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In this paper we study the asymptotic behaviour as € — 0 of the spectrum of the ellip-
tic operator &7 = —;kdiv(a®V) posed in a bounded domain Q C R" (n > 2) subject to
Dirichlet boundary conditions on dQ. When € — 0 both coefficients a® and b° become
high contrast in a small neighborhood of a hyperplane I intersecting Q. We prove that
the spectrum of 7€ converges to the spectrum of an operator acting in L?(Q) @ L?*(T')
and generated by the operation —A in Q\ I, the Dirichlet boundary conditions on dQ and
certain interface conditions on I" containing the spectral parameter in a nonlinear manner.
The eigenvalues of this operator may accumulate at a finite point. Then we study the
same problem, when Q is an infinite straight strip (“waveguide”) and I is parallel to its
boundary. We show that <7 has at least one gap in the spectrum when € is small enough
and describe the asymptotic behaviour of this gap as € — 0. The proofs are based on
methods of homogenization theory.

Keywords: high-contrast coefficients, spectrum asymptotics, homogenization, periodic
waveguides, spectral gaps

1 Introduction

The problem we are going to study lies on the intersection of spectral theory and homogenization
theory for partial differential operators. We recall that one of the central problems of homogenization
theory is to study the asymptotic behaviour as € — 0 of the solution u® to the problem

AU = fin Q,
u® =00ndQ,
where € > 0 is a small parameter, /¢ := —div(a®(x)V), {a®(x)}e0 is a family of real measurable

functions satisfying
af < af(x) < af with positive constants a¥,
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and becoming highly oscillating as € — 0. The typical example is a®(x) = a(xe~!), where a(x) is a
fixed Z"-periodic function. It is well-known (see, e.g, [1,/7]) that if

infa® >0, supa® < oo, (1.1)
€ €

then the family {uf}¢ is compact in L*(Q), and if uf — u as € = & — 0 then u(x) is a solution of the
problem

Fu=finQ,
u=0ondQ,

where 7 := —div(A(x)V), A(x) is some bounded matrix-function, bounded away from zero, which
depends, in general, on the subsequence &. If af (x) = a(xe~!) then the whole sequence u® converges,
and in this case A(x) is a constant matrix. As we see the limit differential operator has qualitatively
the same form as the initial one provided (I.I]) holds.

If, on the contrary, conditions are violated, for example there exist subsets D¢ C Q with non-
zero measure such that lim sup a®(x) = e or

e—=0,¢cpe

lim inf a®(x) =0 1.2
SILIg)xleana (X) ’ ( )

then the limit operator may have a more complicated form, which depends essentially on the structure
of the domains D?. We refer to the monograph [27]], where various problems of this type are studied.
In particular, the authors consider the case, when condition holds on the union D? of thin shells,
distributed periodically, with period €, in the domain Q. They study the behaviour of linear evolution
equations involving such operators <7¢. Semi-linear evolution equations were investigated in [[14}32}
33|]. Spectral properties of such operators were studied in [22].

d¢=o(¢)

Q00O

__

€

Fig. 1:

In all papers mentioned above the case of bulk distribution of shells was considered. In the present
work we are interesting in the case of surface distribution of shells, i.e. the shells are located in a
neighbourhood of some hyperplane.



We notice that our research is inspired, in particular, by spectral problems for periodic differential
operators posed in a waveguide-like domain. These applications are discussed later in the introduction.

Below we briefly present our main results. Let Q be a bounded domain in R” (n > 2), € >0 be a
small parameter. In Q we consider the operator

1

7= T

div(a® (x)V) (1.3)

subject to Dirichlet boundary conditions on dQ. Here the functions a® and b are bounded above and
bounded away from zero uniformly in € everywhere except a small neighbourhood of some hyper-
plane I" having non-empty intersection with the domain Q. More precisely, we denote by D* = {D?}
a family of thin spherical shells distributed periodically, with period €, along I" (counted by the pa-
rameter 7). Each shell has an external radius R = Re (here R € (0,1/2) is a constant), the thickness
of the shells is d® = o(€) as € — 0. By B* = {B?} we denote the union of balls surrounded by these
shells (see Fig. . When € — 0 the number N(€) of shells goes to infinity as € — 0, namely

N(e) ~ eI (1.4)

(hereinafter we will use the same notation | - | for the volume of a domain in R” and as well for the area
of an (n — 1)-dimensional hypersurface in R"). We define the functions a®(x) and b¥(x) as follows:
af(x) is equal to 1 for x € Q\ D? and equal to the constant o > 0 for x € D, b®(x) is equal to 1 for
x € Q\ Bf and equal to the constant B¢ > 0 for x € B.

Operators of the form (I.3) occur in various areas of physics. For example, in the case n = 3 the
operator 7€ governs the propagation of acoustic waves in a medium with mass density (af(x))~! and
compressibility b¢(x). Also, o/¢ describes vibrations of a body occupying the domain Q, the functions
a®(x) and b®(x) are its stiffness and mass density, correspondingly. Notice, that the most interesting
effects occur if

af =0(df), BE=0(e ) ase—0.

In this case /¢ describes vibrations of a body with a lot of tiny heavy inclusions Bf surrounded by
thin soft layers Df.

Asymptotics of eigenvibrations of a body with a mass density perturbed near a hypersurface was
studied in a lot of papers — see, e.g., [[11H13}[25,26},29]] and references therein. The case of simultane-
ously perturbed density and stiffness (“double-contrast”) was studied in [20] (see also [3]], where the
case of bulk distribution of double-contrast inclusions was studied). In all these works the geometry
of a set supporting the perturbation differs essentially from that one considered in the current paper.

The spectrum o (27/¢) of /¢ is purely discrete. Our goal is to describe its behaviour as € — 0
supposing that the following conditions hold:

de 2
tim () o, (1.5)
e—=0 of
otn
e e _
lg%q =g € 0,0, where ¢° = Rd°eBe’ (1.6)
lim r® = r € [0,0), where r® = R" s, ef3%. (1.7)

£—0

Here by sz, we denote the volume of the n-dimensional unit ball. We note, that ¢ is allowed to be
infinite.



Condition (I.5)) means that the eigenfunctions cannot concentrate on the shells (cf. (3.45)). The
case af = O((d€)?) differs essentially and will not be studied in this paper.

The parameter g characterizes the “strength” of the coupling between the domain Qf := Q\ |J (Df U Bf)
i

and the union of the balls Bf. We postpone the precise statement to Section(see Remark because
first we need to introduce some more notations.

The finiteness of r implies the uniform (with respect to €) boundedness of the “mass” Mpe of BE,
namely, using (I.4)) and the fact that d® = o(€), we obtain:

e (Re —d®)"N(e)

R ~r|[| as € — 0.

Mye = / b () dx = B Y |BE| = B (R — )" (e) = r
U ‘

In spite of the fact that <7¢ contains many parameters the behaviour of its spectrum as € — 0
depends essentially only on ¢ being finite or infinite and » being positive or zero.

At this point we present the results in a formal way, more precise statements are formulated in the
next section using the language of operator theory. Below the convergence of spectra is understood in
the Hausdorff sense, see Definition 2.1} One has:

e Let g < co. In this case o(«7%) converges, as € — 0, to the union of the point ¢ and the set of
eigenvalues of the A-nonlinear spectral problem

—Au = Au in Q\T,
U] =0, {%} =29y onT, (1.8)
u=20 on dQ,

where the brackets denote the jump of the enclosed quantities.

If r > 0 then the set of eigenvalues of the problem (1.8) consists of two ascending sequences
— one of them tends to infinity and the second one tends to ¢ (in the case ¢ = O the second
sequence is not present).

We notice that in the case I' C dQ the interface conditions in (I.8) reduce formally to the
boundary conditions

du

— =F(A 1.9

on (A)u, (1.9)
where n in the outward pointing unit normal to dQ, % (1) = f; . The boundary conditions of

the form (I.9) appear in limit boundary value problems for various homogenization problems —
see, e.g., [25,28]] (here .# has infinitely many poles), [8]] (here .% has one pole).

e Let g =oo. In this case 6 (/%) converges to the set of eigenvalues of the following Steklov-type
spectral problem:

—Au=Au inQ\T,
u] =0, [3—} —Aru onT, (1.10)
u=20 on dQ.

Note, that (1.10) is a formal limit of (1.8) as g — oo.



e The following estimate is valid:

sup <hm7t,f> <gq, (1.11)
keN \E—0

where Af is the k-th eigenvalue of «7¢. From (I.11]) we immediately obtain

Vk: Af — 0as € — 0 provided ¢ = 0.

Note, that in the case r = 0 the problems (1.8) and (I.10) reduce to the eigenvalue problem for the
Dirichlet Laplacian in Q.

Also we note, that the choice of the boundary conditions on dQ is not essential — instead of the
Dirichlet boundary conditions we can impose, for example, Neumann or mixed ones. These conditions
will be inherited by the limit spectral problem.

In the last part of the paper we consider the same problem for a waveguide-like domain €:
Q=Rx(d_,d;), TI'={x=(x1,0): x; e R}.

where d_ < 0, d+ > 0. Here we are interested in the case g > 0, r > 0 only.

Due to the periodicity of .<7¢ its spectrum is a locally finite union of compact intervals (bands). In
general the bands may overlap and the natural question arising here is whether gaps open up in the
spectrum (i.e. whether there is an open interval (o, 3) C (0,0) such that (a, ) N o (2/¢) = &, while
o, € o(</?)). This problem is interesting for applications since the presence of gaps is important for
the description of wave processes which are governed by the differential operators under consideration.
Namely, if the wave frequency belongs to a gap, then the corresponding wave cannot propagate in the
medium without attenuation. This feature is a dominant requirement for so-called photonic crystals
which are materials with periodic dielectric structure attracting much attention in recent years (see,
e.g., [16,24]).

It was proved in [22] that in the case Q = R” and a bulk distribution of shells, the spectrum of <7
has a gap when € is small enough.

Our goal is to study whether gaps will open up in case of our waveguide-like domain. We will prove
that the spectrum of 7% converges in the Hausdorff sense to the spectrum of some operator .« which
is defined by the same differential expression as in the case of a bounded domain and its spectrum is

. . 2 2
as follows: if ¢ < min { ;LZ’ %} then

o(d) = [a,q|U[az, ),

otherwise 6 (&) = [a,). Here o, @ are some positive numbers satisfying 0 < o < ¢ < 0. Thus
if the waveguide is thin enough we have a gap in the spectrum of <7 (and, consequently, 6 (/%) has a
gap when ¢ is small enough).

Periodic perturbations of the Laplacian in wavegide-like domains leading to opening of spectral
gaps were also studied in [2}{4}/59,/10L[18,30,[31,36]]. In all these papers (except [SL|18]]) spectral gaps
appear because of a perturbation of the boundary of the waveguide (for example by making small
holes periodically distributed along the waveguide [10] or by dividing the waveguide into two parts
coupled by a periodic system of small windows [4]]). In the paper [3] the authors considered small
perturbations of the Laplace operator in a cylindrical domain by second-order differential operators
with periodic coefficients; they gave sufficient conditions on this perturbation for gap opening. These



conditions are not valid for the operators considered in the present work. In the paper [18]] the authors
perturbed the Laplace operator by a singular potential supported by a family of periodically distributed
surfaces.

The paper is organized as follows. In Section 2] we set the problem and formulate the main result
(Theorem [2.1)), also we prove the estimate (Theorem [2.2). Theorem will be proven in
Section 3} the case ¢ < oo in Subsection [3.2]and the case ¢ = oo in Subsection [3.4] Finally, in Section
M we consider the case of a waveguide.

2 Setting of the problem and main result

2.1 The operator o/¢

In what follows we denote the Cartesian coordinates in R" by x = (xj,...,x,) . Let Q C R" be a
bounded Lipschitz domain (n > 2). It is supposed that 0 € Q. We denote by I" the intersection of Q
with the hyperplane {x, =0}:
'={xeQ: x,=0}.
Let € > 0 be a small parameter. We denote by x¢, i = (iy,...,i,) € Z"~! the family of points,
distributed periodically, with period €, on the plane {x, = 0}:

X" = (giy, €ia, ..., Eiy_1,0)
and introduce the following sets (see Fig. [I):
Df={xeR": R®°—d* < |x—x"*| <R}, Bf={xeR": [x—x"*|<R*—d°}.
Here

1
R® = Re, where R € (0, 2) , d®*=o(e)ase—0.

We denote by .#¢ the set of all multiindices i € Z"~! satisfying

vn

K€ el,  dist(x'*,0Q) > ¢ 5

2.1)
The inequality in (2.I)) implies that the cube with center at x¥, side length &, being oriented along the
coordinate axes, belongs to Q whenever i € _#¢. This condition is technical and is needed only to
simplify the proof presentation.

We introduce the piecewise constant functions

I, xeQ\ U D, I, xeQ\ U B,
as(x) — icst bs(x) — ics¢ (2.2)
of, xe U Dg, B¢, xe U B,
ics¢ i€g¢

where of, B¢ are positive constants.
Now, let us define accurately the operator formally given by

L.
A& = —b—sdlv(aSV)



(subject to the Dirichlet boundary conditions on Q). By /¢ we denote the Hilbert space of functions
from L?(Q) endowed with a scalar product

(U, v) e = / u(x)v(x)bE (x) dx. (2.3)
Q
By n¢ we denote the sesquilinear form in /#°¢ defined by

neu,v] = /ag(x)Vu-Vﬁdx 2.4
Q

with dom(n¢) = H} (Q). The form ¢ is densely defined, closed, positive and symmetric, whence (cf.
[21}, Chapter 6, Theorem 2.1]) there exists a unique self-adjoint and positive operator .<7¢ associated
with the form né, i.e.

(L u,v) e =N¢u,v], Vu € dom(*?), Vv € dom(n®).

The domain of .7¢ consists of all functions u € H& (Q) with the corresponding restrictions belonging

to the spaces H?(D¥?), H?(Bf) (forall i € 7€), H? <Q \ U (D;S U Bf) > , and satisfying the following
ics¢
conditions on dD¥:

+ —_
(u)™ = (u)~ and (g:ﬁ) =of (g:ﬁ) , x€dDF\IBE,

du\ " du
+ — ()~ € _ €
() =wm)~ and o <8n> = <8n> , X€OJIB

where + (respectively, —) denote the traces of the function u and its normal derivative taken from the
exterior (respectively, interior) side of either dD? \ dB? or dB¢.

The spectrum o (.27¢) of the operator 7€ is purely discrete. Our goal is to describe the behaviour
of (/%) as € — 0 under the assumption that conditions (I.5)-(1.7) hold.

2.5)

2.2 The limit operator

Next we introduce the limit operator <7 ,.
Let r > 0. We denote by .7 the Hilbert space of functions from L?(Q) @ L?(T") endowed with the
scalar product

(U,V) e = /ul(x)vl (x)dx+r/u2(x)V2(x)ds, U= (u,up), V=(vi,m). (2.6)
Q r

Hereinafter, we use the standard notation ds for the density of the measure generated on I' (or any
other (n — 1)-dimensional hypersurface) by the Euclidean metric in R”.
For g < oo we introduce the sesquilinear form 1, , in 777 by the formula

NgrU,V] = /qu -Vde—i—qr/(ul —w)(vi—w)ds, U= (uj,uz), V=_v1,1) 2.7
Q r



with dom(n,,) = H} () & L*(T). Here we use the same notation for the functions u;, v, and their
traces on I
For g = o we introduce the sesquilinear form 1., , in .7 by the formula

Moo [U,V] = / Vuy - Virdy, U = (ug,u2), V = (v1,v2)
Q

with dom(nm’r) = {U = (ul,ug) € H& (.Q.) @LZ(F) T ’r =up on F}.
The forms 1, (¢ < ) and 1., are densely defined, closed, positive and symmetric. Then we
defined the limit operator <7, , by

the operator acting in 7] and associated with the form 1, ,, g <o, r >0,
the operator acting in .7, and associated with the form N, ,, g =00, r >0,
(—Aq) @ ql, acting in L?(Q) @ L*(T), g <o, r=0,
(—Ag), acting in L2(Q), g=o0, r=0,

Ay =

where Ag is the Dirichlet Laplacian in Q with domain H>(Q) N H} (Q), I is the identity operator.

2.3 Spectrum of the operator <7, ,

Let g < oo, 7> 0. If g = 0 then o7, , is a direct sum of the operator —Aq and the null operator in L*(I),
implying o () ,) = 6(—Aq) U{0}. In the case ¢ > 0 one has the following lemma.

Lemma 2.1. Let g > 0. Then the spectrum of the operator <7, , has the form

o(yr) ={q}V (UM;U) U (UMN) -

keN keN

The points kki,k € N belong to the discrete spectrum, q is a point of the essential spectrum and

0<7Ll+§7g§...gx,jg...kjmq<zfgaz*g...gx,;g...kjwoo. (2.8)

We will prove this lemma in Subsection[3.3]

It is easy to see that the operator %%, , (r > 0) has compact resolvent in view of the trace theorem
and the Rellich embedding theorem. Therefore the spectrum of %, , is purely discrete.

Finally,
0(0) = 0(—Aa)U{q}.

Remark 2.1. Let r > 0. It is easy to see that
- if g < oo then
A is an eigenvalue of 7, ,, U = (u1,uz) is the corresponding eigenfunction

a4 Ir and (A,uy) is an eigenpair of (1.8).

<~
us q—l




- if g =oo then

A is an eigenvalue of e, , U = (u1,uz) is the corresponding eigenfunction

<= uy = uy|r and (A,uy) is an eigenpair of (1.10).

Notice, that problem (L.10)) is a formal limit of problem (1.8) as g — oo; that justifies the notation s ,.
Also, setting r =0 in (1.8)) or (1.10), we arrive at the eigenvalue problem for the Dirichlet Laplacian
in Q; that justifies the notation <7, .

2.4 The main results

In what follows speaking about the convergence of spectra we will use the concept of Hausdorff
convergence.

Definition 2.1. The Hausdorff distance between two compact sets X,Y C R is defined as follows:
disty (X,Y) := max {sup inf |x — y|;sup inf |y — x| } .
xeXx ye¥ yey ¥eX
The sequence of compact sets X¢ C R converges to the compact set X C R in the Hausdorff sense if
disty (X®,X) = 0as e — 0.
Now, we are in position to formulate the main result of this paper.

Theorem 2.1. Let [ C R be an arbitrary compact interval. Then the set 6 (/%) N1 converges in the
Hausdorff sense as € — 0 to the set () NI.

Remark 2.2. [t is straightforward to show that the claim of Theorem[2.1]is equivalent to the following
two properties:

if A* € o(*) and lirr(l)}»8 = Athen A € 6(,,), (A)
£—
forany A € 6(<,,) there exist A® € 6 (/%) such that lirI(l)lg =A. (B)
e—

Before starting the proof of Theorem[2.1]we obtain an estimate concerning the behaviour of the k-th
eigenvalue of «7¢. Note, that in the case ¢ > 0, r > 0 this estimate follows easily from Theorem
and Lemma

Theorem 2.2. One has

sup <hmk§> <q, (2.9)

keN £—0

where {A{ }ien is the sequence of eigenvalues of the operator o/ written in ascending order and
repeated according to multiplicity.



Proof. Below we assume that g < oo, otherwise the theorem is trivial. One has the following min-max
principle (cf. [15] §4.5]):

Af = inf <sup ns[v,v}) (2.10)

LeZ \ oveL ||V||,2yfe

Here %, is the set of all k-dimensional subspaces of dom(n¢) = H} (Q).
We fix k arbitrary pairwise different indices ijf € .#%, j=1,...,k and introduce the following con-
tinuous and piecewise smooth functions:
1, x € B,
J
VE(x) =< G(lx—x"]), x¢€ D,
J

0, otherwise.

where the function G : R — R is defined by

p27n _ <R8)27n -

G(p) = (RE —de)zn—_ (Reyz—n> "7
Inp —InR® 5

n=2.

In(R€ —d€) — InRE’

We denote
L' :=span{y%, j=1,...,k}.

Obviously, L' C H}(Q). Moreover, since supp(v§ ) Nsupp(v,) = @ as ji # jo, we conclude that
dim(L') = k. Therefore L’ € ..
Taking into account that d = o(€) we obtain the following asymptotics as € — 0:

D ] = af(n—2) (RE—d®> "= (R*™) '@,.1, n>2| aR" '@, 1"
7 of (InRE —In(RE —d€)) ", n=2 d¢ ’
V|20 = BER"€" 50, + O(d°e™ "),

where @, is the area of the (n — 1)-dimensional unit sphere. Taking into account that @,_; = nsz,
and using (1.5), we obtain easily:

nep5 vl on atn

V55 Racepe (1+ﬁ(%)) " Rdcepe (1+q8ﬂﬁ(1))

~qas€&—0. 2.11)

aé‘

Since the supports of v$ are pairwise disjoint, (2.1T) holds true for any arbitrary v € L' instead of v5.

Finally, using (2.10) and (2.11]), we obtain

n[vv;

~Y
q.
vel! HVH?%’S

The theorem is proved. 0

Corollary 2.1. For each k € N Af — 0 as € — 0 provided q = 0.

10



3 Proof of Theorem 2.1]

We present the proof for the case n > 3 only. For the case n = 2 the proof needs some small modifica-
tions (for example in (3.22) the function |x — x¢|>~" has to be replaced by —In |x — x"€).
3.1 Preliminaries

In what follows by C,C1,C;... we denote generic constants that do not depend on €.
By (u)p we denote the mean value of the function u(x) over the domain B:

1
Ws =15 B/ u(x) dx.

If £ C R" is an (n— 1)-dimensional surface then the Euclidean metric in R” induces on X the Rie-
mannian metric and measure. As before we denote by ds the density of this measure, and by (u)y the
mean value of the function u over X, i.e (u)y = ‘lf‘ Juds, |X| = [ds.

T T

We introduce the following sets (the sets Df, Bf were introduced above in Section :

. 0 =0\ U (DfUE),
ic s

. Sf’+:{x€R”: lx — x| =R},
o §iT ={xeR": [x—x"¥|=R*—d},

o Yi={x=(x1,...,00) ER": |xx— (x")| < §, k=1,...,n}, where (x¥); is the k-th coordi-

nate of x"€,
o ¥ =Y NTI.
One has
Urice, (.1
i€J€

r\ (JTIi=0 (3.2)

UTicr, lim
e—0 icre

i€s€

(recall that the set .#€ consists of i € Z"~! satisfying x'¢ € " and dist(x"¢,0Q\T) > z—:@, whence
one can easily obtain (3.1)-(3.2)).

By uf,u5,...,uj ... we denote a sequence of eigenfunctions of /¢ corresponding to the non-
decreasing sequence {A{ }ren of eigenvalues and normalized by the condition

(ug,us) e = 8.
The following lemmata will be frequently used throughout the proof.

Lemma 3.1. One has the following estimates: Yu € H' (Y¥)

2
< Ce¥"||Vull3e, (3.3)

(e = (urs

i

2
< Ce¥7"||Vu|%e. (3.4)

(gt = ()

1

11



Proof. Using a standard trace inequality and rescaling arguments one can easily obtain the following
inequality:

H"Hiz(sfq <C (871Hv||i2(31§) +8||Vv||i2(35)) , Vv e H'(BY). (3.5
We set v :=u— (u)pe. Using (3.5), the Cauchy-Schwarz inequality and the Poincar€ inequality
o= (e 2 ey < CE2 Vil
we obtain:

<”>sfv* — (u)pe

_1
s

<C (s’”Hu — (u)pe HiZ(B;?) + 827”‘“7““%2(&8)) <G 824!“‘7””%2(3;?)

1

<Joe |

i

2
HVHLZ(S?'i)

and (3.4) is proved.
In the same way we prove the estimates

2
< Ce¥7"||Vul)3e,

[ ()ge = (udys

2
< Ce¥"||Vull3e, (3.6)

[(hrs — Gy
which gives (3.3). The lemma is proved. O
Lemma 3.2. One has the following inequality: Vu € H'(D¥)

2
< Cd®e" || Vul 72 - (3.7)

<”‘>sf~+ - <”>sf‘*

Proof. By density arguments it is enough to prove this lemma only for smooth functions.

We introduce in Df the spherical coordinates (p,®), where p € (R® —d®, R?) is the distance to x",
O are the angle coordinates. By S,_; we denote the (n — 1)-dimensional unit sphere, by d® we denote
the Riemannian measure on S;_;. One has

RE
.0k ~d.0) = [ Stip.0)dp.
Rs_ds

We integrate this equality over S,_; (with respect to ®), divide by |S,—i| and square. Using the
Cauchy-Schwarz inequality and taking into account that d® = o(€), R® = Re, we obtain

R 2
2 1 du
e, e-| = —(p,0)dpd®
<M>Sl_+ <M>Sz |Snl|/ / ap(pa )p
Su_1 RE—d®
RE 5 ) RE ap
u
<cC —(p,0®)| p"'dpd® | - /
< / / p (p,®)| p* dp 1
n—1 RE—d® € _d¢€
1 1 2 1-n 2
<1 (s - ey ) IFelon < Cote! 190
The lemma is proved. 0

12



3.2 Proof of Theorem [2.1} the case g < oo

Recall that the claim of Theorem [2.1]is equivalent to the fulfilment of properties (A)-(B) (see Remark
2.2).

3.2.1 Proof of property (A)

Let A* € (/%) and A* — A as € — 0. We have to prove that A € 6(427 r)-
We denote by k(&) the index corresponding to A (i.e., A = k(g ))- By ut = uk(s) € H}(Q) we
denote the corresponding eigenfunction. One has

U= [l |l = 072 00e) + X N0 lZ20pe) + B Y Ve 172 e (3.8)
IS IS
lgzng[ueﬂg}:HV“gHiZ(Qs)‘FO‘ Y ||V“8Hi2(1)§)+ Y ||”8”22(Bi€)- (3.9)

i€yt i€yt

In order to describe the behavior of u as € — 0 we need some additional operators. It is known (see,
e.g., [27, Chapter 4, §4.2]) that there exists an extension operator IT¢ : H!(Qf) — H!(Q) uniformly
bounded with respect to &, i.e. the following conditions hold:

[[T{u) (x) = u(x), vx € QF,

ITCull 10y < Clullsr e (5-10)

where the constant C is independent of both « and €.
Also we introduce the operator IT§ : L2(UB¢) — L*(T):
i

(u)ge /1€, x€T¥,
[Bu(x) = ’
2 0, xeN\UTI¥.

Using the Cauchy-Schwarz inequality and the definition (1.7)) of »¢ we obtain

e 72y < 7 Be| /| WPdx<c Y /ﬁ Ju(x)[* dx < Cy [[ul e (3.11)
lefs ‘ tEJe

Remark 3.1. As we already mentioned in the introduction, the parameter q characterizes the “strength”
of coupling between QF and the union of the balls B. If g = oo the coupling is strong: given a family

{w* e H'(Q)},_, satisfying
néwe,wf] <C (3.12)

one can observe that the behaviour as € — 0 of w® on |JBS is determined by the one in Qf. Namely
i

(cf. B99),

i € (TTEEN | TTEw,E
l%”ﬁ(nlwﬂr Maw L2(T)

On the other hand, if q is finite then the coupling is weak: for an arbitrary smooth functions wi, wy
on I there exists a family {wE cH! (Q)} e~ Satisfying (3.12) and

(I we)|r = wi, TEWE — wo in L2(T) as € — 0.

The function w® can be constructed, for example, by the formula (3.27) below.
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In view of (3.8)-(3.11) the functions IT¢x¢ and IT5u® are bounded in H'!(Q) and L?(T'), respectively,
uniformly in €. Then, using the Rellich embedding theorem and the trace theorem, we conclude that
there is a subsequence (for convenience, still denoted by u,) and u; € H'(Q), u» € L*(T") such that

[Eu® — u in H(Q), (3.13)
e—0

eut — uy in L2(Q), (3.14)
e—0

IEu® — uy in L2(I). (3.15)
e—0

I5uf — uy in L2(I). (3.16)
e—0

(here we use the same notation for the functions u®, u; and their traces on I'). It is clear that IT{u® =0
on dQ, whence using the trace theorem we arrive at u; = 0 on dQ, i.e. u; € H(} (Q).

Now we consider separately two cases: u; 7 0 and u; = 0.

Case 1: u; # 0. We will prove prove that in this case A is an eigenvalue of the operator <7, , if
r > 0 (respectively, of the operator <7 o if = 0) and U = (u, rl/ 2uy) (respectively, U = (uy,uy)) is
a corresponding eigenfunction.

For an arbitrary w € H{ (Q) one has

/a‘g()c)Vu“g (x) - Vw(x) dx = 7L‘€/b£ (x)u® (x)w(x) dx. (3.17)
Q Q

Our strategy of proof will be to plug into some specially chosen test-function w depending on
€ and then pass to the limit as € — 0 in order to obtain either the equality 27, ,U = AU (r > 0) or the
equality <7, oU = AU (r = 0) written in a weak form.

For constructing this special test-function we introduce several additional functions. Let ® : R — R
be a smooth function such that ®(p) =1 for p < 1 and ®(p) =0 for p > 2. For i € #¢ we denote

|x — x| 4- € —2RE®
¢ (x) :q>< %_Ri . (3.18)
It is clear that
of =0inR"\ | J¥*, ¢f=1inDfUBE, (3.19)
S
supp(D"@f) C Y\ (Df UB}) (m#0), (3.20)
17 C
|D 1(Pi8|§m, m:1,2,3,... (321)
By vf(x) we denote the following function:
1, |x — x¥| < RE —d¥,
V() = { e +BS, RE—df < |x—x'f| <R, (3.22)
0, R® < |x—x"],
where
1 1 \! AE
A= <<Re g <R8>"2> B ey 329
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Taking into account that d = o(€) one gets the following asymptotics as € — 0:

e (RS)n—l

R (3.24)

It is easy to see that v, i € ¢, are continuous and piecewise smooth functions. Using (I.5)-(1.7),
(3.24) one can easily obtain the following asymptotics as € — 0:

1

1 _
/as\Vvﬂzdx — 0 (A% (n—2) ((Re g (Rg)n_z) Oy ~ gErien ! (3.25)
Yig
/]vﬂzbgdx = BB |+ O(d®e" 1) ~ rfe" L (3.26)
Yis

Finally, taking arbitrary functions w; € Ci’ (), wo € C*(T"), we construct the following test func-
tion:

. w xivs .
W =m0+ F ) -0 et + Y00 (M5 ). e
ics¢ icy¢ \/76
It is clear that w® € H} (Q).
We plug w = w®(x) into (3.17). This gives, using (3.19)-(3.20),
/Vu -Vwidx + Z / Vut - ( ) W]) (pf) dx
YE\DSUBS
I Y
W2(xi’£) i€ ) £y, £ €
+ —wi (x"%) /(x Vu® - Vvidx
iezjs < \/’E e 1
Ty
=Af (ﬂ/uewldx—l— Z / u® (w1 (x"€) —wy) @F dx
£ iejs £ t £
N _ YE\D{UB; g
Is
Wz(.xi7£)
+ /ugwgdx—i— /[3‘€u‘g dx |. (3.28)
162]5 leﬂ€ \/’TS
I I

Let us study step-by-step the terms Ij, j=1,...,7
1) Since lir% |Q\ Qf| =0 and [|[VIT®u®||;2(q\q¢) < C, we obtain, using (3.13),
E—

L = /V(Hfug) -Vwdx — / V(IT{u®) - Vw; dx —>O/Vu1 -Vw; dx. (3.29)
£—
Qe
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2) Using the estimates
V(@) —w)ef)|<c, ) &=} In<|C
i€y i€y

(the first one follows easily from (3.19)-(3.21)) and taking into account that [|Vu®|;2qey < C we
conclude that

2
P < Ve 2 g

U

€€

<C Y e"<Ce. (3.30)
ic.s¢

3) Integrating by parts and taking into account that Av¥ = 0 in Df we get:

i€ st

WZ(xi’g) i€ € / v € / 9vi £
I == - l’ 71‘ d - 71. d
3 Z < P wi(x"%) | a + &\x—x”g\u S 8|x—x’ve|u s
| 5

— @A, 1 (n—-2) ¥ (wl(xi’g)—w> (<u8>s_£7+—<u€>sfﬁ) (3.31)

i€yt \/’Tg '
Recall that by m,—; we denote the volume of the (n — 1)-dimensional unit sphere, and A? is defined
by (3.23).

We introduce the operator Qf : C! (') — L?(T") by

w(x€), xel¥,

€ —
ow=10, xel\ U It (3.32)
i€t
It is easy to see that
vYwe CH(): Q°w — win L*(T). (3.33)
e—0
We obtain from (3.37):
L= 00,1 (0-2) ¥ (om0~ 25 ) (00}~ ) + 500
3= -1 Z, 1 N 14T B
ofA w1 (n—2) e 1 . 1
= -— M{u® — —=I5u® | ds+ 6 3.34
o 1_/ O%w \/,TsQ %) (u N Sut ) ds+6(g), (3.34)

where the remainder (&) vanishes as € — 0. Namely, applying (3.3) for u := IT{u® and (3.4) for
u := u® and using the asymptotics
(XSAs(J)n,1 (l’l — 2)
81’!71

~gErfas e — 0 (3.35)
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following from (3.24)), we obtain (below by N(€) we denote the cardinality of of the set .#¢; clearly,
N(¢) satisfies (I.4)):
)

<Cie(g ) L (VI e + V0 e ) < Coe.
ics¢€

W) = (e

1

ser<c(“2) we) ¥ (jug - miue]

Thus we obtain, using (3.13), (3.16), (3.33)-(3.35)

OleAs(J)n,1 (n — 2)

1 1
= Ewy — € €& _ € €
I; = p /<Q wi \/,TeQ wz> (Hlu \/’Tgﬂzu > ds+o(1)
r

— / (qrmwl — g\/ruywy — q\/ruswi —I—qung) dsase —0. (3.36)
r

4) Similarly to Iy we arrive at

I4—>/u1w1dxase—>0 (3.37)
Q

5), 6) In view of (T.3) and since | (w; (x"¥) —wy) @f| < Ce and |w?| < % in |J Df we obtain
i€ gt

D¢ degnfl
|Is—|—16‘2§C Z (32|Yis\(DfuBf)]_|_|é|> Z ||us||%2mg\3ig) < Z <£n+z+ . >
icg¢ r ics¢ je.g¢e r

aS

(@®)

gcz(g3+ 2q8>%0a58%0. (3.38)

7) Using the equality |Bf| = (R® —d®)"s, ~ R"s5,€" (recall that by s;, we denote the volume of
n-dimensional unit ball) we get:

— ﬁg‘Bﬂ Z < 8>B w2(xi’8)8n—l o ﬁg‘Bﬂ

I7 U )pe =
—1 i / -1
" e g€ ré enre

/ngsQewzds% /uzwzds. (3.39)
r r

Combining (3.28)-(3.30), (3.36)-(3.39) we get

/Vm -Vwidx+ / (qru1w1 — g\ runws — g\/ruswy +qu2w2) ds
Q r

=2 /u1w1dx—|—/u2wzds , Vwy ECSO(.Q),WQ ECW(F). (3.40)
Q r
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By density arguments equality (3.40) is valid for any arbitrary w; € H} (Q) and w, € L*(T).
If r > 0 then (3.40) is equivalent to the equality

NgrlU W] = A(U,W) 5, where U = (uy,r"2u3), W = (wi,r~1?wy),
whence, obviously,
U e dom(<,,), @y,U=AU.

Since u; # 0, A is therefore an eigenvalue of the operator .7, .
If » = 0 then (3.40) implies

U= (I/tl,uz) S dom(%p), %70[] = AU,

i.e. A is an eigenvalue of the operator .7, .

Case 2: u; = 0. We will prove that in this case A = ¢ (recall that for every r > 0 one has g €
o(Ay,r)).

We express the eigenfunction u? in the form
uf =18 — g% + 6%, (3.41)
where
V=Y @)pevi, &= ), O uf) e, (3.42)
i€ k=1

and 6% s a remainder term. Here the functions v are again defined by (3.22)-(3.23). It is clear that
v € H}(Q) and g¢ € dom(7¢). Also we note that

vE = (u¥)ge in B, v =0in QF. (3.43)

At first we obtain some estimates for the eigenfunction u®. For any u € H'(Y¥) one has the estimate
[22, Lemma 4.3]:

Jule < (@Il 0 + £ 1V2 o gy + & e ) 344

Recall that d¢ = o(€) and (d€)? = o(«®). Using this and (3.9), we obtain from (3.44):

lim ) ||u8||iz(D;_g) =0. (3.45)

8%01.6]5

Finally, using the Poincaré inequality and (3.9), we obtain:

Y U = ()72 ey = O (%) as € = 0. (3.46)
ics¢ !
Since e3¢ = &(1) (in view of (I.7)), (3.46) implies
Y, BElluf — (uf)pe | o ey = O(€) as € = 0. (3.47)
IS
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Using the fact that

6l z2(0e) < IT3ul|2@) = Ml llz2(e) = O (3.48)

and (3.8), (3.49), (3.47) we obtain

2 ‘B | 2
L= [luf|Zpe = ) [(u)pe| |BFIBE+o(1) = ﬁg Y |(W®)pe| € +0(1) (e—0),
icy¢ ics¢
whence, taking into account that €3¢ 1B/ e" % ~ r¢ (here we use d® = o(g)),

2
<Y (u8>3;_e’ el Tase 0. (3.49)

i€ st

Using (I.3)-(T.7), (3:23), (3:26) and taking (3:49) into account we obtain the following estimates:

2

e = ¥ /af(x)ywﬂ?dx W) | ~qase—o0, (3.50)

ic g€ e

Yi

2

Ve = Y /bg(x)|vf|2dx (u)ge| ~lase—0, 3.51)

icy¢ e
€112 < D8 € 2<C S(ds)z £ € n—1 0 0 352
Z v ‘|L2(D§)_| i|z (u >B§ s Cig o€ r Z (u%)pe| €' —0ase—0. (3.52)

i€ g€ i€y¢€ €€

From the Bessel inequality and the orthogonality of eigenfunctions (namely, (u®,u;) e = 0 pro-
vided k < k(&)) we obtain the following estimates for the function g*:

k(e)—1
Hg| Z ’V “k %E‘ = Z ’ —u* ”k %E‘ <HV 8||§f€a (3.53)

k 1 k(e)—
n°lg" &%l = A ) e = Z l/f\(vg—ueaui)%slzSKSHVS—M‘SH%- (3.54)
k=1

PaN
™
=
|

T
I

In view of (3.43), (3.43), (3.47), (3.48), (3.52)) and the fact that u; = O one has

[l —=vE e = 6] 72006y + X e =VElTapey + X BEllu® — () e[z pe) — Oas € = 0 (3.55)
ic g€ i€yt

and therefore, by virtue of (3.:53)-(3-34),
lg® 120 +n°[s°,8] — O as e = 0. (3.56)

Now let us estimate the remainder 6¢. We denote 7* = v¢ — g%, Since 7* € {uf,... ,u,‘j( . _I}L, one
has by the well-known variational characterization of eigenvalues (see, e.g., [35])

€
et uf) =A% :min{n [u,u]; (u,uf) pe =0 as k= 1,...,k(8)—1} <

el e
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or equivalently, using u® = v + 6%,
ne8%, 85 < —2n[v°, 8%+ ne [, ] (7% — 1) (3.57)

In view of (3.50), (3.51)), (3.56) the second term on the right-hand-side of (3.57) tends to zero as
€—0:

ne[e, 5] (]| ;7 — 1) — 0 as € — 0. (3.58)
Now, let us estimate the first term. One has
N[, 6% = n°pe,u® =]+ n°)f, g - n°[s", 6°]. (3.59)
Integrating by parts and using (3.22), (3.23) and (3.43)) we get:

nepeut ==Y /a8va-V(u8—v8)dx
i€yt
DS

A% V¢
=l ¥ | [ gpds— [ gt~ whs)as
ics¢ &t s

= A% @, 1 (n—2) Y (uf)pe <_<“£>Sf‘+ + <M£>Si£.f — (u£>31§) . (3.60)
i€t

Then, using the Cauchy-Schwarz inequality, (3-13), (3.33)), (3.49), Lemma[3.T]and the fact that u; =0,

we obtain from (3.60):
2}{i§€<‘<u8>sf,+ 2)}

2 2 2
 [{u) e — (T )
<G (||Hfu8||i2(r) +3HVH§M€||%2(UYI_S) +8||V”8Hi2(uzsf)> —0ase—0. (3.61)

Further, in view of (3.50), (3:36),

2

| g = e

i
i

<”£>B?

i

n°0F,u” =) < C(atA%)? { )

i€ g€

<alrre ¥ ([
icst

() g ()

lim n€ Ve, g°] = 0. (3.62)
=0

And finally, using (3.9), (3:30), (3.36), we obtain:

In®[e®, %] < [n®[s%, uf][ + n®[e% V]| +n°[g%,&°]| = Oas € — 0. (3.63)

It follows from (3.39)), (3.61)-(3.63) that
lim n€[#*, 6¢] = 0. (3.64)
e—0

Combining (3.57), (3:38), (3.64) we conclude that
lim n¢[6%,6%] = 0. (3.65)
e—0

Finally, using (3.9), (3.41), (3.50), (3.56)), (3.63)), we obtain:

A =1im A% = lim n®[u®,u®] = limn®[v*»¥] =q.
e—=0 e—=0 £—0

Property (A) is completely proved.
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3.2.2 Proof of property

Let A € o(4,,) if r > 0 (respectively, A € o(7,) if r = 0). We have to prove that
there exists a family {A® € o(&/®)},: A* > A ase —0 (3.66)
or, equivalently,
V8 >0 3Je(5) such that Ve < €(8): (A —8,A+0)No(F°) # .

For proving this indirectly we assume the opposite. Then a positive number § and a subsequence
(for convenience still indexed by €) exist such that

(A-86,A+d6)No(F*)=0. (3.67)
Since A € o(,,) (respectively, A € 6(,0)) there exists F = (f1, f») € L*(Q) & L*(T'), such that
F ¢ range(<, , — AI) (respectively, F ¢ range(.a7, 0 — Al)). (3.68)

We introduce the function f¢ € 7% by

filx), x € QF,
€)= J 0, xe U DE,
f(x) iere |

#<f2>1"f; xEBf.

Here f5(x) = \/rf2(x) if r > 0 (respectively, f>(x) = f2(x) if r = 0).
Taking (1.7) into account we obtain:

1 2
€150 = Hfl\liz(geﬁr; Y. BB < fillz ) + 1720y < CIFIZ @ m)-

IS8

(£2)re

By virtue of A is in the resolvent set of 7. Hence there exists a unique u® € dom(</?)
satisfying

AEUE — Auf = fs
and the following estimates are valid:
[l < 8715 |lee < C, (3.69)
nE[uE, uf] = A|Juf | 3pe + (FE,u°) e < Co (3.70)

Estimates (3.69)-(3.70) imply the existence of a subsequence (again indexed by €) and u; € H} (Q),
u € L*(T) satisfying (3-13)-(3-16).

For an arbitrary w € H'(Q) one has the equality:

/afvuf-dex—/l/bfufwdx: /befswdx. 3.71)
Q Q Q
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We plug into (3.71)) the function w = w®(x) defined by (3.27) and pass to the limit as € — 0. Using
the same arguments as in the proof of property (A) we conclude that that u;, u; satisfy

/Vm 'ledx—i-/(qrulwl — g\/rupwy —q\ﬁulwz—i—quzwz) ds— 24 /ulwldx+/u2w2ds
Q

= /f]W]dX+/f2W2dS, (3.72)
Q r

for an arbitrary w; € C5(Q), wa € C*(T') (and by density arguments for any arbitrary w, € H} (Q),
wy € L2(T)). It follows from (3.72) that

if r>0then U = (u;,r~"%up) €dom(«7,,) and 7, U—AU=F,
ifr=0then U = (u1,us) € dom(e/,0) and o, 0U—AU=F.

This contradicts to (3.68). Thus there is A¢ € 6(2/¢) such that lirr(l)its = A. Property (B) is proved
E—
which finishes the proof of Theorem [2.1] for the case g < co.

3.3 Spectrum of operator o7, , (0 < g < oo, r>0)

This subsection is devoted to the proof of Lemma [2.1} First we study the discrete spectrum of the
operator 7, .. Let A # g be an eigenvalue of <7, , corresponding to the eigenfunction U = (u1,us) €
J¢.. This means that

/Vul -VWd)H—qr/(ul —up)(vi —wy)ds
r

=1 /ulﬁdx+r/u272ds , YW= (vi,12) €dom(n,,). (3.73)
Q r

One can easily get from (3.73) (taking first the test-function (0,v;) and then (vy,0)):

qui

) and

U = (u1,uz) € dom(ny,,) satisfies 3.73) <= ur =

Agr

Vuy - Vyidx —
/ul Vi —l

uvrds = A/ulﬁdx, Wi € HY(Q). (3.74)

Let i € R. By n# we denote the sesquilinear form in L?(Q) defined as follows:

n*(u,v] :/VwVde—u/qus, dom(n*) = H}(Q).

We denote by &7* the operator associated with this form. Formally the eigenvalue problem «7*u = Au
can be written as

—Au = Au in Q\T,

[u] =0 onT, (3.75)
[a”} uu=0 onT, '
u=20 on dQ.
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The spectrum of @7* is purely discrete. We denote by

M) < Ao(0) < <) < .. oo
the sequence of eigenvalues of o7 repeated according to their multiplicity. By {u;(tt)}7, we denote
the corresponding sequence of eigenfunctions satisfying (ux (), ui(1))2(q) = -

We denote by 0,(.%7, ) the set of eigenvalues of the operator <7, . It follows easily from that

o,( )\ {q} = {l ER: A=X(n) = qrqf“ for some 1 € R and some k € N} (3.76)

We also introduce the operator .7? acting in L?(Q) being associated with the form n?, which is
defined as follows:

dom(n?) ={uc H}(Q): u=0onT}, nD[u,v]:/Vu-Vvdx.
Q

We denote by {l,? }e_, the sequence of eigenvalues of .o D wyritten in increasing order and with ac-
count of their multiplicity.
Below we establish some properties of the spectrum of the operator .o7/*.

Proposition 3.1. One has for each fixed k € N:

I. the function A (-) : R — R is continuous and monotonically decreasing, 3.77)
I X(p) — AL as u — —oo, (3.78)
. A(1) — —occas L — oo. (3.79)

Proof. I One has due to the min-max principle (see, e.g., [[15])):
Hlu,u]

)

Ax(ft) = min max ,k=1,2,3... (3.80)

Le.%, uel Hu||]2d2(Q

where %}, is the set of all k-dimensional subspaces of Hé (Q). Then the monotonicity follows easily
from (3.80) and the monotonicity (for fixed u) of the function p — N [u, u].

Now, let us prove continuity. Let [u, ;] C R be an arbitrary compact interval. We choose some
T > 0 such that

1
T < 5 (3.81)

(if u; < 0 we can choose an arbitrary T > 0). By a standard trace inequality there exists C; > 0 such
that

Vue H'(Q): (lullf2py < T Vulf2q) + CellullZ2 - (3.82)
Now, let u, fi € [Uo, 1], u < fi. We denote for abbreviation:

) g W (3.83)
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In view of (3.81) a and f are positive.
For each u € H} (Q) \ {0} we obtain, using (3.32),

(1- a)HVMHiZ(Q) + (ot — N)H”HiZ(r)
~ ~ (K]
<(I—o+(app—p)7) HVMH%}(Q) +(ap _“)CTHMH%}(Q) == ﬁH“”iz(Q)

or, equivalently,

nH[u, u) <an“[u,u]+ﬁ. (3.84)

Wy~ Tl
It follows from (3.80) and (3.84) that for each fixed k € N
Ae(p) < ade(f1) + B,
Using (3.81), and the monotonicity of A(-), we obtain:

T).k([:l)—i-cf s
- (L—p)

A Cr . )
= M(u — 1) <2(tA(to) +Co) (L — 1) (3.85)

0 < A(p)— () <

which implies the desired continuity on the interval L, it;]. Since this interval was chosen arbitrarily
we obtain the continuity on the whole axis.

1I. 1t is easy to see that

dom(n?) = {u CH)(Q): supn“[u,u]}
<0

and
nP[u,v] = n*[u,v] for u,v € dom(n?).

Then, using the monotonicity (for fixed u) of the function pt — N*[u,u] and Theorem 3.1 from [34]],
we conclude that for each f € L*(Q)

(D)7 f = (AP +D)7 fin L2(Q) as yu — —oo. (3.86)

Moreover, since the operators (&/* +1)~! and (&P +1)~! are compact and (/" +1)~! > (&7 +
1)~ >0 for u; > o, by virtue of [21, Theorem VIII-3.5] (3.86) can be improved to the norm conver-
gence

(" +D7" = (P + D7 = 0as — —oo,

implying the convergence of eigenvalues (3.78).

Il Let m € N. Let B, j = 1,...,m be the open balls with centers at some points z; € I" and with
radius b. It is supposed z; and b are such that

B;CQ, j=1,....mand BiNB; =@, i # j. (3.87)
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Let v(x) be an arbitrary smooth function such that v(x) > 0 for |x| < b and v(x) = 0 for |x| > b. We
denote v;(x) = v(x — z;). Since supp(v;) C B, we have v; € H} (Q). We denote
L =span{vy,...,vn}.
It is clear that dim(L) = m, and thus using (3.80) we get
u
Aon(1t) < max -84 (3.88)

L Tl g,

LetO 75 il € L maximize the quotlent on the right-hand-side of (3.88). It can be represented in the form
Z ojvj, where a; € R, o0 := Z Oc > 0, and hence

j=1
2 2 12 2 <12 2
22 (@) = ol lzaunyy N2y = @lVliz(<tim—op>  IVllza@) = EIVVIZ2 (g0 <oy
Then, taking into account that ”VHiz({\be}) >0, ||v||L2 (x| <m0y > 0> We get

HVIZH%Z(Q) _“'Hﬁ”%za—)
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A (1) =

< A—uB, where B > 0. (3.89)

Then (3.79) follows directly from (3.89). O

Now, with Proposition|3.1|we can easily establish the properties of the set on the right-hand-side of
(3-76). We denote by € the curve

¢ =1(A Rzzx:q“}.
{weria— 2

It consists of two branches €. = {(A,u) € € : £(u +gr) > 0}. We also introduce the curves 6} =
{(A.1) ER?: 2 = A(u)} kEN.
It follows easily from (3.77)-(3.79) that

e For each k € N the curve %} intersects the curve %, exactly in one point. We denote the corre-
sponding value of A by 4,".

e We denote by ko the smallest integer satisfying 4,” < g and 42| > g. Then for each k € N the
curve 6y, -+« intersects the curve ¢ exactly in one point. We denote the corresponding value of
A by 2,,; . For k < kj the curve %} has no intersections with the curve €.

e (2.8) holds true.
Thus, with (3.76)), we conclude that
op(Zy)\{q}t ={A k=123 U{A" k=1,2,3..}. (3.90)

Since A," — g as k — oo, we have g € Opy(,,+). To complete the proof of Lemma we have to
show that if A # g then A & Gey(97 )
We denote by % the following operator acting in .77;:

dom(%) = H} (Q) ® L*(T), BU = (0,qu;|r), where U = (u1,us).
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In view of the embedding and trace theorems the operator %(.o7, , + I )~!is compact, that is 4 is an
<, -compact operator. Thus (see, e.g, [[19, Theorem 1.9]) the operator

A = gy + B
with dom(sz% :=dom(<,,) is closed and
Gess(Fy.r) = Ouss( ),
where the essential spectrum of non-self-adjoint operator </ is understood in the following sens
6635(457) =C\ {QL : range(;sz— Al) is closed and dim(ker(mfN— Al)) < oo} . (3.91)
Moreover in view of [[19, Theorem 1.6] A belongs to Gess(£7) iff

EI{U" e dom(J)}k such that U] = 1, U* = 0in %, /U* —AU* = 0ask —w. (3.92)

Suppose that A 7 g and let us prove that A & Gegs(o/ ) We assume the opposite. Then there exists

a sequence U* = (u K k) e dom(;zf ), k € N satisfying (3.92). Consequently, for an arbitrary sequence
VE= (k) € HI(Q) ® L*(T) satisfying ||V*|| .« < C one has

(AU —AU* V¥) o — O ask — oo
or, equivalently,
(Yl , V) 20y + qr(h V) 2oy — qr(ub, ) 2oy + qr(usV5) 12
— A(uy V1) 12() — Ar(us,v5) 2y — O as k — oo, (3.93)
Plugging into (3:93) V¥ := (0,u%) and taking into account that A # g and r > 0 we obtain that
k= 0as k — oo, (3.94)
Then, taking in (3:93) V¥ := (v,0), where v is an arbitrary function belonging to H/ (Q), we obtain:
(uk vy — qr(ug,v)Lz(r) - l(u]]‘,v)Lz(Q) — 0 as k — oo, (3.95)

where (u,v) := (Vu, Vv)2(q) +gr(u,v) 2. In view of the Friedrichs and trace inequalities the norm

l|u|| := (u,u) is equivalent to the standard Sobolev norm in HJ (). Then, using (3.94) and (3.93) and
taking into account that ||u}|| 12(@) < C, we conclude that

|(uh,v)] < C, Wy e Hy(Q).
Then by the Banach-Steinhaus Theorem

(ul,u1><C

k .
| is compact

ie. {u’{}k is bounded in H'(Q). Thus by the Rellich embedding theorem the sequence u
in L2(Q), which, together with (3.94), contradicts to ||U¥|| - = 1, U¥ — 0 in /7.

Lemma [2.1]is proved.

IThere are several ways how to define the essential spectrum for non-self-adjoint operators. All the definitions can be
found, for example, in [19]] (for self-adjoint operators they are equivalent). One of the possible ways is to define it by
(3.91). The advantage of this definition is twofold: the so-defined essential spectrum can be characterized via singular
sequences (see (3.92))) and it is stable under relatively compact perturbations.
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3.4 Proof of Theorem 2.1} the case g = oo
Let A¢ € o(«/¢) and A¢ — A as € — 0. We have to prove that
A€ o(d,)ifr>0, and A€ o(dg)if r=0.

Again by u® we denote the eigenfunction corresponding to A€ and satisfying (3.8)-(3.9). In the same
way as in the case ¢ < oo we conclude that there exists (u,u2) € H} (Q) @ L?(T) such that (3.13)-(3:13)
hold.

For an arbitrary w € H} (Q) one has the equality (3.17). Let wy be an arbitrary function from Cg ().
We plug into (3.17)) the function w = w® defined by

x) + ‘Zfe (wo (x"#) —wo(x)) @F (x), (3.96)

where the function ¢f is defined by (3.18).

Taking into account that the integral [ a®Vu® - VwEdx is equal to zero (since w = wo(x"¥) =
U(DFUBF)

const. in Df UB?) we pass to the limit in (3.17) and via the same arguments as in the case g < oo we
get:

/Vu1Vwodx:l/ulwodx—l—l/\/?uzwods. (3.97)
r

Let us prove that \/ruj|r = uy. Let w be an arbitrary function from C'(T), the operator Q¢ be

defined by (3.32)). One has, using (1.7), (3.15)), (3.16) and (3.33):
/(\/;ul —up)wds = liII(l)/(\/I’T:H?‘uS —I5u®)(Qw)ds
E—
r

r

= ;1_% Y /(ﬁnfuf —IT5u®)(Qw)ds
icse

€
i

—1im ¥ \/F<<H§u€>rf—<u£)3f)w(x’?8)|r§\. (3.98)

s—>0i€jE
Using (3.3), (3.4), (3.7), the inequality Z €"~! < C and taking into account (I.6), (I.7), @2.2),
i€ g€
(2.4) we obtain from (3.98):
2
/(\/;ul —up)wds
r
2
<Clim (Ve ¥ & 1‘ (M) pe — (uF)ge| | <Clims® | ¥ 8”‘1‘<Hf - Yy e
i€ s l £=0 ics¢€ IS

2
) — (e

1 1

<l ”“n”g—sg
C 111(1)62]:81’8 << 1”>F,- (u)S[+

*)

1
: £ €. €12 € €112 £112 : £ e£r,,€ €1 _
SCzl‘ILI(l)I” <£||VH1u ‘|L2(LIJ)3€)+d IVu ]\LQ(LIJD;;)+8\|VM |’L2(LlJBf)) SC%IE}) <8r +q8)n [u®,u]=0.
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Thus [(y/ru; —uz)wds = 0 for all w € C!(I"), whence
r

Vrullr = us. (3.99)
It follows from (3.97)), (3.99) that

ifr>0 then U= (uj,uilr)€dom(,), oU =AU,

ifr=0 then u; €dom(y), oo ol = AUj. (3.100)
Finally we prove that u; # 0. One has
1= [|uf )13 = ||“£”i2(gs) + EZ/ HMEHiZ(D;:) + ‘ezﬂ ﬁ‘g””EHiz(Bf)- (3.101)
i 7€ i €
Therefore, using (3.14) and taking in mind that u® = IT{u® in QF, lin}) |Q\ QF| =0:
E—
tim (12 < lim (et 20 + 14 = w1202 ) = 1220 (3.102)
In the same way as in the case g < oo (see (3.43)) we get:
lim Y 41 72pey = O (3.103)

i€ st

(recall that the proof of (3.45) relies on inequality (3.44) and the condition (d¢)?> = o(af)). Finally,
using the Poincaré inequality, (3.3), (3:4), (3.7) and the Cauchy-Schwarz inequality, we get

2
L 1 sy < € X B (1 = (0o g+ [0 — ()
IS i€ g€
2 2 2
+€" () e — (uF) get +8"’<u£>s?v+—<nfus>rf +€" [(TTju)re )

1
S C] <87"8HVM8”22(UB’£) + ?OCSHVueHiQ(UDlg) + SI”SHVH?MEHiz(UYIS)) +C1F8HH?‘M8||22(F) (3.104)

Passing to the limit in (3:104)) and taking (3.9) into account we obtain

. Ell,,E112 2
;I_I’I(l)iezﬂﬁﬁ [|u ”LZ(BI'E) SCH”IHLZ(F)- (3.105)

It follows from (3. 101)-(3.103), (3.103)) that u; # 0. Therefore in view of (3.100) A is an eigenvalue

of <., as r > 0, and and eigenvalue of .%Z, o as r = 0.

Property (B)) of the Hausdorff convergence is proved in the same way as in the case g < oo (using
the test-function w®(x) defined before by (3.96) instead of the one defined by (3.27)). This completes
the proof of Theorem [2.T] for the case g = oo.
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4 Spectrum of a waveguide
In this section we consider the unbounded waveguide type domain Q C R?:
Q:RX(d_,d+), d_<0<d+.

In this case
I'={x=(x1,x2): x» =0}.
We again suppose that conditions (1.3)-(1.7) hold. In what follows we consider the case ¢ > 0, r > 0
only.
In the same way as before we introduce the Hilbert spaces ¢ and .77;, and the operators 27¢ and
<7, r. Furthermore, for brevity we will use the notations 7" and </ instead of /77, <7, ,, correspond-

ingly.
In order to state the result we need to introduce some additional notations. For fixed u € R we
denote by o (1) the smallest eigenvalue of the problem

—u" =Auin (d_,dy)\ {0},
l/t(d_> - u(d+) = 07
u(—0) =u(+0), u'(—0)—u'(+0) = pu(0).
Similarly to the proof of Lemmal[2.1we conclude that the function it — o/(ut) is continuous, monoton-
2 2
ically decreasing and moreover o¢(i) — min { <dl> , (%) } and o) — —oo. Using these
_ Ji—eo

H—r—oo
properties one can easily conclude that there exists one and only one point i} € (—gr,0) satisfying

qH
(i) = )
() qr—+
and if ¢ < min { g—z, ;’—22} then there exists one and only one point p, € (—oo, —gr) satisfying
-4t
qi
o(H2) = )
(k2) qr+

moreover
0 <o) <g<a(up)

Now we are able to present the main result of this section.

Theorem 4.1. Let [ C R be an arbitrary compact interval. Then the set (/%) N1 converges in the
Hausdorff sense as € — 0 to the set 6(</ ) NL.
The spectrum of the operator < has the following form:

o(e) = D {[a(uo,q]u[a(uz),w) ifq<min{% 7%}, )

[o(y),o0) otherwise.

2This is the smallest eigenvalue of the problem —u” = Au on (d_,d. )\ {0}, u(d_) = u(0) = u(d.).
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Proof. First let us prove (4.1).
For L > 0 we denote

ol = {x: (x1,x) €R?*: xy € (~L,L), x; € (d_,d+)}, r‘=rnot.

By 7" we denote the Hilbert space of functions from L?(QL) @ L*(T'Y) and the scalar product
defined by ([2.6) with QF and I'* instead of Q and T".

We denote by n’* the sesquilinear form in .7’ which is defined by (with QF and I'" instead
of Q and I') and the domain

dOIl’l(T]L7#) = {(I/t],uz) S HI(QL) @L2<FL) : u1(—L,~) = u1(L,-), ul(-,d_) = ul(-,d+) = 0}.

We define the operator .o7’* acting in 7" being associated with this form.
In the same way as in Lemma (or via direct calculations) we conclude that the spectrum of
o/I#* consists of the point ¢ (the only point of the essential spectrum) and two sequences of eigen-

values {lkL ’#’i}keN satisfying (2.8) (with /'LkL #* instead of AE). Furthermore, it is easy to see that

> n?

lim A"~ = a(w), while Jim ALHT = o) if ¢ < min { s } otherwise lim AL = 4. More-

Lo
over /'LkL A (respectively, 7LkL ’#’_) are distributed more and more dense on the interval [llL ’#’_,q] (re-
spectively, on the ray [AIL’#’* ,00)) as L increases, namely one has the equality

o(F"*) =9. (4.2)

s

L

1

Let A be an eigenvalue of &7L#, U be the corresponding eigenfunction normalized by ||U]|| ;. = 1.
We extend U to the whole Q by periodicity and set

Un() = —=U@@ (N[ ]),

VN

where ®@ : R — R is a smooth function such that ®(r) =1 as r < 1 and ®(r) =0 as r > 2. It is easy
to show that

Uy € dom(<7), |[&/Uy—AUn||x — 0as N — oo,
0<C < ||Un|lw <Co

(the constants C,C; are independent of N) and therefore (see, e.g., [15]) A € 6(</). Thus we have
proved that

VL>0: o(a"") Cc o(o),
whence, in view of (4.2),
7 Co(d).

Now, we prove the reverse enclosure. Let A € R\ 2. We have to prove that A belongs to the
resolvent set of <7, i.e. for every F € % there is U € dom(«7) such that U — AU =F.

We denote by n’ the sesquilinear form which is defined by (with QF and T'* instead of Q
and I') and the domain dom(n’) = H}(QL) @ L*(TT). Let </ be the operator acting in /#* which
associated with this form.
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One can easily calculate that (/%) C 2 for every L > 0 and therefore, since A ¢ 2, for every
FL e L there is UL = (uk,ub) € dom (/") such that /UL — AU = FL.
Let us fix F = (fi, f>) € # and set FL := (fi|qz, f>|r¢). One has

UM, < dist(A, 2)|[FH|| s = dist(A, 2) || F||» < C, (4.3)
and as a consequence
V|| o < C. (4.4)

We extend u} (respectively, u5) by 0 to Q (respectively, I') using the same notations for the ex-
tended functions. Obviously uk € H} (Q), ub € L*(T). It follows from (#3)-(@4) that there exists a
subsequence (still indexed by L) and u; € H'(Q) and u, € L*(I") such that

ub = upin HY(Q), b — upin L*(T) as L — oo, (4.5)

Let (wi,wz) € C3(Q) & L*(T). When L is large enough then supp(w;) C QF and therefore one can
write:

/Vu%~VW1dx+/q”(u%_“%)(W1—Wz)ds_l /ufW1dX+r/M§W2ds
Q r Q r

:/flwldx+r/f2w2ds. (4.6)
Q T

Using (4.5]) we pass to the limit in (4.6) and obtain that U = (u;,u,) also satisfies (4.6)), i.e.
AU —AU =F.

Thus A belongs to the resolvent set of .27 This finishes the proof of (@.T].

Let us now turn to the proof of the Hausdorff convergence. Recall that we have to show the fulfil-

ment of properties (A) and (B).
The proof of property of the Hausdorff convergence repeats word-by-word the proof in case of
a bounded domain Q. Therefore we focus of the proof of property (A): let A¢ € o(</¢), lirr(l) AE=A,
E—

and we have to prove that A € o ().
For the sake of clarity we suppose that the shells are centered at the points

. 1
= (ie+ 58,0), 4.7)

i.e. we shift the shells along I" by £/2. Obviously, this shift does not change the spectrum of .7%.
We denote

Q= {x=(x1,x2) eR*: x € (0,1), x2 € (d_,d;)}, r=rnQ.

It is clear that

a®(x; + 1,x0) = a®(x1,x2), b¥(x1 + 1,x2) = b (x1,x2) provided e ' €N,
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i.e. /¢ is periodic with respect to the cell Q provided £ ~! € N. Moreover, in view of the shift ({#.7)),
one has for e ! € N:

U= UF8 T, where N(g) =&~
YECQ
Further we will study the subsequence A%, where & = k~!, k = 1,2,3.... For convenience we will
use the notation € keeping in mind &.
It is well-known from Floquet-Bloch theory (see, e.g., [6,|17,[23]) that the spectrum of .27* can be

expressed as a union of spectra of certain operators on the perlod cell. By 7 #¢ we denote the space of
functions from L2(Q) and the scalar product defined by (2.3) with Q instead of Q. Let ¢ € [0,27). In

the space .77 #¢ we consider the sesquilinear form 1% deﬁned by 2.4) (with Q instead of Q) and the
domain

dom(7?) = {uc H'(@):  u(0,)=eu(1,), u(-d-) =ul-dy)=0}.

By /%€ we denote the operator associated with this form. The spectrum of A€ s purely discrete.
We denote by {)qu;,s} N the sequence of its eigenvalues written in the ascending order and with
account to their multiplicity. One has the following representation:

o(«®)=JIf, where If = | {ikq”‘} (4.8)
k=1 0€[0,27)
The sets I{ are compact intervals.

We also introduce the operator gﬁ’ as the operator acting in A= L*(Q) ® L*(T") equipped with a
scalar product defined by (2.6)) (with . Q I instead of Q ,I), being associated with the sesquilinear form
179 which is defined by ([2.7) (with Q, T instead of Q,T)) and domain dom(77?) = dom(n?€) & L2(T).

In the same way as in Lemma [2.1] we conclude that

o(#®?) = {q}U{A" k=123 JU{A" " k=123.},

the points 1,? ’i,k =1,2,3... belong to the discrete spectrum, ¢ is the only point of the essential
spectrum and

a() < APT<APT < L <APT < o g< Al <AP T <L <APT <o (49)

. . 2 2
Moreover if ¢ < min {g—z, g—z} then
~ray

o) <AP. (4.10)

In view of (4.8) there exists ¢¢ € [0,27) such that A¢ € o (/9" %), We extract a subsequence (still
indexed by €) such that

o —> pel0,2n]as e — 0. (4.11)

Let u® be the eigenfunction of e corresponding to A€ and normalized by the condition ||u
1.

|| 7
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In the same way as in the proof of Theorem [2.1| we conclude that there exists a subsequence (still

indexed by €), u; € H'(Q) and u, € L*(T) such that

I5uf — uy in H'(Q), T5uf — uy in L2(Q), I§uf — uy in L2(T), Tu® — up in L(T).  (4.12)
(the operators IT¢ and IT§ were defined in Subsection [3.2). In particular, it follows from @IT)-@12)
that U = (u1,u;) € dom(n?).

If uy = 0 then A = g, the proof repeats word-by-word the proof of this fact in Theorem [2.1
Now, let u; # 0. For an arbitrary w € dom(n?*¢) we have

/a‘SVu‘9 -Vwdx = lg/bsu‘ngx. (4.13)

Q Q

Let w;, w» be an arbitrary functions from C=(Q) and C=(T"), respectively, moreover satisfying
W1(0>'):ei¢wl(17')a Wl('>d*) :Wl('ad+) =0.

Using these functions we construct the function w® by the formula (3.27). It is clear that w® €
dom(n?*#). Finally we set

Wﬁ(x)::mﬁ(x)((e“¢£*¢>-1)(1-x1)4-1), x = (x1,%2).

It is easy to see that W& € dom(7?"€) and 9" E[WE — we, WE — we] + ||We — w"gﬂz}?s =, 0.
HE g
Plugging w = w¥(x) into (4.13) we obtain
/fwﬁVWm+&@:/ﬁfﬁm, (4.14)
Q Q

Q

where the remainder & (&) vanishes as € — 0:
[8(e)* < 22507 ¢[00 — w0 — W+ 20° w2 = 0.
E—

Then passing to the limit € — 0 in (4.14) in the same way as in the proof of Theorem[2.1] we obtain:

/Vu1 -Vde—l—/(qru1W1+qﬁu1Wz+qﬁqul+qu2W2) ds=21 /u1W1dx+/u2W2ds
Q r Q r

(4.15)

Using density arguments we conclude that (#.15)) holds for any arbitrary (wy,w;) € dom(n?), whence,

evidently, .
U = AU.

Since u; # 0 we obtain A € 6(«/?). Then in view of #I)-@EI0) A € 2.
Theorem (2.2)) is proved. O
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