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Many interesting properties of polynomials are closely related to the geometry of their
Newton polytopes. In this dissertation thesis, we analyze the growth properties on
R™ of multivariate polynomials f € R[z] in terms of their so-called Newton polytopes
at infinity. In fact, we introduce the broad class of so-called gem regular polynomials
and characterize their coercivity via conditions solely containing information about the
geometry of the vertex set of the Newton polytope at infinity, as well as sign conditions on
the corresponding polynomial coefficients. For all other polynomials, the so-called gem
irregular polynomials, we introduce sufficient conditions for coercivity based on those
from the regular case. For some special cases of gem irregular polynomials, we establish
necessary conditions for coercivity, too. We further introduce a stability concept for the
coercivity of multivariate polynomials f € R[z]. In particular, we consider perturbations
of f by polynomials up to the so-called degree of stable coercivity, and we analyze this
stability concept in terms of the corresponding Newton polytopes at infinity. For coercive
polynomials f € R[z] we also introduce the order of coercivity as a measure expressing
the order of growth of f, and we identify a broad class of multivariate polynomials
f € R|x] for which the order of coercivity and the degree of stable coercivity coincide.
For these polynomials we give a geometric interpretation of this phenomenon in terms
of their Newton polytopes at infinity, which we call the degree of convenience. Finally,
we analyze the global diffeomorphism property of real polynomial maps F' : R" — R"
by studying the properties of the Newton polytopes at infinity corresponding to the sum
of squares polynomials || F||3. This allows us to identify a class of polynomial maps F
for which their global diffeomorphism property on R" is equivalent to their Jacobian
determinant det JF vanishing nowhere on R™. In other words, we identify a class of
polynomial maps for which the Real Jacobian Conjecture, which was proven to be false
in general, still holds. We show some applications of our results, relate them to the

existing literature and illustrate them with several examples.
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Chapter 1

Introduction

It is an interesting question in polynomial optimization theory whether a given multi-
variate polynomial f attains its infimum on R™ or, more generally, on some non-compact
basic semi-algebraic set S C R™. In fact, our subsequent studies, which culminated in
the series of three articles [4-6] this dissertation thesis is based on, are motivated by the

following statement from [65, Section 7] which is also cited in [76, 84]:

‘This paper proposes a method for minimizing a multivariate polynomial
f(z) over its gradient variety. We assume that the infimum f* is attained.
This assumption is non-trivial, and we do not address the (important and

difficult) question of how to verify that a given polynomial f(x) has this
property.’

Coercivity of a polynomial f on R”, that is, the property f(z) — 400 holding whenever
||z|| = 400 with some norm || - || defined on R™, is a sufficient condition for f having
the above mentioned property. In fact, since a polynomial f is (lower semi-) continuous
on R", its coercivity implies the existence of a globally minimal point of f on R™ or
over any nonempty closed subset of R™. It is, thus, an interesting problem how to verify
or disprove that a given polynomial f is coercive on R™. As a further consequence of
coercivity, f is bounded below on R™ by some v € R, so that the polynomial f — v is
positive semi-definite on R™. Since the coercivity of f is equivalent to the boundedness
of its lower level sets {x € R"| f(x) < a} for all @ € R, appropriate coercivity conditions
are also useful as a tool for analyzing the boundedness property of basic semi-algebraic
sets. Moreover, coercivity of a polynomial f implies the boundedness of trajectories
of the polynomial gradient system & = —V f(z), and properness of a polynomial map

F : R™ — R™ is equivalent to the coercivity of the sum of squares polynomial ||F||3. The
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latter is of crucial importance for obtaining results concerning the global diffeomorhism

property of F' which we shall present later in this thesis.

Before giving a brief overview of the present thesis, we first introduce some basic notation
we shall use and we also define the Newton polytope (at infinty) - the crucial geometric

object our results and analysis are based on.

For f € R[z] = R[z1,...,zy], the ring of polynomials with real coefficients in n variables,
we write f(z) = Y ,ea(p) faz® with A(f) € Nj, fo € R for o € A(f), and 2% =
it xfn for o € Nj. We will assume that the set A(f) is chosen minimally in the
sense that A(f) = {a € Nj|fo # 0} holds. The degree of f is defined as deg(f) =

maxae a(f) loof with |af = >70 ) ;.

In this thesis we will relate some growth properties of f with properties of the so-called

Newton polytope at infinity (cf., e.g., [21])

Newso (f) = conv(A(f) U {0})

of f, that is, the convex hull of A(f) and the origin. Note that the origin corresponds
to the constant term of f which obviously is unrelated to coercivity. Hence, in the
presence of a nonzero constant term the Newton polytope at infinity coincides with the
usual Newton polytope New(f) = conv A(f), and in absence of a nonzero constant term
the latter could artificially be introduced to make the two concepts coincide, with no
change in the coercivity behavior of f. In the following, however, we prefer to work
with Newoo(f) instead of New(f) to avoid the artificial assumption of the presence of
a nonzero constant term. If no confusion is possible we will abbreviate the Newton

polytope at infinity as P := Newoo(f) and the set A(f) as A.

Example 1.1. The siz-hump camel back function f(z) = x?(4—3252? + taf) + 2120 +

x3(—4 + 423) yields A(f) = {(2,0), (4,0), (6,0), (1,1),(0,2),(0,4)} with the correspond-
ing sets New(f) and Newso(f) illustrated below.

Various algebraic and analytic properties of polynomials are already well known to be
encoded in the properties of their Newton polytopes. To name some of them, for example
the number of isolated roots of n polynomial equations in n unknowns can be bounded
by the (mixed) volumes of their Newton polytopes (cf., e.g., [43, 48, 78]), absolute irre-
ducibility of a polynomial is implied by the indecomposability of its Newton polytope in
the sense of Minkowski sums of polytopes [26], and there are also some results dealing
with Newton polytopes in elimination theory [46]. There exists also an intimate connec-
tion between the properties of Newton polytopes and the so-called amoebas - objects,

which can be viewed as images of zero sets of complex polynomials under a logarithm
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FIGURE 1.1: Illustration of Example 1.1. In the left picture the shaded area corresponds

to the Newton polytope New(f) of the six-hump camel back function f. In the right

picture the shaded area corresponds to the Newton polytope at infinity Newo,(f) of

the six-hump camel back function f. In both pictures the filled circles stand for the set
A(f) corresponding to f.

map [28, 58, 80]. These objects have recently been successfully used in various fields of

mathematics [45, 80].

This thesis is structured as follows. In Chapter 2, which is based on the article [4], we
analyse the coercivity property of multivariate polynomials f € R[z] on R™ in terms of
their Newton polytopes at infinity. Here we relate the coercivity property of multivariate
polynomials to some properties of their Newton polytopes at infinity. In fact, we extract
some useful and relevant information on the Newton polytope at infinity under study
and we introduce the broad class of so-called gem regular polynomials and characterize
their coercivity via three conditions (C1)—(C3) solely containing information about the
geometry of the vertex set of the Newton polytope at infinity, as well as sign conditions
on the corresponding polynomial coefficients. For all other polynomials, the so-called
gem irregular polynomials, we introduce sufficient conditions for coercivity based on
those from the regular case. For some special cases of gem irregular polynomials, we
establish necessary conditions for coercivity and we also discuss the corresponding gap
between the necessary and the sufficient conditions. Loosely speaking, considering our
results, verifying or disproving the coercivity property of a given multivariate polynomial
f € R[z] can often be read off almost immediately from the coefficients corresponding to
the vertices of the underlying Newton polytope at infinity News(f), which transforms
the original problem into a more elegant, appealing one. We illustrate our results by

various examples, which pave the way for their better understanding.

In the literature, there already exist results analyzing some other analytical properties
of multivariate polynomials than coercivity via properties of the underlying Newton
polytopes. For polynomials to be bounded from below, necessary conditions imposed on
vertices of their Newton polytopes and on the corresponding coefficients are identified in
[85]. These are in fact identical with our conditions (C1) and (C2) below (cf. Th. 2.8).
This is not a coincidence due to the fact that every coercive polynomial is a polynomial

bounded from below. Our additional condition (C3) can be viewed as a special condition
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for a polynomial being convenient (see, e.g., [21, 85] for the definition of convenient
polynomials). In spite of these connections, in Chapter 2 we shall derive the conditions
(C1)—(C3) with other proof techniques, mainly based on the application of theorems
of the alternative, which allow us to develop also results in degenerate cases as well as

sufficient conditions.

To mention some existing results on coercivity of polynomials, in [41, Section 3.2] the
authors introduce a sufficient condition for coercivity on R™ of polynomials f € R[z].
On the one hand, this sufficient condition is computationally tractable, because it can
be checked by solving a hierarchy of semi-definite programs. On the other hand, it is
not satisfied by many coercive polynomials, as we shall show in Example 2.53. A simple
reason for this effect is presented in Chapter 3 (see also [5]), where we prove that the
sufficient condition from [41] actually characterizes the stronger property of so-called
stable coercivity of gem regular polynomials, a concept which we first introduce later in
Chapter 3.

The coercivity of polynomials in the convex setting is partially analyzed in [42], while
the coercivity of a polynomial f defined on a basic semi-algebraic set .S and its relation
to the Fedoryuk and Malgrange conditions are examined in [84]. In [84, Th. 4.2] the
authors prove that under the assumption of f being bounded from below on S, the
Malgrange or the Fedoryuk conditions ([84, Defs. 4.2, 4.3]), characterize the coercivity
of fon S.

Since our motivation for investigating the coercivity property of multivariate polyno-
mials is driven by the fact that many numerical routines in polynomial optimization
theory make the assumption that there exists a solution to a polynomial optimization
problem under study (see, e.g., [65]), it is worth mentioning, that, meanwhile, there
also exist probabilistic algorithms based on symbolic computation (see, e.g., [31, 32])
which allow to decide whether a given multivariate polynomial reaches its infimum over
R"™ without any assumptions and, in the latter case, the algorithm also computes a
corresponding global minimal point. Under some additional regularity conditions the

algorithm presented in [31] can even handle the case of polynomial equality constraints.

In Chapter 3, which is based on the article [5], we shall investigate the stability of
the coercivity property of multivariate polynomials and its connection to their growth
properties. To motivate this, we first consider the univariate case. A polynomial f € R[z]
then is called coercive on R, if f(x) — 400 holds for |x| — +oo. The latter is the case if
and only if the leading coefficient of f is positive and the degree deg(f) of f is positive
and even. This clearly is equivalent to the property f(x)/|z|? — 400 for all |x| — +o0
holding if and only if ¢ € [0, deg(f)). Hence, for univariate coercive polynomials f € R[x],

the number deg(f) expresses how fast f grows on R and, thus, it can be viewed as a
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meaningful measure for the order of growth of f on R. We call this number the order

of coercivity of f.

It can be further observed that, in the univariate case, small perturbations of the coercive
polynomial f € R[x] by suitable univariate polynomials g € R[z] preserve the coercivity
property. In fact, considering a coercive polynomial f € R[z] on R, all perturbations of
f to f+ g with polynomials g € R|[x] of degree not exceeding that of f, and with leading
coefficient sufficiently close to zero, result in the coercivity of the univariate polynomial
f+ g on R. On the other hand, it is straightforward to see that small perturbations
of a univariate coercive polynomial f to f 4+ g by polynomials g with degree exceeding
that of f do not necessarily preserve the coercivity of f 4+ g on R and, thus, the number
deg(f) can also be viewed as a measure expressing how stable the coercivity of f on R

is. We call this number the degree of stable coercivity of f.

Hence, in the univariate case, the order of coercivity of a coercive polynomial f €
R[z] coincides with its degree of stable coercivity and both are equal to the number
deg(f). The natural question arising in this context is whether the identity of these two
numbers, after being properly defined in the multivariate setting, is also true for general
multivariate coercive polynomials f € R[z]| and, if so, whether again these two numbers

coincide with deg(f).

In Chapter 3, we will answer the first question affirmatively for a broad class of multi-
variate coercive polynomials, whereas we will provide a dissenting answer to the second
question. More precisely, we will identify a broad class of multivariate coercive poly-
nomials f € R[z], for which the order of coercivity coincides with the degree of stable
coercivity, and we will show that both are equal to a number which we shall call the
degree of convenience of f and which, in general, differs from deg(f). This broad class of
multivariate polynomials coincides with the class of all multivariate polynomials (both
gem regular and irregular) for which our general sufficiency conditions for coercivity from
Chapter 2 hold. It thus extends the results on coercive polynomials and their Newton
polytopes at infinity obtained in Chapter 2. Interestingly, the degree of convenience of
any multivariate polynomial f € R[z| has a nice geometric interpretation with respect to
the Newton polytope at infinity Newo,(f) of f. Thus, analyzing the Newton polytope at
infinity New (f) of a polynomial f € R[z] enables one to explicitly determine the degree
of convenience of f and, by the above considerations, also to directly compute the order
of coercivity, or the degree of stable coercivity for a broad class of coercive polynomials.
Finally, as applications of these results, we show that the gradient maps corresponding
to a broad class of polynomials are always surjective, we establish Holder type error
bounds for such polynomials, and we link our results to the existence of solutions in the

calculus of variations.
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Chapter 4, which is based on the article [6], is motivated by an old and still interesting
question of how to verify or disprove whether a given differentiable map F : R" — R”
is globally invertible with a differentiable inverse F~! : R® — R”. In the present
work, we shall call such maps global diffeomorphisms of R™ onto itself. The first well-
known characterization of this global diffeomorphism property dates back to the work
of Hadamard [33-35] and states that it is equivalent to the determinant det JF of the
Jacobian matrix JF of F' vanishing nowhere on R", and to F' being proper (cf. Th. 4.1
below). Here, F' is called proper if preimages of compact sets under F' always are

compact.

In the case of complex polynomial maps F' : C* — C", the characterization of their
global invertibility property directly refers to the celebrated Jacobian Conjecture from
algebraic geometry, first formulated in [44] and asserting that if det JF' is a nonzero
constant function then F possesses a global polynomial inverse F~1 : C* — C™. There
exists a vast number of partial results on this conjecture where different approaches are
used (see, e.g. [9, 10, 62, 71, 86, 89]). For more details on this open problem we refer to
the survey papers [22, 82, 83, 88].

Following [52], in the setting of real polynomial maps F': R™ — R", the injectivity of F
implies its surjectivity [10], and the global inverse FF~! of F is a polynomial if and only
if det JF' is a nonzero constant function [9]. If merely the existence, but not necessarily
the polynomiality of the inverse map F~! is sought for, one may conjecture that det JF
vanishing nowhere on R” implies the injectivity of F', and hence, also the existence of
its global inverse F'~! : R” — R™. This is the so-called “Real Jacobian Conjecture”. It
was, however, proven to be false by Pinchuk in [68], where a counterexample of a non-
injective polynomial map F : R? — R? is constructed with det .JF vanishing nowhere

on R2.

Since, by Hadamard’s above-mentioned theorem, the non-vanishing property of det JF'
actually is necessary for the global diffeomorphism property of F', it is thus an interesting
question which additional conditions imposed on F', general enough, can assure that F'
is a global diffeomorphism of R™ onto itself. Answering this question, which is also posed
by Bivia-Ausina in [11] and which is of significant importance in [15] as well, is the main

motivation for Chapter 4.

From Hadamard’s theorem it is clear that such additional conditions must be related to
the properness of F'. Since the latter properness may be characterized by the coercivity
of the sum of squares polynomial ||F||3 as indicated above, sufficient conditions for the
coercivity of polynomials will be the main tools used in Chapter 4. In fact, it will turn
out that for a broad class of polynomial maps F : R® — R™ the coercivity of || F|3

follows from det JF' being nonzero on R", so that at least for this class of polynomial
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maps the Real Jacobian Conjecture turns out to be true. This is the main result of
Chapter 4.

We mention that, after Hadamard’s fundamental contribution, further important results
on the global diffeomorphism property were proved by Levy [53], Banach and Mazur [8],
Caccioppoli [14], Plastock [69] and Rabier [70]. For a brief summary and further details
see, e.g., [20, 30, 70]. It is worth mentioning that in mathematical economics, global
invertibility properties of maps, as an object of interest, was originally highlighted in
[74] and subsequently studied in [16, 25, 61]. The global invertibility of homogeneous

maps, which are not smooth at the origin, is studied in [73].

In Chapter 5 we list some open problems related to our results and Appendix closes the

present work.






Chapter 2

Coercive polynomials and their

Newton polytopes

2.1 Chapter overview

This chapter is based on the article [4] and is structured as follows. In Section 2.2
we derive necessary conditions for coercivity of an arbitrary polynomial f € R[z] which
solely contain information about the geometry of the vertex set V' of the Newton polytope
at infinity P and sign conditions on the corresponding polynomial coefficients (Th. 2.8).
Our technique of proof bases on the idea to evaluate f only along certain curves, which
may be traced back at least to [72], see also [2, 64]. In Definition 2.18 we introduce the
broad class of gem regular polynomials and show that the above analysis along curves
cannot yield necessary conditions in addition to those stated in Theorem 2.8 in the gem
regular case. For a special class of gem irregular polynomials, however, Theorem 2.29
states further necessary conditions for coercivity in terms of so-called circuit numbers

(cf. [38]).

Section 2.3 deals with sufficient conditions for coercivity of f in terms of its Newton
polytope at infinity. In Proposition 2.37 we prove that for gem regular polynomials the
necessary conditions from Theorem 2.8 are in fact sufficient for coercivity. This leads
to our main result, the Characterization Theorem 2.39 of coercivity for gem regular

polynomials.

In Section 2.3.2 we formulate two sufficient conditions for coercivity for gem irregular
polynomials (Ths. 2.41 and 2.44) in the spirit of those from the gem regular case and,
again, containing information about the corresponding circuit numbers. Section 2.3.3

presents a simple connection between our sufficient conditions for coercivity and the
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Fedoryuk and Malgrange conditions. In fact, in Corollary 2.51 we shall use some ba-
sic parts from the nontrivial results concerning characterization of coercivity of lower
bounded polynomials via the Malgrange and Fedoryuk conditions from [84] to deduce
that our Newton polytope type sufficient conditions for coercivity imply the Fedoryuk
and Malgrange conditions. In Section 2.3.3 we also recall the concept of asymptotic
and generalized critical values and we briefly mention their applications in polynomial

optimization theory.

In Section 2.3.4 we show that, in contrast to our conditions, the sufficient condition for
coercivity from [41, Section 3.2] cannot be verified for many coercive polynomials. For
the explanation of the simple reason we relate the latter condition to the context of
stable coercivity, which we analyze in more detail in Chapter 3. Throughout the whole

Chapter 2, various illustrative examples are provided.

2.2 Necessary conditions for coercivity

2.2.1 Necessary sign conditions

Our derivation of necessary conditions for coercivity of f bases on a similar technique

as presented in [2, 64, 72], that is, on evaluations of f along curves {z, 5(t)|t € R} with

51t7 . Bnt)

xy,ﬁ(t) = (yle -y Yn€

and y, 5 € R" for t € R. We will often require that at least one entry of 5 is positive,
that is, with H = {h € R| h > 0} we assume € B := (—H")¢, where (—H")¢ denotes
the set R™ \ (—H"). As the vector 8 will act as a direction we could also restrict our

attention to the case ||5|| = 1 but dispense with this for the ease of exposition. We

Hie[ vi ¥ 0} ’

abbreviate
[:=1{1,...n)}, Y := {yeR”

as well as
Q =Y x B.

Lemma 2.1. Any (y, 3) € Q satisfies limy_o ||y 5(t)|| = +00.
Proof. In the case that ||-|| coincides with the £oo-norm ||- ||, we obtain for any (y, 8) € Q
i - 1 JeBit —
Jim flzys(t)llo = lim max |yile +o0.

The equivalence of any norm || - || with || - || thus yields the assertion. O
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Next, for f € R[z], (y,8) € R" x R" and t € R we define the one-dimensional restriction

of f to the curve given by z, g,

Wf(y’ﬂvt) = f(xy,ﬂ(t)) = Zfaya e(a,ﬁﬁ’

acA

where (-, -) denotes the standard inner product on R”, as well as

Qp = {(y,8) e R" xR"| lim 7(y, 5,1) = +o0}.

Lemma 2.1 then immediately yields the following result.

Lemma 2.2. The coercivity of f € Rlz] on R™ implies @ C Q.

For any 8 € R" let us consider the optimization problem to maximize (a, ) over the
set Ag := AU {0}, and denote the optimal value and the optimal point set of the latter
problem by

d(B) = max («, )

acAp

and

Ao(B) = {a € Ag| (o, ) = d(B)},

respectively. Note that d(f8) > 0 holds for all 5 € R™ due to 0 € Ay and that, as the all
ones vector 1 € R™ satisfies («a, 1) = |a, we may write deg(f) = d(1).

For f € R[z] and 8 € R™ we define the auxiliary polynomial
B(z) = Z fax®
acAo(B)
for z € R™.

Proposition 2.3. The inclusion Q2 C Qy implies the following assertions:

a) For all f € B we have d(3) > 0.
b) For all B € B the polynomial f? is positive semi-definite on R™.

Proof. For the proof of part a) assume that d(8) < 0 holds for some 5 € B. Then all
a € A satisfy (o, 8) < d(B) <0 so that

mr(L B t) = > fael®?

a€cA

is, as a function of ¢, bounded for ¢ — co. On the other hand, we have (1, 3) € Q, so

that the assumption 2 C Q implies limy_,o 7¢(1L, 3,t) = 400, a contradiction.
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For the proof of part b) choose any (y, ) € €. Since part a) implies 0 € Ay(53), the

leading term of 7¢(y, 3,-) may be written as

Z Fay® Bt — BBy,

acAo(B)

As the assumption Q C Qy yields limy_oc 7f(y, 8,t) = 400, this leading term cannot
tend to —oo for t — 4+00. However, in view of part a), the latter would happen in the
case f?(y) < 0, so that f%(y) > 0 has to hold for all y € Y. As the topological closure
of Y is R™, the continuity of f? yields the assertion. O O

2.2.2 Necessary conditions on the vertices of the Newton polytope

In the next step we will relate the assertions of Proposition 2.3 with statements about

the Newton polytope at infinity P = Newo(f) = conv Ap. In fact, let
Vo = vert P

denote the vertex set of P. Note that, due to 0 € P C H", V|, contains the origin, and
that we have Vy C Ag by, for example, [90, Prop. 2.2(ii)]. In the following we shall call

Vo= Vo \ {0}

the vertex set of P at infinity. Our previous arguments imply the inclusion V' C A.

With respect to the following lemma note that the above arguments entail that the
element & = 0 of Vj coincides with the singleton set Ag(—1), where —1 is not an

element of B.

Lemma 2.4. For all & € V the following assertions hold:

a) There exists some 8 € B with Ag(B) = {a}.

b) In the case Q C Qf we have fq >0 and & € 2N .

Proof. Let a € V. Then, due to Ag C P, in particular the system

Z Aa (?) = <?), Ao >0 forall a € Ap \ {a}

acAo\{a}



Chapter 2. Coercive polynomials and their Newton polytopes 13

is inconsistent. By the Farkas lemma, the latter is equivalent to the existence of some
B € R™ and v € R with

(@p)+7>0, (a,B)+7<0, ac A\ {a}. (2.1)
Due to 0 € Ap and & # 0 we have 0 € Ay \ {a} and conclude
<@75> > = > 0

from (2.1). For f € —H" this would contradict @ € H", so that S must be an element
of (—H")¢ = B. Moreover, (2.1) implies

(@, B) > (a,B), a€ Ag\{a}

so that d(5) = (@, B) and Ay(B) = {a} hold, that is, the assertion of part a).

To see part b), first use part a) to choose some € B with Ag(8) = {a}. Proposi-
tion 2.3b) then implies fz z®* > 0 for all x € R™. The choice z := 1 and fz # 0 yield
the first assertion of part b). Moreover, for any i € I the choice z := 1 — 2¢; leads to
fa(=1)% >0, so that f5 > 0 implies &; € 2Ny and, thus, the second assertion of part b).

O

In the next lemma, cone A denotes the convex cone generated by A.

Lemma 2.5. The inclusion £ C Qf implies the following assertions:

a) The set cone A contains all unit vectors e;, i € I.

b) For alli € I the set V' contains a vector of the form 2k;e; with k; € N.

Proof. To see the assertion of part a), let ¢ € I and choose some 3 € R™ with (e;, 8) > 0.
Then we have g € (—H")¢ = B. By Proposition 2.3a) the value d(/) thus is positive or,

in other words, the system
<€@',5>>0, <aaﬁ>§0, ae A

is inconsistent. By the Farkas lemma, the latter is equivalent to e; € cone A.

For the proof of part b), given any ¢ € I we rewrite the fact e; € cone A from part a)

as the existence of K C A and A\, >0, a € K, with ¢; = > .z A . In particular, for

0 = Z)\aaj.

any j € I\ {i} we have
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Due to a; > 0 for all @« € K this is only possible for a; = 0, that is, all elements of
K must have the form a = k;e; with some k; € N and, in particular, there exists some

element o« € A of this form.

Next, let kf := max{k; € N|k;e; € A} and o' := k¥e;. We will proceed to show o' € V.
Note that of € P\ {0} is clear from A C P and k¥ € N.

Assume that o is not a vertex of P. Then there exist L C Ag\ {a’} and A\, > 0, a € L,
with > c; da @ =a’ and Y., ., Ao = 1. With the same reasoning as above, all elements

of L must have the form o = k;e; with some k; € Ny. In view of o’ € L, this implies

K=ol = ) daoi = Y ki < Y Akl = K,

acl a€Ll a€l

a contradiction. Hence, we arrive at kfe; € V5 \ {0} = V. Lemma 2.4b) finally entails

that k) necessarily must be even. O

Remark 2.6. Using A C H", it is not hard to see that the assertion of Lemma 2.5a) is

equivalent to the statement cone A = H". O

For later reference we observe that not only the condition 2 C Q¢ (cf. Prop. 2.3a)) but
still its necessary condition from Lemma 2.5b) implies d(3) > 0 for all 5 € B:

Lemma 2.7. For alli € I let the set V' contain a vector of the form 2k;e; with k; € N.
Then d(B) > 0 holds for all § € B.

Proof. For any 5 € B there exists some ¢ € I with §; > 0, so that for the choice

o = 2k;e; € Ay we obtain

d(p) = max (o, B) > (2kie;, B) = 2ki; > 0.

O

The combination of Lemmata 2.2, 2.4b) and 2.5b) yields our main necessary conditions

for coercivity of a polynomial involving the vertex set of P at infinity.

Theorem 2.8. Let f € Rz] be coercive on R™. Then the following three conditions
hold:

V C 2N (C1)

All a € V satisfy fo > 0. (C2)

For all i € I the set V' contains a vector of the form 2k;e; with k; € N. (C3)
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Remark 2.9. For later reference we remark that the assumption of a coercive polyno-

mial f in Theorem 2.8 may be replaced by the assumption € C €2;. O

Example 2.10. Assume that the function

49 3 3 2 3 3 4 3 2
f(x) = fapzizs + fagxizs + fazaixy + fizzixs + foaxs + fosxs + fooxd

is coercive on R%. In the following we shall use Theorem 2.8 to derive necessary con-
ditions on the coefficients fo, o € A, in f(x) = > ca fax® with A C {(4,2),(3,3),
(2,3),(1,3),(0,4),(0,3),(2,0)} (see Fig. 3.1).

Due to (C1) the point (3,3) cannot be contained in any choice of A, as it would be a
vertez of P, while (3,3) & 2NZ. Hence, f33 has to vanish.

Due to (C3) the point (2,0) must be contained in any choice of A, and by (C2) we

necessarily have fa o > 0.

Due to (C3) also the point (0,4) must be contained in any choice of A, as the alternative

point (0,3) would violate the evenness condition of (C3). By (C2) we also have fy4 > 0.

If the point (4,2) is not contained in A, neither (2,3) nor (1,3) can be elements of A,
since (2,3) would be a vertex of P while (2,3) ¢ 2N and, for the hence necessary case
(2,3) & A the point (1,3) would be a vertex of P, in contradiction to (C1). In this case
we arrive at {(0,4),(2,0) € A C {(0,4),(0,3),(2,0)} with foa, f2,0 >0 and fo3 € R.

If, on the other hand, (4,2) is contained in A, then it is a vertex of P and we con-
clude fi2 > 0 from (C2). We arrive at {(4,2),(0,4),(2,0)} € A C {(4,2),(2,3),
(1,3),(0,4),(0,3),(2,0)} with fa2, foa, f2.0 >0 and fa3, f13, fos € R.

- S

\

FIGURE 2.1: TIllustration of Example 2.10. On the left: the exponent (4,2) is not

contained in A. On the right: the exponent (4,2) is contained in A. In both pictures

the shaded area corresponds to the Newton polytope at infinity P. The filled circles

stand for the set V', while the shaded circles describe other possible exponents of f

with arbitrary real coefficients. The void circles describe exponents of f with zero
coefficients.

o1 (€3]
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Example 2.11. By Theorem 2.8 the so-called Motzkin form m(z) = xia3 + 2325+ 2§ —

3222222 is not coercive on R?, since it violates (C3) (while (C1) and (C2) are satisfied).

2.2.3 A nondegeneracy notion for coercive polynomials

As a motivation for our further discussion note that the conditions (C1) and (C2) from
Theorem 2.8 concern vertices of P and that these are, in view of Lemma 2.4a), singleton
sets Ag(B) for some 3 € B. Proposition 2.3b), however, may provide additional necessary
conditions in cases where Ay(3) is not a singleton, especially if Ay(f) contains some
a € V¢:= A\ V. In fact, for the special case f(r) = xiz3 + z23 + v123 + 25 + 23 + 22
of the function from Example 2.10 we obtain Ag((1,2)) = {(4,2),(2,3),(0,4)} with
(2,3) € V¢ On the other hand, the latter situation is degenerate in the sense that the
elements of Ay((1,2)) are not in general position, where we say that finitely many points
from R™ are in general position if for any k € {2,...,n+1} no k of them lie in a common

affine subspace of dimension k£ — 2.

Remark 2.12. We emphasize that a perturbation analysis under this notion of general
position would not be straightforward, as the points in our application are elements of
0, rather than R™. O

In the following we shall first identify an appropriate nondegeneracy condition for co-
ercive polynomials (Def. 2.18), then see that we cannot derive necessary conditions in
addition to those from Theorem 2.8 for the nondegenerate case with our techniques

(Lem. 2.25) and, in Section 2.2.4, move on to treat a degenerate case.

To develop the nondegeneracy notion, in the following we shall take a closer look at the
face structure of P and its relation to points in A. Recall that G is a nonempty (closed)
face of P if and only if G = {a € P| (o, 8) = maxaep (o, §)} holds for some 5 € R™.

Lemma 2.13. For all § € R™ we have maxyep (o, 5) = d(B).

Proof. Let € R™. From Ag C P the relation

d(f) = max () < max(a,p)

a€Ap aeP

is clear. To see the reverse inequality, choose some arbitrary point & € P. Then there

exist K C Agand Ao > 0, a € K, with ) ;- Adaa=aand ) cx Ao = 1. This implies

(@B) = Y AalaB) < D Xad(B) = d(B)

aeK acEK

and, thus, maxgep (@, 8) < d(p). O
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In view of Lemma 2.13, the nonempty faces of P are given by the sets

P(p) = {ae P[(a,p) =d(B)}

with 8 € R™. Since we are primarily interested in vectors 8 € B, the next result clarifies
which faces of P are singled out by this choice, and how they are related to the sets
Ap(B). In fact, let us define

G = {GCR" G#0is aface of P with 0 ¢ G}

as well as the gem of f,

Gem(f) = |J G.

Geg
Remark 2.14. The set Gem(f) has widely been used in the literature on Newton
polytopes of polynomials under different names. For example, in [67, 79] it is called

‘Newton boundary at infinity’. Our terminology is motivated by Definition 2.18 below.
O

Lemma 2.15. Under condition (C3) the following assertions hold:

a) G € G holds if and only if there exists some f € B with G = P(f).

b) Ac = Ao N G holds with G € G if and only if there exists some B € B with
Ag = Ao(B).

Proof. For the proof of part a) choose G € G. As G is a nonempty face of P, we have
G = P(B) with some € R™. Assume that this holds with 8 € —H". Then, due to
P CH", all a € P satisfy («, 5) <0, and the latter upper bound is attained for 0 € P.
This implies d(3) = 0 and 0 € P(8) = G, a contradiction. Hence, we arrive at G = P(f3)
with g € (-H")¢ = B.

To see the reverse inclusion, let P(/) with § € B be given. Then P() is a nonempty
face of P, and all a € P(3) satisfy («,8) = d(8) > 0 by (C3) and Lemma 2.7. This
excludes that P(/3) contains the origin, that is, we have P(8) € G.

The assertion of part b) immediately follows from part a) and the identity Ao N P(B) =
Ap(B) for any 5 € B. O

In the following let Vi denote the vertex set vert G for any of the polytopes G € G.
From, e.g., [90, Prop. 2.3(i)] we know the identity Vi = Vo NG which, in view of 0 ¢ G,
implies Vg = V N G. The next result then is an immediate consequence of the relation
vV C A
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Lemma 2.16. Fach G € G satisfies Vo C ANG.

Remark 2.17. Lemma 2.16 sheds some additional light on the well-known fact that
the degree deg(f) of f € R[x] must be even if f is coercive on R™. In fact, recall that
we may write deg(f) = d(11). Due to Theorem 2.8, Lemma 2.15a) and 1 € B, the face
G = P(1) lies in G and, by Lemma 2.16, it satisfies Vo C ANG = Ap(1l). Consequently,
Ap(1l) contains some vertex & € V, and we arrive at deg(f) = d(11) = (&, 1). As all

entries of & are even by condition (C1) in Theorem 2.8, deg(f) must also be even. [

The announced nondegeneracy notion just states equality in the assertion of Lemma 2.16.
Note that V' C A and the definition V¢ = A\ V entail

ANG = (VUVYY) NG = Vg U(VeNG) (2.2)

so that the identity Vi = AN G is equivalent to VN G = 0.

Definition 2.18 (Gem degenerate exponent vectors and gem regular polynomials).

a) An exponent vector o € A is called gem degenerate if o € VSN G holds for some
G € G. We denote the set of all gem degenerate points o € A by D.

b) The polynomial f € R[z] is called gem regular if the set D is empty, otherwise it

is called gem irregular.

Clearly, gem regularity of f € R[x] is equivalent to V¢NG = () for all G € G. Furthermore,
the definition of D gives rise to a partitioning of V¢ into D and a set of ‘remaining

exponents’ R := V¢\ D, so that we may write
A=VUDUR. (2.3)

Example 2.19. For the polynomial f(z) = xix3 + x123 + 25 + 23 + 22 we obtain
V ={(4,2),(0,4),(2,0)}, D =0, and R = {(1,3),(0,3)}, so that f is gem regular (see
Fig. 4.1). Note that for the face G = P((—1,0)) we have (0,3) € VNG, but that due

to G ¢ G this does not mean gem degeneracy of the exponent vector (0,3).

Example 2.20. The polynomial f(z) = xta3 + 2323 + 2123 + 25 + 23 + 22 satisfies
V = {(4¢2)a(034)7(270)}7 D = {(Qa?’)}) and R = {(173)7(073)}: so that f is gem
irreqular (see Fig. 4.1).

Example 2.21. The Motzkin form m(x) = xi{x3+a3z5+x5— 3232323 is a gem irregular
polynomial with V = {(4,2,0),(2,4,0),(0,0,6)}, D ={(2,2,2)}, and R = (.
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S S

851 aq

FIGURE 2.2: On the left: illustration of Example 2.19. On the right: illustration of

Example 2.20. In both pictures the shaded area corresponds to the Newton polytope

at infinity P. The filled circles stand for the set V', while the shaded circles describe

the set R corresponding to f. The shaded square in the right picture describes the
(singleton) set D corresponding to f.

To term the condition from Definition 2.18b) a regularity condition is justified by the

fact that it is related to requiring general position of certain elements of A:

Lemma 2.22. If for f € R[z] and each G € G the elements of ANG are in general

position, then f is gem regular.

Proof. For each G € G let the elements of A N G be in general position and assume
that V¢ N G # 0 holds for some G € G. Then, by Lemma 2.16 and (2.2), we have
V| < ]ANG|. On the other hand, dim(G) + 1 < |Vz| holds as G is a polytope, where
dim(G) denotes the dimension of the affine hull aff(G) of G. Hence, AN G contains at
least dim(G) + 2 elements, while at the same time A N G lies in the subspace aff(G) of
dimension dim(G). This contradicts the assumption that the elements of AN G are in

general position. O

Remark 2.23. The polynomial f(x) = 22 + 23 + 23 + 2222 + 2222 + 2323 + 222323
shows that gem regularity is strictly weaker than the type of general position assumed
in Lemma 2.22. In fact, New(f) is a cube and D is void, while for no facet G € G the
set AN G is in general position. O

The following characterization of the set D will be crucial in Section 2.3. It states that
D contains exactly the exponent vectors in A which cannot be written as a convex
combination of elements from V with the origin entering with a positive weight. The
proof is given below, prepared by the proof of a nonhomogeneous version of Motzkin’s

transposition theorem (Lemma A.1) in Appendix A.1.

Proposition 2.24. Under condition (C3) the following are equivalent:

a) a* €D,



Chapter 2. Coercive polynomials and their Newton polytopes 20

b) a* € V¢, and any choice of coefficients Ao, a € Vyy, with

af = Z)\aaa ZAQZL )\aZO,OéGVO,
aeVp aeVy

satisfies Ag = 0.

Proof. For any a* € R™, the fact that any choice of coefficients A\, a € Vj, with

af = Z)\aav Z)\QZL AaZQOZEVO,
aceVp aceVy

satisfies A\g = 0 is equivalent to the inconsistency of the system

« a*
> A <1> = (1) Ma>0, €V, X >0. (2.4)

acVy

For the application of Lemma A.1 we define

where o runs through the set V) and where we use the convention that 0 € Vj corresponds

to its last entry, as well as

By Lemma A.1 the inconsistency of (2.4) is equivalent to the consistency of at least one
of the systems
ATp+BTo+71¢=0, (a,p)>0, o,7>0 (2.5)

and
ATp+BTo+717¢=0, {(a,p)=0, o>0, 7>0, (2.6)

where we have used that 7 is a scalar. Setting p = (5,7v) with v € R yields that the

consistency of (2.5) is equivalent to the consistency of
(a, By <1, @€V, (a,B)>7, T2>0, (2.7)
and that the consistency of (2.6) is equivalent to the consistency of

(a, By <7, a€V, («,p)=71, 7>0. (2.8)
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Note that in both systems the inequalities corresponding to the choice a = 0 € V) were

dropped since they are always consistent in view of the nonnegativity of 7.

So far we have shown that part b) of the assertion can be reformulated as o* € V¢ and
the consistency of at least one of the systems (2.7) and (2.8). Next we shall prove that
for any o* € Aj the system (2.7) must be inconsistent. In fact, as any a* € Ay possesses

some description

ot = Z)\aa with Z)\azl, Ao >0, a €V,
aeVy acVy

the consistency of (2.7) implies the existence of some 5 € R" and 7 > 0 with

@,8) = Y XalaB) = D dalaf) < S AT <7y Ao =1 (29

aeVy aceV acV acVy

However, the consistency of (2.7) also implies (a*, 3) > 7, a contradiction. Hence, for

any a* € V¢ C Ay the inconsistency of (2.4) is equivalent to the consistency of (2.8).

In the next step we will show that the consistency of (2.8) is equivalent to the existence
of some € B with a* € Ap(5). In fact, an analogous argument as in the derivation
of (2.9) from (2.7) shows that the consistency of (2.8) implies the optimality of the
point o* for the maximization of («, 5) over Ay, that is, a* € Ay(5) with some 3 € R".
More precisely, a* > 0 and (a*, ) = 7 > 0 yield that the consistency of (2.8) entails
g € (—H")¢ = B. For the reverse implication, note that a* € Ay(3) for some 5 € B
means (o, ) < (a*, B) for all @« € V and some 5 € B. Moreover, by (C3) and Lemma 2.7
we have d(8) = (a*, 5) > 0, so that the choice 7 := d() proves the consistency of (2.8).

Altogether, this shows that part b) can be reformulated as o* € V¢ and the existence
of some 8 € B with a* € Ap(B). In view of (C3) and Lemma 2.15b), the latter is
equivalent to a* € V¢ and the existence of some G € G with o € AN G, that is, to
a* € VNG for some G € G. This is, finally, just the definition for o* to lie in D, that

is, part a) of the assertion. O

The following lemma clarifies in which cases the assertion of Proposition 2.3b) may
contain additional information on necessary conditions for coercivity, given the assertions

of Theorem 2.8.

Lemma 2.25. For f € Rx] the following assertions hold:

a) If the conditions (C1)—(C3) from Theorem 2.8 hold and f is gem regular, then for
all B € B the polynomial f? is positive semi-definite on R™.
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b) If Q C Qy holds, then for all G € G with DN G # 0 we have

S far® > = > faur® (2.10)

acVyg aeDNG

for all x € R™.

Proof. Let f € B and any x € R" be given. By (C3) and Lemma 2.15b) there is some
G € G with Ag(8) = ANG so that

)y = > far® (2.11)

acANG

holds. Under the assumption of part a) equations (2.2) and (2.11) yield

fﬁ(x) = Z faz?,

acVg
so that Vg C V, (C1) and (C2) imply the assertion of part a).

To see the assertion of part b), let G € G with DNG # () be given. By Lemma 2.5b) the
inclusion £ C Q¢ implies (C3), so that Lemma 2.15b) guarantees the existence of some
B € B with ANG = Ag(f) and (2.11). Hence, the inclusion  C Qy, Proposition 2.3b)
and (2.2) imply

0< fa) = D faz® = D far®+ ) faz®

acEANG aceVg aceDNG
for all z € R™. This shows the assertion of part b). O

Lemma 2.25a) expresses that Proposition 2.3b) and, thus, the approach used in Section
2.2, cannot provide necessary conditions for coercivity of gem regular polynomials f in
addition to the conditions (C1)—(C3) stated in Theorem 2.8. In particular, although
(C1)—(C3) where derived using only the special case of singleton sets Ay(B) (cf., e.g.,
Lem. 2.4), the consideration of 8 € B with more general sets Ap(3) in Proposition 2.3b)

is superfluous.

For gem irregular polynomials f, however, further necessary conditions for coercivity
may be derived from the assertion of Lemma 2.25b). The proof of the according state-

ment directly follows from Lemma 2.2 and Lemma 2.25b).

Proposition 2.26. Let f € R[x] be coercive on R™. Then for all G € G with DNG # ()

Zfocxa > - Z faz

acVg aeDNG

the inequality
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holds for all x € R™.

For the following we observe that, under condition (C3), the unique correspondence
between the sets Ag(5), B € B, and ANG, G € G, stated in Lemma 2.15, allows us to

interchange the notation f# with f¢ so that, for example, equation (2.11) reads

fG(x) = Z fax®.

a€EANG

In [85] the polynomials & are called quasi-homogeneous components of f.

2.2.4 Necessary conditions in a degenerate case

Lemma 2.2, Proposition 2.3b), Lemma 2.5b), and Lemma 2.15b) obviously allow to state
a multitude of inequalities on the coefficients f., a € A, of a coercive polynomial, just
by evaluating f° at special vectors x for all 3 € B (or, equivalently, for all G € G). For

example, the choice x := 1 yields

Y fa2 0

a€EANG

for all G € G, and the choice x = —11 leads to

>, fa 3 fa

acANG acANG
[{i€l| o; € 2Np+1}| € 2Np [{iel| o; € 2Ng+1}| € 2Ng+1

AV

for all G € G.

While, in view of Lemma 2.25a), many of these inequalities may not contain any infor-
mation improving the conditions (C1)—(C3) from Theorem 2.8 due to [D NG| = 0, in
the case of G € G with |D NG| > 0 Proposition 2.26 provides a systematic way to gain
further relations on the coefficients f,, a € A. Our main result in the present section
will state bounds on these coefficients in the case |D N G| = 1, under the additional
assumption that G is a simplex, that is, the convex hull of affinely independent points.
Note that in [38] the corresponding polynomial f&(z) = > Anc fax® is termed a circuit

polynomial. The following examples illustrate this case.

Example 2.27. Consider the polynomial

f(@) = froxiad + fozziad + fiazial + fours + foszh + foox?
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with fi2 # 0, whose coercivity on R? implies fa2, foa, fo,0 > 0 as well as fa3, f1,3, fo,3
€ R, as we saw in Example 2.10. For fa3 # 0 the face G = P((1,2)) lies in G, is
a simplex, and satisfies |D N G| = |{(2,3)}| = 1. In particular, the function fC(x) =

f472x‘11x% + f273x%x§’ + ]"0,4x‘2L s a circuit polynomial.

Example 2.28. The Newton polytope of the Motzkin form m(x) = xiz2 + 2225 + x5 —
3z2x323 from Ezample 2.11 is a simplex and satisfies |D N New(m)| = [{(2,2,2)}| = 1.

Thus, m is a circuit polynomial.

Recall that, for any simplex G and o* € G, the coefficients A\,, a € Vi, with
@ ar
> A = . A >0, ac Vg, (2.12)
aeVg 1 1

are unique. Using the natural convention 0° := 1 in the polynomial setting (to cover the

case of vanishing coefficients A\, ), we may define the circuit number (cf. [38])
Jo \™
(C] ) = < .
(f, Vg, o) 11 ()\a> (2.13)
acVg

of o with respect to f&. Note that the arithmetic-geometric mean inequality imme-
diately yields that for any a* € G the circuit number O(f, Viz, @*) bounds the sum of
coefficients >y, fo from below.

The following assertion has a similar structure as [38, Th. 1.1].

Theorem 2.29. Let f € R[z| be coercive on R™. Then the conditions (C1)—(C3) from
Theorem 2.8 are satisfied, and for any o™ € D such that there exists a simplicial face
G € G with o* € G and D NG = {a*}, the following assertions hold.

a) We have
fa* > _@(fvava*)' (214)

b) For o* ¢ 2N we also have

fa* < ®(f7 VG>a*)' (215)

Proof. First, by Theorem 2.8, the conditions (C1)—(C3) are satisfied. Furthermore,

under the stated assumptions Lemma 2.2 and Proposition 2.26 yield

> faz® = —farx® forall zeR™ (2.16)

aeVg
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As a first step, we will rewrite this condition in terms of absolute values of x, where we
put

ol = T | (2.17)

i€l
for any o € Nij. Due to conditions (C1) and (C2), in the left hand side of (2.16) we
may replace z® by |z|* for any a@ € V. In the right hand side we replace 2 by

sign(z®") |z | = sign(z®")|z|*".

In the following we focus on the case

zeX = {xGR"

Hie[ 7 0}

(see Rem. 2.30 for a discussion of the case z ¢ X). Then we have |z|*" > 0, so that
(2.16) implies

Z fa ’x\o‘_o‘* > —for sign(z®”) for all z € X. (2.18)
acVg

With the two sets X* := {z € X|sign(z®") = 41} we arrive at the two separate

conditions
inf amat > f 2.1
xIEI}(“' Z Jolz| > —fa (2.19)
acVg
and
inf a=a’ > L 2.2
Y Salel™ 2 S 220)
acVg

Note that X is nonempty for any o* € N2, whereas X~ is nonempty if and only if

a* ¢ 2Njj. This explains why the assertion of this theorem is split into parts a) and b).

In fact, let X* either denote the set X or a nonempty set X~. We will show that
the infimum appearing in conditions (2.19) and (2.20), that is, the infimum vg of the

problem

:  min axo‘o‘* st. zeX”
R
n
e acVg

is bounded above by the infimum vg of the problem

S : min Z fae® st Z AaSa =0,

Val
seRIYG aeVg aeVp

where \,, a € Viz, denote the unique coefficients from (2.12) (in fact, both infima even
coincide, see Rem. 2.31). As the objective function of ) is a posynomial, we will borrow

some standard techniques from geometric programming for our further analysis.
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We will use that for any s from the feasible set Mg of S the system of equations
(o —a*,z) = 80, a€Vg, (2.21)

possesses a solution z. In fact, as the vectors a € Vg are affinely independent as vertices

oa—ar
of a simplex, the vectors ( ), a € Vg, are linearly independent, and the system
1

(7)) - e

possesses a solution (Z, (). Moreover, the feasibility of 5 implies

0 = Z AaSa = Z )\a(<04—o¢*,f>—|—<7) = <Z Aa(a—a*),2>—|—§ _ E

acVg acVg acVg
so that z solves (2.21).

Next, from any solution z € R™ of (2.21) we can construct an element of X*. In fact,
for X* = X the point = defined by #; := €%, i € I, lies in X*. On the other hand, if
X* = X~ holds with a nonempty set X, then o* possesses at least one odd entry a;.
The point x defined by Z; := —e® and Z; := e*, i € I \ {j} then lies in X~. Hence, in

any of the two cases we arrive at £ € X* which implies

v < Y falZ.

aeVg

Furthermore, the latter right hand side satisfies

Z fa|i"a_a* _ Z faHe(ai—a:)Zi _ Z fa€<a_a*’2> _ Z faeéa

a€Vg aeVg i€l acVg aeVg
so that, as 5 € Mg was chosen arbitrarily, we arrive at vg < vg.

Finally, let us explicitly compute vg. Since S is a convex optimization problem with
polyhedral feasible set, the globally minimal points of .S coincide with its Karush-Kuhn-
Tucker points. In fact, s is a Karush-Kuhn-Tucker point of S if there exists some p € R
with

fa€® = pry, a€Vg. (2.22)

The feasibility of s and (2.22) entail

B e - () ()
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so that u as well as (by (2.22)) s are uniquely determined, and s coincides with the
unique minimal point of S. The value vg is the corresponding minimal value of .S which,

in view of (2.22), may be written as

Zfaesa = Z,U)‘a = K

acVg acVg

and, thus, the infimum of S is

Aa

vg = K = H <)f\a> = G(fvaaa*)' (223)
aeVg a

As the infimum of @ is bounded above by vg, the choice X* = X in @Q and (2.19)

yields part a) of the assertion. Under the additional assumption of part b) the set X~

is nonempty, so that the choice X* = X~ in @ together with (2.20) shows the assertion
of part b). O

Remark 2.30. In the above proof of Theorem 2.29, no additional conditions can be
derived from (2.16) in the case = ¢ X. To see this, let us define the index sets Ip(x) =
{i € Ilz; = 0} and Ip(a*) = {i € I| of = 0}. Clearly, the condition x ¢ X is equivalent
to In(x) # 0. In the case Ip(x) € Io(a*) there exists some ¢ € I with x; =0 and af >0
which implies x?: =0 and 2*" = 0. The condition resulting from (2.16) then contains
no additional information as, in view of conditions (C1) and (C2), it holds anyway. Note

that, in view of Iy(x) # 0, this case includes the case Ip(a*) = (), that is, o* € N™.

On the other hand, in the case Iy(x) C Ip(a*) all i € Iy(x) satisfy x?z =00 = 1.
Moreover, due to a* € conv Vi we necessarily have a; = 0 and, thus, z" = 00 =1 for
all @ € V. Removing the variables z;, i € Ip(x), and the exponent vector entries «;,
i € Ip(x), from condition (2.16) reduces it to a condition in a lower dimensional space
of dimension 7 = n — |Ip(x)| with 7 > 1 (as Ip(x) = I is impossible due to o* # 0).
Since the lower dimensional variables Z possess no vanishing entries, the argument from
the proof of Theorem 2.29 for the case x € X could be repeated, but as the resulting
estimate of fo+ by the circuit number is independent of the dimension n of the decision

variable of (), we would not obtain new necessary conditions.

Summarizing, the condition (2.16) is not interesting for the case x ¢ X. O

Remark 2.31. The bounds on f, stated in Theorem 2.29 actually are best possible
in the sense that no better bounds can be derived from conditions (2.19) and (2.20).
This is due to the fact that not only the estimate vg < vg holds, but even identity. In

fact, the reverse inequality vg > vg readily follows from the arithmetic-geometric mean
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inequality: for any A\, > 0, a € Viz, with ) Ao = 1 it yields for any z € R®

aeVg

> g = 1 (% ||> oo T ()
«@ el )\a - )\a

aeVg a€Va acVg

where, again, the convention 0° = 1 is used. If the A\, o € Vi, are additionally chosen
such that a* =)

acVe Aa @, We obtain

S falzl = ] (f“)ka (2.24)

acVg aEVg «

for all such A\ as well as all x € R™. While these inequalities give rise to the duality
theory of geometric programming, we do not make use of it, as under the assumptions
of Theorem 2.29 there only exists a single vector A with the required specifications, and
the right hand side in (2.24) may be replaced by the circuit number O(f, Vg, a*). By
(2.23) the circuit number coincides with vg, so that the infimum of the left hand side in
(2.24) taken over any set X* C R" is bounded below by vg. As vg is such an infimum,

the relation vg > vg is shown. ]

Example 2.32. Consider the polynomial
f(x) = fapwizs + fosaies + frzeas + foaxs + fo323 + foor]

with fi12 # 0, whose coercivity on R? implies fa2, foa, fo,0 > 0 as well as fo3, f1,3, fo,3
€ R, as we saw in Example 2.10 and, for fa3 # 0, the exponent o* = (2,3) lies in D
and satisfies the assumptions of Theorem 2.29, as we saw in Fxample 2.27. In fact, we
have Vg = {(4,2),(0,4)} and A\g2 = Xoa = 1/2. Hence, by Theorem 2.29a) and b) the

coercivity of f implies

—2v/fa2 foa < fo3 < 2/ fa2 fou. O

Example 2.33. Let us modify the Motzkin form from Ezample 2.11 such that the re-
sulting polynomial does not violate the condition (C3), for ezample to m(x) = rix2 +
pixd + 28§ + mogorizdad + 2 + 23 + 23, For maso # 0 the exponent o* = (2,2,2)
lies in D and satisfies the assumptions of Theorem 2.29 with the face G = P(1),
as we saw in Example 2.21. In fact, we have Vg = {(4,2,0),(2,4,0),(0,0,6)} and
A12,0 = A0 = X006 = 1/3. By Theorem 2.29a) the coercivity of m hence implies
ma22 > —3 which shows that the choice of the coefficient ma 22 in the original Motzkin

form is, in this sense, a critical one.

Example 2.34. In [/1, Ez. 5.2] the coercivity of f(x) = 2§ + 25 + f3sa3xd + 2] —
w2+ 1 on R? is shown for the choice fs3 = —1. The conditions (C1)~(C3) are clearly
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satisfied for any choice f33 € R. Moreover, the face G = P(1l) € G is a simplex with
IDNG| = {(3,3)}| =1 and, thus, o* = (3,3) satisfies the assumptions of Theorem 2.29
with Vg = {(6,0),(0,6)} and X¢o = Ao = 1/2. The coercivity of f hence implies
f33 €[-2,2].

Remark 2.35. The assumptions of Theorem 2.29 obviously exclude situations with
|IDNG| > 1 for G € G. While this makes our analysis incomplete, note that already the
case |D NG| > 0 is degenerate in the sense that f then cannot be gem regular, and the
elements of A then cannot be in general position. In this sense, cases with [D NG| > 1

are even more degenerate. O

Remark 2.36. The assumptions of Theorem 2.29 also exclude cases in which no face
G € G with a* € G is a simplex. While such situations may be covered by our notion of
gem regularity, they still are degenerate in the more restrictive sense that the vertices

of each such G then cannot be in general position.

We believe, however, that it should be possible to generalize the assertion of Theo-
rem 2.29 to non-simplicial faces of P by replacing the complete vertex set Vi of a face G
corresponding to a* € D by any affinely independent subset V* C Vi with o* € conv V™,
and by using the according circuit number O(f, V* a*) in the estimates for f,+. Note
that at least one such set V* exists by Carathéodory’s theorem, but as there may be
several possible choices for V*, we would obtain several necessary inclusions for the co-
efficient fo+ by the technique from Theorem 2.29, and the tightest inclusions would form
the necessary conditions. Unfortunately, we do not see how such results may be inferred
from Proposition 2.26, as its assertion only covers complete sets ANG. Hence, we expect
that these results cannot directly be deduced from our approach taken in Section 2.2,

that is, the analysis along curves. O

2.3 Sufficient conditions for coercivity

We start by treating sufficient coercivity conditions for gem regular polynomials in Sec-
tion 2.3.1 which actually lead to a coercivity characterization, before we move on to the

degenerate case in Section 2.3.2.

2.3.1 A characterization of coercivity for gem regular polynomials

Proposition 2.37. Let f be a gem regular polynomial satisfying the conditions (C1)—
(C3) from Theorem 2.8. Then f is coercive on R™.
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Proof. Let (z¥)gen be any sequence in R™ with limy_,o ||2¥| = +00. We have to show

limyg f(xk) = +00.

With the definition fV(2) = 3, ey fa 2@ for W C A and (2.3) we have f = fV' + f%, as
D is void by the assumption of gem regularity. The conditions (C1)—(C3) immediately
imply the coercivity of f on R”, so that limg_,o f" (2¥) = 400 holds. In particular,
we have fV(2*) > 0 for almost all k € N.

The proof will be complete if we can show the existence of some ¢ > 0 with
Rk > (e—1)fV(«¥) for almost all k € N, (2.25)
as this implies
f@®) = fV(aF) 4+ B > e fV(a*) for almost all k € N

and, thus, limg_,o f(2¥) = +o0.

In fact, by Proposition 2.24 for any a* € R there exist coefficients Ay, a € Vp, with

o = > Ao, D Aa=12>0 acV, A >0.
acVy acVy

Hence, using (C1), the convention 0° = 1 as well as (2.17) we may write

far (@) > | far] |25 = | far| |2F|Zeev0 20
= | far |2 T ((*))e
acV
Aa
> _ . ]{204
> \falael_[v<gl§§(x)>

1—-Xo
= —lfoel ()

(67

In the following we denote, for k € N, by a(k) some a € V with (2%)**) = max,ey (2F)®.
(C1) and (C2) imply

) = 3 ) > fag @)® > (min fa) ()20,

acV
acV

so that, again by (C2),

for @) 2 o] (P ®)
-1 o
> —@%) forl ((@)°9) 7 57 (o) (2.26)
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Next we shall show limy_,o (2¥)**) = 400. On the contrary, assume that some subse-
quence ((:ka)a(k@))eeN is bounded above by some M € R. Then the definition of a(ky)
yields

Uk = Y fa@)® < fa (@bt < MY S,

acV acV acV
for all £ € N. On the other hand, as a subsequence of (z*)zcy the sequence (%),
satisfies limy_; |27 || = +o00, so that the coercivity of fV implies limy o, f¥ (2F¢) =
400, a contradiction.
The positivity of A\g, thus, implies

—Xo

lim ((xk)a@)) ~ 0

k—o00

and we arrive at limy_,o Yk (a*) = 0 for the term

1 o
wta) = (minfo) (16l (H®) ™)
from (2.26). This implies

-3 wlet) > -

a*€R

N[

for almost all k£ € N, so that summing up the inequalities (2.26) over all a* € R yields

i) 2 (- > ’Yk:(a*)> V() (2.27)
a*eR
> =1 V(")
for almost all k € N, and (2.25) holds with ¢ := 3. O
Example 2.38. For the siz-hump camel back function f(z) = x3(4 — 323+ 1a}) +

1179 +23(—4+423), direct inspection reveals that D(f) = (), and hence, f is gem regular
(see Example 1.1 with the corresponding illustration below). Further, since V(f) =
{(6,0),(0,4)} with fgo) = 3> 0 and fo,4) = 4 > 0 holds, f fulfills the conditions
(C1)~(C3), and thus, by latter Proposition 2.37, f is coercive on R2.

Theorem 2.39 (Characterizations of Coercivity).

For any gem regular polynomial f € R[x] the following three assertions are equivalent:
a) f is coercive on R™.
b) Q C Qf holds.

¢) The conditions (C1)—(C3) from Theorem 2.8 hold.
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FIGURE 2.3: Tllustration of Example 2.38. On the left: function f over the box [—2, 2] x
[-1,1]. On the right: function f over the box [—3, 3] x [—1, 1], whose form confirms its
coercivity.

Proof. Lemma 2.2 states that assertion a) implies b), in view of Remark 2.9 assertion b)

implies c), and by Proposition 2.37 assertion c¢) implies a). O

Remark 2.40. While the equivalence of assertions a) and c¢) in Theorem 2.39 definitely
is the important one from the application point of view, we emphasize that the equiv-
alence of assertions a) and b) also is interesting in the following sense: it shows that
the analysis of polynomials merely along certain curves is sufficiently strong to yield a
characterization of an important property of polynomials, at least in the gem regular

case.

More explicitly, the employed analysis along curves is not strong enough to yield nec-
essary conditions on gem irregular coercive polynomials, where lower order monomials
corresponding to the ‘remaining exponents’ set R may control the coercivity property
(see Ex. 2.47 below). Note, however, that this analysis along curves is not used in the
proof of the above sufficient condition, but that it is the estimate (2.25) which allows to

ignore these lower order monomials in the gem regular case. O

2.3.2 Sufficient conditions in the degenerate case

By Carathéodory’s theorem, for any degenerate multiplier o* € D there exists a set of
affinely independent points V* C V with a* € conv V*. In the case that a simplicial
face G C G contains «*, the set V* can be chosen as the vertex set Vg of G. For

non-simplicial faces G, however, there may exist several possibilities to choose V* C V.

For any set of affinely independent points V* with a* € conv V*, the solution A of

3 (‘;‘) - (f) L A >0, eV (2.28)

aeV*
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is unique, and again we may consider the circuit number
fa )™
ovtan = IT (£)
acV* @

If, in addition, V* is chosen minimally in the sense that the presence of all points in V*

is necessary for o* € conv V* to hold, then we also have A\, > 0 for all a« € V*.

While we were not able to use this approach in the derivation of necessary conditions in

the degenerate case (cf. Rem. 2.36), it will be fruitful for the following.

Theorem 2.41. Let f € R[x] be a polynomial satisfying the conditions (C1)—(C3) from
Theorem 2.8. Furthermore for each o € D let V* C V denote a minimal affinely
independent set with o* € conv V™, let w(a*) > 0, o* € D, denote weights with
Yoarep W(a®) <1, and let

for > —w(@®)O(f,V*, o) if o € 2N}

and
|far] < w(a®)O(f,V* a¥) else.

Then f is coercive on R"™.

Proof. As in the proof of Proposition 2.37, let (z¥)ren be any sequence in R" with
limy oo ¥ = +00. In view of (2.3) we have f = f¥ + fP + f®, where the conditions
(C1)~(C3) imply limy_,o fV(2¥) = 400 and, thus, fV(2*) > 0 for almost all k& € N.

The proof will be complete if we can show the existence of some ¢ > 0 with
PR + Bk > (e —1)fV(2%) for almost all k € N, (2.29)
as this implies
f@®) = V(@) + P + fRBa*) > e fV(2") for almost all k € N

and, thus, limg_,o f(2¥) = +oo0.

In fact, the proof is based upon the estimate
F7 ") = e(f, v ar) oM™ (2.30)

for any k € N and o* € D, where O(f, V*, a*) is defined via the unique multipliers A,
a € V*, from (2.28).
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To see (2.30), we distinguish similar cases as in Remark 2.30 and define the index sets
Io(z®) = {iellaF =0} and Iy(a*) = {ie I|af=0}.

In the case Ip(z¥) € Ip(a*) there exists some i € I with ¥ = 0 and af # 0, so
that (z¥)% = 0 and, thus, |2¥|*" = 0 holds. The relation (2.30) then collapses to the
nonnegativity of f¥” (2*) which clearly holds in view of (C1) and (C2).

To study the second case, Io(z*) C Ip(a*), let us first discuss its special subcase Ip(x*) =
. Then we have |2¥|* > 0 for any a € V*, so that the arithmetic-geometric mean

inequality, together with (C1) and (C2), yields

xka Aa
ORI WA IS WA | f Sy

aeV* aeV* aceV*
A
fa\ ™ o
() IO ()™ = etvmaniae,
acVr N4 acV*

that is, (2.30). Finally, for () # Iy(z*) C Iy(a*) each i € In(z¥) satisfies (z¥)* =00 =1

(2
and, thus, |zF|*" = [Licr 1ot |z¥|2i . Moreover, for each i € Iy(a*) we find

0 = Oé; = Z )\a Qg ,
acV*
so that the positivity of all A\, a € V*, implies a; = 0 for all @« € V*. Hence, for
any a € V* and i € Ip(z*) C Ip(a*) we also have (¥)% = 0° = 1 and, thus, |2F|* =

Hie[\]o(xk) |xf]ai, so that we may write

U = D>t T e

agV* ieI\Ip(x*)

Since |x¥| > 0 holds for all i € I\ Iy(z*), we may apply the arithmetic-geometric mean

inequality to this term, as above in the case Ip(z*) = ), and arrive at

@) = e vie) I I = e(f, v o) |2
ieI\Io(z*)

Hence, we have shown the estimate (2.30) in any case.

In view of
fur (@) T far |2*|*" for a* € 2Np
a*

> —|far| 2P| else,
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under the assumptions of the theorem there exists some §(a*) > 0 with

far (@) = (8(a") —w(a ) (f,V*a) |2**
= (8(an)O(f, V", a") —w(a")) O(f, V", a”) |z"|*
> (8(a")O7H(f, V7, af) —w(a)) [V (") (2.31)
> (8(an)07H(f, V" a%) —w(a®)) fY(25), (2.32)

where (2.31) holds due to (2.30) for a sufficiently small choice of d(a*), and (2.32) due
o (C1) and (C2).

Thus, with the notation from the proof of Proposition 2.37 for a* € R and (2.27), we

arrive at
fD(SUk) ‘l‘fR(l‘k)
> (Z (6(aMO~(f, V", a*) —w(a¥)) — Z ’Yk(Oé*)> V(")
oa*eD a*eR
> (Z (a0~ (f, V0% = Y wla?) - 1) V(")
a*eD a*eER

and, due to

may choose
= Z 5(a®)OL(f,V*, a%)
a*eD

n (2.29). O

Remark 2.42. We emphasize that, in contrast to our necessary condition for the de-
generate case from Theorem 2.29, the sufficient condition from Theorem 2.41 holds for
general polynomials f € R[z], and does not make any assumptions on the structure of

faces related to degenerate exponent vectors.

O

Remark 2.43. For the special case of a gem irregular polynomial f € Rlz| with a
singleton set D = {a*} such that the minimal face G € G with a* € G is simplicial,
the gap between the necessary condition from Theorem 2.29 and the sufficient condition
from Theorem 2.41 reduces to the strictness of an inequality: the necessary condition
states that (C1)-(C3) as well as

for > —O(f, Vg, o) if o € 2Ny
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and
|[farx] < O(f, Vg, a*) else

hold, and the sufficient condition just replaces the nonstrict by strict inequalities in

either case. Note that the choice V* = Vi is mandatory for a minimal simplicial face G.

O]

Other than in the special degenerate case from Remark 2.43, the gap between necessary
and sufficient conditions is significantly larger, so that we expect that the necessary
(cf. also Rem. 2.36) as well as the sufficient condition can be improved further. In
fact, already for the case D = {(a*)!, (a*)?} such that the minimal faces G; € G with
(a*)! € G; are simplicial and not identical, the need to choose weights w((a*)!) and
w((a*)?) in Theorem 2.41 leads to a larger discrepancy to the necessary conditions from

Theorem 2.29 than just the strictness of inequalities.

In the following we will show how Theorem 2.41 can be modified to improve the sufficient
conditions in this respect. The price to pay is, unfortunately, that we need to require
an extra condition on the polynomial f € Rlz] (cf. Rem. 2.42). For the statement of
this condition, for any a* € D choose a minimal affinely independent set V*(a*) C V
with a* € conv V*(a*) and define the set V := {V*(a*)| a* € D}. In particular, if two
exponent vectors (a*)! and (a*)? satisfy V*((a*)!) = V*((a*)?), then this set is only
listed once in V. We will need to require that the sets in )V can be chosen to be mutually
disjoint.

Theorem 2.44. Let f € R[x] be a polynomial satisfying the conditions (C1)—(C3) from
Theorem 2.8. Furthermore for each o* € D let V*(a*) C V denote a minimal affinely
independent set with o* € conv V*(a*) such that the sets in V = {V*(a*)|a* € D} are
mutually disjoint, let w(a*) > 0, a* € D, denote weights with Y «c b eony v+ W) <1
for each V* €V, and let

for > —w(@®)O(f,V*, o) if o* € 2N}

and

|far] < w(a®)O(f, V* a*) else.
Then f is coercive on R™.
Proof. This proof is identical to the proof of Theorem 2.41 until the estimate (2.31),

from which we do not deduce the coarser estimate (2.32), but proceed as follows. To

bound fP(z*) from below, first we group the sum over all o* € D which share the same
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set V* € V and write
Dy, k kya*
COIEY Yo far@)
V*eV a*eDNconv V*
For any V* € V the inner sum satisfies

S s 2 Y (6000 (Ve — w(at) V)

a*eD Nconv V* a*eD Nconv V*

( S s@e (Ve - 1) 7V (@)

a*eD Nconv V*

v

v

min > 5(a*)@1(f,v*,a*)—1> V7 ().

V*ey (
a*eD Nconv V*

As the sets V* € V are mutually disjoint, for sufficiently small choices of 6(a*), a* € D,
the conditions (C1) and (C2) imply

PEry = YT > fe @

V*eV a*eDNconv V*

> . N\ —1 * X\ V*i k

> glél}( R 0 (SR G ety 1) PO ACY
a*eD Nconv V* V*xey

> . * —1 * k) Vi k

> <‘g§u€q} > dahe (V) 1>f (@").
a*eD Nconv V*

From here, the proof may be continued as the proof of Theorem 2.41, with the choice

- : * —1 * %
€ = 5 min Z (a0 (f, V™, ). O
a*eD Nconv V*

1
2

As an application of Theorem 2.44 recall the above mentioned situation D = {(a*)*, (a*)?}
such that the minimal faces G; € G with (a*)’ € G; are simplicial and not identical. If,
in addition, G; and G are actually disjoint, then Theorem 2.44 may be applied, and
the resulting sufficient conditions for coercivity differ from the necessary conditions of

Theorem 2.29 again just by the strictness of inequalities.

Example 2.45. Examples 2.32, 2.33, and 2.34 all satisfy the special condition discussed
in Remark 2.43. In particular, the coercivity of the polynomial f(x) = 56(1;+:Eg+f373$:1g$§+
rf — z2 + 1 on R? may not only be guaranteed for f33 = —1, as stated in [41], but by
Theorem 2.41 even for any f33 € (—2,2).

Example 2.46. Minimal examples for polynomials satisfying the special condition from

Remark 2.43, but being critical in the sense that only the necessary conditions from
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Theorem 2.29 hold, but not the sufficient ones from Theorem 2.41, are f*(x) = 72+

22129 + x3. Direct inspection immediately reveals that neither f+ nor f~ are coercive.

Example 2.47. A further effect is illustrated if the situation from Example 2.46 occurs
for higher order terms, as in the polynomial f(x) = 2} — 22323+ 23, which is critical and
non-coercive for similar reasons as the polynomials from Example 2.46. Here, unlike in
the gem regular case, ‘remaining exponents’ in the set R do have an influence on the

coercivity of f since, for example, f(x) + 22 + 23 is coercive.

Note that Theorem 2.41 presents our most general sufficient conditions for coercivity,
while Theorems 2.39 and 2.44 refine them under more special assumptions. As any
coercive and lower semi-continuous function on R™ attains its infimum, an obvious first
application of Theorem 2.41 is that any polynomial f € R[z| satisfying the assumptions
of Theorem 2.41 attains its infimum v over R™. In particular, f is then bounded below,

and f — v is positive semi-definite on R".

Moreover, as all lower level sets of any coercive function are bounded, a basic semi-

algebraic set
S={zeR" gi(x) =0, ..., g(x) =0, hi(x) >0, ..., hp(x) >0}

with polynomials g¢1,...,g;,h1 ...,y € Rlz| is bounded if at least one of the func-
tions g;, ¢t = 1,...,1, —g;, t = 1,...,1, —h;, 7 = 1,...,m, satisfies the assumptions of
Theorem 2.41. In particular, the zero set of any polynomial f € R[x] satisfying the

assumptions of Theorem 2.41 is bounded.

A less obvious application is given in the next section.

2.3.3 The Malgrange and Fedoryuk conditions

In the following, using some immediate implications from the results presented in [84], we
will show that the assumptions from Theorem 2.41 imposed on f € R[z| directly imply
that f fulfills the so-called Malgrange and Fedoryuk conditions on R"™. To this end we
use some nontrivial results concerning the characterization of coercivity of polynomials
on closed semi-algebraic sets via the Malgrange or Fedoryuk conditions from [84]. Before
doing so in Corollary 2.51, we shortly recall the definition of the Malgrange and Fedoryuk
conditions and briefly mention the related concepts of asymptotic and generalized critical
values of polynomials, which are also very interesting for theoretical and numerical

aspects of global polynomial optimization theory (see, e.g., [75, 76]).
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Definition 2.48 (Malgrange condition, see [1], [47]). A polynomial f € R[z] satisfies
the Malgrange condition at a value y € R if and only if there exists a constant C' > 0
such that the inequality

[zl - IV f(2)l = C
holds for all x € R™ with ||z|| sufficiently large and f(x) sufficiently close to y.

Definition 2.49 (Fedoryuk condition, see [23], [84]). A polynomial f € R[z| satisfies

the Fedoryuk condition on R™ if there exist positive constants § and R such that

IVf(x)|| =6 for all x € R™ with ||z] > R.

The Fedoryuk and Malgrange conditions arise in the context of analyzing the bifurcation
sets and generalized critical values of polynomials f : K® — K with K = C or K = R.
For more details see, e.g., [1, 23, 39, 40, 47, 59, 84].

In the following the definition of asymptotic and generalized critical values of a polyno-
mial f € R[z] on R" is recalled (see, e.g., [1, 47, 59, 76, 84]). Their connection with the

Malgrange condition is studied in detail in [1].

Definition 2.50 (Asymptotic and generalized critical values). For f € R[z] the set
Kool f,R") := {y € R| 3 sequence (s¥)yen C R, 25 = o0 with f(z*) = y

and (1 + [l2* )|V f(z*)] — 0}

18 called the set of asymptotic critical values of f on R™ and the set
K(f,R") := {y € R| 3 sequence (z")peny C R"™ with f(z*) =y

and (1 + [l2" )|V f(z*)] — 0}

1s called the set of generalized critical values of f on R™.

The concept of asymptotic critical values in a general functional analytic setting together
with its far reaching application has been developed by Rabier in his seminal work [71].
In [76] it is already observed that the infimum of a lower bounded polynomial f € R[z]
is contained in the set K(f,R™). This fact is further used in [75], where an efficient
algorithm for computing the global infimum inf,cg» f(z) of f € R[x] is developed based
on computing the set K(f,R™).

Corollary 2.51. Let f € Rz| satisfy the assumptions of Theorem 2.41. Then f also

satisfies the Fedoryuk and Malgrange conditions on R™.
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Proof. By Theorem 2.41, the polynomial f is coercive and thus inf,cgn f(z) > —o0
holds. By setting S := R™ in [84, Th. 4.2] the assertion directly follows. O

2.3.4 A growth condition

While Example 2.45 shows that, in particular, the sufficient condition for coercivity from
[41] can be improved with respect to possible values of polynomial coefficients, in the
following we will show that our sufficient condition from Theorem 2.41 covers whole

classes of polynomials which cannot be treated at all by the approach from [41].

To see this, we start by repeating the result from [41] explicitly (where the choice of the

norm is, again, irrelevant).

Lemma 2.52 ([41, Lemma 3.1]).
Decompose f € Rlz] with deg(f) € 2N into a sum of polynomials, f = fo+ -+ faeg(s);
where f; is homogeneous of degree i for i =0, ... ,deg(f). If the growth condition

39 >0VzxeR": fdeg(f)(x) > 6 Hdeeg(f) (G)
1s satisfied, then f is coercive on R™.

The following example presents a polynomial which is coercive on R™ while violating the

growth condition (G).

Example 2.53. Consider the gem regular polynomial f(x) := $%+x§+a}%x% which clearly
fulfills conditions (C1)—(C3). By our Characterization Theorem 2.39 the polynomial f
is coercive on R?, but this cannot be verified using the sufficiency criterion (G). In fact,
we have deg(f) = 4, f4 = 2323, and choosing the Euclidean norm we obtain for every

positive constant &

0 = f1(0,1) < 4|0, 1)]; = &.

The sufficiency criterion (G) is, hence, violated although f is coercive. Many different
examples having this property can be constructed easily in the same way. One only has
to find a coercive polynomial f € R[x] (e.g., using Ths. 2.39, 2.41 or 2.44) and a point
T # 0 such that feg(s)(T) = 0.

In the subsequent Chapter 3 we show that, for gem regular polynomials of even degree,
the growth condition (G) actually implies our sufficient conditions (C1)—(C3) for coer-
civity and is then, in view of Example 2.53, strictly stronger than our conditions. In
fact, in Chapter 3 it turns out that, under the above assumptions, the growth condi-

tion (G) characterizes the stronger property of so-called stable coercivity of gem regular
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polynomials. The latter refers to the condition that coercivity prevails under certain
sufficiently small perturbations of the polynomial coefficients. An alternative character-
ization of stable coercivity is possible by conditions (C1)—(C3) and an extra condition
(C4) from Chapter 3, again in terms of the Newton polytope at infinity, so that in the
gem regular case the even degree of the polynomial together with condition (G) may be
characterized by (C1)-(C4).






Chapter 3

Coercive polynomials: Stability,
order of growth, and Newton

polytopes

3.1 Chapter overview

This chapter is based on the article [5] and it is structured as follows. Section 3.2 deals
with the stability concept for coercivity of multivariate polynomials. In particular, for
coercive polynomials f € R[z], the notion of g-stable coercivity and the degree of stable
coercivity s(f) are introduced (see Defs. 3.1 and 3.2). Moreover, we introduce the degree
of convenience ¢(f) for general multivariate polynomials f € R[z] (see Def. 3.6) and we
show, as the main result of the section, that for a broad class of coercive polynomials
f € Rz] the degree of convenience ¢(f) of f coincides with the corresponding degree of
stable coercivity s(f) of f (see Ths. 3.14 and 3.17).

In Section 3.3 we focus on those coercive polynomials f € R[z] for which the general
relation s(f) < deg(f) is tight, that is, the case of deg(f)-stably coercive polynomials.
The reason for investigating this special case is that in [41, Sec. 3.2] the authors introduce
a sufficient condition for coercivity on R™ of polynomials f € R[z] (see condition (G) in
Lem. 2.52) which, on one hand, is computationally tractable because it can be verified
by solving a hierarchy of semidefinite programs. On the other hand, as indicated in
Example 2.53 (cf. [4, Ex. 3.16]), this condition is rather strong since many coercive
polynomials violate it. As the reason for this effect we shall show that the condition
actually characterizes the deg(f)-stable coercivity of gem regular polynomials f € Rz]

(see Th. 3.23 below), which is a stronger property than general coercivity on R".

43



Chapter 3. Stability, order of growth, and Newton polytopes 44

Section 3.4 deals with the growth property of coercive polynomials f € R[z] and with
its connection to the stability concept introduced in Section 3.2. In particular, for
coercive polynomials f € R[z] the notion of g-coercivity and the order of coercivity o( f)
is introduced in order to measure how fast they grow on R™. We will prove that for a
broad class of coercive polynomials f € R[z] on R™ not only the aforementioned identity
s(f) = c(f) holds, but also o(f) = ¢(f), which leads to the main results of the present
chapter, that is, Theorem 3.32 and 3.37. Moreover, with Theorem 3.35 we sharpen the

Characterization Theorem 2.39, the main result from [4].

In Section 3.5 we discuss some applications of our results on the growth properties of
coercive polynomials in different areas. In particular, in Section 3.5.1, we show that a
broad class of coercive polynomials f € R[x] possesses surjective gradient maps Vf :
R™ — R™. In Section 3.5.2 we prove Holder type error bounds for the inequality f < 0
with f from this broad class of coercive polynomials. In Section 3.5.3 we apply our main
results concerning the growth of coercive polynomials to the problem of existence of
solutions of a broad class of optimization problems arising in the calculus of variations,

which closes the present chapter.

3.2 Stable coercivity

In this section we investigate for which polynomials coercivity is stable under small
perturbations of the polynomial coefficients up to some given degree. The following
definition is inspired by the definition of the stable compactness property of basic semi-

algebraic sets from [60, Sec. 5].

Definition 3.1. A polynomial f € Rlx] is called g-stably coercive on R™ for some q € Ny
if f is coercive and remains coercive on R™ for all sufficiently small perturbations by
polynomials of degree at most q, that is, if there exists some € > 0 such that for every
g € Rlz] with deg(g) < q and |go| < € for all a € A(g), the polynomial f + g is coercive

on R".

Definition 3.2 (Degree of stable coercivity). For a coercive polynomial f € R[z] we

call the number
s(f) :=max{q € No| f is g-stably coercive on R"}

the degree of stable coercivity of f on R™. A coercive polynomial f € R[z] with degree of

stable coercivity equal to s(f) is called stably coercive on R™ of degree s(f).

Lemma 3.3. If f € R[z] is coercive then the necessary conditions from Theorem 2.29
as well as the inequalities 0 < s(f) < deg(f) hold.
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Proof. The first part of the assertion directly follows by Theorem 2.29. Since for a
coercive polynomial f € R[x] the value of its constant monomial fy € R is irrelevant
for its coercivity property, it holds that f + ¢ is coercive on R" for all ¢ € R. Thus,

f is O-stably coercive on R™ and s(f) > 0 follows. Further, for an arbitrary ¢ € I and

deg(f)+1
7

95| < € for all @ € A(g°) = {(deg(f) + 1)ei}, and (deg(f) + 1)e; € V(f +¢°). By
Remark 2.17 it holds deg(f) € 2N, and one obtains (deg(f) + 1)e; ¢ 2N{}, which means
that f 4 ¢° does not fulfill the condition (C1). Hence, Theorem 2.29 implies that f + ¢°

an arbitrary € > 0, with ¢°(x) := ex one clearly obtains deg(¢®) = deg(f) + 1,

is not coercive on R™. Since € > 0 can be chosen arbitrarily small, this is a contradiction

to f being (deg(f) + 1)-stably coercive on R™ and, thus, one obtains s(f) < deg(f). O

Remark 3.4. Clearly, if f € R[z] is ¢g-stably coercive on R™ for some ¢ € Ny, then f is
g-stably coercive on R"™ for all § € Ny with ¢ < ¢. O

The following example shows that the upper bound for s(f) from Lemma 3.3 is not

necessarily attained given a coercive polynomial f € R[z].

Example 3.5. Consider the gem regular polynomial f(z) = o + 23 + 2222 which, by
Theorem 2.39, is coercive on R?. One has deg(f) = 4, but direct inspection reveals that
s(f) < deg(f) has to hold, as any perturbation of f by ¢°(z) := —ex3 with some ¢ > 0
results in f + g° not being coercive on R?. In fact, one obtains deg(f)ea € V(f + ¢°)
with (f + g% )deg(f)es = —€ < 0, and thus, f + g° does not fulfill the necessary condition
for coercivity (C2) from Theorem 2.29 (see Fig.3.1).

() (&%)

851 aq

FIGURE 3.1: On the left: Ilustration of Newy (f) from Example 3.5. On the right:

Tlustration of New, (f + ¢°) from Example 3.5 for some ¢ > 0. In both pictures

the shaded area corresponds to the Newton polytope at infinity of the corresponding

function. The filled circles stand for the vertex set at infinity of the Newton polytope

at infinity. In the right picture, the shaded circle stands for the singleton R(f + ¢°)
whereas the shaded square represents the singleton D(f + ¢°).

Next we shall relate the degree of stable coercivity of f to a geometric property of the
Newton polytope at infinity of f. For the following terminology note that the condition

(C3) may be seen as a special condition for a polynomial being convenient (see, e.g.,
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[21, 49, 85] for the definition of convenient polynomials). To the best of our knowledge,
the notion of convenient polynomials (from the French “polynéme commode”) for the
first time is introduced in [49], where a deep connection between Milnor numbers and
some geometric properties of Newton polytopes is revealed, whereas in [21] the setting of
convenient polynomials is used for considerations on the existence of optimal solutions
of constrained polynomial optimization problems. In [85] the convenient polynomials
play a role for establishing a relation between Newton polytopes and bounded below

polynomials.

Definition 3.6 (Degree of convenience). For a polynomial f € R]x| we call the number
c(f) = rrleilrl{max{c € No| ce; € Ao(f)}}
the degree of convenience of f.

In the following, let A™ denote the lattice simplex conv{0,e;, i € I} C R" and for any
X CR" and d € R we put dX := {dr € R"| x € X}. Note that the lattice polytope
dA™ is maximal among all Newton polytopes at infinity of polynomials f € R[x] with
deg(f) < d in the sense that the inclusion New, (f) C dA™ holds for these f (and that it
is attained as the Newton polytope at infinity of, for example, the polynomial )., zd).
The next proposition gives an alternative description of the degree of convenience from
Definition 3.6.

Proposition 3.7. For f € R[z] one has

c(f) = max{c € Ng| ¢- A" C New(f)}.

Proof. First we show ¢(f) < max{c € Ny| ¢- A" C Newoo(f)}. By Definition 3.6 it holds
c(f) < ¢ :=max{c € Ng| ce; € Ap(f)} foralliel, (3.1)
and, hence

c(f)A" = ¢(f)conv{0,e;, i € I} = conv{0,c(f)e;, i € I}

C conv{0,ce;, i € I} C conv Ap(f) = Newso(f),

where the first inclusion follows from the property (3.1), and the second inclusion from
the facts that c;e; € Ag(f) for all i € I, and 0 € Ap(f). This implies

c(f) <max{c € Ng| ¢- A" C New(f)}-
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It remains to show ¢(f) > max{c € Ny| ¢- A™ C News(f)}. Denoting ¢* := max{c €
No| ¢+ A™ C Newso(f)} one obtains

c*e; € Newoo(f) foralliel.

The latter is only possible if for every ¢ € I there exists ¢; € Ng with ¢ > ¢* and
cre; € Ao(f). This implies

max{c € No| ce; € Ap(f)} > ¢* for every i€ I,

which results in
mi}l{max{c € No| ce; € Ao(f)}} > ¢,
1€
and the assertion follows. O

Example 3.8. The geometric interpretation of the degree of convenience in Proposi-
tion 8.7 yields c(f) = 2 for the polynomial f(z) = x4+ 23 + 2323 from Evample 3.5 (see
Fig.4.1).

Q2

(€51

FIGURE 3.2: Illustration of New.,(f) together with ¢(f)A? from Example 3.8. The
light shaded area corresponds to the set Newo,(f), and the filled circles stand for the
vertex set at infinity V(f). The dark shaded area corresponds to the set c(f)AZ.

Lemma 3.9. If f € R[z| is coercive on R™, then we have c¢(f) = 2min;es k; € 2N with
ki, i€ I, from (C3).

Proof. By Theorem 2.29, f fulfills the condition (C3), that is, for all ¢ € I the set
V(f) contains a vector of the form 2k;e; with k; € N. This implies max{c € Ny| ce; €
Ao(f)} = 2k; for all i € I, and with Definition 3.6 one obtains

c(f) = mei}l{max{c € No| ce; € Ao(f)}} = 2m'}1k‘i € 2N.

1€
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Example 3.10. Due to k1 = 2 and ko = 1, the formula for the degree of convenience
in Lemma 3.9 yields c(f) = 2min{2,1} = 2 for the polynomial f(z) = x{ + 23 + 2222
from Example 3.5.

Lemma 3.11. For all f € Rx] it holds 0 < c¢(f) < deg(f).

Proof. The assertion follows from Proposition 3.7 since the inclusions
0-A"™ = {0} C Newoo(f) C deg(f)A™ hold for all f € Rz]. O

Next, for a coercive polynomial f € R[z], we shall improve the upper bound on its degree

of stable coercivity s(f) from Lemma 3.3.

Lemma 3.12. If f € R[z] is coercive, then the necessary conditions from Theorem 2.29
as well as the inequalities 0 < s(f) < c(f) together with ¢(f) = 2min;er k; € 2N hold,
where k;, i € I, come from (C3).

Proof. In view of Lemmata 3.3 and 3.9, we only have to show s(f) < ¢(f). To this
end, for some i € I with ¢(f) = 2k; and € > 0 we put ¢°(z) = sxf(f)H. Then
g° fulfills deg(g®) = c(f) + 1, |¢5] < € for all @ € A(¢°) = {(c(f) + 1)e;} as well
as (c¢(f) + 1)e; € V(f + ¢°). By Lemma 3.9 it holds ¢(f) € 2N, and one obtains
(c¢(f) + 1)e; ¢ 2Nf, which means that f 4 ¢° does not fulfill the condition (C1). Hence,
Theorem 2.29 implies that f + ¢g° is not coercive on R™. Since € > 0 can be chosen

arbitrarily small, one obtains that f is not (c(f) + 1)-stably coercive on R™ and, thus,
s(f) < e(f)- m

Lemma 3.13. If f € R[z] is gem regular and satisfies the conditions (C1)-(C3), then f
is coercive on R™ with s(f) > c¢(f) = 2min;er k; € 2N, where k;, i € I, come from (C3).

Proof. In view of Theorem 2.39 and Lemma 3.9, we only have to show s(f) > ¢(f). By
Definition 3.2, it suffices to prove that f is ¢(f)-stably coercive. To this end, we have
to show the existence of some € > 0 such that for all g € R[z| with deg(g) < ¢(f) and
|ga| < e for all @ € A(g), the polynomial f + g is coercive on R™. We shall prove the
latter by verifying the assumptions of Theorem 2.41 for f + g.

As a first step we claim that, with

e1 = smin{|fa|, a € V(f) Ne(f)Am}, (3.2)

every polynomial ¢ € R[z] with deg(g) < ¢(f) and |ga| < €1, @ € A(g), satisfies
V(f+g)=V(f). In fact, one obtains

(f+9)a = fatga = fo > 0 foralla e V(f)\c(f)A"
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due to go = 0 for all |a| > ¢(f), and the definition of ¢; further yields
(f+9)a = fat+tga = fa—l9al = fa—e1 > 0 forall a e V(f)Ne(f)A™.
This implies V(f) C A(f + g) and, thus,
Newoo(f) = convVy(f) C convAg(f+9g) = Newoo(f + 9)

holds.

On the other hand, due to the inclusions News,(g) C ¢(f)A™ C New(f), one obtains

Newso(f +9) C conv{Newo(f)UNews(g)}
C conv{News(f)} = Newoo(f).

We arrive at
Newao(f + g) = Newso (f) (3.3)

and, hence, the asserted identity V(f + g) = V(f). As a consequence, since f satisfies
the conditions (C1)-(C3), so does f + g.

In the case that f+g¢ is gem regular, that is, the set D(f+g¢) of gem degenerate exponents
of f + g is void, Theorem 2.39 yields the coercivity of f + ¢, and the proof is complete.
However, gem regularity of f 4 ¢ is not guaranteed, so that the proof continues with the
investigation of the case D(f + g) # (), where coercivity of f 4 g may be checked via the

further sufficient conditions from Theorem 2.41.

More explicitly, the proof will be complete if we can decrease €1 such that for all cor-
responding polynomials g, for all a* € D(f + g), and for some minimal affinely inde-
pendent set V* C V(f + g) with o* € conv V* we can provide weights w4 4(a*) > 0,
o € D(f +g), with 3 e p(p4g) Wr+g(@*) < 1 such that

(f+9)ar > —wpig(a®)O(f +9,V*,a*) for all o* € 2Ny

and
(f+ 9)ar| < wptg(@®)O(f +g,V*, o) for all a* € (2N)©

hold.

First, define

D := {o* € N}|3h € R[z] with Newso(h) = Newoo(f) and o* € D(h)},
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the set of all possible gem degenerate exponent vectors of an arbitrary polynomial A
with the same Newton polytope at infinity as the one corresponding to f. Due to (3.3)
one has D(f +g) C D.

In order to define weights which are independent of ¢ and, thus, €, we put wiq(a*) :=
\13]*1 for all a* € D(f + g). These constant weights obviously are positive and, due to
D(f+g) C D, also satisfy

« D(f+yg
Z wig(a”) = Hf))| <1
a*eD(f+g) D

Next, for every a* € D, there exists a minimal affinely independent set V* C V(f) =
V(f + g) with a* € conv V* and a constant e5(a*) > 0 such that

AN—1 fa_e)\a
0<|D[‘H()\ > —¢

aeV*

holds for all € € (0,e2(a*)], as taking the limit ¢ | 0 in the right side of the latter
inequality yields the positive number |ﬁ\_1@( £, V* a*). We put

g9 = min ez(a”).
a*eD

Choose any g € Rlz]| with deg(g) < ¢(f) and |ga| < min{ej,e2}, a € A(g). Then, any
a* € D(f + g) N 2N satisfies, due to D(f + g) C D, the property

(f+9ar = gar = —|gar| > —min{er, g2} > —e2 > —e2(a¥)
> —|l/5|_1 H (fa_52(04*)>)\a
Aa
acV*
Aa

>~ _|DI! (f +9)a
(s

acV*

= _wf-f—g(a*)@(f + 9, V*v a*)'

In fact, the first equality holds by the gem regularity of f which entails f,« = 0, and the
latter also implies a* € A(g), explaining the second inequality. The last inequality holds
because of f, —e2(a*) < fo — 9ol < (f + g)a for all @« € V* N A(g) and f, — ea(a*) <
fa=(f+g)a for all « € VN A%(g).

Analogously, for every a* € D(f + g) N (2Nj)¢ one can see the relation

(f + 9ar| < wrig(a®)O(f +9, V7", ")
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so that, altogether, f + g satisfies all sufficient conditions from Theorem 2.41 for the

choice ¢ := min{eq,e9}. O

Theorem 3.14. If f € R[] is gem regular and satisfies the conditions (C1)-(C3), then
f is coercive on R™ with s(f) = c(f) = 2mines k; € 2N, where k;, i € I, come from
(C3).

Proof. By Theorem 2.39 the polynomial f is coercive on R™, and Lemma 3.12 implies
s(f) < ¢e(f). Simultaneously, Lemma 3.13 implies s(f) > ¢(f) and we arrive at s(f) =
c(f). Finally, Lemma 3.9 implies ¢(f) = 2min;er k; € 2N, and the assertion follows. [

Example 3.15. Ezample 3.10 and Theorem 3.14 yield s(f) = 2 for the gem regular
polynomial f(z) = 2} + 23 + 2223 with deg(f) = 4 from Exvample 3.5.

The following lemma shows that the regularity assumption from Lemma 3.13 may be

weakened significantly.

Lemma 3.16. If for f € R[z] the sufficient conditions from Theorem 2.41 hold, then f
is coercive on R™ with s(f) > c(f) = 2min;es k; € 2N.

Proof. In view of Theorem 2.41 and Lemma 3.9 we only have to show s(f) > ¢(f). The
proof of Lemma 3.13 already covers the case of a gem regular polynomial f, that is, the
case D(f) = (). In the following we will thus concentrate on the case D(f) # ), using

the notation from the proof of Lemma 3.13.

Define e3 := smin{|fa], o € (V(f)UD(f)) Nec(f)A"}. Clearly, since e3 < &1, we
obtain by the construction from the beginning of the proof of Lemma 3.13 that for
every polynomial g € Rlz] with deg(g) < ¢(f) and |ga| < €3, @ € A(g), one has
Newso(f + 9) = Newso(f) with f + ¢ satisfying conditions (C1)-(C3). Further, by
definition of €3 one has D(f) C D(f +g), because (f 4+ g)a+ # 0 holds for all a* € D(f).
In fact, for each a* € D(f) Nec(f)A™, one obtains

|(f + 9)ar| = |far + gar| > | far] = gar| > |far| — €3 >0,

and for all remaining exponent vectors a* € D(f) \ ¢(f)A"™ the property

(f +9ar = far + gor = far #0.

We note that the set D(f + ¢) \ D(f) may or may not be nonempty, that is, the
perturbation of f by ¢ may or may not create new degenerate points a*. In the following

we shall treat these two possibilities as two subcases.

Subcase D(f +g)\ D(f) =0
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By assumption the polynomial f fulfills the sufficient conditions from Theorem 2.41 with
some weights wy(a*), o* € D(f). We claim that for every o* € D(f) N (2Nj) there

exists a constant e4(a*) > 0 such that

Aa
0< (wf(a*) H (fO‘)\; €> + fa*> —e  forall € € (0,e4(™)], (3.4)

aeV*

and for every o € D(f) N (2N{) there exists a constant e4(a*) > 0 such that

0< <wf(a*) I1 <f‘1; 5>M - fa*|) —c foralle € (0,e4(a®)].  (3.5)
acV* @

This is the case since taking the limit € | 0 of the right side of (3.4), one obtains the

number w¢(a*)O(f, V*,a*)+ for, which is positive due to the assumption that f fulfills

the sufficiency conditions from Theorem 2.41 and, taking the limit € | 0 of the right side

of (3.5), one obtains the number ws(a*)O(f, V*, a*) — |fax|, which is positive for the

same reason.

Set €4 := 2 min{e4(a*)| a* € D(f)} > 0 and consider g € R[z] with deg(g) < c(f) and
|ga| < € < min{es,e4q} for all a € A(g). By € < e3 < e (see (3.2)) and the arguments
above, the polynomial f + ¢ fulfills the conditions (C1)-(C3). Further, using the fact
D(f) = D(f + g) and defining the weights wy, 4 of the perturbed polynomial f + g by

Wetg(a®) :=wyp(a®) forall o € D(f +g),

in view of € < g4 one obtains the relations

(f +9)a

v

* foz_E Ao
fa*_|ga*|2fa*_5>_wf(a) H ()\>

acV* @
> —wp(a)O(f +g,V",a")

= —wpig(a®)O(f +g,V*,a*) forall a* € D(f + g) N 2N,

and

— >\C¥
(4Dl = Vel + o] < ol +2 <) T (F5°)

A
aeV* @

IN

wy(a®)O(f +49,V", a”)
= wpig(a®)O(f+g,V*, ) forall o € D(f+g)N (2Ng)°,

where, in either case, the strict inequality holds due to (3.4) and (3.5), respectively, and
the last inequality holds because of fo, — & < fo — |9al < (f 4+ g)a for all a € V* N A(g)
and fo, — e < fo = (f+g)o for all « € V* N A%(g).
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The polynomial f + g thus satisfies all assumptions from Theorem 2.41 and is, hence,

coercive on R™.

Subcase D(f +g)\ D(f) # 0

By the sufficiency conditions from Theorem 2.41 and a continuity argument, for each

a* € D(f) there exists a constant o+ > 0 with wy(a*) — dox > 0,
Joar > —(wp(a®) — 00)O(f, V¥, ) if o € D(f) N 2N, (3.6)

and
|far] < (wp(a®) = 0ax)O(f, V*, @) if * € D(f) N (2Ng)“. (3.7)

Let the corresponding weights w4, for the polynomial f + g be defined as follows:

Witg(a®) :=wyp(a®) —0ox  for all o € D(f), (3.8)
wrig(a®) = [D\D(f)|"* Y b5 foralla* € D(f+g)\ D(f). (3.9)
preD(f)

Note that all weights wy4(a*) corresponding to the newly created degenerate exponent

vectors a* € D(f + g) \ D(f) are defined to be constant.

Clearly, we obtain wy,4(a*) > 0 for all o* € D(f + g) and

Yo wpgl@) = D wpgla)+ Y wpg(a?)

a*€D(f+9) a*eD(f) a*€D(f+9)\D(f)
= > (wp(e*) = o) + > ID\D(H)IT 56*
a*eD(f) a*eD(f+9)\D(f) BreD(f
= Y @)= Y et | Y b >, IDAD(IT!
a*eD(f) a*eD(f) B+eD(f) a*€D(f+g)\D(f)
D D
- Y w DR P I [D(f +9)\ D(f)]
a*eD(f) a*eD(f) B*eD(f) D\ D(f)|
< Y wpla) = > 5a*+ > 55*2 > wplat) <1
a*€D(f) a*eD(f B*eD(f a*€D(f)

with the penultimate inequality holding since D(f) C D(f + g) C D, and the last
inequality holding by the ssumption that f fulfills the sufficiency conditions from The-

orem 2.41.
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Next, we claim that for every a* € D(f) N (2Nf) there exists a constant e5(a*) > 0 such
that

Aa
0 < (wp(a®) — dar) H <fa>\_ g) + far —e  forall e € (0,e5(a™)], (3.10)

acV* @

and for every o* € D(f) N (2N})° there exists a constant e5(a*) > 0 such that

Aa

0 < (wp(a®) — dar) H <fa)\ 6) —|farx| —e  for all e € (0,e5(a™)]. (3.11)
acV* @

This is the case since taking the limit £ | 0 of the right side of (3.10), one obtains the

number (ws(a*) — 60 ) O(f, V*, a*) + far, and taking the limit € | 0 of the right side of

(3.11) yields the number (w¢(a*) — dax) O(f, V*,a*) — | for|. In view of (3.6) and (3.7),

both of these numbers are positive.

This implies that for every a* € D(f) N (2Nf) one has for all € € (0, e5(a*)]

L\ e
(f+9ar > far—e>—(wp(@®) =bar) [] (fa €>

acV* Aa

J— A&
= —wpg(e®) [] <fa)\a 8) > —wiig(@*)O(f +g,V*, )

acV*

and simultaneously for every o* € D(f) N (2N{})“ one has for all € € (0,e5(a*)]

Ao
(9l < ol e < (wy(0") = 30 T] (fa_€>

A
aeV* @

_ Ao
= wpgon) [T (f“ ) < Wiy (0M)O(f + g,V o)

aeV* )\a

where, in either case, the strict inequality holds due to (3.10) and (3.11), respectively,
and the last inequality holds because of f, — & < (f + g)o for all @« € V* as in the

previous subcase.

The choice of ¢ < g5 := min{es(a*), a* € D(f)} results in all coefficients (f + ¢)a+,
a* € D(f), fulfilling the sufficient conditions for coercivity from Theorem 2.41. In order
to finish the proof, we only have to guarantee this property for all remaining degenerate

exponent vectors D(f + ¢g) \ D(f) of f+ g, which we shall do in its following final part.
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We claim that for every o* € D \ D(f) there exists a constant ¢ > 0 such that such

that one has

Aa
0< | |D\D(f Z I H <fa)\ 6) —¢ forall €€ (0,¢eq].

B*eD(¥) aEV*

This is the case since taking the limit € | 0 of the right side of the latter inequality yields
the positive number (|ﬁ \ D(f)|7* 2 _BreD(f 6g*> O(f,V*,a*). Due to D(f +g) C D,
this implies that for every a* € (D(f +¢g) \ D(f)) N 2Nj and all € € (0, 6] we obtain
the property

(f + g)a*

Jar > —|gar| > —¢€

~(D\D(HI X 55* 11 (faA_E)Aa

B*eD(f % a

V

= i) I (fa;g) "2 —wpga)O 0,V a)

aeV* @

with the first equality holding due to f,« = 0, and the last inequality holding because
of fo —e < (f + ¢g)a for all « € V* as above.

Simultaneously, due to D(f + g) C D, for every o* € D(f +g) \ D(f) with o* ¢ 2Nj
and all € € (0,eg6] one obtains the property

’(f+g)a*‘ = ‘fa*+ga*|:|ga*‘§5
< |[D\DAHIT Y s | ] (fasya
Ao
a*eD(f) acV*
* a— ¢ * * %
= wpglot) T (fA ) < wpig (07O + 9.V, "),
aceV* «

where the second equality and the last inequality hold for the same reasons as above.

Finally, choosing ¢ < min{es,e5,66} we obtain that f + g in the last subcase fulfills
all sufficient conditions from Theorem 2.41 and f + g is thus coercive on R"™, which

completes the proof. O

The following theorem is shown along the same lines as Theorem 3.14, with Theorem 2.39

and Lemma 3.13 replaced by Theorem 2.41 and Lemma 3.16, respectively.

Theorem 3.17. If for f € Rlz| the sufficient conditions from Theorem 2.41 hold, then
[ is coercive on R™ with s(f) = ¢(f) = 2minges k; € 2N, where k;, i € I, come from
(C3).



Chapter 3. Stability, order of growth, and Newton polytopes 56

Remark 3.18. Theorems 3.14 and 3.17 imply, in particular, that the upper bound ¢( f)
for s(f) from Lemma 3.12 is attained under mild assumptions, unlike the coarser upper
bound deg(f) from Lemma 3.3 (cf. Ex. 3.15 and the subsequent Sec. 3.3). O]

3.3 Stable coercivity of maximum degree

As illustrated by Example 3.15, a large class of coercive polynomials f satisfies s(f) <
deg(f). This motivates to study whether polynomials of maximal degree of stable co-
ercivity, that is, with s(f) = deg(f), enjoy any special properties. The present section

will provide a positive answer.

Lemma 3.19. If f € Rx] is deg(f)-stably coercive, then the necessary conditions from
Theorem 2.29 as well as

Newoo(f) = deg(f)A" (C4)

hold.

Proof. Since any deg(f)-stably coercive polynomial f is coercive on R™, the first part
of the assertion holds by Theorem 2.29. With Definition 3.2 and Lemma 3.12 one
obtains deg(f) < s(f) < ¢(f). Hence deg(f) < ¢(f) holds, and Proposition 3.7 implies
deg(f)A™ C Newso(f). Since Newoo(f) C deg(f)A™ is always true, one finally obtains
Newso(f) = deg(f)A™. O

Lemma 3.20. Let f € R[z] be gem regular. If the conditions (C1)-(C4) hold, then f is
deg(f)-stably coercive.

Proof. By Theorem 3.14 it holds s(f) = ¢(f) and since, by assumption, f fulfills (C4), it
also holds ¢(f) = deg(f). Thus s(f) = deg(f) and, by Definition 3.2, f is deg(f)-stably

coercive on R". O

As, in the gem regular case, the necessary and sufficient conditions for coercivity for f €
R[x] coincide, from Lemmata 3.19 and 3.20 we may obtain a characterization theorem for
stable coercivity for f of degree deg(f) in analogy to the Characterization Theorem 2.39
for coercivity. Before we state it (cf. Th. 3.23 below), we return to the relation of stable

coercivity of degree deg(f) with the growth condition (G) from Lemma 2.52.

Lemma 3.21. If f € Rxz] fulfills deg(f) € 2N and the growth condition (G), then the
conditions (C1)-(C4) hold.
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Proof. By Lemma 2.52; f is coercive on R", so that Theorem 2.29 implies the conditions
(C1)-(C3). Assume that condition (C4) is violated. Then we obtain the existence of
some i € I With fyee(f)e, = 0. The points z(t) := te; with ¢ > 0 satisfy

Jaeg(py(@(t)) = 198 " foef,

|af = deg(f)

where e vanishes whenever a; > 0 holds for some j # i. Hence, the summation must
only be taken over exponents a with |a| = deg(f) and o = ce; with some constant ¢ > 0.

As the only possible choice is ¢ = deg(f), we arrive at
Faea(p) (@) = t98D) fiopes = 0 < §llz(t)]98W) = §edeslD]|ey]

for any 6 > 0 and ¢ > 0. Consequently (G) is violated, in contradiction to the assump-
tion. O

Lemma 3.22. Let f € Rlz| be gem regular. If the conditions (C1)-(C4) hold, then we
have deg(f) € 2N, and the growth condition (G) is fulfilled.

Proof. Conditions (C1)-(C3) and Theorem 2.39 guarantee the coercivity of f, so that
Remark 2.17 yields deg(f) € 2N.

Under condition (C4) and gem regularity, for all x € R™ we have

fln(@) = 30 fat® = D Saeane 7t

la] = deg(f) il

Due to deg(f) € 2N we may also replace the terms x; by |z;| in the latter expression, so

that

1/ de
HxHW-deg(f) = (fdeg(f)(‘r))/ 8/)

turns out to be a weighted £, norm with p = deg(f) and weights fyee(f)e,» ¢ € I, which
are actually positive due to (C2). By the equivalence of norms, for any other norm || - ||

on R" there exists some M > 0 with ||| deg(r) = M|zl for all z € R", and we arrive

at
de e e
Faea(n (@) = all Bl sy > M) ||g|desls),
The choice § := M3e(f) shows the assertion. O

Our results allow to state the subsequent theorem, which presents several characteriza-

tions of stable coercivity of maximal degree.

Theorem 3.23. For a gem regular polynomial f € Rlx] the following four assertions

are equivalent:
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a) f is deg(f)-stably coercive.
b) f is coercive and (C4) holds.
c) f fulfills conditions (C1)—(C4).

d) f fulfills deg(f) € 2N and the growth condition (G).

Proof. By Lemma 3.19, assertion a) implies b), Theorem 2.39 shows that assertion b)
implies ¢) and, in view of Lemma 3.20, assertion ¢) implies a). This shows the equivalence
of assertions a), b), and c¢). The equivalence of assertions ¢) and d) is an immediate

consequence of Lemmata 3.21 and 3.22. O

We finish this section with the statement of Lemma 3.20 without the assumption of
gem regularity. The proof runs along the same lines as the proof of Lemma 3.20, with
Theorem 3.14 replaced by Theorem 3.17.

Proposition 3.24. If f € R[z] fulfills the sufficient conditions from Theorem 2.41 as
well as the condition (C4), then f is deg(f)-stably coercive.

3.4 The order of coercivity

This section investigates how the speed of growth of a coercive polynomial is related to

stable coercivity. As before, || - || shall denote some arbitrary norm on R™.

Definition 3.25. A function f : R™ — R is called g-coercive on R™ for some nonnegative

g€ R if f(z)/]|z||? = o0 holds for ||z|| — +oo.

Remark 3.26. Clearly, if f € R[z]| is g-coercive on R"™ for some g > 0, then f is
g-coercive on R™ also for all g € [0, q). O

Remark 3.27. By Definition 3.25 above, the 0-coercivity of some f € Rlz] on R”
coincides with the notion of coercivity of f on R™ we used so far. Therefore, in the

following, instead of saying that f is 0-coercive on R™, we shall say that f is coercive on

R™. O

Definition 3.28 (Order of coercivity). For a coercive function f : R™ — R on R™ we
call the number

o(f) :==sup{q > 0] f is g-coercive on R"}

the order of coercivity of f. A coercive function f : R™ — R with order of coercivity
equal to o(f) is called coercive on R™ of order o(f). For later purposes we introduce the

set

Q(f) :=={q > 0] f is g-coercive on R"}.
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Remark 3.29. A coercive function f on R™ with a finite order of coercivity o(f) is
g-coercive on R"™ for all 0 < ¢ < o(f), but f is not necessarily o( f)-coercive on R™. As
an example for n = 1, take f(x) = x2. One obtains o(f) = 2, f is g-coercive on R for

all 0 < ¢ < 2, but f is not 2-coercive on R. O

Lemma 3.30. If f € R[x] is coercive on R™ then the necessary conditions from Theo-
rem 2.29 as well as Q(f) C [0,¢(f)) and o(f) < c(f) = 2miner k; € 2N hold.

Proof. The first part of the proof directly follows from Theorem 2.29. Further, using
Lemma 3.9, one obtains ¢(f) = 2min;cs k; € 2N. Now, on the contrary, assume Q(f) €
[0,c(f)). Thus, there exists some ¢ € Q(f) with ¢ > ¢(f). Then, for any * € I with
c(f) = 2minges ki = 2k, one obtains ¢ > 2k;x. With z¥ := vejx, v € N, we obtain
a sequence (z")yen With [[2”[l2 — 400 for v — 400. More precisely, from z¥ = 0,

j € I\ {i*}, for all v € N, we conclude ||z”||2 = |2%]? as well as

fay = Y fea (@)

L<L2k;x:Le;x €A(f)

Due to £ < 2k« < ¢ for all £ in this summation, we arrive at

im A1) 3 N CON

v——+00 HJ;V Hg v—+o00

L<L2k;x:Le;x €A(f)

= Z im  fre,. 71 < 4o,

v——+00
L<2k;x:Le;x €EA(f)

This contradicts the assumption of f being g-coercive on R™. Thus Q(f) C [0,¢(f))
holds and, by Definition 3.28, also o(f) < ¢(f). O

Lemma 3.31. Let f € Rz] be a gem regular polynomial satisfying the conditions
(C1)-(C3). Then f is coercive on R™ with Q(f) 2 [0,¢(f)) # 0 and o(f) > c(f) =
2miner k; € 2N.

Proof. By Theorem 2.39, f is coercive on R™ and, using Lemma 3.9, one obtains ¢(f) =
2min;er k; € 2N resulting in [0, ¢(f)) # (0. Since f is gem regular, one also has D(f) = 0,
and, one may write f = fV() 4 R Let g with 0 < ¢ < ¢(f) be arbitrarily chosen. To
show that f is g-coercive on R", by equivalence of the norms on R it suffices to prove
that fV()(z)/||z||% — oo holds for ||z|/cc — co. Then, as by the proof of Proposition
2.37 (see also Proposition 3.1 in [4]) there exists some € > 0 such that for every sequence

(x¥)yen with lim,_, ||2"]|cc = 400 one has

fR(f) (") > (e — 1)fv(f) () for almost all v € N,



Chapter 3. Stability, order of growth, and Newton polytopes 60

we obtain
v V() (z¥ R(f) (v V() (g
||f(f‘q) _f (xH) j’Hl}f () > ng ”\Tf ) for almost all v € N (3.12)
il | S 7o " ||oco

and, thus, the assertion.

In fact, for any v € N, with the numbers k;, i € I, from (C3) we obtain

ZkaeZ 2kel = Z famaZO,

il €V (f)\[2kies, i T}

where the nonnegativity follows from conditions (C1) and (C2). This implies

g 2k;
rww Elmﬁ|wq 53&@|W“
i€l
Let j(v) € I denote some index with |z¥, || = ||[z¥||cc. Then we may continue to write
iw)
V|2 |z, |2Riw)
i) . v 12k —a
Zf2k e; H 1/”‘1 - f2]€ i (v) €5 (V)W Z <I’Lrl€1}1 f2k161> ||"E ||OO )

el

where the first inequality is true due to fag,e, > 0 for all i € I by conditions (C2) and
(C3), which also implies the positivity of the term min;es fog,e;. Furthermore, by Lemma
3.9 one obtains

2kj() —¢ 2 2mink; —g = c(f) —q,

so that for almost all v € N we arrive at
2% (1) — _
[ o <SR

In view of ¢ < ¢(f) our estimates imply

V() (v
lim / (")

> mi I vie(f)—¢ _ .
v——+00 HJ"Vch)o _Iznel}lekzez VEI_E)OH% ”oo 400

Thus, f is g-coercive on R", that is, Q(f) D [0, ¢(f)) holds and, by Definition 3.28, also
o(f) = e(f). O

The following result is a direct consequence of Theorem 3.14 and Lemmata 3.30 and
3.31.

Theorem 3.32. Let f € R[z] be a gem regular polynomial satisfying the conditions
(C1)-(C3). Then f is coercive on R™ with

s(f) = e(f) = o) = 2mink; € 2N
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and Q(f) = [0, ¢(f))-

Example 3.33. Ezxample 3.10 and Theorem 3.32 yield o(f) = 2 and Q(f) = [0,2) for
the gem regular polynomial f(z) = x1 + 3 + 2323 from Example 3.5.

The following result characterizes g-coercivity of arbitrary continuous functions in terms
of a growth condition.

Lemma 3.34. A continuous function f : R"™ — R is g-coercive on R™ for some q > 0 if
and only if
Ver >0 Jea >0 with f(x) > cflz||?—c2 YV € R™.

Proof. Let f be g-coercive on R™. Then
Vepr >0 IM >0 with f(x) > cflz||? V|| > M. (3.13)
For an arbitrary value ¢; > 0, with

= 0 - 3.14
¢z i=max{0, max erff]?— fz)}, (3.14)

x|

it holds f(z) > c1]|z|| — ¢2 for all ||z|| < M. Since c2 > 0 holds due to (3.14), using

(3.13) one simultaneously obtains
f(@) = ezl = ezl —e2 V] > M,
which finally results in
Ver >0 Jep >0 with  f(x) > ¢q|z]|T —c2 Vz e R™ (3.15)

For the proof of the other direction assume that (3.15) is true. This implies

fla) o e

Ver >0 dep >0 with > —
]| ]|

Vo € R™\ {0}. (3.16)

Taking the limit for ||z|| — 400 of both sides of (3.16) yields

f(x)

llzl|—+oo [l

Yep >0

or, in other words,
f(=)

| —+oo [|2[|

:+OO

and the g-coercivity of f on R" follows. O
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Theorem 3.35. For any gem regular polynomial f € Rz| the following assertions are

equivalent:
a) f is coercive on R™.
b) f fulfills conditions (C1)-(C3).

¢c) Q(f) =[0,¢(f)) # 0

d) c¢(f) >0, and the property
Vep > 0 Jeg > 0 with f(x) > cp]|z]|? —c2 for all x € R™

holds with some q > 0 if and only if q¢ € [0,¢(f)).

Proof. For the equivalence of a) and b) see Theorem 2.39. For the proof that ¢) implies a)
see Remarks 3.26 and 3.27. Further, b) implies ¢) by Theorem 3.32. For the equivalence
of ¢) and d), see Lemma 3.34. O

Finally, we present a lower bound for the order of coercivity for polynomials which,

unlike in Lemma 3.31, are not necessarily gem regular.

Lemma 3.36. Let f € R|x] be a polynomial satisfying the assumptions of Theorem 2.41.
Then f is coercive on R™ with Q(f) 2 [0,¢(f)) # 0 and o(f) > ¢(f) = 2min;es k; € 2N.

Proof. The proof runs along the same lines as the proof of Lemma 3.31. In fact, by the
proof of Theorem 2.41 (see [4, Th. 3.4]), there exists some ¢ > 0 such that for every

sequence (z"),en with lim, o ||27|lcc = +00 we have
PO ) + D () > (e = 1) fV I (@) for almost all v € N. (3.17)

Regarding (3.17) the same argumentation as in the proof of Lemma 3.31 can be used. [

Theorem 3.37. Let f € Rx] be a polynomial satisfying the assumptions of Theo-

rem 2.41. Then f is coercive on R™ with

S(f) = e(f) = o) = 2mink; € 2N

as well as Q(f) = [0,¢(f)) # 0.

Proof. The assertion directly follows by Theorem 3.17 as well as Lemmata 3.30 and
3.36. O



Chapter 3. Stability, order of growth, and Newton polytopes 63

For a polynomial f € R[] fulfilling the sufficiency conditions from Theorem 2.41, Lemma
3.34 gives a growth type characterization of its g-coercivity for exponent values ¢ €
Q(f) =[0,c(f)). In the following, we shall show that such f fulfill a similar growth type
condition as that from Lemma 3.34 even for the choice of the exponent value ¢ = ¢(f).
We shall use this fact in Section 3.5 below to prove the existence of certain Holder type
error bounds, or to prove growth properties for Lagrangians in some problems arising in

the calculus of variations.

Theorem 3.38. Let f € Rx] be a polynomial satisfying the assumptions of Theo-
rem 2.41. Then for every q € Q(f) = [0,¢(f)] there exist constants ¢; > 0, co > 0
with

f(z) > callz]|?—ca  for allz € R™

Proof. As by Theorem 3.37, the polynomial f is g-coercive on R"™ for all ¢ € Q(f) =
[0,¢(f)), the application of Lemma 3.34 yields the assertion for each ¢ € Q(f). It
hence only remains to prove the assertion for the special case ¢ = ¢(f). By the proof of
Theorem 2.41 (see [4, Th. 3.4]) there exists a constant € > 0 such that for every sequence

(2¥)yen with lim,_, [|27]|cc = +00 we have
PO @y + D @) > (e — 1) YD (@¥)  for almost all v € N,

With analogous arguments as in the proof of Lemma 3.31 this results in

f@) YD) .
Z € 2 emln f2kzel
O T S
for almost all v € N and, thus, in
f(a¥)

() = €Wh foge, > 0.
lzlloo—00 || (| 2 emin fop,e;
[EaglISs

Thus, there exists some M > 0 with

/ (f()f) > EINEr fakies g (2]l > M. (3.18)
[E{Ess 2
Defining
€min;ey f2kie¢ (f)
= —-— d = O, ¢ - 9
c1 5 and ¢ := max{ ||90IHI£§M c1llzl|Ss f(x)}

one obtains f(z) > c1||g;H§S>f) — ¢ for all ||z]|c < M and, due to ¢z > 0 and (3.18), the
same inequality for all ||z||cc > M. The assertion now follows from the equivalence of

norms on R™. O
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It is worth mentioning that the growth of polynomials is also analyzed in [63], where the
authors use various algebraic tools for answering the question of how fast (not necessarily

coercive) polynomials grow on semialgebraic sets.

3.5 Some applications

In this section we present three applications of our above main results. All of them
are related to the speed of growth of coercive polynomials which, in view of the above

results, may be characterized in terms of their degree of convenience.

3.5.1 Surjectivity of polynomial gradient maps

The following result is a well-known variational argument and may be found in, e.g.,

[12] for the univariate case. We provide its short proof for completeness.

Lemma 3.39. Suppose that f : R™ — R is differentiable and 1-coercive on R™. Then

the gradient map Vf : R™ — R" is surjective, that is, we have

{Vf(z)| x e R"} = R™

Proof. By the 1-coercivity of f, for any a € R™ the function g,(z) := f(z) —a’ x satisfies

golr) Wﬂd@oo(ﬂx) aw)

(s T TR eSS TP 2 " ]
lim <f($) — max aTy> = +o0
Izl =0 \ [zl yl=1

and is, thus, also 1-coercive on R”. Like in Remark 3.26, this implies the coercivity of g,
on R™ and, hence, there exists a global minimal point z, € R™ of g, over R". Fermat’s
rule implies 0 = Vgq(z4) = V f(2,) —a, so that for any a € R™ there exists some z, € R"
with V f(z,) = a, as asserted. O

Theorem 3.40. Let f € Rlx| be a gem regular polynomial satisfying the conditions
(C1)-(C3). Then the polynomial gradient map Vf : R™ — R" is surjective.

Proof. By Theorem 3.32 one has Q(f) = [0, 0(f)) with o(f) € 2N. This implies o(f) > 2,
and by Remark 3.26 f is 1-coercive. The assertion, thus, follows from Lemma 3.39. [

Replacing Theorem 3.32 by Theorem 3.37 in the previous proof immediately yields the

following result.
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Theorem 3.41. Let f € Rlz] be a polynomial satisfying the assumptions of Theo-
rem 2.41. Then the polynomial gradient map V f : R™ — R" is surjective.

We mention that checking surjectivity of polynomial maps F' : R” — R"” is, in general,
NP-hard (see, e.g., [7]). By Theorems 3.40 and 3.41, for some polynomial gradient maps
Vf:R" - R" with f € R[z], the surjectivity of Vf can be guaranteed by the sufficient
conditions for coercivity of f from Theorems 2.39 or 2.41. These, however, require
to identify the set of vertices of Newton polytopes at infinity V(f) together with the
corresponding faces of New(f) not containing the origin G(f). This may be realized by,

for example, vertex- or facet enumeration algorithms (for more details see, e.g., [3, 13]).

3.5.2 Holder type error bounds

Error bounds for systems of inequalities possess important applications, for example in
sensitivity analysis or in the formulation of termination criteria for optimization methods
(for more details and references see, e.g., [54]). Some results on the global error bound
property for systems of polynomials are already known. In [57] a Hélder type global
error bound for a general polynomial system is proven, but the corresponding Hélder
exponent remains unspecified (see [57, Th. 2.2]). In the special case of a convex quadratic
inequality system satisfying the Slater condition, in [57] a global error bound result is
proven with the explicit (Holder) exponent one (see [57, Th. 3.1]), which can been seen as
an analogon of the well-known Hoffman global error bound for linear inequality systems
(see [36]). In [87], for a convex quadratic inequality system a generalization of the result
from [57] is achieved, where the Slater condition is not needed, with the corresponding
Holder exponent not exceeding one and explicitly depending on the so-called degree of
singularity of the system. Further generalizations of Holder error bound results in the
setting of piecewise convex quadratic systems, general piecewise convex polynomials or
parametric polynomial systems can be found in [54-56]. In [54] and [55] an explicit
Hoélder exponent depending on the dimension n and the degree of the corresponding

polynomial d is given.

In this section, we provide Holder type error bounds for a broad class of (not necessarily
convex) coercive polynomials, and we link the corresponding Holder exponents to the

degree of convenience.

For an arbitrary non-empty set M C R", the distance function dist(-, M) : R — R is
defined as
dist(z, M) := inf —
ist(z, M) = inf [z 2],
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where || - || denotes some norm on R”, and, for any function f : R"™ — R, we define the
residual function [f(z)] . = max{0, f(x)}, » € R", and the lower level set f% ={z €
R™[ f(x) < 0}.

Lemma 3.42. Let f € Rx] be a polynomial satisfying the assumptions of Theorem 2.41
with f% # (). Then there exist a constant v > 0 and some r > 0 with

dist(:v,f%) < 'y[f(x)]i_/c(f) for all ||x|| > 7.

Proof. For the contrary, let us assume that for each v > 0, r > 0 there exists some

x € R" with ||z|| > r and
dist(x, £2) >~ [f ()] V).

In particular, the latter implies the existence of sequences (7”) C R with v¥ — 400 for

v — oo and (z¥) C R™ with ||z¥|| — oo for ¥ — oo such that
(dist(z*, £2))° " > 4 (@) (3.19)

holds for almost all v € N, where the coercivity of f is employed. By Theorem 3.38

there exist constants ¢; > 0 and ¢z > 0 yielding
f@) = eallz”|V) =y >0 (3.20)

for almost all » € N. Due to the coercivity of f on R™, the nonempty set fo C R" is

compact and, using the Weierstrass theorem, one obtains

dist(z, f2) = inf |z — 2| < inf (|lz] +[12]]) = ||zl + min ||z]| (3.21)
z€f9 z2ef9 zef%

< €l
for all x € R".
The combination of properties (3.19), (3.20) and (3.21) results in

, e(f)
(1 + min_ o 11211 _ (dise(a, 2))

c1l|zv || <) — ¢y = ()], > (3.22)

holding for almost all v € N. Taking the limes superior for v — +o0 in (3.22), yields

. (f)
1 (el minsege 121) ‘
— = limsup - > limsupv” = +o0,
€1 votoo c1l|z? || <F) — ¢y V—st+o0

a contradiction. O
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Remark 3.43. Applying Theorem 3.37 in Lemma 3.42 reveals the upper bound 1/¢(f) <
1/2 on the Hoélder exponent due to c(f) > 2. O

Before we state global Holder type error bounds, we shortly recall the following version
of a local error bound result for a single polynomial inequality from [57] (for more detail,
see [57, Cor. 2.3]). The main result in [57] (Theorem 2.2) uses an error bound result for

polynomial equality systems proven in [37, Lem. 2].

Lemma 3.44. Let f € R[x] with f% # () be given. Then, for all 7 > 0 with f% N{x €
R"| ||z|| < 7} # 0, there exist some 4 > 0 and ¢ > 0 such that

dist(z, f2) < F[f@)]" for ail ||z| <.

Now we are ready to formulate the main result of the present section, a global Holder

type error bound for coercive polynomials.

Theorem 3.45. Let f € Rlz] be a polynomial satisfying the assumptions of Theo-
rem 2.41 with f% # (. Then there exist some ¥ > 0 and ¢ > 0 such that

dist(z, £2) < ymax{[f(@)]/ P, [f@)) T} for all z € R™.
Proof. By Lemma 3.42, there exist some v > 0 and r > 0 such that
dist(:x,fg) < fy[f(m)]i/c(f) for all ||z|| > r. (3.23)
Without loss of generality, one can assume that r > 0 fulfills
fen{z eR ||z <7} #0.

Then, Lemma 3.44 yields the existence of some 7 > 0 and ¢ > 0 with

dist(z, f2) <5 [f(x)]}r/q for all ||z|| <. (3.24)
Setting 4 := max{~, 7}, the assertion directly follows by (3.23) and (3.24). O

3.5.3 Existence and uniqueness of solutions in the calculus of variations

The following general existence result for the fundamental problem in the calculus of
variations in Sobolev spaces possesses a long history starting with Tonelli [81] as one of
its first contributors. For more details, we refer to [18, 19]. For proofs see, for example,
[18, Sec. 3.3] or [19, Sec. 3.4.1].
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Theorem 3.46. Let 0 C R™ be an open bounded set with Lipschitz boundary. Let
FeC'UxRxRY), f=f(z,u,f), satisfy

f(x,u,-) is convex for every (x,u) € Q x R, (T1)
together with
there exist ¢ > p > 1 and ¢; > 0,co,c3 € R such that

f(z,u,8) > crll€)l + calul? + 3 for all (z,u,§) € @ x R x R™ (T2)

Let the problem

P inf  I(u) = Ju(z), Vu(z)) dz st u= o9
(P) uev%/rll,q(m (u) /Qf(a: u(z), Vu(x))dz s.t. uw=wuy on
be given with some ug € W19(Q) such that I(ug) < oo. Then the problem (P) possesses
a minimizer ©w € W14(Q). Furthermore, if f(x,-,-) is convex for every x € Q and either
flx,-, &) is strictly convex for all (x,€) € Q x R™ or f(x,u,-) is strictly convex for all

(x,u) € Q X R then the minimizer of (P) is unique.

A natural question arising in the context of Theorem 3.46 is how to verify the growth
property (T2) with respect to the gradient information Vu for some given Lagrangian

f and, if at all, for which choices of exponent values ¢ condition (T2) holds.

Before we state Theorem 3.48 as the main result of this section, we briefly show that for
coercive polynomials strict convexity is not a stronger assumption than convexity. For

an alternative proof, see Section A.2 in Appendix.

Lemma 3.47. Let f € R[z] be coercive and convex on R™. Then f is strictly convex on
R™.

Proof. Assume that f is convex, but not strictly convex on R™. Then f must be linear
one some line segment of positive length in R™ (see, e.g., [77, Lem. 2]). This means that
for some x,y € R", x # y, the function F(t) := f(z + t(y — x)) is linear on the interval
[0,1]. Since F inherits the polynomiality of f, it must be linear even on all of R. On

the other hand, F' also inherits the coercivity of f, which contradicts its linearity . [

For the case when the Lagrangian f from Theorem 3.46 is separable in the variable
groups & and (z,u), as well as polynomial in z, an application of Theorem 3.38 yields
the following result, where the degree of convenience arises as a natural upper bound

for the choices of exponent values q.
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Theorem 3.48. Let Q0 C R™ be an open bounded set with Lipschitz boundary. Let
f1 € R[¢] be convexr on R™ and satisfy the conditions from Theorem 2.41. Let further
f2 € C%(Q x R) be such that there exist p € [1,¢(f1)) and ca,c3 € R with

fa(w,u) > calulP + c3 for all (x,u) € Q x R. (T2%)
Let

(P) inf  I(u):= / filVu(x)) + fo(z,u(z))dz  s.t. uw=wug on O
ueW14(Q) Q

with some ug € WH4(Q) and some q € (p,c(f1)] be given such that I(ug) < oo. Then

the problem (P) possesses a minimizer u € W14(Q). Furthermore, if fo(x,-) is convex

on R for every x € Q, then the minimizer of (P) is unique.

Proof. The proof proceeds by verifying all assumptions of Theorem 3.46. For the La-
grangian f(x,u, &) := f1(£)+ f2(x, u) one obtains f € CO(QxRxR") due to f; € C°(R")
and fo € C°(Q x R). Further, convexity of f; on R yields the convexity of f(z,u,-) for
all (x,u) € Q x R and thus the property (T1). The application of Theorem 3.38 to f;
provides for each ¢ € Q(f) = [0, ¢(f)] the existence of some constants ¢; > 0 and é > 0
with

f1(&) = c1||€||* — és  for all £ € R™. (3.25)

Hence, for all choices ¢ € Q(f) = [0,¢(f)] with ¢ > p the combination of the properties
(T2*) and (3.25) yields

f(z,u, &) > cer||€)|? + calulP + ¢4 for all (z,u,&) € O x R x R",

with exponents ¢ > p > 1 and some constants ¢; > 0, co € R and ¢4 := ¢c3 — ¢35 € R.
Property (T2) from Theorem 3.46 is thus also fulfilled and the existence assertion follows.
For uniqueness, Lemma 3.47 yields strict convexity of f; on R™ which, together with
the convexity of fa(x,-) for all x € Q, provides that f(z,-,-) is convex for all x € Q
and f(x,u,-) is strictly convex for all (z,u) € @ x R. Finally, an application of the
uniqueness part of Theorem 3.46 for f finishes the proof. O

Remark 3.49. Although the functional I(u) from Theorem 3.48 is of a rather special
form, it contains the following interesting special case. The choice f1(§) := %H{ |2 € RJ¢],
fo(z,u(x)) := g(x)u with some sufficiently smooth function g yields a functional I(u)
which possesses as its corresponding Fuler-Lagrange equation the well-known Poisson
equation

Au(z) = g(x) for all z € Q,
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an important object of interest in theoretical physics or mechanical engineering. For

more details see, e.g., [24, 29]. O

The following result is a straightforward implication of Theorem 3.48 for problems in
the calculus of variations with polynomial Lagrangians depending only on the gradient

information.

Corollary 3.50. Let Q0 C R"™ be an open bounded set with Lipschitz boundary. Let
f € R[¢] be convex on R™ and satisfy the conditions from Theorem 2.41. Let the problem
P inf I(u):= v d .t. = o0

(P) uEVIl/I%’q(Q) (u) /Qf( u(x))dx s.t. u=wugy on

with some ug € WH4(Q) and some q € (1,¢(f)] be given such that I(ug) < oco. Then the

problem (P) possesses a unique minimizer uw € WH4(Q).

Proof. The assertion follows with Theorem 3.48 by setting f1 := f, fo=0,co =¢c3=0
and p = 1. O

An interesting illustration of the latter corollary is the following well-known existence
result to the famous Dirichlet problem. We restate it here briefly in the light of the gem

regularity of the corresponding Lagrangian and its degree of convenience.

Example 3.51 (Dirichlet’s Energy Integral). For an open bounded set  C R™ with

Lipschitz boundary, consider Dirichlet’s energy integral

I(u) ::/ V|3 da.
Q

Since the corresponding polynomial Lagrangian f € R[{] with f(&) = ic; &2 is convex
on R™, gem regular and it satisfies the conditions from Theorem 2.41, choosing q :=
c(f) =2, Corollary 3.50 yields that the problem

P inf I 4 ou= 09,
(P) uEI/Il/I%vQ(Q) (u) s.t. u=wuy on

possesses a unique minimizer u € W12(Q) for all ug € WH2(9Q).
It is worth mentioning that, for the case n = 1, the setting of polynomial Lagrangians is

also used for some regularity considerations concerning solutions of variational problems

(see, e.g. [17]).



Chapter 4

Global Polynomial

Diffeomorphisms

4.1 Chapter overview

This chapter is based on the article [6] and it is structured as follows. In Section 4.2,
we show that every sum of squares polynomial || F'||3 corresponding to some polynomial
map F': R™ — R" fulfills conditions (C1) and (C2) and, using a determinant formula
for Jacobians JF' (see Lem. 4.8 below), we prove that polynomials ||F||3 corresponding
to polynomial maps F' with nonvanishing Jacobian determinants det JF' fulfill also the
condition (C3) (see Props. 4.9 and 4.10 below). Finally, a combination of Hadamard’s
theorem (see Th. 4.1 below) and the coercivity results from Chapter 2 enables us to
identify a class of polynomial maps F': R®™ — R" whose global diffeomorphism property
on R" is equivalent to their Jacobian determinant det JF' vanishing nowhere on R",

which is the main result of the present chapter (see Ths. 4.11 and 4.12 below).

This class of polynomial maps F' : R — R" is described in terms of so-called Newton
polytopes at infinity Newo (|| F||3) corresponding to ||F||3. More precisely, for a given
polynomial map F : R® — R", in order to verify whether F' belongs to the latter
class, one has to identify the vertex set at infinity V(||F||3), the set of so-called gem-
degenerate exponent vectors D(||F||3), and for the latter one also has to compute the
corresponding circuit numbers (for definitions, see Chapter 2). The first may be realized
by, for example, vertex- or facet enumeration algorithms (for more details see, e.g.,
(3, 13]).

We illustrate our main results in Example 4.13, where a one-parametric family of poly-

nomial diffeomorphisms of R? onto itself is analyzed by using our techniques. Since

71
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for some singular parameter value these techniques are not directly applicable, in Sec-
tion 4.3 we also prove the invariance of the coercivity property under linear coordinate
transformations, and show that our main results may be generalized by replacing the
assumptions on || F||3 by assumptions on ||F o A~!|3 for some regular matrix A € R™ "
(see Cors. 4.18 and 4.19 below). In Example 4.20, we use such a transformation to apply

our techniques to treat the case of the singular parameter from Example 4.13.

4.2 Global diffeomorphism property

Due to [30], the following theorem, which is of crucial importance for the present work,
goes back at least to Jacques S. Hadamard [33-35]. For its proof see, e.g., [30], [51,
Sec. 6.2], or [66, Cor. 4.3].

Theorem 4.1 (Hadamard). A map F' € CY(R",R") is a C*-diffeomorphism of R™ onto
itself if and only if the map F is proper and det JF wvanishes nowhere on R™.

Since for a continuous map F : R — R” its properness is equivalent to the property
|F(z)||3 — +o0o whenever ||z|| — +oc0 (see, e.g., [27, Prop. 3.1.15]), one can reformulate

Theorem 4.1 in the setting of polynomial maps as follows.

Theorem 4.2. A map F : R" — R" with F = (F1,...,F,), F; € Rz], i € I is a
Cl-diffeomorphism of R™ onto itself if and only if

det JE(x) # 0 for all x € R" (H1)

and

| F(z)||3 € Rlz] is coercive on R™. (H2)

In the following we will identify conditions under which (H1) implies (H2), so that the
diffeomorphism property of F' in Theorem 4.2 may be characterized by condition (H1)
alone, that is, the Real Jacobian Conjecture is true under these conditions. To this end,
we shall first show that the function f := ||F||3 always satisfies the conditions (C1) and
(C2).

For any two sets X1, Xo C R"™ we denote by X7 + Xo := {z € R"| Jz; € X3, Jz2 € Xy :
x = x1 + x2} C R™ their Minkowski sum and we define dX; := {x € R"| Jz; € X, :
x = dz1} for any d € R. We further denote by vert(P) the set of all vertices of some
polytope P C R™. The proof of the following auxiliary result is given in Section A.3 in
Appendix.
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Lemma 4.3. For any polytope P C R™ it holds v € vert(P + P) if and only if v =

2w with some w € vert(P).

The subsequent Lemma 4.4 will provide some useful properties regarding the Newton
polytopes at infinity of squared polynomials, while Lemma 4.5 shall treat the case of

sum of squares polynomials.

Lemma 4.4. For any f € Rlz] the following properties hold.

i) Newoo(f?) = Newoo(f) + Newoo (f)
i) V(f?) =2V (f)

iii) for each a € V(f2) it holds (f*)o = (f%o{)2 > 0.

Proof. Observe that due to

2

f2($) = Z foaxa = Z fafﬁxa+ﬂ
(f)

a€A(f) a,feEA

> S fafs |2, (4.1)

VEA(S)HA(S) \ @BeA)
a+B=y

the inclusion

A(f?) C A(f) + A(f) (4.2)

holds, which results in

Newoo(f2) = conv ({0} UA(f2) € conv ({0} U (A(f) + A(f)))
< conv ({0} U A(f)) + ({0} U A(f))) = conv (Ao(f) + Ao())

= conv (Ao(f)) + conv (Ag(f)) = Newso (f) + Newso (f), (4.3)

where the first inclusion follows from (4.2) and the penultimate equality holds since the
convex hull of the Minkowski sum of some given sets is the Minkowski sum of the convex
hulls of the sets (see, e.g., [50, Prop. 4.12]).

Next, we shall show the inclusion

Newoo(f) + Newoo (f) € Newoo (f2). (4.4)
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To this end it suffices to show vert (Newo (f) + Newoo(f)) € Newoo(f?). By Lemma 4.3
we have v € vert(Newoo (f) + Newoo(f)) if and only if v = 26 holds with some (unique)
§ € vert (Newoo (f)) = Vo(f) € Ao(f). If 6 = 0, then v = 0 € Newo(f?) by definition.
If § # 0, then with (4.1) one obtains for the coefficient (f?), € R of f? corresponding
to the vertex v that

(=D fafs=(f5)">0, (4.5)

a,BEA(S)
a+B=y

where the last equality holds due to Lemma 4.3 and the inequality due to fs5 # 0
following from 0 # 6 € A(f). This implies v € A(f?) and hence v € New(f2). Since
v € vert(Newoo (f) + Newoo(f)) was chosen arbitrarily, the inclusion

vert (Newoo (f) + Newoo (f)) € Newoo (f2)

follows.

The assertion i) follows from (4.3) and (4.4). The assertion ii) follows directly from the

assertion i) by using Lemma 4.3. The assertion iii) follows directly from (4.5) above. [

Lemma 4.5. For f(z) = Y_,c; F(z) with F; € Rlz], i € I, the following properties
hold.

i) Newoo(f) = conv (Uiel QVO(Fi))
i) Vo (f) C Uie[ 2Vo(F3)

i11) each o € V(f) satisfies fo > 0.

Proof. Observe that due to

flz) = ZFE(JU) = Z Z (Ff)ya”

i€l i€l yeA(F2)

= > Yo F)y ], (4.6)

veU;er A(F?) \i€l: yeA(F?)

the inclusion

A cJAED, (4.7)
i€l
and thus, also the inclusion
Ao(f) € | Ao(F?) (4.8)
i€l

hold.



Chapter 4. Global Polynomial Diffeomorphisms 75

Part i)

First, one obtains

Newoo(f) = conv (Ap(f)) C conv <U Ag(Ff)) = conv (U conV(Ao(Ff))>

i€l il

= conv (U Newoo(Fiz)> = conv <U conv(%(Ff))) = conv (U VO(FZ?))

i€l i€l i€l
= conv (U 2V0(E)> , (4.9)
iel
where the inclusion holds due to (4.8) and the last equality due to Lemma 4.4 ii). In

order to show the other inclusion

conv (U 2%(3)) C Newoso(f), (4.10)

i€l

it suffices to prove that the vertex set of the polytope conv (Uiel 2V0(Fi)) is contained
in the set Newso(f). To this end let o € 2Nfj be an arbitrary vertex of the polytope
conv (U;e; 2Vo(F;)). Then « is necessarily a vertex of each polytope conv (2Vy(F;))
containing «. Hence, by Lemma 4.4 ii), « is a vertex of each Newton polytope at
infinity Newoo(F?) containing «, that is, a € Vo(F?) for each i € I with o € Newoo (F?).
If & = 0 then obviously o € New(f) by definition. Next we shall consider only the
case a # 0. Here it holds o € V(F?) for each i € I with a € Newoo(F?) and using (4.6)

together with Lemma 4.4 ii) and iii) one obtains

fa = Z (Fz?)a = Z (Fiz)a

iel: acA(F?) i€l: a€V (F2)

ST () o (1)

iel: SeV(F;)

This implies o € A(f), and hence, o € Newoo(f).
The assertion i) follows from (4.9) and (4.10).
Part ii)
Due to i) it holds
Vo(f) = vert (conv <U 2V0(FZ)>> - U 2Vo(F3),
iel i€l

which proves the assertion ii).
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Part iii)

Due to ii) it holds V' (f) € U,;c; 2V (F;). Thus for any o € V(f) one has a € | J;¢; 2V (F3)
and with (4.11) one obtains

Jo= Z ((Fz)%) >0,

i€l SEV(F;)
which proves the assertion iii). O

The last lemma yields for any sum of squares polynomial f € R[z] the following property.

Proposition 4.6. Every polynomial f € Rlz| with f(z) = Y,c; F(z), F; € Rlz], i € I,
fulfills the conditions (C1) and (C2).

Proof. By Lemma 4.5 ii) one obtains Vp (f) € U,y 2Vo(F;), which results in

V() SV (f) < | J2W(F) € 2N,
el

and thus, f fulfills the condition (C1).

By Lemma 4.5 iii) one obtains f, > 0 for each a € V(f), that is, f also fulfills the
condition (C2). O

In order to analyze whether the sum of squares polynomial f = ||F||3 corresponding
to some polynomial map F also fulfills the condition (C3), we shall use the following

auxiliary result.

Lemma 4.7. Let F : R" — R™ with F = (Fy,...,F,), F; € R[z], i € I, be given. If
for each j € I there exist some i € I and k € N with ke; € A(F;), then the polynomial
f = ||F||3 satisfies condition (C3).

Proof. For every j € I let there exist some i € I and some k € N such that ke; € A(F;)
holds. Define for each j € I the non-empty set

I(j) :={i € I| 3k € N with ke; € A(F;)}

and
m(j) = max{k € N| ke; € A(F;), i€ I(j)}

together with the set I(j) C I(j) of indices at which the maximal value m(j) is attained.
For each j € I it holds m(j)e; € V(F;) for all i € I(j). Using Lemma 4.4 ii) one obtains
for each j € I

2m(j)e; € V(F?) for all i € I(3)
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and by Lemma 4.4 iii) also

2
(F)2m()e; = <(Fi)m(j)ej> > 0. (4.12)

With (4.6) and (4.12) one obtains for each j €

f2m(j)e]- = Z (F’i2)2m(j)ej = Z (Fi2)2m(j)6j
iel:2m(j)e;€A(F2) icl(j)
2
= > ((Fomgpe,) >0,
i€l(j)

which implies 2m(j)e; € A(f). Since by definition of m(j) it holds ke; ¢ A(f) for all
kE > m(j), one even obtains that for each j € I the vector 2m(j)e; € A(f) is a vertex
of Newoo(f). Thus, we arrive at 2m(j)e; € V(f) with some m(j) € N for every j € I.
Thus, f fulfills the condition (C3), and the assertion follows. O

In the following, for some vectors a,b € R™, we use the notation a > b if a; > b; holds

for all s € I, and 1 denotes the all-ones vector (1,...,1)T € R™.

The next result provides an explicit representation of the Jacobian determinant det JF
of a polynomial map F', which will enable us to link the nowhere vanishing property of
det JF to the condition (C3) of the polynomial || F||3, as formulated in Proposition 4.9

below.

Lemma 4.8 (Determinant formula).
Let F : R" — R"™ with F = (F1,...,F,), F; € R[z], i € I. Then all x € R™ satisfy

det JF(z) = > (det(al,...,a") H(Fi)ai> 2(Ziera’)-1, (4.13)

Ql € A(F;),iel el

Yierat>l

Proof. Let S, denote the symmetric group on n elements, let sign(o) denote the per-
mutation sign of o € S,,, and for some arbitrarily given x € R™ let the entries of JF'(z)

be denoted by a;;, 7,j € I. Then the Leibniz formula for determinants yields

det JF(z) = > sign(0) [Jaio

o€Sp el

with

Ajo(i) = Fz(l’) = Z (Fi)ai
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for all 0 € S, and ¢ € I. Interchanging multiplication and addition, and splitting the

LI Do) ]

for all ¢ € S,,. In fact, in the above summation for any 7 € I it is sufﬁcient to choose

appearing products, further leads to

H Qio(i) = Z

iel (al,..,an)eA(Fy) X x A(Fy)

[~

i€l

o' € A(F;) with o o() = 1, since the existence of some j € I with o’ o(;) = 0 means that

the monomial 22" does not depend on the variable z,;, resulting in

0 Lo
) w9
This shows
Mowo - ¥ |7 [ |
el a'eA(F) iel Liel i€l
( )>1 el
for all o € 5,,.
Next, for any (al,...,a") in the above summation and any i € I we have
0 o AT )
aﬂjg(i)x - o(i )xal ng(j)

J#i

and, since ¢ is a permutation,

ot _ i e a1
Loz [H%(")] S
€

el

We arrive at

i _rat—1
Moo = > [1I(F. '[H%m et
el aieA(Fi),ieI Licl el
ai(i)ZLie[

= Z Hag(i)] -m(at, ..., a" )
aGA( 3), i€l Liel

()>1 el

for all o € Sy, where the monomial
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does not depend on o. Hence, we may write

det JF(x) = Z sign(o) Z [H ai(i)] -m(at,..., a" )
0ESn a'€A(F;),iel Liel

ol 21, i€l

= Z Z sign(o) - [H a;(i)] -m(al, ..., o™ ).
a'€A(F;), i€l  0ESn iel

al 2 1yi€l

In the latter outer summation it suffices to consider o € A(F;), i € I, with Y, ;o > 1,

since otherwise there would exist some j € [ with a;'- = 0 for all ¢ € I, resulting in
)
J

the empty set.

« = 0 for any o € S,. However, then the inner summation would be taken over

After introducing this restriction on the outer summation, we may drop the constraint

ai(i) > 1, i € I, in the inner summation since, for given o € S,,, its violation leads to a
i
o(i

det JF(x) = Z Z sign(o) - [H ag(i)] -m(al,..., a" )

al€A(F;), i€l 0€Sn iel
Yier al>1
1 n 1 n
= g det(a’,...,a") -m(a,...,a", x),
Q' €A(F;), i€l
Yier al>1

vanishing product [[;c; « ) Thus we have shown the assertion

where the final identity is due to the Leibniz formula for determinants. O

Proposition 4.9. Let F : R" — R" with F = (Fy,..., F,), F; € R[z], i € I, be given
such that
det JF(0) # 0

holds. Then the polynomial f = || F||3 satisfies condition (C3).

Proof. Assume that f = || F||3 does not fulfill condition (C3). Then by Lemma 4.7 there
exists an index j* € I such that for every i € I and every k € N one has kej« ¢ A(F;)
and, thus, choosing k£ = 1 one especially obtains that for all ¢ € T

holds. Consider an arbitrary choice of exponent vectors o € A(F}), i € I, with

d ai=1. (4.15)

il
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Since of € Np for each i € I, the system of equations (4.15) implies
af € {0,1} for all i,j € I. (4.16)

Regarding (4.15), one also has

> ako=1 (4.17)

el
and thus, due to (4.16), there exists some (unique) i* € I such that aéi = 1. By (4.14)

there also exists some j** € I\ {j*} with oz;i* # 0 and, consequently,
o [ > 1.

Thus, the binary vector a’ possesses at least two nonzero entries and, with (4.15), one

obtains

IL—a” =] > ali<n-1 (4.18)
iel\{i*}

By (4.18) the remaining n — 1 binary vectors o', i € I\ {i*}, can possess at most

n — 2 non-zero entries in total. Thus, by the pigeonhole principle, there exists some
i** € I'\ {i*} with o’ = 0, which results in

det(al,... a") = 0. (4.19)

Since the choice of vectors o € A(F}), i € I, with (4.15) was arbitrary, using Lemma

4.8 and (4.19) one finally obtains

det JF(0) = > (det(al,...,a") H(Fi)a,) =0,
o' €A(F;), i€l =1
2ier =1

and the assertion follows.

The combination of Propositions 4.6 and 4.9 provides the following result.

Proposition 4.10. Let F : R” — R"™ with F' = (Fy,...,F,), F; € R[z], i € I, be given
such that
det JF(0) # 0

holds. Then the polynomial f = || F||3 fulfills the conditions (C1)-(C3).

The following two theorems contain the main results of this chapter. The first one

assumes the gem-regularity of the polynomial || F||3, while the second one treats also the
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case of gem-irregular polynomials ||F||3 under some further conditions imposed on the
coefficients corresponding to the gem-degenerate exponent vectors of ||F||3 which also

include the circuit number information.

Theorem 4.11. For F : R — R™ with F = (Fy,...,F,), F; € Rlz], i € I, let the

polynomial f = ||F||3 be gem regular. Then the following two assertions are equivalent.

a) F is a C*-diffeomorphism of R™ onto itself.

b) det JF(x) # 0 holds for all x € R™.

Proof. Assertion a) implies b) by direct application of Theorem 4.1. For the proof of
the reverse direction observe that assertion b) and Proposition 4.10 imply that || F3
fulfills the conditions (C1)-(C3) which, by Theorem 2.39, characterize the coercivity on
R™ of the gem regular polynomial ||F||3. The map F thus fulfills the conditions (H1)
and (H2), and Theorem 4.2 finally implies that F is a C!-diffeomorphism of R™ onto
itself. O

Theorem 4.12. For F : R® — R" with F = (Fy,...,F,), F; € Rlz|, i € I, let
f = |F|3. For each o* € D(f) let V* C V(f) denote a minimal affinely independent
set with o* € convV* and the corresponding unique positive convex coefficients Aq,
a € V*, of a*, let w(a*) > 0, o* € D(f), denote weights with Za*eD(f) w(a*) <1, and
let further

for > —w(@®)O(f,V*, o) if o* € 2N}

as well as
[far] < w(a®)O(f,V*, a*) else.

Then the following two assertions are equivalent.

a) F is a C'-diffeomorphism of R™ onto itself.

b) det JF(x) # 0 holds for all x € R™.

Proof. The proof runs along the same lines as the proof of Theorem 4.11, where Theorem
2.39 is replaced by Theorem 2.41. O

Example 4.13. Consider the polynomial map F; : R? — R? with Fii(z) =1 —1—3751)’ —tx%
and Fyo(z) = 2 + a3 + a3 for some parameter value t € R. We shall show that the map
Fy is a C'-diffeomorphism of R? onto itself for all parameter values t > —1, and that Fy
does not possess this diffeomorphism property for any t < —1.
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We define fi(z) := || Fy(z)|]3 for all z € R?. First, let us consider the caset = 1. Observe
that
det JFy(x) = 1+ 327 + 323 + 182523 > 0 for all v € R?

holds and hence det JFy(x) # 0 for all z € R? is fulfilled. One further obtains
fi(z) = 228 + 225 + 221 + 225 + 203wy — 22123 + 22 + 22
with the corresponding gem

g(fl) = conv ((67 0)7 (07 6)) )

which implies gem regularity of f1, since D(f1) = V(f1) N G(f1) = 0 (see Fig. 4.1).
According to Theorem 4.11 the map Fy thus is a C'-diffeomorphism of R? onto itself.

Next we shall consider only parameter values t # 1. First, observe that the condition
det JFy(x) = 14 327 + 323 + (9 + 9t)x3x3 # 0 for all z € R? (4.20)

is violated for any t < —1, since the choice x(s) = (s, s) with s € R leads to the function
det JFy(x(s)) = 1 + 652 + (9 + 9t)s* which possesses real zeros. By Theorem 4.1, Fy can
thus not be a C'-diffeomorphism of R? onto itself for any t < —1.

On the other hand, (4.20) holds for all t > —1, since the Jacobian determinant then is

strictly positive. One further obtains
fe(z) = 228 + (1 + D)2 + 2(1 — )izl + 2(x] + 23) + 2(z3zy — tay23) + 22 + 23

with
g(ft) = conv ((65 O)a (Oa 6)) )

which, for parameter values t # 1, implies gem irregularity of fi, since D(f;) = V(f)N
G(ft) =1{(3,3)} due to f (33 =2(1 —t) #0 (see Fig. 4.1). For o* = (3,3) € D(f;) the
unique minimal affinely independent subset V* C V(f) with o* € conv V* is given by
the vertex set at infinity of Newoo (ft) itself, that is, V* =V (fi) = {(6,0),(0,6)}. From
the convez representation o* = (3,3) = 3(6,0) + 3(0,6) with the unique positive convex

coefficients A 0) = Ao,6) = % computing the corresponding circuit number yields

[t (60))/\<6’0) (ft (0,6) (°6> + 2
O(fr, o™, V(f :(7 :
(fi (1)) A(6,0) A(0,6) % %

= 2v2\/(1 + 12). (4.21)
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Further, choosing the weight w((3,3)) := 1, the inequality

|ft,(3,3)‘ < @(fta O[*, V(ft))

holds if and only if t # —1, because due to fy (33) = 2(1 —t) and (4.21), the inequality

1201 — )] < 2v2/(1 + 2)

holds if and only if t # —1. According to Theorem 4.12, the latter fact together with
(4.20) imply that the map Fy is a C*-diffeomorphism of R? onto itself for all parameter

values t > —1, and the assertion follows.

@] @]

FIGURE 4.1: Illustration of Example 4.13. In the left picture, the shaded area corre-

sponds to the Newton polytope at infinity New,(f1), and the black circles stand for the

set A(f1). For the case t # 1, in the right picture, the shaded area corresponds to the

Newton polytope at infinity New o, (f;), the black circles stand for the set A(f;)\ D(fi),
and the shaded circle describes the (singleton) set D(f;).

Remark 4.14. Example 4.13 also shows that, despite the assertion of Proposition 4.9,
under the assumptions of Theorems 4.11 or 4.12 the diffeomorphism property of a poly-
nomial map F' may not solely be characterized by the condition det JF(0) # 0. In fact,
in the example we have det JF;(0) # 0 for any ¢t € R, but F; is not a C!-diffeomorphism
for t < —1. O

Remark 4.15. In [5, Lem. 2.22] we showed that gem regularity of a polynomial f is
a weak condition in the sense that it follows from a general position property of the
multiplier vectors a € A(f). Unfortunately, the polynomials f = ||F||3 considered in
the present chapter possess a special structure, so that gem regularity of such functions

is not necessarily a mild assumption.

In fact, Example 4.13 provides a parametric family of such polynomials for which gem
regularity and Theorem 4.11 may only be employed at a single choice of the parameter

(t =1). On the other hand, Theorem 4.12 covers the gem irregular case well enough to
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treat all members of the parametric family except for a singular choice of the parameter

(t = —1), which will be considered separately in Example 4.20 below. O

4.3 Coercivity under linear transformations

In this section we shall show how linear transformations can help to study the global
diffeomorphism property of a polynomial map when the assumptions of Theorems 4.11

and 4.12 are violated, like for the singular parameter value in Example 4.13.

Proposition 4.16. For any reqular matrix A € R™*" q function f: R™ — R is coercive

on R™ if and only if the function f o A~ is coercive on R".

Proof. Let A be a regular matrix, let f be coercive on R", and consider a sequence (y*) C
R™ with lim, o ||y”]| = +00. Then we have ||y*| < ||A|l||A~1y”]| for all v € N, where
| A|| denotes the matrix norm of A induced by ||-||. This implies lim, o [|A™ y”|| = +o00
and, by the coercivity of f, lim, oo f(A7!y") = 400, so that the coercivity of fo A~
is shown. The reverse direction may be shown along the same lines, using the identity

f=(foA oA O
We may also improve the formulation of Proposition 4.10 as follows:

Proposition 4.17. Let F : R” — R" with F' = (Fy,...,F,), F; € R[z], i € I, be given
such that
det JF(0) # 0

holds. Then for any regular matriz A € R™" the polynomial |F o A=Y|3 fulfills the
conditions (C1)-(C3).

Proof. Since F o A~! is a polynomial map, the assertion follows from Proposition 4.10
and det J(F o A71)(0) = det JF(0) - det A=% # 0. O

Corollary 4.18. The assertion of Theorem 4.11 remains true, if the assumption of gem
regularity of the polynomial || F||3 is replaced by the assumption of gem reqularity of the

polynomial ||F o A~Y|3 for some regular matriz A € R™*".

Proof. We only have to modify the proof that assertion b) implies assertion a). In fact,
for the given matrix A € R"*" assertion b) and Proposition 4.17 imply that ||F o A~1(]3
fulfills the conditions (C1)-(C3) which, by Theorem 2.39, characterize the coercivity on
R™ of the gem regular polynomial ||F o A~!||3. Consequently, by Proposition 4.16 also
the polynomial || F||2 is coercive, so that the map F thus fulfills the conditions (H1) and

(H2), and Theorem 4.2 implies the assertion. O
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The following result is shown analogously.

Corollary 4.19. The assertion of Theorem 4.12 remains true, if the assumptions on
the polynomial ||F||3 are replaced by the same assumptions on the polynomial ||Fo A™1|)3

for some regular matriz A € R™*™,

We illustrate Corollary 4.19 by sharpening the result given in Example 4.13.

Example 4.20. Consider the polynomial map Fy : R> — R? from Example 4.13 with
Fii(x) =x + a3 —tx3 and Fio(x) = x9 + 23+ 23 for some parameter value t € R. Then
Fy is a C'-diffeomorphism of R? onto itself if and only if t > —1.

In fact, by Example 4.13, it suffices to show that Fy is a C'-diffeomorphism of R? onto
itself for the singular parameter value t = —1. In fact, using the linear coordinate

transformation x = A~y with the matriz

JE
1 )

one obtains the gem-irregular polynomial

faA™y) = [Fa(ATy))3 =

= 2y7 + 2y3 + 8yi + 24yTys + 8yS + 48y1ys + T2yiys

with D(f_10A™Y) = {(4,2)} and V(f_10A71) = {(6,0),(2,4), (0,2)}. From the positiv-
ity of the circuit number O(f_1 0 A™Y,(4,2),V(f_1 0 A™1)) corresponding to the unique

gem-degenerate exponent vector o* = (4,2) of f_10 A™L, one obtains the inequality

48 =(f10A7") > —O(f 1047, (4,2),V(f10A7)).

(4,2)

Since det JF_1(w1,79) = 1+ 322 + 323 > 0 holds for all x € R2, Corollary 4.19 yields

the assertion.

Remark 4.21. In Pinchuk’s counterexample to the Real Jacobian Conjecture (cf. [68]),
the Jacobian determinant of F vanishes nowhere on R? so that, by Proposition 4.17,
the sum of squares polynomial ||F' o A71||3 does satisfy the conditions (C1)-(C3) for
any regular matrix A € R?*2. Since, however, F is not a global C'-diffeomorphism,
|F o A=Y|3 can neither be gem regular nor satisfy the additional sufficient conditions

from Theorem 4.12 for any regular matrix A € R?*2, O






Chapter 5

Conclusions and open problems

In this dissertation thesis, we analyzed growth properties on R™ of multivariate poly-
nomials f € R[z] in terms of their so-called Newton polytopes at infinity. In fact,
in Chapter 2 we introduced the broad class of so-called gem regular polynomials and
characterized their coercivity via conditions solely containing information about the ge-
ometry of the vertex set of the Newton polytope at infinity, as well as sign conditions
on the corresponding polynomial coefficients. For all other polynomials, the so-called
gem irregular polynomials, we introduced sufficient conditions for coercivity based on
those from the regular case. For some special cases of gem irregular polynomials, we
established necessary conditions for coercivity, too. In Chapter 3 we further introduced
a stability concept for the coercivity of multivariate polynomials f € Rlz]. In particu-
lar, we considered perturbations of f by polynomials up to the so-called degree of stable
coercivity, and we analyzed this stability concept in terms of the corresponding Newton
polytopes at infinity. For coercive polynomials f € R[z] we also introduced the order of
coercivity as a measure expressing the order of growth of f, and we identified a broad
class of multivariate polynomials f € R[z] for which the order of coercivity and the
degree of stable coercivity coincide. For these polynomials we gave a geometric inter-
pretation of this phenomenon in terms of their Newton polytopes at infinity, which we
call the degree of convenience. Finally, in Chapter 4 we analyzed the global diffeomor-
phism property of real polynomial maps F': R™ — R" by studying the properties of the
Newton polytopes at infinity corresponding to the sum of squares polynomials ||F||3.
This allowed us to identify a class of polynomial maps F' for which their global diffeo-
morphism property on R” is equivalent to their Jacobian determinant det JF' vanishing
nowhere on R™. In other words, we identified a class of polynomial maps for which the

Real Jacobian Conjecture, which was proven to be false in general, still holds.

87
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Concerning the results presented in Chapter 2, in the univariate case, that is, for n =1
our results collapse to trivial statements. In fact, then we have New(f) = [0, deg(f)]
for any polynomial f so that, in particular, each polynomial f is gem regular. The
characterization of coercivity from Theorem 2.39 by conditions (C1)—(C3) then simply

states that the leading term of f has even degree and a positive coefficient.

For n > 1 a natural and more interesting question arising throughout this thesis is
whether gem regularity, the conditions (C1)—(C3), and the remaining conditions intro-
duced in Theorems 2.29, 2.41, and 2.44 can be verified algorithmically. To this end, in
particular one needs to compute all vertices and faces of the polytope New,(f). This
could be done, for example, by using vertex and facet enumeration algorithms (cf., e.g.,

[3, 13]), but is beyond the scope of the present thesis.

In some applications, even stronger notions of coercivity are needed, like locally uniform
coercivity of a parametric function f : R” x R™ — R which is satisfied at ¢ € R” when
f(t,x) = 400 holds for t — ¢ and ||z|| — +o0c. The application of our Newton polytope-
type techniques to the latter concept in the case of multivariate polynomial functions

f € Riz] is subject of future research.

Our results from Chapter 3 show that, for a broad class of coercive polynomials, the
degree of stable coercivity and the order of coercivity coincide with the degree of conve-
nience. It is thus an interesting question whether this property holds true for all coercive
polynomials. Answering this question positively would not only reveal an intimate con-
nection between the stability and the order of growth concepts of coercive polynomials
on the one hand, and a geometric property of the corresponding Newton polytopes at
infinity expressed by the degree of convenience on the other hand, but in particular it
would also show that the degree of stable coercivity as well as the order of coercivity

always are even numbers.

Our results from Chapter 4 show that the global diffeomorphism property of a real poly-
nomial map F' : R™ — R"™ can sometimes be studied by analyzing the coercivity property
of the sum of squares polynomial || F||3 via its Newton polytope at infinity Newo (|| F[|3).
However, due to the special structure of the polynomial ||F||3, the assumptions of known
sufficiency theorems for coercivity are not necessarily mild and may be expected to be
violated. On the other hand, while preserving the coercivity property, suitable linear
coordinate transformations may help to transform such a degenerated polynomial into

another one, for which the known techniques for verifying coercivity can be applied.

In order to better understand the coercivity property of multivariate polynomials over
R™, it is thus an interesting question whether for each coercive polynomial f there

exists some linear coordinate transformation such that, in new coordinates, f fulfills the
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conditions from Theorem 2.39 or from Theorem 2.41, and how such a linear coordinate

transformation may be constructed. We leave these questions for future research.






Appendix A

Appendix

A.1 A nonhomogeneous Motzkin transposition theorem

In the proof of Proposition 2.24 we use the following nonhomogeneous version of Motzkin’s

transposition theorem.

Lemma A.1. For matrices and vectors of appropriate dimensions, the system
Ar=a, Bx >0, Cx>0 (A.1)
is inconsistent if and only if at least one of the systems
ATp+BTo+C'r =0, (a,p)>0, o,7>0 (A.2)

and

ATp+BTo+CTr =0, (a,p)=0, o,7>0, 7#0 (A.3)

18 consistent.

Proof. The system (A.1) is inconsistent if and only if the homogeneous system

(A, —a) <x> —0, (B,0) <x> >0, (C 0) <x> >0 (A.4)
Y Y 0 1 Y

is inconsistent, as for any solution x of (A.1) the vector (z,1) solves (A.4), and for
any solution (z,y) of (A.4) we have y > 0, and z/y solves (A.1). By Motzkin’s (ho-

mogeneous) transposition theorem, the system (A.4) is inconsistent if and only if the

91



Appendix 92

At (BT L fCm 0\ () _ S0, (r) £0
g =Y, o, T, - Y 7,
—ar) " o o 1) \u : :

is consistent. Rewriting this fact for the two cases p > 0 and p = 0 yields the assertion.
O]

system

A.2 Alternative proof of Lemma 3.47

For the contrary, assume that f is not strictly convex on R™. Then, there exist some

z,y € R" with 2 # y and some X\ € (0,1) with

FA =Nz +Xy) = (1= A)f(z) + Af(y)

and, since f is convex on R", the latter property yields

F(1 =Nz +Xy) = (1= N () + Af(y). (A.5)

Defining the univariate polynomial F' € R[A] by F(\) := f(x + A(y — x)) for all A € R,
the property (A.5) reduces to F(A) = f(x) + A(f(y — f(x)). Clearly, F inherits the
convexity property on R from that of f on R”. In the next step, we shall show that F' is
linear over the interval (0, 1), which, due to the polynomial property of F', implies that

F is in fact linear over the whole space R.

Let us thus for the contrary assume that F' is not linear on the interval (0,1). Then,
there exists some A\* € (0,1) with F(A\*) # f(x) + \*(f(y) — f(x)). By the definition of
F and its convexity, the latter property implies F(A\*) < f(x) + X (f(y) — f(z)), and

thus, in view of (A.5), also A # A\* holds. In the following we shall consider two cases.

If \* > A, then with the convex coefficients A\; := 1—X/A\* and A := A/A* corresponding
to the representation of the point A as a convex combination A = Aj -0+ Ay - A* of points

0 and A*, one obtains
ALF(0) + A F(X) < Auf(2) + Ao(f (@) + X (f(y) — f(2)))

= f(a) + A f(y) - f(2)) = F(V),
a contradiction to the convexity of F' on R.

If \* < A, then with the convex coefficients A\; := (1 — A)/(1 — X\*) and Ay := (X —

A*)/(1—\*) corresponding to the representation of the point A as a convex combination
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A= A1 - A"+ Ao -1 of points A* and 1, one obtains
ME(N) + 2P (1) < A (f(z) + X (f(y) — (@) + X2 f (y)

= f(z) + Mf(y) = f(2)) = F(N),
a contradiction to the convexity of F' on R.

Hence F' is linear on R and one obtains a contradiction to the coercivity of F' on R,
which the univariate polynomial F' clearly inherits by its definition from the coercivity

of f on R™. The assertion follows. O

A.3 Proof of Lemma 4.3

For any v € vert(P + P) there exists a vector a € R™ \ {0} such that v is the unique

optimal point of the problem

(LP1) max a’v.
vEP+P

Let w € vert(P) be an optimal point of the problem

(LP2) maxa’w.

weP
Since
max a’v= max af(z+y)=maxa’z+maxaly
vEP+P (z,y)ePXP z€P yeP
= 2ma1§ ale =20 = a" 2w (A.6)
xe

holds, the point 2w € 2 vert(P) is an optimal point of (LP1). A a was chosen such that

0 is the unique optimal point of (LP1), one obtains v = 2w with w € vert(P).

On the other hand, choose w € vert(P) and put v = 2w. To show is v € vert(P + P).
Observe that there exists some a € R™\ {0} such that @ is the unique optimal point of
the problem (LP2). Using (A.6), the point v is thus an optimal point of (LP1). Assume
that v ¢ vert(P + P) holds. Since (LP1) must possess a vertex solution, there exists an
optimal point z := z+§ € P+ P of (LP1) with o # 2. For the point @ := 1(z+9y) € P
we obtain the identity

1
aTﬂziaT(i—i—gj):ia zZ=a'w,

where the last equation holds since both z and © = 2w are optimal for (LP1). The point

@ € P is thus an optimal point of the problem (LP2), and the uniqueness of w implies
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w = u. This leads to the contradiction v = z, and thus the assertion v € vert(P + P)
follows. H

A.4 Alternative proof of Lemma 4.8

The proof is done by induction using the Laplace expansion rule for matrix determinants.
Case n=1

For an arbitrary polynomial F': R — R with F(z) = ZaeA(F) F,z® one obtains due to
JF(z) = F'(z) the following equality

det JF(x) =det F'(z) = F'(z) = ) aFaa® !,
a@;(f)

which proves the correctness of the formula (4.13).
Induction step:

Assume that the determinant formula (4.13) is true for dimension n — 1. Expanding the
determinant of the Jacobian matrix JF'(z) of an arbitrary polynomial map F : R" — R"

along its n-th column by using the Laplace expansion rule yields

n

det JF(z) =Y (=1)7*" - (JF()) ;) - det J(jm)(2), (A7)
j=1
where
d
(JE(2))(jmy) = T%E(w) (A.8)

denotes the entry of the Jacobian matrix JF(x) € R™*™ corresponding to its j-th row
and n-th column and the matrix J; ,)(z) € R=1x(=1) denotes the matrix obtained

from the Jacobian matrix JF'(x) € R™™ by omitting its j-th row and n-th column.

For the later purposes we first define projection maps m;, : A(F;) — Ng_l with
Tin(oa,...,0n) = (aq,...,0n_1) for all @ = (ai,...,a,) € A(F;), i € I and a pro-
jection map 7, : R — R~ via 7, (z1,...,2,) = (21,...,2,_1) for all z € R™. Denote
further I := {1,...,n} the index set of all coordinates in R and I’ := I\ {j} for j € I.
For an arbitrary : € I and 3 € Ngil the set W;é (8) C A(F;) denotes the inverse image

of B under the projection map ;.
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For further working with the Laplace expansion formula (A.7) it is convenient to express
all the information about the original Jacobian matrix JF(z) containing n variables
Z1,...,T, only in terms of the first n — 1 variables x1,...,x,_1 while considering the

variable x, to be a parameter.

First, it holds

= > ST (Faal | mal@)? (A.9)

Bien;n(A(Fy)) aeﬂ;,i(ﬁj)

and due to (A.8) one obtains by differentiating (A.9) with respect to x,

(JF(2))(jn) = > > (Facnzgn T | ma(2)”. (A.10)
BIemn(A(F))) aen; b (87)
an>1

Denoting

QB = Z (F})aounatn? (A.11)
ae«;;<6h
anp>1

one can rewrite (A.10) as

JE@)Gm = 3. Q) ml(2)”. (A.12)

Biem;n(A(Fy))

Since by the induction hypothesis the determinant formula (4.13) is true for the dimen-

sion n — 1, its direct application to the matrix J(;,y(z) € R=1Xn=1 regults in
det J(j,n) (:L') =
S W(B i€ P m(a) e Pl (A13)
Brem; n(A(F;)),i€ld
Zie[j 5i2]1£—1
where

W(p, iel):=det [, iel]-]] > (F)azgr (A.14)

i€ll \ aer, 1 (8Y)
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and
[ﬁi, 1€ Ij} c R(n—1)x(n=1)

denotes the (n—1, n—1)-matrix consisting of projected exponent vectors 3¢ € m; ,(A(F;)),

3 € IV as row vectors.

Inserting (A.12) together with (A.13) into (A.7) and using
(@) - o () Ziew P = () e 0,
one directly obtains
det JF(x) =
2. 2 S C)TQEI WIS, i€ 1) ()R P

JEl piemy n(A(Fy)) pien; n(A(Fy)), icTd
Zielj 522]177;_1

(A.15)
The second and the third sum in (A.15) can be merged together resulting in
det JF(z) =
X CDTQEIWE, i€ Pym@)Be e (A6)

JEl gien; ,(AFy)), i€l
Zig[j 62211571

The inner sum from (A.16) can be written as a difference of the following two sums:

Y - Y - % (A.17)

BlEm; n(A(Fy)), i€1  Brem; n(A(Fy)) i€l Biem; ,, (A(Fy)), i€l
Zite 51‘2]154 ier pi>1k Zieu’ B%ﬂ;{fl
dier pi>ul
where for the second sum on the right side in (A.17) it holds
. ) . . i 1T
Y (WU WE, i€ P)m@)=e a0 (AL)
Brem; n(A(Fy)), i€l

Zie]]‘ /32'%4]12_1
Yier 821

due to the fact that for an arbitrary choice of n vectors 8% € m;,(A(F;) CNo~ ' iel
with Y., 8° # 11 it always holds

det [B',i€ '] =0,

and consequently,
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W (B, iel’)=0.
as well.

The properties (A.17) and (A.18) imply that the inner sum in (A.16) is, in fact, inde-

pendent on the index j

det JF(z) =) ST (C)ITQUA)WB, i€ ) ma(z)Zier H i,
JEl pien; , (A(F)), il

ZiEI Bizlzfl

Changing the order of summation in the latter identity results in

det JF(z) = S ST QUB)Y WS, i€ ) my(w)Xier S
BlEm; 1 (A(F;)), i€l jel
Yier A1l
= Z 7'['”(1‘)21'61 gi—1T_, Z(_l)j+n Q(ﬁ]) W(ﬁz, = Ij) (A.19)

Biem; n(A(F;)), i€l jeI
Z IB>]1n 1

With definitions (A.11) and (A.14) one obtains

QB YW (B, iell)=

det (B iel] [ > (Facnzt [T Y. Fazin | =

exL(sd) i€l \ aen; )} (8)
anp>1
det [3iel] Y [[(F)ar oo . (A.20)
aiei}b(ﬁi), icr €l
al>1

Inserting the relation (A.20) in (A.19) results in

S (-1t QB WA, i 1)

jel

=S| ctrdet [Brie ] Y [[(F)e e

jel aten; L(pi),ier €1
al>1
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=y S (—itrdet (8 i€ Pl [[(F)as o " ol
Jjel aten; L(pi), ier iel
ol >1
= Z Z ( 1717 det [Bi, s Ij} H(Fl)al a:nZieI aib_la%)
aten; 1(pi),ier JEI iel
ad>1
= Y E)e a1 et [8 € P o)
aieﬂi_,i(ﬁi),ief el jel
ad>1
= Y [[F) wi= et [a, i€ 1] (A.21)
aten; h(gi),ier 1€1
ad>1
Finally, inserting (A.21) into (A.19) one obtains
det JF(z) =
Z Trn(w)zzelﬁ -1, Z H(Fi)ai xnzielaﬁfldet [ai’ ic I]
BlET; 1 (A(F;)), i€l ater; L(pl), ier iel
Zie[ 5i21£71 af'lzl
e Z Z H ’i)ai ‘,L,TZL:Z'GIa;—lﬂn(x)ziejﬁifﬂg_ldet [O{i, Z c I]
Blem; n(A(F;)), i€l 167;1(51) icq 1€1
Z IB >11n 1 2]_
= Z Z H oﬂ x5 ze] a%_lﬂn(x)zﬁf ﬁiiﬂzfldet [a’i’ Z c I]
BlET; 1 (A(Fy)), i€l oi ew_l(ﬂl) icr €1
Yier BT ol >1
= Z Z H )ai T Yier @ =17 dog [o/, i€ I]
BZEWZ n(A(F;)), €I ot eﬂ-_l(ﬂz) iel el
Yier BIZ1 J>1
= Z H(Fz)az w2ier @10 det [’ ie1]. (A.22)

aleA(Fy),ier 1€
el ai>1f
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