we choose 1 > 0 such that V;(S) < 1
for all S € A(E) with Wiq(S) < n. Furthermore, choose n € N so large that n > 2 and ¢ < . Let
S = {[aj,bj]}j—1 € A(E). We now define

k—1 k
Ay = {je{l,...,r}: c+n(d—c)<aj<bj<c+n(d—c)}

for k € {1,...,n}. We have j ¢ |J,_, A if and only if (a;, b;) contains at least one of the points
of the set {c+ £(d — ¢) : k € {1,...,n — 1}}. Since the sets {(a;, bj)}j_, are pairwise disjoint, we
therefore derive

ﬂ({l,...,r}\UAk) Siﬁ{je{l,...,r}:c—l—i(d—c)E(aj,bj)}Sn—l.

k=1
As a consequence, we get

n

VIS =D > wielanbl)+ D wielas,b]) <n+2M(n—1),

k=1j€A JEUs=1 Ak

where we used that ), ,, w(¢,[a;,b;]) < 1because of ) (bj — a;) < n for each k. O

JEAR

14
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2.13 Remark The boundedness condition in part (b) of Lemma [2.12]is actually needed. If, e.g., E
consists only of two points, then it is trivial that every function ¢ € Y'** belongs to AC«(FE,Y) asin
this case A(E) contains no intervals with length smaller than the distance between these two points
so that the defining condition in the definition of AC«-functions becomes empty. But clearly not
every function ¢ € Y% belongs to BV«(E, Y) (take any function unbounded on the convex hull of
these two points). It seems that for this reason Saks has incorporated a corresponding boundedness
condition in his definition of ACGx-functions. Unfortunately, such a condition is missing in [Gor94]
which leads to the unpleasant situation that several results as stated in [Gor94] are not correct (the
root of all evil is part (b) of Theorem 6.2 in [Gor94], which is stated without proof).

2.14 Lemma. We have C(E,Y)NAC(E, X) C AC(E,Y).

Proof. (cf. the proof of Theorem 6.2 in [Gor94]]) Let ¢ > 0 and choose § > 0 such that W, (S) < § for
all S € A(E) with Wiq(S) < 4. Let {[ug, vi]}i_; € A(E) with 31, (vx — ug) < §. We now define
{laz, bil}i— 1terat1vely as follows: Choose a1 € [a,v1) N E (this set is nonvoid as 1t contains u; € E)
with |a; — w1 < £ and [p(a1) — @(u1)]] < &. If us = vy, choose by € (a1, v2) N E with
) €
br—ul< - and o flo(bn) = (vl < - 22)

If v1 < ug choose by € (a1, uz) N E with (2.2). Next, if us = v1 set ag := by € (a1,v2) N E and observe
that in this case (2.2) becomes

) €
jag —us| < and llplaz) —elu2)ll < o

If, however, v1 < ug pick az € (b1,v2) N E with |ag — ug| < - and le(az) — @(uz)|| < £ Ifuz = vy,
choose by € (az,v3) N E with
) €
bz —vol < = and lo(b2) = p(v2)ll < (2.3)

If vy < ug choose bs € (az,us) N E with (2.3). Next, if ug = vy set ag := bs € (a2, v3) N E and observe
that in this case (2.3) becomes

1) €
lag — us| < ym and llp(as) — p(us)]| < e

If, however, va < ug pick az € (b2, v3) N E with |az — us| < £ and |¢(as) — ¢(us)|| < £ and so

on and so forth (where we finally choose b, € (a,,b] N E). In th1s way we obtain a finite sequence
{[aj:b; ]}] 1 € A(E) with |u; —a;] < 7, v =b;| < 3, [l(ay) —e(uy) | < 5 and (b)) —o(vy)ll < 4
for j € {1,...,r}. Thus, we get

4]

Zb—aj <Z|b _UJ|+Z|’UJ_UJ|+Z‘HJ a1‘< + "’* 0,
Jj=1

which implies > i=1 lle(bj) — ¢(a;)| < 5 by the choice of 6. In addition, we have

Z le(bs) — () < and Z lplaz) — e (uy)ll < 5

Altogether this ylelds

Z le(uz) — (vl < Z e (uz) = wlag)l + Z lle(a;) — @) + Z l(b;) = (v

<S4 8,°
4 4

which finishes the proof. O

N ™
m
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2 Functions of generalized bounded variation and absolute continuity

2.15 Remark The continuity condition in Lemma is actually needed in so far as ¢ € AC(E,Y)
only implies that ¢| g is continuous on E (this is obvious), while ¢ can be discontinuous at points of

E. For example, consider the function

1, ift#0,

v:[0,1]] = R; t— )
0, elsewise.

and the set F = (0,1]. Then ¢ € AC(E, R), but ¢ is not continuous at 0.

We next establish a technical auxiliary result which is an example par excellence for a statement
whose existing proofs for real-valued functions (see, e.g., Lemma 8.1 in [Sak41] or Lemma 6.3 in
[Gor94]) cannot be transferred to the vector-valued case, which necessitates a finer analysis. Indeed,
this finer analysis even leads to a slight improvement in comparison to Lemma 8.1 in [Sak41] resp.
Lemma 6.3 in [Gor94].

2.16 Lemma. Assume that E is closed and let (I};);, be the connected components of [c,d] \ E. Then

w(ep, [e,d])) <V(, B) + > w(e, Ir).
k

Proof. The assertion is clear if V(p, E) = oo or ), w(y, I;) = oco. For this reason we assume that
V(p,E) < ooand Y, w(p,I;) < co. Lett,s € [c,d] with t # s. We distinguish between several
cases.

Ist case: t € I, and s € I} with k # 1. Pick r € 0 C F and p € 9I; C E. We then estimate

o) — ()l < [le) — ()]l + le(r) — elp)ll + [le(p) — ()]l
<w(p,Ir) + V(p, E) + w(p,I;) < V(p,E) + Zw(sofj)-

2nd case: t, s € Ij,. In this case we have
lo(t) — p(s)ll < wle, Te) < V(p, E) + > wlep, T;).
J

3rd case: t, s € E. Then one gets

le(t) = @)l < V(p, E) < V(p, E) + ZW(%TJ‘)-

4th case: t € E and s € I;,. In this situation we take r € 91, and we estimate

lo() = @)1l < llp(t) = () + lle(r) = ()l < Ve, E) + wlp, Ti) < Ve, B) + Y _w(e,Tj).
J
Altogether these inequalities lead to sup, ;¢ (.. l9(t) — ¢ (s)[| = w(p, [, d]) <V (e, E) + 3, wlp, Ir)
as claimed. O

By means of the preceding result, we next show the following lemma, which contains a useful
sufficient condition for the membership of a function to the space BV«(E,Y) resp. AC+(E,Y),
which is well-known in the scalar-valued case (see, e.g., Theorem 8.5 in [Sak41]]). Our proof follows
the one given in [Gor94].

2.17 Lemma. Assume that E is closed and let (I), be the connected components of [c,d] \ E. We consider
the subsequent statements.
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2.2 Basic properties of functions of generalized absolute continuity

(1) ¢ € BVx(E,Y) (p € AC«(E,Y)).
(b) p €BV(E,Y) (p € AC(E,Y))and ¥, w(p, Iy) < co.

We have (b) = (a) and in the BVx-case the converse is always valid, while it is also true in the ACx-case
provided that  is bounded on [c, d).

Proof. We first show the assertions concerning the implication (a) = (b). We have BV«(E,Y’)
BV(E,Y) and AC«(E,Y) C AC(E,Y) and, provided that ¢ is bounded on [, d], also AC«(E,Y)
BV«(E,Y) by Lemma Therefore, it suffices to verify Y, w(p,I;) < oo for ¢ € BV«(E,Y).
But this is clear as the closed intervals I}, (if there are any at all) are mutually non-overlapping with
endpoints in E.

<
c

We now turn to the proof of (b) = (a) starting with the case ¢ € BV(E,Y). Let S = {K;}}_, €
A(E). Since ¢, d € E and since we wish to find an upper bound on V;(S) independent of S, we can
assume w.lo.g. [J,_, K; = [c, d]. Thanks to Lemma[2.16, we estimate

W(%KJ‘) < V(‘PvEij) + Z w(@vfk)

k
I, CK;

for every j. Now observe that one has | J_, S; € A(E) if S; € A(E N Kj) for each j because the
intervals K1,..., K, are pairwise non-overlapping. Hence, >-"_, V(p, EN K;) < V(p,E). Asa
result, we obtain

p p
> wlp, K;) <> Vg, ENK;) +Z > wle,Ir) <V(p,E +Z (o, I) <
j=1 j=1 :

IkCK
and ¢ € BV«(E,Y).

Now we assume that ¢ € AC(E,Y). Lete > 0 and choose §; > 0 such that we have W, (S5) < §
for all S € A(E) with Wiq(S) < dp. Choose N € N sucht that Y, v w(p, Ix) < § and put § :=
min{dg, A(I1),...,A(In)} provided, of course, that the set {I;} is non-empty, otherwise just set
0 = dg. Furthermore, let (K;),_, € A(E) with Z 1K) = X éj:l K;) < ¢. Using that we have
I ¢ Kj due to \(K;) < ¢ < /\(Ik) for each j € {1 ..,p} and each k € {1,..., N} we estimate as
above

Zw VD Ve ENK) 430 37 wle ) =3 VIe. ENE)+3Y > wip )

k j=1 j=1 k>N
1,CK; I, CK;

P P
— €
< E 1V(<,0,E0Kj) +k>ENw(go,Ik) < E 1V(<p,EﬂKj) + 3
i= =

Let S; € A(EN K;). Then J;_, S; € A(E) with

Wia (O sj) = f:wid(sj) <) OMK;) <6
=1 j

j=1 j=1
Consequently, W, (U§:1 Sj) = 21 We(Sj) < §. Taking the supremum with respect to S; €
A(E N K;) then leads to the inequality >-7_, V(, EN K;) < §. This finally implies
p p c
;w( Ez: (p, ENK;) + 3 <e
and we deduce ¢ € AC+(E,Y). O
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2 Functions of generalized bounded variation and absolute continuity
2.18 Corollary. Assume that E is closed. Then AC+(E,Y) N B([c,d],Y) = BV«(E,Y)NAC(E,Y).

Proof. The inclusion C is clear by Lemma Conversely, let ¢ € BV+(E,Y) N AC(E,Y) and
denote by (1)) the connected components of [¢,d] \ E. By Lemma we have ¢ € B([c,d],Y).
Moreover, due to ¢ € BV«(E,Y) we also have ), w(y, ;) < oo. Hence, Lemma gives the
assertion. O

2.19 Corollary. Let o € AC«(E,Y) be bounded on [c,d] and assume that |z € C(E,Y). Then ¢ €
AC«(E,Y).

Proof. By Lemma (b) and Lemma we have ¢ € BV«(E,Y). Furthermore, Lemma yields
¢ € AC(E,Y). As a consequence, the assertion results from Corollary O

2.20 Corollary. Assume that E is closed and that p|p € C(E,Y). Then ACG«(E,Y) N B([¢,d],Y) C
BVG+(E,Y)NACG(E,Y) C ACG«(E,Y).

Proof. First, let p € ACG+(E,Y) N B([e,d],Y) and choose a sequence (E,,), such that | J,, .y B = E
and ¢ € AC«(E,,Y) for all n. Thanks to Corollary and (note that E, C E, hence, ¢
is bounded on [inf E,,,sup E,,] C [c,d]), we infer ¢ € BV«(E,,Y) N AC(E,,Y) for all n. Hence,
¢ € BVG+(E,Y)N ACG(E,Y).

Now, let ¢ € BVG+(E,Y)NACG(E,Y). Write E = J,, B, = U,, E,, with ¢ € BV«(E,,Y) for all
nand ¢ € AC(E,,,Y) for all m. Applying Lemma and Lemma we derive ¢ € BV«(E,,Y)

forall nand ¢ € AC(E,,,Y) for all m. Let {F},}; be an enumeration of the countable set {E,, N E,, :
n,m}. Each Fj is closed with ¢ € BV«(F,Y) N AC(F,Y) and ¢|p, € C(Fy,Y). Corollary
implies ¢ € AC«(F},Y) for all k and because of | J,, F, = E we finally conlude ¢ € ACG«(E,Y). [

Let ) # E C [a,b] be closed. By a linear extension of ¢|g to the whole of [a,b] we understand any
function G : [a,b] — Y that extends ¢|g and is linear on the subintervals of [a, b] contiguous to E
(note that such a G is only uniquely determined on [c, d)).

2.21 Lemma. Assume that E is closed and let G be a linear extension of |g to [a, b].

(a) The function G is continuous on [a, b] \ E and each continuity point of p|g is also a continuity point
of G.

(b) If p € BV(E,Y), then G € BV([a, ], Y).

Proof. We start with the proof of (a). Clearly, G is continuous on [a, b]\ E. Now assume that there is a
t € E where ¢|g is continuous, whereas G is not. Then ¢ ¢ [a, b]\ E and, obviously t ¢ E°,sot € OF.
Furthermore, there is an ¢ > 0 and a sequence (t,,),, in [a, b] converging to ¢t with |G(t) — G(¢,,)]| > ¢
for all n € N. Due to the continuity of ¢|g, at most finitely many ¢,, can belong to E and we may
therefore assume w.l.o.g. that ¢, ¢ E for all n. By defintion G is continuous on [a, min E] and on
[max E, b]. Thus we may further assume that ¢,, € [min F,max E] = [c,d]. Then for each n € N
there are ¢, d,, € E with t,, € (¢,,dy) and (c,, d,,) is a connected component of [c,d] \ E. We now
distinguish between two cases.

1st case: There are C, D € E with (c,,d,) = (C, D) for infinitely many n € N. Then we can extract a
subsequence (t,, )i with ¢, € (C, D) for all k € N and we derive ¢t € {C, D}. One then gets

£ <160 - Gltn)l = 000 - (G2 w(0)+ =5 et

— 0
k—oo

)

which is absurd.
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2.3 The Banach-Zarecki theorem for ACGx«-functions

2nd case: For each m € N the set {n € N : (cn,d,) = (cm,dm)} is finite. So we can extract a
subsequence (t,, )r With (¢n,,dn,) # (cn,,dyn,) for k # 1. By considering another subsequence,
we may further assume that either t,,, < ¢ forall k ort > t,, for all k. We only treat the first case
(the second one is analogous). By taking once again a subsequence, we can further assume w.l.o.g.
that (¢, )y is strictly increasing. Thus we obtain ¢, < t,, < dpn, < cnyyy < tnyyy < dny,, < tand
taking the limit k¥ — oo yields limy_. o ¢, = limg_.o0 dp, = t. We thus obtain an index ky € N with
le(cn,) — ()] < eand ||¢(dn,) — ¢(t)]] < € forall k > kq. For k > ko we now infer

Any — tng tn, — Cn,
£ <160 = Gltma)l = [(8) = 220 ) =
Nk

. 7 Cny, dnk — Cny,

dn - tn tn —Cn
- ‘ ﬁ (p(t) — pleny)) + ﬁ ~(p(t) — @(dnk))H
dny — tny, tny, — Cn
< g e e —elennll+ 5= - le(t) — eldn, ) <,
N cnk Tk Tk

which is impossible.

As both cases have led to a contradiction, we conclude that our assumption must be wrong, i.e.,
part (a) is true.

Part (b) can be essentially shown as in the solution to Exercise 6.2 in [Gor94]. O

2.3 The Banach-Zarecki theorem for ACG+«-functions

The main objective of this section is the proof of the Banach-Zarecki theorem for ACG«- and ACG-
functions. In order to formulate this theorem we need the following definition.

As beforelet ) # E C [a,b], ¢ := inf E and d := sup E throughout the entire section.

2.22 Definition. We say that ¢ : [a,b] — Y satisfies on E Lusin’s condition

(a) (N)g (we then write ¢ € (N)g) if we have H}-(f(A)) = 0 for each set A C E with \*(A) = 0;
(b) [N]g (we then write ¢ € [N|g) if we have Hi-(f(A)) = 0 for each closed set A C E with \*(A) = 0.

The following lemma shows that there are plenty examples of functions satisfying Lusin’s condition
(V)&

2.23 Lemma. If o € ACG(E,Y), then p € (N)g.

Proof. Letn > 0 and let us first assume that ¢ € AC(E,Y"). Furhtermore, let A C E with A\(4) =0
and let € > 0 be arbitrary. Then there is a § > 0 such that W,(S) < min{e, 2} for all S € A(E)
with Wiq(S) < 6. Choose an open set G C R with A C G and A(G) < ¢ and denote by (Ij)x
the countable family of those connected components of G that have non-empty intersection with
A. Then {¢(A N I)} is a countable cover of p(A) and for each k and all s,t € Iy N A we have
|s —t] < A(Ix) < MG) < . Because of (s,t) € A(A) C A(FE), this implies [|p(s) — ¢(t)|| < 3. Asa
result, we infer

diam(p(I; N A)) < g <. 2.4)
Now pick s, ti, € I N A for each k. For each finite family S = {(sx,,tx,), .- -, (Sk,, tk, )} (k; # k; for

i # j)wehave S € A(A) C A(FE) (note that the intervals in S do not overlap as they are subintervals
of the intervals I, which are even pairwise disjoint) and 37, |s; —tx,| < >°7_; MIk;) < MG) <6
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2 Functions of generalized bounded variation and absolute continuity

anddtht'ls Z;’:l l¢(sk,) —w(tr;)|| < e. This estimate yields 2521 w(p, Iy;NA) < e. As a consequence,
we derive

> diam(p(I, N A) = > w(p, Ik NA) <e. (2.5)
k k

The both inequalities and together lead to the estimate 1} (p(A)) < e. Letting first ) — 0"
and afterwards ¢ — 07 then yields H; (¢(A4)) = 0 and we finally derive ¢ € (N)g.

Now we consider the general case ¢ € ACG(E,Y’) and we choose a sequence (E,,), with | J,, E,, =
E and ¢ € AC(E,,Y) for all n. Let A C E with A(A) = 0. Then A(4,,) = 0 for all n, where
A, == AN E,, and hence Hi-(¢(A,)) = 0 by what we have shown so far. Since H;- is an outer
measure, we deduce Hj(¢(A)) = 0 and obtain ¢ € (N)g as claimed. O

Results of the Banach-Zarecki-type are engaged with partial converses to Lemma One impor-
tant (and surprisingly rather recent result) is the following Theorem due to J. Duda and L. Zajicek
that extends the classical Banach-Zarecki theorem for real-valued functions to the vector-valued
case.

2.24 Theorem. The following statements are equivalent.

(a) ¢ € AC([a,b],Y).
(b) ¢ € C([a,b],Y)NBV([a,b],Y) and ¢ € (N)q,p]-
(c) v € C([a,b],Y)NBV([a,b],Y) and ¢ € [N][qy-

Proof. (a) = (b) follows from Lemma (a) and Lemma The implication (b) = (c) is trivial
and the remaining implication (c) = (a) emerges from the proof of the main result in [Dc05]. O

2.25 Corollary. Assume that E is closed and let G be a linear extension of ¢|g to [a,b]. If p € AC(E,Y),
then G € AC([a,b],Y).

Proof. Lemma [2.21]yields G € C([a,b],Y) N BV([a,b],Y) and by Lemma .23 we have ¢ € (N)g.
Clearly, G is Lipschitz continuous, hence, an AC-function on the closure of each interval contiguous
to E in [a,b]. Consequently, G fulfills Lusin’s condition (N); on each such interval I thanks to
Lemma Since Hj- is an outer measure, the countable union of Hj-zero sets is again a H3,-null
set. It is now easy to conclude that G € (V)44 As a result, we infer that G belongs to AC([a, b],Y)

by employing Theorem O

We now come to the announced Banach-Zarecki theorem for functions of generalized absolute con-
tinuity.

2.26 Theorem. Let E be a nonvoid, closed subset of [a, b] and assume p|g € C(E,Y). Then we have:
(1) o€ AC(E)Y) < o€ BV(E,Y)andp € (N)g < p € BV(E,Y)and ¢ € [N]g,
(b) ¢ € ACG(E,Y) < ¢ €BVG(E,Y)and p € (N)g < ¢ € BVG(E,Y)and ¢ € [N|g,
(c) p € AC+(E)Y) <= ¢ € BV«(E,Y)and ¢ € (N)g < ¢ € BV«(E,Y)and ¢ € [N]g,
(d) ¢ € ACG+(E,Y) <— ¢ € BVG«(E,Y)and ¢ € (N)g < ¢ € BVG+(E,Y)and ¢ € [N]g.

In addition, in (c) and (d) the implication = holds true provided that o is bounded on the interval [c,d] =
[min F, max E|.
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2.3 The Banach-Zarecki theorem for ACGx«-functions

Proof. W.l.0.g. we assume that {£ > 2.

In all cases the second implication = follows by definition. The addendum and the first implica-
tion = in (a) and (b) result from from Lemma and Lemma

We now first prove the remaining implications in part (a). Let G be the linear extension of ¢|g
to [c,d]. Lemma and the proof of Corollary yield G € C([e,d],Y) N BV([c,d],Y) and
G € (N)¢,q if ¢ € (N)g. We further show that G € [N]j.q if ¢ € [N]g. For this purpose let
{I;}c . be the countable family of all connected components of [c,d] \ E and assume ¢ € [N]g. Let
N = N C [e,d] with A(N) = 0. Then the sets N N E and N N I; are also closed Lebesgue-null sets
and we obtain H}(G(N N E)) = H(p(N N E)) = 0 as well as H!(G(N N1;)) = 0, and consequently
G € [N]i.,q- Thanks to Theorem we derive G € AC([c,d],Y) in both cases ¢ € (N)g or
¢ € [N]g. Because of | = G|g, we conclude ¢ € AC(E,Y).

We now turn to the proof of part (c). Assume that ¢ € BV«(E,Y) and ¢ € [N]g. Then we have
in particular ¢ € BV(E,Y) and ¢ € [N]g. Hence ¢ € AC(E,Y) by part (a) and thus ¢ € (N)g
due to Lemma So we are now in the case ¢ € BV«(E,Y) and ¢ € (N)g. In particular
¢ € BV(E,Y) and ¢ € (N)g. Consequently, part (a) gives us ¢ € AC(E,Y) N BV«(E,Y), which
yields ¢ € AC+(E,Y) by Corollary[2.18]

Finally, the implications <= in part (b) resp. (d) follow from part (a) resp. (c) using Lemma [2.1]]
resp. Lemmal[2.7] O

2.27 Corollary. Let E be a nonvoid, F,-set contained in [a,b] and assume p|g € C(E,Y). Then we have:

(1) p e BV(E,)Y)and p € (N)g < p € BV(E,Y)and ¢ € [N]g,

() € ACG(E,Y) <= ¢ € BVG(E,Y)andp € (N)g < ¢ € BVG(E,Y) and ¢ € [N]g,
(c) p e BVx(E,Y)and p € (N)g <= ¢ € BV«(E,Y) and ¢ € [N]g,

(d) o € ACG+(E|Y) <— ¢ € BVG+(E,Y)and p € (N)g <= ¢ € BVG«+(E,Y) and ¢ € [N]g.

In addition, in (d) the implication = holds true provided that ¢ is bounded on the interval [c,d] =
[inf F, sup E].

Proof. The addendum and the implications = are clear by Lemma and the definition of
Lusin’s conditions. In what follows let (E,, ), be sequence of closed sets such that £ = J,,cyy En-

We first complete the proof of part (a). For this purpose, suppose that ¢ € BV(E,Y) and ¢ € [N]g.
Then ¢ € BV(E,,Y) N C(E,,Y) and ¢ € [N]g, for each n € N and consequently ¢ € BV(E,,,Y)
and ¢ € (N)g, for each n € N by part (a) of Theorem Since the countable union of Hj,-null
sets is itself a H},-null set, we derive ¢ € (N)g.

A similar argument establishes part (c).

We now turn to the proof of part (b) and we assume that ¢ € BVG(E,Y) and ¢ € [N]g. Let
(Fm)m be a sequence of sets such that £ = J,,, F;, and ¢ € BV(F,,,Y) for all m. We put E,, ,,, :=
E,NF,, C E, C Eforallnand m. Then ¢|g, , € C(E,,,Y)and hence ¢ € BV(E, ;,,Y) due to
Lemma[.11and ¢ € BV(E, N F,,,Y). Moreover, ¢ € [N]g, ,,, which now yields ¢ € AC(E,, n,Y)
for all n and m thanks to part (a) of Theorem We therefore conclude ¢ € ACG(E,Y).

An analogous argument employing Lemma [2.7|establishes part (d). O

2.28 Remark To our best knowledge Theorem and Corollary both well-known in the real-
valued case, are completely new in the vector-valued case. Nevertheless, our line of argument
follows the general strategy in Theorem 6.16 of [Gor94].
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2 Functions of generalized bounded variation and absolute continuity

2.29 Remark Notice that in general one has neither “¢ € BV(E,Y)andy € (N)g = ¢ €
AC(E,Y) " nor “p € BV«(E,Y)and p € (N)g = ¢ € AC«(E,Y)”. In fact, assume that Y # {0},
pick y € Y with |ly|| = 1, choose an increasing function x : [a,b] — R which is not absolutely
continuous (e.g., the Cantor function) and put ¢(t) := x(¢)y for ¢ € [a,b]. Since x is not abso-
lutely continuous, there exists an € > 0 such that we can find for each n € N a partition S,, =
{laj,nsbjn] ;;1 € A([a, b)) with Wiq(S,) < % and V(S,) > €. The set E := |, <y U;":'l{aj,,“ bjn}is
countable (hence an F,-set) and ¢ belongs to BV«(E,Y') and satisfies Lusin’s condition (V) g, but ¢
is not even an element of AC(E,Y).
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3 Variational measures

In this chapter we introduce the so-called Henstock-Thomson variational measures and study some
of their most important properties.

3.1 Definition of variational measures

Let (X, d) be a metric space and y : Bor(X) — [0, o] a fixed measure.

A non-empty subset B C (Bor(%X) \ {0}) x X is called a differentiation basis or just basis on (X, d) if we
have z € U for all (U, z) € B (note that some authors call this a Perron basis, see, e.g., [Pia01]). We
call U € Bor(X) a B-set if there exists some x € X such that (U, z) € B; by B(X) we denote the set of
all B-sets.

For a non-empty subset E of X and a so-called gauge § € (0,00)% on X, we define
BE|:={(U,x)eB: z € E} and Bs[E] := {(U,z) € BE]: U C Usy(x)}.

Note that we will sometimes define gauges only on certain subsets of X; in this case one may set by
default the gauge, e.g., equal to 1 on the set where it is not explicitely specified.

Let 6 be a gauge on X. A finite sequence (Uy, 1), ..., (Ur, z,), 7 € N, in Bs[E] such that U? NU? = 0,
whenever i, j € {1,...,r} are distinct, is called a d-fine partition on E and a -fine partition of E if even
U;zl U; = E holds. We denote by Ps(E) the set of all i-fine partitions on E. The points z1, ..., z,
are called the tags of the partition {(U;,z;)};_;. In what follows a generic element of Ps(E) will
always be written in the form {(U;,z;)}}_,. We further put

S(E,6) :={P ={(Uj,z;)};—, € Ps(E) : w(U; NU;) = 0 forall distinct i,j € {1,...,r}}.

We call B

e an open basis if U is open for all (U, z) € B,

a semi-open basis if every B-set has non-empty interior,
a Vitali-basis if we have B;[{z}] # 0 for each z € X and § € (0, 0)*,

a Busemann-Feller-basis or simply BF-basis if we have (U,z) € B whenever U is a B-set and
zel.

In what follows, a function 7 : B(X) — [0, oc] is called a B-set function. For § # E C X, § € (0,00)%,
P ={(Uj,z;)};_; € Ps(E) and a B-set function 7 we define

0, if P5(E) = 0,

Ws(r,E) := {Sup {r(P): PeS(E,d}, elsewise,
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3 Variational measures

and

pi(E) = 66(101[71(2)3C Ws(T, E) and pr(0) :=0.
If we consider different bases simultaneously, we write Ps(E; B), Ws(r, E; B), W B and so on instead
of simply Ps(E), W5(r, E), pt.
Following well-known patterns like, e.g., in [Tho76] or in [Fau95] one can show the subsequent
result.

3.1 Lemma. The set function p? is a metric outer measure on (X, d). In particular, the restriction p, =
i |Bor(x) 1 @ measure in the usual sense. For this reason, one calls i} the (u, B)-Henstock-Thomson
variational measure of/induced by/associated with 7 or simply the Henstock-Thomson variational
measure of /induced by/associated with 7.

Proof. We clearly have ;2 (E) > 0 for all E C X and by definition % (0) = 0.

For E C F C X and any 6§ € (0,00)* we obviously have Ps(E) C Ps(F) and thus Ws(r, E) <
Ws(r, F) as well as p(F) < pk(F).

Let (A,,), be any sequence of subsets of X and set A := Uflo:l A,,. To see that j, is an outer measure,
we have to show pi (A) < 37, pk(A,).

In order to do this we first observe that we have u(E) = 0 whenever there is some § € (0,00)%
such that Ps, (E) = 0; this is clear by definition. In this case we obtain Ps(F) = Ps(F \ E) for every
F D E and each 6 € (0, 00)* satisfying 6|z < oz

Let us additionally assume that the sets A,, are pairwise disjoint and let ¢ > 0 be arbitrary. We put
I:={neN: 3§ € (0,00)* with P5s(A,) =0} and J := N\I.

For each n € I we choose a gauge d,, with Ps, (A4,,) = 0 and for each n € J we choose a gauge d,,
with Ws, (1, An) < i (An) + 57 Next we define § : X — [0, 00) by putting §(z) := 1 forz € X\ A
and by setting 6(z) = J,(x) if ¢ € A,. (As the sets A, are pairwise disjoint, ¢ is well-defined.) If
Ps(A) = 0, then we clearly have p* (4) =0 < Y07 | pu*(A,). We thus assume that P5(A) # 0 holds.
For an arbitrary partition P = {(Uj,z;)}j_; € Ps(A) = Ps(A\ U,c; An) with u(U; N U;) = 0, we
then estimate

T(Py=3 > U= > T(U) <Y Wi, (rA)

n=1 IJJE:;H neJ Ijjgj‘n neJ
5 o0
<Y (1) + ) e+ D wE(Aw).
neJ n=1

Taking the supremum over such P, we infer

W5(T7 A) <e+ Z N:(An)

n=1

and thus -
WA <t S (A,
n=1
Letting e — 01, we arrive at i (A) < > | p(Ay).

If the sets A,, are not pairwise disjoint, we put B, := A; and B,, :== A, \ U?;ll A; forn > 1. We then
obtain

) = (U Ba) 3B < 34

n=1
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3.2 o-finite variational measures

i.e., p¥ is an outer measure.

In order to complete the proof, we now show that we have u*(A4; U Ay) = pi(A1) + pk(A2) for
Ay, Ay C X provided that there are disjoint open sets V4, V2 € 7 (X) with A; C V;. Since we already
know pf(A; U Ag) < px(Aq) + pi(Asz), it only remains to establish pf (A7) + pk(As) < pi(A; U Ay).
This is clear for % (A; U Ay) = oo. Therefore we may assume that ;i (A; U As) is finite, which also
yields p¥(A;) < oo for j € {1,2}.

Moreover, the assertion is also true if we have p#(A;) = 0 for some j € {1,2}. Hence, we may
assume that p*(A;) > 0 for j € {1,2}, which yields in particular Ps(A;) # 0 for j € {1,2} and thus
Ps(A1 U Ag) # () for each § € (0,00)*.

Now let € > 0 be arbitrary and take a gauge 5y € (0, 00)* with Wi, (1, A1 U Az) < pf(A; U As) +e.
For € V; and j € {1,2} we choose a positive number p(z) > 0 with A(z, p(z)) C V;. We put
0(z) := dp(x) forz € X\ (V1 U Vz) and 6(z) := min{do(z), p(x)} for z € V1 U V. For j € {1,2} we
take a sequence P; = {(U, j, ;) };2, in Ps(A;) with u(U; ; N Uy ;) = 0 for distinct i,k € {1,...,7;}
such that 7(P;) > Ws(7, A;) — €. (Note that Ws(7, A;) is finite because Wy, (7, A1 U Ay) is finite and
because § < d.) Thanks to U;; C Us(, ;)(ij) C Usa, ;) (Tij) C© Alzij,6(xi;)) € Vj, we have
U2, C U;; C V;j and we see that P := {(U; ;,;)}i=1...r; is a 0-fine partition on 4; U A, with

zL [ je{1,2}
w(U; j N Uk,) = 0 for distinct pairs (i, 7), (k,1) € ({1,...,m} x {1}) U ({1,...,r2} x {2}). Therefore
we can now estimate

pi(Ay) 4 pi(A2) < Ws(r, Ay) + Ws(r, A2) < 7(Py) + 7(P2) + 26 = 7(P) + 2¢
< Weo (1, A1 U Ag) 4+ 28 < pi (A1 U Ag) + 3e,

and deduce pf (A1) + pk(A2) < pi(A4; U Ag) by letting e — 0. O

3.2 Remark If no confusion is to be expected and if the difference does not matter, we frequently
write just u- instead of ;X and we use the notation p} especially in cases where we want to empha-
size the character of an outer measure (as, e.g., in Corollary and to illustrate how certain
measure theoretical properties of the outer measure 1} are related to corresponding properties of
- in order to feature special particularities inherent in the nature of variational measures.

3.2 o-finite variational measures

In 1997 Z. Buczolich and W. F. Pfeffer asked the question (see Question 5.4 in [BP97]) whether
or not certain variational measures on R? are automatically o-finite provided that they are ab-
solutely continuous with respect to d-dimensional Lebesgue measure. Since then there has been
a lot of research on this topic starting from the affirmative answer to this question in the one-
dimensional case already given in [BPS96, Theorem 1] and then producing strengthened results (see,
e.g., [Tho98,Zhe(7a]), extensions to higher dimensions (see, e.g., [BP98, Pia01} ISZ04]) as well as ex-
tensions to the case of more general differentiation bases (see, e.g., [BPS00, BPS02, [BPS06, Zhe07b]),
to name but a few. Note that this affirmative answer is a very characteristic feature of variational
measures. For example, consider the (outer) measure that vanishes on all Lebesgue-null sets and
assigns the value oo to all other sets. This measure is clearly absolutely continuous with respect to
Lebesgue measure, but it is not even semifinite. Moreover, see Theorem 1.1 in [EK06] for a much
more elaborate example of this kind.

However, to our best knowledge the analogous question where absolute continuity with respect to
the Lebesgue measure is replaced by absolute continuity with respect to some more general measure
has only been treated in [Ene00] and [Cap03], although such studies are well motivated, e.g., by the
intention to obtain full descriptive characterisations of Henstock-Kurzweil-Stieltjes integrals, see
[Ene00, Theorem 5.1] combined with [Fau97, Theorem 4.7]) and see also Lemma and Lemma
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3 Variational measures

B.20below.

In the papers [Ene00] and [Cap03]], the authors use an approach essentially based on properties of
the functions of class BVG, or ACG., so that it is not “clear that this is a feature of the method used
to construct the measures and not a property merely of functions”, where we borrowed these words
from Thomson (see [Tho98]).

In the spirit of these words, we want to make a contribution to this question. In the next section we
first prove an extension of Thomson’s theorem [Tho98| Theorem 1], where the real line is replaced
by a metric space that is complete or locally compact and the differentiation basis of open intervals
is replaced by an open differentiation basis.

Afterwards, we focus our attention on the corresponding situation for the real line where we con-
sider Busemann-Feller interval bases. We shall derive an extension of [BPS00, Theorem 3.1 («)] due
to Bongiorno, Di Piazza and Skvortsov, which entails (as we will see in the next section) as special
cases extensions of the results obtained by Ene ([Ene00, Theorem 3.2]) and Caponetti (|[Cap03| The-
orem 3.4])

The scheme of proof has been appeared several times in the literature (cf., e.g., [BPS96, BPS00,
BPS02, (Cap03, Pia01} (5204, Tho98, |[Zhe(07b, [Zhe(07a]) and is well-known to experts. Therefore our
contribution is not based on inventing a new approach, but on the try to exhaust this well-known
method of proof as effectively as possible. Indeed, there is one new small, but decisive feature con-
sisting of the definition of the variational measure in the preceding section: It is now related to the
given reference measure p. It is this slight modification that allows us to decouple measure and dis-
tance within the framework of the afore-mentioned method of proof and to derive the mentioned
generalisations.

3.2.1 An extension of Thomson’s theorem

The aim of this section is the proof of the following result, which generalises Thomson’s theorem
[Tho98, Theorem 1]. In particular, this extension is applicable to situations in R?, although for d > 1
usually quite different arguments are needed (see, e.g., [BP98| BP97]).

3.3 Theorem. Assume that (X,d) is complete or locally compact and let ) # E C X be a subset such that
(E,dg) is separable. Let B be an open Vitali-BF-basis and T a B-set function. Moreover, assume that
vanishes on all singletons contained in E and that p is semi-moderate on E, i.e., there is a sequence (E,)s,
of closed sets with | J,, .y En = E such that pu(E,,) < oo for all n € N (in particular, E is an F,-set and so i
is indeed defined on the Borel set E). Suppose that ., is o-finite on singletons (i.e., finite on singletons) and
on each perfect compact p-nullset contained in E. Then i, is o-finite on E.

Proof. We divide the proof into several steps.
step 1. Suppose that the assertion is already established in the special case that E is closed and p is
finite on £. Then we may deduce the general assertion as follows: For every n € N the measure y, is
clearly o-finite on each perfect compact p-nullset contained in £,, and p is finite on E,,; in addition,
each space (E,,dg, ) (n € N) is separable. Therefore the special case yields that . is o-finite on E,,
for each n € N and thus o-finite on . Consequently, we may and will assume in what follows that
E is closed and p is finite on E.
step 2. We define

U:={UeT(X): priso-finiteon ENU}

and O := [J4, which is clearly open. We note that the measure p, is o-finite on £ N O. Indeed, for
each z € EN O we can find a set U(x) in U with z € U(x). Then {U(z) N E}rcrno = {U(x) NEN
O}zeeno is an open (relative to (E N O, dgno)) cover of the separable metric space (EN O, dgno).
Since every separable metric space is a Lindelof space, there is a sequence (z,), in £ N O with
ENO =U,ey (U(zn) N E). Since y, is o-finite on each of the sets U(z,,) N £, it is o-finite on E N O
as asserted.
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3.2 o-finite variational measures

Now we put P := E \ O. Obviously, P is closed. Furthermore, P has no isolated points: If 29 € P
were an isolated point of P, then there would be a number r > 0 with U, (z9) N P = {x¢}. The set
U:=U(xo) \{zo} CX\P=(X\E)UO would satisty U N E C EN O, and hence p, would be
o-finite on U N E. As a result, i, would be o-finite on (U U {x¢}) N E = U,.(x¢) N E. But this would
imply U, (z¢) € Y and consequently o € O contradicting zo € P C X\ O.

We next observe that ji, is not o-finite on P N U for any U € 7 (X) with PN U # (. Indeed, if there
were such a U, then p, would be o-finite on £ N U thanks to the decomposition ENU = (U N
P)U(UNENQO) and as a consequence we could derive U € 4, which would yield the contradiction
h=PNnO2>PNU#0.

step 3 a). We claim that P is empty. As soon as we will have shown this, we obtain £ C O and we
see that p. is o-finiteon £ = EN O.

In order to verify this claim we suppose to the contrary that P is nonvoid. Since (P, dp) is a perfect
separable metric space which is complete or locally compact (as P is a non-empty closed subset of
the closed set E), P is infinite (even uncountable, see, e.g., [Kec95| Theorem (5.3) and Theorem (6.2)])
and we may choose two distinct elements z1, x5 of P. Let j € {1,2}. Because of A(z;, 1) NE | {z;}
and because of the finiteness of u on F, we obtain

— n({a;}) = n <ﬂ (Aw;,1/m)N E)) = Jim p(A(z;, 1/n) 0 E).

neN

There thus exists an index n; € N with u( (zj, 1) N E) 1 foralln > n;. We may additionally
assume that each n; is so large that A(zy, - 2N A(wg, = -) = 0 and that both Az, = o) and A(za, 7112 )
are compact in the case that (X, d) is locally compact. Forz € U (z;) with j € {1,2} we define the

gauge

o 3 min{dist(z, X \ U ( D)d(z,x), Y, ifx #
(@) = émm{dlst(x X\U ( )),%}, ifx=ux;.

Due to ,uT(Ul (z;)NP) = oo, we have Ws: (7,U 1 (x;) N P) = oo for each gauge ¢’. Therefore we can
flndaapartltlon{( i Gig) iy € Ps(UL (:Z:J)QP) withr; € Nand u(U; ;NUy ;) = 0 for all distinct
i,k € {1,...,7;} such that 3.7 | 7(U; ;) > 2. We observe that U; j C Us, (& j) C U (r;) and

thus diam(U; ;) < 26(&;,;) < 4. If z; # & ; for some i € {1,...,7;}, then z; does not even belong to
A(& 4,6(&; ) because 0therw1se 0 <d(zj,&;) <6(&;) <3 (gcj,fi,j) would follow. Assume for a
moment that ; # &; ; holds indeed for every i € {1,...,r;}. According to what we have just said,
we may then choose a radius ¢ € (0, min{1, n%, 6(3;])}) so small that A(z;,e) and A(& ;,(&5))
are disjoint for all i € {1,...,7;} and A(x;,¢) is compact provided that (X, d) is locally compact.
Thanks to the premise that B is a Vitali-basis, there exists a set V in B(X) with (V. z,) € B:[{z;}];
hence, V C U.(z;). We clearly have VN U, ; = 0 foreach i € {1,...,7;}. As a consequence, we may
add (V, z;) to the sequence {(U; ;,&; ;)};2, without violating the subsequent conditions:

o &;€U;; C Un%_(:rj) and ¢, ; € Pforalli e {1,...,7;},

Ui jisopenforallic {1,...,7;},

diam(U; ;) < L foralli € {1,...,7;},

Sl (Uig) > 2,

Ui NU;=0foralli,k e {1,...,r;} withi #k,
w(U; jNU, ;) =0foralli, k€ {1,...,r;} withi # k,

e U, ;iscompactforalli € {1,...,r;}if (X, d) is locally compact.
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3 Variational measures

Therefore we assume without loss of generality that z; is an elementof {§; ; : i € {1,...,7;}}.

Using the inclusion-exclusion principle for finite measures, we arrive at

»Jk\'i

S° T 0 ) = (U UmE) < ju(A(ey,1/ny) N EB) <

i=1 i=1

We next relabel the pairs {(U; ;,&i,j) }i=1....r; by

(V1,1,501,1), (V1,27$1,2), (V1,3,$1,3)a~--
and observe that

2
2 1
g uWVipNE) < E_ A(z;,1/n;)NE) < 1=

2
We further obtain VipN V1 = Daswellas u(V;1,NVi,) =0 for p # q due to the construction and
due to A(zy, =) N A(xg, =) = 0.

We repeat the preceding procedure as follows. Take any of the indices k. Because z1, € Vi, N P,

Vi,i is open and P is perfect, we can find a point (5 in V; , N P such that {1 ; := z1 4 and (o

are distinct. As above we can find integers n; , € N for j € {1,2} such that Ak L) € Vi and
(A, )N E) < 2pu(Vi N E) for all n > g, A(CLk, 71-) and A(Cak, 77—) are disjoint and such

that both A(C1k, 57 k) and A(Co ks 7y ) are compact in the case that (X,d) i is locally compact.

Forz € U (Cj x)and j € {1,2} we deflne the gauge

k

Sa) 1 min{dist(z, %\U 1 ( K)d(z,Gn), 2} ifx # Gk
(@) = 1 min{dist(z, 3E\Un] (Ge))s 3T if o = Cjp

Again there exists a partition {(U; ; x, &.;, k)}ml’k) in Bs[U_ (CJ k) N P] satisfying

® Sijk € Uik C© Use, 0 (Gigik) CU_L (Cjk) C Vlkandguk € Pforallic {1,...,7(j,k)},
e U risopenforallie {1,. (j,k)},

diam(U; ;1) < 1 foralli € {1 (5, k)},

o YIUM (U n) > 4,

Uijr NU, e =0foralli,c € {1,...,r(j,k)} withi # ¢,

w(UijxNU, k) =0foralli,ce {1,...,r(j,k)} withi # ¢
Gref{&r:ie{l,...,r(J,k)}},

e U, ;iscompactforalli e {1,...,r(j,k)}if (¥, d) is locally compact.
It follows
7(4,k) 7(4,k)
Z /J,(Ui’j’k NE)=p U UijeNE
i=1 i=1
1
1Ak L/ nge) N E) < Vs w(Vie NE)
as well as
2 r(jk) 1
> pUije N E) < Su(Vie N E).
j=1 i=1
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3.2 o-finite variational measures

We thus infer

(‘é,h@,l); (‘/2,27372,2)7 cee

Observe that for every k we have z1 ;, = x2; for some (.
So, proceeding by induction we construct for each ¢ € N a finite sequence

(Vin,win), (Vi2,@i2),...
at least of length 2 with B-sets (in particular open sets) V; ;, fulfilling the subsequent requirements:
(@) zix € PN Vig,
(b) for each j > i there is some [ such that x; , = x;,
(c) each set V; j is contained in some set V;_; ; if ¢ > 1),

(d) each set V;_;,; contains at least two of the sets V; ; if i > 1,
(e) > 7(Vig) >2foreachlandi > land >, 7(Vix) > 2,

K
VikSVie1,

(f) diam(Vix) < 5,

® Ypn(VieNE) <5,
(h) w(VixNViy) =0 for distinct &, [,
(i) VixNV;; =0 for distinct k, 1,
(j) Vi is compact for all i and k provided that (X, d) is locally compact.
step 3 b). We now define N := ;.U (Vix N E) C E. Clearly, N is closed. Thanks to condition (c)

above we have L
U @iknE) < J(ViciinE)
k l

and hence | J,, (V;,x N E) | N. Together with conditions (a) and (b) this fact yields z; 5 € N for every
i and k. In particular, NV is not empty and each set V; ; contains a point of N.

If (X, d) is locally compact, then N is compact since all sets V; , N E are compact by construction.
If (X,d) is complete, then (N,dy) is complete, too, and N is covered by the finitely many sets
{Vix N E}), each of which has diameter of at most o according to (f). Using a diagonalisation
argument we infer that each sequence in N possesses a subsequence which is a Cauchy sequence.
Hence, it converges by the completeness of (N, dy) and N is compact also in this case.

Now we show that N is perfect. Take z € N and r > 0 and choose an integer i € N with &+ < r.
Because of z € N there exists an index k such that z € V; ;. Using condition (f) we deduce V; ;, C
U, (z). Thanks to conditions (d) and (i) there are distinct ;11 ; and z;;1 ; contained in V; j, C U, (x).
But as we already mentioned above these points both belong to N and clearly at least one of them
is distinct from z. Therefore we conclude that (U,.(z) N N) \ {z} is nonvoid.

Conditions (g) and (h) further imply

w(N) = lim g (U (Vi N E)) = lim > p(VixNE) < lim 27 =0.
k

12— 00 & 71— 00

Consequently, ji- is o-finite on N by assumption and we can choose a finite or infinite sequence
(Np)p of pairwise disjoint non-empty Borel sets with (J, N, = N and p-(N,) < oo for each p. Due
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3 Variational measures

to 11 (N,) < oo and the pairwise disjointness of the sets N, we can thus find a gauge J on X with
Ws(,N,) < oo for each p. We next set E,, :== {x € N : §(z) > L} for each m € N. Clearly
N =U,,,(Np N Ey,) and the closedness of N yields N = |,, , N, N Ep,. Since the space (N, dn)

it compact, Baire’s theorem applies and gives indices p and m such that N, N E,, has non-empty
interior in the metric space (N, dy). There thus exists an open set U in 7 (X) with ) # NNU C
N, N E,,, where we may assume without loss of generality diam(U) < -L. (Just take some z € NNU
and choose ¢ € (0, 5-) such that U (z) C U holds and replace U by U.(x).) One easily verifies that
N,NE, ﬂUlsdensemNﬂU.

We finally claim that for all sufficiently large indices i there is an index k; with V;_; , C U. Indeed,
fixz € NNU, chooser > 0 with A(z,r) C U and take i € Nwithi > 1and 511 < r. Sincez € N, for
each such i there is an index k; with « € V;_1 j,. Due to diam(V;_1 x,) = diam(V;_1 x,) < 2%1 <r,
we thus infer V;_; j, C A(z,r) CU.

As we mentioned above, each set V; ;, contains a point of V. Therefore for all sufficiently large %, each
set V; ; contained in V;_1 , C U possesses an element of N NU. Since N, N E,;, NU is dense in N NU
and V; ;N NNU isopenin N NU, we can find a point y; ; belonging to N, N E,,, N'V; ;. The collection
{(Virsyi) b, viicvi oy ., belongs to B because B is a BF-basis. Moreover, we have §(y;,;) > L and
diam(V;;) < i thanks to y;; € Ey,, and V;; C U respectively. As a result, V;; C Us(,, (yi,1) and
{(Vinsyi)}iviicviy ,, is @ 0-fine partition on N, with w(Viy NVix) = 0 for distinct [ and k (recall
conditions (h) and (1) from above). Consequently, we obtain (by condition (e) from above)

00> Ws(r, Np) > > 7(Vig) > 2

1
VigSVie1,k;

for all sufficiently large i, which is absurd.
As a result, we infer that our assumption “P # ()” must be wrong and the proof is completed. [

Note that instead of verifying that NV is perfect we could have equally applied the Cantor-Bendixson
Theorem (see, e.g., [Kec95, Theorem (6.4)]) to N by observing that (IV,dy) is polish since N is a
closed subset of the closed set £ and (E, dg) is a separable metric space which is complete or locally
compact, hence, polish (see, e.g., [Kec95 Theorem (5.3)]). Then we could have also concluded that
47 is o-finite on N.

3.2.2 Variational measures on the real line

Now we turn our attention to variational measures on the real line. In this section we let X C R
be closed and endowed with the usual Euclidean metric. As before i : Bor(X) — [0, o0] is a fixed
measure. We further recall at this point that we form the interior, the boundary and so on with
respect to X.

Usually the bases considered in this context are not open. In order to capture this case, the main aim
of this section is to establish the following theorem, which generalises [BPS00, Theorem 3.1 ()]

3.4 Theorem. Let ) # E C X C R and B a semi-open BF-basis on X satisfying

e U=U°foreachU € B(X);

o if U € B(X), then each boundary point of U° (equivalently, boundary point of U) is a boundary point
of some connected component (with respect ot X) of U°.

Moreover, let T be a B-set function and assume that 1 is semi-moderate on E (in particular E is a F,-set in
X, hence, in R) and that we have p({z}) = 0 for all x € E. If j1, is o-finite on each singleton and on each
perfect compact p-nullset contained in E, then . is o-finite on E.
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3.2 o-finite variational measures

Note that these two additional properties imposed on the basis B are, e.g., satisfied if each B-set is
the finite union of intervals of positive length (where we do not assume that each single interval is
closed or open).

As one may expect, the proof of this result follows very closely the lines of the proof to Theorem
However, there are some crucial differences.
In the proof of Theorem 3.3 we constructed finite sequences

(Vix, i), (Vi2,%i2),...
inter alia with the two properties

o ;€ PNVy,

o for each j > i there is some [ such that z; j, = z; .

We used these properties, e.g., to ensure that NV was nonvoid and that each set V; ;, contains some
element of N. But to fulfill these two requirements, it was essential that we considered an open
basis. Moreover, the first condition was most decisive for the inductive contruction of those finite
sequences above since it guaranteed - thanks to the openness of V; j, (and the perfectness of P) -
that V; ;, contained enough points belonging to P so that we could construct at least two sets V11 ;
contained in V; .

In Theorem 3.4/ however, we do not consider an open basis. Thus it may happen that some of those
tags z; ,, from above are boundary points of the respective set V; ;; and then the construction in the
proof of Theorem [3.3| does not work anymore this way! As a consequence, we have to modify the
construction in order to make sure that even in that case V;%, contains sufficiently many points of P.
In the papers [BPS00, BPS02, I5204), |[Zhe07b, |[Zhe07a] the Lebesgue measure was considered, which
allowed to solve this problem by means of Lebesgue density points. This approach was extended
in [Cap03] in order to include measures defined by monotone functions. But, we cannot apply such
arguments in the general situation of Theorem [3.4]

The following simple, but useful observation is the key to modify the above inductive construction
in the situation of Theorem [3.4] (A similar reasoning is used in the proof of [BPS02, Theorem 4.3].)
If P C Risa closed set, then the set of all points that are boundary points of a connected component
of R\ P is countable because R \ P has only countably many connected components and each such
connected component is an interval with at most two boundary points.

We now give a proof for Theorem 3.4} where we omit those details that are completely analogous to
the corresponding arguments used in the proof of Theorem

Proof of Theorem[3.4] As in the proof of Theorem we may assume w.l.o.g. that I is closed and
that y is finite on E.
Let 4, O and P be defined as before. Then p.- is o-finite on £ N O, P is closed (in X and, hence, in R
as X is closed in R) without isolated points and (., is not o-finite on P N U for any U € 7 (X) with
PNU # (). Once again we claim that P is void and assume to the contrary P # ().
We define R

P={zeP:3VeBX)withzeVandV°NP =0}

Letz € Pand V € B(X) be as in the definition of P. The point z then belongs to V\ V° C V\ V° =
Ve \ Ve =9Ve°. Let G be a connected component of V° with z € dG. Since G C R\ P is connected,
it is contained in a connected component H of R\ P. We conclude z is contained in 0H since z € P
and in each neighbourhood of z there is point of G C H. However, R\ P has only countably many
connected components (since R\ P is open in R) and each such connected component is an interval
with at most two boundary points. As a result, Pis countable, and hence an F,-u-nullset. The

assumption thus yields that p, is o-finite on P.
Consider any U € 7 (X) with PN U # (. From the composition

Unp= (Um(P\ﬁ))U(Umﬁ)
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3 Variational measures

and the fact that j, is not o-finite on P N U, we infer that y, is not o-finite on U N (P \ P) either.
Take V € B(X) with V N (P\ P) # . We claim that V° N P is nonvoid. Indeed, pickz € VN (P\ P).
If V° N P were empty, then = would belong to P by definition. But this contradicts the choice of x.
We can now proceed similarly as in the proof of Theorem. 3.3] We first choose two distinct elements
x1, T2 of P. Letj 6 {1,2}. We find n; € N with u(A(z;, L) N E) < % foralln > n; and with
Ay, - )N Az, - ;) =0.Forz e UL (:c]) (j € {1,2}) we define the gauge

1

§() == 5 min { dist(, X\ U 1 (z), ;}

Since p, ist not o-finite on U (x;) N P, it is not o-finite on U1 (z;) N (P \ P) as observed above;
TIr]‘ 71]‘

in particular p (U (z;) N (P '\ P)) = cc. It follows that W (, Ua (z;) N (P ]3)) = oo for each

n;

gauge &'. We can thus find a partition {(U; ;,& ;) }i2, in Bs[U S (z;) N (P\ P)] with r; € N such that

Up; nUg ;= 0, u(Ui; NUy,;) = 0 for distinct 4,k € {1, rj} and Y_;2, 7(U; ;) > 2. We observe
that Uij C Usee, ;) (&ij) € Uiym, (x;) and hence diam(U; ;) g 26(&;,j) < 3. As before we obtain that

iN(Um NE) < u(A(zj,1/n;) NE) < %
i=1

as well as

Tj

ZZM (Ui ;NE) <

j=11i=1

l\D\)—‘

Clearly, all sets {U?, },; are pairwise dls]01nt with u(U; ;NUy ;) = 0 for distinct pairs (4, j) and (k, ).
We finally relabel the pairs {(U; j,&i ;) }i=1....r; as
{1,2

Jje
(Vl,lu ml,l)? (V1,27x1,2)7 R

Because of z1; € Vi N (P \ P), the intersection V¢, N P is non-empty. Since P has no isolated
points, we are able to choose in each set Vk, 1 two distinct points (1  and (2 1, of P and to repeat the
above procedure in a similar manner as in the proof of Theorem 3.3] . As in the induction step in the
proof of Theorem 3.3|we can construct (using the notation of the proof of Theorem 3.3) points &; ; 1,
sets U; ; 1 and indices n; ,, € N such that

gz,]k‘EU,]kCU (CJK)CA(Ckal/an)C‘/lkCVIk

Hence U; j x € A(Gjk, 1/n1) € Vi, Arguing as above, we obtain for each i € N a finite sequence
(Virswin), (Vig,@iz2),...
at least of length 2 with B-sets V; ; fulfilling the requirements:
@) @ik € Vix N (P\ P),
(b) each set Vi 1 is contained in some set V,° | ;if i > 1,

(c) eachset V;? | ; contains at least two of the sets V;  if i > 1,

(d) > 7(Viy)>2foralllandi > land Y, 7(Vik) > 2,
k
Vi,kGVi-1,1

() diam(Vix) < 37,
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3.3 BVGx«-functions and Henstock-Thomson variational measures

Zk::u( 1kﬂE) = 21/
(g) w(Vix, NV;y) = 0 for distinct &, [,
(h) V%, NV;5 = 0 for distinct £, .

We again define N := (,cy Uy (Vix N E). Then p(N) = 0, and the set N is compact since the sets
Uy (Vix N E) are bounded and closed subsets of the closed set X. Moreover, the set N is non-empty
by the finite intersection property of compact sets because we have

0#£JViknE) | (VicluinE).

l

We claim that each set VO contains a point of N. In order to see this, we first choose a sequence
of indices ()52, with ko := k and with Viy,, ., € Vi3, 1, _, forn € N, which is possible due

to condition (c). Thanks to the compactness of VL+1 s the sequence (Tidtn,k, ) o poOssesses a limit
point. One easily verifies that each such limit point belongs to N N V1 ., € NN V°
As in the proof of Theorem [3.3|one can show that N is perfect and, hence, that 1, is o-finite on N
(alternative: use the Cantor-Bendixson Theorem). Therefore we can choose {N,},, 6 and {E,,}n,
as in the proof of Theorem [3.3]and we find indices p and m € N and an open set U € 7 (X) with
diam(U) < -- such that N,NE,,NU is dense in the non-empty set NNU. Moreover, NN\U C N, N E,
and for all suff1c1ently large indices i there is an index k; with V;_; , C U.
Because every set V% contains some point of N, for all sufficiently large i, we have V%, N N N
U # 0 for each set V;; contained in V;_y 4, C U. Since N, N E,, N U is dense in N N U and
71 NN N U is non-empty and open in N N U, there is an element y;; of N, N Ey, N V5. The
collection {(V; 1, ¥i,1) }1,v;,cvi_, ., belongs to the BF-basis B. Furthermore, we have 6(y;,) > L and
diam(V; ;) < 1 thanks to y;; € Ey, and V;; C U, respectively. As a result, V;; C Us(,, ) (yi) and
{Vivyi) hiviicvioy, x isa d0-fine partition on N, with w(Viy NVix) = 0 for distinct [ and k (recall
conditions (g) and (h)) Condition (d) thus 1mp11es

0> Ws(r,N,) > Y 1(Viy) > 2
Vz,lgvli—l,ki

for all sufficiently large i, which is absurd. O

We notice that in contrast to [BPS00, Theorem 3.1 (a)] we do not need to assume in Theorem
that B is a Vitali-basis; this is essentially due to our definition of y,, which allows the situation

Ps(E) = 0.

Amongst other things, we shall apply in the next section our Theorem [3.4]to measures 1., derived
from functions.

3.3 BVG«functions and Henstock-Thomson variational
measures

In this section we explore the intimate relation between BVGx-functions and the so-called Henstock-
Thomson variational measures associated with them. In particular, we give a proof of Thomson’s
characterisation of o-finite variational measures induced by functions (see [Tho85, Theorem (40.1)]).
Since false versions of this theorem have appeared, unfortunately, several times in the literature, it
seems to be worth to provide an ab ovo and elementary proof of this result merely based on the
most elementary properties of BVG+-functions and avoiding the notion and machinery of local sys-
tems as used by Thomson. En passant, we reprove results essentially due to Yu. A. Zhereb’ev (cf.
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3 Variational measures

[Zhe07b, Theorem 2] and [Zhe07al Corollary 1]) and we shall use these results to give a complete
characterisation of BVGx-functions solely in terms of their associated variational measure. In addi-
tion, we will derive, as announced at the beginning of this chapter, extensions of the results obtained
by Ene ([Ene00|, Theorem 3.2]) and Caponetti ([Cap03, Theorem 3.4]).

We start with the definition of Henstock-Thomson variational measures. In fact, the definition just
instantiates a special case of the general framework considered in the preceding section. To see
how this special case is embedded in the general framework, let X = [q, b] (endowed as before with
the usual Euclidean metric). We denote by & the set of all non-degenerate (not necessarily closed)
subintervals of [a, b] and, as before, by J the set of all non-degenerate, closed subintervals of [a, b].
For a function f : [a,b] — X (recall that (X, || - ||) is a Banach space) and for a basis B C & x [a, b] on
X = [a, b] (a so-called interval basis) we consider the 5-set function

718 2 B —[0,00); (I,t) = [[f(supI) — f(inf I)].

We put uf 5 = 1, , and py B = pr, 5. We write By for the unique BF-basis B C & x [a, b] on X with
B(X) = 7 (the so- called full interval bas1s) We further set 74 := 745, and Ws(f,-) := Ws(7s.85,")
for every gauge 6 on [a,b] as well as p} == 7, 5, and iy = pir; 5., where we frequently also just
write iy instead of u} if no confusion is to be expected.

Moreover, we assume for the remainder of this section that our measure x : Bor(¥) — [0, o] is the
one-dimensional Lebesgue measure A\. We then write m; instead of ;1 = A¢. The set function m
is known as the Henstock-Thomson variational measure induced by/ associated with f. At this point, we
note that we could also treat measures p that vanish on all singletons. Here one obtains precisely
the same results since such p yields the same measures 1 s 3 as the Lebesgue measure because B is
an interval basis and thus two B-sets whose interiors have empty intersection intersect in at most
one point. This is a simple, but important observation, which we shall use later on.

As a consequence, for () # E C [a,b] and for § € (0, o0)¥ we have

. reN,a<a; <b <ay<by<...<a,<b. <b,
E.5: - A
S(E, §;B5) {{([a_]vb]]am])}j_l x; € [a]-7bj] C Ué(z_j)(ffj)7 x; € Eforallj € {17“.77“}}
We usually write a generic element of S(F, ) in the form {([a;,b;],t;)}}—; or {([aj,bj],xj)};zl,
where we simply write S(E, ) in lieu of S(E,d;B;). Notice that the notation {([a;, b;],t;)}}_,
resp.{([a;,b;], :cj)};zl always means that the respective intervals are listed in “increasing order”.

For § € (0,00)" and S = {([a;,b;], 2;)};_, € S(E,d) we write

§)=>_llgb) —glay)|  and  Wilg.B) = sup{W,(S) : S € S(E.0)}.

Note that the notation of this chapter is consistent with notation of Chapter 2. Fora < ¢ < d < band
§ € (0,00)[4, we call, as above, S = {([a;, b;], a:j)};zl € S([e, d], 6) a o-fine partition on [c, d] and we
callit a d-fine partition of [c, d] if ;_, [a;, b;] = [c, d] additionally holds. If A is an arbitrary set, then
a d-fine partition of A does not need to exist. However, for intervals the situation is different. This
is the content of the following result, known as Cousin’s lemma (see, e.g., Lemma 9.2 in [Gor94] for

a proof).

3.5 Lemma (Cousin’s lemma). Ifd : [a,b] — (0, c0) is a gauge on [a, b] and [c, d) an element of J, then there
exists a §-fine partition of [c, d), i.e., an interval-point sequence {([a;, b;], a:j)};f:l belonging S([c,d], d; B3)
with J;_,[a;, b;] = [, d].

The next lemma shows that the Henstock-Thomson variational measure of a function is assigned to
an exposed position among variational measures (which is one aspect that justifies to give a specific
name to it).
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3.3 BVGx«-functions and Henstock-Thomson variational measures

3.6 Lemma. Let f : [a,b] — X bea function. For each basis B C & x [a,b] on X we have p}; 5 < mj. In
particular, we have y} 5 = m’ whenever B is a BF-basis with B(X) 2 J.

Proof. Let) # E C X and consider any gauge ¢ on X. If there is no d-fine partition on E with respect
to the basis B, then we clearly have u} 5(E) = 0 < m}(E). Therefore we may assume without loss
of generality that a ¢-fine partition on £ with respect to the basis B exists. Let {(/;, z;)};_, be such

a 0-fine partition on E with respect to B. Then {(I;,z;)}}_, is a 20-fine partition on E with respect
to the basis By. Due to >7_, 745(1;) = Y.7_, 74(I;), this yields W (75, E; B) < Was(f, E) and
consequently u} 5(E) < m}(E) as asserted. O

We now start the exploration of the relation between BVGs«-functions and the Henstock-Thomson
variational measures associated with them. The first results of this kind also distinctly explain
the adjective “variational”, as they demonstrate how closely the Henstock-Thomson variational
measure is related to the classical notion of variation.

3.7 Lemma (see also Lemma 39.1 in [Tho85|]). Let J C [a,b] be a non-empty interval which is open
relative to [a,b]. Then my(J) = V (g, J). In particular, ¢ € BV ([a,b],Y) if and only if my([a,b]) < oo,
and o is constant on J if and only if m,(J) = 0.

Proof. Let § € (0,00)” with Usqy(t) N [a,b] € J for all t € J. Furthermore, let {([a;,b;],t;)}i—; €
S(J,0). We then have [a;, bj] € Usy,)(t;) Na,b] C J;in particular {[a;, b;]}7_, € A(J), which yields
2= le(bs) = pla;)ll < Vg, J) and thus my,(J) < supges(ss) We(S) < Vg, J).

Conversely, take {[a;,b;]}7—; € A(J) and let e > 0. Pick § € (0,00)7 such that W;(p,J) <
my(J) + €. Thanks to Cousin’s lemma, we may choose for each j € {1,...,7} a d-fine partition
{([avj, bus], tus) oy of [aj,bs]. As J is an interval, we obtain U;_, {([av;, by ], tuj)}, 2 € S(J,6).
This implies

Z le(b;) — wlay)] < ZZ l(br;) — plavi)ll < Ws(p, J) < my(J) +e,

hence V (¢, J) < my(J) + €. Letting e — 07 yields the assertion.
The addendum is clear. O

Furthermore, it is also possible to determine the value of the Henstock Thomson variational mea-
sure on singletones as the next result shows.

3.8 Lemma (see [Tho85| Example 37.5]). We have

o my({e}) = mp o+ () — o + B + Tmy o+ | p(x) — p(x — h)| for all = € (a,b) as well as
o my({a}) = Ty or llo(a) = p(a+ )| and
o ma({B}) = Ty o+ lp(b) — (b — )]l

Moreover, we have
we(x) < 2my({z}) < 4wy, (). (3.1)

forany x € [a,b], where w,(z) = lim. o+ w(p, Us(z) N [a,b]) = infesow(p, Us(z) N a,b]) € [0,00]. In
particular, o is continuous at x € [a,b] if and only if m,({z}) = 0.
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3 Variational measures

Proof. Let z € (a,b) be arbitrary and put p := min{z — a,b — z}. (The casesx = aand z = bare a
little bit easier and may be similarly treated.) We then compute

m({x})

= inf Wi,
se s(, {z})

- reNa <z<b; <a;ji
= inf b;) — la;)| : i Al
56(01,20)[“”’] sup {]_Zl ||(i0( J) (P(GJ)H a S a; < bj S b7 [ajabj] g Ug(;@(.’lﬁ)

. " reNa <z<b; <aji,
;ggsup{zso@j)so(am: 4 5 =% }

a< a; < b]‘ < b, [aj,bj] - U(;(SC)

—d<s<r<t<z+d,
sup {Hgo(t) —p(s)]: * ZS—SZ?S)H- } ’
r—0<s<x 46,
Sup{\lw(m) — ()| + llo(t) — (@)« "Ossmstst }

= nf sup {[lp(z) = e(s)ll + lleo(t) — (@)l : 2 =0 <s <z <t <z+3}
<6<p

= inf max
0<6<p

= inf ( sup [lo(z) —@(x +h)|| + sup [lo(z) — oz — h)ll) - (3.2)
0<6<p \o<h<§ 0<h<d

This last line immediately gives m,({z}) < 2w, (z).
Conversely, for each d§ € (0, p] and all s,t € Us(x), we clearly have

() — ()]l < lle@) — e@)[| + [le(x) — p(s)]]

sz( sup (@) — ol@+ B + sup Iw(x)—w(w—h)ll),
0<h<d 0<h<éd

and hence

w(p, Us(x)) < 2 ( sup |lp(z) — (e +h)|[ + sup p(z) —p(z - h)ll) :
0<h<s 0<h<é

This means that w,,(z) < 2m,({z}) and thus assertion (3.1)) holds.
Starting from (3.2)), we derive the lower estimate

me({z})
=, inf (oi%ga lo(z) — oz + h)[| + 3 lo(z) —p(z — h)ll)

> inf su z) —p(x+h)|+ inf su z)—plz—h
Sl su @) = pla+ W)+ inf sup [lo(e) ol = )]

= lim — h lim — —h)|-
Jim flo(z) =z +h)[ + lim [le(z) = e(z =R
Take € > 0 and choose §y € (0, p) such that

— €
sup [lo(z) —p(z+h)| < lim [lo(z) — @z + )| + 5
0<h<§ h—0+ 2

and

— €
sup [lo(z) —p(z —h)| < lim [lo(z) — @z — )| + 5
0<h<§ h—0+ 2
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3.3 BVGx«-functions and Henstock-Thomson variational measures

both hold for all § € (0, dy). These inequalities yield the upper estimate

my({x})
— nf (sup o) — oz + B)]| + sup @(I)w(xh)H)
0<6<p \0<h<s 0<h<d
=, anf, (swp o) — a4 B+ supole) — oo = )]
0<d<bo \0<h<$é 0<h<d

< inf [ lim - h lim —p(z—h
= 0<a<o (hirfﬁ le(@) = ez + M)l + lim [lo(z) - ( )||+€)

= lim - h lim —p(z—h .
Jim lo(z) —e(@ +h)| + lim flo(@) —elz = k)| +e

The lemma follows letting e — 0. O

A natural question arising at this point is whether it possible to transcend Lemma3.7|and [3.8|in or-
der to identify m,, in its entirety. Indeed it is often stated (without proof) that for a real-valued, con-
tinuous function ¢ of bounded variation on [a, b], the set function m,, coincides with the Lebesgue-
Stieltjes measure associated with the total variation. We refer to Appendix[Alfor a proof of this claim
in the case of a vector-valued function of bounded variation that is continuous from the right.

Now we prove the announced results linking BVG=+-functions with their variational measures. In
the existing literature there are different approaches to these results (mostly for real-valued func-
tions). Here we choose a completely different and new approach that systematically employs
Lemma[2.4land 2.8} This approach has a methodological merit as it reveals the subsequent results as
a completely natural outflow of the characterisations established in Lemma[2.4Jand[2.8]and provides
a unified framework to the following results. As a consequence, the proofs are, in comparison, e.g.,
to [Gor94], simplified.

3.9 Lemma (cf. [Tho81l)). Let ) # E C [a,b], ¢c:=inf E, d :=sup F and ¢ € BV«(E,Y).

(a) We have my,(E N (c,d)) < oo.
(b) If for each t € {c,d} thereis a p(t) > 0 such that o is bounded on U,)(t) N [a, b], then m,(E) < oo.

Proof. We first prove (a). If (¢,d) N E = 0, then my((c,d) N E) < oo is clear. Therefore we may
assume without loss of generality (¢,d) N E # (. For t € (¢,d) N E we set 6(t) := min{d — ¢,t — ¢}
and we choose a strictly increasing function x : [¢,d] — R according to Lemma For each
S ={(laj,b;],x;)};—; € S((c,d) N E,§) we obtain

Wel($) < 3 lle(by) = (el + 3 llolay) - olay)

<> Ix(by) = x(a))| + Z Ix(;) = x(aj)| = Z(X(bj) —x(a;)) < x(d) = x(c).

j=1
This implies W5 (¢, (¢,d) N E) < x(d) — x(¢) < oo and hence m((c,d) N E) < oo as asserted.

In order to prove part (b) it suffices to observe that the hypothesis yields m({c, d}) < oo thanks to
Lemma O

3.10 Corollary. Let ) # E C [a,b] and ¢ € BVG+(E,Y).

(a) There is a sequence (Ep)52 o with U, ey, En = E such that Ey is countable and my(Ey,) < oo for all
neN.
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(b) If ¢ is locally bounded at all points of E, i.e., for each t € E there is a p(t) > 0 such that  is bounded
on Uy (t) N [a, b], then we may choose Ey = () in part (a).

(c) If E is an F,-set, then we can additionally achieve that the sets E,, in part (a) and (b) are closed for
everyn € N.

Proof. Due to ¢ € BVGx(E,Y), there exists a sequence of sets (F )2, with (2 = FE such
that ¢ € BV«(F,,Y) for all n € N. Put¢, := infF,, and d,, := supF,, for n 6 N If we set
Ey :=U,en{cn,dn} and E,, := F, \ {¢,,d,} for n € N, part (a) follows from part (a) of Lemma

Moreover, if ¢ is locally bounded at all points of E, then part (b) of Lemma 3.9 permits that we may
take By =0 and E,, = F,, forn € N.

Finally, suppose that E is an Fj,-set and write £ = |J;—, Ay with closed sets A;. Applying Lemma
we derive ¢ € BV« ((F,, N Ag),Y) for all k and n. For this reason we may assume w.l.o.g.
that the sets I, themselves are closed. For those n € N such that ¢,, and d,, are distinct, we choose
sequences (¢, ), and (d,., ), in (¢n, d,) converging to ¢, and d,,, respectively, with ¢, ,, < d,,,. Then
My (Fy N [cun, dun]) < my(Fn N (cn,dy)) < oo by part (a) of Lernma Hence, in the situation of
part (a) we may take as before Ey := |J,,cy{¢n, dn} and we may choose (£, )52, as an enumeration
of the set {F,, N [cy,n,dvn] : n,v € N with ¢, # d,,}. Finally, in the situation of part (b) we can put
Ey :=0and E, := F, for n € N once again because of part (b) of Lemma 3.9} O

Now we prove a partial converse to part (b) of Lemma

3.11 Lemma. Let ) # E C [a, b] and assume that m,(E) < oco. Then ¢ belongs to BVG+(E,Y).

Proof. We adapt the proof of Lemma 3.5 in [Fau97] and provide necessary details omitted there.
We choose § € (0,00)F such that Ws(¢, E) < my,(E) + 1 and for t € [a,b] we put

st:—{ = 1(laj. b5l tj) i1 € S(E,9) - JLTJI“J’ }

and

| sup{W,(S): Se 8}, ifS #0,
v = {07 S, = 0.

We now consider
X :[a,b] = R; t—t + ().

Fort,s € [a,b] with s < t we have §; C S, and hence (s) < ¢(¢) and we conclude that x is strictly

increasing. Now lett € E'and s € U(;(t)(t). We shall show that ||o(s) — ¢(t)]] < |x(t) — x(s)|. Then

we obtain lim,_,; % < ooforallt € Eand Lemmayields the assertion.

We first consider the case where s < t and S; = ). Because of ([s, t],t) € S; and ¥(s) = 0, we derive

le(t) = ()l <9(t) <t —s+9(t) = ¥(s) = x() = x(5) = [x(t) = x(s)]-

Next we consider the case where s < ¢t and S; # 0. Let S = {([a;,b;],¢;)}}—; € Ss. Then S’ :=
{(ay,b5],t5) i U{([s,t],t)} € S; and we estimate

Wo(S) + lle(s) — o) = W (S") < ¥(1),
¥(s) + llp(s) — w(@) < (),
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which yields

lo(s) — @@l < ¥(t) —¥(s) <t —s+v(t) —¥(s) = [x(t) — x(s)].
Finally, let ¢ < s. If t = a, then S, = ) and ¢(¢) = 0. Due to ([t, s],t) € S; we then obtain

lo(t) — @(s)]| < (s) < s —t+1b(s) — (t) = x(s) — x(t) = [x(t) — x(s)].
Now assume that t # a. Then S; # (0. Let S = {(aj.bj],)¥—1 € Si- Then S = {([ay, by], t;)}i_y U
{([t, s],t)} € Ss and we estimate

W (S) + lle(s) — o)l = We (') < (s),

D(t) + lle(s) = (B < (),
which yields

[o(s) = @) < ¥(s) —¥(t) < s —t+¥(s) —¥(t) = [x(t) — x(s)]-
This finishes the proof. ]

Combining Corollary and Lemma we arrive at the subsequent result that completely char-
acterises the membership of ¢ to the class BVG«(E,Y’) in terms of the Henstock-Thomson varia-
tional measure associated with .

3.12 Theorem (cf. Theorem 1 in [Tho81] and Theorem 40.1 in [Tho85]). Let § # F C [a, b].

(a) The following statements are equivalent
(i) ¢ € BVG«(E,Y).
(ii) There is a sequence (E,, )22, with |
foralln e N.
(b) If E is an F,-set, the following statements are equivalent.
(i) ¢ € BVG«(E,Y).
(ii) There is a sequence (E,, )52, with UneNo E,, = E such that Ey is countable, each set E,, is closed
and my,(E,,) < oo forall n € N.

nen, En = E such that Ey is countable and m,(E,) < oo

(c) If @ is locally bounded at each point of E, then we may choose Ey = () in part (a) and part ().

3.13 Definition. Let ) # FE C [a,b] and ¢ € BVG+(E,Y). Then we call each sequence (E,,)2°_, with
Unen, En = E such that Ey is countable and my(Ey,) < oo for all n € N a decomposition admissible
for (¢, E) or just a decomposition admissible for ¢ if E = [a,b]. We call a decomposition admissible for
(¢, E) closed respectively Borel respectively measurable provided that for each n € N the set E,, is closed,
Borel or m-measurable (i.e., measurable in the sense of Carathéodory), respectively. Clearly, each closed
admissible decomposition is also a Borel admissible decomposition and every Borel admissible decomposition
is a measurable admissible decomposition (as m, is a metric outer measure). Due to Theorem there
always exists a closed admissible decomposition for (¢, E) if o € BVG«(E,Y') and E is an F,-set.

We now derive two corollaries to Theorem [3.12

3.14 Corollary. Let ) # E C [a, b] be closed. Then the following assertions are equivalent.
(a) We have p € BVG+(E,Y) and w,(t) < oo forallt € E.
(b) The measure m,, is semi-moderate on E.
(c) The measure my, is o-finite on E.

(d) The outer measure m, is o-finite on E.
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(e) We have p € BVG+(E,Y) and ¢ is bounded on E.

Proof. Theorem gives the equivalence of (a), (b), (c) and (d). Finally, it is clear that (e) implies
(a), while the converse statement is easily deduced using a compactness argument. O

3.15 Remark Propostion [3.12] respectively Corollary [3.14]is the correct version of [BPM09a) Proposi-
tion 3.4] and [BPMO09b, Theorem 2.5]. In the final analysis, the proof given there suffers (as Gordon’s
solution to his Exercise 11.3 in [Gor94]) from the fact that it is taken for granted that the implication
“(a) = (c)” in Corollary always holds even without the boundedness assumption provided
that E is a singleton (or countable); in some sense this error corresponds to the difference between
the oscillation of a function on a singleton and the oscillation of this function at the respective
point. But Lemma [3.8| shows that this is not correct. Let us give a very simple example. We take
[a,b] = [0,1] and we put ¢(z) := L for z € (0,1] and ¢(0) := 0. Then we have ¢ € BV+(E,,R) for
all n € Ny, where E,, := | 1] for n € N and E; := {0}. However, m,, is not o-finite because of

1
n+1’
m,({0}) = oo

As a further corollary to Theorem and to Theorem 3.4 we obtain the following result essentially
due to Yu. A. Zhereb’ev (cf. [Zhe07b| Theorem 2] and [Zhe(7a, Corollary 1]).

3.16 Corollary. Let O # E C [a,b] be an F,,-set. Then the following assertions are equivalent.

(a) We have ¢ € BVG+(E,Y) and w,(t) < oo forallt € E.

(b) The measure m,, is semi-moderate on E.

(c) The measure m, is o-finite on E.

(d) The measure m, is o-finite on each compact Lebesgue-null set contained in E.

(e) The outer measure m(, is o-finite on E.

Proof. Assertions (a), (b), (c) and (e) are equivalent thanks to Theorem and obviously (c) implies
(d). Finally, assertion (d) yields (c) thanks to Theorem [3.4] O

]
as there exist an example of a o-finite measure defined on a o-algebra on R containing the Borel sets

such that its restriction to the Borel o-algbra is not o-finite (see Theorem 1.1 in [EKO6]). Therefore, it
is a priori not clear whether the o-finiteness of m, yields that m,, itself is o-finite.

3.17 Remark Corollary is an instance where it is very worth to distinguish between m, and m}

As a special case of Theorem 3.4 we obtain the following result generalising [Cap03} Theorem 3.4]
and [Ene00, Theorem 3.2].

3.18 Corollary. Let f : [a,b] — X and ¢ : [a,b] — Y be two functions and ) # E C [a,b] be an F,-set.
Assume furthermore that ¢ € BVG«(FE,Y) with (countable) discontinuity set D. Finally, suppose that
B C & x [a,b] is a BF-basis and let pu be the Lebesgue measure (recall the introductory part at the beginning
of this section). Then the following assertions hold.

(a) Assume that D = (. If puy g is o-finite on each closed p, g-nullset contained in E, then s g is o-finite
on E. (cf. [Cap03, Theorem 3.4])

(b) Assume that D is closed. If my is absolutely continuous on the set E '\ D with respect to m,, then f is
a BVG..-function on E being continuous at each point of E \ D and my is semi-moderate on E \ D.
(cf. [Ene00| Theorem 3.2])
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3.4 Full and fine variational measures

Proof. We start with the proof of part (a). By Corollary the measure m,, is semi-moderate on
E. Thanks to Lemma the measure (i, 3 is semi-moderate on E, too. The crucial point is now
the observation that we just have (y,,3) s = M B This is due to the nature of the basis 5 being an

interval basis and the fact that ., 5 vanishes on singletons thanks to Lemma 3.6{and the continuity
of ¢ (use Lemma[3.8). As a result, Theorem B.4]implies that i 5 is o-finite on E.

Now we turn to the proof of part (b). First of all we note that m({t}) = 0 for¢ € [a, b]\ D by Lemma
and consequently m¢({t}) = 0 for allt € E \ D, which implies (once again by Lemma that
f is continuous at each point of £\ D.

By hypothesis, D is closed. Therefore we can find a sequence (I,,),, of closed intervals such that
U,, In = [a,b] \ D. Then each of the sets £ N I,, is also an F,-set. Now we consider the variational
Henstock-Thomson measures my|, and m,,|, formed with respect to I, (and the full interval basis
on I,). Itis easy to see that my|, and my resp m, and m,, coincide on the interior of I,, (relative to
[a, b]). Since f resp. ¢ is continuous at each point of ,,, we further have m;({t}) = 0 = my|, ({t}),
resp. my,({t}) = 0 = my, ({t}) fort € {min[,, max I, } and we conclude that my|, and m; resp
m,, and m,, coincide on I,,. Applying part (a) with [a, b] replaced by I,, and E replaced by EN I,
we infer that my, = my is o-finite on E' N I,,, which yields that m; is semi-moderate on £ N I,,
by Corollary B.16|and that f is a BVG,-function on E N I,, thanks to Theorem As a result, ps
is semi-moderate on F \ D and f is a BVG,-function on E \ D. Since D is countable, f is even a
BVG,-function on E. O

3.4 Full and fine variational measures

In this section we introduce the notion of full and fine variational measures. The notion of fine
variational measure plays a crucial part in the differentiation theory of Henstock-Kurzweil integrals
as we shall see in the next chapter. The exposition closely follows the arguments in chapter 4 of
[Tho85] and the proof of Theorem 6.29 in [Ihol3]]; see the remark at the end of this section for a
more detailed comparison.

We start with some definitions and notations.
3.19 Definition. Let ) # E C [a, b].
(a) A nonvoid subset 3 CJ x [a,b] is called a covering relation if t € I for all (I,t) € (.

(b) A covering relation 3 is called

o g full cover of E if for each t € E there exists a §(t) > 0 such that (I,t) € § forall I € J with
diam(I) < §(t) and with t € I;

e g restricted full cover of E if for each t € E there exists a 6(t) > 0 such that (I,t) € (3 for all
I € Jwith diam(I) < 6(t) and with t € JI;

e g fine cover or Vitali cover of E if for each € > 0 and each t € E there exists an element
(I,t) € pwithdiam(I) < eandt € OI.

We denote by C(E), C(E) resp. C*(E) the set of all full covers, restricted full covers resp. fine covers of
E.

For a covering relation 3 and a non-empty set E C [a, b] we introduce
PB) = {{(I;,tj)}j=1 : r €N, (I1,t1) ..., (Ir,t;) € B, I, ..., I, are non-overlapping }
and

P8, E) :={{(I;,t;)}j=1 € P(B) : t1,.... 1, € E}.
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3 Variational measures

For7:J — X, p e Y@ and 7 = {(I;,t;)};_, € P(B) we put W(r) := >"_, ||[7(I;)| and we set
W (m) := W, (7), where
T,:J—=Y; I — ¢(maxl)— ¢(minl).

Notice that we always have W, (7) = W) (7) and that the notation used here is consistent with the

notation of the preceding sections. We further define set functions by

A(E):= inf sup W,(m),
(E) ﬁGC(E)WGPI(),G) (™)

A(E) = inf sup Wi(m),
BEC(E) meP(B)

m’(E):= inf  sup Wi(m),
(&) Bec*(E)ﬂePE)ﬁ) m

and )\7—(@) = XT((Z)) = mT([Z)) := 0. Note that )\7— = )‘HTH’ X-,— = XHTH and m™ = mHT”.

The following lemma collects some of the basic properties of the set functions just defined and
relates them to the variational measures considered in the previous sections.

3.20 Lemma. (2) We have m™ < A, < A, and the second inequality is even an equality provided that

[l ([e; DIl < ll7 (e, eDll + I ([e, d])l (3.3)

foralla < ¢ < e < d<b. Note that for ¢ € Y@ the set function 7, satisfies (3.3).

(b) We have
m’(E) = inf su W, (m
( ) ﬁEC*(E)Trefp(Iﬁ)’E) ( )

and

A-(E)= inf  sup  Wi(m)
BeC(E) neP(B,E)

forall ) # E C [a,b].
(c) We have A\, = m, = p,p, (with p the Lebesgue measure, recall the notation introduced at the
respective beginning of sections 3.1 and 3.3).

(d) The set functions A, m™ : B([a,b]) — [0,00] are metric outer measures. One calls \, the full
variational measure of 7 and m” the fine variational measure of T

Proof. on (a): Let() # E C [a, b]. Obviously, we have C(E) C C(E) C C*(E), which yields the claimed
chain of inequalities.
Now assume that 7 satisfies (3.3). For each 8 € C(E) we put

3 := {(Imin(I),#],t) : (I,t) € B with min(J) < t} U {([t,max(])],t) : (I,t) € B with max(I) > t}.

Clearly, 3 € C(E). Pick = = {(I;, t, i)}i=1 € P(B). Using we obtain

=> Il = Z e+ Y @+ Y )l
i=t t; eIO t-:n"):ailc(ld t,-:;];n:ixi(l-)
< Z I ([min(t;), ;]I + Z I7([t;, max(t;)])[| + 51 + s2 = W (7),
t; eIO t; eIO
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3.4 Full and fine variational measures

where we define
,

sie= Y rI)l,

=1
tj=max(I;)

T

spe= ) ()l

ji=1
tj=mxn(1j)

and

T = {([min(lj),tj],tj)}je{lé.l..,r} @] {([tj,ﬂlax(lj)],tj)}jet{lé.l..,r} U {(Ij,tj)}jet{_l ----- T}

. .cI° I
A F €15 €01

Clearly, 7 € P(3), and hence W-(7) < sup._p ) Wr(7). This implies

Ar(E) < sup Wi(m) < sup W ()
m€P(B) 7eP(B)

and thus
A (E) < 5 eig(fE) _ 21;1?5) W (7).
For € C(E) we define
F:={(IUJt): (I,t),(J,t) € ywitht € 0I N dJ}.

One easily verifies that I' belongs to C(E) and that I is contained in ~. These facts imply

M(E)< inf  sup W,(R) < inf sup W,(F) < inf sup Wi(r)= A (E).
BEC(E) zep(B) V€C(E) 7eP(T) YEC(E) m€P(y)
The addendum is clear.

on (b): We only show the first equation as the second one can be derived analogously. Let 5 € C*(E)
and define 8g := {([u,v],t) € 3: t € E}. Wehave 8r € C*(E) and P(8r) = P(8, E). Since B C 3,
we obtain

mT(E) < sup Wi () < sup W.,.(ﬂ'),
TELE e

mT(E) < ﬁeicrlf(E) WS;@}; W (m) < 5eicr£f(E) itelg W, (m) =m’(E)
and consequently m™(E) = inf gec+(g) SUPrep(g,p) Wr () using the definitions.
on (c): Let) # E C [a,b] and § € (0,00)” and put
Bs :=={([u,v],t) € I x E: ([u,v],t) € S(E,d)} € C(E)

and
F(E):={Bs: 6 € (0,00)¥} CC(E).

We then have S(E, §) = P(fs) and consequently

m-(FE)= inf sup W.(S)= inf sup W.(S)

3€(0,00)F 5e5(E,5) 3€(0,00) nep(Bs)
= inf sup W,(S)> inf sup W,(S) =\ (F).
ﬁef(E)ﬂ'G’P(ﬁa) ( ) ﬁeC(E)ﬂG'P(ﬁs) ( ) ( )
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3 Variational measures

Now let 8 € C(E) and fix for each ¢t € E a number §(¢t) > 0 such that ([u,v],t) € § for every [u, v]
with t € [u,v] and v — u < §(¢). It follows S(E, ) C P(3) and therefore

m.(B) < sup  W.(S)< sup Wo(S),
Ses(B,$) TEP(B)

which implies
m,(E) < inf sup W, (S M (E).
( ) BeC(E) ﬂGFlé)ﬂ) ( ) ( )

on (d): We only show that mT is a metric outer measure; the proof for \, is similar. The definition
yields m™(E) > 0 for all E C [a,b] and m™(#) = 0. For ) # E C F C [a,b] we obtain C*(F') C C*(E)
and thus

m’(E)= inf sup W,.(m) < inf sup W, .(7w) =m"(F).
(E) BEC(E) neP(B) () BEC(F) reP () () (%)

Let (A,), be sequence of subsets of [a,b] and put A := (J, cyy An. At first, we additinally assume
that the sets are pairwise disjoint and we put I := {n € N : A,, # 0}. If I = (), we trivially have
mT(A) < >°°, m"(A,). So let I be nonvoid. Let ¢ > 0 and choose for each n € I a cover relation

Bn € C*(Ay) with sup,cp(g,) Wr(m) < m7(A,) + 5. One easily verifies that § := Un6 1B belongs
to C*(A), where 8, :== {(I,t) € B : t € A} Consider ™ = {(I;,t;)};=, € P(B,A). Observe that
due to the pairwise disjointness of the sets {A; } jc; we have automatically (I,t) € Pn provided that
(I,t) e fand t eAAn. For this reason {(I;,t;) : j € {1,...,r} witht; € A,} € P(B,). Further note
that we have P(,) C P(3,) for all n € I, which gives us

9

sup WT(W) < sup WT(W) < mT(An) + on

7€P(Br) TE€P(Bn)

Combining these obserbvations we deduce

=30 2 OIS Y s Wam) < 32 (m7(An) + ) < DomT(A) e

nel t.f;i nel Wep(ﬁn) nel nel
j n

and

sup Wi (m) < Zm
Te€P (5, A) nel

Thanks to part (b) we obtain

m"(A) = inf sup ) < m”
“) pecx (A)wep(ﬁA nzel
and taking the limit e — 0 we arrive at m” (4) < Zne] mT(A ) = >, m7(Ay). If the sets (A,,),

are not pairwise disjoint, then we put By := A; and B,, := A, \ U, ' A; for n > 1. We then have
(note that m™ (B,,) < m"(A,,) because of B,, C A,)

S (VRS SEULAED SEAEN

n=1

and we are done.

Now let Ay, Ay C [a,b] and let V3, Vi C [a, b] be open (relative to [a, b)) with A; C V; and V1 NV, = 0.
We want to show that m™(A;UA3) = m7™(A1)+m7 (Asz). Since we have already realized that m7 is an
outer measure, the inequality < is clear by now. In particular, we have equality if m™(A4; UA3) = .
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3.4 Full and fine variational measures

Moreover, equality surely holds if A; = 0 or Ay = (. So let us assume that the sets A; and A, are
non-empty with m™(A; U A3) < oo, which further implies m™(A4;) < oo because m” is isotone as an
outer measure. Let ¢ > 0 and choose 3 € C*(A4; U Az) with supcp(g Wr(m) <m7 (A1 UAz) +e. We
put

ﬁj = {(I,t) eEf:te Aj7 IC V}} GC*(AJ')

and 3’ := 1UB,. Note that 3 D 3’ € C*(A; U Az). Let m; € P(B;). Then mUmy € P(3') as each
interval of 7y and each interval of 7 are disjoint due to V; NV, = (). We estimate

We(m1) + Wr(mg) = We(m Umg) < sup  Wr(m),
TeP(B)

and hence

mT (A1) +m7(A2) < sup Wi(m)+ sup Wi(me) < sup Wi(r) <m7(A;UAs) +e.
m1E€P(B1) m2€P(B2) TeP(B’)

Letting ¢ — 0" we arrive at the conclusion m™(A;) + m™(As) < m™(A; U Ay). O

The remaining part of this section is now devoted to the aim to work out the intimate relation
between m,, and m¥ for BVG«-functions ¢. As a first step, the next lemma gives us an important
and very useful sufficient condition for two interval functions 7,0 € Y to produce the same set
functions.

3.21 Lemma. Let 7,0 € Y7 and § # E C [a,b] with Ar_,(E) = 0. Then we have X.(F) = A, (F) and
m7(F) =m°(F) forall F C E.

Proof. For F' = () there is nothing to be shown and for ) # F C E we have 0 < XT_U(F) <
X r—o(E) = 0 and so the assumptions of this lemma are also satisfied for F in lieu of E. Therefore it
suffices to establish the result for FF = E. _

Let e > 0, choose a covering relation 31 € C(E) with sup,.cpg,) Wr—o(7) < € and pick ; € C(E)

such that sup,cp(,) Wr(m) < X (E) +e. We put 8 := (1 N B2 € C(E). Notice that for 7 € P(5) we
have W, (m) < W,_q(m) + W, (w) and W,_,(7) < e due to § C (1. Moreover, because of 5 C (35 we
have sup,cpg) Wr () < suprep(s,) Wr(m) < A7 (E) + €. These observations together yield

Mo(E) < sup Wo(r) < sup (Wr_o(m) + Wr(n)) Se+ sup Wo(r) < A-(E)+ 2.
TeP(B) TeP(B) TeP(B)

Letting ¢ — 0" we obtain XU(E) < XT(E) By symmetry, XT(E) < XU(E), which proves the first
assertion.

Next pick v € C*(E) with sup,cp(,) Wr(7) < m”(E) + € and consider y N 3; € C*(E). Similarly as
above, we estimate W, () < W,._,(7) + W (7) and W,_,(7) < e due to vy N 1 C fr and, using
YN B C 7, also supepynp,) Wr(m) < suprep(y) Wr(m) < m7(E) + €. Consequently, we derive as
above m?(E) < m"(E) + 2¢ and may complete the proof as before. O

[a,b]

We now need some additional notation. For ¢ € Y'*% we consider the function

0 ift=a
Vi, :la,b 0,00]; t ’ . ’
o ¢ la bl = [0,00]; £ {V(gp, [a,t]), ift> a.

We need some elementary properties of V,,, which are well-known for scalar-valued functions. For
the sake of completeness we provide a proof for these properties. As an auxiliary result we need
the subsequent lemma.
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3 Variational measures

3.22 Lemma. Let ¢ € BV([a,b],Y) and ¢ € (a,b). Then ¢ € BV([a,c|,Y) and ¢ € BV([c,b],Y) and
V(SD’ [CL, C]) + V(907 [Cv b]) = V(cp, [a7 b])

Proof. As the proof of Theorem 6.11 in [Apo74]. O

3.23 Lemma. Let ¢ € BV([a,b],Y). The function V,, is an increasing, real-valued function, whose continu-
ity points coincide with the continuity points of p, and we have ||p(t) —(s)|| < V (@, [t, s]) = V(s) =V, (t)
foralla <t <s<b

Proof. Lemma yields that V,, is real-valued and the inequality |o(t) — ¢(s)|| < V(ep,[t, s]) is
obvious. For t = s or t = a we clearly have V (¢, [t,s]) = V,(s) — V,,(t). Leta < t < 5. Lemma|3.22]

implies
Vie(s) = Vg, la,s]) = Vg, la,8]) + V(e [t s]) = Vi (8) + Ve, [t 8]),
0< Vg lts]) = Vils) — Vo (0).

This shows the asserted relations as well as the increasing monotonicity of V,,. In addition, this
also yields that each continuity point of V,, is also a continuity point of ¢. Next let t € (a,b) be a
continuity point of . Let ¢ > 0 and pick § > 0 with |[¢(s) — ¢(s)|| < 5 forall s € Us(t) N [a, b]. Take
a partition S = {[a;, b;]};_; € A([t,b]) of [t, b] such that V(p, [t,b]) — Z;Zl llo(b;) — ¢(aj)|l < 5 and
w.lo.g. by —t < §. For s E (t,b1) we then obtain applying once again Lemma 3.22]

0 < Vio(s) = Voo(t) = Vg, [t s]) = Ve, [t 0]) = Ve, [s,0])

s

:V(%[t’b])*ZH@( p(aj) |+Z||so plaj)l = V(g [s,0])
% le(s) = @@l + ll(br) = \+Z||<P p(ag)ll = Vg, [s,0])

<e+ V(@’ [57 b]) - V((p’ [57b]) =

This shows lim,_,;+ V,,(s) = V,,(t). Analogously, we deduce lim,_,- V,,(s) = V,(t), and the case
t € {a, b} is treated similarly. O

Now we come to a very crucial lemma, which constitutes an important ingredient in order to relate
m, and m?.

3.24 Lemma. Let ¢ € BV([a,b],Y). Then we have X% 7|l ([a, b]) = 0.

Proof. Fixe > 0and choose a partition {[a;, b;]}}_, of [a, b] with V (g, [a,b]) =377, [l(b;) —w(ay)|| <
e. We not put

B:={I,t)eTIxa,bl: tedl,Ije{l,....,r}: ICla;,b,l}.
It is easy to confirm that 3 € C([a, b]). Consider an arbitrary element 7 = {([c, dx], tx) }2_, of P(5)

with the additional property that | J,_, [ck,di] = [a,b] (Where as usual the intervals [cy, d)] are in
increasing order). Using Lemma and observing that

{ler. di] = k€ {1,... v} with [ex, di] C [a;,b;]} = [a;,b)] (3.4)
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3.4 Full and fine variational measures

for each j € {1,...,r}, we then compute
Z‘ — e (lex, di))| = Z|V (di) = Vio(er) = llo(di) = @(e)l]
k=1

—Z (0, [ews di]) = lleo(di) — @(ex)ll)

=Y > (Vg lendi]) = le(dr) = elen)l)
i—1 k=1

ckrdp]Clag,by

N

<

v

[ ]
(V(% [a;, b)) = Y lle(d) — o(ex)|

k=1
leg dg]Claj,bj]

<
—

<

IN

Ve, [az b)) = D llelby) — elay)l|
j=1

<
Il
a

Vg, la,b]) — Z le(b;) — plaz)ll <e,

where we used
v

le) —pla)l < > lielde) = eler)ll,
[Ck,dkkié?aj,bj]

which results from (34). Now let m € P(3) be arbitrary. Using the definition of 3 we easily find a
partition 7 € P(B) of [a,b] (i-e., U s yyez I = [a,b]) with m C 7. So the above estimate yields

Yo v = lm@ < Y v, — lInhd)] <e

(I,t)em (It)ew

We conclude

Ary, —fim )i ([a;8]) < sup W,
TeP(B)

(m)<e

Ve =176 |l
and hence XT%*HWII ([a,b]) = 0. 0

Now we use the preceding lemma to make a further important step towards our aim to relate m,,
and m®.

3.25 Lemma. Let ¢ € BV([a,b],Y) and denote by D the countable set of all discontinuities of . Then we
have my,(E) = A\, (E) = m¥?(E) forall E C [a,b] \ D.

Proof. Let E C [a,b] \ D. Combining Lemma .21} Lemma[3.24/and Lemma we derive
m?(E) =ml™l(E) = m"Y (E)

and N B N
A (E) = Ao | (E) = Ay, (E) = Ay, (E) = my, (E).
Furthermore, Lemma gives us
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3 Variational measures

Putting these equations together we obtain
m"¢(E) = m?(E) < my(E) = my, (E).

So it remains to establish my, (E) < m"%(E). For this purpose pick 3 € C*(E) and put A := {I €
J: 3t €ab]: (I,t) € B}. Observe that A forms a Vitali cover of E in the classical sense, i.e., for
each t € F and each € > 0 there exists an interval I € A with ¢t € I and diam(/) < e. Thanks to
Proposition [B.1] we can extract from A a countable family (1,,),, of pairwise disjoint intervals such
tha my, (E \ U, I.) = 0 (notice that my, is finite due to Lemma 3.7]as ¢ belongs to BV([a,b],Y")).
As as result,

mvw(E)ngw(EﬂUIn>+mV¢(E\UIn>:mvw(U (ENI,) ) va (ENI,)

Consider t € 0I,,. If t € D, thent ¢ E N I,. If, however, t € [a,b] \ D, then V,, is continuous at ¢
by Lemma 3.23[and thus my, ({t}) = 0 due to Lemma This observation leads to my, (ENI,) =
my, (ENIy;), where we form I} in R. Applying once again Lemma[3.7jand Lemma we estimate

my, <va ENTI,) va (ENI)

< me (I) Z V(Ve, 1) = Z < lim Vo (t) - t_)mliii?l )+ Vw(t))

t—max(I,)~
< Z (max(I,)) — Vo ( (min(7, ZTV

Fix t,, € [a,b] with (I,,t,) € B for each n. As the intervals in the countable family {I,}, are
pairwise disjoint, every finite subset of {(I,,t,)}, is an element of P(f3). This yields >, v, (I,) <
SUPrep(g) Wry, (). As a consequence, we deduce

my,(E) < inf  sup W.

\4
v (M) =mYe(E
BeCH(E) reP () V"’( ) (E)

and this finishes the proof. O

Taking the preceding lemma as a starting point, our next objective to extend exactly this lemma to
BVGsx-functions. In order to achieve this aim we shall need the next three technial lemmata.

3.26 Lemma. Let ) # E C [a,b] be closed, p € Y% and let (I,,),, denote the finite or infinite sequence of
the connected components of [c, d] \ E, where ¢ =: min E and d := max E. Assume that ) w(p,I,) < 0o
and p|g = 0. Denote by D the set of discontinuities of p. Then m,(E \ D) = 0.

Proof. W.l.o.g. we may assume that £ # [c,d| (hence the family (I,,),, is nonvoid). Let ¢ > 0 and
choose k such that ), w( o0, 1,) < e. Write I, = [¢y,dy). f n < kand ¢, ¢ D resp. d, ¢ D,
take d(c,) > 0 resp. 0(dy) > 0 with [o(t) — ¢(cn)|| < § forall t € Us,)(cn) N [a,b] resp. with
llot) — w(dn)|| < ¢ forallt € Useg,)(dn) N[a,b]. Fort € B\ (DU, <,{cn,dn}) choose 6(t) > 0
with Usy(t) € (¢,d) \ U, <p{cn-dn} if t € (c,d) resp. with Usqy(t) € R\ U, <, {cn,dn}ift € {c,d}
and in both of these two cases with [|¢(t) — ¢(s)|| < € for all s € Usqy(t) N [a,b]. We now consider
an arbitrary element {([a;,b;],t;)}}_; of S(E'\ D,0). Let1 < j < v < r with aj,a, € [¢,d] \ E.
Then a; and a, belong to different components of [c,d] \ E, for otherwise we would obtain ¢; €
laj,bj] C laj,a,] € I, € R\{t;} for an n, but this is not possible. For a; € [c,d] \ E let I,
denote that component of [c, d] \ E that contains a;. Analogously, one sees thatfor1 < j <v <r
with b;,b, € [¢,d] \ E the points b; and b, also belong to different components of [¢,d] \ £ and
we let J,,,(;) denote the corresponding component of [c,d] \ E containing b;. If a; € [c,d] \ E and
tj ¢ Up<iicn,dn}, thena; < d, ;) < t; and hence d,,(;) € Us(,)(t;), so that by the definition of &
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3.4 Full and fine variational measures

we have d,,(;) ¢ U,,<,{cn,dn}, i€, n(j) > k. Analogously, one can derive m(j) > k provided that
bj € [c,d]\ Eand t; ¢ U, < {cn,dn}. We now estimate

Z l(b;) = plaz)ll <llebr) = ()]l + lle(t) = plan)ll + llo(tr) = plar)l| + ll(br) = @(E)l
+ 3 el =t + D llelby) = e(ty)ll

1<j<r 1<j<r

bEE b 2E

+ > llelt) —ela)l+ Y lelty) —ela))l.
1<g<r 1<j<r
ajeE ajeE

By the definition of ¢ and the hypothesis ¢|g = 0, we have

(1) — ()l + () = pla)ll + e (tr) = elar)ll + o (br) — @(t)]| < 4e,

3" llebs) — (i)l = 0

1<j<r
bjeE

Y ety —ela)l =o0.

1<j<r
a-eE

Letl<j<r,a; ¢ Eandt; ¢ J,<p{cn,dn}. Duetoa; € Usq,(tj) and t; € (c,d) (as1 < j <r), we
conclude a; € [c,d] \ E. Therefore we obtain

> le(t5) — w(a)l]

and

> 10— sp(ay)|

1<j<r 1<j<r
a; @B, t;¢Up<g{cn,dn} a; @B, t;¢Up<g{cn,dn}
= > llo(dn(s)) — ©laz)]
1<j<r

J
a; @B, t;¢Up<g{cn,dn}

Z w(‘ﬁvjn(j)) < Z w(@ajn) <g,

1<j<r n>k
a; @B, t;EUp<g{cn,dn}

IN

where the inequality

> we ) < Y wip T

1<j<r n>k
aj¢EB.t;EUp<p{cn,dn}

follows from n(j) > k (see above) and I,,(;y # I,,(,) for j # v (see also above). We further estimate

3 lo(ty) — wlag)] < 3 - <de,

1<j<r 1<j<r
ajeB t;eUp<pien dn} ajeB tjeUp<picen dn}

where we used
ﬂ{je{l,...,r}: aj € B, tj € U{cn,dn}} gﬁ{je{l,...,r}: tj € U{cn,dn}} < 4k,
n<k n<k

which results from the observation that §{j € {1,...,7} : t; = s} < 2forall s € U, «,{cn,dn}.
Summarizing, we arrive at a

3 lle(ty) = elapll + 3 llelts) — elay)] < 5e.

1<j<r 1<j<r
a;€E a;¢E
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3 Variational measures

Analogously, one can deduce

Y o) = et + D llelb) = ()l < 5e.

1<j<r 1<j<r
bjEE bi¢E

Altogether we derive

Z le(b;) — wlay)|| < 14e,

which completes the proof. O

3.27 Lemma. Let ¢ € BVGx([a,b],Y) and denote by D the countable set of all discontinuities of . Then
there are sequences (Ey,),, and (), possessing the following properties:

(a) E, is closed forall n € N;

(b) U,, En = [a,bl and ¢ € BV«(E,,,Y) foralln € N;

(c) pn € BV([a,b],Y) and the point set D,, of discontinuities of o, is contained in D for all n € N;
(d) my—q, (B, \ D) =0foralln € N.

Proof. We choose nonvoid closed sets (E,,), such that | J,, E,, = [a,b] and ¢ € BV«(E,,Y) for all
n € N. Then Y, w(p,Iy,) < oo for all n, where (I, )i is the (finite or infinite) sequence of the
connected components of [min E,,, max F, | \ E, (see Lemma . Furthermore, let ,, be a linear
extension of ¢|g, to the whole of [a,b]. Then ¢, € BV([a,b],Y) and D,, C D thanks to Lemma[2.21}
where D, is the point set of discontinuities of ¢,,. Moreover, we have

Zw(s‘j_@mm) < Zw(%m) +Zw(¢n7m> < o0
k k k

and (¢ — ¢n)|E, = 0 and so Lemma implies my,_.,, (E, \ D) = 0. O

3.28 Lemma. Let (X, d) be a metric space and let i : B(X) — [0, oo] be a metric outer measure. Let (A, ), be
pairwise disjoint Borel sets with j1(A,) < oo foralln € Nandlet E C |, Ay. Then p(E) = 3", p(ENAy).

Proof. First, let A, B € Bor(X) with AN B =0, u(4) < oo and u(B) < co. Since 4, Band AU B €
Bor(X) are u-measurable (in the sense of Carathéodory), we obtain

WA\ E) + w(ANE) + u(B\ E) + (BN E) = u(A) + p(B) = n(AU B)
=u((AUB)\ E) + p((AUB)N E)
< A\ E) + n(B\ E) + u((AU B) N E),

hence
WANE) +u(BAE) < (AN E)U (BN E)) < p(AN E)+ u(B N E),
ie, w(ANE)+pu(BNE)=pu((AU B)N E). Using this equality, we derive

WE) = p (U(An N E)) <Y WA NE) = sup > WA, NE)

n n<k

=supp (Eﬂ U An) < sup w(E) = u(E)

n<k

as claimed. O
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3.4 Full and fine variational measures

We finally arrive at the announced main result of this section that relates m, and m? for BVGx-
functions ¢ extending Lemma

3.29 Theorem. Let ¢ € BVG+([a,b],Y') and let D denote the set of discontinuities of p. Then we have
me(E) = m?(E)
forall E C [a,b]\ D.

Proof. Choose sequences (E,,), and (¢,), according to Lemma By Lemma we have
My, (E) =m#"(E) forall E C [a,b]\D C [a,b]\D,,. Lemma[3.20|(a) and (c) and Lemma3.21|together
imply my(F) = m, (F) and m?(F) = m#¢(F) for all F C E, \ D. Let A; := E; € Bor([a,b]),
Ap = Ey \ Upen Erx € Bor([a,b]) forn > 1 and let E C [a,b] \ D. Using that EN A, C E, \ D,
we infer m,(E N A,) = m,, (ENA,) < my, ([a,b]) < oo (recall Lemma[3.7) and m?(E N A,) =
m#(ENA,) =my, (ENA,) < oo forall n. Applying Lemma [3.28] we therefore deduce

mp(BE) =Y mu(ENAy) =Y my (ENA,) =Y m?(ENA,) =Y m?(ENA,)=m?E)
as asserted. O

3.30 Remark For real-valued functions with an additional continuity condition results comparable
to Theorem appear as Theorem 4 in [Hen79] and as Theorem 15.10 in [Hen88|]. However, for
real-valued functions Theorem seems to appear only in [Tho85] as Theorem 41.4. Apart from
the fact that the proof given there is rather concisely written (several details are not carried out), it
has a considerable gap (for the subsequent considerations cf. the proof of Theorem 41.4 in [Tho85]):
At a decisive point of his proof, Thomson refers to his previous Corollary 41.2, but this result as well
as the preceding results from which 41.2 is deduced consider continuous functions on R, whereas
the function g under consideration in the proof of Theorem 41.4 is in general not continuous. Ad-
mittedly, Thomson wants to apply his Corollray 41.2 on a set, namely Cy, where g is continuous,
but it can’t be helped that the assumptions of Corollary 41.2 are not satisfied, as this set C'y does
not fit into the framework of this result. This is due to the fact that C; is the continuity set of a
BVGs-function and as every countable set set can appear as the discontinuity set of a function of
bounded variation, the set set Cy may have such an unpleasant structure (e.g., it might be totally
disconnected and neither open nor closed) that it is at least very questionable whether it is possible
to make Corollary 41.2 applicable without any great additional efforts. Nevertheless, the question
arises if continuity is really that essential in Thomson’s proof. In fact, it is more or less: In order
(in our notation) to move from m,, to m¥ and vice versa the Lebesgue-Stieltjes measure vy, (see
Lemma([A.T)) associated with V,, plays a central role. Hence without assuming that ¢ resp. V,, (¢ of
bounded variation in the classical sense) is at least everywhere continuous from the right or from
the left, one has to face the problem to give a reasonable meaning to vy,,. Therefore we were com-
pelled to deeply enter the proofs of Thomson and to furnish refinements of them from the very
beginning on in order to obtain a full and complete proof of our Theorem resp. Thomson’s
Theorem 41.4 in [Tho85|]. In [Ene98|] V. Ene made similar efforts in the real-valued case and The-
orem 6.1 in [Ene9§] is closest to our Theorem but Ene does not proceed to the full version of
Theorem[3.29)and poises at a preliminary version of it (he considers only BV «-functions). Moreover,
there are two methodological differences between Ene’s approach and ours. First, Ene’s arguments
rely on the conceptual framework and the machinery of the so-called local systems introduced by
Thomson, while we avoid them, and it should not go unmentioned that this is not at the cost of
a loss of generality. Indeed, using Corollary 37.2 in [Tho85], it is easy to obtain Ene’s seemingly
more general results from our approach. Second, Ene handles the afore-mentioned complication of
giving a meaning to vy, by considering A(V,,(-)) as a substitute (recall that ) is the one-dimensional
outer Lebesgue-measure), whereas in contrast to that we do not need such a substitute and hence
we give a directer deduction for Theorem Consequently, Ene’s and our approach (although
both following the route of Thomson’s line of argument) differ in several details distinctly.
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4 The variational
Henstock-Kurzweil-Stieltjes integral

4.1 Definition and basic properties

In this section we finally introduce the (variational) Henstock-Kurzweil-Stieltjes integral and collect
some of its basic properties.

4.1 Definition. Let p € Y. A function f : [a,b] — X is called

(1) Riemann-Stieltjes integrable with respect to ¢ : [a,b] — Y if there is a point z € Z such that for
each € > 0 there exists a constant § > 0 such that

<e

Zf (z5) ) —ela;)] — =

z
for all {([a;,b;],2;)};—, € S([a,b],6) with J;_,[a;,b;] = [a,b]. In this case z is unique and we
write z = (R) [ f(s) - dg(s)

(b) Henstock-Kurzweil-Stieltjes integrable with respect to ¢ : [a,b] — Y if there is a point z € Z
such that for each € > 0 there exists a gauge 0 : [a, b] — (0, c0) such that

Zf ;) i) — plaj)] — 2

for all {([a;,b;], x])}] 1 € S([a,0],0) with U;_,la;,b;] = [a,b]. In this case z is unique and we
write z = (HK) fa f(s)-dp(s).

(c) variationally/ strongly Henstock-Kurzweil-Stieltjes integrable with respect to ¢ : [a,b] — Y if
there is a function F' : [a,b] — Z such that for each € > 0 there exists a gauge 0 : [a, b] — (0, 00) such
that the inequality

<e€

Z

D IEWD)) = Flag) = f(x5) - [o(by) = wlalllz < e
=1
is fulfilled whenever {([aj,b;],x;)}j—; € S([a,b],8). In this case we say that F is an indefinite

variational Henstock-Kurzweil-Stieltjes integral of f with respect to .

(d) variationally/strongly McShane-Stieltjes integrable with respect to ¢ : [a,b] — Y if there is a
function F : [a,b] — Z such that for each € > 0 there exists a gauge ¢ : [a, b] — (0, 00) such that

S IE®;) = Flay) — f(x;) - lplb;) — pla)llz < e
j=1

is satisfied for all finite sequences {([a;, b;], x;)}i_y, v € N, with xq,...,2p,a1,...,a7,b1,...,b, €
[a,b], a; < b]‘ and [a]‘,b]‘] - U(;(zj)(xj)for ﬂllj S {1 . .,T}.
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4 The variational Henstock-Kurzweil-Stieltjes integral

4.2 Remark (a) For basic properties of the Riemann-Stieltjes and the Henstock-Kurzweil-Stieltjes
integral we refer to Chapter 2 of [DN11].

(b) Note that the given definition for the variational Henstock-Kurzweil-Stieltjes integral is equiv-
alent to the definition where only sequences {([a;, b;],z;)};_; € S([a,?],0) with J]_,[a;,b;] =
[a, ] are taken into consideration; indeed, one implication is trivial and the converse follows
by means of Cousin’s lemma.

(c) Observe that the crucial point in the definition of the variational McShane-integral is the fact
that is not assumed that z; € [a;, b;].

(d) Every function that is Riemann-Stieltjes integrable with respect to ¢ is clearly also Henstock-
Kurzweil-Stieltjes integrable with respect to ¢ with the same integral. In general the converse
is false, as the classical Henstock-Kurzweil integral (i.e., X =Y = Z = R and ¢ = id[q;))
integrates every ordinary derivative (see, e.g., Theorem below combined with Lemma
[4.3), whereas the classical Riemann integral does not.

(e) Every function that is variationally McShane-Stieltjes integrable with respect to ¢ is obvi-
ously also variationally Henstock-Kurzweil-Stieltjes integrable with respect to ¢. The con-
verse statement, however, is not valid, since, e.g., the classical variational McShane integral
(ie. X =Y = Z = Rand ¢ = id, ;) is equivalent to the Lebesgue-integral, which does not
integrate all ordinary derivatives, while the classical Henstock-Kurzweil integral does.

(f) Every function that is variationally Henstock-Kurzweil-Stieltjes integrable with respect to ¢ is
clearly also Henstock-Kurzweil-Stieltjes integrable with respect to ¢ and we then have F'(b) —

F(a) = (HK) f; f(t) - de(t). In general the converse fails (we will expose this in a moment).

Let f be variationally Henstock-Kurzweil-Stieltjes integrable with respect to ¢ and let ' be an indef-
inite variational Henstock-Kurzweil-Stieltjes integral of f with respect to ¢. Clearly, F' is not unique
as F'+ z does the same for any z € Z. However, F is indeed uniquely determined if we additionally
demand F'(a) = 0. In particular, two indefinite variational Henstock-Kurzweil-Stieltjes integrals of
f with respect to ¢ differ from each other only by an additive constant. In fact, consider F' and F
as above with F(a) = 0 = F(a). Fix t € [a,b] and take ¢ > 0. There is a gauge 0¢ : [a,b] — (0,00)
with

€

D Ifs) - e(by) = elag)] = (G(by) = Gla)lz < 5
j=1

for all {([a;, b;], z;)}7_; in S([a, b], 6c) where G € {F, F}. We then put 6 := min{dp, 07} and choose

a d|q,q-fine partition {([a;, bj],xj)};zl € S([a,t],0][4,4) of [a,t] by means of Cousin’s lemma. In

particular, a; = b;_; for j € {1,...,r} \ {1}, b, = t and a; = a. Due to F(a) = 0 = F(a), we thus
obtain

3
3

IE() = E(®)lz =D (F(b;) = Flag)) = > (F(b) = Flay))

Jj=1 j=1 7
<D MF ) - (b)) = lag)] = (F(bs) — Flay))llz
j=1
+ 2 I (y) - [obs) = wlag)] = (F(by) — Flay)lz
j=1
3 9
<§ + 5 =&
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4.1 Definition and basic properties

Hence, |F(t) — F(t)||z < ¢ for every ¢ > 0, which yields F(t) = F(t). We call this uniquely
determined function F' with F'(a) = 0 the primitive (function) of f (with respect to ¢) and we write

F(t) = / f(r) - dep(r)

for t € [a,b]. We denote by HK([a, b], ¢, X) the set of all X-valued functions that are variationally
Henstock-Kurzweil-Stieltjes integrable with respect to ¢. In the special case X = Z, Y = K, where
¢ is the identity on [a, b] and the bilinear mapping B is the usual multiplication with scalars, we
simply write H/XC([a, b], X) instead of HK([a, b], ¢, X).

One easily verifies that HX([a, b], ¢, X) is a K-vector space and that the mapping

/ -dy : HK([a,b), ¢, X) — Z; fH/ f(7) - de(T)

is linear for each ¢ € [a, b].

If f € HK([a,b],,X) and a < ¢ < b, then the restriction f|,,) belongs to HK({[a, ], ¥|(4,q) and
f|[c,b] to H’C([C7 bL @‘[c,b]) with

c b b
/ Pl () - dpliag (1) + / Flie)(7) - dgljey (7) = / f(r) - d(r).

These facts easily follow from the definition. Therefore we simply write, e.g., [ f(7) - dp(7) instead

of [ flia,(T) - d|(a,q (7). Furthermore, f is contained in HK([c,d], ¢, X) for a < ¢ < d < band we
finally put [ f(t) - dp(t) := 0 for every ¢ € [a,b] and f € HK([a,b], p, X).

We said above that in general the Henstock-Kurzweil-Stieltjes integral strictly contains the varia-
tional Henstock-Kurzweil-Stieltjes integral. Indeed, A. P. Solodov (see [Sol99]) was the first to show
thatin the case where X = Z,Y = R, ¢ is the identity map on [a, b] and B is the usual multiplication
with scalars these both notions of integral coincide if and only if X is a finite dimensional Banach
space. The if-part of this statement is a consequence of the well-known Henstock-Saks lemma (see,
e.g., Lemma 2.59 in [DN11]]). The following lemma gives us a version of this Henstock-Saks lemma
in our framework.

4.3 Lemma. Assume that Z is finite-dimensional. Then the following assertions are equivalent.

(a) The function f is Henstock-Kurzweil-Stieltjes integrable with respect to .
(b) We have f € HK([a, b], p, X).

If (a) or (b) is satisfied, we have f; f(s) - dp(s) = (HK) fat f(s) - de(s) forall t € [a,b].

Proof. We have already noticed that (b) implies (a) and that in this case the addendum holds. We
now conversely assume that (a) is satisfied. Considering Z as a Banach space over R, one easily
verifies that it suffices to consider the case Z = R? (endowed with the usual Euclidean norm) for a
d € N and then one reduces equally easily the assertion to the case d = 1.

By Theorem 2.73 in [DN11], f is Henstock-Kurzweil-Stieltjes integrable with respect to ¢ on each
closed subinterval of [a,b] and the Henstock-Kurzweil-Stieltjes integral is additive with respect to
the integration domain. We can therefore set F'(t) := (HK) fat f(r) - deo(7) for t € [a,b]. Thanks to
Lemma 2.59 in [DN11]], we infer that for each ¢ > 0 there exists a gauge § : [a, b] — (0, 00) such that

T

D (E(by) = Flag) = flx;) - lp(by) — pla)))| <,

=1
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4 The variational Henstock-Kurzweil-Stieltjes integral

whenever {([a;, b;], z;)}_; € S([a,b],d). To finish the proof, one may thus proceed as in the proof
of the classical Henstock-Saks lemma (cf., e.g., the proof of Lemma 2.3.1 in [Pfe93]). Fix e > 0 and
choose a gauge ¢ with

r

D () = Flag) = flag) - [p(by) — lay)])| <

j=1

DN ™

for each {([a;,b;],2;)}j—1 € S([a,b],6). Consider an arbitrary é-fine partition {([a;,b;],z;)};_; €
S([a,b],0) on [a,b] and put I := {j € {1,...,r}: F(b;) — F(a;) — f(z;) - [p(b;) — ¢(a;)] > 0}. We

then compute

:j%: (F(bj) — F(aj) = f(z;) - [e(b;) — ¢(a;)])
_+Z (F(bj) — F(a;) — f(z;) - [o(bj) — @(a;)])
ey
| 3 () = Plas) = 22)- [200) = o0 |
+7 +Z (F(bj) — F(a;) — f(z;) - [p(bs) — w(a;)]) ’ <25 =¢
S
Consequently, f € HK([a,b], ¢, X) with [ f(s) - dp(s) = F(t) forall t € [a, b)]. -

We now start to collect the deeper properties of the variational Henstock-Kurzweil-Stieltjes integral.
In doing so it turns out that the following two notions take up dominant roles; they are inspired by
concept formations due to Ward in [War36] and Faure in [Fau97].

4.4 Definition. (a) A set A C [a,b] is called a p-null set if there is an m,-null set N C [a,b] (ie.,
my,(N) = 0) and a countable set D C [a,b] with A= N U D.

(b) We call F absolutely continuous with respect to ¢ if each m -null set is also an mp-null set. In
this case we write mp < Mmy,.

4.5 Remark We obviously have mp < m,, if and only if every -null set is also a F'-null set.

4.6 Definition. Let F' : [a,b] — Z and ¢ : [a,b] — Y be functions and ¢t € [a,b]. We say that F is
p-continuous at ¢ if there is a x € X such that

lim  (F(t+h) — F(t) -z - (p(t+ k) — (1)) = 0.

t+h€ela,b]
Such an x € X is called a p-continuity value of g at the point ¢.
Observe that the point z in the definition of p-continuity is not unique in general: if, e.g., F' and ¢
are both continuous at ¢, then each = € X is a ¢-continuity value of F' att. So we denote by C(F, ¢, t)

the set of all p-continuity values of F' at ¢ (in particular, C(F, ¢,t) = () precisely means that F' is not
p-continuous at t); notice that C(F, ¢, t) is always convex.

4.7 Lemma (cf. [Fau97, Proposition 4.4]). Let f € HK([a,b], p, X) with primitive F. Then mp < m.,.
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4.1 Definition and basic properties

Proof. Let ) # E C [a,b] withmy(E) = 0and set E,, :== {z € E : | f(x)| < n}. It suffices to verify
mp(E,) = 0 for each n € N since mp is an outer measure on [a,b]. For this purpose, fix n € N,
assume F,, # () and let £ > 0 be arbitrary. Then there is a gauge 01 : [a,b] — (0, o) such that

an )= lay)] - (F(by) - Fa))l < 5

for every {([a;, b;], z;)}_; € S([a,b],61) and a gauge 02 : E,, — (0, 00) with

Z llp(83) = (el < 5~

for all {([a];, b}], %)} " € 8(E,,d,). Take a collection {(laj,b5],25)}i—y in S(Ey, min{di|g,,02}).

VAR RN ]
We can estimate

T

Y IE®b;) = Flay)| < Z 1f () - [(bs) = play)] = (F(b;) = F(ay))]

j=1

+ZHJ°% (b)) — e(ay)ll

<z +nZ||80 la;)|l < e

and we conclude mg(E,,) = 0. O

4.8 Corollary. Let f € HK([a,b], , X) with primitive F and let E C [a,b] be an Fy-set such that m., is
o-finite on E. If ¢ is continuous, then mp is also o-finite on E and we have F € BVG«(E, Z).

Proof. This is a direct consequence of Lemma [4.7/and Corollary O
4.9 Lemma. Let f € HK([a, b], ¢, X) with primitive F. Then f(x) € C(F, p,z) forall x € [a, b].

Proof. Fix x € [a,b] and let ¢ > 0. Choose a gauge ¢ € (0, 00)[*? such that
Z 1f(25) - [o(bs) = pla;)] = (F(bj) = Flag))l| < e

for every {([a;,b;],7;)};-, € S([a,b],0). Foreachy € [a,b]NUs(,)(z) we have ((y,z),z) € S([a,b],9)
and consequently

1E(y) = F(z) = f(z) - [e(y) — p(@)]]| <e.
As a result, f(x) is contained in C(F, ¢, ). O

4.10 Corollary. Let f belong to HK([a, b], v, X ) with primitive F and assume that o is continuous at some
point zo € [a,b]. Then F is also continuous at x.

Proof. Lemma4.9)and the continuity of ¢ yield

[1F(x) = F(zo)]|
SIF(x) = Fxzo) — f(xo) - [p(x) — (o)l + [[f (o) - [p(2) — @ (zo)]|
<||F(z) = F(xo) — f(zo) - [p(x) = (@)l + [ f (o) - [lp(x) = ¢ (z0)[| — O

asx — xg. O
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4 The variational Henstock-Kurzweil-Stieltjes integral

4.11 Lemma. Let N := {x € [a,b] : f(x) # 0} and assume that m,(N) = 0. Then f € HK([a,b], ¢, X)
with [ f(t) - de(t) = 0 for all z € [a, b].

Proof. We set N; := {x € [a,b] : j —1 < [[f(z)]] <
my(N;) =0forallj € N. Lete > 0. Put A:={j e N:
§; € (0,00)Ni with

j} for j € N. Because of N; C N we have
N; # 0}. For each j € A there exists a gauge

; l(br) — w(ar)| < ]%

for all {([ak, bx], zr)}—q € S(N;,6;). We now define

(@) im {1, if f(z) =0,

d;(x), ifx € Njfora (unique) j € A.

For every {([ak, bx), &) 7, in S([a, b], §) we estimate

Do) - oon) =)l <D D7 If @)l - o) = elanll
k=1 j=1 k=

zp €N

T

SZ;j Az; e (br) — @(ar)]l] < ZJ . ]% —¢,

o= i=1
TR EN; J

using in the last (strict) inequality that {([ax, bx], xk)}gfl,_ﬁ,r belongs to S(N,, ;) for j € A. Asa

KEN;

consequence, we get f is an element of HK([a, b], ¢, X) with [ f(t) - dp(t) = 0forallz € [a,b]. O

4.2 Notions of differentiation

The next two sections contain our main results concerning the variational Henstock-Kurzweil-
Stieltjes integral. These results deal on the one side with the question in which sense the variational
Henstock-Kurzweil-Stieltjes integral is differentiable and whether certain derivatives are variation-
ally Henstock-Kurzweil-Stieltjes integrable. In this short section we want to specify these “certain
derivatives”.

The following definition is inspired by [War36].

4.12 Definition. Let t € [a,b]. We say that F is p-Roussel-differentiable at t provided the following two
conditions are satisfied

o C(F,p,t) # 0 and
e Jz eC(F,p,t)Ve>036>0V0< |h| <dwitht+ h € [a,b]:

[F(t+h)—F@t)—z-(p(t+h) =)z <ewlp;t, h),
where

w(p, [t,t+h]), ifh>0,

If v € C(F, ¢, t) satisfies the second condition, we say that x is a p-Roussel-differentiability value of F' at
t. The set of all p-Roussel-differentiability values of F at t is denoted by D(F, ¢,t); using that C(F, ¢,t) is
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4.2 Notions of differentiation

convex, one easily deduces that D(F, p,t) is convex, too. Note that the second condition is trivially fulfilled
if w(p;t, h) = oo holds. Any point x € X (not necessarily belonging to C(F, ¢,t)) satisfying the second
condition is called a pseudo-p-Roussel-differentiability value of F' at t; if such an «x exists, we then say
that F is pseudo-¢-Roussel-differentiable af t.

4.13 Remark (a) Observe that if x is a pseudo-¢-Roussel-differentiability value of F' at ¢t and if F'
is bounded in a neighbourhood of ¢, then z is even a p-Roussel-differentiability value of F' at
t since in this case one has = € C(F, ¢, t) automatically.

(b) Furthermore, notice that in the special case X = Z, Y = K, where ¢ is the identity on [a, b]
and the bilinear mapping B is the usual multiplication with scalars, the notion of ¢-Roussel-
differentiability coincides with usual notion of differentiability.

If there is an m-null set N' C [a, b] such that F is pseudo-p-Roussel-differentiable on [a, b] \ N, then
we say that F'is m,-almost everywhere (m-a.e.) pseudo-p-Roussel-differentiable and any function
f : ]a,b] — X with the property that f(¢) is a pseudo-¢-Roussel-differentiability value of F" at ¢ for
allt € [a,b] \ N is called an m-Roussel derivative of F.

Let F' : [a,b] — Z be a p-continuous function and A C [a,b] a p-null set such that F is p-Roussel-
differentiable on [a, b] \ A. Then any function f : [a,b] — X satisfying

o Vtea,b: f(t)€C(F,p,t)and
o Vitelab\A: f(t)€D(F,p,t)

is called a p-Roussel derivative of F'. Note that, if we say that F' possesses a (-Roussel derivative, then
this means in particular that F' is assumed to be ¢-continuous.

The following two examples show that in general none of the notions “¢-Roussel derivative” and
“m-Roussel derivative” includes the respective other one.

4.14 Example We consider
f:00,1]] >Ry t— 11[071)(t),
F:[0,1] = Ry t+— Lo q(t) - t

and

v:[0,1] = R; t—t.
Clearly, f is an m-Roussel derivative of F, but it is not a p-Roussel derivative because f(1) ¢
C(F,p,1). Infact, F(1) — F(s) — f(1)(p(1) —p(s)) = —s — —lass — 17.

4.15 Example We consider
fo00,1] = Rs £ Lg oy (8),
F:[0,1] > R; t—t
and
t) if —1<t<0,

10,1 R; ¢
204 = H{t+1, if0<t<1.

We first verify that f(t) € D(F, ¢,t) for each t € [—1,1] \ {0}. Lett € [-1,0) and h € R\{0} with
t+h € [-1,0). Then we have |F(t) — F(t+h)— f(t)(p(t) —p(t+h)| = |t—(t+h)—(t—(t+h))| = 0.
Fort € (0,1] and h € R\{0} with ¢+ h € (0, 1] one obtains |F'(t) — F(t + h) — f(t)(¢(t) —p(t+h))| =
t—(t+h)—(t+1—(t+h+1))| =0. Moreover, we calculate

[F(0) = F(£h) = f(0)(¢(0) — @(+h))] = [0 = (£h) = 0] = h 4.1)
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4 The variational Henstock-Kurzweil-Stieltjes integral

for h € (0,1) and we conclude f(t) € C(F, ¢,t) forall ¢t € [-1,1]. So f is a p-Roussel derivative of
F. Furthermore, for h € (0,1) we have w(¢p, [—h,0]) = h. Consequently, if we have

[F(0) = F(=h) = f(0)(¢(0) = p(=h))| < ew(p;0,—h)

for an € > 0, then equation yields ¢ > 1 and therefore f(0) ¢ D(F,¢,0). As a consequence,
f is not an m,-Roussel derivative as for the exceptional set {0} we have m,({0}) > 0 since ¢ is
discontinuous at 0.

In contrast to the above two examples there are important cases where the notions “¢-Roussel
derivative” and “m-Roussel derivative” coincide as the subsequent result shows.

4.16 Lemma. Let ¢ : [a,b] — Y be continuous with mp < my,. Then the following assertions are
equivalent.

(a) The function f is a p-Roussel derivative of F.

(b) The function f is an m,-Roussel derivative of F.

Proof. First suppose that (a) is satisfied. We have m,({z}) = 0 for all z € [a, b] because ¢ is continu-
ous and we therefore conclude that f is an m,-Roussel derivative of F'. Now we conversely assume
that (b) holds. Since ¢ is continuous and mp < m,,, we have mp({z}) = 0 for all € [a, b], which
implies that F' is continuous. Thus F and ¢ are both continuous, which yields C(F, ¢,t) = X for all
t € [a,b]. As aresult, we infer that f is a p-Roussel derivative of F'. O

We shall need two further notions of differentiation.

4.17 Definition. We say that F is p-Fréchet differentiable at ¢ if there exists an « € X such that for all
e > 0 there exists a p > 0 such that we have

[1E(s) = F(t) =z - [p(s) = p@)]] < ellels) — o(B)]]

forall s € [a,b] with |s —t| < p. We then call x a p-Fréchet-differentiability value of F' at ¢. The set of
all p-Fréchet-differentiability values of F at t is denoted by FD(F, o, t).
Let F' : [a,b] — Z be a p-continuous function and A C [a,b] a p-null set such that F' is p-Fréchet
differentiable off A. A function f : [a,b] — X satisfying

o Vitea,b: f(t)€C(F,¢,t)and

e Vieca,b\A: f(t) € FD(F,¢,t)
is then called a ¢-Fréchet derivative of F'.

4.18 Remark It is obvious that each (-Fréchet-differentiability value is also a pseudo-p-Roussel-
differentiability value and each y-Fréchet derivative is also a ¢-Roussel derivative.

The last notion of differentiation is adapted to the situation where BVG«-functions serve as “differ-
entiators”.

4.19 Definition. Let ¢ € BVG«([a,b],Y) with admissible decomposition (E,);>,. We say that F is
(¢, (Ey)n)-differentiable at ¢ if there exists an x € X such that foralle > Oandalln € {m e N: t € E,;,}
there exists a p > 0 such that we have

1F(s) = F(t) — 2 - [p(s) = p@)]]] < emy({s,1) N En)

forall s € [a,b] with |s — t| < p. The set of all those x is denoted by D(F, ¢,t, (Ey)n).
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4.3 Differentiation properties

It seems to be quite a delicate matter to fathom how this last notion of differentiability depends on
the choosen admissible decomposition (E, )2, and how it is related to the derivatives introduced
above. Using the results from the next two sections we will obtain a clearer picture concerning these
questions. Nevertheless we can give already at this point a partial result.

4.20 Lemma. Let ¢ € BV ([a,b],Y) be continuous from the right and choose the admissible decomposition
(En)5e given by Ey = 0 and E,, = [a,b] for n € N. If F is p-Roussel-differentiable at t € [a,b], then F is
also (p, (Ey)y )-differentiable at t.
Proof. Letx € D(F, p,t), e > 0 and pick p > 0 with
[E@+h) = F(t) —x- (ot +h) —o(t)llz < ew(pst,h)
forall 0 < |h| < pwitht + h € [a,b]. Using Corollary [A.4 we obtain
lp(u) = o)l < me([u, v]) < me((t, ¢+ h))

forall u,v € (t,t + h), hence w(y;t,h) < my,((t,t+h)NE,), neN. O

4.3 Differentiation properties

We now come to our main results concerning the variational Henstock-Kurzweil-Stieltjes integral.
In this section we establish two theorems concerning its differentiability properties.
The first result concerns differentiation in the sense of Definition [4.19

4.21 Theorem. Let ¢ € BVG«([a,b],Y) with an admissible decomposition (E,)5%,. Furthermore, let
[ € HK([a,b], ¢, X) with primitive F. Then there exists an my-null set N C [a,b] such that f(t) €
D(F.,t,¢,(Ep)pn) forallt € [a,b] \ N.

Proof. For k,v € Nwe set

— . Vp>03s,€Uy(t)N]a,b]:
M= {t S B (s,) — F() — 10 - [pls,) — 2Ol > £ - my((s,,1) N E) }

Lett € [a,0]\U,, ,en Nk, € > 0and m € Nwith ¢ € E,,. Takel € Nwith < e. Because of ¢ ¢ Nj
there exists a p > 0 such that

[1E(s) = F(t) = f(t) - [o(s) — e(D)]]l < % My ((sp, 1) N Ey) <emy((sp,t) N Ey)

forall s € U,(t) N [a,b] and, as a consequence, f(t) € D(F,t, ¢, (Ey),). Therefore it suffices to show
my(Ny.,,) = 0 for all k, v € N. For this purpose fix k, v € N and choose §; € (0, 00)[*? with

£

Z 1E°(bs) = Fag) = f(t5) - [p(bs) — elaj)]ll < o (4.2)

for all {([a;,b;],t;)};_; € S([a,b],d1), which is possible by hypothesis. For every t € Ny, we pick a
sequence (s, ), in [a, b] with |t — s, ;| < min{1/n,d1(¢)} and with

[1E(sn.e) = F(t) = f(£) - [o(sn.e) — @] > % M ((sn,t, 1) N Ey) (4.3)
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4 The variational Henstock-Kurzweil-Stieltjes integral

for all n € N, which is possible by the definition of Ny ,,. Then 7 := {(s,,;,t) : t € Ny ,, n € N}
covers Nj, in the (classical) Vitali- sense and the elements of J are closed intervals having non-
trivial interior as the inequality in (4.3) is strict. We now consider the finite set function

i PR) — [0,00); A my(BNE,).

One easily verifies that 1 is a metric outer measure on R using that m,, is a metric outer measure
on [a, b]. Thanks to Prop051t10n we can extract pairwise disjoint intervals {(s,;,t;)};_;, where
= p,,t; and n; € Nsuch that u(Ny, \ Uj_, (sn,,t;)) < 5. Employing (.3) we now estimate

M (Nk,w) = p(Nk,v) <M<Nku L:anj, >+M<Nky anﬂ )
<+u< L_Js >=;+m¢<g(Eyﬂ<snj,tj>)>

Sp, =

< *+va’ By N (sn;,t5))
<5+ D IF o) = ) = (6 olon) =] < 5+ 57 =5

where the last inequality results from applying (4.2), which is allowed because {((sn,,t;),t;)}j=; €
S([a,b],61) due to the pairwise disjointness of the intervals {(s,,,?;)}_;. We thus arrive at the
conclusion m, (Ng,,,) = 0. O

The next theorem treats the Fréchet-differentiability of the variational Henstock-Kurzweil-Stieltjes
integral and gives an improvement and indeed far-reaching extension of Theorem 7 in [War36] and
of the implication 1) = 2) of Faure’s Theorem 4.7 in [Fau97] (note that Faure’s theorem is based
on his Proposition 3.10 which cannot have an vector-valued extension beyond the scope of spaces
with the Radon-Nikodym property). At this point our exploration on the relation between fine and
full variational measure becomes fruitful.

4.22 Theorem. Let ¢ € BVG«([a,b],Y) and f € HK([a,b], p, X) with primitive F'. Then there exists an
my-null set N C [a, b] and a countable set D such that f(t) € FD(F,t,¢) forallt € [a,b] \ (N U D).

Proof. For k € N we put

Nk:={te[a,b1: om0 e Bl <>|}

1F(sp) = F(t) = f(1) - [e(sp) — @Il > % - lle(sp) —

Let D denote the countable point set of all discontinuities of . It suffices to verify m, (N, \ D) =0
for all k € N. For this purpose fix k € N and choose § € (0, 00)[**] with

S IF(b;) = Flag) = 7(t) - [o(by) = elay)lll < ¢ (44)

for all {([a;,b;],t;)};—; € S([a,b],0), which is possible by assumption. For each t € N we take a
sequence (sp¢)p in [a bl with [t — s5,¢] < min{1/n,d(t)} and with

[1E(sn.t) — F(t) = f(£) - [o(sn.e) — ()]H> Ne(sp) = @@]I]- (4.5)
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4.4 Integration of derivatives

We set 3 := {((snt,),t) : t € Ni, n € N}. As the inequality is strict, we always have s,, ; # t
and we conclude that 3 € C*(N). Now let m = {({(sn;,t;),t;)};—; € P(B), where s, := s, +, and
n; € N. From (#.4) and@.5) we deduce

1) =3 le(sn,) =) < kD IF(sn,) = F(t) = F(1) - [(sn,) — o (@)]]| < k- % =
j=1 j=1

using {((sn,1;)+£;)}}_, € S(Ni.6) € S([a.b],8). Hence, m#(Ny) < sup,ep(s) Wy (r) < e and thus
m?(Ny) = 0. Now Theorem [3.29|yields m (N \ D) = m¥ (N \ D) = 0. O

4.4 Integration of derivatives

In this section we explore the integrability properties of some of the derivatives introduced above.

4.23 Theorem. Let ¢ € BVGx«([a,b],Y") with measurable admissible decomposition (E,,)52, and let F :
[a,b] — Z be a p-continuous function such that there exists a set N C [a,b] with mp(N) = 0 and
a countable set A C [a,b] such that F' is (¢, (Ey)n)-differentiable on [a,b] \ (N U A). Furthermore let
f i [a,b] — X be any function with the following properties:

f(t) € C(F,p,t) forallt € A\ N;

f(t) € D(F,p,t,(En)y) forallt € [a,b] \ (N UA);

I

t)=0forallt € N.
Then we have f € HK([a, b], ) with f f(s)-de(s) = F(t) — F(a) forall t € [a,b].
Proof. Let D denote the countable set of all discontinuities of ¢ and lete > 0. If B := (AU D) \ N is
nonvoid, let (s, )ner be an enumeration of B, where I = {1,...,£B}, if B is finite,and I = N, if B is

infinite. We further set £y := E; \ (BUN) and B, := E,, \ (U, Ex UBUN) for n > 1. For each
n € I take §,, > 0 with

1E'(s) = F(sn) = f(sn) - [p(s) = ¢(sn)lll < 5oz

for all s € [a,b] N Us, (sy), using that f(s,) € C(F,p,sy). Because of mp(N) = 0, there is a gauge
5o € (0,00)N with Wr(9) <  forall S € S(N, éo). Finally, for t € E, we choose g ,(t) > 0 with

IF() = F(E) = £0) [o(5) = ¢Ol £ gz gy el N En)
for all s € [a,b] N Us, , +)(t). We now define

On, if t = s, for a (unique) n € I,
0 :[a,b] — (0,00); t— < do(t), ift e N,
don(t), ifte E, fora (unique) n € N.

Let {([a;, b;], t;)}}—, be an arbitrary element of S([a, b], J). We have

r

Z 1E(b;) = Flag) = f(t;) - [o(by) = papll < Y I1F(b;) = Flag)l| + 1+ S + s,

j=1
tjEN
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4 The variational Henstock-Kurzweil-Stieltjes integral

where
¥ = Z (| F(b; aj) — f(t;) - [p(b;) — e(az)]ll,
Soi= Y |IF(by) = F(ty) = £(t;) - [p(b;) — ()],
.
and

T

X3 = Z |F(t;) — F(a;) — f(t;) - [p(t;) — o(a;)]].

t ¢ BUN

By the definition of § we obtain

Fb
Z 1F(6s) ~ Flay)l < 5.
f €N
Fort; € Bletk; € I with sy, = t;. Using that f{j € {1,...,r} : t; = sp} < 2foreachk € I we
calculate

2
< Z 17 (65) = Flsw,) = £(6) - [o(bs) = s, + 3 1F(sn,) = Fia) = 6 gsn,) = (@)
1 €= 1 € |
22 R DI DO R

Next observe that for t;,t; € E, with j # k we have [t;,b;] O [te, bi] € {t;,tx} and my,({tx}) =0
due to E,, C [a,b] \ D. This yields (recall that (E,,)2, is a measurable admissible decomposition)

T

> my(ty, 01N En) = ( U [t,b] ﬁEn> < my(Bp).

=1
t;€EEn

tqu

Utilising this inequality we further estimate

Sp=3 Z 1E(bs) = F(t;) — f(t;) - [p(b5) — o(t;)]]

< Z Z 2n+2 )+ 1) 'msa([tjvbj] N En)

n=1 Jj=1
t;€En

emy(Ey) €
<22n+2 o(En) +1) S

Analogously, we see X3 < {. Summarizing, we arrive at

S IF®) — Flag) = F(15) - [p(by) = plap)l] <4- ] =<

for each {([a;, b;],t;)}%_; € S([a,b],d). This completes the proof. O
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4.4 Integration of derivatives

Analogous to Theorem [4.23] the next result states a corresponding statement essentially concerning
the integrability properties of the Roussel-derivative.

4.24 Theorem. Let ¢ € BVG+([a,b],Y) and let F : [a,b] — Z be a p-continuous function such that there
exists aset N C [a,b] withmp(N) = 0and a countable set A C [a, b] such that F is p-Roussel differentiable
on [a,b] \ (N U A). Furthermore let f : [a,b] — X be any function with the following properties:

(
f(z) e C(F,p,x) forallx € A\ N;
f(z) € D(F,p,x) forall x € [a,b] \ (N UA);
f(x)=0forallz € N.

Then we have f € HK([a,b], o) with [ f(t) - de(t) = F(z) — F(a) forall z € |a,b].

We shall give two different proofs for this important result. The first one rests on an immediate
application of Lemma 2.8} while the second proof is based on Lemma

1st proof of Theorem Lemma 2.8 gives a strictly increasing function x : [a,b] — R and a count-
able set M C [a, b] such that
le(x) = el

lim 2 L - 6g
vz |x(x) — x(y)|

forall x € [a,b] \ M. In view of this fact, for each n € N we define E, astheset of all z € [a, b] with
the property

Yy elat]s k@) —x@)l < 3 = o) — o)l < nlx(@) — xw).

Let e > 0. We set .

23 (x(b) — x(a))
for n € N. Let D denote the countable set of all discontinuities of xy and put B:= NUAUM UD U
{a,b}. For each = € E,, \ B there exists a number §,,(x) > 0 such that the two implications

En =

o=yl < 0a(e) = Ix(@) = x(w)| <
and

x—0p(r) <y<z<z<z+d,(x)
= [[F(2) = F(y) = (@) - [p(2) = W]l < enwlep, [y, 2]) (4.6)
are satisfied for all y, z € [a, b]. Indeed, the first condition can be fulfilled because of x ¢ D. Due to

x ¢ NUA, Fis p-Roussel-differentiable at x with f(x) € D(F, ¢, x). There thus exists a radius > 0
such that z + h € [a,b] and

En
1F(z +h) = F(z) = fz) - [p(z + h) = p(@)]l| < Fwlpsz, h)
forall h € (—r,r). Fory,z € (z —r,xz 4+ r) withy < z < z, we deduce

1F(2) = F(y) = f(2) - [p(2) — e
<|F(2) = F(x) = f(2) - [p(2) = p@) + [|1F(2) = F(y) = f(2) - [p(2) = )]l

(w(p, [z, 2]) + wlp, [y, 2]) < enw(p, [y, 2]).
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4 The variational Henstock-Kurzweil-Stieltjes integral

Hence, we can choose 8, (z) > 0 as claimed. Observe thatif z € E,, \ B, y,z € [a,b] and & — 6, () <
y <& < 2 <+ 6,(x), then we obtain |{ — x| < §,(z) for each £ € [y, z]. Hence, |x(£) — x(z)| < £,

which in turn yields ||¢(z) — ¢(§)|| < nlx(z) — x(§)| because = € E,,. We thus derive

(&) = (Ol < lle(€) — @) + lle(z) — Q)]
< n(]x(&) = x(x)] + [x(z) = x ()
<2nw(x, [y, 2]) = 2n(x(2) — x(v))

forall &, ¢ € [y, 2], i.e.,
w(p, [y, 2]) < 2n(x(z) — x(v))- (4.7)

Wenextput C := B\ N = (AUMUDU{a,b})\N.If C # 0, let (y,)ner be a (bijective) enumeration
of C, where I := {1,...,4C} for finite C and I := N for infinite C. (Note that C' is countable.) Since
F is p-continuous with f(z) € C(F, ¢, z) for all z € [a,b] \ N, we can choose a number 4,, > 0 for

each n € I such that -

1E'(y) = F(yn) = Fyn) - lo(y) = eallll < 553
for all y € [a, b] with |y — yn| < dp.

Thanks to mp(N) = 0, we finally find a gauge 6: N — (0,00) with

ZHF F(ay)ll <

for each {([a’ﬁ bj]? ‘Tj)};'.zl € 8(N7 g)
Now, we define F; := E; \B, E,41:= En+1 \ (B U U;’Zl EJ) forn € Nand

on(z), ifx € E, for some (unique) n € N,
0(x) := { Op, if z = y,, for some (unique) n € I,
g(a:), ifr e N,

forz € [a, b]. Note that | ]~ E,UNUC = (U;’f:l B\ B)UB = U, E,UB = [a, b] since [a, b\M C

U.—, E, and M C B.
Now let {([a;, b;],z;)}7_; € S([a,b],d) be arbitrary. We have

Z 1£(b;) = Faz) — f(x;) - [p(bs) — ¢ (a)]|

= Z 1(b;) = F(az)]| + Z 1E(b;) = Faz) — fx;) - [p(bs) — ¢(a)]|

+ Z 1£(b; aj) — f(x5) - [p(bs) — w(ay)]|
J¢B
Z |F(b) = Flag)l| + Sy + %2 < 5 RIS RIS S8

For each z; € Clet n; € I be the uniquely determined number with y,,, = z;. Then we estimate

Si= Y IF(bs) = Flag) = f(yn,) - [o(b)) = p(a)]]

z;€C
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4.4 Integration of derivatives

< IF (b)) = F(yn,) = fyn,) - [0(b5) — @(yn)

where we used that for each k € I theset {j € {1,...,r} : z; = yi} has at most two elements. We
next estimate

S2=) Y IF®) —Flaj) = f(z3) - [p(bs) — ela)l

n=1 Jj=1

o ehn

< Z Z gnw(go, [aj’ bJ])
n:1 mjje:é"l,

< Z Z 2nen (x(b;) — x(ay)),
n=l

where we applied the inequalities and (47). The monotonicity of x and the definition of ¢,
then yield

Summarizing, we arrive at
. € 3e
D IF®;) — Flag) = f(z5) - [e(b;) — elaj)]l| < g Tt E s o <e
j=1
and conclude f € HK([a,b], ) with [ f(t) - dg(t) = F(z) — F(a) for all z € [a, b]. O
2nd proof of Theorem We choose a sequence (E,)52; of closed sets with | J~ , E,, = [a,b] and
¢ € BV«(E,,Y) forall n € N. We set ¢, := min E,, and d,, := max E,. By Lemma[2.4|the quantity

M, :=sup{V;(S) : S = {([aj,b;],tj)};=1 € A(len, dyn]) with {a;,b;} N E, # 0 forj € {1,...,r}}

is finite for each n € N. Let (si)res be an enumeration of B := (|J,—,{¢n,d,} U A) \ N, where
I ={1,...,4B}, if Bis finite, and I = N, if B is infinite (provided that B is non-empty at all). We
further set B, := E1 \ (BUN) and E,, := B, \ (Ug<n ExUBUN) for n > 1. For each k € I take
O > 0 with

|F(s) = F(sa) = f(s0) - [(5) = ()] | < 57
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4 The variational Henstock-Kurzweil-Stieltjes integral

for all s € [a,b] N Us, (sk), using that f(si) € C(F, ¢, s). Because of mp(N) = 0, there is a gauge
do € (0,00)N with Wp(S) < £ forall S € S(N,d). Finally, for t € E, C E, \ {¢n,d,} we choose
Bo.0(1) > O with Us, _(t) € (0. d)

IF(s) — F(t) — £(1) - [p(s) — o(®)]]| < m - w(e, (s,1))
for all s € [a,b] N Us, , +)(t). We now define

Ons ift = s, for a (unique) n € 1,
d:[a,b] — (0,00); t+— ¢ dp(t), ifte N,
don(t), ifte E, fora (unique) n € N.

Let {([a;, b;],t;)}};—; be an arbitrary element of S([a, b], 0). We have

ZIIF(bj)—F(aj)—f(t) [p(bj) — @(az)]ll < Z [ F(b;) — F(az)|| + 1 + X2 + X3,
where
ZIIF ) = f(t5) - le(bs) — e(a))]ll,
Sai= Y F(b;) = F(t;) = f(t;) - [o(b;) — ()],
¢, eBUN
and

Bem 30 1) - Fles) - 106 [olty) — elal.
i

By the definition of 6 we obtain

Z 1£(bs) — F(ay)]l < T

t EN
As in the proof of Theorem one shows ¥; < §. Next notice that the system {[t;,b;] : j €
{1,...,r} witht; € E,} belongs to A([¢,,dy]) and satisfies {t;,b;} N E, 2 {t;} # 0 for each j €
{1,...,r} with t; € E,,. Hence,

T

> wle, [ty,b]) < M.

7‘:1
t;€En

Using this observation we derive

Sp=3 Z 1E(bs) = F(t;) — f(t;) - [p(b5) — o(t;)]]

<Z Z 2n+2(M +1) (907[tj’bj})

n=1 J=1
tEE

eM,, €
< _ < -,
- nz::l +2(M,+1) 4
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4.5 Descriptive characterisation of the variational Henstock-Kurzweil-Stieltjes integral

Analogously, we see ¥3 < §. Summarizing, we arrive at
- 5
D IFE®;) = Flag) = () - [e(b)) — elay)]| <4- 5 =
j=1

for each {([a;, b;],t;)}_; € S([a,b], ). This completes the proof. O

4.5 Descriptive characterisation of the variational
Henstock-Kurzweil-Stieltjes integral

In the final section of this chapter we bring together the results from the previous two sections
in order to obtain descriptive characterisations of functions Stieltjes-integrable in the variational
sense of Henstock-Kurzweil resp. of functions being the indefinite integral of such functions. As
a consequence of these characterisations, we shall obtain, as announced before, a clearer picture of
the relations between the various notions of derivatives introduced above.

4.25 Theorem. Let ¢ € BVG«([a,b],Y) with measurable admissible decompostion (E,,)>2,. For f €
X981 the following statements are equivalent.

(a) We have f € HK([a,b], ¥).
(b) There exists a function F' : [a,b] — Z with mp < my, such that f is a p-Fréchet derivative of F.
(c) There exists a function F : [a,b] — Z with mp < my, such that f is a p-Roussel derivative of F.

(d) There exists a p-null set A and a p-continuous function F : [a,b] — Z with mp < my, such that
f(t) € C(EF,t,p) forallt € [a,b] and f(t) € D(F,¢,t,(Ey)y) forall t € [a,b] \ (N U A);

If one (and thus all) of these conditions is satisfied, we have f;‘/ f(s) - de(s) = F(t) — F(a) forall t € [a,]
and any function F as in condition (b)-(d).

Proof. The implication (a) = (b) follows from Theorem Lemma4.7jand Lemma

The implication (a) = (d) follows from Theorem [4.21} Lemma[4.7jand Lemma

The implication (b) = (c) is trivial.

Now assume that (c) holds. Then f(¢) is contained in C(F, ¢, t) for all ¢t € [a, )] and there exists a
countable set A C [a,b] and a set N C [a, b] with m,(N) = 0 such that f(t) belongs to D(F, ¢, t) for
allt € [a,b] \ (N U A). We now define

~ fo, iften,
" | f(b), elsewise,

for ¢t € [a,b]. Since my,(N) = 0 and mp < my, Theoremyields f € HK([a,b], p) with fat f(s) -
do(s) = F(t) — F(a) forall t € [a,b]. The set M := {z € [a,}] : f(t) # )} is a subset of V. Hence,
my(M) = 0 and Lemmal4.11]implies f — f € HK([a,b], ) with [!(f(s) — f(s)) - dp(s) = 0 for all

t € [a,b]. These facts then imply f = F+(f =) e HK([a,b], ) with

/ £(s) - dils) = / 7(s) - dels) + / ((s) — F()) - dg(s) = F(t) - F(a)

for all ¢ € [a, b]. This establishes (a) and the addendum in the cases (b) and (c).

Finally, the remaining implication (d) = (a) and the addendum in the case (d) can be proved as
the implication (c) = (a) before replacing the use of Theorem by an application of Theorem
4.23 O
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4 The variational Henstock-Kurzweil-Stieltjes integral

Now we can derive several corollaries from our main results above.

The first two show how the characterisation in Theorem simplifies under additional assump-
tions imposed on .

4.26 Corollary. Let ¢ € BVG+([a,b],Y) be bounded and f € X%, The following assertions are equiva-
lent.

(a) We have f € HK([a,b], ¢).

(b) There exists a function F' : [a,b] — Z with mp < my, and a p-null set N such that f(x) is a pseudo-
p-Roussel-differentiability value of F at x for all x € [a,b] \ N and f(x) is a @-continuity value of F
at x forall z € N.

(c) There exists a function F : [a,b] — Z with mp < my, and a @-null set N such that f(t) €
FD(F,,t) forall z € [a,b] \ N and f(t) € C(F,p,t) forallt € N.

Proof. By Theoremit is clear that (a) implies (c) and obviously (c) implies (b).

Now assume that (b) holds. Since ¢ is a bounded function, any pseudo-¢-Roussel-differentiability
value is also a p-continuity value and thus even a p-Roussel-differentiability value. Consequently,
F is a p-continuous function with mr <« m,, and f is a p-Roussel-derivative of F. Theoremm
now yields (a). O

4.27 Corollary. Let ¢ € BVG+([a,b],Y) be continuous and f € X*¥. The following assertions are
equivalent.

(a) We have f € HK([a,b], ¥).

(b) There exists a function F' : [a,b] — Z with mp < my, such that f is an m-Roussel-derivative of F.

(c) There exists a function F : [a,b] — Z with mrp < my, and a my-null set N such that f(t) €
FD(F,,t) forall t € [a,b] \ N.

Proof. Statement (a) and (b) are equivalent thanks to Theorem [4.25 and Lemma [£.16] Clearly, (c)
yields (b) and (c) itself follows from (a) once again by means of Theoremm

Of course, we also obtain a characterisation of indefinite variational Henstock-Kurzweil-Stieltjes
integrals with respect to ¢.

4.28 Corollary. Let p € BVG+([a,b],Y) and F € ZI4Y. The following assertions are equivalent.

(a) The function F is an indefinite variational Henstock-Kurzweil-Stieltjes integral with respect to .
(b) The function F satisfies mp < my, and possesses a p-Roussel derivative.

(c) The function F satisfies mp < m, and possesses a p-Fréchet derivative.

In fact, if (b) resp. (c) holds, then F is an indefinite variational Henstock-Kurzweil-Stieltjes integral of each
of its p-Roussel derivatives resp. p-Fréchet derivatives with respect to .

Proof. Since two indefinite variational Henstock-Kurzweil-Stieltjes integrals of the same function
with respect to ¢ differ from each other only by an additive constant, the implication “(a) = (c)”
follows from Lemma Lemma Theorem and the simple observations that C(F, ¢,t) =
C(F + z,¢,t) and FD(F, p,t) = FD(F + z,¢,t) and mp4, = mp forall t € [a,b] and all z € Z.
Obviously, (c) implies (b).

Assume finally that (b) holds and let f : [a,b] — X be a ¢-Roussel derivative of F. Theoremm
implies f € HK([a,b], p) with [ f(t) - dp(t) = F(x) — F(a) for all z € [a, b] and we conclude that F
is an indefinite variational Henstock-Kurzweil-Stieltjes integral with respect to ¢. O
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4.5 Descriptive characterisation of the variational Henstock-Kurzweil-Stieltjes integral

As an immediate corollary to the preceding result we gain a new insight into the relation between
the various notions of derivatives defined above.

4.29 Corollary. Let ¢ € BVGx([a,b],Y) and F € ZI%¥ with mp < m,. Then F possesses a p-Roussel
derivative if and only if F' possesses a -Fréchet derivative.

4.30 Corollary. Let o € BVGx([a,b],Y) and let F, F : [a,b] — Z be two functions with mp < My, resp.
mg <K my, possessing a common p-Roussel derivative or a common p-Fréchet derivative. Then F' and F'
only differ by an additive constant.

In the special case X = Z,Y = K, where ¢ is the identity on [a, b] and the bilinear mapping B is the
usual multiplication with scalars, we obtain the following version of Lusin’s classical characterisa-
tion of the Henstock-Kurzweil integral.

4.31 Corollary. Let X = Z,Y =K, let o be the identity on [a, b] and let the bilinear mapping B be the
usual multiplication with scalars and let f € X%, The following assertions are equivalent.

(a) We have f € HK([a,b], ¢).

(b) There exists a function F : [a,b] — X with mp < X that is Lebesgue-almost everywhere differentiable
with F'(x) = f(x) for Lebesgue-almost all x € [a, b].

Proof. This follows from Corollary and the fact that m, = miq coincides in this situation with
the usual outer Lebesgue measure by Proposition O

4.32 Remark The preceding result does not completely coincide with Lusin’s classical theorem in
view of two aspects. First, Corollary [4.3T|uses functions F' : [a,b] — X with mp < X to characterize
Henstock-Kurzweil integrable function, while Lusin’s result uses (continuous) ACGx-functions. As
an application of our main results of this chapter, we shall show in the second section of the next
chapter that we may indeed utilise (continuous) ACG=-functions in order to get the same charac-
terisation. Second, Corollary incorporates differentiability properties of the indefinite integral
F. In contrast to that, the classical Lusin theorem can refrain from that because real-valued ACGx-
functions are automatically Lebesgue-a.e. differentiable. Therefore, Corollary[4.31]is a so-called par-
tial descriptive characterisation, whereas a so-called full descriptive characterisation would only in-
voke the condition mp < m,,. As a consequence, the question arises whether or not it is indispens-
able to incorporate this differentiability condition. This was the main motivation for Bongiorno,
Di Piazza, Musiat for their paper [BPM09a], where they examine this question and its relation to
the Radon-Nikodym property. We shall continue their explorations in the third section of the next
chapter and significantly extend their results.

The last result of this section concerns the question to which extent the derivative introduced in Def-
inition depends on the chosen admissible decomposition. It turns out that under appropriate
condjitions the existence of this derivative is in a global sense independent of the chosen admissible
decomposition.

4.33 Corollary. Let ¢ be an element of BVGx([a, b], Y') with measurable admissible decompositions (E,,)2

and (E,)°%,. Let F € 7%t be p-continuous with mp < my,. Then the following statements are equiva-
lent.

(a) There is a countable set A and an m-null set N with D(F,t, ¢, (Ey)5>) # 0 forall t € [a,b]\ (AU
N).

(b) There is a countable set A and an m-null set N with D(F,t, 0, (E,)2%,) # 0 forall t € [a,b]\ (AU
N).
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4 The variational Henstock-Kurzweil-Stieltjes integral

Proof. By symmetry it suffices to establish that (a) yields (b). So assume (a), set B := AU N U Ey,
take a choice function f; : [a,b] \ B — X with fi(t) € D(F,t,¢, (En)22,) forall t € [a,b] \ (AU N),
a choice function f5 : B — X with f(t) € C(F, ¢,t) forallt € B and for ¢ € [a, ] define f(t) := f1(¢)
fort € [a,b] \ B and f(t) := fa(t) for t € B. Note that D(F,t,p, (E,)5L,) C C(F,p,t) for each
t € [a,b] \ Ey. Indeed, pick n € N such thatt € E,, and let ¢ > 0. Then there exists by definition a
p > 0 such that

3

[F(s) = F(t) —z - [p(s) —p@)]]| < m

-my((s,t) NEy,) <€

for all s € [a,b] with |s — t| < p. Theorem [¢.25now yields f € HK([a,b], , X) with [! f(s) - de(s) =
F(t) — F(a) for all t € [a,b]. With (E,)>2, in lieu of (E,)>>, Theorem gives us now a -
continuous function F' : [a,b] — Z with mz < m,, a countable set A and an m-null set N such
that f(t) € C(F,t,¢) forall t € [a,b] and f(t) € D(F,¢,t,(E,)2,) forall t € [a,b] \ (N U A) and
fat f(s)-dp(s) = F(t) — F(a) forall t € [a,b]. In particular, " and F differ from each other only by
a constant. This yields part (b). O
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5 Applications

This chapter is devoted to several applications of the results of the previous chapters. In the first
section we revisit one of our starting points of our explorations, namely the question of recovering
a function from a given relative derivative. As one can expect at this point in the text the most sat-
isfactory results can be achieved using the Henstock-Kurzweil integral. Nevertheless the question
arises whether Riemann- or Lebesgue-integration suffice if we additionally impose a corresponding
integrability condition on the given relative derivative. It will turn out that this is indeed the case.

Afterwards, we revisit ACGx«-functions and derive another characterisation for them, which is in
the real-valued case originally due to Gordon (see [Gor89]). Using this result we shall reprove the
classical descriptive characterisation of the Henstock-Kurzweil integral due to Lusin.

Remark motivates to study Henstock-Kurzweil integrals of functions with values in a space
having the Radon-Nikodym property. This will be done in the third section where we prove a
far reaching extension of a result due to Bongiorno, Di Piazza and Musiat (see Theorem 3.6 in
[BPMO09b]) and also fill a gap in their proof.

The fourth section demonstrates how one can obtain “integration by parts”-results for variational
Henstock-Kurzweil-Stieltjes integrals using the characterisations proved in the previous chapter.

In the last section we apply our results to the study of certain normed algebras of differentiable
functions on compact plane sets.

5.1 Recovering a function from relative derivatives

We now return to the question that motivated, as we indicated in the introduction, Lebesgue’s
development of his integration theory: How can one recover a function from its derivative? But
instead of the ordinary derivative we want to consider a relativized version of it with respect to
another function. However, before doing this we have to explain what we mean by a relativized
derivative - in particular in view of the fact that there is no established definition within the litera-
ture. We refer to, e.g., [AP99,|CCO08, [Dan18| (Gar92, |Gra90, Jet32} |[Leb50, Rid36| Rid38) [Rid39), [Sak41,
War36| [Youl?] for similar notions of differentiability of a function relative to another function, as
well as for results related to ours.

Let f : [a,b] — X and ¢ : [a,b] — Y = K be two functions and ¢y € [a, b]. One natural candidate for
the definition of the derivative of f at ¢, with respect to ¢ is

) = f(to)
=t o(E) — (ko)

At this point, two problems rise. First, one has either to explain how the above expression is to be
understood if the denominator equals 0 for ¢ # t, or one should replace the limit lim,;_.;, by taking
the limit ¢ — ¢, with respect to those ¢ that fulfill p(t) # ¢(to); this, however, requires to demand
the existence of a non-degenerate interval I C [a, b] containing ¢, such that ¢ is not constant on any
non-degenerate subinterval of I containing .

Second, one might argue that the above working definition is not a good one if ¢ has a discontinuity
at to. Therefore, many authors have treated the discontinuities of ¢ separately or they have altered

73
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the above definition by incorporating left-sided and right-sided limits of ¢; but in the last case one
has to require that ¢ is at least a so-called regular function.
In order to avoid all these questions, we have decided to follow [AP99] and to use our Definition

E17

5.1 Definition. We say that f is differentiable at ¢, with respect to  if there is an © € X such that for
each € > 0 there exists a § > 0 such that

1f(#) = f(to) — x(p(t) — @(to))]l < ele(t) — @(to)]
forall t € [a,b] with |t — to] < 4.

5.2 Remark (a) Definition precisely coincides with the definition of our notion of Fréchet-
differentiability at the point ¢y, where X = Z, Y = C and the bilinear mapping B is the
multiplication by scalars.

(b) If f is differentiable at to with respect to ¢ and if ¢ is constant on some neighbourhood (relative
to [a, b]) of t, then so is f on this neighbourhood and we can take any 2 € X in Definition 5.1}

(c) If f is differentiable at t( with respect to ¢ and if there exists a sequence (¢, ), in [a, b] converg-
ing to to with ¢(t,) # ¢(to) for all n € N, then the x in Definition [5.1]is unique.

Proof for part (c). Let z € X also fulfill the above condition in the definition, ¢ > 0 and § > 0 be as
above in the definition. We then obtain [t,, — ty| < ¢ for all sufficiently large n € N and thus

I = ]|

_llzle(tn) = ¢(to)) = Z(p(tn) — ¢(t))
|o(tn) = ¢(to)]
_F () = F(to) = 2(p(tn) = #(to)) = (F(tn) = f(to) = 2(p(tn) = ¢ (t0)))ll
o (tn) = ¢(to)|

M) = F(to) = #(otn) — (o)) | I/ (tn) = F(to) — 2(p(tn) — o(to))]

B [o(tn) = (o) |p(tn) = ¢(to)]

elp(t) — elto)| | ele(t) = #(to)|

“Te el T Tel) — el

for all these sufficiently large n € N. Hence, z = 7. O

Due to the observations in Remark 5.2 we make the following convention: if f is differentiable at tg
with respect to ¢, then f,(ty) denotes any = as in Definition 5.1}

Now we want to explore the following question. Assume that f is differentiable at each point
t € [a,b] and that we know f/, on [a, ] as well as f(to) for some to € [a,b]. Can we reconstruct the
function f from these data? In contrast to far reaching positive results (see, e.g., Théoreme 10 in
[Cho47] and page 307 in [Leb50]) in the case of real-valued ¢, the answer is in general “no”, even
under quite “good” circumstances and even for complex-valued ¢ and very tame f. To see this, let
6 € (0, %) and consider Koch curves I'y constructed in the usual iterative manner starting with the
isosceles triangle having base angle § with vertices 0, 1 and 1 (1 + i tan(6)) (see [Pon07, §1] for this
construction). Then there is a homeomorphism ¢ : [0, 1] — Iy satisfying

sin 36
8 cos3 0

for all s,t € [0,1] (see, e.g., [Pon07, Theorem 1]). We now set f(t) := ¢ for ¢t € [0,1]. For distinct
to,t € [0,1], we then obtain by means of the above inequality for ¢

‘t _ s|log2(20059) < |(p(t) _ ¢(8)| < 4‘t _ S|log2(20059)

3
|t — t0| < 8(.305 0 . |t _ t0‘1_10g2(20089) 0
lo(t) — @(to)] — sin30 t—tg
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5.1 Recovering a function from relative derivatives

since 1 — log,(2cos#) > 0. Therefore f is differentiable at each point of [0, 1] with respect ot ¢
and with f/,(t) = 0, but f is not constant. In particular, Choquet’s Théoréme 10 in [Cho47] fails
dramatically if we pass from the real-valued to the complex-valued situation, i.e., Choquet’s result
is of genuinely real nature and does not allow an extension to Banach-space valued functions ¢.
Furthermore, the above example prompts to impose additional conditions on ¢ in order to obtain
positive results.

Using Theorem it is now very easy to derive the following result, which solves Lebesgue’s
“probleme des fonctions primitives” in a much more general framework (cf. [Leb50, p. 307]).

5.3 Theorem. Let ¢ € BVG+([a,b], K) be bounded.

(@) If f : [a,b] — X is differentiable at each point t € [a,b] with respect to , then we have f,, €
HK([a, b], ¢, X) with

/ £1(s) - dg(s) = £(t) — f(a)

forallt € [a,b)].

(b) Assume that f : [a,b] — X is p-continuous and differentiable at each point t € [a,b] \ N with
respect to p and put fi(t) := 0 forall t € N, where N C [a,b] with my(N) = 0. Then we have
fo € HK([a, b], p, X) with

t
[ 52ts)-dets) = 16) - £(@)
forallt € [a,b].
The remaining part of this section is devoted to the question to which extent it is possible to recover
a function from relative derivatives using Riemann-Stieltjes and Lebesgue-Stieltjes integration (for
the latter notion see Definition [C.1)). Clearly, one has at least to require additionally that the relative

derivative is integrable in the Riemann-Stieltjes respectively Lebesgue-Stieltjes sense. It turns out
that under mild conditions these minimum demands are sufficient.

5.4 Theorem. Let ¢ € BVGx([a, b], K) be bounded and assume that f : [a,b] — X is differentiable at each
point t € [a,b] with respect to .

(a) If f,, is Riemann-Stieltjes integrable with respect to , then

(R) / £1(s) - dg(s) = £(£) - f(a)

forallt € [a,b].

(b) Assume additionally that o is even of bounded variation (i.e., o € BV ([a, b], C)) and continuous from
the right and that f, is Lebesgue-Stieltjes integrable with respect to . Then

t
(£) [ 135)-dels) = £10) - £(@)
forallt € [a,b].
Proof. Part (b) follows immediately from Theorem [5.3 and Proposition and part (a) is a very
special instance of the subsequent Theorem 5.5 O

5.5 Theorem. Let ¢ € BVG+([a,b],Y) and assume that F : [a,b] — Z possesses a p-Roussel derivative,
say f, and that mp < my, or that f(t) € D(F,p,t) forall t € [a,b]. If f is Riemann-Stieltjes integrable
with respect to , then

(R) / f-dg(s) = F(t) - F(a)
forallt € [a,b].
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Proof. We consider X, Y and Z as real Banach spaces. Let z* be an R-linear functional on Z with
lz*]| < 1. We consider the bilinear mapping

B, : X xY = R; (z,y) — (B(z,y), 2*)

and we observe that
|B.+(, y)\ < IIB(x y)H : HZ*H <l - [lyll

forallz € Xandy € Y. Weput z := f f(s ). Lete > 0 and choose a constant § > 0 such
that

Z_Zf p(aj)]

for all {([a;, b;],t;)};—; € S([a,b],6) with U 1laj, b5] = [a, b]. For such an element {([a;, b;], ;) }}_4
of §([a, b],0) we then estimate

=Y Bae(f(t5), 0(bs) — @(aj))| = <z = > F(t) - [o(bs) = wlay)], Z*>
j=1 j=1

<e€

<

Z_Zf — p(ay)]

As a consequence, we infer that f is Riemann-Stieltjes integrable with respect to ¢ and B,+ and we

<e.

have (R) f; B.«(f(s),d¢(s)) = (2, 2*). Then f is also Henstock-Kurzweil integrable with respect to
¢ and B... Lemma[4.3lnow implies that f is also variationally Henstock-Kurzweil integrable with
respect to ¢ and B+ with

t

/ B. (£(s), d(s)) = (HE) / B (£(s),dp(s)) = (R) / B (f(s), di(s)) G.1)

~(m [ s) dple). )

for allt € [a, b]. On the other side, we know f € HK([a,b], p, X) with fat f-de(s) = F(t) — F(a) for
all ¢ € [a, b] by Theorem[d.25|or Theorem [4.24} respectively. Moreover, observe that for u, v, w € [a, b]
we have
(' (u), 2%) = (F(v),2%) = Bar (f(w), () — p(0))|| = [{F(u) = F(v) = f(w) - [p(u) — p(v)], 27)]]
S |[F(u) = F(v) = f(w) - [(u) — ()]

Using this estimate one easily verfies

t
| B (49 d6(s) = (F(@) ~ Fla), ) 52
forallt € [a,b]. Comblrung the two equations (5.1) and (5.2) and applying the Hahn-Banach theo-
rem we deduce (R fa f-de(s) =F(t) — F(a) for allt € [a, b] as claimed. O

5.2 ACG+-and ACG;s-functions

In this section we turn our attention once again to ACGx-functions and extend from the real-valued
case to the vector-valued case a result originally due to Gordon providing another characterisation
of ACGx-function.

We start with a definition due to Gordon (see [Gor89])
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5.6 Definition. Let ) # E C [a,b]. We say that a function f : [a,b] — X is of variational absolute
continuity on E if for each e > 0 there exists an n > 0 and a gauge § € (0,00)¥ on E such that W;(S) < e
forall S = {(laj, b;],2;)};_, € S(E,5) with Wia(S) = 327_,(b; — a;) < 1. We denote by AC5(E, X)
the set of all X-valued functions of variational absolute continuity on E. Moreover, we say that a function
[ :la,b] — X is of generalized variational absolute continuity on E if E is the countable union of sets
on each of which f is of variational absolute continuity. We denote by ACG;(E, X) the set of all X-valued

functions of generalized variational absolute continuity on E.

5.7 Remark Note that in [Gor89] Gordon defines the notion of variational absolute continuity using
the condition HZ;ZI F(bj) - F (aj%< ¢ instead of our condition W¢(S) < e. But using the same
4.3

reasoning as in the proof Lemma 4.3} it is easy to see that these two concepts coincide in the case
X =R, which is considered by Gordon.

Now the question rises how the notions of generalized absolute continuity in the restricted sense
and of generalized variational absolute continuity are related to each other. As a first step we have
the following result.

5.8 Lemma. Let ) # E C [a,b] be closed and f € AC«(E, X). If f is continuous at each point of E and
bounded on [min(E), max(E)], then f € ACs(FE, X) holds.

The preceding result is origionally due to R. A. Gordon (cf. the solution to Exercise 11.7 in [Gor94]
or Theorem 5 of Gordon’s original paper [Gor89]]). Unfortunately, his proof is not quite correct
(for the details we now refer to see the solution to Exercise 11.7 in [Gor94]): When considering P,
Gordon claims that for any ¢ there exists a unique index k; > K such that ¢x; < u; < dy,. But this
requires u; € [c,d], which may fail since we cannot guarantee that v; — §(v;) > ¢ always holds and
we only know v; — §(v;) < w; < v; (the same mistake appears in the solution to Exercise 11.3 in
[Gor94]). Nevertheless, it is not hard to repair Gordon’s proof, but for the sake of completeness we
have attached a correct version.

Proof of Lemma[p.8] Let ¢ > 0. By assumption we can find a number > 0 such that V;(S) =
Z;Zl w(f, [(lj, bj]) <eforall S = {[aj, bj]}T S A(E) with Z;:1 |bj — aj| <.

j=1
Weputc:=inf F € Fand d :=sup F € E. Since f is continuous at each point of £, thereisa p > 0
such that ||f(z) — f(c)|| < e for all z € [a, b] with |z — ¢| < p and such that ||f(z) — f(d)|| < ¢ for all
x € [a,b] with |z — d] < p.

If ¢ = d, then we obviously have W (S) < 2¢ for every S € S(F, ) with § = p, as asserted. So let
c<d.

Since E is closed, [c,d] \ E is an open set. We dinstinguish between two cases.

Ist case: E = [c,d]. For x € E \ {c,d} we put §(x) := min{z — ¢,d — z} and for = € {c,d} we set
() := min{p, c—d}. Let S = {([a;,b;], z;)};_, be a i-fine partition on Ewith 377_, [b;—a;| < 7. As
[aj,b;] € Us(z;)(7;), we have a;,b; € E = [c,d] atleast for j € {1,...,r}\ {1,7}. Ifa; ¢ E = [c,d],
then z1 = c and hence |a; — ¢| < p as well as |¢ — b1| < p and thus || f(b1) — f(a1)|| < 2e. Similarly,
one sees || f(b;) — f(a,)| < 2¢ for b, ¢ E. The choice of n now implies

Wi(S) = I1f(b) = fla)l < 5e.
j=1

2nd case: E # [c,d]. In this case [c,d] \ E is a non-empty open subset of (c,d). Therefore we may
write [c,d] \ E = |, (ck,dr) with pairwise disjoint intervals (cy, dx), where cx,d, € E and I is
either N or {1,...,4I} if I is finite (and nonvoid). If I is finite, we put A := (J,.;{cx,dr} and
J := I. Otherwise we choose K € N with K > 2 such that >~ . w(f,[ck,di]) < e. This is indeed
possible since the series Y - ; w(f, [ck, di]) converges because f € AC+(E, X) is bounded on E (due

77



5 Applications

to the compactness of E and the continuity of f on E) and thus belongs to BV« (E, X) (see Lemma
. Then we put A = Ukl,:ll{ck, dp}and J := {1,..., K — 1}. In each of these two cases we set
J={1,...,2-(8J)}.

Since f is continuous at each point of E, we can find a function §; : A — (0, c0) with W;(S) < ¢
for each S € S(A,d1) (cf. the solution to Exercise 9.9 in [Gor94]): Write A = {yn, : n € J'}. For
each n € J' there exists a number 6, (y,,) > 0 such that || f(y,) — f(2)|| < 5= forall z € [a, b] with
|Yn — x| < 81(yn). For each S = {([a;,b;], 7;)};_; € S(A,d1), we then obtain

= Z 1£(b5) = flaz)ll < Z 1£(b5) = f(z5)ll +Z 1f(25) = faz)ll
= > ) = fall+ Y Y I (5) = flag)ll

neJ i=1 neJ =1
Tj=Yn Tj=Yn
> € > €
<2y, ont2 +2) ontz
n=1 n=1
where we used that every set {j € {1,...,7} : ; = y,} has at most two elements.

We now put §(z) := min{z —¢,d — z,minye 4 |z —y|} forz € E\ (AU{c,d}), §(z) :=d1(x) forz € A
and 6(z) := min{p, ¢ — d, minye 4 |z — y|} for z € {c,d} \ A.
Take a partition S = {([a;, b;],2;)};_, in S(E,8) with 377_, |b; — a;| < 1. Because of

SoIF) = Flall < DDA = Flapl+ 3 1) = f(a)l.

{(aj, 2], 25) Y52 U{([zg, b5), 25) iy € S(B,6) and 3775 (1b; — 25| + x5 —ay]) = 227, [bj —ay] <,
we may assume without loss of generality that each tag x; is an endpoint of its respective interval
[a;, bj]-

Let S 4 be that subset of S for which every tag z; belongs to A. We denote by S, that subset of S\ S
for which both endpoints belong to E, by S; that subset of S\ S4 for which the left endpoint does
not belong to E and by S, that subset of S \ S4 for which the right endpoint does not belong to E.
The choice of ¢ (respectively d1) yields Wy (Sa) < e if Sa # () (see above).

IfQ # So = {([evi, 5], &) }i_,, we deduce

q

( ) Z Hf(ﬁl Z f7 azaﬁz Vf*(SO) <e€

=1

If I is finite, then a; and b, belong to E at least for each ([a;, b;], z;) € S\Sawithj € {1,...,7}\{1,r}
because of Us(,,)(z;) N A = 0. One can now proceed as in the 1st case above in order to obtain
W;(S\Sa) < 3¢ (recall that each tag is a endpoint of its respective interval), provided that S\ S # 0.
For this reason we henceforth consider the case of an infinite I.

Let 0 # S1 = {([wi, vi],vi)};_;. The point u,; then belongs to [c, d] at least for all i € {1,...,s}\ {1}.
We distinguish between two cases.

Case 2.1: u; € [¢,d] forall i € {1,...,s}. In this case there exists for each ¢ a unique index k; € I\ J
such that ¢, < u; < dy, because Us(,,)(z;) N A= 0and u; ¢ E. Forid,j € {1,...,s} withi # j we
have k; # k; since the intervals {[u;, v;]}§_; do not overlap and since di, < v; and di; < v; due to
v;,v; € E. These facts further imply dy, < v; < ¢y, as well as

cry <y < dp, KU < egyyy <Uipr < dggy, S Ui

i+1

fori e {1,...,s— 1} due to v; < u;41, provided that s > 1. Hence, the intervals {[dj,,v;]}{_; do not
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overlap, have endpoints in F and satisfy > 7, [v; — di,| < > i, |v; — w;| < n. We derive
Dl i) = fu)] < Z 1S (vi) = f(di)I + [1f (di,) = f(wi)]])
i=1
< Z (f, [dr,, vi]) + w(f, [er;» di.]))

< Zw(ﬂ (s vil) + Y W fons da]) < 2e.

kel\J

Case 2.2: u; € [e,d] forall i € {1,...,s}\ {1} and us ¢ [c, d]. Note that then v; = c. Applying case 2.1
to {([ui, vi], v;) }_o, we estimate

S IF) = )l = () - u1|+2||fm F )| < 3e.

i=1

Anyway, we obtain

an vi) = fui)|| < 3e.

in each of the above cases.
The set S, can be treated analogously.

Summarizing, we arrive at
ZHf flaj)]] <e+e+3e+3e=8e.

This completes the proof. O

As an immediate corollary to the preceding lemma we get the subsequent result (for £ = [a, b] this
result is due to Gordon, see, e.g., [Gor89, Theorem 5]).

5.9 Corollary. Let ) # E C [a,b] be an F,-set and f € ACG+(E, X). If f is continuous at each point of E
and bounded on the interval [inf E, sup E|, then f € ACGs(E, X).

Proof. We choose a sequence (E,,)>2; of closed sets with E = [J,°, E,, and a sequence (4,)5>,
of subsets of F with (2| A, = E such that f € AC«(4,,X) for every n € N. Then also f €
AC«(E, N A, X) for all n,m € N. Thanks to Corollary 2.19 we also have f € ACx(B,, ,,, X) for all
n,m € N, where B,, ,, C E, is the closure of E,, N A Lemmanow yields f € ACs(Bp m, X),
Wthh implies f € ACG5(E X) because of | J B,m=FE. O

n,meN

As a consequence of the preceding corollary we infer
ACGx([a,b], X) N C([a,b], X) € ACG;([a, b], X)

But what about the converse inclusion? In [Gor89] Gordon proves that also ACGs([a,b],R) C
ACGx([a,b],R) holds (see Theorem 6 in [Gor89]); however, his proof essentially relies on the fact
that the functions considered there are real-valued. Therefore we have to invest some extra work
in order to obtain results concerning this question. For this purpose we need some properties of
ACG;-functions. The first result links the generalized variational absolute continuity to the (mea-
sure theoretical) absolute continuity with respect to Lebesgue measure.
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5.10 Lemma. Let f € X% and ) # E C [a, b]. Recall that \ denotes the one-dimensional (outer) Lebesgue
measure.

(a) If f € AC5(E, X), then my < X on E. The converse is also true, provided that my(E) < oo holds.
(b) If f € ACG;(E, X), then my < X on E. The converse is also true provided that my is o-finite on E.

(c) Assume that E is an F,-set. We then have f € ACGs(E, X) if and only if my < X holds on E. In
particular, f is continuous at each point of E in this case.

Proof. In order to verify part (a) one can use mutatis mutandis Skvortsov’s and Zherebyov’s proof
of Lemma 1 in [SZ04] combined with Remark 1 there or one can directly apply the results just cited
to the interval function 7y given by 74(I) := || f(sup I) — f(inf I)|. Part (b) easily follows from part
(a) (see the proof of [SZ04, Theorem 1]; see also the proof of [Gor89, Lemma 2] for the first assertion
in part (b)). Finally, assertion (c) is a direct consequence of part (b) combined with Corollary
and of Lemma[3.8 O

The next result is of interest in its own as it exposes a connection between variational Henstock-
Thomson measures of continuous functions and the one-dimensional outer Hausdorff measure (cf.
Theorem 43.1 in [Tho85| for the easier scalar-valued case).

5.11 Proposition. Let f € C([a,b], X). Then we have Hi (f(E)) < 2m¢(E) for each E C [a, b].

Proof. The assertion is trivial if £ = () or my(E) = oo. For this reason we may assume that E is
non-empty and that ms(F) < co. Lete > 0 and n > 0. Then there exists a constant §; > 0 such that
£ = f(s)|| < & forall s,t € [a,b] with |s — t| < 26; and there exists a gauge > € (0, 00)[**! such
that W;(S) < my(E)+nforall S € S(E,d2). We now put 6 := min{dq, d2}. Applying the so-called
covering lemma in [McL80] (see page 143), we obtain a (finite or infinite) sequence {([a;, b;],&;)}jes
(where J = {1,...,4J},if J is finite, and J = N, if J is infinite) with

o ;€ [(lj,bj] NEforallje J,

e [a;,b;] C Use,) (&;)N[a,b] forallj € J,

e (a;,bj)N(a;,b;) =0 forforalli,j e Jwithi# jand

o 5CU, a0
Clearly, f(E) € U, f(la;,b;]) and for each j € J and all s, € [a;,b;] we have || f(s) — f(¢)]| < § as

|s —t] < 20(5) < 261 Hence, diam f([a;,b;]) < § < € for allj € J. Letk € J and fix s;,t; € [a;, b;]
for j € {1,...,k}. We then estimate

k k k
Do IFGsi) = FEDI < DS (s5) = FENN+ DO IF(E) = F(EDN < 2my(B) + 21 (5.3)
j=1 j=1 j=1

to see the last 1nequa11ty notice that (s;,&;) C [a;, b;] and the intervals [a;, b;] are non-overlapping.

Therefore {({s;,&;),&)}_, € S(E,8) C S(E,d2). The same reasoning also shows that the system

jCS

{((t;, &), &)}, isan element of S(E,¢) C
sj,t; € [aj,bj] we arrive at

(E, d2). Taking in the supremum with respect to

k
Zw fa a]a <2mf(E)+2777
Jj=1

which yields >, ; w(f, [a;,b;]) < 2m¢(E) + 21. Therefore we have shown now

) < Z (f.laj, b)) < 2ms(E) + 2n.
jeJ

Taking first the limit n — 0T and afterwards ¢ — 07, the assertion follows. O
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Now we come to the announced result connecting ACG+- and ACG;-functions.

5.12 Theorem. Let E C |[a,b] be a non-empty Fy-set and assume that f : [a,b] — X is continuous at
each point of E and bounde on the interval [inf(E), sup(E)]. Then we have f € ACG«(E, X) if and only if
f € ACGs(E, X). In particular, we obtain ACG+([a, b], X) N C([a,b], X) = ACGs([a,b], X).

Proof. The only-if part follows from Corollary Let conversely f € ACG4(E, X). Lemma
implies my < A on E. This in turn yields f € (N)g thanks to Proposition as well as f €
BVG+(E, X) by Corollary3.16] Now Corollary 2.27/implies f € ACG«(E, X) as claimed.

The addendum is clear. O

We next consider a generalisation of ACG;-functions.

5.13 Definition. Let F € Z1%% and ¢ € V1P We say that a function F is of variational absolute
continuity on E with respect to ¢ and we write F € ACs ,(E, Z) if if for each ¢ > 0 there exists an
n > 0and a gauge § € (0,00)% on E such that Wg(S) < € forall S = {([aj,bj],xj)};zl € S(E,9)
with W, (S) < n. Moreover, we say that a function F' : [a,b] — Z is of generalized variational absolute
continuity on E with respect to ¢ and we write F € ACGs ,(E, Z) if E is the countable union of sets on

each of which f is of variational absolute continuity with respect to .

We first note the following lemma, which gives an analogon to the first assertions of part a) and b)
in Lemma above.

5.14 Lemma. Let ) # E C [a,b]. Then the following statements hold.

(a) If F € AC; ,(E, Z), then mp < my, on E.
(b) If F € ACGs,(E, Z), then mp < my, on E.

Proof. Part b) follows easily from part a), so we turn to the proof of part a). Consider ) # A C E
with m,(A) = 0 and let ¢ > 0. Because of F' € ACs(F,Z) we may find an n > 0 and a gauge
81 € (0,00)F with Wg(S) < e forall S = {([a;,b;],2;)},_, € S(E,d&) with W,(S) < 1. Due to

j=1
m,(A) = 0, there exists 52 € (0,00)* such that W,,(S) < n forall S = {([aj,bj]@j)};:l € S(A, d2).
As a consequence, we deduce Wr(S) < ¢ for each S = {([a;, b;], I’j)};zl € S(A, min{dy, d2}), which
shows mp(A) = 0. O

With the preceding lemma at disposal we arrive at the following descriptive characterisation of the
variational Henstock-Kurzweil-Stieltjes integral.

5.15 Theorem. Let ¢ € BVG+([a,b],Y). For f € X! the following statements are equivalent.

(a) The function f belongs to HK([a,b], ¢, X).
(b) There exists a function F € ACGs o, ([a, b], Z) such that f is a p-Fréchet-derivative of F.

Proof. Part (b) implies (a) by Lemma[5.14/and, e.g., Theorem [4.25| Conversely assume that (a) holds
and let F be the primitive of f. We set E,, := {t € [a,b] : n—1 < || f(¢)|| < n} for n € N. It suffices
to verify F' € ACs ,(E,, Z) for all n € N in order to finish the proof. For this purpose fix n € N, let
e > 0 and pick § € (0, 00)l*? with 23:1 |F'(bj) — F(a;) — f(t;) - [o(bj) — ¢(ay)]|| < § for each S =
{(laj, b5, t;)}j=1 € S([a,b],6). For every S = {([a;, bj], t;)}j=1 € S(En, ) with W,,(S) <n:= 3 we
now obtain

Wr(S) <> IF(by) = Flaz) = f(t;) - [o(b;) = lap)lll + Y 1£(t5) - [p(bs) — elay)]l
j=1 =1

< g +nW,(9) <e,
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using that ¢; € E,. O

Combining the preceding theorem with Theorem we obtain the classical Lusin-type character-
isation of the Henstock-Kurzweil integral in the vector-valued case.

5.16 Theorem. For f € X!%% the following statements are equivalent.

(a) The function f belongs to HK([a,b], ¢, X).

(b) There is a continuous function F € ACGx([a, b], Z) differentiable (in the ordinary sense) Lebesgue-a.e.
such that F' = f Lebesgue-a.e. on [a, b).

5.17 Remark Theorem is also stated in [SY05] as Theorem 7.4.5, but the proof given there has a
gap: It rests on Theorem 7.4.3 whose proof is invalid (without going to far into details we content
ourselves with the hint that the sequence {E, ;},.; constructed in the proof of this Theorem 7.4.3
depends on a gauge §, which itself depends on a fixed ¢ > 0, but the sequence must not depend
on ¢ > 0!). The authors of [SY05] claim that the result is known and cite Proposition 4 in [PM02],
however the notion of an ACG«-function in [PM02] is indeed our notion of an ACGg-function and
our notion of an ACGx-function coincides with the corresponding notion in [SY05]. The classi-
cal proof for Theorem in the real-valued function depends on the equivalence between the
Henstock-Kurzweil integral and the Perron integral. But the latter one makes in general no sense
for vector-valued function. Consequently, this classical proof cannot be transposed offhand to the
vector-valued case. In [Gor89] Gordon has developed a proof strategy avoiding the Perron inte-
gral; this is indeed the source for the introduction of ACG;-functions. Although several proofs of
[Gor89] use that the considered functions are real-valued (e.g., Gordon uses Corrollary in the
real-valued case, which seems to be completely new in the vector-valued case, and properties of
the outer Lebesgue-measure that seem to have no analogon on the level of one-dimensional outer
Hausdorff measures), his principal strategy served as a blue print for our approach. Moreover, there
seems to be only one other reference where Theorem is proved, namely [Sol01] (Theorem 2.2).
Note however that the approach in [Sol01] is different from ours.

5.3 Banach spaces with the Radon-Nikodym property

Recall that a Banach space X has the so-called Radon-Nikodym property if and only if every Lip-
schitz continuous function defined on [0, 1] with values in X is Lebesgue-a.e. differentiable (in the
ordinary sense) on [0, 1]; consult [DU77] for further information. In this section we are concerned
with a characterisation of Banach spaces possessing the Radon-Nikodym property, which is orig-
inally due to B. Bongiorno, L. Di Piazza and K. Musiat (see [BPM09b, Theorem 3.6]). It reads as
follows.

5.18 Theorem. Let \ be the one-dimensional (outer) Lebesgue measure on [0, 1] (which coincides with m.,
for ¢ the identity on [0, 1]). For a Banach space (X, || - ||) the following statements are equivalent.

(a) The space (X, || - ||) has the Radon-Nikodym property.

(b) Every function in BVG«([0, 1], X) is Lebesgue-a.e. differentiable.

(c) If h : [0,1] — X is a function such that my, is o-finite, then h is Lebesgue-a.e. differentiable.
(d) If h : [0,1] — X is a function with mj, < A, then h is Lebesgue-a.e. differentiable.

(e) If h : [0,1] — X is a function with my, < A, then h is Lebesgue-a.e. differentiable with derivative
W € HK([a,b], X) and with [ h/(t)dt = h(z) — h(0) for all x € [0, 1] (where we put h'(z) = 0 at
non-differentiability points).

(f) If h : [0,1] — X is a function with my, < A, then h is an indefinite variational Henstock-Kurzweil
integral.
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Before proving this theorem, we want to explain why the proof of B. Bongiorno, L. Di Piazza and
K. Musiat in [BPM09b] has a gap. This gap concerns the implication “(a) = (b)” above. For the
following details consult the proof of the implication “(i) = (ii)” of Theorem 3.6 in [BPM09b].

In [BPMO9b] the authors arrive at the inequality
NGle
>

Z | [t will| = Z [ f(us) = f(t)] > nz lui —ti| > n‘Ekf M [sic]

(note that on the left side, there is a misprint: read ® in lieu of F'; moreover the intervals [¢;, u;] ap-
pearing at this point in the proof should be replaced by [min{t;, u; }, max{t;, u; }]; the same remark
applies to the definition of the set F appearing there some lines before). Then the authors conclude
that @ is not of bounded variation in the restricted sense on Ej, which gives the desired contradic-
tion completing their proof. However, we know that ¢; belongs to £}, but we only know that u; is
an element of [0, 1] with |u; — t;| < £ and || f(t;) — f(us)|| > n|u; — t;|, where n is a certain fixed nat-
ural number. Thus one needs a criterion that guarantees that if  belongs to BV«(E}, X), then there
exists some constant A/ > 0 such that W (S) < M holds for each S = {[q;, bj]};:1 € A([a, b)) with
{aj,bj} N E, # 0 forall j € {1,...,7}. One might think that this could be achieved by constructing
intervals with both endpoints in Ej, starting from such an S. Indeed, Lemma 6.15 in [Lee89] claims
that this is a successful approach, but this lemma is false; see Lemma and Corollary above
for correct versions. In fact, the lemmata just mentioned provide such criterions. However, Lemma
requires u; € [inf By, sup Ei] and Lemmarequires ® to be bounded and neither of these two
conditions can be assumed to be satisfied in this general situation. Moreover, if we really want
Wa(S) < M tohold for each S = {[a;,b;]},_, € A([a,b]) with {a;,b;} N E} # O forall j € {1,...,r},
then @ is indeed necessarily bounded (cf. the proof of Corollary [2.5).

Therefore, we can rescue the current proof if we additionally assume ¢ to be bounded. Then we
can complete the proof of the implication “(i) = (ii)” using some extra reasoning; see the proof of
the implication “(b) = (a)” of Lemma 5.19|below.

Another way to rescue the proof works as follows (here we use the notation of [BPM09b]): Set
¢ := inf B} and dj, := sup Ey. If |[Ex NG|, > 0, then |Ex NG N (¢, di)|e > 0. Now work with
E, NG N (cg,dy) instead of E, N G and choose v in the proof of Theorem 3.6 in [BPM09b] with the
additional property u € (cx, dy), which is indeed possible. Then the proof goes through using our
Lemma

Now we come to our proof of Theorem [5.18] In comparison with the proof due to B. Bongiorno, L.
Di Piazza and K. Musial we make two observations, which are of some interest. First, our proof of
the implication “(a) = (b)” is more elementary than the proof of the corresponding implication “(i)
= (ii)” of Theorem 3.6 in [BPMO9b] in so far as we can avoid the Vitali covering argument applied
there by using one time more Lemma 2.8 (but we also use [Bon98| Proposition 1]).

Second, the next lemma shows that the above assertions (d), (e) and (f) are equivalent in a more
general context; indeed, this is an almost immediate and natural outflow of our results obtained so
far.

5.19 Lemma. Let ¢ € BVG+([0,1],Y") be continuous. Consider the following assertions.
(a) Every function in BVG+([0, 1], Z) is pseudo-p-Roussel-differentiable m,-almost everywhere.

(b) Every bounded function in BVG=([0, 1], Z) is m-a.e. pseudo-p-Roussel-differentiable.

(c) If F : [0,1] — Z is a function such that mp is o-finite, then F is my-a.e. pseudo-p-Roussel-
differentiable.

(d) If F : [0,1] — Z is a function with mp < my, then F' is m-a.e. pseudo-o-Roussel-differentiable.

(e) If F : [0,1] — Z is a function with mp < my, then F possesses a my,-Roussel derivative f €
HK([a,b], o, X) with [ f(t) - de(t) = F(z) — F(0) forall z € [0,1].

(f) If F :[0,1] — Zis a function with mp < m, then F is an indefinite variational Henstock-Kurzweil-
Stieltjes integral with respect to .
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Then we have (a) <= (b) <= (c) = (d) < (e) <= (f).

Proof. (a) = (b) and (e) = (f) are clear.
(b) <= (c) is a direct consequence of Corollary

Assume (b), let F € BVG«([0,1], Z) and choose a sequence {E,}>2; of sets with |J2 | E,, =
[0,1] such that F € BV«(E,,Z) for all n € N. Then F' is bounded on each interval [c,,d,] =
[inf B, sup E,,] by Lemma2.3| Extend F,, := F|j, a,) to [0,1] by setting F,,(t) := 0 for t € [0,1] \
[cn, dy]. Because of F' € BVG«([cy,dy], Z) for each n € N (notice that |, . (EmN[cn, dn]) = [cn, dn)),
we derive F,, € BVG+([0,1], Z). Since F), is bounded, F;, is m,-a.e. pseudo-p-Roussel-differentiable
on [0, 1] due to (b) and thus a fortiori on each interval (c,,d,). As a result, F' is m,-a.e. pseudo-
¢-Roussel-differentiable on (¢, d,,) and consequently on [0, 1] because by Lemma 3.§|the countable
set U, cn{cn, dn} is an my-null set due to the continuity of ¢. So we have shown (a).

(c) = (d) follows from Corollary

Now assume that (d) holds and let F' : [0, 1] — Z be any function with mr < m. Due to (d) F has
an my-Roussel derivative f. Lemma and Corollary [£.27)show that f is a p-Roussel derivative
of F with f € HK([a,b],p,X)and [; f(t)-de(t) = F(z)—F(0) forall z € [0, 1] (because of Theorem
[4.25). Hence, (e) holds.

Finally, Corollary and Lemma yield (f) = (d). O

Essentially the same arguments as in the preceding proof also establish the following result.
5.20 Lemma. Let ¢ € BVG«([0,1],Y) be continuous. Consider the following assertions.
(a) We have m,,({t € [a,b] : FD(F,p,t) =0}) = 0 for every function F € BVG«([0, 1], Z).
(b) We have my,({t € [a,b] : FD(F,p,t) = 0}) = 0 for every bounded function F € BVG«([0,1], Z).
(c) If F :[0,1] — Z is any function such that mp is o-finite, then m,,({t € [a,b] : FD(F,¢,t) = 0}) =
0.

(d) If F : [0,1] — Z is any function with mp < my,, then my,({t € [a,b] : FD(F,p,t) =0}) = 0.
(e) If F : [0,1] — Z is any function with mp < my, then F possesses a @-Fréchet derivative f €
HK([a, b], 0, X) with [ f(t)-de(t) = F(z) — F(0) forall z € [0,1].

() If F : [0,1] — Z is any function with mp < m, then F is an indefinite variational Henstock-
Kurzweil-Stieltjes integral with respect to .

Then we have (a) <= (b) <= (c) = (d) <= (e) <= (f).

The next lemma gives a proof for the implication (a) = (b) in Theorem

5.21 Lemma. If the Banach space (X, | - ||) has the Radon-Nikodym property, then every function in
BVG«([0,1], X) is Lebesgue-a.e. differentiable.

Proof. Let f € BVG=«([0, 1], X) be arbitrary and choose a strictly increasing function x : [0,1] — R

according to Lemma @ and let A be a countable set with lim,,_,, % < ocoforallz € [0, 1]\ A.
By Lebesgue’s differentiation theorem there exists a Lebesgue-null set IV such that  is differentiable
on [0,1] \ N. As a consequence, we conclude that for every = € [0,1] \ (N U A) there existsa ¢ > 0

and an L > 0 such that

/() = F)ll  Ix(x) = x(y)]

@ =T = @ —xwl el

e —y[ < Lz -y

forally € [0, 1] with 0 < |z —y| < 4. Thus the Stepanoff-type result Proposition 1 in [Bon98] implies
that f is Lebesgue-a.e. differentiable on [0,1] \ (N U A), hence on [0, 1]. O
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5.3 Banach spaces with the Radon-Nikodym property

Now we have all ingredients to prove Theorem

Proof of Theorem Thanks to Lemma and it suffices to prove that (d) implies (a). One
easily verifies m;, <« A whenever h is a Lipschitz function. So (d) yields that every Lipschitz function
h:[0,1] — X is Lebesgue-a.e. differentiable, which is equivalent to the Radon-Nikodym property.

O

As an immediate corollary to Theorem we obtain the following result.

5.22 Corollary. Let X = Z,Y =K, F € X% let © be the identity on [a,b], let the bilinear mapping
B be the usual multiplication with scalars and finally assume that X has the Radon-Nikodym property. The
following assertions are equivalent.

(a) The function F is an indefinite variational Henstock-Kurzweil integral.

(b) We have mp < m,.

The remaining part of this section is now devoted to a substantial improvement of Lemma
giving a vector-valued extension of Proposition 3.10 in [Fau97].

5.23 Theorem. Let X = Z,Y =K, ¢ € BVG«([0,1],Y) N C([0,1],Y"), let the bilinear mapping B be the
usual multiplication with scalars and finally assume that X has the Radon-Nikodym property. Then we have
my({t € [a,b] : FD(F,¢,t) =0}) = 0 forall F € BVG«([0, 1], X). In particular, as ¢ is bounded, F is
m-a.e. p-Roussel differentiable.

Proof. We divide the proof into several steps.
step 1: There exists a strictly increasing, continuous function x : [0, 1] — R and a countable subset A C [0, 1]

such that
o(t) — »(s)

() — (o)

s—t

< 0

forallt € [a,b] \ A

If o is real-valued, the result may be found on page 237 of [Sak41|]. According to this result choose
x1 and A; resp. x2 and A, for Re ¢ resp. Im ; note that Re ¢, Im ¢ € BVG+«([0,1],Y) N C([0,1],Y).
Now put x := x1 + x2 and A := 4; U A,.

step 2: For x as in step 1 we have m, < m,.
Let N C [0,1] with m, (N) = 0 and let A be as in step 1. For k € N we set
p(t) = o(s)

<kg.
x(t) = x(s) }
Since A is countable and ¢ is continuous, we have m,(A) = 0. Due to N = AU J; cy Vi, it suffices
to establish m(Nj) = 0 for each k& € N. For this purpose fix k € N, let ¢ > 0 and choose a gauge

6 on N with > i1 Ix(bg) = x(ay)| < 7 for each {([as, b;],t;)};—; € S(N, 5). For every t € Ny, pick

d(t) € (0,0(t)) with [¢(s) — ¢(t)] < k[x(s) — x(t)| for all s € [0,1] N Us((t). For every system
{(laj,b5],t5)}5—; € S(Ny,d) we then have

s—t

Nk::{teN\A:hm

> o) —p(a) <> lebs) — ot + Y lelts) — (as)]
Jj=1 j=1 j=1

<k (Z Ix(b;) — x(t;)] + Z Ix(t;) — x(aj)l)
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which yields m(Ny) = 0.
step 3: Let G : [0,1] — X be a function and let ¥ : [0, 1] — R be continuous and strictly increasing. Set
L:={te[0,1]: 3h>0,C>0Vse[0,1]NUxt): |G(t) — G(s)|| < C|¥(t) — ¥(s)|}.

There exists a set N C L with my(N) = 0 such that the limit

exists in X forallt € L\ N.
We introduce the function

H:[v(0),¥1)]—X; 7— G(\Iffl(T)).

Let t € L with the corresponding h,C' > 0. Then there exists 2 € L such that [U~!(c) — t| =
[U=t(o) — U= 1(¥ ())\<hforalla€[\1'(0) U(1)] N U;(¥(t)). For each o € [¥(0), W(1)] N U; (W(t)
we thus obtain

|H (o) = HOW®)| = |G (0)) - GOl < ClUF (0)) = ()| = Clo—¥(®).  (5.4)

L:={re[¥(0),¥(1)]: 3h>0,C>0Y0e[¥(0),¥1)]NU;(7): |H(r) - H(0o)| < Clr — o}

Thanks to the Stepanoff-type result Proposition 1 in [Bon98], there is a set N C [\IJ(O) ¥(1)] with
A(N) = 0 such that H is differentiable * (in the ordinary sense) at each point of L\ N. Inequality (-4
implies ¥(L) C L. Weset N := U~1(N). We then have A(¥(N)) = A(N) = 0 and

G(t) - G(s) _ H(¥(t) — H(¥(s))
U(t) —U(s) U(t) — P(s) st

H'(W(t))

forallt € L\ N. Since V¥ is strictly increasing and continuous, one can easily verify that the set func-
tion A\(¥(-)) coincides with the outer Lebesgue-Stieltjes measure vy associated with ¥. Applying
Proposition [A.3| therefore yields my (N) = 0. More precisely, for ¢ > 0 choose intervals Iy, ..., I,
covering N such that Y7, vy ([;) < e. Using that my is an outer measure, Proposition gives
us my(N) <3770 my(l;) = 37_ ve(l;) < € and we obtain mg (N) = 0 as claimed.

step 4: Finishing the proof

Let x be as in step 1. Furthermore, let F € BVG=«([0, 1], X') and choose for F' a strictly increasing
function x r and a countable set Ay according to Lemma By Proposition 3.10 in [Fau97] there is
aset Ni C [0,1] with m, (N1) = 0 such that the limit

_xr(s) = xr(t)
D t) := lim ~&~—————~ 2
X0 = I O =)
exists for every ¢t € [0,1] \ N1. As a consequence, for t € [0,1]\ (N1 U Ap) thereare h > 0and C > 0
with
[E(s) = F@Ol  Ixr(s) —xr(t)]

176 = FOI = 3 =m0l s = @)

Ix(s) = x (@) < Clx(s) — x(t)]

for all s € [0,1] N Uy(t). By step 3 there exists Ny C [0, 1] with m, (N2) = 0 such that the limit
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5.4 Integration by parts

existsin X forallt € [0,1]\ (N1 UN; U Ap). We set N3 := N1 U Ny U Ap and note that m, (IV3) = 0.
Moreover, combining Lemma 3.9 and Proposition 3.10 both in [Fau97] with step 2 and the simple
observation that m, < mgey + Mim o, one can find an m,,-null set N, C [0, 1] such that

exists in C\{0} for every ¢ € [0,1] \ Ny4. In particular, for each ¢ € [0, 1] \ N, we can find a 6(¢) > 0
such that ¢(s) # ¢(t) for all s € U(;(t)(t) N [0,1]. We finally put N := N3 U N, and observe that
my(N) = 0by step 2. Fort € [0,1] \ N and s € U(;(t)(t) N [0, 1] we now obtain

F(s) = F(t) _ x(s) =x(t)  F(s) = F(t) 1
P0) 9D~ ple) () xs) —xth) s (DO,
We thus conclude (Dxc,o(t)f1 -D,F(t) € FD(F,p,t) forall t € [0,1] \ N. O

As corollary we now obtain a partial generalisation of Lemma 5.10}

5.24 Corollary. Suppose that we are in the situation of Theorem[5.23] Then we have F' € ACGs ,([a, b], X)
if and only of mp < my,.

Proof. The only-if part holds always true by Lemma So assume conversely that mp < m,,.
Since ¢ is continuous, this implies that F' is continuous, too, as mp({t}) = 0 for all ¢ € [a, b] (see
Lemma [3.8); in particular C(F,¢,t) = X for all t € R. Thanks to Corollary the hypothesis
mp < m, further yields ' € BVG=([a, b], X). Because of Theorem we now conclude that F
possesses a -Fréchet derivative. Therefore F' is an indefinite Henstock-Kurzweil-Stieltjes integral
with respect to ¢ due to Theorem[4.28] The proof of Theorem[p.15now shows F' € ACGs ,([a, ], X)
as claimed. O

5.4 Integration by parts

In this section we use Theorem to obtain an integration by parts formula. For this we consider
besides the bilinear mapping B two further bilinear mappings

B Xx7Z—-X and By :Zx 7 — Z.

We write 1 z := By(z,2) and z -9 Z := Ba(z,2) for z € X and z,Z € Z. We assume that

|z -1 2] <||z| - ||2] forallz € X and z € Z,

|z -2 Z|| < ||zl - |z]| forall 2,z € Z,

(x12)-y=(z-y)qzforallz € X,y €Y and z € Z and finally
e zoz=2z-9zforallz,z € Z.
5.25 Example In the following cases the above conditions are satsified.

(@) X =Y = Zis acommutative Banach algebra and B = B; = Bj is the multiplication on X.
(b) Z =K, B is the multiplication by scalars and B, is the multiplication on K.

() X = Z,Y = K, B is the multiplication by scalars and B; = B, is a symmetric bilinear
mapping with || By (z, )| < ||z|| - ||Z]| for all z, z € X.

Here comes the announced result concerning integration by parts.
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5.26 Theorem. Let ¢ € BVG«([a,b],Y), f € HK([a,b], ¢, X ) with primitive F, let g € HK([a, b], ¢, X)
with primitive G and let h € Z[@*],

(a) We have h € HK([a,b], F, Z, Bs) (this notation indicates that integration with respect to the bilinear
mapping By is used) if and only if f -1 h € HK([a,b], ¢, X). In this case we have

/h /(f1 B)(r) - dp(r)
forallt € [a,b].

(b) Assume that o is bounded and denote by D the countable point set of all discontinuities of p. Further-
more, suppose that

(i) forallt € D\ {b} we have lim, _,;+ F(7) = F(t) or lim, 4+ G(7) = G(¢), and
(ii) forallt € D\ {a} we have lim, _,,— F (1) = F(t) or lim,_,— G(7) = G(t).
Then (f 1 G) + (g 1 F) € H’C([a7b]a @aX) with

/ [(f(7) 1 G(7)) + (9(7) 1 F(7))] - dp(7) = F(t) -2 G(¢)

forallt € [a,b].

(c) Under the hypotheses of part (b), F € HK([a,b],G, Z, Bs) if and only if G € HK([a,b], F, Z, Bs)
and if either of these two cases occur (and thus both of them), then

/ F(r) 2 dG(7) +/ G(7) 2 dF (1) = F(t) -2 G(t)

forallt € [a,b].

Proof. on (a): Using the above assumed relations between B, B, and By, it easy to adjust the proof
on page 264 of [McL80] for the scalar-valued case to our framework. We therefore omit the proof.

on b): We consider the two functions
H:la,b| = Z; t— F(t) 2 G(t)

and
n:la,b] — X5 t— (f(t) 1 G(t)) + (g(t) -1 F(2)).

We shall show now that my < m,, and that 7 is a p-Fréchet-derivative of H. Then Theorem [4.25]
yields n € HK([a,b], ¢, X) with fat n(s) - de(s) = H(t) for all ¢ € [a, b], which is precisely the claim.

step 1: We have n(t) € C(H, ¢,t) forallt € [a,b]. Fix t € [a,b] and pick h € R\{0} with ¢ + & € [a, ]].
Employing the above relations between B, B; and B, we estimate

[H(t +h) = H(t) = n(t) - [p(t + h) = o@)]]|
SIFE+R) 2 GE+h) = F(t) 2 G(E+h) = [f(t) 1 GE+R)] - [p(t+h) —p@)]]
HIF@) 1 GE+h) = f() 1 GO - [t + h) — @]
FIE®) 2 Gt +h) = F(t) 2 G(t) = [9(t) 1 F()] - [p(t + 1) — o @)]]
=[FE+h) 2 Gt +h) = F(t) 2 GE+h) = (f(8) - [p(t +h) = @B)]) -2 G(t+ h)|
@) 1 (G(E+h) = G(@)] - [p(t + ) — ()]
HIGE+h) 2 F(t) = G(t) 2 F(t) = (9(2) - [p(t + 1) = p(@)]) -2 F(B)]-
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We further estimate
[ H(t+h) — H(t) = n(t) - [o(t + h) — (t)]]] (5.5)
<[|F@E+h) = F@t) = f(t) - [p(t+h) —e@®]| - |G+ R
+fOI - IGE+R) =GO - [lo(t + h) — )]
|

HG{E+ 1) = G(t) = g(t) - [p(t + h) = @] - [F D).
By symmetry, we also obtain
[H(t+h) = H(t) = n(t) - [p(t + k) = o@)]] (5.6)

[

<NG(E+h) = G(E) = g(t) - [p(t+h) — @] - [F(t+ R
+lg@I - 1 FE +h) = F@Il - ot + k) — o)l
HIF@E+h) = F(t) = f(8) - [p(t+h) — o]l - G-

Recall from Corollary [4.10] that continuity points of ¢ are also continuity points of F' and G and

also recall that both F' and G are ¢-continuous (see Lemma 4.9 . Hence, using condition (b) (i)

or (b) (ii) and the hypothesis that ¢ is bounded, we conclude from the inequalities (5.5) and (5.6)
n(t) € C(H,,t) forall t € [a,b].

step 2: 1) is a Fréchet-derivative of H. Using, e.g., Theorem [#.22] we may choose an mn,,-null set N and a
countable set D with f(t) € FD(F, ¢,t) and g(t) € FD(G, p,t) forall t € [a,b] \ (N U D). It suffices
to verify n(t) € FD(H, ¢,t) forallt € [a,b] \ (N UD). Lete > 0, consider ¢ € [a,b) \ (N U D) and
assume that lim, .+ F(7) = F(t). Then there is a p > 0 such that

3
[E(t+h) = F(t) = f(t) - [t +h) —o@)]] < BECIEDE et +h) — o),

|IE(t+h)— F()] < min{1’3(||9(t§||+1)}

and

|Gt +h) = G(t) —g(t) - [p(t +h) — ot

@Ol < RRGIEDE et +h) — @)l

forall h € (0, p) with ¢ + h € [a, b]. For those h inequality yields

[H(t+h) - ()—n(t) [p(t + R) — ()]l
<[G(E+h) = G(t) = g(t) - [p(t + h) =@ - [[F(t + h) = F@)]
+G(E+h) - () 9(8) - [p(t + ) — @] - [1F @)l
+lg@l - [ +h) = FO| - [t + h) = @)
HEE+h) = F(t) = f(E) - [t +h) — @] - [GO

et +h) — @) + GO lp(t+h) =@l - 1F@)]

et +R) = ()] + et +h) =@ - GO

SSIFOT+ D)

" e
+lg@®I - 3@+ 1)
<ellp(t +h) — ()]

(Gt )II +1)

Similarly, one treats the remaining cases lim, ;- F(7) = F'(t) and lim, ,,+ G(7) = G(1).

step 3: myg < my,. Let 0 % M C [a, b] with m,, (M) = 0. In particular, m,({t}) = 0 forallt € M and
¢ is therefore continuous at each point of M. Hence, F' and G are also continuous at every point
of M. In particular, for all ¢ € M there exists do(¢t) > 0 such that F and G are both bounded on
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Us,+)(t) N [a, b]. The family {Us,)(t) }tens forms an open cover of M. Since M is a Lindelof space
(as a separable metric space), there is a sequence (7,,), in M such that M C (J,, Usy(r,,)(n). We put
Ui == Usy(r)(11), Un = Usy(7,,)(Tn) \UZ_l1 Usy () (Tr) for n > 1 and M,, := M N U,. Furthermore,
we set C,, := sup{max{[|F'(s)|, [|G(s)||} : s € Usy(s,)(Tn) N[a,b]} forn € N Notice that m,(M,) =0
for all n because M, C M. Hence, mp(M,) = 0 and mg(M,,) = 0 for all n € N since mp < m,,
and mg < my,. Now let ¢ > 0 be arbitrary. For each n € N and ¢ € {F,G} choose a gauge
Sn.o € (0,00)M» such that

€
Z 1@(b;) — ®(ay)]| < (O, 1)
for all {([a;,b;],t;)}j—; € S(Mn,dmp) Moreover, for n € N take 8, € (0,00)M" with Us, (t)( ) C

Usy(r,)(Tn) for all ¢ e M,,. Finally, we define for t € M the gauge (¢) := min{d,, r(t), Oon,c(t), 6 (t)}
if t € M, for a (unique) n € N. For each {([a;, b,],t;)};_; € S(M, ) we now derive

Z 1H(b;) — H(ay)|

- Z IF(b;) -2 G(bj) — F(a;) -2 G(ay)||

<D IE®;) = Flag)ll - I1G(b; |+ZHG ag)| - [1F (az)l|
j=1

= > IF®;) — Flay)ll - 1G5)l| + Z Z 1G(b; ag)| - [1F ()]l
n=1 t]‘j€=]é(n n=1 t‘JEA}J'n
Z Z 1F(bs) — F(a; ||+ZC Z 1G(b; a;)|
n=1 tj eMn tj eMn

<nzlc 2n+1 nz 2n+1 C + 1) <g,

where we use that the systems {([a;,b;],¢;) : j € {1,...,r} with t; € M,} belong to S(M,,dr) and

S(M,, éc). As aresult, we deduce mH(M) = 0 as claimed.
on (c): Let F € HK([a,b], G, Z, B2). Then part (a) implies g -1 F' € HK([a, D], ¢, X) with

/ ' F(s) - dG(s) = / (g F)(s) - de(s)

forallt € [a, b]. From part (b) we now deduce f-1G = ((f-1G)+ (g1 F))— (g1 F) € HK([a,b], ¢, X)
and

/(f(s)~1 G(S))'dSD(S):/ ((f(s) -1 G(s)) + (g(s) -1 F(s))) - dp(s) — /(9(5)‘1 F(s)) - dep(s)
=F(t / F(s)-2dG(s
for all ¢ € [a,b]. Due to part (a), the function G thus belongs to HK([a, b], F, Z, B2) and

/ Gs) -5 dF(s) = / (f(s) 1 G(s)) - dpls) = F(t) -» G(t) — / F(s) 5 dG(s)

for all t € [a, b]. This establishes the only-if part and the addendum. Interchanging of the roles of F'
and G gives the converse implication. O
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5.5 Normed algebras of differentiable functions on complact plane sets

5.27 Remark Theoremis a far reaching extension of the main theorem in [P{e83], which needs
much stronger assumptions (e.g., it is assumed that ¢ € BV({a, b],R)) actually needed in the proof
given there. Moreover, Theorem also weakens the hypotheses of Corollary 1 in [Nar04]. Fur-
thermore, note that the proof of Corollary 1 in [Nar04] cannot be transposed offhand to the vector-
valued case as it relies on Ward's Stieltjes-version of the Perron integral.

5.5 Normed algebras of differentiable functions on complact
plane sets

In this last subsection we apply the results obtained so far to the study of certain normed algebras
of differentiable functions. Throughout this section assume that X =Y = Z = C and B is the usual
multiplication with scalars.

Let K be a non-empty, compact, perfect (i.e., K possesses no isolated points) subset of C. A function
h: K — X is called differentiable at zy € K if the limit

R () := lim 7h(2) — hizo)
K\{z0}32—20 Z— 20

exists in C. We denote by D!(K) the set of all functions i : K — C that are everywhere differen-
tiable on K such that /' is continuous. Then ||k||p1 := ||h||co.x + [|F']|co. i defines a norm on D!(K)
such that (D}(K), || - ||p1) is a normed commutative algebra, which is in general not complete (see,
e.g., [BEOS] and [DF10]). These normed algebras and related ones have been extensively examined,
see, e.g.,[BF05], [DF10], [Hof11] and the references therein. In the cited works a version of the fun-
damental theorem of calculus on rectifiable paths has proved very advantageous. More precisely,
let v : [0,1] — C be a continuous path with v € BVG«([0,1],C) such that K := ~([0,1]) is not a
singleton (and then K is a perfect set) and let b : K — C be a function differentiable everywhere on
K. Now we want to integrate 1’ along the path +; we can do this by defining

L W(z)dz = / W) ),

(R) / W () dz = (R) / W () d (2)
or

(©) / W () dz = (L) / W (4(8)) dr(),

respectively, provided the corresponding integral on the right-hand side exists.

Let tg € [0,1] and set zg := 7(to). Then there is a ¢’ > 0 such that ||h(z) — h(z0) — ' (20)(z — 20) ]| <
glz — zo| for all z € K with |z — 29| < ¢’. Since « is continuous, there exists a § > 0 such that
|v(t) — v(to)| < & forallt € [0,1] with |t — ¢] < . Hence,

1A (y(t)) = h(¥(to)) = B ((v(t))) (v () = ¥(to)) || < elv(t) = v(to)]

forall ¢t € [0, 1] with |t — t9] < d. As a consequence, h o v is differentiable at ¢, with respect to y (see

Definition[5.1) and we have (h o v)’,(t0) = h'(7(t0))-
Theorem and Theorem thus directly imply the following result.

5.28 Theorem. Let v € BVG+«([0, 1], K) be continuous such that K := ~([0, 1]) is not a singleton and let
h : K — C be a function differentiable everywhere on K. Then the following assertions hold.

(a) The integral [\ h'(2) dz exists with [ h'(z)dz = h(y(1)) — h(~(0)).
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(b) Assume that -y is rectifiable and that (L) f01 B (~(t)) dv(t) exists. Then

holds.
(c) Assume that (R) fol R (y(t)) dv(t) exists. Then

holds.

We add an immediate corollary to part (a) of Theorem

5.29 Corollary. Let ) # K C C be a compact and perfect set such that for any two points z,w € K
there exists a continuous path v € BVG+«([0, 1], C) with «([0,1]) C K and with v(0) = z and (1) = w.
Furthermore, let h : K — C be differentiable everywhere on K with h' = 0. Then h is constant.

5.30 Remark (a) Note that the conclusion of Corollarywas known so far only in the situation
of Lemma 9.2 in [DF10] and for so-called rectifiably connected (see, e.g., [DF10, Definition
2.5]) compacta. But using Theorem 10.5 in [DF10] it is easy to find compact sets that are not
captured by these two situations, to which, however, Corollary 5.29|may be applied.

(b) Part (c) of Theorem for rectifiable v and continuously differentiable / is stated in [BF05,
Theorem 3.3] and in [Hof11, Theorem 2.6], however, apart from quite general hints without a
proof. In [BEO5], one can read that “Elegant proofs of this general result using the method of
repeated bisection” (see [BEO5| p. 95]) were communicated to W. J. Bland and J. F. Feinstein by
G. R. Allan, T. W. Kérner and W. K. Hayman, and that the proof of Allan can be found in the
PhD thesis of Bland. Moreover, a weaker — although the proof also works in this situation —
version of Theorem (c) for rectifiable v and continuously differentiable h is proved by D.
Gaier in [Gai98] (Theorem 4).

(c) For rectifiable « there is another elementary proof of part (c) of Theorem hidden in Theo-
rem 2.1 of [ER79].

(d) The prementioned proofs of Allan, Gaier and Fixman and Rubel are more elementary than
ours because they do not invoke Henstock-Kurzweil integration theory, but their proofs are
limited to rectifiable paths. In addition, the statements in[5.28|are optimal with regard to inte-
grability conditions. Moreover, the value of our proof is also constituted by the demonstration
that Theorem [5.28]is a natural and direct outflow of our results.

Although we needed, in contrast to the afore-mentioned simpler proofs, a bigger machinery to
arrive at part (c) of Theorem[5.28] our results may nevertheless even lead to proofs of known results,
which are from some point of view more natural than the existing proofs as our proofs feature the
flavour of the ideas of elementary calculus in a greater measure. We want to illustrate this by
considering the example of the so-called F-derivative introduced in [BF05|]. Indeed, compared to
our proofs of [BF05, Theorem 4.9] and [BEO5| Theorem 4.12] below, the proofs given in [BE05] seem
to be a little bit ad-hoc, while our proofs are of more conceptual nature and well integrated in the
abstract framework of our results.

For this purpose we fix a compact set ) # K C C supporting a nonvoid system F of rectifiable paths
in K such that for any path v € F defined on some Interval I the mapping | is non-constant and
we have v|; € F for any non-degenerate subinterval J of I.

Let H,h : K — C be two continuous functions. Then h is called an F-derivative of H if
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holds for each v € F, where v~ denotes the starting point and v* denotes the endpoint of 7. We
denote by DL (K) the set of all continuous functions H : K — C having an F-derivative. We then
have the following result.

5.31 Proposition. Let Hy, Hy € le(K ) with F-derivatives hy and hz, respectively. Then hyHs + Hiho
is an F-derivative of Hy H.

Proof. Consider v : [a,b] — K in F. By Lemma Remark [4.2](d) (or Theorem [5.3and Theorem
and by assumption we have h; oy € HK([a, b], 7, C) with

/hj(W(S))dW(S)Z(R)/ hj(v(s)) dy(s) = Hj(v(8) — Hj(v(a))

for all t € [a,b]. Therefore part (b) of Theorem combined with Lemma [4.3]and Remark [4.2] (d)
(or combined with Theorem [5.3/and Theorem 5.4) yields

+(R) | h(2)Hz(v(a)) + Hi(v(a))ha(z) dz

This finishes the proof. O
5.32 Remark Proposition was proved in [BF05| Theorem 4.9] using the non-trivial Mergelyan’s
resp. Lavrentiev’'s approximation theorem in order to reduce the assertion to the special case of

polynomials. In contrast to this approach our proof (taking into consideration the proof of Theorem
5.26) is in the spirit of the classical (and easy proof) for the product rule of differentiation.

The next result was first proved in [BF05, Theorem 4.12] using a bisection argument based on geo-
metric properties of rectifiable paths.

5.33 Proposition. We set
FK) = Jv(e.d)) : 7 [e.d) — K in F}

and we assume that F(K) is dense in K. Let h : K — C be a continuous function with (R) f7 h(z)dz=0
forall v € F, then h = 0 holds.

Proof. Since F(K) is dense in K and since h is continuous, it suffices to show that h|(.) = 0is
fulfilled for each v : [a,b] — K in F. Using Lemma [4.3]and Remark [4.2] (d) (or Theorem [5.3] and
Theorem 5.4), we infer h o y € HK([a,b],v,C) with

/ (hom)(s)dr(s) = (R) / (hom)(s) dy(s) = 0

for all ¢ € [a, b]. We now consider the function

H,:la,b] = C; t »—>/ (hov)(s)dy(s).
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We have H, = 0 and hence 0 € FD(H,,~,t) and thus FD(H,,v,t) = {0} for all t € [a,}] by
part (c) of Remark where part (c) of Remark [5.2|is applicable since y does not vanish on any
non-degenerate subinterval. On the other side, Theorem gives us (taking into consideration
that + is continuous) a set N C [a, b] with m., (V) = 0 such that h(v(t)) € FD(H,,~,t) = {0} for all
t € [a,b]\ N. Thanks to Lemma[3.7jand the assumption that ~ is not constant on any non-degenerate
subinterval, we infer that N must have empty interior; in particular, D \ N is dense in [a, b]. Hence,
the continuity of h o v implies h oy = 0. O
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A Henstock-Thomson variational measures
and Lebesgue-Stieltjes measures

In this section our aim is to prove that for a function ¢ € BV({a, b], Y') which is continuous from the
right, the Henstock-Thomson variational measure coincides with the Lebesgue-Stieltjes measure
associated with the total variation of .

We start with a result belonging to mathematical folklore, for which we could not find an appropri-
ate reference. For this reason we provide a fairly complete proof. But before doing so we must fix
some notation: Let 2 be a nonvoid set, H a semi-ring on it and v : H — Y a set function on it. Then
let |v| denote the total variation of v.

A.1 Lemma. We consider ) := (a,b] and the semi-ring H = {(¢,d] : a < ¢ < d < b} on Q. Let
v € BV([a,b],Y) be continuous from the right. Then the vector-valued set function

Ty * H— Y; (C, d] = Sp(d) - <JO(C)
can be uniquely extended to a o-additive measure
v, : Bor(Q2) =Y,

which is of bounded variation. Moreover, an analogous statement is true for the total variation |7,| of T, and
we have |1,| = |v,|, where |1,| denotes the unique extension of |,,| to Bor(§2)

Proof. Clearly, 7, is finitely additive on . Let R be the ring generated by . It is known that
R = { O Aj:neN, Ay,..., A, € H pairwise disjoint} . (A1)
j=1
Thus 7, can be extended to R by setting
T (CJ Aj) = Zn:Tw(Aj);
j=1 j=1

indeed, this gives a well-defined, finitely additive vector measure 7, : R — Y (see, e.g., the proof
of Proposition 1 in §5 of Chapter I in [Din67]) and, obviously, this extension is unique. Note that R
is even an algebra because of {} € H C R. The vector measure 7, is of bounded variation (on R): In
fact, let A € R. Then

75| (A) = sup { S 7 (Al s neN, Ay,... A, € RNP(A) pairwise disjoint} (A2)
j=1
= sup { Yl : neN, L., I, € HNP(A) pairwise disjoint}
j=1

< sup { Z lo(t;) —eti—1)||: neN;a=ty<...<t, = b} =V(p, [a,b]) < oo,
j=1
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where we used in the second equality. In particular, we further see that |7,[(A) = |7,[(A)
for each A € H. Now let y* € Y*. Then (¢(:),y*) € BV([a,b],C) is right continuous. Hence,
there are non-decreasing, right continuous functions ¢1,...,ps € BV([a,b],R) with (o(:),y*) =
©1 — @2 + i(p3 — pa). Each of the Stieltjes contents

Te; 1 H—10,00); (¢,d] — ¢;(d) — ¢j(c)
is o-additive, thus a premeasure (cf., e.g., I1.2.2 in [Els07]) and we have

<7'g07 y*> = T(py*) = Tor — Teo + i(Ttp3 - TLP4)

on H. Consequently, (7,,y*) is o-additive on ‘H with (7,,y*) = (7., y*), where (g:_y/* ) denotes
the unique finitely additive extension of (7., y*) to R. Thanks to Proposition 1 in §5 of Chapter

I in [Din67], the set function (7, y*) is o-additive and so is (7,,y*), too. We conclude that 7, is
a weakly o-additive vector measure. As 7, is of bounded variation, it is even strongly additive
due to Proposition 1.1.15 in [DU77]. Now the Carathéodory-Hahn-Kluvanek extension theorem
(see, e.g., Theorem 1.5.2 in [DU77]) implies that 7, possesses a unique o-additive extension v,, :
0(R) — Y, where o(R) is the o-algebra generated by R; notice that ¢(R) = Bor({2). Because
of v |r = T, the set function 7, is o-additive on R. Therefore |7,| is also s-additive on R (see,
e.g., §3 of Chapter I in [Din67], property 9) and it is of bounded variation, since it is even a finite
content on R due to (A.2). As a consequence, |7,,| is a finite premeasure on R and thus has a unique,
o-additive extension |7,| : Bor(f2) — [0,00) by the usual extension procedure. Furthermore, we
obtain ||7,(A)|| < |7,|(A) = [7,](A) for all A € R. Employing Satz 2.14 in [Dec06] and Theorem
1 in §5 of [Din67] and using the fact that v, is the unique o-additive extension of 7, to Bor(2), we
derive that |v,| is of bounded variation (on Bor(2)) and extends |7,,|. Moreover, |v,,| is c-additive on
Bor () by property 9 listed in §3 of [Din67]. The uniqueness of |7,,| now yields |v,|(A) = [7,|(A) for
all A € Bor(2). As 7, is additive on H, so is |7,,| and |7,| is finite. By the usual extension procedure
for finite non-negative finitely additive set functions on semi-rings, |7,| possesses a unique finite

o-additive extension |7,| : Bor(Q) — [0,00) (more precisely, we should write E;| instead of |7,|).
We next observe that L L
Tol(A) = |75](A) = [7e|(A) = [7,](A)

for all A € H, which yields [7,1(A) = [7,|(A) for all A € R. By once again utilising uniqueness, we
conclude |7,| = |7,| = |v,| on Bor (). O

A.2 Corollary. Under the hypotheses of Lemmal[A.T|and refering to the notation used there we obtain

- n €N, (c1,di], ..., (cn,dy] € H pairwise disjoint with
|u¢|<<c,d]>=sup{2||so<dj>—so<cj>|: (vl (e, du] € Hp J }
j=1

U?:l(cja dJ] = (C, d]
foralla <c<d<b.

Proof. The assertion follows from

vol((e; d]) = [l ((c, d]) = |7 |((c, d])-

A.3 Proposition. Let ¢ € BV([a,b],Y) be continuous from the right. Then |v,,| = m,, on Bor((a, b]).

Proof. Leta < ¢ < d <b. Fore > 0 we put

G :={6 € (0,00) N : Vte(ed): Usy(t) € (c,d)and V s € (d,d + 0(d)) : [[¢(d) — @(s)|| < e}
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Due to the right continuity of ¢ we infer G. # 0 for each € > 0. Furthermore, one easily verifies

my((c,d inf sup W, (S) = inf inf sup W, (9).

olled]) = 5€(0,00)( 4 ge8((c,d],0) #(5) £>00€0: 5e5((e,d),0) o)
Lete > 0,6 € G- and S = {([aj,b;],t;)};—; € S((c,d],0). Then d € UJ;_,[a;,b;] if and only if
t, = d. Hence, Jj_,[a;,b;] C (c,d], if t, < d, and [ar, d) U Uiz [aj.b;] € (c.d), if t, = d. In the
first case, we have S’ := {([a;,b;],t;)}j 4 U {([d,d + 2 ] d)} € S((¢,d], ) with W,(S) < W,(5").
Setting S’((¢,d],d) := {S € S((c,d], ) = d}, we therefore conclude supges(c,a,6) We(S) =

SUPSes ((c,d],5) W,(S). As a consequence, mg(,((c7 d]) = inf.sqinfseg. SUPSES ((cd],5) W, (S). Now
fixe > 0, let § € G and pick S = {([a;,b;],t;)};—; € S'((c,d],0). We choose closed intervals
lc1,d1], ..., [¢m, ] such that [a,, d] U ;L [ck, di] U Urfl[aj, b;] = [¢, d] and such that the intervals

of the system {laz, b1}—; U{[ck, di]}iL, are mutually non—overlappmg We estimate
= Z le(b;) — plaj)ll
j=1

< i lio(b) = elag)ll + D llp(dn) — wle)ll + llp(d) = plan)l + llp(d) = (o)

k=1
< [7l (e, d]) + [le(d) = (bl < [7|((c, d]) + €

me((e,;d]) < sup  W,(S) <rpl((c,d]) +¢
SeS’((c,d],d)

which leads to m,((c, d]) < v,|((c, d]) by letting ¢ tend to 0.

Let now {(ck, di]}"; be pairwise disjoint elements (listed in increasing order) with |}, (cx, di]
(¢,d]; in partlcular c1 = cand d,, = d. Fixe > 0 and choose 6 € (0, 00)@4 with Wj(, (c,d])
m((c, d])+e¢. Since ¢ is continuous from the right, we can pick ¢ € (¢, d1) such that ||¢(c)—¢(¢)| <
Thanks to Cousin’s lemma we can find {([a;x,bjx], tj1)} 751 € S(Ek,d|g,) with UL, [aj kb 1]

Jj=1
Ey, where E) := [¢,d] and Ej, := [k, dg] for k € {2,...,m}. We then have

IR VAN|

{(lajasbiel ti) : k€ {1, 7ﬂdéﬂwme€S<UEhﬂ=S®@@C5Wﬂﬁ)
k=1
For this reason we obtain

ZH@ di) = p(ew)ll < lle(e) = ()l +ZZH@ (bjr) = elaj)]

k=1j=1
< &+ Wil (e, d]) < (e, d]) +2e,
Tel((c, d]) < my((c,d]) + 2,

which implies |7, |((c,d]) < my((c,d]) by letting e — 0. Consequently, m, : Bor((a,b]) — [0, 0)
is a finite (due to Lemma [3.7), o-additive measure that extends |7,,|. By uniqueness we conclude
my(A) = |v,|(A) for all A € Bor((a,b]). O

A4 Corollary. Let ¢ € BV ([a,b],Y) be continuous from the right. Then we have ||p(d) — p(c)|| <
my((c,d]) foralla <c<d<b.

Proof. Using Proposition[A.3|we obtain
llp(d) = @)l = ll7e (e, dD)I = Nl (e, AN < vl (e, d]) = my (e, d])

foralla <e<d<b. O
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A.5 Remark. Analogous versions of the above results (with analogous proofs) hold true if ¢ €
BV (]a, b],Y) is continuous from the left.
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B The Vitali covering theorem for finite
metric outer measures on the real line

The aim of this section is to establish the following very useful and general Vitali-type covering
theorem.

B.1 Proposition. Let J be a collection of closed intervals with non-empty interior that cover a nonvoid
subset A of R in the (classical) Vitali sense, i.e., for each t € A and each € > 0 there exists an interval I € J
witht € I and diam(I) < e. Moreover, let i : B(R) — [0, 00) be a finite metric outer measure, where P(R)
denotes the power set of R. Then there exists a finite or infinite sequence (I,),, of pairwise disjoint intervals

belonging to J such that
N

n=1

if (Ip,)n is infinite, and
7 (A \ U1n> =0,
if (In)n is finite. In addition, one has (A \ U,, In) = 0 in any case.

B.2 Remark. The addendum of the preceding proposition (resp. a generalisation of it) appears,
e.g., in [dG75] or [Ise60]. But note that our assertion for infinite (I,,),, is a little bit preciser, in so
far as one cannot conclude from the validity of the equation ;. (A \ |J,, In) = 0 the validity of the

relation limpy_, oo (A \ Ufj:l In) = 0 if p is not continuous from above. This preciser variant also

appears implicitely in [dG75], but we cannot cite this result because de Guzman (in contrast to Iseki
in [Ise60]) considers in [dG75] outer measures associated to usual measures. Therefore we shall give
a detailed proof of the above proposition, where we closely follow the lines of the proof of Theorem
3 in Chapter X of [Do09%4].

For the proof of Proposition we need the following auxiliary result due to Aldaz (for a proof
consult, e.g., [AId91]).

B.3 Lemma. Let ¥ C PB(R) be o-algebra containing Bor(R) and let v : ¥ — [0, 0] be a measure. Fur-
thermore, let A be a collection of intervals (not necessarily closed) with non-empty interior. Then for each ¢ €
(0, 3) there exists a finite subcollection T C A of pairwise disjoint intervals such that v({(JT) > ¢ - v(JA).
(Notice that | JA € Bor(R); see, e.g., Section 2 of Chapter X in [Doo94].)

Proof of Proposition Denote by 3, the o-algebra of all i-measurable (i.e., measurable in the sense
of Carathéodory) subsets of R. We have Bor(R) C ¥, as u is a metric outer measure and we put
v := pi|Bor(r)- The set function v : Bor(R) — [0, c0) is a finite measure and for B C R we put

v*(B) :=inf{r(C): BC C € Bor(R)} <v(R) < 0.
It is known that v* is a metric outer measure with v*|g,,(r) = v. For B C R and C € Bor(R) with

B C C we have u(B) < u(C) = v(C), which implies u(B) < v*(B). Hence, it sufficies to establish
the assertion for v* in lieu of u.
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If v*(A) = 0, we have v*(A \ I) = 0 for each I € J and we are done in this case. So assume that
v*(A) > 0 and choose A € Bor(R) with A C A and v(4) < 21*(A). Thanks to Ulam'’s theorem,
each (locally finite) Borel measure is regular; in particular, there exists an open set G, satisfying
ACACGand v(Gy) < 2. v*(A). Let Jy := {I € J : I C G,} and observe that 7; still covers

9
A in the Vitali sense. Applying Aldaz’s lemma, we obtain a finite subcollection 7; C J; of pairwise

disjoint intervals such that v({J 1) > v(lJ J1) > $v*(A). This leads to

%V*(A) +rA\JA) <vl(UFR) +vr@a\UFR) <vl 7)) + (G \ | JR)
10

=v(GnJA) +vG\JR) =v(G) < A

and consequently to v*(A\ |JF1) < § - v*(A). Since | J F; is a finite union of closed sets, it is itself
closed and therefore K := {I € J; : IN|YF1 = 0} is a Vitali cover of the set A\ |J F1, provided
that A\ |J F1 is non-empty. If v*(A \ |JF1) = 0, we are done. Otherwide we can repeat the above
procedure: Choose an open set Gy 2 A\ |JF1 with v(Gs) < %y*(A \UF), put Jo :={I € K5 :
I C G}, apply Aldaz’s lemma in order to obtain a finite, pairwise disjoint subcollection F» C J»
with v(J F2) > $v(JJ2) = sv°(A\ U F1). We then arrive at

%V*(A VA + v (a\UFN\UR) < vl F) + (G \ | Fo) = v(Go) < %1/*(14 \Um),
which implies
7 7\ >
sy vm) < praUs < () v,

Notice that by construction all intervals in the finite collection F; U F; are mutually disjoint. It is
now clear how itering this procedure finally produces the sequence (I, ), in Proposition [B.1]

The addendum is trivial if (1), is finite and for infinite (I,,),, it follows from u(A \ U, ey In) <
w(A\NUY_, ), N e N. O
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C The Bochner and the
Henstock-Kurzweil-Stieltjes integral

The aim of this section is to prove that the variational Henstock-Kurzweil-Stieltjes integral contains
the Lebesgue-Bochner integral. More precisely, we want to prove Proposition [C.2] below. In order
to formulate it, we need some notation.

C.1 Definition. Let ¢ € BV([a,b],C) be of bounded variation and continuous from the right. We say that
[ ¢ [a,b] — X is Lebesgue-Stieltjes integrable with respect to ¢, if f is Bochner-integrable with respect
to the complex measure v, associated with ¢, i.e., f is Bochner-integrable with respect to the (positive)

Lebesgue-Stieltjes measures vy, , . . ., V,,, Where ¢ = o1 — @2 + (3 — a) is the Jordan decomposition of ¢
(i.e., 1, .., are monotonically increasing and continuous from the right), see also Lemma We write

(L) fab f(s) de(s) for the Lebesgue-Stieltjes integral of f (over [a, b)) with respect to .

The result we want to establish now reads as follows.

C.2 Proposition. Assume that ¢ € BV([a, b], C) is of bounded variation and continuous from the right and
let f : [a,b] — X be Lebesgue-Stieltjes integrable with respect to . Then we have f € HK([a,b], ¢, X)
with

@ [ 16)apts) = [ 551606

forallt € [a,b].

The crucial ingredient for the proof of Proposition[C.2]is the following result.

C.3 Proposition. Let 3 be a o-algebra on [a, b] which contains all Borel sets and let i : ¥ — [0,00) be a
(finite) measure which is outer and inner reqular. Let f : [a,b] — X be Bochner-integrable with respect to p.
Then for every e > 0 there exists a gauge 6 : [a, b] — (0, 00) such that

r

>

J=1

<e

(g, b3]) () — / £(6) du(t)

(aj ’bj]

for each {([a;, b;],t;)};—; € S([a,b],6).

It is tempting to simply cite [PMO01, Lemma 1] in order to justify Proposition but this would
be inopportune because the work [PMO01] lacks a proof that the variational McShane integral con-
sidered in [PMO1] reduces to the ordinary variational McShane integral if the measure space is just
[a,b] with an appropriate regular quasi-Radon measure. Indeed, for this assertion one has to ver-
ify that under these special circumstances one can replace the infinite sequence (E,,),, appearing in
[PMO1}, Definition 1] by a finite sequence of intervals. At least for a generalized McShane integral
results of this kind exist, see Proposition 1E and 1F in D. H. Fremlin’s paper [Fre95]. However, at
this point we refrain from establishing such general results (as well as from discussing far-reaching
generalisations of Proposition and confine ourselves to a direct proof of Proposition We
closely follow the lines of the proof of [Fre95| Theorem 1K].
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C The Bochner and the Henstock-Kurzweil-Stieltjes integral

Proof of Proposition We proceed in several steps.

step 1: The assertion is valid for integrable simple functions.

We first consider the case f = 1gz, where E € ¥ and x € X. Lete > 0 and choose an open set G and
a closed set F'in [a,b] with F' C E C G such that (G \ F) < ST Fort € Fwe choose 4(t) > 0
with U (t) € G, fort € G\ F we take 6(t) > 0 such that Us;)(t) € G\ F and for t € [a,b] \ G we
choose 4(t) > 0 such that Us;(t) C [a,b] \ F. For any {([a;,b;],t;)}j_; € S([a,b],d) we then obtain

s

S l(ag by (2 - / £(t) du(t)

j=1 (a'j’bj]
e

- Z (a;,b;] N E) lel—u( U (@, mE)||x| < W(E\ F)a],
t PP 2

due to (aj,b;] C Us,(t;) € [a,0] \ F fort; ¢ G,

((az. b F(t;) — /( RCLTG

T

u((aj.b;] 0 E) ] =u( U <aj,bij)||x||

j=1

51 eﬂM

/>—A

Je: t;EG\E
p(GA\F)NE)||lz| = n(E\ F)=]],
because of (a;,b;] C Usq,)(t;) € G\ Ffort; e G\ECG\F,

s

S |l b)) fts) - / £(t) du(t)

j=1 (ajabj]
tjEE\F

= 3 ul(ag b\ ((a5,b] N B) ||x|—u( U \E)xu
e

Sp((G\ F)\ E)|zf| = (G \ E)l|]],
since (a;,b;] € Us(,)(t;) CG\ Ffort; € E\F C G\ F,and

r

S (o by £t - / £(t) du(t)

,j_:} (a;,b;]
= Z (aj, b]\ ((a;,b5] N E))z|| = M( U (a;,5] \E>||33 < u(G\ BE)z|,
f EF f‘}]z}

because (a;, b;] € Us(,(t;) € G for t; € F. Summarizing, we arrive at

T

D

j=1

< 2lfz[(W(G\ E) + p(E\ F)) = 2|[z[|p(G\ F) < e

(g, b3]) £ (t5) — / £(t) du(t)

(ajvbj]

It is now easy to verify that the assertion of Proposition holds for every integrable simple
function, i.e., for any linear combination of functions just considered.
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step 2: Let h : [a,b] — [0, 00) be p-integrable and € > 0 be arbitrary. Then there exists a gauge § : [a,b] —

(0, 00) with
aj,b;])h(t;) < h(t)du(t) +
E 1#(( Dh(t;) /[11717] (t)du(t) +¢

for every {([a;.b;),4,)}i— € S([a,b), ).
The Vitali- Caratheodory Theorem (see, e.g., [Rud87, 2.24]) yields a lower semicontinuous function

v: [a,b] — [0,00) with h < h + m < vand f[a}b](v—h— m)du < 5. Hence h <wv
everywhere and f[a b (v—"h)dp < e. Fort € [a,b] we take 0(t) > 0 such that Us,(t) C {s € [a,b] :
v(s) > h(t)} # 0, which is possible because v is lower semicontinuous. Take {([a;,b;],t;)}j_; €
S([a, b],d). We then obtain

gu((aj, Z/ 5) dult <Z/

< /[ayb]v(t)du(t)g /[a’b] h(t) du(t) + &

as claimed.

step 3: Finishing the proof

Let f be a Bochner-integrable function and € > 0. Choose an integrable simple function g : [a,b] —
X such that f[a,b] |lf — glldu < §. Thanks to the step 1 and step 2, there is a gauge ¢ : [a,b] — (0, 00)
such that

T

D

j=1

M@wmwm—/‘ o(t) du(t)

(aj,b;]

SO

and

Zu((% b])h(t;) < h(t) du(t) + =

[a,b]

for every {([a;,b;],t;)}j—1 € S([a,b],0), where h(t) := | f(t) — g(t)|| for t € [a, b]. For each sequence
{([aj,bj],5)}i= ES([ b], §) we can now estimate

T

D

j=1

SZHM((%vbj])f(tj) p((ay, b
— d

</[a’b]f(t) g9(®)[ dp(t) + +7 +Z/ ||f 9Ol dpu(t)

S B UCRYCIETORE

((ag, by £ (t5) — / £(t) dpt)

(aj,b;]

(a5, bi])g(t;) — /(aj,bjﬂ“)d”“)

This completes the proof. O

Proof of Proposition[C.2} We write ¢ = ¢1 — @2 +i(p3 — ¢4) with monotonically increasing functions
¢1,...,®4 continuous from the right. Since each Lebesgue-Stieltjes measure v, is a regular Radon
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C The Bochner and the Henstock-Kurzweil-Stieltjes integral
measure with v, ((c, d]) = ¢;(d) —p;(c) for every [c, d] C [a, 1], Propositiontherefore shows that
Fj:la,bl = X; t— (L) (s)dvy,
(a,t]

is a Henstock-Kurzweil primitive for f with respect to ;. Hence, f € HK([a,b], ¢;) with

[ F()dgy(s) = / " F() dgy (s

forallt € [a,b] and j € {1,...,4}. It is now easy to show that f € HK([a,b], p, X) with

[ a9 =@ [ 16)a006)

forallt € [a, b]. O

C.4 Remark.

(a) For the proof of Proposition it is irrelevant that the tag t; belongs to the respective inter-
val [a;, b;]; therefore Fremlin’s proof shows in fact (as indicated by Di Piazza and Musiat in
[PMO1]) that Bochner-integrable functions are (under approriate circumstances) variationally
McShane integrable (in a generalized sense).

(b) If X is finite-dimensional, then one easily reduces the assertion of Proposition [C.3]to the case
X = R, which can be treated by an obvious modification of the proof in [DS70].

(c) Instead of interval-point sequences {([a;,b;],?;)}}_; one might take any finite set-point se-
quence {(Ej,t;)}7_; such that E; € %, E; C Usy,)(t;) (or E; C G(t;), where t; € G(t;) is
open) and u(E; N E;) = 0 for i # j (cf. [PMO1] [Fre95, DS70]); then one can state and prove a
result analogous to Proposition

106



D The continuity of the inverses of strictly
monotonic functions

It is a fundamental question in analysis under which conditions the inverse of a continuous bijec-
tion, say between two topological spaces, is itself continuous. There are well-known results like
the invariance of domain theorem or the classical (and easy to prove) result that the inverse of a
continuous bijection from a compact space onto a Hausdorff space is also continuous.

It seems that results like the ones just mentioned have influenced the presentation of similar results
on the level of undergraduate courses. So it seems that the following statement is most wide-spread
in such courses.

If) # I C Risan interval and if f : I — R is continuous and injective, then f=* : f(I) — R is continuous,
too.

Usually, the proofs given for this result make use of the continuity of f in such a way that the con-
tinuity assumption appears to be indispensable at a first cursory glance. However, there is a more
general result (see, e.g., [Heu00, 37.1]), which, unfortunately, seems to be seldom taught in under-
graduate courses.

If 0 # I C Ris an interval and if f : I — R is strictly monotonic, then f=1 : f(I) — R is continuous, too.

This statement demonstrates that the premise of the continuity of f is entirely superfluous and
proofs based on this premise might disguise the deeper reason for this phenomenon. Indeed, from
the point of view of topology, the true reason lies in the observation that a strictly monotonic func-
tion f : I — f(I) is a homeomorphism if I and f(I) both carry the order topology induced by
the order inherited from R instead of the usual subspace topology (see below). Since the subspace
topology is finer than the order topology the mapping f~! : f(I) — I is continuous if f(I) is en-
dowed with the subspace topology and I carries the order topology. But since for intervals the
order and subspace topology coincide (see Lemma [D.1]below), we conclude that f~! : f(I) — I is
continous where I and f(I) now both carry the usual subspace topology.

Clearly, the same argument works for every strictly monotonic function f : A — R () # A C
R) whenever the order and subspace topology of A coincide. In this section we state a known
characterisation (but for the sake of completeness and because we failed to find a good reference for
it, we also provide a proof for it) of those non-empty subsets A of R for which the order and subspace
topology coincide in order to complete our picture and to relate Proposition[D.2Jand Proposition[D.5]
below to the topological point of view just described. Moreover, we present an elementary proof
for the assertion that f=! : f(A) — A is always continuous provided that f : A — R is strictly
monotonic and the order and subspace topology of A coincide. Finally, we show that this result is
optimal in the sense that on each non-empty subset A of R for which order and subspace topology
differ there exists a strictly monotonic function f whose inverse is not continuous.

First of all, recall that the order topology on A is by definition the topology generated by all sets
of the form (—o0,a) N A or (a,00) N A where a € A, while the subspace topology is, as one easily
verifies, generated by all sets of the form (—oco,z) N A or (z,00) N A where x € R.

D.1 Lemma. Let ) # A C R. Then the order and subspace topology of A coincide if and only if every
bounded component of R \ A is either closed or open.
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D The continuity of the inverses of strictly monotonic functions

Proof. Let us suppose that R \ A possesses a bounded component which is neither closed nor open,
i.e., there are a,b € R with a < b such that either [a, ) or (a, b] is a component of R\ A. We only treat
the first case since the second one can be handled analogously. In this case wehavea ¢ A, b € Aand
there exists a sequence (), in A that converges to a in R. In particular, for every z € A withz < b
(which implies x < a), resp. for each 2’ € A with 2’ > b, there is an ng € Nwith z,, € (z,00) N 4,
resp. with z,, € (—oo,2’)N A4, for all n > ng. Therefore (z,,),, converges to b with respect to the order
topology on A.

If the order topology and the subspace topology of A coincided, then we could infer that (z,),
converges to b in R, which would yield a = b in contrast to ¢ < b. As a result, we deduce that the
subspace topology of A is strictly finer than the order topology of A.

Now we conversely assume that each bounded component of R\ A is either closed or open. In order
to show that in this case the order and subspace topology of A coincide, it sufficies to verify that
each set of the form (—o0,£)NA or (£, 00)NA, where £ € R, is open with respect to the order topology
on A. We show this only for (—oo, {) N A because the remaining case can be treated similarly.

In the cases { € A, (—o00,§) N A = ) or (—00,£) N A = A the assertion is clear. Therefore we may
assume that £ ¢ A and (—00,§) N A # () and (—o00,£) N A # A or equivalently that £ ¢ A and
(—00, &) N A # 0 and (&, 00) N A # () hold. We denote by I that component of R \ A that contains €.
Due to (—00,§) N A # @ and (£, 00) N A # 0, the set I is bounded. By assumption we therefore either
have I = [a,b] witha < ¢ < band a,b € R\ Aor I = (a,b) witha < { <band a,b € A.

In the first case we can choose a strictly increasing sequence (z,), in A converging to a in R. We
then obtain -
(—00, )N A= (—00,a) NA= U (=00, xpn) N A,
n=1
so that (—o0, {) N A is a union of sets open with respect to the order topology on A and consequently
itself open with respect to the order topology on A.

In the second case we observe that [b, 00) N A is (because of b € A) closed with respect to the order
topology on A. Therefore
(—00, )N A=A\ ([b,o0) N A)

is open with respect to the order topology on A. O

Now we come to the main result of this section.

D.2 Proposition. Let ) # A C R such that every bounded component of R \ A is either closed or open.
Furthermore, let f : A — R be a strictly monotonic function on A. Then the function f~' : f(A) — Ris
continuous.

Proof. We suppose that f is strictly increasing (the case that f is strictly decreasing can be treated in
a similar way).

Let yo € f(A) be arbitrary. We want to show that f~! : f(A) — R is continuous at yo. For this
purpose, let (y,,), be an arbitrary convergent sequence in f(A) with limit yy. We then have to show
that (z,,)n := (f 71 (yn))n € AN converges to zo := f~1(yo) € A.

It is easy to verify that there are u,v € f(A) with v < v such that y,, € [u,v] for all n € Ny. We
puta := f~'(u)and b := f~1(v). Then we have z,, € [a,b] N A for all n € Ny. In particular, the
sequence (z,), is bounded and it thus suffices to verify that z, is its only possible limit point in
order to conclude that (z,,), converges to o, which completes the proof.

Suppose now that (z,,), possesses a limit point £ different from zy and let (z, ), be a subsequence
converging to £. We then either have £ > xy or £ < xy. We only treat the first case (the second one
is analogous) and we shall show that we obtain a contradiction.
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First, assume additionally that £ does not belong to A and denote by I that component of R \ A that
contains £. Observe that we have £ € 01 because of £ € JA, where 0M denotes the boundary of a
set M C R.

If  is the left endpoint of I and if I is not a singleton, then there exists a ko € N with 2, € (20,¢)
and an index k1 € Nwith z,, € (zn, &) forall k > k. This yields

Yny = f(xnk) > f(xnko) > f(l‘O) =%
forall k > ki. As k — oo we obtain the contradiction yg > f (Jcn,m) > Yo.

If £ is the right endpoint of I (which includes the case that I is a singleton), then I must be bounded
due to z¢ < ¢. By assumption I is either closed or open, but due to { € I N (R \ A), the set I must
be closed. Therefore we then have I = [«, £] with an o < € such that o ¢ A.

We may now choose an element z € (zg,«) N A. (Note that this is indeed possible: If o < &, this
follows from « € 0A and zy < £, which yields z¢ < a. If however o = &, then (2, &) N A is nonvoid
since otherwise we would obtain (z¢,{] C I = {¢}, which is impossible.) There exists a ko € N such
that z,,, > z for all k¥ > k¢. This implies

Yny = f(xnk> 2 f(Z) > f('rO) =7%Yo0
for all k£ > ko and we arrive at the contradition yo > f(z) > yo.

Summarizing, we infer that { must be an element of A. Here we distinguish between two cases:
(0, &) N A # D or (x0,£) N A = (. In the first case we choose z € (z9,£) N A and proceed as in the
above case where ¢ was a right endpoint of the above [ to arrive at a contradiction.

So let us assume that (z¢,&) N A = (. Then there exists a kg € N such that z;,,, > ¢ for every k > k.
This yields y,, € [f(£), o) for each k > ko, which leads to the contradiction yo > f(§) > f(x0) = yo-

Altogether we arrive at the conclusion that £ > zg ist not possible. O

Proposition gives rise to the following characterisation of the continuity of a strictly monotonic
function.

D.3 Corollary. Let ) # A C R be such that every bounded component of R \ A is either closed or open.
Then for a strictly monotonic function f : A — R the following assertions are equivalent.

(a) The function f : A — R is continuous (for the subspace topology).
(b) Each bounded component of R\ f(A) is either closed or open.

In the case of equivalence the sets A and f(A) are homeomorphic. Moreover, the implication “(b) = (a)” is
still true if we drop the assumption imposed on A.

Proof. Applying Proposition [D.2]to the function f~! : f(A) — R gives us the implication “(b) =
(a)”; even without the assumption imposed on A.

Now assume that f is continuous as well as, without loss of generality, that f strictly increases.
Furthermore, suppose to the contrary that R \ f(A) possesses a bounded component that is neither
closed nor open, thus having the form (u, v] or [u, v). We only treat the first case.

Then u € f(A), v ¢ f(A) and there is a strictly decreasing sequence (y, ), in f(A) with limit v. We
setx, == f~!(y,) forn € Nand = := f~!(u). The sequence (z,,),, is strictly decreasing and bounded
from below by z, thus it converges to £ := inf, ey 2, in R. The number £ does not belong to A since
otherwise the continuity of f would imply

v=lim y, = lim f(z,) = f(€) € f(4),

n—oo n—o0
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D The continuity of the inverses of strictly monotonic functions

which is impossible because of v ¢ f(A). Now consider an arbitrary z € A with z > z. We then
have f(A4) 3 f(z) > f(z) = v and thus f(z) > v. Consequently, there exists an index n € N with
v < yn = f(xn) < f(z), which implies £ < z,, < z. We conclude that (z, ] is a component of R \ A
(because v € Aand A > z,, — £ ¢ A asn — o0), which contradicts the assumption on A.

The first part of addendum is clear by Proposition[D.2} O

D.4 Remark The characterisation of the continuity of strictly monotonic functions obtained in the
preceding corollary fails if the adverb “strictly” is dropped. Indeed, just consider the function f :
{; ne N} U {0} - Rgivenby f(0) :=0and f() =1(n e N).

As announced we now demonstrate that Proposition [D.2]is in some sense optimal.

D.5 Proposition. Let ) # A C R be a set such that R \ A possesses a bounded component that is neither
closed nor open. Then there exists a strictly monotonic, continuous function f : A — R such that the
function f~1: f(A) — R is discontinuous.

Proof. By assumption R \ A possesses a bounded component having the form (a, b] or [a,b) (with
a < b). We only consider the first case since the second case is analogous.

Clearly, b is a cluster point of (b,c0) N A. Therefore we can choose a strictly decreasing sequence
(n)r in A converging to b. Moreover, we choose a strictly decreasing sequence (ys,),, in R with limit
a. Now we put g(z,) := y, forn € Nand g(a) := a and we extend g on (x,,+1, z,) linearly. This
gives us a strictly increasing, continuous function g : {a} U (b, 1] — R, which we extend to a strictly
increasing, continuous function g : (—o0,a] U (b,00) — R in any way. Then the function f := g|a
(note that A C (—o0, a]U(b, 00)) is strictly increasing and continuous, but its inverse is discontinuous
at a. Indeed, we calculate lim, . f(z,) = lim, ooy = a = f(a), while lim,, o f~1(y,) =
lim, oo Tn =b#a= f1(a). O

D.6 Remark (a) By Proposition the function g|(_ o 4)u(s,00) (Where g is as in the proof of
Proposition |D.5) has a continuous inverse. Therefore the point « is the only discontinuity
of the above f~-.

(b) Combined with the order topological considerations in the introduction, Proposition fur-
nishes a slightly different proof that the order and subspace topology of A do not coincide
whenever R \ A possesses a bounded component that is neither closed nor open.

(c) If we combine Proposition and Lemma (D.1} we arrive at the following result:
Let ) # A C R. Then the order and subspace topology of A coincide if and only if every (continuous)
strictly monotonic function f : A — R possesses a continuous inverse f =1 : f(A) — A, where A and
f(A) are endowed with their respective subspace topologies.
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