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Chapter 1
Introduction
The development of computers, which become faster and faster and fur-
ther the development of modern numerical mathematical techniques have
let computational modeling become one of the most important tools for
science and engineering, which allows to get a better insight into natural
mechanisms and processes and moreover to make predictions about them.
In science, computational models are used to design and to predict the
outcome of experiments and to explain the observations. In engineering,
computational model are used during the development and for testing and
optimization, e.g. of new cars or airplanes.

The topic of this work is the computational modeling of the human heart
with focus on cardiac biomechanics. Cardiac modeling has two main
objectives: First, to get a better understanding of the mechanisms of the
cardio-vascular system. Here, it can help to improve the understanding
of the physiological processes of the heart and moreover, to gain a better
insight into cardiac pathologies and their underlying mechanisms. Sec-
ond, personalized modeling of the heart can be a valuable tool for the
cardiologist and support him with diagnosis and treatment planning.

In the course of this work, I have developed and implemented a biome-
chanical simulation framework which allows to simulate the contraction of
the whole human heart. The biomechanical model is based on a continuum
mechanical approach using finite element analysis. Input is the active
tension development of the myocardium, which is provided by an already
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existing multi-scale electrophysiological simulation environment. This had
been developed over the last decade at the Institute of Biomedical Engineer-
ing at the Karlsruhe Institute of Technology (KIT) and allows to simulate
the cardiac electrophysiology on cellular level, the excitation propagation
and the active tension development within the myofibrils. Based on this
active tension distribution over time, the new biomechanical simulation
framework calculates for each time step the corresponding deformation
of the heart. Furthermore, the simulation framework contains an inverse
solving algorithm (inverse solver), which works in an opposite manner and
allows to reconstruct the active tension distribution from provided data of
the motion of the heart surfaces, which can for example be extracted from
medical imaging data. This allows for a personalization of the model based
on clinical data.
This thesis is structured into three parts. The first gives a short summary of
the basic fundamentals of anatomy and physiology, nonlinear continuum
mechanics and the finite element method as well as of the aspects of cardiac
modeling which are related to this work. The second part explains the
biomechanical simulation framework and the developed methods. The
third part presents the validation of the simulation framework and three
selected projects, which had been conducted in context of this thesis. The
first project is the simulation of the whole heart and the analysis of the
interaction of the ventricles with the atria and of the whole heart with
the pericardium. The second project deals with the electromechanical
modeling of the atria and analyzes the impact of different ablation scars in
the atria on the pumping function of the heart. The third project evaluates
the active tension reconstruction algorithm using synthetic data of the
motion of the endocardial surfaces, obtained from the simulation of a
healthy heart and from simulations with different infarction scar areas in
the left ventricle. In the following, the structure of the thesis is given:

1.1 Structure of the Thesis
Part I - Fundamentals
• Chapter 2 gives an overview of the cardiac anatomy and physiology.
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1.1. STRUCTUREOF THE THESIS

• Chapter 3 outlines basic aspects of modeling of the cardiac electro-
physiology and the active tension development.

• Chapter 4 briefly deals with the modeling of the circulatory system.

• Chapter 5 summarizes the basic fundamentals of nonlinear contin-
uum mechanics.

• Chapter 6 describes how the partial differential equations of contin-
uum mechanics can be handled numerically using the finite element
methods.

• Chapter 7 explains how the mechanical properties of cardiac tissue
can be described with a mathematical model.

• Chapter 8 gives a short overview of the recent publications in the
field of electromechanical modeling and parameter estimation tech-
niques for model personalization

Part II - Methods
• Chapter 9 describes the structure of the biomechanical simulation

framework.

• Chapter 10 explains how the geometrical models were generated.

• Chapter 11 gives a short summary of the used methods for the
electromechanical modeling.

• Chapter 12 explains the implementation of the biomechanical solvers
based on the finite element analysis.

• Chapter 13 describes the circulatory system model based on a Wind-
kessel model which is strongly coupled with the biomechanical
solvers.

• Chapter 14 gives a description of the contact handling algorithm
which is used to model the contact of the heart with the pericardium.

• Chapter 15 explains the inverse solver which allows to reconstruct
the active tension distribution of the heart from the motion of the
heart surfaces.

3
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Part III - Projects
• Chapter 17 presents the validation of the biomechanical simulation

framework.

• Chapter 18 presents the analysis of the interaction of the ventricles
with the atria and of the whole heart with the pericardium.

• Chapter 19 presents the analysis of the impact of ablation scars in
the left atrium on the heart performance.

• Chapter 20 presents the evaluation of the inverse solver using syn-
thetic data of the motion of the endocardial surfaces obtained from a
simulation of a healthy heart and three simulations of a heart with
different infarction scar areas.

Remark: All figures in this work were created by the author. Some figures
were inspired by the work of others, here the source of inspiration is given
in the caption.
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Chapter 2
Anatomy and Physiology of the
HumanHeart

2.1 TheHumanHeart
The job of the human heart is to pump blood through the body. Hereby,
oxygen is transported from the lungs to all cells of the body and at the
same time carbon dioxide is transported back to the lungs. Moreover,
nutrients, hormones, metabolites, body cells and other blood components
are transfered between the different organs. The heart consists of four
chambers (Fig. 2.1): the left and right ventricle and the left and right
atrium. These are connected via the heart valves. The tricuspid valve
is located between the right atrium and the right ventricle and the mitral
valve between left atrium and left ventricle. The right atrium is connected
with the superior vena cava and the inferior vena cava. The left atrium is
connected with the left pulmonary veins. The right ventricle is connected
with the pulmonary artery via the pulmonary valve and the left ventricle
is connected with the aorta via the aortic valve (Martini et al., 2011, ch.
20, fig. 20-6, p. 676). The heart wall consists of three different layers: the
epicardium which covers the outer surface of the heart, the myocardium
which mainly consists of muscle tissue and the endocardium which covers
the inner surface of the heart (Martini et al., 2011, ch. 20, p. 673). The
cardiac muscle fibers in the ventricles are arranged as ”counter-wound



CHAPTER 2. ANATOMYANDPHYSIOLOGYOF THEHUMANHEART

Figure 2.1: Visualization of the human heart, with the atria, ventricles, valves and
vessels

helices encircling the ventricular cavities”(Eggen and Swingen, 2009, ch.
20, p. 349), while the fiber orientation depends on its location within the
heart wall (Streeter, 1979; Nielsen et al., 1991). The fibers are arranged
in sheets and bound together by endomysial collagen, while the sheets
themselves are coupled by perimysial collagen (Smaill and Hunter, 1991).
This cardiac microstructure is responsible for the anisotropic mechanical
properties of cardiac tissue.

The Pericardium
The heart is enclosed by the pericardium. This is composed of two sepa-
rate layers: the epicardium, also named visceral pericardium, which, as
mentioned above, covers the outer surface of the heart and the parietal

8



2.2. THE CARDIAC CYCLE

Figure 2.2: Cardiac microstructure: The fibers are arranged in sheets, bound by en-
domysial collagen. Perimysial collagen couples the sheets (inspired by (Hunter et al.,
1997b, sec. 6.2.2, fig. 6.3, p. 176))

pericardium. The space between these two layers is the pericardial cavity,
which is filled with the pericardial fluid. The pericardial fluid allows an
almost frictionless sliding of these two layers of the pericardium on each
other (Martini et al., 2011, ch. 20, p. 671, 672). However, the pericardium
constraints the motion of the heart. During the diastole, the pericardium
restrains the ventricular filling. During the systole, the pericardium con-
straints the radial motion of the heart. Since the pericardium surrounds
both ventricles, it promotes the interaction of both cavities and thus sup-
ports the synchronization of the contraction of both ventricles (Richardson
et al., 2009, ch. 8, p.128),(Nielsen et al., 1983).
Some patients have a rare cardiac defect known as congenital absence
of pericardium. Their heart often shows an abnormal motion (pendulum
movement) during the contraction with an abnormal deformation (teardrop
shaped heart) and an unphysiological variation of the total heart volume
(Topilsky et al., 2010; Mantovani et al., 2011; Psychidis-Papakyritsis et al.,
2007).

2.2 The Cardiac Cycle
In the following, the heart cycle of the left ventricle is described. The
description for the right ventricle can be obtained by replacing left with
right, aorta with pulmonary artery, mitral with tricuspid and pulmonary

9
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veins with venae cavae. At end diastole, the left ventricle is completely
filled with blood while the aortic valve is closed, since the pressure in
the aorta is higher than the pressure in ventricle. At beginning of the
systole, the left ventricle contracts isovolumetrically, whereby the cavity
pressure increases rapidly. When the pressure in the ventricle succeeds
the pressure in the aorta, the valve opens and the blood is ejected into the
aorta. The pressure in the left ventricle further increases until it reaches its
maximum. Shortly afterwards, the valve closes again. At that point, the
cavity volume has almost reached its minimum. During the contraction
of the ventricle, the atrium is filled with blood from the pulmonary veins.
Eventually, the left ventricle begins to relax, but since the pressure in the
left ventricle is still higher than the atrial pressure, the mitral valve is still
closed. Accordingly, no blood can leave or enter the ventricle and the
left ventricle relaxes isovolumetrically, while the cavity pressure drops
rapidly until it undermines the atrial pressure. At that point, the mitral
valve opens again and the ventricle gets filled with blood from the left
atrium. The atrium itself also contributes actively to the ventricular filling
and therefore contracts at late diastole shortly after the next heart beat has
been triggered. (Martini et al., 2011, ch. 20, p. 690-694) A diagram of
the left cavity volume and pressure during the contraction is presented
in Fig. 2.3. The blood from the right ventricle which is deoxygenated is
pumped into the pulmonary circulation where carbon dioxide is exchanged
for oxygen. From there, the blood arrives through the left atrium in the left
ventricle (Martini et al., 2011, ch. 21, p. 737), where it gets pumped into
the peripheral circulation. Here, it sustains the organs with oxygen and
nutrients and collects the carbon dioxide. From the peripheral circulation,
it finally arrives through the right atrium in the right ventricle. (Martini
et al., 2011, ch. 21, p. p.738)

2.3 Electrical Excitation of Cardiomyocytes and
Excitation Propagation

The cell membrane encloses the inside of the cell and thereby, it separates
the intracellular space from the extracellular space. It contains different

10
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Figure 2.3: Schematic diagram of the left ventricular volume, left ventricular pressure,
left atrial pressure and aortic pressure over time (based on (Loushin et al., 2009, sec
18.2, p. 272, fig. 18.1))

selective transport proteins through which ions can pass the cell membrane
(Seemann, 2005, sec 2.1.1, p. 7,8) (Fig. 2.4).
Differences in the ion concentration in the extra- and intracellular space
result in an electrochemical potential difference across the membrane. In
resting state, the transmembrane voltage (also known as resting potential,
even though it is actually a potential difference) is about−90 mV. (Martini
et al., 2011, ch. 20, p. 689).
A myocyte has the ability to become electrically excited (electrical activa-
tion or depolarization). If the cell depolarizes, the transmembrane voltage
increases rapidly and returns to the resting voltage, shortly afterwards. The
characteristic voltage time course is the action potential (Martini et al.,
2011, ch. 20, p. 689). Its formation is a complex interplay of different
active and passive ion transport proteins, where the most relevant involved
ions are sodium, potassium and calcium. Simplified and briefly summa-
rized, the following happens: The sodium channels are voltage-gated and
open if a voltage threshold of about −75 mV across the cell membrane
is exceeded (Martini et al., 2011, ch. 20, p. 689). This can be caused
by activated adjoining cells or intrinsically, due to a drift of the mem-

11
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Figure 2.4: Schematic description of the cell membrane of a myocyte (inspired by
(Knollmann and Roden, 2008, fig. 2))

brane voltage which is the case in pacemaker cell (Martini et al., 2011,
ch. 20, p. 685). Sodium flows into the cell rapidly and the cell membrane
depolarizes. Shortly after, the sodium channels close again and the cell
starts to pump sodium out of the cell (Na+/Ca2+-exchanger). At the same
time, calcium channel open and due to the calcium influx, the membrane
voltage maintains a more or less constant level for a certain time known as
the plateau phase. Eventually, potassium channels open and the calcium
channels close and the cell starts to repolarize. Afterwards, the cell remains
unexcitable for a short period (refractory period) (Martini et al., 2011, ch.
20, p.689,690).

In resting state Na+/K+-pumps are responsible for maintaining the resting
potential (Seemann, 2005, sec 4.3.2, p. 36,37). The Na+/Ca2+-exchanger
have two modes: A forward mode which is active during the resting state
and a reverse mode which is active during the depolarization (Seemann,
2005, sec. 4.3.3, p. 37).

The cardiac cells are electrically coupled with each other internally by
gap junctions (Laske et al., 2009, ch. 11, p.167) and externally by the
extracellular space (Seemann, 2005, sec. 4.5, p. 41). This allows the

12
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Figure 2.5: (1) Sinus node (2) Activation of the atrial myocardium (3) AV node (4)
Bundle ofHis (5) Bundle branches (6) Purkinje network (7) Activation of the ventricular
myocardium (inspired by (Laske et al., 2009, ch. 11, p.164 fig. 11.7 and p. 168, fig.
11.14)

propagation of the electrical activation from cell to cells.
In the normal case, the electrical activation of the heart is triggered in the
sinus node which is located in the right atrium (Fig. 2.5). From here, the
activation spreads into both atria and initiates their contraction. The next
station is the atrioventricular node (AV node), which is the sole electrical
link between atria and ventricles. After a delay of about 100 ms the
activation arrives at the AV node (Martini et al., 2011, ch. 20, p. 686).
From there, the activation propagates through the bundle of His (also
called AV bundle), the bundle branches and the Purkinje fiber network.
Eventually, the activation arrives in the ventricular myocardium where it
initiates the ventricular contraction. At that time, the atrial contraction has
already finished and the ventricle is filled with blood (Martini et al., 2011,
ch. 20, p. 685, 686),(Laske et al., 2009, sec. 11.2, p. 160-164).

Active tension development
A cardiac muscle fiber is composed of multiple myofibrils, while those
consist of repeating sarcomeres. The sarcomere is the contractile unit of
the myocardium (Martini et al., 2011, ch. 10, p. 288). The sarcomere itself
consists of overlapping actin filaments and myosin filaments (also known
as thin filaments and thick filaments) (Fig. 2.6,left side). The myosin

13
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Figure 2.6: Left: The sarcomere consisting of actin andmyosin filaments, Right: ATP
binds to the myosin head and causes a movement of the myosin head (inspired by
(Schmidt and Lang, 2007, sec. 6.1, p. 113, fig. 6.1 and p. 116, fig. 6.3)

filament has several myosin heads which have the ability to bind to special
binding sites on the actin filament (Martini et al., 2011, ch. 10, p. 290).
However, in resting state this is inhibited by a further protein complex, the
tropomyosin, which covers that binding site (Seemann, 2005, ch. 6, p. 83).
Each tropomyosin protein has a troponin protein complex at its end, which
acts like a switch. When the cell is depolarized, calcium ions enter the cell
and trigger a further release of calcium from the sarcoplasmic reticulum.
This causes a rapid increase of the intracellular calcium concentration
(Seemann, 2005, sec. 4.6, p. 41). If a calcium ion binds to the troponin
complex, it causes the tropomyosin protein to change its configuration
and thereby, to release the binding site. This opens the chance for a
myosin head to bind to the actin filaments. Now the cross bridge cycle can
start: ATP binds to the myosin head, dissociates the binding to the actin
filament and causes a movement of the myosin head to the next binding
site by inducing a change of the protein configuration. Afterwards, ATP is
hydrolyzed and the myosin head binds to the binding site and executes a
power stroke which results in a relative movement of the actin and myosin
filaments (Martini et al., 2011, ch. 10, p. 296-298) (Fig. 2.6, right side).
This process repeats as long as enough calcium and ATP is available until
either the myosin filament reaches the Z-disc or the actin filament reaches
the M-disc (Seemann, 2005, sec. 6.1, p. 84).

14



Chapter 3
Modeling of Cardiac
Electrophysiology and Tension
Development
3.1 Introduction
This chapter gives a brief overview of the modeling of cardiac electrophys-
iology, tension development and excitation propagation. These models
provide the input for the biomechanical simulation framework. The cell
model describes the de- and repolarization of the cardiomyocytes. The
bidomain model allows to simulate the excitation propagation due to the
electrical coupling of the cells. The active tension development model
describes the tension which is generated by the cardiomyocyte.

3.2 Modeling Electrophysiology of Cardiac Cells
In 1952, Hodgkin and Huxley presented the first electrophysiological cell
model. It describes the electrophysiology of a squid axon (Hodgkin and
Huxley, 1952). The cell membrane is described as a capacitor in parallel
with three different ion current channels for the sodium current and the
potassium current and a leakage current which subsumes all the other ion
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Figure 3.1: TheHodgkin-Huxleymodel describes the cell membrane as a capacitor in
parallel with three different current channels for the sodium current and the potassium
current and a leakage current which subsumes all the other ion currents

currents (Fig. 3.1). This results in the equation (Keener and Sneyd, 2009b,
sec. 5.1, p. 196,197)

Cm
dVm

dt
+gNa(Vm−VNa)+gK(V −VK)+gLeak(V −VLeak)− Iex (3.1)

where gNa,gK and gLeak are the conductances for the referring currents
and VNa,VK and VLeak are the ion-specific equilibrium potential differences
resulting from the concentration gradients across the membrane (Nernst
potential) (Keener and Sneyd, 2009b, sec. 2.6, p. 80-82).

An ion current channel can either be open or closed, while there may be
different protein configurations for the closed state. Rate constants, which
are mostly voltage-dependent, describe the transition between the channel
states (Seemann, 2005, sec. 5.1, p. 56). The conductance for a membrane
current depends on the fraction of open current channels for that specific
current. This is represented by gating variables which are described by
first order ordinary differential equations in terms of the rate constants.
(Seemann, 2005, sec. 5.4, p. 62-64).

Based on the Hodgkin-Huxley model, different electrophysiological mod-
els for cardiac myocytes have been developed. For this work, the following
two are relevant:

16



3.3. MODELINGOF THE ACTIVE TENSIONDEVELOPMENT: THE HYBRIDMODEL BY
SACHSE, GLAENZEL AND SEEMANN

Ventricular cell electrophysiology: The ten Tusscher et al.
model
The cell model presented by ten Tusscher et al. (2004) is adapted to experi-
mental measurement data of the major ion channels of the human ventricles
for epicardial, mid-myocardial and endocardial cells. Moreover, it includes
a comprehensive description of the intracellular calcium dynamics based
on a Markov model for the calcium-induced calcium release. Apart from
that, it considers the fast and slow voltage-gated inactivation of the L-type
calcium current.
This makes it attractive for electromechanical simulations, since here the
calcium concentration is usually the input for the active tension develop-
ment model.

Atrial cell electrophysiology: The Courtemanche et al.model
Courtemanche et al. (1998) published a cell model which describes the
electrophysiology of the human atria. Krueger et al. (2011) presented
an extended heterogeneous version of the model which was adjusted to
reproduce the action potential of 13 different regions of the atria.

3.3 Modeling of the Active Tension Development:
The Hybridmodel by Sachse, Glaenzel and
Seemann

The hybrid tension development model (HTD-model) was presented by
Sachse et al. (2009). The name results from the fact that the model com-
bines parts from different active tension development models. The calcium
binding to troponin was taken from (Rice et al., 1999), while the interaction
of actin and myosin is based on the work of (Bers, 1991), (Gordon and
Regnier, 2001) and (Spudich, 2001). For the transformation changes of
tropomyosin, a new approach was presented (Seemann, 2005, sec. 9.1.2, p.
117).
In a nutshell, the model is based on the sliding filament theory and uses
three Markov chains to model the physiological processes. The first

17



CHAPTER 3. MODELINGOFCARDIAC ELECTROPHYSIOLOGY

Markov chain has two states and describes the binding of calcium to
troponin C. The second Markov chain has also two states and describes the
configuration changes of the tropomyosin proteins. The third Markov chain
has ten states and describes the cross bridge cycle. Input is the calcium
concentration, which can be obtained from the electrophysiological cell
model. Output is a normalized active tension. (Seemann, 2005, sec 10.6,
p.147-160).

3.4 Modeling of Cardiac Excitation Propagation:
BidomainModel andMonodomain Simplification

The bidomain model was presented the first time by Tung (1978). It is a
macroscopic model which handles the complex cell microstructure as a
homogeneous medium consisting of two coupled domains which represent
intra- and extracellular space which occupy the same geometrical Space
(Keener and Sneyd, 2009a, sec. 12.3.3, p. 566-568). At each point of that
space, a current per volume im can flow from one domain into the other.
The current per volume density im is the source for the current (per surface)
density j(i/e) inside the domains:

∇ · ji = ∇ · (σi∇φi) = im (3.2)
∇ · je = ∇ · (σe∇φe) =−im (3.3)

⇒ ∇ · (σi∇φi)+∇ · (σe∇φe) = 0 (3.4)
All current that leaves one domain enters the other, accordingly the sign of
im in the second equation has an opposite sign. The subscripts i and e refer
to the intra- and extracellular space. The tensors σi and σe represent the
conductivity of extra- and intracellular space, which is usually anisotropic.
With the definition of the transmembrane voltage Vm = φi−φe in combi-
nation with Eq. 3.2 and Eq. 3.4, we can derive the following two coupled
equations (Seemann, 2005, sec. 5.6.3.1, p. 78-80):

∇ · (σi∇Vm)+∇ · (σi∇φe) = im (3.5)
∇ · ((σi +σe)∇φe) =−∇ · (σi∇Vm) (3.6)

18



3.4. MODELINGOF CARDIAC EXCITATION PROPAGATION: BIDOMAINMODEL AND
MONODOMAIN SIMPLIFICATION

An electrophysiological cell model, for example the one of ten Tusscher,
can be used to determine im. However, the bidomain model is a continuous
approach and does not consider the cells as geometrical objects. A factor
β which depends on the cells surface to volume ratio has to be introduced
in order to convert the ionic and capacitive currents which cross the cell
membrane into a current per volume density (Keener and Sneyd, 2009a,
sec. 12.3.3, p. 567).

im = β (Cm
dVm

dt
+ Iion)+ iex. (3.7)

The term iex is added in order to be able to consider an externally induced
current. With the simplifying assumption, that extra- and intracellular
space have equal anisotropy ratios (→ σi = α ·σe) the bidomain equations
can be merged into one equation (Seemann, 2005, sec. 5.6.3.2, p. 81):

im =
1

1+α
(∇ · (σi∇Vm)) (3.8)

This is called the monodomain model. The equation of the monodomain
and bidomain model can be solved numerically using the finite differences
method or the finite element method.

Fiber Orientation and Stimulation Profile
The conductivity of cardiac tissue is anisotropic and depends on the fiber
orientation. A common rule-based approach to model the fiber orientation
in the ventricles is to define the fiber depending on the location in the
ventricular wall according to measurements data e.g. of (Streeter, 1979).
For the atria, Krueger et al. (2011) presented a semi-automatic approach:
First, a set of seed-points has to be assigned manually. These are used
by the algorithm to construct a ”network of auxiliary lines” which is then
used to generate the fiber orientation. The electrical activation is initiated
in the atria. From here, it propagates through the Purkinje network into
the myocardium. Keller et al. (2009) presented a method to generate a
realistic stimulation profile which mimics the electrical activation in the
myocardium by the Purkinje fiber system.
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3.5 The Electrophysiological Simulation Framework
acCELLerate

The software framework acCELLerate is a modular-designed simulation
environment which has been developed and continuously extended over
the last decade at the Institute of Biomedical Engineering. It contains
implementations for all the models which have been discussed in the
chapter and allows to simulate the electrical activation on cellular level, the
active tension development of the myofibrils and the excitation propagation
for the atria and the ventricles. It includes several cell models which have
been adapted to measurement data of experiments with ventricular and
atrial cells of different mammals e.g. human, rabbit, canine and considers
different transmural and apico-basal heterogeneities (Seemann et al., 2010).

20



Chapter 4
Modeling of the Circulatory
System
The Three-ElementWindkessel model

A windkessel model is a lumped element model which decribes the flow
and pressure in the aorta with an analogous electrical circuit. The electric
current represents the blood flow and the voltage represents the pressure in
the aorta, thereby. The two-element windkessel model contains a capacitor
C, which describes the compliance of the aorta and the large arteries in
parallel with a resistor R1 which represents the peripheral resistance. The
three-element model adds a further resistor R2 in series which describes the
flow characteristic resistance of the aorta (Westerhof et al., 1971) (Fig. 4.1).
The equation of the three-element windkessel model is given by:

(
2+

R2

R1

)
I(t)+CR2

dI(t)
dt
−C

dPar(t)
dt

− Par(t)
R1

= 0 (4.1)

where I is the blood flow from the heart cavity and Par is the aortic pressure.
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Figure 4.1: Three-elementWindkessel model of the circulatory system: I represents
the blood flow, C describes the compliance of the aorta and the large elastic arter-
ies, R1 describes the peripheral resistance. R2 in combination with C describes the
characteristic complex impedance of the aorta
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Chapter 5
Nonlinear Continuum
Mechanics

5.1 Basic Principles of Nonlinear Continuum
Mechanics

Solid matter is not continuous but consists of particles (everyday matter
consists of protons, neutrons and electrons) arranged in a specific structure.
All mechanical properties of a solid object arise from the arrangement and
interaction of these particles. While it is possible to describe the mechan-
ical behaviour of microscopic objects on that level, this is certainly not
feasible for macroscopic objects facing the sheer number of particles it
consists of. Here, continuum mechanics theory provides a macroscopic
description of the mechanical properties and kinematics of solid objects,
based on constitutive equations which are usually either of phenomenolog-
ical nature or are derived from the microscopic picture. In the following,
I will give a short and step-by-step summary of all the basic principles
of continuum mechanics theory which are relevant for this work. For a
detailed description, I recommend the book "Nonlinear Finite Elements
for Continua and Structures" by Belytschko et al. (2000). Since we talk
about mechanics, it is no surprise, that we start with the Newton’s second
law of motion which is given by:
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F(t) = m ·a(t) (5.1)
where the total force F is the vector sum of all forces acting on an object
with mass m which causes an acceleration a of that object. A solid body at
time t can be described as a continuum of points x(t) where each point has
a mass density ρ . For any arbitrary subdomain of that body Eq. 5.1 can be
written as,

∫
Ω

ρ(x) ·a(x, t) dΩ = F(t) (5.2)
where F is the total force acting on the points within the subdomain Ω and
is given by (Belytschko et al., 2000, sec. 3.5.5, p. 113)

F =
∫

Γ

t dΓ+
∫

Ω

ρb dΩ (5.3)
where Γ is the boundary of Ω, t is the surface traction (force per surface)
and b is a body force per unit mass.

Lagrangian coordinates, Eulerian coordinates andmeasures
of deformation
The current deformation of an object can be determined by comparing
the initial state of that object, in the following referred to as the reference
configuration, with the current state or current configuration. For this
purpose, two coordinate system are introduced: the Lagrangian coordinate
system and the Eulerian coordinate system (Belytschko et al., 2000, sec.
3.2.2, p. 77). Each point of an object is identified by its Lagrangian coor-
dinates X which are the coordinates of its position vector in the reference
configuration. The Eulerian coordinates describe the position x(X , t) of a
point X at time t. u(t,X) = x(X , t)−X is the displacement of point X at
time t.
Accordingly, the Lagrangian coordinates of a point are invariant under
deformation, while the Eulerian coordinates describe its trajectory. The Ja-
cobian matrix F of the Eulerian coordinates with respect to the Lagrangian
coordinates is called the deformation tensor (Fig. 5.1) and is given by
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Fi j =
∂xi

∂X j
(5.4)

The deformation tensor is the transformation matrix from the reference
coordinates to current coordinates. However, this also means, that it does
not just contain the information about the pure stretch but also about the
rotation. Later we will see, that the constitutive equation is a potential
elastic energy density function expressed in terms of a strain measure.
Since the potential elastic energy of an object should not depend on its
orientation, it is preferable to have a strain measure which is rotation-
independent. According to the polar decomposition theorem, F can be
decomposed to (Bonet, 1997, sec. 3.6, p. 68-73):

F = RU (5.5)

where R is a unitary rotation tensor and U contains only information about
the stretch. From this follows

C = FT F = UT RT RU = UT U (5.6)

where the tensor C is the Right Cauchy-Green tensor. This strain is rota-
tional invariant. A further commonly used strain measure is the Green-
strain tensor (Bonet, 1997, sec. 3.5, p. 65), given by

E =
1
2
(C− I) (5.7)

which has the advantage, that it is zero for non-deformation.

Stressmeasures
The deformation of an elastic object causes mechanical stress which coun-
teracts the deformation. The Cauchy stress σ (Fig. 5.2) is defined by the
Cauchy’s law which states (Belytschko et al., 2000, sec. 3.4, p. 101)
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Figure 5.1: The deformation tensor

t dΓ = nσ dΓ (5.8)

Cauchy stress corresponds to the real or physical stress, since it refers to the
current configuration. However, different stress measures can be defined
which differ by their frame of reference (see (Belytschko et al., 2000, sec.
3.4, p. 101-104). In this work, the following two stress measures will be
considered. The nominal stress tensor P and the second Piola-Kirchhoff
stress tensor (PK2) S. P is defined as

P = JF−1
σ (5.9)

where J = det(F). Accordingly the stress tensor P can be used to express
the current force df acting on a surface Γ in terms of the normal vector n0

and that surface in the reference configuration Γ0

df = n0PdΓ0 (5.10)

The second Piola-Kirchhoff stress tensor S is defined as

S = JF−1
σF−T (5.11)
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Figure 5.2: The Cauchy stress tensor (inspired by (Bonet, 1997, sec 4.2.1, p. 101, fig.
4.4))

ConstitutiveModels
A material for which the work does not depend on the load path is defined
to be hyperelastic (Belytschko et al., 2000, sec. 5.4.7, p. 235). In that case,
a potential ΨE in terms of E or if preferred likewise in terms of C, where
ψE(E) = ψC(2E+ I), can be defined for the stress

S =
∂ΨE

∂E
= 2

∂ΨC

∂C
(5.12)

This potential represents the stored energy per undeformed volume and
hence is also called energy density function. Since Ψ defines the mechani-
cal properties, it is also called constitutive model or constitutive material
law.

Incompressibiliy
Many materials in particular biomaterials are incompressible. A common
approach to incorporate incompressibility into the material law is to use a
penalty term in form of a volumetric energy density U(J) which is added
to the distortional component Ψ̂(C) (Bonet, 1997, sec. 5.5.3, p. 131,132)

Ψ(C) = Ψ̂(C)+U(J) (5.13)
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where J is the determinate of the deformation tensor F. A simple approach
for U(J) is

U(J) =
1
2

κ(J−1)2 (5.14)

where κ is the penalty parameter.
In that case, the second Piola-Kirchhoff tensor is given by

S = 2
∂ Ψ̂C

∂C
+ pJC−1 (5.15)

where p =
dU
dJ

= κ(J−1) (5.16)

The value of p is the hydrostatic pressure and κ can be identified as the
bulk modulus of the material.

Neo-HookeanMaterial andMooney-RivlinMaterial
In general, the potential Ψ of an incompressible and isotropic material can
be expressed as a series expansion in terms of the first invariant I1 and
second invariant I2 of C (Belytschko et al., 2000, sec. 5.4.11, p. 239)

Ψ(I1, I2) =
n

∑
i=0

n

∑
j=0

ci j(I1−3)i(I2−3) j (5.17)

where c00 = 0 (5.18)

where ci j are material constants.
The Mooney-Rivlin model is a hyperelastic model which was originally
developed to describe large deformations of rubber. Mooney and Rivlin
showed that the form (Belytschko et al., 2000, sec. 5.4.11, p. 239,240).

Ψ̂(I1, I2) = c1(I1−3)+ c2(I2−3) (5.19)

matches well to experimental results. For incompressible materials the
following modified Mooney Rivlin model can be used
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Ψ = Ψ̂+ p0ln(I3)+
1
2

K(ln(I3))
2 (5.20)

where p0 is chosen so that the components of S are zero for the reference
configuration. K is a penalty parameter, which must be on the one hand
large enough so that the compressibility is negligible small but on the other
hand, not too large, since this would result in numerical ill-conditioning
(Belytschko et al., 2000, sec. 5.4.11, p. 240).

Balance of linearmomentum equation
Substituting Eq. 5.8 in Eq. 5.3 and invoking Gauss’s theorem gives (Be-
lytschko et al., 2000, sec. 3.5.5, p. 113)

F =
∫

Ω

div σ +ρb dΩ (5.21)

Substituting this in Eq. 5.2 gives

∫
Ω

ρa−div σ −ρb dΩ = 0 (5.22)

This holds for any arbitrary subdomain of our solid body. Accordingly, we
can derive the Balance of linear momentum equation or just momentum
equation (Belytschko et al., 2000, sec. 3.5.5, p. 114)

ρa−div σ −ρb = 0 (5.23)
This is the fundamental equation which describes the mechanical behaviour
and kinematics of a solid body. For static problems where the momentum
is zero or for problems where loads are applied so slowly that the inertial
forces can be neglected, Eq. 5.23 can be reduced to (Belytschko et al.,
2000, sec. 3.5.6, p. 115)

div σ =−ρb (5.24)
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Chapter 6
Finite Element Analysis
Finite Element Analysis for Nonlinear Continuum
Mechanics

6.1 Finite ElementMethod for Nonlinear Continuum
Mechanics

In this chapter we transform Eq. 5.23 into a discrete form using the finite
element analysis. The content of this chapter and the indices notation are
in parts based on (Belytschko et al., 2000, sec. 4.7,4.8 and 4.9, p. 193-201).
Einstein’s summation notation is used for all equations.

Total LagrangianWeak Form of the LinearMoment Equation

We start with the linear moment equation Eq. 5.23 with indices notation in
terms of the displacement u

ρ üi−
∂

∂x j
σ ji−ρbi = 0 (6.1)

where ü = a. Our aim is to find a solution displacement ui. However,
this equation has often, depending on the kind of problem, no analytical
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solution, or it is tough to find one. The basic idea of the finite element
method is to approximate ui in the domain of interest Ω with a trial function
ũi consisting of a defined finite set of suitable basis function NI called
element shape function, which vanish on the displacement boundaries.

ui ≈ ũi = uiI NI (6.2)

The notation uiI has the to be read as component i (i = 1,2 or 3) of node
I of the discretized domain. Then we transform the examined partial
differential equation in such a way, that we finally obtain a set of equations
for the coefficients uiI .
Since ũi is an approximation, we obtain the residual R

R = ρ
d2

dt2 ũi−
∂

∂x j
σ ji(ũi)−ρbi (6.3)

The idea of the Galerkin Method of Weighted Residuals is to use an
arbitrary weighting function wi (test function) from the same function
space as the trial function and build the inner product with R.

wi = wiI NI (6.4)

The optimal solution ũi is then the one for which this inner product equals
zero, since then the residual is orthogonal to the function space of the
trial function. For mechanical problems, the test function wi can also be
interpreted as a virtual displacement or first variation of the displacement
(wi = δui) and the inner product as a virtual energy ((Belytschko et al.,
2000, sec. 2.3.4, p. 32 and sec. 4.8.1, p. 197)).

∫
Ω

wiI

(
ρNINJ ü jJ−

∂NI

∂x j
σ ji−ρNIbi

)
dΩ = 0 (6.5)

This equation is the weak form of the linear momentum equation. With the
following relations (Belytschko et al., 2000, sec. 4.7.2, p. 195)
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Jσ ji = FjkPki =
∂x j

∂Xk
Pki (6.6)

dΩ = JdΩ0 (6.7)
ρbi = ρ0biΩ0 (6.8)

we can transform it into the total Lagrangian form

∫
Ω0

wiI

(
ρ0NINJ ü jJ−

∂NI

∂X j
Pji−ρ0NIbi

)
dΩ0 = 0 (6.9)

Now we use the derivative product formula in order to get rid of the
derivative of the nominal stress and apply the Gauss’s theorem on the
result. Then we use that wi vanishes on the traction boundary and obtain
discrete equations of the weak form of the total Lagrangian formulation
(see (Belytschko et al., 2000, sec. 4.8.1, p. 196-197, eq. 4.8.3 - 4.8.7 and
sec. 4.9 p.198-201, eq. 4.9.9-4.9.15) for details)

δW = wiI

∫
Ω0

ρ0 NI NJ ü jJ dΩ0 +wiI f int
iI −wiI f ext

iI = 0 (6.10)

where f int
iI =

∫
Ω0

∂NI

∂X j
PjidΩ0 (6.11)

and f ext
iI =

∫
Ω0

NI ρ0bidΩ0 +
∫

Γ0

NI t0
i dΓ0 (6.12)

where Γ0 is the surface on which the traction t0
i acts in reference con-

figuration. δW is the virtual work due to the virtual displacement wi.
Accordingly the f int

iI and f int
iI are the equivalent internal and external nodal

forces (Belytschko et al., 2000, sec. 4.4.2, p. 154 and sec. 4.9.1, p. 199,
200).
Since this equation applies for arbitrary wi it follows

Mi jIJ ü jJ + f int
iI − f ext

iI = 0 (6.13)
where Mi jIJ = δi j

∫
Ω0

ρ0 NI NJ dΩ0 (6.14)
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To simplify the notation, we define the displacement vector d(t) which
holds the components of uiI(t) and can write Eq. 6.13 in vector notation

Md̈+ fint
I (d(t), t)+ fext

I (d(t), t) = 0 (6.15)

This is the discretized equation which has to be solved using a time inte-
gration scheme (see below) in order to simulate the mechanical behaviour
and kinematics of a solid body. The integrals can be evaluated numerically
using Gauss’s Quadrature (Belytschko et al., 2000, sec. 4.5.3, p. 166, 167).
Here the number of quadrature points depends on the order of the shape
functions. Eq. 6.15 does not consider any friction. If it is desired to take
friction into account, the equation can be extended with a term for damping

Md̈+ fint
I (d(t), t)+ fext

I (d(t), t)+Cḋ = 0 (6.16)

One possible damping model is Rayleigh damping

C = α1M+α2∇fint (6.17)

where α1 and α2 are the material depending damping parameters.
If mass inertia is neglected, equation Eq. 6.15 reduces to the equilibrium
equation

fint
I (d(t), t)+ fext

I (d(t), t) = 0 (6.18)

which can be solved using Newton method (Belytschko et al., 2000, sec.
6.3.4, p. 319).

Linear andQuadratic Tetrahedral Element Shape Function
Many different types of element shape functions exist for the discretization
of the volume integrals. For this work, the following are relevant: the four-
node tetrahedron (T 4) and the ten-node tetrahedron (T 10) (Fig. 6.1)(Belytschko
et al., 2000, ap. 3, p. 623, 624) . The shape functions are defined in terms
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of the tetrahedral element coordinates ζi which are defined as follows

x =


1 1 1 1
x1 x2 x3 x4

y1 y2 y3 y4

z1 z2 z3 z4




ζ1

ζ2

ζ3

ζ4

= M


ζ1

ζ2

ζ3

ζ4

 (6.19)

where x is a point in Cartesian coordinates inside the element and x1,y1,z1...x4,y4,z4

are the vertices of the tetrahedron.

T4 Shape Functions

NI(x,y,z) = ζI(x,y,z) I = 1..4 (6.20)

The partial derivates ∂

∂x NI =
∂

∂x ζI can be easily determined by inverting
the matrix M. Since the shape functions are linear, this element is also
named linear tetrahedron.

T10 Shape Functions

NI(x,y,z) = ζI(2ζI−1), I = 1..4 (6.21)
N5(x,y,z) = 4ζ1ζ2, N6(x,y,z) = 4ζ1ζ3, N7(x,y,z) = 4ζ1ζ4, (6.22)

N8(x,y,z) = 4ζ2ζ3, N9(x,y,z) = 4ζ3ζ4, N10(x,y,z) = 4ζ2ζ4, (6.23)

This element is also named quadratic tetrahedron, due to the quadratic
shape functions.

Linear andQuadratic Triangle Element Shape Function
For the discretization of the surface integrals the following elements are rel-
evant: the three-node triangle (T3) and the six-node triangle (T6) (Fig. 6.1).
The shape functions defined in terms of triangle element coordinates are
given by
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Figure 6.1: Linear tetrahedron (T4), linear triangle (T3), quadratic tetrahedron (T10)
and quadratic triangle (T6)

T3 Shape Functions

NI(x,y,z) = ζI(x,y,z), I = 1..3 (6.24)

This element is also named linear triangle.

T6 Shape Functions

NI(x,y,z) = ζI(2ζI−1), I = 1..3 (6.25)
N4(x,y,z) = 4ζ1ζ2 (6.26)
N5(x,y,z) = 4ζ1ζ3 (6.27)
N6(x,y,z) = 4ζ2ζ3 (6.28)

This element is also refered to as quadratic triangle.
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Newmark-Beta Time Integration
The linear momentum equation is an initial value problem, where d0 =

d(t = t0) and its first v0 = v(t = t0) and second time derivate a0 = a(t = t0)
are known. A commonly used time integration method is Newmark-Beta
Time integration. It provides two adjusting screws, the parameters β and γ ,
to control the numerical stability of the solution (Belytschko et al., 2000,
sec. 6.3.3, p. 318).
The updated displacements and velocities of the Newmark-Beta scheme
are given by

dn+1 = dn +∆tvn +
∆t2

2
(1−2β )an +β∆t2an+1 (6.29)

vn+1 = vn +(1− γ)∆tan + γ∆tan+1 (6.30)

where ∆t is the chosen time step size.
From this follows

an+1 =
1

β∆t2 (d
n+1−dn +∆tvn +

∆t2

2
(1−2β )an) (6.31)

Now, we take Eq. 6.15 and replace the second time derivate of d with the
updated accelerations an+1 and the displacement d(t) with the updated
displacement dn+1. Then, we obtain a set of nonlinear algebraic equations
which we can solve for dn+1 at time step tn+1 (Belytschko et al., 2000, sec.
6.3.3, eq. 6.3.7), using the Newton-Raphson method ((Belytschko et al.,
2000, ec. 6.3.4, p. 319)).

Man+1 + fint
I (dn+1, tn+1)+ fext

I (dn+1, tn+1)+Cvn+1 = 0 (6.32)
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Chapter 7
ConstitutiveModels of Cardiac
Tissue
Due to its microstructure, cardiac tissue has anisotropic and incompressible
hyperelastic mechanical properties (Fig. 7.1). Different constitutive models
which give a description of the mechanical behaviour of cardiac tissue have
been presented (Costa et al., 1996; Fung, 1993; Smaill and Hunter, 1991;
McCulloch, 2000)

Figure 7.1: Left: cardiac microstructure with the definition of fiber, sheet and sheet-
normal direction (inspired by (Hunter et al., 1997b, sec. 6.2.2, fig. 6.3, p. 176)). Right:
Typical stress-strain relation for uniaxial loading (based on (Hunter et al., 1997a, sec.
12.4.2, fig 12.9)).

For most applications in this work, the model of (Guccione et al., 1991)
was used.
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W =C(eQ−1)+
1
2

K(det(F)−1)2

(7.1)
Q = b1E2

11 +b2(E2
22 +E2

33 +E2
23 +E2

32)+b3(E2
12 +E2

21 +E2
13 +E2

31)

(7.2)
This model is orthotropic with transverse isotropy. Accordingly, it does not
take into account the sheet orientation of the ventricular wall. The second
term of Eq. 7.1 is a penalty term which accounts for the incompressibility.
A comparision and evaluation of different constitutive models can be found
in (Schmid, 2006) and in (Holzapfel and Ogden, 2009).
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Chapter 8
Recent Developments in
ElectromechanicalModeling of
the Heart
Cardiac modeling of the heart is an active field of research and a lot of
progress had been made the recent years. In order to give a short overview,
this chapter summarizes a selection of recent publication which are related
to this thesis.

Modeling of the Ventricles
• Gurev et al. (2011) from the lab of Natalia Trayanova presented a

methodology to generate an electromechanical model of the ventric-
ular contraction using an accurate ventricular geometry based on
MRI and DTMRI data. He demonstrated an example simulation of
the contraction during sinus rhythm using a model of normal canine
ventricles.

• Constantino et al. (2012) showed that computational modeling of the
ventricular electromechanics provides a powerful tool to characterize
the relationship between electrical and mechanical activation in a
heart with dyssynchronous heart failure and how this can help to
improve cardiac resynchronization therapy.
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• The review article of Trayanova et al. (2011) gives an overview
of the latest advancements in three-dimensional electromechanical
modeling of the ventricles. In a second article, Trayanova (2011)
present general modeling approaches and applications of whole-
heart models in cardiac electrophysiology and electromechanics
research.

• Krishnamurthy et al. (2012) from the group of Andrew McCulloch
and Jeffrey Omens published a method which allowed to create
patient-specific models of the ventricular biomechanics of the failing
heart. The method was tested using data of five patients with heart
failure. They obtained good results for global parameters like ejec-
tion fraction and peak value of the cavity pressures and moreover
the simulation showed a good match to measured echocardiographic
images.

• Hadjicharalambous et al. (2014) analyzed different constitutive laws
which are often used in cardiac electromechanical modeling regard-
ing feasibility for parameter estimation using 3D tagging MRI.

• Land et al. (2014) presented a new method to improve the numerical
stability of cardiac mechanical simulations.

• Pfeiffer et al. (2014) discussed the biomechanics of cardiac elec-
tromechanical coupling and the mechanoelectric feedback.

• Eriksson et al. (2013) presented an analysis of the influence of the
myocardial fiber and sheet orientations on the mechanical contrac-
tion of the left ventricle.

Modeling of the Atria
• Jernigan et al. (2007) presented a study on the mechanical properties

of porcine left atrium which were assessed using uniaxial loading
experiments.

• Di Martino et al. (2011a) presented a model of the porcine left atrium.
He used that model to analyze the wall stress due to the mitral
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valve movement, obtained from raw MDCT data. The mechanical
properties were modelled based on biaxial experiments with porcine
atrial tissue.

• In the same year, Di Martino et al. (2011b) evaluated how the spatial
and temporal stress distribution of the left atrial wall is affected by
ventricular tachypacing.

• Bellini et al. (2012) published a detailed characterization of the
passive biomechanics of the left human atria based on a Fung-type
constitutive model.

PersonalizedModeling - Parameter Estimation Techniques
Several different approaches for the estimation of cardiac mechanical
parameters have been proposed.

• Moireau and Chapelle (2011) showed how reduced-order unscented
Kalman Filtering can be used for the estimation of parameters in
large dynamical systems and illustrated the approach using a ”test
problem inspired from cardiac biomechanics”.

• Wang et al. (2009) presented an approach based on sequential
quadratic programming which was used to estimate the stiffness
of the left ventricular myocardium.

• Delingette et al. (2012) presented a method to determine person-
alized cardiac motion and contractility from clinical images using
variational data assimilation.

• Sermesant et al. (2012) used a personalized electromechanical model
of the heart to predict pacing effects in CRT.

• Xi et al. (2011) used reduced-order Kalman filtering to estimate
transversely isotropic material parameter.

• Marchesseau et al. (2013a) used the Unscented Transform algorithm
to calibrate the parameters of a cardiac electromechanical model
from medical image data.
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• In a further work, Marchesseau et al. (2013b) used unscented Kalman
filtering from regional volumes to estimate the tissue contractility
from cardiac cine-MRI. First, global parameters were estimated with
an automatic calibration algorithm, again based on the Unscented
Transform. Then in all AHA (American Heart Association) zones of
the left ventricle, the contractility was estimated using the reduced-
order unscented Kalman filtering.

• Wong et al. (2014) presented an approach where they used a velocity-
based objective function to identify regional maximum contraction
stresses, contraction rates, and relaxation rates. Better results were
found for the velocity-based approach than for a position-based
approach on synthetic data. Personalized contractility parameters
could be identified, which were consistent with the underlying phys-
iologies of the patients and healthy volunteers based on clinical
data.
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Chapter 9
The Biomechanical Simulation
Framework

The acCELLerate simulation framework (Sec. 3.5) simulated the electrical
activation and active tension development on cellular level as well as the
excitation propagation over the heart. In context of this work, I have de-
veloped a biomechanical simulation framework, which allows to simulate
the mechanical contraction of the heart due to the active tension develop-
ment that is provided by the acCELLerate framework (Fig. 9.1). Apart
from that, the biomechanical simulation framework allows to estimate the
active tension from measurement data of the heart motion, which allows a
personalization of the heart model. The simulation framework has been
developed in C++ and makes use of the PETSc library for the matrix vector
operations and to solve the arising systems of equations. The biomechani-
cal simulation framework contains a geometrical model, generated from
MRI data, which represents the whole heart and the surrounding tissue, in
which the heart is embedded and the information about the fiber, sheet and
sheet-normal orientation. Two solvers for the biomechanical problem have
been implemented: First, the static solver, which determines the deforma-
tion (steady state solution) for every time step for a given active tension
distribution, considering defined boundary conditions and further input
variables e.g. external pressure or traction. Second, the dynamic solver
which uses the Newmark-Beta time integration (Sec. 6.1) and further takes
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into account mass inertia and damping. In addition to the displacement, it
computes velocity and acceleration vector fields. Further, the framework
includes an inverse solver, which I have developed in course of this work.
This allows to estimate the active tension distribution from a provided
motion of the heart surfaces.
For the finite element discretization, linear and quadratic triangle and
tetrahedral elements have been implemented. Different constitutive models
which describe the passive mechanical properties of the heart tissue are
available. The resulting system of nonlinear equations is solved using the
Newton method implementation of the PETSc library (Balay et al., 2012).
For that purpose, the solvers provide the nodal forces and the nodal forces
Jacobian matrix in terms of the displacement.
All calculations are parallelized using MPI (MPI-Forum, 1994) and the
PETSc library. The solvers provide a plugin interface. This allows for
their extension through further solver modules without the need to modify
the corresponding source code. Among others, a module for modeling the
circulatory system and a module for contact handling have been developed.
The primary purpose of the contact handling module is to model the contact
of the heart surface with the pericardium. In the following, the different
aspects of the biomechanical simulation framework are discussed in detail.
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Figure 9.1: Schematic description of the biomechnical simulation framework.
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Chapter 10
GeometricalModel of the
Heart
The geometrical model, which was used for the different projects of this
work, was generated from MRI data of a 33 years old male volunteer
(Fig. 10.1 a).

The data was provided by courtesy of the University Hospital of Heidel-
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Figure 10.1: (a) MR Imaging data of a 33 years old volunteer (b) Tetrahedral mesh
generated from themanually segmented imaging data
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Ventricular 

Fiber Orientation [Streeter et al.]

Atrial Fiber Orientation [Krueger et al.]

Figure 10.2: (a) Definition of the ventricular fiber orientation according themeasure-
ments of Streeter (1979) and the atrial fiber orientation generated using themethod
of (Krueger et al., 2011) (b) Fiber twist through the ventricular wall

berg and segmented manually by Bettina Schwab, who worked as student
assistant at the institute. Based on the segmented data, two meshes were
generated: First, a structured high-resolution hexahedral mesh (0.4 mm
resolution). This was generated as input for the electrophysiological and
active tension simulation using acCELLerate. Second, a T10 tetrahedral
mesh was generated for the biomechanical simulations. This consists of
the whole heart, including the ventricles and the atria (11 622 elements)
and a thin layer (2 696 elements) surrounding the heart, which represents
the tissue in which the heart is embedded (Fig. 10.1 b). For this pur-
pose, the heart surfaces were extracted from the segmented data set and
post-processed using the 3D modeling software Blender (Blender, 2014).
Eventually, a tetrahedral mesh was generated using the opensource mesh
generator software TetGen (Si, 2013). The output of TetGen was a four-
nodes tetrahedral (T4-elements) mesh. This was converted into a ten-nodes
tetrahedral (T10-elements) mesh. The material classes (left ventricle, right
ventricle, ...) were assigned to the elements according to the segmented
data. The fiber orientation (see Sec. 3.4) of the ventricles was set using
a rule-based approach based on the measurement data of Streeter (1979).
For both ventricles, the rotating helix angle α1 changes linearly from 55◦

(endocardium) to −75.3 (epicardium) through the ventricular wall. The
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Figure 10.3: (a) Definition of the surfaces of the left and right atrial and ventricular
cavities (b) Definition of the contact interface between pericardium andmyocardium

transverse angle α3 is set to a value of −3◦ (Keller, 2006). For the atria,
the fiber assignment algorithm of (Krueger et al., 2011) was used. The
fiber orientation for the ventricles and atria was assigned to the elements
of the high resolution hexahedral mesh. For the ventricles, the software
implementation of David Keller was used, which he had developed in
context of his diploma thesis (Keller, 2006). For the atria, the software
tool developed by Martin Krueger (Krueger et al., 2011) and his diploma
student Viktor Schmidt (Schmidt, 2010) was used. The fiber orientation
was mapped from the hexahedral mesh to the quadrature points of the
elements of the coarse tetrahedral mesh (Fig. 10.2). The heart cavities are
defined by closed triangle surface meshes, which share the same nodes as
the tetrahedral mesh, while all openings were closed by triangularization
(Fig. 10.3 a). Between the heart mesh and the mesh which represented the
surrounding tissue, a contact interface is defined (Fig. 10.3 b). Boundary
conditions are defined for the nodes of the mesh at the vessel openings of
the atria and the nodes of the apex (Fig. 10.4).
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Venae Cavae
Pulmonary Veins

Apex

Figure 10.4: Dirichlet boundary conditions for the opening to venae cavae, the opening
for pulmonary veins and the apex
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Chapter 11
Modeling of the Electrical
Activation and Active Tension
Development
For the different projects which have been conducted in context of this
work, the electrical activation on cellular level, the excitation propagation
and the active tension development were simulated using the acCELLerate
framework (Sec. 3.5). Input were the hexahedral meshes (Sec. 10) of the
ventricles and of the atria in diastolic state and the fiber orientation at
the nodes of each hexahedral element. No feedback of the mechanical
deformation on the electrophysiology was considered. This would involve
a strong coupling of the acCELLerate with the biomechanical simulation
framework which is numerical extremely demanding for simulations of
the whole heart. The simulation of the ventricles and atria were conducted
independently from each other.

For the modeling of the ventricular electrophysiology on cellular level, the
model of ten Tusscher et al. (2004) (see Sec. 3.2) was used. The Rush-
Larsen method was used to compute the gating variables using analytical
functions. All other differential equations of the ten Tusscher model were
solved using forward Euler (Seemann et al., 2010). The cell models were
initialized in a single cell environment. A stimulation profile which mimics
the electrical activation due to the Purkinje network was created using the
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software implementation of Keller et al. (2009) (see Sec. 3.4). The atrial
activation was simulated using the heterogeneous Courtemanche model
of Krueger et al. (2011) (Sec. 3.2). The active tension development of
the ventricles was calculated using the Hybrid tension development model
(HTD) of Sachse et al. (2009) (Sec. 3.3). The HTD model is originally
adapted to measurement data of the ventricles. Richter (2012) adapted the
HTD model to measurement data of Schotten et al. (2002) in context of
his diploma thesis, which was supervised by me and Martin Krueger.
The output of the acCELLerate framework is normalized active tension for
each node of the hexahedral mesh and for each time step (Fig. 11.1). For
the biomechanical simulation, the active tension was scaled with a value
for the maximal tension and interpolated to the elements of the tetrahedral
mesh. The biomechanical model uses adaptive time stepping. For that
reason, the active tension was interpolated linearly between the time steps
of the acCELLerate simulation, if necessary.
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Figure 11.1: The active tension distribution in the ventricles of the first 100ms, inter-
polated to the elements of the tetrahedral mesh
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Chapter 12
Implementation of the Solver
12.1 Parallelization andDomain Decomposition
The simulation framework supports parallelization through distribution of
the computations on multiple processes (multiprocessing). These communi-
cate with each other using MPI (MPI-Forum, 1994). The data is organized
in distributed parallel vectors and matrices utilizing the PETSc library
(Balay et al., 2012). The nodes of the geometrical model are distributed
to the different processes. Eventually, for each element, that process is
determined, which contains most of its nodes and the element is passed to
that process. For an efficient parallelization, the nodes and elements of the
geometrical model should have to be distributed to the processes in such
a way, that coherent subdomains of the geometrical model are stored on
the processes. For that purpose, the PETSc library allows to calculate an
optimal domain decomposition based on the connectivity matrix. Apart
from that, the biomechanical simulation framework provides the option
to sort the nodes according the first score of the Principal Component
Analysis (PCA) of their position vectors.

12.2 The Biomechanical Solver
The discretized total Lagrangian weak form of the equation of linear
momentum extended by a term for Rayleigh damping in vector notation is
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given by

Md̈+Cḋ+ ftotal(d) = 0 (12.1)
where the displacement vector d consists of the entries of the displacement
vector uiI (see Sec. 6.1)

d = [u11,u21,u31,u12, ...,uiI ]
T (12.2)

The index I indicates the node and i the coordinate. The mass matrix M
and the damping matrix C as well as the nodal forces vector ftotal are filled
according to the same indexing scheme. Hereby, the nodal forces vector
ftotal is the sum of all internal and external nodal forces. Equation Eq. 12.1
is solved by the biomechanical solver, which can be initialized either as
static solver or dynamic solver. In the first case, the mass term and the
damping term in Eq. 12.1 are neglected and the steady state solution for
d is computed. In the second case, mass inertia and damping are taken
into account and velocity and acceleration vector fields are calculated,
additionally to the displacement.

Calculation of the Nodal Forces due to the Deformation of
the Elements and the Active Tension
The biomechanical simulation framework contains implementations for
linear (T4) and quadratic (T10) tetrahedral elements (Sec. 6.1). The deriva-
tives of the shape functions

∂NI

∂X j
(12.3)

are calculated at the beginning of the simulation for the reference configu-
ration.
For each element, the fiber, sheet and sheet normal orientation are defined
at the quadrature points qJ . For all elements, the deformation tensors
are calculated for each quadrature point and transformed into a local
orthonormal coordinate system (fiber coordinate system) which is defined
by the fiber (b f (qJ)), sheet (bs(qJ)) and sheet normal direction (bsn(qJ)).
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BJ =
(
b f ,bs,bsn

) (12.4)

The deformation tensor transformed in the fiber coordinate system is given
by

Fi j(qJ) =
∂NI(qJ)

∂X j
xiI (12.5)

F∗J = BT
J ·F(qJ) ·BJ (12.6)

The transformed deformation tensors are used to calculate the Second
Piola-Kirchhoff stress S using the chosen constitutive model for the defined
material class of the respective element.
For that purpose, the Mooney-Rivlin model (Sec. 5.1, Eq. 5.20) and the
Guccione et al. model (Sec. 7, Eq. 7.1) have been implemented. The active
tension which was obtained from the electrophysiological simulation (using
acCELLerate) for the respective time step (or interpolated for the respective
time step if necessary), is added to the first diagonal element of the Second
Piola-Kirchhoff stress. Eventually, the nominal stress is calculated

P =

S+

Tk 0 0
0 0 0
0 0 0

 ·FT (12.7)

Afterwards, the nominal stress is transformed back into the global coordi-
nate system. The nodal forces contribution of the element K to the total
nodal forces vector ftotal is given by (compare Sec. 6.1)

f K
iI =

∫
Ω0

K

∂NI

∂X j
PjidΩ

0
K (12.8)

where Ω0
K i is the volume domain of the element. The integral is computed

using Gauss quadrature (at one quadrature point for the T4-elements, and
four quadrature points for the T10-elements). Eventually, the nodal forces
components which result from the deformation and the active tension of
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element K are added to the corresponding components of total nodal forces
vector ftotal

For the calculation of the nodal forces which result from surface traction
(usually pressure which acts on a surface), T3 and T6 triangle elements
have been implemented (Sec. 6.1). For those, the nodal forces contribution
of element K to the nodal forces vector is given by (Sec. 6.1)

K fiI =
∫

Γ0
K

NI t0
i dΓ

0
K (12.9)

where Γ0
K is the surface domain of the element.

The Static Solver
The static solver solves for a given active tension under consideration of
the boundary conditions and further input variables e.g. blood pressure,
the following system of nonlinear equations for the displacement for each
time step.

ftotal(d) = 0 (12.10)

This is done by using the Newton implementation of the PETSc library.
For this, the solver has to provide the nodal forces and the Jacobian matrix
of the nodal forces also referred to as tangential stiffness matrix

K =
∂ ftotal

∂d
(12.11)

The Jacobian matrix is calculated element-wise using central finite dif-
ferences. For nodes, which are defined to be fixated (Dirichlet boundary
conditions for the displacement), the corresponding entries of ftotal are set
to zero. In the Jacobian matrix, the respective rows and columns are set
to zero and the diagonal element to one. The solver uses adaptive time
stepping depending on the convergence of the Newton method. If the static
solver does not come to a solution within the defined maximal number of
Newton steps, the time step size is divided by two and the computation is
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restarted. Otherwise, if the time step size is smaller than a defined maximal
time step size and if the solver has converged successfully for a defined
amount of successive time steps, the time step size is doubled. All input
data e.g. the active tension is updated for each time step and interpolated if
necessary.

TheDynamic Solver based onNewmark-Beta Time
Integration
The dynamic solver takes into account mass inertia and damping. For that
purpose, the mass matrix M

Mi jIJ = δi j

∫
Ω0

ρ0 NI NJ dΩ0 (12.12)

(12.13)

and the Rayleigh damping matrix C (see Sec. 6.1).

C = α1M+α2K (12.14)

are computed.
For the time integration, the Newmark-Beta scheme is used (see Sec. 6.1).
The following nonlinear system of equations

r(dn+1) = M
1

β∆t2 (d
n+1−dn +∆tvn +

∆t2

2
(1−2β )an)+ ftotal(dn+1, tn+1)

+C
1

β∆t2 (β∆t2(vn +(1− γ)∆tan)+dn+1−dn +∆tvn +
∆t2

2
(1−2β )an) = 0

(12.15)
has to be solved for the displacement dn+1 using Newton method. The
Jacobian matrix A is given by

A =
1

β∆t2 (M+C)+K (12.16)
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Boundary conditions for the nodal displacement are incorporated in the
same way as for the static solver. Eventually, the corresponding updated
velocity and acceleration for time step tn+1 are computed as follows

an+1 =
1

β∆t2 (d
n+1−dn +∆tvn +

∆t2

2
(1−2β )an) (12.17)

vn+1 = vn +(1− γ)∆tan + γ∆tan+1 (12.18)

The dynamic solver uses the same adaptive time stepping as the static
solver.

Solver Plugins
Different solver modules can be linked to the solver via the plugin interface.
This allows to extend the biomechanical solver by coupling it with other
modules (e.g. model of the circulatory system) without the need to modify
the respective source code. A solver module must provide the additional
nodal forces and their Jacobian matrix for a given displacement. These
nodal forces are added to the total nodal forces ftotal and the entries of the
Jacobian matrix are added to K.
The plugin module must designed in such a way, that if the same time step
is repeated for example because the solver did not converge and hence the
time step size was reduced, all state variables which have been updated
after the previous execution, are restored.
In the next two chapters, the plugin modules for the modeling of the
circulatory system and the contact handling are described.
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Chapter 13
Implementation of the
Circulatory SystemModel
13.1 Modeling of the Intraventricular Pressure
The ventricles of the biomechanical model can be coupled with a lumped
three-element Windkessel model. For this, a closed triangle surface has
to be defined for each cavity which is taken into account. That surface
must only consist of nodes of the tetrahedral mesh. All openings have
to be closed by triangularization without adding any further nodes. The
cavity surfaces are used on the one hand, to determine the respective cavity
volume, on the other hand, they are used to calculate the nodal forces
which act on the nodes of the respective chamber, due to the pressure. In
the following the circulation model for the left ventricle is described. The
circulation model of the right ventricle works analogously. The circulatory
system model has already been presented in the publication (Fritz et al.,
2013). This chapter is in part based on the respective section of that
publication.
The equation of the Windkessel model is given by:

(
1+

R2

R1

)
I(t)+CR2

dI(t)
dt
−C

dPar(t)
dt

− Par(t)
R1

= 0 (13.1)
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where I describes the blood flow from the ventricle into the aorta, Par

describes the aortic pressure. Capacitor C describes the compliance of the
aorta and the large elastic arteries. Resistor R2 describes the flow resistance
of the aorta and R1 describes the peripheral resistance.
Four different states of the cardiac cycle are considered:

Isovolumetric Contraction:
All valves are closed. The heart starts to contract, but since no blood
can leave or enter the ventricle, this happens isovolumetrically, while the
intraventricular pressure increases rapidly. A penalty term (Eq. 13.7) (Iso-
volumetric Contraction) is responsible for retaining the volume (almost)
constant during the isovolumetric contraction by applying the needed pres-
sure to the ventricle. The pressure in the aorta is given by Eq. 13.1 while
the blood flow into the aorta is zero I = 0.

Ejection:
When the ventricular pressure exceeds the pressure in the aorta, the aortic
valve opens. Now, ventricular and arterial pressure are assumed to be equal
and given by Eq. 13.1. The blood flow into the aorta is the negative first
time derivate of the ventricular volume.

I(t) =− d
dt

Vven(t) (13.2)

Isovolumetric Relaxation:
In reality, the aortic valve closes, when the ventricular pressure falls below
the aortic pressure. However, in the present model, the aortic and ventric-
ular pressure are equal during the ejection state. Therefore, the valve is
defined to close, when the ventricular volume reaches its minimum and the
isovolumetric relaxation begins. Then, the aortic pressure is described by
Eq. 13.1 while I = 0. The ventricular volume is retained almost constant
by a penalty term analogously to the isovolumetric contraction Eq. 13.7
(isovolumetric relaxation). At that time, the active tension has already
passed its peak value declines. This causes a rapid pressure drop in the
ventricle.

66



13.1. MODELINGOF THE INTRAVENTRICULAR PRESSURE

Filling:
After the ventricular pressure falls below a defined value, the filling phase
starts. The atrial valve is open and blood flows from the atrium into the
ventricle. The remaining ventricular pressure as well as the passive stress
within the myocardium cause that the ventricle returns to its end-diastolic
state. The ventricular pressure further declines according to the follow-
ing equation until a defined end-diastolic pressure is reached. Then the
pressure is remained constant until the next contraction begins.

d
dt

Pven =

{
−β (Pven−Pres)− γ

d
dt Vven for Pven > Pres

0 otherwise
(13.3)

This equation has no direct physiological correspondence and shall just
decrease the remaining pressure until the residual end-diastolic pressure
Pres is reached. In reality, the pressure conditions are much more complex.
On the one hand the ventricle relaxes, since the active tension declines,
which causes a rapid pressure drop, but on the other hand blood flows
from the atria into the ventricle which counteracts the decrease of pressure.
However, since the pressure is rather small (< 15 mmHg), the simplification
should be acceptable.

Euler time integration
Equation 13.1 is discretized using an Euler scheme:

Pn+1
ar = Pn

ar−
Pn

ar∆tn+1

R1C
−
(

1+
R2

R1

)
∆V n+1

C
−R2

(
∆V n+1

∆tn+1 −
∆V n

∆tn

)
(13.4)

where

∆tn = tn− tn−1 and ∆V n = (V n
ven−V n−1

ven ) (13.5)
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during ejection phase. Otherwise it is ∆V n = 0. The time step size ∆tn

is variable since the biomechanical solver uses an adaptive time stepping
scheme.
The equation Eq. 13.4 for the pressure decay during the filling phase is
discretized analogously.
The volume of the ventricular cavity is represented by a triangle mesh and
is calculated as follows:

V = ∑
k

1
3

Akbknk (13.6)

where nk is the outward-pointing normal vector, bk is the centroid and Ak

is the area of the surface triangle element k. The updated intraventricular
pressure Pn+1

ven is calculated as follows:

Pn+1
ven =


−K(V (t)

Vd
−1) isovolumetric contraction

Pn+1
ar ejection phase

−K(V (t)
Vs
−1) isovolumetric relaxation

Pn
ven−β (Pven−Pres)∆t− γ∆V filling phase

(13.7)

If Pn+1
ven < Pres after the filling phase, then Pn+1

ven is set to Pres until the
next contraction starts. The variable Vd and Vs describe the end-diastolic
volume and end-systolic volume. These volumes are remained constant
during the isovolumetric phases using a penalty approach. The circulatory
system model is implemented as a solver plugin module and has to provide
for each time step the forces which act on the nodes of the cavities and
the nodal forces Jacobian matrix for a given displacement vector. The
displacement defines the current volume of the cavity and in combination
with the volume values of the previous time steps, it allows to calculate the
blood flow I(t) and its first and second time derivative. The nodal forces
which are applied to vertex I, as result of the pressure which acts on the
cavity surface element k are calculated as follows:
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fkI =
1
3

PvenAknk (13.8)

The Jacobian matrix is given by

∂ fkI

∂XJ
=

1
3

(
Aknk

dPven

dV
∂V
∂XJ

+Pven
∂

∂XJ
(Aknk)

)
(13.9)

where ∂V
∂XJ

and ∂

∂XJ
(Aknk) were calculated using finite differences and the

derivate dPven
dV is given by

dPven

dV
=


− K

V0
isovolumetric contr.

−(1+ R2
R1
) 1

C −
R2

∆tn+1 ejection phase

− K
V1

isovolumetric relax.

−γ or 0 if Pven <= Pres filling phase

(13.10)

The strong coupling of the Windkessel model and the biomechanical model
in one system of nonlinear equation results in a great numerical stability.
However, the nodal force which acts on a node of the cavity depends on
the pressure in that cavity which itself depends on the volume change
and therefore on the displacement of all nodes. Consequently, the strong
coupling causes dense blocks for each cavity in the Jacobian matrix which
is not so nice from a numerical point of view, when it comes to the solving
of the linear system of equations for the Newton steps. The circulatory
system model in the present state does only support T3 triangle elements.
However, it would be a simple task to extend it to T6 triangle elements, but
this has not done yet.

13.2 Modeling of Atrial Pressure
For modeling the atrial pressure, a two element Windkessel model is used
(Eq. 13.1 with R2 = 0). In this case, the current I represents the blow
flow from the atrium into the ventricle and C can be interpreted as the
compliance of that ventricle. The resistor R1 can be interpreted as the flow
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resistance of that ventricle. However, one has to be careful with a direct
physical correspondence, In reality, the atrial pressure profile during the
whole heart cycle is quite complex, since atria and ventricles interact with
each other. In filling phase, the ventricles are deformed due to the blood
flow from the atria and the atrial contraction. During the isovolumetric con-
traction phase of the ventricles, the atrial pressure is temporarily increased.
When the ventricular pressure exceeds the aortic pressure, the aortic valve
opens and the atrioventricular plane moves downwards the apex which
causes a stretching of the atria which increases their volumes and rapidly
reduces their pressure. This facilitates the inflow of blood from the venae
cavae and the vessels into the atria, which eventually causes an increase in
pressure. A complete description of the atrial and ventricular blood pres-
sure with all valve states and the filling of the atria via the pulmonary veins
would involve the coupling of a Windkessel model of the atria with a Wind-
kessel model of the ventricles as well as with a model of the blood flow
from the vessels. This is a very complex and numerical demanding task.
For the projects in this work, I used the following simplification: Since
the ventricles are not significantly deformed during the atrial contraction
and the atrial pressure during the ventricular contraction is relatively low
compared to the ventricular pressure, the ventricular circulatory model is
deactivated during the atrial contraction and the atrial model is deactivated
during the ventricular contraction. Accordingly, only the afterload during
the atrial contraction from the perspective of the atrium can be simulated.
Consequently, the atrial contraction has no impact on the intraventricular
pressure.
This is a significant limitation and should always kept in mind for the inter-
pretation of the results. However, if the focus lies on the atrial contraction
only this simplification can be justified.

13.3 Initialization of the Circulatory Systemmodel
The heart in end-diastolic state is not stress-free and a residual pressure
is acting on the end-diastolic ventricles. However, applying that pressure
to the end-diastolic heart model, which was generated based on the end-
diastolic MRI data, would result in an unwanted inflation of the ventricles,

70



13.3. INITIALIZATIONOF THE CIRCULATORY SYSTEMMODEL

with the result, that the diastolic state of the heart would not match to the
MRI data anymore. For that reason, that stress-free configuration of the
heart has to be found which deforms to the correct diastolic state when
the residual pressure is applied. This is achieved by applying a negative
pressure to the ventricles, which causes a slight deflation. Eventually,
the resulting geometry is taken as the initial geometry. At the beginning
of the simulation, the circulatory system model is in state isovolumetric
contraction. Accordingly, the circulatory system model generates that
pressure which keeps the cavity volume approximately constant and equal
to the end-diastolic volume. The volumes of the ventricles in the initial
geometry are smaller than the end-diastolic volumes. This results in an
initial pressure and an inflation of the ventricles. Eventually, the cavities of
the ventricles have the correct volumes and the geometry is almost identical
to the end-diastolic state. The negative pressure has to be adapted in such a
way that finally the residual pressure in the ventricles has the desired value.
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Chapter 14
Implementation of the Contact
Handling
As explained in Sec. 17 the pericardium consists of two layers, the epi-
cardium which is connected to the myocardium and the parietal peri-
cardium which can slide on each other. However, in order to makes things
easier, I will refer to the epicardium in the following as the heart surface of
just the heart and to the parietal pericardium just as the pericardium. Ac-
cordingly I will say that ”the heart slides on the pericardium”, even though
this not completely correct according the definition of the pericardium.
The pericardium restricts the motion of the heart during the contraction but
also during the filling phase. Apart from that, it promotes the interaction
of the left and right ventricle. Accordingly, the pericardium plays an
important role for the cardiac biomechanics which motivates to take it into
account for biomechanical simulations.
In order to model the contact of heart and pericardium, I have developed
and implemented a contact handling algorithm, which ensures permanent
and frictionless contact between the heart and the pericardium based on a
classical contact formulation using penalty regularization (see also (Wrig-
gers, 2006)). The pericardium model has already been presented in (Fritz
et al., 2013). This chapter is partially based on the respective section of
that publication.
As described in Sec. 10, the geometrical model of the heart includes a
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tetrahedral mesh, which represents the tissue in which the heart is embed-
ded. The pericardium is represented by the inner surface of that mesh,
defined by a closed triangular mesh, while its vertices are the respective
surface nodes of the T10 tetrahedral elements (Fig. 14.1). In this sense,
the pericardium itself does not have a volumetric representation. How-
ever, in the following, I will refer to the mesh of the surrounding tissue in
combination with the triangular surface as the pericardium mesh or just
the pericardium. The mesh of the heart and the mesh of the pericardium
are non-conforming and non-overlapping. The contact interface between
the heart and the pericardium consists of two surfaces, the surface of the
heart referred to as the master surface and the inner surface of the mesh
which represents the surrounding tissue named slave surface. The triangle
elements of the master surface are the master elements and the triangle
elements of the slave surface are the slave elements. In order to determine
the contact forces, a contact potential is defined for which the first variation
is given by

δWC = δ

(
1
2

∫
ΩC

εgN(ξ )
2dΩC

)
(14.1)

where ΩC is the common contact surface, ε is the penalty parameter and
gN the gap function given by (Wriggers, 2006, sec. 4.1, p. 58-60 and sec.
6.3.2, p. 118)

gN(ξ ) = (xs(ξ )−xm(ξ )) ·nm(ξ ) (14.2)
The point xm lies on the master surface. Its position is given in surface
coordinates ξ . The projection of xm in direction of the master surface
normal nm at xm defines xs.
All triangles of the inner surface of the pericardium mesh where defined to
be the slave elements of the contact interface. Since the contact handling
algorithm shall ensure permanent contact, it would not be clever, to take
all surface elements of the heart for the master surface, since in that
case, the contact condition could either not be fulfilled or result in an
unrealistic deformation. For that reason, only those surface elements of
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Figure 14.1: The vertices of the T10 elements, which belong to the contact interface
define the triangles, which are used to discretized the contact interface

the heart surface, which had contact, or were closer to the slave surface
than a defined distance in the reference configuration are considered for
the contact interface (Fig. 14.2).

Figure 14.2: The trianglesmeshes, which define themaster and slave contact interface.
Only those triangle elements of the heart surface, which are closer than a defined
distance, are chosen for themaster surface

Equation Eq. 14.1 can be transformed into
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δWC = ε

∫
ΩC

gN(ξ )(δxs(ξ )) ·nm(ξ )dΩC︸ ︷︷ ︸
master contact forces

(14.3)

− ε

∫
ΩC

gN(ξ )(δxm(ξ )) ·nm(ξ )dΩC︸ ︷︷ ︸
slave contact forces

. (14.4)

With the following interpolations

δx(ξ ) = ∑
I

NI(ξ )δxI (14.5)

gN(ξ )n(ξ ) = ∑
J

NJ(ξ )gN,JnJ (14.6)

we obtain the nodal contact force contribution of the master elements (here
node I belongs to the master surface) from Eq. 14.1

fm
I = ε

∫
ΩC

∑
J

NINJgN,Jnm
J dΩC (14.7)

Linear triangular shape functions are used. The contact integral is com-
puted using Gauss quadrature while the integral is evaluated at three quadra-
ture points. For this, at each of the three quadrature points of the master
element, the closest slave element which intersects with a line through
the quadrature point in direction of the master element surface normal has
to be determined. Accordingly, one master element can interact with up
to three slave elements (partner slave elements). After determining all
partner slave elements, the surface integral for the nodal contact forces of
the master element is computed. The computation of the surface integral
for the slave elements is not trivial, since the slave elements and the master
elements are non-conforming. To solve the integral for the slave elements
would involve to create auxiliary sub triangles which describe the overlap
of the slave element with the master elements. However, for the purpose of
ensuring contact between heart and pericardium it is not essential to obtain
an absolutely exact distribution of the contact forces. For that reason, the
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contact forces of the slave elements are calculated using the following
scheme. For all master elements, for which the respective slave element is
a partner slave element, the equivalent nodal contact force is given by

fK =
1
3

gN(qK)AKnK (14.8)

where qK is the position of the quadrature point K, AK is the area of the
element to which K belongs to and nK is the normal vector of that element.
The forces at the quadrature point K (here K belongs to the set of all the
quadrature points of all involved master elements) are distributed to the
vertices of its corresponding slave element using the following scheme
(Fig. 14.3). The area AL of the slave element L is subdivided in the sub-
areas aL

I,K by connecting the intersection point of the line through the
respective quadrature point J of master element in direction of the normal
of the master element with the vertices of the slave element. Then the
nodal contact force contribution fL

I of the slave element L is calculated as
follows

fL
I = ∑

K
−fq

J ·
aL

I,K

AL (14.9)

The nodal contact force fs
I (I belongs to the slave surface) is the total of all

involved slave elements contributions.

fs
I = ∑

L
fL
I (14.10)

The nodal contact forces Jacobian is calculated using central finite differ-
ences.
At the beginning of the simulation, the initial master and slave surfaces do
usually not match completely to each other. This results in a slight defor-
mation and a residual contact pressure. If desired, the residual pressure
can be removed, by using the resulting mesh as reference configuration
and accordingly by recalculating the shape function derivatives the new
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Figure 14.3: Distribution of the contact forces at the quadrature points of themaster
element to the vertices of the slave element

coordinates of the mesh nodes. End-diastolic contact pressure can be con-
sidered in the simulation, by introducing a small gap between the slave
elements and master element in the geometrical model. A disadvantage of
the penalty method is, that a good value for the penalty parameter has to be
found. If the parameter is too small, the contact condition is not fulfilled
satisfactorily. But, a too big parameter increases the condition number of
the system matrix and therefore might cause numerical problems.
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Chapter 15
The Inverse Solver

15.1 Introduction
The static and the dynamic solver calculate the deformation of the heart
which results from the active tension distribution. In an opposite manner,
the inverse solver, which I have developed and implemented in context of
this work, allows to estimate the active tension distribution from the motion
of the heart surfaces. The idea is inspired by the work of my dear colleagues
Walther Schulze and Danila Potyagaylo, who deal with the inverse problem
of ECG imaging. Here, the aim is to determine the electrical activity of
the heart from the measured electrical activity on the body surface (Farina,
2008). While it is easy to compute the electrical potentials on the body
surface which results from the electrical activation of the heart, the other
way round is usually an ill-posed problem and regularization is required.
The reconstruction of the active tension distribution from measurable data
of the heart deformation (e.g. motion of the heart surfaces or strain data)
can be compared to the reconstruction of the electrical potentials of the
heart from the the body surface potential distribtion, which is measured
with different electrodes on the body surface. A lead field matrix A is
computed, which allows to determine the potential at the position of the
electrodes, resulting from the electrical activity of the heart. This matrix
is usually not of full rank and thus not invertible. To solve the inverse
problem in order to obtain the electrical activity of the heart, a commonly
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used method is Tikhonov regularization (Tikhonov and Arsenin, 1977). In
a similar manner, the inverse problem of cardiac mechanics is solved using
the algorithm presented in this chapter. However, in contrast to the inverse
problem of ECG imaging, this problem is nonlinear. For that reason,
the problem has to be solved iteratively. The input data is the motion of
defined heart surfaces. For each time step, the active tension, which results
in the desired displacement of the heart surfaces is optimized iteratively
based on a Tikhonov approach with spatial and temporal regularization.
Analogous to the lead field matrix, a linearized matrix, which describes the
displacement of the heart surface due to a change of the active tension is
computed for each iteration step. A visualization of the work flow is given
in figure Fig. 15.1.

15.2 The Algorithm of the Inverse Solver
Input Data
Two data sets have to be provided: namely the target surface data and the
source surface data.

Target surface data
The target surface data is defined by triangle meshes (target elements)
and the trajectories of their nodes. They describe the motion of selected
heart surfaces e.g. the endocardium of the left and right ventricle. This
target surfaces could for example be extracted from 4D cine MRI or 4D
cardioechography. Here, it is sufficient, that the target surfaces match to
the heart surfaces, while it is not necessary, that the nodes of the target
surfaces have the same trajectories as the corresponding real points of the
heart surface.

Source surface data
The source surface data also consists of triangle meshes (source elements),
while their nodes are a subset of the nodes of the tetrahedral mesh which
represents the heart geometry. Each source surface has a corresponding
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target surface, for example, the source surface which represents the left
ventricular endocardium has a corresponding target surface which describes
the motion of the left ventricular endocardium. Apart from the target and
source surfaces, the solver must be advised for which material classes
of the heart geometry we ask it to reconstruct the active tension. Then,
the inverse solver determines all elements which have one of the selected
material classes (usually the elements of the left and right ventricle). In
the following, these elements are defined to be the elements of interest
and their nodes as nodes of interest. The amount of elements of interest is
represented by the value M. Apart from that, the inverse solver selects all
nodes from the source surfaces which belong to at least one of the elements.
These are the source nodes. Furthermore, it is necessary to introduce the
evaluation points which are a subset of the source nodes. The number of
evaluation point components (three components per point) is represented
by the value N. It would of course be possible to select all nodes of the
source surfaces as evaluation points, but we will see that the whole inverse
algorithm is very numerical demanding, and therefore it is necessary to
reduce the problem wherever it is possible and reasonable. The evaluation
points can either be defined manually by providing the indices, or the
inverse solver choses randomly but deterministic (the random number
generator is always initialized with the same seed in order to grant the
reproducibility) the evaluation points from the source nodes. In this case,
it is necessary to check, if the selected evaluation points are more or less
evenly distributed.

Inverse solution
Figure 15.1 shows a flowchart of the inverse solver. For each time step
ti, multiple alternating static solver and estimator steps are performed.
Thereby, the static solver determines the deformation due to the active
tension. Based on the output, the estimator step optimizes the active
tension. The respective iteration is indicated by the index n starting with
n = 0. At the beginning of each time step (n = 0), the target surfaces
are updated regarding the locations of their nodes. If the locations of the
nodes are not available for the respective time step, they are interpolated
linearly. First, for each iteration n, a full static solver step is executed.
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The intraventricular pressure should be provided by a pressure time curve
which is synchronized to the target surface motion. It is also possible to use
the Windkessel model, but this will introduce further unknowns. Moreover,
it can destabilize the inverse solution.
The following steps are performed for each iteration n until one of the
defined stop criteria is fulfilled. For each source triangle which contains at
least one of the evaluation points as vertex, the distances of the evaluation
points to the corresponding target surface are determined. For this purpose,
for each of the evaluation points of the element, the closest target element
which is intersected by a line through that point in direction of the normal of
the source element is determined and for that element the distance vector
between the intersection point and the evaluation point is determined.
Most of the evaluation points of the surface mesh belong to more than
one triangle. For these points, the average of the distance vectors of all
elements it belongs to is calculated. The components of the distance vectors
are stored in the vector gi,n. Accordingly, the number of components of
gi,n is three times the amount of evaluation points. Now, it can happen
that for some of the evaluation points, no target element can be found.
If this is the case, this evaluation point is removed temporarily from the
list for the iteration step n. As a matter of course, the vector gi,n is also
that displacement of the evaluation points we would like to see after the
optimization of the active tension. For that reason, the aim of the inverse
solver is to find an active tension distribution which minimizes gi,n. For
that purpose, it is necessary to analyse how gi,n depends on the active
tension T of the elements of interest.
In general, the linearized relation of a small change of the nodal displace-
ment ∆d and the resulting change of the nodal forces ∆f is given by

Kd∆d = ∆f (15.1)

where Kd =
∂ f
∂d

(15.2)

The vector d is the displacement from reference configuration to the current
configuration and ∆d is a displacement from the current configuration
d′ = d+∆d. Since we are only interested in the displacement of the nodes
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of interest represented by ∆d̂ and their nodal forces f̂ we can extract the
corresponding submatrix from Kd and obtain

K̂d∆d̂ = ∆f̂ (15.3)
By calculating the inverse of K̂d , we can approximate the displacement ∆d̂
of the nodes of interest which results from a change of the nodal forces as
follows

∆d̂≈ K̂−1
d ∆f̂ (15.4)

For a small change τi,n of the active tension within an iteration n (Ti,n+1 =

Ti,n + τi,n), the approximate displacement is given by

∆d̂≈ K̂−1
d K̂T · τi,n (15.5)

(15.6)
The index i represents the time step ti and n represents the inverse solver
iteration. K̂T is a submatrix of KT

KT =
∂ f(T)

∂T
(15.7)

and consists only of those rows and columns of KT which are associated
to the nodes and elements of interest. The matrix KT is calculated using
central finite differences.
In general, the calculation of the inverse of a matrix is numerical demand-
ing. But since we are only interested in the displacement gi,n for the
evaluation points, it is sufficient to determine a reduced inverse L which
consists only of those rows of K̂−1

d which are associated with the evaluation
points. The rows L j,∗ of the reduced inverse are calculated by solving the
following linear system of equations.

K̂T
d ·LT

j,∗ = [0,0, ...,1(component j), ...,0,0]T (15.8)
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In total, N rows have to be calculated, three for each evaluation point. This
procedures is speeded up by precomputing the LU decomposition of K̂T

d .
In order to decrease the numerical complexity of the estimation step, the
implementation of the inverse solver allows to use T10 tetrahedral elements
for the static solver step but to use T4 elements for the calculation of the
estimation step.
Eventually we obtain the following system of linear equations for τi,n

Aτi,n = gi,n (15.9)

where A is given by

A = L · K̂T [N×M] (15.10)

This problem is usually ill-posed and regularization is necessary. For that
purpose, the following Tikhonov based approach has been implemented
for the inverse solver, which allows to regularize the solution regarding
different aspects:

min(‖Aτi,n−gi,n‖2

+λ1 ‖τi,n‖2

+λ2 ‖Ti,n + τi,n‖2

+λ3
1
∆t
‖Ti,n + τi,n−Ti−1,n‖2

+λ4
1

∆t2 ‖Ti,n + τi,n−2Ti−1,n +Ti−2,n‖2

+λ5 ‖(∆cτi,n‖2

+λ6 ‖∆c(τi,n +Ti,n)‖2

+λ7 ‖∆c(Ti,n + τi,n−Ti−1,n)‖2)

(15.11)

where

∆t = ti− ti−1 (15.12)
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The penalty parameter λ1 controls the regularization regarding the change
of Ti,n within one iteration. The term with λ2 regularizes regarding the
norm of the active tension Ti,n+1. The term with parameter λ3 regularizes
regarding the change of the active tension between two time steps. The
term with λ4 regularizes regarding the second time derivate of the tension
development and thus controls the smoothness of the time course of the
active tension. The matrix ∆c is the discretized Laplace operator generated
from the connectivity matrix of elements. It considers only the neigh-
borhood relationship of the elements, but not their size and shape. The
parameter λ5 regularizes regarding the spatial smoothness of τi,n within
one iteration. The parameter λ6 regularizes regarding the smoothness of the
active tension development and λ7 regularizes regarding the smoothness of
the change of the active tension development. If all λ but λ1 are zero, we
obtain 1st order Tikhonov regularization which penalizes the norm τi,n. If
all λ but λ5 are set to zero we have second order Tikhonov regularization
regarding the spatial smoothness of τ . In general, a good value for the
penalty parameter has to be found which is not trivial. It makes certainly
no sense to set all λ parameter unequal to zero. The optimal combination
of regularization terms depends on the problem. For the reconstruction of
the ventricular active tension, I obtained good results with the combination
of λ6 (spatial smoothing of the active tension) and λ4 (temporal smoothing
of the active tension time course), while all other parameter were set to
zero.
The minimum of Eq. 15.11 is determined by setting the derivative regarding
τi,n to zero. From this follows

(AT A+(λ1 +λ2 +
λ3

∆t
+

λ4

∆t2 )E+(λ5 +λ6 +λ7)∆c)τi,n =

AT gi,n−λ2Ti,n−λ3
1
∆t

(Ti,n−Ti−1,n)−λ4
1

∆t2 (Ti,n−2Ti−1,n +Ti−2,n)

−λ6∆cTi,n−λ7∆c(Ti,n−Ti−1,n)

(15.13)

This equation is solved for each estimator step and τi,n is added to the
current active tension.
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Ti,n+1 = Ti,n + τi,n (15.14)

But beforehand, it is checked if all components of Ti,n and of the difference
Ti,n−Ti−1,n will lay within defined boundaries after the addition of τi,n:
The components must be greater than zero and smaller or equal to a
maximal value. The absolute value of the difference between two steps
must be smaller than a defined maximal value. If this is not the case, the
respective components of τi,n are adapted in such a way, that these limits
are respected.
Eventually, the next iteration is performed. Here, n is increased by one
and the static solver computes the displacement due to the updated active
tension. From the results, gi,n is determined and used to further optimize
the active tension distribution.
This loop continues until one of the stop criteria is fulfilled. This is the
case when

gi,n < εabs ∨ |gi,n−gi,n−1|< εrel ∨ n >= nmax (15.15)

Eventually, the active tension is updated for the next time step:

Ti+1,0 = Ti,n (15.16)
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Figure 15.1: Flowchart of the inverse solver
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Chapter 16
Validation of the Biomechanical
Simulation Framework
16.1 Validation
The implementation of the biomechanical simulation framework had been
tested and validated continuously during the development process using
different test settings. In this chapter, I present four validation tests which
cover some of the most important aspects. In order to analyze the conver-
gence of the linear tetrahedral elements and quadratic tetrahedral elements,
the bending of a bar due to pressure which is applied to its bottom surface,
is simulated for different mesh resolutions.
To validate the implementation of the material models and the calculation
of the internal nodal forces, uniaxial stress tests were conducted and the
results were compared with the analytical solution. Apart from that, the
deformation of a half-ellipsoid due to the application of pressure on its
inner surface was simulated using the static solver and the volume-pressure
work was compared with the deformation energy. This allows to validate,
if the nodal forces which correspond to the applied pressure are calculated
correctly. Moreover, it validates that the deformation energy which is
stored in the elastic deformed ellipsoid is equal to the volume-pressure
work.
In order to validate the implementation of the Newmark-Beta solver, the
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same settings were used. But this time, the pressure is switched to zero
instantaneously after the ellipsoid has been inflated. This causes a rapid
deflation of the ellipsoid. The sum of kinetic energy, deformation energy
and energy dissipation due to the Rayleigh damping is compared with
the volume-pressure work which was initially done by the pressure in the
cavity. This validates that the total energy is conserved and no energy is
created or lost due to numerical effects.
Moreover, at the time writing, Lukas Baron and I participate in a bench-
mark study initiated by Sander Land from the Biomedical Engineering
Department of the King’s College London. Objective of this study is to
compare the results of different simulation frameworks for cardiac me-
chanics of the participating scientific groups based on a set of defined
problems.

Convergence Analysis of Linear andQuadratic Tetrahedral
Elements
A bar with the dimension 10 mm× 1 mm× 1 mm was fixated at one of the
small sides and a pressure of 10 Pa was applied to its bottom surface. The
resulting deformation is calculated for different mesh resolutions (from 44
nodes to 46529 nodes) using T4 and T10 elements in combination with T3
and T6 surface elements for the pressure, respectively. The resolution is
given in terms of nodes and not in terms of elements, since the numerical
complexity is mainly determined by the number of nodes. To compare the
results, the displacement in z-direction of the lower edge of the unfixated
side of the bar is determined. The mechanical properties were described
by the Guccione et al. model using the parameters given in Tab. 16.1

Table 16.1: Parameters used for the Guccione et al. for the convergence analysis
C [Pa] b1 b2 b3 K [Pa]

1200 26.7 2.0 14.7 1e4

In Fig. 16.2 a visualization of the bending simulation is presented. In
Tab. 16.2 and Fig. 16.1 the displacement of the lower edge of the free end
in z-direction is given for the different mesh resolutions for the T4 and
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T10 elements. The T10 elements show a very good performance. Even for
the bar with only 189 nodes the result is almost equal to the results of the
mesh with the highest resolution consisting of 46529 nodes. If we assume,
that the converged solution of the T10 elements is the correct result, then
the relative error for the mesh consisting of 189 nodes is 0.6%. In contrast
to that, the T4 elements showed a very poor convergence behaviour. Here,
the relative error for the mesh with 189 is 40.1% while even for the mesh
with 46529 nodes, the error is still 1.1%.
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Figure 16.1: Convergence analysis: Results of a simulation of the bending of a bar due
to an applied pressure for T4 and T10 elements with different mesh resolutions (in
terms of nodes)

Uniaxial Stress Test
For the uniaxial stress test, the stretching and compression of a bar with
the dimension 2 mm × 2 mm × 4 mm was simulated. The geometrical
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Table 16.2: Results of the convergence test for T4 and T10 elements. Given is the
displacement of the lower edge of the free side of the bar in z-direction

Number of nodes T4 [mm] T10 [mm]
44 0.637

189 1.317 2.212
1025 1.880 2.223
2989 2.054
6561 2.126 2.226

12221 2.161
20449 2.180 2.227
46529 2.201 2.227

model consisted of 96 tetrahedral elements (T10). The nodes of one of the
small sides of the bar were defined to be fixated in the z-plane while on the
opposite side, the displacement of the nodes in z-direction was controlled.
The motion of the nodes in x and y direction was unconstrained. The total
force of all nodes of the controlled side was calculated and divided by
the current surface area in order to obtain the surface traction in direction
of the displacement (normal direction of the surface). The traction from
the simulation was compared with the analytical solution of the uniaxial
stress test. The stress test was conducted using the Guccione et al. model
with the same parameters as given in Tab. 16.1 but with a bulk modulus
of K = 10−7 Pa and the Mooney-Rivlin model (Eq. 5.20) with the settings
given in Tab. 16.3.

Table 16.3: Parameters used for theMooney-Rivlin material law for the uniaxial stress
test

c1 [Pa] c2 [Pa] K [Pa]

1000 500 1e6

Analytical solution
The box is stretched (compressed) in x-direction. Since the material proper-
ties are incompressible and either isotropic (Mooney-Rivlin) or transverse
isotropic with respect to the stretching (compressing) direction (Guccione),
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Figure 16.2: Linear tetrahedron verses quadratic tetrahedron: Displacement of the
lower edge of the unfixed side of the bar for T4 and T10 elements for different mesh
resolutions in terms of nodes

the deformation tensor is given byλ 0 0
0 1√

λ
0

0 0 1√
λ

 (16.1)

where λ is the stretch ratio. The surface traction on the controlled surface
in direction of the stretching consists of the component C11 of the Cauchy
stress in x-direction and the hydrostatic pressure due to the incompressibil-
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ity.

T (λ ) =C11 + p (16.2)

The material is either isotropic or transverse isotropic and incompressible.
Since it is only the hydrostatic pressure which causes the lateral deforma-
tion of the box, the Cauchy stress components C22 and C33 must be equal
to the negative of that pressure. Accordingly the surface traction is given
by

T (λ ) =C11−C22 (16.3)

The results of the uniaxial stress test are given in Fig. 16.3 and Fig. 16.4.
The simulated and the analytical curves show an almost perfect match.
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Figure 16.3: Uniaxial stress test with compression and stretching using the Guccione
et al.material model. Comparison of simulation results and analytical solution
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Figure 16.4: Uniaxial stress test with compression and stretching using theMooney-
Rivlin material model. Comparison of simulation results and analytical solution

Comparison of Volume-PressureWorkwith Deformation
Energy and Kinetic Energy
The geometrical model of the half-ellipsoid had a height of 7.1 mm, an
outer radius of 2 mm and an inner radius of 1 mm and consisted of 47976
T10 elements The nodes of the top surface were defined to be fixated.
(Fig. 16.5). Pressure was applied to the surface of the cavity and increased
continuously from 0 Pa to 0.350 Pa within 200 ms. The static solver
was used to calculate the resulting deformation of the half-ellipsoid. The
equivalent nodal forces of the nodes of the cavity surface due to the applied
pressure were calculated using the T6 triangle elements. The volume-
pressure work was calculated as follows:

W = ∑
n

Pn · (Vn−Vn−1) (16.4)
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where Vn is the cavity volume and Pn is the pressure of simulation step
n. The material properties of the half-ellipsoid were described by the
Guccione et al. model using the following parameters given in Tab. 16.4.

Table 16.4: Parameters used for the Guccione et al. model for the simulation of the
half-ellipsoid

C [Pa] b1 b2 b3 K [Pa]

100 2 2 2 1e4

Figure 16.5: Deformation of a half-ellipsoid due to applied pressure, calculatedwith
the static solver (top), Simulation of the same half-ellipsoid using the dynamic solver
(bottom). First, the half-ellipsoid is inflated by applying pressure on its inner surface.
Eventually, the pressure is set to zero, which results in a damped oscillations.

In Fig. 16.5, the unloaded and the loaded half-ellipsoid of the simulation
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with the static solver is shown (top). The resulting volume-pressure work
and the total deformation energy of the half-ellipsoid are given in Fig. 16.6.
Both curves match almost perfectly to each other. For the next validation
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Figure 16.6: Simulation of the half-ellipsoid using the static solver. Time course of
volume-pressure work (V.-P.W.), stored deformation energy (Def.E.) and the volume of
the cavity of the half-ellipsoid (Cavity.V).

test, the same setting was used, but this time together with the dynamic
solver based on Newmark-Beta time integration. The Newmark-Beta pa-
rameters were set to β = 0.5 and γ = 0.25 in order to obtain a numerically
undamped solution. The pressure on the cavity was again increased step-
wise from 0 Pa to 350 Pa for 200 ms. Eventually, after the pressure had
reached its maximal value, the pressure was set to zero instantaneously.
This caused a rapid oscillating motion of the half-ellipsoid which was
damped due to the Rayleigh damping. Again volume-pressure work and
deformation energy were determined. Additionally, the kinetic energy
and the energy dissipation due to the Rayleigh damping were determined.
A visualization of the deformation of the half-ellipsoid and the velocity
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vector field for three different time steps after the pressure was switched
off is given in Fig. 16.5 (bottom). In Fig. 16.7, the time courses of cavity
volume, volume-pressure work, deformation energy, kinetic energy and the
energy which dissipated due to the Rayleigh damping are given. During
the first 200 ms, almost all volume-pressure work is stored as potential
energy in the elements of the half-ellipsoid while the kinetic energy is
almost zero. However, when the pressure is suddenly switched off, the
volume-pressure work done remains constant and the half-ellipsoid begins
to oscillate massively. The stored energy swaps between deformation
energy and kinetic energy, while the energy slowly dissipates due to the
Rayleigh damping. However, the total sum of kinetic energy, deformation
energy and dissipated energy remains always constant and equal to the
initially volume-pressure work done.
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Figure 16.7: Simulation of the half-ellipsoid using the dynamic solver. Time course of
volume-pressure work (V.-P.W.), stored deformation energy (Def. E.), kinetic energy
(Kin. E.), energy dissipated due to Rayleigh damping (Damp. E. Diss.), The total energy
(Total. E. = Def. E. + Kin. E. + Damp. E. Diss.) and the volume of the cavity of the
half-ellipsoid (Cavity.V),
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16.2 Mechanical Benchmark
Three mechanical problems had been prepared by Sander Land for the
benchmark study. The first problem was a bar which was bended by apply-
ing pressure to its bottom surface. The second problem was half-ellipsoid
with homogeneous mechanical properties where pressure is applied to its
cavity. The third problem was also a half-ellipsoid, but this time with
anisotropic mechanical properties and a defined fiber orientation. Addi-
tionally to the pressure, the elements contracted actively along the fiber
direction (Fig. 16.8). At the time of writing, the results of the study have
not been published yet and therefore can unfortunately not be presented
here. But it can already be stated, that our results match very well to the
results of the other groups.

Figure 16.8: Threemechanical problems prepared by Sander Land of the group of Nick
Smith (KCL) for the benchmark study

16.3 Discussion
The results of the convergence test show, that T4 and T10 elements con-
verged to the same results. This is a strong hint, that both implementations
are correct. Apart from that, the results demonstrate the superiority of
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quadratic tetrahedral elements over linear tetrahedral elements for incom-
pressible deformations. The simulated solutions for the uniaxial stress
test match almost perfectly to the analytical solution for stretching and
compression. While this is first of all a satisfying result, one should not
forget that in this case, the box was only deformed along its principal axis.
Therefore, it is still thinkable, that for a more complex problem like a
bending test (for which it is not so easy or even impossible to calculate
the analytical solution), the simulation framework might provide an incor-
rect result. The validation tests with the half-ellipsoids showed that the
volume-pressure work done by the pressure on the cavity was equal to
the deformation energy of the half-ellipsoid even for a strong deformation.
If for example, the nodal forces were calculated incorrectly due to an
incorrect implementation of the T10 or the T6 elements, there would be a
high chance, that this would cause a discrepancy of deformation energy
and volume-pressure work. The test with the dynamic solver shows, that
the Newmark-Beta algorithm does a good job regarding the conservation
of energy. These results and in particular the preliminary results of the
mechanical benchmark make me confident, that the simulation framework
in the current state delivers correct results.
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Chapter 17
The Beating Heart within the
Pericardium
Finite Element Analysis of a Contact Problem

In this project, the interplay of atria and ventricles and the function of the
pericardium is analyzed. For this purpose, the contraction of the heart was
simulated with and without contact handling heart and the pericardium
and the results are compared to each other. To the best of my knowledge,
this is the first presentation of a biomechanical simulation of the whole
heart including the atria, the ventricles and the pericardium. This chapter
is based on the publication (Fritz et al., 2013).

17.1 Introduction
Boundary conditions are one of the most important aspects for the biome-
chanical modeling of the heart. The movement of the heart underlies
different constraints. The atria and ventricles are connected to vessels,
which limit the motion of the heart. Moreover, the motion of the heart
is constraint by the pericardium which surrounds the heart (see Sec. 2.1).
During the contraction, the heart surface slides on the pericardium. At the
same time, the pericardial pressure is decreased which causes that also the
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pressure in the atria is lowered. This results in an increase of the pressure
gradient from the veins to the atria (Holt, 1970). Tyberg et al. (1986)
analyzed the relationship between pericardial pressure and right atrial pres-
sure. He showed that the pericardial pressure is directly proportional and
very similar to the right atrial pressure. Apart from the deformation of
the heart, also the pericardium and the surrounding tissue are deformed,
as it can be found in cine MR images. From this, we concluded that the
pericardium in combination with the surrounding elastic tissue has a direct
impact on the motion of the heart. Different experiments have revealed,
that if the pericardium is removed, the diastolic and systolic function of the
heart are altered (Watkins and LeWinter, 1993). Congenital absence of the
pericardium is a rare cardiac defect which comes along with cardiac hyper-
mobility (swinging ”pendulum” movement of the heart), elongated atria
and an abnormal deformation of the heart, often referred to as ’teardrop
heart” due to the missing shaping forces of the pericardium. Apart from
that, the heart often shows an abnormally large variation of its outer contour
in contrast to the normal case, where the outer contour does almost not
vary during the contraction (Mantovani et al., 2011; Psychidis-Papakyritsis
et al., 2007; Topilsky et al., 2010).

Another aspect of the heart contraction is the atrioventricular plane displace-
ment (AVPD). During the contraction, the atrioventricular plane moves
downwards in direction of the apex. This causes an increase of the atrial
volume and thereby, supports the filling of the atria. When the heart relaxes,
the atrioventricular plane moves upwards again and the ventricles envelop
the atrial blood volume. The AVPD is considered to be a major contributor
to the ventricular pumping function (Carlsson et al., 2007). A reduced
AVPD is strongly related to heart failure (Willenheimer et al., 1997). The
interplay of ventricles, atria and the pericardium plays an important role
for the cardiac contraction. However, it is usually ignored by the scientific
community. Most computational models of the heart include either only
the ventricles (Krishnamurthy et al., 2012; Marchesseau et al., 2013a; Ker-
ckhoffs et al., 2007; Gurev et al., 2011) or only the atria (Di Martino et al.,
2011a). A common method to apply boundary conditions is to restrict the
movement of the atrioventricular plane (Krishnamurthy et al., 2012) and
(Gurev et al., 2011). Some models include a simplified approach to con-
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sider the impact of the pericardium, e.g. by defining a fixed surface which
restricts the radial motion (Marchesseau et al., 2013a; Di Martino et al.,
2011a) or by applying a pressure depending on the ventricular volume
(Kerckhoffs et al., 2007).
It is necessary to improve the boundary conditions, in order to obtain a
more realistic description of the motion of the heart, even if the focus lies
only on the ventricles. It has to be considered how the ventricles and the
atria influence each other and to take into account the interaction of the
ventricles and the atria with the pericardium. Apart from that, it has to be
analyzed, how physiologically motivated Dirichlet boundary conditions
can be applied.

17.2 Methods
For the simulations, the parameters of the material law for the ventricles
and atria were set according to the findings of Omens et al. (1993). They
are given in Tab. 17.1. Each ventricle was coupled with a three-element
Windkessel model Sec. 13. The parameter were taken from Stergiopulos
et al. (1999) and are given in Tab. 17.2. The geometrical model and the
generation of the fiber orientation are described in Sec. 10. The electro-
physiology and the active tension development were simulated using the
acCELLerate framework as described in Sec. 11. Output was a normalized
mechanical tension distribution for each time step. This was scaled with the
parameter Tmax = 180kPa for the maximal tension. The value was adapted
in such a way that the ejection fraction and blood pressure were within a
normal range. Experimental data of the mechanical parameters of the peri-
cardium are available (Freeman and Little, 1986; Lee and Boughner, 1985).
However, the mesh which represented the pericardium and the surrounding
tissue in our model does not contain a real volumetric representation of the
pericardium itself. For that reason, this data is not directly applicable. In
this project, the Guccione model was also used for the pericardium and
the parameters were adapted manually, in order to obtain a deformation
which matched the MRI data. The parameters were set b1 = b2 = b3 = 10
to obtain isotropic properties. The mesh of pericardium is just a thin layer
and the outer surface was fixed. Accordingly, it can hardly deform without
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a change in volume and thus the deformability is strongly determined by
the bulk modulus K. With a value of K = 103Pa, the deformation of the
heart matched qualitatively well to the MRI data. For the biomechanical
simulation, the damping coefficients were set to α = 500 1

s and β = 0.01s
in order to get a realistic contraction velocity while avoiding unphysiolog-
ical oscillations. The stop criterion for the Newton algorithm was set to
10−6 N. The time step size was adaptive and depended on the convergence
of the Newton algorithm, while the maximal time step size was set to 1ms.

Table 17.1: Parameters used for the Guccionematerial law for different tissue types
C [Pa] b1 b2 b3 K [Pa]

Ventricles & Atria 1200 26.7 2.0 14.7 2 ·105

(based onOmens et al. (1993))
Pericardium 1200 10 10 10 103

Table 17.2: Parameters used for theWindkessel model
C 5.16ml/mmHg
R1 0.030mmHg s/ml
R2 0.63mmHg s/ml
Initial aortic pressure 67.5mmHg
Initial pulmonary artery pressure 15.0mmHg

In the MRI data, the heart in diastolic state was not stress-free. For that
reason, a stress-free configuration of the heart geometry had to be found.
This has been conducted using as desribed in Sec. 13.3. The negative pres-
sure, which was used to obtain the stress-free configuration was therefore
adjusted in such a way, that in the left ventricle, the end-diastolic pressure
was about 5mmHg and in the right ventricle about 3mmHg.
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17.3 Simulation and Evaluation

In order to evaluate the effect of the pericardium, two simulation had
been conducted, one with contact handling of pericardium and heart and
one without contact handling. For both simulations, the same geometry
containing the whole heart, the pericardium and the surrounding tissue was
used. Without contact handling, the motion of the heart was completely
independent from the pericardium and the surrounding tissue, accordingly
this simulation is named simulation without pericardium and the other
simulation with pericardium in the following. The results were evaluated by
assessing and comparing the qualitative deformation of the heart during the
contraction, intraventricular pressures, ventricular volumes, atrial volumes
and AVPD. Moreover, two slices of the cine MRI data were compared
qualitatively with the corresponding slices of the simulation results. To
evaluate the contact handling algorithm, the average distance between
master and slave surface during the contraction and the amount of Newton
steps was analyzed. The AVPD in the simulation was measured as follows:
Five triangles representing the atrioventricular plane of the left ventricle
were defined and the average initial normal vector, which corresponded
to the long axis was calculated. Then the average displacement of the
centroids of the triangles in direction of that vector was determined. The
result was compared to the measured AVPD obtained from the cine MRI
for 22 time steps. Here, the AVPD was measured for each time step for
two different cine MRI slices and averaged. The heart rate and dynamics
of the simulation were not adapted to match the MRI data, hence a direct
comparison was not possible. Therefore, the timing was adapted such as
the beginning of the contraction and the end of the relaxation phase of left
ventricle of the MRI data and simulation matched to each other. Eventually,
the course of time and the maximal value of the AVPD of the MRI data
and the simulations were compared.
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Figure 17.1: The average distance (gap) between master surface and slave surface
over time

17.4 Results
The master elements slid smoothly on the slave surface in the simulation
with pericardium. The penalty parameter was set to ε = 5 ·104 kPa. The
maximal average distance between the slave and master surface during
the contraction was dmax = 0.15mm (Fig. 17.1). The contact handling
algorithm did a good job on remaining permanent contact during the heart
cycle. The Newton method showed a good convergence. Here the average
number of Newton steps was n = 2 the maximal number was max: n = 7
(no pericardium: 1.3, max: 3). Figures 17.2 and 17.3 show the deformation
of the heart with and without pericardium at different time steps of the
heart cycle. The contour of the outer surface of the heart in the simulation
with pericardium varied only minimally during the contraction although,
the ventricles as well as the atria were significantly deformed. The atri-
oventricular plane moved downwards towards the apex while the atria were
stretched. The blood pressure and the ventricular volume curve were con-
siderably affected by the interaction of heart and pericardium. The maximal
blood pressure was reduced for both ventricles (left: from 115.6mmHg
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Figure 17.2: Visualization of the deformation of the heart with contact handling of
pericardium and heart (white wireframe model) and without contact handling (red
model) at different time steps

to 107.3mmHg, right: from 39.4mmHg to 29.1mmHg) (Fig. 17.4), the
stroke volume was reduced for both ventricles (left: 97.3ml to 85.8ml,
right 59.8ml to 37.5ml) as well as the ejection fraction (left: from 70.9%
to 63.4%, right: from 55.9% to 35.0%, Fig. 17.5) in the simulation with
pericardium. For the simulation with pericardium, the time delay between
maximal pressure of the right and left ventricle was 1ms. In contrast to that,
the delay was 8ms for the simulation without pericardium (time resolution
of the results: 1ms). The time course of the blood pressure showed small
oscillations for both ventricles when the valves had closed.
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Figure 17.3: Simulation of the contraction with pericardium and contact handling (left)
and simulation without pericardium (right). The blue contour represents the contact
interface with contact handling of pericardium andmyocardium. The same contour is
also shown in the simulation without pericardium in order to visualize the differences
between the two simulations. The red and green line represent the atrioventricular
plane of the simulation with andwithout pericardium. The fiber stretch is color-coded.

110



17.4. RESULTS

To evaluate the impact of the pericardium on the atrial volume during
the ventricular contraction, the percentage increase of the cavity volume
from diastole to the maximal volume was measured. In the simulations
with pericardium, the cavity volume of the right atrium (diastolic 77.5ml)
was increased by 46.3%. The cavity volume of the left atrium (diastolic:
55.1ml) was increased by 30.6% (Fig. 17.6). The maximal AVPD was
1.04cm (Fig. 17.7). For the simulation without the pericardium, the outer
contour of the heart was noticeably deformed, especially the right ventricle
and the right atrium. Apart from that, the heart showed a slight sidewards
movement. The atria were still stretched, but the change of cavity volume
was smaller compared to the simulation with pericardium. The relative
change of the cavity volume of the right atrium was decreased by 3.8% and
of the left atrium was increased by 8.1% (Fig. 17.6). The maximal AVPD
was 0.63cm and therefore, distinctively smaller than in the simulation
with pericardium. However, the maximal AVPD in both simulations was
considerably smaller than the measured maximal AVPD of 1.70cm from
the cine MRI data (Fig. 17.7.)

Two slices of the cine MRI data (4-chamber, left ventricle long axis), at
diastole and maximal systole are shown in Fig. 17.8 and Fig. 17.9. Further,
the corresponding slices from the simulation results are visualized in these
figures. However, the slices from the cine MRI data and the diastolic MRI
data, used for the generation of the geometrical models, were displaced
relatively to each other. The patient had presumably moved a little bit
between the two acquisitions. Therefore, the corresponding slices in the
simulation data was adjusted manually, until they matched optimally to
the MRI data. The blue contour represents the contact interface during the
contraction in the simulation with pericardium. The same contour is shown
in the simulation without pericardium in order to visualize the differences
between the two simulations. The atrioventricular plane of the simulation
with pericardium and without pericardium is represented by the red and
green line, respectively. The deformation of the ventricles, the stretching
of the atria, the wall thickening and the motion of the atrioventricular plane
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Figure 17.4: Pressure in left (LVP) and the right (RVP) ventricular cavity with peri-
cardium (WP) andwithout pericardium (NP)

matched qualitatively to the MRI for both simulations. However, in the
simulation with pericardium, the outer contour of the heart matched better
to the MRI. Especially, the right atrium and the right ventricle showed here
a better match than in the simulation without pericardium. Furthermore,
the AVPD in the simulation with pericardium matched also better to the
MRI.

17.5 Discussion
In the simulations, the pericardium reduced the maximal systolic pressure
and the ejection fraction for both ventricles. In particular, the ejection frac-
tion of the right ventricle was distinctively reduced. In all simulations, the
ratio of left and right ventricular stroke volume was very unphysiological,
since in reality both stroke volumes have to be equal due to the continuity
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Figure 17.5: Left (LVV) and right ventricular volume time course (RVV) with peri-
cardium (WP) andwithout pericardium (NP)

of flow. However, the right ventricular cavity was already smaller than the
left cavity in the initial geometry which was generated from the MRI data.
In reality actually, the opposite is usually the case (Sechtem et al., 1987;
Alfakih et al., 2003). Some reasons therefore are: In both ventricles, the
papillary muscles were not segmented, although these would reduce the
volume of ventricles considerably, in particular that of the left ventricle.
The right ventricle was difficult to segment in the MRI data. An overesti-
mated wall thickness can also result in a wrong cavity volume. Apart from
that, it was not so easy to define a closed surface for the right ventricle
without adding additional points. The surface which we finally used did
not enclose the complete right ventricular cavity.

Since the pericardium surrounds both ventricles, it is assumed that it pro-
motes the interaction of both cavities and thus supports the synchronization
of the contraction of both ventricles (Richardson et al., 2009; Nielsen et al.,
1983, ch. 8, p.128). This synchronizing effect on the systole of the left and
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Figure 17.6: Left (LAV) and right atrial volume time course (RAV) with pericardium
(WP) andwithout pericardium (NP)

right ventricle was also found in the simulation with pericardium. Different
studies (Willenheimer et al., 1997; Carlsson et al., 2007) have shown that
the AVPD is an important factor for the filling of the atria and also for the
ventricular pumping function. Both simulations showed a distinct AVPD.
However, in the simulation with pericardium, the heart surface slid on the
inner surface of the pericardium with permanent contact. This supported
the downward movement of the atrioventricular plane and resulted in a
more pronounced AVPD. Due to the downward motion of the atrioventric-
ular plane during the contraction, the atria were stretched and their volume
increased. Afterwards, the atrioventricular plane moved upwards again
during the relaxation phase. However, in both simulations, the AVPD was
smaller than the value determined from the MRI data. This value matched
well to the measurements of Carlsson et al. (16±0mm, range:14−19mm,
control group N=12). We assume that this is caused by several factors.
An improper parameterization of the material law of the atria can cause
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Figure 17.7: AVPD from simulation andmeasurement (MRI) each for the simulation
with pericardium (WP) andwithout Pericardium (NP). Themeasured AVPDwas deter-
minedmanually from theMRI data for 22 time steps. Here, the timing was adapted in
such a way that the beginning of the contraction and the end of the relaxation phase of
left ventricle of theMRI data and simulationmatched to each other

a too stiff behavior. The pressure in the atria was zero throughout the
simulation. However, atrial pressure would also support the AVPD. The
wall thickness was difficult to recognize and the atria were difficult to
segment. An overestimated wall thickness might cause that, the atria could
not be stretched sufficiently and thereby, the downward movement of the
ventricles was impeded. The contraction of the ventricles depends strongly
the fiber orientation. The used rule-based fiber orientation may not allow
an optimal contraction. A further point, which should not be neglected, is
that the model does not consider the momentum of the blood. However,
this might also contribute to the AVPD. The Guccione et al. model was
used for the simulations. This model is transversal isotropic and hence
does not consider the sheet orientation. However it is assumed that the
sheet orientation is a very relevant factor for the wall thickening and thus
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Figure 17.8: Comparison of cineMRI data with the simulation with pericardium (top)
andwithout pericardium (bottom). The blue contour represents the contact interface
in the simulation with pericardium. The same contour is also shown in the results of
the simulation without pericardium in order to visualize the differences between the
two simulations. The green and the red line represent the atrioventricular plane.
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Figure 17.9: Comparison of cineMRI data with the simulation with pericardium (top)
and without pericardium (bottom). See Fig. 17.8. The right atrium appears to have
no contact to the pericardium. This is not the case. The atria lie underneath the
pericardium, but due to the wireframe visualization, they are still visible
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for the heart function (LeGrice et al., 1995).

The pericardium had a strong impact on the atrial cavity volume. The
atria were stretched during the ventricular contraction, but due to the
enforced contact to the pericardium their cavity volume increased. The
same behavior can be observed in the cine MRI data. It is assumed that
this mechanism causes a reduction of the atrial pressure and thus supports
the influx of blood from the pulmonary veins and venae cavae into the atria
(Holt, 1970). Sato et al. (2012) published measurement data of the left and
right atrial volume index (volume per body surface area [ml/m2]). They
obtained for the right atrium (control group N=21) an average maximal
volume index (Vmax) of 40ml/m2 and an average reservoir volume index
(Vres: Difference between the atrial maximum volume and the smallest
atrial volume in mid-diastole) of 13ml/m2 for the left atrium and Vmax =

35ml/m2 and Vres = 12ml/m2 for the right atrium. This corresponds
to an average increase from the diastolic volume (Vmax −Vres) to Vmax

of 48% for the right atrium and of 52% for the left atrium. While their
findings for the right atrium matches well to the result of the simulation
with pericardium, the increase in volume which we observed for the left
atrium was distinctively smaller. The simulation without pericardium did
not reproduce a realistic atrial volume change. But here, it has also to be
considered that the used model did not include the central venous and atrial
blood pressure.

In reality, the outer contour of the heart varies only minimally during
the ventricular contraction (Emilsson et al., 2001). In the simulation
without pericardium, the heart showed a noticeable radial contraction,
in particular of the right ventricle. The outer contour was significantly
deformed during the cardiac cycle. In the simulation with pericardium,
the contour of the heart was only slightly deformed during the contraction
and the whole deformation of the heart appeared to be more equable and
smoother compared to the simulation without pericardium. These results
match well to the echocardiography findings for patients with congenital
absence of the pericardium (Mantovani et al., 2011; Psychidis-Papakyritsis
et al., 2007; Topilsky et al., 2010). The tear-drop shape of the heart
is clearly visible in the simulation without pericardium. It would be
interesting to compare the simulation results with the echocardiogram
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of a patient with congenital absence of the pericardium. However, in
this context, the boundary conditions have to be reconsidered. While in
our simulation the apex was defined to be fixated, the apex of a heart
with congenital absence of the pericardium shows a significant movement
(Psychidis-Papakyritsis et al., 2007).

This electromechanical model of the human heart, based on the biome-
chanical framework which has been developed in context of is work, is
to the best of my knowledge the first one which takes into account the
interaction of the ventricles with the atria and moreover the interaction
with the pericardium and the surrounding elastic tissue in which the heart is
embedded. Most of the present biomechanical models of the heart include
only the ventricles and ignore the interplay with the atria. A common
method to apply boundary conditions, is to constraint the motion of the
atrioventricular plane. In 2012, Krishnamurthy et al. from the group of
Andrew McCulloch and Jeffrey Omens presented an approach to create
patient-specific models of the ventricular biomechanics of failing hearts.
Their geometrical model included only the ventricles and the base was
prevented from displacement and rotation along the long axis. Gurev
et al. from the lab of Natalia Trayanova had presented a methodology
to create electromechanical models with a ventricular geometry based on
MRI and DTMRI data. Here, the motion of the heart was restricted by
fixing some nodes near the orifice of the pulmonary artery and additionally
restricting the motion of the posterior wall surface as well as the atrioven-
tricular plane. This approach inhibits any AVPD and results therefore
in an unphysiological motion of the heart. While one might argue, that
only the relative motion of base and apex is relevant, it certainly makes
a difference for the heart mechanics whether to stretch the atria or to lift
the apex. Marchesseau et al. (2013a) from the group of Nicolas Ayache
presented an electromechanical model of the left and right ventricle which
they used for fast parameter calibration. The mesh of the ventricles was
attached at the level of the four valves. The valves were connected by
linear springs to their reference position. This allowed for some move-
ment of the atrioventricular plane. This could be a good emulation of
the atria if the springs are parametrized well, but nevertheless it can be
assumed that a geometrical representation of the atria is able to reproduce

119



CHAPTER 17. THE BEATINGHEARTWITHIN THE PERICARDIUM

the mechanical behavior of the atria and its impact on the motion of the
ventricles in a more realistic way. Different methods for considering the
pericardium have been presented. Kerckhoffs et al. (2007) modeled the
influence of the pericardium by an external pressure depending on the
volume encompassed by the pericardium. This pressure was added to the
atrial cavity pressure of the circulatory model and thus also considered an
atrioventricular interaction. Marchesseau et al. modeled the pericardium
by using a fixed surface surrounding the ventricles in combination with a
collision detection algorithm, which limited the ventricular displacements
by applying a force to those epicardium vertices which got too close to the
pericardial surface. However, this does not prevent inward radial motion.
In the work of Di Martino et al. (2011a), a computational model of a left
porcine atrium is presented. Here a simplified fixed rigid model of the
pericardium is used to constrain the motion of the atria. In contrast to
these approaches, the contact handling algorithm which has been used in
this project ensures frictionless and permanent contact. Moreover, it also
considers the deformation of the pericardium and the surrounding tissue.

17.6 Limitations
The geometrical model of the heart did not contain the aorta and pulmonary
arteries. Including them would have probably a considerable influence
on the heart contraction. The electrophysiology, excitation propagation
and tension development were computed in the reference configuration in
advance and only for the ventricles, thus no feedback from the mechanics
on the electrophysiology was considered. Apart from that, the model did
not consider sheet orientation. The same parameter set was used for the
Windkessel model of the pulmonary and systemic circulation and the atria
were not linked to a circulatory system model. The parameterization of the
material model used for the pericardium mesh was not based on experimen-
tal data. While experimental data of the pericardium is available (Freeman
and Little, 1986; Lee and Boughner, 1985), it can not be directly applied to
the model, since the model does not contain a volumetric representation of
the pericardium. The unloaded state of the pericardium was taken from the
end-diastolic MRI data. While in reality, the pericardium is under stress in
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the enddiastolic state, this was not considered for this project.

17.7 Futurework
A sensitivity analysis will be the next step with the objective to analyze how
the mechanical properties of the pericardium mesh as well as preloading
the pericardium affect the contraction of the heart. It will be necessary
to validate the contact pressure with experimental data. The AVPD in
the simulations was smaller than the measured one and therefore not yet
satisfying. It has to be determined how this can be improved. Furthermore,
it has to be evaluated how the elastic properties and the fiber orientation of
the atria as well as the mechanical properties and the fiber orientation of the
ventricles influence the AVPD. In particular, the incorporation of a realistic
sheet orientation in combination with a suitable anisotropic material model
e.g. the model presented by Costa et al. (1996) will presumably improve the
simulation results. In the presented model, the same mechanical properties
were used for the atria and for the ventricles. However, a better modeling
of the atrial material properties will certainly provide better results. Bellini
et al. (2012) presented a detailed mechanical analysis of the human atria.
In a future work, their findings should be used for the atrial mechanics.
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Chapter 18
BiomechnicalModeling of the
HumanAtria
Analysis of the Impact of Atrial Ablation Patterns on the
Cardiac Pumping Performance

18.1 Introduction
Atrial Fibriliation
In the European Union (Fuster et al., 2006), approximately 4.5 million
patients suffer from atrial fibrillation (AF). AF can often be treated pharma-
cologically, but more and more often, catheter ablation is the treatment of
choice. However, the success rate of catheter ablation is not yet completely
satisfying. Often the procedure has to be repeated several times until the
AF finally terminates and often large areas of the atrial myocardial tissue
are destroyed and replaced by scar tissue. This may come along with an im-
pairment of the atrial mechanical function. Thomas et al. (2000) evaluated
the effect of radio frequency ablation (RFA) on the atrial biomechanical
function. They came to the conclusion, that multiple linear radiofrequency
lesion may impair the atrial contractility due to the loss of myocardial
tissue in the atria as well as the altered electrical activation of the atria. We
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assume that in addition to that, ablation scar in the atria may also affect
the ventricular systole. When the ventricles contract, the atrioventricular
plane moves towards the apex, the atria are stretched and the cavity volume
is increased. This mechanism supports the filling of the atria with blood
from the venae cavae and the pulmonary veins. Eventually, this blood
is available for the ventricular filling when the heart relaxes. If now, the
mechanical behavior of the atria is altered due to the stiffer ablation lesion,
this will also impede the atrioventricular plane displacement (AVPD).

Accordingly, two effects may have a negative impact of ablation scars
on the ventricular filling: First, a reduced filling capacity of the atrium
during the ventricular systole and hence less blood available for the filling
of the ventricles. Second, a reduced active contribution of the atrium
due to altered mechanical properties and an altered activation due to the
ablation scars. Different ablation strategies with the aim to prevent AF exist
but their respective impact on the heart function has not been completely
understood. In this context, cardiac electromechanical modeling can be a
tool which allows for a better understanding of how RFA can affect the
mechanical behavior and the pumping function of the heart.

In this project, an electromechanical model was used to analyze different
ablation scar patterns in the left atrium regarding their impact on the heart
pumping function. In this context, the impact of the ablation scar patterns
on the atrial contraction due to an altered activation and an increased
stiffness of the ablated tissue was evaluated. Moreover, it was analyzed how
the increased stiffness of the atria affects the AVPD, the ventricular ejection
fraction and the volume increase of the atria during the ventricular systole.
Five commonly used ablation patterns and one setting without ablation
scar as control case were simulated. For each setting, the ventricular and
atrial contraction was simulated separately. To evaluate how the stiffness
of the ablation scar affects the deformation of the heart, three simulation
settings with different stiffness parameters were defined for each ablation
pattern.

This work has been conducted in a cooperation with Martin Krueger, Lisa
Mareike Busch and Jan Richter. The latter two, were students who worked
on this project in context of their bachelor and diploma thesis, respectively.
They had been supervised by Martin and me. Some preliminary results
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of an early state of this project were presented by Lisa Mareike Busch
on the conference Dreiländertagung der Deutschen, Schweizerischen und
Österreichischen Gesellschaft für Biomedizinische Technik, Graz 2013
(Busch et al., 2013).

BiomechanicalModeling of the Atria
While in the past, most attention had been paid to the ventricles, modeling
of the atria has moved into focus the recent years. However, most studies
deal with atrial electrophysiology and there are only a few addressing atrial
mechanics (Dössel et al., 2012).

Jernigan et al. (2007) published a study on the mechanical properties of
porcine left atrium, which were assessed using uniaxial tests. In 2011,
Di Martino et al. (2011a) presented a computational model of the porcine
left atrium, which he used to analyze the wall stress due to the mitral valve
movement, obtained from raw MDCT data. He modeled the mechanical
properties of the atria based on biaxial tests with porcine atrial tissue. In a
further study, he evaluated how ventricular tachypacing affects the spatial
and temporal stress distribution of the left atrial wall (Di Martino et al.,
2011b). Bellini et al. (2012) provided a comprehensive characterization
of the passive biomechanics of the left human atria based on a Fung-type
elastic strain energy potential. While the presented models deal with
the passive mechanical properties, no model of the active contraction of
the atria has been presented yet, as far as we know. A reason therefore,
may be the fact that the atrial contribution to the function of the heart is
often underestimated. Alhogbani et al. (2013) assessed the contribution
of the left atrium to the filling of the left ventricle using cardiac magnetic
resonance imaging (MRI) for 120 normal subjects. His findings show that
the contribution of the atria to the ventricular filling increase with age and
is in the range 10%−40%. Considering that primarily elderly people have
AF (70% of the patients are between 65 and 85 years old) (Fuster et al.,
2011), the implications of RFA on the atrial contraction should not be
disregarded.

125



CHAPTER 18. BIOMECHNICALMODELINGOF THEHUMANATRIA

18.2 Methods
The geometrical model and the generation of the fiber orientation are
described in Sec. 10. The electrophysiology and the active tension devel-
opment were simulated using the acCELLerate framework as decribed in
Sec. 11. For the modeling on cellular level, the ten Tusscher model was
used for the ventricles, while the heterogeneous Courtemanche model was
used for the atria (Sec. 3.3). The contraction of the atria and the ventricles
were simulated in the whole heart model including the pericardium. The
Mooney-Rivlin model was used to describe the material properties of the
atria and the Guccione et al. model was used for the ventricles. The pa-
rameters for the ventricles were set according the findings of Omens et al.
(1993), while for the atria the parameters presented in (Di Martino et al.,
2011a) were used. All the parameters are given in Tab. 18.2. The ventricles
and the atria were both coupled with Windkessel models as described in
Sec. 13. For the ventricles, the parameter were taken from Stergiopulos
et al. (1999). The atrial Windkessel model was parametrized in such a way,
that with an initial left atrial pressure of 10mmHg, the maximal pressure
was about 15mmHg for the control case. All parameters are given in
Tab. 18.1. For the atrial contraction, the valves between atria and ventricles
were defined to be open.
In Fig. 18.1 an overview of the simulation workflow is given.

Active tension development of the atria
No active tension model was available for the atria. Therefore, the existing
hybrid tension development model (HTD) (Sec. 11) was adjusted by Martin
Krueger and Jan Richter (see also (Krueger, 2012, sec. 5.3, p.93-98),
(Richter, 2012)) to reproduce the atrial tension development. In a first step,
they identified 16 parameters from the original HTD model, which have
a significant influence on the shape and duration of the simulated tension
curve. In a next step, these parameters were optimized using the Powell
algorithm (Sachse et al., 2003b) such that the HTD model reproduced
experimental data from atrial force development (Schotten et al., 2002).
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Figure 18.1: Schematic description of the simulation workflow. Whole heartMRI data
is used as input to generate the geometrical models: A hexahedral mesh for the electro-
physiological modeling and a tetrahedral mesh for the biomechanical modeling. These
are used in the electromechanical simulation framework to calculate the electrical
activation of the heart, the active tension development and the resultingmechanical
deformation.

Modeling of Ablation Scars
Five patterns of RFA (see Fig. 18.2) were introduced into the left atrial
model using the rule-based approach described in (Krueger et al., 2013).
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Figure 18.2: Five different ablation patterns on the left atrium. A: two partial lesions
around the pulmonary veins, one linear lesion on the superior side of the left atrium. B:
4 circular lesions around each pulmonary vein. C: Like pattern B plus a lesion on the
superior side of the left atrium. D: Like pattern C plus a linear lesion on the posterior
side of the left atrium. E: One lesion around all pulmonary veins isolating the whole
upper part of the left atrium plus a linear lesion towards the atrioventricular plane on
the posterior side of the left atrium.
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Table 18.1: Parameters used for theWindkessel models.
Ventricles
C 5.16ml/mmHg
R1 0.030mmHg s/ml
R2 0.63mmHg s/ml
Initial aortic pressure 67.5mmHg
Initial pulmonary artery pressure 15.0mmHg
Atria
Ca 4ml/mmHg
R1 0.016mmHg s/ml
R2 0mmHg s/ml
Initial left atrial pressure 10mmHg
Initial right atrial pressure 5mmHg

The patterns were named A to E and were selected to cover a wide range of
commonly used ablation patterns. Pattern A is a set of three linear ablation
lesions along the pulmonary veins and along the left atrial roof and was
proposed by (Earley and Schilling, 2006). Pattern B reflects an individual
circumferential pulmonary vein isolation (Marine et al., 2005). Pattern
C was like pattern B plus a linear lesion along the roof of the left atrium.
Pattern D was like pattern C plus a linear lesion on the inferior posterior
side of the left atrium. It was similar to the pattern used in (Pappone et al.,
1999). Pattern E consisted of a single circumferential lesion around all
pulmonary veins isolating the complete area between the four pulmonary
veins and an additional mitral isthmus line (Benussi et al., 2000). In the
affected elements of the heart geometry used for the electrophysiological
simulations, the tissue conductivity was set to zero and the cells were
defined to be inexcitable. Consequently, no active tension was generated
in these elements. For the biomechanical modeling, the stiffness value c1

of the Mooney-Rivlin model was changed according to Tab. 18.2 for the
different simulation settings.

Simulation setups and initialization
Setups
The electrical activation and tension development were simulated using
acCELLerate for the five ablation patterns and the control case. The
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Table 18.2: Parameters used for the Guccione andMooney-Rivlin model for different
tissue types and different simulation setting.

C b1 b2 b3 K
[kPa] [kPa]

Ventricles 1.2 26.7 2.0 14.7 2 ·103

c1 c2 K
[kPa] [kPa]

Atria 7.45 0 − − 2 ·103

Abl. scar [1x] 7.45 − − − 2 ·103

Abl. scar [4x] 29.8 − − − 2 ·103

Abl. scar [8x] 59.6 − − − 2 ·103

Surrounding tissue 1 0 − − 10

ventricular activation and tension development was simulated once. The
resulting tension development data was interpolated to elements of the
geometrical model used for the biomechanical simulations. The atrial
contraction in the simulation with ablation pattern is affected by two
aspects: The altered activation and the altered mechanical properties of
the ablation scar. To assess the respective impact on the atrial contraction,
three simulations were conducted for each ablation pattern, one with an
unaltered stiffness, one with 4× and one with 8× increased stiffness of the
ablation scar tissue (see Tab. 18.2). In total, 16 simulations of the atrial
contraction were conducted: 15 with ablation patterns and one for the
control case. The ventricular contraction is affected only by the altered
mechanical properties of the ablation scar. For each ablation pattern, two
simulations of the ventricular contraction were conducted, one with a 4×
and one with an 8× increased stiffness of ablation scar tissue. Apart from
that one simulation for the control case was conducted.

Initialization
In the MRI data, the atria and the ventricles were not stress-free in diastolic
state. Therefore, the stress-free configuration had to be found as described
in Sec. 13.3. The initial pressure in the atria was about 5mmHg in the right
atrium and 10mmHg in the left atrium. To avoid a deflation of the atria at
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the beginning of the simulation, first a negative pressure was applied to
the atria which caused a shrinking. The deformed atria were used as the
reference geometry. The negative pressure was adapted in such a way, that
the volume of the atria after applying the initial pressure was approximately
equal to that of the original geometry. The altered mechanical properties
of the ablation scar would cause, that the initial stress-free configuration
of the different models were not identical. To obtain the same stress-
free configuration for all ablation patterns, the material properties of the
ablation scars were defined to be transiently the same as of the healthy
atrial tissue during the initialization phase.

18.3 Results
Model of Atrial Tension Development
The result of the parameter optimization which was conducted in order
to adapt the HTD model to the data of Schotten et al. (2002) is shown
in Fig. 18.3. The time course of the active tension obtained from the
adapted tension development model matched well to the measured atrial
tension developments. The adapted parameter set is given in Tab. 18.3.
The activation time maps of the tension development for all the different
ablation patterns are shown in Fig. 18.4. The tension development starts
about 60ms after the electrical activation in the sinus node and propagates
from the right atrium to the left atrium.
In the control case, the activation propagates from the superior side over
the ridge between the orifices downwards the posterior side. The linear
lesions in Pattern A changed the propagation path: Here, first the superior
side was activated but then the activation propagated upwards the posterior
side. Eventually, it reached the lateral ridge between the orifices of the
pulmonary veins of the left atrium. The lesions did not isolate the region
of the pulmonary veins completely. This caused a partial activation in that
region.
The circular lesions of pattern B around the pulmonary veins had almost no
effect on the propagation path. As expected, the isolated pulmonary veins
were not activated. Pattern C resulted in an almost identical activation as
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Figure 18.3: Comparison of normalized tension simulated the adaptedHybridmodel
and themeasurement of Schotten et al. (2002). RMSE = 1.68·10−2.

that of pattern A. The only difference was, that the pulmonary veins in
pattern C were not activated due to the complete isolation. In pattern D and
E, the two linear lesions caused a complete isolation of the lateral ridge
between the orifices. Their activation time maps were very similar.

Simulations of Atrial Contraction
The left atrial volume and pressure for all ablation patterns with an unal-
tered stiffness of the ablation scar are shown in Fig. 18.5.
The altered activation resulted in significant differences of the change in
volume and of the atrial pressure. Measures of the results are given in
Tab. 18.4. Pattern D and E with the two linear lesions showed the biggest
reduction of contractility of the left atrium in comparison to the other
patterns.
In the control case, the left atrial cavity volume was reduced by 31.0%
during the atrial contraction. For pattern D and E, the volume change was
reduced to 16.2% and 15.0%, respectively. Also, the maximal pressure of
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Figure 18.4: Visualization of the beginning of local atrial tension development (activa-
tion time) for the different ablation patterns. Brown: no activation at all.
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Figure 18.5: Atrial volume and pressure curves for different ablation patterns during
the atrial contraction with an unaltered stiffness of the ablation scar.

133



CHAPTER 18. BIOMECHNICALMODELINGOF THEHUMANATRIA

Table 18.3: Parameter set of the ventricular hybrid tension development model (HTD)
and the adapted atrial model (aHTD).

Parameter HTD aHTD
kon 40 26.6
koff 40 55.1
tmon 12 28.9
tmoff 35 56.9
TMoncoop 2 5.31
TMonpow 4 1.66
k5 25 9.4
km5 8 2.6 ·104

k5stretch 1 3.37
k5xb 1.5 4.65
k6 50 9.8 ·104

km6 20 585
k7 30 13.2
k7base 2.25 2.18
k7stretch 1 1.41
k7force 1 6.0 ·10−7

pattern D (11.87mmHg) and E (11.67mmHg) was reduced in comparison
to the maximal pressure of the control case (14.52mmHg).

Pattern A and C with one linear lesion also caused a reduced change in
volume and the maximal pressure, but less distinctive. The isolation of only
the pulmonary veins of pattern B had only a minor effect on the activation
time. However, it caused a recognizable reduction of the change in volume
and the maximal pressure.

The simulation with an increased stiffness of the ablation scar tissue showed
similar results (see Fig. 18.6 and Fig. 18.7). The increased stiffness resulted
in a further reduction of the change in volume and the maximal pressure
for all patterns, depending on the stiffness and the amount of ablated tissue
(see Tab. 18.4). But the main effect of the ablation scar on the contraction
was definitely caused by the altered activation.
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Figure 18.6: Atrial volume and pressure curves for different ablation patterns during
the atrial contraction with 4× increased stiffness of the ablation scar.
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Figure 18.7: Atrial volume and pressure curves for different ablation patterns during
the atrial contraction with 8× increased stiffness of the ablation scar.

Simulations of Ventricular Contraction
Fig. 18.8 and Fig. 18.9 show the results of the simulation of the ventricular
contraction with an 4× and 8× increased stiffness of the ablation scars.
Here the ablation scars had almost no effect on the ventricular pressure and
ejection fraction. However, the increased stiffness caused a small reduc-
tion of the atrioventricular plane displacement (AVPD) and the change in
volume of the atria. Pattern D and E in the simulation with 8× increased
stiffness with the two linear lesions showed again the largest effect. Here,
the AVPD was reduced from 1.14mm in the control case to 1.02mm and
1.04mm for pattern D and E, respectively. In Fig. 18.10, a visualization
of the deformation of the heart during atrial and ventricular contraction is
shown exemplarily for pattern A with 8x increased stiffness and the control
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Figure 18.8: Atrial and ventricular volume and pressure curves with different abla-
tion patterns during the ventricular contraction with an 4× increased stiffness of the
ablation scar.

case.

18.4 Discussion
To the best of our knowledge, this is the first study where the active
atrial contraction is simulated in a model of the whole heart. The hybrid
tension development model presented by Sachse et al. (2003a), which was
initially developed to model the tension development in human ventricles
was adapted to measurement data of the atria presented by Schotten et al.
(2002). The output of the adapted model matched well to the measurement
data. However, it was not evaluated, if the adapted parameters with physical
meaning and a physiological correspondence lie in a realistic range. In
the work of Di Martino et al. (2011a), only left atrium is modeled. The
atrial pressure was obtained from measurements and applied as loading
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Figure 18.9: Atrial and ventricular volume and pressure curves with different abla-
tion patterns during the ventricular contraction with an 8× increased stiffness of the
ablation scar.

Table 18.4:Model outcome of the different simulations: Initial left atrial volume LAV0,percentage change in volume of the left atrium rel.∆V , left atrial maximal pressure
LAPmax, left ventricular ejection fraction LV EF , atrioventricular plane displacement
AV PD.

Control Pattern A Pattern B Pattern C Pattern D Pattern E
Stiffness 1x

Atrial Contraction
LAV0 [ml] 69.27 69.27 69.27 69.27 69.27 69.27
LA EF [%] 31.9 25.6 27.2 24.4 16.2 15.0

LA Pmax [mmHg] 14.52 13.3 13.66 13.08 11.87 11.67
Stiffness 4x

Atrial Contraction
LAV0 [ml] 69.27 67.56 67.75 67.28 66.91 67.13
LA EF [%] 31.9 25.6 27.4 24.4 16.6 15.2

LA Pmax [mmHg] 14.52 13.3 13.66 13.08 11.87 11.67
Ventricular Contraction

LV EF [ml] 58.7 58.6 58.4 58.5 58.3 58.3
Atrial rel. ∆V [%] 29.1 25.5 23.7 24.0 21.7 22.0
AVPD [cm] 1.14 1.1 1.05 1.06 1.02 1.04
Stiffness 8x

Atrial Contraction
LAV0 [ml] 69.27 66.95 67.28 66.59 66.13 66.35
LA EF [%] 31.9 25.2 27.2 24.0 16.4 15.0

LA Pmax [mmHg] 14.52 13.3 13.66 13.08 11.87 11.67
Ventricular Contraction

LV EF [ml] 58.7 58.5 58.2 58.2 57.9 58.0
Atrial rel. ∆V [%] 29.1 24.2 21.7 21.8 19.0 18.9
AVPD [cm] 1.14 1.1 1.05 1.06 1.02 1.04
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Figure 18.10: Visualization of atrial and ventricular contraction of the heart with
ablation pattern A and an 8× increased stiffness and the control case at systole and
diastole. The fiber strain is color-coded.
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condition to the simulation. The ventricular contraction was modeled by
a defined prescription of the displacement of the mitral valve annulus. In
this project, the contraction of the atria and the ventricles was simulated
in a model of the whole heart. The atrial blood pressure model allowed
to evaluate the effect of the ablation scars on the pressure development.
In the work of Di Martino et al. (2011a), a rigid pericardium with a soft
surface-to-surface contact constrained the motion of the atrium. In our
model, the implemented contact handling algorithm ensured permanent
contact and allowed the heart to slide on the pericardium without friction.
The permanent contact of atria and pericardium caused an increase in
volume of the atria during the ventricular systole (see Sec. 17.5).

The motion of the atria in our model is constrained by fixating the orifices
of the pulmonary veins and venae cavae. The geometrical model of the left
atrium used by Di Martino et al. (2011a) included the pulmonary veins.
This certainly enabled them to define more realistic boundary conditions,
since the elasticity of the vessels allows for some movement of the vessel
orifices. In this project, we used the findings of Di Martino et al. (2011a)
from the biaxial experiments with porcine atrial tissue to model the passive
mechanical properties of the atria.

To the best of our knowledge, this study is the first in-silico evaluation
of the impact of scar tissue resulting from RFA on the contraction of
atria and ventricles in a model of the whole heart. In the simulations, the
altered activation was the main reason for the differences between the
different patterns. The stiffness of the ablation scar played a minor role
(see Tab. 18.4). All ablation scars reduced the maximal pressure and the
stroke volume of the left atrium.

The reduction of the atrial stroke volume was related to the amount of
ablation scar tissue. The linear lesions had the strongest impact on atrial
contraction. In-vivo observations by Takahashi et al. (2007) found a re-
duced left atrial ejection fraction after ablation procedures. Also Thomas
et al. (2000) found that RFA can cause an impairment of the atrial contrac-
tility.

We were not able to find any information about the elastomechanical
properties of ablation scars in the atria in the literature. Takahashi et al.
(2007) suggest that RFA scars in the ventricle behave elastomechanically
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like tissue in zones of chronic myocardial infarction. In other simulation
studies, the stiffness of cardiac scar tissue was set to be 10 times stiffer than
healthy myocardium (Tang et al., 2008; Yang et al., 2012). In this project,
we analyzed how the stiffness of the ablation scar affects the results. For
that purpose, we conducted simulations with 4× and 8× increased stiffness
in comparison to the control case.

In the simulation of the ventricular contraction, the ablation scars reduced
the AVPD. Moreover, they reduced the increase in volume of the atria.
The linear lesions showed the strongest effect. In 2012, Sato et al. (2012)
published measurement data of the left and right atrial volume index
(volume per body surface area [ml/m2]) for the whole heart cycle of a
healthy control group (N=21) (see Sec. 17.5). They measured an average
ejection fraction during atrial systole (defined as the ratio of atrial stroke
volume to the volume at the onset of atrial systole) of 36± 4%. This
matches well to the result of the simulation where we obtained a value of
31.9% for the control case. For the ventricular contraction, they measured
an average maximal volume index (Vmax) of 40ml/m2 and an average
reservoir volume index (Vres: Difference between the atrial maximum
volume and the smallest atrial volume in mid-diastole) of 12ml/m2 for the
left atrium. This is equivalent to an average increase from the diastolic
volume (Vmax−Vres) to Vmax of 52% for the left atrium. The increase in
volume which we obtained from the simulations was considerably smaller.
This results presumably from the fact, that our model does not include a
description of the inflow from the venous system into the atria. Hence,
only the stretching of the atria due to the downward movement of the
atrioventricular plane could be reproduced in the simulation. However,
we assume that if active filling of the atria was taken into account, the
relative differences between the different ablation patterns would still be
similar. An additional reason for the reduced increase in volume are the
restrictive boundary conditions at the vessels orifices. These are actually
elastic in reality. The used boundary conditions in our simulations might
hinder the deformation of the atria. A further point is the wall thickness
of the atria was almost impossible to be recognized from the MRI data.
An overestimated wall thickness could also reduce the increase in volume
during the contraction.
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The ablation scars had almost no impact on the ventricular ejection frac-
tion and ventricular pressure. However, it should not be concluded that
therefore, the ablation scars have no negative impact on the pumping func-
tionality of the heart at all. It has to be considered, that in this project, the
circulatory system models of the atria and the ventricles were not coupled.
In reality, the atria are filled with blood during the ventricular contraction.
If the ablation scars reduce the capability of the left atrium to increase its
volume, less blood volume is finally available for the ventricular filling. If
also the atrial contraction is impaired, this causes a further negative impact
on the filling of the ventricles. Consequently, less blood is available to be
ejected into the aorta. This effect is even more relevant for elderly people
and in general at higher heart rates, where the atrial contraction plays a
bigger role (Fuster et al., 2011). For a quantitative evaluation of the impact
of the ablation scar on the ventricular ejection fraction, a full description
of the whole blood flow from the venous system into the atria and from the
atria into the ventricles would be needed. This could probably be achieved
only with a fluid mechanical model and in combination with fluid-structure
coupling.

18.5 Limitations
The biomechanical model is almost identical to that of Sec. 17. Accord-
ingly, most limitations mentioned in Sec. 17.6 apply also for this project.
The geometrical model of the heart did not contain the aorta and pulmonary
arteries and apart from that, the orifices of the pulmonary veins and venae
cavae were defined to be fixated. In reality, the elasticity of the vessels
allows some range of movement. In this project, we simulated the electrical
activation and tension development of the ventricles and the atria separately.
Atrial and ventricular circulatory system models were not coupled and
the atrial model was deactivated during the ventricular contraction and
the ventricular model was deactivated during the atrial contraction. The
biomechanical properties of the atria and the ablation scars were described
with an isotropic material law (Mooney-Rivlin model). However, it can
be assumed that the anisotropic material properties strongly influence the
atrial contraction. For the simulation, healthy electrophysiology, tension
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developed and atrial fiber orientation was chosen. In reality, ongoing AF
can lead to electrical, contractile and structural remodeling processes in the
atria (Allessie et al., 2002). However, after a successful ablation treatment
these processes are often reverted (reverse remodeling). Further, they play
rather a minor role for paroxysmal AF. For this project, the geometrical
data of only one volunteer was available. For a statistic profound evaluation
of the different ablation strategies, it is inevitable to conduct the whole
analysis with an adequate number of different geometrical models.

18.6 Futurework
In order to obtain a better description of the interplay of atria and ventri-
cles, a coupled circulatory system model of ventricles and atria has to be
implemented. A further point is to improve the mechanical modeling of the
atria. In 2012 Bellini et al. (2012) presented an advanced material model of
the human atria. Based on her work, the description of the biomechanics of
the atria in the biomechanical framework could be improved enormously.
Furthermore, it should not be forgotten, that every simulation study has its
limitations and that the validation of the results based on clinical data is
essential. For that purpose, we want to discuss with our clinical partners, if
it is possible to obtain clinical data e.g. from cardiac MRI of patients who
underwent a RFA, ideally before and after treatment.
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Chapter 19
Reconstructon of Left
Ventricular Active Tension
Distributon fromWallMotion
Simulation Study of The Inverse Problem of Cardiac
Mechanics

19.1 Introduction
Medical imaging techniques e.g. MRI, CT or cardioechography allow to
evaluate the deformation of the heart, for example by tracking the motion of
the heart surfaces. Moreover, techniques like Strain Encoded MRI (SENC)
and Tagging MRI allow to obtain direct information on strain and strain
rate. However, it has to be considered, that the deformation of the heart
results from the active tension development within the cardiac muscle cells.
Apart from that, it depends on the passive mechanical properties of the
cardiac tissue, the boundary conditions e.g. intraventricular pressure and
also the heart geometry. In general, it is not possible to determine internal
variables like the active tension or mechanical properties directly from the
deformation. If, for example, a particular area of the ventricle does not
contract actively anymore, e.g. as consequence of a myocardial infarction,
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then this area will still be deformed passively due to the deformation of the
adjoining tissue. However, the deformation will certainly differ from that
of the healthy case. Apart from that, if a region is identified, which shows
an unusual deformation behavior, it is in general very difficult to determine
the underlying reason, since it could be caused by a reduced contractility
or by altered mechanical properties or a combination of both. Here, a
model based approach can help to get a better insight and to reconstruct
these hidden parameters. In context of this work, I have developed an
inverse solving algorithm (inverse solver - see Sec. 15.1), which is able
to reconstruct the active tension development from the motion of heart
surfaces.

In this project, the inverse solver is evaluated in a simulation study. The
objectives are: Is the inverse solver able to reproduce the heart motion
and does is reconstruct the active tension distribution in the ventricles
satisfactorily? What happens, if the active tension pattern is altered, e.g.
due to electrical inactive regions resulting from a ventricular infarction?
In this case, is the algorithm still able to reconstruct the active tension
and to identify those regions with no active tension development which
are only deformed indirectly by the surrounding myocardium? For that
purpose, the acCELLerate framework was used to simulate the active
tension development in the ventricles for three different left ventricular
transmural infarctions and a control case with a regular electrical activation.
This provided the input for the biomechanical simulation framework, which
was used to calculate the corresponding contraction of the heart (forward
simulations). From the results, the left ventricular and right ventricular
endocardial surfaces were extracted for each timestep, which provided the
synthetic clinical data. This data was used as input for the inverse solver,
which then was requested to reconstruct the active tension based on the
provided motion of the endocardial surfaces (inverse simulation) for each
time step. Finally, the reconstructed heart motion and the reconstructed
active tension data (inverse solution) were compared with that of the
forward simulation in order to evaluate the inverse solver.
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19.2 Methods
GeometricalModel
The geometrical models, which were used for the electrophysiological
simulation (ventricles) and biomechanical simulation (whole heart) are
described in Sec. 10. However, since the inverse solver is very numerically
demanding, the model of the pericardium was not included in order to
reduce the complexity and thus the simulation time. For the electrome-
chanical simulations, a stimulation profile was generated as described in
Sec. 3.3. Here, the impact of the infarction scar on the Purkinje network
was not taken into account.
Four different simulation settings were generated for the electrophysiologi-
cal simulation: One for the control case and three with an infarction scar.
The infarction scar areas had been assigned manually in the geometrical
model. They were all located in the left ventricle (Fig. 19.1). The first on
the anterior side of the ventricle (infarction 1), the second on the poste-
rior side (infarction 2) and the third infarction was located in the septum
(infarction 3).

Figure 19.1: Three different simulation setups with transmural left ventricular infarc-
tions were generated: infarction 1: anterior, infarction 2: posterior, infraction 3: septal.
The tissue of the infarction scar area (dark red) was defined to be not excitable.

The electrophysiology on cellular level was simulated using the ten Tuss-
cher model (Sec. 3.2). The infarction areas were defined to be not excitable.
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The active tension development was simulated using the HTD model
(Sec. 3.3). The monodomain model was used to simulate the excitation
propagation (Sec. 3.4). The resulting tension development data was inter-
polated to the elements of the left and right ventricle for the biomechanical
simulation.
For the biomechanical simulation, the material properties of the ventricles
were described using the Guccione et al. model while the Mooney-Rivlin
model was used for the atria. The parameters were set according to the
findings of Omens et al. (1993) for the ventricles, while for the atria the
parameters presented in (Di Martino et al., 2011a) were used (average
of the values for left atrium anterior (LAant) and left atrium posterior
(LAant)). The parameters are given in Tab. 19.1. The elastic properties of
the infarction areas were not changed.

Table 19.1:Material parameters for the Guccione et al. andMooney-Rivlin model
C [Pa] b1 b2 b3 K [Pa]

1200 26.7 2.0 14.7 1e6

c1 [Pa] c2 [Pa] K [Pa]

7450 0 0 1e6

For the forward simulation, each ventricle was coupled with a 3-element
Windkessel model. The parameters for the Windkessel model were taken
from (Stergiopulos et al., 1999) and are given in Tab. 19.2.

Table 19.2: Parameters used for theWindkessel models.
C 5.16ml/mmHg
R1 0.030mmHg s/ml
R2 0.63mmHg s/ml
Initial aortic pressure 67.5mmHg
Initial pulmonary artery pressure 15.0mmHg

In reality, the contraction of the heart is delayed regarding the active tension
development due to the mass inertia. However, the current version of the
inverse solver does not consider mass inertia yet. In order to analyse, how
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this affects the inverse solution, the contraction of the heart was calculated
twice for each infarction scar and the control case, once with the static
solver and once with the dynamic solver. Here, the Rayleigh damping
parameter were set to α1 = 100 and α2 = 0.005.
From the results of the forward calculation, the endocardial surfaces of the
right and left ventricle were extracted for each time step and used as target
surfaces for the inverse solver (see Sec. 15.1). The epicardial surface was
not considered.
For each of the eight forward simulations, two inverse simulations were
conducted: One with spatial regularization only, where λ6 = 10−14 (Eq. 15.11)
and all remaining parameters λX were set to zero and a second inverse
simulation with additional temporal regularization with λ4 = 10−20. The
parameter λ6 controls the smoothness of the active tension distribution.
If the value is too small, the solution gets very inhomogeneous. On the
other side, if the value is too big, the details of the active tension pattern
vanish. The parameter λ4 controls the temporal smoothness. If the value
is too small, the solution shows strong oscillations, while if the value is
too large, the original active tension time course can not be reproduced
satisfactorily. A suitable compromise had to be found for both parameters,
which was done manually by trying different combinations of values. The
active tension was reconstructed for the ventricles only and the distance
between the source and target surfaces was evaluated at approximately 900
location on the endocardial surfaces. The passive mechanical properties,
the fiber orientation and the boundary conditions were identical to those
of the forward simulation. While the pressure for the forward simulation
was calculated using the Windkessel models, the pressure for the inverse
simulation was directly taken from the results of the forward simulation
and applied to the ventricular cavities.

19.3 Results
Control Case
A visualization of the epicardial and the endocardial surfaces of the static
forward simulation and the inverse simulation for the control case at four
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Left 

Ventricular Cavity

Right 

Ventricular Cavity

Figure 19.2: The left and right endocardial surface which enclose the ventricular cav-
ities were extracted from the results of the forward simulations and provided the
input for the inverse reconstruction of the cardiac deformation and the active tension
development

different time steps is given in Fig. 19.3. The source and target surfaces
(endocardium) match very well to each other. Moreover, also the epicardial
surfaces of forward and inverse simulation show a very good match. That
is remarkable, since the inverse solver did only consider the endocardial
surfaces for the optimization of the active tension. The average distance
between target and source surfaces of the inverse solution for the con-
trol case is given in Fig. 19.4. One stop criterion for the inverse solver
was an average distance between source and target surface of less than
0.4 mm. For the reconstruction of active tension of the static forward
simulation for the control case, this criterion was always fulfilled. For the
reconstruction of the active tension of the dynamic forward simulation,
this criterion was not fulfilled for only a few time steps. For these steps
either the maximal number of estimation steps or the relative change of
the distance between two steps was the relevant criterion. However, the
maximal average distance between source and target surfaces is 0.54 mm
for the reconstruction of the dynamic forward simulation with Laplacian
regularization and 0.44 mm for the reconstruction with additional time
regularization. The static forward simulation for the control case took
58 min while the inverse solver needed 11 : 03 h for the reconstruction.
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Figure 19.3: Visualization of the surfaces obtained the forward simulation (wire-
frame/red) and the surfaces obtain from the inverse reconstruction and (solid/green)
at four different time steps in a cutaway view and in two slices (control case)

Both simulations were conducted on a desktop computer using one CPU
and a simulation time step size of 10 ms.
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Figure 19.4: Distance between source and target surfaces for the control case

Figure 19.5: Element indices for which the time course of the active tension is given in
Fig. 19.6
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Figure19.6: Timecourseof the reconstructed active tension in eight selected elements
for the control case

In Fig. 19.7 and Fig. 19.8, the original active tension distributions of the for-
ward simulation (static and dynamic) for the control case and their inverse
reconstruction are visualized for four time steps. On the left, the active
tension and the resulting deformation of the forward simulation are shown.
In the middle, the inverse reconstruction using spatial Laplacian regular-
ization is shown. On right, the results for additional time regularization
are shown. For the static forward simulation, both inverse reconstructions
match very well to the forward simulation. By optical inspection, it is
difficult to tell which result is better. However, a look on the time course
of the reconstructed active tension within the elements reveals, that the
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time regularization has a distinct temporal smoothing effect. The inverse
reconstructions of the active tension from the surface motion obtained
from the dynamic forward simulation show also a good match to the for-
ward simulation. However, the active tension is sometimes significantly
overestimated or underestimated in some regions.

In Fig. 19.5 time courses of the active tension, which were reconstructed
from the surface motion obtain from the static forward simulation (control
case) are shown for an exemplarily selection of elements. The elements
were selected more or less randomly (as random as possible for a human)
without knowing the active tension time course of these elements before-
hand (no pick and chose of optimal results). For most of the elements,
the original active tension time course and the reconstructed time course
match well to each other. However, for two elements (4337 and 7087),
the maximal active tension was significantly overestimated. Some curves
show strong oscillations near to the peak, in particular those of the inverse
reconstruction without time regularization. The temporal smoothing effect
of the time regularization is clearly recognizable.

Infarction Settings
The results for the distances between source and target surface for the sim-
ulations with infarction scar were similar to those of the control case. Here
the maximal average distance (0.57 mm) is found for the reconstruction of
the active tension based on the endocardial surface motion obtained from
the dynamic forward simulation for infarction setting 2. Visualizations of
the reconstructed active tension from the heart motion of the dynamic and
static forward simulation for the different infarction settings are given in
Fig. 19.9 to Fig. 19.14. In all reconstructions, the infarction area is clearly
visible. The active tension in this area is significantly reduced and almost
zero around the center. Due to the smoothing effect of the spatial regular-
ization, the sharp edge between active and inactive areas of the forward
simulation is considerably blurred in the solution of the inverse solver. In
the reconstruction of the active tension based on the surface motion of
the dynamic forward simulation, the infarction scar is also clearly visible.
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However, the inverse solver again overestimates the active tension in some
regions.

19.4 Discussion
The inverse solver performed very well on the reproduction of the defor-
mation of the heart. Not only the endocardial surface matched well to the
forward simulation, but also the epicardial surface showed a good match.
This was the case even though the epicardial surface was not chosen as
target surface and therefore was not considered for the inverse solution.
Due to the incompressibility of the myocardial tissue, a good match of
the endocardial surfaces comes along with a good match of the epicardial
surface.
Moreover, also the reconstruction of the active tension was remarkably
good considering the fact, that only the motion of the endocardial surfaces
of the ventricles and the blood pressure were used as input data. If it
can be confirmed that it is in general sufficient to provide the endocardial
surfaces for the reconstruction, this would mean a great advantage for
the application of the inverse solver on to clinical data. Due to the high
contrast between blood and myocardial tissue in most of the medical
imaging modalities, the automatic tracking of the endocardial surface is
much easier to accomplish than for the epicardial surface.
The time regularization helped to obtain a stable and temporal smooth
solution. Without time regularization, the active tension had some strong
oscillations, in particular near its peak. The oscillations could probably also
be reduced by decreasing the stop criterion for the average distance between
source and target surfaces but this would come along with significant
increase of the simulation time.
The reconstruction of the active tension for the dynamic forward simulation
showed a good match to the original active tension as well. However, the
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inverse solver does not consider mass inertia effects. Therefore, the active
tension is sometimes distinctly over- or underestimated. If for example
the active tension starts to increase at the beginning of simulation, the
motion of the wall follows with a delay. Accordingly, the inverse solver
will underestimate the active tension at that point of time. Later, when
the active tension starts to decline, again the mass inertia causes that the
movement of the ventricular tissue does not instantaneously follow the
active tension time course. Now, the inverse solver will overestimate the
active tension. This could be solved by considering the mass inertia for the
inverse solution, but in reality it is not so trivial to determine the damping
parameters of the myocardium. Apart from that, it would introduce a
further uncertainty into the inverse simulation. Apart from that, the mass
inertia of the blood volume will probably play an even more important role
and is not considered in the biomechanical model yet.

The reconstruction of motion and active tension for the infarction scars
showed also a good match to the forward simulation and the active tension
in the area of the infarction scar was significantly reduced and almost zero
near its center. Here, the smoothing effect of the spatial regularization
caused a strong blurring of the edge between scar tissue and myocardial
tissue.

To the best of my knowledge, this is the first time, that spatial and temporal
Tikhonov regularization, a method well established for solving the inverse
problem of ECG imaging (Farina, 2008), is applied to the inverse problem
of cardiac mechanics in order to reconstruct the time course of the active
tension distribution from the motion of the heart surfaces in a whole heart
model. The inverse solver estimates the complete time course of the active
tension distribution for each FEM element of the left and right ventricle.
In this project, the active tension was estimated for 7469 elements and the
discrepancy of source and target surfaces was assessed at approximately
900 locations. The gradient matrix A (Eq. 15.9) was determined by calcu-
lating a reduced inverse of the gradient stiffness matrix. Here, using T10
tetrahedral elements for the static solver step but T4 tetrahedral elements
for the estimation step (Sec. 15.2) reduces the numerical complexity mas-
sively for the estimation step, while it retains the excellent convergence
behaviour of the T10 elements for the static solver step. The dimension
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of the reduced inverse of the gradient stiffness matrix was 2508 × 6411.
Using only T10 elements would result with the same settings in a matrix
with a dimension of 2508 × 40665.
Delingette et al. (2012) used a variational data assimilation approach
to estimate the maximal contractility in three predefined regions (left
ventricle, right ventricle, scar region). Marchesseau et al. (2013b) used
unscented Kalman filtering from regional volumes to estimate the maximal
contractility from cardiac cine-MRI. Global parameters were estimated
with an automatic calibration algorithm, based on the Unscented Transform.
Eventually, in all 17 AHA (American Heart Association) zones of the left
ventricle, the maximal contractility was estimated using the reduced-order
unscented Kalman filtering. Wong et al. (2014) presented a derivative-
free optimization approach based on a velocity-based objective function
and estimated additionally to the maximal contractility, contraction and
relaxation rates. He tested the method with three different types of zone
partitioning (3 zones, 5 zones and 17 AHA zones).
To my understanding, all these approaches parameterize a complete elec-
tromechanical model considering parameters for the electrophysiology,
circulation and contractility e.g. maximal contractility and contractility
rate. In contrast to that, the inverse solver reconstructs for every time step
that active tension distribution, which results in the same surface motion
as of the provided input data. While this works excellent, the inverse
solver does not consider the cardiac electrophysiology. If for example the
boundary conditions are not set carefully, the inverse solver would certainly
still reconstruct a motion which matches well to the input data (as long as
it is possible with the given boundary conditions), but the reconstructed
active tension could be completely unphysiological. It is thinkable, that
this could be improved by using an electrophysiological model for a further
regularization.

19.5 Limitations
For the inverse solution in this study, the boundary conditions, the blood
pressure in the cavities, the fiber orientation and the passive mechanical
properties were all known. However, if this method is applied on real
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clinical data, these parameters have either to be measured, which comes
along with measurement uncertainties, or have to be estimated which
is even worse. It is very likely, that inaccuracies of these parameters
will distort the reconstruction of the active tension. It will probably still
provide a solution where the deformation of the heart matches well to
the measurement data, but with a strong deviation of the active tension
reconstruction from real active tension. If for example the heart tissue
in a certain area of the ventricle is stiffer than in the rest of the tissue,
e.g. due to fibrosis, and this is not considered for the inverse solution, the
inverse solver will mistakenly assume, that this region has a reduced active
tension development. Inaccuracies of the measured blood pressure or the
fiber orientation will in the same way falsify the active tension. Moreover,
the motion of the heart depends strongly on the boundary conditions. If
the biomechanical model does not consider these boundary conditions
accurately enough, this will also have a strong falsifying impact on the
reconstruction.

19.6 Outlook
The first step has to be a sensitivity analysis in order to evaluate how
inaccuracies of fiber orientation, passive mechanical properties, blood
pressure and boundary conditions affect the reconstruction of the active
tension. As mentioned above, locally altered passive mechanical properties
which are not considered in the model will be reflected in the reconstruction
of the active tension. In this context, it would be interesting to evaluate if
it is possible to define a measure which does not directly correspond to a
physical parameter like the stiffness or the active tension development of
the tissue but holds information about the ability of the tissue to contract
and thus is of diagnostic value for the cardiologist.
Another point is the fiber orientation. It is definitely thinkable, that also the
fiber orientation can be reconstructed from the heart motion in a similar
way as the active tension. For the active tension reconstruction, one step
is to calculate a Jacobian matrix which holds the information on how the
nodal forces depend on the magnitude of the active tension. In the same
way, a Jacobian matrix could be calculated which additionally contains
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the information on how the nodal forces depend on the direction of the
active tension. Eventually, the inverse solver would reconstruct an active
tension vector field which reproduces the measured deformation of the
heart under consideration of the regularization requirements. Since in
reality, the active tension acts along the fiber orientation, this active tension
vector field could be used to estimate the fiber orientation. A further aspect
is the consideration of further measurement data for the inverse solution.
For example strain, which can be measured using SENC MRI is definitely
a promising candidate which can further improve the solution.
After the inverse solver has sufficiently been evaluated on simulation data,
the next step will be the application on clinical data. Here, an interesting
project would be to apply the inverse solver on medical imaging data
of a patient with a known infarction scar, that is also visible in the late
enhancement MRI. This would allow to evaluate, if that scar tissue is also
identifiable in the inverse solution. If this is the case, then the inverse solver
might also be able to identify impairments of the contractility e.g. due
to cardiomyopathy which can directly be measured with current medical
imaging technology. The imaging of the cardiac strain is a standard clinical
procedure in order to assess the cardiac performance. If additionally to
that, also information about the contractility can be estimated, then this
would be certainly a further valuable information for the cardiologist.
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Figure 19.7: Static forward simulation for the control case at four different time steps
(left) and the associate inverse reconstruction of deformation and active tension devel-
opment using spatial Laplacian regularization (middle) and additional time regulariza-
tion (right)



Figure 19.8: Dynamic forward simulation (Newmark Beta) for the control case at four
different time steps (left) and the associate inverse reconstruction of deformation
and active tension developement using spatial Laplacian regularization (middle) and
additional time regularization (right)



Figure 19.9: Static forward simulation for infarction setting 1 at three different time
steps (left) and the associate inverse reconstruction of deformation and active ten-
sion development using spatial Laplacian regularization (middle) and additional time
regularization (right)



Figure 19.10: Dynamic forward simulation (Newmark Beta) for the infarction setting 1
at three different time steps (left) and the associate inverse reconstruction of deforma-
tion and active tension developement using spatial Laplacian regularization (middle)
and additional time regularization (right)



Figure 19.11: Static forward simulation for infarction setting 2 at three different
time steps (left) and the associate inverse reconstruction of deformation and active
tension development using spatial Laplacian regularization (middle) and additional
time regularization (right)



Figure 19.12: Dynamic forward simulation (Newmark Beta) for the infarction setting 2
at three different time steps (left) and the associate inverse reconstruction of deforma-
tion and active tension developement using spatial Laplacian regularization (middle)
and additional time regularization (right)



Figure 19.13: Static forward simulation for infarction setting 3 at three different
time steps (left) and the associate inverse reconstruction of deformation and active
tension development using spatial Laplacian regularization (middle) and additional
time regularization (right)



Figure 19.14: Dynamic forward simulation (Newmark Beta) for the infarction setting 3
at 3 different time steps (left) and the associate inverse reconstruction of deformation
and active tension developement using spatial Laplacian regularization (middle) and
additional time regularization (right)





Chapter 20
Summary and Conclusions
In context of this thesis, a simulation framework for modeling the human
cardiac biomechanics has been developed. In the first part of this thesis, an
overview of the basic fundamentals of the cardiac anatomy and physiology,
nonlinear continuum mechanics and the finite element method as well as
some aspects of cardiac modeling have been given. Part two has described
the biomechanical simulation framework and the implemented algorithm.
In part three, the validation of the framework was presented. Furthermore,
three selected projects which were conducted using the biomechanical
simulation framework have been presented.

The simulation delivered correct results for all of the validation tests and
also the preliminary results for the benchmark study were almost identical
to those of the other participating groups.

In the first project, the interplay of the ventricles with the atria and of the
whole heart with the pericardium was analyzed. The results showed, that
for the simulation with pericardium, the contraction of the heart showed a
better match to the MRI data than for the simulation without pericardium.
Moreover, the whole deformation was smoother and the outer contour
was only slightly deformed, as it is also case for a healthy heart in reality.
Moreover, the pericardium synchronized the contraction of the left and right
ventricle, as it is also assumed to be the case in reality. In contrast to that, in
the simulation without pericardium, the heart showed an unphysiological
deformation while the outer contour was significantly deformed during the
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cardiac cycle. These results match well to the echocardiography findings
for patients with congenital absence of the pericardium. Furthermore, the
interplay of atria and ventricles is crucial in order to obtain a realistic
AVPD. Considering the fact, that the AVPD plays an essential role for the
ventricular filling, the atria should be taken into account for the simulation
of the heart contraction in order to obtain a realistic result, even if the focus
of the study lies only on the ventricles.

In the second project, five different commonly used ablation patterns in
the left atrium have been analyzed regarding their impact on the atrial and
ventricular contraction. In the simulations, the ablation scars caused a
reduction of the change in volume and reduced the maximal pressure of the
left atrium for the atrial systole depending on the applied ablation pattern.
The major effect of the ablation scar on the contraction was caused by
the altered activation. Here, the linear lesions had the strongest influence.
During the ventricular contraction, the increased stiffness of the ablation
scar resulted in a reduction of the change in volume of the left atria and
the AVPD. Again, the linear lesions showed the strongest effect. If the
available blood volume in the left atrium is reduced due to an impaired
filling and and a reduced AVPD and moreover, the active contraction of
the atrium is impaired, then this can be a reason for a reduced filling of the
left ventricle and therefore, have a negative impact on the heart pumping
function. One should always avoid to derive statement about reality to
quickly from simulation results. However, the simulations support the
hypothesis, that RFA can have a negative effect on the pumping function
of the heart and that the effect depends on the chosen ablation pattern.
The third project evaluated the algorithm of the inverse solver on synthetic
data obtained from forward simulations of the contraction of a healthy
heart and from three forward simulations of the contraction of the heart
with different infarction scar areas. The inverse solver did a good job on
the reconstruction of the active tension distribution and the reproduction
of the deformation. The active tension matched well regarding spatial
distribution and the time course. Moreover, the infarction scar areas were
clearly visible and the active tension in theses areas was almost zero
as it was also the case for the forward simulation. This is remarkable,
considering the fact, that the inverse solver had only information about
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the motion of the endocardial surface and the blood pressure time course.
However, one should not forget, that the simulation settings regarding
geometry, boundary conditions and passive mechanical properties were
identical for the forward and inverse simulation. It has to be evaluated,
how uncertainties regarding these parameters affect the reconstruction.
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