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a b s t r a c t

A model order reduction procedure is derived for the elastohydrodynamic (EHD) problem, Reynolds and
elasticity part, to increase the calculation speed. The method is derived for stationary and transient
isothermal Newtonian line and point contacts. The reduction of the EHD contact model with exit
boundary condition is performed in three steps. The first is a reduction of the system by projection using
proper orthogonal decomposition. Within the second step, the complexity of system functions is
reduced. The last reduces the computational costs for the exit boundary problem by employing a local
scheme. Furthermore, a contact size related nondimensionalization is introduced. The method allows for
considerable reduction of the calculation time while achieving excellent correspondence to results
obtained by other approaches.

1. Introduction

The behavior of highly loaded lubricated contacts is of interest
in many applications such as in cam tappet contacts or rolling
element bearings. Nevertheless, there are cases within the process
of designing where a classical full EHD calculation is too time
consuming.

Thus, several works have dealt with getting relevant informa
tion of typical EHD outputs without doing full calculations.
Probably the most common approach has been the creation of
design charts [1 3] in dependency of comparison parameters
[4 6].

However, for the transient case, design charts are not easily
applicable, since the solution depends on the past. Another
procedure has been the derivation of simplified semi analytical
models, which approximate the dynamic behavior of the full
problem under specified conditions. Central film thickness fluc
tuations have been studied in a dynamically loaded configuration,
by using an Ertel Grubin scheme [7] and taking into account
squeeze film effects [8] and effects due to a changing contact
size [9].

Another approach has been to approximate the nonlinear
behavior of an EHD contact by an interpolation between the two
limiting cases of a dry Hertzian contact and a purely hydrody
namic contact [10].

Recently, first attempts have been taken to reduce the calcula
tion time by applying model order reduction techniques to the
structural part of the problem [11,12]. Nevertheless, since the
highly non linear fluid part is not reduced within these
approaches, the size and complexity of the problem to be solved
is still large.

Within this work, not only the linear elasticity part of the
problem will be reduced, but also the highly nonlinear part,
representing the Reynolds equation [13]. Thus the necessary
calculation time is strongly decreased, enabling the use of EHD
contacts in a wider range of applications. Section 2 shows the
underlying mathematical model, which gets reduced in Section 3.
The results are given in Section 4, followed by a discussion and a
conclusion.

2. Mathematical model

The isothermal Newtonian EHD contact on the domain Ω is
given by the Reynolds equation with exit boundary condition, the
elasticity equation and the load balance. Assuming only vertical
displacements of the surfaces, the general form of the Reynolds
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equation may be formulated as a complementarity problem (CP)
according to
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Here, pðx; y; tÞ is the pressure, um the mean velocity of the two
surfaces and λ the Lagrangian multiplier, which is introduced to
enforce the unilateral constraint pZ0. The film thickness h is a
superposition of the rigid body approach h0, the gap ðx2þy2Þ=2R
between the undeformed contours of the bodies and the deforma
tion δ:

hðx; y; tÞ ¼ h0ðtÞþ
x2þy2

2R
þδðx; y; tÞ: ð2Þ

For a line contact problem, all terms including y are discarded in
(1) and (2). The relation between fluid pressure and load is given
by the load balance. It readsZ þ1

�1
pðxÞ dx¼w or

Z þ1

�1

Z þ1

�1
pðx; yÞ dx dy¼w; ð3Þ

for a line or a point contact, respectively. Finally, considering the
two elastic bodies as a half space, the elastic deformation can be
given for a line contact by [14]

δðx; tÞ ¼ 2
πE0

Z þ1
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 !

dx0 þCðtÞ; ð4Þ

and for a point contact by [15]

δðx; y; tÞ ¼ 2
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The integration constant C in Eq. (4) is added to h0 in Eq. (2).
Density ρ and viscosity η can be dependent on pressure.

2.1. Nondimensionalization

Next, the problemwill be transformed into dimensionless form,
in order to improve the condition of the system and to decrease
the amount of parameters. Usually the nondimensionalization is
done using an invariant transformation. In the case of a time
varying radius of curvature R, load w or mean velocity um, the
transformation is referenced to constant values Rref , wref and uref

(see e.g. [16]). This eventually yields a fixed reference frame, in
which the pressurized contact zone may drastically change its
extent: consequently, the solutions will have very low similarity
and therefore, the reduction procedure might not be efficient
anymore. In order to increase the similarity of the solutions, we
adapt the nondimensionalization in such a way that the size of the
corresponding dry contact remains the same within the dimen
sionless coordinates. The contact size is defined by the Hertzian
half width or radius aðR;wÞ. With aref ¼ aðRref ;wref Þ, the nondi
mensionalization is done by the transformation

X ¼ x
a
; Y ¼ y

a
; P ¼ p

pH
;

H¼ hR
a2

; H0 ¼
h0R
a2

; Δ¼ δR
a2

;

η ¼ η

η0
; ρ ¼ ρ

ρ0
; Λ¼ Rarefλ

a2urefρ0
;

U ¼ arefum

auref
; T ¼ uref t

aref
ð6Þ

with Hertzian pressure pHðR;wÞ [17]. Since aref is calculated using
reference values, it is constant with time. The reference values η0
and ρ0 are usually the viscosity and density for a pressure of zero.
Introducing the transformation (6) into (1), the Reynolds equation

Nomenclature

Δ dimensionless deformation
δ elastic deformation
δj deformation vector
η viscosity
η dimensionless viscosity
Λ dimensionless Lagrangian multiplier
λ Lagrangian multiplier
λj Lagrangian multiplier vector
μj parameter vector at jth time step
Ω computational domain
ω Newton damping coefficient
∂Ω boundary of computational domain
ρ density
ρ dimensionless density
a Hertzian half width/radius
D pre conditioning diagonal matrix
E0 reduced modulus of elasticity
f δ;j discrete elasticity equation
f h0 j

discrete load balance
f p;j discrete Reynolds equation
g grid transformation function
H dimensionless film thickness
h film thickness
H0 dimensionless rigid body displacement
h0 rigid body displacement
K flexibility matrix

m number of snapshots
n number of inner nodes
~n degrees of freedom of reduced system
n̂ number of nonlinear function evaluations
�n number of necessary state vector entries
~nδ number of basis functions for deformation
~np number of basis functions for pressure
P dimensionless pressure
p pressure
pj pressure vector
R radius of curvature
T dimensionless time
t time
U dimensionless mean velocity
um mean surface velocity
V trial basis
W test basis
w load
X;Y dimensionless coordinates
x; y coordinates
zj state vector
A active set
B set of exit boundary nodes
I set of indices of nonlinear function evaluations
J set of evaluated state vector entries
P passive set
~P passive set for Reynolds equation only



in dimensionless form is
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Inserting (6) into (2) (5) yields for the line contact:

HðX; TÞ ¼H0ðTÞþ
X2

2
þΔðX; TÞ; ð8Þ

Z þ1
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PðX; TÞ dX ¼ π

2
and ð9Þ

ΔðX; TÞ ¼ 1
2π

Z þ1

�1
PðX0; TÞ lnððX X0Þ2Þ dX0: ð10Þ

Using transformation (6), both the dimensionless film thickness
equation (8) and the load balance (9) are parameter independent.
So, the dimensionless solution is always given within a framework,
which refers to its corresponding dry contact.

2.2. Discretization

Now, the time variant dimensionless problem is discretized in
space and time. The EHD parameters at time step j are put
together in the parameter vector

μj ¼ ½E0;Rjj;umjj;wjj; α; η0� ð11Þ
Despite its time variance, the topology of the grid remains the
same. Thus the inner nodes of the grid are stored in a lexicogra
phical order, concatenating all rows in the x direction. However,
within this work there is the need of accessing only a particular set
of nodes. Therefore, we introduce the following notation to denote
a submatrix of a matrix AARn�m:

N
MA ¼

An1m1 ⋯ An1mm̂

⋮ ⋱ ⋮
Ann̂m1 ⋯ Ann̂mm̂

2
64

3
75ARn̂�m̂ ; ð12Þ

whereupon the indices of the submatrix are merged in the sets

N ¼ fn1;…;nn̂ gDf1;…;ng and
M¼ fm1;…;mm̂ gDf1;…;mg

with number of entries jN j ¼ n̂ and jMj ¼ m̂. Thereby, the opera
tor j � j returns the number of elements of a set. The notation is also
valid for one dimension only.

The EHD problem is solved by using a full system approach [18].
Therefore the dimensionless values for pressure P, deformation Δ
and Lagrangian multiplier Λ of all inner nodes at time step j are
gathered in column matrices pj, δj and λj, respectively. Therewith,
the state vector for the full system is

zj ¼ ½pT
j ; δ

T
j ;H0;j�T : ð13Þ

The Reynolds equation (1) is discretized by finite differences using a
standard discretization scheme [3]. It includes second order central
differences for the second order derivatives and, due to numerical
stability reasons, second order backward differences for the first
order derivatives of the convective parts. So, at the jth time step the
discretized nonlinear Reynolds equation f p;j, following from the first
part of (7), can be written as

f p;jðzj; z½j�j�1; z
½j�
j�2; μjÞþλj ¼ 0: ð14Þ

Since a second order backward difference is used for the time
derivative, the function is dependent on the solutions of the last
two time steps. Furthermore, as the dimensionless framework is
different in every time step, the solution zj0 of a prior time step j0

has to be projected to the current framework at time step j. Thereby,
the superscript ½�� indicates the framework to which it is projected.
If framework and time step coincide, the superscript is omitted.
The transformation from framework ½j0� to ½j� is done by a transfor
mation g:

z½j�j0 ¼ gðzj0 ; μj0 ; μjÞ: ð15Þ

As Fig. 1 shows, the transformation g contains both an extension of
size and an interpolation in spatial direction. Here a cubic spline
interpolation turns out to be an adequate method. For the sake of
simplicity, the dependency on former time steps and the parameter
dependency will not be stated explicitly in the following.

Both, the elasticity equation (10) and the load balance (9) are
linear. In discrete form, they can be written as

f δj ðzjÞ ¼ δj Kpj ¼ 0 and ð16Þ

f h0j ðzjÞ ¼ ch0 Kh0pj ¼ 0: ð17Þ

Hereby, the flexibility matrix K can be found e.g. in [3] for the
point contact and in [19] for the line contact.

To cope with the complementarity problem in (7), an active set
procedure will be used [20]. Therefore, the discrete complemen
tarity problem is reformulated as

λij maxð0; λij cpijÞ ¼ 0; ð18Þ
where c is a positive constant, coping with possible different units
or sizes of the two protagonists. Therewith, the case of occurrence
of film rupture ðλij40;pij ¼ 0Þ can be expressed by

λij cpij40: ð19Þ
So, the indices of all 2nþ1 equations are partitioned into an active
set A, where the film ruptures, and a passive set P, where pressure
is generated. The sets are defined by

A≔fiAf1;…;ng : λij cpij40g; ð20Þ

P≔f1;…;2nþ1g\A: ð21Þ
Since the complementarity problem is only employed in the
Reynolds equation, only the first n equations can be candidates.

Finally, the solution of the EHD contact problem is calculated
iteratively using a damped Newton Raphson method. With the
notation defined in Section 2.2, the iteration scheme reads

P z
ðkÞ
j ¼ P z

ðk�1Þ
j þωPΔzðkÞj ; ð22Þ

with 0oωr1. The change in the kth iteration arises out of solving
the linearized equation system

P
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A
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3
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Aλ
ðkÞ
j

2
664

3
775¼

P f
ðk�1Þ
j

A f
ðk�1Þ
j

2
4

3
5 ð23Þ

with function f ¼ ½f Tp; f Tδ ; f h0 �T and its Jacobian Jf . Following from
the complementarity problem the remaining unknowns Az

ðkÞ
j and

Fig. 1. Interpolation of the dimensionless pressure P from framework ½j0 � to ½j� in the
physical space.



P λ
ðkÞ
j are zero. The sets A and P have to be updated in every

iteration. Nevertheless, the size of the equation system (23)
remains constant. The algorithm terminates when ‖P f j‖2 is
smaller than a particular threshold, which is chosen to fulfill a
desired accuracy.

3. Reduction of the EHD contact

The idea of projection based model order reduction [21]
methods is to approximate the input output behavior of a para
metric and/or dynamical system by a much smaller subspace. The
procedure is divided into an offline and online phase. In the
former, which is performed only once, the reduced system is
created. The latter is repeated very often and consists of solving
the reduced model. In particular, the method gets efficient when
no large scaled operations are necessary within the online phase.
In order to reach this efficiency, three steps of reduction have to be
accomplished. The first is the reduction of the large scale system
of size n. The second step contains a gappy evaluation of the
f2nþ1g � 1 system function and the n� f2nþ1g nonlinear sparse
part of its Jacobian. The last step of reduction consists of a local
evaluation of the complementarity problem.

3.1. Reduction of the system

The reduction of the system is done by projecting its linearized
version (23) to a smaller subspace. Therefore, the unknown part of
the state vector is approximated by the trial base VARf2nþ1g� ~n of
shape functions with ~n5n:

P z � PV ~z ð24Þ
Introducing (24) into the first part of (23) and left multiplication of
the transpose of the test basis WARf2nþ1g� ~n of weighting func
tions leads to the reduced equation

PWT
P
P Jðk�1Þ

f ;j PVΔ ~z ðkÞj ¼ PWT
P f

ðk�1Þ
j : ð25Þ

For the trial basis, independent basis functions for pressure and
deformation are used:

V ¼ diagðVp;Vδ;1ÞARf2nþ1g�f ~np þ ~nδ þ1g: ð26Þ
The basis functions follow from applying snapshot POD [22] to a
sufficiently large set of solutions, obtained by solving the full
problem for different trajectories or parameter combinations.
Hereby, proper orthogonal decomposition (POD) provides an
orthonormal basis spanning the vector space of incoming vectors
best in the sense of the Euclidean norm.

For the test basis, a weighted form of the matrix multiplication
of Jacobian and trial basis is used:

W ¼D2Jf V : ð27Þ
Since the entries of the sparse sub Jacobian Jf p , corresponding to
the Reynolds equation, are much smaller in the rows representing

the center of the contact than those outside, the diagonal matrix D
is introduced. Its pre multiplication counteracts the bad condi
tioning of Jf p . Various tests have shown that an adequate choice of
D is to use the identity matrix and replace the entries correspond
ing to pressure by the first POD basis function for pressure.

Solving Eq. (25) for Δ ~z ðkÞj , the iteration scheme (22) can be
written in reduced form as

~z ðkÞj ¼ ~z ðk�1Þ
j ω~J

þ ~f ð28Þ

with pseudoinverse ~J
þ ¼ ð~J T ~J Þ�1 ~J

T
and matrices

~f ¼ P
PDP f

ðk�1Þ
j and ð29Þ

~J ¼ P
PDP

P Jðk�1Þ
f ;j PV : ð30Þ

Here, only a small matrix of size ~n � ~n has to be inverted. Never
theless, the evaluation of ~f and ~J , as well as the matrix multi
plications ~J

T ~f and ~J
T ~J is still of order n. The following subsection

deals with how to overcome this problem.

3.2. Reduction of system evaluation

The reduction of evaluation of the system matrices is achieved
by a condensation and negligence of equations of the highly
overdetermined least square problem of (28). Introducing the set

~P≔f1;…;ng\A ð31Þ
the expressions (29) and (30) can be given in detail as
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The condensation is done for the linear elasticity part by pre
multiplication of VT

δ :
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f p ;j PV
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P J f δPV

P Jf h0 P
V
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R
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2
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3
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Since elasticity equation and load balance are linear, its Jacobians
are actually constant. However, the reduced Jacobians in Eq. (35)
are changing, when entries are added to or subtracted from set P.
If a node i=2P is added to P, the reduced Jacobian of the elasticity
equation can be updated by

VTP[fig
δ J f δP[figV ¼VT

δ
P J f δPV þfigðVT

δ Jf δ ÞfigV : ð36Þ

The subtraction of a node is straightforward. Equivalently, this can
be done for the reduced Jacobian of the load balance equation.

Finally, the evaluation of the nonlinear part is reduced by a
system approximation based on [23]. Therefore only the n̂5n
most important rows of the Reynolds equation, defined by index
set I with jI j ¼ n̂, are taken for the least squares problem. For that,
all training calculations, done to get the trial basis, are repeated
with the reduced system on level I. Snapshots of the first part of

Table 1
WFL parameters for lubricant no. 1 and no. 2 from [25] and for no. 3 from [26].

Parameter No. 1 No. 2 No. 3

A1 ð1CÞ 19.17 22.47 69.81

A2 ðGPa 1Þ 4.07 4.22 1.68

B1 0.230 0.222 0.213

B2 ðMPa 1Þ 0.0249 0.0349 0.0118

C1 16.04 15.87 11.84
C2 ð1CÞ 18.18 10.22 60.59
Tgð0Þ ð1CÞ �73.86 �113.79 �87.46
μg ðPa sÞ 1012 1012 107



(34) and the product of the first part of (35) and the solution at
iteration k are collected for every iteration, for every time step of
every training. Applying POD on the snapshot matrices, the POD
bases Φ ~f and Φ~J are obtained. The algorithm on how to determine
I out of these POD bases can be found in the appendix. The �n
indices of state variables, which are necessary to evaluate the n̂
rows given by I , are combined within the set J with jJ j ¼ �n.
Usually, since the discretization scheme for the Reynolds equation
is local, it is also �n5n. To cope with the complementarity
problem, the sets ~I≔I \A and ~J≔J \A are introduced. Therewith
the matrices for the fully reduced system read

~f
ii ¼

I~
I~DI~ f

ðk�1Þ
p;j

VT
δ f

ðk�1Þ
δ;j

f ðk�1Þ
h0 ;j

2
6664

3
7775A

Rj ~I j

R
~nδ

R

2
64

3
75 and ð37Þ

~J
ii ¼

I~
I~DI~

J~
Jðk�1Þ
f p ;j J~V

VT
δ
P J f δPV

P Jf h0 P
V

2
66664

3
77775A

Rj ~I j� ~n

R
~nδ� ~n

R1� ~n

2
64

3
75: ð38Þ

With these approximations, only matrix evaluations, additions and
multiplication with size n̂, �n and ~n are necessary.

3.3. Reduction of the complementarity problem

For the last part the assumption is made that the film rupture
occurs at the outlet and there is no pressure generation down
stream. So there exists one connected boundary between ruptured
and pressurized area, which can be expressed as x¼ f ðyÞ. Instead
of Aλj, only Bλj are calculated. Thereby, the set B, which indicates
the film rupture, is defined by

B≔fiAA : i 1APg: ð39Þ
So, the number of entries of B is equal to the number of nodes in the
y direction. Since a light misestimation of B is not crucial for the
solution, further reduction might be possible by a gappy evaluation and
interpolation in the y direction. The adaption of B and therewith of A
and P takes place in every iteration. If a negative pressure is detected
before the exit boundary, the particular index of B is decremented in
the x direction. Otherwise the particular index is incremented, if the
inequality condition (19) is fulfilled. In order to avoid oscillatory
behavior of the border, the adaption might be aborted after a specified
amount of iterations. This number should be higher than the number of
nodes the exit boundary moves within one time step.

4. Results

The EHD reduction method, described in Section 3, is applied to
a stationary and a transient EHD line contact problem. Stationary
means that the last term on the right side of Eq. (7) is omitted.

Fig. 2. Selected snapshots for POD bases for lower loaded LLR (left) and higher loaded region HLR (right).

Fig. 3. Deviation of central film thickness between full and reduced model subject
to the number of basis function for pressure (upper) and elastic deformation
(lower) for test case M 12, L 12 and pH 0:7 GPa using lubricant no. 1.

Table 2
Degrees of freedom for the stationary case.

Region n 2nþ1 m ~n ~np ~nδ n̂ �n

LLR 1201 2403 120 137 89 47 160 290
HLR 3001 6003 110 113 80 32 160 339

Table 3
Comparison of performance between full and reduced model.

Parameter Num. of iter. Calc. time (s)

M L pH (GPa) Full Red. Full Red.

No. 1
12 12 0.70 5 6 1.25 0.024
17 15 1.04 4 4 1.00 0.016
45 5 0.57 5 5 1.24 0.019

100 10 1.69 5 5 14.6 0.020
600 8 3.31 5 5 14.6 0.017

No. 2
13 8 0.92 6 8 1.49 0.031
40 9 1.82 5 5 1.24 0.019
45 5 1.07 5 6 1.27 0.022

120 10 3.50 5 7 14.5 0.024
500 6 4.28 4 15 11.6 0.048

No. 3
12 8 0.61 5 5 1.25 0.019
18 15 1.41 6 9 1.50 0.036
40 12 1.68 5 7 1.25 0.028

200 12 3.75 5 5 14.6 0.017
600 6 3.25 4 13 11.6 0.041



The first test gives a comparison to the results shown in [12].
Therefore, the pressure viscosity dependency is modeled by
a modified WLF model given by [24]:

ηðpÞ ¼ μg � 10ð�C1 �ðT0 �Tg ðpÞÞDðpÞÞ=ðC2 þðT0 �Tg ðpÞÞDðpÞÞ with
TgðpÞ ¼ Tgð0ÞþA1Inð1þA2pÞ and
DðpÞ ¼ 1 B1Inð1þB2pÞ:

ð40Þ

The Dowson and Higginson model [1] is used to get the pressure
density relation. In Table 1 the WLF parameters for three different
lubricants are listed. The dimensionless computational area
f 4rXr2g is discretized equidistantly. The Moes parameter
space is divided into a lower loaded region (LLR) with a step size
of hX¼0.005 and a higher loaded region (HLR) with a step size of
hX¼0.002. Fig. 2 shows the distribution of the particular m snap
shots in those two regions. As in [12] the snapshots are calculated
for lubricant no. 1. Nevertheless, since the spatial shape of pressure
is more complex than one of the deformations, the calculation of
more snapshots than proposed in [12] was necessary. Even though
m might not be small, the number of basis functions for the
reduced system may be much smaller after the application of
snapshot POD. Fig. 3 shows the increase of accuracy with an
increasing number of basis functions. However, there is no further
improvement of accuracy after a specified amount of basis func
tions. So the number of basis function is chosen in such a way that
the necessary accuracy is just fulfilled. Table 2 lists the sizes of the
full and the reduced model for the two regions given in Fig. 2.

In order to test the accuracy and the efficiency of the reduced
EHD contact model, 15 test cases from [12] using the lubricants
given in Table 1 are considered. The number of iterations and the
total calculation time for the full and the reduced model for
the different test cases are given in Table 3. The starting solution
of each test case is the solution of the trainings illustrated in
Fig. 2 with the lowest Euclidean distance in the M L space. All
calculations were done with Matlab using an i5 2500 CPU. The

given time measurements are mean values. Since a self
implemented Matlab code is used, the efficiency might not be
competitive to professional, highly specialized solvers. However,
the results clearly show a strong decrease of calculational time
between the reduced and the full system.

Finally, Table 4 lists dimensionless central film thickness results
of the reduced and the full model given in [12] and the one of the
current models, together with the deviations between full and
reduced model as well as the deviation between the full models
itself. For all tests, the deviation of the central film thickness
between the full and the reduced system is around or below one
tenth of a percent and stays within the deviations due to model
ing. However, the accuracy of the reduced system strongly
depends on the choice of snapshots. Indeed, the reduced solutions
are very good for the parameter combinations using lubricant
no. 1, which was used for training. So, in order to get a reliable and
accurate reduced model in a specified parameter range, there has
to be spent a lot of effort in the selection of the snapshots.

The next example refers to the transient EHD line contact
calculations given in [9] with Moes parameters M¼120 and L¼10
and the same material, geometry and fluid properties given in
Table 5. The lubricant is modeled as incompressible with a Barus
viscosity pressure relationship [27]. The load w is varied sinu
soidally with

w¼wref 1þ 1
10

sin
2πT

Texcitation

� �� �
ð41Þ

for different period times Texcitation. As trainings for the reduced
model, the running in from stationary position up to “stationary”
transient behavior for

TexcitationA
1
2
aref
uref

;
aref
uref

;2
aref
uref

	 

ð42Þ

is used. The dimensions for the transient reduced model are
summarized in Table 6. The time integration is done with an

Table 4
Comparison of full and reduced solutions of central film thickness for different parameters.

Parameter HC (Habchi et al. [12]) HC (Current model) Model Dev. (‰)

M L pH (GPa) Full Red. Dev. (‰) Full Red. Dev. (‰)

No. 1
12 12 0.70 0.18052049 0.18052302 0.014 0.17966418 0.17965820 0.033 4.766
17 15 1.04 0.13772694 0.13771578 0.081 0.13701194 0.13701770 0.042 5.218
45 5 0.57 0.02515687 0.02515679 0.003 0.02515764 0.02515528 0.094 0.031

100 10 1.69 0.01438153 0.01438083 0.049 0.01437200 0.01437152 0.033 0.663
600 8 3.31 0.00159831 0.00159830 0.006 0.00157085 0.00157081 0.023 17.48

No. 2
13 8 0.92 0.13077684 0.13074332 0.256 0.13029989 0.13047942 1.378 3.660
40 9 1.82 0.03846414 0.03847607 0.310 0.03837291 0.03835223 0.539 2.378
45 5 1.07 0.02465579 0.02458083 3.040 0.02455470 0.02457322 0.754 4.117

120 10 3.50 0.01165195 0.01166741 1.327 0.01163337 0.01162762 0.494 1.597
500 6 4.28 0.00166994 0.00167389 2.365 0.00164452 0.00164732 1.702 15.46

No. 3
12 8 0.61 0.14334110 0.14334916 0.056 0.14277281 0.14273619 0.257 3.980
18 15 1.41 0.12726978 0.12728937 0.154 0.12720192 0.12720041 0.012 0.534
40 12 1.68 0.04516983 0.04519063 0.460 0.04513897 0.04512421 0.327 0.684

200 12 3.75 0.00719969 0.00720202 0.324 0.00718491 0.00718138 0.491 2.058
600 6 3.25 0.00133440 0.00133627 1.401 0.00130920 0.00131040 0.919 19.25

Table 5
Properties from [9].

E0 (GPa) R (m) η0 (Pa s) α (GPa 1)

287.8 0.0225 0.004 22

Table 6
Degrees of freedom for the transient case.

n m n np nδ n̂ n

1201 11,915 175 87 87 148 401



adaptive time stepping scheme, using the local error prediction
suggested in [28]. Fig. 4 shows the results of dimensionless central
pressure and film thickness with time of the full solution and
the difference between full and reduced solution in percent.
The difference between full and reduced solution decreases with
increasing Texcitation. Remarkably, this statement is valid indepen
dent from the fact whether or not the trajectory has been one of
the training sets. The maximum differences are generated due to a
time shift and not due to the prediction of a wrong value. An
indicator therefore is the fact that the maximum differences occur,
when the time derivative of the solution maximizes. Fig. 5 gives
the dimensionless pressure and film thickness distribution within
the contact for Texcitation ¼ 1=2 aref=uref at time T¼2.185, where the

error reaches a maximum. Additionally, a zoom in of the outlet
region is given on the right.

The quasi stationary case Texcitation ¼ 10;000aref=uref shows a
very good agreement, even though the excitation frequency time
is beyond the trained zone. Table 7 lists the number of time steps
and the total calculation time of the corresponding trajectory for
the full and the reduced system. The number of necessary time
steps depends on the local error tolerance and is similar for the
time integration of the full and the reduced system.

5. Discussion

As mentioned above, model order reduction relies on the simi
larity of the solution space, since global basis functions superpose the
solution. Thus the method is especially efficient for a highly loaded

Fig. 4. Solution of central pressure and film thickness given in a constant reference and the relative difference of full to reduced solution.

Fig. 5. Dimensionless pressure and film thickness distribution within contact and
at the outlet region for Texcitation 1=2 aref=uref at T 2.185.

Table 7
Dimensions of time integration.

Trajectory, Texcitation Num. of time steps Calc. time (s)

Full Red. Full Red.

1=2 aref=uref 5010 4192 3949 119
3=4 aref=uref 5419 4465 4156 131
aref=uref 3914 3506 3053 91
3=2 aref=uref 3409 2647 2624 62
2aref=uref 2991 2478 2368 56

104aref=uref
3653 3169 2710 94



contact, where the solutions of pressure are similar to the Hertzian
pressure distribution. Furthermore, the modeling of the lubricant has
a strong influence on the efficiency of the method, since it affects the
distinctness of the pressure spike at the outlet. So, the approach
works better for a compressible lubricant with a smooth peak than
for an incompressible lubricant. The same applies for Roelands
viscosity in comparison to Barus viscosity.

For the transient case, an additional source of dissimilarity of the
solution space is pressure waves, which are transported through the
contact area by the lubricant. They occur if the excitation has a period
time of less or around the characteristic time a=um. In particular, high
amplitudes in conjunction with a period time below the character
istic time are critical for the method.

An interesting point is the consideration of rough surfaces.
The treatment of rough surfaces should be possible, as long as
the surface can be described by a few parameters, entering the
description base of the reduced order model. However, the
method described in this work is supposed to be less effective,
due to the highly amplified scattering of pressure distribution. A
better outcome could possibly be expected, if the influence of
rough surfaces is treated for example by using flow factors [29].
However, this investigation is beyond the scope of the paper.

As already included in the derivation of Sections 2 and 3, the
method can also be applied to the EHD point contact problem.
Further studies will test the efficiency and accuracy of this problem.

6. Conclusion

A model order reduction method is shown for the EHD line or
point contact problem, including Reynolds equation, elasticity
equation and load balance. The method consists of the generation
of the reduced system and the solution of the reduced system. The
former is called offline and the latter online phase. The reduction
of the whole problem, nonlinear Reynolds and linear elasticity
equation, is done in such a way that no operations of large size are
necessary within the online phase. Therefore, the projected EHD
problem is solved iteratively using a damped Newton Raphson
scheme. The projection matrices are obtained by using snapshot
POD and a problem specific test space approach, yielding a highly
overdetermined least squares problem. This large scale least
squares problem is approximated by a less complex one, which
decreases the expenses for updating the system matrices. Finally,
the complementarity problem is reduced by evaluating it locally
and adapting the border of the exit boundary iteratively.

Moreover, a new nondimensionalization scheme for time
varying parameters is introduced, which relates the computational
area to the current size of the contact.

The results of the full and the reduced model match each other,
for both the stationary and the transient case. Furthermore, the
comparison of the results for the stationary EHD line contact problem
with the results of former articles shows good accordance.
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Appendix A. Algorithm to determine I

A simplified algorithm from [23] is given in Fig. A1.
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