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It is the aim of this note to point out that the double gamma difference distribution recently introduced by 
[Augustyniak M, and Doray, LG. Inference for a leptokurtic symmetric family of distributions represented 
by the difference of two gamma variables. J Statist Comput Simul. 2012;82:1621–1634] is well known 
in financial econometrics: it is the symmetric variance gamma family of distributions. We trace back 
to the various origins of this distribution. In addition, we consider in some detail the difference of two 
independent gamma distributed random variables with different shape parameters.
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1. Introduction

In [1], the authors considered the distribution of the difference of two independent and identically
distributed (i.i.d.) random variables (r.v.’s) from a gamma distribution with parameters of shape
1/λ and scale

√
λθ , (λ, θ > 0). The characteristic function (ch.f.) of this distribution, named

double gamma difference (DGD) distribution, was shown to be

ϕ(t) = (1 + t2λθ)−1/λ.

In [2], the ch.f. ϕvg of a random variable following a variance gamma (VG) distribution with
parameters (c, σ ,ϑ , λ) is given by

ϕvg(t) = eict

(
1 − iϑλt + σ 2λt2

2

)−1/λ

. (1)

Obviously, setting the location parameter c and the parameter ϑ , which is related to skewness,
to zero, and identifying θ and σ 2/2, both ϕ and ϕvg coincide. This is just the ch.f. of the original
symmetric VG distribution proposed by Madan and Seneta [3] in a slightly different parametriza-
tion. Hence, all properties of the DGD distribution given in [1] follow from the corresponding
properties of the VG distribution.

In the light of this equivalence, it seems advisable to use a standard test for the hypothesis
H0 : ϑ = 0 to check for symmetry instead of using a general test for symmetry as proposed in [1].
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Contrary to the statement in [1], the density function of a VG distribution has a closed-form
expression in terms of a modified Bessel function of the third kind and elementary functions [2];
it is given by

fvg(x) = 2 exp(ϑ(x − c)/σ 2)

σ
√

2πλ1/λ�(1/λ)

(
|x − c|√

2ϑ2/λ+ σ 2

)1/λ−1/2

K1/λ−1/2

(
|x − c|

√
2σ 2/λ+ ϑ2

σ 2

)
. (2)

Hence, maximum likelihood estimation is possible. This and several other methods for param-
eter estimation are discussed in [4]. Nevertheless, estimation based on the empirical ch.f. is
particularly convenient for the VG family; details can be found in [5].

In [1], the authors propose goodness-of-fit testing for the DGD family basically by applying
the test of Koutrouvelis and Kellermeier [6] based on the empirical ch.f. However, this test has
several disadvantages: it is not consistent against all alternatives, the choice of the evaluation
points is rather arbitrary, and the simulation study in [1] reveals that this test does not maintain its
theoretical level. An empirical ch.f.-based test which does not have these deficiencies is proposed
in [7]. Their test statistic is a weighted integral incorporating the empirical ch.f. of suitably
standardized data, and is easily computable. Their simulations show that the test, performed
by using a parametric bootstrap procedure, captures the nominal level of significance in the
majority of cases quite closely. Alternatively, one may use classical tests like the Cramér–von
Mises- or the χ2-test.[7] Clearly, these tests can also be used for the symmetric VG distribution
by restricting the parameter space appropriately.

Albeit a VG distributed r.v. can be represented as the difference of two independent gamma
variates with equal shape parameters (see below), this model has its origin in a specific stochastic
process and is obtained formally from a normal variate by mixing on the variance parameter.[3]
This genesis is a bit involved, and one may guess that the distribution of differences of gamma
r.v.’s should have been investigated much earlier. This is indeed the case. We shortly review the
appearance of such distributions in the mathematical and engineering literature in the following
section. Subsequently, we discuss in more detail the case of two independent gamma variates
with different shape parameters.

2. Historical remarks

A first line of research goes back to Pearson et al. [8] in connection with the distribution of the
sample covariance for a random sample drawn from a bivariate normal population. The pertain-
ing density is also given in [9,p.356] having the same form as the density in Equation (2). Press
also derived an explicit expression for the distribution function of the sample covariance for even
sample sizes. Furthermore, he showed that this distribution can be represented as the difference
of two independent gamma variates with equal shape parameters.[9, Section 4]

The distribution of Pearson et al. [8] has been also investigated by McKay [10] who termed
it Bessel function distribution. His aim was to develop an alternative to the well-known Pearson
family of distributions. This is the reason why the distribution is also known under the name
McKay distribution, mainly in the engineering literature. For example, Holm and Alouini [11]
rederive the moments of this distribution and show that it can be represented as the distribution
of the difference of two independent gamma variates with equal shape parameters. However, this
McKay distribution should not be confused with another distribution introduced by McKay,[12]
termed McKay’s bivariate gamma distribution (see, e.g. Gupta and Nadarajah [13]).

Moreover, the VG or Bessel function distribution appears repeatedly in engineering
applications when considering several arithmetic combinations of Gaussian random variables.



This leads, amongst others, to differences of chi-squared r.v.’s. An early example is the technical
report of Omura and Kailath [14] who treat differences of central and non-central chi-squared
r.v.’s in Section 4. For the special case of equal and even degrees of freedom, distribution function
and density are given on pages 25 and 73, respectively. There, one can also find the density in case
of arbitrary (but still equal) degrees of freedom. On page 75, they give the density for different
degrees of freedom in terms of elementary functions and Whittaker’s W function (see Section 3).
An updated version of these technical notes is prepared by Simon.[15]

A further line of research starts with the symmetric or asymmetric Laplace distribution.
If X1, . . . , Xn are i.i.d. Laplace r.v.’s with mean zero and variance σ 2, then their sum Sn has
the ch.f.

ψSn(t) =
(

1 + σ 2t2

2

)−n

, −∞ < t < ∞,

which is a proper ch.f. even if n is not an integer. Introducing a skewness parameter in the same
way as for the asymmetric Laplace distribution leads to the ch.f.

ψ(t) =
(

1 − iμt + σ 2t2

2

)−τ
, −∞ < t < ∞, (3)

where μ ∈ R, σ 2, τ > 0. Adding a location parameter, we come once again back to the ch.f. in
Equation (1). A comprehensive account of this generalized (asymmetric) Laplace distribution is
given in Section 4 of Kotz et al.,[16] where one can also find a number of different representations
of this distribution. In particular, the aforementioned result of Press [9] is stated on p. 229, taking
the following form: let G1, G2 be i.i.d gamma distributed r.v.’s with shape parameter τ and scale
parameter 1. Then, Y = σ(G1/κ − κG2)/

√
2 has the ch.f. given in Equation (3), where κ =

(
√

2σ 2 + μ2 − μ)/(
√

2σ).
Different generalizations of the (asymmetric) Laplace distribution can be found in Section 4.4

of Kotz et al.,[16] and in [17].

3. Gamma difference distribution

In contrast to the VG or Bessel function distribution, the distribution of the difference of two
independent gamma r.v.’s with different shape parameters has received very little attention.
Therefore, it seems justified to treat this case in more detail. Besides the aforementioned results,
we are only aware of the work of Mathai [18] who derived a closed-form expression for the den-
sity; there, the distribution is termed gamma difference distribution (GDD). It is also mentioned
in [19] under the name generalized asymmetric Laplace distribution. We adopt the first name
since there already exist different distributions under the second one.

Let X1 and X2 be two independent random variables such that X1 ∼ �(α1,β1) and X2 ∼
�(α2,β2), where αi > 0, βi > 0, i = 1, 2. Then, X = X1 − X2 follows a GDD with parameters
α1,β1,α2,β2. For practical applications, it will be convenient to introduce an additional location
parameter θ ∈ R and to consider X1 − X2 + θ ; however, in the following, we put θ = 0. Then,
the moment-generating function (mgf) of X is

MX (t) =
(

1 − t

β1

)−α1
(

1 + t

β2

)−α2



for |t| < min(β1,β2). Integer moments can easily be computed by means of the moments of X1

and X2 using the formula

E(X n) =
n∑

k=0

(
n

k

)
(−1)kE(X n−k

1 )E(X k
2 ).

In particular, mean μ, variance σ 2 and skewness γ1 = E[((X − μ)/σ)3] are given by

μ = α1

β1
− α2

β2
, σ 2 = α1

β2
1

+ α2

β2
2

, γ1 = 2(α1β
3
2 − α2β

3
1 )

(α1β
2
2 + α2β

2
1 )

3/2
.

Hence, the skewness is zero for α1β
3
2 = α2β

3
1 , but the distribution of X is asymmetric except for

the case α1 = α2, β1 = β2.
Using the fact that X1 and X2 are independent random variables with positive support and

denoting the density of X by f (z), we obtain

f (z) =
{

c eβ2z
∫∞

z xα1−1(x − z)α2−1 e−(β1+β2)x dx, z > 0,

c e−β1z
∫∞
−z xα2−1(x + z)α1−1 e−(β1+β2)x dx, z < 0,

(4)

with c = β
α1
1 β

α2
2 /(�(α1)�(α2)), where �(·) denotes the gamma function. A similar formula can

be found in [18]. Using formula 3.383(4) in [20], the integrals appearing in Equation (4) can
be expressed by means of Whittaker’s W function, a confluent hypergeometric function,[21,
13.14.3] as follows:

f (z) =

⎧⎪⎨
⎪⎩

c̃

�(α1)
z(α1+α2)/2−1 e((β2−β1)/2)zW(α1−α2)/2,(1−α1−α2)/2((β1 + β2)z), z > 0,

c̃

�(α2)
(−z)(α1+α2)/2−1 e((β1−β2)/2)(−z)W(α2−α1)/2,(1−α1−α2)/2((β1 + β2)(−z)), z < 0,

(5)
where

c̃ = β
α1
1 β

α2
2

(β1 + β2)(α1+α2)/2
.

This corresponds to formula (2.5) in [18], using a slightly different parametrization. However,
even if Whittaker’s W function is available in many statistical or mathematical programming
environments, one has to take care using Equation (5) since Wκ ,μ may not be defined for all
μ. Hence, a direct approach using Equation (4) together with numerical quadrature may be
more convenient. As mentioned above, a corresponding expression for chi-squared r.v.’s can
be found in [14]. For even degrees of freedom, or, equivalently, integer shape parameters of the
gamma distributions, the integral in Equation (4) can be expressed as a finite sum of elementary
functions, see Omura and Kailath [14, p.73] or Simon.[15,p.28]

Figure 1 shows GDD densities for α2 = β1 = β2 = 1 and several values of α1; the distribu-
tions are centred, i.e. EX = 0. Note that the distributions are skewed to the right for α1 = 3 and
α1 = 2, symmetric for α1 = 1 (i.e. the Laplace distribution), and left-skewed for α1 = 0.5.

By using the formula

P(X1 − X2 ≤ t) =
∫ ∞

0
P(X1 ≤ x + t)fX2(x) dx,

where fX2(x) denotes the density function of X2, it is also possible to give a practically applicable
form of the distribution function F(t) of X. Let

γ (α, y) =
∫ y

0
tα−1 e−t dt



−6 −4 −2 0 2 4 6

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

z

D
en

si
ty

 o
f d

iff
er

en
ce

 g
am

m
a 

di
st

rib
ut

io
n

a1= 3
a1= 2
a1= 1
a1= 0.5

Figure 1. Densities of centred GDDs with α2 = β1 = β2 = 1.

denote the lower incomplete gamma function, then

F(t) = d
∫ ∞

max{0,−t}
xα2−1 e−β2xγ (α1,β1(x + t)) dx (t ∈ R),

where d = β
α2
2 /(�(α1)�(α2)). Again, for integer shape parameters of the gamma distributions,

this can be expressed as a finite sum of elementary functions, see Omura and Kailath [14,p.25] or
Simon.[15,p.28] Distribution functions of (non-centred) GDDs with α2 = β1 = β2 = 1 and the
same values of α1 as above are shown in Figure 2.

In order to give an impression about statistical inference for the GDD, we employ ch.f.-based
parameter estimation. The ch.f. of the GDD and the empirical ch.f. of a sample X1, . . . , Xn from
the GDD are given by

ψX (t; θ) =
(

1 − it

β1

)−α1
(

1 + it

β2

)−α2

and ψn(t) = 1

n

n∑
j=1

eitXj ,

respectively, where θ = (α1,α2,β1,β2) denotes the parameter vector. Defining

Tn =
∫ ∞

−∞
|ψn(t)− ψX (t; θ)|2 e−t2

dt, (6)

we can estimate the parameter vector θ by minimizing Tn. We have performed a small-scale
simulation study for sample size n = 100 and 400 for two different choices of θ , namely θ =
(2, 1, 1, 0.5) and (4, 0.5, 1, 0.5). In both cases, the variance of the underlying GDD distribution is
6; skewness is −0.82 in the first and 0 in the second case.

Over the entire B = 1000 simulation runs, comparison between estimation results is made on
the basis of bias, standard deviation and mean absolute deviation (MAD) of estimated parameter
values from the true values. If ϑ is the true parameter value, and ϑ̂i is the estimated parameter
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Figure 2. Distribution functions of the GDD with α2 = β1 = β2 = 1.

Table 1. Bias, standard deviation and MAD for estimators of the GDD parameters.

α1 = 2 α2 = 1 β1 = 1 β2 = 0.5

n = 100 Bias 1.42 0.50 0.37 0.10
St.dev. 3.65 1.61 0.96 0.34
MAD 1.94 0.77 0.57 0.22

n = 400 Bias 0.20 0.090 0.055 0.025
St.dev. 0.89 0.39 0.27 0.12
MAD 0.56 0.26 0.19 0.088

α1 = 4 α2 = 0.5 β1 = 1 β2 = 0.5

n = 100 Bias 2.02 1.17 0.26 0.30
St.dev. 4.92 2.90 0.62 0.80
MAD 2.76 1.41 0.41 0.49

n = 400 Bias 0.45 0.25 0.068 0.082
St.dev. 1.34 0.81 0.21 0.31
MAD 0.90 0.41 0.16 0.20

value from the ith simulation run, the bias is given by ϑ̄ − ϑ , where ϑ̄ = (1/B)
∑B

i=1 ϑ̂i. Standard
deviation and MAD are defined by

st.dev. =
√√√√ 1

B

B∑
i=1

(ϑ̂i − ϑ̄)2, MAD = 1

B

B∑
i=1

|ϑ̂i − ϑ |.

The results of the simulations are reported in Table 1. The values of bias, standard devia-
tion and MAD appear very high for sample size n = 100, and strongly decrease for n = 400.
The reason is that, for n = 100, we see in a significant proportion of cases estimated parameter
values far away from the true values. However, this does not indicate problems with the esti-
mation procedure or a bad fit in general. As a typical example, consider the case n = 100 and
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Figure 3. True and fitted GDD density function together with kernel density estimate.

α1 = 4, α2 = 0.5, β1 = 1, β2 = 0.5. In one of the simulation runs, we obtained the estimates
α1 = 12.73, α2 = 6.81, β1 = 1.93, β2 = 2.10. Figure 3 shows the fitted and true density func-
tions of the GDD together with a nonparametric density estimate. One can observe that all three
curves are in good agreement despite the large discrepancy between true and estimated parameter
values.

Based on the statistic Tn in Equation (6) one could also develop goodness-of-fit tests similar
to the test given in [7].

4. Discussion

At first glance, one may get the impression that the difference of two independent gamma
r.v.’s has rarely been examined in the literature. For example, this topic is not mentioned in
the chapter on the gamma distribution in [22], contrary to sums and products of such random
variables. However, as we have seen, this impression is definitely wrong. A large bulk of results
on this subject exists, but scattered in several directions and under different names. Only the
case of independent gamma variates with different shape parameters has not received much
attention. The reason seems to be that starting with the symmetric distribution of the differ-
ence of two i.i.d. gamma r.v.’s, skewness can be introduced by simply allowing for different
scale parameters, leading to a versatile family of distributions with nice mathematical properties.
However, even for the general GDD, main quantities can be derived without major difficul-
ties. Likewise, statistical inference is readily feasible as the results on parameter estimation
show.
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