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1 Introduction

One of the important tasks of modern high-energy particle physics is the development of
new methods to compute quantum corrections to physical cross sections. This is particu-
larly important in the context of Quantum Chromodynamics (QCD) where higher order
corrections often have a significant numerical impact. In this article we provide the first
next-to-next-to-next-to-next-to-leading order (N*LO) contribution to a three-point func-
tion within QCD. To be precise, we consider the photon-quark form factor, which is a
building block for N*LO cross sections. Namely, it is a gauge-invariant part of virtual
forth-order corrections for the process ete™ — 2 jets, or for Drell-Yan production at
hadron colliders.

Denoting the photon-quark vertex function by I'j the scalar form factor is obtained via

Fylq®) = —wTF (2 DL v) (1.1)

where D = 4 — 2¢ is the space-time dimension, ¢ = p; + p2 and p; (p2) is the incoming
(anti-)quark momentum. We consider the large- N, expansion of Fq(qz). As a consequence
we only have to consider the contributions of planar Feynman diagrams.

Results for F;, can be used to probe the infrared structure of gauge theories. Form
factors encapsulate universal infrared contributions coming from soft exchanges between
two partons. The general form of the latter is known [1-6] and depends on cusp and
collinear anomalous dimensions.

Two-loop corrections to F, have been computed more than 25 years ago [7-10]. The
first three-loop result has been presented in ref. [11] and has later been confirmed in ref. [12].
Analytic results for the three-loop form factor integrals were presented in ref. [13]. In
ref. [14], the results of ref. [13] have been used to compute F, at three loops up to order

€2, i.e., transcendental weight eight, as a preparation for the four-loop calculation.



Figure 1. Sample Feynman diagrams contributing to the F, at four-loop order in the large-V.
limit. Straight and curly lines denote quarks and gluons, respectively. The external wavy line
represents the photon.

In this paper we compute the fermionic corrections to Fy in the large-N, limit, to the
four-loop order. Sample Feynman diagrams which have to be computed for this purpose
are shown in figure 1.

Over the last decades, powerful methods for determining loop integrands based on
generalized unitarity have become common. However, form factors are simple enough
that a direct Feynman diagram approach for determining the loop integrand is perfectly
possible. The expression for the integrals contributing to the form factors is then reduced
to a set of so-called master integrals, exploiting integration-by-parts identities [15]. This
requires rather involved computer algebra, and can be achieved using the latest version of
the program FIRE [16-18].

This leaves the evaluation of the master integrals as the main technical difficulty. In
a previous paper [19], three of the present authors proposed a new technique for comput-
ing such integrals. Massless form-factor integrals have a trivial scale dependence, so the
powerful method of differential equations [20-24] cannot be used directly. Rather, one
first introduces an auxiliary parameter (corresponding to a second off-shell external leg),
in which differential equations are set up. The main idea of [19] is that the boundary
value of the differential equations can be fixed trivially from a value of the new parameter
that corresponds to propagator-type integrals. This boundary value is then related to the
original problem via the differential equations.

This last step is especially easy in the canonical form [24] of the differential equations.
It was suggested in that paper that in order to reach the canonical form it is helpful to
select basis integrals that have constant leading singularities [25]. The latter are essentially
multidimensional residues of the loop integrand and can be computed algorithmically. This
connection makes it easy to reach the canonical form of the differential equations, as was
demonstrated in many recent papers.

We classified all massless planar four-loop form-factor integrals and determined the
corresponding master integrals. We found a total of 99 master integrals. We then computed
them as described in the previous two paragraphs. A very welcome by-product of the
approach of [24] is that the results are typically expressed in terms of uniform weight
functions. Examples of uniform weight form factor integrals were previously considered in



refs. [13, 26]. Here we systematically found a uniform weight basis for all planar integrals,
and expanded them to weight eight. While this is the weight needed for typical four-loop
computations, it is also possible to expand our result to higher weight.

Other attempts to calculate similar form factors or master integrals were reported on
in refs. [27-29]. The evaluation of the master integrals in refs. [27, 28] was performed only
by numerical methods while ref. [29] presents results only for some individual integrals in
an analytical form.

The remainder of the paper is structured as follows: in the next section we briefly
outline our calculation and present results for the form factor and for the cusp and collinear
anomalous dimensions. Sections 3 and 4 are dedicated to the classification and evaluation
of the master integrals. Our conclusions are contained in section 5.

2 Calculation and results

We generate the Feynman amplitudes with the help of ggraf [30] and transform the output
to FORM [31, 32] notation using q2e and exp [33, 34]. For the reduction to master integrals
we use the program FIRE [16-18] which we apply in combination with LiteRed [35, 36].
Relations between primary master integrals occurring in the reduction tables are revealed
with the help of tsort, which is part of the latest FIRE version [18], and based on ideas
presented in ref. [17]. This leads to 78 master integrals needed for the fermionic part.
More generally, we find that a total of 99 master integrals are sufficient for arbitrary
planar integrals. They are all computed as described in sections 3 and 4.

In our calculation we allow for a generic QCD gauge parameter £ and expand the
Feynman diagrams around £ = 0, which corresponds to Feynman gauge, up to linear order.
We checked that & drops out before inserting explicit results for the master integrals.

In the following we present results for the form factor Fj, and the related anomalous
dimensions. Fj is conveniently shown in term of the bare strong coupling constant. In that
case the perturbative expansion of I, can be cast in the form

aO\" [ 12 (ne) )
Fq—l—i—Z(M) <2> FM™ (2.1)

n>1 -4

Analytic results for Fq(n), with n < 3, expanded in € up to transcendental weight eight can
be found in ref. [14]. We refrain from repeating them here.

The main result of this letter is the fermionic contribution to Fq(4) in the large- N, limit.
It is given by
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where the ellipses stand for n;-independent contributions.
The cusp and collinear anomalous dimension is conveniently extracted from log(F})

(after renormalization of ay). The pole part of the latter has the generic structure (see,

|
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e.g., refs. [12, 37])
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The coefficients of the cusp and collinear anomalous dimensions are defined through
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with z € {cusp, ¢}.

From eq. (2.3) it is evident that 7cusp can be extracted from the coefficient of the
quadratic, and 7, from the first-order pole in €. In the large-/V. limit we obtain for P
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where the ellipses in yg’usp indicate non-ny terms which are not yet known. For 7 we have
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For the finite part of log(Fy) we obtain
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The expressions in egs. (2.6) and (2.7) up to three-loop order confirm the results in the
literature [11, 12, 37-41] and the Ngni’c term of 73, agrees with the result of refs. [42, 43].
All other terms in the four-loop results ’yg’usp and fyg and the finite part in eq. (2.8) are new.

3 Integrals with constant leading singularities

Our calculation involves planar four-loop form-factor integrals. We classified all such in-
tegrals and performed an integral reduction, resulting in 99 master integrals. Before dis-
cussing their evaluation, we devote this section to our basis choice for these integrals.

3.1 Leading singularities and d-log forms

In recent years it has become standard to use a basis, whenever possible, of integrals
having constant leading singularities. Leading singularities [25] are essentially defined as
multidimensional residues of the Feyman loop integrand.



The usefulness of integrals with constant leading singularities was first noticed in the
context of maximally supersymmetric gauge theory, where the answer appears to be natu-
rally written in terms of them. Building on experience with such integrals in the literature,
their systematic use was advocated in ref. [44]. A particular highlight is an all-n expression,
where n is the number of external legs for the integrand of two-loop maximally helicity
violating amplitudes in N/ = 4 super Yang-Mills theory. In fact, it turns out that the
appearance of integrals with simple leading singularities in this theory is very natural,
as can be seen in the twistor approach of [45], or when expressing leading singularities
as certain Grassmannian integrals [46]. Although more examples are known in the planar
case, the concept of constant leading singularities also carries over to the non-planar sector,
see [26, 47, 48] for examples.

The use of such integrals is not limited to supersymmetric amplitudes, as was pointed
out in ref. [24]. Since then, they were applied to countless calculations of scattering ampli-
tudes required for phenomenology, see, e.g., ref. [49]. Of course, more integrals are needed
in QCD compared to supersymmetric theories. In this context, it is perhaps interesting
to point out that many of the additional integrals needed for QCD can be thought of as
integrals being defined in a dimension shifted by two units. As is well known, integrals in
D +2 and D dimensions are related. The picture that emerges is that one should not only
classify integrals having constant leading singularities in four dimensions, but in all integer
(in particular even) dimensions, and then relate them to the four-dimensional case.

Let us give some one-loop examples of such integrals. We define the triangle integral
near four dimensions

e [P i oy
triangle imr2—e kQ(k; + pl)z(k - p2)2 , .

and the propagator-type integral near two dimensions,

&%k (p+p2)®
Ihubble = : , 2

where p? = p3 = 0.
In the following we will consider leading singularities at ¢ = 0. It is convenient to
change variables. For the bubble, we set k* = ap/ + Sph, which leads to

d?k (p1 + p2)? ~ dadp
(k+p1)(k—p2)? ~ (a+1)af(B-1)’

where the proportionality sign means that the equation holds up to kinematic-independent

(3.3)

factors.  While there are various locations of the leading singularities, we can see
that all poles are kinematic-independent. A similar analysis was done for the triangle
integral, see [48].

We mention that one can rewrite the integrands (algebraically) in a form where this
property is manifest, namely,

dadf g [EHPD] o, [ (=)
(a+ 1)af(B—1) = +dl g[(k_ki)2]d1 g[ } : (3.4)
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Figure 2. Twelve-propagator form-factor integral that has unit leading singularities. The numer-
ator (k7)? normalization factor is implied.

Here ki denotes the two solutions to the maximal cut condition, (k+ + p1)? = 0,
(k+ — p2)? = 0, which are given by k; = —p; +p2 and k_ = 0. Equation (3.4) implies that
there exist variables in which the integrand is just d log x1d log x5, with unit normalization.
More formulas of this type, called d-log forms, can be found in refs. [47, 48].

Following these ideas, we wrote down a basis of integrals with constant leading sin-
gularities for planar four-loop form-factor integrals. The whole basis will be presented
elsewhere. Here we give one example, for the twelve-propagator integral that was needed
in the ny-calculation. See figure 2 and the first diagram of figure 1 for a representative
Feynman diagram. We choose as basis element

I 8( )1—46 46’7E/ - dej (kz)Q
rop — € (—S e .
12 prop ]Hl inD/2 12K2k2 (ky — k)2 (ky — k)2 (k1 — ka)?

1
8 (ko — ka)?(ks — ka)%(k1 + p1)?(ka + p1)2 (ks — p2)% (k3 — p2)?

(3.5)

The normalization factors were chosen for later convenience. We first would like to illus-
trate that this integral has indeed constant leading singularities. While this can be done
algorithmically, it is instructive to rewrite the integrand in a form where this is obvious,
namely in terms of d-log forms of the type discussed above. A very useful feature is that
this analysis can be done loop by loop, which allows one to recycle formulas. This is very
similar to an analysis via cuts, although here we do not assume that any loop momenta
are on-shell. First, we note that the box subintegrals with three off-shell legs, i.e. the ones
depending on loop momenta k; and k3 (see figure 2), can be written in a d-log form. For
the subsequent calculation, only the normalization factor of these subintegrals is relevant.
The latter can be obtained from any of their leading singularities. For example, for the
box integral on the left, we have the following integrand

d*ky 1
in? k3 (k1 + p1)2 (k1 — ka)2 (k1 — ko)?

(3.6)



After taking a multi-dimensional residue one obtains either zero, or a term proportional to

1
k2(ka +p1)? — k3 (ks +p1)?

(3.7)

For the box on the right a similar expression is obtained. Next, we consider the ko inte-
gration. Taking into account the factors obtained from the k; and ks integrals, we arrive
at a generalized box integral

d4k2
k3 (ko — ka)?[ki (k2 + p1)? — k3 (ka 4 p1)? [k (k2 — p2)? — k3(ka — p2)?]

(3.8)

Again, it can be shown that this has a d-log form, with the normalization factor 1/(k3)3.
We refer the interested reader to [44, 48] for more detailed examples of leading singularity
and d-log calculations. We now see that the numerator in eq. (3.5) cancels the excessive
factors of k2. Indeed, putting everything together, we see that the remaining k4 integral is
exactly of the form of the one-loop triangle integral of eq. (3.1). In summary, this proves
that (3.5) has a d-log representation with unit normalization.

We would like to emphasize again that the classification of integrals having constant
leading singularities can be done algorithmically. Let us expand on this point. First of
all, for a given propagator structure, one makes an ansatz for all possible numerator terms
allowed by power counting (or subject to other criteria). It is convenient to parametrize
the loop momentum in such a way that the integration parameters are scalars. We illus-
trated this in the case of the bubble integral, cf. eq. (3.3). Next, one evaluates all leading
singularities of this ansatz (i.e., one computes the residues at all poles of the integrand).
Requiring that the residues be kinematic-independent yields a system of equations, which
is then solved. It is important to realize that this analysis only depends on the integrand
at hand, and can be done before attempting to compute the integral.

3.2 Transcendental weight properties

One nice feature of integrals with constant leading singularities is that, conjecturally, they
evaluate to so-called pure functions, i.e. iterated integrals of uniform weight.

For iterated integrals, such as multiple polylogarithms, the weight is defined as the
number of integrations, e.g. one for logarithms, n for classical polylogarithms Li,,, etc.
Similarly, transcendental constants such as zeta values, (,, have weight n. Finally, when
considering Laurent expansions in the dimensional regularization parameter €, one can
assign weight —1 to e. This is natural since 1/e¢ would be represented by logarithm in a
cutoff regularization.

With these definitions, we see that the triangle integral of eq. (3.1) has uniform
weight 2,

(=8)' € Loriangle = ElQ _ %H _ ggge _ %0#3 + o). (3.9)
More generally, L-loop integrals with constant leading singularities in 4 dimensions are
expected to evaluate to weight 2L functions.



Beyond maximally supersymmetric Yang-Mills theory, also functions of weight smaller
than 2L are needed. Perhaps the best way to understand the additional integrals is to
consider them in different dimensions. Take as an example the 2 — 2¢ dimensional bubble
integral of eq. (3.2). In fact, in this simple example, the bubble and triangle integrals
are related by an integration-by-parts relation (and, dimensional shift relation [50, 51]),
which implies

Thubble = —2¢ Itriangle ) (310)

where the integrals are defined in egs. (3.1) and (3.2). From this formula we see that its
weight is shifted by one compared to the triangle. It evaluates to a uniform weight-one
function.

More generally, at higher loops one can also generate integrals of various weights, in
particular by writing subintegrals formally in different dimensions. For example, all the
uniform weight integrals presented in ref. [24] and elsewhere can be understood in this way.
See also the lecture notes [52] for more details.

Returning to our form-factor integrals, we can verify the uniform weight conjecture for
the most complicated twelve-propagator integral of eq. (3.5). It turns out that the uniform
weight property can be best understood systematically using differential equations that are
discussed in the next section. Here we anticipate a result of that calculation,
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where sg, = Z” 17 Zm 175 = G+ (3 = 1.041785... and (53 is a multiple zeta

value [53]. Reinstatlng the 1/ 68 from eq. (3.5), one sees that this is a uniform weight eight
integral, as expected from a four-loop integral. As an independent check of eq. (3.11), we
derived a Mellin-Barnes representation (see Chapter 5 of [54] for a review) for this integral,
which we used to verify the first three terms in the € expansion analytically.

4 Differential equation bootstrap for single-scale integrals

In this section we discuss the first analytic computation of all planar four-loop on-shell form-
factor integrals which are defined in the kinematic regime p% = p% = 0, with ¢* = p?,) =
(p1 + p2)?. Following the strategy of [19] we introduce an auxiliary parameter by taking a
second external leg off-shell, i.e. p3 # 0, and x = p3/ pg, and derive differential equations
with respect to . The main idea can be explained via figure 3. It turns out that the
singular points of the differential equations are = 0,1, 00. The point x = 0 corresponds
to the original on-shell form-factor integrals, figure 3(b). Similarly, for x = oo we have
p% = 0, which again leads to form-factor integrals, as for = 0, and thus this case does

,10,
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Figure 3. Bootstrapping on-shell form-factor integrals at @ = 0 (b) from propagator integrals at
x =1 (c¢). The form factor with two off-shell legs is shown in (a), where z = p3/p3.

not have to be considered separately. On the other hand, the boundary value at x = 1
corresponds to propagator-type integrals, see figure 3(c). They can be determined easily:
in most cases, the boundary value is zero due to kinematical factors. Otherwise one can use
results for propagator type integrals available in the literature, see, in particular, four-loop
analytic results in [55-57]. This information is then transported back via the differential
equation to x = 0, see figure 3(a). Let us now see how this works in a bit more detail. A
pedagogical example is given in [52].

In reference [24], a canonical form of differential equations for Feynman integrals was
suggested. Conjecturally, this form can be reached whenever the master integrals can
be chosen to have the property that their leading singularities are constant, as explained
in section 3. This reduces the problem of finding a canonical basis for the differential
equations to a simple classification of integrals having this property. The latter can be
done algorithmically.

For the planar form factor with p3 # 0 and p3 # 0 we find a total of 504 master
integrals (some of them related by symmetry). After choosing a canonical basis f: we
found the following system of differential equations,

0fle.0 = |2+ 2| floa). (4.1)

z l—=z

where a and b are some constant (i.e. z- and e-independent) 504 x 504 matrices. The
special features of this form are the manifest Fuchsian property of the singularities, i.e.
only single poles in & = 0,1, 00 are present on the right-hand side of eq. (4.1), and the
fact that the right-hand side is proportional to €. The latter property can be achieved for
iterated integrals. Here, it implies that the solution, to any order in ¢, can be written in
terms of iterated integrals over the kernels do/x and dz/(x — 1), i.e. in terms of harmonic
polylogarithms [58]. The former property is true for any Feynman integral. Making it
manifest allows us to describe the boundary behavior in a simple way, namely

Fla, o) 2" (143 prle)a® | 2 fale), (4.2)
k>1

Fla,o) 2 1Y a(e( —a)" | (1 —2) " file), (4.3)
E>1
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where a and b are the matrices from eq. (4.1) and the coefficients matrices py(€e) and g (€)
in the expansion can be obtained recursively [59].

We fix the boundary value at x = 1 by demanding regularity of the integrals in this
limit and using explicit results for some propagator type integrals. This determines ﬁ(e)

We then use the differential equation (4.1) to transport this boundary value back to
x = 0. (In mathematical language, we construct the Drinfeld associator, perturbatively
in e.) This allows us to determine fo(e). Finally, unlike the # — 1 limit, the # — 0 limit
is singular, in the sense that the matrix exponential £* contains several terms z“, with
a # 0. These non-zero values of « correspond to contributions of various regions [60-62]
to the asymptotic expansion in the given limit. The on-shell integrals we would like to
compute correspond to the so-called “hard” region with o = 0.

In order to determine to the on-shell integrals, we reduce the basis f for on-shell
kinematics, expressing it in terms of 99 on-shell master integrals. We then match the
expression so obtained to the hard region at x = 0. We find that this determines all the 99
integrals (naturally, some of the 504 equations are redundant). In order to carry out these
algebraic manipulations, we found the Mathematica implementation HPL.m [53] useful.

In summary, we analytically computed all planar form-factor integrals with two off-
shell legs (504 master integrals), and with one off-shell leg (99 master integrals). The
result for the most complicated on-shell form-factor integral with twelve propagators that
appeared in the ng-piece of our calculation was given in eq. (3.11) as an example. The full
analytic results for all planar master integrals will be given elsewhere.

5 Conclusions

In this paper we report the calculation of all 504 master integrals which are needed for
a generic planar massless form factor with two off-shell legs. They are obtained by a
proper choice of basis integrals, together with boundary conditions where the form factor
degenerates to a two-point function. From the generic basis we derive analytic results for
the 99 master integrals that are needed for the planar on-shell form factor. 78 out of the 99
master integrals are needed for the fermionic part of the planar photon-quark form factor.
The latter is considered in section 2 of this paper, where analytic results up to four loops
are presented for the cusp and collinear anomalous dimension and the finite part of F7,.

A natural extension of this work is to apply the planar master integrals we computed
to evaluate the non-fermionic planar contribution, where the integral reduction is more
complicated. Furthermore, we expect that the methods discussed in this paper can also be

applied to non-planar form factor integrals.

Acknowledgments

J.M.H. and M.S. acknowledge support via the DFG project “Infrared and threshold effects
in QCD”. V.S. is grateful to Gang Yang for comparison of some of our analytical results
with numerical results of [28]. We thank Andreas Vogt for discussions on the constant nfc
term of 42, in eq. (2.6) which helped us to fix a typo in eq. (2.3) in the first version of
this paper.

— 12 —



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

2]

3]

[4]

[5]

[14]

A H. Mueller, On the Asymptotic Behavior of the Sudakov Form-factor,
Phys. Rev. D 20 (1979) 2037 [nSPIRE].

J.C. Collins, Algorithm to Compute Corrections to the Sudakov Form-factor,
Phys. Rev. D 22 (1980) 1478 [INSPIRE].

A. Sen, Asymptotic Behavior of the Sudakov Form-Factor in QCD,
Phys. Rev. D 24 (1981) 3281 [InSPIRE].

L. Magnea and G.F. Sterman, Analytic continuation of the Sudakov form-factor in QCD,
Phys. Rev. D 42 (1990) 4222 [nSPIRE].

ILA. Korchemskaya and G.P. Korchemsky, On lightlike Wilson loops,
Phys. Lett. B 287 (1992) 169 [NSPIRE].

G.F. Sterman and M.E. Tejeda-Yeomans, Multiloop amplitudes and resummation,
Phys. Lett. B 552 (2003) 48 [hep-ph/0210130] [INSPIRE].

G. Kramer and B. Lampe, Two Jet Cross-Section in eTe™ Annihilation,
Z. Phys. C 34 (1987) 497 [Erratum ibid. C 42 (1989) 504] [INSPIRE].

T. Matsuura and W.L. van Neerven, Second Order Logarithmic Corrections to the Drell-Yan
Crross-section, Z. Phys. C 38 (1988) 623 [INSPIRE].

T. Matsuura, S.C. van der Marck and W.L. van Neerven, The Calculation of the Second
Order Soft and Virtual Contributions to the Drell-Yan Cross-Section,
Nucl. Phys. B 319 (1989) 570 [inSPIRE].

T. Gehrmann, T. Huber and D. Maitre, Two-loop quark and gluon form-factors in
dimensional regularisation, Phys. Lett. B 622 (2005) 295 [hep-ph/0507061] [INSPIRE].

P.A. Baikov, K.G. Chetyrkin, A.V. Smirnov, V.A. Smirnov and M. Steinhauser, Quark and
gluon form factors to three loops, Phys. Rev. Lett. 102 (2009) 212002 [arXiv:0902.3519]
[INSPIRE].

T. Gehrmann, E.W.N. Glover, T. Huber, N. Ikizlerli and C. Studerus, Calculation of the
quark and gluon form factors to three loops in QCD, JHEP 06 (2010) 094
[arXiv:1004.3653] [INSPIRE].

R.N. Lee and V.A. Smirnov, Analytic e-expansions of Master Integrals Corresponding to
Massless Three-Loop Form Factors and Three-Loop g-2 up to Four-Loop Transcendentality
Weight, JHEP 02 (2011) 102 [arXiv:1010.1334] [INSPIRE].

T. Gehrmann, E.W.N. Glover, T. Huber, N. Ikizlerli and C. Studerus, The quark and gluon
form factors to three loops in QCD through to O(€?), JHEP 11 (2010) 102
[arXiv:1010.4478] [INSPIRE].

K.G. Chetyrkin and F.V. Tkachov, Integration by Parts: The Algorithm to Calculate
B-functions in J Loops, Nucl. Phys. B 192 (1981) 159 [NSPIRE].

A.V. Smirnov, Algorithm FIRE — Feynman Integral REduction, JHEP 10 (2008) 107
[arXiv:0807.3243] [INSPIRE].

,13,


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1103/PhysRevD.20.2037
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D20,2037%22
http://dx.doi.org/10.1103/PhysRevD.22.1478
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D22,1478%22
http://dx.doi.org/10.1103/PhysRevD.24.3281
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D24,3281%22
http://dx.doi.org/10.1103/PhysRevD.42.4222
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D42,4222%22
http://dx.doi.org/10.1016/0370-2693(92)91895-G
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B287,169%22
http://dx.doi.org/10.1016/S0370-2693(02)03100-3
http://arxiv.org/abs/hep-ph/0210130
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0210130
http://dx.doi.org/10.1007/BF01679868
http://inspirehep.net/search?p=find+J+%22Z.Physik,C34,497%22
http://dx.doi.org/10.1007/BF01624369
http://inspirehep.net/search?p=find+J+%22Z.Physik,C38,623%22
http://dx.doi.org/10.1016/0550-3213(89)90620-2
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B319,570%22
http://dx.doi.org/10.1016/j.physletb.2005.07.019
http://arxiv.org/abs/hep-ph/0507061
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0507061
http://dx.doi.org/10.1103/PhysRevLett.102.212002
http://arxiv.org/abs/0902.3519
http://inspirehep.net/search?p=find+EPRINT+arXiv:0902.3519
http://dx.doi.org/10.1007/JHEP06(2010)094
http://arxiv.org/abs/1004.3653
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.3653
http://dx.doi.org/10.1007/JHEP02(2011)102
http://arxiv.org/abs/1010.1334
http://inspirehep.net/search?p=find+EPRINT+arXiv:1010.1334
http://dx.doi.org/10.1007/JHEP11(2010)102
http://arxiv.org/abs/1010.4478
http://inspirehep.net/search?p=find+EPRINT+arXiv:1010.4478
http://dx.doi.org/10.1016/0550-3213(81)90199-1
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B192,159%22
http://dx.doi.org/10.1088/1126-6708/2008/10/107
http://arxiv.org/abs/0807.3243
http://inspirehep.net/search?p=find+EPRINT+arXiv:0807.3243

[17] A.V. Smirnov and V.A. Smirnov, FIRE/, LiteRed and accompanying tools to solve integration
by parts relations, Comput. Phys. Commun. 184 (2013) 2820 [arXiv:1302.5885] [INSPIRE].

[18] A.V. Smirnov, FIRES: a C++ implementation of Feynman Integral REduction,
Comput. Phys. Commun. 189 (2015) 182 [arXiv:1408.2372] [INSPIRE].

[19] J.M. Henn, A.V. Smirnov and V.A. Smirnov, Evaluating single-scale and/or non-planar
diagrams by differential equations, JHEP 03 (2014) 088 [arXiv:1312.2588] INSPIRE].

[20] A.V. Kotikov, Differential equations method: New technique for massive Feynman diagrams
calculation, Phys. Lett. B 254 (1991) 158 [INSPIRE].

[21] Z. Bern, L.J. Dixon and D.A. Kosower, Dimensionally requlated pentagon integrals,
Nucl. Phys. B 412 (1994) 751 [hep-ph/9306240] [INSPIRE].

[22] E. Remiddi, Differential equations for Feynman graph amplitudes, Nuovo Cim. A 110 (1997)
1435 [hep-th/9711188] [INSPIRE).

[23] T. Gehrmann and E. Remiddi, Differential equations for two loop four point functions,
Nucl. Phys. B 580 (2000) 485 [hep-ph/9912329] [INSPIRE].

[24] J.M. Henn, Multiloop integrals in dimensional reqularization made simple,
Phys. Rev. Lett. 110 (2013) 251601 [arXiv:1304.1806] [INSPIRE].

[25] F. Cachazo, Sharpening The Leading Singularity, arXiv:0803.1988 [INSPIRE].

[26] T. Gehrmann, J.M. Henn and T. Huber, The three-loop form factor in N = 4 super
Yang-Mills, JHEP 03 (2012) 101 [arXiv:1112.4524] [NSPIRE].

[27] R.H. Boels, B.A. Kniehl, O.V. Tarasov and G. Yang, Color-kinematic Duality for Form
Factors, JHEP 02 (2013) 063 [arXiv:1211.7028] [INSPIRE].

[28] R. Boels, B.A. Kniehl and G. Yang, Master integrals for the four-loop Sudakov form factor,
Nucl. Phys. B 902 (2016) 387 [arXiv:1508.03717] [INSPIRE].

[29] A. von Manteuffel, E. Panzer and R.M. Schabinger, On the Computation of Form Factors in
Massless QCD with Finite Master Integrals, arXiv:1510.06758 INSPIRE].

[30] P. Nogueira, Automatic Feynman graph generation, J. Comput. Phys. 105 (1993) 279
[INSPIRE].

[31] J.A.M. Vermaseren, New features of FORM, math-ph/0010025 [INSPIRE].

[32] J. Kuipers, T. Ueda, J.A.M. Vermaseren and J. Vollinga, FORM wversion 4.0,
Comput. Phys. Commun. 184 (2013) 1453 [arXiv:1203.6543] INSPIRE].

[33] R. Harlander, T. Seidensticker and M. Steinhauser, Complete corrections of O(aws) to the
decay of the Z boson into bottom quarks, Phys. Lett. B 426 (1998) 125 [hep-ph/9712228]
[INSPIRE].

[34] T. Seidensticker, Automatic application of successive asymptotic expansions of Feynman
diagrams, hep-ph/9905298 [INSPIRE].

[35] R.N. Lee, Presenting LiteRed: a tool for the Loop InTEgrals REDuction, arXiv:1212.2685
[INSPIRE].

[36] R.N. Lee, LiteRed 1.4: a powerful tool for reduction of multiloop integrals,
J. Phys. Conf. Ser. 523 (2014) 012059 [arXiv:1310.1145] INSPIRE].

— 14 —


http://dx.doi.org/10.1016/j.cpc.2013.06.016
http://arxiv.org/abs/1302.5885
http://inspirehep.net/search?p=find+EPRINT+arXiv:1302.5885
http://dx.doi.org/10.1016/j.cpc.2014.11.024
http://arxiv.org/abs/1408.2372
http://inspirehep.net/search?p=find+EPRINT+arXiv:1408.2372
http://dx.doi.org/10.1007/JHEP03(2014)088
http://arxiv.org/abs/1312.2588
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.2588
http://dx.doi.org/10.1016/0370-2693(91)90413-K
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B254,158%22
http://dx.doi.org/10.1016/0550-3213(94)90398-0
http://arxiv.org/abs/hep-ph/9306240
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9306240
http://arxiv.org/abs/hep-th/9711188
http://inspirehep.net/search?p=find+EPRINT+hep-th/9711188
http://dx.doi.org/10.1016/S0550-3213(00)00223-6
http://arxiv.org/abs/hep-ph/9912329
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9912329
http://dx.doi.org/10.1103/PhysRevLett.110.251601
http://arxiv.org/abs/1304.1806
http://inspirehep.net/search?p=find+EPRINT+arXiv:1304.1806
http://arxiv.org/abs/0803.1988
http://inspirehep.net/search?p=find+EPRINT+arXiv:0803.1988
http://dx.doi.org/10.1007/JHEP03(2012)101
http://arxiv.org/abs/1112.4524
http://inspirehep.net/search?p=find+EPRINT+arXiv:1112.4524
http://dx.doi.org/10.1007/JHEP02(2013)063
http://arxiv.org/abs/1211.7028
http://inspirehep.net/search?p=find+EPRINT+arXiv:1211.7028
http://dx.doi.org/10.1016/j.nuclphysb.2015.11.016
http://arxiv.org/abs/1508.03717
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B902,387%22
http://arxiv.org/abs/1510.06758
http://inspirehep.net/search?p=find+EPRINT+arXiv:1510.06758
http://dx.doi.org/10.1006/jcph.1993.1074
http://inspirehep.net/search?p=find+J+%22J.Comput.Phys.,105,279%22
http://arxiv.org/abs/math-ph/0010025
http://inspirehep.net/search?p=find+EPRINT+math-ph/0010025
http://dx.doi.org/10.1016/j.cpc.2012.12.028
http://arxiv.org/abs/1203.6543
http://inspirehep.net/search?p=find+EPRINT+arXiv:1203.6543
http://dx.doi.org/10.1016/S0370-2693(98)00220-2
http://arxiv.org/abs/hep-ph/9712228
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9712228
http://arxiv.org/abs/hep-ph/9905298
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9905298
http://arxiv.org/abs/1212.2685
http://inspirehep.net/search?p=find+EPRINT+arXiv:1212.2685
http://dx.doi.org/10.1088/1742-6596/523/1/012059
http://arxiv.org/abs/1310.1145
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.1145

[37] T. Becher and M. Neubert, On the Structure of Infrared Singularities of Gauge-Theory
Amplitudes, JHEP 06 (2009) 081 [Erratum ibid. 11 (2013) 024] [arXiv:0903.1126]
[INSPIRE].

[38] A. Vogt, Next-to-next-to-leading logarithmic threshold resummation for deep inelastic
scattering and the Drell-Yan process, Phys. Lett. B 497 (2001) 228 [hep-ph/0010146]
[INSPIRE].

[39] C.F. Berger, Higher orders in A(as)/[1 — x]+ of nonsinglet partonic splitting functions,
Phys. Rev. D 66 (2002) 116002 [hep-ph/0209107] [INSPIRE].

[40] S. Moch, J.A.M. Vermaseren and A. Vogt, The three loop splitting functions in QCD: The
nonsinglet case, Nucl. Phys. B 688 (2004) 101 [hep-ph/0403192] [INSPIRE].

[41] S. Moch, J.A.M. Vermaseren and A. Vogt, Three-loop results for quark and gluon
form-factors, Phys. Lett. B 625 (2005) 245 [hep-ph/0508055] [INSPIRE].

[42] J.A. Gracey, Anomalous dimension of nonsinglet Wilson operators at O(1/Ny) in deep
inelastic scattering, Phys. Lett. B 322 (1994) 141 [hep-ph/9401214] [INSPIRE].

[43] M. Beneke and V.M. Braun, Power corrections and renormalons in Drell-Yan production,
Nucl. Phys. B 454 (1995) 253 [hep-ph/9506452] [INSPIRE].

[44] N. Arkani-Hamed, J.L. Bourjaily, F. Cachazo and J. Trnka, Local Integrals for Planar
Scattering Amplitudes, JHEP 06 (2012) 125 [arXiv:1012.6032] [INSPIRE].

[45] A.E. Lipstein and L. Mason, From the holomorphic Wilson loop to ‘d log’ loop-integrands for
super-Yang-Mills amplitudes, JHEP 05 (2013) 106 [arXiv:1212.6228] [INSPIRE].

[46] N. Arkani-Hamed et al., Scattering amplitudes and the positive Grassmannian,
Cambridge University Press (2016), arXiv:1212.5605.

[47] N. Arkani-Hamed, J.L. Bourjaily, F. Cachazo and J. Trnka, Singularity Structure of
Mazimally Supersymmetric Scattering Amplitudes, Phys. Rev. Lett. 113 (2014) 261603
[arXiv:1410.0354] [INSPIRE].

[48] Z. Bern, E. Herrmann, S. Litsey, J. Stankowicz and J. Trnka, Logarithmic Singularities and
Mazimally Supersymmetric Amplitudes, JHEP 06 (2015) 202 [arXiv:1412.8584] [INSPIRE].

[49] F. Caola, J.M. Henn, K. Melnikov and V.A. Smirnov, Non-planar master integrals for the
production of two off-shell vector bosons in collisions of massless partons,
JHEP 09 (2014) 043 [arXiv:1404.5590] [INSPIRE].

[50] O.V. Tarasov, Connection between Feynman integrals having different values of the
space-time dimension, Phys. Rev. D 54 (1996) 6479 [hep-th/9606018] [INSPIRE].

[51] R.N. Lee, Space-time dimensionality D as complex variable: Calculating loop integrals using
dimensional recurrence relation and analytical properties with respect to D,
Nucl. Phys. B 830 (2010) 474 [arXiv:0911.0252] INSPIRE].

[52] J.M. Henn, Lectures on differential equations for Feynman integrals,
J. Phys. A 48 (2015) 153001 [arXiv:1412.2296] [INSPIRE].

[53] D. Maitre, HPL, a mathematica implementation of the harmonic polylogarithms,
Comput. Phys. Commun. 174 (2006) 222 [hep-ph/0507152] INSPIRE].

[54] V.A. Smirnov, Analytic tools for Feynman integrals,
Springer Tracts Mod. Phys. 250 (2012) 1.

,15,


http://dx.doi.org/10.1088/1126-6708/2009/06/081
http://arxiv.org/abs/0903.1126
http://inspirehep.net/search?p=find+EPRINT+arXiv:0903.1126
http://dx.doi.org/10.1016/S0370-2693(00)01344-7
http://arxiv.org/abs/hep-ph/0010146
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0010146
http://dx.doi.org/10.1103/PhysRevD.66.116002
http://arxiv.org/abs/hep-ph/0209107
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0209107
http://dx.doi.org/10.1016/j.nuclphysb.2004.03.030
http://arxiv.org/abs/hep-ph/0403192
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0403192
http://dx.doi.org/10.1016/j.physletb.2005.08.067
http://arxiv.org/abs/hep-ph/0508055
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0508055
http://dx.doi.org/10.1016/0370-2693(94)90502-9
http://arxiv.org/abs/hep-ph/9401214
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9401214
http://dx.doi.org/10.1016/0550-3213(95)00439-Y
http://arxiv.org/abs/hep-ph/9506452
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9506452
http://dx.doi.org/10.1007/JHEP06(2012)125
http://arxiv.org/abs/1012.6032
http://inspirehep.net/search?p=find+EPRINT+arXiv:1012.6032
http://dx.doi.org/10.1007/JHEP05(2013)106
http://arxiv.org/abs/1212.6228
http://inspirehep.net/search?p=find+EPRINT+arXiv:1212.6228
http://www.cambridge.org/us/academic/subjects/physics/theoretical-physics-and-mathematical-physics/grassmannian-geometry-scattering-amplitudes?format=HB
http://arxiv.org/abs/1212.5605
http://dx.doi.org/10.1103/PhysRevLett.113.261603
http://arxiv.org/abs/1410.0354
http://inspirehep.net/search?p=find+EPRINT+arXiv:1410.0354
http://dx.doi.org/10.1007/JHEP06(2015)202
http://arxiv.org/abs/1412.8584
http://inspirehep.net/search?p=find+EPRINT+arXiv:1412.8584
http://dx.doi.org/10.1007/JHEP09(2014)043
http://arxiv.org/abs/1404.5590
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.5590
http://dx.doi.org/10.1103/PhysRevD.54.6479
http://arxiv.org/abs/hep-th/9606018
http://inspirehep.net/search?p=find+EPRINT+hep-th/9606018
http://dx.doi.org/10.1016/j.nuclphysb.2009.12.025
http://arxiv.org/abs/0911.0252
http://inspirehep.net/search?p=find+EPRINT+arXiv:0911.0252
http://dx.doi.org/10.1088/1751-8113/48/15/153001
http://arxiv.org/abs/1412.2296
http://inspirehep.net/search?p=find+EPRINT+arXiv:1412.2296
http://dx.doi.org/10.1016/j.cpc.2005.10.008
http://arxiv.org/abs/hep-ph/0507152
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0507152
http://dx.doi.org/10.1007/978-3-642-34886-0

[55]

[56]

[57]

[58]

[59]

P.A. Baikov and K.G. Chetyrkin, Four Loop Massless Propagators: An Algebraic Evaluation
of All Master Integrals, Nucl. Phys. B 837 (2010) 186 [arXiv:1004.1153] [INSPIRE].

R.N. Lee, A.V. Smirnov and V.A. Smirnov, Master Integrals for Four-Loop Massless
Propagators up to Transcendentality Weight Twelve, Nucl. Phys. B 856 (2012) 95
[arXiv:1108.0732] [INSPIRE].

E. Panzer, Feynman integrals and hyperlogarithms, Ph.D. Thesis, Humboldt U., Berlin, Inst.
Math. (2015), arXiv:1506.07243 [INSPIRE].

E. Remiddi and J.A.M. Vermaseren, Harmonic polylogarithms,
Int. J. Mod. Phys. A 15 (2000) 725 [hep-ph/9905237] [INSPIRE].

W. Wasow, Asymptotic expansions for ordinary differential equations, Pure and Applied
Mathematics, Vol. XIV, Interscience Publishers John Wiley & Sons, Inc., New York, London,
Sydney (1965).

M. Beneke and V.A. Smirnov, Asymptotic expansion of Feynman integrals near threshold,
Nucl. Phys. B 522 (1998) 321 [hep-ph/9711391] [INSPIRE].

V.A. Smirnov and E.R. Rakhmetov, The strategy of regions for asymptotic expansion of two
loop vertex Feynman diagrams, Theor. Math. Phys. 120 (1999) 870 [hep-ph/9812529]
[INSPIRE].

V.A. Smirnov, Applied asymptotic expansions in momenta and masses,
Springer Tracts Mod. Phys. 177 (2002) 1.

,16,


http://dx.doi.org/10.1016/j.nuclphysb.2010.05.004
http://arxiv.org/abs/1004.1153
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.1153
http://dx.doi.org/10.1016/j.nuclphysb.2011.11.005
http://arxiv.org/abs/1108.0732
http://inspirehep.net/search?p=find+EPRINT+arXiv:1108.0732
http://arxiv.org/abs/1506.07243
http://inspirehep.net/search?p=find+EPRINT+arXiv:1506.07243
http://dx.doi.org/10.1142/S0217751X00000367
http://arxiv.org/abs/hep-ph/9905237
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9905237
http://dx.doi.org/10.1016/S0550-3213(98)00138-2
http://arxiv.org/abs/hep-ph/9711391
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9711391
http://dx.doi.org/10.1007/BF02557396
http://arxiv.org/abs/hep-ph/9812529
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9812529
http://dx.doi.org/10.1007/3-540-44574-9

	Introduction
	Calculation and results
	Integrals with constant leading singularities
	Leading singularities and d-log forms
	Transcendental weight properties

	Differential equation bootstrap for single-scale integrals
	Conclusions

