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1. Introduction

Tessellations, or mosaics, have been a subject of interest for a very long time. Even ancient
cultures, like the Sumerians or the Romans, used colored tiles to decorate floors and
walls. Formal, mathematical definitions and deterministic tilings of the plane or higher
dimensional spaces were considered much later. By a tessellation of R?, we understand
a system of convex polytopes in R? which cover the whole space and have pairwise no
common interior points.

Random tessellations of Euclidean spaces are a classical topic in stochastic geometry.
They are extensively studied in the literature, see e.g. [49, Chapter 10], [8, Chapter 9],
[38] or [40] for an overview and results for general tessellations. There are also many
articles discussing various properties of special models such as hyperplane tessellations,
see e.g. [33], [36], [17], [31, Chapter 6], or the so called Voronoi tessellations, see e.g. [39)],
41], [4).

As the title suggests, this thesis can be subdivided into two parts, investigating random
tessellations in different spaces. In the first part, Chapter 2, we consider random tessel-
lations of R? and their sections with a fixed lower dimensional linear subspace. Related
results can be found in [38, Chapter 6] or [35, Section 2.5]. A somehow dual framework is
often investigated in stereology, where a deterministic object is intersected with a random
linear or affine subspace. An example of such an approach is [24] or [3]. In these papers,
a fixed object is intersected with a j-dimensional hyperplane, j € {1,...,d}, and the
rotational average of the intrinsic volumes of this section is investigated.

Let X be a stationary random tessellation in R?, that means, for any y € R?, the
shifted tessellation X + y has the same distribution as X. We write Sy(X) for the system
of cells of X. Then any element F' € S4(X) is almost surely a convex polytope and can
be decomposed into its lower dimensional faces. Let Si(X) denote the system of all k-
dimensional faces of X. If z € R? is in the relative interior of some F' € S(X), we define
Fy.(z) := F. Further, let S be a linear subspace of R%. Then Xg := X NS is a tessellation
in S. Let Ur denote the subspace parallel to a convex polytope F. We assume X and
S to be in general position, which means that for all k£ € {0,...,d} the following holds
almost surely: If F' € S;(X), then dim(Ur N S) = 0 or Up + S = R% Then the j-faces
of Xg, j €{0,...,l}, are given by intersecting the (d — [ + j)-faces of X with S, i.e. we
have §;(Xs) = {FNS: F € S;_14+;(X), FNS # 0}. Now we consider the stationary
random measures

Myri()e= ), HTW(FN) and Ms;():= Y  H(FNnSN:).

FeSq_145(X) FeSq_145(X)

Here stationarity means that My_;4;(- + ) has the same distribution as M, ;(-) for any
z € R? and that Mg (- +y) has the same distribution as Mg ;(-) for any y € S, since M,
is concentrated on S. Under the Palm measure Py, ;, the origin is almost surely contained
in some j-dimensional face of Xg. Our main result of Chapter 2, Theorem 2.4.1, shows
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that the Palm measure Py, . of Mg ; has a density with respect to the Palm measure
Par,_y,; of Myyy; and this density is given by the subspace determinant, or generalized
sine function, [S, Fy_i4,(0)];, a number related to the relative position of S and Ug,_,, (0)-
Thus, for any measurable f, we have

EMS,j [f] = EMd—lJrj HSv Fd*lJrj(O)]j : f] )

where the expectations mean integration with respect to the Palm measures. We provide
two different proofs for this result. The first is somehow more straightforward, while the
second is based on another general result, Theorem 2.4.4. We also show that Theorem
2.4.1 can be used to prove Theorem 2.4.4. An application is f = 1, giving us a relation
between the intensities of My_;,; and Mg

Asj = Ma-ivg - By, [1Ss Faceesly),

where E%/[d o ~denotes integration with respect to the Palm distribution of My_;4;, i.e.
AL 1l +]IP’Md .,; In case Ad—i+; is positive and finite. See also [49, Theorem 4.4.6] where a
similar result is obtained for stationary k-flat processes.

A tessellation is called isotropic, if its distribution is invariant under all rotations of
SOy. In this case, E%@_WHS’ Fy_i+;]j] can be computed and we obtain Corollary 2.5.4
(see also [38, Theorem 6.3]):

r(=)T (%)

ASj = Ad—i4j (L) T ()

In Section 2.6, we state a weaker version of Theorem 2.4.1, for the area-debiased Palm
measures Py, , - and Py .
Let A be a locally finite set in R? with conv(A) = R?%. For z € A, the Voronoi cell of =
is given by
C(z,A) = {z€R?: ||z —z| < |z —al for all a € A},

and the collection of these cells is the Voronoi tessellation of A (see [49, Chapter 10.2]). If
the Voronoi tessellation is generated by a Poisson process, it is called a Poisson—Voronoi
tessellation. In Section 2.7, we apply Theorem 2.4.1 to some of the results in [4] for a
stationary Poisson—Voronoi tessellation X generated by a Poisson process N and compute
the joint distribution of the I — j + 1 neighbours of the (d — [ + j)-face of X containing
the typical point, randomly chosen on a j-face of Xg. These neighbours are the [ — j 4+ 1
points in N, having the same distance from this typical point. The affine hull of the
(d — 1+ j)-face of X containing the typical point is uniquely defined by those neighbours
(see [4, (2.1)].

In the second part, which consists of Chapter 3 and Chapter 4, we consider random
tessellations of the unit sphere S¢ in R%!. This setting is not as extensively studied in the
literature as the Euclidean one is. The intersection of the unit sphere with a d-dimensional
subspace is the unit sphere in the intersecting subspace and thus a great subsphere of S¢
having unit radius. We call the intersection a great circle in case of d = 2. At the same
time, d-dimensional subspaces partition the Euclidean space R%*! into polyhedral cones.
This relation plays an important role in spherical geometry, see e.g. [1], [9] [14, Chapter
2]. Random tessellations of the sphere generated by intersecting the unit sphere with



d-dimensional subspaces are studied in [9], [34, Section 6], [2] and the recent work [23]
on conical tessellations. Voronoi tessellations in spherical space can be defined as in the
Euclidean case, using the geodesic distance on S?. Random Voronoi tessellations on the
sphere and their applications are investigated in [34, Section 7], [44], [51], [43, Section
3.7.6, Section 5.10] and [53].

We focus on the what became known as ‘Kendall’s Problem’ or ‘Kendall’s Conjecture’.
So far this line of investigation was only considered in the Euclidean setting. In our present
work, we now formulate and investigate a spherical analogue. Consider a stationary and
isotropic Poisson line process in the Euclidean plane and denote the almost surely unique
cell containing the origin by Zj. This cell is called the zero cell or Crofton cell. In the
foreword of the first edition of [8], David G. Kendall stated the following conjecture: The
conditional law for the shape of Z,, given the area A(Z,), converges weakly, as A(Z,) —
00, to the degenerate law concentrated at the circular shape. This conjecture was strongly
supported by a heuristic proof from R. Miles [37]. Two years later, a proof was given by
Kovalenko in [26]. Kovalenko also provided a simplified proof in [28] and an extension to
the typical cell of a Poisson—Voronoi tessellation in the plane in [27]. Further extensions
to arbitrary dimensions and not necessarily isotropic Poisson hyperplane tessellations
were made in [17], where the size of the Crofton cell was measured by the volume. In
[18] the problem was extended and solved for typical cells of stationary Poisson—Voronoi
tessellations in arbitrary dimensions and the size was measured by an intrinsic volume.
In [20] a very general setting with a very general class of size functionals was considered,
containing the aforementioned results as special cases. In [21], Kendall’s Problem was
extended to the typical k-faces of a Poisson hyperplane tessellation (k € 2,...,d — 1})
and in [22] to the typical k-faces of a Poisson—Voronoi tessellation. In [19] typical cells of
Poisson—Delaunay tessellations were considered. David Kendall died in 2007 in Cambridge
at the age of 89 ([58]). Hence, he was still alive when his conjecture was proven and
extended to arbitrary dimensions and different models.

We continue with some notation in order to present our results. On the unit sphere,
there is no naturally distinguished point similar to the Euclidean origin, so we choose
0:= (1,0,...,0)T as the spherical origin. Let d, denote the geodesic metric on S? and let
Bg(x,r) denote a spherical cap with radius r and centre z.

A conver body in S? is the intersection of the unit sphere with some line-free closed
convex cone in R which is not {0}. We denote the set of spherically convex bodies
by K¢ If we do not require the cone to be line-free but only require that the cone is

not equal to some linear subspace of R%! the resulting set will be denoted by Kj. A
spherical polytope is the intersection of S* with a polyhedral cone. For more details on
spherical geometry, we refer to [49, Section 6.5] and [14].

By a tessellation of S?, we understand a finite collection of spherical polytopes which
have nonempty interiors, which cover S? and have pairwise disjoint interiors. If the tessel-
lation is isotropic, that means its distribution is invariant under the rotations in SOy, 1,
there is almost surely a unique cell containing 0 in its interior. We call this cell the
spherical Crofton cell or spherical zero cell and denote it by Z.

We denote the spherical Lebesgue measure on S¢ by o, and the surface area of the
unit sphere by wyy1 := 04(S?). Let X be an isotropic Poisson process on S?. Then the
intensity measure of X equals E[X (-)] = ys04(-) for some 5 > 0. We want to show that
the Crofton cell of an isotropic spherical Poisson hyperplane tessellation, given a lower
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bound for its spherical volume, converges to a spherical cap for v — co. Therefore, we
have to quantify the deviation of Z; from a spherical cap.

A functional ¥ : Kj — [0, 00) is called a deviation functional for the class of spherical
caps, if it is continuous and ¥(K) = 0, for some K € Kj with o4(K) > 0, if and only if K
is a spherical cap. An example for such a deviation functional is the difference between
spherical circumradius and spherical inradius of K. Another example, denoted by A, is
discussed in Theorem 3.3.4 and measures the deviation in the L?-sense. In Section 3.1 and
3.2 the setting and the model are formally introduced. Section 3.3 contains geometrical
results. On K¢, the functional U; is given by

U(K) = ! /sd H{K Nzt # 0} o4(dx).

2Wa 1

It can be interpreted as 1/2 of the measure of great subspheres meeting the spherical
convex body K. Thus, it is a spherical analogue of the Euclidean functional V;, which,
for convex bodies, is proportional to the mean width.

In [12], the following inequality is shown. It can be interpreted as a spherical version
of the Urysohn inequality. Let K € K¢ and let C' be a spherical cap with 4(C) = 04(K).
Then

Ui(K) > Ui(C)

and equality holds if and only if K is a spherical cap. Theorem 3.3.2 and Theorem 3.3.4
are key ingredients for the following investigations, giving stability estimations for the
result above. The first stability estimate is for general deviation functionals. It can quite
easily be generalized to other size functionals besides 0,. We denote by B, some spherical
cap with o4(B,) = a.

Theorem 3.3.2. For any a € (0,wqs1/2) there is a function f, : [0,00) — [0, 1], with
fa(0) =0 and f,(t) > 0 fort >0, such that

Uv(K) =2 (14 fa(e))Ur(Ba),
for any e > 0 and K € K¢ with 04(K) > a, 0 € K and 9(K) > «.

The second stability estimate is much more explicit. For a spherical cap C, denote its
radius by ac.

Theorem 3.3.4. Let K C S¢ be a spherically convex body and C C S a spherical cap
with 04(K) = 04(C) > 0. Let ag € (0,7/2) be such that oy < ac < /2 — ap. Then there
is a constant v = y(d, o) such that

UL(E) > (14 7A(K)?) U ().

In Section 3.4, we prove the following theorems, describing not only the asymptotic
shape of the spherical Crofton cell given a lower bound for its volume, which is a spherical
cap, but also giving deviation inequalities for fixed intensities. For the first result, we fix
a general deviation functional.

Theorem 3.2.1. Let ¢ > 0 and let 0 < a < wgy1/2. Then there are constants c1,co > 0,
such that
P()(Zy) > eloa(Zy) > a) < ¢1 - exp(—ca - Vs - War1)

10



and the constants ¢y, co depend only on a,e and d.
For the second result, we consider the deviation functional A.

Theorem 3.4.3. Let 0 < a < wgy1/2 and 0 < € < 1. Then there are constants ¢1, ¢ > 0,
such that

P (A(Zo) > eloa(Zo) > a) < & - exp (=& - e - yg - wapa)

and the constant ¢, depends only on a,c and d and the constant ¢y depends only on a and
d.

In the next section, we use the techniques developed in Section 3.4 to show that for
0 < a < wgy1/2 the probability P(o4(Zy) > a) decays exponentially if the intensity g
tends to infinity. We also provide the explicit rate of the exponential decay.

Section 3.6 contains analgous results for the tessellation induced by a fixed number
N > d + 1 of independent and uniformly distributed random great subspheres. Such a
collection of great subspheres is also called a spherical binomial process of size V.

In Section 3.7, we measure the size of the Crofton cell with the spherical inball radius.
Then the asymptotic shape of the Crofton cell, given a lower bound for the inradius, is
still a spherical cap and we obtain similar deviation inequalities as in Section 3.4. This
holds for both spherical Poisson hyperplane tessellations and the tessellations induced by
spherical binomial processes of size N > d + 1.

After investigating Crofton cells, a natural next step is to look at typical cells. Thus,
in Chapter 4, we consider typical objects in spherical space. Since S? is a homogeneous
SOgq41-space ([49, p. 584]), we use the framework of random measures on homogeneous
spaces, see [29] and [46]. A particle process in Euclidean space is a point process on the
space of nonempty compact subsets of R4T!. If Y is a stationary particle process with
intensity vy, there is a very intuitive representation for the distribution Q of the typical
particle of Y (see [49, p. 106]):

Q() = %E SO1{K — o(K) € J1{e(K) € [0,1]},

Key

where ¢ : K41 — R is a centre function and Q is concentrated on sets having the
Euclidean origin as centre. In spherical space, there are many ¢ € SO,;y; such that
00 = z for some fixed + € S?. Let X’ be an isotropic spherical particle process with
intensity vx, and denote its typical particle by Z. Then the distribution of Z is given by

1
PZe.)=—E
VX' W41

/ 1o 'K €} nlea(K),dg)|
SO411

KeX’

where ¢, : K¢ — S is a suitable centre function and, for x € S, k(z,) is a probability
measure on SOz, concentrated on the set {¢ € SOy : 90 = x}. We then prove a
disintegration result for isotropic particle processes on S¢ (a Euclidean analogon can be
found in [49, Theorem 4.1.1]).

In Section 4.2, we interpret an isotropic tessellation X’ of S? as an isotropic particle
process and use the aforementioned disintegration result to obtain the following relation
between the Crofton cell Zy of X’ and the typicall cell Z of X".

11
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Theorem 4.2.2. Let f: K¢ — [0,00) be measurable and rotation invariant. Then

E[f(Zo)] = 1xE[f(Z) - 0a(Z)],
where vx: is the intensity of the tessellation X'.

Using this result, we transfer Theorem 3.2.1 to the typical cell of a spherical Poisson
hyperplane tessellation and we do the same for the typical cell of the tessellation induced
by a binomial hyperplane process of size N > d + 1.

In the second part of Chapter 4, we investigate the typical cell of a spherical Poisson—
Voronoi tessellation. In Euclidean space, the Theorem of Slivnyak characterizes a sta-
tionary Poisson process using its Palm distribution (see [49, Theorem 3.3.5]). We prove
a spherical version:

Theorem 4.3.1. Let X be an isotropic point process on S¢ having intensity measure
E[X ()] = A-0a(-) for some 0 < X\ < oo. Let Px denote its Palm distribution. Then X is
a Poisson point process if and only if

Py(X € A)=P(X +d;€ A), AcBWN(SY).

With the help of this theorem, in Section 4.4 we show that the distribution of the
typical cell of the Poisson—Voronoi tessellation, induced by an isotropic Poisson process
X, is equal to the distribution of the Crofton cell induced by a special spherical Poisson
hyperplane process Y. The hyperplane process Y is the set of all great subspheres having
equal distance to the spherical origin 0 and a point in X and thus clearly is not isotropic.
This leads to a new functional U on K? defined by

0(K) = [ U@ 1K £ 0} oufda), K €K,

where f(z) := (x —0) - (||l# = 0|))~ for z € S\ {0} and f(0) := —0. In this setting, we
measure the size with the centred spherical inball radius

ro(K) :=max{r >0: B,0,r) Cc K}, K ek
Furthermore, let
Ry(K) :=min{r >0: K C B,(0,7)}, KK

denote the centred spherical circumradius and define the deviation functional ¥° (for the
class of spherical caps with centre 0) by

I'(K) = Ry(K) —ry(K), KeK2

Section 4.5 is devoted to the following extremal and stability result for U.

Theorem 4.5.1. Let a € (0,7/2), K € K¢ with ry(K) > a and C := B,(0,a). Then

U(K) > U(C) = 4(Bs(0, 2a))

12



with equality if and only if K = C. Furthermore, let K C B,(0,7/2) and 9°(K) > & > 0.
Then . 3
U(K) > U(C) : (1 + Cco9 '€d),

where the constant cag = cao(a,d) only depends on a and the dimension d.

In the last section, Section 4.6, we modify some tools from Section 3.3 and eventually prove
an asymptotic result for the typical cell Z of a spherical Poisson—Voronoi tessellation.

Theorem 4.6.4. Let 0 < a < w/2, e >0 with a+¢ < /2. Let X be a Poisson process
on S with intensity vg > 1/wgi1. Then

P(Ry(Z) — rs(Z) > e|rs(Z) > a) < ca3 - exp (—7s - coa - €7)

where the constant coy > 0 depends only on a and d and the constant co3 > 0 depends only
on a,d and €.

13






2. Distributional formulae in stereology

2.1. Stationary random measures and Palm measures

In this chapter, all random elements are defined on a probability space (2,4, P). A
random measure M on R (see e.g. [25]) is a random variable, taking its values in the
space M of all locally bounded measures on R, equipped with the o-field M generated
by the mappings a — «a(B), B € B¢ a € M. Here B¢ denotes the Borel o-field
on RY. For k € {0,...,d} let G(d, k) be the set of all k-dimensional linear subspaces
of R? and denote by A(d,k) the set of all k-dimensional affine subspaces of RY. Let
N C M denote the measurable set of all measures that are integer-valued on bounded
sets. A point process N (on R?) is an N-valued random variable. Such a point process
is called simple if P(N € Ng) = 1, where N, denotes the space of all measures ¢ € N
satisfying p({z}) < 1 for all x € R%. Any element ¢ € N is identified with its support
supp(p) = {x € R%: p({x}) > 0}, a locally finite subset of R%.

We assume (€2, A) to be equipped with a measurable flow 0, : Q — Q, z € R%. This is
a family of measurable mappings such that (w,z) — 6,w is measurable, fyw = w for all
w € ) and

0y 00, =0,,, x,y€R.

Since
0,00 _,=0,_,=0,=id, xR

these mappings are bijective.

Example 2.1.1. Assume that (2, 4) = (N, MNNj) and define 8, := p—xz, for ¢ € N
and € R? Taking P as the distribution of a stationary simple point process yields a
model as used above.

A random measure M on R? is called adapted to the flow (or stationary), if
M(Ow,B—2)=M(w,B), wezecRBepB, (2.1.1)

where B+ x := {y + x : y € B}. The probability measure P is assumed to be stationary,
in the sense that

Pof, =P, zecR%
Pof,(A) :=PO,A) =P({lw: we A}), Ac A

For a € M we define a+x € M by (a+z)(B) = a(B—x), B € B If M is a flow-adapted
random measure then the distribution of the shifted process M +x = M of_, is the same
for any € R?. In fact, if C' € M,

PlweQ: (M +2)(w,)eC})=P{weQ: M(l_,w,-) e C})

15
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=P{O,weQ: M(O_.0,w,-)eC})
P{O,weQ: Mw,-) e C})
=(Pol,){we: Mw,-)eC})
=P{weQ: Mw, ) eC}). (2.1.2)

Therefore, we call M just stationary. Let
A(B) :=E[M(B)], B € B%,
denote the intensity measure of M. If M is stationary and A is locally finite, it is given

by
A(dx) = Ay H(dw),

where \y; := E[M([0,1]%)] is the intensity of M and H? denotes the d-dimensional Haus-
dorff measure, which on R? equals the Lebesgue measure on R?. To confirm this, we use
(2.1.2) to obtain for all B € B4 and = € R?

A(B +2) = E[M(B + )]

Since the Lebesgue measure is (up to a constant) the only locally finite translation invari-
ant measure on RY, the assumption follows.
The measure

Pur(A) = / / 10w € A,z € [0,1]9) M(w, dz) P(dw), Ac A (2.1.3)

is called the Palm measure of M. If A is locally finite, P, is finite and satisfies the refined
Campbell theorem

E {/f(@z,x)M(dx)} =Ky [/f(@o,x)’;'—ld(dx)] (2.1.4)

for all measurable f : Q@ xR? — [0, 00), where Ej; denotes the integral with respect to Py;.

Proof.
Py (Q) = / / 1{0,w € Q,z € [0,1]} M(w,dz) P(dw)

_ /Q /R o € [0,1)% M(w, dv) P(dw)

= E[M([0,1]%)] = A([0,1]%) < oo.

16



2.1. Stationary random measures and Palm measures

Now we consider the measure M on Q x R?, defined by
M(A x B) = / / 10, € AV1{z € B} M(w,dz) P(dw), Be B’ Ac A
Q JRd

If we fix A € A, M(A x -) is a translation invariant measure on R% To obtain this, let
B e B’ yeR’ Then

M(Ax (B+vy)) = /Q/Rd 1{x € B+ y}1{f,w € A} M(w,dx) P(dw)
_ / / 1{z € B+ y)1{fw € A} M(w,dz) Poo,(dw)
o Jre
— / /d 1{x € B+ y}1{0,0_,w e A} M(0_,w,dzx) P(dw)

_ / / 1z +y€ B+ y)1{f,,0_,0 € A} M(w,dr) P(dw)
= M(A x B),

using the stationarity of P and M. Therefore, we can decompose M as the product of
Lebesgue measure on R? and some measure ]Ps\? on (2, that is

M =P) @ H.
Hence,
Pyr(A) = / / 1z € [0,1]% 0,0 € A} M(w, dz) P(dw) = F(A x [0,1]%) = P ()

for all A € A. Instead of [0, 1]¢ we could have used any B € B¢ with H%(B) = 1 to define
Pys. In order to show (2.1.4), we take some measurable f :  x R? — [0, 00) and apply
the decomposition from above:

/Q » f(Opw, x) M(w,dx) P(dw) :/Q » f(w,x) M(dw,dz)

= [ [ 1) i) Pagtas).
]

If 0 < Ay < oo, then we can define the Palm probability measure P, := )\]T}IP’M of M.

Theorem 2.1.2. (see [32]) Dropping the assumption of a locally finite intensity measure,
Py is still o-finite.

We prove this result after the following two lemmata.
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2. Distributional formulae in stereology

Lemma 2.1.3. (see [32]) For f:RYx R% x Q — [0, 00] we have
// f(t, s, 0w) M(w,ds) P(dw) dt = // f(s,t,0,w) M(w,ds) P(dw) dt.
R4 R4 R R4

(2.1.5)
Proof. Using the stationarity of P and M we get

/ / / F(t, 5, 6,0) M(w, ds) P(dw) dt = / / / F(t5,0,0) M(w,ds) Po0_(dw) di

_ / / F(t, 5, 05000) M(6y, ds) P(dw) dt

///f —t,0,w) M(w,ds) P(dw) dt. (2.1.6)
Analogously we obtain

/ / F(5,t,0,) M(w,ds) P(dw) dt = / / / (s — t1,00) M(w, ds) P(dw) dt. (2.1.7)

A change of variables yields
f(t,s —t,0w)dt = [ f(s—t,t, 0,w)dt.
RY RY

Therefore, we obtain

(2.1.6) ///f —t,0,w) dt M(w,ds) P(dw)
///f —t,t,0.w) dt M(w,ds) P(dw)

(2.1.7),

using Fubini’s theorem. O]

Lemma 2.1.4. A measure pn on (2, A) is o-finite if and only if there is a measurable
function f: Q= [0,00] such that f(w) >0, we Q, and [, f(w)p(dw) <

Proof. 1f p is o-finite, there is a partition {A;, As,...} of { such that /L(Ai> < oo and
A; is measurable for all i € N. Defining @ = +o0 if u(A4;) =0 and 0 - co := 0, the

function
Iy Q — [0, 00],
we flw) =300 w1, (w) u(zm

where w; > 0, Zfil w; < oo, fulfills all requirements.
On the other hand, if f: Q — [0,00], f(w) >0, w € Q, [ f(w)u(dw) < oo, the sets

Ay ={weQ: flw)>1},

1 1
A, = Q. —< —1 n>2,
weQ: L<fw)< )

form a measurable partition of Q such that pu(A4;) < oo, i € N. ]

18



2.2. Stationary tessellations

Proof of Theorem 2.1.2: Let By, Bo, ... be a Borel-measurable partition of R? such that
all B; are bounded. We define the measurable function h : R x M — [0, oo] by

h(t,a) == {Zil 27 pyle (1), a(RY) £0,

k3

1 , a(R?) = 0.

If a(B;) = 0 we put a(i%-) = oo and again 0-o0o = 0. Then h(t,a) >0, t e RY a e M
and

/h(t,a) adt) < iz—i =1. (2.1.8)

Since h(t, M(w)) > 0 for all t and w (M is our stationary random measure), we have
h(t, M(0_,w)) > 0 for all £ and w and thus

/ h(t, M(6_w)) dt > 0, weQ.

Using the definition of P);, Fubini’s theorem and Lemma 2.1.3, applied to the function
f(t,s,w) :=1{s €[0,1)4}h(t, M(0_w)), we obtain

[ [ e 0w dt Pyt

= [ [ ] 1t € 0ayme M6 1)) dt Mo, ds) Pl
= [ ][ 1t e arme 6. 0) M. ds) Bla)
=[] [ 1t e 001, M6 ) Mo ds) Plds)
= [ [ hs M) M) Pla)

§/1P(dw):1<oo,
Q

where we have used (2.1.8) for the estimation. Lemma 2.1.4 finishes the proof. ]

If N is a stationary simple point process, we will always assume that P(N = ) = 0.
In consequence, it follows that the convex hull of N is almost surely given by R? (see
[49, Theorem 2.4.4] ). We refer to [32] for the definition of P, and P, in a canonical
framework, and to [42] for the {0, }-framework for point processes.

2.2. Stationary tessellations

In introducing random tessellations, we largely follow Chapter 10 in [49]. A (deterministic)
tessellation m of R? is a countable system of compact and convex subsets of R? (cells)
such that the following properties hold. First, each cell has a non-empty interior. Second,
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2. Distributional formulae in stereology

the union of the cells is all of R% and the interiors of different cells are disjoint. Third, any
bounded subset of R? is intersected by only finitely many of the cells. Given a tesselation
m we write S;(m) for the system of cells of m.

If m is a tessellation, then any element F' of S;(m) is in fact a convex polytope (see
Lemma 10.1.1 in [49]). Hence, its boundary can be decomposed into lower-dimensional
polytopes called faces of F. A k-dimensional face (k € {0,...,d}) of F' is called k-face
of F' and of m. The cells are also called d-faces. We denote by Si(F') the system of all
k-faces of F' and define

as the system of all faces of m. A tessellation m is called regular if for any F, F’ € m,
the intersection F'N F” is either empty or a face of both F' and F’. (A regular tessellation
m is called normal, if any k-face is contained in exactly d — k + 1 cells.)

The system of closed subsets of some locally compact topological space E with a count-
able base will be denoted by F(E), the Borel-o-algebra on F(FE) will be denoted by
B(F(E)). We equip the space T of all tessellations with the trace o-algebra induced by
the Fell-topology on F(F(R?)). The space of all regular tessellations will be denoted by
T*. We write 7/ = F\{0}. The necessary measurability statements are summarized in
the following lemma (see [49, Lemma 10.1.2]).

Lemma 2.2.1. The sets T and T* are measurable sets in F(F'), the set of closed subsets
of F'. The map

)T = F(F)
LA PN Sk(m)
is measurable for k € {0,...,d — 1}.

We now consider a random tessellation X as a measurable mapping from the probability
space (€2,.A,P) into the space T* of all (regular) tessellations. To deal with exceptional
cases it is convenient to include an extra (trivial) partition m,, = {R%} into T and to set
Sp(my) =0 for k € {0,...,d — 1}. Tt is assumed then that P(X = m,,) = 0.

A random tessellation X is called stationary, if

Xo0,={C—z:CeX} (2.2.1)

This definition is consistent with the definition of stationarity for random measures, see
(2.1.1). It follows that {X = m..} is a shift-invariant set and that

Sp(Xo00,)={F—z:FeS&X), kelo,... d. (2.2.2)

Let X be a stationary tessellation and k € {0,...,d}. Since H*(F'N-), for F € Sp(X),
is almost surely a locally finite measure on R? and the mapping F' — H*(F N B) is almost
surely measurable for all B € B(R?) (see [54, Corollary 2.1.4]), we have that

My:= Y HMEFN (2.2.3)

FeS,(X)

20



2.3. Sections through tessellations: Notation and preliminary results

is a random measure on R
Due to (2.2.2), My, is stationary in the sense of (2.1.1):

Myw,B+z)= Y  HYFN(B+u)
FeSy(X (@)

= > HYN(F-2)nB)

FeSk(X(w))
= >  HYFNB)
FeSy (X(gacw))

= Mk(wa, B)

Moreover, it is supported by the random closed set (see [49, page 464])

V= |J F (2.2.4)
FESk(X)

Note that Y}, is stationary in the sense that Yj,00, = Y, —x for all z € R?. Whenever z € R?
is in the relative interior of some F' € Sg(X(w)), we define Fy(w,x) := F. Otherwise we
define Fj(w,x) := {x}. It follows that

Fi(0,w,0) = Fy(w,z) —2, zcR% (2.2.5)

Now we want to introduce a random measure Ny, whose Palm measure is closely related
to Py, . We follow the approach in [4] and [5]. For any non-empty compact and convex
set C' C R?, let ¢(C) denote its Steiner point (see [49, (14.28), p. 613]). Then ¢(C + ) =
c(C) +x, x € RY and ¢(C) is in the (relative) interior of C. We define the stationary

random measure Ny by
N, k — Z 50( F)-

FESk(X)

If its intensity is finite, we can consider the Palm probability measure P?Vk. Under this
measure, the origin is almost surely a centre of a k-face (Fy(0)), the area-debiased typical
k-face of X (see [4], the remark after Formula (2.10)).

2.3. Sections through tessellations: Notation and
preliminary results

Let X be a stationary tessellation. We fix [ € {1,...,d} and an [-dimensional affine
subspace S C R%. By Ug we denote the linear subspace parallel to S.

Lemma 2.3.1.
Xs:={CNS:CeX, CnNnS+#0D}

can be considered as a tessellation in S. Moreover, Xg is stationary in the sense that

Xgo00,={C—y:CeXs}, ye€Us.
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2. Distributional formulae in stereology

Proof. In case of | = d there is nothing to show, so we assume [ < d — 1. The elements of
Xg are trivially compact and convex. Since X is almost surely a countable system, so is
Xg. In order to show that Xg is locally finite, we take some bounded Borel set B C S.
Then B is a bounded subset of R and {F € X : FN B # ()} contains almost surely only
finitely many elements. Therefore, #{F € Xg: F N B # (0} is almost surely finite too.
Furthermore,

E

Z H{FNS#0, int(F)NS = @}]

FeX

= E |:/]Rd 1{Fy(z) NS #0, int(Fy(z)) NS =0} Nd(dx)]
- E UR {((F400,)(0) +2) NS # 0, int((Fy06,)(0) +x)NS =0} M(dm)}

= Ey, [/Rd {(Fy(0) +2) NS # 0, int(Fy(0)+2)NS =0} Hd(dx)} :
Now we consider the set A := {z € R?: (Fy(w,0)+z)NS # 0, int(Fy(w,0)+z)NS = 0}.
Since Fy(0) is almost surely a convex polytope, the following holds almost surely:
—A={-2€R?: thereexists y € [;(0), s€ Sst. y+r=5s
and for all y € int(Fy(0)), s € S we have y + = # s}
={reR: v Fyw,0)— S, x¢int(Fyw,0))—S}
={r eR?: z € Fy(w,0)+ S, = ¢ int(Fy(w,0)) + S}
={reR?: 7€ Fy(w,0)+ S, = ¢ int (Fy(w,0) + 5)}.

Therefore, H(A) = 0 Py,-almost surely and
P(thereisan Fe X : FNS#0, int(F)NnS=10)=0.

It follows that dim(FNS) = [ almost surely for every F' € X with NS # (). Additionally,
for every x in the relative interior of some C' € Xg, we have x is in the interior of the cell
F e X, where C' = FN.S. With that we can conclude that different cells in Xg do have

disjoint interiors. The stationarity is inherited from the stationarity of the tessellation X.
For y € Us and C € X, we have (C —y)NS #0) < CNS #D and therefore

Xg00,={CNS:CeXob, CNS+#0}
={(C—-y)nS:CeX, (C,)NS #0}
={(CNnS)—y:CeX, CNS#0D}
={C—-y:C e Xgs}.
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2.3. Sections through tessellations: Notation and preliminary results

Lemma 2.3.2. Let P be a polytope and @ be a polyhedral set in RY such that their
relative interiors have nonempty intersection. Then PN Q) is a polytope and its faces are
intersections of faces of P with faces of Q).

Proof. Since P is a polytope, it is a bounded, polyhedral set (see [52, Theorem 3.2.5]).
Thus PNQ is a polyhedral set and since P is bounded, PN @ is also bounded. From [52,
Theorem 3.2.5] it follows that P N @ is a polytope.

Let Fy be a face of P and F; be a face of @ such that Fy N Fy # (). Furthermore let
r,y € PNQ and A\, u > 0 with A+ = 1 such that Az +puy € F1NF,. Then Ao+ puy € F
and by the definition of a face (see e.g. [52, p. 79]) we have z,y € F;. Analogously we
obtain x,y € Fy and therefore x,y € F; N F,. This means F; N F; is a face of PN Q.

Now let F' # () be a face of PN Q. Then F is convex and we choose some z € relint(F).
Then z € P and z € @ and by [52, Theorem 2.6.10 and Corollary 2.6.7], there is a unique
face F} of P and a unique face F, of ) such that z € relint(F}) and z € relint(F3). As
shown above, Fy N F; is a face of PN Q. Since z € relint(F)) Nrelint(Fy), [45, Theorem
6.5] gives relint(Fy) Nrelint(Fy) = relint(F; N Fy). Therefore relint(F) Nrelint(Fy N Fy) # ()
and [52, Corollary 2.6.7] gives F' = Fy N Fy. O

For the rest of this chapter we assume now that X and S are in general position. This
means, that for all £ € {0,...,d} the following holds P-almost surely: If Up denotes the
subspace parallel to F' € Sp(X), then dim(Ur N Usg) = 0 or Up + Ug = R<.

Lemma 2.3.3. Let j € {0,...,l}, | = dim(S). Then
Si(Xs)={FNS:FeSip(X), FNS#£0} P-as.

Proof. Beforehand, we want to show that for F' € S;_;4;(X) with £ NS # () we have
relint(F) N S # () almost surely. We abbreviate k := d — [ + j and use the same line of
arguments as used in the proof of Lemma 2.3.1. Consider the set

AW = {z e R : relint(Fi(w,0) +2)NS =0, (Fi(w,0)+z)NS # 0}

and note that Fy(0) is Py, -almost surely a convex and compact polytope of dimension k.
Then

—A® = {2 ¢ R?: there exists y € Fi(w,0), s€ Sst. y+z=s
and for all y € relint(Fy(w,0)),s € S we have y + x # s}
={zeR?: r € F(w,0) -8, x ¢ relint(Fj(w,0)) — S}
={reR: € F(w,0)+ S, z ¢ relint(F(w,0)) + S}
={z € Fi(w,0) + S : z ¢ relint(Fy(w,0) +5)}

and Fj(w,0) + S is Py, -almost surely closed and convex. Therefore, H{(A®) = 0 Py, -
almost surely and using (2.1.4) for Py, and (2.2.5) we obtain

E Y Lrelint(F)NS =0, FnS#0}

FeSp(X)
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2. Distributional formulae in stereology
= /Q /R relint(Fy(w, 2)) NS =0, Fi(w,2) NS # 0} Ne(w, dz) P(dw)
_ /Q /R L {relint(Fi(00,2)) NS =0, Fi(6,2) 01§ # 0} HA(dr) B ()
_ /Q /R 1 {xelint(Fy(0,0) +2) 1S = 0, (Fy(w,0) +2) 1 5 # 0} HF(do) By (d)

_ / HU(Ayp) Pu, (dw) = 0.
Q
This means
P(there exists FF € Sy_11;: FNS#0, relint(F)NS =0)=0.
Then dim(F N S) = dim(Upr N Usg) almost surely. The dimension formula gives

Due to the assumption of general position, there are two possibilities. If dim(UrNUg) = 0,
the inequality above reads d > d + j and thus, j = 0. If dim(Ur + Usg) = d, we get
d=d+ j—dim(Ur NUg) and therefore dim(Up N Ug) = j. It remains to show that for
every F' € §;(Xg) there is almost surely an Fe Sa—1+;(X) such that F = FNS. However,
this is an immediate consequence of Lemma 2.3.2 and the fact that for £ € Sa—1+j(X) we
have almost surely dim(F N .S) = j. O

Let S € A(d, 1) be an [-dimensional affine subspace of R?. As an immediate consequence,
the measure Mg ;, defined by

Mg;= Y  H(FNSN), (2.3.1)
FeSq_145(X)
is P-almost surely a locally finite measure on R¢. To show this, we use Lemma 2.3.3 to
obtain
Mg, = Z H/(FN-) P-almost surely
FeS;(Xs)

and S;(Xg) is a locally finite system of j-dimensional polytopes. Since X is stationary,
we can identify Mg ; with a stationary random measure on S. Here stationarity clearly
refers to the equations Mg ;(0,w, ) = Mg (w,- +y) for all w € Q and all y € Ug. To
confirm this we use the definition of Mg ; and (2.2.2) to obtain

Mg (0w, -) = > HI(FNSN:) = Y H(F-y)nsn:)

FeSq_145(X (6yw)) FeSq_14;(X(w))

= Y WP -9 = My, +y).

FeSy_14;(X(w))

Hence, the Palm measure of Mg is given by

Page,(4) = / / bwe Az e BNS) Ms(w,do) P(dw), Ac A (232)
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2.4. Sections through tessellations: Distributional formulae

where B € B(R?) such that H!(B N S) = 1. For convenience in later proofs, we assume
B to be a cube with edge length 1, an [-face in S and a (d — l)-face in (Ug)* +y for some
y € S, using the usual construction for Palm measures in the Euclidean space S.

For j € {0,...,1}, a (d — | + j)-dimensional linear space U C R% and an [-dimensional
subspace S we define a number [S, U]; as follows (see [49, p. 598]). Whenever dim(SNU) >
j we put [S,U]; := 0. Otherwise we choose an orthonormal basis in S N U and extend
it first to an orthonormal basis of S, then to an orthonormal basis of U. Then we define
[S,U]; to be the d-dimensional volume of the parallelepiped spanned by the obtained
vectors. This also shows that [S,U]; = [U,S];. If Fis a (d — [ + j)-dimensional affine
subspace, we define [S, F]; as [S,Up],. If S is also an affine subspace, we define [S, F; as
[Us, Ur];. For convenience, we define [S, F|; := 0 whenever F'is an affine subspace whose
dimension does not equal d — [ + j. Note that [S,R%; = 1 in case j = [.

2.4. Sections through tessellations: Distributional
formulae

We are now in a position to formulate the main result of this chapter. This result is a gen-
eral (distributional) version of a well-known principle of stereology, see e.g. [49, Theorem
4.4.7], which describes the directional distribution of the intersection of a stationary k-flat
process (k € {2,...,d—1}) with a fixed linear subspace S € G(d,d—k+ j) as an integral
with respect to the directional distribution of the original process. See also [49, Theorem
4.5.3], where the specific j-volume of intersections of stationary k-surface processes with
linear subspaces of dimension d — k + j is computed, using the specific k-volume of the
original process and an integral with respect to its directional distribution.

Let X be a stationary tessellation of R? and S € G(d,1), | € {1,...,d}, a linear
subspace. We assume X and S to be in general position.

Theorem 2.4.1. For all j € {0,...,l} and all measurable f : Q — [0, 00) we have that

Enve, /) = Entao, [1S, Fais O], - £ (2.4.1)

An easy example is f = 1, giving a relation between the intensities, see also (2.5.5) or
Corollary 2.5.4.

Whenever z € S is in the relative interior of some F' € S;(Xs(w)), we define F¥ (w, z) :=
F. Otherwise we define F?(w,z) := {x}. As another example we choose f as the ith
intrinsic volume, i € {0,...,j}, of the volume weighted typical (d — [ + j)-face of X
intersected with S. Under Py ., the volume weighted typical j-face Fjs (0) of Xy is
Fy_14(0) NS, hence

Earg, Vi(FE(0)] = Eagy o, [19 Facrrs (O)]; - Vil Faor45(0) 1 )]

We provide two different proofs for this theorem, the first is somehow more straightfor-
ward, while the second is based on another general result, Theorem 2.4.4. We also show
that Theorem 2.4.1 can be used to prove Theorem 2.4.4.

Let S € A(d,l). Note, that the measures Mg, are only adapted with respect to 6,,
y € Us. In particular, any of these measures are concentrated on S. Moreover, for z € Ug
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2. Distributional formulae in stereology

and any measurable function g : S — [0, 00), we have

/sg(y) Mg (0w, dy) = Z / 1rns(y)g(y) H (dy)

FESd I+j (X Iw

. /1(F ors(®)9(y) Mo (dy)

FeSq_145(X(w
= / 1rn(s+a)( — ) H (dy)
FGSd l+g Re
S+z

where we used the translation invariance of H/. Due to the stationarity of P, we have
d
Msj 00, = Ms,;.

Lemma 2.4.2. For measurable f : RY — [0,00) and S as in Theorem 2.4.1, we have
P-a.s.

L8R Mt = [ @ so.dn) 1), (243)

where k :=d — 1+ j.

Proof. Due to the definition of M}, and Mgy, the right-hand side of (2.4.3) equals

- = T i (dx d—1
/. [ @) Moy fonn) 1) = / / o T ) 1)

T FeSy(X(w))

> [/ o, S0 ) 1)

FeS,(X(w))

and the left-hand side of (2.4.3) equals

|8 s Miwnaz) = Y [ [R.S)() W)

FeSip(X(w))

Thus, it is sufficient to prove

[F, S /f YH®(dx) /SL/FQM x) H(dx) H (dy),

for an arbitrary but fixed k-dimensional polytope F', such that Up and S are in general
position.
We consider the following orthonormal bases

Ur = [CLl, sy Ad—py - - 7ad—l+j]7
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2.4. Sections through tessellations: Distributional formulae

[]Fﬁ((]FﬁS)L = I:aly""ad—l:l7

S: [bl,...,bl],
SJ_ = [Cl, e ,Cd_l],
where by = ag_i41,...,b; = ag_i4;j. For the subspace determinant the following equalities

hold
[S, F]] = [F, S]] = |det(a1,. .. ,ad_l,bl,. .. ,bl)| = |det((ai,cn)4_l, )|

i,n=1

The first equations can be found in [49] page 598. For the latter we use

to get
|det(ar, ..., aqi,bi,....0)| = |det({ai, )1 ).

i,n=1

Since F' and S are in general position, the orthogonal projection
TlUFﬂ(UFﬂS)J_—) SL

is bijective and has Jacobian [S, F;.
In a first step, we assume F' C Up. A change of variables yields

7 T d—l
= [5,F], / o / eony, T € PO T} (0 1)

Observing S+ T'(g) = S + ¢ and
UrN(S+9)=UrnN((Up+9)N(S+7)=UrnN(UrNS)+79)

for all g € Up N (Up N S)*+, we get
=iy F@)1{r € F 11 (Ur 15) +5)} (o) H-(d)
UFﬂ(UFﬁS) Upﬁ((UFﬂS)"F?j)
=[S, Fl; | f(2)1{z € F} H*(d2)
Ur

using Fubini’s theorem.
For general F', we choose vectors yg € S and yg € S* such that F = Fy + ys + ys and
Fy C Up. Then [S, Fyl; =[S, F]; and

/ / 2)H (dx) H (dy)
S+ JFEN( S+y

= [ [ H s+ i € B (S 4y s — )} () )
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2. Distributional formulae in stereology
— [ [ 1@ sty € Fan(S - 5} W) W)
SL

— /SL /f(:Eers +y5) H{E € Fy N (S +§)} H(dF) 1 (dy)

=g(7)

_ (S, Fy); / 91z € Fy} HE(d2)

= [S,F]j/f(z+ys+y§)1{zeFo} H*(dz) = |8, F]j/Ff(z) H*(d2).

O

PROOF OF THEOREM 2.4.1: Let B be as in (2.3.2). Using the stationarity of IP, Fubini,
(2.3.2) and (2.4.2) we get,

Pl /Q/s Los(2) (Ba) M (w, d)P(dw)
— /SL /Q /S 1pnst(y)1pns(x) f(O,w) Mg ;(w,dx) Po6_,(dw) del(dy)
= /‘VS‘L /Q /S 1pngt (y)lBﬁS(fL‘)f(gx-i-yw) MSJ(@yw,dq;) [P(dw) Hd_l(dy)

— /Q/Sl /5+ 1pnst (Y)1pns(x —y) f(Ow) Mgty j(w,dx) 1 (dy) P(dw),

since BN S and BN S+ are unit cubes in S and S+, respectively. The equivalence
t—yeBNSyeBNSt « zeB,x—yeSyest,

Lemma 2.4.2, (2.2.5) (a consequence of the stationarity of S;(X)) and the definition of
Mj. then give

= T w (w, dx =l w
Bui 1= [ [ L 1000500 Mo de) 908 a) Prc)
_ / / 15(2)[S, Fu(w, 2)],£(6.0) Mi(w, dz) P(deo)

_ / / 15(2)[S, Fi(0:, 0)]; f(0-0) My (w, d) P(dw)

= En, [[S, Fx(0)]; - f].

O
For the next theorem we need to introduce some notation. Let S be a linear subspace
of dimension [, let Bg denote the unit ball in S and define

ds(z,y) :=inf{r >0:y € 2 +rBg}, z,ycR%
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2.4. Sections through tessellations: Distributional formulae

Note that ds(z,y) = oo iff z —y ¢ S. For a closed set A C R? we put
ds(A, ) = inf{dg(z,y) : y € A}
and if dg(A, x) < oo, we define
Ps(A,z) :={y € A:ds(y,x) =ds(A,z)}.
If dg(A, z) = oo, we put Ps(A,z) := {z}. Next we define
exog(A) := {z € R?: card(Ps(A, z)) > 2}.

For x € R?\ exog(A) and dg(A, x) < oo we put pg(A, x) :=y, where Ps(A,z) = {y}. For
all other = € R? we let ps(A, ) := .
For k =d —1+jand j € {0,...1} we define the mapping 75y : 2 x R? — R? by

Tor(w, 1) = ps(Yi(w),z), we, veR: (2.4.4)

where Vi (w) = Upes, (x (o)) £ 18 the k-skeleton of X (see (2.2.4)).
Since Y}, (0,w) = Yi(w) — x for all z € R?, we have dg(Yy(0,w),0) = ds(Yi(w), z) and it
easily follows that

Top(w, ) = mgr(O,w,0) + 2, x€ R, (2.4.5)
Next we define
Hsp(w,z) ={yeS:y+x¢exos(Vi(w)), z =msp(w,x+vy)}, z€VYi(lw), (2.4.6)

and Hgy(w,z) := {0} for z ¢ Yi(w). Since for x € Y the unique metric projection
of x onto Y} is z, we always have 0 € Hgi(w,x). For z € Yi(w), Hgp(w,z) + x is
the set of all points in S + = having x as the unique result of the metric projection
(with respect to ds) onto Yj(w). This also implies that Hgy(w,x) has to be a subset of
SNnESnNU Fk(w,x))la and since X and S are assumed to be in general position, we almost
surely have dim(aff(Hgy(x))) = [ — j. Additionally,

Hgp(w,z) = Hgp(0,w,0), =€ R% (2.4.7)

Lemma 2.4.3. Let S, | and j as in Theorem 2.4.1 and let k := d — 1+ j. Then
H!(exo5(Yz) NS) = 0 and H(exos(Yy)) = 0.

Proof. Since Y;(X) is a closed set, Y;,N S is also closed. Furthermore, H'(exog(Y;)NS) =
H!(exos((Yx N S)). Now we obtain H'(exos(YzNS)) = 0 P-almost surely by applying [16,
Lemma 2.1] in the [-dimensional Euclidean space S.

Applying [16, Lemma 2.1] in S + 2, we obtain

H'(exos(Y) N (S + 1)) =0

for every x € S*. Using Fubini’s theorem, this gives us

Hi(exos(1)) = [

g 1{y € exos(Y3)} H(dy)

29



2. Distributional formulae in stereology
= / / 1{z +y € exos(Y3)} H(dy) H* ' (dx)
stJs
_ / / 1{y € exos(Yi)} H!(dy) H*(da)
S+ JS+zx

= H' (exog(Yy) N (S + z)) H ! (dx)

SJ_

=0.
[l

Theorem 2.4.4. For all j € {0,...,l} and all measurable functions f,g: Q — [0, 00) we
have that

E[f ’ (g © eﬂs,dflJrj(O))] = EMd—l+.7‘

. FiresO)s -9 [ fob, H(dy)|. (248)

Hg q_14;(0)

For f =1 this can be understood as follows. The expectation of g after a random shift
to the nearest neighbour of the origin in Y;_;4;, with respect to the metric dg, can be
computed by taking the expectation of g with respect to the measure Py, ,, ., multiplied
with some density (namely [S, Fy_14;(0)]; - 7 (Hga-14;(0))).

For g = 1, this means the expectation of a measurable function f can be reconstructed
from the measure Py, .., using a density ([S, Fy—1;(0)]; - H'9(Hs,a—11;(0)) and taking
the conditional expectation, given w, of f after a random shift 6, where y is uniformly dis-
tributed in Hgq—11;(0). The fact that 0 < H'7(Hga—11;(0)) < 0o Py,_,,,-almost surely
can be found in Lemma 2.5.2.

PROOF OF THEOREM 2.4.4: Let B be as in (2.3.2). Then H(BNS) = 1. We consider
the function

coge) [ (Fon) e )

Since (r,w) + O,w, f and g are measurable and H'™/ is o-finite on the measurable
set Hg4—1+;(w,0), this function is measurable. Applying Theorem 2.4.1 to this function,
(2.3.2) and (2.3.1) yield

Enyiy |15, Fai45(0)]5 - g / fob, Hl_j(dy)]
Hg,q—14;(0)
= KB, |9 / fod, Hl_j(dy)]
Hg,q—14;(0)

- [ [i@eoe [ (F 0 0,02 () H(dg) Mo, d) P(dv)
aJs Hs,a—14;(02w,0)

bz [ rmsor(ala0) [ (o)) ) #ide) Bl

2 FeSy i4;(X () W)
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2.4. Sections through tessellations: Distributional formulae

/ / 1BﬁSﬂF(7TS,d—l+j(wax + y))(g © eﬂs,dflJrj(W,ery))(w)
FeSa_14;(X(w) 7V Hsa-tes(w:2)

X (f 0 0psy)(w) H (dy) H (dx) P(dw).

Now y € Hgg14(w,z),z € F imply = mgq—i4+;(w, z +y) . Then choosing some z, such
that F' = Fy + xg where Fy C Up, 29 € SN (SN Up)T and, also using the definition of
Hgq_14j(w,x), the integral above equals

/ i s s T 20 N )
Q Ur v Hs,a-14;(

FESd l+] w x—i—zo

-,

FESd I+

X Lipsanery (] © Outayey) () H (dy) M (dr) B(dw)

o o s T s+ 20 0 Bt
Up Y Hg,a—145(

w ac—f—zo

X 1{7Ts d71+j(W,z+xo+y)€F}(f © 0m+xo+y)(w) Hl_j(dy) Hj(d:v) P(dw)

/ > / / B(Tsa—1+j(w, T+ o + Y))(9 © Org 41 (wata0+y)) (W)
UrpNnS J SN SﬁUF

FeS,_ H‘] X

X Lz tag+ygexos(Yaois; (@), 75.d—14; (@ z+zo+y)=t+z0€F}
X (f © Opagry) (W) HT (dy) H (dw) P(dw).
Since, for € Up, z + o € aff(F) NS and y € SN (SN Up)*L imply
ds(x +xo +y,aff(F)) = ||y|l2 = |z + 20 + y — (x + x0)||2 = ds(x + 20 + y, 2 + 20)

and © + o +y ¢ exog(Yg_i4+;(w)) is given, we have mg41j(w,x + xo + y) = = + .
Therefore in this case, the condition 7g 414 ;(w, z + o + y) =1x+x9 € F is equivalent to
Ts.d—i4j(w,z +To+vy) € F. Since also g € SN (SN Up)*, we can rewrite the integral as

/ Z / / 7TSd I+j (w T+ y))(g o Hﬂs,d—zH(w,x—i—y))(M)
UrnS J SN SﬂUF

FeS,;_ I+j X(w

X 1{$+y¢eXOS(Yd—l+j(“’))}1{7|'S,d—l+j(wvm+y)€F}(f © 9z+y)(w) Hl_j(dy) Hj(dx)P(dw)- (2'4-9)

Since H'({z € S : z € ex05(Ya_11;)}) = 0 P-almost surely (Lemma 2.4.3), for H'-almost
every z € S there is almost surely a unique 7g4;+j(2) € F, for some F € Sy ;(X)
if Yy u;(X)NS # 0. By Lemma 231, Xg ={CNS:C e X, CnNnS #0}is a
tessellation in S and therefore the boundary of the cells of Xg can be decomposed into
lower-dimensional polytopes. By Lemma 2.3.3, each element of S;(X) is the intersection
of S with some F' € Sy_;4;(X). Thus Y;_;1;(X) NS =0 if and only if Xg = {S}, which
implies that X = {R?}. This event was assumed to have probability 0 (see Section 2.2).
Using Fubini’s theorem and that for H'-almost every z € S there is almost surely a unique
Ts.d—i1+j(2) € F, for some F' € Sq_;;;(X), we obtain

249 = [ N [ talmsis )00 Or0))

FeSy_i4;(X(w) "9
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2. Distributional formulae in stereology
X 1{Z¢6XOS(Yd—l+]’("J))}1{7rS,d—l+j(sz)eF}(f © 92)((")) 'Hl(dz) ]P)<dw)

= /Q/S Z 1p(Tsa—t+j(w, 2))(9 0 Org 4 1 (w,2) (W)

FeSq_11j(X(w))

X ]-{7r5,d,l+j(w,z)€F}(f o 92)(w) Hl(dz) ]P)(dw)

— /Q/S].B(W,S,d—l-i-j(W,Z)(g o Qﬂs’dflﬂ(w%))(w)(f 00,)(w) Hl(dz) P(dw)
= / / 15(Ts,a-145(0-2w,0) 4+ 2)(g © Ong 415 (020,0)) (0-0) f(0-w) H!(dz) P(dw)

/ / ]-B TS,d— l+g 0) + Z) ’Hl<dz) (g © 0775,d—l+j(w70)(w)f(w> P(dw)

(g © 07FSd l+](0)>]

where we have also used (2.4.5), the stationarity of P and H'(SN B) = 1, see (2.3.2). [

2.5. An alternative approach

Now we present another proof of Theorem 2.4.4, which is not based on Theorem 2.4.1
and we then use Theorem 2.4.4 to prove Theorem 2.4.1.

PrROOF OF THEOREM 2.4.4: We abbreviate k := d — [ + j, H(x) := Hgi(z), and
m(x) == mgx(z). Let f,g:Q — [0,00) be measurable. By (2.4.5), we have

(9 © 0x(0)) (02w) = 9(Or(0,0,0)0:w) = G(On(w,2)-202w) = G(On(wz)w)-

Taking a measurable set B C R? of volume 1, applying Fubini’s theorem, using that
exog(Yy) is almost surely a O-set w.r.t. H? and using that for almost all z ¢ exog(Y%)
there is almost surely a unique F' € S(X) such that x € relint(F'), we get that the
left-hand side of (2.4.8) equals

E [ [ 1o € BYS 0050 0u0) )

=K [/ 1{z € B}(f 00,)(g 0 On(x))1{z ¢ exos(Ys)} H(dx)

“E| Y /l{x € BY(f 0 0,)(g 0 ) 1{(x) € relint F}1{z ¢ exos(Yy)} H4(dx)
| Fesu(X)

=K Z // Hy+ze€ B} foby.)(g00rys)){m(y + 2) € relint F'}

FeSk (X)
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2.5. An alternative approach

x 1{y + z ¢ exos(Yy)}1{y € Sp,z € S} H"(dz) H 7 (dy)| , (2.5.1)

where Sp = SN (SNU. F)L denotes the orthogonal complement of S N Ug in S and the
last equality holds since X and S are almost surely in general position.
We now introduce for any k-dimensional polytope F' a mapping T : R? — R< by

Tr(z) = 2(F) + Hgi(z — 2(F)),
where z(F) is the centre of the ball circumscribing F. Note that
Tp(z) = Mg, (2(F)) + gy (2).

Whenever F' and S are in general position, T, restricted to the affine hull Up + z(F') of
F, is an injection with Jacobian [F, S];. In order to use this transformation, we note that
St 4+ 2(F) = S + g, (2(F)) and we get

// y+2€B}.. . 1{y € Sr > € SE} H¥(dz) H' (dy)
_ // Wy + 2 +Tlg (2(F)) € B} ... 1{y € Su, = € S} H¥(d=) H'~ (dy)
= // 1{y+z€B}...1{y € Sp,z € Si + s, (2(F))} HF(dz) H' 7 (dy)

_ // Vy+2€BY.. 1{y € Si,» € St + 2(F)} H5(d=) H- (dy).

Thus, (2.5.1) equals

E| 3 [[1+Tr(@) € B 2 0yumy0)(90 Bntyrriion) 1y + Ti(a) € selnt F)

FES(X)
X [S, F);1{y + Tr(z) ¢ exos(Yy)}1{y € Sp,x € 2(F) + Ur} H*(dx) H' (dy)

Since Tr(z) = g, (2(F) —x) 4z, we have for all y € Sp and = € 2(F) 4 U the following
equivalence

m(y+Tr(z)) € relint F, y+Tr(x) ¢ exos(Yy) <= y+1ls,.(2(F)—x) € H(x), x € relint F.

In either case m(y + Tr(x)) = x.

To show this, we first assume 7w(y + Tr(z)) € relint(F) and y + Tr(z) ¢ exos(Yr).
From Tp(z) = g, (2(F) — x) + = we obtain 7(y + g, (2(F) — z) + = € relint(F') and
y+1g, (2(F)—x)+x ¢ exos(Yy). Sincey € Sp = SN(SNUER)*, we get y+11g, (2(F)—z) €
Sp and thus 7(z + y + s, (2(F) — 2)) = = € relint F. Recalling the definition of
Hz)={ye S:y+z¢exos(Ys), n(y +x) =z}, we get y+ s, (2(F) —z) € H(x).
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2. Distributional formulae in stereology

For the second implication, we assume y + Ilg,. (2(F) —x) € H(z) and = € relint F'. By
definition of H(z), we get y+1lg, (2(F)—x)+x ¢ exog(Yy) and 7(y+1lg, (2(F)—z)+z) =
x € relint F'. Now the assertion follows from Ilg, (2(F) — x) + = Tr(z).

Using the equivalence just shown and that y + Ilg, (2(F) — z) € H(x) implies y € S,
it follows that

Elf - (g0b.0) =E| 3 //1{y+TF ) € BY(f 0 fyery )9 0 6) - 5. F,

FeSi(X

x 1{y +Tr(z) — 2z € H(x)}1{z € relint(F)} H*(dz) Hl*j(dy)}
B | [[ 100+ T@) € BYS o byerio)la o 01y + 7o) — 2 € H(2))
X [S, Fk<33')]] Hlij(dy) Mk(dx) ’

where T'(x) := Tr(z) if x is in the relative interior of some F' € Si(X) and otherwise
T(xz) := z, and in the last step, we also used the definition of M) and the fact that
P-almost surely = € relint ' holds for H*-almost all z € F. Since X is stationary, (2.2.2)
implies

T(z) = T(0) 0 0, + x.

Since Fy(w,z) = Fi(0,w,0) + z (see (2.2.5)), we have [S, Fi(x)]; = [S, F1(0) o 6,]; and
using (2.4.7), we obtain

ELf (g0 0u)] & | [[ 1+ + T(0) 06, € BH 0ymipa. 20,)- (5062)
x 1{y +T(0) 00, € H(0) 0 0, }[S, F},(0) 0 0,]; H'"7(dy) My(dx)]
— B | [[ U+ 470 € BT 0bm0) -9+ 1(0+ TO) < HO))
x [, Fr(0)]; H' ™ (dy) ’Hd(dx)}
~ B, | [(F 820 9011y + T(0) € HOUS, FO); ()|

where we also used (2.1.4) for Py, , Fubini’s theorem and H%(B) = 1. A final change of

variables yields (2.4.8). O
The case S = R? is an interesting special case. Here we abbreviate m; := TRa j, and
Hk = HRd,k'

Theorem 2.5.1. Let k € {0,...,d}. Then we have for any measurable f,g: Q — [0, 00)

E[f - (90 0r0)] = En, [g : /H foby H" (dy)| .

£(0)
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2.5. An alternative approach

Lemma 2.5.2. 0 < H'"J(Hg41.,(0)) < 0o with respect to both Purg, and Py, ..

PROOF: Let B as in (2.3.2) and abbreviate k := d — [ + j. Then
PMS’], (Hl_j (H&k(())) = OO)

_ / / Uz € BYL{H 7 (Hep(6,0,0)) = 00} M, (w, dar) P(dw)
_ / / 1z € BYL{H' (Hep(w, ) = 00} Ms;(w, dz) P(dw)

//1{:7063}1{ 3" HTI(CON Spum) = 00} Msj(w,de) P(dw).  (2.5.2)
CES (X (w))

Ccniz}#0

Since Sy(X) is P-almost surely locally finite and C' € Sy4(X) is almost surely a compact
polytope, we have
1{ > HICNSpa) =00} =0

CEeS (X (w))

Cn{z}#£0

P-almost surely. Therefore, the integrand on the right-hand side of (2.5.2) is zero. The
same holds for M, instead of Mg ;.

For z € relint(F'), F € Si(X) we have d(z,Y;\F) > 0 and thus dg(z, Y \F) > 0
P-almost surely. It follows that for such z we have H'™/(Hg(w,z)) > 0 for P-almost all
w. Using this fact, we get

P, (K™ (Hsx(0)) = 0)

- /Q/Rd 1{$ < B}l{Hl_j(HSvk(w7x)) = O} MSJ(W, Cl:L“) P(dw)

),
<),

Since the relative boundary of F is the union of (k—1)-dimensional faces, the assumption of
general position implies H?((F\ relint(F'))N.S) = 0 P-almost surely. Thus, the probability
above equals zero.

For Py, we get

/ 1z € BYL{H (Hop(w, 7)) = 0} H/(dz) P(dw)
Fesy(X(w)) VNS

/Fms 1{z € B}1{z ¢ relint(F)} H’(dz) P(dw)

FeSp(X(w))

Pag, (H'™7 (Hs(0)) = 0)

/Q Z / 1{x € B}1{x ¢ relint(F)} H*(dx) P(dw)

FeS,(X (w)

=0.
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2. Distributional formulae in stereology

O

PROOF OF THEOREM 2.4.1: Applying Theorem 2.5.1 with (R?, k) replaced with (S, j),

f = 1 and considering the stationary tessellation Xg := {SNC: C € X, CNS # 0}
and the flow {6,, = € S}, yields

E [g06r,0] =Eu, [9-H' 7 (Hs;(0))]
For almost all w we have
o 75 (w,0) with respect to Xg equals 7g4;+j(w,0) with respect to X,
e Hg ;(w,0) with respect to Xg equals Hg4;1j(w,0) with respect to X and
e the measure M; with respect to Xg equals Mg ; with respect to X.

Therefore the equation above can be written as
Elg00rgy 1150)] = Enrg, [9- H' ™ (Hsa-145(0))] -
Using (2.4.8) with f =1, we get
B, [9-H' ™ (Hsa115(0))] = Bty (1S Fairy (0)]5 - g - H' (Hsa145(0))] - (2.5.3)

Since 0 < H'"7(Hg,4-14;(0)) < oo with respect to both, Py, and Py, ,, ., the assertion
follows from the next lemma. ]

Lemma 2.5.3. Let Py and Py be probability measures on Q, h,f : Q — [0,00) and
f >0 Py-almost surely and f > 0 Py-almost surely. If

/g(W) f(w) Py(dw) = /h(w) ~g(w) - f(w) Py(dw) (2.5.4)

for all measurable g : Q@ — [0, 00), it follows that

[ o) Brtaw) = [ 1) - () Palds).

Proof. Let g : 2 — [0,00) be measurable and define g(w) := g(w) - (f(w))~ ' if f(w) >0
and §(w) := 0 else. Then § is measurable and by (2.5.4), we obtain

/ 9(w) Py(dw) = / §(w) (@) Py(dw) = / B(w)3(w) (@) Pa(dw) = / h(w)g(w) Padw).

]

Equation (2.4.1) implies in particular that, if the intensity Ag_;4; of My_;4; is finite,
the intensity g ; := E[Mg,([0,1]? N S)] of Mg is given by

Xsj = Aairi B, (1S, Facias (0)]5). (2.5.5)

Following the language of Chapter 2 and Chapter 4 in [49], we call a tessellation X
isotropic, if X 29X for all 9 € S0O,. Here 2 denotes equality in distribution, 9.X :=
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2.5. An alternative approach

{97'K: K e X} and 97'K := {97 'z : z € K}. As a consequence, we have S;,(9X) =
{971F : F € §(X)} for ¥ € SO and k € {0,...,d}. A random measure M is called
isotropic, if M (9B) 2 M(B) for all ¥ € SO4 and B € B.

We now additionally assume X to be isotropic. Then for k € {0,...,d}, the random
measure M), is isotropic. To confirm this, let B € B¢, ¥ € SO, and use the definition of
M, (2.2.3), the rotation invariance of H* and the isotropy of X to obtain

My(0B)= > HHFNIB)= Z HE (W' N B)

FeSk(X) FeSi(X

= > HMNFNB)ZM(B).

FES,L(9X)
If X is isotropic, the expectation E}, SIS, Fami45(0)];] can be computed explicitly.

Corollary 2.5.4. Let X be isotropic. Then we have

ASj = Ad—i4j

) 259

(d—H) +1 ) :

Proof. We put k :=d — [+ j and denote the invariant probability measure on the Grass-
mannian G(d, q) by v, and the invariant probability measure on SOy by v. Let B be
a ball with centred in the origin with H4(B) = 1. Using (2.1.4), the definition of My,
(2.2.5), the isotropy of X, Fubini’s theorem, the above mentioned identity for Sj(9¥X)
and the invariance of H*, we obtain

ES, (1S, F(0)];] = ES, UW[S, Fu(0)],1{z € B} H%(dx)
1
_ 1 / /R 1S, Filb.w,0)];1{x € BY My(w, dr) P(d)
_ Ai/ /Rd[s, Fi(w,2)];1{z € B} My(w, dz) P(dw)
_ _/ Z / [S, F);1{x € B} H"(dx) P(dw)
/ Z [S F;H*(F N B) P(dw)

LB Y (S FLHNFNB)

k| pesu(x)

_ 5 E| Y [SFHHFNB)| v(dd)

A
kJS0a | pesy(9-1X)
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2. Distributional formulae in stereology

_lg / > [S,9F);HF(WF N B) v(dv)
| 7504 pesi(x)

=—E| ) / [S,9F);H"(F N9~ B) v(dv)
| Pesi(x) 7904

~ el v H’f(FnB)/ (S, 9F], v(do)

| Fesy(X) S0aq

where we also used that VB = B for all ¥ € SO,. Using dim(Up) = k, the fact that [S, F;
depends only on S and Up, the subspace parallel to F', [49, (13.6)] and [49, Theorem
13.2.11], we get

1g Y HYFNB) / 1S, 9F); v(dv)

ko Fesy(x) 504

1
~LE| Y wrnp / S, L]; n(dL)
k FeSL(X) Gldk)

:/ S, L] Uk(dL)'%E[Mk(B)]
G(dk) k

:/ [S, L); vi(dL).
G(d,k)

From [49, p. 133], we get
1 .
S, L]; = — V" (11,1 By),

Ri—j

where II; . is the orthogonal projection onto L+ and Bg is the unit sphere in S. Note
that, since S and L are in general position, the projection of Bg onto Lt is indeed (I — j)-
dimensional. Thus, we have

ES, (15, F(0)];] = / L5 )

1 .
— / — V(1 Bs) v (dL).
G(d,k)

Ri—j

The mapping

L [Gr) - cdd—n)
' L — L+

transforms 14, into v4_; = v;—; and thus the above equals

/G ( V(B n_(dL).

d1—j) Fi—j

38



2.6. The typical cell of sections

Applying [49, Theorem 6.2.2] and using Vi(B?) = (g)% (see [49, (14.8)]) as well as
K = £2mpm=D/20((m 4 1) /2) we get

=8, 8. A0 = - T (J))(L) L)

(d l+]+1) J(rz 1)

(d+1) (

)

2.6. The typical cell of sections

We now adapt Proposition 2.1 from [4] to our setting. It describes a connection between
M), and Ny, where the latter was defined at the end of Section 2.3. Since we use a different
centre function in the definition of N, and work in the 6 -framework, we give a proof of
the following proposition.

Proposition 2.6.1. For all measurable g : Q — [0,00) and k € {0,...,d}, we have
Enr, [90 0uri0p] = En, [9- HH(Cr(0))] (2.6.1)
En, [9] = B, [(H*(Fr(0))) g © be(rop] (2.6.2)

where Ci(w, x) is equal to F' € Si(X(w)) if and only if x € F for some F € Si(X(w)),
else we define Cy(w,x) := {z}.

Proof. Using the definition of N, Neveu'’s exchange formula [49, Theorem 3.4.5], (2.2.5)
and the definition of M}, we obtain

Ens, [9© Ocrriop] = / 9 (Ocrw0onw) Pag(dw)

/Q 1{ch< 0)) = e(C)}g (Buire(won) Pasy(dw)

CESL(X (w

- /Q/Rd {c(F(w,0)) = y}g(f,w) Ni(w,dy) Py, (dw)

_ /Q /R el Fyl0-40,,0) = yho(0y0) Ni(w, dy) Py (do)
- / / el Fu(0.,0)) = —w}g(w) Mi(w, dr) P, (d)
_ /Q /R He(Fr(w,1)) = 0}g(w) Me(w, dz) Py, (dw)

— /Qg(w) Z / He(Fp(w, ) = 0} H*(dr) Py, (dw)

CESK(X (w))
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2. Distributional formulae in stereology

= /Q 9(W)H" (Cr(w, 0)) P, (dw),

where in the last step, we have used the fact that 0 is Py, -almost surely the centre of a
unique k-face, which then lies inside this k-face.

In order to prove (2.6.2), we apply (2.6.1) with g replaced with g - (H*(C(0)))~! and
get

ENk [9] = EMk [g o ec(Fk(O))<%k(Ck o Qc(Fk(o))(O)))_l] .
Now the assertion follows from
Cr(Oc(ry(w,0)w; 0) = Fi(w,0) — c(Fr(w,0)) Ppy-almost surely.
O

Let Ng; denote the random measure N; with respect to the tessellation Xg and let
Cs j(w, ) be defined as Ci(w, z) but with respect to the tessellation Xg.

Theorem 2.6.2. For all measurable g : Q@ — [0,00), an l-dimensional linear subspace

S, le{l,...,d} and all j € {0,...,1} we have
B, 190 Ocrire;0)] = Engry; [[S5 Caciai(0)]5 - g - HTH (Camig(0))] (2.6.3)
If the intensity of My, is finite, g = 1 gives
Xsj = Moy BN (1S Camig s (0)] - T (Cay5(0))] (2.6.4)
For translation-invariant f : Q — [0, 00) we have

Eng, [f - H(Cs,(0))] = En,_,y, [[S, Camras (0)]; - f - HITH (Camig(0))] - (2.6.5)

PROOF: (2.6.3) follows directly from combining Proposition 2.6.1 with Theorem 2.4.1.
In order to prove (2.6.5), we use the translation-invariance of f to obtain

Ears, [90 Oerarison] = B, 9] = Ears,; [90 e 0] -
Then the result follows from applying Proposition 2.6.1 to the left hand side of (2.6.3). [

Remark 2.6.3. We have Cs;(0) = Fy_11;(0) NS Py ,-almost surely, but Cs;(0) is not
necessarily equal to Cq_i+;(0) N S.

2.7. Sections through Poisson—Voronoi tessellations

In this section we fix a stationary Poisson process N of intensity v. To work within the
general setting of Section 2.2, we adapt the framework of Example 2.1.1 and define X as
the stationary Voronoi tessellation based on N. This tessellation is stationary, isotropic
and almost surely normal.

We fix | € {1,...,d} and a [-dimensional linear subspace S C R¢ and consider the
section of the Poisson—Voronoi tessellation (based on N) with S. According to [39, Propo-
sition 3.4.1], the collection of convex sets

Xg:={CNS:CeXx}
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2.7. Sections through Poisson—Voronoi tessellations

is a normal tessellation in .S, whenever N € N,. Our aim is to describe the Palm measure
of the stationary random measure

Mg;= Y  H(FnSN),
FeSqtj-1(X)
see (2.3.1). The intensity
4 od-lt
iy ol—j+1,(1=5)/2 r (z — - J)

)\7 .=
d—Il+j Y d - (l—]+ ) F(d l42rj+1)

r ((d—1>(l;j>+d+1> (s )]l
r (=ngo) T (5]

is well known (see e.g. [4, (1.2)]). It follows from (2.5.6) that the intensity Ag; of Mg is
given by

(2.7.1)

Q=i+l =)/ [ (I — j 4 4=Lt) r (—(d_l)(l;j”d*l)

d-(I—j+1 r(%) ' p(u—n(;—jw)
)

)
(g 2T A=l F(%)
d-(I—j+1) <— + > ==

(I=9)/d ,

Asj ="

+

D (g4 )] Pty o

T T T

.
w|+ V)

AR NG )

P T

Following [49, Chapter 10.2], we mention some further properties of X. Let k € {0, ..., d}.
For points g, ..., zq_x € R? in general position, we let z(xy, ..., 74 1) denote the centre
of the uniquely determined (d — k)-dimensional ball, having xg, ..., x4_) on its boundary.
Furthermore, we let F'(zg,...,z4 ) denote the k-dimensional affine subspace orthogonal
to the above ball and containing z(zo,...,2z4x). Let F' € Sg(X(w)). Then there are
(lexicographically ordered) points g, ..., x4 € N(w) such that

F={x€F(xg,...,v4-1): Bz, |z —z0]) N N(w)=0}. (2.7.3)

(2.7.2)

Conversely, given different points o, ..., x4 € N(w) such that the set F, defined as in
(2.7.3), has nonempty relative interior, we have F' € Sp(X (w)).

Now we introduce some further objects, following Section 2.2 and [4, Chapter 3|. Let
x be in the relative interior of some F' € S(X (w)) and choose zg, ..., 24 € N(w) as in
(2.7.3). Since the points in N are almost surely in general position, the set {xo, ..., Zq—x}
is (almost surely) uniquely determined and we define

Ri(w,x) := ||z — x| = ... = ||z — zg_k]|,
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2. Distributional formulae in stereology
Xii(w,z) :=2;, =0,...,d—Fk,
Z(w,x) == z(x0, ..., Ta_k)-

For points x € R? that are not in the relative interior of some k-face, we set Ry(w,z) := 0
and Xgo(w,z) = ... = Xgai(w,r) = Zg(w,z) := x. For k < d — 1, the number

Ry (w, z) := [[Xpo(w, x) — Zi(w, z)|
is positive and we can define the unit vectors

Xii(w, ) — Zg(w, x) ,
Ui(w,z) == — , 1=0,...,d—k.
kilw, 7) R (w,x)

For convenience, we write
Ui (w, z) = {Uko(w,2),...,Uga—r(w,z)}.
If k = d, we define R/ (w,z) := 0 and Uy;(w, z) := 0. Furthermore, for k£ > 1, we define
Ry(w,x) = ||z = Zp(w, =)
and, given that R} (w,x) > 0, the unit vector

Zp(w,x) —x
i
k )

If R} (w,x) =0, we choose Ug(w, z) to equal some fixed unit vector. For k = 0 we choose
Rj(w,x) = 0 and Uy(w, x) := 0. For points x not in the relative interior of some k-face,
we let R} (w,x) = R}(w, ) = 0 and choose Uy o(w, ), ..., Uk i, Ur(w, z) to be fixed unit
vectors. For k = d we define Uyp(w,x) := 0.

Theorem 2.7.1. Assume that N is a stationary Poisson process of intensity v > 0
and consider an l-dimensional linear subspace S C Re. Let j € {0,...,1} and define
k :=d—1+j. Then the assertions (i)-(iv) of [4, Theorem 1.1] hold under the Palm
probability measure P ; of Mg

(i) The random wvariables ({x € N : |lz|| > Rp(0)}, Rx(0)), (R,.(0))?/R.(0)* and
(V(0), Ux(0)) are independent.

(ii) R(0) is gamma distributed with shape parameter d — k + k/d and scale parameter
YKd-

(i1i) The conditional distribution of {x € N : ||z|| > R(0)} given R(0) = r can be
chosen to be the distribution of a homogeneous Poisson process on the complement
of the ball B(0,r), with intensity -y.

(i) For k € {1,...,d — 1}, (R,(0))?/Ri(0)> has a beta distribution with parameters
d(d—k)/2 and k/2.
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2.7. Sections through Poisson—Voronoi tessellations

Moreover, under Py ; the distribution of (¥4(0), Ux(0)) is given by

Qs,;(+) ::CEE' / e / 1{({Dug, ..., 0u_;},9u) € }A_;(ug, ..., u_j;) 1 H+
x [9L* .S Sp(dug) ... Sp(dw—j) Spr(du) v(dd), (2.7.4)

where L is a fived (I — j)-dimensional subspace of R%, Sy, denotes the uniform distribution
on the unit sphere in L, A_;(ug, ..., u—;) is the (I—j)-dimensional volume of the simplex
spanned by u, ..., w—; and v is the uniform distribution on the rotation group SO4. The
constant cg; is given by

. —j d—1)(1—j5)+d
B ) r )\ F(( D)+ +1)
CS,j T ((l _j)!)d*l‘i’j%’l ' F (di) ’ F (d(l—j))

2

F(d l+j+2) F(g) (d l+j+1) (
SD(5) )T

2

&)

csj =1, l=3j.

Proof. Same as above, we abbreviate Wy (0) = {Uy0(0),...,U;,;—;(0)}. By [4, Formula
(2.1)] we almost surely have

[S, Fr(0)]; = [S, span(Ui0(0), . . ., Ug1—;(0))"];.

Using Theorem 2.4.1 and [4, Theorem 1.1}, we get
Qs;() =P ((L4(0), Ur(0)) € )

= b B, [0, 0k0) < ]
= )\—SJ 'EMk |:[S, Fd,l+j(0)]j1{(lpk(0)7 Uk<0>> S }:|

ey Els, [[5, (span(Ux0(0) - - ., Ug—;(0))];1{(¥4(0), Ux(0)) € -}

= )\SJ / . / 1 {({ﬁuo, o ,19Uz_j},19u) e } Al—j(uo, o ,ul_j> +
x [S,9LY); Sp(dug) . .. Sp.(dui_;) Spi(du) v(dd). (2.7.5)

It remains to show that cg; = ¢y, - ’\)“\g—kj Using Fubini’s theorem, we get

:/.../Al_j(uo,...,ul_j)k+1[5, L5 Sp(dug) -+ Sp(dw_;) Spo (du) v(dv)
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2. Distributional formulae in stereology

= /S § [S,9L*]; v(dv) (2.7.6)
d
By [49, p. 133]), we have
(2.7.6) = cpr / V! (22 Bs) v(dd)

. Ck/fl_lj/vl_j(HﬁLBS) I/(dﬁ), (277)

where Ily; Bg denotes the orthogonal projection of the unit ball in .S onto VL.
Let v, denote the unique, rotation invariant, probability measure on G(d, ¢), the set of all
g-dimensional linear subspaces of R%. Then

(2.7.7) = Cklil_lj/ Vij(IIpBs) vi—;(dF)
G(d,l—j)

D)
NCIES)

= Ck - (278)

recalling the proof of Corollary 2.5.4. Using [4, Theorem 1.1}, we obtain

T((d—k)/2)1"* T((® — kd + k +1)/2)
1)e+1 {r d+1)/2) } L((d? — kd)/2)

((k+2 /2) -I'(d/2)
L) T(d—k—1)/2)
for k <d—1, cg1 =29 " and ¢q = 1. This gives cs,j as required.

In order to prove assertion (ii), we recall that [S, Fj(0)]; is a.s. a function of W (0), say
f(Pg(0)). Then (i) and (ii) from [4, Theorem 1.1] and Theorem 2.4.1 give

Cr =

P (R4(0) € A) = / L{RL(0) € A} dPyy.

)\sj
_ ! 1{R{(0) € A}[S, F1(0)]; dPyy,
)\S,g
_ %PM(RCI(O) € A)-E},[S, (span(Uko(0), . . ., Uka—r(0)))"];

=P}, (Ri(0) € 4), ACR

where we have used (2.7.6) in the last step. The proofs of (iii) and (iv) are essentially the
same.
For assertion (i), it is sufficient to show

P (B,(0))*/Ri(0)* € A, (V4(0), Ur(0)) € B)
= Pg;(R,(0))*/Ri(0)* € A) - P ;((Tx(0), Ui (0)) € B)
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2.7. Sections through Poisson—Voronoi tessellations

for all measurable A, B. The remaining identities can be shown analogously. Using [4,
Theorem 1.1], we have

P ((B(0))*/Ri(0)* € A, (V4(0),Ur(0)) € B)

Ak

- )\_SJEM 1{(R},(0))?/Ri(0)* € AY1{(T4(0), Ur(0)) € B} f(V,(0))

= B (RL(0)2/Ru(0)? € A) - 7By, [1{(04(0), U4(0)) € BH(W(0)] (279

S,J

Now the results already shown and (2.7.5) give
(27.9) = P (R4(0))2/ Ru(0)? € A) - B ((9,(0), Ux(0) € B)

This completes the proof. O
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3. Kendall’s Problem in spherical
space: Crofton cells

We now consider random tessellations of the unit sphere S? in R%!. This setting is
not as extensively studied in the literature as the Euclidean one is. The intersection
of the unit sphere with a d-dimensional subspace is the unit sphere in the intersecting
subspace and thus a great subsphere of S¢ having unit radius. We call the intersection
a great circle in case of d = 2. At the same time, d-dimensional subspaces partition the
Euclidean space R%*! into polyhedral cones. This relation plays an important role in
spherical geometry, see e.g. [1], [9] [14, Chapter 2]. Random tessellations of the sphere
generated by intersecting the unit sphere with d-dimensional subspaces are studied in [9],
[34, Section 6], [2] and the recent work [23] on conical tessellations. Voronoi tessellations
in spherical space can be defined as in the Euclidean case, using the geodesic distance on
S?. Random Voronoi tessellations on the sphere and applications are investigated in [34,
Section 7], [44], [51], [43, Section 3.7.6, Section 5.10] and [53].

We focus on what became known as ‘Kendall’s Problem’ or ‘Kendall’s Conjecture’. So
far this line of investigation was only considered in the Euclidean setting. In our present
work, we now formulate and investigate a spherical analogue. Consider a stationary
and isotropic Poisson line process in the Euclidean plane and denote the almost surely
unique cell containing the origin by Zy. This cell is called the zero cell or Crofton cell.
In the foreword of the first edition of [8], D.G. Kendall stated the following conjecture:
The conditional law for the shape of Z,, given the area A(Zp), converges weakly, as
A(Zy) — o0, to the degenerate law concentrated at the circular shape. A proof was
given by Kovalenko in [26] and [28] and an extension to the typical cell of a Poisson—
Voronoi tessellation in the plane in [27]. Further extensions to arbitrary dimensions and
not necessarily isotropic Poisson hyperplane tessellations were made in [17], where the size
of the Crofton cell was measured by the volume. In [18] the problem was extended and
solved for typical cells of stationary Poisson—Voronoi tessellations in arbitrary dimensions
and the size was measured by an intrinsic volume. In [20] a very general setting with
a very general class of size functionals was considered, containing the aforementioned
results as special cases. In [21], Kendall’'s Problem was extended to the typical k-faces of
a Poisson hyperplane tessellation (k € 2,...,d—1}) and in [22] to the typical k-faces of a
Poisson—Voronoi tessellation. In [19] typical cells of Poisson-Delaunay tessellations were
considered.
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3. Kendall’s Problem in spherical space: Crofton cells

3.1. Results from spherical geometry

In this chapter we will work in Euclidean space R+, d > 2, with scalar product (-, -) and
induced norm || - ||. Let S? := {x € R4 : ||z|| = 1} denote the unit sphere. Defining

dy(z,y) := arccos(z,y), =,y € S, (3.1.1)

we obtain the geodesic metric on S?. A geodesic ball (or spherical cap) on the unit sphere
with radius 7 € [0, 7] and centre z € S? is the set

By(x,r) = {y € S*: dy(2,y) <7}

For a set K C S% which is contained in an open hemisphere, we define the spherical
circumball By(K) as the smallest spherical cap on S¢, containing K. It is shown e.g. in
[6, Proposition 2.7] that this cap is unique. Its radius is denoted by R4(K). Relations to
the (spherical) diameter are given in [11] and [47]. If K C S% is closed but not necessarily
contained in an open hemisphere, Ry (K) is defined as the minimal radius r such that there
is a spherical cap of radius r containing K. For K C S closed, the spherical inradius r,(K)
is defined as r,(K) := max{r € [0,7/2] : there is x € S? such that B,(x,r) C K}. The
centred spherical circumball B,(K, e), for a given point e € S% is the smallest spherical
cap centred at e, which contains K C ST := {x € S?: (x,e) > 0}. The centred spherical
inball B;(K,e), for a given point e € S?, is the largest spherical cap centred at e, which
is contained in K. The radii of these balls will be denoted by Rs(K,e) and r4(K,e) (we
shall omit the reference to the point e, if e is fixed and it is clear from the context that
we are using the centred version).

In Euclidean space, the Crofton cell of a tessellation is the cell containing the origin.
Since there are no distinguished points on a sphere, we choose 0 := (1,0,...,0)" as the
spherical origin.

By a convex body in S¢, we understand an intersection of a line-free closed convex cone
C # () in R™! with the unit sphere. Thus, a convex body is contained in some open
hemisphere. We denote the set of spherically convex bodies by K¢ and equip it with the
spherical Hausdorff distance d,. If we do not require the cone to be line-free, the resulting
intersection is only contained in some closed hemisphere. The set of all intersections of
some closed convex cone C' # ) in R4!, which is not equal to some linear subspace of

R with S? will be denoted by Kj. By excluding linear subspaces, we ensure that Kj

does not contain subspheres of S?. Note that Kj is the closure of K¢ with respect to
the Hausdorff metric (see also [14]). A spherical polytope is the intersection of S¢ with a
polyhedral cone and if the polyhedral cone is line-free, its intersection with S% is called a
spherically convex polytope.

By a tessellation of S¢, we understand a finite collection of spherical polytopes that
have nonempty interiors, which cover S* and have pairwise disjoint interiors.

For A C S, the polar set is defined by A* := {z € S¢ : (x,a) < 0foralla € A}. If
K € K2, then K* € K¢ and (K*)* = K (see [49, p. 249]).

Following [12], we introduce a family U;, j € {0,...,d}, of geometric functionals on k9.
For this, let G(d+1,7), j € {0,...,d+ 1}, be the space of j-dimensional linear subspaces
of R¥1. Hence, for L € G(d + 1,5 + 1) and j € {0,...,d}, the intersection L N S¢
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3.2. Spherical hyperplane tessellations and the Crofton cell

is a j-dimensional great subsphere of S?. Further, let v; denote the rotation invariant
probability measure on G(d + 1, 7). For K € Ej and j € {0,...,d}, we then define

1

U (K) = / VKL # 0} v (dL). (3.1.2)
G(d+1,d+1—7)

In particular, 2 - Uy (K) can be interpreted as the mass of all great subspheres hitting K,
where

1

Ui(K) = 5 /G(Md) WK N L#0} va(dL) = 5

1

Wd+1

/Sd VK Nzt 4 0} ou(de), (3.13)

and o4 denotes spherical Lebesgue measure on S with total mass wy, ;.
In [12], the authors deduce the following extremal property for U;.

Theorem 3.1.1. Let K € Kf and let C C S be a spherical cap with o4(K) = 04(C).
Then
Uy (K) > Uy (CO). (3.1.4)

Equality holds if and only if K is a spherical cap.

Remark 3.1.2. Although in [12] Theorem 3.1.1 is only formulated for K € K2, the first
proof given in [12] remains valid for K € Kﬁ.

In the Euclidean setting, the limit shape of the Crofton cell (suitably defined) of an
isotropic and stationary Poisson hyperplane tessellation is a ball (see [17, Theorem 1])
and an inequality similar to (3.1.4) holds. Let K C R? be a convex body and let B be a
ball with V;(K) = Vy(B). Then

Vi(K) = Vi(B)

and equality holds if and only if K is a ball. This is a special case of a set of inequalities,
which can be found, e.g., in [49, p. 613] and which state that
J
Rd—k
—an V(K )) :

( (;?)JV“K)) = ri” ( o "

for a convex body K, 0 < 57 < k < d. Equality holds if and only if K is a ball. To obtain
the special case, we put j = 1 and k = d. Based on Theorem 3.1.1 we have reasonable
grounds on which to make the assumption that an analogous result on the sphere should
be obtainable by similar arguments as in [20].

3.2. Spherical hyperplane tessellations and the Crofton
cell

Let X # 0 be an isotropic Poisson process on S?. Since the spherical Lebesgue measure
o4 is (up to a constant) the only rotation invariant measure on S? (see [49, chap. 13.2]),
we have O(+) := E[X (-)] = 75 - 04(+) for some 75 > 0. The number g can be interpreted
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3. Kendall’s Problem in spherical space: Crofton cells

Spherical Poisson hyperplane tessellation and Crofton cell with red boundary

(as in the stationary Euclidean case) as the intensity. The expected number of points on
the sphere is

E[X(S))] = 75 - war1 = Y5 - (d+ 1) - kg1 = s -

where k,, is the volume of the n-dimensional unit ball. Applying the measurable mapping
S* — G(d+1,d)NSe,
h: L ed
r — x—-NS%

to every point in X, we obtain the spherical hyperplane process (or great subsphere

process) X := h(X).
A collection of spherical hyperplanes is said to be in general position if their normal
vectors are in general position. By [49, Theorem 3.2.2. (b)] we have

P(the points of X are in general position)

P(the points of X are in general position| X (S?) = k) - P(X (S%) = k)

e 10

P(¢,. .., &, are in general position) - P(X (S%) = k),

i
o

where £1,&, ... are i.i.d. uniformly distributed on S?. Since i.i.d. uniformly distributed
points on S? are almost surely in general position, it follows that the spherical hyperplanes
of X are almost surely in general position.

Given there is at least one spherical hyperplane, they partition S¢ almost surely into
a collection of spherical polytopes, with pairwise disjoint interiors. Such a partition is
called a spherical hyperplane tessellation of S%.
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3.2. Spherical hyperplane tessellations and the Crofton cell

The spherical Crofton cell or spherical zero cell is the (almost surely uniquely deter-
mined) cell, which contains the spherical origin 0 in its (relative) interior. We will denote
it by Zy. Since Z, is the intersection of S? with half-spaces, which are determined by linear
subspaces (and the intersection of these half-spaces thus defines a polyhedral cone), it is
always a spherical polytope. But only if the realisation of X contains at least d+ 1 points,
it is also a spherical convex polytope, meaning its associated convex cone is line-free.

For K C S? we define Hy :={L € G(d+ 1,d)NS?: LN K # 0}. Then

EX(Hx) = ’YS/ ozt N K # 0} o4(dx)
Sd
=275 war1 - U1(K) =t 75 - war1 - P(K)
and ®(Cy) =1 for Cy := {z € S?: d,(0,7) < 7/2}. Furthermore, we define

() = /Sd1{ximgde-}od(dx).

Wd+1

Our aim is to show that the Crofton cell Z, given a lower bound for its spherical volume,
converges to a spherical cap for v¢ — oco. This means that the conditional probability of
Zy deviating from the shape of a spherical cap, given Z; has spherical volume at least a for
some a > 0, converges to 0 for y7¢ — oo. Therefore, we have to quantify the deviation of
Zy from a spherical cap. In order to obtain a suitable quantification, we adapt a definition
from [20] to our setting. A functional ¥ : Ej — [0, 00) is called a deviation functional for
the class of spherical caps, if

(a) 9 is continuous,
(b) ¥(K) =0 for some K € Kj with 04(K) > 0 if and only if K is a spherical cap.

An example for such a deviation functional is the difference between spherical circumradius
and spherical inradius of K. Another example measures the deviation of the shape in the
L?-sense and is discussed in Theorem 3.3.4. With these definitions, we can now formulate
the main result of this chapter in the following theorem.

Theorem 3.2.1. Let a,e > 0 with a < wgy1/2 and yswqy1 > 1. Then there are constants
c1,co > 0 such that

P (9(Zy) > €loa(Zy) > a) < c1-exp(—ca Vs - Wit1) (3.2.1)
and the constants cy,co depend only on a,c and d.

We visualize this result with some pictures obtained from simulations. For easier pro-
gramming, we condition on a minimal spherical inball radius of £ centred at 0, instead of
a minimal volume. The justification will come later in Section 3.7. The random points
on S? are simulated with R, the pictures are produced with GeoGebra (geogebra.org).
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3. Kendall’s Problem in spherical space:

~vs = 1, the realisation contains 17

great circles

v V4
717
VA7
sy
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vs = 4, the realisation contains 61
great circles

Crofton cells

~vs = 2, the realisation contains 31

great circles

=

e

~vs = 10, the realisation contains 118
great circles

3.3. Geometric inequalities and stability results

In order to prove Theorem 3.2.1, we will first provide an approximation result for spherical
polytopes, as well as two stability results for Theorem 3.1.1.

Lemma 3.3.1. Let K € Kj. Then there are constants ki and by, depending only on d,
such that for all k > ki there is a spherical polytope (Q with k vertices, without loss of
generality on the boundary of K, satisfying

0s(K, Q) < bk~

Proof. Let ¢ > 0 and assume R4(K) < m/2 — e. Later, this € will depend on d. Let
2s(K) € S denote the centre of the spherical circumball of K, B?(z,(K)) the open half
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3.3. Geometric inequalities and stability results

sphere with centre z,(K) and E, the tangent hyperplane to S? in z € S?. We consider
the mapping

e {Bs<zs<K>> = E..0),
T = (1, 2o (K)o,

meaning the image of x € S? is the intersection of span(z) and E, (k). From this we then
obtain the following inequality for the Euclidean circumradius of the image of K

R:= R(Px(K)) <

Applying the main result from [7], we now get constants ko = ko(d) and by = by(d), such
that the following is true. For £ € N, k > kg there is a polytope Qo C E. (k) with &
vertices, located on the boundary of Pk (K), satisfying

S(R'Px(K), R7'Qq) < bok™#=1,

Here § denotes the Hausdorff-distance in R4*L. The polytopes R~!Pg(K) and R~1Q)
lie in an affine subspace parallel to z,(K)*. Therefore P (K) C Qo+ R-by- k=24 By,
where By is the unit ball in z,(K)*, and thus

bgl{:_2/(d_1).

1
6<PK(K>7 QO) S tan(s)

The mapping

E, — S,
Hsd . { S(K) =
X —

m7
is Lipschitz continuous with Lipschitz constant at most 2, which can be seen as follows.
Using the triangle inequality, we get

-
fall Tl

T-y .,y Y
_l’_ —
el ] HyI|H
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3. Kendall’s Problem in spherical space: Crofton cells

1
Iyl

1

_ M=yl ‘Hyll ]
]

H”m =yl + lllzll = Iyl

_HHom—ywwm—ym
<2yl

since ||z|| > 1. We now need an estimate for the spherical distance of x,y € S%. Since
t +— sin(t) is concave on [0, 7/2], we have for 5 € [0,7/2]

sin() —sin(0) _ sin(5) — 0 sin(3)

=

p—0 - 5-0 B

2 2
> - & 52arcsin(—-ﬁ),
T 0

where we have used the monotonicity of arcsin. Applying this result with 3 = 7 ||z — y/|,
we obtain

g “[Jo —y[| > 2 - arcsin (M) = ds(z,y).

The last equality follows from

o (2o (5 24)) = o i (52 = i o (B521))

M=yl eyl e yr—y)
4 4 2
2—2z,y
:1_%:@79%

or directly from planar geometry. Thus the spherical polytope @ := Tlga(Qy) satisfies
Q C Hgu(Px(K)) = K and

1
0,(Q, K) < o~ by kD > kg (3.3.1)

For arbitrary K € Ej, we divide K into 2¢ pieces by intersecting with d hyperplanes,
where each hyperplane is the linear span of 0 and d — 1 of the remaining d standard basis
vectors of R¥1 (or equivalently the orthogonal complement of one of those d remaining
standard basis vectors). Then each piece of K is contained in a regular spherical d-
simplex of edge-length 7/2, which is the spherical convex hull of d 4+ 1 unit vectors. Its
circumradius is arccos(1/v/d + 1) € (w/4,7/2), see [10, Theorem 2]. Defining

€ := /2 — arccos (

awi)
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3.3. Geometric inequalities and stability results

the individual pieces satisfy R (K;) < 5 —¢, i =1,...,2% Applying the argumentation
above to every piece, we obtain spherical polytopes Q;, i = 1,...,2% such that

1
tan(e)

Defining @ := convs(U?i1 Q;), we obtain a polytope with (at most) 2¢ - k vertices and

05(Qi, ;) < by em-kTHEAD =120 k> k.

1
0,(Q,K) < ——— by - - k=),
(Q7 ) = tan(s) o T

Since
1 B 1
tan(e)  tan (/2 — arccos(1/v/d + 1))
1
cot (arccos(l/\/d + 1))

sin(arccos(1/v/d + 1))
1/Vd+1

1
VA1l
+ At 1

_ Vi,

the assertion follows with k; = 2¢ - ko and by = by - 7 - Vid - 49/(d=1) O

We start with an abstract stability result for a general deviation functional ©). The proof
is based on continuity and compactness arguments, which can be quite easily generalized
for other size functionals besides the volume, see also Section 3.7.

Theorem 3.3.2. For any a € (0,wqy1/2) there is a function f, : [0,00) — [0, 1], with
fa(0) =0 and f,(t) > 0 fort >0, such that

Ul(K) 2 (1 + fa(E))Ul(Ba)a (332)

for any e >0 cdeEKf with o4(K) > a, 0 € K and 9(K) > .

Remark 3.3.3. In the Euclidean case the function f is independent of a (see [20, (7)]).
Due to the missing homogenity, this is in general not true for the spherical setting.

Proof. In [14] it is shown that the set Ej is compact (see the remarks after Hilfssatz 2.3)
and obviously K¢ C Kj. We consider the set

K(a) := {K EKZI: oi(K) > a}.

Since K? is compact and o, is continuous, K(a) is a closed subset and therefore compact.
Let B, be a spherical cap with o4(B,) = a, then B, € K(a). The functional U, is a
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3. Kendall’s Problem in spherical space: Crofton cells

linear combination of the spherical intrinsic volumes, see [14, Korollar 5.2.5.], which are
continuous and rotation invariant, see [14, p. 36] or [49, Theorem 6.5.2 and p. 256], and

thus U; is continuous. In [14], this linear combination was used to define U; on K;l and
the representation (3.1.2), was shown in [14, Korollar 5.2.5.]. Therefore U; attains its
minimum on K(a). The functional U; is also rotation invariant, which follows directly
from the definition and the rotation invariance of v;. Using Theorem 3.1.1 and the rotation
invariance, we obtain

min{U;(K) : K € K(a)} = Uy(B,) =: Ta.
We now consider the set
K.(a) :={K € K(a) : 9(K) > e}.

Since ¢ is continuous, K.(a) is also compact and U; attains its minimum on K.(a). Let
Tae denote this minimum. From 9¥(K) > ¢ > 0 for all K € K.(a) and the equality case of
Theorem 3.1.1, we get

Tae > Ta, thus 7, =: (1+ ga(€))7as

where ¢,(¢) > 0 for € > 0 and ¢,(0) = 0. Defining f,(¢) := min{g,(¢), 1} for ¢t € [0, 00),
the assertion follows. O

This result can be made more explicit for a special deviation functional. For this, we
use the notation and results from [12]. In particular, D, h and «, S., for e € S?, are defined
as seen in [12]. To be more specific, we use

D(z) = / it ltdt, e (0,7/2),
0

and

h(y) :=tan’(D7}(y)), vy € im(D).
For e € S¢, we put S, := S?Net and T, := e + e*. Further, we define the open halfspace
Hf :={x € R¥": (z,e) > 0}. Then the map R, : SN H} — T, with R.(u) := (e,u) 'u
is the radial projection to the tangent plane of S at e.

Let K C S be a spherically convex set with positive volume and e € —int(K*). The
map Fi : —int(K*) — (0, 00) with

Fk(e) := /K<e,u>(d+1) oq(du)

assigns the volume of R.(K) in T¢ to e. Let Min(Fk) denote the set of all e € —int(K*)
such that Fy attains its minimum at e. It is shown in [12], that any e € Min(Ff)
is the centroid of R.(K) in T,. We define M(K) := {e € int(K) : K C e*}, where
et :={z € R¥!: (x,e) > 0}. Then Min(Fx) C M(K).

For e € M(K), the positive, continuous function o = ag, : Se — (0,7/2) is defined by

O(R.(K)) = {e+tan(a(u))u : u € S.}.
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3.3. Geometric inequalities and stability results

N\ e R.(K)

Using [49, Lemma 6.5.1], we can describe the volume of K in the form

a(u)
o4(K) = / / sin® ' t dt o4_1 (du),
Se

and thus
04(K)

de

— / D(a(u)) oy, (du),
Se

where 09 | == 041(S%1)"to4_; on great subspheres of S. In particular, let C' C S be a
non-degenerate, line-free spherical cap. Then there is a constant o € (0,7/2), which is
independent of e, such that

0a(C) _ /Oac sinf'tdt = D(ac),  h (M) = tan’(ac).

dﬂd dﬁd

If C* c S?is the polar of C, then ac- + ac = 7/2.
For a spherically convex set K C S, we define

A(K)? = inf {/S <D(a(u)) - /5 D(a(u) 02_1(du))2 o0 (du) : e € M(K)} ,

which measures the deviation of the shape of K from a spherical cap in the L? sense.
Clearly, A(K) = 0 if and only if K is a spherical cap.
Theorem 3.3.4. Let K C S? be a spherically convex body and C C S a spherical cap
with o4(K) = 04(C) > 0. Let ag € (0,7/2) be such that oy < ac < /2 — . Then there
is a constant v = y(d, o) such that

Ui(K) = (14+9A(K)?) U (C).

Proof. Let K be as stated in the theorem and let e € M (K). Since U is rotation invariant,
we can assume C' to be centred at e. We continue to use the notation from [12]. Then

o /5 D(a(uw)) o9, (du) € im(D),
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3. Kendall’s Problem in spherical space: Crofton cells

since a(u) € (0,7/2), 09, is a probability measure and D is monotone and continuous.
For any z € im(D), we have

h(z) — h(xg) = W (x)(z — wo) + %h"(wo +0(z — 20))(2 — x0)?

for some 6 = 0(xg, z) € (0,1). Since

(y) = COSd+1C;)1(y) >d
and d(d + 1) |
) ET I A
for y € im(D), we deduce that
h(z) — h(xo) > h'(z0)(2 — xo) + (d—;— 1) (z — )2 (3.3.3)

Substituting z = D(a(u)), u € S, in (3.3.3) and then integrating (3.3.3) with respect to
o9 _, over S, we obtain

/Se h(D(a(u))) 09_i(du) — h <%ﬁlj)) S04 <d; 1)A(K)2,

Using that

h (M) —h (M) — tan’(ac) < tan? (g - ag) = cot(ay)

d:‘id d:‘id

and
1

N(R.(K)) = © / tan(a(u)) o-s(du) = © / h(D(a(u))) 041 (du)

(see [12, p. 14] or apply spherical coordinates in T.), we conclude

MN(R.(K oq( K
AT (R) — [ (D)) () = (14 WA h <—2< )) o (334)
d Se Rd
where 7 == (“}") tan?(ap). Next, we recall some relations from [12]. The equality case

of [12, (27)] gives

d/{d d/{d Rq

oK)\ _, (0a(C)) _ X(Re(C))
()= (i)
and the equality cases of [12, (26)] and [12, (30)] yield
O'd(C) . Kq
(%) - ey

Now we use (26) and (30) from [12] for the first inequality, (3.3.4) for the second inequality
and the identities above to obtain

" (UCEK)) < M)
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3.3. Geometric inequalities and stability results

1 1

L+ nA(K)?y, (UZ(K))
Kd
1 Rq

< (1= 7%AK)*)h (Uiz(g)> : (3.3.5)
where
N Y1

= < ,
T T (w2 T T AR )
since A(K) < /2. Next, we define

. tan’(ag) sin”'(ag) (2 2
73 s 72D(g-0{0> d ) T

tan?(ac+) cos? (ae)

<
=72 D(ae-) d
oa(CT) _
_ h( dd"‘d )h/ a4(C*) !
=72 oa(C*) d/id .
drg

Note that the minimum in the definition of 73 is taken in order to ensure that 1 —
13A(K)? > 0. Then the mean value theorem and the fact that i and i/ are increasing

imply that
—h ((1 - VgA(K)2)0d<C*)) +h <”d(0*))

dlid d/id

/ Od(C*) AK 2
<
B h ( dl{d ) B ( ) dlid

< wA(K)h (‘Td(c*)) . (3.3.6)

Combining (3.3.5) and (3.3.6), we get
h (M> <h ((1 - ’YsA(K)Q)Ud(C*)) |

drg dkq
and hence () ()
(oF;] 9 gq
< (1 —A(K
O'd<Sd) = ( V3 ( ) ) O'd(Sd)

99



3. Kendall’s Problem in spherical space: Crofton cells

Since . ()
0d
Z_U(K) =
y ~Uil) = sqy
we deduce that ]
U(K) 2 573AK)” + (1 = AK)) U (C)
Finally, we use the following
1 O'd(c*
5 - Ul(C) - O'd(Sd) == D(Oéc*) Z D(Oéo) Z 2D(O&0)U1(C),
and therefore )
to get
Uy(K) > [73A(K)2 4+ 2D( )3 A(K)? + 1 — ng(K)ﬂ U, (C),
and thus
Ui(K) > (1+2D(ao)y3A(K)?) Ui (C),
which yields the assertion with v := 2D(ap)7s. O

For our application, we need a result without a fixed upper bound on ar. Making
appropriate changes to the argumentation above, we obtain the following result.

Corollary 3.3.5. Let K € Kf and let C' C S be a spherical cap with o4(K) = 04(C) > 0.
Let ag € (0,7/2) be such that oy < ae. Then

UL(K) > (1+3A(K)*)UL(O),

where the constant

_— mm{ (“51) sin®*! (ag) tan_zd(ac)7 <g>2 D (z B ac)}

d+ d(dgl) (%)2 tan~?(ac)

depends on ag,d and ac.

Proof. We will not repeat all the arguments from the proof of Theorem 3.3.4, but only
note where changes occur. Since we no longer can bound tan?(ac) by cot?(ag), the first
change has to be made when deducing (3.3.4). The other arguments used to obtain (3.3.4)
need not be changed and we obtain

N(R.(K))

Kd

> (LA (45, (3.7

where 7, 1= (d;rl) tan~%(a¢). Now we continue analogously to the proof of Theorem 3.3.4
and obtain a modified version of (3.3.5)

h (M) < (1 - %A(K)?)h <0d<0*)) , (3.3.8)

drg drkq
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where ~ ~
Ay = 2! < gé!
S 14+H(7/2)2 T 1+ A(K)?

ST N L i (a7e) sin™ (ap) (2)2
Y3 = 72D (E — aC) d ) T

2

Next, we define

tan?(ae+) cos? (ac-)

D(Oéc*) d ’

<72

since o < g, ac+ = /2 — ac and 1/tan(z) = tan(w/2 — x). Further following the
previous proof, we obtain

UL (K) > %~3A(K)2 (1 = %K) UL (C). (3.3.9)
Usin
g L ey = 249 _ plac) > 2D(ae) 04 (©)
y ~UilO) = T ct) 2 c)U1(0),
we get
% > (1 +2D <g - ac)> UL ().

In combination with (3.3.9), we obtain
m
> —— 33 A(K)? .
Ui(K) > (1 +2D (2 ac> A3 A(K) ) U (C)

Now the assertion follows with ¥ = 2D(7/2 — a¢)Fs. O

Next, we compare the deviation functional A to another natural deviation functional.
For this we assume that the assumptions of the theorem are satisfied. If e € M (K), then
a = o is well-defined and

. (K) := min{a(u) : u € S.}, e (K) := max{a(u) : u € S.}.

Then
Ao(K) :=min{a.(K) —a.(K) :e € M(K)}

measures the deviation of the shape of K from the shape of a spherical cap (centred at a
point e € M(K)). For any e € M(K) we have

a(u) € la (K), @ (K)], ueS.,

—e

and therefore
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= sin? ! (@, (K))(@.(K) — a.(K))
< e(K) — 2 (K).

Thus, we have
A(K) < Ap(K). (3.3.10)

Later, this relation will be used in the proof of Lemma 3.4.2.

Lemma 3.3.6. Let > 0 and 0 < a < wqi1/2. Then there is an integer v € N, depending
only on a,d and «, such that for every spherical polytope P with o4(P) > a there is a
spherical polytope Q = Q(P) satisfying ext(Q) C ext(P), fo(Q) < v and

®(Q) > (1 — a)(P).
Furthermore, the mapping P +— Q(P) can be chosen to be measurable.

Proof. Recalling from the proof of Theorem 3.3.2, we first note that the functional Uy
is continuous on the compact set Ej. Together with the spherical Hausdorff distance
K? forms a compact metric space. Thus, by [15, Corollary (7.18)], ® is also uniformly

continuous on Kj Let a, P and a be as in the statement of the lemma and define
e:=a-P(B,), where B, is a spherical cap with 04(B,) = a. From the uniform continuity
of ® =1/2-U; we get § = d(¢), independent of P, such that

B(P) — B(K)| < e = a- D(B,)

for all K € Kj with 6,(K, P) < d(¢). From Lemma 3.3.1 we now get a spherical polytope
@ = Q(P) and a number v = v(e, d) satisfying

ext(Q) C ext(P) and d5(Q, P) < d(e).

Since @ C P and ® is monotone, we get ®(Q) < ®(P). Using Theorem 3.1.1 and
04(P) > a, we obtain

|O(P) = 2(Q)| =2(P) - (Q) <e = P(B,) < a-B(P).
Consequently, the first assertion follows from

B(P) - Q) <a-B(P) & D(Q) > (1 a)d(P).

After identifying each spherical polytope with a Euclidean polytope which is the convex
hull of the Euclidean origin and the vertices of the spherical polytope, the second assertion
follows as in [17, Lemma 4.2]. O

3.4. Probabilistic inequalities and proof of Theorem 3.2.1

After the geometric preparations of Section 3.3, we can proceed with estimating the con-
ditional probability in Theorem 3.2.1. Since bounding the denominator is much simpler,
we will provide an upper bound for the numerator as a separate result.
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Lemma 3.4.1. Let 0 < a < wgy1/2 and € > 0. Furthermore, let
Koo = {K € KL 04(K) € [a,wqs1/2], 9(K) > e} (3.4.1)

and yswgr1 > 1. Then

P(Zy € Koz) < c3 - (yswar1)® - exp (-’szdﬂ (1 + faés)) (I)(Ba)) ; (3.4.2)

where the constants c3 and v depend only on a,d and €.

Proof. Let N € N. For Hy,...,Hy € G(d+1,d) NS? such that 0 ¢ H;, i = 1,..., N,
we define Hiny := (Hi, ..., Hy) and let P(Hy)) denote the spherical Crofton cell of the
tessellation induced by Hi,..., Hy. In what follows, we consider Hy,...,Hy € G(d +
1,d) N'S? such that P(Hy)) € Ko N K2 This requires N > d+ 1. If N > d+ 1 and
H,,..., Hy arei.i.d. with a distribution which has a density with respect to the invariant
measure, we have almost surely have P(Hyy) € Kqe N K.

Define a := f,(€)/(24 fa(€)), then (1 —a)(1+ fu(€)) = 1+ a. Since f,(¢) < 1, we have
a > f.(¢)/3. Due to Lemma 3.3.6 and Theorem 3.3.2, there are at most v = v(d, a,¢)
vertices of P(Hyy) such that the spherical convex hull Q(H(y)) of these vertices satisfies

1> ®(Q(Hw))) = (1 — a)®(P(Hy)))
> (1= a)(1+ fa(€))®(B,)

where we used ®(-) = 2U;(-) < 1. By Lemma 3.3.6, we can assume that the mapping
(Hl, . ,HN> — Q(H(N))

is measurable. Since 1 is isotropic, every vertex of Q(H|y)) lies u-almost surely in exactly
d of these great subspheres. The remaining subspheres do not hit Q(Hy)). Hence, the
number of great subspheres hitting Q(Hyy) is j € {d+1,...,d - v}. Without loss of
generality we assume Hy N Q(Hy)) # 0,..., H; N Q(Hn)) # 0. Then there are subsets
Jis - po@rgy)) Of {1,...,7}, each of cardinality d, such that

N H, i=1,... fQHw) <,

leJ;

77777

tuples of subsets of {1,...,5} with d elements. Let K C Cy = {z € S¢: d,(0,z) < 7/2}.
Then

/ VHAK = 0} p(dH) = &(Co) — D(K).
HCO
Using ®(Cp) = 1 and assuming N > d + 1, we obtain

P(Zy € Koe NKYX (He,) = N) = P(Zy € Ko N KX (He,) = N) - ®(Co)Y
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_ /H V{P(H) € Kue NKYY @ (d(H,, ... Hy))

N
Co

dv
< Z (N) /HN 1{P(H(N)) € Kajeﬂlcg}l{HiQQ(H(N)) %@, 1= 1,,]}

jmap1 N

gjjél( ) Z /7{ /le{CD convsplgﬂ (1+ a)®(B,)}
X 1{HlﬂconVSU (VHi=01=j+1....N}
r=1ieJ,
X N (d(Hygas - Hy)) i (d(Hy, - Hy)
_ Z (7)( 5 )/w'c 1a nvum H)> (1+a)0(B,)
x [®(Cy convSTUMQH NN A (d(Hy, -, 5))
: jiﬂ <]JV) (il) [@(Co) = (1+ a)®(B,)]" ™ - &(Co)’

Summation over N gives

IED(ZO € ICa,E|X(%Co) = N)P(X(HCO) = N)

]~

P(Zg - ’Ca7g) =

2
I

+ Z ZO S ICa,f—: N ]Cg’X(HCo) = N)]P(X<HCO> = N)
N=d+1

P(X(Hc,) = N)

M&

+ i P(Zy € Kae N KX (Hey) = N)P(X (He,) = N)

N=d+1

For the second sum, we use (3.4.3), o > f,(¢)/3 and yswa+1 > 1 to obtain

i P(Zy € Koo NKYX (He,) = N)P(X (He,) = N)

N=d+1
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<y S (M) 10 wpm O g

N=d+1 j=d+1
d-l/ . v N x .
J 'VSWd 1+Ot<1>Ba N=j _
= E eXp(—VSWdH +1 E ( )] (VSWdJrl)N !
: d ! —j)!
Jj=d+1 N=j

= Z (ii) exp(—szdH)(vi%l) exp [yswar1(1 = (1 4+ a)®(B,))]

j=d+1
(1) (iswarn)’
— exp(—swapi(1+ Q)(B.) 3 (d> Govn
Jj=d+1
dv NV .
J Wa+1)? Jale
< Z (d> (’Vsj%ﬂ - exp |:_75Wd+1 (1 + ?E )) (I)(Ba):|
j=d+1
o~ (7" Oswar)™ fa(e)
< Z d T - exp | —7Yswas1 | 1+ 3 O(B,)| -
j=d+1
For the first sum, we obtain
d d N
~ ’)/ w
Z]P’ (X(Hey) =N) = Z % exp(—"yswa+1)
N=0 N=0
- (YswWas1)™” fa(e)
SZTGXP —Yswa+1 | 1+ 3 ®(B,)|

=2
Il

0

since 1 > (1 + a)®(B,) > (1 + fu(e)/3)®(B,). Combining both estimates, we obtain

IP>(Zo € /Ca,s) <cg- (’stdﬂ)d'y + €Xp <—”std+1 <1 + fa?E )> (I)(Ba)) )

where

d-v 1 d 1
c3 = c3(a,e,d) = Z < ) — Zﬁ
j=d+1 J! ’

]

By choosing ¢ = A and using Corollary 3.3.5 instead of Theorem 3.3.2, we are able to
obtain the follwoing more explicit result.

Lemma 3.4.2. Let 0 < a <wgi1/2, 0 <e <1 and yswqs1 > 1. Furthermore, let

Koe = {K €KL 04(K) € [a,wa11/2], AK) > €} (3.4.4)
Then
~ . ~/g2(d+1)
P(Zy € Koe) < c3- (Yswar1)®” - exp (—’yswdﬂ (1 + 3 ) CID(Ba)) , (3.4.5)
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where the constant c3 depends only on a,d and € and the constant 7' depends only on a
and d.

Proof. Let Z, € I@a,g NKY. Let e € M(Zy) be arbitrary. Suppose that all points of X are
either in B?(e,¢) or B2(—e,¢), where BS(s,r) denotes the open spherical cap with centre
s € S% and radius 7 > 0. Then we immediately get A¢(Zy) < . By (3.3.10), it follows
that A(Zy) < €, a contradiction to Zy € I@a,g.

Therefore, there is a point x € X such that z € By(e,7/2) and dg(e,xz) > ¢ or x €
By(—e,m/2) and ds(—e,x) > . Without loss of generality, we assume the latter to be
true. Then

7r T ds(—e, ) wai1 W1
5 () () = S
“d< ©3 “9 2 ~° o

and thus
Wi+1  Wat1 €
2 2 7
Now let C' be a spherical cap with 04(C') < wgqi1/2—(¢/7) - (wgsr1/2) and denote its radius

by ac¢. Using [49, Lemma 6.5.1] and a¢ < 7/2, we obtain

0a(Zo) <

@c w € Wat1
C) = ) dt <~ 2
oq(C) wd/o sin® " (t) dt < 5 o

w/2 W e
= wd/ sind=(¢) dt — =22
0 2

and thus

/2
Ew
—rd < / sin®~1(t) dt < g — ag,

2’/de - c

which gives us

Analogously to the proof of Lemma 3.4.1, we consider N € N and Hy,...,Hy € G(d +
1,d)NS? such that the Crofton cell P(H(yy) of the induced tessellation satisfies P(H(y)) €
K..NK?. Let C be a spherical cap satisfying 04(C) = a4(P(H(y))) and denote its radius
by a¢. Using Corollary 3.3.5 instead of Theorem 3.3.2 and the monotonicity of ®, we

obtain
D(P(Hw)) = (1+76)0(C) = (1+7°)8(B,). (3.4.6)

3 () sin® ™ (ag) tan~(ac) 2\® /7
¥ = 2min e 5 | — D(——ac> .
d+ () () i ae) N7/ 2
The argumenation above, applied to P(H(y)) and the normals of Hy,..., Hy instead of
Zy and the points of X, gives

where

n Wd+1

-2 2mwy

T T /9 d—1 2d—1
D(x)—/o sin®! (t) dtz/o (;> it dt:mxd,

Recalling
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3.4. Probabilistic inequalities and proof of Theorem 3.2.1

and with the fact that the tangent is increasing on [0, 7/2) and tan(z) > x for x € [0,7/2),
we obtain

(d—g—l) sin®!(ap) tan=24 (% — g;’::i) (2 ) 2 5 ( Wit >
Y Eo——

¥ > 2min 3 —
() @) ey \r) P oy

. (“31) sin?™ () tan <5;‘;‘—:(11) (2)d+1 W
> 2min —5 — S €

() (3) ey 7)) dm

d+1\ ;. d+1 Wd+1 2d d+1
= 9mi ( 2 )sm (@) 2mwg 2d (2) Wfil+1 2d
> 2min e = ———c

T+ a0 (&) (o) \7)  Tme

—. 7/ . €2d’

where we made use of € < 1 in the second to last line. Note that v/ > 0 depends only on
a and d. Combining this with (3.4.6), we get

®(P(Hw))) = (147 D)0(B,).
Proceeding as in the proof of Lemma 3.4.1 gives the result. [
Now we are able to prove Theorem 3.2.1.
Proof. First we note that

P(0(Z0) > clou(Z0) > a) = M(fg)é(}’o;’ C’Z(Za“)) 2% _ f(f;; Ze)’;)) (3.4.7)

Let B, be a spherical cap with o4(B,) = a. Then
P(oa(Zo) > a) > P(X(Hp,) = 0)
= exp(—vswi+1P(By)). (3.4.8)

Using (3.4.7), (3.4.8) and Lemma 3.4.1, we obtain

P (9(Zo) = eloa(Zo) = a) cs - (Yswas1)™ - exp (‘Wd“ (1 " fT()> q)(B“))
>e >a) <
0) Z&l0dl%0) Z 4) > exp(—yswar1P(Ba))

=3+ (Vswas1)™" - exp (_VSWd—H fa§€>q’(3a)>

< ey -exp(—c2 - YsWar)
where the constants ¢y, c3, v and ¢; only depend on a, e and d. O

Using Lemma 3.4.2 instead of 3.4.1 (and of course ¢ = A), we obtain a similar result
but with a more explicit constant in the exponent.
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3. Kendall’s Problem in spherical space: Crofton cells

Theorem 3.4.3. Let 0 < a < wgy1/2, 0 < & < 1 and yswgr1 > 1. Then there are
constants ¢y, co > 0, such that

P(A(Zy) > €loa(Zy) > a) < é - exp (—62 g2 g wd+1) (3.4.9)

and the constant ¢, depends only on a,c and d and the constant ¢y depends only on a and

d.

3.5. An asymptotic result for the size of the Crofton cell

Similar to [20, Theorem 2|, we determine the asymptotic distribution function of 4(Z),
given the intensity s tends to infinity. We use the techniques developed in the proof of
Lemma 3.4.1 to obtain the following theorem.

Theorem 3.5.1. Let 0 < a < wgy1/2 and let B, be a spherical cap with oq4(B,) = a.
Then
lim vg' - In(P(04(Zy) > a)) = =2 war1 - Ur(B,). (3.5.1)

S0

Proof. Let k € (0,1) and
Koo = {K €K' 04(K) > a, 9(K) >0} = {K € K& : 04(K) > a}.

Let N € Nand let Hy,...,Hy € G(d+1,d)NS* such that P(H(x)) € Kapo. By (3.1.4) we
have Uy (P(Hny)) > Ui(B,) and thus ®(P(H(xy))) > ®(B,). By Lemma 3.3.6 we obtain a
number v = v(d, a, x) and a spherical polytope Q(P(Hyy)) =: @ with at most v vertices
and ext(Q) C ext(P(H(y))) such that

2@ = (1-5) e(PHw) = (1-5) ®(Ba). (3.5.2)

Proceeding as in the proof of Lemma 3.4.1, we obtain
P(Zy € Kool X (H N Ed.yj MY L= (1= 5 e
fry < — - —
( 0 € a,0| ( Co) )_jd+1(j)(d) |: ( 2> ( a):|

for N > d+ 1. After summation over N, where we deal with the cases N € {0,...,d} as
in the proof of Lemma 3.4.1, and assuming yswgy1 > 1, we get

w K
P(Zy € Kap) < c1 (Yswas1)® exp (— (1 - 5) q)(Ba)’YSwd—i-l)

<cs-exp(— (1 — k) P(By)yswat1) , (3.5.3)

for suitable constants ¢4, c5 > 0, which depend only on a,d and . For the last inequality,
we used that z — 2% exp(—+/2 - ) is bounded.
Combining (3.5.3) with (3.4.8), we get

exp (—vswa1P(Ba)) < P(og(Zy) > a) < ¢5-exp (—(1 — k) yswar1P(Ba)) -
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3.6. Spherical binomial hyperplane tessellation

This yields
lim inf ’ygl InP(og(Zo) > a) > =2 wyq1 - Ur(B,)

Ys—>00

and
lim sup ’ygl InP(og(Zy) > a) < —=2-(1 —K) - was1 - Ui(By,).

Vs —00

The left-hand side of the second estimate is independent of x and therefore

lim vg5' InP(04(Zy) > a) = =2 - way1 - Ui(Ba),

Vs 0

which completes this proof. n

3.6. Spherical binomial hyperplane tessellation

In this section, we consider a binomial process instead of the Poisson process X. Let
Y;, © € N, be a sequence of independent and identically distributed random variables on
S? and

oa(’)

Y~ :
Wd+1

Let d+1 < N € N, then
N
YZ: Z(Syl
i=1

is a binomial point process of size N on S%. Likewise to in the previous chapter, we apply
the mapping h and consider the tessellation induced by

Y = h(Y),
with intensity measure
~ N
EY(:)=N-u(:) = 1{z* NS* € -} o4(da).
Wd+1 Jsa

For N < d + 1 the spherical Crofton cell Zy(Y) induced by Y is not contained in some
open hemisphere.

Lemma 3.6.1. Let 0 < a < wgi1/2 and € > 0. Then

P(Zy(Y) € Kao.) < cg - N - exp (m {1 - <1 n f“ég)) @(Ba)] : N) , (3.6.1)

where
Kaoe = {K € K;l co4(K) > a, 9(K) > 5}

and cg,v depend only on a,c and d.
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3. Kendall’s Problem in spherical space: Crofton cells

Proof. Let P(H(y)) denote the spherical Crofton cell induced by H,...,Hy € G(d +
1,d) NS Then

P(Zo(Y) € Kas) = /H UP(H) € Ko 1N (d(Hy, ., Hy).

We proceed similar to the first part of the proof of Lemma 3.4.1 and start by recalling
some definitions and results. Let o := f,(€)/(2+ fu(€)). Then a > f,(¢)/3 and there are
at most v = v(d, a,¢) vertices of P(H(y)) such that the spherical convex Hull @ of these
vertices satisfies

1>9(Q) > (1+a)®(B,).

We proceed similar to the first part of the proof of Lemma 3.4.1 and obtain

P(Zy(Y) € Ko.) < :d%:l (]jv ) (2) 11— (1+ a)d(B,)

(]

j=d+1

— 5. NO [1 - <1 + f“?(f)) @(Ba)} "

]

Theorem 3.6.2. Let a,e > 0 with a < wgy1/2. Then there are constants cz,cg > 0 such
that
P Zo(Y)) > €loa(Zo(Y)) > a) < cr-exp(—cg - N) (3.6.2)

and the constants c;,cg depend only on a,e and d.
Proof. For the denominator we get
P(oa(Zo(Y)) > a) > P(Y(Hp,) = 0) = (1 — ®(B,))". (3.6.3)

Using this and (3.6.1), we get

N
1= (14 22) a(B,)
P (9(Zy) > eloa(Zo) > a) < cgN*” (B,
<cr-exp(—cs- N)
for suitable constants 0 < ¢z, cs. In the last step, we used f,(¢) > 0 for € > 0. O

Additionally we can determine the asymptotic size of Zy(Y'), using the same arguments
as in the proof of Theorem 3.5.1.

Theorem 3.6.3. Let 0 < a < wgy1/2 and let B, be a spherical cap with oq4(B,) = a.
Then
lim N~' - In(P(0y(Zo(Y)) > a)) = In[l — 2 - Uy (B,)]. (3.6.4)

N—oo
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3.7. The spherical inball radius
Proof. Let k € (0,1) and

IC%():{KGKj:Jd(K) >a, V(K) >0} = {Kezjzad(}() > a}

analogously to the proof of Theorem 3.5.1. Using the same arguments, we get v =
v(a, k,d) such that

PARD € Run) = %:1 ]D (il) (D))
< 5 ) - (- porm]

where cg > 0 depends only on a,d and . Thus, we obtain the upper bound

N7 In(P(0a(Zo(Y)) > a)) < N~ -1n {09 N <1 B <1 B g) MBG))N}

_ +d.y.1n§\jfv)+1n[1—(1—g)<1>(Ba)]

and therefore

limsup N~! - In(P(04(Z(Y)) > a)) < In [1 - (1 - f) @(Ba)] .

N—00 2

Since this holds for any x € (0,1) and the left-hand side does not depend on x, we get

limsup N1 - In(P(04(Zo(Y)) > a)) < In[1 — ®(B,)].

N—oo

The lower bound is much easier to obtain. From

P(0a(Z0(Y)) = a) = P(Y (Hp,) = 0) = (1 — O(B,))" .
we immediately get

liminf N™! - P(oq(Zo(Y)) > a) > In[l — ®(B,)].

N—oo

Combining these two bounds, the assertion follows from ®(B,) = 2 - Uy(B,). O

3.7. The spherical inball radius

Now we use the spherical inball radius instead of the spherical volume to measure the
size of a cell. In order to derive a similar result as Theorem 3.2.1, we note the following
properties
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3. Kendall’s Problem in spherical space: Crofton cells

(1) The spherical inball radius is continuous (with respect to the spherical Hausdorff
distance),

(2) it is not identically 0,
(3) for K € M C S% we have r,(K) < ry (M),

(4) for K € Ef and a spherical cap C with r,(K) > r,(C), we have o4(K) > 04(C).

Due to the last property, Theorem 3.1.1 still holds if we replace the spherical volume with
the spherical inball radius. In fact, these four properties also hold for the spherical inball
radius centred at some fixed e € S?, if we require the cap C' in (4) to have the centre e.

Corollary 3.7.1. Let K € Kj and let C C S? be a spherical cap with ry(K) = r,(C).
Then
Ui(K) > Uy (CO). (3.7.1)

Equality holds if and only if K is a spherical cap.

Proof. Let K € Kj and let C' be a spherical cap with r;(K) = r(C). Due to property (4),
we get 04(K) > 04(C) and thus the inequality (3.7.1) follows immediately from Theorem
3.1.1. If K also is a spherical cap, we get 04(K) = 04(C) and therefore U, (K) = U;(C)
by Theorem 3.1.1.

Let K € Ej and let C' be a spherical cap with r,(K) = rs(C). Let U1(K) = Uy (C). We
now assume K is not a spherical cap. Since ry(K) = r4(C), we obtain o4(K) > 04(C).
But then there is a spherical cap Cy with 04(Cy) = 04(K) and C C Cy. The representation
(3.1.3) now gives U;(Cy) > Uy(C). Applying Theorem 3.1.1 to K and Csy, we obtain

Ul(K) > Ul(CQ) > U1(0>,
which is a contradiction. O

Replacing all spherical caps in the proof above with spherical caps having the centre
e, we note that the following version of Corollary 3.7.1 also holds for the spherical inball
radius centred at e.

Corollary 3.7.2. Let e € S? be fized. Let K € K? and let C, C S be a spherical cap
centred at e with r4(K,e) = rs(Ce,e). Then

Ui(K) > Uy (Ce).
Equality holds if and only if K is a spherical cap centred at e.

Due to this, the following results hold for both the spherical inball radius and the
centred spherical inball radius. In the latter case, the limit shape will be a cap centred
at e and the deviation functional has to be modified accordingly. A possible example is
the difference between centred spherical circumradius and centred spherical inball radius,
which plays an important role in Section 4.3. For ease of notation, we will only write
down the results for the spherical inball radius and a general deviation functional.

Now we need to adapt the results from Section 3.3 to our new setting. Mostly, this is
just a change in notation due to the similar properties of o4 and r,.
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3.7. The spherical inball radius

Lemma 3.7.3 (Adaption of Theorem 3.3.2). Let a € (0,7/2), ¢ > 0 and K € K¢ with

S

ro(K) >a, o€ K and 9(K) > e. Then there is a function f, : RY — R with f,(0) =0

and f,(t) >0, t > 0, such that
B(K) > (1+ /(=) @(B.(0.a)). (3.7.2)

Proof. Recalling the proof of Theorem 3.3.2; we only need to apply Corollary 3.7.1 instead
of Theorem 3.1.1, since only the continuity of o, is used. ]

Lemma 3.7.4 (Adaption of Lemma 3.4.1). Let 0 < a < 7/2, € > 0 and yswar1 > 1.
Furthermore, let

K. = {K e KL ry(K) e [a, —] L I(K) > g}. (3.7.3)
Then

fa(e)
3

P(Zy € K,,.) < c10- (yswas1)™ - exp <—75wd+1(1 + )®(B,(0, a))) , (374)

where the constants cig and v depend only on a,d and €.

Proof. Substituting the adapted lemmata and B,(0,a) instead of B,, the argumentation
is exactly the same as in the proof of Lemma 3.4.1. m

Let Y be a binomial process of size N > d+1 and, as in the previous section, denote the
induced Crofton cell by Zy(Y'). In this case, the argumentation differs only very slightly,
see the proof of Lemma 3.6.1, and thus we immediately obtain the following result.

Lemma 3.7.5. Let 0 < a <7/2 and e > 0. Then

P(Zy(Y) € Ki.) < en - N*-exp (m [1 - <1 + f“?(f)) ®(B,4(D, a))] -N) . (3.7.5)

where the constants c11 and v depend only on a,d and €.

Having done these crucial estimates, we are able to prove the following theorems for
the asymptotic shape of Crofton cells having large spherical inradii.

Theorem 3.7.6. Let a,e > 0 with a < 7/2 and let yswqy1 > 1. Then there are constants
c12,c13 > 0, depending only on a,d and €, such that

P(I(Zy) > e|rs(Zoy) > a) < c13 - exp(—c13 - YsWat1)- (3.7.6)
Proof. Combining
P(ry(Zo) > a) = P(X(Hp, @) = 0)
= exp[—7swa1P(Bs(0, a))]

with Lemma 3.7.4 the result follows in similar way to the proof of Theorem 3.2.1. ]
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3. Kendall’s Problem in spherical space: Crofton cells

Theorem 3.7.7. Let a,e > 0 with a < ©/2. Then there are constants cy4,c15 > 0,
depending only on a,d and €, such that

P Zo(Y)) > elrs(Zo(Y)) > a) < c14 - exp(—cy5 - N). (3.7.7)
Proof. As before in the proof of Theorem 3.7.6, we only need to combine

P(ry(Zo(Y)) > a) = P(Y (Hp, @) = 0)
~ (1- o(B,(0.0))".
with Lemma 3.7.5. ]

In fact, the results in this section hold for any size-functional on the sphere, having the
properties (1) to (4) mentioned at the beginning of this chapter.
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4. Kendall's Problem in spherical
space: typical cells

4.1. Typical objects in spherical space

After having studied the Crofton cell in the previous chapter, a natural next step is to
look at typical cells, expecting to find similar results. In Euclidean space, there is a very
intuitive representation for the distribution of the typical grain of a stationary particle
process.

Let X’ be a stationary particle process in R**! with intensity vx.. Denote the distribu-
tion of the associated typical particle by Q'. Then the following holds for any measurable
B C R satisfying Vg, 1(B) < oo (see e.g. [49, p. 106] or [49, Theorem 4.1.3])

, 1
Q)= mE K;{/l{K —c(K) € -}1{c(K) € B}|,

where ¢ : K4 — R9*! is a suitable centre function. The distribution Q' is concentrated
on sets having the FEuclidean origin as centre. In spherical space, it is not immediately
clear how to centre a particle, since for x € S¢ there are many ¢ € SOgqy satisfying
00 = x, where SOz denotes the rotation group on R%*!. In order to deal with this
situation, we will work in the framework of [29], where the author considers the general
setting of random measures on a homogeneous space. We start by giving some additional
definitions and specialising the setting of [29] to our situation.

In particular we consider the compact group SO,.; and denote the unique, rotation
invariant probability measure on SO4.1 by v. The group SO4,1 operates continuously on
S? (see [49, Theorem 13.2.2]). Furthermore the operation is transitive, i.e. the projection

Mot SO41 = S, o — o,

is surjective for every x € S% and thus S? is a homogeneous space (see [49, p. 582]).
Defining

1
02 =pvom-!=
Wd+1

0 : Ud?

we obtain a rotation invariant probability measure on S?. Next we consider
SOSJrl ={p € 850441 : 0 =0}

and denote by #(0, -) the SOY, |-invariant probability measure on this (compact) subgroup.
Putting B
K(0, 50441 \ SOY,,) =0, (4.1.1)
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4. Kendall’s Problem in spherical space: typical cells
we extend the measure to a probability measure on SOy,. For x € S let
SOYT, == {p € SOqy1 : 0 =z}

and for ¢, € SOS’Jfl arbitrary but fixed, let

w(2, B) = / 1{py 0 € B} 5(0,dp), B € B(SOu1). (4.1.2)

This definition is independent of the choice of ¢, (see [29, (2.7)]) and satisfies

/1{g0 € -} kY, dp) = /1{¢ op€ -} r(x,dp), e S04, veS (4.1.3)

In addition, we have the following disintegration (equation (2.9) in [29])

/Sod+1 flp) v(dp) = /Sd /SOd+1 f(@) Kz, dp) o9(dx). (4.1.4)

In the following sections, we assume all random elements to be defined on a common
probability space (€2, F,P), equipped with a measurable flow {6, : ¢ € SOgq41}. We
further assume P to be invariant, i.e.

Pob, =P, ¢ €& SOqi. (4.1.5)
A random measure & on S? is called adapted or isotropic, if
€0 w,pB) =€&(w,B), weQ, €S04, BeB(SY, (4.1.6)

where B = {¢x : x € B}. For measurable f : S* — R, and isotropic &, we have

/ F(2) E(0pw, d) = / F (o) E(w, do). (4.1.7)

For each locally finite measure  on S¢ and for each ¢ € SOy let the rotated measure
©n be given by
(en)(¢B) =n(B), B e BES). (4.1.8)

Thus we can rewrite (4.1.6) as
E(Opw, ) = p&(w,-). (4.1.9)

The Palm measure of an isotropic random measure £ is a finite measure on €2 defined by
Pe(A) = / / / 105w € A} - w(a) vz, dp) £(w, dr) P(dw), A€ F, (41.10)
0 Js? JS044

where w : S — R is a measurable function satisfying [‘w(z) 09(dz) = 1. This definition
is independent of the choice of w (see [29, (3.8)]), allowing us to choose w = 1. In what
follows, [, denotes integration with respect to .. Furthermore the refined Campbell
Theorem ([29, Theorem 3.7]) holds:
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4.1. Typical objects in spherical space

Theorem 4.1.1. Let f: Q x SO4e1 — Ry be measurable. Then
B[ [ 500 nlede) €ldn) =Be [ fBue) vido) (4111)
550444 SO411

In the canonical setting, this is a special case of [46, Theorem 1]. Note that P¢ is not a
probability measure but satisfies

Pe(Q) =E [£(SY)].

Let X’ be an isotropic particle process on S?. This is a point process in K2 for which the
following holds

X'(Opw) = pX'(w) :={pK : Ke X'(w)}, weQ, o€ S04;1. (4.1.12)

The intensity of X’ is defined by the expected number of particles, normalized by the

surface area of S¢
E[X(K9)]

Wd+1

VX =
A rotation covariant spherical centre function is a mapping ¢, : K¢ — S¢ satisfying
cs(pK) = pe(K), K eK? o€ SO4. (4.1.13)

An example for such a centre function is the spherical circumcentre, i.e. the centre of the
smallest spherical cap containing K. In order to define the typical particle of X', we fix
a centre function and consider the marked random measure

= > /S Oeu (K)o 1K) Ki(Cs(K), dip) (4.1.14)

KGX’ Od+1

- / / Bewtrcre 1) KoK, dig) X' (w, dE).
Kd JSO441

In what follows, we will also use the notation

This random measure is invariant in the sense of [29, Remark 3.9]. To see this, let
1 € SO41 and B C S, A C K¢ be measurable. Then we have

('(Oyw, (B) x Ay = Y /SO Oea(k)p150) (VB X A) K(cs(K), dp)

KEX/(QQJ,OJ)

= Z / O(es (i) 1wi) (VB X A) K(cs(VK), dp)
KeX/(w) Y 59d+

= 5 [ S 0B x A) slve(K) de)

KeX'(w) Od+1
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4. Kendall’s Problem in spherical space: typical cells

. /S estirp-rm) (B X A) K(tbe, (K), dip)

KeX/(w) ¥ 50t

S / Stentreromt1r (B % A) r(ey(K), d)
KeX'(w) Y SOd+1

= ('(w, B x A),

where we made use of (4.1.12), (4.1.13) and (4.1.3) successively.
The distribution of the typical particle Z of X’ is defined as the mark distribution of
the random measure ¢’. The mark space is K¢ := {K € K¢ : ¢,(K) = 0}, the set of all

spherical convex sets with centre 0.
The Palm measure of ¢’ is a measure on €2 X IC% defined by

Po(-) = /Q/de@ /SO 1{(0,'w, K) € -} k(x,dp) ((w,d(z, K)) P(dw).  (4.1.15)

If the intensity vy, of X' is positive and finite, we have

1
Py()=PZ€c )= ——-Ps(2 x -
o) =Bz €)= (@)
1
- / / 1o K €} wles(K), dp) Pdw).  (L1.16)
VX' Wd+1 Q gex(w) Y S0an

In the FEuclidean case, the typical particle of an isotropic and stationary particle process
is still isotropic, but not stationary. In the spherical setting the typical particle cannot be
isotropic, since its centre is almost surely 0, but its distribution still has some symmetry.

It is also possible to introduce the typical particle in terms of the Palm distribution P,
of ¢'(- x K2), the point process of centres. Define P(w,z) = K if = ¢,(K) for some K €
X'(w) and P(w,z) = {x} else. Using (4.1.13) and (4.1.12), we get P(f,w, pz) = pP(w, )
for all ¢ € SO4y1. Together with (4.1.11), the definition of (" and (4.1.16) we obtain

BP0 €)= —— [ 3 [ 1P %.0) € ) wle().de) Plde)

VX' Wd+1

/
Y X/ A)d 1

=P(Ze€").

KeX'(w)

/SO 1{o ' P(w, cs(K)) € -} k(cy(K), dp) P(dw)

KeX'(w)

/SO H{p 'K €} kcy(K),dp) P(dw)

KeX'(w)

Therefore, the following Lemma as well as Theorem 4.1.3 are a consequence of more
general results, see e.g. [29, Proposition 3.10]. We give the proofs for convenience.

Lemma 4.1.2. Let X' be an isotropic particle process on S and let Z denote the typical
particle of X'. Then the distribution of Z is invariant under rotations firing 0, that means

P(pZc)=P(Zc-) ¢ecSOY,,.
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4.1. Typical objects in spherical space

Proof. Let ¢ € SOY, ,,let A C K2 be measurable and 9 A := {¢K : K € A}. Since SO, ,

is a subgroup, we also have ¢~' € SOY,,. Using (4.1.16), (4.1.15), r(x, SO4y1) = 1, for
all z € S%, and (4.1.14), we obtain

P(pZ € A) =

]P)/QX _1A
P a2 x (¢ A))

/ / / 1{(0 ', ) € Q x (o7 A)} k(. di)) ¢'(w, d(x, K)) P(dw)
Q Jsixkd J504

Tx'Wd+41

7X’Wd+1 / /de,(ﬁ /SOd+1 HpK € A} ki(z, dy) ('(w, d(z, K)) P(dw)

/ / 1K € A} C'(w, d(x, K)) P(dw)
Q deK'%

Tx'Wd41

/Q/Kd /SOd+1 1H{poyy 'K € A} k(c(K),dv) X' (w,dK) P(dw)

Tx'Wd41

VX' Wd+1

ol oy 10057700 € ) 00 X ) P,

Next we use the definition of #(z,-), (4.1.2), the invariance of x(0, -) under SO, ,, (4.1.14),
(4.1.15) and (4.1.16) to obtain

//,Cd/sl{ ey 0o )K€ A} 1(0,dyp) X' (w, dK) P(dw)

Od+1

P(pZ € A)

Tx'Wd41

[ Ui 0v) K € A} K(O,d0) X dE) B(d)
QJkd Js04,

VX' Wd+1

/ / / Wy 'K € A} k(ci(K), dv) X'(w, dK) P(dw)
QJKE JSOq41

VX' Wd+1

1
_ e )
7X/Wd+1/sz/8dxf<%[sod+ll{Ke b ((w,d(z, K)) P(dw)
=P(Z € A).

[
The refined Campbell Theorem holds for ¢’ in the following form (see [29, Remark 3.9])

[ Lo Lo, 7005 ) ) ot ) Bl

_ / / Flws o, K) v(dp) Po(d(w, ), (4.1.17)
QX’C% SOgy1

for all measurable functions f :  x SO441 X IC% — [0,00). In this setting, we can prove

a disintegration result for the intensity measure of X', similar to the Euclidean case (see
[49, Theorem 4.1.1]).
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4. Kendall’s Problem in spherical space: typical cells

Theorem 4.1.3. Let X' be an isotropic particle process on S¢ with intensity 0 < yx» < 00
and let f: K¢ — [0,00) be measurable. Then the following holds

[ 7000 X wdr) o) = wans [ [ g0k vidg) Potar). (4119
QJKd K J 50441
Proof. Using the definition of Pz, (4.1.17) and (4.1.14), we obtain

- /K i / . JeK) vidp) Po(aK)
_ / » / . F9K) vlde) Bod(e, K)
- / / » / TR sl d) €, dla, ) P)

:/// / F((p1 093 )K) k(es(K), dipr) K(cs(K), di) X' (w, dK) P(dw).
QJKd JSOq41 J/SO0a11

Since P is invariant and X' is adapted, we can use (4.1.13), (4.1.3), Fubini’s theorem
and the invariance of v to obtain

wwssanr [ [ rek) vdg) Patdr)

/ // / / f((p1o0 <02_1)¢K) k(cs(VK), dpr) Kk(es(WK), dps)
SOgq41 v JKE JSO¢41 /' SO0g41
X X’(w,al() ]P)(dCU) I/(d?/])

- / / /K g / / . H(( 03 ) K (K). dpn) (v (K). des)
X X' (w, dK) P(dw) v(di)

_ / / / / / (o g 00yt 0w o ¥)K) K(es(K), dpy)
S04 J JKd JSO4 1 J SOG4
X k(cs(K),dps) X' (w,dK) P(dw) v(dy)

_ /Q /K g /S o /S . /5 A wogiowr ou o y)K) vidh

X k(cs(K),dpr) Kk(cs(K),dps) X' (w,dK) P(dw)

_ / / / / / F( 0 01 0 93 VK w(d) r(es(K), o)
QJKkd JSO41 S04t /50414
X k(cs(K),dps) X' (w,dK) P(dw)

_ / /K g / / oo S SO @) K i) mlea(), din) X' dK) P(d)

S0441
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4.2. The typical cell of spherical Poisson hyperplane tessellations

- / /K /S ) vld) X', dE) Pl

=[] #0K) X . dR) Plaw) viav)

_ /Q [ H) X, d8) Pl

where we again used the isotropy of X’ to obtain the last equation. O

4.2. The typical cell of spherical Poisson hyperplane
tessellations

As in [2], we can interpret the tessellation generated by the spherical hyperplane process
X as an isotropic particle process X’. The distribution of the typical cell Z of X' is
given by (4.1.16). The following relation between the typical cell and the Crofton cell of
an isotropic tessellation on S? is a special case of a well-known relationship valid in all
homogeneous tessellations, see e.g. [29, Corollary 8.4]. Its Euclidean counterpart can be
found in [49, Theorem 10.4.1]. We give the proof for convenience and add an explicit
expression for the intensity of X’ if the tessellation is induced by an isotropic spherical
Poisson hyperplane process. In advance, we give some properties of the functions

[0 SR,
m - ; . (_1)m+167t+22£:70J%’

m € Ny, which will occur in the afore-mentioned explicit expression of the intensity of X'.

Lemma 4.2.1. The functions h,,, m € Ny, have the following properties:
(1) Py = ey, m =1,

o 18 convex for m > 1,

m!’

(6) Oghm(t)—<1+%+§+...+%>§ﬂ m € Ny.

Proof. First note that for m € Ny

wl3

L m—2i m i
hm<t) = (_1)m+1€7t +2 t— — (_1)m+167t + Z (1 + (_1)m71) v

— 2 1N
— (m — 2i)! p il

The properties (1), (2) and (3) now follow directly from this identity. (4) and (5) are a
direct consequence of the first three properties.
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4. Kendall’s Problem in spherical space: typical cells

We will prove (6) by induction. For m = 0, we have ho(t) = 2 — e~* and thus clearly
0<2—e'—1=1-¢e"<1.

Now assume that (6) holds for some m > 1. Then the first inequality of (6) is equivalent

to
m

t t
1+ —+...+ — < h,(t).
+1+ +m!_ (t)

Using this inequality and the properties (1) and (3), we obtain

t tm tm+l
B (£) — <1+I+"'+_+—>

m!  (m+1)!
! t tmo gt
= [ hp(s)ds+hp(0) = (14 -+ +—+—"
/O (s) ds + hpt1(0) (+1+ +m!+<m+1)!>
¢ s s™ t tm tmtl
> l+-+...+—)ds+1—(14+-+...+ =+ —=
_/0(+1+ +m!) s+ (+1+ +m!+(m+1>!)

=0.

For the second inequality, we note that the second inequality of (6) is equivalent to

Using this inequality and again the properties (1) and (3), we get

i (t) m t N N m N tm—f—l
mH I ml (m+1)
t t tm tm—f—l
= hn(s)ds+hp1(0)—(1+-+...+ —+ ——
/0 (s) ds + hiny1(0) ( o+ +m!+(m+1)!>
¢ s smos™ t tm tmt
< 1+-+...+—+—) d 1—(14+-+... 4+ =4+ —
—/0(+1+ +m!+m!> i (+1+ +m!+(m—|—1)!)
tm—i—l
C (m+ 1)
Hence (6) also holds for m + 1, which concludes the proof. O

Theorem 4.2.2. Let f : K — [0,00) be measurable and rotation invariant. Let X' be
an isotropic tessellation of ST with intensity vx, let Zy denote the spherical Crofton cell
and Z the typical cell of X'. Then

E[f(Zo)] = vxE[f(Z) - 0a(Z)]. (4.2.1)

If X' is a spherical hyperplane tessellation induced by a spherical Poisson hyperplane
process X with intensity vs, we have

YxwWar1 = ha(YsWai1),
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4.2. The typical cell of spherical Poisson hyperplane tessellations

where
L%J td—Qi

< (d —2i)!"

Proof. From (4.1.18) and the rotation invariance of f we get

Zo) =E ) f(K)1{0 € int(K)}

KeX’

P / é / TR0 € mileK)} wd) P(dK)

S / 00 / MR € (K} vlde) Po(ak)

aa(K)

Pz(dK),
Wd+1

= Tx'Wd+1 f(

since the inner integral in the second to last line defines a rotation invariant probability
measure on S?. This completes the first part of the proof.

For the second part, we use Schlifli’s theorem (see [48, p. 209 - p. 212] or [9, (1.1)] in
modern language), providing an explicit formula for the number of cells N (k) generated
by k£ > 1 great subspheres in general position,

k):2g(k;1).

Recall that the spherical hyperplane process X, is defined by X := h(X), where X is a
spherical Poisson point process and

St — G(d+1,d) NS,
h:
r — ztNS

with E[X (S?)] = vsway1 beeing the expected number of points. If X contains no points,
we consider the whole of S¢ as one cell and thus define N(0) := 1. Then

Tx =

Wd+1
1 X K k-1
_ N2, ) P(X(SY) = k) + P(X(S%) =0
ww;;(z)u))wdﬂ (8% = 0)
2 i i (k - 1) —YSWd41 (’}/Swd-ﬁ-l)k + 1 —YSWd+1
— . ) - e e
Wapr =4\ 0 k! Wd+1
d [e's)
2 1 (vswar1)® 1 L
= — 75“"”1 — 4+ — e TSWdt1, 4.2.2
Wat1 Zz' Z ¢ (k—i—1)! k+wd+1€ ( )
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4. Kendall’s Problem in spherical space: typical cells

Defining furthermore

= pae

k=i+1
we get
/ = 'rk_l ) T
k=i+1

Applying [55, p. 174, Formula 419] iteratively yields
YSWd+1
filvsway1) = / zt e’ dx
0

=3 (e s ) 0

k=0

Combining this with (4.2.2) and using 3¢ (—1)"" = —2(1+ (—1)%), we obtain

d d i
Qe VsWd+1 2 Swd 1 k e~ VsWd+1
Yxo=——— > (-1 + > { )" - *k), -
Wir1 5 wd+1 =0 k=0 Z— ) Wd+1
d i
effySwd+l 2 ,}/Swd-‘rl) —k
= ———(-1-(-)"+ —> { ST
Wit 1 i—0 k=0 (i —k)!

( 1)d+1e—’std+1

Wd+1 Wd+1

In order to complete the proof, it remains to show that

d i i~k 5] 4d—2i
2 1)) =2 —
S5 (0 amm) 2
i=0 k=0 =0
This can be seen as follows
d i sik d d sk d d—k i
_ _1\k _ _1\k_
223 () 2R o = e
=0 k=0 k=0 i=k k=0 i=0
d d—1i tz d 4 d—1
_ k _ k
—QZ (—1)5—225 (=1)
1=0 k=0 =0 k=0

]

Now we are able to extend our results for the asymptotic shape of the spherical Crofton
cell to typical cells.

84



4.3. Spherical Poisson—Voronoi tessellations and Poisson processes on the sphere

Theorem 4.2.3. Let a,e > 0 with a < wgy1/2. Let X be an isotropic, spherical Poisson
hyperplane process on S with intensity vg such that yswqr > 1. Let Z and Zy denote
the typical cell and the spherical Crofton cell of the induced tessellation. Then there are
constants cig, c17 > 0, depending only on a,d and €, such that

P(W(Z) > eloa(Z) > a) < c16 - exp (—c17 - YsWas1) - (4.2.3)

If we substitute X by a binomial process Y of size N > d + 1, then there are constants
c18, C19 > 0, depending only on a,d and €, such that

PW(Z(Y)) > eloa(Z(Y)) > a) < c15-exp(—ci9- N). (4.2.4)

Proof. We first note the trivial upper bound o4(Zy) < wgy1. In order to estimate the
denominator, we use (4.2.1) and (3.4.8) to obtain

B(0u(Z) > a) = E[1{04(Z) > a}]

_ %X yxe- B {1{%(2) > a}-0a(Z) - ad(lZ)}
o B ez >

_ ’YX;Wd—H P (04(Z0) > a)

> ﬁ ~exp (—yswar1 - ®(Ba)) -

For the numerator, we use (4.2.1) and (3.4.2) and proceed as above

Plog(Z) > a, 9(Z) > ¢) = 7; E [1{0d(ZO) > a, 9(Z) > e} — ]

<

- K |:1{Ud(Z0) > a, 9(Zy) > e} - 1}

< P (yswasn)™ - exp (—’szd+1 : (1 + fa§5)> : (I)(Ba)) -

a - yx/

Combining these two estimates, we obtain the first result. In the binomial case, we use
(3.6.3) instead of (3.4.8) and (3.6.1) instead of (3.4.2). O

4.3. Spherical Poisson—Voronoi tessellations and Poisson
processes on the sphere

After the consideration of the spherical Crofton cell and the typical cell of Poisson hyper-
plane tessellations on the sphere, it is a natural step to take a look at the Poisson—Voronoi
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4. Kendall’s Problem in spherical space: typical cells

Spherical Voronoi tessellation, [56]

tessellations in spherical space, since in Euclidean space this tessellation is one of the clas-
sical models in stochastic geometry. Voronoi tessellations of a fixed number of points on
S? are briefly mentioned in [34].

Let A C S? be locally finite. The Voronoi cell generated by = € A is (similar to the
Euclidean case) given by

Clz,A) :={y €S dy(y,z) < ds(y,z) for all z € A}.

The set of all these cells forms the Voronoi tessellation generated by A. Note that for

every ¢ € SOg44+1, we have
Cez, pA) = pC(z, A). (4.3.1)

Let X be an isotropic point process on S% with intensity measure

E[X()] =75 - 04(-) = v - was1 - 09(-).

Additionally, we asume the intensity s to be positive and finite, 0 < vg < co. The Palm
distribution of X is the normalized Palm measure of X, which is given by (4.1.10). From
now on we will work exclusively with the Palm distribution and for brevity we will denote
it by

1

Py(A) =
X( ) YsWd+1

/ / / 1{6-'w € A} (e, dp) X(w,dr) P(dw), A€ F, (43.2)
aJsi Jsoy,,

without further indication of the normalization. The refined Campbell theorem (4.1.11)
takes the form

]E/Sd /sod+1 F0,,¢) k(x,dp) X(dx) = yswarr - Ex /sod+1 f(0ia, ) v(dp),  (4.3.3)
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4.4. The typical cell of a spherical isotropic Poisson—Voronoi tessellation

or equivalently

/ / Oia, ) K(x,dp) X(dr) = Yswai1 'EX/ [0y, ) v(dp).  (4.34)
st JS0411 SO411

for all measurable functions f : Q x SOgz11 — [0,00). Here Ex denotes the integration
with respect to the probability measure Px.

In Euclidean space, the Theorem of Slivnyak characterizes a stationary Poisson process
using its Palm distribution (see [49, Theorem 3.3.5]). The following version of the Mecke-
Slivnyak Theorem is a special case of a very general result, [13, Theorem 4.21]. In the
present special case, it can be proved (using the Mecke characterization of Poisson pro-
cesses) in a few lines.

Theorem 4.3.1. Let X be an isotropic point process on S* with positive and finite inten-
sity. Let Px denote its Palm distribution. Then X is a Poisson point process, if and only

if
Px(X € A)=P(X +d;€ A), AcBWN(ESY). (4.3.5)

4.4. The typical cell of a spherical isotropic
Poisson—Voronoi tessellation

For Poisson—Voronoi tessellations, there is a very natural way to choose a centre function,
namely the nucleus x € X of the cell C(z, X). This leads to a slightly different approach
to define the typical cell, involving the underlying Poisson point process and its Palm
distribution. In order to define the distribution of the typical cell in this setting, we
consider the random measure ¢ : 2 — M(S? x K£9), defined by

Z /s 010, X (W) K@, dp). (4.4.1)

zeX (w) Od+1

This definition is very similar to definition (4.1.14) and ( is also invariant in the sense of
29], Remark 3.9. Let ¢ € SOy and B C S¢, A C K? be measurable. Then we get

((Oyw, (¥B) x A) = > /SO S0, X (01 (W B) X A) K(z, d)

zeX (Oyw)

= > /S (o1 C, X (0,0)) (P B) X A) k(Yx, dp)

z€X (w) Od+1

= ) /S (a0, X (W) (WB) x A) k(px, dp)

z€X (w) Oda+1

= Z/ (a0 x (W) (B X A) k(Y dp)
SO441

zeX (w)

= Z /S m<p 10(z,X (w))) (B X A) /i([E,ng)

zeX (w) Od+1
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4. Kendall’s Problem in spherical space: typical cells
=((w, B x A),

where we made use of (4.1.9), (4.3.1) and (4.1.3). Recalling that X is an isotropic Poisson
process with intensity measure E[X (-)] = 75 - way1 - 09(+), the distribution of the typical
cell Z is defined as the mark distribution of the random measure ¢ and therefore

P(Ze") = %idH]PC(Q X -)
N VS(jd—f—l /Q/SXmCg /sod+1 1{(0,'w, K) € @ x -} w(z,dp) ((w,d(z, K)) P(dw)
B widﬂ /Q/de,cg K €} ((w,d(z, K)) P(dw)
- ﬂysal;dﬂ /Q/Sd /Sodﬂ 1{o 'C(x, X (w)) € -} K(x,dp) X (w,dz) P(dw).

(4.4.2)

Using (4.3.4), (4.1.9), (4.3.1) and Theorem 4.3.1, we obtain further
1
YsWd+1

1 _
_ s / / 1{o ' C(p T, X (0,0)) € -} v(dp) Px(dw)
YSWd+1 0 J50441

P(Ze:)=

/Q/Sd /Sod+1 e 'Clp-0,X(w)) € -} w(z,dp) X(w,dz) P(dw)

- / / {000, X (w)) € -} v(de) Px(dw)
0 JS04
— Py (C(0,X) € ) = P(C(0, X + &) € -).

This relation allows us to interpret the typical cell of a spherical Poisson—Voronoi tessel-
lation as the spherical Crofton cell of a special spherical Poisson hyperplane tessellation.
This spherical hyperplane process Y is the set of all great subspheres, having equal spher-
ical distance to the spherical origin 0 and to a point € X. This leads to a non isotropic
process. The definition of Y can be made more explicit, using the map

;. {Sd\{ﬁ} —~ 8¢,

-0
T e
llz—0]

Putting f(0) := —0, we can define f on the whole of S? without influencing the results to
come. Now let z € X and 2z € SN f(z)*. Then

d(0,2) = arccos((z,0)) = arccos((z,0) + (z,x — 0)) = arccos({z, z)) = d4(z, 2),

which means the spherical Poisson hyperplane process Y is given by

Y =) Opaytrse. (4.4.3)

zeX
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4.5. Another stability result

Using Lemma 6.5.1 from [49], we obtain for the intensity measure of Y’
BIY ()] = Eleard{z € X : fz)* 18" €} =15 [ 1{f(@)* N8* €} ouldo)
Sda

- /Mgd /{0 o d.({0,-0},1)) - 1{f(t)" NS € -} o1 (dt) oy_1(du)

= 7vg - War1 - (). (4.4.4)
Here {0, -0} V u = pos({0, —0,u}) NS¢ is the spherical convex hull of the points 0, —0
and u. This set is a two-dimensional half circle, containing « and bounded by 0 and —O0.
In order to derive similar results as in the case of isotropic spherical Poisson hyperplane

tessellations, we have to further examine the functional fi and eventually derive a stability
result, similar to Theorem 3.3.4.

4.5. Another stability result

Let K € Kj. Evaluating the functional /i especially for the set
Hi = {LeGd+1,d)NS*: LN K # 0},
we obtain a new functional on the space of spherically convex sets

E[Y(HK)] Vst Wd41 - MHK)
5 e / s, ST (@0, =T10) - IO 0K # 0} a(dt) oa(d)

=:17s - U( (451)

This functional will essentially play the role of Uj(:) in a stability estimate similar to
Theorem 3.3.4. We will continue with recalling two definitions from the very beginning of
this chapter and defining another deviation functional before stating our stability result
in the next theorem.

Let K € Kj with 0 € K. The spherical inball radius centred in 0 is given by

ro(K) :==1r,(K,0) = max{r > 0: B,(0,r) C K}. (4.5.2)

This will be our chosen method to measure the size of spherically convex sets. The
spherical circumball radius centred in 0 is given by

Ry(K) := Ry(K,0) =min{r > 0: K C B,(0,r)}. (4.5.3)

The difference between these two values is a natural deviation functional, which addition-
ally has a very intuitive interpretation

P(K) = Ry(K) — ry(K). (4.5.4)
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4. Kendall’s Problem in spherical space: typical cells

Theorem 4.5.1. Let a € (0,7/2), K € K;l with rs(K) > a and C := B,(0,a). Then

U(K) > U(C) = 04(B,(0, 2a)) (4.5.5)

with equality if and only if K = C. Furthermore, let K C B,(0,7/2) and 9°(K) > ¢ > 0.
Then . 3
U(K) > U(C) - (1+cy-€%) (4.5.6)

where the constant cog = cao(a,d) only depends on a and the dimension d.

Proof. In order to examine the functional U, we have to examine the map f. Recall

f(z) = |I§:g\l and consider the isosceles triangle, formed by the (Euclidean) origin, 0 and

x € {0,—0} V u, where z # 0 and = # —0. In this triangle, denote the angle in 0 by a.
Then the following holds

7 —d,(0,z) T
a=—"="<=
2 2

and « is equal to the angle between —0 and f(z) =

z—0
z—0

‘ (see the next picture).

0
X
a
u
a r—0
@) =z~
AS(U)
o

Furthermore f(—0) = —0 and we have for u € 0" NS¢
F{0, -0} Vu)={y€{0,-0}vVu:(0,y) <0} = As(u)

and 00
4@ =T - a= 200,

Thus any circular arc A, bounded by u and some y € Ag(u), and the image measure
o1 0 f~1 satisfy

(4.5.7)

(\V]

(o0 fH(A) =2-0,(A). (4.5.8)
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4.5. Another stability result

Every circular arc B C Ag(u) can be written as the difference of two circular arcs beginning
in u, therefore this equation holds for every circular arc which is a subset of A (u). Since
measures on Ag(u) are determined by their values on circular arcs, (4.5.8) holds for general,
measurable subsets of A,(u).

/0 mgd/ dy({0, =0}, f71 (1)) - 1{t" NV K # 0} (o4 0 f71)(dt) 0 (du)

- / / S0, 0) £ )1 0K £ 0) () s )

We define S, := {—0,u}. For t € A,(u) we have d,({0, =0}, f71(t)) = 2 ds(S.,t). To
see this, we first consider the case d,(S,,t) = d,(u,t). Then the assertion follows directly
from (4.5.7). If dy(Sy, t) = ds(—0,t) holds, using (4.5.7) we obtain

T/4 < 1)2 — dy(—0,t) = dy(u,t) = do(0, 71 (1)) /2.

Using this, we get

ds({0, =0}, f71(t)) = ds(=0, f71(t)) = 7 — ds(0, f (1))

and therefore

_2/0 de/A(u) 2 dy(Sut) - 1{t- N K # 0} oy (dt)ogr(du).  (4.5.9)

From r4,(K) > a we immediately get CCK. Letue0 NS andt e Ag(u). Then
dy(S,,t) < m/4 holds and thus sin(2d,(S,,t)) > 0. Using (4.5.9) we obtain our first
claim

U(K)>U(C).
In order to calculate the value of U (C), we consider the mapping

™

Ju [0, 5] — Ag(u),

defined by ¢,(y) € As(u) and dg(g.(y),u) = y. Using this transformation in (4.5.9), we
get

_2/ / L2, (S, D)1 N C # 0} 04(de) 00y (du)
0tnsd J A, (u)

_» /O . /0 sin®1(2d, (S, gu(y))) dy o (du). (4.5.10)

Additionally assuming a < 7/4, we get dy(Sy, gu(y)) = ds(u, gu(y)) = y for all y € [0, d]
and it follows

(4.5.10) = 2 / ) / sin®(2y) dy 4+ (du)
0 NS Jo
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4. Kendall’s Problem in spherical space: typical cells
= 2wd/ sin?™1(2y) dy
0

2a
= wd/ sin?!(z) da
0

= Ud(Bs(Gu 2a))
In the case a > 7/4, we have dy(Sy, gu(y)) = dy(=0, gu(y)) = 7/2 — y for y > 7/4 and we
obtain

= 2wy [ sin®'(2y) dy.
0

= 04(Bs(0, 2a)).

This concludes the proof of the first part of our theorem. The equality case follows from
the stability result (4.5.6), which will be proven next.

Let K € K* with r5(K) > a, K C By(0,7/2) and 99(K) > € > 0. Then there is a point
r € K such that d,(0,z) = a+ ¢ and, since K is a spherically convex set with ry(K) > a,
(Bs(0,a) Vz) C K. Furthermore, we define M (x,a) := (B,(0,a) Vx)\ Bs(0,a). Note that
the condition K C B,(0,7/2) implies a + ¢ < 7/2.

Then the following holds

U(K) > U(B,(0,a) V )
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4.5. Another stability result
= 2/ / Y(2d,(Sy, 1) 1{t N (By(0,a) V ) # 0} oy(dt) o4_y(du)
0 nsd

=U(C +2/ / Y(2d,(Sy, t)1{t* N B,(0,a) = 0}
0 nsd
x 1{t+ N M(x,a) # 0} o1(dt) o4_1(du)

vz [ swtied(S.)
0 nsd J A, (u)

x 1{t* N M(z,a) N ({0, -0} Vu) # 0} oy(dt) oq_y(du)

oye2 [ [Tt nm)

x Hgu(y)™ N M(z,a) N ({0, —0} V u) # 0} dy 0q-1(du)

a+d(e,u)
;e +2/ / 1(2d,(S, gu(y))) dy 0a1(du), (4.5.11)
0tnsd Ja

where 0(e, u) denotes the spherical diameter of M(x,a)N ({0, =0} Vu). The inner integral
can be simplified by considering different cases, similar as in the calculation of U(C').

1. Let a+ d6(e,u) < m/4. Then dy(Sy, gu(y)) =y for all y € [a,a + d(e,u)] and we get
a+6(€u
(4.5.11) )+ 2/ / “1(2y) dy 041 (du).
0 s Ja

2. Assume a < 7/4 but a + 6(e,u) > 7/4. Then dy(S,, gu(y)) = 7/2 —y for y > 7 /4
and we obtain

(4.5.11) = U(C)

/4 a+6(g,u) T
+2 / st dy + / '™ (25 =) dy ) el
0 nsd /4 2

a+d(e,u)
)+ 2/ / “1(2y) dy 41 (du).
0 ﬂSd a

3. Let a > m/4. Then we have dy(Sy, g.(y)) = 7/2 — y for all y € [a,a + 6(¢,u)] and
therefore

a+6(e,u)
(4.5.11) = +2/ d/ in® (7 — 2y) dy 041 (du)
0 st Ja

5 a+d(e,u)
U(C’)+2/ / “1(2y) dy 04_1(du).
0 nsd
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4. Kendall’s Problem in spherical space: typical cells

In all cases, we obtain the same expression.
Let 1 := I (z) denote the orthogonal projection of z onto 0" and up = o/ ||to]|-

Then ug is an element of 0" NS? and clearly there is a neighbourhood of ug in 0N S,
having a o4_1-content greater than 0, such that d(e,u) > 0 on this neighbourhood. This
shows that there is a stability result

a+d(g,u)
UK)>U(C) ( +— /0 e / 1(2y) dy o4 1(du)>. (4.5.12)

In order to determine an explicit result, we have to provide a lower bound for the double
integral above. We consider the set

M(e,a) = {ueS*N0" :5(c,u) > ¢/2}. (4.5.13)

Due to the symmetry of the situation, this set is clearly a spherical cap in S% No~ = Sé-1
with centre ug. Thus it is sufficient to bound the diameter of M (e, a), if we want to bound
the (d — 1)-dimensional spherical volume of this set. This allows us to restrict ourselves,
without loss of generality, to d = 2. We return to the set

M(z,a) = (Bs(0,a) V x) \ Bs(0,a).

Its boundary consists of a spherical arc on the boundary of the spherical cap B,(0,a)
and two arcs of the spherical great circles containing z and touching B,(0, a). These two
touching points will be denoted by p; and py. Additionally, we denote the intersection
of the boundary of B,(0,a + ¢/2) and p; V = by p3 and the intersection of this boundary
with ps V x by ps. Then diam(M (e, a)) is at least as big as the length of the circular arc
on B,(0,a + &/2) between ps and ps. In particular we have diam(M (e, a)) > ||ps — pal|-
Let co1 = c91(a, d, ) be non negative, such that

diam(M (g, a)) > € - cai(a, d, ). (4.5.14)

We want to show that inf.c(r/2—q c21(a,d,€) > 0 holds. For increasing ¢, the bound-
ary length of B,(0,a) between p; and p, is nondecreasing, although this is possible for
diam(M (g,a)). We fix p; and p, with respect to some arbitrary but fixed gy € (0,7/2—a)
and consider the extremal case ¢ = 7/2 — a. This means the additional point z lies in
S?N0". Then the spherical distance between the points ps and p4, belonging to ¢ = 7/2—a,
is at least as big as the spherical distance between the points p3 and py4, calculated from
x, p1 and po. Since the latter is clearly still greater than 0 and e cannot grow further, we
have

liminf ¢91(a,d, ) > 0.

e=5—a

Now we consider the case ¢ — 0. Since a < 7/2, a+¢ < 7/2 and the projection onto the
tangent plane in 0 is a bi-lipschitz mapping, we can, without loss of generality, consider
the following situation.
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4.5. Another stability result

Here a is the radius of the projection of the circle that forms the border of the spherical
cap B,(0,a). We consider the planar situation sketched above. Let 7 denote the angle
between the horizontal axis and p; and let (z1,y;) denote the coordinates of p;. We
consider the two rectangular triangles formed by the points 0, p;, = and 0, p;, (x1,0).
Then

~ ~2
a 1 a
= cos(y) = —, thus z; = = .
a+e ™) a YT ate

Since p; lies on a circle with radius a, we immediately obtain

y1 = /a2 — a2 = C~L2——d4 .
! (a+¢)?

In order to determine the slope & and the y-intercept B of the tangent in p;, we solve the
following system of equations

It follows that
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4. Kendall’s Problem in spherical space: typical cells

and therefore

Vat(a+e)? — at

“= a?>— (a+¢e)?

and

Var(a+e)? — a4.

i sy

The distance between ps and py is twice the value of the tangent at x = a + &/2

Ips —pall =2 (- @+2/2)+ 5)
=2(a-(a+e/2)—ala+e))
=2(—a-¢/2)

Since we have diam(M (g,a)) > ||ps — p4|, it is sufficient to show that

i inf 122 =Pl
e—0 g

ltll tlle abao e7 C 11111112:11&[;31.5 gzt
. .

Plugging in our result for a, we obtain

_ ~2(7 2 _ 1
timinf 122 =P g 6 — timing \/?Q(G o) —a
e—0 £ e—0 e—0 a“ — (a, + 8)2

2(32 T 2ae - 22) — af
:hminf—‘/fL (@+2ac+e) —a
e—0 a? — (a® + 2ae + €2)

L V243 + a2e?
= liminf ———
e—0 2ae + &2

V2% + a2

= liminf Y—— = 0
e—0 2a + ¢

We set
cpo(a,d) == inf  ey(a,d,e) >0 (4.5.15)
e€(0,m/2—a]

and from (4.5.14) we get
diam(M (e, a)) > € - caa(a, d). (4.5.16)

Thus
oar(M(e,@)) 2 00y (Bé“ (M»
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4.6. The asymptotic shape of the typical cell of a spherical Poisson—Voronoi Tessellation

co2(a,d)-e/2
= wd_l/ sin?~?(z) da
0

c22(a,d)-e/2 92 d—1
> wd1/ (— : 37) dx
0 T

I A S A
d—1 T d—]_ )

where B27!(r) denotes a spherical cap with radius 7 in S%*. Using this, we can further
gauge the double integral in (4.5.12)

a+d(g,u)
/ / 2y) dy c4-1(du)
0 nse

a+te/2

n(2y) dy oq-1(du)

vV
sz‘ Qz‘ z‘
3lv 3¢ 3
— —
S~ T

a+e/2
(min{sin(2a), sin(2a + &))" dy 041 (du)

2 a+s/2 T d—1
> / / (min{sin(Za), sin(a + —)}) dy oq-1(du)
M(e,a) Ja 2

d—1 i1 -
Z% w1 (%) ' % et (min{Sin(Qa),sin(a 4 g)}) , %
=:éy0(a,d) - %,

where we used a + ¢ < 7/2. Defining

exo(a, d) == min {520(a,d), G)d} ,

ﬁ(K) > U(C’) (1 4+ cxla,d) - ),

where the constant cyg(a,d) > 0 depends only on a and the dimension d. The minimum
was taken in order to ensure o - €4 < 1. ]

we get

4.6. The asymptotic shape of the typical cell of a
spherical Poisson—Voronoi Tessellation

Before we can apply the techniques from Lemma 3.4.1 and prove a result similar to
Theorem 3.2.1, we need to show the continuity of U and an approximation result for
spherical polytopes, similar to Lemma 3.3.6

Lemma 4.6.1. The functional U is continuous on K? with respect to the spherical Haus-
dorff distance.
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4. Kendall’s Problem in spherical space: typical cells

Proof. Let K,L € IC such that §5(K,L) < e. Without loss of generality, we assume
U(K) > U(L). Then we obtain

0 - UiE| =2 </ / H(2dy(Su, 1)) - 1" N K # 0} 01(dt) 01 (du)
/0 msd/ H(2d(Su, ) - 1{tT N L # B} o (dt) Udl(dU)>

_ 9. 1 o 1
—9 /OLde/AS(u [1{t" N K # 0} —1{t" N L # 0}]
x sin?™1(2d,(S,, 1)) o1 (dt) og_y1(du)
. L . L =
<2 /OLde/AS(u)l{t NK#0}-1{t"NL =0}

x sin?1(2d,(S,, 1)) o1 (dt) og_y(du)

IN

. L - = 01 Oq—1adu
2 /o%gd/Asm)l{t NK #0}1{t- N L =0} o1(dt) o4-1(du)

IA

2/ £ 0g-1(du) =2 - ¢ - wy,
0t nsd

where we used 0s(K, L) < ¢ in the last line. O

Lemma 4.6.2. Let « >0 and 0 < a < w/2. Then there is an integer v = v(a,a,d) € N,
such that for every spherical polytope P with rs(P) > a there is a spherical polytope
Q = Q(P) satisfying ext(Q) C ext(P) and fo(Q) < v as well as

U(Q) = (1-a)U(P).

Furthermore, the mapping P — Q(P) can be chosen to be measurable.

Proof. Since U is continuous with respect to the spherical Hausdorff distance (Lemma
4.6.1), the assertions follow analogously to the proof of Lemma 3.3.6. [

Lemma 4.6.3. Let 0 < a < 7/2 and let € > 0 be such that a +¢ < 7/2. Let X be an
1sotropic Poisson process with intensity vs such that yswgqi1 > 1 and

Koo = {K € KL 1y(K) € [a,7/2], 9°(K) > e}

Then

5 d

P(Z € Ka.) < s - (yswar1)™ - exp (—75 <1 + 203 c ) - o4(Bs/(0, 2a))) . (4.6.1)

where the constants v und cog depend only on a and d and the constant cog depends only
on a,d and €.
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4.6. The asymptotic shape of the typical cell of a spherical Poisson—Voronoi Tessellation

Proof. We proceed as in the proof of Lemma 3.4.1. Let ®(-) := ﬁ(j() and N € N.

For Hi,...,Hy € G(d+1,d)NS?, we define H(yy := (Hi, ..., Hy) and let P(Hy)) de-
note the spherical Crofton cell of the tessellation induced by Hy, ..., Hy. Let Hy,..., Hy
be such that P(Hy)) € K. and define o := a9 - £4/(2 + ca0 - €?). Then a > ¢y - £%/3
and (1 — a)(1 + ¢y - %) = 1+ a. Due to Lemma 4.6.2 and (4.5.6), there are at most
v =v(a,d, ) vertices of P(H(y)) such that the spherically convex hull Q(Hy)) of these
vertices satisfies

Q(Q(Hny)) = (1 — a)®(P(Hy))
> (1 — a)(1 + ¢y - D) P(B4(0,a))

_ e (B0, 2a)).

Wd+1

In order to complete the proof as we did for Lemma 3.4.1, we need to show that N
(d — 1)-dimensional great subspheres are ji¥-almost surely in general position. Recalling

. 1
i) = —— [ @) s’ e} oulda)
Wd+1
we will show that fi is absolutely continuous with respect to the isotropic measure
1
i) = —— [ 1t s’ € ) alde),
Wd+1 Jsd

which was defined in Section 3.2 and played a similar part in the proof of Lemma 3.4.1.
Using the same arguments as we used to obtain (4.5.9), we get

/ / L(2dy(S0, 1)) - 1{tE € -} 01(dt) 0q1(du)
sdnot

sin?™1(2d,(S,, 1))
Wd+1 /Sdmo /0 O}Vu ({0, =03.0) ndfl(ds({a —0},1))
x 1{t € A,(u)}1{t* € -} oy(dt) o4_1(du) (4.6.2)

For t € Ag(u), we have d,({0,—0},t) = ds(—0,t) € [0,7/2]. Assuming d,(—0,t) €
[7/4, /2], we obtain the following upper bound

- d—1 g - d—1 _
a0 (Qdi(Su_,t)) _ oy S (2(m/2 —x))
t sin?(dy({0,—0},t)) 2€l5.3 sin®~!(z)
sin(m — 22\
= max | ———
ze[Z,T sin(x)

<(an) -0

For t € Ay(u) and ds(—0,t) € (0,7/4], we have

w sin~1(2d,(S,,t)) G ((50(22) -t
2 sin® Y(ds({0,—-0},1)) xe(o%]<sin(x))
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4. Kendall’s Problem in spherical space: typical cells

2z -1
<z (i)
< (2v/2),
Using these upper bounds in (4.6.2), we conclude
2

Wd+1

(- sin? M(dy ({0, =0}, 4)) - (2v2)4 1 - 1{t+ € -} oy(dt) ogq(du
B S o [ 0, 70),0) - VR € o) o ()
=22V ().

This provides us with the required absolute continuity. Proceeding as in Lemma 3.4.1
and using yswgi1 > 1, we obtain

- Cop - €@ ~ _
]P)(Z € Ka,s) S (323(@,87 d) ' (fYSderl)d.y - €Xp <_75wd+1 (1 + 203 ) : (I)<Bs(07 CL))) :

Since )
®(B,(0,a)) = 1/wasr - U(Bs(0,a)) = M’

Wd+1

this completes the proof. O

Since our size functional is the spherical inball radius, centred at 0, we deduce, for
0<a<m/2,

P(rs(Z) > a) = exp (—Wswdﬂﬁ(HBs(ﬁ,a)))

U(B.(0, a)))

= €XpP | —VsWd+1 -
Wd+1

= exp (—7s - 0a(Bs(0,2a))) .

Combining this result with Lemma 4.6.3, we obtain the following theorem for the asymp-
totic shape of the typical cell of a sphericall Poisson—Voronoi tessellation.

Theorem 4.6.4. Let 0 < a < 7/2, € > 0 with a +¢ < w/2. Let X be a Poisson process
on S% with intensity vs such that yswar1 > 1. Then the typical cell Z of its spherical
Poisson—Voronoi tessellation satisfies

P(Rs(Z) —rs(Z) > €|rs(Z) > a) < co3 - €xp (—’)/5 “Coy - sd) , (4.6.3)

where the constant coy > 0 depends only on a and d and the constant co3 > 0 depends only
on a,d and €.

The assumption a+¢ < 7/2 in the previous theorem can be replaced by the assumption
e < m. To see this, we first note that there is a constant 0 < g5 = co5(a) < 1 such that
for € = ¢ - co5 we have

a+é<

b |
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4.6. The asymptotic shape of the typical cell of a spherical Poisson—Voronoi Tessellation

Spherical Voronoi with added point at 0 and no points in B, (0, 2a) [57]

Then, using Theorem 4.6.4, we get
P(Rs(Z) —1s(Z) > €|lrs(Z) > a) < P(Rs(Z) —rs(Z) > E|rs(Z) > a)
< co3 - exp (—7s - caa - (6)7)
= Cy3 - €XP (—*ys - Coq - Cs - z—:d) .

Since co5 < 1, this estimate is in fact worse than the estimate in Theorem 4.6.4. The
assumption ¢ < 7 is more natural in the sense that for R,(K) > 7, the set K C S cannot
be contained in a hemisphere and thus K cannot be a spherically convex set.
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A. Simulation code in R

Methods for generating random points on the unit sphere can be found e.g. in [30]. In
order to simulate uniformly distributed great circles on S?, we simulate the normal vectors
which are uniformly distributed points on S?. The following code was used to simulate
Figure 3.1 at the beginning of Section 3.2

### x,y,z standard-normal distributed, then normalise the vector (x,y,z)
### lambda=gamma_s*omega_{d+1}=gamma*4*pi
gamma=1

n=rpois (1, gamma*4*pi)

M = matrix(0, nrow=n, ncol=3)

k=0

print(n)

while(k<n)

{

x=rnorm(1,0,1)

y=rnorm(1,0,1)

z=rnorm(1,0,1)

82=xX"2+y"2+z"2
s=sqrt(s2)

x=x/s

y=y/s
z=z/s

print (x"2+y~2+z"2)

M[k+1,1]=x
M[k+1,2]=y
M[k+1,3]=z
k=k+1

}

The second block of code was used to simulate Figure 3.2 to Figure 3.5. Let € S? and
0 < a < m/2. Note that 2+ does not hit B,(0, a) if and only if

ds(ﬁL,x) >a & x3 > sin(a).

### x,y,z standard-normal distributed, then normalise the vector (x,y,z)
## lambda=gamma_s*omega_{d+1}=gamma*4*pi
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A. Simulation code in R

## a=minimal inballradius (0,pi/2)
a=pi/8

gamma=6

n=rpois (1, gamma*4*pi)

M = matrix(0, nrow=n, ncol=3)
k=0

print(n)

while (k<n)

{

x=rnorm(1,0,1)

y=rnorm(1,0,1)

z=rnorm(1,0,1)

82=x"2+y"2+z"2
s=sqrt(s2)

x=x/8

y=y/s
z=z/s

if(z < -sin(a))
{

M[k+1,1]=x
M[k+1,2]=y
M[k+1,3]==

print (x"2+y~2+z"2)
print (k)

k=k+1

}

if(z > sin(a))
{

M[k+1,1]=x
M[k+1,2]=y
M[k+1,3]==

print (x~2+y~2+z"2)
print (k)

=k+1

This algorithm can be justified as follows. Let N € N, a > 0 and let Z1,Zs,... be
independent and identically distributed with Z; ~ ¢9(+). Let X be an isotropic Poisson
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process on S with positive and finite intensity. For a > 0 denote
M(a) :={z € S*: ds(x,GL) < a}.
Using [49, Theorem 3.2.2 (b)], we obtain

P(X €, X(M(a)) =0,X(S%) = N)

P(X €-|X(M(a)) =0,X(S%) = N) =
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