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Abstract In this paper we study the convergence of the semi-implicit and the
implicit Euler methods for the time integration of abstract, quasilinear hyper-
bolic evolution equations. The analytical framework considered here includes
certain quasilinear Maxwell’s and wave equations as special cases. Our analysis
shows that the Euler approximations are well-posed and convergent of order
one. The techniques will be the basis for the future investigation of higher
order time integration methods and full discretizations of certain quasilinear
hyperbolic problems.
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1 Introduction

We consider the time discretization of a quasilinear hyperbolic evolution equa-
tion of the form

A(u(t))Opu(t) = Au(t) + Q(u(t))u(t),  u(0) = uo, (1a)

on a Hilbert space X by two variants of the implicit Euler method. Here, A
is a linear, skew-adjoint operator, A is a symmetric positive definite operator
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on some neighborhood of zero and @ is a “nice” operator. The motivation to
consider (1) is that Maxwell’s equations with certain quasilinear constitution
laws (such as Kerr nonlinearities) and quasilinear wave equations fit into this
framework.

The aim of the present paper is to prove well-posedness and convergence
of the semi-implicit and the implicit Euler methods applied to (1). In the
following, we write (1a) in the equivalent short form as

Oru(t) = Aypyu(t), u(0) = wo, (1b)

where
Ay = Ap) A+ Q). (Lc)

Then, the approximation of the semi-implicit Euler method is given by

Upt1 = Up, + TAy, Unt1, n=0,...,N—1, (2)
while the implicit Euler method yields

Upg1 = Up + TAy, Unt1, n=0,...,N—1. (3)

Here u,, &~ u(t,) is an approximation of the exact solution at time ¢, = nr,
where 7 > 0 denotes a fixed stepsize.

Well-posedness of (1) was proved by Kato in [11,12,13]. He linearized the
problem and used a contraction mapping argument to prove existence and
uniqueness of the solution under the assumption that the initial data is smooth
enough. Using similar techniques, Miiller [16] refined Kato’s result by proving
the result for somewhat relaxed assumptions on the initial data. Since these
refined results are essential for our convergence analysis, we use the analytical
framework provided in [16].

Surprisingly, there are only very few convergence results for time integra-
tion methods for quasilinear hyperbolic problems. The implicit Euler method
for nonlinear evolution equations of the form d;u(t) = N(u) has been consid-
ered in [10,14,20] for various types of nonlinear operators N: dissipative oper-
ators in [20], w-quasi dissipative operators in [14], and directed L-dissipative
operators in [10]. These papers show convergence of order 1/2 under the as-
sumption that the numerical solution exists. In [4], Crandall and Souganidis
showed that the approximations of the semi-implicit Euler method for (1)
are well-posed and converge with order 1/2. This enabled them to prove a
well-posedness result being equivalent to that of Kato [12].

For nonlinear parabolic problems, the situation is different. Convergence of
implicit time integration methods (Runge-Kutta and multistep methods) for
quasilinear problems are given in [2,15,17] and for fully nonlinear parabolic
problems in [1,7,18], for instance. However, since the analytic framework does
not fit to hyperbolic problems of the form (1), they cannot be applied here.

The aim of this paper is to prove convergence of order one for the semi-
implicit and the implicit Euler method for the abstract evolution equation (1)
in the framework of Kato [12] and Miiller [16]. We believe that the analysis
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presented here constitutes an important step to prove well-posedness and con-
vergence for a class of higher-order implicit Runge-Kutta methods and also
to study full discretizations based on finite elements or discontinuous Galerkin
discretizations in space. In particular, Gauss collocation methods would be
very interesting to study since their geometric properties are more favorable
for hyperbolic problems than Radau methods, to which the implicit Euler
method belongs. However, we are aware of the fact that the analysis of higher-
order Runge-Kutta methods is a nontrivial task. It will take significantly more
effort to prove well-posedness and stability, and to correctly handle the bound-
ary conditions than for the Euler method. Nevertheless, we are convinced that
the techniques presented here for the Euler scheme provide an excellent basis.
For linear Maxwell’s equations, such an analysis was carried out in [8], where
we proved error bounds for the full discretization with algebraically stable im-
plicit Runge-Kutta methods in time and discontinuous Galerkin methods in
space. Moreover, in [9] we showed how the analysis of fully implicit schemes can
be used to study the convergence of locally implicit methods, which are very
efficient for problems whose spatial discretizations is done on locally refined
grids.

The paper is organized as follows. In Section 2 we review the analytical
framework [12,16], i.e., we state the precise assumptions on the operators
A, A, and @ and give the local well-posedness result. Moreover, we show that
quasilinear Maxwell and wave equations fit into this framework.

Section 3 contains additional analytical results that are required for the
error analysis of the numerical methods. Here, stability estimates for the re-
solvents are of great importance. For the sake of readability, some technical
details are postponed to the appendix.

The semi-implicit Euler method is analyzed in Section 4. Under the same
regularity assumptions as in the continuous case, the well-posedness and the
stability results are proven. We derive the error recursion and prove conver-
gence of order one in the L2-norm. Under additional regularity conditions of
the solution, we also prove convergence in a stronger norm.

Section 5 deals with the analysis of the implicit Euler method. While for
the semi-implicit Euler method, well-posedness and stability follow easily by
using the stability estimates for the resolvents, for the implicit Euler method
this is much harder. Our proof is based on linearization and a fixed point
argument.

Notation. For two normed spaces X, Y we denote the space of bounded
linear operators from X to Y by L£(X,Y) and for A € L(X,Y) we have

lA]ly . x = maxz-o ”@TIILY. Given R > 0, we denote by Bx(R), By (R) the

closed balls of radius R around 0 in X and Y, respectively. Finally a < b
means that there exists a constant ¢ > 0 such that a < cb.
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2 Analytical framework and applications

In this section we provide the analytical framework, state the known well-
posedness result for (1), and present two applications.

2.1 Assumptions and well-posedness

The refined analytical framework given in [16] uses three Hilbert spaces
(X, (y)x), (Y, (,-)y), and (Z, (+,-)z) with continuous and dense embeddings
Z — Y — X. In addition, Y is an exact interpolation space between Z and
X.

We start with the assumptions on the operator A.

Assumption 2.1 (Operator A). Let A € L(Z,Y) be a skew-adjoint operator
in X withY C D(A) C X and let o = ||A|ly 5, i.e.,
|Az|ly < allzl|, forallze Z. (4)

For A we impose the following assumption.

Assumption 2.2 (Operator A). There exist a radius R > 0 and a family of
linear operators {A(y) : y € By (R)} on X such that for all y,y € By (R) the
following holds:

(a) A(y) € L(X) is self-adjoint and there is a constant v > 0 such that
Aly) > v, de, (z,Aly)z)x >v |5  foralze X. (5a)
Hence, A(y) is invertible in X with
AWl x o x <v (5b)

(b) The range Ran(I F A(y)~tA) is dense in X.
(c) There is a constant £ > 0 such that

[AQy) = AWl xx < lly = ylly - (5¢)
(d) A(y)=t € L(Y) and there is a constant €y > 0 such that
[4@) ™ =A@y oy < b ly =y (5d)

In the following, R always refers to the radius from this assumption on A.
For the operator ) we require the following properties.

Assumption 2.3 (Operator Q). Letr > 0 be arbitrary. We assume that there
is a constant ux = px(r) such that

IRl xx < px forall yeBy(R)NBz(r). (6a)

Moreover, Q(y) € L(Z,Y) for all y € By (R) and there is a constant my > 0
such that

1QW) = QWlly—z <my lly—dlly forall y,7 € By(R). (6b)
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To obtain error bounds in stronger norms, we also need the following as-
sumption on A.

Assumption 2.4. Let r > 0 be arbitrary. We assume that there exists a
continuous isomorphism S : Z — X such that for all z € By (R) N Bz(r)

AS .= SA. 871 = A, + B(z) (7a)
with linear operators B(z) € L(X) being uniformly bounded, i.e.,

I1B(2)llxex <8 (7b)
for some constant 8 > 0.

Remark 2.5. Let X := ||A(0)||x._x. Then the operators A(y), A(y)~", and
Q(y) are uniformly bounded in the corresponding norms, i.e., for ally € By (R)
we have

[AW) I xx < Ax ==X + (R (8a)
14 ly oy < vv = 4Oy oy + 0 R (8b)
1@y z <y = [QO)ly 7z +myR (8¢)

The first bound follows from (5¢), the second from (5d), and the third from
(6b).

In the following, v > 0 denotes a given parameter, which will be determined
later. The constants

ko = (vAx)Y? > 1 ki = ki(y) = 5 vi, (92)
co=[Sllxez IS s x ko =1, c1 = covy (a+ piy) (9b)
W= vy, w=w+kop, (9c)
Ly =tlx(a+ py)+vmx, Ly =ty (a+ py) + vymy (9d)

will be used throughout the paper.
The following well-posedness result was given in [16, Theorem 3.41].

Theorem 2.6. Let Assumptions 2.1-2.4 be fulfilled and let k € (0,1) and
r > 0 be arbitrary. By

Ry = Ro(k) = KE, ro =71o(k, 1) = ni (10)
Co Co

we define two radii satisfying Ry < R andrg < r. Then the following assertions
hold:

(a) For each ug € By (Ro) N Bz(ro) there exists a time

—Ink K c1
T = T(s,r, R) > mi 0 = () =12
oz min {0 o) =
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and a solution
u(-,up) =u € C([0,7],Z)NnC*([0,T],Y)
of (1) with
[u®)lly <R, and |u@)lz<r (0<t<T). (11)
(b) Ifv e C([0,T],Z)NC([0,T'],Y) is another solution of (1) with [[v(t)y <

R for allt € [0,T"] then v coincides with u on the interval [0, min{T,T"}].

2.2 Quasilinear Maxwell’s equations

Let £2 C R3 be either a bounded domain with boundary 842 or the full space
R3. We consider the Maxwell’s equations

0:D(t,z) = Vx H(t, x), te0,T], z € 02, (12a)
0B(t,z) = — VX E(t,x), te[0,T], z € 02, (12b)
V-D(t,z) =0, tel0,T], z € 2, (12¢)
V-B(t,z) =0, te0,T], z € 02, (12d)

with the constitution relations of the form
D(t,z) = E(t,z) + P(E(t,z)), B(t,x) =H(t,z) + M(H(t,x)). (12e)

Here, P, M € C"(R3,R3) (n € N is specified for different examples bellow) are
vector fields with positive definite matrices I + P’(0) and I + M’(0), respec-
tively.

For Maxwell’s equations on R3 let n = |s] + 1 for some s > 3/2. Then for

X :=L*R%»°  Y:=H'R®,  Z:=H"T(RS,

the problem satisfies the assumptions of Theorem 2.6, cf. [16, Theorem 4.9],
and is therefore well-posed.

On a bounded domain the well-posedness is proven for the case of Dirichlet
boundary condition for the E-field, see [16, Theorem 4.6]. Suppose that the
boundary 042 is C* and that n = 5. Then with

X = L*(2)%, Y = H*(2)° N H(2)°,
Z :={ue H (2} N H}(2)?: Auc H}(2)3}?

the assumptions of Theorem 2.6 are satisfied.

Example. In applications arising in physics, for instance the propagation of
light through optical materials in photonic crystals, the so called Kerr nonlin-
earity, where the polarization and magnetization are given by

PE)=x[EE (x€R), M=0

is of interest, cf. [3,19]. For x > 0, the operator A is globally invertible and we
can replace By (R) by Y in Assumption 2.2. Therefore, (1) is well-posed for
all initial data in Y, i.e., R can be chosen arbitrarily large. In the case when
x < 0, the operator A is locally invertible (in a neighborhood around 0) and
the well-posedness theorem still applies. ¢
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2.3 Quasilinear wave equation

Let 2 C R? (d < 3) be a bounded domain with boundary 9. We are in-
terested in solving a quasilinear wave equation with homogeneous Dirichlet
boundary conditions of the form

Opw(t,z) + O (K ow)(t,x) = Aw(t,z), t€][0,T), z € £,

13
w(t,z) =0, te[0,1], x € 002. (13)

For the nonlinearity we assume

KeC*R) and 1+K'(0)>0.

Local well-posedness of a strong solution was shown in [5]. It can also be ob-
tained from Theorem 2.6 by reformulating the problem as a first order system
of the form (1) where, for u = (uy, uz2) = (w, dw),

Alu) = (é 1+12'(u1)>’ A= (g (1)> Q) = (8 —K”(()ul)ug)’

cf. [16, Theorem 3.45 and Theorem 4.12] with

X = Ho(2) x L*(2), Y :=(H*(2)N Hy(2)) x Hy(£2),
Z:={ue H32)NHJ(2): Au € H}(2)} x (H*(2) N Hy(2)).

3 Additional properties of the operators

For the error analysis of the time integration methods additional properties of
the operators are required. These are collected in this section.

Lemma 3.1. Let Assumption 2.2 be fulfilled. For all y,y € By (R) we have
(a) HA 1/2HX<—X = >‘1/2

(b) (x, A(y)/*z)x > v LY |z)|% for all z € X.
(c) There is a positive constant ¢ such that

HA(y)l/2 - A@)I/QHXH( <lly=7ly-

Proof. (a) follows from (8a) and (b) follows from (5a).

(c) Since the spectrum o (A(y)) € J = [v™!, Ax], for y € By(R), there
exists an ellipse I' in the right complex half-plan which encloses J(A(y)). By
using the Cauchy integral formula for operators and the resolvent identity

A=A -—A=B)'=0-A"A-BN-B)"! (14)
we obtain

A(y)V? — A
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_ b /F $Y2(s — A(y) " (A(y) — A@)) (s — A@)) 'ds

21

Since A(y) and A(y) are self-adjoint, we have

a2 = a2 < s 1400 =A@ [ 11 as]

where d(I, J) denotes the minimal distance between I" and J. The claim then
follows from (5¢) for ¢/ = C(I,v, Ax ). O

To show the convergence of numerical methods in the X-norm we need the
following assumption.

Assumption 3.2. Let r > 0 be arbitrary. Then there exist constants £x > 0
and mx = mx(r) > 0 such that

[A@) ™ = AD |y y Sxlly=¥lx  forally,yeBy(R), (15a)
1Q(2) = Q)| xz <mx|lz—Zllx forallz,ZeBy(r). (15b)

Remark 3.3. The previous assumption can be easily verified for both quasi-
linear Mazwell’s equations (12) (on both R® and on a bounded domain) and
quasilinear wave equations (13).

For Mazwell’s equations we have @ = 0, so (15b) is obviously true. We
thus only sketch how (15a) can be shown. First we observe that

w0 = (T ) 0= (1),

Next we use the resolvent identity (14) for A = —P'(y1) and B = —P' (1)
and also for the M field. The boundedness of the resolvents and the Lipschitz-
continuity of P’ and M’ imply

HA(y)_l - A(g)_luLz(Q)sxs S ”y - g“X .

The claim then follows from

||( @ )UHX S ||1’"|L<><3((2)6 ||A(y)71 - A(m71||L2(Q)6><6
S lully ly = wllx -

The following assumption is needed for the proof of the Z-norm conver-
gence.

Assumption 3.4. Let r > 0 and z, Z € Bz(r) be arbitrary. Then there exist
positive constants Lz = Lz(r), mz =mz(r), and pz = uz(r) such that

A=) = AG) Y| 5y Stz llz =7z, (16a)
1Q(2) = QG 70z <mz 2 =25, (16b)
1@z z < 1z (16c)
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Remark 3.5. All properties can be verified for both quasilinear Mazwell and
quasilinear wave equation by straightforward (but rather lengthy) computa-
tions, i.e., by differentiating the expressions and bounding all the terms. (16a)
additionally requires P®) and M®) to be Lipschitz continuous for quasilin-
ear Mazwell’s equations with Dirichlet boundary conditions, and P € C(ls]+2)
and M € C51+2) for quasilinear Mazwell’s equations on unbounded domains.
(16b) additionally requires KW to be Lipschitz continuous for quasilinear wave
equations.

Under the last assumption we also have
||A(z)_1||Z<_Z <lzr+ HA(O)_1HZ<_Z =:1vy for all z € Byz(r) (17)

Lemma 3.6. Let Assumptions 2.1-2.3 be fulfilled and let r > 0 be arbitrary.
Moreover, let v, € By (R) N Bz(r). Then the operator A, defined in (1c)
satisfies the following estimates.

(a) For vy and py defined in (8) we have

||ALP||Y<_Z < VY(a + MY)~ (183,)
(b) For Ly defined in (9d) we have
[ = Aylly 7 < Ly lo = ¢lly - (18b)
(¢) If in addition Assumption 3.2 is fulfilled, for Lx defined in (9d) we have
[Ae = Ayllx 7 < Lx llo = ¥llx - (18¢)
(d) If in addition Assumption 3.4 holds and if u satisfies
[ull 7 + [[Aull; < 7a (18d)

for some r4 > 0, we have
1(Ap = Ay)ully < Lzralle = ¢l - (18e)
with Ly = Ez(]. + ,LLZ) +vzmyg.
Proof. (a) The inequality follows from (8b), (4), and (8c).
(b) Here we use
14p = Aplly o < [[(Ale) ™" = A@) DAy,
+[[(A(0) ™ = AW)THRW)|y,_, + [[A0) Q) — QWD ly 4 -

The claim follows by using (5d) and (4) for the first term, (5d) and (8c)
for the second term, and (8b) and (6b) for the last term.

(¢c) We use (15a) instead of (5d), (5b) instead of (8b) and (15b) instead of
(6b).

(d) Analogously to (c), but we use (16) and (17) instead of (15) and (5b). We
have

1(Ap = Ay)ully < (Ez([Aull; + pzllullz) +vzmz llullg) e =l 2 -

The statement then follows from ||ul|, + ||Aul|, < 7a.
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3.1 Stability estimates
For N € N and r,{ > 0 we define the function space F := E(N,r,() by

E(NaTaC) = {80: (9017"'790]\7) € ZN :
lerlly < R, llgrlly <rfor k=1,...,N, (19)
H@k-‘rl 7<)0k||Y S C fOI‘ k = 17"'5N7 1}
The following stability result is similar to the proofs of Lemma 3.21, Lemma
3.29 and Theorem 3.41 in [16]. Because of its importance for the well-posedness

results for the numerical solution, the sketch of the proof can be found in the
appendix.

Lemma 3.7. Let v >0 and ¢ = (p1,...,¢n) € E(N,r,77) be given. Then

(T —7Au) 7 (T =TAp) | oy < Ko(1 — 7))~ E7HD hr(k=i)T
N T@)f(kfﬁrl)ekl(kﬁ)f

H(I—TAw)fl"'(I_TA@_7)71|{Y<—Y = ’

[(T=7Ap) " (T =7Ap) M|, , < coll— 75 "kt gk (k=T

for all Tw < 1 in the first inequality, 7w < 1 in the second and third inequality,
and all 1 < j < k < N. The constants used here are given in (9).

4 Semi-implicit Euler method

In this section we consider the semi-implicit Euler method (2), which can be
written in the equivalent form

Ungr = (I —7Ay,) = (I —74,,) " (I = 7Au) tug.  (20)

4.1 Well-posedness and stability

We first prove that the approximations defined in (20) are well-posed and
uniformly bounded. Recall that the constants have been defined in (9).

Theorem 4.1. Let Assumptions 2.1-2.4 be satisfied and let x € (0,1) and
r > 0 be arbitrary. For each ug € By (Ro) NBz(ro), where the radii Ry, ro are
defined in (10), there exists a time

Ink c1
T>———F——= >0, where =~(r)=r—,
T k() 420 7 =) co

such that for all T < 19 = 3/(4w) and (N + 1)7 < T, there is a unique finite
sequence (u,)_, of semi-implicit Euler approzimations (20) satisfying

lunlly <R, and |unl|, <r, n=1,...,N. (21)
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Proof. We use induction on n to prove (21) and that the bound
|luksr —uklly <yr forall k=0,...,n—1 (22)

holds. For n = 0 the bounds (21) hold by assumption and the condition (22)
is empty.

Suppose that (21) and (22) hold for some n € {0,...,N — 1}. Then,
(ug,...,un) € E(n+ 1,r,v7) and we can apply Lemma 3.7 to (20) which
gives

ntally < coe®™ 20T fug|l,, tunsally < coe®™ 27T Jug|l ;. (23)
Here we used the bound

(1-¢6)71<e® for €< (24)

> w

for ¢ = 7. This proves (21).
Finally, by using a resolvent identity we obtain

Upt1 — Up = ((I —TA,,) ' - I) Up = TAy, (I —TA,) .
By taking the Y-norm and using (18a) and (23) we can bound
[un-s1 = unlly < Ty (@ + py) funtilly < rere® 297 |y,

where ¢; was defined in (9b). Inserting v and T' completes the proof. O

4.2 Error recursion

The Taylor expansion of the exact solution of (1) yields
w(ty) = u(tne1) — TO(tna1) — Ont1 (25a)
with defect -
Syl = /t OFu(t)(t, — t)dt. (25b)

n

Hence we have
U(tnt1) = ultn) + TAu, ) Wtns1) + Onga (26)
We define the error as
en = Up — Unp, Up = u(ty).
To simplify the following presentation we write

A = Aluy), Ay = Alu(ty)),
A, = Auna Izl\n = Au(tn)'
By subtracting (26) from (2) we obtain the error equation

€n+tl = €n + 7-(Anun+1 - An+1an+1) — Ony1 (27)

=en+ 7-Anen-ﬁ-l + T(An - A\n)an—i-l + T(A\n - A\n+1)an+1 - 5n+1-
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4.3 Convergence in the X-norm

Motivated by the energy techniques presented in [15] for parabolic problems
and [8] for linear Maxwell’s equations, we now prove the convergence of the
semi-implicit Euler method in the X-norm.

Lemma 4.2. Let Assumptions 2.1-2.4 and Assumption 3.2 be fulfilled. Let u €
C([0,T],Z)NCH([0,T],Y) be the exact solution of (1). Then for T sufficiently
small, the error e, = u, — u(ty,) of the semi-implicit Euler approzimation (2)
satisfies

N-1 N-1
||6NH§( <Tt™M Z Hen+1||§( + TUAX (Z

n=0 n=0

6n+1
T

2 N-—-1
2
L S pnnx) ,
X

n=0

for 0 < N7 < T, where

tn+t1
P = Upy1 — Uy = / o' (t)dt (28)
tn
and
M:2u(ux—i—%LX)\Xr—kE’)\;(/%y(a—i-uy)r—i—%/\X). (29)

Proof. Let A_; = 0. By taking the X-inner product of (27) with A, e, 11 we
obtain

(Ai/zen#-l - A;/Elenv/li/zen—&-l)X :T(Anen-s-l, An€n+1)x
+7((An — A\n)an—&-la Apeni1)x
+7((An = Apg 1)1, Anensa)x - (30)
(A2 = A2 e, A %en1) x
= (041, Anént1)x-
We bound each of the terms on the right-hand side separately. For the first
term we use that A is self-adjoint, A is skew-adjoint, and (6a) to get

T(Aneniis Anenii)x = T((A+ Q(un))ent1s eni1)x < Tux lleniill% - (31)

By applying the Cauchy-Schwarz inequality, (18c), (8a), and (11), for the
second and the third term we obtain

T((An - A\n)an—&-la An6n+1)X <7LxMx ||an+1HZ ”6on ||€n+1HX (32)
T 2 2
< 7 Lo (lealf + llentaly)

and, with p,, defined in (28),

o~

T((An = Ap1)8ns1s Anengr) x < TLxAX Bt |l [Tns1 = Tnllx llensallx

.
< 2 LocAxr (lonly + lensil) - (33)
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To bound the fourth term we use Lemma 3.1 to get

1/2 1/2
(AN = A2 ens A enin)x < O un = un—ily llenllx llensallx

T 1\1/2 2 2
< SO vy (@t m)r (leally +llearlk ) (39)

where we used (21) and

[[un — un—1||Y =T ”An—lunHY < 7vy(a+ py) Hunllz

for the second inequality. The latter bound follows from (2) and (18a).
For the fifth term it holds
Ax (‘

The claim now follows by summing (30) for n = 0,..., N — 1 and using the
estimates (31)—(35) to bound the right-hand side. For the left-hand side we
use eg = 0 to show

2
6n+1

(6n+1» An€n+1)X S

(N

X

- ||en+1||i> : (35)

N-1

1 2
Z (AY 2,41 — A2 en, A e 1) x > 3 HA%: NH
n=0
1
Z SV lenx (36)

where the first inequality follows from

N-1
D (Wn = vno1,00) = 3 llowal? + 5 oval® = (on—2,v8-1) + § [lon—a?

n=0
+ 3 lon—all* = (on—5,vn—2) + 5 [low 3]
+ ...
+ 3 lleoll” = (v-1,00) + 5 llo-1 ]
= 5 v )?
> L(lov-1l® = llo-a %),

for v, = AY %ent1 (Where v_; = 0). The last inequality in (36) is a consequence
of (5a). O

Theorem 4.3. Let the assumptions of Lemma 4.2 be fulfilled. We additionally
assume u" € L?*(0,T; X). Then for T sufficiently small, the error e, = u, —
u(ty) of the semi-implicit Euler method is bounded by

T T
||€NH§( < e2MTy)\ 72 (/0 ||u”(t)||§(dt+ LXT/O

Il (8115 dt)

with M = M(r) given in (29), i.e., the method is convergent of order one.
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Proof. By a discrete Gronwall inequality and the previous lemma, it follows

that
2 N—-1
ey pnnx)

n=0

N-1

||eN||§( < EEMTy\xr (Z

n=0

6n+1

for 7 < %Mfl The bounds

N-1 2 T N-1 T

2 2 2
> < T/ [u" @) dt, > llealk < T/ [/ ()|l dt,
n=0 X 0 n=0 0

for the defects 0,41 and p, defined in (25) and (28), respectively, imply the
stated result. O

5n+1

4.4 Convergence in the Z-norm

Lemma 4.4. Let Assumptions 2.1-2.4 and Assumption 3.4 be fulfilled. Let
u € C([0,T],Z) N CH[0,T),Y) be the exact solution of (1) and assume that
it satisfies (18d) uniformly in t. Then for T sufficiently small, the error e, =
Uy, — u(ty) of the semi-implicit Fuler approzimation (2) satisfies

N-1
2 2
lenllz <Mz Y llentallz
n=0
N—-1 5 2 N—-1
2 +1
+ 1vR(S)?Ax <Zo nT +Lzm ZO IIpnllz>
n= n

where Mz = Mz (r) is given in
2 3 /\1/2 1
My = 2uk(S) (MX +AxB+ SLadxra+ N vy (a+ py)r + §>\X) (37)

and where k(S) = ||S| x._, ||S_1||ZHX denotes the condition number of the
operator S.

Proof. We multiply (27) by S and use (7a) to obtain

Seni1 — Sen = 7(Ap + B(up))Sens1 + 75(An — A )insn
+ TS(A\n - A\n+1)an+1 - S(Sn+1~

By taking the X-inner product with A, Se,+1 we have

(Ai/ZSen_H—Ai@lSen,A}/QSenH) =7((An + B(un))Sent1, AnSent1) x

T(S( An)an-‘rla Ansen-l—l)X
(S(An - A\n-‘rl)an-‘rla Ansen-i-l)
(A2 = A2 Sen, A2 Sen 1) x

n

ot
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- (56n+17 Ansen+1)X

We bound each of the terms on the right-hand side separately. For the first
term, we again use that A is skew-adjoint, A is self-adjoint, (6a), (8a), and
(7b) to show

7((An + Blun))Sent1, AnSens1)x < 7(px +AxB) [z lentalz

We apply the Cauchy-Schwarz inequality and (18e) to bound the second term
by

T(S(An — A\n)anJrh ApSent1)x

~

< ISk [ (An = A)ins |1 4nSensallx

2 2
lenllz + llentillz)-

r
< 5 IS5z AxLzral
Similarly, as in (33), for the third term it holds
T(S(gn - A\n+l)an+17 ApSeni1)x
T 2 2 2
< 2 18Iz AxLzra (loally + llensal)

where p,, was defined in (28). We bound the fourth and the fifth term analo-
gously as in the proof of Lemma 4.2, which gives

(A2 = AY2))Se,, A2 Se, 1) x

T 2 1/2 2 2
< TSIz O v (@t o )r (lleally + lensa )

2
2
+ ||€n+1z> .

and

6n+1

(SOnt1,AnSeni1)x < = ||SHX<—Z)\X <’
z

Summing these bounds from 0 to N — 1 and using

N-1

S (A2 Serir — A Sen, AY2Senn)x = LIS 57 v lenl
n=0
for the left-hand side proves the lemma. O

Theorem 4.5. Let the assumptions of Lemma 4.4 be fulfilled and in addition
assume u' € L?(0,T;Z) and v € L?(0,T; Z). Then for T sufficiently small,
the error of the semi-implicit Euler method is bounded by

T T
lewl% < 22T um(S)2Ax 7 (/ " (6)] dt + Ly / ||u'<t>||édt).
0 0

with Mz = Mz(r) given in (37), i.e., the method is convergent of order one.

Proof. The proof is analogous to the proof of Theorem 4.3. O
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5 Implicit Euler method

Next we consider the (fully) implicit Euler method (3) which we write as
Uns1 = (I — TAunH)flun. (38)

In contrast to the semi-implicit Euler method where the approximations are
defined via a linear problem, here a nonlinear problem has to be solved to
compute upy1 from u,. This makes the analysis more involved.

5.1 Well-posedness

We start with proving that the approximations are well-posed by following
ideas from [16, Theorem 3.41] which are based on Banach’s fixed point theo-
rem.

Theorem 5.1. Let Assumptions 2.1-2.4 be satisfied and let v € (0,1) and
r > 0 be arbitrary. For each uy € By (Ro) NBz(ro), where the radii Ry, o are
defined in (10), there exists a time

1

—Ink K
T:T R > i ~ > 0, == = —,
(k,r, R) > min { () £ 25 reoLy } v =(r) TCO

such that for all T < 79 = 3/(4W) and (N + 1)7 < T, there is a unique finite
sequence (u,)_ of implicit Euler approximations (38) which satisfy (21).

Proof. The space E = E(N,r,7v) defined in (19) equipped with the metric

d = - E
(p.9) = max llop —illy, @9 €
is a complete metric space. For ¢ = (¢1,...,¢0n) € E we define a function
®,,: E— XN by
Dy (0)r = (I — 7'141%)_1 < (I = 7'14%)_11107 k=1,...,N.

It is easy to see that a fixed point of @, is a solution of (38), i.e., @, (¢) = ¢
is equivalent to

o =1 —7A,) " (I —TA,) tug, kE=1,...,N.

For the existence of a unique fixed point we have to prove that &,, is a
contraction on (E,d). We first prove that @,,, leaves E invariant. Analogously
to the proof of Theorem 4.1 we obtain for T" given in the theorem

19us (@)illy < coe®™ 2T Juglly < R,
II%O(w)kllz < co M o], < (39)
1y (@41 = Pug (©)illy < Tere™ 2 YJug|, < 47,

where ¢g and ¢; are defined in (9b). Thus @,,(p) € E.
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It remains to prove that @, is a contraction on FE, i.e.,
A(Puy (), Puo (V) S K d(p, ), @ €EE. (40)
Writing G}f’k =1 and
Gpi=—71Ay) - (I-74y,)"", 0<j<k<N,

we have

D, ((P)k — Py, (w)k

k—1
= Z G;f’kfi ((I - TASDk—i)_l - (I - TAwk—i)_l) foiq,o“O-
=0

For the factor in the middle we use the resolvent identity (14) to obtain

k-1
Dy, ((P)k — Py, (w)k =T Z Gz,k—i—l(ASDkfi - Awkfi)Gsls—i,Ouo'
i=0
Lemma 3.7 and (18b) yield
1Puo (£)k = Puo ()]l
k—1
< T; HGg,kfzélH}N_Y H(Awkﬂ' - Awk—i) |Y%Z HGf?i’OUOHZ
k—1
= Tcg(l - Ta)i(kJrl)@kl(kil)TLY l[woll Z lpr—i — Yr—illy -
i=0

By taking the maximum over all k we finally obtain the bound
d(@uo(@)a quo (u))) S Tcge(k1+2a)TLY ”uO”Z d(@v ¢)
Therefore, @, is a contraction for the 7" given in the theorem. O

Remark 5.2. The interval of existence for the implicit Fuler method differs
from the one in the continuous case (Theorem 2.6) only by a factor of two in
front of &. This factor comes from the factor two in the estimate (24) which
we have used in the well-posedness proof of the semi-implicit Euler method and
also in the proof for the implicit Euler method. Note that we can choose a factor
arbitrarily close to one if £ is sufficiently small. Thus, the time interval on
which the implicit Euler method is well-posed can be extended to the existence
interval of the continuous problem in the limit T — 0.
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5.2 Error recursion

Subtracting (26) from (3) and using the same notation as in Section 4 we have

€n+1 = €n + T(An+1u7z+1 - An-l—lﬂn-‘rl) - 5n+1a

or, equivalently,

~

€nt+1 = €n + 7—An—&-len—‘rl + T(An+1 - An+1)an+1 - 6n+1- (41)

5.3 Convergence in the X-norm

We proceed by proving the convergence of the method in the X-norm.

Lemma 5.3. Let Assumptions 2.1-2.4 and Assumption 3.2 be fulfilled. Let
we C([0,7],2) N CLH[0,T],Y) be the exact solution of (1). Then for T suffi-
ciently small, the error e, = u, — u(t,) of the implicit Fuler approximation
(3) satisfies

N-1 N-1 5 2
2 - 2 nt1
HeN”X <tM Z ||en+1||x +TUvAx Z - ,
n=0 n=0 X
where
—_ 1
M=M(r)= 21/(#)( + LxAxr+ E’)\yzuy(a + py)r + 5)\)(). (42)

Proof. By taking the X-inner product of (41) with A, 41e,4+1 We obtain

(Avllf1en+1 — A%, Ai/fﬁnﬂ)x =T(Ant1€n+1; Anp1€nt1)x
+7((Apg1 — Aps1)ling, Apt1€ny1)x
1/2 1/2
+ ((An/-‘,-l - A711/2)en7 An/+16n+1)X
— (Ont1; Angi1€nt1)x-

We bound all terms on the right-hand side as in the proof of Lemma 4.2 and
obtain

1/2 1/2
(An{i-len‘i‘l - A}L/Qen’ An/_g_len—&-l)X
< 7px llensll + 7 LxAx @1l 5 llensaly

T 1/2 2 2
+ SO vy (@t y) funsll; (leall + llensl% )

2
.
+ 5 (‘ + ||en+1§<> -

The claim now follows by summing the last inequality from 0 to N — 1 and
using the same estimate for the left-hand side as in the proof of Lemma 4.2. [J

5n+1

X
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Theorem 5.4. Let the assumptions of Lemma 5.3 be fulfilled and in addition
assume u'" € L?(0,T; X). Then for 7 sufficiently small, the error e, = u, —
u(ty) of the implicit Euler method is bounded by

T
i 2
lenl% < M TuAxr? / " (0)|1% dt,
0

where M = Z/W\(?“) is given in (42), i.e., the method is convergent of order one.

Proof. Analogously to the proof of Theorem 4.3. O

5.4 Convergence in the Z-norm

Lemma 5.5. Let Assumptions 2.1-2.4 and Assumption 3.4 be fulfilled. Let
u € C([0,T],Z) N CH[0,T),Y) be the exact solution of (1) and assume that
it satisfies (18d) uniformly in t. Then for T sufficiently small, the error e, =
un — u(ty) of the implicit Euler approximation (3) satisfies

N-1 N-1
lenlly < 7Mz Y llentally +mva(S)°Ax D

n=0 n=0

2
5n+1
)

Z

where My = ]/\/[\Z(r) is defined as
= 2 1\1/2 1
My = 2vk(S) (ux FAxB+ Lodxra + A 2oy (a + py )r + 5/\X). (43)

The condition number k(S) was defined in Lemma 4.4.

Proof. We multiply (41) with S and use (7a) to obtain

o~

S€n+1 — Sen = T(An + B(un))Sen+1 + ’TS(An+1 — An+1)an+1 — 55n+1~
By taking the X-inner product with A, 1Se,41 we have

(Ai/flSen+1 - A,lm/zsen,A:LflSen_H)X
=7((Ant1 + B(unt1))Sent1, Antr1Sent1)x
+7(S(Aps1 — Apg 1)1, Ang1Sentn)x (44)
+ (A2 = AY)Se,, A2 Senin)x
— (S0p41, Ant15€nt1)x
The claim now follows by using the same estimates as in the proof of

Lemma 4.4.
]
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Theorem 5.6. Let the assumptions of Lemma 5.5 be fulfilled and assume
' € L*(0,T;Z). Then for T sufficiently small, the error e, = u, — u(t,) of
the implicit Fuler method is bounded by

— T
lewly < T Tum(s)2Ax7? [ (o) de
0

with My = ]/\4\2(7“) given in (43), i.e., the method is convergent of order one.

Proof. The proof is analogous to the proof of Theorem 4.3. O

A Stability estimates

In this appendix we sketch the proof of Lemma 3.7.
For ¢ € By (R) we define inner product

With X, we denote the space X endowed with this inner product. From (5a) and (8a)
follows that the associated norm is uniformly equivalent to the X-norm, i.e.,

AHlel? <zl <viel?, zeX. (45)
By using (5¢) and (45), for ¢, € By (R), we have

2]l = (A(p)z, 2)x = (A(W)z,2)x + (Alp) = A(W))z, 2)x
< Hlzlly, +lle = Dlly llzlx < @+ lle = vlly) Izl -

It follows that
”Z‘H < el ||acH for Hgo—wH <’y’77 (46)
P — P Y —

where k1 := k1(7y) is defined in (9a).

For a Banach space V' and real numbers C' > 1 and a > 0 we denote by G(V, C,a) the
set of all infinitesimal generators of Cp-semigroups of type (C,a) on V. We show that for
¢ € By (R) there holds

Ay € G(Xyp, 1,w), (47a)

where w is defined in (9c), which then implies the following bound for the resolvent

(1 - TA¢)71‘|X¢<_X¢ <(1—7w) b for Tw< 1. (47b)

From (A(¢)~'Az,x), = 0, Assumption 2.2(b), the fact that A is a closed operator
in X (since it is skew-adjoint) and the norm equivalence (45) we can conclude by using
the Lumer-Phillips theorem, cf. [6, Theorem I1.3.15], that A(¢) ™A generates a contraction

semigroup on X,. Further on, A(¢)~'Q(¢) — wl is a bounded operator on X, and
(A@)7'Q(p) —whz, ) < px 2% —wlal? < (uxv —w) |l]? =0,

ie., A(p)~1Q(p) — wl is dissipative in (-,-),. Therefore, by the perturbation result [6,
Theorem II1.2.7], we have that A, — wl generates a contraction semigroup on X, i.e.
Ap —wl € G(Xy,1,0). (47) now follows by the bounded perturbation theorem (cf. [6,
Theorem II1.1.3]).

We proceed as follows by using (45), (46) and (47) to obtain the X-norm estimate. For
Tw < 1 there holds

”(I - TALPk)_l (I = TALPj)_luHX
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SV = rAp )T (= T Ag) |,

< 1/1/2(1 - ‘l'w)f1 ||([ — ‘rAg,,kfl)*1 (I = Tij)71u||¢k

< VA1 = 7w) TR = r A )T (T =T AG) |

<...< V1/2(1 _ Tw)—(k—j"rl)ekl(k—j)‘r ”u”(‘aJ

< ko(1 — rw) ~RTI T R =T gy

To get the Z-norm estimate we use the operator A;E = A, + B(p) defined in (7a). For
¢ € By (R)NBz(r), by (7b) and (45), we obtain

1/2 1/2
1Bz, < A IB@2lx < AL2Bl2lx < koB 2,

ie., ”B(‘p)”X(Pqu, < kof. Applying the bounded perturbation theorem again gives that

for ¢ € By (R) N Bz(r) it holds
AS € G(Xyp,1,@)

where @ is defined in (9¢). For 7@ < 1 we can write
[(1=7Ag )™ (T = 7Ap) Hul , = Hsil(l — AT - TAij)ilsqu
—1 S \—1 S \—1
U187 e 7 = AZ) T (= AT T s

and proceed as above. This yields the bound in the Z-norm. Since Y is an exact interpolation
space between Z and X, the second inequality follows immediately.
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