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Abstract—We propose a novel sampling algorithm for the
von Mises—Fisher distribution on the unit hypersphere. Unlike
previous works, we show a solution for an arbitrary number of
dimensions without requiring rejection sampling. As a result, the
proposed algorithm has a deterministic runtime. The key idea
consists in applying the inversion method to a one-dimensional
subproblem and analytically calculating the integral occurring in
the distribution function. The proposed method is most efficient
for odd numbers of dimensions. We compare the algorithm to a
state-of-the-art rejection sampling method in simulations.

I. INTRODUCTION

Hyperspherical probability distributions are distributions
defined on the unit hypersphere S4~1 = {z € R? : ||z = 1}.
They are of importance in a variety of applications related
to estimation and sensor data fusion, which we will discuss
below. One of the most popular hyperspherical distributions is
the von Mises—Fisher distribution [1], sometimes also referred
to as the Langevin distribution.

In recent years, a number of papers has been published
where the von Mises—Fisher distribution is applied in a variety
of contexts. Chiuso and Picci used the distribution in the
context of camera-based tracking on the unit sphere [2]. Later,
Markovic et al. considered an application involving an omni-
directional camera [3], [4]. Traa and Smaragdis proposed the
use of the von Mises—Fisher distribution for multiple speaker
tracking [S5] based on microphone arrays. Other applications
include high angular resolution diffusion MRI [6] as well as
electron backscatter microscopy in the context of estimation
of crystal orientations for crystallography [7], [8].

The probability density of a von Mises—Fisher distribution
on the unit hypersphere S?~! is given by

f@ip, k) = ca(k) -exp(r - p'z) (1)

where we have z € S9!, the location parameter p € 5971,
and the concentration parameter x > 0. The normalization
constant can be obtained according to
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where I, (k) is the modified Bessel function of the first kind.
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Figure 1. Samples from different von Mises—Fisher distributions on S2.

For many applications it is important to obtain random
samples from the von Mises—Fisher distribution, for example
in the context of Monte Carlo methods and for evaluation or
visualization purposes. An example of samples obtained from
three different von Mises—Fisher distributions on S? (d = 3)
is given in Fig. 1. The problem of obtaining random samples
from a given probability distribution has been investigated for
a long time [9], but common books on this topic typically do
not include the von Mises—Fisher distribution [10].

There has been some discussion of sampling algorithms
for the von Mises—Fisher distribution in literature. Ulrich [11]
proposed a fairly general framework for sampling hyperspher-
ical distributions using rejection sampling. A slightly modified
version of this method that fixes certain issues was proposed
by Wood [12] for the von Mises—Fisher as well as the Bingham
distribution. Both of these methods sample from a related
proposal density instead of the true density and accept the
resulting samples only with a certain probability. This leads to
a non-deterministic runtime because it is not known a priori
how many samples are drawn before one is accepted. Even
though the average runtime may be quite small and it might be
possible to prove a stochastic bound, the worst-case runtime
cannot be bounded. Also, the variable number of iterations



required makes vectorization or parallelization of the algorithm
more difficult.

Some authors have also proposed methods for the special
case of sampling the von Mises—Fisher distribution on S?
(d = 3), for example Fisher et al. [13, p. 59], Jung [14],
and Jakob [15]. In this case, there exist simple solutions and
no rejection sampling is necessary. However, these approaches
cannot be generalized to a higher number of dimensions.

The case of S* (d = 2) has also been investigated. There,
the von Mises—Fisher distribution coincides with the von
Mises distribution. Algorithms for sampling the von Mises
distribution based on rejection sampling have been published
in [10, Sec. 7.3] and [16].

The contribution of this paper can be summarized as fol-
lows. We propose a novel method for stochastic sampling
of the von Mises—Fisher distribution on the unit hypersphere
S9=1. For an odd number of dimensions d, the proposed
method is analytical except for a bisection algorithm, which
is, however, guaranteed to converge up to machine precision
with a reasonable predefined number of steps. For an even
number of dimensions d, the same method can be applied, but
one of the intermediate results is given by a series represen-
tation, which cannot be evaluated analytically. Therefore, the
proposed method is of particular interest for an odd number
dimensions.

II. PROPOSED ALGORITHM

Without loss of generality, we only consider the case of
pu = [1,0,...,0]7 at first. Once samples for a von Mises—
Fisher distribution with this 1 have been obtained, they can
be rotated appropriately to a different location.

Based on the results of Wood [12, eq. (1)] and Ulrich [11],
we can obtain samples for this distribution according to

s$= [w7 (1 - w2)yT]T ’

where v is sampled uniformly! on $¢~2 and w € [~1,1] is
distributed according to the probability density function

fw)=c-(1

1
¢t :/ (1 —w?
—1

Just as in (1), x refers to the concentration parameter of
the von Mises—Fisher distribution under consideration. This
density can be derived by using a substitution into spherical
coordinates and only considering the angle between z and
u, similar to [17, Appendix C]. A plot of (2) is depicted in
Fig. 2. As a result, the problem of sampling the von Mises—
Fisher distribution can be reduced to the problem of sampling
w from f*(w).

—w?) @32 exp(kw) | )

where

WA=3)/2 exp(kw)dw .

!Uniform sampling on a sphere can be easily achieved by sampling from a
multivariate Gaussian with mean zero and identity covariance, and subsequent
normalization to unit length.

A. Solution for d = 3

In order to introduce the basic idea, we first look at an
easy special case that has previously been solved. For d = 3,
f*(w) simplifies to f*(w) = ¢ - exp(kw). Thus, we obtain
the distribution function in closed form according to

o= [

The normalization constant is given by

1
! [1 exp(kw)dw = %(exp(n) —exp(—k))

 (exp(w) — exp(—r)) .

2
= —sinh(k) .
—sin (k)

Then, we can apply the inversion method [9, Sec. 4.1]. For
this purpose, we sample a random variable u uniformly on
[0,1] and obtain
w = (F)"}(u)
1
= —log (2usinh(k) 4+ exp(—k)) .
K

This is equal to the result given by Jung [14]. According to
[15, Sec. 3.1], this result can be reformulated as

1
w=1+ —log(u+ (1 —u)exp(—2k))
K
to increase numerical stability for large values of k.

B. Generalization to an Arbitrary Number of Dimensions

To generalize this method to an arbitrary number of di-
mensions, we calculate the distribution function using the
substitution x = cos(¢), which yields

w) = /_“11 f¥(x)dz

=c- / (1 — 24372 exp(ka)da
—1

arccos(w)—+m/2
=c- / sin(¢)4"2 exp(k cos(¢))de .
0

The normalization constant c is thus given by

cl= /07r sin(¢)?~2 exp(k cos(p))d .

1) Odd Number of Dimensions: If the number of dimen-
sions d is odd, we can obtain a closed-form solution as follows.
For odd d > 3, we define n = (d — 3)/2, and the indefinite
integral (antiderivative) is given by

/ sin(¢)? 2 exp(k cos(¢))de 3)
= [ (4= cos()*)"sin(@) expls cos(9))ds

/ () (—cos(#)*)7 | sin(¢) exp(x cos(@))de

5 ()

=0

v

) /cos (6)% sin(¢) exp(k cos(¢))de .

[
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Figure 2. The probability density function f*(w) for different dimensions d and different values of the concentration parameter .
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Figure 3. The distribution function F'*’ (w) for different dimensions d and different values of the concentration parameter .
Furthermore, we can calculate the remaining integral using the " .
ing identit = [ {22 (7) (~cos(@)®) | exp(ncos(6))de
following identities - j p
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cos()* sin(6) exp(x cos(¢))do N (™Y (2197 [ cos(@) exp(n cos
/ p > () 07 f st xptestona
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A . y where n = d/2—1. Now, we can rewrite the remaining integral
T (0R)¥ (¢) exp( cos(¢))d¢ using the following identities
0%
= — COE eXp(KZOS(@) + const . ‘
/cos(d))z] exp(k cos(@))d¢
The derivatives in the last step can easily be obtained for 52
arbitrary j > 0, but the terms for large values of j can get = / == exp(r cos(¢))de
quite complicated. (23’{) !
As a result, the distribution function F'*(w) can be calcu- = i , / exp(k cos(¢))do
lated in closed form for an arbitrary odd number of dimensions (0K)%
d > 3. Solutions of (3) for a few values of d are given in the 0% b
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where we use [18, eq. (9.6.34)] and [18, eq. (9.6.29)]. The

infinite series contained in the result converges fairly quickly,

so that considering just a few summands is usually sufficient.

3) Inversion of the Distribution Function: In order to
sample from f*, we can now sample v uniformly on [0, 1]
and calculate w = (F*)~!(u). Even though F(w) can be
obtained in analytical form, calculation of its inverse is difficult
for d > 3. For this reason, we propose the use of a numerical
method to obtain w as the root of F™(w) — w. It is easy to
see that F'*(w) is strictly increasing on [—1, 1] and that there
is always a unique solution. Thus, the bisection method [19,
Sec. 9.1] is guaranteed to yield the result up to numerical
precision in all cases after a reasonable number of steps’.

In order to achieve even faster convergence, it is also pos-
sible to apply the one-dimensional Newton—Raphson method
[19, Sec. 9.4], which converges quadratically under certain
conditions. We use the initial value wg = 0 and the iteration
FY(wg) —u

fotwe)

Note that it is trivial in this case to calculate the derivative of
F*(w) — u, which is given by f*“(w). However, convergence
is not guaranteed, as F*(w) — u is not necessarily convex
(see Fig. 3). We achieved convergence in most cases in
our experiments, usually after just a few steps. To ensure
guaranteed convergence a more sophisticated method may
need to be used, e.g., Ridders’ method [19, Sec. 9.2.1], Brent’s
method [19, Sec. 9.3], or a hybrid method combining the
Newton—Raphson method and the bisection method.

Wr+1 = Wk —

C. Generalization to Arbitrary i

As mentioned before, the proposed algorithm can easily be
generalized to von Mises—Fisher distributions with arbitrary
pu € S%1. This is achieved by subsequently rotating all
samples with a suitable rotation matrix Q(z). Because von
Mises—Fisher distributions are radially symmetric around the
axis of pu, an arbitrary rotation matrix satisfying the equality
1= Q(u)-[1,0,...,0]” can be chosen. Thus, the first column
of Q(u) is given by u and the other columns need to be
chosen in such a way that Q(u) is an orthogonal matrix with
determinant 1. This can be achieved by initializing Q(y) using
a matrix with g in the first column, and then performing
a Gram-Schmidt orthogonalization procedure or a different
method of computing the QR decomposition [21, Sec. 5.2].

Pseudo code for the entire procedure is given in Algo-
rithm 1.

ITI. EVALUATION
In order to show the validity of the proposed method, we

performed multiple simulations, where we compare the novel

2As each step halves the interval in which the solution can be located, we
gain one bit of accuracy in each step. Thus, we need approximately 50 steps
to reach machine precision for a IEEE 754 double variable [20].

Algorithm 1: von Mises—Fisher Sampling

Input: parameters u, «, number of iterations n with
default n = 50
Output: sample s
d «—dimension(p);
u <—uniform([0, 1]);
/* Bisection algorithm to sample w */
Wmin < 71;
Wiax < 1;
for j < 1 ton do
w — wmin"é‘wmax;
if F*(wy) > u(i) then
‘ Wmax < W;
else
‘ Wmin < W;
end

end
/+ Generate sample on unit sphere */
v <uniform(S9-2);
s [w,v1—w?-vT]7T;
/* Rotate depending on pu x/
M < [,0,...0]; B
[Q, R] +QrDecomposition(M);
if R(1,1) < 0 then
/* Make sure that the first column

of Q is p and not —pu */
Q«+ —-Q;
end
s+ Qs;
return s;

algorithm to the method proposed by Wood [12]. For this pur-
pose, we consider a von Mises—Fisher probability density in d
dimensions with y = [1,0,...,0]” and several concentration
parameters x € {0.1,2,150}. We draw different numbers of
samples from this distribution using the two sampling methods
and fit a new von Mises-Fisher distribution to these samples
using the algorithm proposed by Sra [22]. Now, we consider
the angular error / (1, u"d) between the location parameter
of the original and the fitted distribution as well as the absolute
error |x — x| in the concentration parameter. For a sound
sampling method, one would expect both errors to converge
to zero for an increasing number of samples.

In Fig. 4-6, we show the results of 1000 Monte Carlo runs
for different values of x and d € {5,7,9}. It can be seen that
the error converges to zero for both approaches and it does so
at an almost identical speed. This indicates that the proposed
method performs similarly to Wood’s method even though it
does not require rejection sampling.

We also compared the computation time of Wood’s ap-
proach and our method. A non-optimized MATLAB imple-
mentation of the proposed method is about two to four times
slower than Wood’s method, depending on the number of
dimensions. However, a vectorized version of the proposed
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algorithm is faster up to a factor of two than Wood’s method
if many samples are requested in one function call.

Our implementations of both Wood’s method and the
proposed method will be made available as part of
libDirectional [23], a MATLAB library for directional
statistics and directional estimation.

IV. CONCLUSION

We have presented a novel method for sampling from a
von Mises—Fisher distribution on the hypersphere without the
need to resort to rejection sampling. As a result, the pro-
posed algorithm has a deterministic runtime unlike rejection
approaches.

The method can be efficiently implemented for an odd
number of dimensions, but can in principle be applied to

an even number of dimensions as well. Because samples are
drawn from the unit sphere, it is unfortunately not easily
possible to reduce sampling in an even dimension to a higher
odd dimension, because omitting one of the dimensions of the
samples destroys the unit-norm property.

Our evaluation indicates comparable results to the state-of-
the-art method by Wood, which necessitates rejection sam-
pling. Thus, the proposed method provides a superior alterna-
tive when the computation time needs to be bounded.

APPENDIX

Here, we give the solution of the indefinite integral (3) for
low odd numbers of dimensions:

d=3:
e cos(¢)

K
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