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Abstract (English Version)

In this thesis we treat the nonlinear Schrodinger equation (NLS for short) formulated
for a non-negative, selfadjoint linear operator (A, D(A)) on L?(Q)), whereby Q) is an ar-
bitrary measure space. In this setting we formulate a local existence result for mild so-
lutions in D(A®) under the assumption of Strichartz estimates with loss of derivatives.
We obtain an abstract framework as a generalization of methods given in [BGT04b] by
a systematic study of spectrally localized Strichartz and dispersive estimates. These
concepts are used successfully in the literature to prove Strichartz estimates with loss
of derivatives. We show that the above methods can be applied in a unified way to the
situations in [BGT04b, Ant08, BEFEHM12, YZ04].

Our approach leads to new results for the NLS formulated for the Laplace-Beltrami
operator on R"” x M, whereby M is a connected, compact Riemannian C*-manifold
without boundary and dim(M) = m. We provide Strichartz estimates with loss for
(eltArmxm), r exploiting the dispersive estimates for (%" ),cr and the spectrally local-
ized dispersive estimates for (¢l'™);cg. For n = m = 1 we extend the known global
existence result in [TTV14] with respect to the growth of the nonlinearity.

Abstract (German Version)

In dieser Dissertation behandeln wir die nichtlineare Schrodingergleichung (kurz NLS)
fiir einen nicht-negativen, selbstadjungierten linearen Operator (A, D(A)) auf L2(Q)
mit einem beliebigen Mafsraum (). In diesem Rahmen formulieren wir ein lokales
Existenzresultat fiir milde Losungen in D(A°) unter der Annahme von Strichartzab-
schdatzungen mit Verlust von Ableitungen. Wir abstrahieren Methoden aus [BGT04b]
durch ein systematisches Studium von spektral lokalisierten Strichartz- und disper-
siven Abschdtzungen. Diese Konzepte werden in der Literatur mit groflem Erfolg
dazu verwendet Strichartzabschdtzungen mit Verlust von Ableitungen herzuleiten. Wir
zeigen, dass die obigen Methoden sich in einheitlicher Form auf die Situationen in
[BGT04b, Ant08, BFHM12, YZ04] anwenden lassen.

Unser Zugang erlaubt uns die Herleitung neuer Resultate fiir NLS fiir den Laplace-
Beltrami Operator auf R” x M mit einer zusammenhdngenden, kompakten Riemann-
schen C®-Mannigfaltigkeit M ohne Rand und dim(M) = m. Wir beweisen Strichartz-
abschdtzungen mit Verlust fiir (elx"xm);cg unter Verwendung der dispersiven Ab-
schitzungen fiir (e*®");cgr und der spektral lokalisierten dispersiven Abschitzungen
fir (e"™);cr. Im Fall n = m = 1 erweitern wir das globale Existenzresultat aus
[TTV14] im Hinblick auf das zuldssige Wachstum der Nichtlinearitadten.
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Introduction

Over the last three decades the nonlinear Schrodinger equation on R? given by

i0iu(t, x) = —Au(t,x) £ |u(t,x)|Pu(t,x), t#0, x € R,

(NLS)

u(0,x) = f(x), x € RY,
with B € (0,00) has been subject to extensive study regarding its local and global
wellposedness as well as long time dynamics in general, which has led to a good
understanding of these aspects (see e.g. [Tao06] for an overview). The results on
global wellposedness highly depend on the sign of the nonlinearity. One therefore
distinguishes the defocusing (+) and focusing (-) cases with respect to the nonlinearity
and the corresponding equation. From a physicist’s point of view this widespread
interest in (NLS), in particular with g = 2, stems from its rather versatile applications.
They include

¢ laser beam models in Kerr media, where several reductions of Maxwell’s equa-
tions lead to (NLS) (e.g. Section 1.2 of [SS99]),

¢ models for Bose-Einstein condensates, where (NLS) with an additional potential
describes the common state of the particles of a quantum gas at extremely low
temperatures (e.g. [PS03]),

¢ the theory of water waves, where so-called breather solutions of (NLS) serve as a
prototype for rogue waves in the ocean (e.g. [CKOP13]).

Although all these applications are interesting in their own right, from now on we take
a mathematician’s point of view and shed some light on the mathematical challenges
we face when constructing solutions of (NLS). Firstly, we provide the proper context
for our results by a description of the development of the existing theory for (NLS).
After that we state our main results and describe the structure of this thesis.

Historical and methodological background

In the framework of nonlinear evolution equations we formulate the partial differential
equation (NLS) as the nonlinear ordinary differential equation on L?(IR?) given by

u'(t) = idu(t) Filu(t)|Pu(t), t#0,

u(0) = f, P
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with f € L*(R%) and iA realized on L?(R?) with D(iA) = H3(IRY). The method to
construct a solution of (CP) provided by semigroup theory is to solve, in a suitable
space, the fixed point equation

. t .
u(t) = e Fi /O A58 4(5) [Pu(s) ds. (FP)

Here (¢*2);cr denotes the Cop-group on L(L?(IR%)) generated by iA. Also, ¢** is an
isometry on Hj(R?) for all s € [0,00) and ¢ € R. The parabolic theory of nonlinear
evolution equations is therefore not available for (el*);cR, since it clearly lacks the
crucial smoothing estimates for analytic semigroups (e_tA)te[O,oo) on L(L*(R%)) of the
form

Vie(e), kew e lizrayspiary < ClER)ETE, 1)

(see e.g. [Lun95] for a good introduction). In 1977 Robert S. Strichartz took the first
step in the direction of a suitable substitute for (1) (see Section 3 of [Str77]), by proving
for p = q = 2(n+2)/n the estimates

Hei(')Af||Lv(Rm(Rd)) SN2 weys (HS)

/O el —98F(s) ds S Il m 1o (rey)- 5

LP (R, L7(R))

p*,q" denote the Holder conjugates of p and g, respectively. At the heart of his ar-
gument is a restriction theorem for Fourier transformed functions on IR to quadratic
surfaces, which exposes a noteworthy connection between harmonic analysis and the
theory of partial differential equations. In honor of his important contribution esti-
mates of the form (HS) and (IS) are called Strichartz estimates.

In the subsequent development of Strichartz estimates several authors observe that
(HS) and (IS) also hold for pairs (p,q) with p # g and use them to construct solu-
tions of (FP). In 1987 Kato provided in [Kat87] one of the most successful approaches
via a contraction argument involving Banach’s fixed point theorem. For initial data
f € Hi(R%) and B € (0,4/max{d—2,0}) he first constructs a unique solution u of (FP) in

Xr = L¥([0, T, H'(R")) N LP([0, T], Hy(R)), (p,q) = (46+2/pa, p+2), (2)

with T small enough. The key observation is the completeness of the metric space
(BXT (0, R), dT) with

dr(v,w) := |lo— w”Lw([O,T},LZ(IRd)) + o — wHLn([O,T},m(]Rd))/ 3)

where we stress that dr contains no derivatives in space, in contrast to the norm on Xr.
The local solution is a posteriori in C([0, T], Hi(IR?)) and can be extended to a maximal
existence interval [0, T, ) such that

Ty <oo — tgr% [ () || g1 ey = °- (4)

This property is called the blow-up alternative. Combined with the energy conserva-
tion

1 1 +2 +2
SIVu(®) 2 ey £ ﬁ+2||u<>u’,;+zw—f||vjfu ﬁ+2||fu’,;w )
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for all t € [0, T;) he finally derives criteria for u : [0, T;+) — Hi(IRY) to be bounded.
With (4) this implies global existence in Hi(IR?), i.e. T4+ = oo. Note that 8 < 4/max{d—2,0}
provides Hl(R?) — LF*2(R?) by Sobolev’s embedding theorem and the expressions
in (5) are therefore finite. In the literature this is known as the energy subcritical or
H!'-subcritical case.

Up to now, variants of Kato’s scheme presented above have been extensively used in
more general situations. As a rule of thumb the availability of Strichartz estimates
always leads to a good local existence theory. It is therefore of interest to have as much
flexibility for the pairs (p,q) in these estimates as possible.

In that context Ginibre and Velo showed in [GV92] by means of complex interpolation
and the dispersive estimate

HeitAHLl(]Rd)ﬁL“(le) S, t#£0, (6)

that (HS) and the following extension of (IS)
’ / et 9)AF(s) ds

0
hold for all sharp 4/2-admissible (p,q), (7,4) € [2, )%, i.e.

2 d d

—+-== ,q,d 2,00,2),

, o=z Pad) #(2ee2)
with the additional restriction g, § < 24/(d-2) if d > 3. The pair (p,q) = (2,24/(a-2)) for
d > 3 is known as the endpoint of this admissibility scale. In 1998 Keel and Tao suc-
cessfully prove in their groundbreaking paper the Strichartz estimates (HS) and (IS’) in
an operator theoretic setting for all (p,q), (p,§) sharp 4/2-admissible including the end-
points for d > 3. Not only do they completely answer the question of necessary and
sufficient criteria on (p,q) for (HS) to hold, but the striking generality of their result
allows for very versatile applications. Note that the sharp 4/2-admissibility of the pairs
(p,q), (P,4) is not necessary for the inhomogeneous Strichartz estimate (IS") to hold
(see e.g. [Vil07]).
Today there are countless results of dispersive and Strichartz estimates for more gen-
eral operators on R? than the Laplacian (see e.g. [Sch07, ST02, DFVV10]). In all of
them the availability of euclidean Fourier analysis is of great importance.
In contrast to this rather favorable situation on R? where the availability of Strichartz
estimates has lead to a well developed local and global existence theory, there is consid-
erably less development of (FP) for the Laplacian on either a compact C*-manifold or
a bounded C*-domain with additional boundary conditions. The main problem here
is on the one hand the failure of the dispersive estimate (6), due to the pure point spec-
trum of the respective Laplacian, and on the other hand the lack of euclidean Fourier
analysis.
In his famous paper [Bou93b] Bourgain combines the theory of Fourier series and
analytic number theory to produce a weaker form of the Strichartz estimate (HS), a
so-called Strichartz estimate with “e-loss of derivatives” for (¢l*1?),cr generated by
the Laplacian A on the flat torus. In these estimates the L2-norm on the right-hand
side of (HS) is substituted by the fractional H§(T%)-norm with € € (0, 0). Here H§(T%)
denotes the fractional domain D((—Ay.)“?), which is the natural extension of the clas-
sical Sobolev spaces.

S N E e e (rey) (IS)

LP(R,L1(IRY))
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Inspired by this approach Burq, Gerard, and Tzvetkov produce in [BGT04b] Strichartz
estimates with loss of derivatives for the Laplace-Beltrami operator (—Ap;, D(—Am))
on an arbitrary connected, compact Riemannian C*-manifold M without boundary
and dim(M) = d € IN. Their key observation is the validity of the spectrally localized
dispersive estimate

92 M) |1y S 1777 0 <[] S27F, 7)

for k € Ng and ¢ € CZ®°(R). For particular ¢, p € CP(R) the decomposition estimate
of Littlewood-Paley type

(e} 2
1" Loy < 190 (Br)e™ Fllaany + <Z l9@*Am)e" f Hiq(w)
k=1

with g € [2,00) and the abstract Keel-Tao result [KT98] applied to the operator families
(p(27 2 Ap)elt™m) g for k € N imply

Hei(')AMfHLP([O,T],M(M)) < C(T)HfHH;/p(M)r (LS)

with (p,q) € [2,0] X [2,00) sharp 4/2-admissible. As in the case of the flat torus the loss
of derivatives is measured in terms of the fractional domains H"?(M) = D((—Ap)"?)
of the Laplace-Beltrami operator. Based on (LS) they prove previously unknown global
wellposedness results for (FP) with initial data in H)(M). They provide in particular
a global wellposedness result in H}(M) for d = 2 with arbitrary growth of the non-
linearity and for d = 3 with cubic growth of the nonlinearity. One important step in
their analysis is solving (FP) for initial data in Hj(M) with arbitrary growth of the
nonlinearity. This is done following a straightforward adaptation of the arguments in
[Kat87] on the space

X = (0, T, HM) VL (O, TLHOD), s >041,05 5 @

and (p,q) sharp d4/2-admissible with p large enough. In contrast to (3), the loss of
derivatives in (LS) forces the authors to work with the metric

dr(w,v) 1= |[v — wl| =0, m5Mm)) + |0 — wHLp([o,T],Hg(M))/

which includes the fractional domain space H5(M). It is also noteworthy that in the
case d = 3 with cubic growth of the nonlinearity they adapt the crucial logarithmic
L*-estimate (2) used in [BG80] by Brezis and Gallouet.

They proceed to show that the loss of derivatives in (LS) is optimal on the sphere in
the endpoint case for d > 3 and reduce the loss of derivatives under the geometric
assumptions on M that all geodesics are closed with a common period. Up to this day
the interplay of the geometry of the state space and the loss of derivatives phenomenon
is only partially understood and remains an active area of research (see e.g. [Boul4]
and the references therein).

The considerable success of [BGT04b] and the follow up paper [BGT04a] (treating (CP)
on non-trapping exterior domains) unfolds in the impact their methods and ideas had
in the subsequent developments. The spirit of their arguments is found for example
in the papers [Ant08, BEHM12, Ival0, BSS12] and [YZ04], which deal with Strichartz
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estimates with loss of derivatives and wellposedness of (CP) for the Laplacian on C*-,
polygonal and exterior domains, compact manifolds with boundary, and on RY with
an added superquadratic potential.

It is natural to ask for local and global existence for (CP) formulated for the Lapla-
cian A on the product space () = R" x M with an arbitrary connected, compact
Riemannian C*-manifold M without boundary. However, results in that area are
rare. Recently, there has been considerable progress in the case M = T™ (see e.g.
[TV14, GPT15] and the references therein). For a treatment of a general compact C*-
manifold we are only aware of [TTV14] and [TV12], in which the respective initial data
belongs to H;(R" x M) or modified anisotropic Sobolev spaces. We are interested
in the Cauchy problem (CP) with initial data in H5(IR” x M) and point out that the
Strichartz estimates used in the local existence result in [TTV14] exclusively rely on the
dispersive estimate (6) for the Laplacian on R". The authors solve (FP) in the spirit of
[Kat87] in a space exhibiting mixed R" x M integrability, which limits their argument
with respect to the growth of the nonlinearity. However, the spectrally localized disper-
sive estimates (7) for the Laplacian on the compact manifold M provided by [BGT04b]
are not exploited in this work. It is reasonable to expect that using (7) improvements
are possible since (¢"20),cg decomposes as el0 = ¢lfAr7elfdM for + € R.

Main results and organization of this thesis

We pursue the following goals:

(A) A systematic development of a functional analytic framework for (CP) based on
generalizations of the methods introduced by [BGT04b] and [Kat87]. It covers
many of the existing examples presented above and allows us to reproduce known
local and global existence results in a unified way.

(B) The derivation of Strichartz estimates with loss of derivatives for (elfr"<m); . on
R" x M with an arbitrary connected, compact Riemannian C*-manifold M with-
out boundary, using the dispersive estimates (6) for (e*r");cgr and the spectrally
localized dispersive estimate (7) for (¢**¥),cr. As an application we prove a global
existence result for (NLS) in Hi(R x M) with dim(M) = 1 for nonlinearities with
larger growth than considered in [TTV14].

This thesis is organized as follows. In Chapter I we consider the Cauchy problem

iu'(t) = Au(t) + F(u(t)), t+#to,

i) =, e
with a non-negative, selfadjoint linear operator (A, D(A)) on a Hilbert space H and
aim to provide conditions for the existence of solutions of (ACP).

Section 1.1 and 1.2 give an accessible introduction into the necessary concepts involved
in the subsequent analysis. First we recall important facts from the spectral theory
for non-negative, selfadjoint operators on Hilbert spaces. Then we recall the notion of
strong and weak solutions of (ACP) and present the usual criteria for them to be given
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by mild solutions, i.e. solutions of the fixed-point equation
. £,
u(t) = e WAL i [ DAR(u(s)) ds. (AFP)
fo

In view of Kato’s scheme we also recall the important concepts of H- and energy
conservation and give several criteria for a solution to fulfill these conservation laws.
Section 1.3 contains the central local existence theorem for maximal mild solutions
of (AFP) in fractional domain spaces D(A?), which forms our first main result. The
crucial assumptions that we make in this theorem are Strichartz estimates with loss of
the form

e sy < CUIDIA oy a

for bounded intervals I and mapping properties of the nonlinearity on D(A®). Crite-
ria for the boundedness of strong solutions in D(A"?) are also provided. These results
generalize the local existence result in [BGT04b] and the energy methods used in Kato’s
scheme. As there are many interesting examples where the established existence result
for mild solutions cannot be applied, we provide a standard argument for the construc-
tion of weak solutions in D(A®) by means of an approximation with strong solutions.
The methods for the construction of mild and weak solutions are applied in Chapter
III and IV. In particular, we provide there all the needed estimates for the nonlinearity,
which we assumed in the existence result for mild solutions.

In the final Section 1.4 we provide the necessary estimates for the model nonlinearity
F(u(t)) := £|u(t)|Pu(t) with B € (0,00) to fit into the framework of Section 1.2. We
additionally prove a criterion for energy conservation of a strong solution of the cor-
responding nonlinear Schrodinger equation (ACP), which will be used frequently in
Chapter III and IV.

Having applied the Strichartz estimates with loss from (ALS) in Section 1.3 to the con-
struction of solutions of (AFP), we focus in the first part of Chapter II exclusively on
the derivation of (ALS). The second part is devoted to the presentation of further meth-
ods abstracted from the “d = 3”-case in [BGT04b] with respect to solutions of (ACP).
Section II.1 provides a systematic introduction to the concepts of Strichartz and dis-
persive estimates. We prove a variant of the important Keel-Tao result with complex
interpolation spaces instead of real interpolation spaces in the non-endpoint situation.
We present in Section I1.2 a precise formulation of the following hierarchy:

Spectrally localized dispersive estimates
= Spectrally localized Strichartz estimates
= Strichartz estimates with loss (ALS).

To underline the relevance of the previous approach we provide in Section I1.3 several
examples from the literature where the arguments and ideas of Section II.2 are used
to provide Strichartz estimates with loss of derivatives. In Chapter III we will further
develop some of these examples.

In the final Section II.4 we come back to the Cauchy problem (ACP). We provide criteria
for uniqueness of weak solutions of (ACP) in D(A®) with s > 1/2 and a priori estimates
for strong solutions of (ACP) in D(A?®) with s > 1/2. In these results we highlight the



Main results and organization of this thesis

role of so-called Bernstein inequalities and the spectrally localized Strichartz estimates
from Section I1.2.

In Chapter III we provide several applications in order to underline the flexibility
of the abstract framework developed so far. In Section III.1 we treat the nonlinear
Schrodinger equation (ACP) for (A, D(A)) being the Laplace-Beltrami operator on a
connected, complete Riemannian C®-manifold ) without boundary, with bounded
geometry, and dim(Q)) = d. We derive the crucial mapping properties for the model
nonlinearity on Sobolev spaces for such manifolds. We formulate a local existence
result in H5(Q) for d > 2 and a global existence result in dimensions d € {2,3} in
Hi(Q). Doing so allows us to recover known results for Q = RY from [Kat87] and
Q) = M from [BGT04b], where M is a connected, compact Riemannian C*-manifold
without boundary. We furthermore show that our framework can be applied to the
following situations:

e A= —div(B(-)V) + V on R with diagonal B € C*(R%, R**?) and V € C}(RY)
(see the appendix of [BGT04b] for V = 0).

e A= —A+V on R with superquadratic potential (see [YZ04]).

¢ A = —Ap on a polygonal or C*-domain in R? with homogeneous Dirichlet
boundary conditions (see e.g. [BFHM12, Ant08])

We recover all the respective local existence results and almost all of the global existence
results stated there. In some cases we obtain results beyond the statements in the
respective papers.

In Chapter IV we turn to the product situation. We in particular construct local and
global strong solutions of

i/ (t) = —Armau(t)  [u(t)Pu(t), t#0,
u(0) = £,

whereby M is a connected, compact Riemannian C*-manifold without boundary and
dim(M) = m. (—Agrrxm, D(—ARrrxpm)) denotes the Laplace-Beltrami operator on the
product manifold R" x M.

In an abstract setting we consider in Section IV.1 an operator family U in £(L?(X x Y)),
which can be decomposed as U(t) = U(t)Uy(t) for t € R, with commuting operator
families U, in £(L*(X)) and U, in £(L?*(Y)). We show that U satisfies Strichartz
estimates with loss under the assumption that U, and U, satisfy spectrally localized
dispersive estimates. This result provides in Section IV.2 Strichartz estimates with loss
of 1/p derivatives for (e!*r"xm),.r, whereby the loss is comparable to the loss in (LS).
We then use the local existence result of Section II.1 to produce a local existence result
for (9) in H5(R" x M) with arbitrary n,m € IN. Combined with the energy methods
in Section 1.3 we prove global existence in H}(R x M) for m = 1 and defocusing
nonlinearity with B € [2,00). We are not aware of these results in the literature. The
only comparable global existence result in Hi(R x M) with m = 1 we know of is
contained in [TTV14]. Their methods work under the restriction g < 4.

©)
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Notation

In this section let (X, || - ||x), (Y, || - ||y) be normed K-vector spaces with K € {C,R}.

Normed spaces and linear operators

For x € X and R € [0,00) we put Bx(x,R) := {x € X | ||[x||x < R} and

Bx(x,R) := Bx(x,R). If (X, || - [ x) = (R%, | - |) we let B(x,R) := Bga(x, R).

Let Sbeaset. T;,T> : S — R. Then T; < T, denotes the existence of a constant
C € [0,00) such that Ti(s) < CT(s) for all s € S. Moreover, T; = T, denotes
T1 S Trand T, < Th. We write Ty < C(r)T, if we want to stress the dependence
of the constant on the expression .

(X - l1x) = (Y [ ly) means X =Y and |- [Ix = [ [y (X[} - [[x) = (Y, ][ [v)
denotes isomorphic equivalence, i.e. the existence of a bounded isomorphism
J X =Y.

X — Y denotes that X is continuously embedded in Y, i.e. there is a continuous,
injective mapping e : X — Y. The embedding is said to be compact if e is compact.
If e(X) is dense in Y, then the embedding is said to be dense.

By (X*, || - ||x+) we denote the topological dual space of (X, || - ||x) and for x* € X*
and x € X we write (x*,x) = (x*, x) x+ x := x*(x).

Let (x4)neN be a sequence in (X, || - ||x) and x € X. The expression x, —% x
denotes strong convergence and x, — x weak convergence of (x,)nen to x in X
as n — oo,

Let (X,Y) be a Banach interpolation couple and 6 € (0,1). Then [X, Y]y denotes
the complex interpolation space generated by the complex interpolation method
explained in Section A.1. For g € [1, c0] we denote by (Xo, X1)g,4 the real interpo-
lation space generated in Section 1.3 of [Tri95].

Let D(A) be a subspace of X and A : D(A) — Y be K-linear. The pair (A, D(A))
is called a linear operator from X to Y. We call || - [[p(a) := [| - [[x + [[A - [|y the
graph norm of A on D(A). p(A) and ¢(A) denote the resolvent set and the
spectrum of A, respectively.

Let (A,D(A)) and (B,D(B)) be linear operators from X to Y. (A,D(A)) C
(B,D(B)) denotes the situation D(A) C D(B) and Af = Bf for f € D(A).
A =B means A C Band B C A.

C(X,Y) denotes the set of densely defined, closed and £(X, Y) the set of bounded
linear operators from X to Y. For A € L(X,Y) we denote by || A|| x_y the operator
norm of A. Moreover, C(X) :=C(X,Y) and L(X) := L(X, X).

Let (A,D(A)) be a linear operator on an inner product space (H, (-,-)y). Then
we call (-,+)pea) := (-,-)u + (A-, A-)y the graph inner product of A on D(A).
(A,D(A)) is called non-negative if (Af,f)y > 0 for all f € D(A). It is called
positive definite if there is a constant C € (0, 00) such that (Af, f)g > C||f||% for
all f € D(A).



Notation

Intervals and special function spaces

® Newen := {n € N | niseven}. Nei and N> are the sets of n € INg with n < k
and n > k, respectively.

e WeletZ:={I C R | Iisan interval } and define the subclasses Z,, Z;, and Z. of
open, bounded and compact elements of Z. For I € 7 we let |I| := A(I), where A
is the Lebesgue measure on IR.

e Let ((O,., 1) be a measure space and p € [1,00]. M(Q) denotes the space of
measurable complex valued functions and M;(Q)) the set of bounded elements
in M(Q)). LP(Q)) denotes the usual Lebesgue space of equivalence classes of
f € M(Q) with |f|P Lebesgue integrable if p € [1,00) or with |f| bounded almost
everywhere if p = oo

e By %#(R?) we denote the Borel c-algebra on R? and by A the Lebesgue measure
on Z(R%). For QO C R¥ we denote the trace c-algebra of Z(IRY) with respect to
Q by #(Q)).

¢ Let () be either an open subset of R? or a Riemannian C*-manifold and s € [0, ),
p €[l g€ (100)

- W, (Q)) denotes for s € Ny the classical Sobolev space of C-valued functions
defined via weak or covariant derivatives, respectively.

— We define the fractional Sobolev space H;(Q}) := [Wq[s}(ﬂ),wﬁgs]ﬂ(ﬂ)]s_[s]
for s ¢ IN and we let H3(Q2) := W;(Q) for s € No.

- CZ(Q) denotes the set of complex valued C® functions on Q) with bounded
support and H;,O(Q) denotes the closure of C*(()) with respect to || -

H (Q)-

e ForI € T and « € (0,1] we define:

Cw(I,X) := {u: I — X | u is weakly continuous},
Cp(I, X) := {u € C(I,X) | uis bounded },
Cpu(1, X) := {u € Cy(I, X) | u is uniformly continuous},
C¥(1,X) == {u € Cpu(L,X) | [[tllconrx) < o0},
fullco = Il + sup 10 =0,
tsel, st

e letl €Z,pe€lco],and (X, | - | x) be a Banach space. L(I,X) and W;(I“,X)
denote the respective L and Sobolev space for functions u : I — X described in
Section A.3.






l. A functional analytic framework for the
nonlinear Schrodinger equation

This chapter contains the exposition of a functional analytic framework for the nonlin-
ear Schrodinger equation

iu'(t) = Au(t) + F(u(t)), t+#to,

i) = , .
with a non-negative selfadjoint linear operator (A, D(A)) on a Hilbert space H. It is
organized as follows.

In Section 1.1 we recall the functional calculus in Hilbert spaces and the extrapolation
theory for the operator (A, D(A)). We furthermore review some useful properties of
the fractional powers (A®, D(A%)) for s € [0, ).

In Section 1.2 we use these concepts to give a precise formulation of the Cauchy prob-
lem (1.1) for f € D(A®) and F : D(A®) — D(A"Y?)* with s € [1/2,00). We recall the
standard notions of solutions, namely strong, weak and mild solutions and discuss
their relation depending on the mapping properties of F. In addition, we give criteria
for solutions to have a conserved H-norm or energy.

In Section 1.3 we present methods to construct mild and weak solutions of the Cauchy
problem (I.1). Under the assumption of Strichartz estimates with loss and suitable
estimates for the nonlinearity we prove the central existence result for maximal mild
solutions of (I.1) with f € D(A®). This existence theorem is our first main result and
it will be applied frequently in Chapter III and IV in various situations. There we will
also provide the needed estimates for the nonlinearity, which we have assumed here.
For situations in which the latter result can not be applied, we provide a standard
approximation scheme, which allows us to construct weak solutions of (I.1) from a se-
quence of strong solutions.

In the final Section 1.4 we review the most commonly used nonlinearity in this thesis,
namely the model nonlinearity F(u(t)) := =£|u(t)|Pu(t) with B € (0,00). We provide
the needed mapping properties to fit this nonlinearity into the framework of Section
.2 and prove an additional criterion for strong solutions of the corresponding Cauchy
problem to have energy conservation.

Throughout this chapter (H, (-, -)y) denotes a complex Hilbert space, which we equip
with the real scalar product (-, -)p := Re(:,-)y. We always consider H and H* iden-
tified via f — (f,-)y. Oberserve that the complex scalar product (-, -)g and the real
scalar product (-, )y induce an equivalent norm on H. We let (A,D(A)) be a non-
negative, selfadjoint C-linear operator on (H, (-, -)g) if not stated otherwise.

11



I. A functional analytic framework for the nonlinear Schrodinger equation

I.1. Spectral calculus, extrapolation, and energy space

The spectral theorem for selfadjoint operators on Hilbert spaces in multiplication form
in Theorem 1.7 of [Tay11] states the existence of a measure space ((4,X4,}4), @ uni-
tary map V4 : H — L?*(Q4), and a function my € M(Qy) with m4(Q4) € R such
that

D(A) ={he H|maVsh e L*(Q)},  A=VjimaVa onD(A).

Theorem VIL.3.1 in [Wer00] states that (4, X4, t4) is o-finite if (H, (-, ) ) is separable.
It is easy to show that m4 > 0 almost everywhere on Q4 since (A,D(A)) is non-
negative. For ¢ € M(RR) the spectral theorem allows us to define the linear operator

(p(A),D(9(A))) by
D(p(A)):={he H| (poma)Vah € L*(Q4)},

¢(A) := Va(goma)Va on D(¢p(A)).

This definition gives rise to the following map.

Theorem 1.1.1
The map

D4 M(R) = C(X),  ¢(A) = Dalg)
has the following properties for ¢, 1 € M(R):
(SC1) ¢(A) +1(A) S (¢ +1)(A) and (A)n(A) S (¢i)(A), whereby

D(¢(A)n(A)) = D((¢n)(A)) ND(1(A)),

(5C2) gloa) =0 — @(A) = Oand glos) =1 — (A) = id,
(SC3) @(A)" =9(A),
(SC4) @4 : (Mp(R), || - [|1(j0,00))) — L£L(H) is a bounded algebra homomorphism.

Remarks: The first assertion in (SC2) implies that exclusively the part of the function ¢
on 0 (A) is relevant for the definition of ®4. Recall that every non-negative, selfadjoint
operator has its spectrum in [0, c0). The functions in use will therefore only be defined
on [0, c0).

Proof. Let ¢ € M(R), m := ¢ omy, and the linear multiplication operator (T, D(Ty))
on L?(Q4) be defined by

D(Ty) == {f € L*(Qn) | mf € L*(Q4)},
Tnf :=mf on D(Ty).

The unitary equivalence of ¢(A) and T, implies

(¢(A), D(¢(A))) € C(H) <= (T, D(T)) € C(L*(Q4)).

12



L.1. Spectral calculus, extrapolation, and energy space

The latter follows from the fact that (34 admits the measurable partition

Op= J{weQa||m(w)| <n}
nelN

and
span {f € L*(Q4) | uen ¢ supp(f) € {w € Qa | [m(w)| < n}} € D(T).

For the density of the set on the left-hand side in L2(Q4) we use Theorem 2.28 in [Els05]
on each set {w € Oy | |m(w)| < n}. The properties (SC1) - (SC3) are straightforward
consequences of the definition of ¢(A) and its unitary equivalence to the multiplication
operator Ty,. Property (SC4) follows from (SC1) and D(¢(A)) = H for ¢ € M(R). O

For further reference we fix the following notion for ® 4 and ® |y, (r) to emphasize its
origin.

Definition 1.1.2
The maps @4 and @z, (r) from Theorem 1.1.1 are called the spectral calculus and bounded
spectral calculus of (A, D(A)), respectively. We always equipp D(¢(A)) with the graph norm

- llgcay:

The spectral calculus introduced in Theorem 1.1.1 can be used to construct important
operators, including fractional powers and the unitary Cp-group of isometries gener-
ated by (A, D(A)).

Corollary 1.1.3
Let 6 € (0,1) and «, B € [0, o).

(a) Let p, € M(]0,00)) be defined by p,(A) := A“. The fractional powers A* := py(A)
satisfy:
o The embedding (D(A**P), || - || passsy) = (D(AP), || - [Ip(asy) is dense,
o AYAP — A%
* [D(A%), D(AP)]p = D(AU-0)19F),
(b) U:R — L(H) defined by U(t) := e *4 is a unitary Co-group of isometries on D(A*).
Remarks:

(1) Assertion (b) is known as Stone’s theorem. We denote U also by (e4);cg and call
it the Schrodinger group of (A, D(A)).

(2) Since D(A"?) < H is dense and H is identified with its dual space H*, we also
have D(A"?) — D(A"?)* with e : D(A"?) — D(A"?)* defined by e(f) := (f,)n.

Proof. (a) Let us first prove the properties of the fractional powers. For h € D(A**F)
holds

+
HmiVAhHLZ(QA) < |NVahll 2, + 1Ly =13m% ﬁVAhHLZ(QA)

< |Ihllm + A% PR .
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I. A functional analytic framework for the nonlinear Schrodinger equation

Hence, D(A**F) — D(AP) and with (SC1) follows A**# = A* AP. Concerning the den-
sity of D(A%*F) in D(AP) it is enough to prove the density of D(m‘jfﬁ) in D(mi). Let
f e D(mﬁ). Since D(mf‘:ﬁ ) is dense in L?(Q)4) by Theorem 1.1.1, there are sequences
(fl,n)ne]N and (fZ,n)nEJN in D(mi?_ﬁ) with

fin = fllzin + 1o — mb fll 20, =3 0. (1.2)

The sequence (f,)uen in D(mh ") defined by
. R f2,n
fu: Qa2 G o= Lpmgj<ipfin + Ljjma =135
M

satisfies || f, — f||D(m;5) % 0 and thus D(A**P) is dense in D(AP). It remains to prove
A
the interpolation property. For f € D(A") follows

[(ma+1)*Vaflzan S IVafllizau + 11 gmas1ymaVasfllzn)
S+ 1A f ]l
Hence, D(A*) — D((id + A)%) and the same argument yields D((id + A)*) <— D(A%).
Consequently, D(A") = D((id + A)*). Since (id + A,D(A)) is positive definite the
interpolation rule for fractional powers (A.4) implies
[D(A"), D(AP)]p = [D((id + A)"), D((id + A)P)]g
o~ D((ld_’_A)(lfe)DéJrQ,B) o D(A(lff))DéJrQ,B).

(b) Let ¢ : [0,00) — C be defined by ¢:(A) := e "}, The properties of the family
(¢1)ter and (SC2)-(SC4) immediately provide that U is a unitary group of isometries
on H. For h € H additionally holds

le *h —hlly T30 < ||giVah — Vahl| 2, =50,

where the latter assertion follows from the dominated convergence theorem. The fact
that U(t) and A* commute on D(A%) implies all the mentioned properties of U on
L(H) additionally on £(D(A?%)). O

In the next theorem we prove the existence of an extension of the linear operator
(A,D(A)) on H to a linear operator (A, D(A"?)) on D(A"?)*. We additionally prove
useful properties of (A, D(A"?)) for Section 1.2.

Theorem 1.1.4
There is a linear operator (A, D(A"?)) on D(A?)* such that:

(a) A= AonD(A).
(b) (A,D(A"?)) is non-negative and selfadjoint.

(c) The Schrodinger group U : R — L(D(A'?)*) generated by (A, D(A'?)) satisfies U (t) =
U(t) on H for t € R.

14



L.1. Spectral calculus, extrapolation, and energy space

Remark: In () the assertion A = A on D(A) means (Af,-) = (Af, )y forall f € D(A).
The equality in (c) has to be understood in the same way.

Proof. First note that A?: D(A"?) — H is bounded. By the Cauchy-Schwarz inequal-
ity and D(A"?) < H holds

(A2, A7 | < 1l a8 pgavey

Then the C-linear operator

A:D(A?) = D(A),  (Af,):=(AV*f, A )y

is well-defined and bounded. From now on we consider (4, D(A'?)) as an unbounded
operator on D(A"?)*.

(@) For f € D(A) holds (Af,g) = (Af,g)u for all g € D(A?). Since D(A"?) is dense

in H we have that A = A on D(A).
(b) We first show that

id+A:D(A”) = D(A),  ((d+A)f,") = {f,)piame
is a bijection. For f € D(A"?) holds

I(id+ D) fllpany = sup 1.8 pparm) = Iflpparny 13)

”gHD(Al/2) <1

This implies that id + A is an isometry, hence injective. The bilinear form (-, ) pialz
is furthermore bounded and coercive. The Lax-Milgram Lemma (see [Eval0] Section
6.2.1) applied to <"‘>D(A1/2) guarantees for each f* € D(AY?)* a unique f € D(A'?)
with (f*,-) = (f, ‘>D(A1/2). id + A is therefore surjective and in particular —1 € p(A).
With —1 € p(A) Np(A) we have (id + A)~! = (id + A)~! on H. For f € D(A"?) then
holds

(id+ A)TAf = f— (id + A)"1f. (1.4)
We then define a scalar product on D(A"?)* by
P8 gy f 1= ((id + A) 7L (d+ A) g%
Note that the induced norm is equivalent to the prior || - ||D( Alzy.-norm and we use

the same symbol for both of them. The equalities (I.3) and (1.4) as well as the fact that
(I+ A)~!is positive definite allows for f € D(A"?) the estimate

1 . + 1A e
~ . _ . _ 1/
ol + (L1 e, + 16+ A) L2 ) =205, G 4) ) )

5 ||fHD(A1/2) 5 HfHD(Al/Z)* + HAfHD(Al/Z)*-
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I. A functional analytic framework for the nonlinear Schrodinger equation

Hence, (A, D(A"?)) is closed. The equality (I.4) also gives for f,g € D(A"?)
(Af.8)p(avay. = ((id + A)TIAS, (id + A>71g>D(A1/2)
= £+ A1)y — {4 A)TF, G4 A) )
(6 A7 f,8) pa0my — (i A) 7 G A) )

= <f; Ag>D(A1/2)*-

(A,D(A?)) is therefore symmetric and clearly non-negative on D(A"?). Proposition
1.1.9 in [Roy07] implies that (A, D(A"?)) is selfadjoint since —1 € p(A).

(0) (A,D(A"?)) also generates a Schrodinger group U : R — L(D(AY?)*) by the
spectral calculus. For f € D(A) we define u : R — D(A) by u(t) := U(t) f. Proposition
9.10 in [Tay11] yields that u € C(R, D(A)) N C}(RR, H) is the unique solution of

in'(t) = Au(t), teR,
u(0) = f.

We have u(t) € D(A) for t € R and therefore Au(t) = Au(t). Consequently, u is also
the unique solution of

iu'(t) = Au(t), tER,
u(0) = f.

(0)
This implies U(t) = U(t) for t € R on D(A). By means of the density of D(A) in H
we additionally have U(t) = U(t) for all € R on H. O

Definition 1.1.5
We call the Hilbert space

(Ear (0E0) 1= (D(AY), () i)

the energy space and || - ||, the energy norm associated to (A, D(A)). We furthermore call the
non-negative, selfadjoint linear operator (A, E ) from Theorem 1.1.4 the extrapolation operator
of (A,D(A)) and U its extrapolation group.

Recall that E4 — E} with the map f — (f,-)y as mentioned in the remark after
Corollary 1.1.3. The notion of the energy space will become clear in Section 1.2 due to
its relation to the energy functional.

Examples I1.1.6
We end this section with the two main examples of differential operators considered in
this thesis and their energy spaces. The example in (2) will be explained more detailed
in Section IIL.1.

(1) Elliptic operators in euclidean space: Let QO C IR¥ be an open set, which equipped
with the trace Borel c-algebra #(Q)) and the Lebesgue measure A becomes a mea-
sure space. Let B € C'(Q,R%*?) be uniformly elliptic, i.e. |&||?> = &TB¢Z for all
F€RY, and V € L*(Q) with V > 0. We define the differential expression

A:CP(Q) = [*(Q), Af:=—div(BVf)+VSf.
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1.2. The nonlinear Cauchy problem and conservation laws

By means of integration by parts we have for f,g € C°(Q))

(Af,8)120) = (BVF, V&) o) + (VS 812 = a(f. 8)-

The sesquilinear form a : H} ((Q)) x H}(Q) — C is accretive, symmetric, continu-
ous, closed and densely defined. Proposition 1.24 in Section 1.2.3 of [Ouh05] yields
the existence of a non-negative, selfadjoint linear operator (Ap, D(Ap)) on L?(Q)
such that D(Ap) C H,,(Q) and (Apf, &) 120y = a(f,g) for all f € D(Ap) and
g € Hi,(Q). (Ap,D(Ap)) is called the realization of the differential expression
A in L3(Q) with homogeneous Dirichlet boundary conditions. For f € D(Ap)
integration by parts yields

1AL F 22 + 1 1Pacry = (ADf, Frey + 1 2y

= |Vl + I (L5)

Hence, || - [[g,, = |- HH%(Q) on D(Ap), which implies H}((Q) — D(AZ?). The
converse embedding follows from the density of D(Ap) in E4, so that E4, =
Hj ((Q). For further details consult Chapter 6 in [Tri92a] or Chapter 4 in [Ouh05].
For the characterization of the domain of the square root of a differential operator
with complex coefficients see for example [AHL"02] or [AHMTO01] for Q) = R4
and [AT03] for certain Lipschitz domains and Dirichlet- or Neumann boundary
conditions. The assertion, that in these situations the fractional domain of the
square root of the operator is equivalent to the corresponding first order Sobolev
space as above is part of the famous Square-Root Problem formulated by Tosio
Kato.

The Laplace-Beltrami operator on manifolds with bounded geometry: Let (2 be a
connected, complete Riemannian C*-manifold with bounded geometry and with-
out boundary and let (—Aq, D(—Aq)) denote the Laplace-Beltrami operator on ()
(for definitions and details see Section III.1). In Section III.1 we present a charac-
terization of D((—Aq)"?) = X with a Hilbert space X such that X & W3 (Q). The
defintion of X will not rely on covariant derivatives. However, using the latter,
it would also be possible to prove D((—Aq)"?) = W1 (Q) directly by establishing
an analogon of the integration by parts formula for the Laplace-Beltrami operator.
Then we can proceed as in the first example to get the norm equivalence from (I.5)
and use the density of C¥(Q)) in W}(Q) shown in Theorem 3.1 in [Heb99]. For
more details on this and on Sobolev spaces on Riemannian manifolds in general
see the textbooks [Aub98, Heb99].

1.2. The nonlinear Cauchy problem and conservation laws

The abstract theory for the nonlinear Schrodinger equation in this section is derived
from the standard theory of inhomogeneous Cauchy problems. This theory can be
found in Section 4.1 of [CH98] or Section 4.2 of [Paz83]. For the readers convenience
we will prove some assertions which are not explicitly proven in the given references,
but which follow with the same methods used to prove the analogous result in the
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I. A functional analytic framework for the nonlinear Schrodinger equation

inhomogeneous case.
Let I € T with tg € I and U := (e *4);cg. For the moment let f € D(A), F €
C(I x D(A), H) and consider the nonlinear Cauchy problem

iu'(t) = Au(t) + F(t,u(t)), t#to,
u(to) = f
If u € C(I,D(A)) NCY(I, H) solves (I.6), then the method of proof of Corollary 4.1.2 in
[CH98] (with f(t) := F(t, u(t))) gives rise to the representation formula

Vier: u(t) =U(t —to)f —1i tll(t —s)F(s,u(s)) ds. (L7)

fo

(L6)

Observe that u € C(I,D(A)) and (1.7) imply

t
/t U(t — s)F(s,u(s)) ds € C(I, D(A)). (L8)
0

Conversely, a solution u € C(I,D(A)) of (I.7) belongs to C!(I,H) and solves the
Cauchy problem (1.6). This follows with the semigroup methods applied in the proof of
Proposition 1.2.4. Note also that if we drop the condition u € C(I, D(A)), then this di-
rection might fail even in the inhomogeneous situation. To see this let F(-, 1) := U(-)g
for all h € D(A) with some g € H\ D(A) and f := 0. Then F € C(I x D(A), H) but
the integral expression in (I.8) is not in D(A) for fixed t € I\ {to}.

The formula in (I.7) allows us to establish a meaningful notion of a solution for the
above Cauchy problem (L.6) for initial data in arbitrary fractional domain spaces D(A?)
instead of D(A). However, the most desirable space to consider initial values and so-
lutions in is the energy space E4 due to its favorable relation to global existence results
(see the discussion at the end of this section). In this thesis we aim at a global existence
theory for initial data in E4 and subspaces of it. More precisely, we aim at a treatment
of (1.6) with initial data in D(A®) with s € [1/2,00). We therefore “extrapolate” the
nonlinear equation (1.6) from D(A) to E4 using the extrapolation Theorem 1.1.4.

Definition 1.2.1
Let I €T, tgel, s e [l/2,0) f e D(A%) and F : I x D(A®) — E%. We call the nonlinear
Cauchy problem
iu'(t) = Au(t) + F(t,u(t)), t#to,
u(to) = f,

the extrapolated nonlinear Schrodinger equation.

(NLS)

In our applications we consider only the cases F(t,u(t)) = F(t) and F(t,u(t)) =
F(u(t)). In the rest of the section we recall several concepts of solutions of (NLS)
and provide some useful properties for them. We begin with a precise definition of
strong and weak solutions.

Definition 1.2.2
Let s € [1/2,00) and u : I — D(A?).

(a) u is called a strong solution of (NLS) on I, if u € C(I, D(A®)) N CY(I, E}) solves the
Cauchy problem on E’) for all t € 1.
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1.2. The nonlinear Cauchy problem and conservation laws

(b) u is called a weak solution of (NLS) on I, if u € L®(I, D(A®)) N WL(I°, E?) solves the
Cauchy problem on E’ for almost all t € 1.

A function u : R — D(A?) is called a global strong or weak solution, if for all I € I, the
restriction u|y is a strong or weak solution, respectively.

Remarks:

(1) Let u : I — E, and recall E4 < E%. Then u € C'(I,E%) means that u : [ —
E’ is continuously differentiable in the sense that t — (u(t),-)y is continuously
differentiable. u € W (I°, E¥) means that u,u’ € L*(I°, E*;). We point out that the
latter assertions mean that there is a function f,, € L®(I°, E% ) such that

Vpecr : [ @' (Ou(t) dt = = [ g()fu(t)

We're not going to distinguish u : I — E4 and u : I — E’; in our notation, since it
will be clear from the context how u should be interpreted. If u € Cl(l, H), then

%(u(f),gm = (u'(t),g)y forall g € H.

(2) Some care is needed when dealing with the imaginary unit on E%. Let H = L?(Q).
For all g,h € E4 holds (ig, h) 12y = (g, —ih)12(). We therefore define (ig*, h) :=
(g*, —ih) for g* € E%.

(3) Let f € D(A) and F € C(I x D(A), H). Then any strong solution u : I — D(A) of
(NLS) satifies u € C'(I, H) and solves (1.6).

By a straightforward generalization of the ideas presented at the beginning of this
section, in particular formula (I.7), we introduce the following weaker concept of a
mild solution.

Definition 1.2.3
Let s € [1/2,00), f € D(A®), and F : I x D(A®) — E%. We call a function u : I — D(A®) a
mild solution of (NLS) on I if:

t
Vier: u(t) =U(t—to)f —i | U(t—s)F(s,u(s)) ds in Ej. (1.9)
to
From now on we refer to (1.9) as Duhamel’s formula. If it only holds almost everywhere on I,
then u is called an almost everywhere (or a.e.) mild solution on I.

The properties of the extrapolation group U of (A, D(A)) reduce (1.9) to equation (1.7)
if F(s,u(s)) € H for almost all s € I.

Next we gather the equivalence of mild and strong (or a.e. mild and weak) solutions
in the inhomogeneous and autonomous nonlinear case. For further reference we state
these equivalences for initial data f € D(A®) with s € [1/2,00).

Proposition 1.2.4
Let s € [1/2,00) and f € D(A?).

(a) Let u € L*(I,D(A®)) and F : I — E%. If u is a weak solution of (NLS) on I, then u is an
a.e. mild solution. If u is an a.e. mild solution of (NLS) on I and F € L®(I, EY,), then u is
a weak solution.
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I. A functional analytic framework for the nonlinear Schrodinger equation

(b) Letu € L*(I,D(A®)) and F : D(A®) — E’. If u is a weak solution of (NLS) on I, then u
is an a.e. mild solution. If u is an a.e. mild solution of (NLS) on I with F(u) € L*(I,E}),
then u is a weak solution.

(c) Let u € C(I,D(A®)) and F : D(A®) — E%. If u is a strong solution of (NLS) on I, then
u is a mild solution. If u is a mild solution of (NLS) on I and F(u) € C(I,E}), then u is
a strong solution.

Proof. We make use of the following instance of the product rule: If h : I — EJ is
differentiable and h(I) C E,, then the map U(-)h : I — EY is differentiable with

[U()h) = —iAU()h+ UK. (1.10)

For F € L}, (I, E%) the function

loc
G:1— Ej, G(t) == /t U(—s)F(s) ds (I1.11)
fo

is well-defined and G € C(I, E%) by means of the dominated convergence theorem.
Proposition 1.4.29 in [CH98] additionally states that G is almost everywhere differen-
tiable on I with G'(t) = U(—t)E(t) for almost all ¢ € I.

(a+b) Let u € L®(I,D(A®%)) and let either F := F or F := Fou. Observe that
F e L®(I,E}) C L} (I, EY) is sufficient that the function G from (L.11) has the men-
tioned properties.

“=": Let u be a weak solution of (NLS) on I. First, (NLS) directly implies F €

L*(I,E%). Lett € I and
g:1—E}, g(s) := U(t —s)u(s). (L.12)
By the product rule (1.10) g is differentiable on I such that for almost all s € I holds
¢'(s) =iAU(t —s)u(s) + U(t —s)( —iAu(s) —iF(s)) = —il(t —s)F(s). (L13)

Hence, ¢ € Wll,loc<1’ E%). Using A.3.5;(1) and (I.13) we compute for almost all ¢,s € I

u(t) = U(t—s)f—i—/stg’(r) dr=U(t—s)f —i StCI(t—T)ﬁ(T) dr,  (L14)

what in particular implies the equality for s = ¢. In case f is excluded by the null set,
we approximate o with a sequence which belongs to the null set and use the continuity
of the above expressions in s.

“«=": Letu € L®(I, D(A®)) be an a.e. mild solution of (NLS) on I with F € L*(I, E¥).
Clearly u(tp) = f and

G(t) = il (—t)u(t) —il(—to)f a.e.on I. (L.15)

Since U(t)(D(A%)) = D(A®) for all t € R we have G € L*(I,D(A®)) and AG €
L*(I,E%). We already know that G : I — E7 is almost everywhere differentiable on
I with G'(t) = U(—t)F(t) for almost all t € I. We therefore have G’ € L*(I,E%) and
G € WL(L E%). The product rule in (I.10) implies that U(-)G(-) : I — E¥% is almost
everywhere differentiable with

[L()G()) = —iU()AG() + E().
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Hence, U(-)G(-) € WL(I, E%). Moreover, U(- — to)f € Ci(I, E%) € WL(I, E%) with
[iU(- — to)f]" = U( — to) Af.

The previous two equations combined with (1.15) show u € W (I, E%) and for almost
allt eI

iu'(t) = A(U(t—to) f —iU(+)G(t)) + E(t) = Au(t) + E(1).
Hence, u is a weak solution of (NLS) on .
(c) Letu € C(I,D(A®)), F: D(A®) — E¥ and F := Fou.
“=" Let u be a strong solution of (NLS) on I. Then the equation (NLS) again yields
F € C(I,E%). We define g as in (1.12) to generate the formulas (I.13) and (I.14) for all
t,s € I by the product rule and the fundamental theorem.
“«="Let u € C(I, D(A®)) be a mild solution of (NLS) on I with F = Fou € C(I,E}).
Then the equation (I.15) holds everywhere on I. With F € C(1, E%) in (I.11), the conti-
nuity of the integrand implies G € C!(I, E¥) with G'(t) = U(—t)F(t) for all t € I. The
rest of the proof is similar to (a+b) “<=". O

The above Proposition yields the equivalence between strong and mild solutions of
(NLS) under suitable assumptions on the nonlinearity. It therefore provides the pos-
sibility to construct strong solutions to the nonlinear Schrodinger equation (NLS) by
solving the fixed-point equation given by the Duhamel formula on C(I, D(A®)). This
scheme is for example carried out in Theorem 1.3.4 with initial data in D(A®) by means
of Banach’s fixed-point theorem. However, it is common, that this contraction argu-
ment does not work in C(I, D(A®)) (for example for small s) and one rather considers
C(I, D(A®)) NY(I) with an auxiliary space Y(I) as contraction space. With this in mind
we formulate the following notion of uniqueness.

Definition 1.2.5

Let s € [1/2,00), 1 € Ty and X; C C(I, D(A®)) (or L®(1,D(A?®))). A strong (or weak) solu-
tion u € Xj of (NLS) is called unconditionally unique , if it is unique in the space C(I, D(A?))
(or L= (I, D(A®)) respectively). If it is unique in X, we use the expression of a (conditionally)
unique solution u € Xj.

In the rest of this section we discuss the two most relevant conservation laws admitted
by the nonlinear Schrédinger equation (NLS) with an autonomous nonlinearity F :
Es — E}. We also provide basic conditions for their validity.

The first conservation law is the conservation of || - ||z along the graph of a solution u
of the Cauchy problem (NLS).

Definition 1.2.6
Any solution (weak, strong, mild, or a.e. mild) u : I — E of (NLS) on I is said to fulfill
H-conservation, if |\u(t)||g = ||f || forall t € 1.

One frequently applied method to prove such a conservation law is to differentiate the
quantity in question and show that its derivative vanishes on I. For this method it
is of great interest to have as much regularity of a given solution as possible. In the
next Proposition we show that the regularity of either a weak or a strong solution u is
enough to have differentiability of |u(-)||%,. We also provide some additional a-priori
regularity of u.
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I. A functional analytic framework for the nonlinear Schrodinger equation

Proposition 1.2.7
Let I €Z,u:1— Eqand g:1— Rdefined by g(t) := ||u(t)||3.
(a) Ifu € C(I,Ex) NCY(I,EY), then g € CY(I) with g'(t) = 2(u’(t), u(t)) forall t € I.

() If u € L®(I,Eq) NWL(I°,EY), then u € C*2(I, H) N C% (I, E%) and g € Cy(I) N
WL (1°) with ¢'(t) = 2(u'(t), u(t)) for almost all t € I°.

Remarks:

(1) We do not need the specific structure of the Hilbert space E 4 in the above assertions.
Both of them stay valid if we substitute E4 with a Banach space X with X — H.

(2) The proofs of (a) and (b) are essentially known. Let E4 = H; ,(Q)) with a domain

Q C R? The assertion in (a) is contained in Lemma 3.3.6 of [Caz03]. If Q is
bounded and has C2-boundary the assertion in (b) is contained in section 5.9 of
[Eval0].

Proof. (a) Let u € C(I,E4) NCY(I,E%) and t € I. We put I := [t—1,t+1] NI and
with & € R such that t + h € I follows

G G S ARSI L o ] LAY

and

g+0) g
SRS g, u(0)

u(t+h) —u(t) (t+h) —u®)lf i

<2|¢ : _ (), u(e))] + 1 - 1,

Hence, g is differentiable on I and the continuity of ¢’ = 2(u/(-), u(-)) is obvious.

(b) Let u € L*(I,Ex) N WL(I,E%). The embedding WL (I° E%) — C%'(I,E%) con-
tained in A.3.5;(2) implies that there is a null set N C I such that for all t,s € I\ N
holds

() —u() I = [{u(t) — u(s), u(t) — u(s)) ul
< 20wl rp ) u(E) = uls)lle, < Cu)]t—s|. (L16)

To construct a version of u which belongs to C*"2(I, H) we define ii : [ — H by #i(t) :=
u(t) for t € I\ N and di(t) := lim,, o u(t,) for t € N, whereby (t,),en C I'\ N satisfies
t, =% t. With (I.16) it is straightforward to check that ii is well-defined and belongs to
C%/2(1, H) with ||| o7, p1) = ||| (1,11)- We can therefore choose a continuous version
g € Gy(I).

The property u € L*(I, Ex) NWL(I°, E¥) implies § := 2(u/(-), u(-)) € L®(I°). Since the
differentiability of g is a local property it is enough to show that g is almost everywhere
differentiable with ¢’ = §. It is furthermore enough to treat the case I € Z,. Then
u € L2(I,Ex) NWJ(I°, E%) and we define the extension

u(t), tel,
ug: IR — E4, uo(t) = 0 e e
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1.2. The nonlinear Cauchy problem and conservation laws

Let (¢, )nen be an approximate identity and (u,),en be defined by u,, := ¢, * 119. Then
u, € C}(R,E,) and the following properties are valid:

(i) upn =3 uin L?>(I,E4) and u, % u in E4 almost everywhere on I.
(ii) u), =3 ' in L*(],EY) for all | € Z, with ] C I°.

The property (i) immediately follows from Lemma 1.3.3 in [ABHN11]. For (ii) we show
that there is 19 € IN such that for all n > ng holds u},(t) = (¢, * u)'(t) on E% almost
everywhere on | and can again use Lemma 1.3.3 in [ABHN11]. Indeed, if we let ny € IN
such that for n > ng holds | — supp(¢,) C I°, then ¢, xug = @, *u on I. For ¢ € CZ(])
and g € E,4 then follows

(— [ 9Ot dtg) = [ 90) [ uls) ((u(t=r),g)u)" dr
= ([ o) (@uxu) drg).

We then apply the sequence (u,),en and its properties in the following way. From (a)
we know [[u (-) [ € CH(R) with ([[u,(-)[|)" = 2{u;,(-), un(-)) s since u, € CH(R, E}).
The fundamental theorem of calculus and (i) then imply for almost all s, € I

t
/S 2(us, (1), un () dr = JJun (D15 = lJun () = (D)1 = [u(s) I (117)
Let s,t € I° with s < t satisfy the convergence property in (I.17) and let | := (s,¢).

Property (i) implies the boundedness of (uy),en in L2(], E4) and (ii) the boundedness
of (u),)nen in L2(], E%). Furthermore

| /]<u;(r>,un(r)>H — (u/(r), u(r)) dr|

S llun = ull 2, + lluy — u/HLZ(],Ejg) 3% 0.
The convergence in (I.17) therefore yields for almost all s,t € I°

() = o)1+ [ g0 dr.

We recall that § € L®(I) and use A.3.5;(1) to ensure that g is almost everywhere differ-
entiable on I° with ¢’ = §. O

With the aid of Proposition 1.2.7 we introduce the following simple structural condition
on the nonlinearity in (NLS) to ensure that all strong and weak solutions have H-
conservation.

Proposition 1.2.8
Let s € [1/2,00) and u : I — D(A?®) be either a strong or weak solution of (NLS) on I. If
(F(t,u(t)),iu(t)) = 0 for almost all t € I, then u fulfills H-conservation.
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I. A functional analytic framework for the nonlinear Schrodinger equation

Proof. Let t € I and | := [min{#o, t}, max{to, t}]. Due to | € 7, every strong solution
on | is a weak solution on | and we only need to prove H-conservation in the case that
u: I — E,4 is a weak solution of (NLS).

From Proposition 1.2.7 we know that ¢ : ] — R with g(t) := |Ju(t)||3 belongs to
Cp(J) NWL(JO) with ¢/(t) = 2(u'(t),u(t)) for almost all ¢ € J°. Then differentiating ¢
and using the equation (NLS) yields almost everywhere on J°

g'(t) =20 (), u(t))
= —2((Au(t),iu(t)) + (F(t,u(t)),iu(t)))
= 2iIm(A"?u(t), A?u(t))y = 0.

Thus, there is a constant C € [0,00) such that |lu(s)||3; = C for almost s € J°. Fi-
nally, ¢ € C(J) extends this almost everywhere equality to all ¢ € | and consequently

lu(®)llr = g(t)"* = g(to)"* = l[u(to)l| - O

The structural condition (F(g),ig) = 0 for all g € D(A?) is proven in Proposition 1.4.2
for H := L?(Q) and the model nonlinearity F := Fg  introduced in Section I.4. In our
applications in Chapter III and IV we always use the model nonlinearity. The above
proposition will therefore be sufficient to ensure L?((})-conservation of solutions there.
The second important conservation law for the nonlinear Schrédinger equation (NLS)
concerns the so-called energy functional. To define it in a meaningful way, we need
additional assumptions on the nonlinearity F.

Definition 1.2.9
Let F : E4 — E’ have a real antiderivative Fon E4, ie. there is a differentiable F:E4,—R
with F' = F.

(a) The energy functional associated to (NLS) is defined as

E:EA=R,  E(f) = | APSIR+ ().

(b) Any solution (weak, strong, mild, or a.e. mild) u : I — E4 to (NLS) on I is said to fulfill
energy conservation, if E(u(t)) = E(f) forall t € L.

Remark: It is easy to show that the energy functional £ : E4 — R is differentiable with
&' 1 E4 — EY fulfilling £'(g) = Ag+ F(g). Consequently, the nonlinear Schrédinger
equation (NLS) can be formulated as

iu'(t) = &' (u(t)), t £ to,
u(to) = f.
Energy conservation of a solution u : I — E4 usually requires more regularity than our
notions of weak and strong solutions provide. One strategy to circumvent this problem

is approximating the given solution with more regular strong solutions on which the
following proposition applies.

(1.18)

Proposition 1.2.10
Let u € C(I,E,) be a weak solution of (NLS) on I which is almost everywhere differentiable .
Then u fulfills energy conservation.
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Proof. The chain rule and #’ € E4 almost everywhere imply for almost all t € I

Gu'(t),u' (t))g = —iIm(u/(t),u'(t))g = 0.

Hence, there is a constant C € R such that £(u(-)) = C almost everywhere on I. Finally,
u € C(I,E,) implies E(u(-)) € C(I) and consequently E(u(t)) = E(u(ty)) = E(f) for
allt € L. O

Another strategy is approximating the energy functional & itself with a family (&e)cc (o1
of more regular ones. The family ()cc (1) has to be chosen such that it can be han-
dled in a similar fashion as in the above proposition and the convergence of & (u(-))
to £(u(-)) for € — 0 is strong enough to carry over the differentiability properties of
Ee(u(+)) toits limit. This is carried out in Lemma 1.4.3 in the special case of (NLS) with
the model nonlinearity F := Fg ..

The introduced conservation laws are important quantities in the context of global
existence of solutions to (NLS) in the energy space E4, since they yield the possibil-
ity to control a solution in the || - ||[g,-norm. Consider for example a strong solution
u: I — E4 of (NLS) with f € E4 and F : E4 — EJ. If u additionally satisfies H- and
energy conservation, then for all t € I holds

lu(®)IE, =2 () + llu(®)If — 2F(u(t)) = | fI7 +2E(f) — 2B (u(?)).

If for example F(g) > 0 for all ¢ € E4, then

Nl oz S (ECF) + 1 F13) 72 (1.19)

This a priori estimate clearly prevents ||u(t)||[g, — o0 as t — infl and t — sup L.
The relevance of this estimate lies in the fact that the local solutions we are going to
construct in Theorem 1.3.4 have the property that their existence time T* depends on
| fllg, in a non-increasing manner. Then (I.19) allows us to restart (NLS) with initial
value u(to 4+ T*) and uniquely extend the solution u to the interval [to + T*, tp + 2T*],
and so on. This is the reason that the energy space E,4 is the most favorable one in
view of global existence results. An estimate of the form (I.19) with E 4 substituted by
D(A®) with s > 1/2 is usually more difficult to prove. This will be the topic of Section
I1.4.

In the previous example the presence of H- and energy conservation induced (I1.19)
merely by assuming that F(g) > 0 for all ¢ € E4. For further reference we introduce
such a condition on F in the following definition.

Definition 1.2.11

Let F : Eq — E’, have a real antiderivative F : E4 — R. Then F is said to be defocusing, if
E(h) > 0 forall h € E and focusing if F(h) < 0 for all h € E 4. The corresponding nonlinear
Schrodinger equation is then also called defocusing or focusing, respectively.
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I. A functional analytic framework for the nonlinear Schrodinger equation

I.3. Strichartz estimates with /-loss and construction of
solutions

In this section we provide construction schemes for mild and weak solutions of (NLS).
We always assume (A,D(A)) to be a non-negative, selfadjoint linear operator on
(L2(Q), (-, ) 12(0)), Whereby (Q,., ) is an arbitrary measure space. Recall that we
defined (f,g)i20) = Re(f,g)12n).- As in the previous section we denote by U the
Schrodinger group generated by (A, D(A)). Moreover, (A, E4) denotes the extrapo-
lation operator and U the extrapolation group of (A, D(A)). If needed, we denote
by (A, D(Ay)) with g € (1,00) the realization of (A,D(A)) on L7(Q). In this case
we implicitly assume that this realization admits the definition of fractional powers
(A7, D(Ag)) as closed linear operators on L7((2).
First, we turn to the construction of mild solutions of (NLS), i.e. we seek solutions
u € C(I,D(A?)) of the fixed-point equation
t
u(t) =U(t—ty)f —1i t U(t—s)F(u(s)) ds =: [®f(u)](t). (1.20)
0
Motivated by the structure of the right-hand side of (I1.20) we introduce the following
notation.

Notation 1.3.1
We define the homogeneous flow U and the inhomogeneous flow ® of U as follows:

U:L*(Q) = L*(R,L3(Q)), UF)(t) :==U(t)f, (1.21)

®: LY(R,L2(Q)) = L*(R,L*(Q)), (PF)(t) ::[ U(t—7)F(7)dt, (1.22)

Our method to solve (I.20) is based on a contraction argument in C(I, D(A®)). In many
applications the nonlinearity F does not have the mapping property F : D(A®) —
D(A?%), in particular if s is small. We therefore need a suitable space X(I) C C(I, D(A?))
for a contraction argument to work. A very successful tool when searching for such
a space X(I), are so-called Strichartz estimates for ¢/ and & (see Section IL.1 for a
systematic introduction). For (A, D(A)) = (—A, H3(R%)) such estimates are available
and the existence theory for solutions of (I.20) is developed very well in this case. If
we change the state space from R? to an arbitrary domain or a Riemannian manifold
such estimates for the corresponding Laplacian might fail. The consequence is that
the existence theory in these cases is much less developed. However, there are several
examples in which one can prove weaker versions compared to the Strichartz estimates
for (—A, H3(IR%)) and can still prove local and global existence results. We will formal-
ize these weaker estimates in the following definition. For a list of examples in which
such estimates are available we refer to Section I1.3.

Definition 1.3.2
Let £ € [0,00) and (p,q) € [1,00]%. U satisfies a local (p,q) Strichartz estimate with (-loss, if
there is a non-decreasing Cyy : [0,00) — [0, 00) such that for all I € T, holds

Ul peasy—rra) < CullI])- (1.23)
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If ¢ = 0, then we omit the dependency on £. IfU € L(L*(Q)), LP(R, L1(QY)), then we say U
satisfies a global (p,q) Strichartz estimate.

Remarks:

(1) Let (p,q) € [1,00] x [2,00) and (A, D(A)) := (—A, H3(IR¥)). The Sobolev embded-
ding A.2.1 implies D((—A)"/?) < LI(R%) for ¢* := a3 - %) For I € 7, and
f € D(A"Y) therefore holds

WUl Lo (1 earey) S HufHLp(LD((_A)f*/z)) = ’I‘l/prHHg*(Rd)- (1.24)

Hence, (p,q) Strichartz estimates with ¢*/2-loss hold. The goal when proving esti-
mates of the form (1.23) is therefore to generate a loss, which is below ¢*/2. Other-
wise no results can be expected, which do not follow from methods involving the
Sobolev embedding directly. £* is known as the Sobolev loss in the literature.

(2) We stress, that we measure the loss in (I.23) in terms of the fractional domain
D(A"). This has to be remembered when comparing our notion to the existing
literature, in which the loss is usually measured in terms of Sobolev spaces. In
the previous example the loss in terms of the fractional domain of the involved
operator is /2 and the loss in terms of Sobolev spaces is £*.

(3) The phenomenon in (1.23) is often referred to as Strichartz estimates with “loss of
derivatives”. This notion explains itself in example (1) where the fractional domains
of the involved operator are the Bessel potential spaces.

(4) We restrict our study to local Strichartz estimates with ¢-loss, because in this thesis
the case of global Strichartz estimates with loss will not occur. Such estimates can
for example be proven for the classical Wave equation on RY, where the loss is
measured in terms of the homogeneous Sobolev space H'(IRY) (see Corollary 8.27
in [BCD11]).

As a consequence of the notion of a local (p, q) Strichartz estimates with ¢-loss we can
collect the following estimates.

Corollary 1.3.3
Let I € Ty, £,6 € [0,00), (p,q) € [1,00] and U satisfy a local (p,q) Strichartz estimate with
(-loss. Let additionally 6 € [0,1] and

_1-9.9 (1.25)

- 1
7 =10, j— -
P q 2 q

7

Se¥inet

Then there is a non-decreasing Cyy : [0,00) — [0,00) such that for f € D(A™®) and F €
LY(I, D(A"*°)) holds

2 f Iy + 1AUS i) < CullIDIF I pgarse) (1.26)

IPF || L1 () + I A°PE | 1o (115 < Cu(HDIF[l 1 patroy- (1.27)
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I. A functional analytic framework for the nonlinear Schrodinger equation

Remark: This is a consequence of the mapping properties of the linear flow ¢/ and
complex interpolation. If D(A?) is replaced by any Banach space X C [*(Q) an anal-
ogous result for 6 = 0 holds, in which the right hand side D(A") is substituted by
[L2(2), X]e-

Proof. Let 6 = 0. We have by assumption & € L£(L%(Q),L®(R,L*(Q)))) and U €
L(D(A"),LF(1,L(Q)))), which is our claim for 6§ € {0,1}. By means of complex inter-
polation (A.2) and Corollary 1.1.3;(a) the operator U is then bounded from D(A’) to
LP(1,L7(Q)) with 7, f,j given in (1.25) and 6 € (0,1). This proves (1.26).

For F € L(I, D(A")) holds ®F € L*(I,L?(Q)) and Corollary 1.1.3;(b) implies

|PF| o (1,19(0)) < /IHUU(S)*F(S)HLﬁ(z,m(Q)) ds

< Cu(IDIEN 1, p(ary)-

This shows (1.27). If § € (0,c0), then we apply the previous estimates to A°f and
A’F, respectively. In this argument we also use the commutativity of A° and U(s)*
on D(A?) for all s € R as well as the embedding D(A’*?) < D(A’) N D(A?) from
Corollary 1.1.3;(a). O

The estimates (1.26) and (1.27) will be useful for the following local existence result for
the nonlinear Schrodinger equation (NLS). The proof relies on a contraction argument
to generate mild solutions. Such an argument was carried out for the Laplacian on R?
in [Kat87] and for the Laplace-Beltrami operator on a compact manifold in [BGT04b].
The key assumptions are local (p, g) Strichartz estimates with ¢-loss and mapping prop-
erties of the nonlinearity F on the fractional domains D(A®). Both are used in a purely
functional analytic argument.

Theorem 1.3.4
Let a,B1,...,B5 € [0,00), £,5,5 € [0,00) with s < 3, (p,q) € [1,00]? and (A,D(A)) be a
selfadjoint, non-negative linear operator on L*>(Q)). We furthermore assume:

(i) U satisfies a local (p,q) Strichartz estimate with (-loss.
(ii) F: D(A%) N L®(Q) — D(A®) satisfies F(0) = 0 and the following estimates:

IF@ b S 1+ 1gl15h ) l18llpeas), (128)

IF() = FMlpiasy S 1+ 181152 ) + IAIIER (o)) llg = Bl pas (129)
(14 118152 ) + 11152 () (T + 1181 ae) + Wl 1)) 18 = il ).

IF(g) = FUR)llay S (L4 11812 ) + N2 I8 = el 2y (130)

(iii) p > max{p1, B2, B3 + 1, Bs, B5} and either (s,q) = ({,0) or s > ¢ and D(A“Z,*é) —
L®(Q)).
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1.3. Strichartz estimates with {-loss and construction of solutions

Then for each f € D(A®) there is a Ty € (0,00) such that with I := [ty — Ty, to + T¢] the
equation
t
Vier: u(t) =U(t—to)f —i [ U(t—s)F(u(s))ds (I.31)

to
has a unique solution ug € C(I, D(A®)) N LP(I, L®(Q)) with the following properties:

(a) H“fHLw(I,D(As))va(I,Lw(Q)) S HfHD(As)-
(b) Tr = G(||fllp(as)) for some decreasing, continuous function G : [0,00) — (0,0).

(c) There are T+ € [Ty, 00] and a unique solution u € C(I(f), D(A®)) N L, (I(f),L*(€Y))
of (L31) on I(f) := (to — T—, to + T4 ) with

T <00 — tJ%JrilTi ”u(t)”D(Ab) = ©Q. (132)

(d) If additionally f € D(A®) and (1.28) holds with s substituted by 3, then u from (b) belongs
to C(I(f), D(A®)) and satisfies (1.32) for s substituted by § .

(e) Foreach I € Z, with I C I(f) there is 6 € (0,00) such that the nonlinear flow
N : Bpasy(f,0) = C(I, D(A%)) N LF(I,L*(QY)), g0,

is well-defined and Lipschitz continuous. Here v denotes the solution from (c) of (1.31) with

o(to) = g
Remarks:

(1) We call the solution of (I.31) a mild solution of (NLS), although s < 1/2 is possible.
Recall that we have introduced this notion of solution in Definition 1.2.3 under the
assumption s > 1/2. However, in the examples in Chapter III and IV we will always
have that F € C(D(A?®), E%,) with s > 1/2. Every solution of (I.31) will therefore be
a strong solution in these cases.

(2) The above theorem is meant for situations in which D(A®) — L®(Q)) does not
hold. If D(A®) — L*(Q) is true we only need to assume the nonlinear estimates
(I.28) and (I.29) to construct a unique solution in C(I, D(A®)) of (1.31).

(3) In the case s > ¢ and q < oo the Lipschitz continuity of the nonlinear flow N
is valid in the topology of C(I,D(A%)) N U’(I,D(Affg)), which is stronger than
the one given in the theorem. Also, the estimate (1.30) is only needed to show
uniqueness in the space C(I, D(A®)) N LP(I,L*(Q)). If we drop this assumption all
the statements remain true if L®(()) is substituted by D(A;ff).

(4) For f € D(A®) we call I(f) the maximal existence interval and u the maximal
mild solution of (NLS) with respect to f. A useful property of the maximal solu-
tion from (c) is the so-called blow-up alternative in (1.32). It states that either u is
global or |[u(t)|[p(as) blows up if we approach to + T. in time. The property that
u € C(I(f),D(A%)) if f € D(A®) from (d) is called transport of D(A?) regularity.
Property (e) is called the local Lipschitz continuity of the nonlinear flow.
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I. A functional analytic framework for the nonlinear Schrodinger equation

Proof. We restrict the proof to the forward in time problem as all assertions follow
with the same arguments backwards in time. Let I := [t, fp + T| with some T € (0,1],
B := max{B1, B2, B3+ 1,Bs,Bs} and Y(I) := L®(I,D(A%)) N LF(I,L®(Q))) as well as
u,v € Y(I). With estimate (1.29), Holder’s inequality, and p > B follows

| F(u) — F(U)HU(I,D(AS))

S ([ I g + 1o ) 47 ) e = olsis o0y
+ [+ IO ) + 1@ )
X (14 () [ pe) + (RO 1 pe) ) 14(T) = 0(T) | ()
ST (U Jullyiny + lollvin) e = ollvi- (L33)

Exploiting the estimates (1.28), (1.30), and again Holder’s inequality we obtain

_B
IF ) o rpgasy) S T v (1+ H”HL”(I,L‘”(Q)))ﬁH”HL”(I,D(AS))/ (1.34)
and
[ F(u) — F(U)HLl(LU(Q))
B
ST (T4 Nlullwr 1)) + HUHU(I,L“’(Q)))ﬁHu — 0o 1,12(00)) - (1.35)

We can choose the same constant in all previous three estimates. Then the map
s : Y(I) — C(I, D(AY)), Dp(u) := U f —iD(F(u))

is well-defined. Since U f € C(I, D(A?®)), we only need to prove the same for ®(F(u)).
Indeed, F(u) € L'(I, D(A®)) and the continuity of U in the strong operator topology
imply for all t,r € I with t > r

[[@(F))I(E) = [@E@)I) | pae)

< ’ /t U(t—1)F(u(t)) ds|  + / (U(t— 1) — U(r — 7)) E(u(1)) dt
g by It D(4%)
< IF o + | U0 - Ue) [ UEDF@) | o
fo D(4°)
For f € D(A®) we write (1.31) as the fixed-point problem
®p(u) =u,  ueC(I,D(A%)NLI(I,L®(Q)). (1.36)

We first show that this problem has at most one solution. Let | € Z with | C I and
u,v € C(I, D(A%)) NLP(I,L=°(Q2)) be two solutions of (1.36) on I. We put

M = max{|[ul[p 1,1, 19l r (10
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1.3. Strichartz estimates with {-loss and construction of solutions

and we use (I1.35) to provide
[ =0l (g, 12(0)) = [P (1) = Pp(0) |12, 12(00))
< |[F(u) = F(0) |l 11,2000
< ColJ "7 (1 M)Pl|u = 0]l o 112000 (137)

This implies

1-8

=0l r2) >0 = 1< Gol]|" 7 (1+M)P. (1.38)
If [J| < (2Co(1+ M)Zﬁ)ﬁ, then C0]]|17§(1 + M)F < 1 and therefore u = v on | since
(1.38) implies ||u — v|1~(} 12(2)) = 0. This allows us to conclude u = v on I by covering
I with finitely many overlapping intervals | with above length.
Let us turn to the construction of a solution of (1.36), which will involve a contrac-
tion argument exploiting the Strichartz estimates from Corollary 1.3.3. With the a pri-
ori uniqueness of (I.36) it is enough to construct a solution in a suitable subspace of
C(I,D(A®%)) N LF(I,L*(Q))). For this we make the following minor case distinction.
If g = co we choose

X(I) := (C(I, D(A%)) N LP(L, L™ (), || - Iy (1)

as contraction space. If g < co we still want our solution to be in LP(I,L®(Q})) and
therefore we substitute L*(Q)) by D(Af]_ﬁ) since we assumed D(A;_E) — L®(Q). Then
we choose

X(I) := (C(I, D(A%) N LP(I, D(AS), || - HLoo(I,D(As))mLm,D(A;*‘)))'

In the following the only relevant information on X(I) is the embedding X(I) < Y(I)
as it is sufficient to exploit the nonlinear estimates (1.33)-(1.35). We therefore do not
distinguish between the above cases.

Let R € (0,00) and u,v € X(I) with |[u| x(p, |o][x) < R. Using (1.37) and X(I) < Y(I)
yields

[@f(u) = Ds(v)[|x(1) < ClIF(u) = F(0) |11 (1,004

< CT 5 (14 vy + lollv) = ollv
<OT (1R u— oy, (1.39)
Then
T = (2C,(1+ R)¥)77 — T 71 (1+R)% = % (L40)

in which case the map ®¢ is Lipschitz continuous with Lipschitz constant 1/2. In this
situation we additionally have to find R such that [Ju[|x, < R implies ||®¢(u)[|x, < R.
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I. A functional analytic framework for the nonlinear Schrodinger equation

The boundedness of U, the Strichartz estimates from corollary 1.3.3, and estimate (1.34)
imply

12 lxin < € (flogw + IF@ o)

IN

_B
c(HfHD(As) e Huumum))>ﬁuur|m,D<As)>)

(o + 7'+ [ 1))HMHX(1)>

IN

< cz(anD o+ T 5 (14 R)PR

Then
T = (2C(1+ R)#)77 — GT' #(1+R)F < % (1.41)
in which case we have the estimate
@7)llxr) < Collflloas + 5- (L42)
We put C; := max{1,Cy,Co}, R > 2G5, as well as
R:=R||f|p  and  T;:= (2C5(1+ R)¥)F7. (L43)

Then Ty satisfies the left-hand sides in (1.40) and (1.41) and we fix I := [to, to + T|.
Since Xg(I) := Bx(1)(0,R) equipped with the metric d(w,z) := |[w — z||x(;) is a com-
plete metric space, we conclude that ®((Xr(I)) € Xg(I) and @ is a strict contraction
on Xg(I). Thus, Banach’s fixed-point theorem guarantees the existence of a unique
us € Xg(I), which satisfies (1.36).

Now we come to the additional properties (a)-(e). Property (a) is clear since u €
Xg(I) < C(I,D(A%)) N LP(I, L*(Q)) and R = HfIID 45):

(b) The choices in (1.43) suggest that T = G(||f|| p( w1th

G:[0,00) = (0,00),  G(x):= (2C3(1 + Ri)2) 77, (1.44)

which is clearly a decreasing, continuous function.
(c) Recall that we only consider the problem forward in time, hence we only prove the
existence of T.. We put

T+ :={T € (0,00) | there is a unique solution u € X([to, to + T]) of (1.31)}.

Note that T¢ € T implies 7;. # @. Let additionally Ty := sup 7+ for which we check
the blow-up alternative (1.32). We let T;. < oo and assume

It penclory), @y=st, © L= ' ¢ [[1to + tn) [ pas) < co. (L.45)

Then we choose n € IN such that Ty —t, < G(L) with G from (I1.44). Then t, € T
with unique solution u € X(I) on I := [to, o + t,]. Since [[u(to + tu)|p(as) < L and G
is decreasing, we have

Ty — ty < G([[u(to+ta)Ip(as)) = To- (1.46)
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1.3. Strichartz estimates with {-loss and construction of solutions

With the above scheme we construct a unique solution v € X(J) of (I.31) on | :=
[tn, tn + To] subject to the initial conditions v(t,) = u(t,). Note that (1.46) implies that
J covers [ty ty + T4 ). With K := T U | the function

we X(K),  w(t) =1 (Hu(t) + 1 (£)o(t)

is a unique solution of (I.31) on K, what is a contradiction to the maximality of T..
Hence the assumption (1.45) is false, which implies

Vb henCltoto+T,), (825, ML [u(to + tu)lp(as) = :IEJHI\DI [[u(to + tn) Ip(as) = oo
The construction of the maximal solution u on I(f) := [to, to + T+) with T € (0, 0]
is straightforward. Let (t,)en in [0, T+) with t, == Ty and t, < t,41. With I, :=
[to, to + t,] the corresponding unique solutions u, € X(I,) of (1.31) on I, satisfy u,+1 =
u, on I, for all n € IN by uniqueness. Then the function

€ 1) = DAY, ult) = T Om(0) + T 1 O ()
ne
is well-defined and belongs to C(I(f), D(A%)) N L}
unique solution of (1.31) on I(f).
(d) Let f € D(A®) with § € (s,00) and u € C(I(f), D(A%)) N L} (I(f),L*(Q)) be the
maximal mild solution constructed in (c), which exists since D(A%) — D(A%). We
again put I := [tp — T, tp + T| and define for R € (0, 0)

Xr(I) := {u € X(I) N C(I, D(A%)) | llullx(rynr=(1,0(a%)) < R}

Since D(A®) is reflexive and D(A®) — D(A®) Theorem 1.2.5 in [Caz03] provides that
(Xr(I),d) is a complete metric space. Then the validity of (1.28) for s substituted with
§ allows us to repeat the above existence proof with Xg(I) substituted by X (I); note
that we only need (1.28) for ®(Xr(I)) € Xg(I), since we did not change the metric d.
Thus there is a unique mild solution

(I(f), L= (Q))). By definition u is a

i € C(I(f), D(A%) NLi, (I(f), L¥(Q)) € C(I(f), D(A®)) N Ly, (I(f), L*(€2))

on I(f) := [to,to + T} ), where T, satisfies the blow-up alternative (I.32) with respect
to || - Ip(as). By means of the uniqueness of u follows u = i on I(f) N I(f) and
consequently u € C(I(f) NI(f), D(A%)). We proceed by checking I(f) = I(f).

First we assume T, < T.. Then

T, < oo, (1.47)

and we define K(T,¢€) := [to+ Ty — T, to + T+ — €] withe < T < T, and K := [to, to +
T.]. Duhamel’s formula and (1.28) with s = § provide the estimate

18] Lo (k (T,e),D(2%))
_B -
< C(Hu(to + T4 = T)llpeasy + TP (1+ ||u||LP(K,L°°(Q)))25HuHC(K(T,e),D(AS'))>-
Consequently for T < (2C(1 + ||uHLp(K,Lw(Q)))2ﬁ)ﬁ we have

]| (o7, —T o472 ),D(a)) S Nulto + T = T)[pas) < oo
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I. A functional analytic framework for the nonlinear Schrodinger equation

The last inequality implies with the blow-up alternative for i that T, = oo and this is

clearly a contradiction to (1.47). Hence, T, > T,.

Now we assume Ty > T;. Then T} < oo and D(A®) — D(A®) immediately imply

HMHC([to,tO<FT+),D(AS)) S "ﬂ”C([t0,t0+T+]’D(As)) < 0.

Thus, T+ = o by the blow-up alternative for u. This contradicts T, < T, so that

T+ - T+.

(e) Without loss of generality we put Iy := [to, fo + T] C I(f) and first prove
HJE(O,OO)VgGED(AS)(f,J) : I g I<g)’ (1'48)

for the nonlinear flow N to make sense. Let g € D(A®) and v € C(I(g), D(A%)) N
LP (I(g),L°(Q)) be the corresponding maximal solution of (I.31) on I(g). We put

loc
g = fllp(asy < 0 with 6 € (0,1), r := 1+ [[uf|roj,,p(as)) < c° and R := 2Csr. This
implies

8llpcasy < g = fllpeasy + I fllpasy < 6+ [[ullreo(y,peasy) <7
With [|f|lp(as)y < r property (b) yields Iy := [to,to + G(r)] NI C I(g) N I(f) and (a)
yields |[v x(y) < R. Fori € {1,2} we let g; € D(A®) with ||g; — fl|p(as) < ¢ and v; €
C(I(gi), D(A%)) N LP(I(gi),L®(Q))) be the corresponding maximal solution of (I.31).
Then I; C I(g;) and [[v;]|x(;,) < R. With the Strichartz estimates from Corollary 1.3.3
and (1.39) we obtain
lo1 = v2llx(1,) < Cllg1 = 2llp(asy + [[F(v1) = F(02)[[11(1,,pa%))

_
< Cllg1 — g2llp(asy + C3G(1)' 7 (1 + R)*[|o1 — v2 | (1,

1
= Clig1 = &2llp(as) + 5llo1 = v2llxn),
and therefore

o1 = v2llx1) S lI§1 — &2llp(as)- (L.49)
In case t1 < T let I := [to + G(r), to +2G(r)] N Iy. Then (1.49) yields for i € {1,2}

[vi(to + G(r))Ipeasy < llu—villxq1y) + l[u(to + G(r))llpras)

< CO + [l =1, p(a5)) -

Hence, we choose 6 < min{1,1/c} so that |[v;(to + G(r))||p(asy < r and repeat the
previous argument on I, to generate

|01 = v2llx(1p) S l[v1(to + G(r)) —v2(to + G(r)) | p(as)
S o1 —o2lxy) S lIg1 — 82llpas)- (1.50)
Successively repeating this argument on I; := [to + (j — 1)G(r), to + jG(r)] with j € N
finitely often until jG(r) > T leads to a further reduction of §. This implies (1.48) and

analogous to (I.50) the estimate

o1 = v2llx(1,,) < llor — v2llxry)- (L51)

34



1.3. Strichartz estimates with {-loss and construction of solutions

With (1.48) for some J € (0,1) the map
N Bpasy(f,0) = X(I), N(g) :=v
is well-defined and Lipschitz continuous since (I.51) implies

[V (g1) —N<82)HX(1) S ~ sup o1 — UZHX(I]-) S 1181 — 82llp(as)-
Finally, the embedding X(I) < C(I, D(A®)) N LF(I,L*(Q))) finishes the proof. O

The above constructed maximal solution satisfies the blow-up alternative (1.32). It is
therefore of interest to have criteria for these solutions to be bounded on their maximal
existence interval since this is sufficient to conclude I(f) = R. If s = 1/2 such a
criterion is provided in the next Lemma using L?(Q)- and energy bounds, which are
often available. The case s > 1/2 is considerably harder and will be dealt with in Section
I1.4 under much stronger assumptions.

Lemma 1.3.5

Let I € Twithtyg € I, B1 € [0,00), and By € [0,2]. Let additionally f € E4, F € C(E4, E})
with antiderivative F € C'(E4,R), and u € C(I,E,) be a strong solution of (NLS). We
furthermore assume:

@) [u())lr2) S [Ifll2(o) and E(u(t)) S E(f) forall t € I,
(ii) B() 2 — | I BI|E for 1 € Ea.
If either By < 2 or ||| 12(qy) is small enough, then |ul|r~(E,) < c°.

Remark: A defocusing nonlinearity satisfies (ii) with f; = B, = 0 without any addi-
tional assumptions. A major limitation arises in the focusing case. Consider for ex-
ample QO = RY and (A, D(A)) = (—A, H3(R?)). Put furthermore F(z) := —|z|fz with
B € (0,00) such that 8(d —2) < 4. In Section 1.4 we show that F(g) = ﬁ+2 Hg||ﬁﬁ+2 (RY)
for ¢ € Hi(IR?). We have H3(IR?) — LPT2(IR?) with s = 46/2(+2) € (0,

complex interpolation A.1.4;(2) and (A.1) follows

1). By means of

2 +2 (1-s)(B+2)
B e Sl < gl o

(B+2)
||gHL;3+2 ]Rd Hs IRd ﬁ (152)

L2(R4) ||gHH1 (R%)”

Then s( +2) = £d4/2 and s(B +2) < 2 if and only if B < 4/4. This gives a hint, that
for d > 2 the focusing cubic nonlinear Schrédinger equation may not be treatable with
the energy methods in the above lemma. In fact Theorem 6.5.10 in [Caz03] shows that
there are blow-up solutions in finite time for the cubic focusing nonlinear Schrédinger
equation with radial H}(IR?)-initial data with negative energy. However, initial data
with small L2(Q)-norm are still treatable.

Proof. For t € I follows with (i) and (ii) the estimate
lu(D11E, = lu®)F2q) + 1410 q)
< G20y + €(F)) — 2 (u(h))
< Ci(lf ) +EP) + CallflIT3 ) llu (D) I1E- (153)
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I. A functional analytic framework for the nonlinear Schrodinger equation

If B> < 2 the last term of (I.53) can be estimated further by means of ab < aC/p)" 4 /e
for a,b € [0,00). Then for t € I holds

lu(t)lIE, < C(f)+ %Hu(t)II%A

and we can conclude |[|u||j~(; g,) < oo

Next assume ||f||;2) < C; /"', If t € I satisfies [[u(f)[|g, > 1, then [Ju(t)||*? < 1.
The estimate (I.53) additionally implies

lu(O)1B, (1= Call £ 18 ) < (B3, (1 = Call IS g () 1E272) < CLF).

With 1 — C2||f]|/z§(0) > 0 the previous estimate implies |[ul|;~(;,) < oo. O

This Lemma states more precisely what we discussed on a heuristic level after Propo-
sition 1.2.10 and again emphasizes the relevance of the energy functional £ and energy
conservation in particular.

A further situation where energy conservation is useful arises as follows. Unfortu-
nately, there are situations where Theorem 1.3.4 cannot be applied to construct mild
solutions in the energy space E4 due to the magnitude of either the loss ¢ or of the
exponent « from the embedding D(A7) < L*(Q}). In this situation one can try to
construct a solution u of (NLS) by a weak limit argument applied to a sequence of
solutions (uy,)n,eN from a sequence of related equations, whereby either the nonlinear-
ity F or the initial value f is approximated. In the next lemma we formulate such a
scheme, in which we approximate f € D(A®) by a sequence of initial data (f,)n,en With
corresponding strong solutions (u,),en. As we will see, energy conservation for the
solutions (1, ),eN can be transferred into an energy bound for the solution u. However,
this is not necessary for the scheme itself to work but it provides additional informa-
tion on the approximated solution.

Since we could not find a reference for the result below, we give a full proof. Note that
we use a similar approximation argument as in Theorem 3.3.5 in [Caz03], in which the
nonlinearity F is “smoothened” with the resolvent of the Laplacian.

Theorem 1.3.6
Let I € T, withtg € I, s € [1/2,00), e € (2,00, p,q € [2,¢e) and (A, D(A)) be a non-negative,
selfadjoint linear operator on L*(QY). We furthermore assume:

(i) The embedding Ex — L¢(Q)) is dense.

(i) F : Eqn — E} satisfies F(0) = 0, (F(g),ig) = 0 forall g € E, and for all L € [0,00)
holds

gh € B, (0,L) = |F(g) — F)lly (0 < CL)Ig ~Hlliny - (L54)

(iii) There is an at most countable family of sets S C .7 such that Uscs S = Q) and any
weakly convergent sequence in E 4 is convergent in LV (S) forall S € S.

(iv) There is a sequence (fy)nenw C D(A®) such that (f,) =% f in D(A®) and a bounded
sequence (uy)neN in C(I, D(A®)) of strong solutions of (NLS) on I with u,(to) = fu.

Then the following holds:
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(a) There is a weak solution u € Cy(I, D(A®)) N CY¥(I,E%) of (NLS) with initial value
u(to) = f and L*(Q))-conservation. Moreover, u € C(I,L7(Q)) forall r € [2,e).

(b) In case F has a real antiderivative, the following assertions hold:
* If u, has energy conservation for all n € IN, then E(u(t)) < E(f) forall t € I.
* If u has energy conservation, then u is a strong solution of (NLS) on 1. In particular,
u € C(I,D(A%)) NCHI, EY).
Remarks:

(1) The above weak solution u from (2) may not be unique, since it is constructed by
choosing a subsequence of (uy),en, which converges weakly in D(A®) for all f € 1.
The question of uniqueness of weak solutions will be picked up in Section I1.4 in
the next chapter. Note that the weak solution u from (a) belongs to L®(I,E4) N
WL (I°,E%).

(2) The core of the proof is Theorem B.0.1, which is proven in Appendix B.

(3) Recall that for & € (0,1] the space C%*(I,X) is the space of bounded, uniformly
continuous functions v : I — X such that

o(t) —o(s)||x
[ollcoa(r,x) = llvll=@,x) + sup <H()t—(“)H> < oo,
tsel, ts |t —s|

Proof. First note that E4 — L°(Q) yields E4 — L"(Q)) for all r € [2,¢) by complex
interpolation. This embedding is also dense and we therefore have L™ (Q) — E¥.
Let § € [1/2,00) and L € [0,00). The estimate (1.54) and D(A®) — D(A®) yield for
g he ED(Aé)(O, L) that

IF(8) = F(W)[e; < [IF(8) = F(W)[ 1 ()

< CD)[Ig = hlla(a) < C(L) g = Rlip(as)- (I.55)

With F(0) = 0 this implies that F : D(A%) — E% is Lipschitz continuous on bounded
sets for all § € [1/2,c0). We furthermore put

M := sup [[un| 1 (1,p(a5)) < o0
nelN

(@ Let f,(fu)nen and (uy)nen be as in (iv) and let n € IN. Then u, has L?(Q)-
conservation on I by assumption (ii) and Proposition 1.2.8. Moreover, u, € L*(I, D(A?))
and (L.55) imply

H”:«HU"(I‘),E;) < HA”nHLW(LEg) + HF(un)HLw(I,E;)
< Cllunl|ro(1,p(a%)) + C(M)[ttn || L= (1,0(45)) < C(M).
(tin)nen is therefore a bounded sequence in L*(I, D(A®)) N WL(I°, E%). We want to

choose a sequence (n(k))xen such that (u, (f))ren converges weakly in D(A®) for
all t € I. We achieve this by checking the assumptions of Theorem B.0.1, where we
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I. A functional analytic framework for the nonlinear Schrodinger equation

take X := D(A®) and Z := E};. Since D(A®) is a Hilbert space with D(A®) — E3,
the conditions in B.0.1;(i) are satisfied. The embedding WL (I°, E%) — Cg’l(l, E}) in
A.3.5;(2) implies the boundedness of (i, )nen € C¥L(I, E%) and we define
N := sup |[un||cor(1,p;) < 0.
nelN
For all s, t € I then holds

sup [[un(s) — un(t)|g; < N|s — ]
nelN

and thus (u,)sen is uniformly equicontinuous (even uniformly Lipschitz continu-
ous) on E%. The boundedness of (u,),en in L®(I, D(A®)) then completes the val-
idation of the assumptions in B.0.1;(ii). Theorem B.0.1 guarantees the existence of
u € Cy(I, D(A%) NCYY(I, E%) and a sequence (1(k))ren such that

Vier: (upp(t)) = u(t) in D(A®). (1.56)
Then the weak lower semicontinuity of || - [[p ) (see e.g. (B.2)) yields

<M,

[l oo 1,p(as)) < || h{};g\f\\uﬂ Mpeas |y

and u € C%(I, E%) implies u € WL (I°, E%,) by A.3.5;(2).
We proceed by analyzing (F(u,)))ken. For k € IN Proposition 1.2.7 yields u,) €
C%'/2(1,L2(Q)) which combined with (I.55) and complex interpolation (A.1) yields

HF(“n(k))HCO""(I,LP* (Q))

[ty (8) — t(ie) ()| a2
< C(M) ||un(k)||L°°(I,D(AS)) + sup < (k) | (k) 7( )>>

stel, s#£t s — t|"‘
M) (1 + sup (Hun(k) (S) B u”(k)(t)ng(Q) H”n(k)(s) — un(k)(t)’ if(?))))
stel, s#t ’5 — t""
0_
< C(M) 1+ HM HLoo 1,D(A%)) sup (|t—S|2 Dé)> < C(M),
tseI, s#t
where % =0y fanda:=§ = q(ee_ﬂz) € (0,1/2). The sequence (F(uyx)))ken is

therefore bounded in C%*(I, L7 (2)). As above (F(u,)))ken is uniformly equicon-
tinuous in L¥ (Q). The latter space is reflexive since p* € (e*,2] and therefore we
can apply Theorem B.0.1 with X = Z = LV (Q). This establishes the existence of
F € C*(I,LF" (Q))) and a subsequence of (n(k))ien, which we will still denote by
(n(k))ken, such that

Vier : F(uup(t)) = F(t) in L7 (Q). (157)

Let S be the family of sets from assumption (iii) and let S € S as well as t € I. Then
F(0) = 0and (F(g),ig)12() = 0 for all g € D(A®) implies

[(E(t),iu(t)) 12(s)]
= [(E(t),iu(t)) 1205y = (F (e (£)), ithie) (1)) 12(s) |

< [{isu(t), E(t) = F(unge) (1)) r2(0)| + [(F (e (), 10 (8) = 100 (£))) 12|
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Due to (1.57) and 1gu(t) € LP(Q) the first expression converges to 0 for k — oo. The
same holds true for the second term, since with Holder’s inequality follows

| (F (i (£)), 20 () = sty () r2(5) | < 1 Cutgrey ()l e ) 14 (8) = 10y (D) [
C(M) [[u(t) = s ()| r(s)

(1.56) and (iii) imply u,,(x)(t) 2% u(t) in LP(S). Consequently, <15(t),iu(t)>Lz(5) =0and
since F(t)u(t) € L'(Q) the dominated convergence theorem implies

(F(8), iu(8)) () = Y2 (F (1), in(1)) p2gs) = 0. (L58)

Ses

We proceed by showing that u is a weak solution on I of the equation
u'(t) = Au(t) + F(t), t#t,
u(ty) = f.
Letg € Eq, € CP(I°,R) and t € I. Then g € LP(Q) so that by (1.57) and (I.56) follows
(i1 (1),8) = (A (1) + F(sty (1)), &)
= (Ag, (1)) + (& F (it (1)) 12(00)
=3 (Agu(t)) + (8, F(H)12(0) = (Au(t) + F(t),8). (1.60)

Moreover, the weak convergence (1.56) combined with A.3.3;(4) and the dominated
convergence theorem (note that the integrand and I are bounded) yields

L, o0 = @)t dtg) = ([ (u(®) =y (0)7(1) )

= | () = s (£), &) 120y’ (1) A =5 0. (L61)

(1.59)

(L.60) and (1.61) imply iu, ) (t) =% Au(t) + F(t) and iu/, n(k )( ) =% iu'(t) with respect
)+ EF(t) on EY ace.

to the weak* topology on E% a.e. on I. Consequently, iu/(t) = Au(t
0) = f follows from

u
on I and therefore u is a weak solution of (I.59). Observe that u/(t
faty == fand f, ) — u(to) in D(A%).

It remains to show F (t) = F(u(t)) for t € I. First a familiar argument involving (1.54),
Ej — L°(Q)), and complex interpolation (A.1) implies

| F (it (£)) = Fu(E) 1 ) < COM ey (1) — (8 oo
< COM) by (8) — w(B) ey Ity (8) = (D)0
< COM) 10 () = (D) 22y (162)

(1.58) implies L?(Q))-conservation of u by Proposition 1.2.8 and this also holds for all
elements of (1) )ren- Then f, % fin L2(Q) implies that ) (D 2 L=
[(-) || 12(q) uniformly on I. Theorem B.0.1;(c) yields i,y =% u in C(I L*(Q )) since
U@y (£) — u(t) in L?(Q) for all ¢ € I. This information and estimate (1.62) imply
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I. A functional analytic framework for the nonlinear Schrodinger equation

U () % uin C(I,L9(Q)) and F(upr) % F(u(t)) in C(I,LF" (Q))). Consequently,
F(u(t)) = F(t) for all t € I. Note that in the spirit of (1.62) we can easily prove
Uy =3 uin C(I,L"(QQ)) for all r € [2,¢) and thus u € C(I, L"(Q2)).

(b) Now let F have a real antiderivative F. The continuity of F implies F € C!(E4, R)
and consequently £ € C!(E4, R).

For the first statement we assume that u, has energy conservation for all n € IN. With
A2 € L(Ea, L*(Q))) and (1.56) we have (A1, (t)) = AY2u(t) in L(Q) forall t € I.
The weak lower semicontinuity of || - || 2y and £ € CY(E4,R) then imply

E(u(t) = 3 | A" u(t) 22y + E(ult)
<h?n&<(ﬂ )+ ﬁ((»—ﬁwamnﬂ
= ]}LI?O‘g(fn(k)) (

The second limit is 0 since

[E(u(t)) = Euy (1))

LB+ (0= (D (0)]65) s

</1

/ IF (su(t) + (1 = 8)utqae () | e s e() = gy () o)

ds

(F(su(t) 4 (1 = s)uqp (1)), u(t) = ey (1) 120

< CM)u(t) = ey (1) | Lr(0) = 0. (L.63)

For the second statement let s, t € I. The L?(Q))- and energy conservation of u implies

lu(s)II3, — (I,
= () Baqgy) — 14(8) 32y + 2(Eus)) — E () + E(u(s)) — E(u(r)))
— 2(P(u(s)) — P(u(t)).

Similar to (1.63) we have

|[E(u(t)) — E(u(s))| < CM)lu(t) = u(s) oy

The fact that u € C(I, LP(Q)) implies the continuity of F(u(-)) on I and consequently
the continuity of |[u(-)||g,. Since u € Cy (I, D(A®)) and thus u € Cy (I, E4), the uniform
convexity of Ey4 yields u € C(I,E4) (see (B.4)). We then have Au, F(u) € C(I, E%) and
the function

t ~
v:1— Ej}, o(t) := —i [ Au(t)+ F(u(7)) dt + u(tp),

to
belongs to C!(I, E%). The equation (NLS) then implies u € WL (I°, E%) with o’ = o/
in E% almost everywhere on I°. Consequently, A.3.5;(1) yields u = v in E} almost
everywhere on I°. Finally, the continuity of u and v implies u = v in E}; everywhere
on I. We therefore have that u € C(I, D(A%)) N CY(I, E%) is a strong solution of (NLS)
on . O
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1.4. The model nonlinearity

I.4. The model nonlinearity

In this section we introduce the model nonlinearity Fg 1, which is the most commonly
used nonlinearity in this thesis. The structure of these nonlinearities naturally arises
in physical applications of the nonlinear Schrodinger equation. From a mathematical
point of view it is worth mentioning that these nonlinearities are only differentiable
up to a certain degree, which depends on its growth. This will restrict the availability
of important nonlinear estimates, which are needed for Theorem 1.3.4. We will prove
these estimates later in Chapter III.

In this section we provide the necessary material to fit Fg 1 in the functional analytic
framework of Section I.2. We also introduce the notion of the energy subcritical non-
linear Schrodinger equation. All these concepts and results can be transferred to more
general local nonlinearities F : C — C with minor or no modifications if suitable
growth and structural assumptions are in place. However, we do not strive for max-
imal generality. The model nonlinearities are already a rich class which allows us to
expose important underlying principles.

If not stated otherwise, in this section we always let (A, D(A)) be a non-negative, self-
adjoint linear operator on (L?(Q), (-, )12(00)), Whereby (Q, .7, ) is an arbitrary mea-
sure space.

Notation 1.4.1
Let B,v € (0,00). We put

Fg+:C—C, Fg.(z):= +v|z|fz,

and call the induced Nemytskii map ¢ — Fg 1 o g for ¢ : R? — C the model nonlinearity. We
additionally put

. N +v 2
Boe i LP2(Q) 5 R, Fa(9) = 55 8l

Remarks:

(1) Note that by a change of sign we switch between the defocusing (+) and the focus-
ing (-) case. We always assume v = 1 from now on, but every result holds for an
arbitrary v by changing the involved constants.

(2) We usually ignore the difference between a function F : C — C and its induced
Nemytskii map g — F o g in our notation.

(3) For F: C — C and k € IN| the notation F € C¥(R?,IR?) means that the function
Fr:R?> - R?%,  Fr(Rez,Imz):= (ReF(z),ImF(z))

belongs to C¥(R?,IR?). This corresponds to the identification C = R? given by
z = (Rez,Imz) for z € C. Moreover, we define 0*F(z) := 0*Fr(Rez,Imz) for
o € IN3.

The next proposition contains important assertions for Fz . with respect to mapping
properties on LP(Q)-spaces and the structural condition introduced in Section 1.2 for
L?(Q)-conservation.
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I. A functional analytic framework for the nonlinear Schrodinger equation

Proposition 1.4.2
Let B € (0,00), k € N, € Njand p € [B+1,00].

(a) Fgy € CK(IR%,R?) for k < B+ 1 with |0°Fg 1 (2)| < [z|PH1-1* for |a| < B+ 1. IfB €
Neoen, then additionally Fg, € C®(R?,R2) with |9*F(z)| < |z[FT1-1* if |a] < p+1
and 0*F = 0 for |«| > B + 1. Moreover,

[Fp () = Fg.a (2)] S (Jw]f + [2/F) [ — 2. (164)
(b) Let g,h € LP(Q). Then Fg 1. : LP(Q)) — L#(Q)) satisfies
1Fs.+(8) = Fo s (W) | s ey S (18 1150) + 11500 I8 = llry- (1.65)

(c) Let Ex — LP*2(Q)) and g, h € E4. Then Fg+ : Eq — EJ satisfies

e, < (gl + 11702, ) g — e, (L66)

| Fp+(g) — Fp+(h)
and

1 .
* Fg(g) € LT (Q) and (Fp+(8),i8)12(0) =0,

o f5. € CY(E4, R) with (F.(8),h) = (Fp+(8), 1) 12 (-
Remarks:

(1) The expression Fg . : E4 — E} means that

FsioiEa— By (F5a(Q)) = (Fp=(8) )12

is well-defined. Any property of Fg . : E4 — E}, has to be understood as a property

of Fg . We usually do not distinguish between Fg . and Fy , in our notation.

(2) In (c) we actually prove more than is stated, namely that all statements are valid
for E4 substituted by LF*2(Q)). The embedding E4 < LF2(Q) then yields the
corresponding assertions on E4.

Proof. Surely, it is enough to consider the defocusing case. We fix the function
F:R*> - R?  F(x):=|x/fx,

and denote by Fy, F, the component functions. In the proof below always let « € IN3.
(a) First, we assume that B € Neyy. Then x — |x|P belongs to C®(R?,R) and so
F € C*(R? R?). For |a| < B+ 1 furthermore holds

Z Cx?

[v|=B+1—lal

2 2
|0"F(x)| < Z |0“Fi(x)| = Z < ‘x|ﬁ+1_“"|.
=1 i=1

1

We now let g € (0,00) and |a| < B+ 1. Leti € {1,2}. On R?\ {0}, F; is infinitely often
differentiable as a composition of C*-functions with

FFi(x) = |[x||P2e Y Ca.
lv|=ef+1
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1.4. The model nonlinearity

With 0*F;(0) := 0 the previous equality implies that 0*F; is differentiable in x = 0 with
0%0*F;(0) = 0. Consequently, F € C*(IR?, R?) and

[0%F(x)] S [xfP1e,

This estimate and a simple application of the mean value theorem yield the Lipschitz
estimate (1.64).

p _ /5+1
(b) Let p € [B+1,00] and g1t € LP(Q). Then [|Fs+(8)mirney = gLy The
Lipschitz estimate (1.64) for Fg , : C — C yields

1B5,1+(8) = Fp s (W) ll=e) S (8115w ) + 1115 ) 18 =l (0

For lp < oo the Lipschitz estimate (1.64) and Holder’s inequality with 5&1 + 51 +1 =1
imply

(B+1)/
pB B P
1Fs 9 = Fps Doy 5 ( ] (g1 -+ 175 g = 1175 )
< B h B _h
~ (||g||Lp(Q) + H ||LV(Q)) Hg HLP(Q)

() Let g,h € Eq and p := B+ 2. Then p* = 1+ ﬁ All the assertions on map-
ping properties of Fg 1, in particular the Lipschitz estimate (I.66), follow with Holder’s
inequalitity, (1.65), and E4 — LF2(Q)). We additionally have

(Fp+(8)i8)12(0) = Re [ ilg()[F*2 dw = 0.
It remains to prove the continuous differentiability of ﬁ5,+ : Ea — R. For this let

F:R? —» R with F(x) := /5+2||JCH5Jr2 and g := (Reg,Img), h := (Reh,Imh). First,
observe that

(Fp+(8), 1) 3 = Re [ [glPgh dp
= [ F(g)-hdu= [ (VF)(g)-ndp.

The fundamental theorem, Fubini’s theorem, Holder’s inequality, and the Lipschitz
estimate (1.65) then provide

'ﬁ,H (§+h) — B (8) — (Fs1(8), M) 12 )

‘/ (g+h) —F(g)du — /()(V?)(g%hd#‘

[ [ (Vg sh) (V) () ds ey

1
() 1Es s+ ) = B (@ oo 85 s

IN

S (181 se2cyy + W sz o MBI 52y S (I, + IRIE, ) IR, -
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I. A functional analytic framework for the nonlinear Schrodinger equation

This implies that Fg, : E4 — R is differentiable with ﬁé’ (&) = (Fp+(8), )2 (-
Furthermore, (1.66) and E4 — LP(Q)) yield

Hﬁ/;,+(g) - ﬁé,+(h)

£y S 1B (8) = Fp e (W1 ()

S (I8l + 1118, lig = Hlle,.
Hence, £}, € C(E4, Ej) and Fyy € C'(E, R). O

The condition E4 < LP*2(Q) in the above Lemma plays an important role for the
following reasons. Firstly, it ensures that the corresponding model nonlinearity Fg + :
E4 — E} is Lipschitz continuous on bounded sets, hence continuous and bounded
on bounded sets. This establishes equivalence of the different notions of solutions
which were introduced in the previous section (see Proposition 1.2.4). Secondly, we
have shown that ﬁﬁ,ﬂ: € C!(E4,R) is the antiderivative of Fg . The energy functional
& : E4 — R is therefore defined and belongs to C!(E4, R).

Recall from the examples in 1.1.6 that in many cases the energy space E, is the cor-
responding Sobolev space on () of order 1. Let us for a moment discuss the case
Ex = W3(RY). Then W}(R?) < LA*2(R?) if and only if B(d —2) < 4. This can be
seen via the Sobolev embedding A.2.1. Since the Sobolev embedding will be available
in our applications, we also refer to f(d —2) < 4 as the energy subcritical condition.
If d > 3 we call the case B = 4/(d-2) energy critical. Moreover, there is an important
heuristic which leads to these notions, namely scaling invariance. Let u : R x RY — C
be a sufficiently regular solution of the equation

0,u(t,x) = —Au(t,x) + Fg o (u(t,x)), (tx) € R\ {0} xRY,

u(0,x) = f(x), x € R%. (167)

For all A € (0,00) the function u(A,-,-) : R x R* — C, u(A, t,x) := AYPu(At, Ax) then
satisfies
i0iu (A, t,x) = —Au(A,t,x) + Fg+(u(A t,x)), (t,x) € R\ {0} x RY,
u(0,x) = AY*f(Ax), x € R%

We define for A € (0,00) the space scaling (Syu)(t, x) := AYPu(t, Ax). 1t is straightfor-
ward to check for all t € R

[STEW

2
|| (S)\I/l)(t, ) HLZ(]Rd) = Aﬁ

2 d2
IV (Sau)(t, ) lzmey = AP (| Vult, ) || 2(re)-

[t )l 2(re).

The invariance of || - || 2rey under the space scaling S, is therefore valid if and only
if B = 4/d, which is called the mass or L?-critical case. The invariance of ||V - || j2g)

is valid if and only if B = 4/(4-2), which is called the energy critical or H%-critical
case. Compared to the case B < 4/(d—2) the global existence theory in H}(R?) for
B = 4/(d-2) is much harder. Here, the existence time in local existence results depends
on the H}(IR%)-norm and on the profile of the initial data. See for example Chapter 6 in
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1.4. The model nonlinearity

[Caz03] for a further discussion of the blow-up phenomenon for (1.67) in the focusing
and defocusing case.

We already mentioned that the embedding E4 < LF2(Q)) allows the meaningful
definition of the energy functional £ € C!(E4,R) and we turn back to the question
of energy conservation. In Propsition 1.2.10 we have proven a first basic criterion for
energy conservation. It relied on the differentiablility of the solution u : I — E, of
(NLS). Next, we give a more elaborate criterion, in which we assume that u : [ — D(A)
is continuously differentiable as map from I to L?(Q)).

Lemma 1.4.3
Let B € (0,00) and f € D(A). Let furthermore D(A) — L*F+)(Q) and u € C(I, D(A))
be a strong solution of the nonlinear Schrodinger equation

i/ (t) = Au(t) + Fg+(u(t)), t# to,
M(to) = f

Ifu € CY(I,L*(Q)), then u has energy conservation on I.

Remark: The embedding D(A) «— L*F*+1)(Q) in particular yields D(A) < LF2(Q)
by means of the complex interpolation results in Theorem A.1.3 and (A.1) and the
trivial embedding D(A) — L?(Q).

Proof. We argue as in Theorem 13.2 of [HMMS13] with an approximative energy func-
tional and lift the given proof to our situation of an arbitrary measure space (Q),.7, ).
Let | € Z, with tp € | C I° be arbitrary. It is surely enough to prove that £ o u is
constant almost everywhere on | since £ ou € C(I,R).

For e € (0,1) we put

Fe:D(A) =R,  FE(g):= /Qne(g) du,
whereby #¢(+) := e ?(e| - |) with € CL(IR) defined by

1
n(x) = m

x? —
<IL[0,1] (x)xPT2 4 1(1,00) (%) (1 4 arctan ( (B+ 2>§ D) )))

An elementary calculation shows

e ()| < Ug0,70) ()€ [x1P72 + L g1 (%) |1,

[Ve(2)] S g0 (X)€P 2P+ L7000 (1) |-

We therefore have
[(Vie) (x)| S [, 7e(x)] < |x|P*2, [(Vre) (x)| < |x|PH. (1.68)

Next, we define the “approximative energy functional” as

1 R
Ee:D(A) =R, &(g):= §||A1/2g||%2(0) + Fe(g)-
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I. A functional analytic framework for the nonlinear Schrodinger equation

First we show that the functions
1 N
er,e2: ] = R, e1(t) :== §||A1/2u(t)||%2(0), ex(t) := Fe(u(t))

are differentiable. Lett € Jand h € R\ {0} witht+h € J. Then u € C(I,D(A)) N
CY(I,L?(Q)) implies

€1<t + h) — 61(t>

=AW A, (1) 1
t+h)—u(t
S Au(t +h) — Au(t) || 2(q) + u(t + 11 u(t) _ u'(t) 290
[2(Q)
e is therefore continuously differentiable with
ep:] =R, ey(t) = (Au(t), (1)) 2 (q)- (1.69)

For e, we show that F. : L2(Q) — C is differentiable. Let (h,),cn be a null sequence
in L2(Q). Then (hy,),en is a Cauchy sequence in L?(Q) which contains a subsequence
(hu, )kew such that f,, =% 0 almost everywhere and

H: Q0= R, H := \hm]—l—Z\hnm—hm\
=1

belongs to L2(Q)). For all k € N holds |h,, | < H almost everywhere. Then (1.68) yields
[(V7e) (8 + shn,) — (V) (g)| < g + [H]  ae. on Q.
We furthermore have
|(V1e) (g + shu,) — (V1e)(g)] =30 ae. onQ

and the dominated convergence theorem yields

1
/0 1(Vi1e)(g +sh) — (Vne)(8)ll2(q) ds = 0 for h — 0in L*(Q). (L.70)

With this information we assume ¢,h € L?(Q) with & # 0. The usual identification
C = R? and the same arguments as in the proof of Proposition 1.4.2;(b) yield

g+ )~ ()~ [ (Tn)(@hdn

/0/01 ((V5e) (g + sh) — (Vre)(g)) ds - b dye

< Ml [ 1(976) -+ 5h) = (V1) &) )

Then (I.70) implies the differentiability of F. : L?(Q)) — C and the chain rule implies
the differentiability of e, with

] =R, ()= [ () (wlt)w(t) dn
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The latter equation combined with (I.69) implies for t € |
(Eeou)'(t) = (Au(t),u'(t)) 1) + /Q(V'?e)(u(t))u/(f) dp. (L71)
Let t € J. The growth estimates (1.68) imply
e(u()] S lu(®) P2, (V) (w(®)u' ()] S fu()PHu' ()] ae onQ, (172)

~

and u(t) € D(A), u'(t) € L*(Q) as well as D(A) — LF2(Q) N L2+ (Q) yield

lu(®)|PH2, [u() [P (1] € LY(Q). (1.73)
Moreover, we have
s 1
ne(u(t)) : ﬁ+2\u(t)|ﬁ+2 a.e.on (),
A 1

= Bt z\u(t)\ﬁ Re(u(t)u'(t)) a.e. on Q.

With (1.72) and (1.73) the dominated convergence theorem and the equation (NLS)
provide

(Ecou)(t) =2 E(u(t)), (Ecou)'(t) =5 0.
Since u € C(J,D(A)) N CY(J,L?(Q)) it is easy to prove that

sup (||€ o ullp() + [|(Ee 0 u) ||1=(p)) < oo,
e€(0,1)

so that once again the dominated convergence theorem yields
Ecou Y Eou, (Ecou) <50 in LY()).

Consequently, £ ou € W{(J°) with (€ ou)’ = 0 and therefore € o u is constant almost
everywhere on J. O
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Il. Strichartz and spectrally localized
estimates

In Section 1.3 we have derived the central existence result for maximal mild solutions
of the Cauchy problem

iu'(t) = Au(t) + F(u(t)), t+# to,
u(to) = f,

where (A, D(A)) was a non-negative, selfadjoint linear operator on L?(Q)) with Schro-
dinger group U. The crucial assumptions in this result were suitable estimates for F on
D(A?®) and a local (p,q) Strichartz estimate with ¢-loss. In the first part of this chapter
we will provide criteria and examples for local (p,q) Strichartz estimates with ¢-loss.
In the second part we further exploit the tools developed in the first part to provide a
priori information on solutions of (II.1). We proceed as follows.

In Section II.1 we recall the notions of dispersive and Strichartz estimates. We prove a
slight variation of the important result of Keel-Tao from [KT98] with complex interpo-
lation spaces instead of real interpolation spaces in the non-endpoint situation.

In Section I1.2 we turn to a method to prove local (p,q) Strichartz estimates with ¢-loss.
It was initially used in [BGT04b] in a special case and is based on the following idea:
Let (p,q) € [2,00]? and (yk)ken, be a dyadic partition of unity, which in particular
satisfies Y 3>, ¢ = 1 and |supp(y;)| = 2F for k € Ny (see Definition 11.2.4). If the
estimate

(IL.1)

) 1/2
s S (1 1A S s ) 12)
k=0

holds, then Strichartz estimates for (x(A)U(t));er imply Strichartz estimates for U.
In order to formalize this approach, we highlight the following crucial ingredients:

(1) Spectrally localized Strichartz estimates on intervals | with |]| = 2742
[ (A)UF e, 0)) S r(A) fll 2 () (IL3)
(2) Inequalities derived from Littlewood-Paley decompositions:
00 1/2
Vierz) t Ifllo) (Z HIPk(A)fH%W(Q)> . (I1.4)
k=0
We show that the spectrally localized dispersive estimates
(AU ()i S H0 0< i 279, (IL5)
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II. Strichartz and spectrally localized estimates

are sufficient for spectrally localized Strichartz estimates of the form (II.3) to hold with
|J| = 277, Such estimates are frequently used in the literature and we call them (p, q)
Strichartz estimates of SL-type (7, v) (SL for spectrally localized). We then discuss the
availability of the decomposition estimates of the form (I1.4) for g = 2 and g # 2. We
give the proof that (p,q) Strichartz estimates of SL-type (7, v) combined with (I1.4)
imply a local (p, q)-Strichartz estimate with ¢-loss. Section I3 contains an extensive
list of examples where the arguments in Section I1.2 are applied in the literature.

In Section I1.4 we return to the Cauchy problem (IL.1). We combine (p,q) Strichartz
estimates of SL-type 7 with so-called Bernstein inequalities to provide further abstract
versions of the arguments used in [BGT04b]. In particular, we provide criteria for weak
solutions of (II.1) with sub-cubic nonlinearity in D(A?®) with s > 1/2 to be unique, and
a priori estimates for strong solutions in D(A®) with s > 1/2. Both of these results will
be applied in the global existence Theorem III.1.6 in Chapter III.

II.1. Strichartz estimates and the Keel-Tao result

In Section 1.3 we proved a local existence theorem for the fixed point equation

t
u(t) =U(t—ty)f —1i t U(t—s)F(u(s)) ds (IL6)
0
in C(I, D(A®)) under the assumption of estimates for F on D(A®) and local (p,q)
Strichartz estimates with /-loss. However, we did not specify how to prove the lat-
ter estimates. In order to do so we review the abstract Keel-Tao result from [KT98].
First, let us introduce a rather elementary notation, which is used throughout this
thesis. It arises by separating the two terms in (I1.6) and abstract the unitary group
U € L(L?(Q)) to a bounded family T € £L(H, X*) (compare to 1.3.1).

Notation IL.1.1
Let I € 7, H a Hilbert space, X a Banach space, T : I — L(H, X*) be bounded. We put

T :H — L®(I,X*), (TF)(t) := T(Hf, (IL.7)
@ : L'(I,X) — L®(I,X*), (®F)(t) := /_t T(+)T(s)*Fo(s) ds, (IL.8)

whereby Fy(s) := F(s) fors € I and Fy(s) := 0 for s € I°. T is called the homogeneous and
D the inhomogeneous flow of T.

Remarks:

(1) The operator 7 is bounded and for F € L!(I, X) holds
T'F = /T(s)F(s) ds.
I

Indeed, an application of Hille’s Theorem stated in A.3.3;(4) implies for all h € H

(E, ThY (13 1(1%) = /1 (F(), T(E)h)x- x dt = ( /1 T(£)*E(t) dt,h),,.

Then 7T* € L(LY(I,X),L*(I,X*)) is bounded and by means of A.3.4;(4), so is .
Note that we usually consider 7* : L®(I, X*)* — H to be restricted onto L!(I, X).
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II.1. Strichartz estimates and the Keel-Tao result

(2) The homogeneous flow of the Schrédinger group U is denoted by /.

In the following we always consider T given as in II.1.1. The mapping properties of T
and @ are generated without any additional assumptions on T. The most prominent
estimate to improve these properties is the so-called dispersive estimate. In our abstract
setting it takes the following form.

Definition I1.1.2
Let o € (0,00), I € T and X a Banach space. We call T (o, X1)-dispersive on I, if for all
t,s € Twitht #sand f € XN Xy holds

IT(H)T(s)"f]

In the case I = R we omit the reference to the interval. An estimate of the form (I1.9) is
generally referred to as a dispersive estimate for T.

x; St =17 fllx- (IL9)

Remark: Leto € (0,00), =R, X = H = L*(Q)), X; = L}(Q) and U be a unitary group
on £(L?(Q))). We then have U(t)U(s)* = U(t —s) on L?(Q) and for the estimate (I1.9)
to hold, it is sufficient that for all f € L2(Q) N L'(Q) and t € R\ {0} holds

L) fllo ) S TH M f ey (I1.10)

For (¢!**);cr with the Laplacian (—A, H3(R%)) on L?(R?) the latter is obtained by the
kernel representation

ilx—y?

() () = (amit) 7 [ 5 () ay, (IL11)

which holds for all f € S(IRY) and t € R\ {0}. We refer to Section 2.2 in [Tao06] for a
proof of this formula. If we either change the state space RY or consider other differ-
ential operators, then a kernel representation such as (II.11) is not available in general.
However, there is a vast literature concerning the question whether for Schrodinger
operators —A + V the generated unitary group (e"(*~"));cg still admits the dispersive
estimate (I1.10). For a good overview of this topic consult [Sch07]. We like to point
out that if V is bounded and periodic, dispersive estimates for (¢*(*~V)),cr have been
established for d = 1 in [Fir96, Cai06, Cuc08]. For d > 1 this is still an open problem.

Next, we state a result along the lines of Theorem 10.1 in [KT98] (see [Tag08] for a
proof), where we use the complex interpolation scale instead of the real interpolation
scale in the non-endpoint situation. This enables us to review the proof of that particu-
lar case. We furthermore include the case of a local in time dispersive estimate, which
leads to a corresponding local in time result.

Theorem I1.1.3
Let o0 € (0,00), I € Z, (Xo, X1) be a Banach interpolation couple as well as T : I — L(H, X}})
and X, € {(Xo, X1)v,2, [Xo, X1]v} for v € (0,1). Let additionally

0,1, o<1,
N(T =

[0/1/0)/ (TZ 1/
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II. Strichartz and spectrally localized estimates

and p := 2/06, p 1= 2/o6 with 0,0 € Ny. If T is bounded and (o, Xy )-dispersive on I, then
T € L(H,LP(L,X})), (IL12)

@ < L(LP (I, X5),LP(1,X})). (IL13)

Ifo € (1,00) and either § = /o and/or 8 = 1/, the above estimates hold for X = (Xo, X1).2
and X = (Xo, X1)g,, respectively.

Remarks:
W) [T r-sre,xg) and (1P| o+ (1 x,) s r(1,x,) dO not depend on 1.

(2) We are not aware of any result concerning the question whether the endpoint case
in the complex interpolation scale holds. However, the proof of the endpoint case
in the real interpolation scale heavily relies on subtleties in the context of real
interpolation of certain weighted sequence spaces and bilinear real interpolation.
These methods do not carry over to the complex case.

Proof. We proceed as in [Tag08] and [KT98], where in the prior reference the case
Xp = (Xo, X1)p2 is proven including the endpoint case. Hence, we only consider the
complex interpolation case Xy = [Xo, X1]p in the non-endpoint situation. In (a) we
assume I = IR, which in (b) easily implies the same result for an arbitrary I.

Before we start, let us gather some helpful notations and results. Let X be a Banach
space, p € [1,00] and F € LP (I, X*), G € LF(I,X). We identify F as an element in
LP(I, X)* in the fashion of A.3.4;(1) and for abbreviation we let

(F,G).s = (F,G)p(1,x)1r(1,X) = /I<F(f)fG(f)>X*,X dt.

We will constantly use X — X** and LF(I, X) — LP(I, X**) as well as restrict bounded
linear operators acting on X** and L?(I, X**) to X and L?(I, X), respectively.

As we have seen in (IL.8) the operator @ has an explicit integral representation on
L'(I,Xo). We are going to use it by exploiting the fact, that L(I, Xo) N LP(I, Xp) is
dense in L?(I, Xy) for p < oo and 6 € [0,1). For 6 = 0 this is obvious and for 6 € (0,1)
we use the density of Xp N X; in X, stated in A.1.2;(1) to approximate an element
F € LP(I,Xy) by a sequence (F,),en of step functions with values in Xy N X; and
A(supp(F,)) < oo for n € N. This sequence clearly belongs to L(I, Xo) N LP(I, Xg).

(@) Let I = R. We first prove (I.12) and let § € N, and p := 2/06. We already
know 7 € L(H,L®(R, X)) and therefore we assume 6 > 0. Since p < co we have
LP(R,X}) = L (R, Xp)* from A.3.4;(1) and for f € H with | f||z = 1 therefore holds

||TfHLP(JR,X;;) = sup Tf, G (R, Xp)* LF* (]R,Xg)‘
G (g ) <1
= sup [, T°Gul<  sup  [[T°G|n.
<1

161+ (g x5 =1 161y (g ) =

By the density of L¥ (R, Xy) N LY(R, Xp) in L? (IR, Xp) it is enough for (I1.12) to prove
for G € LP" (R, X) N LY(R, Xo) the estimate

TGl < HGHLP*(]R,XG)- (I.14)
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II.1. Strichartz estimates and the Keel-Tao result

We fix G € L' (R, Xy) N L' (R, Xg). Then Fubini’s and Hille’s Theorem A.3.3;(4)+(5)
yield

IT*GIR = { [ T()°G(s) ds, [ TGl i),
=/ /(T(s)*G(s),T(t)*G(t))H ds dt
R JR
= [ [ {765 6(5), () G0 ds
+ [T G, T Gle)m s at. (IL15)

To estimate the latter integrals we consider for ¢,s € R with t # s the sesquilinear form

Tt (XoNX1)? = C, Tot(f,8) = (T(s)*f, T(t)* Q) -

By means of the Cauchy-Schwarz inequality for f, g € Xo N X; holds
T (f, ) < T ()" fllalT(E) glle S 11f11x0 11811 xo0
and the dispersive estimate (I1.9) yields
|6 (f, )l = KT()T(s)" £, 8) x|
<ITOT() flixllglx < ls = M fllx lIgllx,-

Thus, the bilinear complex interpolation result from Theorem A.1.3;(a) provides for
f,g € Xy

7,6 (f,8)] < Cls = 17| fllx, 18]l x, - (IL16)
For further reference we define the sesquilinear form

T LR, Xp) x L'(R, Xo) — C, ©(F,G) / / 7 (F(s),G()) ds dt. (IL17)
Estimate (I1.16) then yields for all F € L7 (R, Xg) N L'(RR, Xo) with Holder’s inequality
(B,G) S [ [ 15—t NE) I G0, ds
S s 1FC = Pl a6l

SFl (]R,XQ)HGHLP* (R,Xp)" (IL.18)

In the last line we have applied the Hardy-Littlewood-Sobolev Inequality of Theorem
A.2.2. Its requirements are met since

1 1
1<p*<2<p<oo, E—Ezl—aee(o,l). (IL.19)
Estimate (II.18) applied in (I.15) clearly implies (I1.14). A closer look on (II.19) reveals
that the Hardy-Littlewood-Sobolev Inequality is not applicable for 6 = 1/¢ in the case
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II. Strichartz and spectrally localized estimates

0 € [1,00) since p* < p is not satisfied.
We turn to (I1.13) and define p(0) := 2/c6 for 6 € N,. Recall that the operator

TT: LYR,Xo) — L®(R, X5),  (TT*F)(t) := /R T(H)T(s)*F(s) ds,

is bounded as mentioned after Definition II.1.1. This allows us to exclude the case
61 = 02 = 0 in the following consideration.

We first prove several estimates for the sesquilinear form 7 from (II.17). For this reason
letd € Ny and F,G € LPO) (R, Xg) N LY(R, Xp). Estimate (I1.18) implies

[T(E, G S NEl o (r x0) |Gl oo (m x,)-

With the Cauchy-Schwarz inequality, 7* € L(L'(R,Xp), H) and the Christ-Kiselev
Lemma A.3.4;(4) additionally follows

)ds, T(t)*G(t)) dt'

. (e
—® L*(R,H)

S Il oo (v x) [1Gll L, x0)-

By means of the Cauchy-Schwarz inequality, (I1.12), and the previous estimate we get
[T(E, G)| < T FllullT"Glla + [7(G, F)| < [[Flla(r x0) |Gl oo (g, x,) -
Gathering the previous estimates yields that for all § € N, the sesquilinear form
71 (LPO (R, Xg) N LY(R, Xp)) x (LPO"(R, Xp) N LY(R, Xo)) — C

satisfies for F, G € LP)" (R, Xg) N L'(RR, Xy) the estimates

[T(F, G)| S IF (v x0) 1G Il ror (i x, ) (I1.20)
1T(F, G)| S IFllpoer (v xp) |Gl ror (R xp) (11.21)
[T(F, G)| S Il prer (r x,) Gl x0)- (I1.22)

Now, let 61,0, € (0,1) with 61 # 6, and p; := p(6;) for i € {1,2}. We first assume
01 € (0,60,). With (I1.20) and (I1.21) follows for F,G € LP2(R, Xq,) N LY(R, Xo)

IT(E, G S Bl (o) |Gl s e x,

[7(F,G)[ S IIF| Gl

L2 (R, Xg,) 7172 (R Xg,)"
For 0 := 61/6, € (0,1) the complex interpolation results A.1.2;(3) and (A.1) imply

LV (R, Xp,) = LY (R, [Xo, Xo,Jor/6,) = [L' (R, Xo), L2 (R, X,)]o-
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II.1. Strichartz estimates and the Keel-Tao result

Theorem A.1.3 then provides for F € LM (R, Xp,) N L'(R, Xp) the estimate

[7(F,G)| < |[F|l Gl

LFi( R,Xp, LP2 (R, X, ,)

If 6, < 01 we just switch the roles of 6; and 6, in the above argument and use inequality
(I1.22) instead of (I1.20).

Consequently, we have for all 6;,6, € N,, F € LPi (R, Xp,) N L'(R,Xp) and G €
LP2 (R, Xp,) N L'(RR, Xp) the estimate

[7(E,G)| < |[F|l Gl (I1.23)

L”l R, Xy, L”2 (R, Xp,)"

We now let 8 € N,, p := p(8) and F € LP (R, Xp,) N LY(R, Xq). TT*F € L®(R, X})
and duality (see A.3.4;(1)) imply

HTTFHLP(IR,X;‘) = sup (TT*F,G).s|
GeL” (R,X5)NL(R,Xo)

|IGHL;7* R X9)<1

For G € L7 (R, X;) N LY (R, Xo) holds
(TT'E,G)s = [ (TT'F)(®),G(0)x;x dt
—/ / E(s) ds, T(£)*G(t)),, dt
= 1(F,G) + 7(G, F). (IL.24)

(I.24) combined with estimate (I1.23) provides
ITT Fllerwxg) S IFl e (g x,)-

The last estimate implies (I1.13) by the density of L7 (R, X;) N LY(R, Xp) in L7 (R, X;).
Finally, p* < 2 < p allows us to apply the Christ-Kiselev Lemma A.3.4;(4) to obtain
(I1.12).

(b) Let I € Z, T be (0, X;) dispersive on I and (p,0), (5,0) chosen as in (a). We define
S:R — L(H,X{) by S(t) :=T(t) fort € I and S(t) := 0 for t € I°. Then S is bounded
and for t,s € R with t # s and f € Xy N X; we have the estimate

15(8)S(s)" fllx; = ILe(O)Li(s)T(O)T ()" fllx; S £ =57l fllxa-

Let f € H, F € LP'(I,X5) N L*(I, Xo) and F be the continuation of F to R by 0. The
assertions in (a) applied to S implies the estimates

1Tl x50 = NS Flle (r ) S If Il

SAEN e x,)-
1P (R.%0) (1,Xg)

I9F 1 1, = | | SO R) ds
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II. Strichartz and spectrally localized estimates

In the example considered after the Definition II.1.2 we showed that the Schrédinger
group (€®);cr on L2(RY) is (4/2, L' (IRY))-dispersive. The above theorem therefore
implies the estimates (I1.12) and (IL.13) with Xy = [L?(R%), L'(R9)]y = L2?(R?) (see
(A.1)). In our applications we are always interested in the L? scale, which enables us
to introduce the following notion.

Definition 11.1.4
Let o € (0,00) and (p,q) € [1,00]%. We call (p,q) sharp o-admissible, if p, q satisfy
o

1 o
7 22/ *_{—*: 7
p-q p g2

By (e1(0), e2(c)) we denote the endpoint of the sharp c-admissibility scale, which is given by

(p,q,0) # (2,00,1).

(2,00), 0o €(0,1],
(e1(0),e2(0)) == {(

2,%), o€ (1,00).

o

Remarks:
(1) Observe that

1
(p,q) is sharp o-admissible — E + ;* — % +1.

For 6 € (0,1) and (po, 490), (p1,41) sharp c-admissible, the pair (p, q) defined by
1 1-6 0 1 1-6 6

P po pil 4 g0 0m

is sharp c-admissible, too.

(2) We have to exclude the case (p,q,0) = (2,00,1) in the above definition since there
are counterexamples for QO = R?. For the wave equation this is due to Klainer-
man and Machedon [KM93] and for the Schrodinger equation this was shown by
Montgomery-Smith in [MS98].

Using the notion of sharp c-admissible pairs, Theorem II.1.3 takes the following form.

Corollary I1.1.5
Let o € (0,00), (p,q), (P, §) be sharp o-admissible, and T : R — L(L*(QY)). If T is bounded
and (o, LY(Q)))-dispersive, then for f € L*(Q) holds

1T fllrweocy S Iz, (I1.25)

and for F € LP" (R, LT (Q)) N LY(R, L?(Q)) holds
H(DFHLP(]R,L'?(Q)) SAEl (R,LT"(Q))" (I1.26)

Remarks:

(1) The estimate (I1.25) is referred to as homogeneous Strichartz estimate and (I1.26) as
inhomogeneous Strichartz estimate for T.
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II.1. Strichartz estimates and the Keel-Tao result

(2) Since we want to reproduce the Strichartz estimates including the endpoint cases,
we are forced to use the real interpolation spaces (L?(Q), L}(Q)))g, for 8 € (0,1).
By means of Theorem 1.18.6;2 in [Tri95] we have (L?(Q), L1(Q))g, = LY+02(Q)),
where L"#(Q)) denotes the classical Lorentz spaces. These are defined in Section
1.18.6 of [Tri95] or Section 1.4 of [Gra08]. The latter reference contains all the
needed properties for the proof.

Proof. In Theorem I1.1.3 we take H = X, = L?(Q)) and X; = L'(Q) and we let (p, )
sharp o-admissible. (p,q) = (c0,2) is the trivial case and we can assume g € (2, c0].
First, we assume ¢ > 1. We then have g < co and

1_a<1_1>_0<1_2>
p 2 g 2 q)

For fixed 6 := 1 — % € (0,1) holds p = 2/c6. As mentioned in the above remark we
have

Xa = (L3(€), L'(Q2))op = LY002(0) = LT2(Q).

Proposition 1.4.10 and Theorem 1.4.13 in [Gra08] imply the density of the embedding
L7 (Q) < L7 *(Q). Following the proof of Theorem 1.4.16;(iv) we conclude L12(Q) <
L7 2(Q)*. Hence, L72(Q) — L1(Q) and

L"(R,X;) — LP(R,L1(QQ)),
L” (R, L7 (Q)) < L (R, X).

Combined with the real interpolation version of Theorem II.1.3, these embeddings
imply the claimed Strichartz estimates (I1.25) and (I1.26).

For ¢ < 1 the complex interpolation version of Theorem II.1.3 immediately proves our
claim. Note that if 4 < oo, then complex interpolation A.1.4;(1) yields Xy = Lq*(Q)
with =1— %‘ Hence, X; = L1(Q2). O

For the sake of completeness we close this section with a brief discussion of necessary
conditions for the pairs (f,4), (p,q) such that (IL.25) and (I1.26) hold. The methods
used below are closely related to the scaling arguments given after Proposition 1.4.2.
We start with an examination of the homogeneous estimate (I1.25) for T and formulate
the necessity of the sharp o-admissibility of the pair (p,q). This result can be applied
to T = (e*);cr with the Laplacian (—A, H3(R%)).

Lemma II1.1.6

Let o € (0,00), (p,q) € [1,00]? such that (p,q,0) # (2,00,1) and T : R — L(L?(Q)). Let
additionally T # 0 be bounded, (o, L (Q))-dispersive and fulfill T(t)T(s)* = T(t+r)T(s +
r)* forallr,s,t € R. If T satisfies (I1.25), then (p, q) is sharp c-admissible.

Proof. Let T satisfy (I1.25) with (p,q) € [1,0]>. For A € (0,00) we let S : R —
L(L2(Q)) given by S, (t) := T(t/a) where L5 (Q) := LF(Q, A1) and LP(Q) = L*(Q).
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II. Strichartz and spectrally localized estimates

S then is bounded and for t,s € R with t # s and f € L2(Q) N LL(Q) holds

152 ()8 (8)" fllL= () = IT/N)T(/2) fll ()

S =87 f ) = 18 =71l s
We then apply Corollary I1.1.5 to S and T to provide (I1.25) with

1Sl 20y o r 220 = 1T 2 )= Lr (v 9(02)) > O- (I1.27)

If we assume % + § # 5, then we have for all f € LZ(Q) with || f[| 12y < 1

1,0
HS/\fHLP(]R,L'?,(Q)) = AT 1T fllerr ()

Al 2 ATE 0,

for A — 0 or A — oo, respectively. Hence, |[Sill;2(q)10(r12(0)) — O in both these
cases. Combined with (I1.27) this implies || 7 || ;2(q)—1r(r 19()) = 0, which is absurd.
%+% = % then implies g € [2,00] since otherwise p < 0. Moreover, (I1.25) for T
implies 77* € L(LY (R, L7 (Q)),LP(R,L1(Q))). Forr € Rand F € LV (R, LT (Q)) N
LY(R, L?(Q))) we additionally have

T (TT*F) = / T(t — r)T(s)*E(s) ds

R
= [ T(OT(s)"F(s —r) ds = TT" (% F).

Using the density of LP" (R, L7 (Q)) N LY(R, L?(Q)) in LP" (R, L7 (Q))) the operator 7T *
is translation invariant. Theorem 1.1 in [Hor60] then states p* < p and thus p €
[2, 00]. O

For the inhomogeneous estimate (I1.26) the situation is not so clear. Even for the
Schrodinger group (e2),cr with the Laplacian (—A, H3(R?)) the sharp c-admissibility
of (p,q) and (P, 7) is not necessary for (I1.26) to hold. For results in that direction see for
example [Caz03, Fos05, Tag08, Vil07] where more general inhomogeneous Strichartz es-
timates are proven for (¢i**);cg. However, in the generality of Lemma I1.1.6 we at least
have the following.

Lemma II.1.7

Let ¢ € (0,0), (p,q),(p,4) € 1,02 and T : R — L(L*(Q)). Let additionally T be
bounded, (o, L'(Q)))-dispersive and T(t)T(s)* = T(t+7)T(s+7r)* forall r,s,t € R. If T
satisfies (11.26), then % + % + % + % =cand p* < p.

Proof. The first condition again arises from scaling. Hence, we consider S : R —
L(L2(Q))) given by S(t) := T(t/1) and its induced inhomogeneous flow ®s. Then we
establish the translation invariance of ®s € £(LP (R, L7 (Q)), LP(R, L1(Q))) and again
use Theorem 1.1 of [Hor60] to conclude p* < p. ]
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I1.2. Spectrally localized dispersive and Strichartz estimates

In this section we recall the concepts of spectrally localized dispersive and Strichartz
estimates. These estimates have far reaching consequences with respect to local (p, q)
Strichartz estimates with /-loss and solutions of the Cauchy problem (I.1). The latter
will be explored in Section I1.4. We provide in this section an abstract scheme for
the proof of local (p,q) Strichartz estimates with ¢-loss. All the tools which will be
introduced in this section are justified in Section II.3 in various situations.

In this section we always let (Q),.7, 1) be a measure space, T : R — L£(L*(Q))) be
bounded and (P, D(P)) a selfadjoint linear operator on (L*(Q}), (-, ) 12(0))-

Similar to Definition I1.1.2 we introduce the following notion.

Definition 11.2.1
Let o € (0,00) and y € [0,00). T is called o-dispersive of SL-type (v, P), if for all ¢ € C®(R),
he (0,1 andt,s € Rwith0 < |t —s| < h" holds

l@(hP)T(£)T(s)* @(hP) |11 (q)r=(q) S |t =577 (IL.28)

Remark: For T = (e ") ;R to be o-dispersive of SL-type (7, P), it is sufficient that for
all p € C*(R), h € (0,1] and t € R with 0 < |t| < h" holds

[p(hP)T ()| 1 ()= 1) S [H77 (I.29)
In this case we say T is o-dispersive of SL-type 7y and omit the dependency on (P, D(P)).

The next proposition shows how o-dispersive estimates of SL-type imply (p, q) Strichartz
estimates of SL-type by means of Corollary II.1.5.

Proposition I1.2.2

Let ¢ € (0,00), v € [0,), (p,q),(p,4) be sharp c-admissible, and T : R — L(L*(Q) be
bounded. We furthermore let ¢ € CX(R), h € (0,1, and I € Z with |I| < h". If T is
o-dispersive of SL-type (v, P) and commutes with ¢(hP) on L*(Q), then for all f € L*(Q)
and F € LY(1,L*(Q))) with ¢(hP)F € LP(1,Li(Q))) holds

l@(hP)T fllto1ia(0)) S l@(hP)fll12(q0),

l@(hP)PF ||y (1r0(0)) S l@(P)F | 1 (1,13 (0y)-

Remark: The assumption that T commutes with ¢(hA) is for example satisfied if
T := (e 'P);cR by the properties of the spectral calculus on L?(Q}).

Proof. Let h € (0,1], I € Z with |I| < h7 and (p,q), (§,§) sharp o-admissible as
well as ¢, ¢ € C*(R) such that @(supp(¢)) = {1}. Let furthermore f € L?(Q) and
F € LY(1,L*(Q)) satisfy ¢(hP)F € L' (I,L7 (Q)). The operator family

Ty :R— L(LX(Q)),  Tu(t) := L()@(hP)T(t),
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II. Strichartz and spectrally localized estimates

is bounded by || T|| (R £(12(02))) due to the properties of the spectral calculus on L2(Q).
For t,s € R with t # s additionally holds with the o-dispersivity of SL-type (y,P) of T
that

1T () Th() 112 (c2) =) = 1L0()11(8) @(RP)T (1) T (5)" @(HP)| 1 02) s 1(cx)

< |E—s] 77

Corollary II.1.5 and the commutativity of T and ¢(hP) on L?(Q) then yield

l@(hP)T fllierioce)) = I Ta@(hP) fllor racay) < l@(hP) fllr2(q)-

With Fy := Fon I and Fy := 0 on I¢ we also have

oty = | [ TOTE0)F() o

LP(R,L9(Q2))

S @(P)E[| Lo (g 1 ()

O]

We formalize the estimates from the previous proposition into a notion of its own,
which will be the basis of our study:.

Definition 11.2.3
Let (p,q), (p,q) € [1,00]%, and y,v € [0,0).

(a) T fulfills (p, q)-Strichartz estimates of SL-type (vy,v, P) if for all ¢ € C*(R), h € (0,1],
I € Zwith |I| < h"and f € L*>(Q) holds

lo(hP)T fllir1a(0)) S Bl (RP) flr2(c)- (I1.30)
(b) T fulfills a (p,4)-(p,q) Strichartz estimate of SL-type (y,v,P) if for all ¢ € CP(R),
he (0,1, I € T with |I| < h"and F € LY(I,L*(Q)) with (hP)F € LP(I,L1(Q))
holds
| @(hP)PF|1r(1,La(0y) S B [l@(hP)F|| 11,9 (IL.31)
Remarks:

O IT= (e*itp )ter We omit the dependency on P in the notation above. Moreover,
we omit the dependency of v if v = 0.

(2) We stress that the constants in (I1.30) and (II.31) are not allowed to depend on h
and I. They may however depend on ¢.

(3) Estimate (I1.30) can be established in many examples, which will be listed in Section
I1.3. We stress that there other methods to prove (I1.30) than by means of spectrally
localized dispersive estimates, which was shown in Lemma I1.2.2.
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I1.2. Spectrally localized dispersive and Strichartz estimates

We now aim to present the important argument how to deduce a local (p,q) Strichartz
estimates with /-loss for an operator family T from (p,q) Strichartz estimates of SL-

type (7, v, P).

In order to utilize the (p,q) Strichartz estimates of SL-type we first need a decompo-
sition estimate of the form (I.3). To that end we first fix the dyadic partition of unity,
which is frequently used throughout this thesis.

Definition 11.2.4
Let . € CX(R, [0,1]) such that

1 i N
supp(¢c) C {A R | 5 < A <2}, Vi) Y Pe(217FA) =1, (IL32)
k=—00

We call the sequence (i) ken, defined by

Pei= @) KEN, poi=1- Y g, (11.33)
I=1

a dyadic partition of unity. We additionally define the sequence (Pr)ren, € CP(R,[0,1]),
supp(fho) S (—2,2), supp($1) € (—4, —1) U (3,4) and fi(supp(x)) = {1} for k €
{0,1} as well as g := Y5 | ) for k > 2. Note that for k € Ng holds

PrPx = Y. (I1.34)

The existence of the function . and the partition ({;)ren, is proven in Lemma 6.1.7
of [BL76]. If not otherwise stated ¢, (x)ken,, and (Px)ken, Will always be taken from
Definition 11.2.4.

The spectral calculus on L?(Q)) allows us to define the following operators.

Notation II.2.5

Let (P, D(P)) be selfadjoint linear operator on L*(Q)) and k € No. We put P := (P) and
Py := ¢y (P) and call Py and Py a spectral localization. The sequence (Py)kew, is called the
spectral decomposition of (P, D(P)).

Let us recall some important properties of spectral decompositions on L?(Q) first.

Lemma I1.2.6
Let a € (0,00) and (P, D(P)) a selfadjoint linear operator on L?(Q)).

(a) Forall k € Ng holds P, = PP, = PPy on L?(Q).
(b) Let f € L*(Q)). Then f = Y5>, Pcf, whereby the sum converges unconditionally, and

00 1/2
1Al 2 () = (kZOHPka%z(Q)> /. (I1.35)
(c) Let (P,D(P)) be additionally non-negative;nd f € D(P*). Then holds:
IPefll2iqy = 2 PP flli2() kK EN, (I1.36)
) 1/2
IFlogey = (£ 21P 1 g w37)
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II. Strichartz and spectrally localized estimates

Proof. Our claims are consequences of the properties (SC1)-(5C4) of the spectral cal-
culus in Theorem I.1.1 and well known. We present these short proofs since similar
arguments are used frequently in this thesis.

(a) This is a consequence of P, = P and (SC2).

(b) Let f € L2(Q)). The first assertion immediately follows from the almost orthogonal-
ity lemma by Cotlar and Stein formulated in Lemma 18.6.5 of [H6r07]. The equivalence
(I.35) immediately follows with the Cauchy-Schwarz inequality and (a) via

[ee]

Hf”%z(()) = Z(Pkf/pkf)Lz(Q)

k=0
S Y Pl 0) + 20 1(Pef Pesa f) 2o
k=0 k=0

S VNP Aq) S 1 il ey 1 120y S 112 )
k=0 k=0

(c) Let & € (0,00) and f € D(P*). We first prove (I1.36) and let k € IN. For B € R we
define the functions g, i s € C°(R) by

Pep(A) == APy(A),  Brp(A) == APi(R),
so that ||y gl 1= (r) S 2. Then (a), (SC1), and (SC4) yield
IPeflli2) = 1Pk, (P)Pra(P)fll2(0)
S27MIPP fll 2y S 27 Pkl o) I Pef Nl 2y S I1Pcf Nl -

We now turn to (I1.37) and let « € (0,00) and f € D(P*). By means of (I1.35), (SC4) and
(I1.36) we have

1P* 112210y 2= 3 IPP* fllZ2 )
k=0

S Y 22N Pef i) S M) + 3 PP fllT2 i) S 11D pe)-
k=0 k=1
Combined with (I1.35) the previous estimate yields (I1.37). O

Lemma I1.2.6 yields a stronger assertion than (I1.3) for ¢ = 2, which based exclusively
on the spectral calculus of (P,D(P)) on L?(Q). For q # 2 such a functional calculus
can not be provided without making stronger assumptions on the operator (P, D(P)).
We therefore introduce the following notion, which captures (I1.3). For an exensive list
of examples where such estimates are valid we refer to Section II.3.

Definition 11.2.7
Let (P, D(P)) be selfadjoint linear operator on L*(QY).

(a) (Py)ken, has the (LP) property, if for each q € [2,00) and f € L*(QY) holds: If (Pif )ken, €
?2(Np, L1(QY)), then f € L1(Q) and

o) 1/2
lluscen < C(a) (kz HPkfl\iqm)) | (1138)
=0
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I1.2. Spectrally localized dispersive and Strichartz estimates

(b) (Py)ken, has the reversed (LP) property, if for each q € (1,2] and f € L2(Q) holds: If
f € L1(Q), then (Pcf)ken, € ¢*(No, L1(Q2)) and

o0 1/2
TIPS c<q>(k2 ||Pkfr|%q(m) | (1139)
=0

Next, we show how the above notions result in local (p,q) Strichartz estimates with
£-loss. Our method of proof is abstracted from an argument initially used in [BGT04b].
It is one of the most important tools in this thesis and we give a detailed proof.

Lemma I1.2.8

Let I € Ty, (p,q),(7,4) € [2,00)%, q,v € [0,00), and T : R — L(L2(Q)) be bounded.

Let (P,D(P)) be a non-negative, selfadjoint operator on L*>(Q) and (Py)xen, satisfy the (LP)

property.

(a) Let { := % +vand T admit a (p,q) Strichartz estimate of SL-type (vy,v, P). Then there is
a non-decreasing Cy € C(]0,0), [0,00)) such that for all f € D(P*) holds

I T fllr o)y < Cr(UIDIflIppo- (I1.40)

(b) Let additionally (P, D(P)) fulfill the reversed (LP) property and ¢(P) can be extended to
a bounded operator on L7 (Q) for all ¢ € C®(R). If T admits a (5*,§*)-(p,q) Strichartz
estimate of SL-type (7y,v, P), then for all F € LY(I,D(P")) with P'F € LV (I,LT (Q))
holds

IPF e (r,ra(0)) S NEll o (1,00 () + 1P Fll e (1,7 (- (IL.41)
Remark: We exclude gq,§ = oo since the (LP) property is usually not valid in these
cases.

Since a similar time splitting argument as in the proof below is used frequently in the
subsequent sections, we define the following partition of a bounded interval.

Notation I1.2.9
Let I € I, and p € (0,00) and N := [Il/p]. The family (I;).\., defined by

I := [infI +ip,inf [+ (i+1)p] N1, (ie{0,..,N—1}),

Iy := [infI+ Np,b] NI

is called the p-partition of 1. Observe that A(I;) < p for j € {0,..,N}, U]'I\Lo I = I and
AR =@ forj#i

Proof of Lemma I1.2.8. We let I € 7, with 2(1_k)7-partition (Ii)fV:"O for k € Ng. Then
N = 2k1].
(a). Let f € D(P’). First note that there is I € IN such that Ny > 1 for k > I. We
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II. Strichartz and spectrally localized estimates

use the (LP) property (I1.38), Minkowski inequality and the (p, q) Strichartz estimate of
SL-type (v, v, P) to produce

I7 e < | £ 197518, )W
LF’(I)2 o
<(% (Z IPT 10 /,,> /

k=0

o] 2 1/2
< (Z(Nk . 1>vzzkvupkf||izm))

k=0

00 1/2
< 1+ |1[7) <HfHL2(o> " (zzzkeupkfuiz@ ) < CUDIf e

k=1

(b) Let F € L'(I,D(P")) with P'F € LP" (I,L7 (Q)). The idea of the proof remains
the same since we use the same splitting procedure of the time interval as in (a).
Minkowski’s integral inequality (A.8), the (LP) property, the (7*,4*)-(p,q) Strichartz
estimate of SL-type (7, v, P), and ¢7" (INg) < £P(INp) yield

00 2/p\ V2
HCDFHU(LU’( Q) ~ (Z <Z HPchFHLp I,L9(Q) ) )

k=0
1/2
2k 2
< (22 VHP"FHU’*(I,M*(Q))> .
k=0
Continuing this estimate with Minkowski’s integral inequality and the reversed (LP)
property yield

(o) 1/2
1Pl r (i) S H (I;J?MHPkF(-)Hiq*(Q))

LP (1)
%) 1/2
<[ WO @+ (E 1P PO o)

S W e 1,0 ) + 1Pl e (1,05 () -

L7 (1)

In particular, we used the estimate

||PkgHL‘7*(Q) S Z_kaPkPVgHM*(Q)

for k € N and ¢ € D(P¥) with P'g € L7 (Q). It follows similarly to (I1.36), whereby
we use the boundedness of ¢ (P)P~" as an operator on L? (Q) instead of L?(Q)). [

Combining Proposition 11.2.2 and Lemma II.2.8 allows us to formulate the following
important special case of the results developed so far. It will be used in some of the
coming applications.

Corollary I1.2.10

Let 0 € (0,00), v € [0,00), and (p,q), (§,§) € [2,0)? be sharp o-admissible. Let furthermore
(A, D(A)) be a non-negative, selfadjoint linear operator on L?(Q) such that (Ax)xen, has the
(LP) property and its generated Schrodinger group U be o-dispersive of SL-type .
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(a) U fulfills a local (p,q) Strichartz estimate with v/p-loss.

(b) If (Ak)ken, satisfies the reversed (LP) property and ¢(A) may be extended to a bounded
operator on LT (Q) for all ¢ € C®(R), then ® € L(LF' (R, LT (Q))), LP(R, L1(Q))).

Proof. Let (p,q), (,4) € [2,00)? be sharp c-admissible as well as f € D(A"?) and
F € L7 (R,L7 (Q)). Proposition 11.2.2 and Lemma I1.2.8 yield for all I, € Z, with
I C I the estimates

Ul a)) S CullIDIf I pearrmy,

ISP (rea)) S ILE N (v 1 ()

Since I € 7, is arbitrary in the latter estimate, we have for all kK € IN that q)(ﬂ[,k’k}F ) €

L7 (R,L7 (Q))) by the monotone convergence theorem. Finally, 1j_;F =% F in
L7 (R, L7 (Q)) lets us conclude ® € L(L” (R, LT (Q)), LP(R, LI(Q)). O

I1.3. Examples for Strichartz estimates with /-loss

In this section we present several situations in which the above scheme can be applied.
The examples 11.3.1-11.3.3 as well as the abstract example I1.3.7 are based on dispersive
estimates of SL-type.

I.3.1. The Laplacian on R

Let O = R? withd € N and (A, D(A)) := (—A, H3(R%)) as well as U = (¢!2);cR. Since
U is (4/2, L} (IR%))-dispersive Corollary II.1.5 provides the full set of homogeneous and
inhomogeneous Strichartz estimates. It is interesting to compare these estimates to the
estimates provided by means of the results of Section 11.2. For k € Ny and f € S(R%)
we have Arf = Pr(=A)f = (F (] - |?)) * f. By means of the Mikhlin multiplier
theorem we extend Ay to a bounded operator on L1(R?) for all g € (1,00). Exercise
5.1.11 in [Gra08] or Section 6.7.14 in [Ste93] show furthermore for g € (1,00)

I ey = 1 Aof sy + 11 € 2 AkfP)" (I1.42)

HLq R9)"

Minkowski’s integral inequality yields for g € [2, ) the estimate

) 1/2
Il S 5 14ef s )

which is the (LP) property for (Ax)ken,- For g € (1,2] the same argument provides the
reversed (LP) property (I1.39). Note that we use 27/? as frequency dilation instead of
27K For ¢ € C®(R) holds F~1[¢(] - |?)] € L}(RY) and Young’s inequality implies

lp(=h) |ty romey < IF @ - ) ey = IF (] - 1) ey (1143)
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II. Strichartz and spectrally localized estimates

For h € (0,1] and t € R\ {0} therefore holds
lo(=hM)U ()| (0) > 12(00) S [HT7

Hence, U is o-dispersive of SL-type 0. For (p,q), (f,§) € [2,0)? sharp 4/2-admissible
Corollary 11.2.10 provides ® € L(L? (R,LT (Q)), L’ (R, L1(Q)). We additionally have
U2y e ey S 1 forall I € 7. The last argument in the proof of Corollary

I1.2.10 even provides U € L(L*(Q)),LP(R,L7(Q))). Hence, we recover the full set of
Strichartz estimates for U provided by Corollary II.1.5, except the cases where g = oo
or § = oo.

1.3.2. Divergence form operators on R

Let O = R? and d € N. Section A.1. of [BGT04b] contains the proof of local (p,q)
Strichartz estimates with 1/2p-loss for U = (e~*4);cR for certain divergence form op-
erators (A, H3(R?)) (see Section II1.2 for details). This is an interesting situation, since
the authors use the spectral decomposition (Py)ren, with (P, D(P)) = (—A, H3(R))
and U and (Py)ren, may not commute. To bypass this problem they show that there
is p1 € CP(R) with supp(¢1) € (0,00) and ¢1(supp(¢1)) = {1} such that with
@ (A) := @1(2'7FA) holds
ke, se(0,00) © 1Pe(id — @ (A)) [l 2Rty 3 (re) S 27 £

Let I € T, and (p,q) € [2,00] x [2,00) be sharp 4/2-admissible. With s > 4 — g the
Sobolev embedding A.2.1 yields

) 1/2
I sy 3 1P By
=0
0 1/2
S DIl + (1 1R = el AN e
k=1

- 12
PNV

k=0

[} 1/2
sc<m><uf|uz(m+(Zupkuqok fHme]Rd> )
k=1

Since U is shown in Lemma A.3 of [BGT04b] to be 4/2-dispersive of SL-type (1/2, —A)
we apply the time splitting procedure from the proof of Lemma I1.2.8;(a) to the sum on
the right-hand side to obtain

0 1/2 1/2
(3 1Pt e i) (zz’wnqo Flame) S 1A% iz,

k=1

Hence, (A, H3(R?)) satisfies local (p,q) Strichartz estimates with 1/2p-loss.
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1.3.3. The Laplace-Beltrami on compact manifolds without boundary

Let Q) be a connected, compact Riemannian C®-manifold with 9Q) = @ and dim(Q)) =
d € N. For the Laplace-Beltrami operator (—Aq, H3(Q2)) on Q the (LP) property
(I.38) is shown in Corollary 2.3 of [BGT04b]. Lemma 2.5 there furthermore contains
estimate (I1.29) with v = 1/2 and 0 = 4/2, i.e. (e""20),cR is 4/2-dispersive of SL-type
1/2. Hence, Corollary 11.2.10;(a) provides local (p,q) Strichartz estimates with 1/2p-loss
for all (p,q) € [2,00] X [2,00) sharp 4/2-admissible. This corresponds to Theorem 1 in
[BGT04b].

1.3.4. The Dirichlet and Neumann Laplacian on manifolds with boundary

Let ) be a connected, compact Riemannian C*-manifold with boundary and dim(Q) =
d > 2. In [BSS12] local (p, q) Strichartz estimates with (-loss for U = (e"40);c with the
Dirichlet and Neumann Laplacian (—Aq, D(—Aq)) on Q are proven. The (LP) prop-
erty for ((—Aq)k)ken, is provided by heat kernel methods (see also example 11.3.7). In
our notation (put A = 22 in [BSS12]) Theorem 2.1 there contains the following esti-
mates for I € Z with |I| <272 with k € No: If (p,q) € (2,00] x [2,00) and s € [0, )
satisfy

= |W

_.I_
—, and (I1.44)

=N
IN
a
U
I
N

_l’_

=
IA

NI
QU
Vv
»

<=

then

ks
(=) e o) S 22 1(=Ba)ifll 2 (-

Consequently, U satisfies (p,q) Strichartz estimates of SL-type (1/2,5/2) for all pairs
(p,q) and s, which satisfy (I1.44). Lemma II.2.8;(a) once more yields a local (p,q)
Strichartz estimates with 5 + ﬁ—loss. This corresponds to Theorem 1.2 in [BSS12]. See
also [BSS08] for local (p, q) Strichartz estimates with 2/3p-loss on compact C*-manifolds
with boundary for sharp 4/2-admissible pairs (p, q).

1.3.5. The Dirichlet and Neumann Laplacian on bounded domains

Let QO C R? be a bounded domain. Let (A, D(A)) be either the Dirichlet or Neumann
Laplacian on Q) and U = (e!*4);cg. For details on the definitions in the following
examples see the provided references or Section III.4 for the Dirichlet case.

Let d = 2 and 0Q) be polygonal. In [BFHM12] local (p, q) Strichartz estimates with 1/2p-
loss for U are proven. The method used is a doubling procedure of the domain which
transfers the problem to the consideration of the linear flow on an euclidean surface
(S, g) with conical singularities. For the Laplacian (—Ag, D(—Ag)) on such surfaces the
(LP) property is provided by Gaussian upper bounds. Estimate (3.7) in [BFHM12] gives
a (p,q)-Strichartz estimate of SL-type (1/2,0) for (e!’2s);cRr for all sharp 1-admissible
pairs (p,q). Applying Theorem II.2.8;(a) for such pairs consequently yields a local
(p,q) Strichartz estimate with 1/2p-loss for (e'2s);cr. This corresponds to Theorem 1.5
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II. Strichartz and spectrally localized estimates

in [BFHM12] since D((—As)"%) = H)"(S).

Let d € {2,3} and Q) have a C® boundary. In [Ant08] a similar reflection argument
as above transfers the problem to the Laplace-Beltrami operator (—Ag, W2(Q))) on
a compact, connected, Riemannian C*-manifold () whose metric g is only Lipschitz
continuous. Let &/ = (Oj,«;j)je; be an atlas of Q) with subordinate C®-partition of
unity (x;)je; and (X;)je; € C°(M) such that supp(¥;) € O;j and ¥;(supp(x;)) = {1}.
For k € Ny we put

(Bf)( zx]( M) (uf) o7 1)<K]-<->>.

j€l

Proposition 4.17 in [Ant08] contains for k € N, f € HY(Q), I € Z, and (p,q) € [2, )
sharp 4/2-admissible the estimate

| Pee') QfHLMM( < C( \1!) HfHHl

A very similiar approach as in the proof of Lemma II1.2.8, involving the triangle in-
equality instead of the (LP) property, then provides (p,q) Strichartz estimates for U
with (-loss for all ¢ > 3/2p.

1.3.6. The Dirichlet Laplacian on exterior domains

Let K C R with d € IN>; be a compact, strictly convex C*-domain and () = R \ K.
Let (—Ap, H3(Q) N H}((Q)) be the Dirichlet Laplacian and U = (¢4),cg. The (LP)
property for ((—Ap)k)ken, is proven in [IP08] for general C*-domains. In [Ival0]
global (p, q) Strichartz estimates for U are proven. Proposition 3.1 in [Ival0] provides
for k € Ny and f € L?(Q) the estimate

(=AUl rr 1)) S 1(=BD)kfllr2(0)

for (p,q) € (2,00] X [2,00) sharp 4/2 admissible. Hence, (p,q) Strichartz estimates of
SL-type 0 hold and we derive a global (p,q) Strichartz estimate by means of the (LP)

property.

1.3.7. Operators with Gaussian upper bounds on metric measures spaces

Let (Q), .7, u,dq) be a o-finite metric measure space, whose measure y has the doubling
property (see the beginning of chapter 7 in [Ouh05]). Let (A, D(A)) be a non-negative,
selfadjoint linear operator on L?(Q)) and U = (e''4);cr. We additionally assume that
the generated Cy semigroup (e~4);c(,) has an integral kernel p; : QO x Q — R for
t € (0,00), which satisfies the following Gaussian upper bound:

Vicoe) : pt(x,y)| St 7%exp (= Ctldg(x,y)*) ae.onQxQ.  (IL45)

For O = R? and (A,D(A)) = (—A, H3(R%)) a standard argument involving Fourier
analysis gives (I1.45). However, such an estimate (or generalized versions of it) are valid
for more general differential operators of second order on IRY, domains and manifolds
(see e.g. [Ouh05, SC10]).
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The spectral multiplier result in Theorem 7.23 of [Ouh05], provides that Ay with k € Ny
can be extended to a bounded operator on L7(Q)) with g € (1,00). Let (rx)ren, be
sequence of Rademacher functions on [0,1] and g € [2,00). The properties of (7¢)ken,
and the fact that L7(Q)) is a type 2 Banach space, imply for f € L7(Q)) the estimate

1 0 o /2
fllaey S /0 13 O A) f| Lo dts(ZHth(A)inq(m) . (IL46)
k=0 k=0

Hence, (A, D(A)) has the (LP) property. Furthermore, (I1.45) implies
le™ 120y S 7 (I1.47)

Let ¢ € CP(R,[0,1]) and h € (0,1]. Then (IL.47) and the spectral calculus of (A, D(A))
show

[p(hA) fllr=() S ||€_hAHL2(Q)ﬁL°°(Q)HehA(P(hA)fHLQ(Q) S h_d/4Hf||L2(Q)- (11.48)

Hence, p(hA) € L(L*(Q),L®(Q)). Then ¢(hA)*[11q) € L(L'(Q),L*(Q))) satisfies
p(hA)* = @(hA) on L}Y(Q) N L?(Q)), whereby the latter space is dense in L!(Q).
Consequently, ¢(hA) can be extended from L!(Q)) N L?*(Q) to a bounded operator in
L(LY(Q), L?(Q)) which coincides with @(hA)*|11(q) and

le(hA)|| )= 12(0) = @A) [ 12(0) = 1=(0)-
For t € R with 0 < || < & then holds by means of (I1.48)

Hq’(hA)u(t)(P(hA)HLl(Q)ﬁL”(Q) < HQD(hA)H%Z(Q)HL‘”(Q)Hu(t)HLQ(Q)%LZ(Q) S Wﬁd/z-

Consequently, U is 4/2-dispersive of SL-type 1 and Corollary I1.2.10 provides local (p, q)
Strichartz estimates with 1/p-loss for U for all (p,q) € [2,)? sharp 4/2-admissible. For
(A,D(A)) = (—A, H3(R%)) we can compare this to Remark (2) after Definition 1.3.2
where we called * = d( — %) = 2/p Sobolev-type loss. v = 1 therefore corresponds
to the loss which can be deduced by the Sobolev embedding. There is also a deep
connection between the estimate (I1.47) and the Sobolev embedding itself (see e.g.
[SC02, CSCV92]). The approach for spectral decompositions involving Rademacher
functions as in (I1.46) is applied in more general situations (see e.g. [KW14]).

I1.4. Criteria for uniqueness of weak solutions and a priori
estimates

In this section we want to further exploit the spectrally localized Strichartz estimates
from Definition I1.2.3. In Section II.2 we used them to deduce local (p,q) Strichartz es-
timates with ¢-loss. In this section we come back to the Cauchy problem from Chapter
I for the nonlinear Schrodinger equation given by

iu'(t) = Au(t) + F(u(t)), t=#to,
u =f.

CPA
(to) (EE2)
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II. Strichartz and spectrally localized estimates

Recall that (A, D(A)) is a non-negative, selfadjoint operator on (L*(QY), (-, -)r2(q)), f €
D(A®), and F : D(A®) — E}, whereby s € [1/2,00). The results we will present are
generalizations of the methods used in Section 3.3 of [BGT04b] to (CPA). To formulate
them we need to recall an additional type of estimate, for which we give the following
motivation.

Example: Let O = RY, g € (2,00) and s = 4(1 — %) Assume for the moment that
D(A®) 2 H2*(R?). Then the Sobolev embedding A.2.1 yields D(A®) < L1(R?). For
¢ € C*(R), h € (0,1] and f € L*(RY) the property (SC4) of the spectral calculus

furthermore implies
[p(hA) fllLarey S | @(RA) fll 2 (ray + | 9(RA) A° 1| f2(Rey
S fl 2 (11.49)
On the other hand, we now assume that (IL.49) holds for all ¢ € C*®(R) and h €

(0,1]. Then Holder’s inequality and (I1.36) imply for f € D(A°*€) with € € (0,00) the
estimate

I liawrey S NAof ey + Y 1ARS || pa(ray
=1

S Iz + 12 27 AKAT Fllamey S [ Flpgae)
k=1

Hence, D(As*¢) — L1(R?) for all € € (0,00). If (Ag)ken, additionally has the (LP)
property then for f € D(A®) we use (I1.37) to produce

0 1/2
Il srey S NAofllaray + {2 1Ak g
= (R)

o0 1/2
S Wl + (lgzzksr|Akf|\i2(Rd)) = | fllpa

Hence, D(A®) < L1(RY).

The previous example illustrates the intimate relationship between the Sobolev embed-
ding and estimates of the form (I1.49). In the literature these are called Bernstein or
Nikol’skij inequalities. We abstract (I1.49) in the following notion and provide several
examples afterward.

Definition 11.4.1
Let p,q € [1,00]l with p < gand a € (0,00). (A,D(A)) is said to fulfill (p,q, «)-Bernstein
inequalities, if for all € C¥(R), h € (0,1] and f € LF(Q) N L2(Q) holds

==

a(l_
lo(hA) sy S Bl (IL50)

(A, D(A)) is said to fulfill the full range of (p, q, «)-Bernstein inequalities, if (A, D(A)) fulfills
(p,q, «)-Bernstein inequalities for all p,q € [1,c0] with p < q.
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I1.4. Criteria for uniqueness of weak solutions and a priori estimates

Remarks:

(1) For (A,D(A)) = (—A, H3(R%)) the operators ¢(—hA) are convolution operators
which are translation invariant and not the zero map. Theorem 1.1 in [Hor60]
provides p < q if (—hA) € L(LP(R?), L1(R)). The restriction of p,q in the above
definition is therefore justified.

(2) For p < oo the estimate (I1.50) implies that ¢(hA) can be uniquely extended to an
element of L(LP(Q)),L7(QY)).

(3) Let po,q0,p1,91 € [1,00] and & € (0, 00). If (A, D(A)) fulfills (po, g0, ) and (p1, 41, «)
Bernstein inequalities. Then (A, D(A)) fulfills (p,q, «)-Bernstein inequalities if
there is 6 € (0,1) such that

1 1-6 0 1 1-6 6
= + 2 + .
p Po P1 q qo q1

This immediately follows with complex interpolation (see Theorem A.1.3 and (A.1)).

(4) If (A, D(A)) tulfills (p, q, «)-Bernstein inequalities, then for k € Ny holds

==

| Akl )= 1i(0) S 2k

-1
7, (IL51)
The previous estimate will be used frequently in the following proofs.

Examples I1.4.2
Here we list some (classes of) operators for which Bernstein inequalities are available.

(1) Let (A,D(A)) = (—A,H3(RY)) and ¢ € C®(R) with | maxsupp(¢)| < C as well
as p,q € [1,00] with p < g. For f € S(RY) and h € (0,1] holds

supp(Flp(—hA)f]) = supp(g(h| - [*)Ff) S B(0,V/n).

Lemma 2.1 in Section 2.1 of [BCD11] applied to u = ¢(—hA)f yields

NI=

G,

H(P(_hA)HLP(]Rd)HL‘?(]Rd) Sh

Hence, (—A, H3(R?)) fulfills (p, q,4/2)-Bernstein inequalities. Moreover, the cited
lemma implies for all / € IN that

Y 0% p(=hA)fll ey S B @ (=hD) fl o e)- (I1.52)
la|=I

If additionally supp(¢) € R\ {0}, then

Yo 0% p(—hA) fllpprey = 1™ Ng(— hA) | 1 ey - (I1.53)
|a|=1

(2) Let (A,D(A)) = (—=Aq, D(—Aq)) be the Laplace-Beltrami operator on a connected,
compact Riemannian C*®-manifold Q) without boundary and dim(Q)) = d € IN.
Corollary 2.2 of [BGT04b] provides the full range of (p,g,4/2)-Bernstein inequali-
ties.
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II. Strichartz and spectrally localized estimates

(3) Recall that in Example I1.3.7 we have shown the (2, 00,4/2)-Bernstein inequalities
(I1.48) by means of gaussian upper bounds of the heat kernel.

Having recalled the notion of Bernstein inequalities we come back to the Cauchy prob-
lem (CPA). The results of this section require rather strong assumptions on the involved
operator (A,D(A)) and the nonlinearity F. It makes sense to fix these assumptions
since they are needed frequently in the coming proofs.

Convention
In the rest of this section we fix I € T, with ty € I, « € (0,00), ¥ € [0,00), s € [I/2,00) as
well as (p,q) € [2,00) X (2,00) and r € [g, c0) with the following properties:

(A1) Ay € L(L"(Q), LT (Q)) for k € N and the embedding E4 — L"(Q) holds.
(A2) U satisfies (p,q) Strichartz estimates of SL-type .

(A3) F:D(A%) — L" (Q) satisfies AcF : L®(I,D(A®)) — L®(I, L7 (Q)) for k € N.
Remarks:

(1) Recall that (Ax)ken, denotes the spectral decomposition of (A, D(A)).

(2) (A1) implies in particular E4 < L7(Q) by complex interpolation of E4 < L*(Q)
and E4 — L"(Q).

(3) If U is o-dispersive of SL-type 7, then Lemma I1.2.2;(a) provides (A2).

With this convention in mind we state the following central result of this section.

Lemma I1.4.3
Besides (A1)-(A3) let p € [1,p] and p(x) := x — %. There is a non-decreasing C : [0,00) —
[0, 00) such that for all weak solutions u € L®(I, D(A®)) of (CPA) and k € IN holds

[ Akl 1 (1,0

_ s
< c<m><z"P@HAkurerxW,D(As)) 2 "“p*>HAkF<u>HLw<I,mQ>)). (IL54)

Remarks:

(1) The estimate (I.54) is used in this section to bound || Aut| s} 14(qr)) for a solution
u of (CPA) in terms of norms involving the fractional domains D(A®). This will be
the key tool in the subsequent results.

(2) Let I € T and |I| < 2(1=K7, Then (A2) implies for F € L'(I, L2(Q)) N L (I, L7 (Q))
the estimates

|ARUU* ARF || o1 ea)) S TAU 2 )— e, ea)) AU “Fll i) S IF N 20
| ARUU ARF |1 (1n1(0)) S NAU |2y er i) ICAU)  Fll 2y S IE e (1,007 )
Then the Christ-Kiselev Lemma in A.3.4;(4) yields (1,2)-(p,q) and (p*,9%)-(p,q)

Strichartz estimates of SL-type < for U. In the following proof we use exclusively
this consequence of (A2), not (A2) itself.
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I1.4. Criteria for uniqueness of weak solutions and a priori estimates

Proof. Let k € IN be fixed and for convenience put h := 217, Let furthermore (Ij)?]: 0
be the #"/4-partition of I from Definition I1.2.9 with N = [4|I|h~7]. We prove our claim
by estimating Au on each [; and in order to do so we introduce the following cover of
(I]-)]-Ii o and a smooth partition of unity subordinate to it. For j € {0,..., N} we let

won U
! . . _ L e—
[ = (I]—i—[ 8'8})01' m; .—1an—|——4 + g

We additionally choose x € CP(R, [0,1]) with supp(x) C [—1, 1] and x([—4%, 3]) = {1}

1
-1
and define the function x; := x(h~7(- —m;)) for j € {0,..,N}. For j € {0,..., N} then
holds

xi() ={1},  supp(x) NIC L, |Xjlleow) <7 7X@y (155)

For j € {0, ..., N} we put u; := x;jAqu € L¥(I, D(A%)) and let g € E4. Then forall t € ]
holds

(uj(t), &) 12y = (u(t), X (1) Ak8) 12(0)- (IL.56)

Since xjArg € C'(I,Ea) with derivative X}Akg and u € WL(I° E%), equation (IL.56)
and the product rule yields that 1; € W4, (I°, E% ) with

<u},g> = <M/,X]'Akg> + <X}Aku,g>Lz(Q) a.e. on [.

It is easy to check that the right-hand side belongs to L*(I°, E% ). With (CPA) and the
commutativity of Ay and AY? on E4 we furthermore have

(iuj, g) = (i, xjAxg) + (iXjArt, ) 12(qr)

= (Au, xjAkg) + (F(1), XjAk&) 12(00) + (iXj Ak, §) 12(0y)

= <flu]-, g> + (1)(;Aku + X]'AkF(u),g>L2(Q). (11.57)
In the last line we used that (g1, Axg2)12(0) = (Ax81,82)12(00) for &1 € L"(Q) and
g2 € Ey4. This is trivial for ¢g; € L” (Q) N L?(Q) and the rest follows by density and
Ax € L(L"(Q), LT (Q)). The latter also implies that the function

Fi:1— E}, Fi(t) := ix;(t) Axu(t) + xjAcF (u(t)),
satisfies F; € L®(I/, E}}). Indeed, Ay € L(L" (Q2), L7 (Q2)) and (A3) yield
il ,eq) S 77 1Akl o) + HAkF(u)HL“’(IJf,L‘I* Q)
Sl (1,e,) + ARF @) || o1 19° (-

Equation (I1.57) additionally shows that u; with j € {1,..., N} is a weak solution of

i0'(t) = Av(t) + Fi(t), tel
=0,

o(min I7)
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II. Strichartz and spectrally localized estimates

and ug is a weak solution of
iv/(t) = Av(t) + Fy(t), te€ I,
v(max Ij) = 0.

With Proposition 1.2.4 the functions u; are in fact a.e. mild solutions on I]{ and for
almost all t € I holds

t

ui(t) = —/t U(t —)xi(7) Au(7) dT+i/ (Ot — 7)x; (1) AE(u(T)) de

min I]{ min I]f
if j € {1,..., N}. For almost all ¢ € I holds
max I maxj _
uo(t) = — / U(t — 7)x)(7) Agu(t) dT + i / (I(f — 7)xo(T) AdE(u(7)) dr.
t t
Both integrals are treated in a uniform fashion. Let j € {0, ..., N}. Holder’s inequality

and the (p*,q%)-(p,q) and (1,2)-(p,q) Strichartz estimates of SL-type -y derived from
(A2) yield

1_ l
Akt L1, 000)) S A HMJHLP I,L9(Q))
1_ l
SHOP (I Al + AF® I v @y ) 0159

Let B’ := max{p,2}. In the first term we apply (I1.55) and Lemma I1.2.6;(c) to get

_ 0
HX}AkuHLl(I;,LZ(Q)) S AA U 20 S WP ||AkuHLﬁ'(1]4,D(As))-

We estimate the second term as before with (A1) and Holder’s inequality to get

HAkF(u)HLP*(I]f,Lﬂ*(Q)) S

Applying the previous two estimates in (I1.58) yields

()l Lo(LLT* (Q))

HAku”Lﬁ(Ij,Lﬂ(Q))

$)+y(E— % %
< WO Al gy P IAF @)l @y (1159)

with p(s) = s — %. Recall that N < |I|h~7 so that for j € {0,..., N} we can apply (IL.59)
and Holder’s inequality to obtain

1/
[ Akl 1 (1,00 <Z”AkuHLﬁ1m >

oS5 ) v
< WO ’(znAkunLﬁ, pon)
]

1 l
+(1+ 1) | AF (u )| o 1,00t (2))

1 ()
5 (1+ ’I|)ﬁ< ||Aku||Lﬁ’ ID(AS))+hp P HAkP( )||L°°(I,Lq*(0))>'
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Here we used that by the definition of () ]I\i o We have

N Y /g N 5 1/
< ~ .
(]__0HAkuHLﬁ/(,ﬁD(AS)O S (j_OHAkuHLﬁ/ (1,.,D<As>>) = || Al (1, poacy)

O]

In the following two results we are going to exploit the a priori estimate (I1.54) from
Lemma I1.4.3. It should be no surprise that both of them require a summation over all
k € INo. In order to deal with the expression in (I1.54) involving the nonlinearity F, it
is convenient to introduce the following function:

T_0
P £3

Sp: L¥(L,D(A) = [0,00),  Sp(u) = Y 200 77| AGF ()| o1 1 (- (IL60)

k=1

In the applications of the results of this section in Chapter III we will discuss this
expression and prove suitable bounds for it. For now we just accept it as one building
block of the proofs below.

Let us formulate the first result, which gives a criterion for two weak solutions of (CPA)
to be equal.

Theorem 11.4.4
Besides (A1)-(A3) let s > & + % and B € [1,2]. We additionally assume:

(i) (A,D(A)) satisfies (q,b, a)-Bernstein inequalities for all b € [gq, o).
(i) F:C — C satisfies F(0) = 0 and |F(z) — F(w)| < (|z|f + |w|P)|z — w|.

If u,v € L®(I,D(A?®)) are weak solutions of (CPA) with max{Sr(u),Sp(v)} < oo, then
u=vonl

Remarks:

(1) Recall that in (A1) we assumed E4 < L"(Q)) with r > g > 2. Then D(A®) < L"(Q)
and by complex interpolation we have D(A®) < L7(Q) for all 7 € [2,7].

(2) The restriction B < 2 is essential for the method of proof and we do not know how
to get rid of this restriction.

(3) If all weak solutions u € L®(I, D(A®)) of (CPA) satisfy Sp(u) < oo, then each weak
solution u : I — D(A®) of (CPA) is unconditionally unique.

Proof. Let u,v € L®(I, D(A®)) NWL(I°, E%) be two weak solutions of (CPA) on I with
max{Sr(u),Sr(v)} < co. Then u,v € C(I,L%(Q)) by Proposition 1.2.7;(b) and u(ty) =
v(tp). Throughout the proof we fix R € [0, 00) such that

lull Lo (1,p(as)) + |0/l L (r,0(a%)) + SF(4) + Sp(v) < R. (IL61)

The proof is divided into two parts. In (a) we provide suitable a priori estimates for the
weak solutions u, v in spaces of the form L?(], L1(Q))) with | C I. In (b) we use these
estimates for a contradiction argument to prove |u(t) — v(t)||2(q) = 0 on I.
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@ Let ] € Z, with ] C I and b € [g,00). Minkowski’s integral inequality and the
(g, b, a)-Bernstein inequalities from (i) yield

HuHLﬁ(],Lb(Q)) < HAOMHLﬁ(],Lb(Q)) + Z HAk“HLﬁ(],Lb(Q))
k=1

=

- _1

) (oo + 524 Pl ). @162
k=1

Since B < 2 < p we can apply estimate (I1.54) for k € IN to get

_ko(s —ko( X
gl s g0y < CUILR) (2 O Ayt 2 pasy +27)

AkP<u>r|Lm<I,mm>),

with p(x) = x — 7. The condition s > 7+ ¢ implies p(s) — ¢ > 0. The previous
estimate and (I1.62) then yield
Il < LR ( 322720 Al oy + Se) +1)
k=1
C(|1],R) <Z b“HAku||Lz(,,D(As))+1>. (IL63)

We observe that

Iy 1 1 g 1
b & Cob(1—-27%) b 2alog(2)

implies the boundedness of the first expression uniformly in b € [g,0). Continuing
the estimation in (I1.63) with Holder’s inequality yields

1/2
el ey < SR (8 (5 27 ) (znAkuan,DAg) +1)
< c(l1lR) (szuHLz(,,D(As)) +1)

< (1, R)((|]|p)2 +1).

We have chosen R such that (I1.61) holds, so that the previous estimate also holds for v
instead of u. We conclude for b € [g, o)

1125 2oy 1008510y < CATLRY (171720 4 1). (IL64)

With this estimate at our disposal we proceed to the next step.
(b) Let ¢ : I — R be given by g(t) := |lu(t) — v(t)H%z(Q). Then g(to) = 0 and Proposi-
tion 1.2.7;(b) provides ¢ € Cp(I) N WL (I°) with ¢ = 2(s’ — v/, u — v). We assume the
following;:

EltZGI"\{tU} : g(tz) > 0. (1165)

Without loss of generality we assume t; > tg as the following argument also works in
the case t; < ty without any change. ¢ € C(I) and g(fp) = 0 imply

Eltle[tOItZ) : g(t]) — 0 /\ vte(tl,tz) : g(t) > O (11.66)

76



I1.4. Criteria for uniqueness of weak solutions and a priori estimates

With the observation p < 2 < g we let v € (1,min{},1+ %}) be arbitrary. We use
(CPA) and (ii) to generate for almost all f € (t,t;) the inequality

¢'(t) = 2@ (t) —i0'(¢),iu(t) —iv(t))
=2 <<A1/z[“(f) —o()], 1A [u(t) —o(t)]) 12(q)

HE() ~ Fo0) ilu(t) ~ o))
< [ IF@®) = Fe®)lu(t) — o] dp
< [ Q)P+ o)) lu(t) = o) dp
< O ) + 1000 e ) 1(8) = 0(8) s

Then we choose 6 € (0,1) such that - 9 + Z so that complex interpolation yields
for all t € (f1,12)

() = 0(8) 220y S le(t) = 0(D) [0y () = o(8) [
< (1) 0 lu(t) — o ()13 4
< C(R)g(H',
with C(R) > 1. Consequently, for almost all t € (#1,t,) holds

g'(Hg(H)* 1 < C(R)(J[u(t )IIU;V )t IIU(t)Ilﬁ,sv*(Q))- (IL.67)

Now we put Je := (t1, 1 + e) with some e € (0,1, — tl). The weak chain rule in Theorem
7.8 of [GTO01] yields that g € WL | .(Jc) with (g?)" = 6g°~'¢’ almost everywhere on J.
By means of A.3.5;(1) then follows that for almost all ¢,s € Jc holds

2(1)? — g(s —9/g 7)%-1dr. (IL68)

Then there is t € J. and a sequence (s, ),eN in Je with s, = t; such that (I1.67) and
(IL64) (note pv* > g since v < 1+ %) imply

(0 —g(sn)' =6 [ ¢'(r)g(r)' " dr

Sn
1
. <C(|I|,R) e+ =).
|| HL,B] LA™ ( +||UHLF3] LB (Q ))> > (| ‘ )(G +]/*>

(II | R) (
Since g(s,) == 0 we also have

g(H? < C(|1],R) <eﬁ/2 - 1}) (I1.69)

Now let € € (0, min{t, — t;, C(|I|, R)~*#}). Then (IL69) and .- =1 — 2 yields

g(t)ng( (1], R) ("2 ;))V*:(C(III,R)eﬁ/Z)V*<1+ e ) )
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Hence, ¢(t) = 0 with t € (#1, t2), what clearly contradicts (IL.66). (I1.65) must therefore
be false and consequently u = v on I. O

The next result deals with a priori estimates for the strong solutions of (CPA) con-
structed by means of Theorem 1.3.4 in L®(I, D(A®)) with s > 1/2. For s = 1/2 we can
deduce such bounds with L?(Q))- and energy conservation. Indeed, Lemma 1.3.5 pro-
vides a criterion for a strong solution u to satisfy |[u[|;~(jg,) < c0. Such an estimate is
one of the crucial ingredients of the following proof.

Theorem 11.4.5
Besides (A1)-(A3) let s € (1/2,00), R € [0,00), and B € [1, p]. We additionally assume:

(i) (A, D(A)) satisfies (g, 00, w)-Bernstein inequalities.
(i) 1F@) oy S (1 + 18u ) I8l for all g € D(A%) N L=().

(iii) % > Z + z if B < 2and “>" in the previous inequality if B > 2.
Then there is an increasing C : [0,00) — [0,00) such that for all strong solutions u €
C(I, D(A%)) N LY (I, L®(2)) of (CPA) on I with ||u]| 1w (; ) + Se(u) < R holds:

loc

(a) There is a decreasing T € C([0,00), (0,1]) such that for all t € I holds

[l L =Ry i+ RO (A7) < CR) ([4(8) Ip(asy + (B | Dasy)-  (L70)
(b) u € L*(I,D(A%)) and ||ull 151 1)) < C(R, |I]) log(exp(1) + |||z (1,p(a5)))-

Proof. (a;1) Let t; € I, T € (0,1] and define | := [t; — T,t; + T] N I. We first prove a
logarithmic estimate for [|u(|;5(; 1~ () similar to the estimate in (b), which will enable
us in (a;2) to use Gronwall’s lemma for the desired bound on |u||p~(jp(asy) if T is
suitably small.

The (g, 00, a)-Bernstein inequalities from (i) and (I1.54) imply for all k € N and § €
[1/2,00) the estimate

ka
Akl s (g o)) S 2 1Akt 1o, re))

Zke(?é

< 2ke(s) ||Aku||Lmax{ﬁ,z}(],D(As)) +2 )||AkP(”)||L°°(1,m* (Q))” (IL71)

with e(x) := %(% + % —x). Then e(s) < e(1/2) < 0 by (iii). Let ] € N. If B < 2, we use
the triangle inequality, (IL.71), and E4 — L7(Q)) from (A1) to produce

H”HLﬁ(],Lw(Q))

< [ Aol g0 + 2 1ARU I s, 1))
k=1
I

1 oo
S ulliore, + Z 22%ke(2) | At 2y, + ZZZke(s)HAk”HLZ(],D(AS)) + Sr(u).
k=1 k=1
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I1.4. Criteria for uniqueness of weak solutions and a priori estimates

By means of [|u||j~(;g,) + SF(u) < R, €(s) < e(1/2) < 0, and Holder’s inequality we
continue the previous estimate as follows:

1 o0
[wll o)) < C(R < Y. At r2(y,E,) + Dlets) ZZke(s) | Akl 127, pa5)) + 1)
k= k=1

1/2 1/2
HAk“HL2 (JLE4) +2/€C) Z HAk“HLZ (J,D(As +1
L ))
1

1 €S

( IT) o, + 2 >||u||LzU,D<As)))

l €S
<lﬁ + 2l >HuHLw(LD(As))>. (IL.72)

If B > 2 we have €(1/2) < 0 by (iii) so that similarly

ke( l
llysmen) < CUILR) (Zz“z lAxtllis e, +1)

ok . 1/p* o) ,B l/ﬁ
(2207 (Siaatly,, ) +1)
k=1

k=1
1
< C(R)(HMHL;S(],EA) +1) < C(R)((IT)F +1). (I.73)
With K := [W] + 1 it is straightforward to check that the function
H:[0,00) — [0,00),  H(x) := 2Ke(s)loglexp(1)+x)

is bounded. In the estimates (I1.72) and (I1.73) we fix | := [Klog(exp(1) + ||| 1~(j,p(as)))]
to ensure

o Ke(s) log(exp(1)+[ul[z(7,p(as)) ||uHL°°]D(A:- < HH||L°° ([050))-

We therefore have

B
H””Lﬁ (J,L=(Q)) < Ci(R) (108(9’(13(1) + llullz=(5,p(a5))) T2 + 1), g<2  (IL74)

H”HL/5 =) = C1(R) (108(9XP(1) + =g, 00a5)) T + 1>, B>2  (IL75)

We can choose C; € C([0,0)) increasing with C;(x) > 1 for all x € [0, ).
(a;2) Since u is a strong solution of (CPA) on I, it satisfies Duhamel’s formula

Veer: u(t) = U(t— f)u(t) — i/t U(t — 7)F(u(t)) dr.

t

Combined with the estimate for F in (ii) this implies for all t € I
t
[u(B)lIp(asy < [lut)lIpas) +/t IE(u(T)llp(as) dT
1

t
< fu(t) oy + Ca [ 1+ (D)) (Dl par d,
1
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II. Strichartz and spectrally localized estimates

with some C, > 1. The Lemma of Gronwall formulated in Lemma 4.2.1 in [CH98]
implies

t
() Ipaey < lu(t) lpas exp (cz | @+l >df)
1
< llut) lpgas exp (Collull sy o) (11.76)

We put T(R) := (2C;(R)C,)~7*. Then T(-) is a continuous decreasing function. If
B <2and T := T(R), then (I.74) and (IL.76) yield

5
[l oo, p(a5y) < C(R)[[u(t1) ]| p(as) exp <log(exp(1) + ||M||L°°(],D(As)))T2Cl(R)Cz>
1
= C(R)lu(tr) lpcasy (1 + llull Lo, pasy)) -
If B> 2and T := T(R)"?, then (IL.75) and (I1.76) similarly yield

1
[ull = p(asy) < CR)u(tr)Ipeasy (1 + lull Lo pas)) -

In the previous two estimates C(R) = exp(C;(R)Cz). Hence, with the above choices
for T we have in case [[u[|;~(; p(as)) > O that

1
Ul| 7o 5) < C(R)|[u(t 25<+1>
llle=.o0an) < CRMEN o \ TR ooy

< (R (te)lloue + e e ) w.77)
This is trivial if ||| ~(; p(as)) = 0, and therefore the proof of (IL.70) is finished.

(b) We take T from (a;2) and let (Ij)].l\i o be the T-partition of I where ¢; € I? denotes the
center of [; for j € {0,..., N'}. Then (IL.77) yields for j € {0, .., N}

[l =1, p(45)) < C(R) <||”(tj)HD(A5) + Hu(t]')H%)(AS)>'

and we therefore have
ooy < CR) max (Tu()lloge) + (e b ) <

Finally, (I.74), (IL.75) and T < 1 imply the estimate in (b) by

1//3
. (Zuuanw )
1 1 1
< (|1, R) (1og<exp<1> T lllgmppen) F(TE+TH) + 1)

C(|1], R) log(exp(1) + [|ul[1=(1,p(a%)) )-
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lll. Local and global existence results for
the nonlinear Schrodinger equation

This chapter is devoted to the application of the existence results provided in Section
.3 and the refined results of Section II.4 to the nonlinear Schrodinger equation

i/ (t) = Au(t) £ |u(t)|Pu(t), t+#0, (IL1)

in various situations. It is organized as follows.

In Section III.1 we first provide some background material on Riemannian manifolds
(Q), g) with bounded geometry. We recall a useful characterization of Sobolev spaces
defined on such manifolds, which will allow us to prove the crucial nonlinear estimates
for an application of Theorem 1.3.4. We first deduce a local existence result in H5(Q2)
for strong solutions of (III.1) where (A, D(A)) is the Laplace-Beltrami operator on Q).
This result will also be applied in Chapter IV.

On the basis of the local existence result in H5(Q)) we prove a global existence result
in H}(Q) for the defocusing nonlinear Schrédinger equation in dimension d € {2,3}.
One of the the crucial assumptions in this result are (p,q) Strichartz estimates of SL-
type so that the results of Section 11.4 are available. This global existence result shows
how the global existence theory relies on the quality of the (p,q) Strichartz estimates
of SL-type. It contains the global existence results of [BGT04b] as a special case.

In the remaining Sections II.2-II1.4 we show that Theorem 1.3.4 contains known local
and global existence results from the literature. We consider the following situations:

I1.2: A= —div(B(-)V) + V on RY with diagonal B € C;°(R?, R"*%) and V € C}(R?)
(see the appendix of [BGT04b] for V = 0).

I1.3: A= —A+V on R? with superquadratic potential (see [YZ04]).

[lI.4: A = —Ap on a polygonal or C*-domain in R? with homogeneous Dirichlet
boundary conditions (see e.g. [BFHM12, Ant08])

In the corresponding section, each of the existence theorems given in the references
above will be compared to the results that we deduce by means of Theorem 1.3.4. In
some cases we can even slightly extend the existing results.

lll.1. The Laplace-Beltrami operator on C*-manifolds with
bounded geometry

In this section let (€),g) always be a connected, Riemannian C*-manifold without
boundary and dim(Q)) = d € IN. We always consider (€, g) to be equipped with the

81



1. Local and global existence results for the nonlinear Schrodinger equation

Levi-Civita connection. For details and some standard notation used throughout this
thesis we refer to Appendix A.4. We aim at a treatment of the nonlinear Schrédinger
equation formulated on manifolds with bounded geometry. We therefore introduce the
following property and discuss some useful consequences of it afterward.

(M) The injectivity radius satisfies inj(Q)) € (0, 0] and (€}, g) has bounded geometry,
ie. forall « € N and k,! € {1,...,d} there is C € (0,00) such that [9%g;,| < C

Let us gather some properties of manifolds ((2, g) which satisfy (M). We refer to Section
7.2.1 of [Tri92b] for the proof of the assertions in (M1) and (M2) below and further
details.

(M1) There is 19 € (0,inj(Q))) such that for » € (0,70/4) there is an at most countable
and uniformly locally finite geodesic atlas </ (r) = {(O;(r),«;) | i € I}, i.e.

sup (#{j € I | Oj(r) N Oi(r)}) < oo. (I11.2)
i€l
Recall that x; is defined via the inverse of the exponential map and O;(r) is a
geodesic ball (for details see A.12).
(M2) There is a smooth partition of unity (¢;,)ic; with the following properties:
o ¥;, € C*(Q, [0,1]) with supp(yi,) € O;(r) and Y ;. = id.
i€l
e For all B € N4 there is C € (0, ) such that ||aﬁlpl’,r”Loo(oi(r)) <C.
We say that (;,)ies is subordinate to <7 (r).

(M3) For i € I we define

J(i) == {j € N | supp(9,;) Nsupp(¢,,) # D}.

By means of (II.2) we have sup,_;(#](i)) < co. By means of r < /4 < inj(Q) for
all j € J(i) follows supp(¢;,) € O;(r) € O;(ro). This implies that we can treat all
localizations to a chart O;(r) with j € J(7) in the local chart O;(r).

Convention

From now on we always let (Q),g) be a connected, (geodesically) complete Riemannian C*®-
manifold without boundary and dim(Q) = d € IN. If (Q, g) satisfies (M), then we consider
(Q), g) to be equipped with a geodesic atlas <7 (r) in (M1) with r € (0,70/4). In that case
(Wi, )ier denotes the smooth partition of unity subordinate to <7 (r) from (M2).

Examples III.1.1
The following examples are the most relevant ones in view of our applications.

(1) (R%,id) is complete and satisfies (M).

(2) Let (Q,g) be a connected Riemmanian C*®-manifold, which is additionally com-
pact. Then ((2,g) is complete and (M) is satisfied. Indeed, the Hopf-Rinow Theo-
rem formulated in Theorem 1.37 in Section 1.4 in [Aub98] implies that () is com-
plete. Theorem 1.36 in [Aub98] shows that inj(()) > 0. Since (€}, g) is compact we
can always choose a finite atlas for ((), g) and therefore the geometry is bounded.
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II1.1. The Laplace-Beltrami operator on C®-manifolds with bounded geometry

(3) In Lemma IV.2.1 of Section IV.2 we will show that R"” x M with a connected, com-
pact Riemannian C*®-manifold (M, g) without boundary is complete and satisfies
M).

We continue with the definition of L?((Q)) and the introduction of the Laplace-Beltrami
operator. First, we need an integral and for S € #(Q)) we put

Z/ (¥, det(G)?) ox™") (2) dz.

icl SNO;)

This definition is well known to be independent of the atlas and the partition of unity.
u is furthermore a Radon measure and therefore induces an integral which satisfies
all the properties of the Lebesgue integral on euclidean spaces (for details see Section
3.4 in [Aub98]). Hence, the L¥(Q)) spaces with respect to u for p € [1, 0] are Banach
spaces. L?(Q)) equipped with the inner product

(f, &) / f8dp

is a Hilbert space.

The operator we want to consider is the canonical generalization of the Laplacian on
euclidean space to Riemannian manifolds. For f € C°(Q)) and a local chart (O, k) we
define the differential expression A by

d
Af =Y g <awkawl — Z Iy awm> (IIL.3)

k1=1

Here (gkl)

.....

ear operator on L2(Q)). Then there is a unique non-negative selfadjoint extension

(=Aa,D(=Aq)),  D(=Aq) = Co(q) 7, (IIL4)

Theorem 3.5 in [Str83] additionally states that the heat semigroup (etAQ)te[Oloo) given by
the spectral calculus on L2(Q)), can be extended to a contraction semigroup on L7(Q)
for all g € [1,00]. With this extended semigroup the fractional powers (—Aq)j on
L1(Q)) for « € [0,00) \ INp and g € (1, c0) can be defined via

D((—Aa)g) == {f € L1(Q) | liir(l)/:o toletbaf dt exists},
(—Ba)gf = I“(Lx) /Ooot_“_lemﬂf dt  on D((=Aq)g)-

This defines a closed linear operator on L7(Q)). For q = 2 this definition coincidces
with the fractional powers defined by the spectral calculus of (—Aq, D(—Aq)). In the
following theorem we gather some important properties of the introduced operators.
We in particular provide a convenient characterization of the fractional domains of the
Laplace-Beltrami operator via pullback of the corresponding fractional domains of the
Laplacian on R,
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1. Local and global existence results for the nonlinear Schrodinger equation

Theorem II1.1.2
Let s,s0,51 € [0,00), p, po, p1 € (1,00), and k € IN. If (Q), g) satisfies (M), then the space

H3(Q) := {feLP(Q <Z;H Wi f)o *1\Hb Rd>1/p<oo}.

has the following properties:

(a) Hy(Q) is a Banach space and independent of the geodesic atlas </ (r) and the smooth
partition of unity (¢; ,)icr.

(b) H;(Q) o D((—AQ);“) and CZ°(Q)) is dense in H;(Q)

(c) EHZE)(Q),H;ZZ(Q)]Q = H3(Q) with s = (1—6)s1 +0sy and § = L€ 4 2 forall 6 €
0,1).

(d) Let e(d,s) := 24/ (max{d—25,0}) with 24/0 := co. The following embeddings hold:
(d1) Hy(Q) = L*(Q) if s > 1.

(d2) H3(QY) — L(Q)) if either q € [2,e(d,s)) or d > 2s and q = e(d,s). These
embeddings are dense.

(e) If g € [2,e(d,1)), then any weakly convergent sequence in Hai(Q) is convergent in
Li(O;(r)) foralli € I.

Remarks:

(1) In Theorem 7.4.5 in [Tri92b] it is shown that for k € Ny and p € (1,00) holds
H’F‘,(Q) = W’g(ﬂ). WII;(Q) is the classical Sobolev space defined via covariant
derivatives.

(2) (b) includes the assertion D(—Aq) = H2(Q) and (—Aq, H3(Q))) is therefore non-
negative and selfadjoint on L?(Q)).

(3) The assertion in (e) is needed for an application of Theorem 1.3.6 (see 1.3.6;(iii)).
Recall that the geodesic atlas <7 (r) with v € (0,70/4) is at most countable.

Proof. Chapter 7 in [Tri92b] contains the assertions (a), (c) and the density claim in (b).
Combined with the results of [Str83] also D((—AQ);/Z) & H;(Q) follows. It remains to
show (d) and (e).

(d1) We let 6 € (0,1/2) such that s — ¢ > 26 > 0 and f € H,(Q2). Then Theorem
7.4(.:12;(ii)+(iv) in [Tri92b] implies H;(Q) = F;, (Q) = F(Q) <= B 5(Q) — C™¥(Q)
an

=

Hf||c01<5(0) = 5}1? | (rif ) o K?l\!co»(w)-
1c

For a definition of the Besov- and Triebel-Lizorkin spaces on manifolds with bounded
geometry we refer to Section 7.2.1 and 7.3.1 in [Tri92b]. By means of C%°(R) <
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II1.1. The Laplace-Beltrami operator on C®-manifolds with bounded geometry

L*(R?), H5(Q)) < C%(Q) and sup,;(#](i)) < co follows

£l e(c) = sup || f o K?lllm(moi(r)))

icl

<sup Y [1(¥rif) o x5 o kg ok (0,00, (1)
i€l jej(i)

< sup (#](i)) sup || [;,f] o Kfll\mx,(oj(rm
iel jel

N SPIID [, f) o Kfl\’cﬂ/é(md) S s
je
(d2) Let either g € [2,e(d,s)) or d > 2s and q = e(d,s). The Sobolev embedding A.2.1
implies H5(R?) < L1(IR?) and we have 2 < (1. For f € H5(Q) then follows

1/q
1l <ZH%JWMW>

iel

1/2
S (T g ) = I e
i€l

The density of this embedding follows from the density of C°(Q)) in L1(Q}).

(e Leti € I,j€J(i),q€ [2e(d1)), and f € Hi(Q). Let additionally (f,)nen be a
sequence in Hj(Q)) with f, — f in H}(Q). From (b) we know that H}(Q)) = H} ,(Q))
so that ¢, i f,, y,if € H}1(O;(ro)) for all n € N and

Prifu = Prif in Hjo(Oi(ro)). (IIL.5)

Since O;(rp) = exp(B(0,70)) and exp is a diffeomorphism we can equipp O;(r) with the
atlas o7 := {(Oj(r),«;) | j € J(i)}. Then (O;(r),g) is a connected, compact Riemannian
C*®-manifold with boundary. Theorem 10.1 in [Heb99] states the compactness of the
embedding Hj ((0;(r)) < L7(O;(r)). The weak convergence in (IIL.5) therefore implies

Yrifa =% ¢, f in L1(O;(ro)). Finally,

1o = fllsoen < X i (fo = F)llacosne)) == 0-
jeJ)

By means of a localization argument we can transfer nonlinear estimates for Hj(RR?) to
H3(Q)). This is done in the following Lemma.

Lemma III.1.3
Let s € (0,0), k,m € N and (Q,g) satisfy (M). We put S(Q)F := S(Q,RF) for S €
{H3,L*} and let g, h € H3(Q))™ N L*(Q)™. We then have:

(@) [lg- h||H;(Q) N (||8HL°°(Q)'"Hh||H;(Q)m + ||8||H;(Q)m||h||L°°(Q)m)-

(b) For F € CEHY(R™, RF) with F(0) = 0 holds F : L*(Q)" N Hy(Q)" — H3(Q)* and
there is a non-decreasing Cy  : [0,00) — [0, 00) such that

IF@ N mgayr < Cre(llgleym) 18l 5y (IL.6)
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1. Local and global existence results for the nonlinear Schrodinger equation

(c) For F € CBI+2(R™,R¥) there is a non-decreasing Co r : [0,00) — [0, 00) such that
IE(&) = F(h) [l gy
< Cor(lIglle(ym + 1l Lo (ym ) 118 — Ml ey (111.7)

+Coe (gl oy + 1]l Lo yn) (gl msccyr + Nl gy ) g = Bl Loy

More precisely, there is C € [2,00) such that

Coe(x) = (1+ ) sup  [[0°F| g0, (IIL.8)
1<]a| <[s]+1
CZ’F(X) = sup HaaFHLw(E(O,Cx))"' (IIIg)
|a]=1

Remarks:

(1) Let O = R?. The estimates stated above can be found in Lemma A.8, A.9, and
Exercise A.12 of [Tao06]. The estimates in (a) and (b) with F € C®(IR,R) can also
be found in Chapter IL.A of [AGO07]. However, all these result do not state a precise
enough information on how the functions C; r and Cy ¢ depend on ||g||«(geyn and
|| oo (gayn- This is an important information for our local and global existence
theory and we are forced to repeat the necessary proofs. In contrast to that, the
dependencies on s and d in the constants are irrelevant and will be omitted.

(2) If F is a polynomial of order k € IN with F(0) = 0, then the product estimates in (a)
easily yields the estimates (II1.6) and (II1.7) with

Cir(x) 2 (14+x),  Cor 2 Cir. (I11.10)

Proof. It is surely enough to treat the case k = 1. In (a+b;1) we show all the estimates
in (a) and (b) for (Q,g) = (R%,id). We use these estimates in (a+b;2) for the general
case. In (c) we show (IIL7). In all parts of the proof we let s € (0,00), F € CEI+1(R™),
and g, h € L®(Q)"™ N H5(Q)™. We put

8o = [I8lle@yns  hoo i = IRl Too i = oo + o

(a+b;1) Let QO =R% and F (0) = 0. Lemma A.8 in [Tao06] contains the product estimate
in (a), what leaves (II1.6). Since F € CII*1(IR™) we have F B(0e) € CEI+1(B(0, 7)) and
the mean value theorem yields

1F(g) = F(M) |l 2rey < IVEl o800y 118 = ll 2 ety (ITL.11)

We recall the following Littlewood-Paley projections with (¢x)ren, from Definition
11.2.4. For k € Ny we define

k 0
A= pe(—A)) = F (|- )VF, D= YAy Aspi= Y A
1=0 I=k+1
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We use the characterization of H3(IRY) given by Theorem 6.2.6 in [Gra09]. It states that
for f € L2(Q) holds

[ 1/2
1 pzs reyn 22 1180 f | r2rayn + | Y 22| Ak f N gy |- (111.12)
> = (R7)

This has to be interpreted as follows: If the right-hand side is finite, then f € Hj(IR%)
and (I1I.12) holds, and vice versa. Recall that the Bernstein inequalities in 11.4.2;(1) yield
for k, N € N and p,q € [1, 0] with p < g the estimates

K (1_1 411y
1A <l L (rt) Lo () <2867, Y 110 Akll e (rey—s 1o (re) = 267N (11113)
|oe|=N

F(0) = 0 and the Lipschitz estimate (II1.11) yield F(g) € L?>(R?). Then the isometry
properties of the Fourier transform provide

180F (&) lr2rey < IF (@) lrarey < NIVEl Lo (B(0,gu)ym 18] 12(R1)
For k € IN additionally holds
[AF (@) l2rey < [1F(8) = F(A<k8) lr2ra) + | 8kF(A<k8) lr2rey-  (IL14)

In view of (I11.12) we have to estimate the ¢/2>-norms of both expressions on the right-
hand side of (II1.14). We treat these expressions seperately.

For the first term observe that (I11.13) implies ||A 8[| ;o (rayn + ||| 1= (re)» < C8oo- Then
the Lipschitz estimate (I1I.11), (I1.36), and Holder’s inequality imply

0 1/2
Y 2%([F(g) — F(Axk)II}2 (ke
(R7)

k=1

3

1/2
< IVFl = 3(0,c50))m (ZZZkSHAzkg”%Z(Rd)m>

B
[y

2\ 1/2
2% < y 2"k HAI(_A)S/ngLZ(IRd)m) >

3

e

<k1 1=k ,

oo oo 1/2
SC(F,goo)<222ks<22 )(Zz B\A (- 5/28||L2 Ré)n ))

ko:ol N 1=k s
< (g L 2 00 5l ey

k=11=k

(o) 1/2
—c(rg) (L 22"5) (=07 s ey

ljol s
< C(F, gw) <;2215||Alg||L2 W)m) < Ci(F, 8eo) 18]l gty (IL15)

The />-norm of the second term in (II1.14) is a bit more delicate to handle. We put
N := [s] + 1. Recall A;g € L*(RY) N L*(R¥). Theorem 1.7.5 in [Hor76] provides the
analyticity of A_g as it is a Fourier transformed L?-function with compact support.
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1. Local and global existence results for the nonlinear Schrodinger equation

Since F € CN(R™) we deduce F(Arg) € CN(R?) N L*(RY) C WN(RRY). (I1.13) then
yields

IARF (A k@)l p2rey = 27N 3" 0% AF(A k)l 12 (rey
le|=N

=2 N N 0" F(A k@) ll12(re)- (II1.16)
la|=N

The given regularity properties of F and A_;g allow us to apply the chain and Leibniz
rule on 0*F(A_xg). With the set
N

F(Asg) = E E )(A<kg) (aﬁ1A<k8/~~, 8ﬁ"A<kg).
n=1BeM,

M, = {B = (B, .. p") € \{0}

we have

Since (I11.13) yields ||A<xg|| = (re) < Cl|gl|1~(re) we additionally have

0% F(A<kg) || 2 (wey (II1.17)

n—1 .
< sup (Ha —— >)> sup (HuaﬁA<kg||Lm<Rd>muaﬂ A<kgr|p(w>.

1<|y|<N 1<n<N, BEM; \ =1

An application of the previous estimate, (I1.52), and |B?| > 0 yields
[0“F (A <)l r2(rey

n—1 .
< C(Fgw)  sup ( Y TT 105 88l 08 Akngummm)
0<kq

1<n<N, BeM, <ki,...kn<k i=1

n—1 .
CEg14g swp  (F TT2F Mgl

1<n<N, BeM; \ 0<k;<...<k,<k i=1

n—1 .
C(F,gw)  sup ( Y Hz'ﬁ'k"( Y. 2UFIHE Dk )nAkgusz)

1<n<N, BEM, 0<ks<...<k,<k i=3 0<kr<ks3
< C(F,80) Y, 2™M[Agl 2 (rayn- (IIL.18)
0<i<k

Observe that the Cauchy Schwarz and Young inequality yield for any real, non-negative
sequence (4;);enN, that

[ee) 2 o0 (o)
ZZZk(sN)< y Z(Ns)lal> > < 5 2(sN)2k>2(Ns)(l+m)alam
k=1

0<I<k I,m=0 \k=max{l,m}+1
(o] (o]
=§ (X 260 o
1=0 m=0

SN gy @) oy
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Then (IT1.16), (I11.18), the previous estimate with a; := 2'||A;g]| 12(rdyn, and (111.12) imply

0o 1/2 2\ 1/2
(L2 I0F b)) < CF g (zzzks V(T 2l )

k=1 0<I<k
1/2
C(Fg) (£ 21018 e )
1=0
< Co(F, 8eo) 18 | a5 (wetyn- (II1.19)

Applying the estimates (I1I.15) and (II1.19) in (III.12) consequently yields

IF(8) 1| (rey < (C1(F, geo) + Ca(F, 80)) Il py(meyn < C1,7(8o0) 18] b1y ey~ (11.20)

We have chosen C € [2, ) large enough and

Crr(x) == CA+x)  sup  [0°F| (50, cx))- (II1.21)
1<|a|<[s]4+1

(a+b;2) Let (), g) satisfy (M) and F(0) = 0. Recall that the smooth partition of unity

($ri)ien satisfies Yiea) ¥rj(supp(¢ri)) = {1} and sup,;#/(i) < co. For any real,
non-negative sequence (4;);ecn then holds

Z ) ai= i(#](j))ajs iaj- (I11.22)

i=1jej(i) j=1 j=1

The product estimate for () = R? in (a+b;1) and Theorem 4.3.2 in [Tri92b] yields for all
iel

1(prig - 1) o kg mey
Z 1((rig) - l/)r/jh)) OK:‘%HH;(IR"’)

jeJ(@)
S Y Irigllis @yl (k) o5 s reyn + 11 (9ri8) © 65 g ey 9,11l = 2y
jEI ()
1/2
5800( Yo () _1H2s Rd)) +h°°”(lpr,ig)OKz'_lHHS(]Rd)'
jel)

With (II1.22) we therefore obtain

1/2 1/2
I8 Ml <gm(zzu yih) H%M) o L 10i8) 05 e )

i€l jeJ(i) i€l

S 8ol ey + heol|8l 150

The same approach also works for the nonlinear estimate (II1.6) due to F(0) = 0. More
precisely, we additionally apply Theorem 4.2.2 in [Tri92b] and the uniform bounded-
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1. Local and global existence results for the nonlinear Schrodinger equation

ness of the derivatives of (¢, ;)ic; from (M2) to provide

1/2
1F(8) 50 (ZH VriF () $r8)) 71|Hs IRd)>
icl jeJ(i)
1/2
S (TIECE w9 % g )
iel jeJ(i)
1/2
< Cur(ge) (z Y 118n78) o e ) < Cur(ge) Il
i€l jej(i)

(o) Let (Q),g) satisfy (M) and additionally F € CFI*2(IR™). We define G € CIsI+2(R™)
by G(x) := F(x) — (VF)(0)x. Then VG € CEH+1(R™, R™) with (VG)(0) = 0. We use
the fundamental theorem, the product estimate in (2) and (IIL.6) to prove

I6(3) ~ Gy < [ 1(VG)0h+ 15~ 1))+ (5 = W)

S ( sup (VG (h+t(g — )l =(ynllg = Ml g
te€l0,1

+ sup [[(VG)(h+ (g — 1)l mug—hum(mm)
te[0,1]

< ((\VF( )+ IVE] e g020y) I8 — Hll 50
+Crva(re) (gl + 1l llg h||mmm)

N(sup 10°F 300 18 — Ml
la|=1

+Cyp () (8 gy + Il g g — han@)m).
If we take C € [2,00) large enough and put

Cor(x) := |S“1P 10 Fll 1o (B (0,cr))-
a|=1

then we have
IF(8) — E0)lsscay
< [|G(g) = G(M)[lm3() + [(VF)(0)[[lg — Il 3 (x)
S Cor(reo) I8 = Rll gy + Copr (reo) (18l () + 1Bl 5 () 18 = Bl ()

O

From the previous lemma we can extract the nonlinear estimates for the model nonlin-
earity Fg+ on H3((Q)), which are needed for an application of Theorem 1.3.4. However,
for an application of the results in Section I1.4 the estimates in Hj(()) are not sufficient.
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II1.1. The Laplace-Beltrami operator on C®-manifolds with bounded geometry

We in particular need to control the expression Sp,. defined in (IL60). For this we

prove that Fg 4 : H}(Q)) — HJ. (Q) for some r* < 2 is bounded on bounded sets. In the
next Lemma we gather all the nonlinear estimates for the model nonlinearity, which
will be used frequently throughout this section.

Lemma II1.1.4
Let s, p € (0,00) and (Q, g) satisfy (M). We then have:

(a) Fg: L2(Q)NL¥(Q) — L2(Q) and
1Fs.+(8) = Fp = (M)lli2a) S (18115 ey + 1115w ) I8 = Bllizy-  (ITL23)
(b) If B > [s], then Fg + : H3(Q) N L*(Q)) — H5(Q) and

1B ()l kst < N8y Il s (.24)

If additionally B > [s] + 1, then

1Fp+(8) — Fp (M) || 300)
S (||gr|‘1° + 1117w 0y) 18 = Bl 5 (I11.25)
+ (18115~ () + 1115~ (eny) (18l + Iellscy) 18 = Bl oy
The estimates (I11.24) and (111.25) also hold under the assumption B € Nepen.

(c) If s =1, then (111.24) holds for B > 0 and (I11.25) holds for § > 1.

(d) Let q € [2,00) such that H}(Q) < L1(Q) and r € (1,00) with L = 1 + g Then holds
Fg+ : HY(Q) — H}L(Q) and

1Fe (@)l o) S 81530 (I11.26)

Proof. In all the parts of the proof we lets, B € (0,00) and g, h € H5(Q2) N L®(Q)) with
|&llo(y > 0 if not stated otherwise. The nonlinear estimates of Lemma II.1.3 are
available for Fg . through the identification H5(Q),C) and H5(Q),R?). Similar to the
proof of Proposition 1.4.2 we define F : R*> — R? by F(x) := |x|Px, which satisfies
with g := (Reg,Img)

1&llm50) = I8l E5(0R2) 1,2 (&) | 5(0) = [1F(8) |53 0,R2)-

We will use these identifications in the proof below without mentioning.
(a) The Lipschitz estimate (1.64) in Proposition 1.4.2 directly implies for ¢, € L2(Q) N
L=(Q))

1/2
1B )~ Ens iz = ([, o ()~ Ena (0 )

S (1815w ) + 11w o)) g = Bll 2
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1. Local and global existence results for the nonlinear Schrodinger equation

(b) We assume B > [s] and put § := 8/|jgll;~). Proposition 1.4.2;(a) yields Fg. €
CEI*1(R%, R?) and [0*Fg 4 (x)| < |x[FT171*. Then the homogeneity of Fs of order
B+ 1 and (II1.6) from Lemma III.1.3 imply

1 ~ s o 5
1Fg+ ()l m5(0) S ||g||€ot(g)(1+ 18112 sup  [d Fp 4 || 1= B(0.l1gl o)) 18 | 5102
1<]a|<[s]+1
S8y sup NP im0 I8l 3c0)
1<]a|<[s]+1

S 118118 18550600

Now we assume f > [s] + 1. We put re := [Igll1(q0) + |2l 1o() and § := 8/re, Tt := /..
Proposition 1.4.2;(a) provides Fg . € CFI*2(IR%, R?) and again the homogeneity of Fg ,
of order 41 and (I11.7) from Lemma II1.1.3 yield

| Fp+(8) — Fp £ (M) [ 300)

A (14 I8l + )P~ Bl

+(1+ (|8l e() + HEHLw(Q))ﬁHS}A(HgN\ ms() + 1l g (o)) 1§ — EHL‘”(Q)>

S (1815w 0y + Wl I8 = 50
+(1811 50y + Il (g 15c) + Wl s 18 = Bl (-

If we assume B € INeyn, then Proposition 1.4.2;(a) yields Fg. € C*(R?,R?) with
|0%Fp +(x)| S |x|max{p+1-1al0} The estimates (I11.24) and (II1.25) follow as above.

(c+d) Let s = 1. We show the assertions with the same localization argument, which
was used in the proof of Lemma III.1.3;(a+b). In (c+d;1) we show (II1.24) and (II1.26)
for the case Q = R? and use this in (c+d;2) for the general case and (I11.25).

(c+d;1) Let Q = RY. From Theorem 2.1.6 in [Zie89] and its proof, we can derive the
following useful criterion for a function h € L (R?) with p € (1,00) to belong to the
Sobolev space Hy(R?):

1A(-+y) = bl re)

h e Hy(RY) < su (I11.27)
In particular, h € H},(]Rd) implies
h(-+y)—h
sup H ( !/) HU’(IR”I) < ||VhHLF’(IRd) (I11.28)

Let ¢ € H}(R?) NL*(Q). Then Fg1 0g € L*(RY) and for y € R?\ {0} the Lipschitz
estimate in (a) yields

1Fpa(8(- +¥)) — Fpa ()l 12re) S Hg\l’fm(w) 18(-+v) — gl 2 (re)-
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II1.1. The Laplace-Beltrami operator on C®-manifolds with bounded geometry

By means of (I11.27) and (II1.28) we have Fg+ o g € Hi(R?) and fori € {1,...,d}

F +y)) —F
100 B e () 20y < sup 12 ECH )~ Foa (@l
y#0 i

(- +vy) —glli2(re
< 118115 o) SuP B S 118 e | V82
y#0 |y|
The previous estimate implies
1B+ (&) | ey S 1181 e 1€ 11y e (IIL.29)

Now let ¢ € H}(R?) and choose g,r as in (d). Then we have 1 = %+§ < 1 and

2 < (B+1)r* <e(d,1). By means of the Sobolev embedding A.2.1 we have H}(IRY) <
LD (R?) and therefore Fg ;. 0 g € L™ (R?) with

1Ep (@) ey S HgIIHl Ri)* (I11.30)
Holder’s inequality yields for y # 0 as above
1B (3 + ) — s ()l ey < 18115 I18C %) — 82w
Then (111.27), (111.28), and Hj (R?) < L1(RY) imply Fg 4 o g € H}.(R?) and
1
IV Fp (@)l ey S 18050 I V8l 2y S IIgIIﬁT Re)’ (I1.31)
Consequently, (I11.30) and (II1.31) provide

1
1B (@)l ey < D810 e (m32)

(c+d;2) Let (O, g) satisfy (M). The estimate (I11.29), Fg 1 (0) = 0, and Theorem 4.2.2 and
4.3.2 in [Tri92b] yield

1/2
I+ @ g < (S ( T drig)) o e )

iel jeJ(i)
1/2
< gl O:ZH%g G By S Il I8l
i€l jeJ(i)

We apply the same results of [Tri92b] combined with (I11.32) and the embedding ¢? —
(B to prove

1/p%
IBs+ 0 S ( DB T 0ri8)) 057 iy
iel jej(i)
(B+1)r*\ /7
(109 ) )

iel \jej(i)

(B+1)/2
@:ZH%ﬂ G yw) S Il

i€l jej(i)

This leaves the proof of estimate (II1.25). We use the exact same argument as in the
proof of the estimate (II.7) in Lemma II1.1.3;(c). It relies on the product estimate in
Lemma II1.1.3;(a) and estimate (I11.24). We omit the details. O
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1. Local and global existence results for the nonlinear Schrodinger equation

Having gathered all the necessary background material and nonlinear estimates we
now come back to the nonlinear Schrodinger equation. We aim at local and global
existence results of strong solutions for

i/ (t) = —Aqu(t) + Fg o (u(t)), t# to,
u(to) = f,

whereby (), ¢) satisfies (M) and f € H5(Q) with s € [1,0). Recall that (—Aq, H3(Q)))
is the extrapolation operator of (—Aq, H3(Q)).

We first derive the following local existence result as a corollary of Theorem 1.3.4.
We state this as a base result from which we develop the existence theory for (CPM)
further. Moreover, the next result can be applied in Chapter IV to construct maximal
strong solutions for a nonlinear Schrédinger equation on certain product manifolds. It
therefore plays a major role in one of the main results of this thesis.

(CPM)

Theorem III.1.5
Let d € N>y, £ € [0,00),5,5 € [1,00) withs <35, p € (1,00) and (p,q) € [2,00) X [2, 0]
with p > max{p, 2}. We additionally assume:

(i) (e'*80)eR satsifies a local (p,q) Strichartz estimate with {-loss.
(ii) Either B € Nepen or B > [s] +10rs = 1.
(iii) B(d —2s) <2(s+1)and s > g + 24.
Then for each f € H5(Q) the nonlinear Schrodinger equation (CPM) has a conditionally

unique maximal strong solution u € C(1(f), H3(Q)) N L} (I(f), L*(Q)) with the following
properties:

(a) u has L2(Q))-conservation and the induced nonlinear flow is locally Lipschitz continuous.

(b) The nonlinear flow transports H5(QY) regularity if either B € Neven or B > [3]. In that
case u satisfies the blow-up alternative with respect to H5(Q)).

(c) If B(d — 4) < 4 and the nonlinear flow transports H5(Q)) regularity with some § > 2, then
u has energy conservation.

Remark:

(1) The key result of the proof is Theorem 1.3.4. Let (A,D(A)) be a non-negative,
selfadjoint linear operator on L?(Q) with D(A¥?) & Hs(Q) for all s € [1,00) and
D(A§) = L*(Q) for a > d/2. Then the assertions of the above theorem remain
true if we substitute (—Aq, H3(Q)) with (A, D(A¥?)). See for example Theorem
I11.2.2 for a similar result.

(2) The case d = 1 is not interesting, since H}(Q) < L*(Q). In this case the nonlin-
ear estimates (II1.24) and (IIL.25) itself are sufficient for the construction of strong
solutions of (CPM) in C(I, H}(Q)). No Strichartz estimates are required.

Proof. Recall that by Theorem II1.1.2;(b+d) holds H3(Q) = D((—Aq)*?) and the usual

Sobolev embeddings, in particular D((—Aq)g) < L=(Q) for a > d/24. Since H;(Q)) =
D((—Aq)”?) we want to stress that we apply Theorem 1.3.4 with s/2, not s.
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Let f € H3(Q)). We first check that the conditions in Theorem 1.3.4 are satisfied. (i)
clearly matches 1.3.4;(i) and (iii) implies 1.3.4;(iii). The condition in (i) and Lemma
III.1.4 imply the nonlinear estimates (III.23)-(II1.25). Hence, the nonlinear estimates
in 1.3.4;(ii) are satisfied. Theorem 1.3.4 provides a conditionally unique maximal mild
solution u € C(I(f), H5(Q)) N L, (I(f),L®(QY)) of (CPM) with locally Lipschitz con-
tinuous nonlinear flow. Let us show that u is in fact a strong solution of (CPM). The
condition B(d —2s) < 2(s+ 1) implies H5(Q)) — L9(Q) with g := 24(B+1)/(d+2) by
Theorem II1.1.2;(d). The Lipschitz estimate (I.65) from Proposition 1.4.2 implies for
g h € H;(Q)

1Fp,+(8) = Fp- (M) [l 3 ) < N1 Fp(8) — Fﬁ,i(h)HL%(Q)

S (181155 + 1115y ) 18 = s
S (gl + 115 ) 118 = Pl 500

Fg+ : H3(Q)) — Hj(Q)* is therefore Lipschitz continuous on bounded sets. Proposi-
tion 1.2.4;(c) then provides that u is a strong solution of (CPM). L?((})-conservation of u
follows with Lemma 1.4.2;(c) and Proposition 1.2.8. This ends the proof of our existence
claim and (a). It remains to show (b) and (c).

(b) This property follows from the nonlinear estimate (III.24) for 5§ and Theorem 1.3.4;(d).
(c) We assume B(d —4) < 4 and let § > 2 for which the nonlinear flow transports
H5(Q) regularity. It is enough to show energy conservation on an arbitrary I € Z. with
to € I C I(f). We fix such an interval I and let (fu)nen € H5(Q)) with f, =% f in
H3(Q) with corresponding strong solutions (1,),en of (NLS) with u,(ty) = f,. Since
H;(Q)) regularity is transported by the nonlinear flow, we have u, € C(I(f,), H5(Q2)) N
L} (I(fa),L=(Q)) for all n € N. The local Lipschitz continuity of the nonlinear flow
in H;(Q)) implies the existence of 19 € IN such that for all n > ng holds I C I(f,) and
uy(t) == u(t) in H3(Q) for all t € I. From now on let n > nj. Note that f(d —4) < 4
and Theorem II1.1.2;(d) imply the embedding H3(Q) — HZ(Q) < L2F+V( Omega).
The Lipschitz estimate (1.65) shows for n > ng and t,s € I

1Ep = (un(£)) = g2 (14 (5)) [ 12(0r)
S Ul (O iy gy + 110 () gy o)) 18 (1) = () 2oy
p .

< e s 160() = 25 g
Hence, Fg+(un) € C(I,L%(Q))). The equation iu, = —Aquy, + Fg+(uy) in H)(Q)*
implies u, € C!(I,L*(Q))). Lemma 1.4.3 then provides energy conservation for u,. Let
tel u,(t) == u(t) in H5(Q) and € € C(H5(Q)), R) then shows

£(u(t)) = Tim &(uy(1)) = lim £(f,) = £(f).

O

The remaining section is devoted to the application of the results of Section I1.4 in the
context of the nonlinear Schrodinger equation (CPM). For these results to be applicable,
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1. Local and global existence results for the nonlinear Schrodinger equation

we need much stronger assumptions on the properties of the Laplace-Beltrami oper-
ator. We need in particular that (¢!20),cR satisfies the spectrally localized Strichartz
estimates and (—Aq, H2(Q))) satisfies Bernstein inequalities and the (LP) property. All
of these properties have been introduced in Section II.2.

Convention
In the rest of this section we let v € [0, 1] and assume the following:

(O1) (—Aq, H3(Q)) satisfies (p, q,%/2)-Bernstein inequalities for all 1 < p < q < co.
(02) (e*A0)c satisfies (p,q) Strichartz estimates of SL-type <y if (p, q) is sharp 4/2-admissible.
(O3) The spectral decomposition ((—Aq)x)keN, has the (LP) property.

Remarks:

(1) In the examples of Section I1.3 and 11.4.2 we already gathered two operators for
which the conditions (O1)-(O3) are satisfied. The first one is (—A, H3(R%)) with
v = 0. The second one is (—Aq, H3(Q))) on a connected, compact Riemannian
C®-manifold (Q2, g) without boundary and ¢ = 1/2.

(2) We restrict our study to the case ¢ € [0,1]. We already mentioned in Section I1.3.7
that 7 = 1 induces the Sobolev-type loss. The case v > 1 is therefore not relevant.

Let us bring the conditions (O1)-(O3) into the context of Section II.2 and II.4, in partic-
ular with respect to (A1)-(A3). Let (p,q) be a sharp 4/2-admissible pair.

The Bernstein inequalities in (O1) and the Sobolev embedding Hi(Q)) — Li(Q) for
q € [2,e(d,1)) do compare to the assumption in (Al). (O2) provides (A2) for the pair
(p,q). Condition (A3) involves the nonlinearity and will be checked separately for Fg +
in the proof of Theorem III.1.6. There we also analyze the expression S Fas from (I1.60),
which played a major role in Section I1.4. By means of (O2) and (O3) we can also apply
Lemma I1.2.8;(a) to produce local (p,q) Strichartz estimate with 7/p-loss.

Now we state the central global existence result for d € {2,3} for the defocusing non-
linear Schrodiner equation (CPM). The proof combines the existence results in Theorem
II1.1.5, Theorem 1.3.6 and the results of Section II.4.

Theorem II1.1.6
Let d € {2,3}, v € [0,%5%], and B € [2,00). Besides (O1)-(O3) we assume one of the
following:

(i) ’y:%andﬁzz

(i) v < 459 and B(d —2) < 4(1— 7).
Then for each f € H}(Q) the defocusing nonlinear Schridinger equation (CPM) has a global
strong solution u € C,(R, Hi(Q))) with the following properties:

(a) u has L2(Q)- and energy conservation.

(b) If B = 2, then u is unconditionally unique. If p > 2, then there is p € (p,o0) such that u
is conditionally unique in Cy(R, H}(Q)) N L} (R,L®(Q)).

loc

(c) The induced nonlinear flow transports H3(Q) regularity. If v < %, then the nonlinear
flow is locally Lipschitz continuous.
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Remarks:

(1) The cases d € {2,3} and 7 = 1/2 in the above theorem recover Theorem 2 and 3 in
[BGT04b].

(2) For Q = R3 and 7 = 0, the above theorem provides global solutions for (CPM)
for B € [2,4) in H1(IR?). This compares well to [Kat87], which establishes global
existence in H3(IR%) for B < 4.

(3) For d = 4 and B = 2 our method of proof fails. With Q = R* and v = 0 this
corresponds to the energy-critical nonlinear Schrodinger equation. In this case
global existence in Hi(IR*) was established in [RV07] by means of a much more
refined analysis than presented below.

Proof. Some differences in the Sobolev embeddings and the sharp 4/2-admissibility
scales for d = 2 and d = 3 force us to consider these cases seperately. We start in (1)
with the harder one d = 3 and use the same arguments in (2) for d = 2.

(1) Let d = 3. In (1.1) and (1.2) we consider f = 2. (1.1) contains the unconditional
uniqueness for v < 1/2 and the global existence for o < 1/2. (1.2) contains global exis-
tence for oy = 1/2. (1.3) contains our claims for > 2.

(1.1) Let B = 2 and v < /2. We fix I € Z, with ty € I. Since Hi(Q) = D((—Aq)"?)
we want to apply Theorem I1.4.4 with s := 1/2 and the sharp 3/2-admissible pair
(p,q) = (2,6). Then 1 > % + %. Due to (O1) and the Sobolev embedding H1(Q) —
L%(Q) condition 11.4.4;(i) is fulfilled. Also F, satisfies 11.4.4;(ii) by (1.64). Now let u €
L*(I, H3(Q)) be a weak solution of (CPM). Lemma II1.1.4;(d) provides for g € H3(Q)
the estimate

1B+ ()l o) S 18113 (0r) (I11.33)

With S, (1) from (IL.60) the Bernstein inequalities for (—Aq, H3(Q)) from (O1) and
(I.36) imply

l L
i, (u 22 G (— Aot () e
< 22 4” AQ)1/2F2+( )HLOO([,L6/5(Q))
S HP2,+(”)HLOO(1,L6/5(Q)) N HuHSOO(],H%(Q))' (I11.34)

Hence, every weak solution u satisfies S, , (1) < co. Theorem I1.4.4 provides that there
is at most one weak solution to (CPM). The same then holds true for strong solutions
of (CPM).

Let either ¥ < 1/2and s = 1 or v = 1/2and s € (1,2). We fix f € H5(Q2). In both
cases we choose a sharp 3/2-admissible pair (p,q) with p > 2 such thats > 3 + 2(77;1)
(put p € (2,4(1 — 7)) if v < 1/2). The sharp 3/2-admissibility of (p,q) implies s >
% + 277. By means of (02), (O3), and Lemma I1.2.8 we have a local (p,q) Strichartz
estimate with 7/p-loss. Since B = 2 we also have the nonlinear estimates (II1.24) and
(II1.25) at our disposal. Theorem III.1.5 then provides a unique maximal strong solution
u € C(I(f), Hs(Q)) N L] (I(f),L*(Q)) with blow-up alternative, L?(Q)-conservation

loc
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1. Local and global existence results for the nonlinear Schrodinger equation

and locally Lipschitz continuous nonlinear flow. (II.24) additionally holds for s = 2
and Theorem I11.1.5;(b+c) therefore yields transport of H3(Q)) regularity and energy
conservation, respectively. The conservation laws and the defocusing nature of F, |

imply

1 2
Ielascigyaon = 9P (190 oy +26000) — 310 )

S (I 2y +E(H) " = R < . (ITL.35)

If v <1/2and s = 1, then estimate (II1.35) proves I(f) = R with the blow-up alterna-
tive.

For the case v = 1/2.and s € (1,2) we assume T} < oo and put I (f) := [to, to + T).
We want to use the a priori estimate from Theorem 11.4.5 in D((—Aq)”?) 2 H3(Q). We
again put (p,q) = (2,6) so that 1 > 2377 + L. 11.4.5;(iii) is therefore satisfied. By means
of B = 2 and (O1) the conditions in H.4.5,'(i7)+(ii) are also satisfied. We combine (I11.34)
and (I11.35) to prove with C(x) := x + x> the estimate

Nl o1, (4,13 (2)) T SB () S C(R).

Theorem 11.4.5;(b) then yields u € L*(I.(f),H5(Q2)) and therefore T, = oo by the
blow-up alternative. T_ = oo follows with the exact same argument.

(1.2) Let B = 2 and v = 1/2. We fix f € H1(Q) and choose (fu)nen € H2(Q)
with f, =3 f in H(Q)). Then (1.1) provides a sequence (u,)sen € C(R, H3(Q)) N
Lfo (R,L*(Q2)) of global strong solution of (CPM) with u,(t)) = f,, which satisfy

L*(Q))- and energy conservation. With £ € C}(H3(Q)), R) we provide similar to (II1.35)
a ng € IN such that

1

sup a1y ) S (14 1y + E() <. (ITL36)
Let us check the assumptions of Theorem 1.3.6. The density of the embedding H} (Q)) <
L*(Q) and Proposition 1.4.2;(b) show that 1.3.6;(i)+(ii) is satisfied (with (p,q) = (4,4)).
Moreover, 1.3.6;(iii) has been checked in Theorem III.1.2;(e). Theorem 1.3.6 then pro-
vides on Ir := [tg — T, to + T] with an arbitrary T € (0,00) a weak solution ur €
Cuw(Ir, H}(Q)) of (CPM) on It with ur(ty) = f, L?(Q)-conservation and &(u(t)) <
E(f) for all t € Ir. We in particular have

1/
o, a0y S (1720 + ECF)) (111.37)

and ur € C%/*(Ir,L?(Q)) by Proposition 1.2.7;(a). In (1.1) the weak solution ur
was shown to be ungiue . For t; € I\ {tp} we can then construct a unique vr €
Cuw(Ir, H3(Q)) with v(t1) = u(t1), which satisfies £(v(s)) < E(v(t1)) for all s € Ir. The
uniqueness implies u(r) = v(r) for all r € Ir. This implies £(f) < E(u(t1) < E(f)
and ur therefore has energy conservation. Then Theorem 1.3.6;(b) provides ur €
C(Ir, Hi(Q))) and that ur is a strong solution of (CPM) on Ir. As T was arbitrary and
ur unique we can construct a well-defined global strong solution u € C(R, Hi(Q))) of
(CPM) by

WiR S HNQ),  u(t) = m() £ Yl (0,

n=2
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which also satisfies L?(Q2)- and energy conservation. Finally, (I.37) yields that u €
L(R, H}(Q0)).

(1.3) Let B € (2,4(1— 1)) and ¢ < /2. We fix f € Hi(Q)). We choose (p,q) sharp
3/2-admissible such that p € (B,4(1 — v)). Then the sharp 3/2-admissibility implies the

inequality 1 > 3 — 2(7; b - % + 2; . As in (1.1) Theorem IIL.1.5 provides a maximal

strong solution u € C(I(f), HX(Q)) N Ly (I(f),L¥(Q)) of (CPM) with L*(Q))- and
energy conservation, blow-up alternative and locally Lipschitz continuous nonlinear
flow. We additionally have transport of H3(Q)) regularity, since f > 2 and therefore
(IIL.24) holds with s = 2. I(f) = R follows via the energy bound (II1.35). This follows
from the fact that Fg , is defocusing.

(2) Let d = 2. We proceed as for d = 3 where in the case vy = 1 instead of v = 1/2
Theorem II1.1.5 fails.

21) Let B =2and v < 1. We fix I € Z, with typ € I. We first show that (CPM)
has at most one strong solution. We use Theorem I1.4.4 for s = 1/2 and the sharp 1-
admissible pairs (p,q) = (4,4). The sharp 1-admissibility condition yields 3 > % + %.
H;(Q) — L*(Q) and (O1) imply 1L.4.4;(i). Also Fs . satisfies 11.4.4;(ii) by (1.64). Let
u € LI, H%(Q)) be a weak solution of (CPM) on I. Lemma III.1.4;(d) provides for
¢ € H(Q) the estimate

1B+ (&)l (0 S 181130y (I11.38)

With the Bernstein inequalities for (—Aq, H3(Q))), (11.36) and (I11.38) follows

1

l 1
S, (1 Zz G (=80 () o )
1+2
<2 S (= 00) (= DQ)kBs 1 ()| oy )

S HFZHr(u)HL""(I,Hi/S(Q)) S HHHCZOO([,H%(Q))‘ (II1.39)

Hence, every weak solution u satisfies Sg, , (u) < co. Theorem II.4.4 provides that there
is at most one strong solution of (CPM) as before.

Leteithery <lands=1ory =1ands € (1,2). Wefix f € H5(Q)). In both cases there
is (p,q) sharp 1-admissible with p > fand s > 1+ @ = % + 27 Theorem I11.1.5
provides a unique maximal strong solution u € C(I(f), H3(Q))) ﬂ Ly (I(f),L®(Q))
with blow-up alternative, L2(Q))-conservation and Lipschitz continuous nonlinear flow.
By means of B = 2 and (II1.24) for s = 2 we have transport of H5(Q) regularity and
therefore energy conservation. With the conservation laws and the defocusing nonlin-
earity Fg, we have

lll i,y S FIIZ2 o +26() =R <. (IIL.40)

If ¥ <1and s =1 the estimate (II1.40) proves I(f) = R by the blow-up alternative.
For the case v = 1 and s € (1,2) we assume T} < oo and put I (f) := [to,to + T4).
We want to use the a priori estimate from Theorem I1.4.5 in D((—Aq)”?) = H3(Q).
We put (p,q) = (4,4). Then § > 1 > % + %. I1.4.5;(iii) is therefore satisfied and so are
I1.4.5;(i)+(ii). With (I11.39) and (I11.40) follows with C(x) := x + x° the estimate

1l Lo (1, (), 113 (02)) T SEre (1) S C(R).
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1. Local and global existence results for the nonlinear Schrodinger equation

Theorem I1.4.5 then implies u € L*(I(f), H3(Q))) and therefore T, = oo by the blow-
up alternative. The same argument provides T_ = oo, hence I(f) = R.

(2.2) In the limit case p = 2 and v = 1 we repeat the exact same argument as in (1.2).
(2.3) Let B € (2,4(1— 7)) and y < /2. We fix f € Hi(Q)). We choose (p,q) sharp
1-admissible such that p € (B,4(1 — y)). Then the sharp 1-admissibility implies the

inequality 1 > 1 — -1 o % + 277. As in (2.1) Theorem III.1.5 provides a maximal

p
strong solution u € C(I(f), H3(Q)) N L} (I(f),L®(Q)) of (CPM) with L?(Q)- and
energy conservation, blow-up alternative and locally Lipschitz continuous nonlinear
flow. We additionally have transport of H3(Q) regularity, since 8 > 2 and (II1.24) holds
with s = 2. I(f) = R follows via the energy bound (II.40). This follows from the fact
that Fg , is defocusing.

O

lll.2. Divergence form operators with potential on R

The appendix of [BGT04b] contains the proof for local (p, q) Strichartz estimates with
1/2p-loss for all sharp 4/2-admissible pairs (p,q) for the Schrodinger group (e #F);cr
generated by a certain divergence form operator (P, H3(R?)) on R?. It is indicated
in [BGT04b] that the global existence results of the paper should carry over to this
situation but no proof is given.
In this section we want to consider operators of the form P + V on RY, whereby V is
a bounded potential. By means of a perturbation argument we transfer the local (p, )
Strichartz estimates 1/2p-loss for (e *"));ck to the Schrodinger group (e #(PFV)), .
As a consequence, we are able to prove the existence of maximal strong solutions in
Hs(IRY) for the corresponding nonlinear Schrodinger equation. We furthermore derive
a global existence result in H}(R?).
Let b € C*(RY,RY), B := diag(by, ..., b;), and V € C!(R%,R) satisfy the following:
(C1) b_ := inf bi(x) >0and V_ := inf Vi(x) >0,

ie{1,..d},xeR4 ie{1,..d},xeR4
(C2) For all « € IN¢ holds [0%b]| Lo (re ey < o0and  sup [0 V|| o (ray < o0

w€NE, |a|<1

We define the linear operators
P: C®(R?) — LI(RY), Pf := —det(B)~Y2div(det(B)/*B~1 - V),

(IT1.41)
A:CP(RY) — L1(RY), Af .= Pf+Vf.

Then we realize (A,C®(IR?)) on the space L1(R%) for g € (1,00) by means of the
operator (A;, D(A,)) defined by

D(Ag) == {f € H; (RY) | Af € LY(R?) in distributional sense},

Ayf == Af on D(A).

We gather the needed properties of (A, D(A,)) and its fractional powers in the next
Lemma.

100



II1.2. Divergence form operators with potential on RY

Lemma III.2.1

Letd € N, q € (1,00),and 6 € (0,1). Then (Ay, D(Ay)) is a closed linear operator with the

following properties:

(@) D(Ag) = H;(RY) and (Ag, D(Ay)) has fractional powers (Af, D(AS)) with D(AY) —
L®(R%) if 6 > d/2g.

(b) (Az, H3(R?)) is non-negative and selfadjoint on L2(IRY) with respect to the weighted scalar
product (-,- det(B)"2) 2 (gs) and D(Af) = H*(R?).

(c) (e7it42),cR satisfies (p,r) Strichartz estimates with 1/2p-loss for all sharp 4/2-admissible
(p,r) € [2,00] X [2,00).
Remarks:

(1) In (b) the induced norm of the weighted scalar product (-, - det(B)"?),2a) is equiv-
g p [2(R4) 1S €q
alent to || - || 2(gs) on L2(R?) by means of the properties of b.

(2) The perturbation argument we use in (c) can be applied for all sharp 4/2-admissible
p g PP . P
pairs (p,q), to prove local (p,q) Strichartz estimates for (e"(*~V)),cg with V €
L*(R%).

Proof. Let g € (1,0). Note that the conditions on b imply that there are C;,C, € (0, 0)
such that C; < det(B(x)) < C, for all x € R?. We will use this fact below without
mentioning.

(a) Since

d d
Af ==Y bo3f—Y_ (det(B) "2b;(9x, det(B)"?) + dx,b;)0x.f + V f
i=1 i=1

the conditions (C1) and (C2) imply that — A satisfies the assumptions in Theorem 3.1.1
in [Lun95]. Consequently, we have D(A,) = Hg(IRd) and (Aq,Hg(le)) is closed. Sec-
tion 3.1.1 in [Lun95] furthermore provides that (—Aq,Hg(]Rd)) is sectorial. Then we

can define fractional powers (Af,, D(AZ)) such that Proposition 2.2.15 in [Lun95] and
Theorems 2.4.2.2 and 2.8.1;(d) in [Tri95] provide for 6 € (4/24,1) the embedding

D(A]) = (L(R?), H} (RY))g,00 = B (RY) > L™(RY).

For a definition of the Besov space B;,q(le ) and further details we refer to Section 2.3
in [Tri95].
(b) Let g = 2. The sesquilinear form

a: H)(R?) x Hi(RY) = C,
d

a(f,g) =) / [ bidx, f - 0x,g det(B)"* dA + /  Vfgdet(B)"* dA
i—1/R R

is densely defined, continuous, accretive, closed and symmetric. Proposition 1.24 in
Section 1.2.3 of [Ouh05] implies that (A, D(A)) given by

D(A) := {f € LA(RY) | Sgerame)Vgerm * 21 9) = (89 det(B)) 2w},

Af:=¢ onD(A),
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1. Local and global existence results for the nonlinear Schrodinger equation

is a well-defined, non-negative, and selfadjoint linear operator on L?(Q)) with respect to
the inner product (-, - det(B)1/2>L2(]Rd) We have H2(R?) C D(A) and D(A) C D(A) &
H2(RY). Hence, D(A) = H2(R%). Integration by parts and det(B)(H}(R?)) = H}(R?)
then imply

Ve gemmy (A 8 amey = (Af, ) 2 (re-
Thus, (A, D(A)) = (A2, D(A2)) and Corollary 1.1.3;(c) yields for 6 € (0,1)
D(A§) = [L*(R?), D(A2)]p = [L*(R?), HF (RY)]p = H3’(RY).
(c) Let (p,q) € [2,00] x [2,00) be sharp 4/2-admissible. The realizations of (P, C®(IR%))
and (A,C®(RY)) given in (I1.41) on L?(R?) are non-negative and selfadjoint opera-

tors on L2(IRY). We denote them by (P, H3(R?)) and (A, H3(IRY)), respectively. We
furthermore have D(AY?) = D(Py/?) = HS(IR?) for 6 € (0,2), which implies

I

||6’_i(')A2||Lo°(1R,£(H§(Rd))) = ||€_i(')P2||L°°(JR,£(H§’(Q))) L. (IL-42)

Local (p,q) Strichartz estimates are translation invariant in I. It is therefore enough
to prove such an estimate for I := [0, T] with an arbitrary T € (0,00). Moreover, we
can assume f € H2(R?) since H3(R?) is dense in H;/ ’(R%). Theorem 5 in [BGT04b]
provides a non-decreasing C : [0,c0) — [0, 00) such that

He_i(.)szHLP(I,Lq(le)) < C(T)Hf”H;/v(le)' (II1.43)

We define the function u € C'(R, H3(IRY)) by u(t) := e~#42f. u is the unique solution
of the Cauchy problem

i/ (t) = Pou(t) + Vu(t), t#0, (ITL.44)

Observe that (C2) yields V € WL(R?) and therefore V € L£(Hi(RY)). By means of
complex interpolation with V € £(L?(R%)) we have V € L(H§(R?)) for all 8 € (0,1).
We then have Vu € C(RR, Hi(IR%)) and we can consider (I11.44) as an inhomogeneous
equation with respect to (P, H2(IR?)). Duhamel’s formula yields for all t € R

u(t) — efitAzf 1thf / i(t—s PZVM )dS.

The previous formula combined with Minkowski’s integral inequality, (II1.43), V €
E(H;/” (R%)), and (II1.42) provides

le A2 £, (LLI(RY)) = le P £l 1 (LLI(RY)) T le 1Py i) A2 £

COTYIF gy = CONF Ly g1

L1(1H,? (R))
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We now turn to the construction of solutions for the nonlinear Schrodinger equation

i/ (t) = Agu(t) + Fg o (u(t)), t+#to,
u(ty) = f.

Recall that (A, H}(R?)) is the extrapolation operator of (As, H3(R?)). Compared to
Theorem III.1.5 in the previous section we could say that we are in a “y = 1/2” situation
and we expect analogous results to hold.

Indeed, we first apply Theorem 1.3.4 to deduce an existence result for maximal strong
solutions of (I11.45) in Hj(RY).

(IT1.45)

Theorem II1.2.2
Let d € N>y, 5,5 € [1,2] withs < §,and B € (1,00), which are assumed to satisfy:

(i) 5(d—2s)§2(s+1)ands>%—%.

(ii) Either B € Nepen or B> [s] +10rs = 1.

Then there is p € (max{B,2},00) such that for each f € H5(R?) the nonlinear Schrodinger
equation (I11.45) has a conditionally unique maximal strong solution u € C(I(f), H3(RY)) N
LY (I(f), L®(R?)) with the following properties:

loc

(a) u has L?(R%)-conservation and the induced nonlinear flow is locally Lipschitz continuous.

(b) The nonlinear flow transports H5(Q) regularity if either B € Nepen of B > [8]. In that
case u satisfies the blow-up alternative with respect to H5(QY).

(c) If B(d —4) < 4 and u transports H5(R?) regularity for some § > 2, then u has energy
conservation.

Proof. We fix f € H5(R?) and let (p,q) be a sharp 4/2-admissible pair such that p €
(max{B,2},00) and § > % — ﬁ > 2% + ﬁ. Condition (ii) and Lemma II1.1.4 yield
the nonlinear estimates (I11.23), (II1.24), and (II1.25). Lemma III.2.1;(c) provides a local
(p,q) Strichartz estimate with 1/2p-loss. Theorem 1.3.4 then implies the existence of a
unique maximal mild solution u € C(I(f), Hs(R%)) N L} (I(f), L*(R?)) of (IIL.45) with
a locally Lipschitz continuous nonlinear flow. The condition p(d —2s) < 2(s+ 1) and
the Sobolev embedding A.2.1 imply that Hj(R?) < L7(R?) with q = 2d(8+1)/(4+2). The
Lipschitz estimate (1.65) from Proposition 1.4.2;(b) then implies for g, € H;(IR%)

|Fp+(2) = Foe () pameye S 1Fp2(8) = Foe (W) 200y ey
S (1818, oy + 1002, eV 1 = Bl o e
S (g ey + 1B s ey 1 = Bl g e

Hence, Fg+(u) € C(I(f), E}) and Proposition 1.2.4 yields that u is in fact a strong so-
lution of (I11.45). Moreover, Lemma 1.2.8 provides L?(IR¥)-conservation. This finishes
the proof of (a).

(b) This property follows from the nonlinear estimate (III.24) for 5§ and Theorem 1.3.4;(d).
(c) We repeat the exact same argument from the proof of Theorem III.1.5;(c) and we
provide all the details. We assume B(d —4) < 4 and let § > 2 for which the nonlinear
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1. Local and global existence results for the nonlinear Schrodinger equation

flow transports Hj(IR?) regularity. It is enough to show energy conservation on an
arbitrary I € Z. with ty € I C I(f). We fix such an interval I and let (f,).en € H5(RY)
with f, % f in H5(R?) with corresponding strong solutions (u,),en of (II1.45) with
un(to) = fu. Since H5(R?) regularity is transported by the nonlinear flow, we have
un € C(I(fn), HS(R?)) N L} (I(fx), L(IRY)) for all n € N. The local Lipschitz continu-
ity of the nonlinear flow in H5(RR?) implies the existence of 1y € N such that for all
n > ng holds I C I(f,) and u,(t) 3 u(t) in Hj(R?) for all t € I. From now on let
n > ng. Note that f(d —4) < 4 and the Sobolev embedding A.2.1 imply the embedding
H;(RY) — HZ(R?) — L2(FT1)(R?). The Lipschitz estimate (I.65) shows for n > ng and
t,sel

B (1 (1)) = B (100 ()l 120
S (g ) + 108 gy o)) 10 (1) = 10(5) | 25y

S ot 5 3 sy 100 () = () 5 -

Hence, Fg . (u;) € C(I,L*(R?)). The equation iu, = Azu, + Fg(uy,) in Hi(RY)*
implies u, € C'(I,L*>(R%)). Lemma 1.4.3 then provides energy conservation for u,.
Lett € I uy(t) 3 u(t) in H3(RY) and € € C(Hs(R?),R) then shows

E(u(t)) = lim E(un(t)) = lim E(f) = E(f).

n—oo n—oo

O]

The energy methods from Lemma 1.3.5 allow us to deduce the following global exis-
tence result for (I11.45) in Hj (IR?).

Corollary III.2.3

Let B € [2,0), p € (B,), and f € HI(R?). Then the nonlinear Schrodinger equa-
tion (IIL.45) has a conditionally unique maximal strong solution u € C(I(f), H}(R?)) N
LY (I(f), L*(R?)) with the following properties:

loc

(a) u has L2(R?)- and energy conservation.

(b) If either the equation is defocusing or B = 2 and || f||12(gz) is small enough, then I(f) = R
and u € Cp(R, H1(R?)).

(c) The induced nonlinear flow is locally Lipschitz continuous. It furthermore transports
H3(R?)-regularity.

Proof. We fix f € Hi(IR%). Since B > 2 the conditions II1.2.2;(i)+(ii) are satisfied.
Theorem 111.2.2 provides a unique maximal strong solution u € C(I(f), Hi(IR*)) N
Ly, (I(f),L®(IR?)) of (IIL.45). Theorem II.2.2;(a) provides L?(IR?)-conservation and the
local Lipschitz continuity of the nonlinear flow. Moreover, Theorem III1.2.2;(b)+(c) pro-
vides transport of H3(R?) regularity (recall B > 2) and energy conservation of u. It
remains to show (b). We derive the criteria for I(f) = R from Lemma 1.3.5, whose
assumptions we check now. We have already established L?(IR?)- and energy con-

servation and therefore 1.3.5;(i) is satisfied. Since (B +2)Fg4(g) = =£|| g||/z;f2 (R?) the
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condition 1.3.5;(ii) is satisfied in the defocusing case. For the focusing case and g = 2
the estimate (1.52) shows for ¢ € H}(IR?) that

_HgHL4 RR?) 2 HgHLZ RR2) HgHHl R2)*

Hence, 1.3.5;(ii) is satisfied with B, = 2. In both cases Lemma 1.3.5 provides u €
L*(I(f), H:(IR?)) under the given assumptions in (b) above. This shows I(f) = R by
the blow-up alternative. O

lII.3. Schrodinger operators with superquadratic potentials
on R?

The remark after Lemma II1.2.1 states that local (p,q) Strichartz estimates without
loss hold for the Schrodinger group generated by Schrodinger operators —A + V with
bounded potential. In [YZ04] local (p, q) Strichartz estimates with /-loss are shown for
the Schrodinger group generated by Schrodinger operators with certain unbounded
potentials. Moreover, a local existence result in the fashion of Theorem 1.3.4 is proven.
In this section we briefly want to discuss their setting and how it fits into the framework
of Section 1.3. We additionally state a slightly extended version of Theorem 1.5 in
[YZ04].

Let g € (1,00) and V € C*(IR%,R) which satisfies inf, s V(x) > 1. We assume that
there is m € (2, 00) with the following properties:

(V1) There is R > 0 such that V(x) = (14 |x|*)2 for x € B(0,R)S,

m— \a\

(V2) For all « € IN¢ holds |(3*V)(x)| < Cu(1+ |x[?) 2

We define the differential expression
A:C®(RY — L1(RY),  Af:=—Af+Vf.

In [HS96] Theorem 8.14 it is shown that (A, C®(IR?)) is essentially selfadjoint on L?(IR¥)
with unique selfadjoint and positive definite extension (A, D(A;)). Lemma 2.4 in
[YZ04] shows for s € [0,00) that (A3, D(A35)) can be extended to a closed operator on
(A3, D(A7)) on LT (R?). They additionally show

H ” A/Z ms
7

D(A]?) = C=(RY) 1 llpgazy = [ ey + 1+ 125 fllamay-
(A7) q

Consequently, the Sobolev embedding A.2.1 implies D(A%) < L*(R?) for a > d/2
and D(AJ?) < L1(R?) for either g € [2,e(d,s)) or g = e(d,s) if d > 2s. Theorem 1.3 in
[YZ04] states for the Schrodinger group (e~#42),cR local ( ) Strichartz estimates with
¢-loss for all sharp 4/2-admissible pairs (p,q) and ¢ > p( L). The Lipschitz estimate

(1.64) implies for g, h € L2(RY, pdA) N L®(R?) with some ¢ € C(R?) the estimates

1B (2) 2o pan) S 1817w o) 18] 2wt gty

1B+ (8) = Foe ()l 2w gary S (181 5wy + 1115 o) 18 = Bll 2w gatr)-
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1. Local and global existence results for the nonlinear Schrodinger equation

Combined with the nonlinear estimates of Lemma I11.1.4 we have all the nonlinear
estimates from 1.3.4;(ii) for F5 . on D(AY?). With & > /29 and ¢ > %(% — L) follows

m
“+€>£+1 1_1 _%_1 1_’_1
29 p\2 m) 4 p\2 m)
As a consequence of Theorem 1.3.4 we then recover the following existence result for
the nonlinear Schrodinger equation

i/ (t) = Agu(t) + Fp o (u(t), t#to

111.46
u(to) = f ( )

Theorem I11.3.1
Let to € R, d € N, s € [0,00), B € (1,00) and (p,q) € [2,00)? sharp 4/2-admissible with
p > B. We furthermore assume:

(i) s>d—1<1+2>.
p

2 m
(ii) Either B € Neyen or B> [s] +10rs = 1.

Then for each f € D(Asz/ ?) the nonlinear Schrodinger equation (I11.46) has a conditionally
unique maximal mild solution u € C(I(f), D(AY?)) N L}, (I(f), L*(R?)) with the following
properties:

(i) The induced nonlinear flow is locally Lipschitz continuous.

(ii) If B(d — 2s) < 2(s+ 1), then u is a strong solution of (I11.46) with L?(IRY)-conservation.

Remark: Compared to Theorem 1.5 in [YZ04] we state in the above theorem maximal
solutions with uniqueness in C(I(f), D(A3)) N L} (I(f), L*(IR?)) instead in the smaller
space C(I(f), D(A3)) N L, (I(f), D(A5~")). We additionally obtain local Lipschitz con-

tinuity of the nonlinear flow instead of continuity.

lll.4. The Dirichlet Laplacian on bounded domains

In this section we treat the nonlinear Schrodinger equation for the Dirichlet Laplacian
on a bounded domain with initial data in the energy space and the model nonlinearity
Fg+. In order to avoid some inessential technical difficulties we choose B € Neyen-
Proposition 1.4.2;(a) then ensures Fg . € C*(R? R?).
We first fix the notion of a Lipschitz and C*-domain.

Definition II1.4.1
Letd € N>y and Q) C R? be a bounded domain.

(a) Qis called a Lipschitz domain, if there is N € N and an open cover ()N, of Q) with the
following properties:

e 0o CQand ;NI #Qforie {1,.. N}
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I11.4. The Dirichlet Laplacian on bounded domains

* There is a family of open sets (O;)N, in R?~! and functions (b;)N | in C*1(0;, R)

1

such that for i € {1,..., N} holds (possibly after permutation of coordinates)

aN0NQ; = {x e RY ‘ (xl,...,xd_l) €0, x5 = bi(xl,...,xd_l)},

ang; C {x S ]Rd | (x1,...,xd,1) €0y, x4 > bi(xl,...,xd,l)}.

(b) Q is called a C®-domain if it is a Lipschitz domain such that b; € C*(O;,R) for all
ied{l,., N}

Remarks I11.4.2
Let us give the most important examples and comment on possible extensions.

(1) Clearly all bounded C*-domains are bounded Lipschitz domains.

(2) We are interested in the following special Lipschitz domains. Let Q C RR? be a
bounded domain. We call Q C R? polygonal, if there is P € IN and x4, ..., xp such
that with xp_1 := x; holds 00 = !, L; with

Li:={x € R* | Jjcio1) : X = xi + t(xip1 — %))}

(3) The notion of a bounded Lipschitz domain has a straightforward generalization to
unbounded domains. The notion of a strong local Lipschitz domain (not necessarily
bounded) introduced in Definition 4.9 of [AF03] is such a generalization. For such
domains Lemma I11.4.3 below would still hold true. This is relevant since local (p, 9)
Strichartz estimates with and without loss have been proven on certain unbounded
exterior domains in [BSS12] and [Ival0]. We therefore could study consequences of
Theorem 1.3.4 for the nonlinear Schrédinger equation on such domains. However,
we will not pursue this here and restrict our study to the case of bounded domains.

(4) We will need a bounded extension operator in Sobolev spaces. Let (2 C R? be a
bounded Lipschitz domain (or an unbounded strong local Lipschitz domain). Then
Stein’s extension theorem formulated in Theorem 5.24 of [AF03] states the existence
of extn such that for all k € Ng and p € [1,0) we have extq € ,C(H’;(Q),H]’[‘,(Rd))
and (extq f)|q = f for f € H’;(Q) The construction of extq furthermore provides
for f € H];(Q) N L*(Q) the inequality || exta f||~gre) < [[fllz=(q)- The complex
interpolation Theorem A.1.3 then implies extg € L’(H;(Q),H;(Rd)) for all s €
[0,00) and p € (1, 00).

We produce next the needed nonlinear estimates for Fg ... We use the extension opera-

tor extq to transfer estimates known on H5(IR?) to H5(Q2). The prior have been proved
in Lemma III.1.3.

Lemma II1.4.3
Let d € N>y, k € IN, B € Negen, and Q) C R? be a bounded Lipschitz domain. Then holds
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1. Local and global existence results for the nonlinear Schrodinger equation

Fg+ (H5(Q) NL®(Q)) C H5(Q) N L¥(Q) and

1B+ ()l 102y S 18115y 181 52y (IIL47)

1B+ (8) = Foa (W gy S (18115 () + 1117w 18 = Bll s (I11.48)
-1 -1

+ (Iglwiey + 1~ i) (1€ sy + WAl gc) I8 = Bl -

Moreover, Fg 1 (Hy 5(Q2) N L®(Q))) € Hy,(Q) N L*(Q).

Proof. Since f € Neyen the nonlinearity Fg+ € C®(R? R?) is a polynomial in z and
z. Then the properties of the extension operator extn from Remark I11.4.2;(4) and the
product estimate from Lemma I11.1.3;(a) with Q = R? provides for g,k € Hi(Q) N
L*(Q)) the estimate

1871l r 2y = [l(exta g)la - (exta h)|all gy )
S llexta gllrs(we)ll exta hl| gy ray + [l exta gll g ray || €xta bl o (we)
S 8l o) Vel gy + I8 gy 1l o) - (I1.49)

A successive application of (II1.49) implies (II1.47). The estimate (II1.48) then follows
via the fundamental theorem as in the proof of Lemma III.1.3;(c). For the remaining
assertion it is sufficient to prove that H} () N L*(Q) is closed under multiplication.
We fix g, h € H} ((Q) N L*®(Q2). By means of the estimate (II1.49) we have gh € H}(Q)) N
L*(Q)), which leaves us to prove gh € H%,o (Q)). To this end we first construct a sequence
(hy)nen in CZ(Q) such that

hy =3 h in Hy(Q),  sup |[h|peq) < oo (I11.50)
nelN

Following the proof of Theorem 3.17 in [AF03] we define

Qu:={xeQ| x| <m A d({x},0Q) > 1/m}, (m € N)

Qo = Q,1 = @,

Om = Q1N (Qm—l)cf

Uy := Qg2 N (Qm—z)c-
0 = {Oy | m € N} is an open cover of () which admits a C®-partition of unity
(Xm)menN subordinate to ¢ such that for all m € IN only x,, satisfies supp(xm) C Omn.
Let furthermore (@ )cc (1) be an approximate identity and (€ )men a sequence in (0,1)

with €, < 1/(m+1)(m+2). This implies supp(¢e,, * xmh) C Op. Moreover, (€y)meN can
be chosen such that (h,),en in CP(Q) defined by

n
he: Q= C,  hyi= ) e, * (xmh), (IIL.51)
m=1
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satisfies h, =3 hin H}(Q). Since Oy N Oy, = @ for [k — m| > 4 we have

1allooy <sup Y M@e, * (X)) oy S Ml e(r)-
kelN 1<m<n
|[k—m|<4

Consequently, (h,)nen from (I11.51) satisfies (II1.50).
We now define (p,)nen by pn := ghy. Then p, € H; ((Q)) for all n € IN. The dominated
convergence theorem yields

(V&) (h =) r2() = 0. (ITL.52)
Indeed, (0*g)(h — hy) “=% 0 almost everywhere on () and

Del?(), D)= Vs(@)|(IMlivo) + 5P Iinlim(c) ac
ne

is a majorant of ((Vg)(h — hy))nen almost everywhere on (). With (IIL.52) and the
product rule we obtain
I8h = Pulle ey < (I8llee(o) + Illio@) I1h = Bull gy ) + 1V 8) (B = Bl 12
=% 0.

Consequently, we have gh € H} ((Q). O

We now turn to the nonlinear Schrédinger equation
i/ (t) = —Apu(t) + Fg o (u(t)), t# to,
u(to) = f,

with f € H}(Q)) and a bounded Lipschitz domain Q0 € R?. (~Ap, D(—Ap)) denotes
the Dirichlet Laplacian on () given by

(IIL.53)

D(—Ap) := {f € Hy,(Q) | Af € L*(Q) in distributional sense},

—ADf = —Af on D(—AD).

In Example 1.1.6;(1) we defined (—Ap, D(—Ap)) via a sesquilinear form and showed
that its energy space is given by E_»,, = Hj,(Q2).

Theorem I11.4.4
Let B € Neyen, p € (max{p,4},00) and Q) C R? be a bounded domain, which is either C*® or
polygonal. Then for each f € H%,O(Q) there is a conditionally unique maximal strong solution

u e C(I(f), Hy ()N Ly (I(f),L®(Q)) of the nonlinear Schrodinger equation (I11.53) with
the following properties:

(a) u has L?(Q)-conservation and the induced nonlinear flow is locally Lipschitz continuous.

(b) If Q) is C®, then u has energy conservation. Then I(f) = R if either the equation is
defocusing or B = 2 and || f || 2(q) is small enough.
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1. Local and global existence results for the nonlinear Schrodinger equation

Remarks:

(1) The statements of the above theorem for a bounded C*-domain with p € (1,00) are
contained in [Ant08]. Since the local existence result there does not rely on the sign
of the nonlinearity, Lemma 1.3.5 provides global existence for the focusing equation
if B € (1,2).

(2) In [BFHM12] the needed Strichartz estimate is proven for polygonal domains.
However, the authors do not state any existence results for the corresponding non-
linear Schrédinger equation.

(3) If B =2 and Q) is polygonal, then Theorem 3.6.1 in [Caz03] provides that the above
solution is unconditionally unique and satisfies energy conservation. This again
results in I(f) = R if either the equation is defocusing or || f||2(q) is small enough
by Lemma 1.3.5. Compared to Theorem 3.6.1 in [Caz03] we gained the information
that u € L] (R,L®(Q)) and the nonlinear flow is locally Lipschitz continuous with

loc

respect to the norm of C(I(f), H3 ,(€2)) N Ly (I(f),L=(QY)).

Proof. Let us first gather the necessary function spaces, in particular the fractional
domains of —Ap. Theorem 1 in Section 5.7 of [Eval0] provides that H} ,(Q) < L?(Q)
is compact. Then there is a sequence (Ag)xen in (0, 00) of eigenvalues associated to the
eigenfunctions (¢y)ren of (—Ap, D(—Ap)) such that Ay =3 co. (@4 )ren additionally
forms an orthonormal basis of L?(Q) and ¢; € H%/O(Q) NCP(Q) for all k € IN (see
Section 9.8 in [Brel1]). For s € [0,0) the fractional powers ((—Ap)¥?, H5 5 (Q))) of the
Dirichlet Laplacian are given by
ol < 00},

H; p(Q { qu’k 12(0 QDkGLZ
(—Ap)"*f := Z AP (f o)1z )@x on H3 p(Q).
k=1

We equip H5 ,(Q)) with the norm

0 1/2
I g e+ (@) = 1009, [y i= (L MlF o)
k=1

Then (H55(Q), [ - |13, (q)) is a Banach space. Recall Weyl's law for the asymptotic
behavior of the e1genvalues (Ak)ken for k — oo from Theorem 1 in Section 11.6 of
[Str08]. It provides limy o % = %. Then there is kg € IN such that Ay = k for all
k > ko.

Let f € C®(Q) with K := supp(f), s € [0,0), and § € N such that s — 25 > 1. We use
the asymptotics of (Ax)ren and the orthonormality of (¢g)ren in L?(Q) to provide

YA e = Y ATEIS (D or) 2
k=1

k=1

< (~80) 2 (Dw P o) <o

k=ko+1
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I11.4. The Dirichlet Laplacian on bounded domains

Hence, f € H5 ,(Q) and therefore C*(Q)) C Hj ,(Q) for all s € [0,00). We stress that
H},(Q) = H; 1(Q) and H5 ,(Q) is dense in H ,(Q) for 0 <5 <ss.

(a) We already showed in Lemma I11.4.3 the nonlinear estimates (I11.47) and (I11.48) for
k =1and Fg.(H},(Q) NL*(Q)) € Hj((Q) in Lemma 111.4.3. Also the mean value
theorem yields

1Fs+(8) = Foe (W) 20y S (18115 (2) + I1Al1 7w ) 18 = Bl 22

We now collect the following local (p, q) Strichartz estimates with ¢-loss from Theorem
1.1 in [BFHM12] and Theorem 1.2 in [Ant08]. Let f € C®(Q)) and (p,q) be sharp
1-admissible such that p € (max{B,4},) (note that g € (2,4) by the admissibility
condition). There is C : [0,00) — [0, o) such that for I € Z;, holds

i()A
"2 fll e (1,00 () < C(\I|)\’f|\H§f3)(Q)/
where we can choose ¢(Q}) according to
= Q) is polygonal,
> 2 Qis C*.

We additionally have
[(=80) 2% fllis i)y < CAIDI=8D)"fll iy < CUDIA N1

Since g € (2,4) and (—Ap)"2e~i)40 f € L7(Q)) almost everywhere on I, Theorem 7.5;(a)
in [JK95] provides the estimate

Ve o) S 1(=Dp)*e" ™ fll1aq)  aeon L.
We then have
1662 Flln o) < CUDIS o

The complex interpolation results (A.1) and Theorem A.1.3 as well as Corollary 1.1.3
imply for 6 € (2/4,1) the estimate

Hei(')ADfHLv(I,Hg(Q)) = Hei(')ADfH[LP(I,M(Q)),LP(I,H;(Q))}g
< COMI N i 5y < DS yine - 159
The embedding Hg (Q) — L=(Q) from A.2.1;(a) and (I11.54) then provide
||ei(')ADfHLv(I,L°°(Q)) S Hei(')ADfHLP(I,Hg(Q)) < C(m)”fHHggw(Q)-
The sharp 1-admissibility condition for the pair (p,q) implies that there is 6 € (2/4,1)

such that £(Q)) + 6 < 1. This implies the following local (p, o) Strichartz estimate with
1/2-loss

160% £l < CUD I Ny = CUTDIF g agyie-
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1. Local and global existence results for the nonlinear Schrodinger equation

By density of CZ°(Q2) in H}((Q) the previous estimate holds for all f € Hj ,(€2). This
concludes the establishment of the conditions to apply Theorem 1.3.4 with s = ¢ = 1/2.
Hence, for all f € H%/O(Q) there is a conditionally unique maximal mild solution
ue C(I(f), Hyo () N Lj, (I(f),L®(Q))) of (IIL.53) with all the properties stated in (a).
Since Hj((Q)) < LFT2(Q) Proposition 1.4.2 implies that Fg . € C(Hj,(Q2), H ,(Q)*).
Proposition 1.2.4;(c) now implies that u is in fact a strong solution of (I11.53). L?(Q)-
conservation of u then follows from Proposition 1.2.8.

(b) Let () be a bounded C*-domain. We first prove energy conservation. By density
of CZ(Q) in H}((Q), the continuity of the nonlinear flow, and £ € C(H;,(Q),R)
it is enough to prove energy conservation for 1 with intial data in C*(Q). Let f €
Ce(Q) and u € C(I(f), Hyo(Q)) N Ly (I(f),L®(Q))) be the maximal solution of (II1.53)
from (a) with u(ty) = f. The regularity of the boundary ensures ¢ € H3(Q) for all
g € D(=Ap). Hence, D(~Ap) = Hiy(Q) N H3(0Q) and [g]a0 S 1808l for
g € H3,(Q2) N H3(Q)) (see Theorem 9.15 and Lemma 9.17 in [GT01]). We consequently
have

(D(=8b), | Ip(-ap)) = (Hz0(Q) N HE(Q), |- (00))-

Lemma III.4.3 implies F(D(—Ap) N L®(Q))) € D(—Ap) N L®(Q) as well as the non-
linear estimates (II1.47) and (II1.48) for k = 2. Theorem 1.3.4;(d) then implies u €
C(I(f),D(=Ap)) ML (I(f),L®(Q)). The Sobolev embedding A.2.1 provides the em-

loc

bedding D(—Ap) < L2F+1)(Q)) and the Lipschitz estimate (I.65) implies for t,5 € I(f)
[ Fp+(u(t)) — Fpa(u(s))llr2(0)
S () Fapen gy + 15 gy 11 () = 1(5) | 2o )
S e gz 0y 198 = 100) 122

Hence, Fg . (1) € C(I(f),L*(Q)) and the equation in’ = —Apu + Fg 1 (u) yields u €
CY(I(f),L*(Q))). Lemma 1.4.3 then provides energy conservation of u.

We derive the criteria for I(f) = R from Lemma 1.3.5. The condition 1.3.5;(i) is satisfied
since we already have provided L?(Q)- and energy conservation. Recall that (8 +
2)Fg4(8) = £ ngﬁti () For the defocusing equation 1.3.5;(ii) is satisfied. For the
focusing case with § = 2 we use Sobolev embedding A.2.1 and complex interpolation

(A.1) to prove for all ¢ € H}(Q) the estimate
sy 2 sy ) 2 2l 18 0

This provides 1.3.5;(ii) with B, = 2. Hence, Lemma 1.3.5 implies u € L*(I(f), H%O(Q))
under the conditions in (b). This shows I(f) = R by the blow-up alternative. O
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IV. The nonlinear Schrodinger equation on
product spaces

In this chapter we consider the nonlinear Schrédinger equation

i/ (t) = Au(t) + Fg+(u(t)), t#to,
u(to) = f,

where (A,D(A)) is a non-negative, selfadjoint linear operator on L?(Q)) and Q :=
X x Y with o-finite measure spaces (X, 2, jix) and (Y, %, u,). We always consider ()
to be equipped with the product c-algebra .7 := 2" ® # and the product measure
J = px ® py. We furthermore always assume that L?(X) and L?(Y) are seperable. This
will always be the case in our applications.

We are interested in situations in which the Schrédinger group U generated by A can
be decomposed into a product of two Schrédinger groups U, and U, acting on L?(X)
and L?(Y), respectively.

In Section IV.1 we provide local (p,q) Strichartz estimates with ¢-loss for U under the
assumption that U, and U, satisfy either dispersive estimates or dispersive estimates
of SL-type. For the proof we adapt the methods of Section I1.2 to the product situation.
As a corollary of the abstract result we deduce in Section IV.2 local (p,q) Strichartz
estimates with 1/2p-loss for (e'®r"xm), .k, where (—Agrnyxm, H3(R" x M)) denotes the
Laplace-Beltrami operator on the product manifold R” x M. Here (M, g) is an arbitrary
connected, compact Riemannian C*®-manifold without boundary and dim(M) = m.
We will show that R” x M meets the requirements on the manifolds in Section IIL1.
We apply Theorem II1.1.5 to deduce a local existence result in H5(IR"” x M) for (IV.1)
with A = —Agrnxym and n,m € IN. We additionally prove a global existence result in
H}(R x M) with m = 1 for B € [2,00). The latter is one of the main results of this
thesis.

The best result in this direction known to us is provided in [TTV14] under the restric-
tion B < 4. We will present the method of [TTV14], which relies on Strichartz estimates
with mixed space integrability. These are interesting in their own right, because com-
parable estimates are available on flat and distorted waveguides (see [DR12]).

We constantly use the fact that LP(X x Y) = LP(X,LP(Y)) = LP(Y,LP(X)) for p €
[1,00) by A.3.4;(2) without mentioning. To shorten the notation we sometimes denote
spaces of the form R(X,S(Y)) by RS, and R(X x Y) by Ry,.

(IV.1)

IV.1. Strichartz estimates with directional loss

In this section we discuss an adaptation of the methods developed in Section IL.2 to the
product situation X x Y. We first present the main idea. We assume for the moment
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IV. The nonlinear Schrodinger equation on product spaces

that U € L¥(R, £L(L?(Q))) is given by U = U, U, with U, € L*(R,L*(X)) and U, €
L*(R,L3(Y)). If U, and U, are (oy, L'(X))- and (o, L'(Y))-dispersive, respectively,
then for f € L'(X x Y) N L?(X x Y) we have the estimate

IU(BU ()" fllig, < [[IUx(t = s)Uy(t = 5)fllLe

Ly
S = s Uy =)y s
<1l U (= 9)fllig |y < 1 =517 £l (V)

U therefore is (0 + 0y, L'(X x Y))-dispersive. Corollary I1.1.5 yields (p,q) Strichartz
estimates for U for all sharp o, + ¢y-admissible pairs (p,q). Since we are interested
in situations where U, and/or U, may only satisfy dispersive estimates of SL-type we
use the idea of (IV.2) on the level of a spectral decomposition. We first produce (p,q)
Strichartz estimates with “directional loss”, which will become clear in the central
Theorem IV.1.1. We also deduce local (p, q) Strichartz estimates with ¢-loss from these
(p,q) Strichartz estimates with directional loss.

We now describe the functional analytic setup for Theorem IV.1.1. Let (Ay, D(Ax))
and (A,,D(A,)) be non-negative, selfadjoint linear operators on L*(X) and L*(Y),
respectively. For the action of A, and A, on a function in L?(X x Y) to make sense we
extend them canonically to the operators on L2(Q)) given by

D(Ay) = L2(Y,D(4)),  Acf(x,y) = (Af(1)(x) ae onY,
D(A) == 2(X,D(A),  Ayf(xy) = (Af(x,)(y) ae. onX.

It is straightforward to check that both operators are closed, non-negative, and sym-
metric on L2(Q). The separability of L?(Y) implies that

Pi=span{f € M(X xY) | Ipcr2x), fer2(v) : = fufy} Iv.3)

is dense in L2(Q)). Proposition 4.8 in Chapter X.4 in [AE09] furthermore implies for all
a € [0,00) that

Evar=span{f € M(X X Y) | Is,ez, st uu(sy)<eo, fyen(as) - f = Is.fy}  (IV4)

is dense in L?(X, D(Ajy)). The density of D(Ay) — D(Ag) given by Corollary 1.1.3;(a)
additionally provides the density of L*(X, D(Aj)) in LZ(X,D(A£3 )) fora > B > 0.
The analogous versions of these results for L?(Y, D(A%)) are also valid. In particular,
(Ax, D(Ay)) and (A,, D(A,)) are densely defined on L?(0}). Moreover, the sesquilinear
forms

Ay : LZ(Y/D(A;/Z)) X LZ(Y/D(A;M)) - C, ax(f/g) = <A§c/2f/ A;c/zg>L2(X><Y)/

ay: LX(X,D(A)?) x L(X,D(A)%) = €, ay(f.8) = (A*f, A &) 12w

are densely defined, continuous, accretive, closed, and symmetric. Then a, and g,
generate by means of Proposition 1.24 in Section 1.2.3 of [Ouh05] uniquely determined
non-negative, selfadjoint linear operators which coincide with A, and A, respectively.
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This can be checked using the density results for D(A,) and D(A,). (Ax,D(Ay))
and (A,, D(A;)) are therefore selfadjoint. We can easily check via uniqueness of the
corresponding Cauchy problem and the density properties of £y; and Ex,; that the
generated Schrodinger groups Uy and Uy, satisfy for all t € R and f € L2(X x Y)

(Uef)(xy) = Usf () (x), (Uyf)(xy) = (Uef(x,))(y) ae onXxY.

We then have U, Uy = l]yClx on P and the density of P in L?(X x Y) shows that U,
and U, commute on L*(X x Y). The same argument provides that (A, D(Ay)) and
(Ay,D(Ay)) have commuting resovents. Then by [Sz.67] (see also Section 5.3 and 5.5
in [Sch12]) we can define the following multivariate version of the spectral calculus of
Theorem 1.1.1 for the pair A = (A,, A,). There is a map

®y: M(R?) — C(LA(X x Y)), P(A) ;== Pa(9)
such that for ¢, 17 € M(R?) holds:
(MC1) ¢(A) +1(A) € (¢ +7)(A) and p(A)n(A) C (¢n)(A), whereby

D(¢(A)y(A)) = D((¢y)(A)) N D(y(A)),

(MC2) @ly(a,)xo(a,) =0 = @(A) =0and ¢[y(4,)x0(4,) =1 = @(A) =id,
(MC3) ¢(A)" =79(A),

(MC4) @4 : (My(R?),]| - r2(j0,0002)) — L(L?>(X x Y)) is a bounded algebra homomor-
phism.

The operator (A, D(A)) defined by
D(A) := L*(Y,D(A,)) NL*(X,D(4y)),
Af = Ayf+Ayf onD(A),

is symmetric and non-negative. (MC4) implies (id + A)~! € £(L*(X x Y)). Hence,
—1 € p(A) and (A, D(A)) is closed. In fact Proposition 1.1.9 in [Roy07] provides that
(A,D(A)) is selfadjoint on L?(Q)). The properties of the multivariate spectral calculus
also imply that the Schrédinger group U of (A, D(A)) is given by U = U, U, = U, U,.
From now on we are not going to distinguish the operators (Ay, D(Ay)), (4y, D(4y))
and (Ay, D(Ay)), (Ay,D(Ay)) in our notation. It will be clear from the context what
we mean. Recall the Definition of the dyadic partition of unity (¢;)ren, from I1.2.4 and
the definition of the homogeneous and inhomogeneous flows U and @ for an operator
family U € L*(R, £L(L?(Q)) from 1.3.1.

In the above setting we can prove the following main result.
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Theorem IV.1.1
Let I € Iy, oy, 0y € (0,00), v, v € [0,1], and (p, q) be sharp oy + 0y-admissible with q < co.

(a) Let Uy be (0y, L(X))-dispersive and U, be (o, L*(Y))-dispersive of SL-type «y as well as
(Yx(Ay))ken, have the (LP) property. Then there is a non-decreasing C : [0, 00) — [0, )
such that for all f € L2(X,D(Ay/")) holds

Hetfllinng,) < COIMIAN 2x peazrry)- (IV.5)

(b) Let Uy in (a) be only (o, LY(X))-dispersive of SL-type v and (P(Ax))ren, satisfy the
(LP) property. Then there is a non-decreasing C : [0,00) — [0,00) such that for all
f € L2(X, D(A}")) N LA(Y, D(AY")) holds

6 F i1z, < CUD A parm + Iy pany): AV

(c) In (a) a local (p,q) Strichartz estimate with v/p-loss and in (b) a local (p,q) Strichartz
estimate with max{7/p,v/p}-loss holds.

Remark: The estimates (IV.5) and (IV.6) are the analogue to our notion of local (p,q)
Strichartz estimates with loss. In a rather natural fashion the loss only occurs in the
direction, in which the corresponding Schrédinger group satisfies dispersive estimates
of SL-type.

Proof. We fix I € 7, 0 := 0y + 0y, and (p,q) sharp o-admissible with g < co. The
claims in (a) and (b) are trivial in the case (p, ) = (0,2) since U € L®(R, L(L3,)). We
therefore assume p < o in the rest of the proof. We use the same approach as in the
proof of Theorem I1.2.8, but this time pointwise in the X or Y direction.

(a) For k € Ny we put /i := min{2(1797,1} and let ( ]k)] , be the Iy-partition of I

with Ny = [|I|h; '] from Defintion I1.2.9. For k € Ny and j € {0, ..., Ny} we define

aj,k R — ‘C(Li,y)l a],k(t) = lljk(t)lﬁk(Ay)u(t)
Then Uj; € L°°(]R,£(L§,y)) with ||l:IjlkHLoo(R/£(L§/y)) < 1 by means off (MC4). We now
let f e LX xY)NL*(X xY)and t,s € Rwitht # s. If either t ¢ [;; or s ¢ Iy, then

Ui (H)Ujx(s)* = 0. If t,s € Ij, then |t — s| < . The oy-dispersivity of SL-type -y of U,
and Minkowski’s integral inequality imply the estimate

1T () ()" flls, < (1101, (8 L1, () i (Ay ) Uy (= $)Us(t = 5) fl1e || o
S 1= s Ux(t = 5) SlE=s[fll,  @AV7)

We stress that the constant in this estimate is mdependent of j and k. Corollary I1.1.5
then provides global (p, q)-Strichartz estimates for CI]-,k with a constant independent of
jand k. We fix f € L?(X, D(AW”)). By means of the (LP) property of ({(Ay))ken, and
Minkowski’s integral inequality we have

/2,2
A1, 0, N\(zuw ufl)
LP(ILY)
o0 2 o0
g(gor|u]k¢k >fuzp(%)) < 30 NP It Al
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IV.1. Strichartz estimates with directional loss

With Ny 2 |I|2%7 for k large enough and (I1.36) we continue the previous estimate to
conclude

1/2
4101, S I (W1E, + 1 (A A A1

1/2
( ¥ Il si) | )
k=0 L2

(b) We slightly modify the above procedure but the guiding idea remains the same.
For k,1 € Ng we put /1., := min{20757,20-Dv 1} and let (Ij,k,l)]l.v:ké be the hy -partition
of I . Note that as above we have Ny, = []I|hk_ll] For k,1 € Ng and j € {0,..., Ni;} we
define

e (111, +

Ujg): R — L(L*(Q)), Ui (8) := 1, (1) Pr(Ay) Pr (A U(E).

Uj, is bounded with uniform constant in j,k,I by means of (MC4). For f € L'(X x
Y)NL2(X x Y) and t,s € R with t # s the same argument as in (IV.7) yields

1ot ()Tt () flls, < (117, (1T () B (Ay) Uy (t — )7 (Ar)Us(t = 5) fllz || o
5 |t _S|7UyHH]llj,k,l(t)ﬂI/,k,z(S)lI;I%(Ax)uX(t - S)fHL;oHL;

<t flus,,

with a uniform constant in j, k,I. Then Corollary II.1.5 again provides global (p,q)
Strichartz estimates for l:I] 1 with a uniform constant in j, k,[. We therefore have for

f € L2(X,D(A)")) NLA(Y, D(AY")) the estimate
Ngi p
IADPAIUS 13, = ( L I A A1
j=0

S (14 Neo) 91 (Ay) i (Ao fll 1z, - (IV.9)
The dependency of Ni; in estimate (IV.9) calls for a case distinction for which we define
M := {(k1) € N3 | 20-K7r < 2(1=1v1

Then the respective (LP) properties of (¢ (Ay))ren, and (¢;(Ax))ien, and Minkowski’s
integral inequality yield

||Z/{f||Lp ILq

1/2,12
< H ( > le(Ax)Lfin%)
=0

Lr(I)

<[ (IO Icanmauriz) I3
=0 k=0 ! Lr(I)
S I ABANS B+ X 9 RAUFE,

(k1)eM (k1) ENZ\M

1/2,,2
(IV.10)
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IV. The nonlinear Schrodinger equation on product spaces

It is enough to handle the first sum since the analogous result is going to hold for the
second one with Y <+ X, k <+ [, and 7 <> v. Similar to the argument in (IV.8) the
estimates (IV.9) and (I1.36) provide

) Hl/)k(Ay)lI)l(Ax)uinP(I,LZ,y)

(k) eM
Ny _ 2/p
= X (ZHUj,k,ﬂle(A) (A FIT 1, >
(kl)eM \j=0
< i ) <1+zkw%||¢k<Ay>wz<Ax>f||%g,y

< c) L (L InAmnanrii, + & Inadnana i,
S CUMIAR o

The previous estimate and its corresponding result for the second sum in (IV.10) im-
mediately provide (IV.6).

(c) The embedding D(A) — L*(X,D(A,)), (A.1), and Corollary 1.1.3;(a) imply for all
6€(0,1)

D(A%) = [L*(X x Y), D(A)]p = [LX(X, L*(Y)), L*(X, D(Ay))lo = L*(X, D(AY)).

Choosing 6 = 7/p in (a) and 6 = max{7/p,v/p} in (b) implies our claims regarding
the local (p,q) Strichartz estimate with {-loss. In the latter case we have also used
L*(Y,D(AY)) — L2(Y,D(AY)) for 6 < 6. O

IV.2. Existence results for the nonlinear Schrodinger
equation on R" x M

In this section we treat the nonlinear Schrodinger equation for the Laplace-Beltrami
operator on a cylindrical product manifold. We fix m,n € IN and define () := R" x M,
whereby (M, gm) is a connected, compact Riemannian C*®-manifold without boundary
and dim(M) = m. We first review some of the properties of R"” and (M, g,) in order
to bring () into the framework of Section IIL.1.

We consider R" as a connected Riemannian C*-manifold equipped with the trivial
atlas {(R",id)}. We choose the Riemannian metric g, : R* — T2R" given by g,(x) :=
(-,-)re for x € R" and identify g, with the identity matrix id, € R"*". We then have
Fk =0onR" forall k,I,p € N<;, by (A.10). The geodesic differential equations (A.11)
yleld that all geodesics are given by line segments. Moreover, (R”,id,) is geodesically
complete and we have inj(IR") = oo.

We already noted in Remark II1.1.1;(2) that (M, gn) is complete, inj(M) > 0, and has
bounded geometry. We equip (M, g,,) with the finite geodesic atlas {(O;(r),&;) | i € I}
and denote by G, the coefficient matrix of the Riemannian metric g,,. We fix r and the
smooth partition of unity (¢;);c; subordinate to </ (r) are chosen as in (M1) and (M2)
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IV.2. Existence results for the nonlinear Schrodinger equation on R" x M

at the beginning of Section III.1. We usually denote w € Q by w = (x,y) with x € R"
and y € M. We now equipp (2 with the finite atlas

) :={Ci(r),x) [iel},  Or):=R"x0(r), xixy):= (x&{y))

Then (Q, <7 (r)) is a connected C*®-manifold without boundary and dim(Q) = n +
m. We choose the smooth partition of unity (;);c; subordinate to </ (r) defined by
¥i(w) := ¥;(y). As Riemannian metric for (Q), <7 (r)) we choose

§:Q—=TQ,  gxy) = o= (g, TR )R + & (y) (7|01, 7T|pt - ).

7|r» and 7t|pr denote the respective canonical projections onto R"” and M. We conse-

quently have
o= (% o) =7 cwm) (V1D

In the next Lemma we check that ((), g) satisfies the condition (M) at the beginning of
Section IIL.1.

Lemma IV.2.1
Let Q) := R" x M as above. Then (Q, g) is complete, has bounded geometry, and inj(Q)) > 0.
Moreover, Ao = Arn + Apm.

Proof. Let d := n + m. In the proof we denote § := g, with respective Christoffel sym-
bols I:Z,l for k,1,p € N<,,. Equation (IV.11) yields that ((), g) has bounded geometry,
since R" and M have bounded geometry and the atlas <7 (r) is finite. We next calculate
the Christoffel symbols I'} r; of (4, g) in an arbitrary local chart (O,«) € /(r). (A.10)
and (IV.11) imply for all k,1, p € IN<y4

1 n+m

T;’f,z 5 21 (0 &7 + 9o 8k — awjgk,l)gj/p‘
j=n+

This expression is 0 if either k <norl <norp <n.Fork,l,p >nand w = (x,y) € Q
additionally holds

+

rI;Z,l( Z 9w &j—ni- n(w) + awlgj—”,k—”(w) - aw]-gk—n,l—n (w))gj_n'p_n(w)

N \

m

2 Z Y- ”g]l ” ) + al/lfflgf/k*”(w) o angkfn,lfn(w))gj,p_n (w)

NH

fll: nl— W)

We consequently have

T i), n+1<klp<n+m,
I’ (w) = (IV.12)

0, otherwise.
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IV. The nonlinear Schrodinger equation on product spaces

With (IV.12) the geodesic differential equations (A.11) for (€}, g) are

7y (t) =0, lspsn
ntm .
== Y 7 et Y (WO, n+1<p<ntm.
kl=n+1

Hence, the geodesic differential equations of (€),g) decouple into the geodesic dif-
ferential equations for R” and (M, g). v is therefore a geodesic of () if and only if
v = (YRrn,¥), whereby yr» and ¥ are geodesics of R" and (M, §), respectively. For
w=(xy) € Qand v € T,0 = R" x T,M then holds

exp,,(v) = (expx(vl,...,vn),expy(vn+1,..., Vntm))-

If |v||w < 7, then (vy,...,v,) € Bx(0,7) and (0,41, ..., Unym) € By(0,7). exp, is a diffeo-
morphism on B, (0, ) and exp, is a diffeomorphism on B,(0,r) since r < inj(M). exp,,
is therefore a diffeomorphism on B, (0, ) and consequently

Voea: € {€ € (0,00) | exp,, : B,(0,€) = Q is a diffeomorphism }.

This implies inj(Q2) > r > 0. The decoupling of the geodesics also shows that (), g) is
geodesically complete since R" and (M, §) are geodesically complete.
(b) We already know that (—A, D(—A)) defined by

D(=A+) = LA(R", H (M)) N L*(M, H3(R")),
—A+f = —A]Rnf — AMf on D(—A+),
is non-negative and selfadjoint on L?(Q)). Recall that Theorem II.1.2;(b) states that
C®(Q) is dense in H2(Q)). Since C®(Q) C D(—A.) C H3(Q) we have

H3(Q))

D(-A4) = H3(Q).

It is therefore enough to show that Ay = A on C®(Q2). Then (IIL.3) and (IV.12) imply
for f € CX(Q))

n n-+m n+tm
AQf: Z awkaw1f+ Z gklawkawlf_ Z gklrilawl"f

k=1 k>n VvV I>n kl,p=1

m m
= dwef+ 3 8 (02— 1L, )7 = 04,
p=1

k=1
]

Having checked the condition (M) for (€}, g) in the previous lemma, we can now apply
Theorem III.1.5 in Section III.1 to the nonlinear Schrodinger equation

i (t) = —Aqu(t) + Fg o (u(t)), t# to,
u(ty) = f.

(CPP)
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IV.2. Existence results for the nonlinear Schrodinger equation on R" x M

But before we exploit this, let us discuss some known results for (CPP). The most stud-
ied caseis M = T™, where T™ is the m-dimensional flat torus. There has been consider-
able progress in recent years with respect to global existence in H}(IR” x T™) for which
we refer to [HTT14], [HPTV14] and the references therein. The proofs given there heav-
ily rely on the availability of the theory of Fourier series and methods adapted from
the initial groundbreaking work of Bourgain in [Bou93b] and [Bou93a] on the nonlinear
Schrodinger equation on the torus. These methods unfortunately do not transfer to the
case where (M, gy,) is an arbitrary connected, compact C*°-manifold without boundary.
In this general situation there are much less results. The only two references we are
aware of are [TV12] and [TTV14]. The prior paper deals with intial data in mixed-norm
Sobolev spaces. The latter paper deals with (CPP) with initial data in Hi(R" x M). We
therefore compare the results below with the one given in Theorem 1.4 of [TTV14].
For a convenient comparison we state a slight extension of their existence theorem and
provide a sketch of the proof.

Theorem 1V.2.2 ([TTV14])
Letn e N,m=1,B8€ (0,4n), (p,q) := (4B+2)/pn, B +2) and f € HI(Q).

(a) The defocusing nonlinear Schrodinger equation (CPP) has a conditionally unique global
strong solution u € Cp(R, H3(QY)).

(b) The focusing nonlinear Schrodinger equation (CPP) has a conditionally unique global
strong solution u € Cy(R, Hy(QY)) if either p < 4/ (n+1) or || f||12(qy) is small enough.

In (a) and (b) holds L*(Q))- and energy conservation and the conditional uniqueness holds for
all I € T, with respect to

X(I) == {u € LF(I,LY(R",L*(M))) | dyu, Vu € LP(I,LY(R",L*(M)))},

(IV.13)
H“HX(I) = HuHLP(I,Lq(]R”,H%(M))) + HVx“HLP(I,M(R",LZ(M)))-

Remarks:

(1) The authors of [TTV14] are exclusively concerned with long-term dynamics of the
focusing equation. They therefore prove (b) with B < 4/(n+1), since the latter condi-
tion ensures global existence with the energy method from Lemma 1.3.5. We sketch
below how to construct a maximal strong solution of (CPP) in H% (Q)) with blow-up
alternative if B < 4/n. Lemma 1.3.5 then provides global existence for the defocusing
equation. For n = 1 this implies the restriction 8 < 4 on the nonlinearity.

(2) In the next proposition we provide the needed Strichartz estimates for the proof of
Theorem IV.2.2. In [DR12] the same estimates are provided on flat and distorted
waveguides. The authors do not prove any results regarding local and global exis-
tence and it would be interesting to explore the possibilities of the method below
in this context. However, we will not pursue this.

The proof is based on the following observation in the abstract setting of the previous
Section IV.1.

121



IV. The nonlinear Schrodinger equation on product spaces

Proposition IV.2.3
Let 0 € (0,00) and (p,q),(p,q) be sharp c-admissible. If ¢ > 1 let p,p > 2. If Uy is
(o, LY(X))-dispersive, then

1 f e r g2y S 1SNz, IPF g ra2) S ||P||L,a*(]R,Lz*L§)- (Iv.14)

Proof. By A.3.4;(1) we have (LiL})* = LYLj. With Minkowski’s integral inequality
holds for f € LY(X,L2(Y))NL>(X x Y) and t,s € [ with t # s

UBU(S) flligrz S 1Ux(E=5)fllzre
<1t =51l S 1t =1 flluys.
Theorem II.1.3 then implies (IV.14), since for 6 € (0,1) with g = 2/(1+6) holds
[L2(X > Y), LY(X, L*(Y))]e == L(X, L*(Y))

by means of complex interpolation and (A.2). O

Proof of Theorem IV.2.2: We only sketch the local existence result. The rest of the
proof is analogous to the one given in [TTV14] with the additional criteria for global
solutions from Lemma 1.3.5.

(1) Before we start the proof, the space X(I) deserves some comments. It contains the
mixed norm Sobolev space

H,»(Q) = {g € L'(R",[*(M)) | 9yg, Vg € L'(R?, L*(M))},
||8||ng’2)(0) = ||f||U(]Rn,H;(M)) + HvxgHL’(]R",LZ(M))'

with r € (1,00). Unfortunately we can not point to a suitable reference for the prop-
erties of these spaces. However, if (M, g,,) is substituted by R, then Chapter 3 of
[BIN78] provides a systematic treatment of such spaces. In particular, Theorems 9.1

and 14.14 there assert that (H(lm) (R, |l H(lr/Z)(RnH)) is a Banach space which con-

tains C2°(IR"*1) as a dense subset. We can check that

1/2
HgHH(lr,Z)(Q) = (Z 1($ig) OKilHil(l,,z)(R”“)) ,

i€l

with the smooth partition of unity (¢;);c; given at the beginning of the section, is
an equivalent norm on H %r,Z) (Q)). Then a straightforward localization argument shows
that the latter is also a Banach space with CZ(Q)) as a dense subset. H(lr,z) (Q)) is isomet-
rically isomorphic to a closed subspace of the reflexive product space L"(R", L>(M))"+2,
and therefore reflexive itself. It is useful for the nonlinear estimate (IV.17) below, to
state the following variant of the characterization (I1.27) for ¢ € L"(R",L?>(M)) and

ie{l,.,nk

Ig(- +hei) — gl
deg € I'(R", I3(M)) <= sup o> A L o, (IV.15)
h£0

122



IV.2. Existence results for the nonlinear Schrodinger equation on R" x M

As in (II1.28) the right-hand side can be bounded by [|0y,g]| . r if it is finite. To check
these statements we can repeat the proof of Theorem 2.1.6 in [Zie89]. The essential
ingredient for “=>" is the density of C°(Q) in H %r,Z) (Q). For “<=""it is the reflexivity
of L' (R", L2(M)).

(2) With these preliminary remarks we start the contraction argument. We can use the
Strichartz estimates in (IV.14), since (el'*r");cg is (7/2, L'(IR"))-dispersive. Note that
H}(M) < L*(M) by Theorem II1.1.2;(d). We fix f € Hi(Q), (p,q) := (4B+2)/n, B +2)
and X(I) as in (IV.13). We let T € (0,1] and put I := [to — T, to + T|. As before ®(u)
denotes the right-hand side of Duhamel’s formula.

We put p := »/(p-2), § := 4/p and observe that % = % + % and q% =
n/2-admissibility of (p,q) and B < 4/n imply

a::1—§:1—ﬁ:1—@e(0,1).

p P p

We in particular have B < p. Let u € X(I). Then the nonlinear estimates from
[TTV14], (IIT.24) and Holder’s inequality yield

+ ~. The sharp

1.1
q 9

19 Fo ()l e g 1) S Il ey N 1

S ”Lﬁi’ LquL;O)HuHLP(LLZH%,y)

+1 +1
STl ) S TNl (IV.16)

An application of (IV.15) as in the proof of Lemma III.1.4;(c+d) also implies
+1
HF‘B,:E (l/l) HLp* (I,L?jL;) + H vxF/S,:t <u> HLp* (I,L?L?) 5.1 T(X ||u|‘€(([) (IV17)

Since (p,q) is sharp #/2-admissible we use (IV.14), (IV.16) and (IV.17) to provide the
estimate

1@ () llxcry < Ca(llFlaen + T Nullr)- (IV.18)

Let u,v € X(I). Similar as in (IV.16) the estimates (IV.14) and Holder’s inequality
yield

[9() = @5 () llir1,803) < CllEp(0) = B (0)l] e 12,

< [ (lellZy + NoliEg )l = oligll e g o

< Tl + el 14 = lisragag)- V19)
Moreover, (IV.14) provides for t,s € I with s < t
H@f(]xl)(t) - (Df(u)(s) HH%(Q) S HayF/S,i<”) HLP*([S,ﬂ,Li*Lﬁ) + HvxFﬁ,i(u) HLP*([S,t],Lz*L%)'

Then (IV.16) and (IV.17) yield ®; € C(I,H3(Q)). Hence, every fixed point of ®; in
X(I) belongs to C(I, Hi(Q))) and we are left to construct one. To this end we put
Cs := max{Cy,2C,} and

—1/q

R:=2G|flmy T < (2GRP) (IV.20)
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IV. The nonlinear Schrodinger equation on product spaces

We define the metric space (X(I),d;) by
X(L,R) := Bx(1)(0,R),  di(u,0) := || = 0l| (g 115)-

The reflexivity of H%q/z)(ﬂ) and Theorem 1.2.5 of [Caz03] imply that (X(I, R),dr) is
complete. The choices in (IV.20) plugged into (IV.18) and (IV.19) imply that ®; :
X(I,R) — X(I,R) is a strict contraction. @ has therefore a unique fixed point
u € X(I,R). For the uniqueness of this fixed point in the larger space X(I) we assume
v € X(I) to be a second fixed point. Then (IV.19) shows that u = v for some T < T.
We successively repeat this argument to the intervals [to + (k — 1)T, ¢ + (k + 1)T],
[to — (k+1)T,to — (k — 1)T] with k € IN until the whole interval I is covered. This
shows u = v on I.

Since B < 4/n we have B+ 2 < e(n +1,1) and Theorem II1.1.2;(d) provides the embed-
ding Hj(Q) — LF*2(Q). Then Proposition 1.4.2;(c) provides Fg 1+ € C(H3(Q), H3(Q)*)
and Proposition 1.2.4 yields that u is a strong solution of (CPP) O

Having reviewed the arguments of the global existence result in [TTV14], let us now
state our existence results for (CPP). We first state a version of Theorem III.1.5 adapted
to the situation () = R"” x M.

Theorem 1V.2.4
Let m,n € N, s € [1,00), and B € (1,00). We additionally assume:

(i) B(d—2s) <2(s+1)ands > "5

1
5
(ii) Either B € Neyen or > [s] +1o0rs =1.

Then there is p € (max{p,2},o0) such that for each f € H5(Q) the nonlinear Schridinger
equation (CPP) has a unique maximal strong solution u € C(I1(f), H*(Q)) N L], (I(f),L®(QY))
with the following properties:

(a) u has L2(Q)-conservation and the induced nonlinear flow is locally Lipschitz continuous.

(b) The nonlinear flow transports H;(Q) regularity if either B € Neen or p > [8]. In this
case u satisfies the blow-up alternative with respect to H5(QY).

(c) If B(d — 4) < 4 and the nonlinear flow transports H5(Q)) regularity with some § > 2, then
u has energy conservation.

Proof. We showed in Proposition IV.2.1 that the cylindrical manifold (Q,g) fits the
framework of Section III.1 and we want to apply Theorem III.1.5. Note that the condi-
tion (ii) matches II1.1.5;(ii). We are therefore left to check III.1.5;(i)+(iii).

We first prove local (p,q) Strichartz estimates with 1/2p-loss for (e(22));cg. Indeed,
(etArm) R is (n/2, L1(IR™))-dispersive and (e!*M);cR is (/2, L' (M))-dispersive of SL-
type 1/2. Proposition IV.2.1 also provides that e = ¢lArmelfAu for ¢ € R. Theorem
IV.1.1;(c) then implies local (p,q) Strichartz estimates with 1/2p-loss for (el!40);cg for
all sharp (n+m)/2-admissible pairs (p,q) with g < co. Hence, II1.1.5;(i) will be fulfilled
as long as we choose the pair (p,q) accordingly.

Let (p,q) be sharp (n+m)/2-admissible pair such that p € (max{p,2},) and s >
nim % > ”;m + %. Combined with f(d —2s) < 2(s + 1) the latter provides II1.1.5;(iii).
Consequently Theorem III.1.5 provides all our claims. O
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IV.2. Existence results for the nonlinear Schrodinger equation on R" x M

The standard energy methods from Lemma 1.3.5 allow us to deduce the following
global existence result for n = m = 1. This extends the corresponding result in The-
orem IV.2.2 with respect to the growth B of the nonlinearity. Although this is one of
our main results, the proof is rather short. We already provided in Section IIL.1 all the
necessary estimates and tools that we need here.

Corollary IV.2.5

Let m = 1and QO = R x M. We furthermore let B € [2,00), p € (B, ), and f €
H}(Q). If either the nonlinearity is defocusing or B = 2 and ||f||;2(qy) is small, then the
nonlinear Schrodinger equation (CPP) has a conditionally unique global strong solution u €
Co(R, H(Q)) N L] (R, L®(Q)) with the following properties:

loc

(a) u has L2(Q)- and energy conservation.

(b) The induced nonlinear flow is locally Lipschitz continuous and transports H3(Q) reqular-

ity.

Remark: We stress that the comparable result in Theorem IV.2.2 requires f < 4. Here,
we are able to prove global existence for the defocusing equation for an arbitrary p €
[2,00).

Proof. We follow the lines of the proof of Corollary I111.2.3. We fix f € Hi(Q)). Note
that IV.2.4;(i)+(ii) are satisfied. Then Theorem IV.2.4 provides a unique maximal strong
solution u € C(I(f), H}(Q)) N L} (I(f),L*(Q)) of (CPP). u has L?(€))-conservation
and due to B € [2,00) there is transport of H3(Q)) regularity by IV.2.4;(b). Then The-
orem IV.2.4;(c) also yields energy conservation. The criteria for I(f) = R follow from
Lemma 1.3.5, whose assumptions we check now. We already established L?(Q))- and

energy conservation and therefore 1.3.5;(i) is satisfied. Recall that (B + 2)Fs+(g) =

+|| gHg;Zz Q) Then 1.3.5;(ii) is clearly satisfied in the defocusing case. For the focusing

case and B = 2 we follow the argument of (I.52). Theorem III.1.2 gives H;/ Q) <
L4(Q) and [L2(Q), H}(Q)]:/, = Hy*(Q)). For g € H3(Q) follows the estimate

4 4 2 2
_HgHL4(Q) 2 _HgHH;/z(Q) 2 _HgHLZ(Q)HgHH%(Q)'

Hence, 1.3.5;(ii) is satisfied with B, = 2. Hence, if either the equation is defocusing or
B =2 and |[|f|;2() small enough, then Lemma 1.3.5 provides u € L=(I(f), Hi(R?)).
This shows I(f) = R by the blow-up alternative. O

As a final remark let us briefly comment on the problems we face when dealing with
the defocusing equation (CPP) in the case n = 1, m = 2 and = 2. This corresponds
to the case d = 3 in [BGT04b]. For a more convenient notation let (P¥)en,, (PY)ien,
be defined by PF := ¢ (—AR) and P/ := y;(—Am).

We fix f € H;(Q)). Theorem IV.2.4 is not applicable directly. However, for a sequence
(fu)nen in H3(Q) with f, =3 f in H3(Q), Theorem IV.2.4 provides a sequence of
strong maximal solutions (i, )nen in C(I(fy), H3(Q2)) N LY (I(fs), L*(Q)) to the cubic
(CPP) with u,,(0) = f. Now we would like to approximate a weak solution in Hj (Q) of
(CPP) by these strong solutions in H3(Q2) by means of Theorem 1.3.6. A huge problem
here is that we do not have control of the maximal existence intervals I( f,). The major
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input of the a priori estimate in Theorem II.4.5 was the deduction of I(f,) = R for all
n € IN by means of the blow-up alternative. Then Theorem 1.3.6 can be applied on
each compact subinterval in RR.

Hence, one of the crucial ingredients for global existence in Hj(Q) is the validity of
Theorem 11.4.5. The proof relied on estimates for ||ul[2(; 1~(q)), Which were obtain by
Strichartz estimates of SL-type. A straightforward adaptation of the proof of 11.4.3 to
the product situation and the Bernstein inequalities for P{ and P} yield for k,I € Ny
and [ € 7,

H
N

lefpzy”||L2(1,L;fy) HPkP ”||L21L6 y)

S\*

S2
i
S2 2HPkP”HLZILZ +21225Hpkpy132+( )HLOOU,L%)-

Then (I1.36), (MC4), and (I11.26) imply
H”HLZ L)

< |\P5‘Pyu||+2|\PInyu]|L2 LLg,) ‘f’ZHPéch”HLZ iLe,) t Z HPkP MHLZIL‘”
k=1 Ki=1

> 1 k
S Il + 1 (2B AM>2P;‘u||LzU,L%,y)+2ur|P§Pz,+<u>||LwU,Lg{;>)

NI—=

+

e

(2-1’2H<—AM>

1
Plullis,) + 20 1PV ()l ey

—
Il
—_

gk

s i
+ 3 (2haR IRl s, + 282 PP P () )

k1

1

[\18

L i L 1+e
S Mull oo r,m1 () + 228 | PEP ull 212,y + [ (=BR) = (—=Am) & B (u | o1 1)

1

k1

for all € € (0,1). In view of the procedure in (I.72) the first two terms in the last line
are managable. However, we still need to bound the term involving the nonlinearity by
Cllull Lo (1,11 (ay)- The straightforward way to achieve this is to show the boundedness

of p(—ARr, —Am) € L(L/5(Q)), whereby

1+e

A"/\lz

qo:[O,oo)2—>IR, P(Ay, Ay) = ———.
T A+ Ay

(IV.21)

Such boundedness results are often obtained by multivariate spectral multiplier results
(see for example [Sik09]). However, compared to the bounded spectral calculus on
L%(Q)), which only requires a function to be bounded, Theorem 2.1 of [Sik09] also
requires the partial derivatives of a function to be bounded. The partial derivatives of
@ in (IV.21) develop singularities for A, = 0 and A, = 0, respectively. The multivariate
spectral multiplier result in [Sik09] is therefore not applicable. Unfortunately, we are
not able to bypass this problem at this point.
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A. Supplementary Material

The following appendices are meant to supply additional material, which is used fre-
quently throughout this thesis. We focus on mentioning the necessary results and
adequate references for them so that a working basis is established. The details of
proofs can be found in the provided references.

A.1. The complex interpolation method

There are several textbooks dealing with abstract interpolation theory, see for example
[Tri95] or [BL76]. Both these textbooks contain the most commonly used results and
also the real interpolation method. For the complex interpolation method the original
article [Cal64] by A. Calderon is also worth a look. Applications to partial differential
equations can be found in the textbook [Lun95].

It is not intended to give a precise introduction into this topic here, we merely want to
present the central ideas and some relevant results used throughout this thesis.

The first instance of a complex interpolation result is the well-known Riesz-Thorin
Interpolation Theorem. The proof heavily relies on complex function theory, more
precisely, on Hadamard’s three lines theorem.

Theorem A.1.1 ([Gra08] Theorem 1.3.4)
Let (Q), S, u) and (X, S5, v) be measure spaces, po, p1,q0,q1 € [1, 0], and
A:LPP(Q)NLP(Q) — LP(X) + LT(X)
be a linear operator. Let furthermore 6 € (0,1) and p,q € [1, o] with
1 1-0 6 1 1-6 6
== +—, = +—.
p Po p1 q q0 q1
If there are Cy, C1 € [0, 00) such that for all f € LPo(Q)) N LP1(Q) holds
[Af Lo z) < CollfllLro(ay,

[Aflln =y < Cillfllm ).

then A can be extended uniquely to A € L(LP(Q), L1(Z)) with || A1y q)—1e(z) < cycs.

As it turns out, this is only a special case of a more general method called the complex
interpolation method, which is defined as follows. Let 6 € (0,1) and the Banach spaces
(Xo, || - lx,) and (X1, || - ||x,) be continuously embedded into a topological Hausdorff
space (X, Q). In this situation we call (Xp, X;) a Banach interpolation couple. With the
strip S := {z € C | 0 < Re(z) < 1} we define the class of functions .7 (Xy, X;) as the
set of all functions F : S — Xj + X7 with the following properties
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(1) F € C(S,Xp + X1) and F|s is holomorphic,
(2) Fork € {0,1} holds F(k+is) € X fors € Rand F(k+is)) : R — Xj is continuous,
(3) sup (¢ ™ ENF(2)1x,4x,) < oo.
z€S
For F € #(X,, X1) we define

F = S| F(k+1 }
IF N 7 (x0,30) [hax sup (e”*||F(k+is)]x,)

Then we define the complex interpolation space
[Xo,Xl]g = {x € Xo+ Xy ’ ElFe]—'(Xg,Xl) : F(B) = X}

and equipp it with the norm

Il = it o IFO) o),

As in Section 9.3 in [Cal64] we define [Xo, X1]p := Xo N XlH'”XO.

Facts A.1.2
Let (Xp, X1) be a Banach interpolation couple and 6 € (0,1).

(1) Density and Interpolation inequality (see [Tri95] Theorem 1.9.3): The complex
interpolation space ([Xo, X1]g, || - |l(x,,x,],) is @ Banach space and we have

XoN Xy C [Xo, X1]p € Xo+ Xi.

Xop N X; is dense in [Xo, X1]g. Moreover, there is C(6) € (0,0c0) such that for all
x € Xp N X; holds

1010 %000 < CO x5, 121, -

(2) Duality (see [Tri95] Theorem 1.9.2): If either Xj or X is reflexive and X, N X; is
dense in both, then [Xo, Xi]; = [X7, X;lo-

(3) The Reiteration Theorem (see [Cal64] 12.3): Let 779,71 € (0,1) and either Xy < Xj
or X7 < Xp. Then holds

[[Xo, X1l [Xo, X1y o = [Xo, X1l (1-0)y+6n, -

The proof of this fact in [Cal64] reveals that without the given additional assump-
tions on the Banach interpolation couple (Xp, X;) the embedding

[Xo, Xl]ﬂg — [X() N X1H.HXO, [XO/ Xl]iy]e = [XO/ [X0/ Xl]ﬂ]@
is still valid. The last equivalence can be deduced from Section 9.3 there.

With these concepts we present the central interpolation result for linear and bilinear
operators.
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Theorem A.1.3 ([Cal64], Section 4 and 10.2)
Let (Xo, X1), (Yo, Y1), and (Zo, Z1) be Banach interpolation couples and 6 € (0,1).

(a) If a linear operator A : Xo N X1 — Zo + Z; satisfies for all x € Xy N X;
[ Ax]|z, < Collx[|x,,

[Ax[z, < Cilx[|x,,

then there is a uniquely determined extension A € L([Xo, X1e, [Zo, Z1]¢) with A = A on
Xo N X1 and

AT 130, X, ]~ 20,2110 < Co CF-

(b) If a bilinear operator B : (XoN X1) x (YoN Y1) — Zo + Z; satisfies for all (x,y) €
(X() N Xl) X (YO N Y1)

1B, )iz < Collxllxo 1y [y,
1B, y)llz < Cullxlx, lyllvi,

then there is a uniquely determined continuation B : [Xo, X1]e % [Yo, Y1lo — [Zo, Z1]
with B= Bon (XoNXy) x (YoN Y1) and

HEH[XO,Xl]gX[Yo,Yl](;‘)[Zo,Zl]g S Cé*f)c?
Examples A.1.4

We close this section with some relevant examples on how complex interpolation
spaces can be characterized in particular situations.

(1) LP-spaces (see [Tri95] Theorem 1.18.4): Let (Xo, X;) be a Banach interpolation
couple, (Q), %, 1), (X, 7, v) be measure spaces, and 0 € (0,1). Let furthermore

p, po, p1 € [1,00) with % = 1;09 + %. Then holds

[L70(€2, Xo), L (Q, X1)]p = LP(QY, [Xo, X1]p)- (A1)

Consult Remark 3 in Section 1.18.4 of [Tri95] for a discussion of the case p; = .
Moreover, if Xg = X; = C then (A.1) is true if either po = 1 and/or p; =
(see [Tri95] Theorem 1.18.6.2). A combination of this fact with Theorem A.1.3;(a)
reproduces the Riesz-Thorin Interpolation Theorem A.1.1. In particular, if X =
LN(%),Y = L7(X) and q,41,92 € [1,00] with % = 1{1;09 + q%, then

(L (Q, LT (E)), LM (Q, LT ()]g = L(Q, LI(E)). (A2)

(2) Bessel potential spaces (see [Tri95] Theorem 2.4.2.1;(d) and Remark 2): Let sp, 51 €
[0,00) and py, p1 € (1,00) and s := (1 — 6)sp + Os; and % = 1;7;09 + %. Then holds

[H3 (RY), H3 (RY)]g 2 H(RY). (A3)

(3) Let (H, (+,-)n) be a Hilbert space and (A, D(A)) be a positive definite, selfadjoint
linear operator on H. Theorem 1.18.10 in [Tri95] then ensures

[D(A%), D(AP)]y =2 D(AU-0)at6p), (A4)
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A.2. Sobolev’s embedding theorem

In this short section we recall one of the most important tools in the study of partial
differential equation, namely the Sobolev embeddings. We also formulate the Hardy-
Littlewood-Sobolev inequality. Recall that for p € (1,00) and an open set QO C R? we
defined

HS

(Q) = { Wp (), s No

Wil @), Wl Q)]s s € [0,00) \ No.

Facts A.2.1
Let O C R be an open set, s € [0,00), p € (1,00), g € [1,0] and e(d, p,s) :=
Pd/max{d—ps,0} with pd/0 := oo.

(1) The following embeddings hold:

; < 2 — H(Q) = L(Q), (A5)
1 5

» <5 = HyQ)=1Q),  gqepedps)) (A.6)
}19 >0 = HQ) o LQ),  g=eldps) (A7)

(2) If Q) is a bounded Lipschitz domain (or satisfies the strong local Lipschitz condition
in Definition 4.9 of [AF03]), then (A.5)-(A.7) hold with H;,O(Q) replaced by H;(Q).

In this form the above Sobolev embeddings deserve some comments. For Q = R?
Theorem 2.8.1 in [Tri95] provides the embeddings in (1) since

so(RY) = Hy(RY) = F;,(IRY).

The Triebel-Lizorkin space F;,Z(]Rd ) is defined in Section 2.3 of [Tri95]. For an arbitrary

open set QO C RY the density of C°(Q) in Hj ,(Q) yields all the R%-embeddings in
this case, what settles (1). For (2) we can use the extension operator extn in Remark
111.4.2;(3) to carry over the R%-embeddings.

The central tools to prove the Sobolev embeddings in the R%-case is the following

inequality. This inequality is interesting in its own right in the proof of Theorem
11.1.3.

Theorem A.2.2 (Hardy-Littlewood-Sobolev, [Gra09] Theorem 6.1.3)

Letd € N,s € (0,d) and 1 < p < q < o with ;, — ¢ = §. Then the linear operator

A:S(RY) — LI(RY),  (Af)(x) :=pw. - f’(;d_]s/) dy,

extends uniquely to A € L(LP(R?), L1(R?)).
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A.3. Vector-valued L7- and Sobolev spaces

In this thesis we extensively use integrals over functions with values in LF-spaces de-
fined on an interval. The necessary background material presented here is covered in
many textbooks in the more general framework of functions with values in a Banach
space defined on a o-finite measure space; see for example Chapter X in [AE09], Chap-
ter VI in [Lan93], and Section 2.2 in[DU77]. These textbooks contain all the proofs of
the below assertions. However, the definition of these spaces follows the lines of the
scalar-valued case. Moreover, assertions from the scalar-valued theory which do not
rely on non-negativity usually carry over with almost no change of proof.

In this section always let (X, || - ||x) be a Banach space equipped with the Borel o-
algebra #(X) and (Q), ., u) be a o-finite measure space.

Definition A.3.1
Let f : Q) — X be a function.

(a) fis called simple, if there are N € IN, Oy, ..., QO € A with u(Q);) < oo fori € {1,...,N},
and x1, ..., xn € X such that for all w € Q holds f(w) = Y5 1o, (w)x;.

(b) f is called strongly measurable if there is a sequence ( fy,)neN of simple functions on X such
that f, =% f almost everywhere.

Consequently, every simple function is strongly measurable and every strongly mea-
surable function is measurable. Note that the function

f:00,1) = L=((0,1),R),  [f(H](-) := Lo ("),

is measurable but not strongly measurable. Since || - |[x : X — [0,00) is continuous,
additionally ||f(-)||x : Q — [0, ) is measurable if f : QO — X is strongly measurable
and we can formulate the following definition.

Definition A.3.2
Let f : QO — X be strongly measurable and (f,)neN a sequence of simple functions with
fn =3 f alomst everywhere.

N
(a) If f is a simple function, then / fdA =) u(Q)x.
o i=1

(b) f is called Bochner integrable, if li_r)n / |f — fullx dA = 0. In this case the Bochner
n—oo /O
integral of f is defined as

/OfdAzzgr.}o/andA.

Facts A.3.3
All the results presented here, except Fubini’s theorem, can be found in [DU77] Section
2.2.

(1) Alteration on null sets: If f,g : () — X are Bochner integrable with f = ¢ almost
everywhere, then the Bochner integrals of f and g are equal. The equivalence class
of a function f induced by almost everywhere equality is denoted by f..
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()

)

(4)

(5)

Bochner’s Theorem: Let f : () — X be strongly measurable. Then f is Bochner
integrable if and only if [, ||f|lx du < oo and in this case

H/Qfdﬂ

The dominated convergence theorem: Let (f,),en with f, : QO — X Bochner
integrable be almost everywhere convergent with limit function f : (3 — X. If there
is a Bochner integrable function ¢ : O — C with || f,||x < |g| almost everywhere,
then f is Bochner integrable and

< du.
ALY

tim [ £~ fllx dp = 0.

n—oo

By means of (2) this implies

I / . d :/ dy.
M | fadp= | fdp

Hille’s Theorem: Let (X, || - ||x), (Y, || - ||y) be Banach spaces, f : O — X be Bochner
integrable, and (A, D(A)) be a closed linear operator from X to Y. If f € D(A)
almost everywhere and Af : O — Y (which is defined almost everywhere) is
Bochner integrable, then we have

/QfdyeD(A), A/(')fdy:/QAfdy.

Fubini’s Theorem (see [Lan93] Theorem 8.4): Let (0,7, u1), (o, S, u2) be o-
finite measure spaces and f : (31 x (3o — X be Bochner integrable with respect to
H1 ® pz. Then

/leozfd(yl D p2) = /01 ( Q2fd]42) duy = /@2 < Qlfdm) dpo.

Finally, we define the Banach space valued LP-spaces by

L

P(Q,X):= {fN | f:Q — X Bochner integrable, /Q IFII% du < oo}, p€[l,00)

1/p
Il = ( | 1718 )

and

L*(Q, X) := { f~ | f: Q3 — X strongly measurable, bounded almost everywhere }

£~ lle(e,x) 7= esssupeq [ f (@) x-

As usual we completely ignore the difference of f and f. in our notation.
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Facts A.3.4
As before we gather some important assertions.

(1)

Elementary properties (see [DU77] Section 4.1): For p € [1, 00| the space (L?(Q}, X), || -
lLr(,x)) is a Banach spaces. For p < oo it contains the simple functions as a dense
subset and for p = oo it contains the countably valued functions as a dense subset.
Moreover, the map

S OX) S IOX), (SE) = [ (F e x di

is an isometry. If p € [1,00) and (X, | - ||x) is reflexive, then .# is surjective, hence
LP(Q,X)* = LV (Q, X*) with isometric isomorphism .. The latter assertion has
been proven in [DU77], Theorem 1 in Section 4.1 for u(Q)) < oo and in [Edw95],
Theorem 8.18.3 and 8.20.4 for (Q, ., u) o-finite.

Characterization of L? (01 X 2y, X) (see [AE09] Theorem 6.22): Let (O)y,.71, u1)
and (Qy, %, uz) be o-finite measure spaces. For p € [1,00) Fubini’s Theorem even-
tually implies that

LP(Oy x Oy, X) = LP(O4,LF (),
with the isometric isomorphism
I LP(q x O, X) — LP (O, LF (O, X)), [T(f)(w1)](*) := f(wr,-).

This statement is false if p = oo, since the strong measurability of .7 f : (); —
L*(Q)p, X) may fail as for example shown in the counterexample in Remark 6.23 of
[AE09].

Minkowski’s integral inequality (see [Gra08] 1.1.6): Let (Q);, .}, u;) withi € {1,2}
be o-finite measure spaces, p,q € [1,00) with1 < g < p,and F : (3; x Q3 — C be
measurable with respect to .1 ® .#5. Then

IE e io000)) < IFllLaqyrrn))- (A.8)

The Lemma of Christ-Kiselev (see [CK01] Theorem 1.1): Let (X, | - ||x), (Y, |- lly)
be Banach spaces, I € Z, p,q € [1,00],and K : I x I — L(X,Y) be locally integrable
such that
T:L'(LX) = LY(LY), (TF)(t) := /K(t,s)F(s) ds
I
is bounded. If p < g, then
Tly - LP(LX) = LU(LY),  (T|F)(t) := T(Lgne 1 F) (),

is bounded with || T || (1, x)—1e(1,v) S NTlr(R x)—L9(R Y)-

Now we want to present the necessary material on the Sobolev space W;(I, X). For
details and more results see for example Chapter 1 of [CH98].
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From now on let I € Z,, p € [1,00], and u € LP(I,X). We define the distributional
derivative of u via

Vecs : W) == [u(ty'(8)
u' € LP(I, X) means that there is v € LP(I, X) such that
Ypecsn : W(n) = [o(On(t) dt
We then define the Sobolev space W, (I, X) by
W'Y (1, X) == {u € LP(I,X) | u € LP(I,X)},

H”Hw;,(z,x) = Nlullra,x) + 141 e ,x)-

Facts A.3.5
Let p € [1,0]. We gather an important characterization for functions in W;(I ,X) and
some useful embeddings.

(1) Characterization of W, (I, X) (see [CH98] Theorem 1.4.35): (W;(I, X), || - HW;(I,X))
is a Banach space and for u € LP(I, X) the following assertions are equivalent.

(i) u € Wy(I, X).
(ii) There is v € LP(I, X) such that for almost all s, € I holds
t
u(t) —u(s) = / v(7) dr.
S
(iii) There are v € LP(I,X), x € X, and s € I, such that for almost all ¢ € I holds
t
u(t) —x = / v(T) dt.
S
(iv) u is absolutely continuous, almost everywhere differentiable on I, and u’ €
LP(I,X).

As in the scalar-valued case the function v from (ii) and (iii) coincides with the
distributional derivative u’. Moreover, if (X, || - ||x) is reflexive then a fifth charac-
terization can be added, namely:

(v) Thereis h € LP(I,R) such that for almost all s, € I holds

Ju(s) —u(dllx < | [ h(o) de

(2) Embeddings for W’} (I, X): From (1) immediately follows:
(i) Wy(L X) = Cpu(I, X).
(i) If p > 1, then Wy (I, X) < C*/"" (I, X).
(iii) If X is reflexive, then for u € C%!(T, X) holds u|; € WL (I, X).

Remark A.3.6
One important consequence of (2) is that, roughly speaking, for reflexive Banach spaces
(X, || - lx) the Sobolev space WL (I, X) coincides with C% (I, X).
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A.4. Some Riemannian geometry

In this section we give a brief review of standard notions and concepts with respect to
Riemannian manifolds. For more information we refer to the textbooks [Aub98, Heb99,
Gri09].

Let (QQ, T, ) be a connected C®-manifold without boundary, with topology T, smooth
atlas <7, and dim(Q)) = d. We usually omit the topology T and the atlas </ and simply
write ().

For a local chart (O, x) € </ we associate a local coordinate system and distorted partial
derivatives in the following manner: For w € O we call z = (z1, ..., z4) = x(w) € RY the
local coordinates of w in (O, «). If f : QO — R is differentiable in w = x~!(z) then

dylwf = Puf)(w) = (9,(f o k™)) (2).

Here 0., denotes the standard partial derivative on R?. We put 9% = 9¢ ... 9%, for
w € N4

Let w € Q. Then the tangential space of () in w is given by the d-dimensional real
vector space

T Q) := span {0, |w, -+ Oy lw }-

We additionally denote by TQ) := U,cq T the tangent bundle. For k € IN the
space TKQ) is given by all k-linear forms on ®§‘:1 T,Q and TFQ := Uyeq TEQ. All
these structures allow the definition of a C*-atlas and we thus consider them as C*-
manifolds themselves. Hence, we have a notion of differentiability on these sets.

A map v : QO — TQ with v(w) € T,Q is called a vector field on Q). V() denotes
the space of differentiable vector fields on (). Note that d,, : O — TQ) given by
0w, (W) 1= 0, |w 1s such a vector field.

Let Q) be second C*-manifold and f : Q — Q) be differentiable. By Df : TQ — TQ) we
denote the differential map, given by

[Df ()] (h) := v(ho f)

forv € T,Q and & : Q) — R differentiable.

A map g : Q — T?Q) is said to be a Riemannian metric if it is smooth and g(w) is a
scalar product on T,,Q) for all w € Q). We denote this scalar product by (-, ), and its
induced norm by || - ||, as well as B, (0,R) := {v € T,Q | ||v]lw < R}. For all w € Q)
in local coordinates the metric is uniquely determined by the matrix

G(w) = (gri(@)iim,  8ki(w) = 8(@) (Ol O |w)

and its inverse is denoted by G(w)™! = (gk'l(w))zllzl. We say that Q) has bounded
geometry if for all « € INY there is C, € (0, 00) such that [0%gy;| < C,.
As usual for wy, wr € O let

C;(wl,wz) = {7 € C([a,b],Q) | v(a) = w1, 7(b) = w> and 7 is piecewise C'}.

One defines the distance between w; and w; by

b 1
dg(wi,wz) = _inf Lg(y):= _inf )/<D7<f)fD7(t)>§<t>dt'
a

7€Cy(w1,w2) YECH (wr,w2
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This defines a metric on () since ) is connected. If L¢(y) = d¢(wy, wy) the curve
7 is called minimizing. In case a C*-manifold can be equipped with a Riemannian
metric g, then we call ((}, 7, «7, ¢) a Riemannian C®-manifold. These manifolds admit
a uniquely determined linear connection L : TQ) x VO — TQ) called the Levi-Civita
connection, which does not depend on the chosen atlas. In a local chart (O, x) we
define Vj := L(-, 0, ). Then for k,] € IN<; one has

Vidu|w = 1ﬂl}gl (@0)9wy lw (A9)
where the Christoffel symbols I'}; are given by

d
I (w) == % Zl (O &n1) (@) + (I &n ) (@) = (0w, k1) (w)) g™ (w).  (A.10)
n—

The equality (A.10) holds for the Christoffel symbols generated by the Levi-Civita
connection. The relation in (A.9) can be seen as the definition of these quantities for an
arbitrary linear connection.

Let ] € I, t € I'and v : I — Q be a curve. Then (7,(t))%_, denote the local
coordinates of (t) in (O, «). The curve v is called geodesic if for m € N<; and t € I
holds

d

Yo () + Y T (v ()7 (B) () = 0. (A.11)
k1=1

Let w € Q) and B C T, such that for all v € B with coefficients (vy, ...,v;), there is a
unique geodesic 1y : [0,1] — Q such that v}, (t) = vy, for m € N<,;. Then one can define
the exponential map exp,, : B — Q by exp,(v) := y(1). We say exp,, is global if it
is defined on T,,(), i.e., the differential equation (A.11) equipped with the above initial
conditions has a unique global solution for all initial values for the first derivatives of
7. The latter assertion is equivalent to the completeness of the metric space (), d,) by
the famous Hopf-Rinow Theorem 1.37 in Section 1.4 of [Aub98]. In this case one can
join any two points of () by a minimizing geodesic curve.

We continue with the important injectivity radius. There is € € (0, 00) such that exp,, :
B, (0,€) = exp,,(Bw(0,€)) is injective. Then one calls

inj(Q), g) := ing2 <sup {e € (0,00) | exp,, : B,(0,€) — ) is injective })
we

the injectivity radius of (), g).

We can use the exponential map to generate special local coordinates. Let w € () and
€ be given as above. With O“(¢) := exp,,(Bw(0,€)) the map exp,, : B, (0,€) — O“(¢)
is a diffeomorphism and we let % := exp_!. We call O“(¢) geodesic ball with center
w and € its geodesic radius. Then (O“(€),x“) is a chart around w and the induced
local coordinates are called geodesic normal coordinates of w. If inj(Q) > 0 and
r € (0,inj(Q)), then there is a family (w;);c; in Q) with an arbitrary index set I, which
satisfies O = J;c; O“i(r). We then define the geodesic atlas <7 (r) with geodesic radius
r by

A (r) = {(Oi(r),x;) | iel},  Oi(r) :=0%(r), ki :=«“". (A.12)

138



B. Proof of the weak limit argument in
Theorem 1.3.6

This appendix is devoted exclusively to the proof of the crucial ingredient of the proof
of Theorem 1.3.6. Because of its relevance and to keep our exposition reasonably self-
contained, we want to give a detailed proof of this result. It can be found for example
in Proposition 1.1.2 in [Caz03], where assertions (a) and (c) are proven. However, the
exposition of [Caz03] is rather concise and we want to fill in some technical details
concerning uniformly convex Banach spaces.

Theorem B.0.1
Let I € Z, and (X, || - ||x), (Y, || - |ly) and (Z, || - ||z) be Banach spaces, as well as (uy)ueN
with u, : I — X. We furthermore assume:

(i) (X, - ||x) is reflexive and X — Z,

(i)  sup ||lun(t)||x < o0 and (uy)nen C C(I,Z) is uniformly equicontinuous, i.e.,
(n,t)eNxI

Vee(0,00) Fo€(0,00) V(s )eNxixr * |t =8| <8 = [lua(s) —un(t)][z <e.

We then have:

(a) Thereis u € Cy(I, X) N C(I,Z) and a sequence (n(k))ren in IN with ) (t) — u(t) in
X forallt € I

(b) If in addition (uy)nen € C¥*(1,Z) is bounded for some a € (0,1], then u € C%*(1,Z).

(c) Let in addition (Y,-||y) be uniformly convex with X — Y — Z. If (uy)nen C C(LY)
and ||u, g0 ()ly =3 Ju(-)|ly uniformly on I, then u € C(I,Y) and u,u == u in
C(LY).

Remarks:

(1) Examples for uniformly convex Banach spaces are Hilbert spaces, L¥(Q)) and ¢7(Z)
for p € (1,00), which is enough for our purposes. For proofs see [Cla36].

(2) Note that the boundedness of (u,),en € C¥*(I,Z) in (b) directly implies the uni-
form equicontinuity in Z from condition (ii).

Proof. Without loss of generality we can assume that X C Y C Z. First we recall two
helpful facts from functional analysis.
(1) For z € Z and a bounded sequence (x;);cn in X holds

X —z inZ == zeX AN x—z inX. (B.1)
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B. Proof of the weak limit argument in Theorem 1.3.6

Indeed, the reflexivity of X yields the existence of a sequence (I(k))eny € N and x € X
such that x;) — x in X. Due to X C Z holds Z* C X* and x() — x in Z and therefore
x = z by the uniqueness of weak limits. For the weak convergence in X we only need
to show that Z* is dense in X*. Let ¢ € X** suffice {|z+ = 0. The reflexivity of X
provides a unique x € X with ¢(x*) = x*(x) for all x* € X*. Then for all z* € Z* holds
z*(x) = £(z*) = 0. Thus, x = 0 and therefore ¢ = 0. This implies the claimed density
by the Hahn-Banach Theorem.

(2) The second important tool is the weak lower semicontinuity of a norm, i.e. for a
normed space (S, | - ||s) holds

X, —x in§ = |x]|s < liminf ||x,||s. (B.2)
nelN

The case x = 0 is trivial, so let x # 0 and (x,),en be a sequence in S with x, — x in
S. We assume the opposite of the right-hand side. Then there is a sequence (1(k))ren
in N with n(k) =% oo and [|x,( s < [|x||s for all k € N. As x # 0 the Hahn-Banach
Theorem yields the existence of x* € §* with ||x*||s+ = 1 and ||x||s = x*(x). Conse-
quently, [|x[|s = limy 0o x* (X)) < [|Xnx)lls < ||x][s, which is absurd.

(@ Let Q := INQ = {g; | j € N}. By assumption (ii) the sequence (u,(q1))neN
is bounded in X. This implies by reflexivity the existence of a sequence (11 (k))ken
such that (u,,(x)(q1))ren converges weakly in X. The same argument yields that
(U, (k) (92) ) ke admits a subsequence (112 (k) )xen of (111 (k) )ren such that (u,, ) (92) Jken
converges weakly in X. By induction, for i € IN \ {1}, there is a sequence (1;(k))xen
such that (u,,()(qi))ken converges weakly in X and (n;(k))ken € (7i-1(k))ren- This

implies that for all i € IN the weak convergence of (u,,()(q))ken in X for all j €

{1,...,i}. Consequently, the sequence (n(k))ren With n(k]) := ng(k) admits the weak
convergence of (u,(x))(q;))ken in X for all j € IN. Note that the weak convergence also
holds in Z, since Z* C X*. Forallt € I, g € Q and z* € Z* holds

|2 (st a0 (£) = 1y (1)) |
< |2 (e (1) = 0 (9)) + 27 (101 (@) — ey (1) | + |27 (s (9) — 110 (9)) |-

Let € € (0,00). If we choose k,I € IN large enough, then the last term is smaller than ¢/3.

The uniform equicontinuity of (u,),en from (ii) yields for |t —g| < § with § € (0, o)
small enough that for all k,/ € IN

|2 (110 () = i (0)) + 2% (1) () — 11 (1)) |
« 2e
< 1l B 1) = sty )z it () = iy (0)]2) < 5-

This implies that (u,)())ren converges weakly in Z for all t € I. Consequently, there
isu: I — Zwith u,(t) — u(t) in Z for all t € I. Then for s,t € [ with [s —t[ < ¢
follows by (B.2) and (i)

Ju(e) = (sl < imnt ey (1) 0 (5) 2 < . (B:3)
Hence, u € C(I,Z). Let t € I and (f;);en in I with t; =% t. Then (ii) and u € Cy(I, Z)

combined with (B.1) shows that u,(f) — u(t) in X and u(f) — u(t) in X. We
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therefore have u € Cy (I, X).
(b) Let additionally (u,),en € C**(I,Z) be bounded, i.e,

Uy(s) —uy,(t
sup sup (H n(s) — t’;( )HZ> < sup ||“n||CW(I,Z) =: L < oo
nelN s, tel,s#t |S | nelN

As in (B.3) the weak lower semicontinuity (B.2) of || - ||z yields for s, t € I

lu(s) —u(t)llz < Hminf s, (s) — ey (1)llz < Lls — ¢]".

Hence, u € C%(1,Z).
(c) We first prove a useful consequence of the uniform convexity of Y, namely

yo =y Y A lyally =Hlylly = oy Sy inY. (B.4)
The uniform convexity provides per definition

X+
Vee(0,00)35€(0,1] Vxyesy(0,1) H > ]/H -0 = |x—yl <e (B.5)

In the case y = 0 there is nothing to show. Thus we can consider y # 0 and (V,)nen
in Y\ {0}. We additionally define (x,),en by x, := ¥+/|y.|y and x := ¥/|ly|y. Then we
have

X, —x inY, x”+xkéxinY,
and (B.2) implies
1
1= |xlly < E(IH)Unf [l + xelly
1 1
Elmsup |0 + xk]ly < 5 sup lxn + x|y < 1.
(nk)EN? (n,k)eN?
n, k—o0

Consequently, [[x:+xkllv/2 =" 1 and (B.5) yields that (x,),en is a Cauchy sequence in
Y with strong limit x, since weak limits are unique. We then have

lyn = ylly = [[llyallyaen = Iyllvx],
< Nynllvlln = xlly + [lynlly = llylly[llxlly == 0.

Having proven (B.4) we proceed with the proof of (c). Recall that u € Cy, (I, X) and let
t € I. Then the embedding X < Y one the one hand yields u € C,(I,Y) and on the
other hand u,,()(t) — u(t) in Y. The latter fact combined with ||u,,() (t) |y % u(t)|y

yields 1, (t) == u(t) in Y by (B.4). For s,t € I we have

() lly = Nu(®)ly]

< (@) lly = Nty Sl | + [Nty (Olly = Ny ] + llttay (8) = ttagry (B) ly-

The first two terms converge to 0 for k — oo by assumption. u,; € C(LY) and
the previous estimate provide ||u|y € C(I). Since we already know u € C,(I,Y) the
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B. Proof of the weak limit argument in Theorem 1.3.6

assertion in (B.4) provides u € C(L,Y).
It is left to show that (u, ) )ren converges in C(I,Y) to u. Let us assume the opposite.
Then a well known characterization of uniform convergence yields

Jec(00), (t)eencIVheN [ty (t) —ulte) [y > €. (B.6)

By choosing a subsequence we can assume that t; ““% t € I. Then the uniform
equicontinuity of (#,),en on Z and the weak convergence of (u,)(t))ren in Z yield
forz* € Z*

25 (i (b)) — u(£)) = 2" () (Be) — ey () + 27 (e (£) — u(t)) =3 0.

Assumption (ii) and X < Y additionally imply that (u,(#))ren is bounded in
Y. Then (B.1) yields u,)(ty) — u(t) in Y. Moreover, the uniform convergence of
(Nt ey () v Jken and w € C(1,Y) imply

ety (B by — () |ly]
< ey (tic) by = (k) Iy | + luete) — u(t)]ly = 0.
(B.4) therefore provides u,, ) (fx) % u(t) in Y. Finally, u € C(I,Y) implies

1ty (Be) — w(ti) Iy < Nty (Be) — w(E) [y + lu(t) — u(te) |y == 0.

This clearly contradicts (B.6). O
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