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Abstract

We consider biperiodic integral equations of the second kind with weakly singular ker-
nels such as they arise in boundary integral equation methods. The equations are solved
numerically using a collocation scheme based on trigonometric polynomials. The weak
singularity is removed by a local change to polar coordinates. The resulting operators
have smooth kernels and are discretized using the tensor product composite trapezodial
rule. We prove stability and convergence of the scheme under suitable parameter choices,
achieving algebraic convergence of any order under appropriate regularity assumptions.
The method can be applied to typical boundary value problems such as potential and
scattering problems both for bounded obstacles and for periodic surfaces. We present
numerical results demonstrating that the expected convergence rates can be observed in
practice.

Keywords: numerical methods for integral equations, collocation method, super-
algebraic convergence rate, Laplace equation, Helmholtz equation

AMS-Classification: 65R20

1 Introduction

The boundary integral equation method for either an interior or an exterior boundary value
problem for an elliptic partial differential equation such as Laplace’s equation or the Helmholtz
equation consists in reformulating the problem equivalently as a boundary integral equation

Ao(z) — . K(z,y)p(y)ds(y) =¢(z), x€dD. (1)
This approach has attracted continuous interest over the past decades, in particular for exterior
problems. Projection methods, both of collocation and Galerkin type are the most popular
numerical solution techniques. Matrix compression schemes such as the Fast Multipole Method
or H-Matrix calculus have played an important part, keeping the overall complexity of such
approaches comparable to Finite Element Methods applied to the original boundary value
problem. It is state of the art to achieve low algebraic convergence orders with linearly or



close to linearly growing operation count and memory requirement. On the other hand, for
two-dimensional problems, based on original work by Kussmaul [12] and Martensen, Nystrom
methods can be applied that achieve exponential convergence rates at a O(N?) operation
count. At least for smooth, globally parametrizable boundaries, such methods are particularly
easy to implement. They involve only the composite trapezoidal rule and a second quadrature
rule for the singularity with the same quadrature points and weights given by a simple formula.

It is not so easy to achieve a comparable result in 3D: The singularity in the kernels not
only depends on distance from the singular point but also on the direction from which this
point is approached. This makes it hard to find a quadrature rule with the points of a
composite trapezoidal rule that achieves high order convergence. For the case of an integral
equation of the second kind, i.e. (1) with A\ = 1, which we will also consider throughout
the paper, a successfull approach was suggested in the doctoral thesis of Wienert [14]. It
is limited to smooth surfaces globally parametrizable over a sphere, and in a nutshell, the
method consists of applying a Galerkin method using spherical harmonics. By a rotation of
the parametrization sphere, the singularity can be removed by transforming the integral. A
full convergence analysis was given later in [8,9].

A different approach was suggested by Bruno and Kunyanski in the papers [5,6]. Let us assume
for simplicity that D can be globally parametrized by a map n : Q = (==, 7)?> — 0D. This
gives rise to an integral equation

o)~ [ M) endr=v),  teQ. )
Q
Using a cut-off function x with x(¢) = 0 for |t| > p, the singularity is isolated,

o(t) - /Q B(t,7) (1 — £) o(r) dr + /Q ) (L= X(r— ) p(r)dr = () (3)

for t € Q). A transformation of the first integral in polar coordinates centered on ¢ removes the
singularity, making all integrals computable to high order by the composite trapezoidal rule.
The integral equation is solved numerically by a Nystrom method. Although the initial idea is
rather simple, there are a number of technicalities to be addressed in the implementation. The
original papers give some numerical results, however no stability or convergence analysis was
included relating achievable convergence rates to the overall complexity of the algorithm. Over
the past decade, there have been some contributions to closing this gap: In his thesis [10],
Heinemeyer related the approach to the method of locally corrected weights as proposed
by [7]. He was able to prove point-wise convergence of the discrete operators with super-
algebraic convergence rates but did not give a convergence rate of the overall scheme. The
most complete analysis is given in [4], but the authors limit themselves to only considering
scattering problems rather than more general boundary integral equations.

An alternative approach to [5,6] was taken by one of the authors of this paper in [1], in
interpreting the scheme as a collocation method based on trigonometric polynomials rather
than a Nystrom method. Instead of applying a heuristic approach to obtain approximate
density values in the polar coordinate grid points, the scheme evaluates the trigonometric
polynomials in these points exactly. Stability and a super-algebraic convergence rate at a
computational complexity quadratic in the number of unknowns were shown for a semi-discrete
scheme. However, the implementation of a fully discrete scheme leads to a much less favorable
complexity estimate.



In the present paper, we improve the scheme of [1], with an emphasis on reducing the overall
complexity. This involves coupling the choice of p, the parameter characterizing the size of
the support of x in (3), to the total number of unknowns. The main work lies in explicitly
deriving the dependence of constants in stability and convergence estimates on p.

Before we start with this analysis, we give some basic facts on Sobolev spaces of biperiodic
functions and on interpolation by trigonometric polynomials in such spaces in Section 2. The
main analytical results are all contained in Section 3. We analyse the mapping properties of
the integral operators and their discrete approximations. The main results are Theorems 3.11
and 3.12 establishing stability and convergence of the overall scheme with p coupled to the
grid size h. Assuming that the transformed kernel functions are infinitely often continuously
differentiable, any algebraic convergence rate is achieved.

In Section 4, we consider three different applications for the solver in the context of boundary
integral equations: an interior boundary value problem for Laplace’s equation, a scattering
problem for a bounded object and a scattering problem for a periodic surface. Numerical
results are presented in Section 5.

Let us emphasize that the present work only represents an intermediate step on the way to
a complete solution strategy: Firstly, we consider only a single integral equation limiting
ourselves to relatively simple settings and geometries. Even though the extension to systems
is relatively straight-forward, it did not seem feasible to include this material into the present
paper. Moreover, we focus only on questions of stability and convergence rates for the full
linear system with the critical issue being the analysis of approximating the weakly singular
integral operator. Schemes as considered here have to compete against simpler strategies
which just remove the singularity. As shown in [3], such a strategy can achieve 4th order
convergence by neglecting the singularity in a clever way.

For a full solution strategy, the question of approximating the matrix representing the integral
operator with a smooth kernel by possibly a block-wise low-rank matrix needs to be addressed
as well. The question of how to achieve this while maintaining the overall high convergence
rate will be the subject of furture research.

2 Periodic Sobolev Spaces and Interpolation

The numerical method introduced in this paper is applicable to weakly singular integral oper-
ators with kernel functions that are biperiodic with respect to both arguments. We will make
the notion precise: Set Q = (—m,7)?. We call a function u : R*> — C Q-periodic if

u(t) = u(ty + 2w, ty + 2u,m), t=(t1,t2) € R?, v= (v, €Z.

Particular examples of )-periodic functions are the trigonometric monomials,

1
T(”)(t)ZQ—eXp(iy-t), teR?, veZ?.
T

The trigonometric monomials span spaces of trigonometric polynomials Ty = span{T® : v €
Z%\/} where N = (Nl,NQ) € N? and Z?\; = {/JJ €7?: —N; < w < Nl, —Ny < o < NQ} They
also form a complete orthonormal system in L?(Q), i.e. every u € L*(Q) can be expanded



into a Fourier series

The Fourier coefficients u, are given by
u, = (u, T(”))LQ(Q) = / u(t) TV (t) dt Ve,
Q

Definition 2.1 Let s > 0, @ as above. The Sobolev space Hp, is given by
Hp ={ue L*(Q): Y (14 [v*)° |u[* < oo}
veZ?

1/2
Héz(u,u)h{é.

with the inner product (u,v)HZ2 = > (1+ [v]*)*u, v, and norm ||ul
vezZ?

The 1D analogue of H¢ has been studied in depth in [11] and [13], the latter reference also
containing some results on multivariate functions. We remark that H, is a Hilbert space. For
s = 0, there holds H¢) = L?*(Q). For s > 1, by Sobolev’s imbedding theorem, H¢) is compactly
imbedded in (Cper, || - ||); the space of @-periodic continuous functions with the maximum
norm. It makes sense, then, to introduce an operator for interpolation by trigonometric
polynomials. We introduce a grid of interpolation points on @), setting

-
M1 T 2T
tiv (tivl,tfo)T — (_Nl "N, ) . WEZ.

Lemma 2.2 (Lemma 5.1 in [1]) Suppose that s > 1 and 0 < 0 < s. Given u € Hp), for
every N € N2, there is a unique interpolation polynomial Pyu € Ty such that

u(tfj) = PNu(tfj) : p e ZA .
The linear operator Py : H — HY is bounded with

(max{ Ny, No})? lullas
(min{ Ny, Ny })* Q’

Hf%vU‘—”u”Hg f;(j
where C' > 0 s a constant depending on o and s.

An alternative way to express the interpolation operator is using the Lagrange basis represen-
tation,

Pyu = Z u(tfj) ij, (4)

HEZE,
with the Lagrange basis functions given by

y (1) =

N' 2
p t—t)), teR.

vEZZ



For t € Q\ {t}]}, there also holds the expression

2
1
N : N
L,u (t) = 4N1 N2 J111811’1 (NJ (tj — tﬂ:j>)

t; — .
i+cot%] .

This follows from the corresponding one-dimensional result in [11, Section 11.3] with some
obvious modifications due to a slightly different choice of the space Ty.

Lemma 2.3 The set {L) : n € Z3} is an orthogonal basis of (Tn, || - ||z2(q)) with
2

N [N @ 2
(LﬂuLa)LQ(S) NlN 501#7 u:anN'

Proof: From Py(Ty) = Ty and (4) it follows, that Ty = span{L}) : u € Z3}. Moreover,

2

N 7N 7T v N . N
(L L)@ = xeg 2o TVt TOC =) g

V,LEZ%V
_ (7T2)2 7W) T(L)) TW (N W) (N
= N12 NQQ ZQ ( > L2(Q) ( a) (_ u)
VWELY
3 2 2 5
TN — ¢ NNy = e
2N2N2 GEZ; )= N1N2 (fa) Ny Ny

In some instances, products of functions from H¢ with smooth functions occur. For m € Ny
and ¢ € C™ . we set

per?

[P llocm == sup V(6] + max sup [073(1)].

Lemma 2.4 Let s > 0 and o € Nx;. Suppose p € Hp) and let ¢ € C

[

where the constant C' > 0 s independent of ¢ and 1.

Then ¢ € Hf) and

per

iy < Ol Nl

Proof: The assertion follows from the equivalence of the norm || - || with the Sobolev-

Slobodeckii norm (see [11, Section 11.3] for a detailed exposition in 1D). ]

In particular, we are interested in an estimate of this kind when the smooth factor is a
trigonometric monomial.

Lemma 2.5 Let 0 € N. Then [|[TW|| o, < 5= (1+ |p|”) for all p € Z2.

Proof: Let 3 € N2 with |3| = . Then, for p € Z* and t € Q,

9PTW (t) — 8l B 1 #62 T(u)( )

5



and hence 5
1 Ja?s _ ()
2T - 27

|8'8T(“)(t)’ < |1

Since |pt|so < |u|, we finally obtain

1
() e < — (1 oy
1T ocir < 5 (1 )

In the later analysis, functions which are Q-periodic with respect to several independent
variables will occur. Such functions can be expanded into a Fourier series with respect to
one of these variables. The behaviour of the Fourier coefficients in such expansions will be of
importance.

Lemma 2.6 Let F' € C®(R? x R?) be Q-periodic with respect to both arguments. Then

F(t,r)=> FYOTV(r),  t,reR’

\EZ?

holds pointwise, where (F()‘)))\ezz C Che- Moreover, for any m € Ny and any multi-index

B € N2 there exists a constant C > 0 such that

sup sup (1 + [A?)™ [07FN ()] < C || F[locsiplrom -
AEZ? teR?

Proof: The series representation of F' in the lemma is obtained by expanding F into a
Fourier series with respect to the second argument; here pointwise convergence holds due to
the smoothness of F(¢,) for all ¢ € R?. In particular, we have

FV(t) = / F(t,r)T"Y(r)dr, A€Z? teR?
Q

and well-known facts about parameter-dependent integrals yield F®) € C°° . Furthermore,

per*
07FV (1) < 27 || Fllocyis),  t€R?, BeNg.
Now, let m € Ny. In the remainder of the proof, we make use of the estimate,

(T+[AP)™ <2™(1+ |AP™),  forall A€ Z2
and the identity

m

|)\|2m _ Z (1}7;) )\%k/\g(m—k) _ Z ach!yg! /\%al /\SQQ-

k=0 a€NZ:|a|=m

Let A€ Z% t € R?, 8 € N2 and o € N2 with |a| = m. Then

m! )\im )\3&2 ‘85F(A) (t)‘

atlas!

. m!
T orlas!

(.

/ Oy F(t,7) (=) NN V() dr
Q ~~

—=9(2a1,200) (=) (1)

6



. m!
T ooarlas!

| etorm e ) TN ) dr| < 25 N Flpion,

where we used integration by parts in the third line. Hence,

|)\’2m ‘aﬁF(A) (t) | _ Z m! )\%&1 )\gaz ‘aﬁF(A) (t) |

aqlas!
|a|=m

<2 || Fllociplezm Y aig = 2" 7 | Fllocsjaream -

la)l=m
From these we obtain
(L+ A2)"0°PFV @) < 2m(1 + [AP™) |0°FX (1)
< 2" ([ F lloosiar + 2™ I1F lloosirr2m) -

Since A € Z? and t € R? were chosen arbitrarily, the proof is completed by observing the
boundedness of the imbedding of CI@”T” into Cl‘felr.

3 The Approach for a Single Biperiodic Integral Equa-
tion

We now return to considering the integral equation (2). We will impose the following assump-
tions on the kernel function and the right hand side:

Assumption 3.1 The kernel function has the representation k = ki+ky, where ky € C*(R?x
R?) and Q-periodic with respect to both variables while ki is Q-periodic with respect to both
arguments and k; € C=(Q x Q \ {(t,t) : t € Q}). Moreover, for every multi-index o € N2,
the estimate o

min,eze [t — 7 — 2w p|itlel’

0%k, (¢, 7)| < t,7 € R?,

18 satisfied.

For some 0 < gy < m, setting {(t,7,v) = |r|ki(t,t +1v), t € Q, 7 € [—00,00], v € S', we
assume that £ € C*(Q X [—gg, 0o] X S').

We also assume ¢ € H.

Hence, k; is assumed to be weakly singular, but with a special type of singularity that can be
removed by a transformation to polar coordinates around the singularity. In particular, many
boundary integral operators exhibit this type of singularity, as will be discussed in Section 4.

To make use of the assumption in the numerical method, we require appropriate cut off
functions. For 0 < § < ¢ < 7 define

L 7 <3,
voe(r) = (55, o< <,
0, TEQ, |T| > ¢,




with
e—l/s

X(S) = e—1/s +e_1/(1_s) , SE (Oa 1) :

On all of R?, ;. is assumed to be Q-periodic. Furthermore, an argument by induction shows
that for any o € N3 with |a| = m,

o _ - pe (1) ~ (€~ 7|
P xoc(r) =D 06—ttt =5 )

(=1

where pg are either homogeneous polynomials of degree m or the zero function. From this
representation, we obtain the estimate

8’ITL

|aaX5,s(t)| < C, Z m , t e R?. (5)
/=1

Usually, we will fix numbers 0 < §; < 2 and 0 < ¢ < 7/d> and consider xs,,45,,- In this case,
(5) simplifies to

|aaX519,529(t)| < Coz751,52 Q_m’ (6)
with a constant Cj, s, 5, independent of p.

With the help of these cut-off functions, the integral operator from (2) can be split into a
weakly singular operator localized around the singularity and a globally acting operator with
a smooth kernel. Fixing numbers 0 < e; < &9 < 1 and 0 < o < gy, we write

[remetryar
Q
— / kl (ty 7_) X€1g752‘9(7— — t) SO<7_) d7—
Q
b [ 16,7 (0 = Xergenr = )+ balt, ()
Q
= /Q kl(t7 T) X€1Q752@(T - t) X&QQ,Q(T — t) QO(T) dT

# [ ) (1= Xernena(r = )+ lalt, )] ()
Q

Note that at this point, x.,,, serves no purpose as it is identical to one on the support of
Xeroe00- 1S significance will become clear later when we discuss approximations of the weakly
singular integral operator.

Setting
ksmooth(ta T) = kl (t, 7_) (1 - Xa1g,62g(T - t)) + k’g(t, T) 9 (7)

and introducing the operators

J1¢(t> = ki (t, T) X€19752Q(T - t) X€29,9<T - t) QO(T) dr,

te@,

S~

JZSO(t) ksmooth(tv T) 90<T> dr )



we have written the integral equation in the form

p—Jip—Jlp=1¢ onQ. (8)

We proceed by rewriting Jy¢(t) via a transformation in polar coordinates around t. We set

M(p) =12 (COSﬁ) . p=(r0) €Qq,

T sin 19

and

2
re
Foonet2) = L2 (1,14 1) X)), 10 = (r0)T €.

Substituting 7 = ¢ + I1(p) in the expression for the operator J; gives
Tip0) = [ Bt 0) Xeana10) ot + ) dp, 1€ Q. )
Q

Because of Assumption 3.1 and kpoar (t, p) = 0 for |II(p)| > €20, we have that kpo, € C™ (Q x
@) and that this function can be extended @Q-periodically to R? with the same smoothness
with respect to both arguments. Note that x.,,,(II(+)) ¢(t 4+ II(:)) can also be Q-periodically
extended to R? without loss of regularity.

We want to solve the integral equation (8) numerically using a collocation method on the
space Ty. Thus, the semidiscrete problem is to find ¢y € Ty such that

on — PnJiony — PnJapn = P on (. (10)

A fully discrete method is obtained in several steps. Firstly, both integrals are replaced by
composite trapezoidal rules which are highly efficient for periodic functions. For M, N € N?,
we set for p € Hj)

Jarplt) = /Q Par kot ) Xenoo (M) (¢ + TI())] (p) dp

7T2

~ MM, D Fpotar(ts ") Xeaoo(TL(E)T)) (t + T1(E))) (11)

2
vELyy

o weolt) = /Q Py oo (£, ) ] (7) dr

2
T

Esmooth (, £2) () . 12
NINQZ th(?u)@(l/) ( )

2
vEZLY

While both operators are discrete in principle, only J; x can be used directly. The expression
for J; pr involves the evaluation of (¢ + II(t})). An exact evaluation requires the knowledge
of LY (I1(t)")) for all u € Z%, v € Z3; which amounts to O(N;NyM;M,) operations. In [4-6]
the quadrature rule in radial direction is slightly perturbed and the values of (¢ 4 II(+)) in
the quadrature points are obtained to high accuracy by fixed degree polynomial interpolation.
However, this approach limits the asymptotic convergence rate.



The approach of [1] is a collocation method and uses the exact values of (¢t + II()) in the
quadrature points. Here, we modify the scheme by reducing the cost in the approximation of
J1. We require the orthogonal projection Oy from L?(Q) onto Ty,

My My
Owv =" (0.T0) o T = =52 3" (0. L)1) Ly (13)

2 2
HEZ2, HELY

for v € L*(Q), where the second representation is due to Lemma 2.3. Let 1 < £3 denote a
number such that e30 < gg. A scaled projection for functions on @, = (—e30,e30)? is given

by
Owv=0u (2] (2], verQn.

We define for M, M € N2,

T olt) = /Q Py {kpolar(t, )

Out [{xna O Moot + 1} o 1] | ) ap. (1

As we will see in the following analysis, the reasons for introducing the additional approxi-
mations are the possibility for proving a convergence and stability theorem in the case of Oy
and the reduction of computational complexity in the case of O

For the remaining part of this section, we focus on the convergence analysis of the approach
introduced above. We will start with properties of the operators J, and J, y which are simpler
to analyse.

Theorem 3.2 Let s > 0. Then Jy : Hy) — Hf;“l 1s a well-defined, bounded linear operator
with || Jo|| < C o~ ™55%3} for all o < oy with C dependent on k, €, and es.

Proof: We write kgnootn using its Fourier series representation from Lemma 2.6,

Famootn (£, 7) = 3 ko )TV (), t,7 €R2

AeZ2

Let ¢ € Hp) and denote by o = |s] the largest integer smaller or equal to s. By Lemma 2.4,
there holds

ey

smooth smooth

= 2 [T

st+1 H5+1
HQ Q

<C Hk,(/\)

smooth H 0050

[ 190ty

10

1ol Tl < C [l

smooth Hoo j0+2

for all A € Z2. Therefore,

Hs+1 < Z

\e€Z2

172 ¢]

(L

smooth ’ H5+1




= Z |90 /\| Hksmooth}

AeZ?
1/2
Ho <Z (1 + |)\| Hkéil)oothuio;0+2>

AEZ?
Héz sup |:(1+ |)\| )max{(Q 0)/2,0} Hk

\EZ2

x <Z (14 |>\|2)2) "

\EZ2

H,5+1

smooth ‘ ‘ 00" o'+2:|

< CH@HH&

Ksmooth ‘ } oo;0+2+max{2—0,0}

smooth ||oo;max{4,a+2} ’

where the last estimate is due to Lemma 2.6. Here, and throughout the paper, we denote by
C a generic constant that may be different in each occurence.

Define the set Q, = {(t,7) € R* X R? : |t — 7 + 27wv| > 90 for all v € Z?}. We proceed to
bound for m € Ny using Assumption 3.1 and (6)
Hk:smoothHoo;m < ||k2“oo;m + ||k1||oo

+C ) 10k lows, 107(1 = Xerpeso) ooz < Co™ !
jal+181=m

for 0 < gp, which completes the proof. [

Theorem 3.3 Let s > 1 and t € [0,s]. Then Jon : HY) — Hg’l is a well-defined, bounded
linear operator. Moreover,

(max{ Ny, No})*
(min{Ny, N})s el

1(J2 = Jon) @l < C o™ "
Jor all p € Hp, 0 < 0o and all N € N2, where C' depends on k, €1 and &5.

Proof: Let 0 € N>;. From Lemma 2.2, we conclude

[ (% - Pl n) ar| <25 [ 700 - Pulr,
Q

(maX{Nl, N2})t HT()\) }

S O Ny, Ny}):

Ha

From Lemmas 2.4 and 2.5, we obtain

IT®0] e < CITD el < € (1INl < € (1+1A7)F

so that

(maX{Nl, NQ})t

2\0/2
(i, ) (A el

‘ /Q (TWe — Py[TWg]) (1) dr‘ <C

11



Thus

||(J2 JQN <p||Ht+1 < Z ‘/ QO PN[T dT’ HksmoothHH“'l

AEZ2
Ny, N: 7

(max{ 1 2}) g, Z (1 + |)\|2) /2 HksmoothHOO ;o041

AezZ?

(min{Nl, NQ})S

<C

el

and again Lemma 2.6 completes the proof as the remaining argument is very similar to that
at the end of Theorem 3.2. [

The derivation of a similar result for the approximation J; 5, vy of Ji as introduced in (14) is
more complicated. The coordinate transform in polar coordinates around the singularity has
removed the singularity. However, the integral operator now takes on a non-standard form
which makes the analysis of its mapping properties much more involved.

To simplify the considerations, let us rewrite J; in terms of expressions that are easier to
analyse. Writing kpolar as a Fourier series with respect to p,

polar t p Z kpolar )7 tvp € Qa (15)
\EZ2
we formally have
het) = 3 k(¢ / V(D) XewanT1()) (¢ + TL(p)) dp.
\EZ?

The later analysis will show that interchanging integration and summation is indeed justified.

Recalling Q, = (—¢£30, €30)?, and defining the scaled trigonometric monomials

Wy 1 . T
TQQ(T) @6XP<1&T‘V), TEQQ,

consider functions v of t € ), 7 € ),. These can be expanded into Fourier series with respect

to both variables,
= > u, TW T (7).

u,veZ?

For s > 0, we introduce the vector space

Hipq, = {u € L@ x Q)

ST P+ = Z ) ul? < oo for all 0 > o}.

w,veZ?
Remark 3.4 For all 0 <t <s, H , is a subspace of H ) .

For convenience, set for u € Han and o >0

Do) = Y (L4 PP+ | = Z5v) > and

p,vEL?

12



Qoo () == D (L2507 (L + | = 5o T .

u,veZ?

Between p,, and ¢, ., there holds a certain equivalence relation. For u € HSQ,QQ and ¢ > 0,
we estimate

Peo(w) = D (L [pl) (14 o= 250 ) s

W,vEZ?
<2 ) (U ln= 2P+ 120 P) (U e = 2w )l
W,VEZ?
<2 > (THIEVP) (1 + = Zv) 7wl
w,veZ?

Thus
Pso(u) < 2° qsors(u), (16)

and by similar arguments also ¢, (u) < 2% ps ,4s(u).

Two technical lemmas yield most results required to establish the mapping properties of .J;.

Lemma 3.5 Denote by X, the Fourier transform of the extension of X,es0lo to R? by 0.
Then for any o € Ny and €30 < gy,

sup (14 [2)7 [Xoese(@)]] < C 0772,

HAS

where the constant C' depends only on o and e3.

Proof: We note
XQ,€3Q(Qt> = Xl,es (t) ) te Q
Let Bs = {t € R*: |t| < d}. Then

Xocso() = / Xoesolt) €70 dt = ¢? / Xies(t) €700 dt .

Bs3g B£3
Let R > 0 and consider z = |z|Z with |z| > R. We rewrite the integral using the divergence
theorem as

/ X1, (%) e lotT gy
B

€3
B ilzfe izl e

€3
1 A —ip|x|t-&
= — X - VX]_753 (t) € ¢ dt .
io|z| Bey
We repeat this argument 20 — 1 times to obtain
2

— 0 iolz| -2
G = i / (t) eelel® gy

iolz])* Jp.,

with some function h depending on £3 and continuously on . The assertion follows by applying
the triangular inequality for integrals and taking the maximum with respect to .

For |z| < R, the assertion follows from |\, ..(7)| < C (g30)* and 30 < 0p. n

13



Lemma 3.6 Let s >0, e30 < 0p.
(a) For v € Hp, define
Mep(t,7) = Xoeso(T) P+ 7)), (£7) €Q X Q.
Then My € Hpy . and for all o > 0,

Pso(Mp) < C o> 2ol

Hé?

where the constant C' depends only on o and e3.

(b) For A€ 7% and u € Hp o, set

TVu(t) == / TV (D) XenaoT(P) ult. TI(p)) dp, € Q.
Q
Then (TN seze is a family of linear operators mapping Moo, = Hg;l. Moreover

|7 U||Hs+1 < - (1 +A?) 1/ pss(u), Jorallu € Hiy g, and X € 72,

where ¢ > 0 is a constant only depending on o, €3 and s.

(c) (TN o M)ezz is a family of linear and bounded operators mapping Hy — Hé“. In
particular,

TP M|

pe <Co (L APR)

Jor all p € H

and all X € Z2, the constant C > 0 only depending on €4, €3 and s.

Proof: (a) Let s > 0 and ¢ € Hp). In a first step, we calculate the Fourier-coefficients w,,, of
u = M. Therefore, let u,v € Z*. Then

// (8, ) TR () TS, (7) dr dt

i (1 e
— ngw(T)e =30 (2—/g0(t+7)e et )dt> dr
Q

253Q T
—1 Xee (r) e aer 17 L / ot e Y dt' ) dr
2630 Jgp2 U7 21 J 40

1

2€ 20 X953g(53Q - IM)QDH,

where the last step holds due to the @Q-periodicity of ¢. Now, in a second step, for ¢ > 0,
there holds

ST @+ P (e — P leul Xome (v — )

14



9 (Z (tigggrn)”

s
vz ()

\ﬂ%ﬁiﬁ-ﬂﬁ)-

From

1 1
———dz > h? —_ h >0
/Rz L+ 2™ = Z (L+ [P |

Z2
V1,270

and similar estimates for the remaining terms in the sum, we see that the value of the series

-2
Y ez (1 + |@I/ — ,u|2> is uniformly bounded in p and p for €30 < gg. Thus from Lemma
3.5, the assertion follows.

(b) Using the Fourier series expansion of u, there holds
V= 3 e | TO0) o o110 T (1) dp T
u,vEZ?

Suppose v # 0. We write (v1,15)" = q,(cos¥,,sind,) " for some ¢, > 0 and some ¥, € (—, 7,
and obtain

) ((p)) = 2—1Q exp (iqy (r/e3) cos(¥ = 0,)),  p=(r,9) €Q.

Hence, the substitution ¥ = 9 — ¢, and the 27-periodicity with respect to ¢ yield

/Q TO (9) Yoo T1(0)) TS (11(p)) dp

= oo™ [ T 0) [ o T (10 0,00 0150 = d(r, ).
253@ Q

The behaviour of the integral in this expression with respect to A and v can be estimated by
the method of stationary phase. A detailed proof is given in [1, Lemma 6.2]. We obtain

T(A) [X€2 © H] ('7 -+ ﬂl/) .
‘/TW@;mMﬂﬂoﬂ ’<CH = ‘&?
Q qv

Similarly as in the proof of Lemma 3.5 we observe that

Nero 210 +0) = (= (Gnty T07)))

is independent of po. Hence

A)
TOW) [N TS| o Tip) dp | < € =<2 I - s 5 o% (17)
Note that the final estimate is also true for » = 0. Now, using Lemma 2.5, gives
1+ AP
T (D) Yerwo (P T (TI(p)) dp| < C—"112L
0 )T () ) < O

15



We proceed with

17l

2
s+1
Hq

2
s 14|22
<C?Y (14! (Z ﬁw)

HEZ? vEZ?

2
s 2\1/2
= CP(1+ AP Y (1 + ) (Z ﬁrw)

HEZ? vEZ?

<L+ AP Y ([l

HEZ?
(14| 21/ 12 i
§ : €30 T
% (1+[v[2)1/2 (14 ln— 5@”| )t
veZ?

2
c? s (= o)/
< @ (LH PP >+l (Z T qu,yl> : (18)

T
S e
HEZ? veZ?

—2
As in the proof of part (a), the series ) ;> (1 +|pu— éyP) is bounded independently of
i and o < 1, so that we can apply the Holder inequality for ¢?-series to obtain

2 202 s ™
o € A (AR (1 ) = )Pl
5" = es0) ;

(72
) (L+ AP pas(u) -

17|

(c) The assertion follows directly by combining (a) and (b). n

With these preliminary considerations, we are now able to investigate the mapping properties
of Ji.

Theorem 3.7 Let s > 0. Then
Ji: Hy — H

defined in (9) is a bounded linear operator with

||J190|

s < C o7 [l

for ezo < o9 with C' depending only on s, €1, €9 and e3.

Proof: By definition, J; is a linear integral operator. It remains to show its boundedness from
H to H(Sjl. We rewrite J; slightly by inserting another cut-off function. We then expand
Kpolar into its Fourier series (15) and use the operators from Lemma 3.6 to obtain

Tiplt) = /Q Fpotar (£:2) Yeroro(T1(0)) Yoo (0)) 0(t + T1(p)) dp

16



= > o) T Mep(t).

\eZ2

This is justified by the estimates for any o € N>, using Lemma 3.6

el < C Y Ikiatalloess [ TOM |

Hs+l
A\EZ2 @
_ A
<Co llellmy Y (L4 AP 1ES oo
M\EZ2
_ 1 34 (A
<Coellug Y m(l + AR 16D oo -
A\EZ2

The series converges as the two last factors are bounded by Lemma 2.6 with

sup (]‘ + |/\| ) ||kpolar||00§0 S C ||k‘p013r||oo7o'+6 .
\EZ?

With ¢, p = (r,9)" € Q and setting p = (cos¥,sind) ", we write kpolar(t,p) as
Y or T
Kpotar (t,p) = %f (tv ?729) Xe1,e2 <; p)

with the function ¢ from Assumption 3.1. It follows that [Kpolarl| g < C uniformly for
g30 < 0o with C' depending only on o, 1 and 5. This completes the proof. [

We next wish to derive an analogue of Theorem 3.3 for J;, i.e. an estimate for the difference
Jv = Jy prap- We do this in two steps, writing

Ji‘_'JLALAI:: [JH‘_ jLAZ] +'[jLAY'_ JLALAZ]’

where

To#(0) = | Fons(t:0) [{xeso O oot + 1} o 1] ) ap (19)

for t € (), and bounding the two differences separately. Note, that using the projection O,

)= D TWOTY),  ueH,, (20)

2 2
HEL I/GZM

we can write J; y; as

> A
Jie =) K TNO M
A\EZ2
Some technical tools are collected in the next lemma.

Lemma 3.8 Let s >0, e30 < 09, M = (M, My)" € N? and recall the definitions of 7V and
M from Lemma 3.6.

(a) For allu € H o, and \ € 77,

”\7(/\)u’ (1 + |)‘|2) q5,8+3(u) )

s+1 <
HQ —

o |Q

where C' depends only on s, €9 and e3.



(b) For0<t<s, o >0 and allu € Hg g ,

) 2(t—s)
0 (T = On)) < (V2 min{ My, Mo}) ().
Here T denotes the identity operator.

(¢) Let 0 <t <s, XeZ? Then TN — Oy)M : H — Hy' is bounded with

TV~ Oa)M @l <~z (14 [AP) (min{ My, Ma})'™

2545
0 s+5

for all ¢ € HY), where the constant C' > 0 only depends on s, t, 5 and £3.

Proof: (a) This follows from Lemma 3.6 (b) together with (16).
(b) Let 0 <t <sand o > 0. Then

Qta((I —On)u )

=33 HIEP) (1 = )

REZ2 veZP\Z3,

_Z Z 1—1—]’T S(1+|£—QV|)(1+|/L——I/|)|u,“,|2

BEL? veZ2\72,

<> > (14 [ TSP (U = S P)

HEZ? V€Z2\Z
2(t—s)
S (\/5 min{Ml, MQ}) QS,J(U)

holds for all u € ’Hig Qv

(c) Let ¢ € Hp and set u = M. Then, by Lemma 3.6 (a) and Remark 3.4, u € Hp  , and
hence also (Z — Ou)u € Hg g, From part (a) and (b) together with (16) and Lemma 3.6 (a),
we obtain the estimate

C
1T = Oryullgr < (14 M)y (L = Onru)

C . s

S E (1 + |)‘|2) (mln{Mla MQ})t QS,5+3(U)
C . s

< (L ) (min{ M, M)~ el

C . s
< s (L4 AP (min{My, D01 ol
which is the desired result. n

Theorem 3.9 Let M € N?, s > 0 and t € [0,5]. Then jl,M P HY — Hg’l defined in (19) is
a well-defined, linear and bounded operator with

¢ s
1= T el < s 75 (min{M,, Mp})"~

Jor all o € HY, and all e30 < 0o, where the constant C' > 0 only depends on s, t, €a and €3.

18



Proof: Let ¢ € Hj, and 0 € N>,,;. Proceeding analogously as in the proof of Theorem 3.7,
from Lemma 3.8 (¢) we obtain

1 = i@l < C D hgtaellocir [TV = Og) Mg o

\eZ2

S Q2s+5

(min{ My, Ma})' ]

iy O (L P ISl locio -

\eZ?

The remainder of the proof is identical to the last arguments in the proof of Theorem 3.7. =

Theorem 3.10 Let M, M € N?, s > 0 and t € [0,5]. Then Jiagr - Hy — HE defined in
(14) is a well-defined, linear and bounded operator. Moreover, there is some T > 0 such that

- _ My, My})T
T T ol < €t max{ M, M .
( LM 1,M,M)80”HQ+ >0 (min{ My, My })s—t+ H@HHQ

for all p € HY, and all 30 < o, where the constant C' only depends on s, t, T, €2 and €.
Proof: We follow the proof of Theorem 6.5 in [1]. Let ¢ € Hp. We set

p) = {stg,g OM[X&%Q o(t+ )]} o I[I(p), pEQ,

and write the operators as
T = 3 W [ T)0(0)db.
Q
Jl,M,J\;I(lO = Z k;()i\)%ar / PM [T(A)OMU} (p> dp
Q

A central observation regarding this representation of J; ), y; is

¢ V€73, Q

=27 (*)(tM)—”2 Owro(t!)

= . M1M2 MUL,
€LY,

§ M, M.

- ! - s / M M (M
Z t )M1M2< Z 7T2 Q v (p)v(p) dp v (tb ))
WELY, veZ?,

= Y ) [ L) e ap
€73, Q

— [ o) PuTV ) p,
Q
so that we obtain

o = haaie = 2 ke | 00) [10) = T 0)] do. el

\eZ2
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Moreover, let 7 > 3 and w > s — ¢ + 7. By Sobolev’s Imbedding Theorem, the space Hy, is
continuously imbedded in the space of twice continuously differentiable Q)-periodic functions.
Hence, by Lemma 2.2

1T — PyT®|_, < C|IT™ — Py
(maX{Ml, M2 (maX{Ml, M2})T w/2
(min{ M, Ms}) HT HH5 ¢ (min{ My, My })s—t+7 (1 + Al )

Setting u = My with M from Lemma 3.6 and recalling O,; from (20), we obtain

/Q (T(A) (p) — PMT()\) (p))stg,@(H(p)) Oyu(+, (p)) dp

o Z Z Upw / T(/\) PMT( ))( )[XEzQQT(V)] o Il(p )de(M)

HEZ? 1/622

Hence, by a slight modification of the estimate in (17), we can proceed as in (18) to obtain

H/ PMT( )( ))X€2@79(H(p)) O]\?fu( I(p dp‘ i
1/2
(max{ M1, Mo })” (1+A2)*/ ot (L ]l?) 172
< O oy (DD |57 (1 ) (30 B )
HEZ? Z/EZQ~
(max{ My, Ma})™ (1+]A[2)*/2 03, 22
< ¢ (mml{MfMQ})S t+T ( Z (1+ ’:u| ) (1 + ‘:u_ e30 ‘ ) ‘U’M,I/’ >
UEZ?
VEZ?\Z
max{Mi,M w/2
< c mln{]\}1 ]\142})29})t+7'( + |/\|2) pt,3(u)'
Now, by setting o = |t] from (21), we arrive at
I (11 — Jl,M,M)SOHHgI
A
<C Y Wlulcsz | [ (V) = PuTD (0) Xerol11(2)
AEZ2 Q
x Oypu(-, (p)) dp
HEH
(max{ My, My})" ) 9\ w/2
¢ \/ kN |losiosa (14| .
- (m1n{M1 M2})s t+7 pt3 Z H polar” ; +2( +’ | )

\eZ?

Using Lemma 3.6 (a), Lemma 2.6 and arguing as in the proof of Theorem 3.7, we establish
the bound

Gt = Trarin) 2l < C o™ el -

The assertion follows from the continuous imbedding of Hp), in H ég ]
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We now consider the approximation of the solution of the integral equation (8) by the fully
discrete version of (10) which is to find ¢x € Ty such that

oN — Px (Jyprar + Jon)on = Pry. (22)

The results on operator approximations allow us to prove stability and convergence for (22).
To simplify expressions in these results, let us assume N; = Nj and introduce the meshsize
h = m/Ny. We next set My = My = |o/h] and M = M. Further set

A:Jl—I—JQ, Ah:PN<J1,M7]\7[+J2,N)-

We will assume that I — A is boundedly invertible on any Hg), s > 0.

Theorem 3.11 Let t > 1 and assume that o = h® for some o € (0,1/(2t + 6)). Then there
exists hg > 0 such that I — Ay, : Hé — Hé has a bounded inverse for any 0 < h < hy with
norm bounded independently of h.

Proof: We write

A—=Ap= (N — ) + (Jo— Jon) + (I = Px) (Jyppip + Jon) -

From Theorems 3.3, 3.10 and 3.9, we have the estimates

1 1
1= el < €0 (s + o ) el

1 1
HM—%MMWMy<C<W% E)WM&

Ch

1G22 = Jan)ellmy, < =i S0 el
C

I(J2 = Jo.n) el g < 76 el -

By Lemma 2.2, I — Py : HSFI — Hég with operator norm bounded by C'h. Thus

Ch
(A= Aw) el < Zzg el — 0 (R =0).

The assertion now follows from standard results for operator approximation. [

Theorem 3.12 Let o € (0,1/2) and o = h*. Assume t > 0 and s > max{1,¢, 2aE2a1}
Assume further that (22) is a stable approzimation of (8) in Hp), i.e. nghHHs < CH(pHHs for
sufficiently small h. Then there exists hg > 0 such that

lo = eall, < C D022

for all 0 < h < hyg.
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Proof: From
on = PnY + Appn = Pn(p — Ap + J) pp 5p0n + J2,n0n)

we obtain

(I = A)(¢ — on)
= — Ao+ Jy ypiren + Janon — on — (S ppar + Jon — A)pn
= (I = Pn)(p — Ap+ Jy ypiaen + Jonen) — (Jyagr + Jon — A)gn

From Theorems 3.3, 3.9 and 3.10, we have

Ch
< (1414 25 ) Do

||J1,M,]\7[90h + J2,N@h| Hé .

Similarly, we have

Ch®
I(Jy ppir + Jov — A) 90h||Hg2 < e lonllmg, -

Thus from the boundedness of (I + A)~! in L?(Q), Lemma 2.2 and the stability estimate, we
conclude

Ch?
le = enllz@ < CIT+ A = e)lx@ = 55 Il

for all h < hg such that also o < py.

For the general result, we observe that for T' € Ty, the estimate HTHHE2 < Ch7' T 2

follows directly from the definition of the norm in Hé. Using the orthogonal projection Oy,
we have

I = enllm, < lle — Onellm, + [|One — onllm,
< |l — Onélla, + Ch™" |One — ¢l r2(0)
< |l = Onolla, + Ch" [l — ¢nllraq) ,

where the last estimate follows from the Pythagorean theorem. For ¢ — Oy the same bounds
as for ¢ — Py have been shown as part of the proof of Lemma 2.2. Thus

o 1
o= enll, < 01 (14— el
From s > L2929 follows (s —t)(1 — 2a) /2 > 2a(t + 3). Thus

hs—t

Q23+6

_ hs—t—oc(25+6) — h(s—t)(l—Qa) h—2a(t+3) < h(s—t)(l—?a)/Q )

This concludes the proof. [
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4 Applications

In this section we will consider some applications for the method analysed in Section 3. There
are two basic classes of examples: boundary value problems for bounded domains that are
globally parametrizable over () and boundary value problems in periodic media. More general
boundary value problems can be treated by special surface representations and lead to systems
of Q)-periodic integral equations. We will discuss such cases in a forthcoming paper.

Example 4.1 Consider D C R? such that 0D is the image of a C® smooth regular Q-periodic
parametrization 1 : R? — R?, i.e. D has the shape of a torus. The Dirichlet boundary value

problem
Au=0 in D,

u=f on 0D,

can be solved by a double layer potential ansatz,

(23)

ute) = DLp(o) = [ MDD o) as),  ae D,

where n(y) denotes the outward drawn unit normal to D in y. Through the jump relations
for the double layer potential we see that u is a solution to (23) if ¢ is a solution to the integral
equation

o) - [ M) T Y) b sty = —27(),  wedD.

p 27|z -yl
Inserting 7 and setting ¢(t) = @(n(t)), we obtain the Q-periodic integral equation

[ @) x ol ) =)
R R 0 e UL

==2f(n(), teQ. (24

Lemma 4.2 The kernel of the integral operator in (24) satisfies Assumption 3.1 with ke = 0.

Proof: We denote the kernel of (24) by k(-, --). The bound on derivatives of k is obvious from
iterated applications of the quotient rule.

Representing 7 =t +rv, t € Q, r € R, v € S', we can apply various variants of the residual
representation in Taylor’s theorem to obtain

do

S=0or

o) =) =r [ galr=sv

——rif@ur? [(1=a) ot - o) do (25)

S=0or

Note that
(Orn(7) x an(T)) - [/ (T) v] = 0,

as this is a scalar product of the normal and a tangential vector to 0D. It follows that both
enumerator and denominator in |r| k(t, ¢ + rv) are C™.
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It remains to show that |n(t 4+ rv) — n(t)|/r is uniformly bounded away from zero. Fixing any
ro > 0, this is clear for ro < r < gy = 7/2. From the first representation in (25), we see

In(t +rv) —
2

77(15)‘2 e T,/ T,/
:/ / v (t+orv) 0(t+orv)vdogdoy .
o Jo

The matrix 7/(t) "n/(t) is the first fundamental form of 9D, which is uniformly positive definite
as 7 is regular. Hence we can choose ry such that the integrand above is bounded away from
0 uniformly in t € Q, v € S' and r < 1. Thus ¢ from Assumption 3.1 is C* smooth. [

Example 4.3 Consider the scattering of a time-harmonic acoustic wave by a smooth bounded
obstacle. Such a problem can be modelled as an exterior boundary value problem for the
Helmholtz equation. Again, we assume that D C R3 is such that 9D is the image of a C™
smooth regular Q-periodic parametrization 1 : R? — R3. For a wavenumber & > 0, we assume
that the total field u satisfies the Helmholtz equation outside D and a Dirichlet boundary
condition on 0D, i.e.

Au+ k*u =0 in R*\ D,

26
u=0 on 0D . (26)

Given the incident field u?, which is assumed to be a solution to the Helmholtz equation in
all of R?, we additionally assume that the scattered field u* = u — u’ satisfies the Sommerfeld
radiation condition at infinity.

A solution to this problem is given by the combined potential layer ansatz,

() =DLgle) A SLa(e) = [T inage ] o) dst)

for z € R?\ D provided that @ is a solution to the boundary integral equation

o(x) +2 /8D {% —1iA q)(x,y)} G(y) ds(y) = —2u'(z), x € 0D.

Here, A is some complex number satisfying Re(A\) # 0 and ® denotes the fundamental solution
to the Helmholtz equation

ok 2]

P(z,y) = T #y

4|z —y|’

After inserting the parametrization and substituting ¢(t) = ¢(n(t)), we obtain the @-periodic
integral equation

ik [n(t)=n(7)| , - (n(t)—n(r ,
o(t) + ek ];ﬂ 1 [(3177( )X5‘2t7l(_))T(77gt) n(1)) (1= ik n(t) = n()|)
0 [n(t)—n(7)|

— i B | p(r) dr = =2 (1), t€Q. (21)

Lemma 4.4 The kernel function in (27) satisfies Assumption 3.1.
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Proof: We set

1
Kl(x7y) — 5_

L {D(y) W)@ =) stz — o)) + k| — ] sin(klz — y]))

|z —y[?

P

AP cos(iele — )

D(y)n(y) - (x —y) (
|z —y[?

isin(k|x —y|) — ik |x — y| cos(k|x — y|))

D(y)
|z =y

) is the determinant of the first fundamental form. We

Ky (z,y) = % {

+ A

sinfk o )|

where D(y) = [011(T) x 0xn(7]|
denote the kernel of (27) by

k(t,7) = kit 7) + ka(t, 7) = Ka(n(t),n(7)) + Ka(n(t), n(7)) .

y=n(T

Note that

Ks(w,y) = D(y)n(y) - (x = y) pi(k* o = yI*) + A D(y) p2(k* [x — y[*)
with analytic functions p;, po. The smoothness of D(n(7)) follows again from the positive
definiteness of the first fundamental form. Thus ks is smooth.
Similarly, we have

D(y)n(y) - (v —y)
lz —yl3

D(y)

|z — |

Ki(z,y) = pa(K* [z — y[*) + A pa(k* |z —y[)
with analytic functions ps, ps. The smoothness of £ now follows with similar arguments as in
the proof of Lemma 4.2. [

Example 4.5 As a third example we consider scattering of a plane acoustic wave by a biperi-
odic smooth surface. The problem formulation is similar to that of Example 4.3, with D given
by

D={r=(tzs3) eR*:tcR? w3< f(t)},

where f € C*(R?) is Q-periodic, and the incident field is given by
u'(x) = kT reR®, deS?,ds<0.

An important feature of this field and correspondingly also the scattered field is that it is
kd-quasi-periodic, i.e. u'(t + 27 v, x3) = exp(i27k (dy,ds) " - v) u'(t, x3).

The Sommerfeld radiation condition has also got to be replaced by the condition that u*
is a linear superposition of upward propagating plane waves and evanescent waves, see [1]
for details. The scattered field can again be found as a combined double- and single-layer
potential,

() = DLg(e) ~ 8L = [ 2D a6 o) sty
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for x € R*\ D. Here G is the kd-quasi-periodic fundamental solution to the Helmholtz
equation and ¢ is a kd quasi-periodic density. Representations and algorithms for the efficient
evaluation of this function are discussed in [1,2]. The unit normal n(y) to 9D at y is assumed
to point upward, i.e. ng > 0.

Setting ¢(t) = exp(—ik (dy,ds) " -t) (¢, f(t)), we obtain a Q-periodic density ¢. u® is a solution
to the scattering problem, if ¢ solves the integral equation

o(t) + /Qe Th(dydz) {85:5 ;y) iING(x,y)
L+ [VMPe(r)dr = —2e K@i f(1),  teQ. (28)

For simplicity, we have used the abbreviations x = (¢, f(t)), y = (7, f(7)) here.
From [1, Theorem 3.8] we have the representation

cos(k |z — y|)

P |z —yl), |z—y| <

MI>1

with an analytic function P. Hence, by a similar analysis as in Lemma 4.4, we see that the
kernel in (28) satisfies Assumption 3.1.

5 Implementation and Numerical Examples

The implementation of the operator J, y is already given in (12): It is simply the application
of the tensor-product composite trapezoidal rule to the integral representing J,. The imple-
mentation of J; ,, vy as given by (14) is more complicated as it involves an approximation of
the two orthogonal projections. To simplify notation, we define

wuj\;f = O [stg%@ Z wu, Q )

EZQ

v o =Onm HXEQQQw }oH}

so that

Tanarelt) = / Pur a8 )% ] (0)

D kot ti) b (B, peZi. (29)

2
vEZLy s

M1 M,

From (13), using the Lagrange basis function, we obtain for p € Z%,, v € Z3,

2

5, V) (30)
= 2 2 0 | Xeuo M) T TG dp 138
ALY, €L,
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Preparation (carry out once)
— compute by, = kpolar(t) 10)),  p €Ly, vely
~ compute ¢, ~ / HX@MT(L } o HLM} (p)dp, veZy, 1€
Q
Matrix-Vector-Multiplication (o(t})), — (¥.)u

— for each p € Z%

compute dy,x = Xpe50(tY) SD(tN +1Y), Ae Z?\Z
perform (w'2"), «— FFT y;(d,)x

compute vk, - = Y ¢, wk',  vEL
L€Z2

compute ¢, = > b,, UM e
veZ3,

Figure 1: Algorithm for Matrix-Vector-Multiplication ¥ < Aj¢

= 30 0l | X1 T8 010 TG (31)

L€Z2

For an implementation of this formula, the integrals need to be computed accuratel It is
helpful that x.,,,, is radially symmetric: applying the Jacobi-Anger expansion for T (T1(+)),
gives a sum of products of two 1D integrals. The integration over p, can be carrled out
analytically, while for the integration over p; we apply the composite trapezodial rule. The
computation of an approximation of the Fourier coefficients wj\%‘ is done by an interpolation
instead of the orthogonal projection. The convergence rate of both operations are identical
for functions in Hy.

For a description of the implementation, we assume again that Ny = Ny = 7/h and that
0 = h for some fixed a € (0,1). Denote by N = 4N, N, the total number of unknowns. With
M; = M; = [o/h], we have #Z3, = #Z2> = O(N'~®).

In the following arguments, we will use indices in Z3% for the coefficients of vectors in CN, the
map from Z3%, — {1,...,N} being implicit, and likewise for matrices in CN*N. We write the
fully discrete version of (22) as the linear system

(I __fxl _'fXQ)QD:::@ba

where @, = @(t)), ¥, = ¢(t})), p € Z%, T denotes the identity matrix in CN*N and A; =
(aj,,) € CN*N denotes the dlscretlzatlon of J;, 7=1,2.

The linear system will be solved by an iterative method, so that algorithms for the computation
of A are required. The computation of ay ,, is obvious from (7) and (12), so that this matrix
in principle can be pre-calculated and used for matrix vector multiplication. The operation
count and storage requirements for this are O(IN?). However, various approaches are known to
reduce this considerably, such as Fast Multipole Methods, H-Matrix calculus, etc. The focus
of the present paper does not lie in this aspect.
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Figure 2: Errors for Dirichlet Problem for Laplace’s equation. Green symbols are used for
g1 = 0.1667 with o = 0.15 (x), a = 0.25 (¢), blue symbols for £; = 0.6667, with o = 0.15
(+), « =0.25 (o), @ = 0.4 (%), magenta symbols are used for £ = 0.6667 and o = 0.6 (O).

The matrix vector multiplication Aj¢ can be carried out using (29)—(31). The algorithm
is described in detail in Figure 1. From this description, we see that the preparation step
requires O(N?~% + N?72%) memory locations for storage and O(IN*~ + SN?72%) operations,
where S denotes the number of operations for acurate evaluation of the integrals in (31). For
the matrix vector multiplication itself, only the operational count is of interest. It amounts to

ON (N'"® + N log(N'7*))) = O(N** (1 + (1 — ) log(N))
operations.

In order for the preparation step not to dominate the overall complexity, it is necessary that S
is at most proportional to N®. This requires some careful balancing. Note however also that
(31) only involves the parameters g and ¢;, but is independent of the actual problem. Hence,
these calculations can be carried out once for a given parameter set and the resulting values
stored in a data base.

As a first example, we consider the Dirichlet boundary value problem for Laplace’s equation
from Example 4.1. As the domain D, we choose a torus given by the parametrization

cos(t1) 0
n(t) = (Ry + Rz cos(tz)) | sin(t1) | + Re 0 : t=(t;,tz)" € R?, (32)
0 sin(ty)

with Ry = 1.0 and Ry = 0.25. We have carried out the case, where the exact solution is
u(z) = (47 |z — (2,1, 1)TD_17 x € D. The integral equation (24) was solved numerically
for various sets of parameters and the double layer potential with the resulting density was
evaluated at a number of points (¥, ¢ =1, ..., P, in the domain.

Tests were run with ¢ = 0.15(20/N)* for various a € (0,1) and for two choices for €,. In
all cases g9 = 0.8333, €3 = 2.0 as well as M = ceil(o/h) and M proportional to M with a
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total # of g1 = 0.1667

N unknowns a=0.15 a=0.25

;;l izgg i -1.1848 i -1.1996

48 9916 . 2.2589 . 2.4786

0.7081 0.6326

64 16384 6 4 taan 6 i

96 36864 9 o 8

128 65536 SR [

192 147456 16 13 7

tOtal # Of £ = 06667

N unknowns a=0.15 a = 0.25 o =04 o= 0.6
?21 42138;1 i -0.2149 j 0.0386 Z -0.1475 2 1.2710
8 0916 . 15702 . 12810 23161 00382
64 16384 ;10533 o 18965 o 01309 T 05098
96 36864 g 51085 g 23366 11316 = 0.7210
128 65536 11 o8 g S20L S22l
192 147as6 16 A0S gy S9D g 390 1208

Table 1: Estimated orders of convergence for the Dirichlet problem for Laplace’s equation.

fixed constant. Figure 2 shows the maximum error Erry for evaluations of the double layer
potential in the points z(©. Table 1 lists estimated orders of convergence

log(Erry, / Erry,)
EOC =
log(Na/Ny)

for subsequent values of N. The total number of unknowns for each problem is also listed.

For the choices of a < 0.5 we see that the increasing convergence rates to be expected from
Theorem 3.12 are indeed achieved. On the other hand, the result for & = 0.6 does not exhibit
an increasing convergence rate which may be an indication that Theorem 3.12 is sharp in this
respect.

As the second example, we carried out computations for a scattering problem from Example
4.3 for the wave numbers k; = 2v/2 and ky = 4v/2. As the obstacle, the torus defined by
(32) was used and p was chosen by the same recipe as before. After solution of the boundary
integral equation, the field was evaluated on a 51 x 51 grid GG in the horizontal plane z3 = —1
beneath the obstacle. To assess the achievable convergence rates, we used the “incident field”
u® = ®(-, z) with z = (0.9,0.0,0.15)" € D. In this case u®* = —u’ in R*\ D, so that we know
the scattered field exactly. We denote the field computed by our method for a given value of
N by uy and evaluated
Erry = max lusy (z) + u'(z)] .

The values obtained have been plotted in Figure 3. In Table 2 we report on estimated conver-
gence rates computed as in the previous example for the case k = 2v/2. Corresponding rates
for k = 44/2 are presented in Table 3.
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Figure 3: Errors for the scattering problem. Blue symbols used for k = 2v/2 with o = 0.15
(4), a = 0.25 (o), @ = 0.4 (*), red symbols are used for k& = 4v/2 with a = 0.15 (x), a = 0.25
(O), a =04 (o).

total # of a=0.15 a=0.25 a=04

N unknowns M  EOC M  EOC M  EOC
2B 3 i S g
A8 9916 . 1.1799 5 0.7187 . 2.0920

1.6587 2.8525 -0.3633
64 16384 6 6 5

2.8249 2.3226 1.7294
J6 36864 ) 3.8533 8 3.4798 6 3.3664
128 65536 1 5‘6597 10 3'2667 7 3‘9864
192 147456 16 ' 13 ' 11 ’

Table 2: Estimated orders of convergence for the scattering problem with k = 2v/2.

total # of a=0.15 a=0.25 a=04

N unknowns M EOC M EOC M  EOC
g;l iégé i 0.5676 i 0.8457 i 0.2843
A8 9216 5 1.1900 5 0.6782 . 2.0810
64 16384 6 1.5574 6 3.0471 . -0.5332

2.9099 2.4527 1.8940
96 36864 9 8 6

4.0797 3.6469 2.7877
128 65536 1 4.7555 10 3.2173 7 4.6971
192 147456 16 13 11 ’

Table 3: Estimated orders of convergence for the scattering problem with & = 4/2.

30



Figure 4: Scattering of a plane wave by a torus at k = 12v/2.

A true scattering problem is displayed in Figure 4. A plane wave with incident direction
d = (v/3/2,0,—1/2)7 is scattered by the torus given by (32). The wavenumber is k& = 12/2,
the other parameters are chosen as N = 128, M = 11 and ¢ = 0.35671.

The torus is visibly enhanced by a superimposed grid that is in no way related to the com-
putational grid used. On the surface of the torus, the real part of —u’ is displayed, on the
horizontal and vertical plane, the potential evaluated for the density computed with our solver
is presented.

Finally, we also carried out computations for scattering problems involving periodic surfaces as
described in Example 4.5. Specifically, we used the surface given as the graph of the function

£(1) = 5 cos(n) exp(sin(t)),  tE R,
Computations were carried out at k = 2v/2 with the plane wave u'(z) = exp(ikz - d) with
d=(+/3/2,0,—1/2)" used as the incident field. Figure 5 shows the real part of the scattered
field in this situation. The parameters used for this plot are N = 48, M =5 and o = 0.41325.
Two periods of the surface are shown in both directions. The field on the biperiodic surface is
simply the Dirichlet boundary values, on the vertical planes the potential with the computed
density was evaluated.

In conclusion, these examples show comprehensively that the super-algebraic convergence rates
predicted by Theorem 3.12 are achievable in practice in a variety of applications. Moreover,
there is some numerical evidence, that the bound a < 1/2 necessary in the proof of this
theorem is indeed sharp.
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Figure 5: Scattering of a plane wave by a periodic surface at k = 2v/2. The scale in the
vertical direction is doulbe that in the horizontal directions.
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