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AsTRACT. We study weak solutions of the homogeneous Boltzmann equation for Maxwellian
molecules with a logarithmic singularity of the collision kernel for grazing collisions. Even though
in this situation the Boltzmann operator enjoys only a very weak coercivity estimate, it still leads to
strong smoothing of weak solutions in accordance to the smoothing expected by an analogy with a
logarithmic heat equation.
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1. INTRODUCTION AND MAIN RESULTS

We study the regularity of weak solutions of the Cauchy problem
o f = 0(f. /)
fl=0 = fo
for the fully nonlinear homogeneous Boltzmann equation in d > 2 dimensions with initial datum

fo > 0 having finite mass, energy and entropy, fo € L%(Rd) N Llog L(RY).
The bilinear Boltzmann collision operator Q is given by

0(s. /) = f f B(W—Mﬁ-a)(g(v@f(v')—g(v*)f(v)) dodv.. @
Rd Jsd-1 [v — vy

Here we use the o-representation of the collision process, in which

6]

, VvV [v—vy , Vv [v—vy d-1
V= + o, V,=—— — o, foroeS“ .
2 2 o 2 2 ’
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The collision kernel B takes into account the detailed scattering process by which the particles
change their velocities, which, in a dilute gas, can be assumed to involve only two particles at a
time (binary collisions). In the important case of inverse-power-law interactions ®(r) = > 2,
it is of the form B([v — v,|,cos ) = |v — v.["b(cos ), y = ”_;2#, where cos 6 = |E:E:| -oand b is
the so called angular collision kernel. Even though an explicit formula for b is not known, one
can show [5] that b is smooth away from the singularity, non-negative, and has the non-integrable

singularity

. d— 6—0 K
sin? 2Gb(cos 0) ~ T

3)

forsome K >0and 0 <v < 1.
It has been noted for some time now, see [1] and the references therein, that the divergence (3)
leads to a coercivity in the Boltzmann collision kernel of the form

-0(g, f) = (=A)" f + lower order terms, )

that is, it behaves similar to a singular integral operator with leading term proportional to a fractional
Laplacian. If the interaction is instead of Debye-Yukawa type

o) =rle™”, 0<s<2. (5)

the angular collision cross-section b(cos 8) has a much weaker non-integrable singularity of logar-
ithmic type

sin’2 0 b(cos 0) ~ k0! (log 67!’ (6)

for grazing collisions § — 0, with some «, u > 0. For example in dimension d = 3 one has y = % -1

[11]. Going through the calculations of [11] one can check that u = % — 1 in arbitrary dimension
d > 2. In this case, the coercive effects are much weaker and of the form

—-Q(g, f) = (log(1 — A)**! £ + lower order terms, 7

as was noticed in [11], see also appendix A. In this work, as in [4, 11], we consider only the
so-called Maxwellian molecules approximation, where the collision kernel does not depend on
v — vy, but only on the collision angle 6.

Even though b has a singularity, the quantity

n

3
f sin? @ b(cos ) df < oo, (8)
0

which is related to the momentum transfer in the scattering process, is finite in both cases (3) and
(5).

We will also assume that b(cos ) is supported on angles 6 € [0
to symmetry properties of the Boltzmann collision operator.

In this article, we use the following notations and conventions: Given a vector v € R? and @ > 0,
let (V)g = (@ + [v[*)'/2, and (v} := (v);. For p > 1and s € R the weighted L? spaces are given by

LERY = {f e PR : ()'f € LP(RD),

s

» 51, which is always possible due

equipped with the norm

1/p
M@WF(LVMWWMQ .
We will also make use of the weighted (L2-based) Sobolev spaces
HiRY) = {f e S'®RY): (' f e H'RY)}, Kk (€R,

where H*(R?) are the usual Sobolev spaces given by H¥(RY) = {f e S'RY : (Wfe LZ(R")},
for k € R. We also use H*(R?) = Mi=0 H*(RY). The inner product on L2(RY) is given by
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(f,g) = fRd mg(v) dv. Further, closely related to the functions with finite (negative) entropy
H(f) = fRd flog f dv is the space

Llog L(RY) = { f:R? - R measurable : ||fllL1ogr = f If(W)|log (1 +[f()]) dv < oo}.
]Rd

We use the following convention regarding the Fourier transform of a function f in this article,
&N = fa = [ e
R

We denote D, = —ﬁV and for a suitable function G : R — C we define the operator G(D,) as a
Fourier multiplier, that is,

G(D)f = F[G/].
The precise notion of a solution of the Cauchy problem (1) is given by

Definition 1.1 (Weak Solutions of the Cauchy Problem (1) [3, 14]). Assume that the initial datum
fo is in Lé(]Rd) N Llog LRY). f: R, x R? - R is called a weak solution to the Cauchy problem
(1), if it satisfies the following conditions':
(i) £20, feBR:D RY)NL Ry; LIRY) N Llog LRY))
(i) f(0,-) = fo
(ii1) For all # > 0, mass is conserved, j];%d f(t,v)dv = fRd fo(v) dv, kinetic energy is conserved,

fRd f(t,v)v?dv = ﬂ%d fo(v)v? dv, and the entropy is increasing, that is, #(f) is decreasing,

FH(f(2,) < F(fo)
(iv) Forall ¢ € €'(R,; 6°(RY)) one has

A
Pt 9, (8 ) = (o 90, ) = fo (5, Yo, )y dr
r ©)
= f (O(f, ), ), ¢(t,)ydr, forallt>0,
0

where the latter expression involving Q is defined for test functions ¢ € W>*(R%) by

O s @)
1 - Vx Vi ’
-1 f f b(v v -0)f(v*)f(V)(cp(v)+90(v*)—90(V)—s0(v*)) dordvdv..
2 Jred Jga-1 \|[v = vy

Weak solutions of the above type of the Cauchy problem (1) for the homogeneous Boltzmann
equation are known to exist due to results by ARKERYD [2, 3], which were later extended by ViLLant
[14]. They are known to be unique [13], see also the review articles [7, 10].

In [11] it has been shown that weak solutions to the Cauchy problem (1) with Debye-Yukawa
type interactions enjoy an H> smoothing property, i.e. starting with arbitrary initial datum fy > 0,
fo € Ly N Llog L, one has f(#,-) € H™ for any positive time 7 > 0.

Based upon our recent proof [4] of Gevrey smoothing for the homogeneous Boltzmann equation
with Maxwellian molecules and angular singularity of the inverse-power law type (3), we can show
a stronger than H* regularisation property of weak solutions in the Debye-Yukawa case.

To this aim we define the function spaces

Definition 1.2. Let 4 > 0. A function f € H*(RY) is defined to be in the space A*(RY) if there
exist constants C > 0 and b > 0 such that

o7 ]|» < Clt el forall o € N 1%

1Throughout the text, whenever not explicitly mentioned, we will drop the dependence on ¢ of a function, i.e.

f) = f(t,v) etc
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For p > 0 we define the family of function spaces, parametrised by 7 > 0,
@ (00O s 2R) = {f € 2R 1 05O p e 2R
Remark 1.3. Let u > 0. Then
st (R = )@ (00" 2r)).

™0

The proof is rather technical and is deferred to Appendix B.

In view of the coercivity property (7) and the regularisation properties of the logarithmic heat
equation

8:f = (log(1 — A, (11)

the spaces d#, through their Fourier characterisation in Remark 1.3, capture exactly the gain of
regularity that is to be expected for the Boltzmann equation with Debye-Yukawa type angular
singularity. Indeed, our main result is

Theorem 1.4. Let f be a weak solution of the Cauchy problem (1) for the homogeneous Bolzmann
equation for Maxwellian molecules with angular collision kernel satisfying (6) and (8), and initial
datum fy > 0, fo € Lé(Rd) N Llog L(RY). Then for any Ty > 0 there exist 8, M > 0 such that

1oz £; ) e [2(RY)
and

sup e/3:(1og<Dv>)’”l| f(t, M <M
neRd

forallt € (0,Ty). In particular, f(t,-) € A* for all t > 0.

Remark 1.5. This regularity is much weaker than the Gevrey regularity we proved in [4] for
singular kernels of the form (3), but it is much stronger than the H* smoothing shown in [11].
Moreover, it is exactly the right type of regularity one would expect for a coercive term of the form
(7) from the analogy with the heat equation (11).

For our proof we have to choose 8 small if T is large and our bounds on 8 deteriorate to zero in
the limit 7y — oo, so our Theorem 1.4 does not give a uniform result for all # > 0. Nevertheless,
by propagation results due to DesvILLETTES, FurioLo and TERRANEO [8] we even have the uniform
bound

Corollary 1.6. Under the same assumptions as in Theorem 1.4, for any weak solution f of the
Cauchy problem (1) with initial datum fy > 0 and fy € L;(Rd) N Llog L(RY), there exist constants
0 < K, C < oo such that

sup sup eKmin (ogn)™ | 7 ) < . (12)
0<t<co peRd
The strategy of the proofs of our main result Theorem 1.4 is as follows: We start with the
additional assumption fy € L? on the initial datum (Theorem 4.1). We use the known H®
smoothing [11] of the non-cutoff Boltzmann equation to allow for this. Within an L? framework,
a reformulation of the weak formulation of the Boltzmann equation is possible which includes
suitable growing Fourier multipliers. As in [11] the inclusion of Fourier multipliers leads to
a nonlocal and nonlinear commutator with the Boltzmann kernel. For non-power-type Fourier
multipliers this commutator is considerably more complicated than the one encountered in the H*
smoothing case. To overcome this, we follow the strategy we developed in [4], where an inductive
procedure was invented to control the commutation error, in order to prove the Gevrey smoothing
conjecture in the Maxwellian molecules case.
The main differences compared with [4] are:
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(1) For the weights needed in the proof of Theorem 1.4 we have a much stronger enhanced
subadditivity bound, see Lemma 2.1. The proof is more involved than the one in [4],
though.

(2) Because of the stronger form of the subadditivity bound, we can allow for a bigger loss
in the induction step. We can therefore work with a more straightforward version of the
‘impossible’ L?-to-L™ bound, see Lemma 3.1.

(3) Due to the special form of the weights we use in this paper, which are in some sense in
between the power type weights used in [11] and the sub-gaussian weight used in [4], we
don’t have to do much of the additional songs and dances from [4].

2. ENHANCED SUBADDITIVITY AND PROPERTIES OF THE FOURIER WEIGHTS

Lemma 2.1. Letu > 0 and h : [0, 00) — [0, ), s — h(s) = (log(a + s))’”1 for some a > V. Then
h is increasing, concave and for any 0 < s_ < s,

+1

h(s— +54) < 2 h(s_) + h(sy). (13)
1 +loga

Remark 2.2. For > e*, one has 4(0) = y“*! > 0, and from the concavity of / one concludes the

subadditivity estimate

h(s_)+ h(sy) > h(s_ +s.)+ h0) > h(s_ +s4)

for all s_, s+ > 0. Note that this is the best possible bound for general s_, s, > 0. For0 < s_ < s,
Lemma 2.1 shows that the subadditivity bound can be improved to gain the small factor %,
which is strictly less than one for @ > e, in front of A(s_). So this is indeed an enhanced
subadditivity property of the function 4.

Lemma 2.1 plays a similar role in the proof of Theorem 1.4, as Lemma 2.6 in our previous paper
[4]. Here the situation is a bit simpler than in [4], since by choosing « large enough, we can make

u+1 .
the term THoga 35 small as we like.

Proof. Since

u+1

H(s) = (logla+ ) 20 ifa>1,

a+s
the function # is increasing. Further,

u+1 - p+1
P (log(a + )" (1 - log(a + 5)) < @)
for a > e/, so h is concave.
For all s_, s, > 0,

' (s) = (log(a + )Y (1 — log(a)) < 0

B(s— + 1) = h(s_) "= o ))_ ") s,

and by concavity, s, — h(s— + s;) — h(s;) is decreasing, so using 0 < s_ < s, one has
h(2s_) — h(s.)

h(s_ +s54) < h(s_)T + h(sy).

Since i’ is decreasing,

25—
h(2s_) — h(s_) = f W (rydr < W' (s_)s-

and we get

W (s_)s— B (u+1)s_
ey ) = R e S og@ )

For a > 1 the function F, : [0,0) — R, F,(s) := (a + s) log(a + s), is strictly convex and thus

h(s— + s4) < h(s-)

+ h(s,).

Fo(s) = Fo(0) + F,(0)s = aloga + (1 + loga)s > (1 + log a)s.
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It follows that and therefore

_ 1

(a+s_)lsog(a+s_) < I+loga
u+1

h(s_ + s54) < h(s.)—— + h(sy).
1 +loga

Proposition 2.3. Let B,t,u > 0, @ > e* and define the function G :[0,00) > R by
G(r) := B2+ (logla+n)*

Then for all 0 < s_ < s, with s_ + s, = s one has

~ ~ ~ +1 —

G = Glsar| < 27p1ga + 1) (1= 2| Glog(er + ) G5 57 G-
s

Proof. Using
1
a+s

G'(s)=2""B1(u+ 1) (log(a + )Y G(s)

one has

S_S+

G(s) - G(ss) = f S G'(rdr <2 Bt +1) (log(a + )Y G(s),

St

a+ s,

where we used that s, < s and the fact that G is increasing. Since s_ + sy = sand 0 < s_ < s, in
particular s, > £, we can further estimate

) ) )

a+ s, s s)a+ s, s

to obtain
G(s) = Glss) < 27 Br(u + 1) (1 - S—+) (log(a + 5))" G(s).
s
The rest now follows from the enhanced subadditivity property (13), namely

G(s) = G(s_ + 5,) < G(s.) o7 G(s.).

3. EXTRACTING L BOUNDS FROM L2: A SIMPLE PROOF

Following is a simple bound which controls the size of a function  in terms of its local L? norm
and some global a priori bounds on % and its derivative.

Lemma 3.1. Leth € C@bl (RY), i.e. his a bounded continuously differentiable function with bounded
derivative. Then there exists a constant L < oo (depending only on d, ||h|| = gay and, |[VA|| e gay )
such that for any x € R%,

Ih(x) < L( fQ ()P dy)M : (14)

where Q is a unit cube in R? with x being one of the corners, oriented away from the origin in the
sense that x - (y —x) 2 0 forall y € Q,.

Remarks 3.2. (1) We use the norm [|VA||;«gd) = sup,cpa [VA(1)|, where | - | is the Euclidean norm
on R,

(2) The exponent dﬁ can be improved if higher derivatives of the function / are bounded, see
Section 2.3 in [4]. This was important for the results of [4], but we don’t need it here because
of the stronger form of the enhanced subadditivity Lemma for the weight we consider in this

paper.
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Remark 3.3. If f € L} (RY), its Fourier transform satisfies f € %bl RY) by the Riemann-Lebesgue
lemma. Since V,,£(17) = 27ivf (1) one has the a priori bound ||V fl| e, < 27| Iz gay.

If f is a weak solution of the homogeneous Boltzmann equation, we can also bound ||V f]| LR <
27| foll Li(Rd) uniformly in time due to conservation of energy.

Proof. We first consider the one-dimensional case and prove the d-dimensional result by iteration
in each coordinate direction.
Letu e CGbl(R) and g > 1. Then for any r € R we have

|u(r)|? < max {gllu’ ||y, lluall o) } f lu(s)|" ds, (15)
I,

where I, = [r,r+ 1]if r >0and I, = [r—1,r]if r < 0.
Indeed, assuming for the moment r > 0,

lu(r)|? —f|u(s)|q ds < f lu?(r) — ul(s)| ds,
I, I,

and by the fundamental theorem of calculus,
) =) < [ W W @l < alloses) [ o
I I

Combined with the trivial estimate fl [u(s)|ds < [lullzor) fl lu(s)|9~! ds one arrives at inequality
(15) for r > 0. The case r < 0 is analogous.
For the case d > 1 we remark that for any y € R¢,
”h()’l, LIS ’yj—la * 7yj+17 “ee 9yd)||L°°(R) S ||h”L°°(Rd)’ and
1015 - Yjm1s 5 Vit - - s Yo @) < VAl Lo gay
and setting g = d + 2 iterative application of (15) in each coordinate direction yields for x € R¢
d -
vmﬂ”shm4w+mwwmwﬂww®&)f A2 dy,
le ><---><de

hence

1
d a+2 2
d+2 2 . d+2
Ww50mdw+mwwmwwmmww“(gywn@) =t LIKIT,

where Q. = I, X --- X I, is a unit cube directed away from the origin with x € R at one of its
corners. [ ]

4. SMOOTHING PROPERTY OF THE BOLTZMANN OPERATOR

A central step in the proof of Theorem 1.4 is to prove a version for L? initial data first. This is
the content of Theorem 4.1 below. In the remainder of this article we will always assume that the
collision kernel satisfies assumptions (6) and (8).

Theorem 4.1. Let f be a weak solution of the Cauchy problem (1) with initial datum fy > 0,
fo € LR N Llog L(RY) and in addition fy € L*(RY).
Then for all To > 0O there exist 5, M > 0 such that for all t € [0, Ty]
sup #xD: )™ f p) < M
nerd
and
0z (1 ) € 12(RY)

d,ds2
where @ = e27 7 K,
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We give the proof of Theorem 4.1 in section 5. To prepare for its proof, let @ > e/ and 5 > 0 and
define the Fourier multiplier G : R, x RY — R, by

. 1
G(t, T]) = eﬁt(log<’7>a)ll l’ <]7>a - (G,’ + |77|2)2
and for A > 0 the cut-off multiplier G4 : Ry X RY > [0, 00) by
Ga(t,m) = G(t,mIA(nD)

wehre 1 is the characteristic function of the interval [0, A]. The associated Fourier multiplication
operator is denoted by G(t, D,),

Galt, D)) f = F ' |Galt, (1,

By Bobylev’s identity, the Fourier transform of the Boltzmann operator for Maxwellian molecules
is
n = nlo

0, () = f (|| )[g(n ) =20 fm] do. = T (16)

Note that, due to the cut-off in Fourier space,
GAf.Gf € L™((0, Tol; H*(RY)

for any finite Ty > 0 and A > 0, if f € L*([0, To]; L' (R%)), and even analytic in a strip containing
Rd In particular, by Sobolev embedding, G4 f, G A € L0, Tol;s W2*(R4)), so

(O(f, )1, ), GAf(1,))
is well-defined.
4.1. L? reformulation and coercivity.
Proposition 4.2. Let f be a weak solution of the Cauchy problem (1) with initial datum fy satisfying
0 < fo € LYRY) N Llog LRY), and let Ty > 0. Then for all t € (0, Tol, B> 0, @ € (0,1), and A > 0
we have G f € 6 ([0, Tol; L2(R%)) and

1 1 (!
SIGAC. DOF I - 5 f (£, ),(0:GR(x, D)) f(z,)) dr -

1
= SILADDfoI: + f (O(f. (. ). GA(x. D) f(x. ") dr.

Informally, equation (17) follows from using ¢(¢, ) := G A(t, D,)f(t,-) in the weak formulation
of the homogenous Boltzmann equation. Recall that G4 f € L*([0, To]; W>*(R?)) for any finite
To > 0, so it still misses the required regularity in time needed to be used as a test function. The
proof of Proposition 4.2 is analogous to MormmoTo et al. [11], see also Appendix A in [4].

For weak solutions of the homogeneous Boltzmann equation we have (see also Corollary A.5):

Proposition 4.3. Let g be a weak solution of the Cauchy problem (1) with initial datum go €
Ll(Rd) N Llog L(RY). Then there exist constants C 20 C, o > 0 depending only on the dimension d,
the angular collision kernel b, ||gol|.1, ||g0||L1 and ||gollL10g L Such that for all f € H L(RY) one has

—0Q(g. /). ) =

W (Io(Dy)0) ™ fH ~ CollfI% (18)

uniformly in t > 0.

Remark 4.4. The above estimate makes the intuition (7) on the coercivity of the Boltzmann
collision operator precise. It was already used in Mormmoro, Ukal, Xu and Yanc [11] to show
H* smoothing and goes back to ALEXANDRE, DESVILLETTES, VILLANI and WENNBERG [1], where
they proved the corresponding sub-elliptic estimate for Boltzmann collision operators with the
singularity arising from power-law interaction potentials and more general singularities.
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Since we need to carefully fine-tune some of the constants in our inductive procedure, we need a
precise information about the dependence of the constants on « in this inequality. Therefore we
will give the proof of the coercivity estimate in the form stated above in Appendix A.

Together with Proposition 4.2 the coercivity estimate from Proposition 4.3 implies

Corollary 4.5 (A priori bound for weak solutions). Let f be a weak solution of the Cauchy problem
(1) with initial datum fo > 0 satisfying fo € L; N Llog L, and let To > 0. Then there exist constants

C 1> Cr, > 0 (depending only on the dimension d, the collision kernel b, || fol| L and || follL1og ) such
that for all t € (0,To], B,u > 0, @ > 0, and A > 0 we have

!
IGASIZ, <A follZ> +2Cy, f IGASI, dr
0

2 ! Cfo
* fo (ﬁ _(log(e+oz))ﬂ+1)

2 fo (GAQ(F. ) — OUf.Gaf) G f) dr.

(10g<Dv>a)% GAf dr (19)

2
L2

Proof. In order to make use of the coercivity property of the Boltzmann collision operator, we write

(O(f, ). G2 f) = (GAO(f, ), Gaf)
= (Q(f, GAL), GAL) +(GAQ(f, ) — O(f, GAf), GAS)

and estimate the first term with (18).
Since GTGIZ\(T, 1n) = 26 (log(m)a )" *l sz\(t, 1), we further have

2
Lz’

ptl
(7.(0:63) 1) = 28022 T Gt
and inserting those two results into (17), one obtains the claimed inequality (19). [ |
4.2. Controlling the commutation error.

Proposition 4.6 (Bound on the Commutation Error). Let f be a weak solution of the Cauchy
problem (1) with initial datum fy > 0, fy € Ly(R?) N Llog L(RY). Then for all 1,8, 1, A > 0 and
a > e/ one has the bound

KGAQ(f, f) = Q(f, G ), Ga
+12 .
< Bt(u + l)fRd fgd_lb(% -0) (1 Il )(10g<77>a)" Gy~ )Weee | f (7)) (20)

'S
x GAOIF I GAIf ()l dordn.

Remark 4.7. The bound (20) is very similar to the one we derived in [4]. In particular, it is
a trilinear expression in the weak solution f. The f(™) term is multiplied by a faster-than-
polynomially growing function. If the Fourier multiplier G were only growing polynomially, the

+1
factor G(177) roes would be replaced by 1, making the analysis much easier. We will therefore rely
on the inductive procedure we developed in [4] to treat exactly this type of situation.

Proof. Bobylev’s identity and a small computation show that

KGAQ(f. f) = O(f.GAf).Gaf) = KF [GAQ(S. ) = Q(f.GAN]. F [Gaf])12]
< [ [, o[ -o)enomdonior o ico - oo an
since G is supported on the ball {|5| < A} and |7*| < |n|. We further have

e (,,no)
bt = ST W E =
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in particular by the support assumption on the collision kernel b, TIT € [0, 1], and therefore

o P
0<py <= <P <l

From Proposition 2.3 it now follows that
G = G| = [G(nP) = G(n*P)|

+|2 p+l
< r(u+ 1)( l? |l )(10g<n>a)" G TP GO,

which completes the proof. [

Lemma 4.8.

+2
[ b(l—Z'cr)( - )(log<n>a)“ GAGPIF 1) GGl dordy

L2)’

where cyg = 3 max{1,241y max(24-1-#(log 24, 1 +24-1} 1542 [¥ sin 0 b(cos ) do,

2D

< b (IGASIE, + [[(0gtD0) Gt

Proof. Using Cauchy-Schwartz, in the form ab < "7 [’2 one can split the integral into

+12
f f b(i . 0') ( Ui )(log(n)a)ﬂ GAGT NI GGl fapl derdy
Rd Jsd-1 |71 Il

l n |77+|2 u 21 A2
< b|= o 5~ | Qog(me) Gam)1f () dodn
2 Jra Jger \Inl Inl

l n _ |77+|2 i N2 Aroa+y 2
bl—= o]l >~ | (og(me)" Ga(n™)7If ()" dodn
2 Jra Jsa-1 \Inl i

and we will treat the two terms separately. To estimate the first integral, one introduces polar
coordinates such that % - 0 = cos 6 and thus, since

0
7t = {1+ L - o) = g cos? =,
il 2

obtains

_l l |77+|2 1 21 212
= b= -0 5 | (log(mo) Gam)*If (I dordn
2 Jpa Jsa-1 \Inl Inl

Lowo (2. a . R
= 5187 f sin™ 6 b(cos 6) sin” § do f (og(ma)* GA*If I dr
0 R

1 3
< 51847 f sin? 6 b(cos 6) do ”(log(D
0

Notice that the 6 integral is finite due to the assumptions on the angular collision kernel. This is
another instance where cancellation effects play an important role in controlling the singularity for
grazing collisions.

It remains to bound the second integral, and we will do this after a change of variables n — n*.
This change of variables is well-known to the experts, see, for example, [1, 11]. We give some
details for the convenience of the reader.

+. +. .
Observe that Tfnflr = |7|7n|| and nlnT =2 (%flr) — 1, and by Sylvester’s determinant theorem, one has

1 1 1 (nr-0\ 1 |t
)bl sl -
2 7 2 |71 24=1\ " |n*| 24=1 n|

on*
on
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. . . ot _
Since 0 < 7| < [p*] and |7 = |p~]> + |7* %, in particular |n|> < 2[p*|?, it follows that |ain| >27d
and

log(n)e = 5 log(a + [nI*) < $log2 + §log(er + I7*[*) = $10g 2 + log(n* Ya.

For all x,y > 0 one has

(x + y < 2#71(# + y#)  for u > 1 by convexity, and
(x+ M <+ for u < 1,

where the second statement is a consequence of the fact that for 0 < u < 1 the function 0 < s —
h(s) = (1 + s)* — s* is monotone decreasing for all s > 0 with 4(0) = 1. Therefore,

(log(ma)" < max{1,2"~'} (27#(log 2)" + (log(n*}a)").

After those preparatory remarks, we can estimate

B l n B In*I? 1 20 A2
= ||| 1= 2 | (oglma)” GaGr)7 17 ()l dordyy
rd Jsa-1 -\l yl

fgdl fR ( ( 7l ) 1) (1—("l++| )](log<n>a)" GAG)1f ()P

< 247 max{1,2*° 1y
2 nt o 2 .
) —1] (1—( 7l )]GA(U+)2|f(n+)|2d0dn+

2*1(1og2)ﬂfRded1 [ (
fRd fs ( ( 7] )2 1) [1_(n|++| )](1°g<'7 Yol GalrHf(r* )|2dcdn]

’I‘TL
f

+

dntdo

Introducing new polar coordinates with pole - el +| such that cos ¥ =

ie. ¥ €[0, 7], one
then gets

%
1T < 2% max({1,2#71} 8972 f sin? 9b(cos 29) d9

0
2
LZ]'

Estimating fog sin? ¥b(cos 2¢) d¥ < fog sin 0 b(cos 0) d6 and combining the bounds on [ and I*
proves inequality (21). ]

x| 20z 211G fIE, + [[G0tD 1))

5. SMOOTHING EFFECT FOR L% INITIAL DATA: PROOF OF THEOREM 4.1

We now have all the necessary pieces together to start the inductive proof of Theorem 4.1 for
initial data that are in addition square integrable.

The proof is based on gradually removing the cut-off A in Fourier space, in such a way that
the commutation error can be controlled, even though it contains fast growing terms. For fixed
To,p1 > 0 and @ > e we define

Definition 5.1 (Induction Hypothesis Hyp, (M).). Let M > 0 and A > 0. Then for all 0 < ¢ < T,
A
sup G(t, &)™ | (1, )] < M.
l€1<A

Remark 5.2. Recall that the Fourier multiplier G also depends on 8 > 0 and @ > e* and we
suppress this dependence here.
The induction step itself will be divided into two separate steps:

Step 1 Hyp,(M) = |G 3, fll;2 < C via a Gronwall argument.
Step 2 L?* — L™ bound: |G vinflliz £ € = Hypz(M) for intermediate A= ”2

S
>
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Here it is essential that M does not increase during the induction procedure. This can be accom-
plished by choosing 5 small enough at very beginning.

Lemma 5.3 (Step 1). Fix To,u > 0 and a > e/ and let M > 0 and A > 0. Let further C,, 5f0 and
cp.a be the constants from Corollary 4.5 and Lemma 4.8, respectively. If

C 1
fo oga (22)

0<B< = ,
<B bl = e @y Toga + 2To(u + DepaM

then for any weak solution of the Cauchy problem (1) with initial datum fy > 0, fy € Lé N Llogl,

Hypy(M) = 1IG 55 fllizeay < 1150 (Do) follp2ay €040,

o~ Cy loga
where Af (a) := Cy, + W depends on fo only through | follo1, llfollpy and || follLiog -
Proof. Assume Hyp, (M) is true. Since |7| = |5 sing < % by the assumption on the angular

cross-section, the hypothesis implies

p+l A
sup G(n ) ™eea|f(n7)| < M.
Inl<V2A

With this uniform estimate at hand, we can bound the commutation error by

KGAQ(f. f) = O(f. Ga ). GaS)

<> f f ( n ) ( In*lz) p
<2Bt(u+ )M bl—-o]|l- (log(n)e)
R4 Jgd-1 Il |T]|2

X G A0 G 5 I f )l dodn,
see equation (20). By Lemma 4.8, this can be further bounded by

2
o)

K
KGAQ(f. /) = O(F. GA ), GAP < BTolut + DenaM (IG 50 fIE: + [ log(D))? G o f
for all 0 < ¢ < Ty. Thus, the a priori bound from Corollary 4.5 yields

t
IG A 172 < I 5 (D fol22 +2(Cy, + BTou + Dep.aM) fo IG 3o 12, d7

=[P

2
12

2 H
| HBTol + DepaM [(log(D0)* G 5, f

(10g<Dv>oz)% G \Fz/\f

2
) dr
L2

Choosing 8 < Bo(@) as defined in (22) ensures that the integrand in the last term on the right
hand side of (23) is negative. Indeed, setting B = To(u + 1)cp4M and C = Chy so that

(log(e+a))+1?

%
(log(e + a)++1

(log<Dv>a)l%] G \/jAf

(23)

B< l(il;’fg =, one sees that
2 CBloga
1 +BB-Cl S -7 * loca + 2B
Bloglna +p 0gMa < loga + 2B 0g{ima loga +2B
CB (log — log(a + In*))
—_— < 9
loga + 2B B

and further, since loga > u > 0,
BB < CBloga =C10ga/ 2B SCloga/'
loga + 2B 2 loga+2B 2
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It follows that

!
IG 5 fI22 < I 5 (D) follZ> +2(Cy + BTou + 1epaM) fo IG \safll72 dT

!
< 1L g5, (DOfoll + 24 (@) f IG 5 S dr.
0
Now Gronwall’s lemma implies

IG pf122 < L 50 (DD foll2, €40 @ <1 5, (D) foll7, €240 T,

Lemma 5.4 (Step 2). LetS,u >0, To > 0, and

2Vd
V2-1
If there exist finite constants By, By > 0 such that for all0 <t < T
1ML gey < B, and (G 57 ) ll2wey < Ba,
then there exists a constant K depending only on the dimension d and the bounds By, By, such that

forall gl < A := 52 A and 1 € [0, T]

\ft,ml < K G(t, )" 7=.

Proof. By Remark 3.3 f satisfies the conditions of Lemma 3.1 with ||V f |l oo ray < 27By, uniformly
in t € [0, Tp]. Obviously, also ||f|lLoo(Rd) < Ifll i gey < Bi. It follows that for any i € R4

A > AO =

1
~ d_ ~ da+2
I/l < @n(d +2)By)7= ( f Vi dn) :
Oy
where Q,, is a unit cube with one corner at 77, such that - ({ —n) > 0 for all / € Q. Since its
diameter is Vd, the condition A > A and the choice of A guarantee that for |r7| < A the cube Q,
always stays inside a ball around the origin with radius V2A. By the orientation of 0, and since
the Fourier weight G is a radial and increasing function in 7, we can further estimate

Ifa) < 2n(d + 2)B)@2 Gy~ ( f Gn)*If1* dn)

d_ __2_
< (2n(d +2)By)#2 G(n)” 72 [2(Rd)

|G\6Af
d

2\d+2 2
< (27T(d + 2)3132) G(n) a2

d
2\ a2
which is the claimed inequality with K = (271(d +2)B) B )" . .

Proof of Theorem 1.4. Let u > 0 and Ty > 0 be fixed. Set @, = eIt > e*, which is chosen in

such a way that #Jrgla* = -2 and the function s — (log(a: + )1 is concave.
Choosing Ag = \25—‘/_‘?1 as in Lemma 5.4, we define the length scales for our induction by
N
AN-1+ V2ApN- 1+ V2 1+ V2
Ay = 2N 2\/_1\/1: 2\/_AN—1:( 2\/_) Ay, NEN.

By conservation of energy, we have

1@l < @My = 1ollpy =2 By
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in view of Lemma 5.4. By Lemma 5.3 a good (in particular uniform in N € N) choice for B is
By = [lfoll2ray €740,

Define further
2\75
M = max<{2B; + 1, (Zn(d + 2)3185) ,

where the second expression is just the constant K from Lemma 5.4.
For the start of the induction, we need Hyp, (M) to hold. Since

1 ~ 1 +1
sup sup G(r])'*ff]l:ga* Lf(p)| < e]fllggszTO(%IOg("*JrA(Z)))H B,
1€[0,T0] Inl<Ao

there exists E > 0 small enough, such that for the the above choice of M, Hyp, (M) is true for all
0<ﬁsﬁ
For the induction step, assume that Hyp, (M) is true. Setting
B = min{Bo(a.). B)
with Bo(@) from Lemma 5.3, all the assumptions of Lemma 5.3 are fulfilled and it follows that
IG van, 2@y < L5, (D) fllz2ga 4@ < By,

Notice that the right hand side of this inequality does not depend on M. Lemma 5.4 now implies
that for all 7] < Ay = An+1

Gt |fm <K <M

for all 7 € [0, To]. By the choice of @, this means that Hyp, , (M) is true.
By induction, it follows that Hyp,, (M) holds for all N € N, in particular

sup sup eﬁl‘(log<’7>a*)#+l| f(,m <M.
1€[0,To] nerd

Another application of Lemma 5.3 implies
IG \an,, fll2eay < Ifoll2ay ™0 forall N € .
Passing to the limit N — oo, it follows that ||G f1|;2gs) < B, that is,

eﬁt(log<Dv>n* ) f(t,) e LZ(R‘J).

6. SMOOTHING EFFECT FOR ARBITRARY PHYSICAL INITIAL DATA

Proof of Theorem 1.4. Let T > 0 be arbitrary (but finite). By the already known H* smoothing
property of the homogeneous Boltzmann equation for Maxwellian molecules with Debye-Yukawa
type interaction, see [11], for any O < 79 < T one has

f € L=([to, T]; H*(RY)),

in particular f(¢,-) € L*RY forallfg <t <T. Using f(,-) € Lé N LlogLN L? as new initial
datum, Theorem 4.1 implies that there exist 8, M > 0 such that

e/i't(log<Dv)a*)”+lf(t, )€ LZ(Rd)
and

) u+l A
Heﬁ;(log( das ) f(, ')||L°°(R") =M

for all ¢ € [ty, T]. By the characterisation of the spaces d* (see Appendix B), and since fy and T are
arbitrary, it follows that f(z,-) € AHRY) for all ¢ > 0. [ |
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Sketch of the Proof of Corollary 1.6. In the notation of [8], basically, the only thing that needs to
be checked is that the function ¥, : [0, 00) — [0, ), 7 > o (r) := (log Va + ry+ satisfies

(1) Yu(r) > oo forr — oo
(i1) ¥o(r) < rfor r large enough
(iii) there exists R > 1 such that forall0 < 1< 1

Ya(21Y) = Pyo(nl®)  whenever Aly| > R.

Property (iii) is fulfilled by any concave function ¥ with (0) > 0. This clearly is the case for y,, if
a > e, see Lemma 2.1.
So we take the @ from Theorem 4.1 and conclude propagation with Theorem 1.2 from [8]. =

APPENDIX A. COERCIVITY OF THE BOLTZMANN COLLISION OPERATOR WITH DEBYE-YUKAWA POTENTIAL

Since we need to take care of the dependence of the constants within our inductive approach, we
present a slightly modified version of the coercivity estimate first proved by Mormoro et al. [11],
based upon the ideas of ALEXANDRE et al. [1].

Proposition A.1 (Coercivity Estimate). Let g > 0, g € L}(Rd) N Llog L(RY). Then there exists a
positive constant C, depending only on the dimension d, the collision kernel b, ||g| L and ||gllL10g L

and constants C > 0, R > e, depending only on the dimension d and on the collision kernel b,
such that for all @ > 0 and all 0 < f € H'(R?) one has

~(Q@. /). ) 2 (log(Dy)a) ™ fH (C (log RY™*" + Cllgllps ) 1117

(log(a + e))‘“rl
Remark A.2. Of course the above lower bound holds for a much larger class of functions,
essentially, || (log(DV)a) f|| ;2 should be finite.

As a first step in the proof of Proposition A.1

Lemma A.3. Assume that the angular collision kernel b satisfies (6) and (8) and let g > O,
g€ L% N Llog L. Then there exists a constant Cy > 0, depending only on b, the dimension d, and

llgllz1, ||g||L}, and ||gllL1og 1, as well as a constant R > \e depending only on d and b, such that

f b(L o) (30) - lgG) do > C ogma
gd-2 |71 log(a/+e) {InI>R}-

Remark A.4. The constant C, (respectively C é,) is an increasing function of ||g|[;1, ||g||£,1 and
1

IIgIIZ}Og 1» see the proof of Lemma 3 in [1]. In particular, if g is a weak solution of the Cauchy

problem (1) with initial datum go € Ly(RY) N Llog L(R?), we have Igll.1 = llgollz1, llgll 1 < lgllpy <

||go||L£ and ||gllL10gz < log2llgoll, + H(go) + Cé,d||go||b_6, for small enough ¢ > 0. This implies
2

Cy 2 Cy,.
Applying the remark to the constant Cj, in Lemma A.3, we arrive at

Corollary A.5. Let g be a weak solution of the Cauchy problem (1) with initial datum gy €
Lé(Rd) N Llog L(RY) and angular collision kernel b satisfying (6) and (8). Then the conclusion of
Proposition A.1 holds with Cy and ||g||1 replaced by Cg, and ||golly1, i.e.

—Q(g. /). f) 2

s 0z(D)a) % fH (Cay (log RY*" + Cllgollus ) 1117+

uniformly in t > 0.
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Proof of Proposition A.1. We have (Q(g, f), f) = Re(0(g, f), f) and by Bobylev’s identity,

Re (@ . =Re [ b(-a) [207m - 2| fpdoar

1 n f\ (260 20\ ( fn
) 2fRdxswb(|n| )<(f(n+))’(—§(n‘) 0 )(f<n+>)>@ dordn
_1 n o\ (30 =&\ ( fap
- 2desd1b(|n| ") <(f(n+))’(—§(n‘) 2(0) )(f<n+>)>cz dordn

_1 fan\ (=&© 0 \(f@
> Rdedl (Inl “) <(f<n+>)’( 0 §(0))(f(n+))>cz dordn

= 11 - 12.

To estimate I, = % fRdxsd—l b (% . 0') 2(0) (|f(77+)|2 - If(n)lz) dodn, we do a change of variables
n*t — pasin [1] in the first part, treating b as if it were integrable, and using a limiting argument
to make the calculation rigorous (this is a version of the cancellation lemma of [1] on the Fourier

side). We then obtain with g(0) = ||g|.:

/2
= |59 2|f né 20[;(0059)[ i l} doigll. ra) ”f”L2(Rd)
2

In particular, since 1‘, g—1= %02 + 6(8°), the 6-integral is finite and it follows that
2
2
|12| < CllgllL'(Rd) ”f”LZ(]Rd)'

For the integral I, we note that since g > 0, the matrix in /; is positive definite by Bochner’s
theorem and has the lowest eigenvalue g(0) — [2(;77)|. Therefore,

1
n=s [ (ﬂ o—) (@0 — 126N (1Fan +17ar ) dody

2
1
25 [ [ o) @o- g aoan

and by Lemma A.3,
: P log(e V!
e |f(;7)|2(ﬂ)
2 =) log(a +e)
Cy (log(a + R?) ptl
- & D log(a + R
2(log(a/+e))/‘+] ’( o8(Di)a) T f” (210g(a+e)) 17Mlz2
—— __ldog(Dy)a)T f| - =X (log Ry
> Stoata + T || 1O D)™ f” ( og RY* ! Ifll.2.
In the last inequality we used the fact that for R > +/e the function a — logla+R?) ;o decreasing.
2log(a+e)

Combining the estimates of /; and /, and setting C, = C},/2, we arrive at the claimed sub-elliptic
estimate for the Boltzmann operator with Debye-Yukawa singularity. |

It remains to give the

Proof of Lemma A.3. Since g >0, g € L% N Llog L, there exists a constant 5g > 0 such that for all
neR?

8(0) =18 = Cy (11 A 1).
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It is therefore enough to bound fsd-' b(% -o)(Ip"1> A 1) do. Recall that |57 = % (1 - % -0'), and,

choosing spherical coordinates with pole % such that I_ZI - 0 = cos 6, we obtain

3 6
f b(l .0)(|n—|2 A1) do = (547 f " sin®=2 0 b(cos 6) (|n|2 sin® 2 A 1) do
sa-1\I7l 0 2

S92 2
47‘(2 0
By the assumption (6) on the singularity for grazing collisions on b, there exists a 6y > 0 small

enough such that

sin?~2 0 b(cos 0) (InI*6” A 1) de.

|Sd_2| z ISd_2| 0o

sin"2 0 b(cos 6) (InP6> A 1) do = g

preal A el | 7" (1oga™")" (inl*6* A 1) do.

Let R > 0 be large enough, such that % < 6y. Then for || = R we have

K|Sd_2| % 1 1\ 2.2 K|Sd_2| 0 1 1\
Sl o~ (logo™")" (e Al)dezE el B (logo™')" de
Inl
k|S92) 1 . 1!
== log Inly**! - [log —
P (log Inl) og 5

> C (log )"

for some constant C > 0 depending only on the dimension and the collision kernel 5. We conclude
by noting that for all |57| > +/e one has

1 log(n)a
1 ==1 2y =
ognl = 5 loglyl” > Tog(e + @)
since for any @ > 0 the function [e,00) 3 s — H(s) := logs — gggig is non-decreasing with

H(e) = 0. n

APPENDIX B. PROPERTIES OF THE FUNCTION SPACES ¥

We prove a precise correspondence between the decay in Fourier space and the growth rate of
derivatives of functions in of*.

Theorem B.1. Let u > 0. Then
Sﬂﬂ(Rd) — U o) (eT(]Og(D>)#+I : Lz(Rd)) '

0

Invoking a classic theorem by Denjoy and Carleman (see, for instance, [6, 9, 12]) one can
show that the classes 9f* for u > 0 are not quasi-analytic, that is, they contain non-vanishing 6~
functions of arbitrarily small support.

+1
Proof. Let u > 0 be fixed and assume first that ||eT(1°g<D>)“ fll;2 < oo for some 7> 0. Let @ € Ng
with |a| = n for some n € Ny. Then

10°£1I7, = fR @rin)® P dn < 2x)" fR mIf? de

= 2n(2n)*" i 2y () > 1hde

where we introduced the (finite) measure v¢(dn) := | f (77)|2 dn. Since () > 1 forall 5 € R4, one has

v > 1) = vi®R) = 1 flfqa, fore<l.
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For ¢t > 1 we estimate

2

— +1 +1 _ +1 4
vl > 1)) < e72rloe f [ e271osmI™ !y, () = g 2llor V! |orlosDIY! ¢
R

L2(RY)’

27(log P!

sincel <t e is increasing. It follows that

+1
167 £17: < QP12 g, + 202)*" || 1oEPY ¢

2 00 "
(2n-1g=2t(log 1" ! dr. (24)
L2®RY ),

To extract the required growth in n from the latter integral, we essentially apply Laplace’s method.
Indeed, substituting the logarithm and rescaling suitably yields

f " et g ellog i g _ (E)W f e e g 25)
1 T 0

The function 4 : (0,00) — R, A(f) := t — t**! is strictly concave and attains its maximum at
t,=(u+ D)"VE If u > 1, 0" is negative and decreasing, so by Taylor’s theorem we can bound

h”(t*)
h(t) < h(e) + ——(t = £ Lo,
and obtain with A(t,) = u(u + )™V 17 (1) = —u(u + DVH,
(E)l/ll fDO ezT_l/ynHl/y(t_tml)dt (26)
T 0
1
B (ﬁ)l/# o+ 1y Uk 4 \r T\ n_%‘l Q27 e 1y (1 @7
“\r 2 \p+1 )

Therefore, inserting the obtained bound into (24), there exist constants C > 0 and b > 0, depending
on 7 and u, such that

o7 f]|» < 7 1ebel™™  forall @ € ¢, (28)

For i € (0, 1) the global bound (25) does not hold, but, as in the proof of Laplace’s method for the
asymptotics of integrals, one can find a suitable § > 0 such that the bound (25) holds on [t. -, . + 3]
and the contribution to the integral outside of this interval is of much smaller order. So the right
hand side of (26) still provides an upper bound modulo lower order terms and we conclude (28)
also in this case.

For the converse assume that (28) holds. We want to show that there exists a 7 > 0 such that
erlog(Dy! f € L>(RY). Using that

. ) N
e2rlozmy™t 1 4 f 21+ 1)r ! (log e 1oe "™ gt
1

one obtains

elozDy! 4|l°

o0 _ +1
) 1172y + f 2t + D' (log 0 e®™ 8"y ({(ny > thdr. (29)
1
Next we estimate for # > 1 and any n € Ny, since nl?> > 1> = 1 on {(n) > t},
1 N
Sl ——— 2 2ny,12n) £12 dn.
) > 1% e [ PP

By the multinomial theorem, we have (in the standard multi-index notation)

= (S| = 3 (e

i=1 QENg:I(zI:n
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SO

(”) f |rin® fmf dn
a R4

n @ 12 dnC2n+2 1 2bn i+l
(Q)Ha f”Lz(Rd) S (271')2” (ZZ _ l)ne

1
vi({(n) >t} < m Z

la|=n

1
= (2ﬂ)2n(t2 — Z

lal=n

by assumption. Since this holds for any n € Ny, we even have

V() > 1) < exp [ inf (2nlogA - nlog(#* - 1) + 2bn1+1/”)]
HENQ

-1
= exp [2 inf (bn“l/“ —nlog 1 ]l

neNy

. . n+l . )
where for notational convenience we set A = %ﬁ. If V2 — 1 < A, then the infimum in the above
exponent is just zero, so v({{n) > t}) < 1 in this case. If, however, V2 — 1 > A, we get

2

2 -1

inf (bn”l/" —nlog

nEN()

] <bnit'M _p, log

-1
A

u
where n, = K};L log ) J and |a] denotes the greatest integer smaller or equal to a € R.

u+1
Obviously,

1 2Z-1Y
n*s(— H log ) <n,+1,
bu+1

so we get the bound

1
21 a1 Z_1y" 21
inf [bn'tVH —pl <-|= ] 1 .
J?No(” PR = T\B) a1 5T A e

In particular, there exists T > 1 and 8 > 0 such that for t > T, one has

2 _

inf (bnl“/” - nlog

1
) < —B(log ty*+!.
nGNO
This shows,
ve({(m) > 1}) < o Bllogy**!

for large enough ¢, and choosing 7 < 8/2 in (29) we get the finiteness of eT(logD! f

[2(RY) )

Acknowledgements. It is a pleasure to thank the REB program of CIRM for giving us the
opportunity to start this research. J.-M. B. was partially supported by the project SQFT ANR-12-
JS01-0008-01. D. H., T. R., and S. V. gratefully acknowledge financial support by the Deutsche
Forschungsgemeinschaft (DFG) through CRC 1173. D. H. also thanks the Alfried Krupp von
Bohlen und Halbach Foundation for financial support. Furthermore, we thank the University of
Toulon and the Karlsruhe Institute of Technology for their hospitality.



20

(1]

(2]
(3]
(4]

(5]
(6]

(7]

(8]

(9]
[10]

[11]

[12]
[13]

[14]

JEAN-MARIE BARBAROUX, DIRK HUNDERTMARK, TOBIAS RIED, AND SEMJON VUGALTER

REFERENCES

R. ALEXANDRE, L. DEsVILLETTES, C. VILLANI, and B. WENNBERG, Entropy dissipation and long-range interac-
tions, Archive for Rational Mechanics and Analysis 152 (2000), 327-355. http://dx.doi.org/10.1007/
s002050000083.

L. ArRkeryD, On the Boltzmann equation, Archive for Rational Mechanics and Analysis 45 (1972), 1-16. http:
//dx.doi.org/10.1007/BF00253392.

L. ArRkERYD, Intermolecular forces of infinite range and the Boltzmann equation, Archive for Rational Mechanics
and Analysis 77 (1981), 11-21. http://dx.doi.org/10.1007/BF00280403.

J.-M. Barsaroux, D. HunpErTMARK, T. RIED, and S. VUGALTER, Gevrey smoothing for weak solutions of the fully
nonlinear homogeneous Boltzmann and Kac equations without cutoft for Maxwellian molecules, preprint (2015).
arXiv 1509.01444.

C. CerciGNANL, The Boltzmann Equation and Its Applications, Applied Mathematical Sciences 67, Springer New
York, 1988. http://dx.doi.org/10.1007/978-1-4612-1039-9.

P. J. Conen, A simple proof of the Denjoy-Carleman theorem, The American Mathematical Monthly 75 (1968),
26-31.http://dx.doi.org/10.2307/2315100.

L. DesviLLETTES, Boltzmann’s kernel and the spatially homogeneous Boltzmann equation, Rivista di Matematica
della Universita di Parma (6) 4% (2001), 1-22. Available at http://www.rivmat.unipr.it/vols/2001-4s/
indice.html.

L. DesviLLeTTES, G. FUrioLl, and E. TERrRANEO, Propagation of Gevrey regularity for solutions of the Boltzmann
equation for Maxwellian molecules, Transactions of the American Mathematical Society 361 (2009), 1731-1747.
http://dx.doi.org/10.1090/S0002-9947-08-04574-1.

S. G. Krantz and H. R. ParkS, A Primer of Real Analytic Functions, second ed., Birkhduser Advanced Texts (Basler
Lehrbiicher), Birkhduser Boston, 2002. http://dx.doi.org/10.1007/978-0-8176-8134-0.

S. MiscHLER and B. WENNBERG, On the spatially homogeneous Boltzmann equation, Annales de I’ Institut Henri Poin-
care (C) Non Linear Analysis 16 (1999), 467-501. http://dx.doi.org/10.1016/s0294-1449(99)80025-0.
Y. Mormmoro, S. Ukal, C.-J. Xu, and T. Yang, Regularity of solutions to the spatially homogeneous Boltzmann
equation without angular cutoft, Discrete and Continuous Dynamical Systems 24 (2009), 187-212. http://dx.
doi.org/10.3934/dcds.2009.24.187.

W. RubiN, Real and Complex Analysis, third ed., McGraw-Hill, 1986.

G. Toscant and C. ViLLani, Probability metrics and uniqueness of the solution to the Boltzmann equation
for a Maxwell gas, Journal of Statistical Physics 94 (1999), 619-637. http://dx.doi.org/10.1023/A:
A1004508706950.

C. ViLant, On a new class of weak solutions to the spatially homogeneous Boltzmann and Landau equa-
tions, Archive for Rational Mechanics and Analysis 143 (1998), 273-307. http://dx.doi.org/10.1007/
s002050050106.

Jean-Marie Barbaroux

Aix-MARSEILLE UNIVERSITE, CNRS, CPT, UMR 7332, 13288 MARSEILLE, FRANCE

et UntversITE DE TouLoN, CNRS, CPT, UMR 7332, 83957 La GARDE, FRANCE
E-mail: barbarou @univ-tln.fr

Dirk Hundertmark

KARLSRUHE INSTITUTE OF TECHNOLOGY, ENGLERSTRASSE 2, 76131 KARLSRUHE, GERMANY
E-mail: dirk.hundertmark @kit.edu

Tobias Ried

KARLSRUHE INSTITUTE OF TECHNOLOGY, ENGLERSTRASSE 2, 76131 KARLSRUHE, GERMANY
E-mail: tobias.ried @kit.edu

Semjon Vugalter

KARLSRUHE INSTITUTE OF TECHNOLOGY, ENGLERSTRASSE 2, 76131 KARLSRUHE, GERMANY
E-mail: semjon.wugalter @kit.edu


http://dx.doi.org/10.1007/s002050000083
http://dx.doi.org/10.1007/s002050000083
http://dx.doi.org/10.1007/BF00253392
http://dx.doi.org/10.1007/BF00253392
http://dx.doi.org/10.1007/BF00280403
http://www.arxiv.org/abs/1509.01444
http://dx.doi.org/10.1007/978-1-4612-1039-9
http://dx.doi.org/10.2307/2315100
http://www.rivmat.unipr.it/vols/2001-4s/indice.html
http://www.rivmat.unipr.it/vols/2001-4s/indice.html
http://dx.doi.org/10.1090/S0002-9947-08-04574-1
http://dx.doi.org/10.1007/978-0-8176-8134-0
http://dx.doi.org/10.1016/s0294-1449(99)80025-0
http://dx.doi.org/10.3934/dcds.2009.24.187
http://dx.doi.org/10.3934/dcds.2009.24.187
http://dx.doi.org/10.1023/A:A1004508706950
http://dx.doi.org/10.1023/A:A1004508706950
http://dx.doi.org/10.1007/s002050050106
http://dx.doi.org/10.1007/s002050050106
mailto:barbarou@univ-tln.fr
mailto:dirk.hundertmark@kit.edu
mailto:tobias.ried@kit.edu
mailto:semjon.wugalter@kit.edu

