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Abstract:
The interactions of a beam of hard and spatio-temporally
coherent X-rays with a soft-matter sample primarily induce a transverse
distribution of exit phase variations δ φ (retardations or advancements in
pieces of the wave front exiting the object compared to the incoming wave
front) whose free-space propagation over a distance z gives rise to intensity
contrast gz . For single-distance image detection and |δ φ |  1 all-order-in-z
phase-intensity contrast transfer is linear in δ φ . Here we show that ideal
coherence implies a decay of the (shot-)noise-to-signal ratio in gz and
of the associated phase noise as z−1/2 and z−1 , respectively. Limits on
X-ray dose thus favor large values of z. We discuss how a phase-scaling
symmetry, exact in the limit δ φ → 0 and dynamically unbroken up to
|δ φ | ∼ 1, suggests a filtering of gz in Fourier space, preserving non-iterative
quasi-linear phase retrieval for phase variations up to order unity if induced
by multi-scale objects inducing phase variations δ φ of a broad spatial
frequency spectrum. Such an approach continues to be applicable under
an assumed phase-attenuation duality. Using synchrotron radiation, ex and
in vivo microtomography on frog embryos exemplifies improved resolution compared to a conventional single-distance phase-retrieval algorithm.
© 2016 Optical Society of America
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Fig. 1. Principle of image formation in propagation based phase-contrast X-ray radiography. (a) snapshot of a 2D slice through a set-up where a perfect plane wave of constant
intensity Iinc impinges on an object. Locally curved and attenuated wave fronts exit the object at z = 0 with intensity Iz=0 . Even without object attenuation self-interference induces
inhomogeneous intensity Iz in the detector plane at z > 0 (propagated projections at varying
z of a fixed stage-12 Xenopus laevis embryo, see Appendix B). (b) representation of wave
amplitude along dashed line ∆ in (a). Object induced attenuation is indicated by a drop of
amplitude at z = 0.

1.

Introduction

Due to their penetrating power, hard X-rays allow for genuine three-dimensional structural and
functional imaging of entire organisms. In particular, vertebrate model embryos such as Xenopus laevis (optically opaque) can be imaged in vivo in four dimensions and with micrometer
spatial resolution, appealing to X-ray phase contrast [1, 2]. As early developmental stages are
composed of light elements only, essentially, such embryos act as pure-phase objects from an
imaging point of view (δ /β ∼ 103 [3] for X-ray energies E ∼ 30 GeV, δ , β representing the
projected refractive index n = 1 − δ + iβ (δ = δ (x), β (x) > 0, real). Note, however, that nonvanishing values of β can pose a severe dose problem, in particular for tomography where
many projections of the object are required. Presently, established light microscopy methods
are applied in developmental biology to investigate embryonic cell and tissue dynamics both
using explanted wildtype tissue in vitro [4] and genetically manipulated (functional modification [5] and fluorescent proteins [6]) entire specimen. Note that fluorescence microscopy, albeit
chemically sensitive, does not provide dense structural information and is limited to peripheral
cell layers even for optically translucent specimen.
The theory of propagation based X-ray phase-contrast imaging assumes beamlike electromagnetic waves [7] described by Fresnel theory [8], paraxiality simplifying the field content
and dynamics of Maxwell’s equations: a complex, scalar wave field ψz satisfies a Schrödinger
equation in two transverse spatial dimensions (x⊥ , coordinates orthogonal to optical axis) and
one temporal (z, coordinate along optical axis) dimension. The thus presumed dominance of
transverse variations of ψz over longitudinal ones plays out, e.g., when transmitted wavefronts
in hard and coherent X-rays free-space propagate [9–11], see Fig. 1.
Because of their large oscillation frequencies, quantitative assessments of the advancement/retardation of pieces in the exit X-ray wave front (z = 0) (relative phase variations δ φ )
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must be retrieved from temporally averaged interference effects as manifested by intensity variations in a transverse plane z > 0. To determine the exit phase map φ from a full-field intensity
measurement, various possibilities exist, e.g., the use of grating interferometry [12–15] or a
multi-distance defocussing method [16, 17]. For in vivo tomography, repeated exposures under
one and the same projection angle are, however, dose prohibitive and often not commensurate
with rates of cell motion in the living specimen. Phase retrieval from a single-distance full-field
intensity measurement with a sufficiently low noise-to-signal ratio (NSR), as induced by freespace propagation of the exit wave field for large values of z, then is the only feasible route.
To interpret such intensity data quantitatively, a thorough understanding of contrast transfer between exit phase and intensity throughout a potentially non-linear regime of phase variations
is required. Optimal tomographic reconstruction of the object aims at (i) a maximum of spatial
resolution at a minimum of dose, (ii) best possible sensitivity to phase variations, and (iii) a
computationally efficient algorithm to enable large and well monitored throughput. In the following we denote the incident intensity and intensity detected at propagation distance z by Iinc
and Iz , respectively (Fig. 1). Given a (static) sample and an X-ray detection system, the attainment of an optimal intensity contrast gz = (Iz − Iinc ) /Iinc depends on beam coherence (spatial
and temporal), photon flux density (temporal resolution), z, and dose (NSR). The present paper
intents to tackle this optimization problem by investigating the z dependence of the NSR in gz
and φ when the smallness of phase variations δ φ cannot be assumed.
Even under ideal conditions an exact inversion of the contrast transfer from φ to gz is impossible [18]: a local expansion of this relation invokes non-linearities, including infinitely high
powers of transverse derivatives [19]. Therefore, large phase variations δ φ represent strongly
coupled classical fields which precludes a perturbative strategy. Starting with a review of linear
models in Sec. 2.1, we elaborate on a non-perturbative yet algebraic and thus efficient approach
to the phase retrieval problem [20, 21], based on identifying an exact phase-scaling symmetry
in the limit δ φ → 0. Increasing δ φ , forward propagation continuously strengthens the explicit
breaking of this phase-scaling symmetry. However, for multi-scale phase objects of a broad
spectrum of spatial frequencies it turns out that this effect dominates linear contrast only within
thin concentric rings in transverse Fourier space. The non-linearly (and non-locally) induced
contrast, however, turns out to be marginal when compared to linearly induced contrast along
the spectrum. As a consequence, these above-mentioned rings can safely be ignored when retrieving φ from gz . On the other hand, dynamical symmetry breakdown, that is, a dependence
of the radial positions of ring centers on the strength of phase upscaling, is critically delayed.
These two facts reveal a definite, quasi-linear relation between F gz and F φ which includes
a regime of sizable phase variations (δ φ ∼ 1, F referring to transverse Fourier transformation, see Sec. 2.2). This is reminiscent of quasi particles, describing the effects of moderate
interactions in terms of a (locally) renormalized free-particle dispersion relation – a ubiquitous
concept in condensed-matter, particle, and plasma physics [22, 23]. Here a spatial frequency ξ
serves as a “particle” label in a dispersion relation connecting (complex) “energy” F gz (ξ ) and
(complex) “momentum” F φ (ξ ) in a linear way except for the above mentioned rings. Within
such a ring many-to-one maps induce “energy” F gz of “particle” ξ from “momenta” F φ (ξ 0 ),
belonging to an extended range of “particles” {ξ 0 }, centered at ξ . Therefore, collective effects
control the emergence of non-linear contrast: the spectral contrast in the center of a ring can
be considered a many-particle state. As is shown in Sec. 2.2 and Sec. 3 based on simulations,
the dependences of linear contrast transfer on z and on shot noise (Sec. 2.1) as well as phaseattenuation duality all remain valid if ξ is not part of a ring. Quasi-particle phase retrieval –
an inversion of the quasi-linear φ -gz relation in transverse Fourier space – therefore enjoys a
rather universal applicability. It should be noted though that our results do depend on the fact
that a large ensemble of spatial scales is assumed to be present in the object. Intensity contrast
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induced by single-scale objects starts to behave non-linearly throughout the entire spectrum for
small phase modulations already [24]. In particular at small frequencies, the spectrum of the
intensity contrast induced by the propagation of a single-scale phase object exhibits additional
zero crossings in the far-field regime not predicted by any linear model.
In Sec. 4 we demonstrate the utility of this approach in tomographically imaging Xenopus
laevis development both ex and in vivo. While the requirements on dose are less severe in
the former case, where a practically noise-free situation can be tested by long exposures, we
clearly show that comparable results in view of contrast and resolution are obtained in vivo at
a significantly reduced dose (factor 2.5) when the propagation distance is increased from z =
0.7 m to z = 3.6 m. In Sec. 5 we briefly summarize our results and discuss how a new generation
of diffraction limited X-ray sources will boost the dose efficiency of X-ray propagation based
phase-contrast tomography employing quasi-particle phase retrieval from intensity measured at
a single distance in the tens of meters.
2.
2.1.

Pure-phase specimen
Linear Models

We first consider ideal spatio-temporal coherence in a parallel beam. Noisy contaminations in Iz
then arise from indeterministic photon emissions by the radiation source, light-matter interactions within the object, quantum fluctuations of the radiation field, and the detection process itself. Effectively, we model all these influences by one and the same Poisson statistics on Iz (shot
noise). In well set up in vivo imaging experiments, shot noise, as invoked by finite exposure
times, dominates the systematic errors introduced, e.g., by monochromatization (roughness of
crystal surfaces), detection (inhomogeneous scintillation, dark currents), and inhomogeneities
in sample illumination. For a sufficiently small exposure time τ this causes a reduction of contrast and resolution in the retrieved 2D exit phase map as compared to the resolution limit
2∆x attained for τ → ∞. For X-rays of wavelength λ = 10−11 · · · 10−10 m  ∆x ∼ 10−6 m the
diffraction is four to five orders of magnitude lower than the resolution limit set by the effective
pixel size ∆x.
Considering linear contrast transfer, we now provide evidence that the average NSR of
gz falls off with increasing z. Suppressing shot noise, a two-fold application of the Fresnel
diffraction integral for a situation with transverse translation invariance (infinite field of view)
yields [18],
Z

πz 
πz  
(F Iz ) (ξ ) = d2 x⊥ ψ x⊥ − ξ ψ ∗ x⊥ + ξ
k
k
× exp (−2πiξ · x⊥ ) ,
(1)
where ξ denotes the 2D vector of transverse spatial frequency and k ≡ 2π/λ . For
objects lacking long-range order the exit wave field is reliably modeled as ψ (x⊥ ) ≡
√
Iinc exp [−B (x⊥ ) − iφ (x⊥ )], B and φ representing beam projections of β and δ , respectively.
For pure-phase objects (B = 0), the right-hand side of Eq. (1) expands as [21]
(F gz ) (ξ ) = 2 sin (σ ) (F φ ) (ξ )
Z



d2 ξ 0 (F φ ) ξ 0 (F φ ) ξ − ξ 0


Z
4π 2 ξ · ξ 0 z
2 0
+ exp (iσ ) d ξ exp −i
k
h
i


× (F φ ) ξ 0 (F φ ) ξ − ξ 0 + O (F φ )3 ,
− cos (σ )
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where σ ≡ 2π 2 zξ 2 /k. A truncation at linear order in (F φ ) is a valid approximation to image
formation if


πz 
πz 
(3)
φ x⊥ − ξ − φ x⊥ + ξ  1
k
k
for all x⊥ within the field of view (FoV) and for ξ satisfying |ξ | < ξc . Here the radial spatialfrequency cutoff ξc is given as ξc ≡ 1/(2∆x).
Conveniently, |δ φ |max is defined as the maximum of the left-hand side of (3) over all admissible x⊥ and ξ . In the limit z → 0, the series in Eq. (2) is dominated by the linear-in-z part of
the term which is linear in (F φ ), corresponding to so-called Paganin phase retrieval [25]. The
algebraic inversion of (F gz ) (ξ ) = −σ (F φ ) (ξ ) imposes a low-pass filter on (F gz ) which
introduces a second-order pole at |ξ | = 0. This pole is usually regularized by letting σ → σ + ε
(ε  1 a positive, real constant), see Sec. 3 for a physical interpretation.
More specifically, by
p
suppressing high-frequency information within range ξc > |ξ | > k/4πz ≡ ξP , Paganin phase
retrieval depletes attainable compared to maximal resolution set by ξc−1 = 2 ∆x, unless ξc ∼ ξP
or z = k(∆x)2 /π (edge-enhancement regime, see Fig. 2(a)). For E = 20 keV and ∆x = 1 µm, this
happens at z ∼ 3.2 cm.
In vivo imaging, e.g., the development in Xenopus laevis (African clawed frog) [1, 2], gz is
unacceptable at such low values of z in view of the high noise-to-contrast ratio Rgz , see Eq. (6)
and Fig. 2(c). For contrast transfer according to the linear order in Eq. (2) this is explained by
the small slope of the sine function in ξ 2 for σ  π. To discuss this further, we define the
noise N Q of quantity Q, which depends on Iz , as the difference between Q, evaluated for a
given shot-noise level of Iz , and Q, evaluated on the noise-free intensity Iz . Also, we define the
dimensionless angular average of the modulus of the transverse Fourier transform of Q as
e (|ξ |) ≡
Q

Z 2π

1
2π

2
FoV d x⊥

R

dϕ |F Q| (ξ ) .

(4)

0

In numerical simulations, the integral in Eq. (4) is approximated by a sum over 4 equidistant
angles, ϕ j = γ + 90◦ · j ( j = 0, · · · , 3) where the offset angle γ > 0 is chosen such as to exclude
on-axis truncation rods. We have checked that such a way of approximating the right-hand side
of Eq. (4) does not affect any of this work’s conclusion, see also [26] for a refined numerical
implementation of this angular average. Moreover, the modulus of Q, averaged over the FoV
(transverse average), is abbreviated as
d2 x⊥ |Q|
FoV
R
2
FoV d x⊥

R

Q≡

.

(5)

Fig. 2(c) depicts log10 Rgz , where Rgz is defined as
Rgz ≡

N gz
,
gz

(6)

when prescribing a 1.5 % shot-noise level for Iz . Note that Rgz is larger than unity for z < z1
−1/2 beyond z = z as suggested by Figs. 2(a) (g ∼ z1/2 for large z) and
and falls
z
1
 off as ∼ z

g
2(b) N gz (|ξ | = 0) ≤ N gz . For |δ φ |max = 1, simulated z dependences of gz and the radial
spectral moments M1 , M2 , defined as
Mi ≡

R 2
d ξ (|ξ | /ξc )i |F Iz /I0 | (ξ )
R
,

d2 ξ |F Iz /I0 | (ξ )

(i = 1, 2) ,

(7)

are shown in Fig. 2(a). The linear rise of function gz at low z is dominated by local contrast
growth at edges up to the peak position of M1 and M2 where maximum edge enhancement
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Fig. 2. Image formation in full Fresnel theory and linear phase retrieval for the pure-phase
case subject to statistical noise in dependence of propagation distance z at E = 20 keV and
∆x = 1 µm using Lena as an exit phase map which is representative of broad class of purephase samples with a sufficiently broad frequency spectrum. A maximum exit phase variation of 1 constitutes the input for the simulated forward propagation used in (a) through
(c) and of 0.01 (linear case) in (d) through (f). (a) gz and first, second radial moments, M1 ,
M2 (for definition see Eq. (7)), in dependence of z. The peak position of M1 and M2 indicates maximum edge enhancement. Here the right-hand side ordinate depicts the values
of gz while the left-hand side ordinate associates with the values of M1 and M2 . (b) radial
g
spectra N
gz (for definition see Eq. (4)) for three distinct values of z and a Poisson noise
level of 1.5 % on Iz . Note that there is no relevant z dependence of these spectra. (c) logarithm of Rgz (for definition of Rgz , see Eq. (6)), (d) radial spectra of retrieved phase, φe, from
noiseless gz for three distinct values of z. There is no dependence on z. (e) logarithm of
gφ , induced by 0.1 % Poisson noise on Iz ,
the radial spectra of noise in retrieved phase, N
for three distinct values of z. (f) transverse average of modulus of retrieved phase’s noise
(0.1 % Poisson noise on Iz ), N φ , as a function of z, see Eq. (5).
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occurs. Larger values of z separate and widen the fringes, formerly “condensed at the edges,
such that the image is characterized by multiple, resolvable fringe orders per edge. While the
amplitude of a given fringe order saturates to certain values as z rises quantity gz ∝ z1/2 yet
increases because of this growth of fringe multiplicity.
Keeping only the local (linear) term of Eq. (2), Figs. 2(d) and 2(e) depict φe (retrieved phase
gφ (noise level of 0.1 %) for z = 0.5 m, z = 1.0 m, and z = 2.0 m.
based on noiseless Iz ) and N
gφ and N φ fall off with increasing z (Fig. 2(f)).
e
While φ is approximately constant, both N
gφ and because N gz is constant in z (for constancy
Since N φ essentially is given by lim|ξ |→0 N
g
of N
gz in z, see Fig. 2(b)) we have N φ ∼ z−1 as confirmed by the fit of Fig. 2(f).
Experimentally, z can not be raised indefinitely due to partial spatial coherence: Only if the
blur b of Iz , introduced by the spatial extent of an incoherently emitting source (van-CittertZernike theorem [27,28], propagation induced transverse coherence length lt = λ /2 × d/s with
d the source-object distance and s the maximal transverse extent of the source), satisfies b =
zλ /(2lt ) ≤ 2∆x does contrast transfer from phase to intensity exhaust the 2D transverse Fourier
space up to ξc , in compliance with Eq. (1). That is, partial transverse coherence limits z to
z ≤ 4∆xlt /λ . For E = 30 keV (E = 20 keV), d = 150 m, s = 150 µm, and ∆x = 1.6 µm this yields
lt = 20.7 µm (lt = 30.99 µm) and z ≤ 3.2 m. On the other hand, there is a lower bound on z due
to partial temporal coherence (or monochromaticity, m ≡ ∆E/E > 0): the path difference for
interference of X-rays emanating from two points in the exit plane, transversely separated by
|∆x⊥ |, needs to be smaller than the longitudinal coherence length ll = λ E/∆E [27, 28]), given
that |∆x⊥ | = 2lt . Therefore, z ≥ 2lt2 /ll . For the above numerical examples and with m = 10−2
this yields the following allowed range(s) for z: 3.2 m ≥ z ≥ 0.14 m (0.31 m).
2.2.

Quasi-particle transfer of contrast

The condition |δ φ |max  1 does not usually comply with the realities of in vivo phase-contrast
tomography. For example, a 1 % relative phase shift translates into |δ φ |max ∼ 1.5 when acquired by a 30 keV X-ray projection through an early-stage frog embryo of 1 mm diameter with
a mean value of δ of 10−6 . This calls for an approximate inversion of Eq. (2) which is reliable
beyond linear order. Note that to invert Eq. (2) analytically, is hopeless due to infinitely many
non-local higher-order terms. On the other hand, iterative, numerical approaches are computationally inefficient and do require multiple-distance data (see, however, [29] where 3D iterative
reconstruction of optical indices is facilitated by tomographic single-distance data). But the latter implies slow assessment of reconstructed data and a dose dilemma for X-ray in vivo imaging
due to repeated exposures.
In constructing an adequate algebraic (local) approximation to the solution of Eq. (2) symmetry is an important guiding principle. To this end, one observes that Eq. (1) and every order
in φ in Eq. (2) are invariant under global phase shifts
 
 
√
α
ψ → exp (−iα) ψ = Iinc exp −i 1 +
φ , (α real) .
φ
But the limit |δ φ |max → 0 renders the factor 1 + α/φ in front of φ a real constant S, turning
an invariance under phase shifts into a symmetry under global phase scaling, φ → Sφ . To investigate non-linear effects in forward propagation one may ask [21] in what sense such a scaling
symmetry persists at finite values of |δ φ |max .
qFirst, upon forward propagation as simulated by the full theory, the zeros of gez at |ξ |m =
mk
2πz ,

m = 1, 2 . . . (Fig. 3(b)), as predicted by the linear order in Eq. (2), transform into minima
under phase upscaling (S > 1). Remarkably, when increasing the scale factor S from S = 1 up to
critical values Scm  1, corresponding to |δ φ |max substantially exceeding unity, the positions
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of the minima practically do not move (Fig. 3(c)), for a discussion of how this behavior is
extracted from gez , see [26]. Such constancy requires the contribution of all orders on the righthand side of Eq. (2): any truncation beyond linear order would have resulted into a running
of the minima with increasing S. For S > Scm minima of gez critically start to move like order
parameters through second-order phase transitions (Fig. 3(c), m = 1, 2, 3), and the existence of
a finite asymptote for m → ∞ is suggested: Scm > 200, ∀m ≥ 1.
Second, denoting by |ξ |m,m−1 the position of a maximum of gez in between minima |ξ |m and
|ξ |m−1 , growth ratios, defined as


gez |ξ |m,m−1 (S) /g̃z (|ξ |1 ) (S = 1) ,
evolve linearly in S and strongly dominate growth ratios
gez (|ξ |m ) (S) /e
gz (|ξ |1 ) (S = 1)
which evolve non-linearly in S for S ≤ 200, see Fig. 3(d) for m = 1, 2, 3. Interestingly, the latter
are degenerate, indicating that, independently of S, non-linear terms in Eq. (2) conspire to add
up to a periodic function in σ = 2π 2 zξ 2 /k.
The associated contrast transfer is a many-to-one map for frequencies whose moduli are
close to |ξ |m , see non-linear corrections in Eq. (2). On the other hand, frequencies of moduli
near |ξ |m,m−1 are mapped in an one-to-one fashion under contrast transfer. Since the latter
dominate image formation, see Fig. 3(d), we conclude that the bulk information contained in
F gz is captured by linear transfer as in Fig. 3(b) while marginal non-linear effects are localized
near the minima |ξ |m .
Exploiting these two observations, we may consider a locally renormalized intensity contrast
d
F gz , which neglects non-linearly induced intensity contrast, to be subjected to the linear order in Eq. (2) for phase retrieval. In contrast to the linear model, this renders the phase to be
free of singularities due to first-order poles |ξ |m (m ≥ 1). The second-order pole at |ξ | = 0 is
regularized as in Paganin phase retrieval, see Sec. 3.
d
One may define F
gz as


d
(F gz ) (ξ ) → F
gz (ξ )


≡ Θ |sin(σ )| − δ̂ (F gz ) (ξ ) ,
(8)
where Θ denotes the Heaviside step function, and δ̂  1 is a positive, real constant,
 Sec.
 3 for an
d
assessment of such a “regularization. For δ̂  1 this constrains the support of F gz (ξ ) to be
d
outside the rings ||ξ | − |ξ |m | ≤ 4πδ̂ k2 z |ξ |−1
m . Demanding continuity of F gz , one may alternatively
prescribe


1
d
F
gz (ξ ) ≡ sin(σ ) (F gz ) (ξ )
(9)
δ̂


d
on these rings and set F
gz (ξ ) = (F gz ) (ξ ) otherwise (Fig. 3(e)). In practice (e.g., soft
biological tissue), no advantage of Eq. (8) over Eq. (9) is observed for phase retrieval employing
10−3 ≤ δ̂ ≤ 10−2 . Again, this indicates the marginality of information around the minima.
Moreover, the ratio of summed ring areas AR within disk |ξ | ≤ ξc ,
2πzξc2 /k

AR =

∑

m=1
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Fig. 3. Quasi-particle behavior of intensity contrast versus phase up to criticality under simulated Fresnel forward propagation at E = 20 keV. A maximum exit phase variation of 0.01
(linear case: S = 1), 2 (non-linear case: S = 200) is the input for (a) and (b), (e) through
(h), respectively. In (a) through (e) z = 1 m was used. (a) modulus of Fourier transform of
intensity contrast. (b) radial spectrum gez of gz . First three minima |ξ |1 , |ξ |2 , and |ξ |3 are
clearly discernible. (c) positions of |ξ |1 , |ξ |2 , and |ξ |3 in dependence of S, upscaling the
linear case. For the hypothetical (infinite-resolution) limit m → ∞, Scm appears to converge
to a finite value ∼ 200. (d) S dependences of first three maxima and minima normalized
to first minimum at S = 1 (growth ratios). Note degeneracy of curves for growth of minima. (e) modulus of Fourier transformed modified intensity contrast, defined by Eq. (9),
for δ = 0.01. (f) radial spectra of phase retrieved from noiseless gz . Note an approximate
z independence. (g), logarithm of the radial spectra of noise in retrieved phase, subject to
1 % Poisson noise on Iz , for three distinct values of z. (h), transverse average of modulus of
retrieved phase’s noise (1 % Poisson noise on Iz ) as a function of z.
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to this disk’s area AD (AD = πξc2 ), is
AR
= 2δ̂ /π .
AD


d
This proves z-independence and smallness of the support neglected in F
gz (ξ ) of Eq. (8).
The thus established approximate intactness of the linear relation between φ and gz in Fourier
space is reminiscent of quasi-particle dispersion relations. Here (F φ ) (ξ ) can be interpreted as
a (complex) “momentum” and (F gz ) (ξ ) as a (complex) “energy” while ξ continuously labels
both “particle” species away from |ξ |m and degenerate “ground states” near |ξ |m . Hence, for
S < Scm (m = 1, 2, 3, · · · ), scaling symmetry, albeit explicitly broken by the non-linear orders
in Eq. (2) and associated with a finite value of the “ground-state energy”, remains dynamically
unbroken: the “ground states” |ξ |m themselves are nearly invariant under phase upscaling.
For S = 200, δ̂ = 10−2 , noiseless gz , and three distinct values of z Fig. 3(f) shows radial phase
spectra φe as retrieved in the quasi-particle approach. As in the linear case (Fig. 2(d)), φe is nearly
independent of z. This, again, indicates that all non-linear terms in Eq. (2) add up to a small
gφ (Fig. 3(g)) is
correction to the linear behavior. At a shot-noise level of 1 %, the behavior of N
essentially identical to the linear case (Fig. 2(e)). This is also true of N φ (Fig. 3(h), same z−1
decay as in Fig. 2(f)).
3.

Global phase-attenuation duality

In single-distance phase retrieval, absorptive effects can be taken into account by assuming
global phase-attenuation duality (GPAD) [31–33] (see [34, 35] for a more local approach).
GPAD posits that B (x⊥ ) = εφ (x⊥ ), where ε is a small, real, and positive constant. This breaks
the global phase-shift symmetry of Fresnel theory. GPAD is approximately valid for hard Xrays when quasi-free valence electrons dominate light-matter interaction (Compton scattering)
[34], and/or for chemically homogeneous samples [35]. Under GPAD the linear term in Eq. (2)
generalizes as
(F gz ) (ξ ) = −2 (sin (σ ) + ε cos (σ )) (F φ ) (ξ )
p
= −2 1 + ε 2 sin (σ + arctan ε) (F φ ) (ξ ) .
In Eq. (10) the sine function’s simple zeros thus are shifted to the left,
r
ε 
mk 
|ξ |m →
1−
+ O(ε 2 ) , (m ≥ 1, ε ≤ 1) .
2πz
2πm

(10)

(11)

At an X-ray energy of ∼ 20 keVand imaging soft biological tissue, one has ε ∼ 0.5 × 10−3 .
Hence a relative shift of O 10−4 is implied for |ξ |m at m = 1, 2, 3. Notice that the double zero
p
|ξ |0 = 0 of F gz splits into |ξ |0 = ±i εk/(2π 2 z) at finite B. Thus the presence of the associated
singularity at |ξ |0 = 0 in the retrieved phase is prevented by absorptive effects. Fig. 4(a) shows
S and ε dependences of the minima |ξ |m in the forward simulated function gez for 10−2 ≥ ε ≥
10−3 , demonstrating that the critical behavior is retained in the movement of the minima |ξ |m
under phase upscaling for realistic values of ε. We mention in passing that the growth ratios at
ε > 0 are essentially those of Fig. 3(d).
4. Ex and in vivo X-ray phase-contrast microtomography and Xenopus laevis development
We now report on applications of X-ray phase contrast microtomography (XPCµT). Fig. 4(b)
depicts gz (left) and |F gz | (right), obtained from a propagated, ex vivo projected Xenopus
laevis embryo at 4-cell stage.
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Fig. 4. Global phase-attenuation duality vs. upscaling and confrontation with experimental
data on fixed frog embryo. (b) through (f) are based on tomographic data, representing a
fixed, 4-cell stage Xenopus laevis embryo, see Appendices A,C and Visualization 1. (a)
dependence of 1st, 2nd, and 3rd minimum of gez as a function of S and the duality parameter ε for 0 ≤ ε ≤ 10−2 in simulated forward propagation using Lena as a phase pattern
(δ φmax = 0.01 at S = 1). Note stability of the critical behavior in S under variations of ε.
(b) gz for a fixed projection angle (left) and modulus of Fourier transform, |F gz |, (right).
The visibility of several rings demonstrates the presence of information at high frequencies
which would be suppressed by Paganin phase retrieval. (c) gz in blue is obtained from experiment; gz in green results from forward-propagation after upscaling by a factor of two
of the quasi-particle retrieved phase δ φ (ε = 10−2.5 , δ = 0.1, see Appendix B), (d), (e),
and (f) equal slice through tomographic reconstruction after Paganin phase retrieval, phase
retrieval using Eq. (10), and its quasi-particle version, respectively.

This data was acquired with beamline ID 19 of European Synchrotron Radiation Facility
(Appendix). With a quasi-monochromatic flux density of 1012 photons/(mm2 s), 2 s of exposure
per projection, and a conversion efficiency for X-rays to visible light of about 5 % the number
of events per pixel and exposure is about 5.4 × 104 . Thus a low shot-noise level of 0.42 % occurs (clearly discernible rings with radii up to ξc /2 in Fig. 4(b), right panel). Self-consistency of
1 R 2π
fluct under
the quasi-particle approach is evidenced by the constancy of |ξ |m in 2π
0 dϕ F gz
upscaling of the retrieved phase δ φ as δ φ → 2δ φ and subsequent simulated forward propagation (Fig. 4(c), Appendix B for definitions of gfluct
and δ φ ). A slice of reconstructed volume is
z
shown for Paganin phase retrieval (Fig. 4(d)), using the full linear model (Fig. 4(e)), and quasiparticle phase retrieval (Fig. 4(f), Visualization 1 of Appendix C). This clearly demonstrates
the improved resolution of the shape and distribution of yolk platelets and the cell membrane
(single membrane in Fig. 4(d), double membrane in Fig. 4(f); Visualization 4 of Appendix C).
Note the poor quality of the full linear model which is due to the poles in the retrieved phase at
|ξ |m in Fourier space (Fig. 4(e)).
In vivo XPCµT data were acquired with beamline 32-ID at Advanced Photon Source
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Fig. 5. In vivo XPCµT of Xenopus laevis development within stage-19 embryo (late neural
stage) as imaged at beamline 32-ID of APS. (a) intensity contrast gz of posterior part at
fixed projection angle (left), and modulus of Fourier transform, |F gz |, (right). Ring orders
higher than second are washed out by shot noise. (b) gez in blue is obtained from experiment;
gez in green results from simulated forward propagation after upscaling by a factor of two of
the quasi-particle retrieved phase δ φ (ε = 0, δ = 0.1). The vertical dashed line indicates the
frequency cutoff ξnoise , chosen such as to discriminate signal-dominating noise, see text. (c)
reconstructed dorsal-ventral slice using quasi-particle phase retrieval. (d) reconstruction of
same slice using Paganin (left) and modified quasi-particle (right) phase retrieval (Eq. 12).
The former sacrifices resolution by neglecting frequencies higher than the first maximum
of gez , the latter cuts off shot-noise dominated frequencies beyond the second maximum (b).
(e) reconstruction of more posterior dorsal-ventral slice subject to modified quasi-particle
phase retrieval. (f) same reconstruction of same slice as in (e) but now after 14 min time
lapse. Comparing (e) and (f), note closing of neural tube.

(APS, z = 0.7 m) and with beamline ID19 at European Synchrotron Radiation Facility (ESRF,
z = 3.6 m) (for details on experimental parameters see Appendix A). Development of stage-19
Xenopus laevis embryos (neural groove stage) was imaged in terms of volumes, temporally
separated by a 14 min (APS) and a 12 min (ESRF) time-lapse.
Fig. 5(a) shows gz (left) and |F gz | (right) for one and the same projection at time 0. An
approximate (monochromatic) flux density of 1012 photons/(mm2 s) X-ray photons, 60 ms of
exposure per projection, and a conversion efficiency for X-rays to visible light of about 10 %
here implies an event number of about 104 per pixel and exposure and an associated shot-noise
level of 1 %. This noise level is considerably higher than for the above ex vivo situation and
causes invisibility of higher-order rings where noise dominates signal (Fig. 5(a) (right)). As
in Fig. 4(c) self-consistency of the quasi-particle approach is tested by upscaling the retrieved
phase and a subsequent, simulated forward propagation (Fig. 5(b)). Here gz ≡ Iz /I z − 1 (Appendix B). The vertical dashed line indicates the frequency cutoff ξnoise = |ξ |2,1 , chosen such
as to remove noise dominated, high frequencies. Accordingly, the renormalized intensity con-
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d
trast F
gz (ξ ) of Eq. (8) or Eq. (9) modifies as




d
d
F
gz (ξ ) → Θ (ξnoise − |ξ |) F
gz (ξ ) .

(12)

Interestingly, reconstruction results do not depend on whether Θ (ξnoise − |ξ |) is replaced by a
filter with a softer transition. Fig. 5(c) shows a reconstructed slice at time 0 using quasi-particle
phase retrieval according to Eq. (8). Compared to quasi-particle phase retrieval subject to the
modified intensity contrast of Eq. (12), this impairs contrast, see Fig. 5(d) (right) (APS) and
Visualization 5 of Appendix C (ESRF). On the other hand, Paganin phase retrieval (Fig. 5(d)
(left)), which discriminates high-frequency noise but also cuts off information from maximum
|ξ |1,0 onwards, exhibits poorer resolution (Visualization 6 of Appendix C). The same reconstructed slice at time 0 and time 14 min is depicted in Figs. 5(e) and 5(f) (Visualizations 2,3
of Appendix C for 3D representations). In comparing Figs. 5(e) with 5(f), note the closing of
the neural tube, indicating development. To demonstrate the increased dose efficiency when
employing large propagation distances we show 3D representations of one and the same, living
stage-19 embryo, imaged at ESRF, in Visualizations 7,8 of Appendix C. Employing modified
quasi-particle phase retrieval, the left-hand sides exhibit resolution and contrast comparable to
those of Visualizations 2,3 of Appendix C. The event rates per pixel underlying the reconstructions in Visualizations 7,8 of Appendix C are, however, considerably lower (N ∼ 4.000 compared to N ∼ 10.000). Notice that Paganin phase retrieval, again, leads to significantly reduced
3D image resolution (right-hand sides in Visualizations 7,8 of Appendix C). A comparison
of a similar, central slice in stage-19, in vivo data, acquired at APS (z = 0.7 m, N ∼ 10.000)
and at ESRF (z = 3.6 m, N ∼ 4.000) is also presented in Fig. (6) together with a confrontation
between reconstructions using Paganin and modified quasi-particle phase-retrieval. Note the
improvement of resolution going from Paganin to modified quasi-particle phase-retrieval and
a similar resolution using quasi-particle phase-retrieval when comparing APS and ESRF data
sets.
5.

Discussion

Our analysis in Sec. 2 demonstrates that phase noise, as induced by a given shot-noised intensity
at a single propagation distance z, decreases like z−1 upon quasi-particle retrieval. Increasing
z, this modality exploits the improved contrast gz as induced by a larger weight at low frequencies. Both Paganin and quasi-particle phase retrieval exploit this effect. On the other hand,
quasi-particle phase retrieval includes the information at higher frequencies (up to a noise determined cutoff) such that both contrast and resolution are improved when z is increased. For
intensity contrast, emergent from considerable phase variations at object exit, as encountered,
e.g., by hard X-ray phase-contrast micro-tomography (XPCµT) of soft organisms, this affords
a powerful yet simply implementable and computationally efficient phase-retrieval algorithm.
Imaging in vivo, our present results employing modified quasi-particle phase retrieval indicate an improvement in resolution compared to the conventional approach (Fig. 5(d); Visualizations 5,6, Appendix C) at relatively low propagation distances of ∼ 1 m imposed by the
current source sizes of 3rd-generation synchrotrons. By increasing z from 0.7 m to 3.6 m using
two beamlines at different synchrotrons a clearly improved dose efficiency could be demonstrated in the present work (Fig. 6; Visualizations 2,3, Appendix C versus Visualizations 7,8,
Appendix C). This suggests a great potential of future diffraction limited X-ray sources for in
vivo XPCµT imaging. Namely, exploiting the high spatial coherence of their synchrotron radiation, z values in the tens of meters can be envisaged. To enhance the associated small beam
sizes (in the square-micron range) such as to still contain extended cell populations or entire
embryos (linear extent l in the hundreds of microns), the sample would have to be placed a dis#251990
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Fig. 6. In vivo XPCµT of Xenopus embryo at stage-19 (late neurula) as imaged at beamlines
32-ID of APS ((a) and (c), z = 0.7 m, ∆x = 1.3 µm, and event number per pixel of N ∼
10.000) and ID19 of ESRF ((b) and (d), z = 3.6 m, ∆x = 1.6 µm, and event number of
N ∼ 4.000). In both cases, the first member of the time-lapse series is visualized. Compared
is a central slice, reconstructed with 499 projections, and acquired at similar X-ray energies
E = 30 keV (APS) and E = 26.2 keV (ESRF). Reconstructions are based on Paganin phase
retrieval ((a) and (b)) and modified quasi-particle phase retrieval ((c) and (d)).

tance R downstream of the focal spot of a focussing X-ray optics. For l = 200 µm and R = 4 m a
beam divergence (bd) of 0.05 mrad would be required which is achievable with presently available Kirkpatrick-Baez mirrors [36]: bd = λ /fss where fss denotes the focal-spot size. Thus,
for E = 30 keV, which corresponds to λ = 4.13 × 10−11 m, fss ∼ 1µm. This would generate
geometric magnification M = 1 + z/R and rescale z to the parallel beam situation as


z
1
z→
= 1−
R
M
M
(Fresnel scaling [25]). Working with, say, M = 20, roughly yields z/M = R. To apply the same
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dose as in present-day in vivo XPCµT, the effective pixel size ∆x would have to be comparable to ∼ 1 µm. In indirect detection systems no optical-light magnification thus is required for
physical pixel sizes of ∼ (20 µm)2 (high photon collection efficiency, numerical aperture equals
unity). As a consequence, such a setup would populate high frequencies with intensity-contrast
information. The price to pay is a ∼ 100 m long beam-propagation vacuum tube downstream of
the sample to prevent air absorption. In addition to this vacuum pipe, the setup would consist
of two small hutches, one for the sample environment, one for image detection. Under these
imaging conditions, the modality of in vivo XPCµT proposed in the present work should generate micron resolved 3D images of a high contrast and considerably increased lengths of the
associated time-lapse series.
Appendix A: Experimental conditions for ex and in vivo XPCµT
In simulating the Fresnel forward propagation of an exit wave field we applied the Fourier convolution theorem [25]. The test image Lena (512 x 512 pixels) was centrally zero padded to
1024 x 1024 pixels in transverse position space. Intensity contrast depicted in Fig. 1(b) was
acquired with bending-magnet beamline TOPO-TOMO at Anströmquelle Karlsruhe (ANKA)
under parallel-beam incidence, imaging ex vivo a Xenopus embryo radiographically at stage
10.5 (X-ray energy: E = 12 keV; bandwidth of multilayer monochromator: ∆E/E = 10−2 ; effective pixel size: ∆x = 1 µm; scintillator: Lu2 SiO5 :Ce of 24 µm thickness; exposure time for
the projection: 180 s; embryo embedded in agarose within Eppendorf tube of diameter 0.6 cm,
see also [2]).
The stage-19 frog embryo (same sample environment) was imaged in vivo under parallelbeam incidence using undulator beamline 32-ID at the Advanced Photon Source (APS) (Xray energy: 30 keV; bandwidth of Si 111 double crystal monochromator: ∆E/E = 10−4 ; propagation distance: z = 0.7 m; effective pixel size: ∆x = 1.3 µm; FoV of 2560 x 2160 pixels;
scintillator: LuAG:Ce of 100 µm thickness; exposure time per projection: 60 µs; number of tomographic projections in a 180° scan: 499) and undulator beamline ID19 at European Synchrotron Radiation Facility (ESRF) (X-ray energy: 26.2 keV; bandwidth of single-line harmonic (no monochromator : ∆E/E = 3 × 10−2 ; propagation distance: z = 3.6 m; effective pixel
size: ∆x = 1.6 µm; FoV of 2048 x 2048 pixels; scintillator: LuAG:Ce of 100 µm thickness; exposure time per projection: 20 µs; number of tomographic projections in a 180° scan: 499). The
time lapse between tomographic scans was 14 min at APS and 12 min at ESRF, commensurate
with maximal endodermal cell speeds of 1 µm min−1 and the demand that such an endodermal
cell of diameter ∼ 30 µm half overlaps with itself after a single time lapse.
The estimated (van-Cittert-Zernike theorem) horizontal (vertical) transverse coherence
length lth,v = λ /(2sh,v )d (d the parallel-beam source-sample distance, sh,v the horizontal (vertical) source size giving rise to a beam provided by a 3rd generation synchrotron facility like APS
and ESRF) at the position of the sample (d = 70 m, sh = 120 µm, sv = 10 µm at APS; d = 150 m,
sh = 120 µm, sv = 10 µm at ESRF;) is lth = 12.1 µm (ltv = 145 µm) at APS and lth = 25.9 µm
(ltv = 310 µm) at ESRF.
Thus, bh = 1.2 µm < 2∆x = 2.6 µm (bv = 0.1 µm < 2∆x = 2.6 µm) at APS and bh = 2.9 µm <
2∆x = 3.2 µm (bv = 0.24 µm < 2∆x = 3.2 µm) at ESRF. Note that the estimates on lth,v represent
lower bounds on the actual values since in addition to propagation-induced there is intrinsic
coherence in undulator radiation. The longitudinal coherence length is ll = 0.41 µm at APS and
ll = 0.001 57 µm at ESRF which, by virtue of z ≥ (lth )2 /(2ll ), implies that z > 0.2 mm at APS
and z > 21.4 cm at ESRF.
The fixed 4-cell stage embryo (same sample environment) was imaged using undulator beamline ID19 at European Synchrotron Radiation Facility (ESRF) under parallel-beam incidence
(X-ray energy: 20 keV; bandwidth of Si 111 double crystal monochromator: ∆E/E = 10−4 ;
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propagation distance: z = 0.945 m; effective pixel size: ∆x = 0.75 µm; FoV of 2048 x 2048 pixels; scintillator: Gd3 Ga5 O12 of 13 µm thickness; exposure time per projection: 2 s; number of
tomographic projections in a 360° scan: N = 1599). The estimated (van-Cittert-Zernike theorem) horizontal (vertical) transverse coherence length at the position of the sample (d = 150 m,
sh = 150 µm, sv = 10 µm) is lth = 31 µm (ltv = 465 µm). Thus, bh = 0.95 µm < 2∆x = 1.5 µm
(bv = 0.063 µm < 2∆x = 1.5 µm). The longitudinal coherence length is ll = 0.62 µm which entails that z > 0.8 mm.
Image acquisition, image pre-processing, phase retrieval, and tomographic reconstruction
employing Filtered Back Projection were performed as described in [2].
Appendix B: Single-distance phase retrieval and phase-attenuation duality
In practice, phase retrieval using Eq. (10) of the main text or its quasi-particle version proceeds as follows. A split φ = δ φ R+ φ of physical exit phase φ into a fluctuating part
d2 x δ φ

⊥
R
δ φ of zero transverse mean, 0 = FoV
, and a constant offset φ predicts that gz =
2
FoV d x⊥
 Izfluct
exp −2εφ Iinc − 1. Here Izfluct represents intensity that would emerge from δ φ alone, and

I fluct

gfluct
≡ Izinc − 1. For ε  1 the absorptive factor in the exit wave field can be approximated as
z


exp −εφ − εδ φ ∼ (1 − εδ φ ) exp −εφ . Thus δ φ does not reduce the mean intensity at exit,
1=

2
FoV dR x⊥

R

(1−2εδ φ )
,
d2 x

and the conservation of mean intensity in free-space propagation implies
R

R
d2 x⊥ gfluct
d2 x⊥ gz
1
z
FoV
FoV
R
R
that 1 =
φ
=
−
log
or
0
=
.
Thus
+
1
, and δ φ can be
2
2
2
2ε
FoV d x⊥ Iinc
FoV d x⊥
FoV d x⊥
retrieved according to the quasi-particle version of Eq. (10) of the main text upon the substitutions gz → gfluct
z , φ → δ φ . In retrieving φ and δ φ from the experimental data of Fig. 4(b),
we have set δ = 10−1 and ε = 10−2.5 (in principle, ε can be extracted from a two-distance
measurement [35]). This value of ε is greater than that of water, εwater ∼ 0.5 × 10−3 [3], explained by the fact that the 3D reconstruction exhibits unphysical large-scale modulations if
εwater is used for phase retrieval. We interpret this as a violation of global phase-attenuation
F B(ξ )
duality, ε = const = F
, at small frequencies. From the transverse average of gz a value
φ (ξ )
RFoV 2 ⊥ fluct
d x⊥ Iz
RFoV

φ ∼ 100 was inferred, roughly matching the estimate obtained by projecting through water [3].
Fig. 4(e) is based on phase retrieval according to Eq. (12) of the main text with the sine function
replaced by sgn (sin(σ 1+arctan ε)) (|sin (σ + arctan ε)| + arctan ε). This prescription is superfluous
when employing quasi-particle phase retrieval.
Appendix C: Captions on Visualizations
Visualization 1: Parallel slicing through tomographic reconstruction of entire 4-cell stage
Xenopus embryo, imaged ex vivo by XPCµT using single-distance, quasi-particle phase retrieval. This 3D representation associates with Figure 4f.
Visualization 2: Parallel slicing through tomographic reconstruction of entire stage-19 Xenopus embryo, imaged in vivo by XPCµT at beamline 32-ID of APS, using single-distance, modified quasi-particle phase retrieval. A propagation distance of z = 0.7 m and ∼ 10.000 events
per pixel were used. This 3D representation associates with Figure 5e.
Visualization 3: Parallel slicing through tomographic reconstruction of entire stage-19 Xenopus embryo, imaged in vivo by XPCµT at beamline 32-ID of APS, using single-distance, modified quasi-particle phase retrieval. A propagation distance of z = 0.7 m and ∼ 10.000 events
per pixel were used. This 3D representations associates with Figure 5f.
Visualization 4: Comparison of reconstructed region of interest, shown in Figure 4d, 4f using
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Paganin and quasi-particle phase retrieval.
Visualization 5: Comparison of quasi-particle versus modified quasi-particle based reconstruction of stage-19 Xenopus embryo (region of interest in a single, reconstructed slice), imaged in
vivo by XPCµT at beamline ID19 of ESRF, at two consecutive points in time. Left-hand side
shows modulus of Fourier transformed intensity contrast together with quasi-particle filters.
Right-hand sides indicates associated, reconstructed slice.
Visualization 6: Comparison of reconstructed region of interest, shown in Figure 5d, using
Paganin and modified quasi-particle phase retrieval.
Visualization 7: Parallel slicings through tomographic reconstructions of entire stage-19 Xenopus embryo, imaged in vivo by XPCµT at beamline ID19 of ESRF, using single-distance, modified quasi-particle (left) and Paganin (right) phase retrieval. A propagation distance of z = 3.6 m
and ∼ 4.000 events per pixel were used.
Visualization 8: Parallel slicings through tomographic reconstructions of entire stage-19 Xenopus embryo, imaged in vivo by XPCµT at beamline ID19 of ESRF, using single-distance, modified quasi-particle (left) and Paganin (right) phase retrieval. A propagation distance of z = 3.6 m
and ∼ 4.000 events per pixel were used. Visualization 8 represents the same living embryo as
Visualization 7 subject to a time lapse of 12 min.
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