ﬂ(IT \/ya\/e phenomena

Karlsruhe Institute of Technology ana I YS | San d numer | CS

Gevrey smoothing for weak solutions of
the fully nonlinear homogeneous Boltz-
mann and Kac equations without cutoff
for Maxwellian molecules

Jean-Marie Barbaroux, Dirk Hundertmark, Tobias Ried,
Semjon Vugalter

CRC Preprint 2015/3, September 2015

CRC 1173

phenomena

KIT — University of the State of Baden-Wuerttemberg and
National Research Centre of the Helmholtz Association



Participating universities

2 Universitat Stuttgart

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Funded by

VFG

ISSN 2365-662X



GEVREY SMOOTHING FOR WEAK SOLUTIONS OF THE FULLY NONLINEAR
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ABsTRACT. It has long been suspected that the non-cutoff Boltzmann operator has similar coercivity
properties as a fractional Laplacian. This has led to the hope that the homogenous Boltzmann equation
enjoys similar regularity properties as the heat equation with a fractional Laplacian. In particular, the
weak solution of the fully nonlinear non-cutoff homogenous Boltzmann equation with initial datum
in LJ(R?) N Llog L(R?), i.e., finite mass, energy and entropy, should immediately become Gevrey
regular for strictly positive times. We prove this conjecture for Maxwellian molecules.
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It has long been suspected that the non-cutoff Boltzmann operator with a singular cross section
kernel has similar coercivity properties as a fractional Laplacian (—A)”, for suitable 0 < v < 1. This
has been made precise by ALEXANDRE, DESVILLETTES, VILLANI, and WENNBERG [3], see also the reviews
by ALEXANDRE [2] and by ViLLant [40] for its history, and has led to the hope that the fully nonlinear
homogenous Boltzmann equation enjoys similar regularity properties as the heat equation with a
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fractional Laplacian given by
ou+(-AN’u =0
{ Uy =up € L'RY).
Using the Fourier transform one immediately sees that
) = i) with i € LR,

SO

sup sup e [i(z, &)| < Iluglly gy < oo,

>0 geRrd

that is, the Fourier transform of the solution is extremely fast decaying for strictly positive times.
Introducing the Gevrey spaces as in Definition 1.5, it is natural to expect, see, for example,
DesviLLETTES and WENNBERG [16]:

Conjecture (Gevrey smoothing). Any weak solution of the non-cutoff homogenous Boltzmann
equation with a singular cross section kernel of order v and with initial datum in Lé RYHNLlog LRY),

. . 1 ; e
i.e., finite mass, energy and entropy, belongs to the Gevrey class G (R?) for strictly positive times.

The central results of our work is a proof of this conjecture for Maxwellian molecules. In
particular, we prove

Theorem. Assume that the non-cutoff Boltzman cross section has a singularity 1 +2v with0 <v < 1
and obeys some further technical conditions, which are true in all physically relevant cases, for
details see (3) and (16). Then, for initial conditions fy € Llog L N L} with an integer

oy 2]
m —
S T T

any weak solution of the fully non-linear homogenous Boltzmann equation for Maxwellian molecules
belongs to the Gevrey class G for strictly positive times.

In particular, for v < 10g(9/5)/log(2) ~ 0,847996 we have m = 2 and the theorem does not
require anything except the physically reasonable assumptions of finite mass, energy, and entropy. If
log(9/5)/log(2) < v < 1 and we assume only that fy € Llog L N L}, then we prove that the solution

log2
is in G21¢055 | jn particular, it is ultra-analytic.

(1) For a more precise formulation of our results, see Theorems 1.6, 1.8, and 1.9 for the case
m = 2 and Theorems 3.1, 3.2, and 3.3 below.

(2) We would like to stress that our results cover both the weak and strong singularity regimes,
where 0 < v < 1/2, respectively 1/2 <v < 1.

(3) The theorem above applies to all dimensions d > 1. The physical case for Maxwellian
molecules in dimensiond = 3isv = 1/4.

The main problem for establishing Gevrey regularity is that, in order to use the coercivity results
of ALEXANDRE, DESVILLETTES, VILLANI and WENNBERG [3], one has to bound a non-linear and non-local
commutator of the Boltzmann kernel with certain sub-Gaussian Fourier multipliers. The main
ingredient in our proof is a new way of estimating this non-local and nonlinear commutator.

1.1. The non-cutoff Boltzmann and Kac models. We study the regularity of weak solutions of
the Cauchy problem

1
fli=o = fo
for the fully nonlinear homogeneous Boltzmann and Kac equation in d > 1 dimensions [10, 21].
For d > 2 the bilinear operator Q is given by

0w = [ [ beost)rsf6/) = g1 ) dorr., @)

{atf = O(f. f)
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that is, the Boltzmann collision operator for Maxwellian molecules with angular collision kernel b
depending only on the deviation angle cos 6 = o I::X*I for o € S?~!. Here we use the o-representation
of the collision process, in which

, VvV [v—vy R P d-1
Vv = + o, V.= - o, foroeS“.
2 2 * 2 2

By symmetry properties of the Boltzmann collision operator Q(f, f), the function b can be
assumed to be supported on angles 6 € [0, 2], for otherwise, see [40], it can be replaced by

b(cos ) = (b(cos 6) + b(cos(r — 0)) Lip<ges).
We will assume that the angular collision kernel b has the non-integrable singularity

sin?™2 0 b(cos 0) ~ QL as @ — 0 3)

1+2v°

for some k > 0 and O < v < 1, and satisfies

/2
f sin? 6 b(cos 0) df < oo. 4)
0

For inverse s-power forces (in three spatial dimensions), described by the potential U(r) = r'~*,

s > 2, the collision kernel is of the more general form

-5
B(v = v..cos6) = bcos Oy = v’y = .
5 —
where the angular collision kernel b is locally smooth with a non-integrable singularity
1
sinfb(cosf) ~ Ko7, y= o
s J—

The case of (physical) Maxwellian molecules corresponds to the values y =0, s =5,v = i.
Ford =1 we set

0. =K@ = [ [ oo fon ) dode., )
2

which is the Kac operator for Maxwellian molecules, and angular collision kernel »; > 0. The pre-
and post-collisional velocities are related by

w'\ _[cos® —sinb)(w o
(w’) - (sin@ cos )(W*)’ for€[-3,31

*

In the original Kac model b; was chosen to be constant, whereas we will assume, as in [14], that
b1 is an even function and has the non-integrable singularity

K
bl(@)'V Eﬂixa;, for 0 — 0, (6)
with 0 < v < 1 and some «k > 0, and further satisfies
Y
2
fﬂ b1(6) sin® 0d6 < co. (7)

2

Making use of symmetry properties of the collision operator K(f, f), we can assume b to be
supported on angles 6 € [-7, 7], for otherwise it can be replaced by its symmetrised version

b1(0) = (510) + b1(5 = 0)) Ljg<psz) + (b1(6) + b1(=5 = ) Iz <<

This simple observation will be very convenient for our analysis.
We will mainly work with the weighted L” spaces, defined as

LhRY) = {f € LP(RY) : () f € LP(RD),
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p =1, a € R, with norm

l/p
IIfIILg(Rd>=(fRdlf(v)|”<v>"”dv) . )= L+ P2

We will also use the weighted (L? based) Sobolev spaces
Hi®R) = {f e S'®R): () f e H'RD}. k(CeR,

where H*(R?) are the usual Sobolev spaces given by H¥(R?) = { feS'®RY:(Yfe LZ(R")}, for
k € R. The inner product on L*(RY) is given by (f, g) = fRd mg(v) dv.
It will be assumed that the initial datum fy # O is a non-negative density with finite mass, energy
and entropy, which is equivalent to
fo20, foeLyRY) N Llog LRY), ®)

where
Llog L(RY) = {f : RY — R measurable : ||fllL1og1 = f IfF)Iog (1 + |f)]) dv < oo},
R4

and the negative of the entropy is given by H(f) := j;%d flog fdv.
The space Lé(]Rd) N Llog L(RY) is very natural, since

Lemma 1.1. Let f > 0. Then
feLl®HNLlogLRY) o feLX(RY) and H(f) is finite.

We suspect that this lemma is well-known, at least to the experts, but we could not find a reference
in the literature. For the reader’s convenience we will give the proof in appendix D. Following is the
precise definition of weak solutions which we use.

Definition 1.2 (Weak Solutions of the Cauchy Problem (1) [8, 39, 11]). Assume that the initial
datum f; is in LY(R?) N Llog LRY). f : Ry x R? — R is called a weak solution to the Cauchy
problem (1), if it satisfies the following conditions':
(i) f20, f€BR:DRY)NL R,; LYR?Y) N Llog LRY))
(i) f(0,) = fo
(iii) For all r > 0, mass is conserved, fRd ft,v)dv = de Jfo(v) dv, kinetic energy is decreasing,
Jea F@v)V2dv < [, fo(v) v* dv, and the entropy is increasing, H(f(t,-)) < H(fy).
(iv) For all ¢ € B'(R,; 6 (RY)) one has

<f(t9 ')’ SD(I, V)> - <f0’ 90(09 )> - fo‘ <f(T’ ')(97‘10(7', )> dr

¢ &)

= f O(f, )(x,),¢(t,)ydr, forallz >0,
0

where the latter expression involving Q is defined by

(O(f, ) @)
1 . ) )
) fde Ld—l b( . O-) FOIfW) (V) + o(V)) = @(v) = ¢(vs)) dodvdv.,

[V — vl

for test functions ¢ € W2*(R?) in dimension d > 2, and in one dimension

(OF. .00 = KU P0) = [ [ 510001500 (60") = 60) dodcre
!

1Throughout the text, whenever not explicitly mentioned, we will drop the dependence on ¢ of a function, i.e.

f(v) = f(t,v)etc
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for test functions ¢ € W>*(R), making use of symmetry properties of the Boltzmann and
Kac collision operators and cancellation effects.

Collecting results from the literature, the following is known regarding the existence, uniqueness
and further properties of weak solutions.

Theorem 1.3 (Arkeryd, Desvillettes, Mischler, Goudon, Villani, Wennberg). There exists a weak
solution of the Cauchy problem (1) in the sense of Definition 1.2. For d > 2 momentum and energy
are conserved,

f ft,vyvdv = f Jo()vdy, f f(,v) v dv = f fo(») v dv. (10)
R4 R4 R4 R4

In the one dimensional case (Kac equation), momentum is not conserved and energy can only
decrease and is conserved under the additional moment assumption fy € L;p for some p > 2.

Remark 1.4. d > 2: The existence of weak solutions of the Cauchy problem (1) with initial
conditions satisfying (8) for the homogeneous Boltzmann equation was first proved by ARKERYD
[7, 8] (see also the articles by Goupon [20], ViLLant [39], and DesviLLETTES [13, 14]). Uniqueness
in this case was shown by Toscant and ViLLaNI [36], see also the review articles by MiscHLER and
WENNBERG [28] (for the cut-off case) and DeSVILLETTES [13].

d = 1: For the homogeneous non-cutoff Kac equation for Maxwellian molecules existence of
weak solutions was established by DesviLLETTES [11].

1.2. Higher regularity of weak solutions. It has been pointed out by several authors [2, 16, 40]
that, for singular cross-sections, the Boltzmann operator essentially behaves like a singular integral
operator with a leading term similar to a fractional Laplace operator (—A)”. In terms of compactness
properties this has been noticed for the linearised Boltzmann kernel as early as in [33] and for
the nonlinear Boltzmann kernel in [27]. Since the solutions of the heat equation with a fractional
Laplacian gain a high amount of regularity for arbitrary positive times, it is natural to believe, as
conjectured in [16], that weak solutions to the non-cutoff Boltzmann equation gain a certain amount
of smoothness, and even analyticity, for any ¢ > 0. This is in sharp contrast to the fact that in the
Grad’s cutoff case there cannot be any smoothing effect. Instead, regularity and singularities of the
initial datum get propagated in this case, see, for example, [32].

The discussion about solution of the heat equation with a fractional Laplacian motivates the
following definition of Gevrey spaces, which give a convenient framework to describe this smoothing
by interpolating between smooth and (ultra-)analytic functions.

Definition 1.5. Let s > 0. A function f belongs to the Gevrey class G*(R?), if there exists an € > 0
such that

) 1/2
oD fel*®RY, where (D)= (1 +|Dv|2)/ .

and we use the notation D, = —%TVV. Thus, G'(RY) is the space of real analytic functions, and
G*(RY) for s € (0, 1) the space of ultra-analytic functions.

Equivalently?, f € G*(R?) if f € B*(R?) and there exists a constant C > 0 such that for all
k € Ny one has

ID* fll 2 ey < C*F (KDY,
where || D f1I7, = supig 1P £117,.

The first regularisation results in this direction were due to DesviLLETTES for the spatially homo-
geneous non-cutoff Kac equation [11] and the homogeneous non-cutoff Boltzmann equation for
Maxwellian molecules in two dimensions [12], where ‘6™ regularisation is proved. Later, DesvrL-
LETTES and WENNBERG [ 16] proved, under rather general assumptions on the collision cross-section
(excluding Maxwellian molecules, though), regularity in Schwartz space of weak solutions to the

2see, for example, Theorem 4 in [25].
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non-cutoff homogeneous Boltzmann equation. By quite different methods, using Littlewood-Paley
decompositions, ALEXANDRE and EL Sarap1 [4] showed that the assumptions on the cross-section
(3)-(4) imply that the solutions are in H* for any positive time ¢ > 0. By moment propagation results
for Maxwellian molecules (see TRUESDELL [37]) this cannot be improved to regularity in Schwartz
space.

For collision cross-sections corresponding to Debye-Yukawa-type interaction potentials,

sin 6 b(cos 9) ~ K@‘l(log 0_1)5 for9 - 0 (withsome K > 0, £ > 0),

Mormorto, Ukal, Xu and YAaNG [30] proved the same H® regularising effect using suitable test
functions in the weak formulation of the problem.

The question of the local existence of solutions in Gevrey spaces for Gevrey regular initial data
with additional strong decay at infinity was first addressed in 1984 by Ukar [38], both in the spatially
homogeneous and inhomogeneous setting.

We are interested in the Gevrey smoothing effect, namely that under the (physical) assumptions of
finite mass, energy and entropy of the initial data, weak solutions of the homogeneous Boltzmann
equation without cutoff are Gevrey functions for any strictly positive time. This question was treated
in the case of the linearised Boltzmann equation in the homogeneous setting by Mormmorto et al.
[30], where they proved that, given 0 < v < 1, weak solutions of the linearized Boltzmann equation
belong to the space G%(R3) for any positive times. Still in a linearised setting, LERNER, MORIMOTO,
Pravpa-StarROV and Xu [24] proved a Gelfand-Shilov smoothing effect, which includes Gevrey
regularity, on radially symmetric solutions of the homogeneous non-cutoff Boltzmann equation for
Maxwellian molecules. For the non-Maxwellian Boltzmann operator, Gevrey regularity was proved
under very strong unphysical decay assumptions on the initial datum in [26].

For radially symmetric solutions, the homogeneous non-cutoff Boltzmann equation for Maxwellian
molecules is related to the homogeneous non-cutoff Kac equation. The non-cutoff Kac equation
was introduced by DEsSVILLETTES in [11], where first regularity results were established, see also
DesviLLETTES’ review [14]. For this equation, the best available results so far are due to LEKRINE and
Xu [23] and GranceTAs and NaJEME [19]: LEkrINE and Xu [23] proved Gevrey regularisation of order
i for mild singularities 0 < v < % and all 0 < @ < v. Strong singularities % < v < 1 were treated by
GranceTAS and NaseME [19], where they prove that for v = % the solution becomes Gevrey regular of
order i forany 0 < a < % and Gevrey regular of order 1, that is, analytic, when % < v < 1. Thus, in
the critical case v = %, the result of [19] misses analyticity of weak solutions and they do not prove
ultra-analyticity in the range O < v < 1. Moreover, both results are obtained under the additional
moment assumption fy € L% 12, (B

Ultra-analyticity results have previously been obtained by Mormmoto and Xu [31] for the ho-
mogeneous Landau equation in the Maxwellian molecules case and related simplified models in
kinetic theory. The analysis of smoothing properties of Landau equation is quite different from the
Boltzmann and Kac equations. The Landau equation explicitly contains a second order elliptic term,
which yields coercivity, and, more importantly, certain commutators with weights in Fourier space
are identically zero, which simplifies the analysis tremendously, see Proposition 2.2 in [31].

For the nonlinear non-cutoff homogeneous Boltzmann equation some partial results regarding
Gevrey regularisation were obtained by Mormoto and Uxkar [29] including the non-Maxwellian
molecules case, but under the strong additional assumptions of Maxwellian decay and smoothness of
the solution. Still with these strong decay assumptions, YN and ZHANG [42, 41] extended this result
to a larger class of kinetic cross-sections.

We stress that for the main result of our paper the initial datum is only assumed to obey the natural
assumptions coming from physics, i.e., finiteness of mass, energy and entropy.

Given 8 > 0 and a € (0, 1) we define the Gevrey multiplier G : R, x R — R by
Gt, ) := P



GEVREY SMOOTHING FOR THE HOMOGENEOUS NON-CUTOFF BOLTZMANN EQUATION 7

and for A > 0 the cut-off Gevrey multiplier G, : R, x R — R by
Gat,m) := G, MILA(nD,

where 1, is the characteristic function of the interval [0, A]. The associated Fourier multiplication
operator is denoted by G (¢, Dy),

(GAt, D)1, v) = fR GaGmfam e dy = F[GaG ) f(. )]

We use the following convention regarding the Fourier transform of a function f in this article,

(Off)(n) = f(T]) = jl;d f(V) e—Znivq] dv.

The Fourier transform of the Boltzmann operator for Maxwellian molecules has the form (Bobylev
identity, [9])

n+nlo
2 9

0(g. () = fS b(%o) [s)f o) - 2O f ] do. 7 = (11

for d > 2. There is a similar Bobylev identity for the Kac operator [11],

K(g, ) = f b1 [200)f0r) - 2O f )] d6, 7 =ncosn” = ysing. (12)

A simple, but in a sense important, consequence of Bobylev’s identity is that, for all d > 1,

PrQO(8, f) = PAQ(PAG, PAf) 13)

where, for convenience, we put Pp := 1A(D,) for the orthogonal projection onto Fourier "'modes’
Inl < A.
Note also that, since G (t, -) has compact support in R‘Tf for any ¢t > 0, one has

GAf, GRS € L¥(10, Tol; HY(R?))
for any finite 79 > 0 and A > 0, if f € L*([0, To]; L'(R%)). This holds, since

2 A2 2 2 2
IGAS gty < M e 1) Gt Mgy < I i IV GA T, My, Forall s 20,
These functions, due to the cut-off in Fourier space, are even analytic in a strip containing RY.

Theorem 1.6 (Gevrey smoothing I). Assume that the cross-section b satisfies the singularity condition
(3) and the integrability condition (4) for d > 2, and for d = 1, b satisfies the singularity condition
(6) and the integrability condition (7) for some 0 < v < 1. Let f be a weak solution of the Cauchy
problem (1) with initial datum satisfying conditions (8). Then, for all 0 < @ < min{ay 4, v},

f(t,) e G2 (RY (14)

log[(8+d)/(4+d)]

forallt >0, where a4 = Tog 2

Remarks 1.7. (1) In numbers, ap; =~ 0.847997, az, ~ 0.736966, and a, 3 =~ 0.652077. This
means, that under only physically reasonable assumptions of finite mass, energy, and entropy,
weak solutions are analytic for v > % and even ultra-analytic if v > % It is easy to see
that a4 is decreasing in d and for d = 6, a6 ~ 0.485427, hence, for d > 6, analyticity
(respectively ultra-analyticity) does not follow from this theorem.

(i1) For the proof of Theorem 1.6 (and also 1.8 and 1.9 below) it is important that the energy of f
is bounded, which enters in the technical Lemma 2.14 and its Corollary 2.15. A considerably

simpler proof could be given using only that f € L}(Rd). In this case, a4 is replaced

by @14 = W (see also Remark 1.10 below). However, a3 < 0.4855 in three

dimensions, thus we would not be able to conclude (ultra-)analytic smoothing of weak
solutions for strong singularities % <v<l
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(iii) As our theorem above shows, weak solutions of the homogenous Kac equation become
Gevrey regular for strictly positive times for moderately singular collision kernels with
singularity v € (0, %), see (6) for the precise description of the singularity, for v = % they
become analytic, which improves the result of GLANGETAs and NAJEME [19] in this critical
case, and even ultra-anaytic for v € (%, 1).

(iv) Rotationally symmetric solutions f corresponding to rotationally symmetric initial conditions
fo are Gevrey regular for strictly positive times under the same conditions as in the one-
dimensional case d = 1. The proof is exactly as the proof of Theorem 3.1 with some small
changes in the proof of Lemma 2.27 where the independence of the solution f on the angular
coordinates can be explicitly used with the n = 1 version of Corollary 2.15.

As already remarked, the result of Theorem 1.6 deteriorate in the dimension. Under the same
assumptions, but using quite a bit more structure of the Boltzmann operator, we can prove a dimension
independent version. Its proof is considerably more involved than the proof of Theorem 1.6.

Theorem 1.8 (Gevrey smoothing II). Let d > 2. Assume that the cross-section b satisfies the
conditions of Theorem 1.6. Let f be a weak solution of the Cauchy problem (1) with initial datum
satisfying conditions (8). Then, for all 0 < @ < min{ay2, v},

fmoecﬁﬁﬁ (15)

_ log(5/3)

Sforallt >0, where az o = Tog2 = 0.736966. In particular, in contrast to Theorem 1.6, the weak

solution is real analytic if v = % and ultra-analytic if v > % in any dimension.

If the integrability conditions (4) is replaced by the slightly stronger condition that b(cos 0) is
bounded away from 8 = 0, that is,

for any 0 < 6y < 5 there exists Cg, < oo such that 0 < b(cos ) < Cy, forall6p <6< 75, (16)
which is true in all physically relevant cases, we can prove an even stronger result.

Theorem 1.9 (Gevrey smoothing III). Let d > 2. Assume that the cross-section b satisfies the
conditions of Theorem 1.6 and the condition (16), that is, it is bounded away from the singularity.
Let f be a weak solution of the Cauchy problem (1) with initial datum satisfying conditions (8). Then,
forall 0 < a < min{ay, v},

fmoeGﬁ®% (17)

forall t > 0, where @y, = 2201 =~ 0.847997.

Remark 1.10. (i) Since we do not rely on interpolation inequalities between Sobolev spaces,
our results also include the limiting case @ = v, atleastif v < a2, (n = d,2,1). This is in
contrast to all previous results on smoothing properties of the Boltzmann and Kac equations.

(i1) If higher moments of the initial datum are bounded (and thus stay bounded eternally due to
moment propagation results, see, for instance, ViLLANT's review [40]), the results in Theorem
1.8 and Theorem 1.9 can be improved in the high singularity case, where v is close to one.
Namely, let fy € LlogL N L} (RY) for some integer m > 2, then the constants @ 4, @22,
respectively a» are replaced by a,,, = W (n = d,2,1), which are strictly

increasing towards the limit @, = 1 as m becomes large. See Theorems 3.1, 3.2 and 3.3

below.

Moreover, we prove that for very strong singularities v, we can prescribe precise conditions on
. el 1
the initial datum such that we have f € G (RY).

Theorem 1.11. Given 0 < v < 1, there is m(v) such that, ifm € N and m > m(v) and fy € Llog LﬁL,ln,
the weak solution is in G%(Rd) forallt> 0.
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More precisely, under the conditions of Theorem 1.6 having m > max (2, %) yields Gevrey

smoothing of order %/ and under the slightly stronger conditions of Theorem 1.9 having m >
max (2, ﬁ) is enough.

Remark 1.12. The proof of this Theorem follows directly from the results of Theorems 3.1, 3.2,
and 3.3 in Section 3, which extend Theorems 1.6, 1.8, and 1.9 to the case of finite moments m > 2.

The strategy of the proofs of our main results Theorems 1.6, 1.8, and 1.9 is as follows: We start
with the additional assumption fy € L? on the initial datum. We use the known H* smoothing of
the non-cutoff Boltzmann and Kac equation to allow this. This yields an L? reformulation of the
weak formulation of the Boltzmann and Kac equations which includes suitable growing Fourier
multipliers.

The inclusion of sub-Gaussian Fourier multipliers leads to a nonlocal and nonlinear commutator
of the Boltzmann and Kac kernels, which turns out to be a three-linear expression in the weighted
solution f on the Fourier side. In order to bound this expression with L2 norms, one of the three
terms has to be controlled pointwise, including a sub-Gaussian growing factor, see Proposition 2.9.
The problem is that one has to control the pointwise bound with an L? norm, which is in general
impossible. To overcome this obstacle there are several important technical steps:

(1) When working on a ball of radius A, we need this uniform control only on a a ball of radius
A/ V2, which enables an inductive procedure.

(2) Using the additional a priori information that the kinetic energy is finite, or, depending on
the initial condition, even higher moments are finite, we transform weighted L? bounds into
pointwise bounds on slightly smaller balls with an additional loss of power in the weights in
Fourier space. Here we rely on Kolmogorov-Landau type inequalities, see Lemma 2.18 and
appendix C.

(3) Use of strict concavity of the Fourier multipliers, see Lemma 2.6, in order to compensate for
this loss of power.

(4) Averaging over a codimension 2 sphere, in the proof of Theorem 1.8, which allows us to get,
in any dimension, the same results as for the two dimensional Boltzmann equation.

(5) Averaging over a codimension 1 set constructed from a codimension 2 sphere and the
collision angles 8 away from the singularity, and using the fact that near the singularity, one
of the three Fourier weights is not big due to Lemma 2.6, enables us to get, in any dimension,
the same results as for the one-dimensional Kac equation under the conditions of Theorems
1.9 and 3.3.

2. GEVREY REGULARITY AND (ULTRA-)ANALYTICITY OF WEAK SOLUTIONS WITH L2 INITIAL DATA

In this section, we will prove the Gevrey smoothing of weak solutions with initial datum fj
satisfying (8) and, additionally, fy € L>(R%).

2.1. L*-Reformulation of the homogeneous Boltzmann equation for weak solutions and co-
ercivity. The following is our starting point for the proof of the regularizing properties of the
homogenous Boltzmann equation.

Proposition 2.1. Let f be a weak solution of the Cauchy problem (1) with initial datum fy satisfying
8), and let Ty > 0. Then forallt € (0,Ty), B > 0, @ € (0,1), and A > 0 we have GAf €
€ (10. Tol: L*(R)) and

1 1 [
SIGAC. DOF I - 5 fo (f@,(0:G3 @, D) f(z,)) dr .

1 !
= SIADOAIE, + [ (0. (5. Gh(x Ds(r ) .

Informally, equation (18) follows from using ¢(t, -) := Gi(l, D,)f(t,) in the weak formulation
of the homogenous Boltzmann equation. Recall that Gf\ f e L¥([0, Tol; H®(R?)) for any finite
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To > 0, so it misses the required regularity in time needed to be used as a test function. The proof
of Proposition 2.1 is analogous to Mormoto ef al. [30], for the sake of completeness and the
convenience of the reader, we prove it in appendix A.

The coercive properties of the non-cutoff Boltzmann bilinear operator which play the crucial role
in the smoothing of solutions are made precise in the following sub-elliptic estimate by ALEXANDRE,
DEesviLLETTES, VILLANI and WENNBERG [3]. We remark that, while the proof there is given for the
Boltzmann equation, it equally applies to the Kac equation.

Lemma 2.2 (Sub-elliptic Estimate, [3]). Let g € Ly(R?) N Llog L(R?), g > 0 (g # 0). Assume that
the collision cross-section b satisfies (3)-(4) or (6)-(7) respectively, with 0 < v < 1. Then there exists
a constant Cq > 0 (depending only on the dimension d, the collision kernel b, ||g||L; and ||gllL10g L)

and a constant C > 0 (depending only on d and b), such that for any f € H'(R?) one has
~Q(g. ) f) = Cellfllzpy = CllglislIf117.-

Remark 2.3. As explained for instance in [6], the constant C, is an increasing function of ||g|[.:,
I g”;;l and ||g||Z}Og ;- In particular, if g is a weak solution of the Cauchy problem (1) with initial datum

go € Ly(R?) N Llog L(R?), we have |igll.1 = lIgoll llgllzy < llgollzy and llgliziogz < log2llgoll,r +
H(go) + c(;,dngon;;é, for small enough & > 0 (see (86)). This implies C; > C,, and thus
2
~(0@, ), ) 2 Cellf I = Cllglly 11, = Cogllf1 = Cligollyy /12
uniformly in ¢ > 0.
Together with Proposition 2.1 the coercivity estimate Lemma 2.2 implies

Corollary 2.4 (A priori bound for weak solutions). Let f be a weak solution of the Cauchy problem
(1) with initial datum fy satisfying (8), and let Ty > 0. Then there exist constants C 7 Cr >0
(depending only on the dimension d, the collision kernel b, ||f0||L% and || follL10g ) such that for all
te(0,79], >0, @ €(0,1), and A > 0 we have

IGASIZ < ILADY fol 2, + fo 2(=ChlIGAf I}y + ClIGASIE:) dr
+ fo 2KQ(f, Gaf) = GAQ(f. ). Gaf)] dT (19)

!
+ fo 2B|GA flla dr.

Proof. We want to apply the coercivity result from Lemma 2.2 to the second integral on the right
hand side of Proposition 2.1. Therefore, we write

(OUf, ), G f) = (GAQ(S, 1), GAS) = (Q(f, GA L), GAS) + (GAQf, f) = O(f, GA ), GAS)

< —5f0||GAf||%_IV + C”‘fO”Lé ”GAf”%z + <GAQ(f’ f) - Q(f’ GAf)’ GAf>
———
::Cf()
Moreover,
0:G (T, 1) = 2By *GA(t, 7).

Inserting those two results into (18), we obtain

1 !
IGAfIZ, < IILAD fol%s +28 f IGA (1, e dT +2 f (~CRlIGAfIZ + ClIGAfIZ) dr
0 0

2 fo (GAQ(, ) — OUF.Gaf).GAS) dr. .

Remark 2.5. It is natural to call the term (G O(f, f) — O(f, Gaf), GAf) the commutation error.
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2.2. Bound on the commutation error. Next, we prove a new bound on the commutation error.
An important ingredient is the following elementary observation:

Lemma 2.6 (Strict concavity bound). Let a € (0, 1] be fixed. The map 0 < u — €e(a, u) := (1+u)*—u®
has the following properties:

(i) If @ € (0, 1), then €(a, -) is strictly decreasing on [0, 00) with lim,_, €(a,u) = 0
In particular, foranyy > 1 and 0 < ys~ < s* one has
e(a,z—t)SE(a,y)SG(a, H=2-1<1. (20)
Moreover, for all @ € (0,1) and all u > 0
a—1

ela,u)<u

(ii) If u > 0, then €(-, u) is strictly increasing on [0, 1].
(iii) Forall s=,st >0

(I+s5 +5)" < e, )1 +5)" +(1+ 59"
Proof. Since

2e(a, w=a(l+w" —u"")<0 forae (1)
ou

€(a, -) is strictly decreasing. Furthermore, for fixed # > 0 we have
0
a—e(a/, u) = log(l + u) (1 + u)® —loguu® > 0,
(07

which shows that e(-, u) is strictly increasing.
For a € (0, 1) and u > 0 we estimate

1+u
e(u,) = af e <t < u
u

In particular, lim,,_, €(a, #) = 0. By monotonicity, the chain of inequalities (20) follows.
Let s7, st > 0. Then

(14 s+ 50 = ()7 (1+ 22) = (B) ]+ 1+ 5

<6( e )(1+S )“+(1+s+)“<e(a,_—_)(1+s )+ (1 +s7)*

where we made use of the monotonicity of e(e, -) in the last inequality. ]

Remark 2.7. The proof of Lemma 2.6 is so simple that one might wonder whether it could be of
any use. In fact, it is crucial. It’s usefulness is hidden in the fact that it enables us to gain a small
exponent in the commutator estimates, see Proposition 2.9 and Lemma 2.11 below. Furthermore,
€(a,y) can be made as small as we like if v can be chosen large enough, which will be important in
the proof of Theorem 1.9.

Corollary 2.8. Let G(s) := 0% for s > 0, @ € (0, 1]. Then, forall s~ + s* = s with0 < s~ < s*,

G(s) - G(s™)l < 20811 + s57(1 - £) GG
with e(a, u) from Lemma 2.6.

Proof. Since s* < sand a € (0, 1],
S

d ~
3,60

IG(s) — G(sT)| < f

+

dr = apt fs(l + 1 G dr < aBi(1 + s (s = sHG(s).

+ + +
=(1-2) 2 <2f1-2).
1+ st s/1+st Ry

In addition, since s < 2s™,
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Moreover, since s = s* + 57, the strict concavity Lemma 2.6 gives

~ ~ - 6(0{ i)"’ +

G(s) <G(s ) Vs/G(sT)
which completes the proof. [

Proposition 2.9 (Bound on Commutation Error). Let f be a weak solution of the Cauchy problem
(1) with initial datum fy satisfying (8). Recall e(a,u) = (1 + u)® — u®. Then for all t € (0, Ty], 8 > 0,
a € (0,1), and A > 0 we have

KQ(f. Gaf) = GAQ(f. ). Gaf)l

+2
< 20t f f b(l-o-)(l—'”L)G(n‘)f("""*'z/'"'2>|f<n‘)| 1)
Re Jgd-1 7] ]

X GA( I f I GaA)I fapl (n*)y** dordn,

ford =72, and
KOS, GAf) — GAO(S, /), GaS)l

< 2apt f f by (0) sin® 0 GOy )y @I Py fy 22)

x GAOIf a1 Ga)I Fapl (> dédn,

in the one-dimensional case.

Remark 2.10. If the weight G was growing polynomially, the term G(#7) in the integral (21),
respectively (22), would be replaced by 1. In this case, the “bad terms" which contain 1~ can simply
be bounded by ||f||Loo < |Ifllzr = llfoll,1 and the rest can be bounded nicely in terms of IIGAfIILz and
[IGA f ||ge, see the discussion in appendix B.

If the weight G is exponential, the estimate of the terms containing 77~ in (21), respectively (22), is
an additional challenge and the methods we devised in order to control this term in the commutation
error is probably the most important new contribution of this work.

Proof of Proposition 2.9. We start with d > 2. By Bobylev’s identity, one has
KO(f,Gaf) = GAQ(S, ) GA = KF [Q(f, Gaf) = GAQf, NI, F [Gaf D2

< [ [, (& -o)enomionniorinior s - Gamidray

fR ‘, fs - (— cr)GA<n>|f<n)| FaONPaIGH") - Gapl dordn,

where the latter equality follows from the fact that G is supported on the ball {|| < A} and |7*| < [].
To estimate |G(17") — G(17)|, we use Corollary 2.8 with s := |5|* and, accordingly, s* = |*|*. Notice
that

Lo P
|n—|2=’771il—z|-a, = P+ 2,

and, writing cos 6 = we also have

||’

2 2

1> =l cos® 4, Ip7* = Inl*sin* 4.
Since b is supported on angles in [0,7/2], one sees 0 < [p7|> < §|77|2 and %Inl2 < 7P < InP.
Therefore, s™ < 5 < s* <sand s = s* +5™.

It follows that for all € R? with |5 < A, noting that || < || < A,

GGD = Gl < 2ap1(* (1= L8 ) GO )T PTG, (23)

which finishes the proof in dimension d > 2.
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For the Kac model we remark that the above proof depends only on |57| < |*| < |n| and
|17‘|2 + |77+|2 = |n|2, hence |77‘|2 < |n|2/2, and the strict concavity Lemma 2.6 and the Corollary 2.8.
Since, by symmetry, we assume that b is supported in [-r/4, /4], the same bounds for ~ and
n* hold in dimension one and the above proof can be literally translated, with obvious changes in
notation, to the Kac equation. [ ]

The bound on the commutation error in Proposition 2.9 is a trilinear expression in the weak
solution f. In order to close the a priori bound from Corollary 2.4 in L?, one of the terms has to be
controlled uniformly in n. Seemingly impossible with the growing weights, it is exactly at this place
where the gain of the small exponent €(a, n*12/In"1?) < e(a, 1) < 1 in the G(n7) term in (21) and
(22) allows us to proceed with this strategy. This gain of the small exponent is new and enabled
by the strict concavity bound of Lemma 2.6 and its Corollary 2.8 and it is crucial for our inductive
approach for controlling the commutation error.

Lemma 2.11. The inequality
KOS, GAS) = GAQf, ), GAN < Tan + I 5
holds, where, for d > 2
% . d _ e(a,cot2 g) A, —
Lia = oft sin® @ b(cos ) G(17) fm)ITL A (n7 ) dwdd
R Jo  Jsi2() V2 (24)
X |GA) @I ()* dn.

Here the vector i~ is expressed as a function of n and o, that is,

_ 1 . .
7= o) = 5= le) = blsin* () il sin(3) cos() (25)
and o is is a vector on the unit sphere given by
o =06, w) = cos(@)ﬁ + sin(0) w (26)
n

with polar angle 6 € [0, /2] with respect to the north pole in the 1 direction, w € S*2(n) := {@ €
RY: @ L @l =1}, the d — 2 sphere in R? orthogonal to the 1 direction, and dw the canonical
measure on S*2.

+ _ Ad % s d — e(a,c0t2 19) Fro— —
Ijp =2%pt sin® 4 b (cos 29) G(n™) F@HIL A (n7D)
R4 JO Sd’z(rﬁ) \/i

27
X IGAGT)f )Pty dd dw dry
where now the vector 1~ is expressed as a function of n* and o, that is,
+ _1
- — o+ + + 1O +

n=n0,0)=n" -l 7 o = —p"|tan(d) w (28)

where now o is is a vector on the unit sphere with north pole in the n* direction given by

n+

o=0(w)= cos(ﬁ)|— + sin(¥) w 29)

UM

with polar angle ¢ € [0,7/4] and w € Sd_z(rfr), the (d — 2)-sphere in R4 orthogonal to the n*
direction. If d = 2 we set S° := () in this context.
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Ford = 1 we have

N

IN

7 20\
ha=ast [ [ s am@ Gt igornn i
) — e(a,c0t2 Q) r —
sin’ 00y G o 7 dede
2

V2
Iy = V2ot f f
R J-
X |Ga( D) farHP (™™ dnpt,

X IGAGS @I ()** d,
where in the first case 1= = n~(n,0) = nsin 0 and in the second case i~ = n~(y*,0) = n* tan 6 and
there is no need to distinguish between the 6 and ¥ parametrization.

FTSEEFN

Remark 2.12. In the 7, respectively n*, integrals above ~ and o are always the same vectors
expressed in different parametrizations. We therefore have the relation ¢ = 6/2, see Figure 1 for the
geometry of the collision process in Fourier space.

Ficure 1. Geometry of the collision process in Fourier space.

Remark 2.13. From the bounds given in Lemma 2.11 one might already see that, in order to bound

the commutation error by some multiple of ||Ga f ||?{” (md)» ON€ has to control integrals of the form

T
2 2 9 .
sup f f sin? 8b(cos 0) G ) a1 1 s (D derdo,
[nI<A JO S4-2() V2

with the parametrisation (25) for 7, and similarly for (27) and the corresponding integrals in the
one dimensional case. Due to characteristic function in 7, this uniform control is not needed on the
full ball of radius A, but only on a strictly smaller one, giving rise to an induction-over-length-scales
type of argument.

Proof of Lemma 2.11. Let d > 2. Using the elementary estimate
” ~ 1 o ~
IGAFIIGAT ) @] < 5 (IGAF P +1Ga@ ) f o))
in the bound (21) gives
KQ(f.GAf) = GAQ(f: ). GA < Tan + T 5
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with
~ +12 . B .
lan = ofit f f b(l-v)(l—'"'z)GW)““"" IO f a1 (D)
rd Jga-1 -\l yl 2
X |GAFI* ("> dordn,
and

oo n I @l /P
I\ =apt b= -o||l- Gy )@ D) £y~ )|]1A(|77 )]
’ rd Jsa-1 \Inl I ra

X |GAmF GO ("> dordn

First we consider }:1 A: Writing o in a parametrization where the north pole is in the i direction, one
has

o= cos@l + sinf w
i
where cos 6 = W > 0 and w is a unit vector orthogonal to 7, that is, w € S?~2(57). Due to the support
condition on b one has cos 6 > 0, that is, o is restricted to the northern hemisphere 6 € [0, 7/2]. In

this parametization one has do- = sin?~? @ dddw. From the definition of 7* one sees

= Sz = M1 2 osoy L = 1 sinco)

SO

= Iyl cos*(§ )—+|n| sin(4) cos($) w.

In particular,

0 I |2 6 0
- = A d 1 - = 1 — 2 - = 2 —
77| = Inl cos 3 an |TI|2 cos 3 sin >
Moreover,
, 6 0 0 0
= |n| sin 5% — |n7| sin 3 cos 5 , and |n7|=|n|sin oA
SO
P _coss a0
1> sin® ¢ 2

After this preparation, using also n*H2* < ()*® and sing < sin@ for 6 € [0, 5], the inequality
Ign < Iy is immediate. The inclusion of the additional factor 1A (|n]) = 1, g Alr D=1, / \@(ln‘l)

seems artificial for the moment, but will be convenient to keep track of the fact that ™ is always
restricted to a ball of radius 2

75.

Concerning }:1 A, We want to implement a change of variables from 1 to n*. As a function of n

and o, n* 2(17 [nlo). Thus
1 1 1
I—(]l +le )I d(1+l-a)z—d,
Il 2 i 2

on*
ol
since - o > 0 and the second equality is an application of Sylvester’s determinant theorem.
Therefore, the Jacobian of the transformation from 7 to ™ can be bounded by
on | _|9n
antl " l'an

<24

In addition,
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which implies

+

nt o Inl n-oc __IntF . _(nt-o
—=— and ——=2—"—-1=2(——-] -1
| |71 |71 |71 |77

Moreover, from the definition of * one sees

n=2n"—Inlo
SO

-1
_ nt-o
n =n+—lnl<f=n+—|n+l( 7] ) o

Therefore, taking care of the domain of integration,

1+g2ff bz( )—1 1—(—) S ()
d ro Jgin ( 7] 7 Ny

x G P E) o) F N IGa ) f DI Y2 dor dg*.

Introducing spherical coordinates with north pole in the n* direction, one has

+
o= o9, w) = cos(ﬂ)|Z—+| + sin(d) w

where now cos ¢ = '{;flr From figure 1 one sees ¢ = g € [0, /4]. In this parametrization one has
— + |TI+| +
=n" - o = —n"|tan(}) w
cos ¢

and again do- = sin?~2 ¢ d¥dw. Thus

I d 3 iod e(a,cot® @) =\ 0= i
ly=2 b (cos 28) sin’ & G ) (17| 7)) Lcos oya ("D
RY Jsd-2 Jo
X 1Ga") fa ")y dd dw dn*
Since 7| = |p*[tan® we obtain Lcos )a(I77]) = Linpa(ln™) < 1, 57D since ¢ € [0,7/4].
Hence EA <I7,.
The proof in the d = 1 case is completely analogous. -

2.3. Extracting pointwise information from local L> bounds.

Lemma 2.14. Let m > 2 and h € W™ (R) and q > % Then there exists a constant L,, < oo

depending only on q, m, ||h||1~r) and ||h(m)||L°°(R) such that

1
o < Ly [ @I G fora e
Q,
where Q. = [r,r+2]ifr 20and Q, = [r—2,r] if r <O.

Looking into the proof of Lemma 2.14, it is clear that its m = 1 version also holds, even with a
much simpler proof. Before actually going into the proof, we state an important consequence of
it, which will enable us to get pointwise decay estimates on a function once suitable L? norms are
bounded.

For m € N define || D" fl| ;o ra) := SUPyesi-1 (@ + V)" fllp=(ra). Notice that this norm is invariant
under rotations of the function f.

Corollary 2.15. Let H € 6" (R"). Then there exists a constant Ly, < oo (depending only on
m,n, ||H||p=®ny and, ||D" H||p~®n)) such that

IH@)| < L ( fQ H(©)P df) "
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where Q is a cube in R" of side length 2, with x being one of the corners, such that it is oriented
away from x in the sense that x - (¢ — x) > 0 forall £ € Q,.

Remark 2.16. The constant L,, , in Corollary 2.15 is invariant under rotations of the function H.
This will be convenient for its application in Sections 2.5 and 2.6.

Proof. We apply Lemma 2.14 iteratively in each coordinate direction to obtain

—1

n 1 n-1
[H(x1, X2, ..., %) 7 < Lgn)f |H(E1, X2, ..., x)PT o déy
o

Xl
;2 n-2
< LYLY f f \H(EEx3 .o x5 déy déy
Q,, JQ,,

i) [ @R de e de
a, Ja,

The constants L,(,?, i=1,...,n,only depend on m,
WH (X1, ooy Ximts =5 Xivds - oo Xl ) < [H |z
and
N0 H(xt, ..., Xic1, = Xigls - -5 X)llzo®) < ID™ H| o).
Setting Ly, , =[], L,(q? yields the stated inequality with O, = Qy X --- X Q, . [ ]

Remark 2.17. It is worth noticing that the exponent in Corollary 2.15 is decreasing in the dimension
and increasing in m.

For the proof of Lemma 2.14 we need the following interpolation result between L™ norms of
derivatives of a function.

Lemma 2.18 (Kolmogorov-Landau inequality on the unit interval). Let m > 2 be an integer. There
exists a constant Cy, > 0 such that for all w € W™*([0, 1)),

wllz=(0,1
Wl D,

(k)
W™ llz=qo.11) < Cm :

Mm_k||W(m)||L°°([o,1])), k=1,....,m—1,

forall0 <u<1.

Proof. The result dates back to E. Lanpau and A. N. KoLmoGgorov who proved it on R and R*. A
proof of the inequality on a finite interval can be found in the book by R. A. DEVorE and G. G.
Lorentz [17] (pp.37-39), but for the reader’s convenience we also give a short proof in Appendix
C. [

For us, the important consequence we are going to make use of is
Corollary 2.19. Let C,, > 0 be the constant from Lemma 2.18. Then for all w € W"™>([0, 1]),

1-k k k
P01y < 2Cmlwlly <t max (Wl g 1 WU o) k=1 m =1 (30)

Proof. If W™l 1=((0.17) < WllL=((0.1])» We choose u = 1 in the bound from Lemma 2.18, which gives

Iw® I q0.17) < 2CmlWllzeo.17)

o . 1 -1
in this case, and if [[w™)||z=((0.17) > IWllz=(0.1])» We can choose u = ”Wl|L{>°nZ[0,1])“W(m)”L°°/(r[r(l),l]) <lto
obtain
(k) 1-k/m (m)jk/m
”W ||L°°([O,1]) < Zcm”W”Loo([O’l])HW ||L°°([0,1])'
Together this proves (30). |

We can now turn to the
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Proof of Lemma 2.14. Assume without loss of generality that » > 0, so that Q, = [r,r + 2]. By
the Sobolev embedding theorem /4 is continuous and we let »* be a point in €2, where |h| attains

its maximum. We can assume that 7* € [r,r + 1] and set (h),+ := fr :*” h(¢) d¢ (otherwise we use
(hyy = frr_l h(&) d€). Then for some p > 1 we have

e+

1 1
()W = ()| < f WP () = WP ()] o = fo WP () = PG + D1 de.

7*

Bt the fundamental theorem of calculus, for any ¢ € [0, 1] the integrand can be bounded by

1
PG = WG + ) < p f I + sOP WG + 50 ds
0

1
<psup WG +sO| | |G+ sOP~ "¢ ds
s€[0,1] 0

We now use that

sup | (r* + sl = sup |[W'(r" +x)| < sup [W'(r* + )| =0T + )=o)
s€[0,1] x€[0,{] x€[0,1]

and apply the Kolmogorov-Landau inequality for the first derivative in its multiplicative form from
Corollary 2.19 to the function [0, 1] 3 x — A(r* + x) € W™*([0, 1]) to obtain

% % 1-1/ % 1/ * 1/
”h,(r + ')”Lw([(),]]) < 2Cm||h(r + )llLoo([g:l]]) max {“h(r + ')”LMHZ[O,]])’ ||h(”’Z)(r + .)”LMHZ[O,]])}
sy 1— 1 1
< 2C, ()™ max (Il L IR 12 ) -

It follows that
(P = [(hP),-

sy 1— 1 1
< 2pConl G max {1l G IR 20 )

1 1
X f f Ih(r* + sOIP~ ¢ dsde.
0 0

The latter integral can be further estimated by

1 1 1 4
f f Ih(r* + sOIP~ ¢ dsds = f f Ih(r* + )P~ dxde
0 0 0 0
1 1 1
< f f |h(r* + )P~  d¢ dx = f Ih(r* + x)P~ ! dx
0 0 0

r*+1
- f P dé < fg her dc.
Using
r+1
()| < f O dé < I,y fQ P! de

< )l fQ Ih(@)P~" dg

we get
[h(F)|P < Lylh(ro)|t=1m f &)~ d¢
Q,
: _ 1/m (m)l/m 1/m
with L, = 2pC,, max {||h|| [1AY™]| } + [|A| and therefore

L*[R)’ L*(R) L*[R)’

o < g, f P dé.
Qr
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Choosing g := p— 1 + 1/m > 1/m then yields
mmﬂswﬁWsLyfVMW”mﬁ,
o,

which is the claimed inequality. ]

2.4. Gevrey smoothing of weak solutions for L? initial data: Part I. Equipped with Corollary
2.15 we can construct an inductive scheme based upon a uniform bound on G(n‘)e(“’l)l f ). As
already remarked, this result will depend on the dimension, and will actually deteriorate quickly as
dimension increases. Nevertheless it leads to strong regularity properties of weak solutions in the
physically relevant cases.

Theorem 2.20. Assume that the initial datum fy satisfies fy = 0, fy € Llog L(RY) N LL(R?) for
some m > 2, and, in addition, fy € L>(R?). Further assume that the cross-section b satisfies the
singularity condition (3) and the integrability condition (4) for d > 2, and for d = 1, by satisfies the
singularity condition (6) and the integrability condition (7) for some 0 < v < 1. Let f be a weak
solution of the Cauchy problem (1) with initial datum fy. Set @y, 4 := log (%) /log?2. Then, for all
0 < @ < min{a@y4,v} and Ty > 0, there exists B > 0, such that for all t € [0, Ty]

PPV (1) e LARY), (31)

1
that is, f € G2a(R?) for all t € (0, Ty).
By decreasing g, if necessary, one even has a uniform bound,

Corollary 2.21. Let Ty > 0. Under the same conditions as in Theorem 2.20 there exit 8 > 0 and
M; < oo such that
sup sup &V |71, )| < M. (32)
0<t<Ty neRd

Remark 2.22. (i) For strong singularities, the restriction on the Gevrey class originates in the
bound on the commutation error, with the best value in d = 1 dimension. The aim of part II
below will be to recover the two-dimensional result in any dimension d > 2. Under slightly
stronger assumptions on the angular cross-section, which still covers all physically relevant

cases, we can get the one-dimensional result in any dimension d > 1, see part II1.
(i1) In dimensions d = 1,2, 3 and m = 2, corresponding to initial data with finite energy, we have
24 = log(%) /log2 > log(%)/logZ ~ (0.652077. This means that for v = % the weak

solution gets analytic and even ultra-analytic for v > %

(iii) In the case of physical Maxwellian molecules, where v = }l, in three dimensions and with
initial datum having finite mass, energy and entropy, we obtain Gevrey G*(R?) regularity.

(iv) Even though the range of @ in Theorem 2.20 above deteriorates as the dimension increases,
it only fails to cover (ultra-)analyticity results in dimensions d > 6. Theorems 2.30 and 2.35

below yield results uniformly in the dimension.

We will prove Theorem 2.20 inductively over suitable length scales Ay — oo as N — oo in
Fourier space. To prepare for this, we fix some M < o0, 0 < Ty < oo and introduce

Definition 2.23 (Hypothesis Hypl,(M)). Let M > 0. Then forall 0 < ¢ < T

sup G(1, )" VIf(1. Ol < M. (33)

lZlsA
Remark 2.24. Recall that G(¢,¢) = P1OY that is, it depends on @, 8, and ¢, and also f is a time
dependent function, even though we suppress this dependence in our notation. Thus Hyp1 , (M) also
depends on the parameters in G(¢, ) and on M and T\, which, for simplicity, we do not emphasise in
our notation. We will later fix some T > 0 and a suitable large enough M. The main reason why this
is possible is that, since ||f||Loo < |Ifllzr = llfollr < oo, for any A, B, To > 0 the hypothesis Hypl 5 (M)
is true for large enough M and even any M > || fo|l;: is possible by choosing S > 0 small enough.
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A first step into the inductive proof is the following

n Eiy
Lemma 2.25. Let o < v and define cp 4 := IS9-2| j(;z sin? 8 b(cos 6) d9 ford >3, cpp = ﬁ)z sin” @ b(cos 0) d,
z
Cp1 = f 4 sin” 0 b1(0) A6, which are finite by the integrability assumptions (4) and (7), and let
i
Cr
B < (1+2[l*')cb.(:1fyToM+l'
Hypl,(M) = 1IG y5u fll2gay < I 55 (D) foll2ey €07 (34)
forall0 <t <Ty.

Then, for any weak solution of the homogenous Boltzmann equation,

Remark 2.26. The main point of this lemma is that the right hand side of (34) does not depend on
M. This is crucial for our analysis and might seem a bit surprising, at first. It is achieved by making
S small enough.

Proof. Letd > 2. Since cotzg > 1 for 6 € [0, 5] and cot?® > 1 for 9 € [0, 71, we can bound
20 2 . :

€(a, cot” 5) and €(a, cot” ) by €(a, 1) in the integrals / 4N2A and I:lr, ViA from Lemma 2.11.

Assume Hypl , (M) holds. Then

G, ) Vft, 0l <M forall || <A.

In particular, the terms containing - in I, 5, and I; can be bounded by M. Thus, these

V2A
integrals can now be further estimated by

I, 5 < @Bt M IS fo sin? 6 b(cos 6) d@ fR ) G A (7)** dny

= aBt M cpdllG 35 1l

and,

i A
I - <2%BrMIST? | sin?9b(cos29) dd | 1G@H LI dnt.
d,\2A 0 Rd
In the ¥ integral, we bound sin ¢ < sin(2¢) to obtain
d-1 2
I;’ \@A < 2 CYBtMCb’d”G \EAf”HO(Rd)
By Lemma 2.11, the commutation error corresponding to the weight G 5, is thus bounded by

(0.6 5 = G 5a O .G in )| < Ly yin + I

d-1 2 (35)
< (1 +2 )aﬂtMCb,dHG\/EAf”HQ(Rd)‘

With Corollary 2.4 we then have
f
1G yp A1, <L y5a (Dol + fo 2CHIG yip NP I

t
+ f 2(=ClIG yap Ny + (1297 Bt M e+ B)IG yop o ) A
0

Cf()

Since @ < vand 8 < T2 e,y aToMi T this implies

!
16 i, < I e Dl + [ 2CHIG 5y sy o
and with Gronwall’s inequality

IG yaa /2 gay < I y5A (D follF g0y €070 (36)

follows.
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For d = 1, we note that, with the obvious change in notation, the above proof literally translates to
the Kac equation. ]

The second ingredient gives a uniform bound in terms of a weighted L? norm and some a priori
uniform bound on some higher derivative of f.

Lemma 2.27. Assume that there exist finite constants A,, and B, such that

W@y < Am, and (G 57 I 2gey < B (37)
for some integer m > 2 and for all 0 < t < Ty. Set
~ 1 2
A= +2\/_A (38)

and assume furthermore that
4vd
As = VL (39)
V2-1

Then for all In| < A
Ift,ml < Ky G(t,n) 3 forall 0<t<T, (40)

with a constant K| depending only on the dimension d, m, A,,, and B.

231’1 - in equation (40) comes from Corollary 2.15, choosing n = d.
2

This is responsible for our definition of a4, since then € (@na, 1) = 5,"5.

Remark 2.28. The exponent

Remark 2.29. The assumptions of Lemma 2.27 are quite natural: since the Boltzmann equation
conserves mass and kinetic energy does not increase, we have the a priori estimate

||f(t’ ')”LE(RJ) S ||f()”Lé(Rd) =: A2,

and due to the known results on moment propagation® for the homogeneous Boltzmann equation in
the Maxwellian molecules case, we have

foeLll®RY) = f(@t,-) e L (R? uniformlyinz >0
for any m > 2 in addition to assumptions (8).

The importance of Lemma 2.27 is that it effectively converts a local L? bound on suitable balls
into a pointwise bound on slightly smaller balls.

Proof of Lemma 2.27. By the Riemann-Lebesgue lemma f has continuous and bounded derivatives
of order up to m. Since for any multi-index a € Ng one has 8% f = (=271)/ v@ f, we obtain the bound

D" F(t, Mgy = sup e - V)" f(t, Mgy < sup sup > (’Z) lw10° )

wesd-1 weS4-1 neRrd lal=m

< (2m)" sup f

la|=m

< Qn)" fR " ) dv < Y gy < Q" A

(’Z) lw*v| f(v)dv < 2m)™ sup f (w- V)" f(v)dv
R4

weSd1

Of course, also ”f”Loo(Rd) < ||£||L1(Rd) <A,
Let 7 € R? such that || < A. By Corollary 2.15 applied to the function f, there is a constant Lya
that depends only on d, m, and A,, such that

m

Fapl < Lm,d( FOP d{) "

Qn

3see, for instance, ViLLANI's review [40] pp. 73ff for references.
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where Q) is the cube of side length 2 at 7, such that all sides are oriented away from the origin. The
definitions of A and A guarantee by Pythagoras’ theorem, that, for || < A, O, always stays inside

the ball around the origin with radius V2A. Since the orientation of 0y, is such that 1 is the point
closest to the origin and the weight G is radial and increasing, we have

)| < Lia [G(n)—2 fQ GO OP dg’]

n

_2m_ A %:‘nﬁ
< L GOy ( [ cwnier d{)
{Inl< V2A}
< LynaB77 G()™ 507,
Setting K| := Lm,dB% yields the claimed inequality. [

Proof of Theorem 2.20. By Lemma 2.25, 2.27, and Remark 2.29, a suitable choice for A,,, B, and
the length scales Ay is

. Cr T
B = |l follp2gaye™ ",

A = supllf(t, .)”L}n(Rd) < o0,
>0

and
Ay + V2AN-1 B

2 2

ANZ

1+ V2 1+ v2)"
An_1 = 5 Ao

with Ay from (39).
Furthermore, we set
M; :=max{24,, + 1, K}

with the constant K; from equation (40).
For the start of the induction, we need Hypl, (M) to be true. Since

sup sup G @D |f(p)| < eS@DFTHAD" Y
0<1<Ty [7I<Ao

and from our choice of M there exists By > 0 such that Hypl, (M) is true for all 0 < 8 < fo.

Now, we choose
. Cﬁ)
£ = min (ﬁo’ (1 + 29 ey g aloM; + 1)'
With this choice, the conditions of Lemma 2.25 and 2.27 are fulfilled and Hypl (M) is true.
For the induction step assume that Hyp1,, (M)) is true. Then Lemma 2.25 gives

IG 3n,, Fllzzeay < I 55 (D) foll 2y €070 < B.

Note that e(a, 1) < Zi’f -, since @ < min {@,, 4, v}, see Remark 2.28. In addition, Ay = Ay, SO

Lemma 2.27 shows
sup G VIf ()l < Ky < My,
[mI<An+1
that is, Hyp1,, (M) is true. By induction, it is true for all N € N. Invoking Lemma 2.25 again, we
also have

G yop fllz2wey < B

for all N € N and passing to the limit N — oo, we see ||G f||2ge) < B, which concludes the proof of
the theorem. n

Proof of Corollary 2.21. The proof of Theorem 2.20 showed that given Ty > O there exists M; > 0
and 8 > 0 such that Hyp1,, (M) is true for all N € N. This clearly implies (32). [
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2.5. Gevrey smoothing of weak solutions for L? initial data: Part II. The results of Part I are
best in one dimension and give the correct smoothing in terms of the Gevrey class for v not too close
to one, more precisely v < @, 4. In order to improve this in higher dimensions d > 2 and for a larger
range of singularities 0 < v < 1, the commutator estimates have to be refined. We have

Theorem 2.30. Let d > 3. Assume that the initial datum fy satisfies fy > 0, fo € Llog LRY)NL} (R?)
for some m > 2, and, in addition, f, € Lz(Rd). Further assume that the cross-section b satisfies the
singularity condition (3) and the integrability condition (4) for some 0 < v < 1. Let f be a weak
solution of the Cauchy problem (1) with initial datum fy, then for all 0 < a < min{ay,2, v} and
To > 0, there exists B > 0, such that for all t € [0, Ty)]

PP (1, € LARY, (41)

1
that is, f € G2a(R?) for all t € (0, To).
In particular, the weak solution is real analytic if v = % and ultra-analytic if v > %

The beauty of this theorem is that, in contrast to Theorem 2.20, its result does not deteriorate as
dimension increases. We also have a corollary similar to Corollary 2.21, however with a weaker
conclusion. Moreover, it is not uniform in the time ¢ > 0 but only holds on finite, but arbitrary, time
intervals [0, Tp].

Corollary 2.31. Under the same assumptions as in Theorem 2.30, for any weak solution f of the
Cauchy problem (1) and any 0 < Ty < oo there exists B> 0 and M < oo such that

sup sup P If(t,m) < M. (42)
0<1<To neRrd

The proof of Theorem 2.30 is again based on an induction over length scales in Fourier space.
Having a close look at the integrals /; A and I; , from Lemma 2.11 and using that e(e, y) is decreasing
in 7y, one sees that it should be enough to bound expressions of the form

f G DI A (77 dw
S4-2(z) V2

and

f G Y D FaIL o (D do
S4=2(3p%)

V2

uniformly in 7 and 0, respectively 5 and ¢, with the parametrization (25), respectively (28), that
is, instead of having to use the purely pointwise estimates expressed in the hypothesis Hyp1, from
the previous section, one can take advantage of averaging over codimension 2 spheres first. This
motivates

Definition 2.32 (Hypothesis Hyp2, (M)). Let M > 0 be finite. Then for all 0 < ¢ < Ty,

e(a,l)
sup  sup f G (t, z% - pw)
LERI\(0} (z,p)€AN JSI72(0) ’

where Ap = {(z,p) € R2:0<z s,o,z2 +p2 < A%} and Sd‘2(§) ={weRl:wL |w| =1}

f(t,zrg' —pw)’ dw < M, (43)

Again, we have

Lemma 2.33. Let @ < v, define cp g2 = fog sin? Ob(cos 0) A6 (which is finite by the integrability
C

assumption (4)), and let B < (727 ey gaa oM

Boltzmann equation,

(Hyp2)) = lIG yopSllizeay < I 5,0 (D) foll 2y €07 (44)

Then, for any weak solution of the homogenous

forall0 <t <Ty.
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Proof. Using the monotonicity of e(a, y) in y and (24) one sees

1, 5p < apt f [ f 2 sin? @b(cos 6) ( f G )V |f )l ]lA(In_I)da)) de]
’ R4\ JO S4=2(z)

X|G s P (> dn

where 7 = 7 (n, 8, w) is expressed via the parametrization (25). For o = (6, w) € [0, g] x S92, one

has n~ = || sin? g% + |n7] sin g cos g wand if [5] < V2A, then [p7| < A. Identifying z = || sin’ g and

o = |n|sin g cos g, and the direction of ¢ with the direction of 7, hypothesis (Hyp2,) clearly implies
sup sup [ GOy o LG D do <
Inl< V2A 9€[0,7/2] JS9=2(x)
It follows that
3 .
I, 5 < aBtM f ) f sin? 0b(cos ) A0 |G 5, (1) f @) () diy
R4 JO
= APt M cb,42lIG 55 fllfo ey

Similarly one has

It~ <2%pt f f * sind 9b(cos 29) f GV |[Fa)I 1alln™) dw| do
d, \/EA R4 0 S‘H(n*)

X|G (T f P (> dn*
where n~ = 17(n,9, w) is expressed via the parametrization (28). The vectors n~ and n* are
orthogonal and we have = = —|p*|tan & w for (I, w) € [0, ] x S42(yH).
Setting z = 0 and p = |[*|tan? we have p = [p7| < A in the ¢ and 5* integrals above. Thus
(Hyp2,) again implies

sup  sup f GOV | fo) 1aly Hdw < M
I+ 1< V2A DEl0./4] JS4=2(p)

Hence,
d i d Aro+y2
I;,xsz <2 a/,BtM‘[O sin® Ob(cos ) dejl;d IG A OO (™) dn*
< 2970t M cpapllG \ip flya gay-
The rest of the proof is the same as in the proof of Lemma 2.25. [

To close the induction process, we next show
Lemma 2.34. Let 8 < TLO Assume that there exist finite constants A,, and B, such that

Nf (@l <Am,  and (G 55 N 2gay < B (45)
for some integer m > 2 and for all 0 < t < Ty.
Set A := #A and assume that

42
V2-1
Then for all € R\ {0} and 0 < 7 < p with p* + 7> < A? one has

A>Ag:= (46)

f |f(t,z% +pa))| dw < Kp C~}(t, 2 +p2)_% forall0 <t < Ty
S92 ’

with a constant K, depending only on d, m, A,,, and B. Recall that 5(:, s) = PHI+9",



GEVREY SMOOTHING FOR THE HOMOGENEOUS NON-CUTOFF BOLTZMANN EQUATION 25

Proof. Fix0<t<Ty /e R4\{0}, and set F (0,2) := f (t, z% +pw), where we drop, for simplicity, the
dependence on the time 7 in our notation for F. Then, since ||f(#,)Il;1 < A,, one has f(t,-) € B"(RY)
and thus also F € €"(R?) with ||F|l;~ < Ay, 1607 Fllz < (27)" A, and ||07'Fllz~ < (27)"A;, and
Corollary 2.15 applied to F yields

f(#a +Pw <Lm2(fp+2f

where we also dropped the dependence of f on the time variable 7. Furthermore, we will drop the
time dependence of G and G in the following, that is, G(¢) and G(s) will stand for G(t, &), respectively
G, s).

To recover the L? norm of G VA f in the right hand side of (47) we now need to take care of three
things:

2m+2
b +ya))| dxdy) . (47)

(i) Multiply with a suitable power of the radially increasing weight G.

(i1) Integrate over the missing d — 2 directions, which will be taken care of by integrating
over S?72(¢) and taking into account additional factors to get the d-dimensional Lebesgue
measure.

(iii) Ensure that the region of integration [p, p + 2] X [z,z + 2] X Sd‘z({ ) stays inside a ball of
radius V2A uniformly in the direction of £. This we control by choosing Ag large enough (a
simple geometric consideration shows that A from the statement of Lemma 2.34 works)
and restricting p and z by p? + 72 < A2

Let z,p > 0. In the region of integration in (47), the point pw + z% is closest to the origin in R,
and since the weight G is radially increasing, we get

_2m

‘f (zl—fu| + ,Ow)’ < LnaG (z2 +PZ) e
(48)

(fp+2 f2+2 G(xrgl + ya))2 |f(x% + ya))|2 d)cdy)m+2 .
o z

Assume that 72 + p? < A2. Then the integration of inequality (48) over S92(¢) yields with an
application of Jensen’s inequality (7 —> 22 is concave!)

jSl”({ )

(o5 +Pw)| dw < LolST2552 G (22 + ) b

p+2 742 c . , ) o
X (js;_z(ojp‘ j; G \aa (xm +ycu) |f (XW +yw)’ dxdy da)) .

2

Now assume additionally 0 < z < p and A% < p?+ 72 < A% Since 0 < z < p we have

A(Z) < 722 + p? < 2p? and therefore

o+2 72
f f f G ()cé + ya))2
§4=2(0) Jp z AT

i ~ O+2 Z+2 20 A 2 ~
2d22A(2) djs;z-z({)f l G\/EA (xé +ya)) ’f(x% +ya))| yd 2dxdyda)

< 2T AZUG g f1P

f( |[|+ya))| dxdydw

IA

12 (R‘[ )’

since y?~2 dx dy dw is the d-dimensional Lebesgue measure in the cylindrical coordinates (x, yw) with
x€R,y >0, w e S92() along the cylinder with axis £. So with the assumption |G virfllzwey < B
we obtain

L‘”({)

2m

f(t,zé + pw)' dw < Lm,zlSd‘zmeizz (2% A%_de)z'M é(t, Z +p2)_ iz
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In the case 72 + p? < AS we have G(t, 22 + p?)7! P10+ > 1 and we can simply bound

«de‘z(f)

since 8 < 1/Ty, by assumption. So choosing

“ms 52 Br(14A2) d—2) || £
e2m+2 ISR o ey

f(t,z% +pw)’ dw < 5(1‘, 2 +p2)

2m

_ 2~ -2
SAm|Sd 2|€1+A0G([,Z2+p2) 2m+2

K, := max (Lm,2|sd-2|z’fnfz (2%A§-d32)m ,Am|sd-2|e1+A3)
finishes the proof of the lemma. ]
Now we have all the ingredients for the inductive
Proof of Theorem 2.30. By Lemmata 2.33 and 2.34 a suitable choice for A,, and B is

. Cr T
B = || follp2aye™ ",

Ay = sup || f(t, ')“L},,(Rd) < 00.
>0

Note that the finiteness of A,, is guaranteed since fj € L},,(Rd), see Remark 2.29. We further choose
the length scales Ay to be

Ayt V2AN-1 _

2 2

with Ag now from (46), and we set

M, := max {2|S"2|A,, + 1, Kz}

ANZ

1+2 1+v2)"
Ay = 5 Ao

with the constant K, from Lemma 2.34.
For the start of the induction, we need Hyp2, (M>) to be true. Since

A

f ¢

(t’zl_{l —pw)’ dw

Is e(a,l)
sup sup  sup G (t, g~ pw)
0<t<Ty 7eRI\{0} (z.p)€AA, Y S2(0)

< |Sd—2|eﬁT0(l+A(2))Am

and from our choice of M; there exists By > 0 such that Hyp2, (M>) is true for all 0 < 8 < fo.
Now, we choose

B — min BO T—] CfU
»T0 (1 + 2d_1)cb’d,2 CL’T()MZ +1 '

With this choice, the conditions of Lemma 2.33 and 2.34 are fulfilled and Hyp2 Ao (M>) is true.
For the induction step assume that Hyp2,  (M>) is true. Then Lemma 2.33 gives

IG \aa, fllz@ey < 1L 55 (D) foll2ra) enlo = B

and then, since e(a, 1) < 2r2n’22 by our choice of @, and Ay = KN, Lemma 2.34 shows that

Hyp2,,,,(M>) is true, so by induction, it is true for all N € N. Invoking Lemma 2.33 again, we also
have

IG \aa, fll2eey < B
for all N € N and letting N — oo, we see ||G f]|;2gey < B, which concludes the proof of Theorem
2.30. ]

Proof of Corollary 2.31. Theorem 2.30 shows that Gf € L*>(R?) for all 0 < ¢t < Ty. applying
Corollary 2.15 with n = d to f yields

m
om 2m

)| < LinaGp~ 2 ( fQ G(é)%f@ﬁd{) < LudlGAIE, Gy,
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where we also used that the Fourier multiplier is radially increasing. This proves the uniform bound

(42) with 8 = 522, n

2.6. Gevrey smoothing of weak solutions for L? initial data: Part III. Under the slightly stronger
assumption on the angular collision cross-section b, namely that b is bounded away from the
singularity, we can state out theorem about Gevrey regularisation in its strongest form.

Theorem 2.35. Assume that the initial datum fy satisfies fy > 0, fo € Llog LRY) N LL,(R?) for some
m > 2, and, in addition, fy € Lz(Rd). Further assume that the cross-section b in dimensions d > 2
satisfies the singularity condition (3) for some 0 < v < 1 and the boundedness condition (16). Let f
be a weak solution of the Cauchy problem (1) with initial datum fy, then for all 0 < @ < min {am’l, v}
and all Ty > 0, there exists B > 0, such that for all t € [0, Ty]

PPV (1) e LARY), (49)

1
that is, f € G2a(R?) for all t € (0, To).
In particular, the weak solution is real analytic if v = % and ultra-analytic if v > %

Remark 2.36. Thus, under slightly stronger assumption on b than in Theorem 2.20, which we stress
are nevertheless fulfilled in any physically reasonable cases, we can prove the same regularity in
any dimension as can be obtained for radially symmetric solutions of the homogenous Boltzmann
equation.

Corollary 2.37. Under the same assumptions as in Theorem 2.35, for any weak solution f of the
Cauchy problem (1) and any 0 < Ty < oo there exists 8 > 0 and M < oo such that

sup sup & |1, )| < M. (50)
0<t<Ty I]ERd

Proof. Given Theorem 2.35, the proof of Corollary 2.37 is the same as the proof of Corollary
2.31. "

The proof of Theorem 2.35 shows the delicate interplay between the angular singularity of the
collision kernel, the strict concavity of the Gevrey weights, and the use of averages of the weak
solution in Fourier space, together with our inductive procedure, which has proved to be successful
in Theorems 2.20 and 2.30. Again, the main work is to bound the expressions /; A and I;’  from
Lemma 2.11. Before we start the proof of Theorem 2.35, we start with some preparations. It is clear
that we only have to prove Theorem 2.35 in dimension d > 2 and for singularities v > a3, since
otherwise the result is already contained in Theorems 2.20 and 2.30.

Looking at the integral /; o from Lemma 2.11, one has

s [} R
Ioa = aﬁtf [f 2 f sin 6b(cos 6) G " 2) |ty (7 deo
rd |\ Jo  Jse2) V2

X IGaG )P ny** dn.
where we use the parametrization (25) for = = ™ (1, 8, w). Splitting the 8 integral above at a point
6o € (0, %) and using the monotonicity of the cotangent on [0, %] and of e(a,y) in y one sees
Ian < Igay +1an2
whith

2 %)
o 3) o ar. 0,001 & (n. 0.0 dw

Ign = aBTy sup  sup f G~ (n,0,w))
S4=2(n) V2

0<g<7 O<hl=A

0o
X f sin’ 6 b(cos 0) dO1IG A f1l7yu g, (51)
0
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and

3 .
Iinp = Co,afTo sup f f G~ (1,6, ) V£ 017 (7,6, ) 1 A (177 (1,6, w)]) dw db
by JSi2(p) 2

0<[pl<A
2
X ”G/\f”Ha(Rd) (52)
where Cg, is an upper bound for b(cos ) on [6p, 5]. Now we choose 6y > 0 so small that
6o 2m

2

" —) < 1) =

€(a,co > ) < elazm, 1) T

and note that from Corollary 2.31, since v > a» , there exists a finite M, such that
sup  sup f GG~ (1.0, w)“ D |17 (.0, ) 1 417~ (7.0, w)]) do < My < .
0<6<% O<hl<A S4=2(i) \2
So from (51) we get the bound
lin < afToMacpapllGaf ||ZQ(R4) (53)

where the finiteness of ¢p, 42 follows from the singularity condition and the boundedness of b(cos 6)
away from 6 = 0.
For the integral 77, from Lemma 2.11, a completely analogous reasoning as above shows for

small enough 9y such that e(a cot?) < €(a2,m, 1) we also have

+ + +
Ign < Tgag +1gan
with
Ijpn < 27 apToMacy anllGa Sl g, (54)
and

i .
I, :=29Cyy0Ty sup f f Gt 9, )V I, 9, o)L A (I~ (7", 8, w)]) dw
™ o<ipl<A Joo Jst2am) V2

X IGA SN o gy (55)
where we use the parametrization (28) for n~ = 7 (n*, 9, w) and where Cy, is an upper bound for
b(cos(21)) on [y, 7 1.

2m

Recall that we always assume @ < @, S0 €(@, 1) < €(@1m, 1) = 5.-7. Thus we see that in order
to set up our inductive procedure for controlling /45 and I , it is natural to introduce

Definition 2.38 (Hypothesis Hyp3,(M)). Let M > 0 be finite, 0 < 6y, % < 7, To > 0,and m > 2
an integer. Then for all 0 < ¢ < T one has

% 2m
sup f f G (t,n" (1,6, w)) ™
i< V2A Yo Y82

where we use the parametrization given in (25) for 5, and

% 2m_
sup f f G(t.n (", 0, w)>
Intl< V2A Yo S4-2(nt)

where we use the parametrization given in (28) for ™.

F 0 @.6,0)| La(n™ (7.0, w))) dw dd < M, (56)

PO @t 8. 0)| 1l 0", 8. 0 dwdd < M (57)

(58)

For the induction proof of Theorem 2.35, we again start with
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Lemma 2.39. Let M > 0, Tp > 0, m > 2 an integer, a2 < v < 1, 0 < @ < v and recall

Cbdn = f(f sin? Ob(cos ) A0 (which is finite by the singularity assumption (4) and the boundedness
¢

assumption (16)). Let M, be from Corollary 2.31 and 8 < aTo[(1+2d*')cbdngJ)r(Cgo+2dCﬂO)MJ+1' Then

for any weak solution of the homogenous Boltzmann equation,

Hyp3,(M) = IG5 flli2me) < 1L 55 (D) follp2gray €07 (59)
forall0 <t < T.

Proof. Given Lemma 2.11 and the above discussion with the bounds in (53), (54) and using the
hypotheses (Hyp3,) for the terms in (52) and (55), one sees that the commutation error on the level
V2A is bounded by

(U, 5 = G 5y O .G yan F)| < Ly van + T 0
< (1+ 2" NYaBToMyca G f ) + (Cop + 27Ciy)aBToMIIGA I}

Ho (Rd) HY (Rd )
Given this bound on the commutation error, the rest of the proof is the same as in the proof of Lemma
2.25. ]

To close the induction step we also need a suitable version of Lemma 2.34 but before we prove
this we need a preparatory Lemma.

Lemma 2.40. Let H : RY — R, be a locally integrable function and let n,n, € R with 5|, |n*| >
Ao >0,0<6y <3, and 0 <99 < 5. Then with the parametrization - = 1 (1, 0, w) given in (25)
one has

nl
f%sz(n_(new)+z")dzd03 fﬂ f ( ya))dydx
0w Jo nl Ao cos by Agsin? =2 J Ag sin b o

for any unit vector w orthogonal to n. Moreover, with the parametrlzatlon n~ =n"(n*,0,w) given in
(28) one has, for any A > 1+2\5A0,

i
Iy [t w5

(™ (", 9, w)I) dzd¥

b1

- yw) dydx
2AO f Ao tan 190 |TI| )

Remark 2.41. The restriction Jy < g is only for convenience, to ensure that A tan g <

§J|>J

Proof. Fix n as required and w orthogonal to it. We want to have a map @y : (6,z2) — ©1(6,2) = (x,y)
such that

n (0, w)+z|n| = x - yw.

From the parametrization (25) we read off

|71

0
x= |n|sinz5 +z andy=sing
and we can compute the Jacobian going from the (6, z) variables to (x, y) as

d(x,y) [l [yl
detD®¢| = — 6> — 6,
36,2 =| 1= > CcoS > cos bp.

Since || = Ay, 0 € [6p, g], and 0 < z < 2, we have A sin? 970 <x<|n sinzg =3 1 and A0 sm90
y < '—7. So doing a change of variables (6, z) = CD_l(x, y) in the integral we can bound

nl

—+2
n (m,0,w)+z:5)dzdd £ —— f f +yw) dydx
\fe; f b I) AO COos 00 Ag sin? Ao sin 60 l )



30 JEAN-MARIE BARBAROUX, DIRK HUNDERTMARK, TOBIAS RIED, AND SEMJON VUGALTER

since the map @, is a nice diffeomorphism.

For the second bound the calculation is, in fact, a bit easier, one just has to take care that ||
cannot be too large, which is taken into account by the factor 1A(|"[). We now want a map
D, : (6,2) — Dy(6,2) = (x,y) such that

From the parametrization (25) we read off
x=z andy=|n"| = |p"|tan
and the Jacobian going from the (¢, z) variables to (x,y) is simply

‘ o(x,y)
03, z)

= |det DD,| = 2|17+| > 2Ap.

We certainly have 0 < x < 2 and also Agtandy < y. Since y = |7, we also have the restriction
y < A. So the proof of the second inequality follows similar to the proof of first one. ]

Finally, we can state and prove the second step in our inductive procedure.
Lemma 2.42. Let 5 < TLO Asssume that there exist finite constants A,, and B, such that

W@ gy, < Am, and (G 57 N r2gey < B (60)

for some integer m > 2 and for all 0 <t < Ty.
Set A := 1+Tﬁ/\ and assume that

A > Apg:=3. (61)
Then there exist a finite K3, depending only on d,m, A,,, and B such that Hyp3x(K3) is true.
Proof. Fix 0 <t < Ty, a directionn € R4\ {0}, and define the function
2 F@) = fn + 7))

of the single real variable z, where we think of 7~ as given in the n-parametrization (25) for some 6
and w € S972(1), and where we drop, for simplicity, the dependence on the time 7 in our notation
for F and f. Then, since ||f(¢, -)IIL}H < A,, one has f(t, ) € B™(R?) and thus also F € €"(R) with
IFllz < Ap 107 Fllp~ < (2m)" A, and Corollary 2.15 applied to F' now gives

2 s
F@O) < Lina ( f o + 2P dz) .
0
We multiply this with the radially increasing weight G to get
2m A 2 ~ 2 %
GO )z tlf ()l < L, (f GO + 2 f 1™ + 25! dz) :
0

Integrating this with respect to w and 6, where we think of 7 = 7(57, 6, w) in the parametrization
(25), and using Jensen’s inequality for concave functions, one gets

T
2 _ 2m A

f f GO )# )] d dw
6o S4-2(np)

1 1 % 2 %
< Ly 1 (5) 301 [ST72 BT [ f f f GO + 2 f (1 + 2l dz dedw] . (62)
6o JS472(p) JO
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Now assume that |r7] > Ag. Because of the first part of Lemma 2.40, we can further bound

m+ m+ 2 z’:lnﬁ
(62) < Lm,l(g)ﬁlsd—2|ﬁ ( )

Ao cos by
|—727|+2 @ . 5 )
[ [ [ g —yerfo - ol aydxdo
S942(7) JAg sin® 70 Ao sin by

m
+1 +1 2 2m+1 .
< Lyt (Z) e S92 3 (m) (Ag sin6p)> ¢
0 cos By

m
2m+1

f f . f Gy = yo)f ey = ye)l y*dy dx de
$9-2() JAg sin> 5 J Ag sin by

Again, the integration measure y?*~2dy dx dw is d-dimensional Lebesgue measure in the cylindrical
coordinates (x, yw) with respect to the cylinder in the 7 direction. One checks that the condition
A > Ag = 3 ensures that

(AJ2 +2)% + (A/2) < (V2A)?

so since |n| < A, we can extend the integration above to a ball of radius V2A to get

m+ m+ Jﬁ 2m
62) < Ly (552 (2 )™ (Ao sin @) IIG . A1
2 Ao cos by V2A 2 ra)
myeh 1 qd-2 2] 2 w1 : 2-d gy
S Lm,l (5)211#1 |S |2m+l m (AO Sin 00) B2m+l . (63)

If |n| < Ao we simply bound

Vs
2 _ 2m A A T _ 2 T _ 2
f f G )2 | f( ) dodw < ||fllpoZIST2BTo0H 8D < A, = |§T 21802 (64)
90 Sd—2(n) 2 2

Concerning the bound in the second half of Hypz, a completely analogous calculation as the one
above, using the second halft of Lemma 2.40 gives for g < || < K,

721 2m
f f G(t.n (", 0, w)™
Bo JS2(")

m+l d-2 m+1 1 Ty’il 2—d
< Lm,l(%)z’”+1 [ |2met (2—1\0) (Ap tan ¥g)

Fora* 9,0)|1 A (7 (1", 9, w))) do d
V2

—m
2m+1

2 A
\ﬁ 7 —
Ld 2 )‘f(; f(; |G(x% _yw)f(x|_2| _yw)|2 yd Zdydxda) (65)
Y

By our choice of A and A, we always have 22 + (A/2)? < (V2A)2%, so we can extend the integration
above to the whole ball || < V2A to see

m
2m

mtl _n, m+l 1 Zm+l - I+l
(65) < Ly, 1(§) 27 [ST72 2T (Z—AO) (Ao tan 90)*IIG 55 FlI73i%,

m

m+ m+ 1 2m+1 11
<L, 1(%)72m+11 S92 3t | — (Ao tan 9)> ¢ Bz (66)
’ 29

If || < Ap we simply bound as above

T
Z m A
f f GO )2 7)) A dw < Ay [543+, (67)
190 Sd—2(n+) 4
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Now we set K3 equal to the maximum of the constants in (63), (64), (66), (67). with this choice, K3
depends only on d,m, A,,, and B and Hyp33(K3) is true. [

Proof of Theorem 2.35. By Lemmata 2.33 and 2.34 a suitable choice for A,, and B is

. Cr T
B:= ||f0||L2(Rd)€ f70,

A, = supl|f(, ')”Lln(Rd) < .
>0

Note that the finiteness of A, is guaranteed since fy € L} (RY), see Remark 2.29. Again choose the
length scales Ay to be

Ayt V2AN-1 _

N
1+ V2 1+ V2
ANi ) 3 AN_]=( )Ao

2
with Ag = 3, see (61), and we set
M := max {21S2|A,, + 1, K3

with the constant K3 from Lemma 2.42.
For the start of the induction, we need Hyp3, (M3) to be true. Since

A

f

e(a,l)
sup sup  sup fs; o G(t,z% - pa)) (t,zl—gl - pw)’ dw

0<1<To £eRI\{0} (z,p)EAN,
S |Sd_2|eBTO(1+AS)Am

and from our choice of M, there exists By > 0 such that Hyp2, (M>) is true for all 0 < 8 < fo.
Now, we choose

¢
ﬁ=mm@mmﬂ fo ).

2dCb’d,2 CZT()MZ +1
With this choice, the conditions of Lemma 2.33 and 2.34 are fulfilled and Hyp2, (M>) is true.
For the induction step assume that Hyp2,  (M>) is true. Then Lemma 2.33 gives

IG 3, Alizay < I 5 (D) foll ey €070 = B

and then, since e(a,1) < ;n% by our choice of @, and Ay = KN, Lemma 2.34 shows that
Hyp2,,  (M>) is true, so by induction, it is true for all N € N. Invoking Lemma 2.33 again, we also

have
G op fllz2wey < B

for all N € N and letting N — oo, we see [|G f||;2a) < B, which concludes the proof of Theorem
2.30. [

3. REMOVING THE L2 CONSTRAINT: GEVREY REGULARITY AND (ULTRA-)ANALYTICITY OF WEAK SOLUTIONS

In this section we will give the proofs of Theorem 1.6, 1.8, and 1.9 in a slightly more general
form. More precisely, we will prove

Theorem 3.1 (Gevrey smoothing I). Assume that the cross-section b satisfies the singularity condition
(3) and the integrability condition (4) for d > 2, and for d = 1, b satisfies the singularity condition
(6) and the integrability condition (7) for some 0 < v < 1. Let f be a weak solution of the Cauchy
problem (1) with initial datum fy > 0 and fy € L} (R?) N Llog L(R?) for some integer m > 2. Then,
forall 0 < @ < min{ay 4, v},

f@)eGﬁﬁﬁ (68)

log[(4m~+d)/(2m+d)]

forall t >0, where a,,, 4 = Tog2
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Theorem 3.2 (Gevrey smoothing II). Let d > 2. Assume that the cross-section b satisfies the
conditions of Theorem 1.6. Let f be a weak solution of the Cauchy problem (1) with initial datum
fo=0and fy € L} RY) N Llog LRY) for some integer m > 2. Then, for all 0 < a < min {a,,2, v},

f(t,) e G2 (BY (69)

log[(4m+2)/(2m+2)]
log2

1

forallt > 0, where ap o = . In particular, the weak solution is real analytic if v = 5

.. 1 - . .
and ultra-analytic if v > 5 in any dimension.

If the integrability conditions (4) is replaced by the slightly stronger condition (16), which is true
in all physically relevant cases, we can prove the stronger result

Theorem 3.3 (Gevrey smoothing III). Let d > 2. Assume that the cross-section b satisfies the
conditions of Theorem 1.6 and the condition (16), that is, they are bounded away from the singularity.
Let f be a weak solution of the Cauchy problem (1) with initial datum fy > 0 and fy € L}, (R%) N
Llog L(RY) for some integer m > 2. Then, for all 0 < @ < min {a,, 1, v},

f(t,) e G2 (BY (70)

log[(4m+1)/(2m+1)]

forallt >0, where a1 = Tog 2

Remark 3.4.
We even have the uniform bound

Corollary 3.5. Under the same assumptions as in Theorem 3.1 (or 3.2, respectively 3.3), for any
weak solution f of the Cauchy problem (1) initial datum fy > 0 and fy € L,L(Rd) N Llog L(Rd)for
some integer m > 2 and for any 0 < @ < min{ag,, v} (or any 0 < a < min{ay,2, v}, respectively
0 < a < min{ay,,1,v}) there exist constants 0 < K, C < oo such that

sup sup X MINEDD 7 p) < €, (71)

0<r<eo peRd

Proof of Theorems 3.1 through 3.3. In the case where the initial condition fy obeys fy > 0 and
fo € LL@®RY N Llog L(RY) for some integer m > 2, but is not necessarily in L>(R?), we use the
known H® smoothing of the Boltzmann [16, 4, 30] and Kac equation4 [23] in a mild way (see also
Appendix B): for 7 > 0 one has f(r, -) € L*(R¢) and using this as a new initial condition in Theorems
1.6 through 1.9, and noting that T in those theorems is arbitrary, this implies that f(¢,-) € Gﬁ(R‘i)

fort > 0. [ ]

Proof of Corollary 3.5 . Using known results about propagation of Gevrey regularity by DEsviL-
LETTES, FurioL1, and TERrRANEO [15] for the non-cutoff homogeneous Boltzmann and Kac equation
for Maxwellian molecules, the bounds from Corollary 2.21 through 2.37 extend to all times. ]

APPENDIX A. L2 TYPE REFORMULATION OF THE BOLTZMANN AND KAcC EQUATIONS

A reformulation of the weak form (9) of the Boltzmann and Kac equations is derived. We want to
choose a suitable test function ¢ in terms of the weak solution f itself in the weak formulation of
the Cauchy problem (1). We use ¢(t, -) := Gi(l, D,)f(t,-) and since this involves a hard cut-off in
Fourier space, we automatically have high regularity of ¢(¢, v) in the velocity variable, the question
is to have €' regularity in the time variable. For this we follow the strategy by Mormvoro et al. [30].

A H® smoothing effect for the homogeneous non-cutoff Kac equation was first proved by L. DesviLLETTES [11], but
under the stronger assumption that all polynomial moments of the initial datum f; are bounded, i.e. f € L,i(R) N Llog L(R)
for all k € N.
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Proposition A.1. Let f be a weak solution of the Cauchy problem (1) with initial datum fy satisfying
8), and let Ty > 0. Then for allt € (0,Tp), B > 0, @ € (0,1), and A > 0 we have GAf €
€ (10. Tol: L*(R)) and

1 1 [
SIGAE DS Mgy~ 5 f (f@.).(0,G4(x. D) f(x.)) dr
(72)

= HAD o+ [ (QU . G DG )

To ensure that we can use G2 A/ as a test function in the weak formulation of the Boltzmann
equation, we need the following b111near estimate on Q(g, f), which is a special case of a larger class
of functional inequalities by ALEXANDRE [1, 2, 5].

Lemma A.2 (Functional Estimate on Collision Operator). Assume that the angular collision cross-
section b satisfies assumptions (3)-(4) or (6)-(7), respectively. Then for any k > X2 there exists a
constant C > 0 such that

10(g, f)”H‘k(R") < C”g”L;(Rd)Hf”Lé(Rd)- (73)

Proof. This is a direct consequence’ of Theorem 7.4 in ALEXANDRE’s review [2]: under the assump-
tions on b, for any m € R there exists a constant C > 0 such that

10, )llzz-nay < CI I8l eyl llgmeovgay-
Since L'(RY) ¢ H$(R?) for any s > %, we obtain for k > d+4 andv e (0,1),
1Al tv gy = 1Y Fllg-revgay < CICY Fllpagay < el fllpgay = cllfllz gay-
ie. LYRY) c H}*»(RY) for any k > €% and v € (0, 1). Therefore,

108, Nlp-+gey < Cllglly @)l Nl @ay < Cliglpyga ANl gay-

Lemma A.2 implies that for f, g € L)(RY), (Q(g. f). h) is well-defined for all h € H¥R?), k > 42,
and one has (Q(g. /). h) = (Q(g. ). h)y2.

Proof of Proposition A.1. Choosing a constant in time test function ¢(t,:) = ¥ € C6(‘)’<’(Rd) in the
weak formulation (9) yields

f f,vg(v)dv —f f(s,vig(v)dv = f(Q(f, N, )e)dr, for 0<s<t<Ty
R R4 K

for all ¢ € %“(Rd) (this was already remarked by ViLLani [39] as an equivalent formulation of (9)).
By means of (73) this equahty can be extended to test functions y € H* for k > d+4 , in particular
one can choose i = G2 @) and g = G> +f(s,-) which, taking the sum of both resultmg equations,

yields
IGA Lt M2ty = NGAS (S Miaay = (£(1 ) GRFW D) = (£(s,), GRF(s,))

(74)
= (f(t,),(GA(t, Dy) = GR(5, D)) f(s,)) + f (O(f, )T, ), GAf (1) + Gy f(s5,)) dr.

SThis result is proved in [2] for d = 3, but the proof depends only on assumption (3) and general properties of
Littlewood-Paley decompositions and holds in any dimension d > 1.
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Using Plancherel, the first term on the right hand side of (74) can be estimated by
(£, (GA(t, DY) = G5, D) £5, )| = [(£t, ), (G50, = G s, ) £, )|
< fR @ mlGR e = GR(s, (s, )l dy
<lt—s fR 2B G A I Mgy 1 (5, Mgy < Carolt = sl oll 1 gy

and, using that the terms involving the collision operator can, for any k > # (compare (73)), be
bounded by

KO, )@ ), G f (M < 1O @ Mg+ @y IGR £ Mgy
1/2
< ClIA oy ( fR S*Gramife, 17)|2d77)

1/2
2k ~4
< I g 1 s ( fR G (Tom) dn)
< Chur ol g ol ey

for any ¢ € [0, To], yields

(t,), G f (1, ) + G f(s,)) dr| < 2C) 1]t ~ Sl”fO”Ll(Rd)”fOHLl(Rd)'

Plugging the latter two bounds into (74) shows that Ga f € B([0, To]; L*(RY)), in fact, the map
[0,T0] 3 1 = [[GAS(2 )lz2rey 1s even Lipschitz continuous.

For any test function ¢ € €'(R*; 6, (R9)) the term involving the partial derivative d,¢ in the
weak formulation (9) can be rewritten as

! ’ N ‘
f (f(z,°), 0-p(z, ) dr = ]lingf <f(T, Y+ f(r+h,-), @(t+h,-) — (T, )> dr.
0 h— 0

2h

since f € B(R*;D'(RY)). The integral on the right hand side is well-defined even for ¢ €
L>([0, To]; W2 (R4)), in particular for ¢ = G2 LS yielding

f | <f<r, Yt fan, ), L) el ')> ¢
0 2h

1 2 D) — G2 .
= f <f(T, Y+ f(r+h,), G h’z)h S )> dr
0

!

= (||GAf<r+h Mz = G f(x.7,) dr

2 Dv -G ,Dv
+ f <f(r,->,GA(T+h’ O )f(T+h,-)> dr.
0

2h
Using Gu f € 6([0, To]; L>(R%)) it follows that

1

o (||GAf<r+h M2y = IGAS @ my) dT

1 t+h
E IGAFE Mg I = 5 f NG

2
_) EHGAf(t’ .)”LZ(R“J) - EllGl\f(O’ ‘)“LZ(R“’)'



36 JEAN-MARIE BARBAROUX, DIRK HUNDERTMARK, TOBIAS RIED, AND SEMJON VUGALTER

where ||Ga f(0, )l 2ray = IITA(Dy) foll2rey. For the second integral, an application of dominated

convergence gives
(T+h D,) - G2 (T D,)
lim f £, fr+h)) dr

2h

=2 f (., (0:G3) (. D) f(x, ) di.

Putting everything together, we thus have proved equation (72), i.e.

1 !
||GAf||L2(Rd) ||11A(Dv)fo||Lz(Rd) f (f@.),(0:G}) (@, D) f(x, ) dr

f (0(f. .G f) dr.

ApPENDIX B. H® SMOOTHING OF THE BOLTZMANN AN KAC EQUATIONS

We follow the strategy as in our proof of Gevrey regularity, with several simplifications. Of course,
we do not assume that fj is square integrable! We have

Theorem B.1 (H™ smoothing for the homogeneous Boltzmann and Kac equation). Assume that the
cross-section b satisfies (3)-(4) for d > 2, respectively (6)-(7) ford = 1, with0 <v < 1. Let f be a
weak solution of the Cauchy problem (1) with initial datum satisfying conditions (8). Then

f(t,-) € H*(RY) (75)
forallt> 0.

The proof is known, at least for the three dimensional Boltzmann equation see [30], we give
a proof for the convenience of the reader. Again, one has to use suitable time-dependent Fourier
multipliers. Note that for fy € L'(R?) one has

||f0”H*Y(Rd) < Cd,'}’”fO”Ll(Rd)
with Cqy = ( ﬁ& m™ dT]) which is finite for all y > d/2. We choose y = d, for convenience, and
M (t,7) = ()~ OE ML\ ()

as a multiplier. Then

sup [[Ma(0, D) foll 2y = 1Meo(0, ) foll 2 gy = follg-arey < Caallfolligay
A>0

The proof of Proposition A.1 carries over and we have

1 !
—||MA<z D)t M2y = 5 fo (£, ). (0:-MX(z. D)) f(z. ")) dr

; (76)
= —||MA<0 D) foll72 ) + fo (O, H(x, ), My (7, D) f(3,)) de
and as in the proof of Corollary 2.4, we have
(OUf, 1)s MAF) = (QUfs MAF), MAf) + (MAQ(S, f) = O(f MAf), MAS) an

~ClIMAfI2, + Cf()”MAf”iz +{(MAQ(f, ) — O(f, MAS), MA f)
The replacement of Proposition 2.9 is

Proposition B.2. The commutation error is bounded by

d
KMAQ(S, £) = O(fs MAS), MA S < (1 + 297 Dep dlIfll (5 + %tzﬁ’”) IMAfI;, — (78)

with the constant cp q from Lemma 2.25.
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Remark B.3. Of course, for any weak solution f of the Boltzmann and Kac equations, ||f]|;1 =
£ Il = llfollz1. The fact that the commutator is bounded in terms of the L? norm of M f makes
the proof of H* smoothing for the Boltzmann and Kac equations much simpler than the proof of
Gevrey regularity.

Proof. As in the proof of Proposition 2.9, Bobylev’s formula shows
KMAQ(S, 1) = Q(f, MAf), MAf)] <

< f f b(l-a)MA(n)|f(n)||f(n‘>||f(n+>||MA<r,n)—MA(r,n+>|d<rdn
Rd Jsd-1 |77| (79)

< 1l fR ) fg d_lb(l—zl-or)MA(n>|f<n>||f(n+>||MA<r,n)—MA<z,n+>|dcrdn

where, as before, nizz %(n + |glo). To bound |Mx(17) — MA(p)l, we let s := |n|> and st = [
Recall that "] = (1 + L. o) and

+ +12

1
1—S—=1—|'7|2 =—(1—1-a)

s > 2 Inl
Again, because of the support condition on the collision kernel b(cos #), we have 5 < s* < 5. Set
M(s) := (1 + 5)4/2¢5 102049 Then, for ] < A,

MA(n) _ MA(U+) — M(S) _ M(S+) — (1 + s)—d/Ze% 10g(1+s) _ (1 + s+)—d/26% log(]+s+)

, 80
= (1+ )42 (e% log(1+s) _ e%log(l+s*)) + ((1 + 92 (14 s+)—d/2) o3 log(l+s%) (80)

Since s < 2s*, we have (1 + s*)™! < 2(1 + 5)"!. Hence

|1+ )72 = (1 + s7)792| = %l f A+ Tdr < %l(l +sH)™ (5 = 5

s+
<d(l+sH(1- =)
s
In addition, log(1 + s) < log(2(1 + s*)) = log2 + log(1 + s™). So

<@ste/;’log(l+r)dr<@Leﬁztlog(l+s)(l_i)
T2 Je L+ T 21+t s

+
< (- 5
S

Also log(1 + s) < log(2(1 + s*)) = log 2 + log(1 + s™). These bounds together with (80) show
P
Inl?

for all [n| < A. Since the integration in (79) is only over || < A, plugging this together with
Ifllze < |l into (79) yields

KMAQ(S, f) = QUf, MAS), MAS)I

& n It R SN
<l (d+p2%) [ (o)1= | MaeniFen mar el der

e%log(lﬂ) _ e% log(1+s™)

[MaGr) = MaG™)| < (d + pr2%) (1 )MA(rf)

Noting again

A A 1 A A
MA@ MA@ < 5 ((MAGIF@D? + (MAGIOIF )

and performing the same change of variables for the integral containing n* as in the proof of Lemma
2.11 finishes the proof of equation (78). [ ]

Now we can finish the



38 JEAN-MARIE BARBAROUX, DIRK HUNDERTMARK, TOBIAS RIED, AND SEMJON VUGALTER

Proof of Theorem B.1. Using (76), (77), Proposition B.2, and
I MA(x,)* = 2Blog(n) M (. n)’

one sees
IMA(t, D) < ol +2C, fo IMA(T, D)) f(x, )17, dT
t —_—
+ fo (MA(, D) f(x, ), (Blog(Dy) = 2C (D) )MA(T, D) f (T, )) dr

d
+(1+2d_1)6'b,d”f0||Llj;(— ’B—TZﬂZ)IIMA(T,Dv)f(T,')IIiz

2 2
— + ﬁ_TzﬁzT)
2

:
2

Setting

AB,7) := sup (Blog(n) — 2C ) + 2C, + (1 + 2 ey all foll o
nerd

2l
2y 4vCy,

the above can be bounded by

+2Cs + (1+ 2% Depall foll (—

IMA(2, D) f(2, I, < 1foll7, - + f AB. DM, D) f (7, )|, dr

and from Gronwall’s lemma we get

IMAGE D) f( N7, < ol eXP(fo A(ﬁ,T)dT)-

Letting A — oo one sees

!
1F GNP = IMslt, D) F (RS < Nfol, 0 exp ( fo AB.7) dr).
that is, £(¢,-) € H#'~4(R%). Now let 8 — oo to see that f(z,-) € H®(R?) for any t > 0. [ |

Remark B.4. Setting 8 = 7+ , one sees that || f(Z, lgrrey S 1 5 , so the HY norms, in particular
the L? norm, of f(z, ) blow up at most polynomially as t — 0.

ApPENDIX C. THE KOLMOGOROV-LANDAU INEQUALITY

In this section we give a short proof of

Lemma C.1 (Kolmogorov-Landau inequality on the unit interval). Let m > 2 be an integer. There
exists a constant Cy, > 0 such that for allw € W™ ([0, 1]),

[WllL=(0.17) _
IWOllzsqo.1p < Cim —x "KW Ny, k=1,....m—1,

forall0 <u < 1.

For the convenience of the reader, we give a short proof. The following argument is in part
borrowed from R. A. DEVoRE and G. G. Lorentz’s book [17] (pp.37-39).

Proof. Since w € W"*([0, 1]), it has absolutely continuous derivatives of order up to m — 1 and
essentially bounded m™ derivative.
Let x € [0, %] and & € [0, %]. Then, by Taylor’s theorem,

m— 1

wix + h) = w(x) + Z wD(x) + Ry(x, h)

J=1
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h (h—r)"!
0 (m-1)!

with remainder R,,(x, h) = w (x + 1) dr, which can be bounded by

[)m—l m

h
(h—
IR (x, )] < W™ | o g0.17) fo Wdtz %Hw(’")llm([o,m.

Choosing m — 1 real numbers 0 < A} < Ap < -+ < 4,1 < 1 we obtain for & € [0, %] the system
of equations

m—1 i
W
Z A§7w<l)(x) = w(x + Ah) — w(x) — Rp(x,A;h) fors=1,--- ,m—1. (81)
. J!
j=1
Setting
A Ai ... ,Vln—l }Zzw’(x)
A A e A Bw (x)
V = . . . . W(x) = . 5
Am—1 /151_1 /l%:} (}l;llri_ll)! W(m—l)(x)
w(x + A1h) — w(x) — Ry, (x, A1h)
w(x + A2h) — w(x) — R,,,(x, 1h)
b(x) = ) ;
w(x + Ap—1h) — w(x) = Ry(x, Ayy—1h)

we have Vw(x) = b(x). Since the Vandermonde determinant
m—1
detv=[]au [| @-ap=o
=1 1<j<i<m-1

V is invertible and we obtain w(x) = V~'b(x) and therefore

hk
‘Fw(k)(x) < lw@ll < IV b (82)

where ||-|| is any norm on R”~!, respectively the induced operator norm on the space of (m—1)x(m—1)
real matrices. Choosing for concreteness the £! norm on R”~!, we have

m—1

hm
IOl = > w(x + Agh) = w(x) = Ru(x, Ah)] < (m = 1) (2||W||L°°([0,1]) + %Hw(m)lle([o,l])) :

s=1

While for our application the size of |[V~!|| is of no importance, one can even explicitly calculate it:
The inverse of the Vandermonde matrix V is explicitly known (see for instance [18]),

(v, =D Tt af=1....m-1
af /lﬁ Hviﬁ(/ly _ /lﬁ)’ s ] H s
j

where o, i,j = 1,...,m — 2 is the i" elementary symmetric function in the (m — 2) variables

/11"-'9/lj—17/lj+19"'7/lm—19

Il
—
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which holds since the A, are all positive, we get

m—1
1s%lsarr)f—1 ; |(V_1)aﬁ

v

= max oF
1<B<m-1 Ag Hviﬁ |4, — A4 ; m—1-a

max l_[ 1+4,
1<B<m~1 /lﬂ =1 |/1V - /1,3|.
v;ﬁ

Going back to inequality (82), we have so far proved that
L - R
7 O] < o= DIV 2wllesqop + W™ ll=qoy |
which yields

W) < (m - DIV ||( Wl qo.ry + A" ’<—||w< Lo, 1]))
(83)

_ n: _
<(m- DIV (annmo,m +h" k||w<m>||Lmqo,u))

For x € [%, 1] the same calculations with % replaced by —/ prove inequality (83) also in this case, so
WOl o1 < (m = DIIV- II( “lIwllzs ot + A" W™ Il o, 1])) (84)
forall h € [0, %], Taking an arbitrary u € [0, 1], inequality (84) implies with 1 = 5 € [0, %],

1 .
Iw®llzoqo,py < 2"mim — DIV| ($||w||mo,u> +u” kllw(m)llm[o,l])),

which is the claimed inequality with

(85)

m—

— M) _ -1 — M) _
Cp=2"m!(m-D|IIV ' |=2"ml(m-1) <rﬁn<%sl(1/lﬁl_ll L —/lﬂ|
V£

Remark C.2. The constant C,, in equality (85) is far from optimal, but can be made small by
minimising in the choice of the points 0 < 4; < --- < 4,,—1 < 1, suggesting that the optimal constant
might be obtained by methods from approximation theory.

Indeed, by a more refined argument making use of numerical differentiation formulas, the minim-
isers of the associated multiplicative Kolmogorov-Landau inequality, i.e., extremisers of

My(@) = sup{lw©llsqo.n = w € W((0, 1], IWllz=qo.) < L IW"llz=(o.) < o)

are explicitly known (at least for a wide range of parameters m € N and o > 0). The optimal
Kolmogorov-Landau constants in these cases are given by the end-point values of certain Chebyshev
type perfect splines. We refer to the papers by A. Pinkus [34] and S. Karuin [22], as well as the
recent article by A. SHADRIN [35] and references therein.

AppeNDIX D. Proor oF LEMma 1.1

Proof. Let f € Ly(RY) N Llog L(RY) Then

|H(f)|=Ldflog+fdv+fRdflog_fdv.

The positive part is bounded by f Sflog(1 + f)dv =||fllL10g - The negative part can be controlled by

1 ~ 0
f flog_ fdv= f flog—dv < Cs v < Cs (f A+ dv) 117
R¢ (F<1) f (F<1) R 2
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which is finite for 0 < § < ﬁ, having used that for any 6 > 0 there exists a constant C;s such that
logt < Cst° forall t > 1.
Conversely, let f € Lé(Rd) with finite entropy H(f). Then

fflog(1+f)dv:f flog(1+f)dv+f flog(l + f)dv
Rd <) >0

On where f < 1, we replace f by 1 and where f > 1, we bound 1 + f by 2f leading to

fflog(1+f)dvslog2f fdv+fflogfdv+fflog_fdv
R4 R¢ Re R¢

As above, we conclude

fR Flog(1+ ) dv < Tog 20l oy + HO) + Caall ] (86)

2

with a finite constant Cs4 for 0 < 6 < 7%5. [ |
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