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ABSTRACT

Multivariate continuous-time ARMA (p,q) (MCARMA (p, q)) processes are the con-
tinuous—time analog of the well-known vector ARMA (p, ¢) processes. They have
attracted interest over the last years. This thesis contributes to the field of statistical
inference of MCARMA processes in two ways.

In the first part, we study information criteria, which provide a method to select
a suitably MCARMA process as a model for given data. Their background is that
methods to estimate the parameters of an MCARMA process require an identifiable
parametrization, such as the Echelon form with a fixed Kronecker index, which is
in the one—dimensional case the degree p of the autoregressive polynomial. Thus,
the Kronecker index has to be known in advance before parameter estimation can
be done. When this is not the case information criteria can be used to estimate
the Kronecker index and the degrees (p, q), respectively. We investigate information
criteria for MCARMA processes based on quasi maximum likelihood estimation.
Therefore, we first derive the asymptotic properties of quasi maximum likelihood
estimators for MCARMA processes in a misspecified parameter space. Then, we
present necessary and sufficient conditions for information criteria to be strongly
and weakly consistent, respectively. In particular, we study the well-known Akaike
Information Criterion (AIC) and the Bayesian Information Criterion (BIC) as special
cases.

The second part of the thesis is concerned with robust estimation of the parameters
of MCARMA processes. The estimators in the present literature do not work
when the data contains outliers. Therefore, robust estimators of the CARMA
parameters, which are able to deal with different types of outliers in the data, are
necessary. We first extend the class of M—estimators to the MCARMA case. Although
these estimators provide a class of strongly consistent and asymptotically normally
distributed parameter estimators, they, too, are not robust in the MCARMA setup.
We then restrain ourselves to the special case of univariate CARMA processes and
use an indirect estimation procedure similar to the one proposed by de Luna and
Genton for ARMA processes. This is motivated by the fact that generalized
M-estimators are robust estimators for AR processes, but in general not for ARMA

processes.



For the indirect estimator we first approximate the discretely observed CARMA (p,q)
process by an auxiliary AR(r) representation, r > 2p — 1. The parameters of this
AR(r) process are estimated by a generalized M—estimator. Due to identifiability,
there exists a unique, injective map linking the parameters of the AR(r) process to
the parameters of the underlying CARMA (p,q) process. Unfortunately, an analytic
representation of this map does not exist. To overcome this we have to estimate this
map by an additional simulation study. Coupling both estimators gives a robust
estimator for the CARMA process. We present the asymptotic behavior as well as
the robustness properties of this estimator and develop model selection criteria based

on it, too. In both parts, the results are illustrated by a simulation study.
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CHAPTER 1

INTRODUCTION

HISTORICAL OVERVIEW AND MOTIVATION

Ever since the 1971 first edition of the book by Box et al. , autoregressive
moving average (ARMA) processes and their vector—valued (VARMA) counterparts
have been among the most popular time series models in both applications and theory
(see e.g. Brockwell and Davis and Hannan and Deistler [2012]). However,
they are inherently a class of discrete-time models and nowadays there is a growing
interest in stochastic models with a continuous time parameter. Two reasons for this
interest are, on the one hand, that many phenomena, which one typically models by
time series, evolve continuously in time. Possible examples come from physics, for
example the temperature over time at a certain location, but also from economics,
where the price of a stock can be seen as a continuous—time process since nowadays
price data is available at very high frequency. On the other hand, continuous—time
models often lead to a rich and satisfying mathematical theory, for example again in
the field of finance, where the modern theory is very much based on continuous—time
models, the most famous example probably being the option pricing model by Black
and Scholes.

If one wishes to study time series for which the time parameter is continuous, using
a continuous—time analog of the discrete-time VARMA models might be attractive.
This analog are the multivariate continuous-time autoregressive moving average
(MCARMA) processes, which are the core object of attention in this thesis. One-
dimensional Gaussian CARMA processes were already investigated by Doob
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and Lévy-driven CARMA processes were propagated at the beginning of this century
by Peter Brockwell, see Brockwell for an overview. This generalization allows
for a multitude of different marginal distributions of the CARMA process by varying
the driving Lévy process. The formal extension to the multivariate setup was recently
given in Marquardt and Stelzer . This generalization is important because
it allows to consider the simultaneous behavior of multiple time series and their
interdependence using just one collective model. In the past few years, this class of
models has found application in many fields, including but not limited to, finance

(Barndorff-Nielsen and Shephard [2001], Todorov [2009], Andresen et al. [2014], Benth
et al. [2014]), econometrics (Bergstrom [1990]) or signal processing (Larsson and

Soderstrom [2002], Larsson et al. [2006], Garnier and Wang [2008]). (M)CARMA

processes are able to capture phenomena like jumps in the sample paths and heavy
tails (see e. g. Todorov and Tauchen and Benth and Saltyté-Benth ) and
are also suitable for the modeling of unequally spaced (Jones [1981], Jones [1985])
and high—frequency data, which is a very ongoing topic. They are also important as
building block of more complicated models as introduced for example in Brockwell
and Marquardt [2005], Haug and Stelzer and Barndorff-Nielsen and Stelzer

12011], where again applications in finance play a central role.

From the mathematical perspective, an R*-valued Lévy process (L(t)):>o is a
stochastic process in R® with independent and stationary increments, L(0) = 0
P-a.s. and cadlag (continue a droite, limite a gauche) sample paths. Special cases of
Lévy processes are Brownian motions and (compound) Poisson processes. Further
information on Lévy processes can be found in Applebaum [2009], Bertoin [1998],
and Sato [1999)], for example. The fundamental idea is now that that for a two-sided
R*-valued Lévy process L = (L(t))er, i.e. L(t) = L(t)1yz0p — Z(t—)]l{Ko} where
(L(t))s0 is an independent copy of the Lévy process (L(t))is0, and positive integers
p > ¢, a d-dimensional MCARMA(p, q) process is the solution to the stochastic

differential equation
P(D)Y(t) =Q(D)DL(t) forteR, (1.1)
where D = % is the differential operator,

P(Z) = IdXde -+ Alzp_l + ...+ Ap_lz + Ap, A (C,



with Ay, ..., A, € R4 being the autoregressive (AR) polynomial and
Q(2) == Byz"+ B2 '+ ...+ B,12+ By, z €C,

with By, ..., B, € R¥® being the moving average (MA) polynomial. Of course, Lévy
processes are in general not differentiable, so that this is a purely formal definition.
To make sense of it, one uses an equivalent definition in terms of a continuous—time

state space model, which is of the form
dX(t) = AX(t)dt + BAL(t) and Y(t) =CX(t) forteR,

where A € RV*N B € RV*¢ and C' € RV are suitably defined matrices, since
Schlemm and Stelzer [2011] have shown that the class of MCARMA processes and

the class of continuous—time state space models are equivalent

For practical purposes, e.g. when one is interested in fitting a model to data,
statistical inference of MCARMA processes is a topic of great importance. There
are a few papers concerned with this, e.g. Brockwell and Schlemm , Fasen
[2014], Fasen [2016], Schlemm and Stelzer and Schlemm and Stelzer [2012]. In
particular, Schlemm and Stelzer derive the asymptotic behavior of the quasi
maximum likelihood estimator (QMLE) under the assumption that the underlying
parameter space © with N(©) parameters contains the true data—generating param-
eter and satisfies some identifiability assumptions. These are typical assumptions
for estimation procedures. For a one-dimensional CARMA process we only obtain
identifiability when the degree p of the autoregressive polynomial is fixed in the
parameter space (cf. Brockwell et al. ); in the multivariate setup an identifiable
parametrization is, for example, provided by the Echelon form. When this form
is used, the Kronecker index, which specifies the order of the coefficients of the
multivariate autoregressive polynomial, has to be fixed. If we know the Kronecker
index, we know the degree p of the autoregressive polynomial as well. But if we
observe data, how do we know what is the true Kronecker index of the data, so that
we do the parameter estimation in a suitable parameter space ©7 Put differently, how
can one arrive at a suitable choice of the AR degree p and the MA degree ¢ for the
MCARMA process, since statistical procedures typically assume these parameters as
known? This problem is known as the problem of model selection or identification
and has been studied extensively in the literature, including, but not limited to, the

framework of discrete—time time series and especially VARMA processes.

One popular approach to solving the problem of model selection is by using

information or, synonymously, model selection criteria (cf. Burnham and Anderson
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2002], Claeskens and Hjort [2008], Konishi and Kitagawa [2008]). The most prominent

model selection criteria are the Akaike Information Criterion (AIC) introduced in
Akaike by Akaike, the Schwarz Information Criterion (SIC), also known
as BIC (Bayesian Information Criterion), going back to Schwarz [1978], and the
Hannan—Quinn criterion in Hannan and Quinn [1979]. The AIC approximates the
Kullback—Leibler discrepancy of a candidate model and the true model, which is a
measure for the information that is lost when the candidate model is used instead
of the true model. The deciding idea is then to minimize the approximation of the
discrepancy to find the most well-fitting model. The BIC approximates the Bayesian
a posteriori distribution of different candidate models and aims to maximize this
probability to find the best model. The Hannan—Quinn criterion is based on the AIC
of Akaike but with a different penalty term to obtain a strongly consistent information
criterion, contrary to the AIC which is in general not consistent. Information criteria
for multivariate ARMAX processes, which constitute an extension of ARMA processes
that includes exogenous variables, and their statistical inference are well-studied in
the monograph Hannan and Deistler [2012]; see also Brockwell and Davis for
an overview of model selection criteria for ARMA processes. An extension of the
AIC to multivariate weak ARMA processes is given in Boubacar Mainassara [2012].
There exist only a few papers investigating information criteria independent of the
underlying model, e.g. Sin and White present very general likelihood—based
information criteria and their properties, and Cavanaugh and Neath derive the
BIC. All of these information criteria have in common that they are likelihood—based
and choose as candidate model the model for which the information criterion attains
the lowest value.

So far, to the best of our knowledge, no attempts to study information criteria
in the framework of MCARMA processes have been made. This is the motivation
for the first part of the thesis, in which this problem is approached. Extending the
existing results in the literature to the MCARMA framework, we define a general
class of information criteria, which are based on the pseudo—Gaussian log—likelihood

function and of the form

10,(0) = 2", v") + n(©) ).

n

In our setup Y = (Y(h),...,Y (hn)) is a sample of length n from an MCARMA
process observed at discrete, equidistant time points, L is the properly normalized
quasi log-likelihood function, 9" is the QMLE and C(n) is a penalty term. We
choose the parameter space as the most suitable for which the information criterion

is lowest. This means that for two parameter spaces ©1, 0, we say that ©; fits



better than O, to the data if we have IC,,(01) < IC,(03). A strongly consistent
information criterion chooses the correct space asymptotically with probability 1,
and for a weakly consistent information criterion the convergence to the true space
holds in probability. The sequence C'(n) can be interpreted as a penalty term for the
inclusion of additional parameters into the model. Without the penalty term, the
criterion would always choose the model with more parameters if we compare two
nested parameter spaces. However, this is not feasible, since the inclusion of too many
parameters ultimately leads to an interpolation of the data, such that the model
would not provide information about the process generating the data anymore. The
employment of an information criterion can therefore be seen as seeking a trade—off
between accuracy and complexity. It can also be interpreted as implementation
of the principle of parsimony in model building, cf. [Box et al. Subsection
1.3.1]. We will study the consistency properties of this family of information criteria
and show how the derivation of the well-known AIC and BIC naturally leads to
special members of this family. The theoretical results are then complemented by a

simulation study, which illustrates the theoretical results in practice.

The second topic treated in this thesis is robust estimation of MCARMA processes.
The concept of robustness has been advocated in statistics for over 50 years, starting
with the works of Tukey [1960], Huber [1964] and Hampel [1971]. It is motivated
by the fact that mathematical results on the performance of statistical procedures,
e.g. estimation of the parameters in a parametric model, often strongly depend
on the fact that the underlying model assumptions are exactly fulfilled. However,
in data, one often is confronted with the phenomenon that a majority of the data
does satisfy suitable assumptions while there are also some data points, so—called
outliers, which are, in some sense, “very different” from the bulk of the data and
violate the assumptions. In the context of parameter estimation, it is known for
very wide classes of models that only a few of these outliers suffice to impact the
performance of classical estimators, such as the QMLE or the least squares estimator,
greatly. For example, when estimating the parameter of a stationary AR(1) process,
the size of a single observation going to infinity can cause the estimate to either
converge to 0, to 1 or to —1 (cf. [Maronna et al. 2006, Subsection 8.1.3]). This is
problematic because if the parameter is equal to 1 or —1, the AR(1) process is no
longer stationary and if the parameter is 0, the process is indistinguishable from its
driving noise. For this reason, robust estimators have been developed, which are able
to deal with the presence of outliers, e.g. abnormally large observations, in the data

and avoid these problems. For an overview that treats mainly the cases of i.i.d. data
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and linear regression models, see the monographs Huber and Ronchetti [2009] and

Hampel et al. .

Generalizing the results on i.i.d. data, the topic of robust estimation in the
framework of time series has been a very active one in research since the end of the
20th century. The treatment of outliers in time series comes with the additional
difficulty that the temporal structure of the outliers has to be taken into account,
which is not relevant in the i.i.d. case. For this reason, estimators that are robust for
independent data may fail to be so in the time series context, which is for example
the case for the M—estimators introduced by Huber [1964]. Moreover, the definition
of an outlier and the way of modeling the presence of outliers used in the i.i.d. case
typically do not make much sense in the time series setup. Therefore, different models
and methods are needed. In the case of pure autoregressive processes, the class of
generalized M-estimators (GM estimators) (first appearing in Hampel [1975], Mallows
[1975], Kleiner and Martin [1979], Krasker and Welsch [1982]) was used successfully,
since for this class of processes these estimators combine two desirable properties:
they allow for the development of an asymptotic theory, as shown by Bustos ,
and are robust (cf. Kiinsch [1984]). For the more general ARMA processes, the GM
estimators again fail to be robust due to the structure of the innovations sequence
of these processes. While there are approaches that allow for robust estimation of
ARMA processes, for the longest time most of them suffered from the problem that
an asymptotic theory was not readily available. For an overview, see Martin and
Yohai or [Maronna et al. , Chapter 8]. Recently, this problem has been
overcome, e.g. by the methods of Muler et al. and de Luna and Genton [2001].
The idea in the latter paper is to make use of a simulation—based indirect estimation
as advocated by Smith [1993], Gouriéroux et al. and Gouriéroux and Monfort
11997]. The core idea is to not estimate the parameter of interest directly, but to
take a detour and use a, in some sense, “more readily handled model”, which is called
the auxiliary model. In conjunction with simulated data, one can then construct
an estimator for the parameter of interest in terms of estimators of the auxiliary
parameters. By choosing the auxiliary model as a pure AR process and estimating its
parameters with a GM estimator, de Luna and Genton [2001] were able to construct
a robust estimator for the parameters of an ARMA process. For one-dimensional
CARMA processes, we will proceed analogously and eventually obtain a robust

estimator with a tractable asymptotic distribution.



OUTLINE OF THE THESIS

The thesis is structured as follows. In|Chapter 2| the basic framework for the rest of
the thesis is established. We start by recalling the formal definitions of Lévy processes

and multivariate CARMA processes in [Section 2.1 In [Section 2.2, QML estimation

of the parameters of an MCARMA process from discrete-time observations in the

spirit of Schlemm and Stelzer [2012] is reviewed in detail, since it is fundamental for

much of what follows. In [Subsection 2.2.3) we especially extend the results on the
QMLE obtained by Schlemm and Stelzer [2012] to the case of misspecified parameter

spaces. This is necessary, because in the subsequent study of information criteria, it

will be required to know the behavior of the QMLE in this kind of parameter space.

Consistency of information criteria is then the topic of[Chapter 3. We first describe
the structure of the parametrizations we consider with respect to model selection
in Afterwards, we prove a law of the iterated logarithm for the pseudo—
Gaussian log likelihood function in This will be the most important tool
for eventually showing strong consistency of information criteria. The main results
of this chapter are contained in [Section 3.3| in which we first define our family of
information criteria as well as the notion of consistency and then characterize the
consistency of the criteria in terms of the penalty function C'(n).

considers the derivation of the AIC in the framework of MCARMA
processes. By making use of Akaike’s original idea of approximating the Kullback—
Leibler discrepancy of a given parametric model and the true model, we obtain

particular members of our general family of information criteria as special cases in

Subsection 3.4.1 In[Subsection 3.4.2| we study the consistency properties of these

special criteria. In [Subsection 3.4.3] we follow the ideas of Boubacar Mainassara
12012] and approximate the Kullback—Leibler discrepancy in a different way, leading
to a different form of the AIC which is similar to the corrected AIC of Hurvich and

Tsai [1993]. Subsection 3.4.4]serves to study the consistency properties of this variant

of the AIC. In [Subsection 3.4.5] we take yet another route and introduce a version

of the AIC which is based on a bootstrap procedure for discrete-time state space

models, analogous to Cavanaugh and Shumway [1997]. In [Section 3.5, we treat the

BIC and elaborate on the approximation of the Bayesian a posteriori probability of

parameter spaces. This approach again leads us naturally to a special case of the

general information criteria considered in [Section 3.3 Section 3.6| closes the chapter

with an extensive simulation study in which we apply the various criteria for bivariate
MCARMA processes. We consider different true Kronecker indices, different driving
Lévy processes, different candidate spaces and different sample sizes, examining in

detail the performance of the different criteria in each setup and comparing the
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results to the theory.

constitutes the second part of the thesis in which robust estimation
of MCARMA processes is treated. As a first step, in [Section 4.1, we introduce
the general replacement model, which serves to model the occurrence of outliers
in discrete—time observations of an MCARMA process. Afterwards, in [Section 4.2]
we treat the class of M—estimators, which generalize the QMLE by replacing the
pseudo log-likelihood function by a different, general loss function. We will then
show that this class provides us with strongly consistent and asymptotically normally
distributed estimators when there are no outliers in the data. However, just as for
ARMA processes, this class of estimators fails to be robust when outliers are present.

We therefore move on and, restricting us to one—dimensional CARMA processes,
study in [Section 4.3| the indirect estimator, which does achieve the desired robustness.

In its treatment, we first start by introducing the auxiliary AR(r) representation

with correlated noise of a discretely sampled CARMA process by means of a set of

Yule-Walker equations in [Subsection 4.3.1l Although this representation does not

enable us to carry out inference for the parameters of the data—generating CARMA

process directly, it is a fundamental building block of the indirect estimator. In

Subsection 4.3.2| we define the indirect estimator and derive its asymptotic behavior

in the absence of outliers. We make use of the fact that there is an injective corre-

spondence between the parameters of a CARMA (p,q) process and the parameters

of the auxiliary AR(r) process defined in Subsection 4.3.1)if > 2p — 1. Then, we

calculate two estimates of the parameters of the auxiliary AR(r) process: one is
calculated from the actual, observed data and one is calculated from simulated data.
By minimizing a suitable distance between these two estimates, we then obtain an
estimator for the parameters of the data—generating CARMA process. We show
that this estimator is strongly consistent and asymptotically normally distributed
in the absence of outliers if both of the estimators that are applied to the AR(r)
representation also possess these properties. Since the auxiliary AR(7) process is

driven by correlated noise, it is not immediately clear how to obtain such estimators.

In [Subsection 4.3.3| we first introduce the class of GM estimators and study their

asymptotic behavior. We will obtain that they are strongly consistent and asymp-
totically normal under suitable assumptions. Moreover, in this section we also treat
the well known least squares and pseudo—Gaussian maximum likelihood estimator
and show that also for an AR(r) process with correlated noise, they are strongly
consistent and asymptotically normally distributed. We can therefore use all three of

these estimators to construct the indirect estimator.
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In [Subsection 4.3.4] we study the behavior of the indirect estimator when outliers

are present in the data. To this end, we select a GM estimator as the estimator that
is applied to the contaminated data, because it is well known that those estimators
are robust when applied to pure autoregressive processes. For the estimator in
the simulation part the use of the LS or QMLE estimator is most convenient.

In particular, we study three measures of robustness: qualitative robustness and

resistance in [Subsubsection 4.3.4.1] the breakdown point in [Subsubsection 4.3.4.2]

and the influence functional in [Subsubsection 4.3.4.3. The quintessence is that the

robustness properties of GM estimators for autoregressive processes are preserved
by the indirect estimator and thus also hold for the estimation of the CARMA
parameters.

In [Section 4.4] we come back to the topic of model selection, albeit this time in
the context of outlier-afflicted data. We define information criteria which are the
analog of those from [Section 3.3, but based on the indirect estimator and not the
QMLE. Similar consistency assertions as before can then be derived. In
we conduct various simulations to assess the practical performance of the indirect
estimator. For CARMA processes of different orders p and ¢ and different driving
Lévy processes, we employ a variety of contamination configurations for the parameter
estimation. A short study of the information criteria based on the indirect estimator
is also included.

concludes the thesis, mentioning some open problems and directions
for future research. The appendix contains some technical results and proofs, which

were excluded from the main text.






CHAPTER 2

FUNDAMENTALS

In this chapter, the groundwork for the rest of the thesis will be laid. We will
introduce terms and concepts used extensively throughout the entirety of the work.
In particular, we will first define multivariate CARMA processes and an equivalent
model class, the continuous-time state space models (CSSMs), and then treat quasi

maximum likelihood estimation in this context.

2.1. MULTIVARIATE CARMA PROCESSES AND CONTINUOUS—TIME
STATE SPACE MODELS

We start by defining multivariate CARMA processes. To this end, we first introduce
the class of Lévy processes, which will be the source of randomness in the process.
They can be seen as the analogue to i.i.d. white noise typically used in discrete—time
time series models. We will keep the introduction brief and not discuss these processes
in great detail here, further information can be found in Applebaum [2009], Sato

or Bertoin [1998], for example.

Definition 2.1. An R*-valued Lévy process (L(t)):>o is a stochastic process, de-
fined on some probability space (2, F,P), with stationary, independent increments,
continuous in probability and satisfying L(0) = 0 almost surely. We assume with-
out loss of generality that the paths of the Lévy process are right—continuous and
have left limits (cadlag). A two-sided Lévy process (L(t))ier is then defined as

L(t) = L(t)1y=0y — L(t—)1 <0y, where (L(t))i>0 is an independent copy of the Lévy
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process (L(t))i>o-

Special cases of Lévy processes include Brownian Motion and (compound) Poisson
processes amongst others. One of the most important results about Lévy processes
is the Lévy-Ito—decomposition, which states that every Lévy process is the sum of a
Brownian Motion, a compound Poisson process and a square-integrable pure-jump
martingale, where the three processes are independent. Equivalently, this can also
be stated in terms of the characteristic function of the Lévy process, which satisfies
E [exp(i{u, L(t)))] = exp(ty¥(u)) for u € R® and ¢ € R, where (-, -) is the standard

Euclidean scalar product and the so-called characteristic exponent * is given by

. 1 . .

VE(u) = i(y"u) — §(u, ) —|—/ [exp(i{u, z)) — 1 — i{u, )Lz <1y ] v (dz).
RS

This is known as the Lévy—Khintchine formula. It is composed of a drift vector

~vF € R*, a non-negative definite, symmetric matrix ¢ € R*** called the Gaussian

covariance matrix, and the Lévy measure v”, which satisfies the conditions
vE({0}) =0 and min(||z||?, 1)v*(dz) < oco.
RS
Regarding the absolute moments of the Lévy process, it holds for every k > 0 that

E[|L(®)]I*] < 00 = l[|*v*(d) < o0
Jol=1

by [Sato|1999, Corollary 25.8]. Furthermore, for the covariance matrix it holds that

»r=E[L(1)L(1)T] =x¢ +/ zx’ v (dx)
[lzl>1
if it exists ([Sato 1999, Example 25.11]). We will always operate with Lévy processes

that have finite second moments, which we formalize in the following assumption:

Assumption L. The Lévy process L has mean zero and finite second moments, i. e.

vE+ f||x||21 avl(dr) is zero, and the integral follzl |lz||*v(dx) is finite.

With this in mind, we are now able to define multivariate continuous-time autore-
gressive moving average (MCARMA) processes. In the univariate case, these have
been introduced in Doob with a Brownian motion as source of randomness.
In Brockwell this was generalized to the case of a driving Lévy process and
in Marquardt and Stelzer the one—dimensional processes were generalized to
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multivariate ones. To this end, we first define the autoregressive polynomial (AR) P

and the moving average (MA) polynomial @) as follows:

Definition 2.2. Let p > q be integers. Furthermore, let Ai,..., A, € R&>%
By, ..., B, € R¥™* and define the matriz polynomial P(z) by

2 P(2) 1= Lgwa?? + AP+ + A, (2.1)
and the matriz polynomial Q(z) by
2+ Q(2) == Bp2?+ B2 + ... + By, (2.2)

where Ijxq s the d-dimensional identity matriz.

For a two-sided Lévy process with values in R® satisfying E||L(1)||*> < oo we would
like to interpret a d-dimensional, L-driven MCARMA (p,q) process (Y (t))icr
with AR polynomial P and MA polynomial @) as the solution to the differential
equation

P(D)Y(t) = Q(D)DL(t) where D := %, (2.3)
analogous to the difference equation satisfied by ARMA processes in discrete time
(cf. [Brockwell and Davis[1991, Equation (3.1.5)]). However, defining MCARMA
processes via the differential equation bears one problem: the paths of a Lévy
process are not differentiable in general, which implies that the differential equation
cannot be solved. It therefore only acts as a formal motivation. The way out is
to interpret the MCARMA process as a special multivariate continuous-time linear

state space model:

Definition 2.3. Let (L(t))ier be an R¥-valued Lévy process with E||L(1)||* < oo and
let the polynomials P(z), Q(z) be defined as in (2.1) and (2.2) with p,q € Ny, ¢ < p.

Moreover, define

Odxd  Laxd  Odaxd - Ogxa

Odxd  Oaxa  lixa

0 c dexpd’
dxd

Odxa - oo Odxa  Laxd
—Ay, —Apy e e — A
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C = (Idxda ded; ce 70d><d) & Rprd and B = (ﬁf ce 6]?)T € dexs with

p—j—1
Bp—j == —1yo,., q}(j) ( Z Aibp—j—i + Bq—j) ;o J=0,...,p—1

i=1

Assume that the eigenvalues of A have strictly negative real parts. Then the R -valued
causal MCARMA (p, q) process Y = (Y (t))ier is defined by the state space equation

Y(t)=CX(t) forteR, (2.4)

where X is the stationary unique solution to the pd-dimensional stochastic differential
equation
dX(t) = AX(t)dt + BAL(t). (2.5)

This definition slightly extends the one given in Marquardt and Stelzer [2007]
because it is allowed for the dimensions of the driving Lévy process and the MCARMA
process to be different, however, this changes nothing about the validity of the results
in that paper. In particular, MCARMA(1, 0) processes and X in are multivariate
Ornstein-Uhlenbeck processes. The assumptions about the moments of the Lévy
process and the eigenvalues of A are necessary for the solution X of (2.5) to be
unique, stationary and causal ([Sato and Yamazato [1983], Theorem 5.1]). Schlemm
and Stelzer [2011], Corollary 3.4] shows that the class of continuous-time state space

models of the form
Y(t)=CX(t) and dX(t)=AX(t)dt+ BdL(t), (2.6)

where A € RV*N has only eigenvalues with strictly negative real parts, B € RV*®
and C' € R™V  and the class of causal MCARMA processes are equivalent if
E|L(1)||* < oo and E[L(1)] = 0,. Note that in contrast to it is not
required that A, B or C have any kind of special structure. For the purposes of
statistical inference, it turned out that working with general state state models is
advantageous. Therefore, when we talk about an MCARMA process or a state space
model Y, respectively, corresponding to (A, B, C, L), we mean that the MCARMA
process Y is defined as in and shortly write Y = MCARMA(A, B,C, L). The
covariance matrix of L is always denoted by X*. To finish up this subsection, we
introduce the the so—called transfer function of a continuous—time state space model.
It will play a key role later when we turn to a MCARMA process observed on a

discrete time grid.
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Definition 2.4. Let A, B and C' be matrices of appropriate dimensions that define
a continuous-time state space model as in|Definition 2.3| for a Lévy process L. Then
the function H : R — R¥*({z}) with H(z) = C(zIy — A)"'B is called the transfer
function of the continuous-time state space model defined by (A, B,C,L). Here

R¥*5({z}) denotes the space of d x s matrices with rational functions as entries.
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2.2. ESTIMATING THE PARAMETERS OF MCARMA PROCESSES

In this section, we investigate how the parameters of a MCARMA process can
be estimated from equidistant, discrete—time observations. Furthermore, we then
investigate the properties and asymptotic behavior of the estimators. To this end, one
would typically first introduce a parametric family of MCARMA processes. However,
as mentioned at the end of the last section, MCARMA processes are equivalent to
continuous—time state space models. Especially in the multivariate case, working
with state space models is more convenient. We therefore consider a parameter space
© and assume that for each ¥ € © we are given matrices Ay, By, Cy of matching
dimensions as well as a Lévy process Ly as in

In Schlemm and Stelzer [2012], parameter estimation is done via quasi-maximum
likelihood estimation (QMLE) in the case that there exists a true parameter in
© in the sense that for an observed process Y and some 9y € © it holds that
Y = MCARMA(Ay,, By,, Co,, Lg,). The authors were then able to show that
the QMLE approach leads to a strongly consistent and asymptotically normally
distributed estimator. We want to use this QMLE approach to ultimately construct
likelihood—based information criteria for the orders of the MCARMA process Y.
For this, we will also have to deal with the case in which the above-mentioned
assumption fails when we are in a misspecified parameter space. Another argument
for inspecting the misspecified case is that if we want to fit MCARMA processes
to empirical data, it is questionable if something as a true parameter exists at all,
since we only develop a mathematical model that approximates reality. With this
understanding, all possible models are then misspecified. The theory of maximum
likelihood estimation in possibly misspecified spaces has received a considerable
amount of attention in the past, see e. g. White [1982], White and Sin and
White [1996]. This general theory will be very useful for us and allow us to extend
the theory of Schlemm and Stelzer to the more general, possibly misspecified,

case with very similar results under very similar assumptions.

2.2.1. OBSERVATION AND IDENTIFICATION

In the rest of the thesis, when we do statistical inference about an MCARMA process,
we observe it only on a discrete equidistant time-grid with grid distance A > 0. In
this section, we first investigate the probabilistic structure of an MCARMA process
observed in such a way. Furthermore, we discuss how it can be ensured that an
observed process corresponds to exactly one continuous—time state space model when

we are given a parametric family of state space models to choose from, reviewing the
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most important results from Schlemm and Stelzer [2012].
The first fundamental observation is that the discrete—time stochastic process which
results from observing corresponds to a discrete—time state space model as shown in

the following proposition:

Proposition 2.5 (Schlemm and Stelzer [2012], Proposition 3.1 and Proposition 3.3).
Assume that Y = MCARMA(A, B,C, L). Then the sampled process (Y (kh))rez has

a discrete—time linear state space representation, 1. e. it holds that
Y (kh) = CX(kh) where X(kh) = e X ((k—1)h)+ Nyp, k €Z,  (2.7)

and Nh,k = fkh

(h—1)h eAFh=t) BAL(t) is a sequence of i.i.d. random vectors with covari-

ance matrix

h
Zh:/ exp(Au) BY* BT exp(ATu)du. (2.8)
0

The spectral density of (Y (kh))rez, denoted by f&, is defined as the Fourier transform

of the autocovariance function, i.e.

fh(w) L /OO e @y (h)dh, w € [—m, 7,

:% N

where vy (h) :== Cov(Y (t + h),Y (t)) = C e ToCT, h > 0, with

[y := Var(X(t)) = / e BRLBT oA du.

0

fr is given by
fi(w) = C (exp(iw) Iy — exp(Ah)) ™' %, (exp(iw) Iy — exp(ATh)) ™ CT,
and the resulting d X d matriz is positive semidefinite.

Proof. See cited references. n

In principle, it could be possible for the process (Y (kh))rez to be the output
process of a discrete—time linear state space model with higher dimension as the one
appearing in and also for the matrix ¥, to be singular. In order for parameter
estimation to be possible, these effects must be excluded, which is why we next

explore conditions that ensure this. For this, we will need the following definitions:

Definition 2.6. Let H be a d x s rational matrix function, i. e. a d X s matrix

whose entries are rational functions of the variable z € R. A matriz triple (A, B, C),
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where A € RNVXN B € RN*® and C € RN | is called an algebraic realization of
H of dimension N if H(z) = C(zIy — A)"'B for every z € R.

Algebraic realizations are generally not unique, not even the dimension needs to
be unique. This is the reason why we introduce the concept of a minimal realization
and the so—called McMillan degree:

Definition 2.7. Let H be a d X s rational matriz function. A minimal realization
of H is an algebraic realization of H of dimension smaller or equal to the dimension
of every other algebraic realization of H. The dimension of a minimal realization of
H is the McM:llan degree of H.

This definition alone is not very useful, because it does not state an accessible
way of checking if a given algebraic realization is minimal. To state a theorem that

provides this, we need the following two definitions:

Definition 2.8. An algebraic realization (A, B,C) of dimension N is controllable

if the controllability matriz C = (B AB ... A”_1B> € R¥*N has full rank.
Definition 2.9. An algebraic realization (A, B,C') of dimension N is observable
C
CA
if the observability matriz O = ) € RN has full rank.
CAnfl

Theorem 2.10 (Hannan and Deistler [2012], Theorem 2.3.3). An algebraic realization

1s manimal if and only if it s both controllable and observable.

Proof. See cited reference. m

Remark 2.11. We call a continuous—time state space model controllable, observable

or minimal if the corresponding transfer function as defined in |Definition 2.4 has

these properties.

We now have all the ingredients necessary to give criteria for the covariance matrix
of our sampled process to be regular and for the sampled process to have the same
McMillan degree as our MCARMA process:

Proposition 2.12 (Schlemm and Stelzer [2012], Corollary 3.1). If the triple (A, B, C)
18 a minimal realization of the transfer function of dimension N of a continuous—time
state space model (A, B,C, L), and ¥t is positive definite, then the N x N matriz

h
Z:/ exp(Au) BX* BT exp(ATu)du
0
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has full rank N.

Proof. See cited reference. O]

Proposition 2.13 (Schlemm and Stelzer [2012], Proposition 3.4). Assume that
Y = MCARMA(A, B,C, L) with (A, B,C) being a minimal realization of the asso-
ciated transfer function of McMillan degree N. Then a sufficient condition for the
sampled process (Y (kh))kez to have the same McMillan degree is the Kalman—Bertram

criterion ‘
2mik

AN £ Y\ V) € o(A) x o(A), Yk € Z\ {0}, (2.9)

where o(A) denotes the spectrum of A.
Proof. See cited reference. O]

In the next two definitions we explain what exactly we understand under the
equality of two MCARMA processes:

Definition 2.14. Two stochastic processes, irrespective of whether their index sets
are continuous or discrete, are L?>-observationally equivalent if their spectral

densities are the same.

Definition 2.15. A family (Yy)geco of continuous—time stochastic processes is iden-
tifiable from the spectral density if, for every v1 # U, the two processes
(Yo, ())ter and (Yy,(t))ier are not L?-observationally equivalent. It is h—identifiable
from the spectral density, h > 0, if, for every 9, # 05, the two sampled processes
(Yo, (kh))rez and (Yy,(kh))rez are not L*-observationally equivalent.

This completes the tools we need to have at hand to describe under which conditions
it can be ensured that an observed process belongs to exactly one member of the
parametric family (Ay, By, Cy, Ly)gco. The obvious idea would be to make the
assumption that the family (Yy)yco of output processes is h—identifiable from the
spectral density for the observation distance h we chose. However, we shall see in the
next section that this can be derived from identifiability assumptions on the family
of continuous—time processes and some conditions that exclude so—called aliasing

effects.

2.2.2. CANONICAL PARAMETRIZATIONS

Up until now, we have not specified exactly how the matrices Ay, By and Cy depend
on the parameter ¥ € © when we talk about a family of continuous-time state

space models. It seems logical to demand that a parametrization should at the very
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least provide output processes that are identifiable from the spectral density. A
parametrization that achieves this is the so—called Echelon MCARMA parametriza-
tion, which shall be presented here and used throughout the rest of the thesis. This
section is essentially [Schlemm and Stelzer 2012, Section 4.1], but since the results

are fundamental we explicitly repeat them here. The principal idea is to concentrate

on the transfer function H of a CSSM as given in Definition 2.4, find a unique

parametrization for it and then establish a connection between H, P and ). We

start with a canonical decomposition for rational matrix functions:

Theorem 2.16 (Bernstein [2009], Theorem 4.7.5). Let H be a d x s rational matriz
function of rank r. There exist matrices S; € R¥™[z] and Sy € R¥**[z] with constant
determinant, such that H = S1M S5, where

diag(S-,..., =) Ops—r
M — ( Zag(wlv 7¢T) ) ) ERdXS<{Z}>.

Od—r,r Od—r,s—r

Here R¥4[2] is the space of dx d matrices with polynomials in the variable z as entries.
Moreover, €1, ... €, 01, ..., 0, € R[z] are monic polynomials uniquely determined by
H satisfying the following conditions:

For each i =1,...,r the polynomials €¢; and v; have no common roots and for each
1 =1,...,7 — 1 the polynomial €¢; divides the polynomial €;.1 while the polynomial
;1 divides the polynomial ;. The triple (S1, M, Ss) is called the Smith-McMillan

decomposition of H.

An important role is played by the degrees of the denominator polynomials ; in
the Smith-McMillan decomposition of a rational matrix function H. We call these
degrees Kronecker indices and denote them by m; for ¢ = 1,...,r and define the
vector m = (my,...,mg) € N¢. Here my, = 0 for k =r +1,...,d, however in the
following we only concentrate on the case where all Kronecker indices are strictly
positive.

The Kronecker indices have the important property that Zle m; = N, where N
is the McMillan degree of H, i. e. the smallest possible dimension of an algebraic
realization of H, see Definition 2.7, For 1 <i,j < d we furthermore define m;; =
min{m; + L~;3, m;}. With these terms we can now give a unique, minimal algebraic

realization of a transfer function:

Theorem 2.17 (Echelon state space realization, Guidorzi [1975], Section 3). Let H
be a d x s rational matriz function with Kronecker indices m = (myq,...,mg) and
assume that m; > 0 fort=1,...,d. Then a unique, minimal algebraic realization
(A, B,C) of H of dimension N = Zfil m; 15 given by the following structure:
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i) The matriv A = (Aij)ij=1..a € RY*N is a block matriz with blocks A;; €
R™*™i given by

0 . 0 0
Az] - + 6ij Imiil
0
Oéz'j71 e aij,mij 0 ... 0 0 e 0

i) B = (b;;) € RN** unrestricted.

iii)

10 0:0 0 0
Od—1,my
¢ = 10 0
Od—1,m,
0d—2.ms 10 ... 0

However, this form alone does not ensure identifiability, since there is an orthogonal
invariance in the spectral factorization, see [Schlemm and Stelzer [2012] Theorem
3.5]). One way to get rid of this problem is to require H(0) = Hy for a non-singular
matrix Hy, often the negative of the identity matrix. To see the consequences this
has on the parameters «;; and b;; and also show how one can obtain the MCARMA
polynomials P and @ from A, B and C', we work in terms of left matrix fraction

descriptions:

Theorem 2.18 (Echelon MCARMA realization, Guidorzi [1975], Section 3). Let H

be a d x s rational matriz function with Kronecker indices m = (myq, ..., mq). Assume

that (A, B, C) is a realization of H, parametrized as in|Theorem 2.17. Then a unique
left matriz fraction description P~'Q of H is given by P = [p;(2)], Q = [¢:;(2)],
where

mij

pij( 67JZ ZQZLk’z 17 qu Z’%mﬁr Am;— 1+k’7]2k71’ (210)

where k; j is the (i, j)th entry of the matrizc K = TB, where T = (T};); j=1,..a € RV



24 CHAPTER 2. FUNDAMENTALS

s a block matriz with blocks T;; € R™>™ given by

—Qija o Qg 000 00 ... ... 01
0
Tij _ —®jjmy; + 5i,j '
0 .
0 1 .0
0 0 0 . 0

Using this form, there are several ways to enforce the normalization H(0) = H,.
Since H(0) = P(0)~1Q(0) = —(aij71)l-_j1(mm1+._,+mi71+17j)ij we can restrict some of the
entries of the matrix B to achieve our goal. Note that | det K| = 1 and hence T
is invertible, which is why B can be written as B = T-'K. If we now replace the
(my1+...4+m;_1+1, j)th entry of K by the (4, j)th entry of the matrix —(ay 1)k Ho, we
have made some of the b;; dependent on the entries of the matrix A and achieved the
normalization. If d = s and Hy = —14xq, then it suffices to set Ky 4. 4m; 141, = Qij1-
In the rest of the thesis, this normalization was always used in practical situations,
i.e. when simulations were carried out.

As in [Schlemm and Stelzer [2012, Tables 1 and 2], we give examples for the case of
d=s=2and H(0) = —I5x2. The number of free parameters, N(©), includes three

parameters for the covariance matrix X% of the Lévy process.

Table 2.1.: Canonical state space realizations (A, B, C) of rational transfer functions
with different Kronecker indices m

m | N(©) A B C

% Dy
L] 7 (o)

U1 vy 0
0 0 1
193 194 195 193 + 195196 194 + 795197

(1,2) | 10

o
—
(e

(@)
N—— | N~———

Vg + 0597 g + U505

10
’192 193
0 0 0
U5 vs Uy

=

(2, 2) 15 o I1n
¥5+98911+9699 V7+06V10+0sV12

Y9 Y10
(191+1941911+192199 193+1921910+1941912) (1 00 0)
J

(0 1 0) U7 g 10
(2,1)| 11 W Uy Vs U1+ V97 O3 + U9¥s (
0 0
. Iy
1
Ug

If we consider a parameter space © that is parametrized as just described, then the
Kronecker indices m of © are closely connected to the AR order of the MCARMA
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Table 2.2.: Canonical MCARMA realizations (P, () with order (p,q) of rational
transfer functions with different Kronecker indices m

m | N(©) P(z) QL) (p.q)
| 7 o) (o 5 o
(1,2) | 10 <Z—_ﬁfl z2—;f;2—195) (196;2193 197»219-2%195) -
2D | 1 <z2_—19 ilz_ —195192 2119;6) (19721945—192 ﬁszﬁ::ﬂs (2,1)
R G e N A IS

processes with Y = MCARMA (Ay, By, Cy, Ly) for ¥ € ©, because it holds that

p = max;—1._.q4m,; for every such process.

However, for the MA order ¢ things look a bit different. In fact, for the models in
© it holds that 0 < ¢ < p — 1, i. e. by fixing © and thus m the MA order of the
contained models is not uniquely defined.

Later on, the Kronecker indices will be what our order selection criteria estimate. As
pointed out, this would not provide information about the MA degree, which is why
we will need to refine the parametrizations. This will be explained in detail at the

start of the chapter dealing with order selection.

2.2.3. QUASI-MAXIMUM LIKELIHOOD ESTIMATION FOR MCARMA
PROCESSES

With the knowledge from the previous sections, we can now turn to the QML
estimation for MCARMA processes. In the following we assume that our data set
is generated by a continuous—time state space model (A, B,C, L), i.e. for (Y (t))ier
with Y = MCARMA (A, B, C, L) the discretely sampled process (Y (kh))gez is the
data—generating process. Moreover, we have a parametric family of MCARMA
models (Ayg, By, Cy, Ly) with 9 in a parameter space © C RV¥(®) N(©) € N. The aim
is to find Jy € © such that MCARMA (Ay,, By,, Cy,, Lg,) =Y, if such a thing exists.
As we have seen in [Proposition 2.5, observing a parametric family of MCARMA

processes at equidistant points in time induces a parametric family of discrete—time
state space models. Therefore, QML estimation of a MCARMA process observed in
this way is equivalent to QML estimation of a discrete—time state space model. We
now review the most important aspects of the estimation of such a model, heavily
relying on Schlemm and Stelzer . A key role in the QML estimation of this

kind of processes is played by the so—called linear innovations. These are defined in
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the following way:

Definition 2.19. The linear innovations ¢ = (é;)rez of the process (Y (nh))nez
are defined by e, = Y (kh) — Py_1Y (kh), where Py, denotes the orthogonal projection

onto the space span{Y (mh) : —oo < m < k} and the closure is taken in L.

Note that this definition ensures that the innovations are stationary, uncorrelated
and have mean 0.
What is of particular importance is the fact that these innovations can be calculated
through the so-called Kalman filter, originally introduced in Kalman and
described in a time series context in [Brockwell and Davis [1991] §12.2]. This is
summarized in [Schlemm and Stelzer 2012, Proposition 2.1], who in turn combined
[Brockwell and Davis|[1991} Proposition 12.2.3] and [Hamilton [1994] Proposition 13.2]
to obtain it. We employ the fundamental ideas of the Kalman filter in the following
to calculate the so—called pseudo—innovations. To this end, we proceed as follows:
For every ¥ € O, the steady-state Kalman gain matrices Ky and covariances Vy are
computed as functions of the unique positive definite solution €2y to the discrete—time

Riccati equation
Qp = e Qy e 157, — (M QuCT) (Cy2eCT) " (exp®™ Q,0T)", (2.11)

via
Ky = (2" QyCT) (CoyCT) ™, Vi = Cy2,CF. (2.12)

Based on this, the pseudo—innovations (€ )rez are defined by

Xy = (" —KyCy) Xy 1 + KpY ((k — 1)h),
€§,k = Y(kh) - Cﬁ)?r&k (213)
_ [Idxd — Cy (Iy — (™" —KyCy)B) ™" KﬂB} Y (kh), k € Z.

where B denotes the backshift operator, i.e. BY), = Y),_1. Note that we call them
pseudo—innovations because, in general, they will not coincide with the innovations
of the process (Yy(nh))nez. If, however, Y = MCARMA(Ay,, By,, Co,, Ly, ), then
€90,k = €, and it holds that Eleg, xej ] = Vi,, which is in general not true for 9 # .
Suppose now that we have n observations of the process Y at discrete, equidistant
times, contained in the sample Y™ = (Y (h),...,Y(nh)). In this situation, [Brockwell
and Davis , Eq. (11.5.4)] tells us that =2 times the logarithm of the Gaussian
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likelihood of ¥ can be written as

1 n
L(Y,Y") = - Z(d log(2m) + log(det(Vy)) + €5, Vy '€or) (2.14)
k=1

1 n
== > o (2.15)
k=1

The expectation of this random variable is
200) =E[L(V,Y")]. (2.16)

Gaussian likelihood in this situation means that this is the exact likelihood function
if the innovations are normally distributed. If this assumption fails to hold L is
not the true likelihood function of the innovations, hence the name quasi maximum
likelihood estimation.

Moreover, in practical scenarios it will not even be possible to calculate the pseudo-
innovations, as they are defined in terms of the full history of the process (Y (nh)),ez
and we only have a finite amount of observations at our disposal. Therefore we need
a method to approximate them based on this finite sample. For example, one could
initialize the Kalman filter at £ = 1 by prescribing )A(m = )A(g,initial and then use the

recursion

)A(ﬂ,k = (eh _Kﬂcﬂ))?ﬂ,k—l + KyY((k—1)h), k> 2,

. (2.17)
Gox =Y (kh) — CyXgp, k€N,

)?ﬁyinitial can be sampled from the stationary distribution of Xy if possible or simply
set to some deterministic value. We call the €y 5, obtained in this way the approzimate
pseudo—innovations.

Substituting the approximate pseudo-innovations for their theoretical counterparts in
(2.14), we obtain the quantity that will be minimized to obtain the Gaussian QMLE,

namely

~ 1 ~ 1~
L, Y") =~ > (dlog(27) + log(det(Vy)) + €, Vi Eor) (2.18)

k=1
The QMLE based on the sample Y™ is then given by

9" := arg min L9,Y™). (2.19)
9eO
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The idea is that 9" is an estimator for the pseudo—true parameter

V" := arg min 2(). (2.20)
)

We call this parameter pseudo—true parameter since we do not necessarily assume that
© contains some Yy with Y = MCARMA(Ay,, By,, Cy,, Lg,). Also, strictly speaking,
argmin is a slight abuse of notation here, as we cannot know if the pseudo-true
parameter is unique, and in fact it will turn out this is something that we will have
to assume. Since we will always make this assumption later, we have introduced this
notation here already. If © does contain such a 1, as just described, we always have
¥* = 9y, 1. e. this definition is compatible with that special case.

We now need to address several points: First off, we must ensure that the collection of
output processes (Yy)geo is h-identifiable from the spectral density in order to prevent
the introduction of aliasing effects into our model by the discrete observations.
Secondly, we should consider the implications of using the approximate pseudo—in-
novations (€yx)ken instead of their theoretical counterparts, which also affects the
log-likelihood function.

And lastly, we need to clarify some points which arise when we are in a misspecified
parameter space: under which conditions does the QMLE converge to the pseudo—
true parameter 9", if at all? Are those conditions any different in the correctly and
incorrectly specified case?

Before we answer these questions, we will list all the assumptions we use to develop

the asymptotic theory of the QMLE in one place for easy reference:
Assumption B.
B.1 The parameter space © is a compact subset of RV(©).

B.2 For each ¥ € ©, it holds that E[Ly] = 0, E[||Ly(1)||*] < co and the covariance
matrix X5 = E [Ly(1)LT(1)] is non-singular.

B.3 For each ¥ € ©, the eigenvalues of Ay have strictly negative real parts.

B.4 The functions ¥ — Ay, ¥ +— By, 9 — Cy and 9 — XL are three times
continuously differentiable. Moreover, for each ¥ € ©, the matrix Cy has full

rank.
B.5 For all ¥ € ©, the triple (Ay, By, Cy) is minimal with McMillan degree N.

B.6 The family (MCARMA(Ay, By, Cy, Ly))geco is identifiable from the spectral
density.
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B.7 For all ¥ € O, the spectrum of Ay is a subset of {z € C: -7 <Imz < 7}
B.8 The pseudo-true parameter 9 is an element of the interior of ©.
B.9 For the true Lévy process L there exists a § > 0 such that E[||L(1)]|**] < cc.

B.10 For every e > 0 there exists a d(¢) > 0 such that

200") <  min  2(9) — d(e),

T 9€B(97)NO
where B.(9*) is the open ball with center ¥* and radius e.

B.11 The Fisher information matrix of the quasi maximum likelihood estimator is

non-singular.
Remark 2.20.

a) At the beginning of [Schlemm and Stelzer|2012, Chapter 4.1] it is explained that
the Echelon MCARMA realization from|Subsection 2.2.2 fulfills the smoothness

and identifiability assumptions desired in|Assumption B automatically, namely

B.4], [B.5 and |B.6l. The rest of the assumptions can be easily imposed by

restricting © and the driving Lévy process in a suitable way. For this reason

we always use the Echelon form as parametrization.

b) Note that imposing these assumptions on a parametric family of continuous—
time state space models achieves the following:
Two processes in the family (MCARMA(Ay, By, Cy, Ly))yseco can not possess the
same spectral density, since by|B.6| this is excluded. Moreover, by|B.5| it is also
ensured that no process in this family can be described equivalently by a process
from another family with different McMillan degree that fulfills the assumptions

as well (again in the sense that they possess the same spectral density). Hence,

for two parameter spaces © and ©' both satisfying|Assumption B with different

McMillan degrees they will always contain different processes.

Moreover, Assumption is the equivalent of [Assumption L, Assumption

guarantees the existence and uniqueness of a stationary solution, and
Assumption implies the Kalman—Bertram criterion (Eq. (2.9)).

c) Assumption is a property called identifiable uniqueness: it makes sure
that 9* is the unique minimum of 2(0) in © (White p. 28]). In the
situation we investigated, i.e. for the Echelon form, we were not able to find a

way to guarantee the uniqueness to hold besides simply assuming it. In light of
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ne

©

Sa

of

(2.20) this does not seem to be very restrictive, however. In conjunction with
what was explained in the previous paragraph the assumption just means that
in every parametric family we can find one continuous—time state space model

(or MCARMA process) which is the best approximation to the true one, i. e.
the notation in (2.20) is justified.

d) In the correctly specified case, i. e. when the space © contains ¥y with
MCARMA(Ay,, By,, Co,, Ly,) =Y, the identifiable uniqueness follows from
some properties satisfied by the innovations associated to the true parameter
Vo, see [Schlemm and Stelzer Lemma 2.9 and 2.10], i. e. Assumption
can then be dropped without any replacement.

e) In case of a correctly specified parameter space, we can replace Assumption

by the assumption that there ezists a positive index iy such that the
[(io + 2)d?] x r matriz

vecexp(Inxnh)
vecexp(Aygh)

v []io+1><i0+1 X Kg X Cﬁ}
9

vec exp(A%h)

vec Vi 9
=vo

has rank N(©). This condition is used in Schlemm and Stelzer as

Assumption C11 and guarantees the desired non-singularity.

We will now put some of these assumptions to use in order to show that we do not

ed to assume h-identifiability, but can deduce it from the given assumptions:

Theorem 2.21 (Schlemm and Stelzer [2012], Theorem 3.13). Assume that the space

with associated family of continuous—time state space models (Ay, By, Cy, Ly)vco
tisfies Assumptions|B.2, |B.3|,|B.5, |B.6| and|B.7. Then the corresponding collection
output processes (MCARMA(Ay, By, Cy, Ly))g, V0 € ©) is h-identifiable from the

spectral density.

Proof. See cited reference. O

As a next step, we will answer the questions raised by the use of the approximate

pseudo—innovations. The answers are quite pleasant, because under mild conditions

it

does not matter if we consider the empirical approximate pseudo-innovations or

their theoretical counterparts, the pseudo-innovations:
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Lemma 2.22. Assume that the space © with associated family of continuous—time
state space models (Ay, By, Cy, Ly)geco satisfies Assumptions to .

a) There exists a matriz sequence (cyx)ken Such that

b)

eon =Y (kh)+ > e, Y((k—v)h), k€L
v=1

Furthermore, there exists a positive constant C' and a constant p € (0,1) such
that

sup [leg ill < Cp*, k€N,
9e0

If the initial values )?ﬁ,initial are such that supyce ||)A(19,m-tm1|| is almost surely
finite, then there exist C' > 0 and p € (0,1) such that

sup |leg.r — eill < Cp*  P-a.s.
e

For each i € {1,...,N(©)}, there exists a matriz sequence (cq(;’)k)keN such that
Oicos =Y e Y ((k—v)h), ke L.
v=1

Furthermore, there exists a positive constant C' and a constant p € (0,1) such
that

sup ||l | < Cp*, kel
[SS]

If fori e {1,...,N(O)} the initial values )?g,mitml are such that supycg ]|)A(197m,-tialH
and supyeq ||8Z-)A(19’mitml|| are almost surely finite, then there exist C > 0 and
p € (0,1) such that

sup ||8i€197k — 61/6\197].3” S Cpk P-a.s.
UIS(S)

For each i,j € {1,...,N(©)}, there exists a matriz sequence (cf;;,?)keN such
that

Oieon =Y IV ((k—v)h), ke
v=1

Furthermore, there exists a positive constant C' and a constant p € (0,1) such
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that

sup [ < Cp¥, keN.
JEO

If for some i,5 € {1,...,N(©)} the initial values )?ﬁ’initial are such that

Supﬁe@ ||X19,initial||; Supﬂe@ ||81X19,im'tial||7 l S {Za]}a CL?’Ld Supﬂe@ ||ai27jX19,mitial||
are almost surely finite, then there exist C > 0 and p € (0,1) such that

< Cp¥ P-a.s.

sup [|0; jeo x — O;j€ok
9e0

Proof. Part a) is Schlemm and Stelzer [2012, Lemma 2.6], part b) is Schlemm
and Stelzer [2012, Lemma 2.11i) and ii)] and part ¢) is Schlemm and Stelzer [2012,

Lemma 2.11iii) and iv)] where we additionally use Schlemm and Stelzer [2012, Lemma
3.14]. O

A consequence of this lemma is especially that the approximate pseudo—innovations
converge to the pseudo—innovations at an exponential rate if the assumptions on
the initial values are satisfied. In the rest of the thesis, we always assume this to
be the case (it suffices to set the initial values to 0 for example). Furthermore, the
convergence of the approximate pseudo—innovations also carries over to the likelihood

function, the approximate likelihood function and their respective derivatives:

Lemma 2.23. Assume that the space © with associated family of continuous—time

state space models (Ay, By, Cy, Ly)geco satisfies Assumptions to . If fori,j €
{1,...,N(©)} the initial values )?mm-ml are such that supyeg H)A(MH, SUPyeo H@l-)?g,l [

and supyee ||6i2,j)?1971|| are almost surely finite, then it holds:

a) Supyco )E(ﬁ,Y") — L@, Y")| =0 asn— oo P-a.s.

L (9,Y™) — 0L (0, Y™) 50 asn — oo.

b) \/ﬁ SUPyeco

¢) SUpyeo 8&2(19,5””) — 0} LW, Y™)| = 0 as n — oo P-a.s.

d) supyee E Hf(ﬂ, Y™ — L9, Y™

}—>Oasn—>oo.

Proof.  a) This is Schlemm and Stelzer [2012, Lemma 2.7] taking Schlemm and
Stelzer [2012, Lemma 3.14] into account.

b) & c¢) The assertions can be shown as in a), using Schlemm and Stelzer [2012] Lemma
2.11].
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d) We have supycg E ||€g x| < 00, supyee E ||€s k|| < 0o as in the proof of Schlemm
and Stelzer [2012, Lemma 2.7], and for some p € (0, 1) the behavior

C n - n—00
] < =Y o sup(ElEg sl + Ellessl)) "= 0.
n 1 Y€

sup E HE(@,Y") —L(9,Y")
[S(C)

]

The rest of this sections is devoted to proving a central limit theorem for the quasi

maximum likelihood estimator under [Assumption Bl To this end, first, we show that

the output processes are exponentially strong mixing and discuss the implications of
this:

Proposition 2.24. Suppose that the parametric family (Ayg, By, Cy, Ly)sco of conti-
nuous—time state space models satisfies Assumptions and|B.2l. Then each output

processes Yy is exponentially strongly mixing.

Proof. Assumption guarantees that the Lévy processes Ly all have finite second
moments and Assumption guarantees that the solutions of the state space
models all are causal. Therefore, the requirements of [Marquardt and Stelzer 2007,

Proposition 3.34] are satisfied and the assertion follows. ]

The next proposition collects auxiliary results which are used in the proof of the
asymptotic normality of the QMLE. They are highlighted here separately for easier

reference, because they will appear again later in a different context.
Proposition 2.25.

a) Assume that the space © with associated family of continuous—time state space

models (Ayg, By, Cy, Ly)geco satisfies Assumptions to as well as|B.9|

Then, there exists a pseudo—true parameter ¥* € © as defined in Equation
(2.20) and for every n € N, there exists

¥, = argminE [2(19, Y”)} (2.21)
v€O

as well. If © also satisfies the other parts of Assumption B, then ¥ — 9* as

n — 00. In particular, for n sufficiently large U} is in the interior of © as well.

b) Assume that the space © with associated family of continuous—time state space
models (Ag, By, Cy, Ly)gco satisfies Assumptions to . Then the strong

law of large numbers

~

LW, Y") = 2(1) P-as.
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a)

holds uniformly in v as n — oo.

Assume that the space © with associated family of continuous—time state space

models (Ay, By, Cy, Ly)geo satisfies| Assumption B. Then, as n — 0o,

VRVLW,Y™) B N(0,Z(97)),
where Z(9*) = lim,,_,o, n Var(VyL(9*,Y™)).

Assume that the space © with associated family of continuous—time state space
models (Ag, By, Cy, Ly)geco satisfies Assumptions to . Then the conver-
gence

V2L, Y) =T (W) P-a.s.

holds uniformly in ¥ as n — oo, where J(9) :=E[V3ly1].
Assume that the space © with associated family of continuous—time state space

models (Ay, By, Cy, Ly)geco satisfies ]Assumption ﬂ Then there exist €, o« > 0
such that for almost all w and for every n > nqy(w) and 9 € B.(9*) N O we have

det (vgﬁw, Y”)(w)) > a.

Proof.  a) The existence statements follow directly from Sin and White [1996,

c)

Proposition 3.1]. The convergence ¥} — 9* follows from Lemma 2.23d).

b) This is exactly Schlemm and Stelzer [2012, Lemma 2.8] taking Schlemm and

Stelzer [2012, Lemma 3.14] into account.

Note that under [Assumption B we have

= 0.
H=0*

VB [L(0,Y™)]

Next, we use dominated convergence to interchange the expectation and deriva-
tion, giving

E[V,L00,Y")]| =0 (2.22)

Y=9*

The rest of the proof can now be carried out as that of [Schlemm and Stelzer
2012, Lemma 2.16]. That proof makes use of the fact that the above expectation
is zero, but obtains this result in a different way, which is why we pointed it

out separately here.
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d) The sequence (ai%jzﬁ,n)ij is ergodic for every i,j € {1,...,r}. This follows
from the representation in (2.15), the moving average representations of the

innovations and their derivatives as given in (2.22), (2.22), (2.22), the strong
mixing of the output process Y (Proposition 2.24)) and lastly [Krengel [1985]
Theorem 4.3].

Hence, by Birkhoff’s Ergodic Theorem, it follows that the matrix of second

derivatives satisfies a strong law of large numbers, i. e. it holds pointwise
LY,Y") ZvﬁzM I E (V3] = T@), n— .

The stronger notion of uniform convergence can be shown by using the com-
pactness of the parameter space and applying [Ferguson (1996, Theorem 16a)].

e) Assumption says that the Fisher information matrix E [V3ly ;] is in-
vertible and hence, det(E [VZly1]) > 0. Moreover, by Assumption the
map ¥ +— E[V2ly,] is continuous. Thus, there exist ¢, > 0 such that
infyep, (9+)ne det(E[V31y1]) > a. Since by d) as n — oo,

sup  ||[V3L L9, V") — E[Vilg1]|| =0 P-as,
9€ B (9*)NO

we finally get lim,, ., infye . (900 det(VZL(D, Y™)) > a P-as..

The following lemma gives the result that the function 2 attains its minimum
at parameter values ¥y with Y = MCARMA (Ay,, Bo,, Co,, Ly, ), a statement which
we will use later in the proof of consistency of information criteria again (see also

[Schlemm and Stelzer 2012, Lemma 2.10] and [Boubacar Mainassara 2012, Lemma
1], although the former only treats the case of a space © with Jy € O):

Lemma 2.26. Let © satisfy [Assumption B in its entirety and 99 be such that
Y = MCARMA(Ay,, By, Cyy» Lo,). Then it holds for every ¥ € ©:

2(9) > 2(0,).

Furthermore, for every 9 € © with Yy # MCARMA(Ay,, By, Cy,, Lo,) there exists a
0 > 0 such that
2(9) — 2(¥y) > 0. (2.23)
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Proof. By definition we have

2(¥) = log(2m) + log(det(Vy)) + E [e5,Vy €]
= log(27) + log(det(Vy)) + tr (Vﬁ_lE [6197161971})
— log(2) + log(det(Vy)) + tr (V" (E [eay,16h,1] + 2B |egqt (co,1 — €0p1)”

+E |(e91 — €951) (€91 — €§071)T:| )) (2.24)

Note that €51 and €y, 1 are defined in terms of the same random variables Y, hence
the difference €y — €y,.1 is an element of the linear past of €y, 1, to which the latter is
orthogonal by definition. This means the second expectation in (2.24) is zero (since
Elego1] = 0), which we can use together with the fact that E [eg, €5 ;] = Vy, to

obtain

(2.24) = log(2r) + log(det(Vy)) + tr (vﬁ—l (vﬁo +E [(em — epon) (€91 — ww)ﬂ )) .

For ¥ = ¥, things simplify even more and we have

2(Vy) = log(2m) + log(det(Vy,)) + tr (Vﬁ_ol‘/ﬂo)
= log(2m) + log(det(Vy,)) + d

If we then regard the difference we find

2(9) — 2(9) = log(det(Vy)) + tr (Vﬂ’lvﬁo) — log(det(Vy,))
—d+ tr (Vﬁ_lE [(619’1 — €9p,1) (€91 — 6190’1>T]>
—log (det(Vy'Vy,)) + tr (Vy Vo) —d +34, (2.25)

where
0 =tr (Vﬂ_lE [(61971 —€9y1) (€91 — 6190,1>Ti|> )

Note that this definition implies that 6 = 0 if and only if €51 = €y,,1 almost surely.
Otherwise, 6 > 0.

Since the matrices Vy and Vy, are symmetric and positive definite, the same carries
over to the product VJIVgO. Denote by Ay, © = 1,...,d the d strictly positive
eigenvalues of this product. For z > 0 we have the elementary inequality x—log(z) > 1,

which we can use to establish

d
Z (Av,i — log(Mgs)) > d
i—1
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<= i Ay,i — log (ﬁ /\19,1-) > d
> tr (V; 'Viy,) — log (det (V;'Vy,)) > d. (2.26)
Applying to (2.25), we see that
200) - 2() >d—d+06=6>0, (2.27)

which is exactly what we wanted to prove.
For the strictly positive lower bound in the case of Yy # MCARMA (Ay,, By,, Cv,, L),
we noted above that eg; # €y, if and only if § > 0. Therefore, if § = 0, then

€9,1 = €9y, holds almost surely. Since Assumptions B.1]-B.3|and B.6 hold, [Schlemm
and Stelzer 2012, Lemma 2.9] is applicable and tells us that €y = €g,1 almost surely
implies ¢ = ¥y. Thus (2.23)) follows directly from (2.27). O

Remark 2.27. In the strict inequality with a strictly positive § will

always hold if we consider a parameter space whose vector of Kronecker indices m

1s not equal to the Kronecker indices of the output process Y, since then the data—
generating process cannot be generated by a parameter in © by the assumptions on the
parametrization (see also|Remark 2.20b)). However, for a space © that contains a 9*
with Y = MCARMA(Ay+, By, Cy«, Lyg+), equality in the statement of the lemma will
be attained for ¥, which is then also the pseudo—true parameter in © as explained at

the start of this section.

We can now state the desired central limit theorem, which basically combines [Sin

and White [1996, Proposition 4.1] and [Schlemm and Stelzer 2012, Theorem 3.4]:

Theorem 2.28. Assume that the space © with associated family of continuous—time

state space models (Ayg, By, Cy, Ly)gco satisfies|Assumption B. Then, as n — oo,

I 9 P-a.s.,
and
Jn (@L - 0*) B N(0,2(9%)),
where
W) =J 99T ()
with

Z(¥*) = lim nVar(VyL(*,Y™)) and J@0*) = lim VZL(W*,Y"). (2.28)

n—oo n—oo



38 CHAPTER 2. FUNDAMENTALS

Proof. The proof can be carried out in the same way as Schlemm and Stelzer [2012
Theorem 3.16, Theorem 2.4 and Theorem 2.5], respectively, replacing 9 by ¥*

wherever it appears. For the strong consistency, the key idea is to make use of the

convergence result given in Proposition 2.25b) and the fact that ¢* is the unique
minimizer of 2 in ©, which follows from and ensures that the estimator converges
to a unique limit, see also White [1996, Theorem 3.4]. For the asymptotic normality,

one uses a Taylor expansion of VgE around the value ¥* and then uses the results

from [Proposition 2.25¢)-¢) to obtain the statement. Detailed steps are omitted here,
since the arguments from the proofs of Schlemm and Stelzer [2012, Theorem 3.16,
Theorem 2.4 and Theorem 2.5] apply completely analogously. The only difference is

that instead of the true parameter we have the pseudo—true parameter here, but due
to the additional assumption the same techniques still can be used. O

Remark 2.29. a) For the strong consistency part of the theorem, Assumption

can be relaxed to only require continuity instead of three times differentiability.

b) In the case that we are in a correctly specified parameter space, this theorem

corresponds exactly to [Schlemm and Stelzer|2012, Theorem 3.16].



CHAPTER 3

CONSISTENCY OF INFORMATION CRITERIA
FOR MCARMA PROCESSES

This chapter is devoted to the study of a class of information criteria for MCARMA
processes and their asymptotic properties. The motivation behind information criteria
is the following: Assume that we are given discrete—time, equidistant observations
Y™ = (Y(h),...,Y(nh)) of a d-dimensional MCARMA process Y. Let the Kronecker
indices of the Echelon form, the degree of the AR polynomial and the degree of the
MA polynomial, respectively, belonging to Y be denoted by my, pg and qq, respectively.
As we have seen in [Section 2.2| the QMLE is consistent and asymptotically normal,

even when we operate in a parameter space © which is misspecified as long as

‘Assumption B is satisfied. However, in order to truly estimate the parameters of the

data—generating process, it is necessary to operate in a space which contains ¥y with
Y = MCARMA (Ay,, By, Cy,, Ly, ), because otherwise the QMLE will estimate a
pseudo—true parameter instead. This especially means that we need to know the true
Kronecker indices mg. This is exactly the point where we require model selection,
or, synonymously, information criteria. These criteria are characterized by the fact
that they allow to compare different parameter spaces and enable us to say which of
the spaces fits best to given data. Moreover, one would ideally hope to be able to
identify the true parameter space eventually if such a thing exists. We will study
a family of information criteria, which all have in common that they build upon
the pseudo—-Gaussian likelihood function and the QMLE. The main result of this

chapter will be a theorem that gives conditions for the criteria to be asymptotically
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weakly or strongly consistent, respectively. Another important fact is that these
criteria generalize well-known information criteria for other model classes, e.g. the
AIC and BIC. Since the structure of these criteria laid the groundwork for the more
general definition we work with, we will study them and their derivation separately,
highlighting how the idea of approximating the Kullback—Leibler discrepancy (for the
AIC) or the Bayesian a posteriori probability (for the BIC) of different parameter

spaces naturally leads to particular members of our more general family of criteria.

3.1. SETUP OF THE PARAMETER SPACES FOR ORDER SELECTION

As first step towards our information criteria, we will have a closer look at the
relevant parameter spaces. Assume that different parameter spaces, each containing

continuous—time state space models in Echelon form and differing by their Kronecker

indices, are given. As explained at the end of [Subsection 2.2.2] if we now estimate

the true Kronecker indices myq by, say, an information criterion, we would (indirectly)
obtain an estimate for pg, but not for gy. In order to alleviate this, we will “decompose”
a space O, with fixed Kronecker indices m, and thus fixed AR degree p, into several
smaller, not necessarily disjoint (in terms of their output processes) spaces and obtain
so—called nested spaces.

To motivate this further and explain it with an illustrative example, let us consider

the one—dimensional case first.

Example 3.1. The main reason to use the Echelon form s that it provides an
identifiable parametrization of multivariate CARMA models. In one dimension,
an identifiable parametrization can be obtained by much simpler means, namely by
using the coefficients of the AR and MA polynomial as defined in |[Definition 2.2

as parameters and demanding that those polynomials have no common zeros. In

particular, this means that we can choose a parameter space as

Qo = {¥ = (ay,...,ap,bo,...,b, 1) : P and Q have no common zeros} C RP*#~!

and impose the conditions from |[Assumption B in order to obtain a space suitable

for quasi mazimum likelihood estimation. We have ¢ = p — 1 with no further

restrictions, except those that are necessary from a technical perspective, i.e. mandated

by [Assumption B. In the space ©y, there therefore are p+ (p — 1) = 2p — 1 free

parameters. However, |Assumption B does not imply that by # 0 for every 9 € ©q. In

this sense, the MA degree of the processes parametrized by ©q is not uniquely defined.
For example, if p =2 and by = 0, by # 0 then the corresponding output process is a
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CARMA(2,1) process where one of the MA coefficients is 0. Alternatively, we can
also interpret it as a CARMA(2,0) process and omit the superfluous coefficient that
is equal to zero. Thus, the MA degree of processes parametrized by elements in O
as defined above can vary between 0 and p — 1. This is exactly the effect that also
occurs with the Echelon form, since fizing the Kronecker indices does not uniquely
define the MA degree.

We now “partition” the space ©g into a sequence of nested models, each of which is
also suitable for maxzimum lilkelthood estimation. This comes at the price that these
spaces will then not necessarily be disjoint anymore (in the sense that they do not all
parametrize truly different output processes). In order to not violate Assumption
it is necessary that we keep p fized and only vary q. For ¢ < p—1, we can then define

O = {(ai,...,apbo,...,b,) : P and Q have no common zeros} C RPT4t! — (3.1)

Note that the MA order of the contained processes is now less or equal to q. When
doing order selection, instead of considering only the space ©g, we can then introduce
p — 1 additional spaces for each p, namely those with 0 < q¢ < p—2. The advantage is
that we obtain more information that way: in this case we have p+q free parameters in
O. If we ultimately minimize an information criterion over all the spaces constructed
in this way, we also obtain information about the order of the MA polynomial, not
only about that of the AR polynomial.

We can observe another phenomenon in this scenario: If p = py and qy # po — 1,
then for every q¢ > qo and © as in (3.1), we can find an element which generates the

same output process as vy, namely

? 'po?

0 = (@}, 0,0, ).

q—qo times

The notation ¥* is not a coincidence. Remember that we denoted by ¥9* the pseudo—
true parameter in a misspecified space in|Theorem 2.28, defined by (2.20). Since

9* differs from ¥y only by some added zeros, which do not influence the innovation

sequence (€g« i )kez, we have €y« p = €y, 1 for every k € Z. This in turn implies that
the expected log-likelihood function 2, defined in (2.16), attains the same value at ¥*
as at ¥y, while Lemma 2.26 tells us that 2(Vy) is the global minimum of 2, i. e. V*
therefore is a global minimum of 2 in © and hence the pseudo—true parameter in ©.
This is an important observation and will play a crucial role in some of the results

to come.

For the multivariate case, the idea remains in principle exactly the same. However,
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due to the complexity of the Echelon form, we cannot explicitly write down the
structure of the “smaller spaces”. Instead, we can only give an abstract definition by
saying that a nested © contains parameter vectors that parametrize a continuous—time
state space model in Echelon form of which some parameters are a priori restricted
to prescribed values. The reason for this is that there is no general formula for
the number of free parameters associated to given Kronecker indices. Moreover,
unlike in the one-dimensional case, even if we chose to restrict parameters to 0, this
does not automatically lead to a decrease in the degree of the MA polynomial of
the corresponding MCARMA processes. However, it is possible (and reasonable
in practical scenarios) to choose the spaces in such a way that each © contains
MCARMA processes with Kronecker indices m and MA degree ¢ or less for some
q € {0,...,p—1} in order to obtain additional information when doing order selection.
On the other hand, requiring this special “decomposition” is not necessary, which is
why we proceed in a more general setting.

Also noteworthy is the fact that, in contrast to the one-dimensional case, we cannot
simply remove parameters from a space to obtain the nested spaces. Instead we have
to set certain parameters to a fixed value in the Echelon form. However, if a space
O is nested in ©', we still think of © as a subset of a vector space with dimension
strictly less than N(©’), since the parameter vectors should only contain the free
parameters on which we have not imposed any a priori restrictions.

Let us complement these explanations by an example. We again look at the canonical

parametrizations for d = 2 as presented in |[Table 2.1 and [Table 2.2/ for d = s = 2

and H(0) = Hy = —Isyx2. We now want to decompose the spaces given in those
tables into smaller spaces in such a way that the processes in two different spaces
not only differ by their Kronecker indices, but also by the degree of their respective
MA polynomial. Of course this is easy because we have already written down the
parametrizations explicitly and therefore know exactly on which parameters we must

impose which restrictions. The results are given in the following tables, where we

repeat the entries of [Table 2.1/ and [Table 2.2| for the sake of easier comparison:
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Table 3.1.: Canonical state space realizations (A, B, C) of rational transfer functions
with different Kronecker indices m and additional decomposition of the
parameter space

m | (p,q) | N(©) A B C

Yy e Y1 U 10
eojenl 7| (G o) [, 52 (o )
191 192 0 191 192
(1,2) | (2,0)] 8 0 0 1 0 0 ((1) ; 8)
193 194 195 793 794

191 192 0 191 192 10 0
(1,2) | (2,1)] 10 0 0 1 g 97 (0 X 0)
vz ¥4 Us Uz + Vs V4 + U507
0 1 0 0 0 10 0
(2,1) (2,0) 9 ’191 ’192 ’193 191 193 (0 0 1>
Vg U5 U Vs Vg
0 1 0 V7 g 100
(2,1) | (2,1) 11 Y Yy U V1 + 92097 U3 + 09004 (0 0 1>
Vg U5 Vg Dy + 95097 U + 0504
0 1 0 0 0 0
Y vy U3 Uy P Vs 1000
221200 Ly o o 1 0 0 (0 0 1 o)
U5 U U7 s U5 U7
0O 1 0 0
(2’2> (2’1) 15 %1 %2 %3 7914 (191+194§§+192199 193+1921§1102+1941912> (é 8 (1) 8)
I5+08011+0609 U7+d6P10+08012

U5 U¢ U7 Us
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Table 3.2.: Canonical MCARMA realizations (P, Q) with order (p,q) of rational
transfer functions with different Kronecker indices m and additional
decomposition of the parameter space

m_ | (p,q) | N(©) P(z) Q(z)

(1,1 | (1,00 7 (Z__ngl Z__ﬁf;) (ﬁf@ 192)
(L,2) | (2,0)| 8 (i}fl Zz_;fj_%) (32, 32

(1,2) | (2,1) | 10 (Z—_ﬁfl 22—;?; —%) <z96z19i193 197;2795)
2,1 [ (20| 9 (2__19212__79;9 i Z__ﬁf;ﬁ) (32 32)

2,1) 21| 1 (zZ_—ﬂilZ_;f : Z__ﬁ;6) 1972'19-:192 198219?93
2.2)] 20 1 (22_795;2_7929 . _794198) (32 32)
ealen] s (5058 ) (et seta)

Returning to the general procedure, we can then consider all of these spaces, which
differ by the Kronecker indices and the number of free parameters, instead of the
spaces which only differ by the Kronecker indices. Of course, we will still require
the nested spaces to fulfill [Assumption B|in order to be able to do QMLE in them,

but this is possible. After having explored the structure of the parameter spaces

under consideration in detail, we progress further towards the information criteria.
As already mentioned, one goal later on is to study their asymptotic behavior. To
this end, the results and tools from will of course be necessary. However,
we will need some additional tools. In particular, the most important result in the

study of consistency will be the law of the iterated logarithm for the function L as

defined in (2.18)). For this reason, we first derive this result.

3.2. THE LAW OF THE ITERATED LOGARITHM

~

The goal of this section is to establish a law of the iterated logarithm for £. This
is done because in order to deduce strong consistency of information criteria later,
we will need to study the limit superior of L. The law of the iterated logarithm will
provide us with a suitable scaling sequence that, when multiplied with E, will lead
to a non—zero limit superior, which is exactly what we will need.

To make the derivation more manageable, it is broken down into three separate

steps, each building upon the former and culminating in the desired result. In the
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following proposition we begin by establishing a law of the iterated logarithm for

linear combinations of partial derivatives of the quasi log—likelihood function.

Proposition 3.2. Assume that the space © with associated family of continuous—

time state space models (Ag, By, Cy, Ly)geo satisfies|Assumption B. Then, for every
z € RYON\ {0y} it holds P-a.s.

lim sup _—\/ﬁxTVgE(ﬁ*, Y") = limsup LZ'TVﬁE(ﬁ*, Y™
n—oo  4/log(log(n)) n—soo  4/log(log(n))

— /2 T

Proof. Let x € RVN®)\ {Oy(e)}. First, it can be deduced that 27Z(9*)x is finite and
positive from Schlemm and Stelzer [2012] Lemma 2.16]. Moreover, by Schlemm and
Stelzer [2012, Eq. (2.24)] the representation

(92119»«,]C = tr (Vﬁ_*l (Idxd - 619*7k65*,kv_*1) @Vﬂ*) + 2(91'65*716‘/19_*1619*716 (32)

holds. By [Lemma 2.22| we know that both the pseudo-innovations and their partial

derivatives can be expressed as moving averages of the true output process via

o= co Y ((k=v)h),  Oegn =Y cyl Y((k—v)h) (3.3)
v=0 v=0

and the inequalities supyeg ||co.|| < Cp” and supyeq HcS)VH < Cp” are satisfied for
some C' > 0 and p € (0,1) fori € {1,...,N(0)}. Thus, 2"Vl = Zi]i(lg) z;0ilg~ i
can be written as f(Y (kh),Y ((k — 1)h),...) for a suitable function f.

The aim is now to apply the law of the iterated logarithm for dependent random
variables as it’s given in Oodaira and Yoshihara , Theorem 8], for which we

need to check the following three conditions:

2-‘,—51

a) E [27Vyly- ] =0 and E |a:TV19l19*7k| < oo for some §; > 0.

b) E [szﬂ*’k —E [2TVlye g | o (V((k = m)h), ..., Y (kh), ..., Y ((k +m)h))] |2]
= O(m~27%) for some d, > 0 and m € N.

5
c) >, ay(h)(k’)ﬁ < oo for some 0 < d3 < 07, where (ay ) (k))rez denotes the

strong mixing coefficients of the process (Y (kh))kez.

a) We start with the first condition. For the first part it follows as in (2.22) that
E [0ily« k] = 0 for every i € {1,...,N(O)}, hence E [JITVﬁqu*JJ = (0. For the second
part, for any ¢ € {1,..., N(©)} we employ (3.2) and the Cauchy-Schwarz inequality
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to obtain

2461 2401

E |82-l19*,k 2401 S CE ‘tl" (Vﬂ_*lﬁg*’kgg*,kvﬂ_*lai‘/ﬁ*) + CE ‘ai€£*7kvﬂ_1€19*’k’

1
s ¢ (E\|€ﬂ*,k|!4+261 + (EHEﬁ*,k\|4+251E\|3i€19*,k“4+251)2) ’

where we have used the compactness of © in the last line. From Assumption
we know that the driving Lévy process L of Y has finite (4 + 0)th moment for some
0 > 0, which carries over to the (4 + d)th moment of Y (kh), k € Z, and hence to
g+ and ey« . With this, we obtain that the right-hand side is finite if 6; < g.
Since i € {1,...,N(O)} is arbitrary and a7 Vyly- x is a linear combination of those
components, we get [£ ’.TTV19Z19*,]€’2+61 < 00

b) For the second condition, we begin by decomposing the partial derivative as in

the proof of Schlemm and Stelzer Lemma 2.16]. For m € N we write
Ol =V ~E V0| + 28~ E |25, .
where
mk —

Y =t (Vi oV ) + 3 (= tr (Ve Y (k= v)R)Y ((k — v))h)ch. Vi 0:Vy-)
v,v'=0

+ 2V (k= )RV g Y (K — u’)h)> ,
29, = O — YL
Hence, we obtain

E [\xTvﬂzﬁ*,k —E [aTVly- x| o (V((k = m)R), ..., Y (kh),..., Y ((k+m)h))] |2]

2

N(©) N(©)
<E||> zz), -E Z VAN
i=1
N(©) N(©)
= Z a:? Var(Zg?k) + 2 Z TiT; COV(Z;:B,C, Zr(i)k)
i=1 ij=1
i#]

From step 2 of the proof of Schlemm and Stelzer | , Lemma 2.16] we know
that Cov(Z! k, Z( ) ) < Cp™ for a positive constant C and p € (0,1), and every
i,j €{1,...,N(©)}. Thus, the second condition is satisfied as well.

c) Lastly, we turn to the third condition. By [Proposition 2.24 the strong mixing

coefficients ay (t) of (Y (t))ier are O(e™) for some a > 0, which carries over to those
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of the sampled process (Y (kh))rez. Thus, we can choose 3 < §; < g to obtain
5
P ay i (k)75 < 00 as desired.
Then a consequence of a)-c) and Oodaira and Yoshihara [1971, Theorem 8] is the

law of the iterated logarithm

| S (Y w00 )|
lim sup

=1 P-as.
n—soo  +/2nzTLZ(9*)z log(log(naTZ(9*)z))

Since log(log(nzTZ(9¥*)x)) = O(log(log(n))) we can therefore deduce the statement
by symmetry (the driving Lévy process has expectation 0,) for £. Finally, by

Lemma 2.23b) we can transfer the result to L as well. ]

In the next step, we use this result to establish a law of the iterated logarithm for

the norm of the gradient of 2, multiplied by an arbitrary matrix:

Theorem 3.3. Assume that the space © with associated family of continuous—time

state space models (Ay, By, Cy, Ly)geco satisfies | Assumption B. Moreover, let = €
RN(@)XN(@)

be an arbitrary matrix. Then it holds that

lim sup LHEV&E(??*, Y™ = V2 Anae(EZ(0*)ET)  P-a.s.
n—soo  4/log(log(n))

Proof. An application of Proposition 3.2| gives

lim sup fozwf@*, Y") = /2 2TZZ(0*)ZTe  P-as.
n—oo  y/log(log(n))
for every z € RN\ {Oy(e)}. Using the fact that R¥(®) is its own dual space and
viewing the mapping x — xTEngE("z?*, Y. ) as the application of the linear functional
x to EV19£A(19*, Yy ), this means that a law of the iterated logarithm holds for every

univariate process of the form [L'TEVﬁZ<19*, Yy ). Just as in the proof of Finkelstein

11971}, Lemma 2], we can conclude from this that P-a.s.

lim sup L ||EV192(19*7 Y
n—soo  y/log(log(n))

= lim supL sup ‘xTEV,gEA(ﬂ*,Y”)
n—oo y/log(log(n)) ==t

= sup /2 2TEL(9*)ZTx

[[z]l=1

=v/2 - Anax (EZ(9%)ET)
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where we additionally use Zhulenev [1991, Eq. (22)] since the covariance matrix of
EVL(V*, Yy ) is not necessarily the identity (since we are in a finite-dimensional

Hilbert space, see also Ledoux and Talagrand [1991, pp. 222 and 232] for the
identification of the limit). O

Finally, having this theorem allows us to derive the law of the iterated logarithm
for L:

Theorem 3.4. Assume that the space © with associated family of continuous—time

state space models (Ay, By, Cy, Ly)yco satisfies ]Assumption H Then

(2(19*, Y™ — L0, Y”)) = Aaa( T (9°) ET(0) T (9*) %) P-a.s.

limsup —————
n—oo l0g(log(n))

Proof. A first-order Taylor expansion of VﬁE('b\n, Y™) around 9* gives

0=VeL(0",Y") = VoL, Y") + VL@, Y") (" — 0%,

for some 9" with |[J" — 9*| < H&” — ¥*||. Since by ’Theorem 2.28‘ we know that
o —s P-as., 0 — 0* P-a.s. as well. A conclusion of ’Proposition 2.25%) is that
lim,, e det(VZL(D",Y™)) > 0 P-a.s., so that

~ ~ -1
-9t = — (vgﬁ(ﬁ ,Y")) VoLl(05,Y") P-as. (3.4)

is well-defined. Now we employ a Taylor expansion again, albeit this time we expand

2(19*, Y™) around 9" and use a second-order expansion. This gives us
~ o~ 1 ~
LOY™) = L0 Y") + 5(19" —99Iv? E(ﬁ" Y”)(ﬁ — 9,

for some 9" with [|J" — 0"|| < ||J" — 9|}, where we have used VyL(J",Y™) = 0. As

above we have U — ¥* P-a.s. Rearranging the terms, we arrive at

L0, Y™ — L™, Y >=—||v19 L™, Y™z (0" — 09|

(V2L Y™) 'V LW, Y™ (3.5)

N|=

= —H% L9, Y™)

An application of Theorem 3.3 with = = 7 (9*)~2 (which is symmetric) yields

lim sup L
n—oo  y/log(log(n))

=\/ 2 Ao (T (9%) 2 Z(9%) T (97)77)  P-ass.

1T (9)"EV LW, Y™
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With V2L, Y™ V2L, Y™ — J(9*) "2 P-as. (cf. ’Proposition 2.25@)) and

(3.5) we can derive the statement. O]

Remark 3.5. This result is an analog to Sin and White Proposition 5.1]
which investigates consistency of information criteria under some different model
assumptions. However, it is stronger than the one in the cited article, since we are
able to specify the limit superior exactly while in Sin and White it is only

shown that convergence occurs.

We are now at the point where we have studied all the auxiliary tools necessary for
the treatment of order selection criteria, so that we can now introduce and analyze
them.

3.3. LIKELIHOOD-BASED INFORMATION CRITERIA

This main section of the chapter will contain our main results on consistency of

information criteria. First, we give their definition:

Definition 3.6. Assume that the space © with associated family of continuous—time

state space models (Ay, By, Cy, Ly)geco salisfies ’Assumption B‘. Furthermore, let o
be the QMLE based on Y™ in © as defined in (2.19) and let C(n) be a positive,

nondecreasing function of n with

lim % =0.
n—oo N

Then a likelihood-based information criterion has the form

o C
IC,(©) := LW, Y™) + N(@)ﬂ. (3.6)

n
These information criteria have the property that 1C,(O) 5 2(v*). Since
2 attains its minimum at ¥y for which MCARMA (Ay,, By,, Cy,, Lo,) = Y (cf.
Lemma 2.26)), when comparing different parameter spaces we choose that one for

which the information criterion is minimal as the most suitable.

Remark 3.7. C(n) can be interpreted as penalty term for the inclusion of more
parameters into the model. This penalty is needed to obtain meaningful information,
since the inclusion of more parameters always leads to an improved fit of the model
to the data, 1. e. without the penalty term the criterion would always choose the
model with the most parameters. However, this is not feasible, since the inclusion

of too many parameters ultimately leads to an interpolation of the data, such that
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the model would not provide information about the phenomenon generating the data
anymore. The employment of an information criterion can therefore be seen as

seeking a trade-off between accuracy and complexity.

The condition C(n)/n — 0 guarantees that underfitting is not possible, i. e.
asymptotically there is no positive probability of choosing a parameter space which
cannot generate the process underlying the data. However, C(n)/n — 0 is not
sufficient to exclude overfitting, i.e. an asymptotically positive probability to choose
a space with more parameters than necessary. In the following we will give necessary

and sufficient conditions to exclude this case. To this end we need some notation.

Definition 3.8. Let © and Oy be parameter spaces with associated families of

continuous—time state space models (Ayg, By, Cy, Ly)pco, and (Ay, By, Cy, Ly)yco, Te-

spectively, satisfying [Assumption B.  Assume that there is a Vg € ©¢ with
MCARMA(Ay,, By,, Cyy, Lo,) =Y. We say that O is nested in © if N(6y) < N(O)
and there exist a matriz F € RNONO) wih FTF = Inenxney as well as a
c € RN®) such that

(A'ﬁ7 Bﬁa 0197 L’ﬂ)’&é@o - (AF19+C7 BF19+C7 OFﬁ—i—C? LF19+C>79€@0'

The interpretation of nested is that all processes generated by a parameter in
O can also be generated by a parameter in ©. However, there are also processes
which can be generated by a parameter in ©, but not by a parameter in ©y. In
this sense O, is contained in ©. The condition FTF = [ N(©0)xN(©) guarantees
that we have a bijective map from ©y — FOy + ¢ C ©. For MCARMA processes
parametrized in Echelon form, as explained in a parameter space ©

that satisfies [Assumption B| contains only processes that have the same Kronecker

indices m = (my,...,my) and hence, fixed degree p = max;—;__4m; of the AR
polynomial. For the MA polynomial we only know that the degree is less than or
equal to p — 1. However, in we explained how one can further partition
such a parameter space. In the context of Definition 3.8, O, could be a parameter
space generating processes with Kronecker index mg and MA degree not exceeding ¢,
where © generates processes with Kronecker index my and MA degree not exceeding
4, @0 < ¢ < po— 1. Then Oy is nested in O. In this way our information criteria can
be used to estimate the Kronecker index, the degree of the AR polynomial and the
degree of the MA polynomial.

In the following we investigate only parameter spaces with associated family of
continuous—time state space models (Ay, By, Cy, Ly) in Echelon form. Remember that

we denoted the Kronecker indices, the degree of the AR polynomial and the degree of
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the MA polynomial, respectively, belonging to Y by mg, po and qg, respectively. Then
OF denotes the parameter space generating all MCARMA processes with Kronecker
indices mg. The degree of the AR polynomial of those processes is then pg, the degree

of the MA polynomial is between 0 and py— 1. The space OF is the biggest parameter

space generating MCARMA processes in Echelon form, satisfying [Assumption B|and
containing a parameter 9 with MCARMA(Ayg, Byp, Cyp, Lyp) =Y. Note that Jf

is then the pseudo-true parameter in ©F.

Next, we define under which circumstances IC), is consistent; we distinguish two

different types of consistency.
Definition 3.9.

a) The information criterion IC,, is called strongly consistent if for any parame-
ter spaces Oy and © with associated families of continuous—time state space
models (Ay, By, Cy, Ly)sco, and (Ay, By, Cy, Ly)gco, respectively, satisfying
[ Assumption B and with a ¥y € ©g such that MCARMA(Ay,, By, Coy» Lo,) =Y,
and either MCARMA(Ay, By, Cy, Ly) #Y for every ¥ € © or Oy being nested

m O we have

P (limsup (1C,(0g) — IC,(©)) < O) =1
n—o0
b) The information criterion 1C,, is called weakly consistent if for any parame-
ter spaces Og and © with associated families of continuous—time state space
models (Ay, By, Cy, Ly)gco, and (Ayg, By, Cy, Ly)geco, respectively, satisfying
[ Assumption B and with a 9y € ©g such that MCARMA(Ay,, By, Coys Lo,) =Y,
and either MCARMA(Ay, By, Cy, Ly) # Y for every 9 € © or O being nested

m O we have

lim P (IC,(8g) — IC,(©) < 0) = 1.

n—oo

If the information criterion is strongly consistent, then the chosen parameter
space converges almost surely to the true parameter space. For a weakly consistent
information criterion we only have convergence in probability. Moreover, if we
compare two parameter spaces both containing a parameter that generates the
true output process, then we choose the parameter space with less parameters
asymptotically almost surely in the strongly consistent case, whereas in the weakly
consistent case we have convergence in probability. This especially means overfitting
is asymptotically excluded. With these notions we characterize consistency of IC),
for MCARMA processes in terms of the penalty term C(n).
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Theorem 3.10.

a)

b)

The criterion IC,, is strongly consistent if

_1

lim sup Cn) sT(WE) T (0F)2).

o Toglog(a)) )

If limsup,,_,.. C(n)/log(log(n)) = 0, then the information criterion is not

strongly consistent.

The criterion IC,, is weakly consistent if limsup,,_,,, C(n) = oco.

If limsup,,_,. C(n) < oo then IC,, is neither weakly nor strongly consistent.

Let © and ©q be parameter spaces with associated families of continuous—time

state space models (Ag, By, Cy, Ly)geco, and (Ay, By, Cy, Ly)yco, respectively,

satisfying |Assumption B.  Assume that there is a ¥y € ©gy with
MCARMA(Ay,, By, Coy, Lo,) =Y and O is nested in © with map F and 9* is
the pseudo-true parameter in ©. Moreover, suppose limsup,,_,., C(n) = C < oc.
Define

Mp(9*) = =T ) + F(FTJ(0*)F) ' FT.
Then

lim P(IC,(6y) — IC,(8) > 0)

N(©)—N(09)
=P D I >2(N(©) - N(®)C | >0,

=1

where (x?) is a sequence of independent x* random variables with one degree
of freedom and the \; are the N(©) — N(©q) strictly positive eigenvalues of

T (0%)2 Mp(9)Z(0 ) Mp(99)T (97)3.

Proof. For the whole proof, we denote by 1, the parameter in ©, with
MCARMA (Ay,, By,, Co,, Ly,) = Y and by 9 the pseudo-true parameter in O.
Moreover, let 5’(} denote the QMLE based on Y in O, 9" the QMLE based on Y
in © and ¥Z the QMLE based on Y™ in ©F. The corresponding quasi log-likelihood

functions are denoted by Eo, L and L B, respectively.

a) We distinguish two different cases.
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Case 1: MCARMA(Ay, By, Cy, Ly) # Y for every ¥ € ©. Then

1C,.(0) —1C,(©) = L, (53, yn) L @", Y”) L IN©y) -N©EE 37

On the one hand, by [Theorem 3.4 we have that

E(@zyn) = LW, Y") + O, (M),

n

~ [~ ~ log(l
G (Tpy") = Lolon v+ 0, (PERECD)

n

and on the other hand, by [Proposition 2.25b)

~

L5 Y") = 2(0%) + 045.(1) and Lo (9o, Y") = 2(Jg) + 0as.(1).

Finally, in this case the inequality from eq. (2.23) is strict, so that for some
0>0

IC,(80) —1Ca(0) = 2(Jy) — 2(") +7(n) + [N(O) — N(@)]@
< =8+ 7(n) + [N (60) — N(@)]@,

where 7(n) is 0,5 (1). By assumption it holds that C'(n)/n — 0 as n — oo, so
that we get

P (limsup (IC,(69) — 1C,(0)) < —5) =1

n—o0

Case 2: O is nested in © with map F. Note that O is also nested in ©F by

definition, which then in turn means that © is nested in OF, implying
L Y™) = min LW, Y™) > 1;2%% Lp(®,Y™) = Lp(03,Y™). (3.8)
Moreover, €y, = €9+ = /6\195:7k and hence,
Lo (00, Y™) = L (9, Y") = L (9E,Y"). (3.9)

With this and (3.8) we receive

Lo(08,Y™) = L™, Y™ < Ly (0F,Y") = Lp(0, Y™,
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Now, [Theorem 3.4 tells us that

limsup ————
n—oo log(log(n))

= A (T (OF) 2Z(W0E) T (WF)72) P-as.

(ZE (0F,Y") — Lp(d2, Y”))

Turning to the information criterion, this gives

lim sup ~————= (I -1

13;3013p log(log(n)) (ICa(S0) = 1C4(0))

. n ) E n n n
< N
_hgl—?olip log(log(n)) <LE (95, Y™) = EEWE’Y )

HV(En) - MO )

S)\max(j(ﬁE>_7 (ﬁE)j(ﬁg)_%) — lim sup
since N(©g) — N(©) < —1. Hence, if

lim su & >
nno! Tog(log(n))

we obtain

P (lim sup (IC,L(0y) — 1C,L(O)) < 0) =1

n—oo 10g(log(n))

Finally, if limsup,,_,., C(n)/log(log(n)) = 0, then from
Zo (53, Y") _Z (5", Y"> >0
it clearly follows that

P (lim sup (IC,(0g) — IC,(©)) > 0) =1,

n—oo  log(log(n))

so that strong consistency cannot hold.

b) Again we distinguish the two cases from part a). Case 1 is dealt with analogously
as in a), so that we only need to give detailed arguments for case 2. Suppose
therefore that ©g is nested in ©. Define the map f: ©9 — O by f(¥) = Fi+c,

where F' and c are as in the definition of nested spaces. Then, a Taylor expansion
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of £ < f (58), Y”) around U" results in
Lo (53, Y") - Z(f(@g), Y”> — E(@”, Y”)
e Y T ~ (n n an an
+5 (f}" —f(ﬁg)) V3L <19 Y ) (19 - f(ﬁ0)> (3.10)
with 9" such that [|0" — 9"|| < ||f(92) — 9". Plugging into gives

1C,,(00) — IC,,(O) = % @" — f(ﬁg))T Vit (5”, Y”) (5” —f (@f))

+[N(©y) — N(@)]%. (3.11)

In order to be able to show weak consistency, we will study the behavior of the
random variable 9" — f(@g). Note that Lo (0, Y™) = L (f(19),Y™) for ¥ € O,
so that by the chain rule

VoLlo(90,Y™) = FIVGL(f(90),Y") = FIV4L(9*, V™).
Moreover,
FOR) = 0" = f(y) = f(i) = F(I} — ).

As in (3.4), we also have

~ ~ -1 .
g — = — (vgﬁ(ﬁ“,w)) VoL(0%,Y™),

~ o~ -1 ~
I — 9y = — <V§£0(19”, Y”)) VoLlo(¥, Y™,

where 9" is such that ||9" — 9*|| < H@” — 9*|| and U™ is such that ||9" — || <

||1/9\8—190||. In particular, 9" — 9* and 9" — 9y P-a.s. as n — oo. To summarize,
G — FOR) = 9" — 9* — F(07 — )

- {— (vgf(ﬁn, Y"))

1 o~ o~ —1 ~
+F (vgco(ﬁn, Y”)> FT] VoL (9, V™).

An application of [Proposition 2.25¢) and d) results in

V(0" = f(03)) B [~ (07" + FT (o) FT] N (On(e) Z(9)) =: N
(3.12)



56 CHAPTER 3. CONSISTENCY OF INFORMATION CRITERIA

Since by the chain rule J () = F*J (9*)F the random vector N is distributed
as N (On(e), Mp(V*)Z(9*)Mp(9*)) (note that Mp(9*) is symmetric). Finally,
by (3.11), Proposition 2.25d) and C'(n) — co as n — oo,

P(IC,, () — 1C,,(©) < 0)
:P(gﬁ@"—ﬂ@z})) ViE (7. v) VA (07 - 1)
<

2L (v
—[N(6¢) — ) =P (NEJ (0°)Np < 00). (3.13)

Using Imhof [1961, Eq. (1.1)] gives

. N(©)
NLT(W)Np = > Aixi, (3.14)

i=1

where (x?) is a sequence of independent y? random variables with one degree of
freedom and the \; are the eigenvalues of J ()2 M p(9%)Z(0*) M p(9*) T (9%)=.
Since rank(M p(9%)) = N(0)—N(6,) and J (9*)2 and Z(9*) have full rank, the
number of strictly positive eigenvalues of J (9%)2 Mg (9%)Z(9%*) M p(9*) T (0%)2
is N(©) — N(©y). Hence, the result follows.

c) With the arguments in b) we obtain the statement.

Remark 3.11.

a) A conclusion of | Theorem 3.10a) is that strong consistency of the information

criterion always holds, independent of the process Y generating the observed

data and hence 9%, if limsup,,_, . C(n)/log(log(n)) = oco.

b) Let ©g be nested in © with map F. Then it can be shown as in the proof of

Theorem 3.4 that

hm sup ————
n—>oop log(log(n))

= Anaa Mp(97)EZ(0*) M (")

(ICn(O0) — 1C,(O))

)+ limsup{V () - N(@)]%.

[ SIS

This implies that the information criterion 1C, s not strongly consistent iff
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limsup,,_,., C(n)/log(log(n)) < C*, where

_1

C”* := max Amar M (0)21(0") Mp(9)2) 2I(79(];J)-7(190E>7%).

i N(6) = N(6y) < Amael T (09

Since the structure of J (V%) and Z(9*) is in general not known, it is difficult
to calculate C* explicitly. However, in the Gaussian case we will derive that

C* =2 (cf. |Corollary 3.12).

c) We would like to note that these results are similar to the statement of Sin and
White Corollary 5.3] under different model assumptions. However, the

authors present only sufficient conditions for strong consistency, where we also

have a necessary condition (see as well).

d) As the proof of [Theorem 3.10a), Case 1, shows, for spaces © with
MCARMA(Ay, By, Cy, Ly) #£ Y for every ¥ € © a necessary and sufficient

condition for choosing the correct parameter space asymptotically with prob-

ability 1 is lim, o, C(n)/n = 0. Only if we allow nested models as well the

additional condition limsup,,_,. C(n)/log(log(n)) > C* becomes necessary.

The probability in|Theorem 5.10c) is the overfitting probability.

To wrap up this section, we want to study the special case where the observed
MCARMA process is driven by a Brownian motion. Some of the technical auxiliary

results for the proof are given in the appendix.

Corollary 3.12. Assume that the Lévy process L which drives the observed process

Y is a Brownian motion. Then:
a) IC, is strongly consistent iff limsup,,_,. C(n)/log(log(n)) > 2.
b) If limsup C(n) = C' < oo, then the overfitting probability of IC,, for a space ©
in which © is nested is

P(X¥e) w0 > IN(O) — N(69)]C),

where X?V(@)—N(@g) denotes a x*-distributed random variable with N(©)— N(6y)

degrees of freedom.

Proof.  a) From Lemma A.2b) we know that there exists a space ©g such that
there is a ¥g € ©g with MCARMA (Ay,, By,, Cgy, Ly,) = Y and Oy is nested in

OF with map F. Moreover, N(©y) = N(0F) — 1 and

Amax (M (0§ 2 T(0F) Mp(9)7) = 2.
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Additionally, a conclusion of Lemma A.2a) is that

1

_1
Amax(%(ﬁoE) 21(79015)/7"[(19015) 2) = 2)‘maX(]N(®6E)><N(®OE)> =2.

Therefore the statement follows directly from Theorem 3.10a) and Remark 3.11b).

b) ) tells us that those eigenvalues of H(9*)2 Mg (0%)Z(9*) M pH(9%)2
can only be 0 or 2 where 2 appears exactly N(©) — N(©g) times. Hence,

N(©) N(©)—-N(©o) »
Z Aix; =2 Z X: = 2XN©)-N(©y):
=1 i=1

The statement now follows from the definition of the overfitting probability in

Theorem 3.10c¢).

]

We have now completed the investigation of consistency for our information criteria.
Note that the results of this section are analogous to the ones obtained for ARMAX
processes with i.i.d. noise in Hannan and Deistler Theorem 5.5.1]. As our next
topics, we will treat some particular information criteria in more detail, namely the
AIC and BIC. Our study will follow the ideas that historically led to their definition.
At the end, however, it will turn out that we precisely arrive at special cases of I1C,, as
defined in [Definition 3.6, enabling us to use the results of this section to immediately

draw conclusions about the consistency of these two prominent criteria.
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3.4. AIC FOR MULTIVARIATE CARMA PROCESSES

3.4.1. DERIVATION OF THE AIC

The underlying idea of the Akaike Information Criterion (AIC) was first introduced
in Akaike (see also de Leeuw [1992]) and has since been derived and motivated
in a lot of ways, see e. g. Shibata [1976], Bozdogan or Burnham and Anderson
[2002]. Moreover, it has been used for a wide range of models, including one-
dimensional and multivariate or vector ARMA (VARMA) processes (see [Brockwell
and Davis 1991} §9.3]) and Boubacar Mainassara [2012], respectively). The extension
of the guiding ideas to the context of MCARMA processes is the purpose of this
subsection.

The fundamental idea behind the AIC is to estimate the so—called Kullback—Leibler
information or Kullback—Leibler discrepancy, which was originally introduced in
Kullback and Leibler and can be seen as a measure for the difference between
two probability distributions. In order to write it down, suppose that we are given a
random vector X, a set © and parametric family of possible probability distributions
of X, represented by the corresponding densities (fy)yco. The Kullback—Leibler
discrepancy between the distributions corresponding to the parameters ¥ and ¢y is

then given by

K(fo| ) = [ Jo(o)1os (];T(;) da (3.15)

An alternative interpretation of K (fy | fg,) is that it denotes the amount of informa-
tion lost when fy is used to approximate fy,.

Note that in the literature this is sometimes also called the Kullback—Leibler distance,
which is technically not correct since K(fy | fo,) # K(fo, | f9) in general. Also note-
worthy is the fact that this is just the negative of Boltzmann’s entropy (Boltzmann
[1877]), such that minimizing the Kullback-Leibler discrepancy (which will be the
guiding principle later) is essentially just maximizing entropy, i. e. applying the
second law of thermodynamics.

For our purposes it will be very helpful to consider a slight variation of this object,
which arises from multiplying this quantity by two, expressing the integral as an
expectation and rearranging some terms with help of the laws of the logarithm. Doing

that we arrive at

d(fo | fo,) == 2K (fs | fao) = A(fo | foo) — Alfoo | foo) (3.16)
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where

A(fo | fao) = Eo, [—21og(fs)] - (3.17)

Note that the original definition of the Kullback—Leibler discrepancy does not assume
that there is some sort of “true” model or parameter, it is merely a method to compare
two distributions. However, if we suppose there indeed is a true, unknown model
corresponding to the parameter vy, the motivation for the use of the Kullback—Leibler
discrepancy as a tool in the context of model selection becomes clear: The value of
K(fs | fo,) (or, equivalently, d(fy | fs,)) decreases the better the true distribution is
described by the one associated to the parameter 1J. Hence, the density that comes

closest to fy, in the Kullback-Leibler sense is given by the one associated to

arg min 2K (fy|fs,) = al“%efgin{ﬁ(fﬁ | foo) — A(foo | foo)}

9eO
= arg;ergin {—2Ey,[log (fs)]},
where we have used that A(fy, | fg,) in cannot be influenced in any way,
which is why minimizing A(fy | fg,) is the relevant notion. In our context X =Y" =
(Y(h),...,Y(nh)) is the sample of length n, containing equidistant observations of
realizations of the MCARMA process of which we want to estimate mg, pp and qq. fy
denotes the density of the observations Y for ¢ € ©, a parameter space which may
or may not contain a parameter vy with Y = MCARMA (Ay,, By,, Coy, Lv,), 1. €. it
is explicitly allowed for © to be misspecified. Moreover, we assume that © is set up
as explained in [Section 3.1} i. e. the Echelon form is used for processes in ©. On top
of that, to make use of the results we obtained in previous chapters we assume that

O satisfies [Assumption B|, which especially implies that [Theorem 2.28|is applicable.
As it is not possible to calculate d(fy | fg,) for every ¥ directly if we only have some

observations of the process and not full information about the parameters, we will
need to approximate it.

The approximation is done by first replacing the unknown parameter ¢ in A(fy | fy,)
by its QMLE, arriving at Ey, [—2 log( f35n (Yn)) \ Y”] as the object of interest. This is
motivated by the consistency of the maximum likelihood estimator, which ideally
converges to vy if we are in a correctly specified parameter space and the fact that
we regard the sample Y" as given and fixed here, which is why we consider the
conditional expectation.

In the second step of the approximation, we replace the unknown density fy by

the Gaussian quasi-likelihood. This explains why we switched from K (9 | 9J) to
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d(¥ | 99): —2/n times the logarithm of the Gaussian quasi-likelihood is per definition
equal to £, such that we from now on use its sample-based version L.

As a side remark, consider the following: If —2/nlog(fy) = L£(U,Y™), then the
pseudo—true parameter * in a misspecified parameter space © as defined in is

then also a minimizer of (3.17) and (3.16)), respectively. This means that in the case

of a misspecified model the maximum likelihood estimator converges to the parameter
which induces the process that is closest to the true one among all processes in © in
the information—theoretic sense provided by the Kullback—Leibler discrepancy.
Returning to the approximation procedure, in a third step we now suppose that )"
is a second sample of n observations with same spacing as Y™ and satisfying the
same MCARMA (or state space) equations, but independent of Y. Then, we can
also use this sample to calculate the likelihood function. Using that Y™ and Y™ are
independent, we summarize our approximation steps as follows
A(fo | fo)

. . 2 2 .
min —— === = minE,, {—ﬁlog(fﬁ)l ~ Ey, [_Elog(fﬁn(yn)) R }

A~ A~

~E [/:(19”(}/”), Y™ | Y"] ~E [2(5”(1/”), Y | w} (3.18)

The right-hand side can again be approximated by the following theorem:

Theorem 3.13. As n — oo it holds that

) (E(@n(yn)7y”)— [aan(yn),yn)— tr (I(ﬁ*)Jl(ﬁ*))D D

— Zﬁ*,
n

where Zg« is a random variable with expectation E[Zy] = 0.

Proof. A second-order Taylor expansion of £(9"(J™),Y™) around 0"(Y™) gives

A~

L@, Y™ = L@ (Y™),Y™)
5 (1o =) VR v (70 - 90

where |[0" — 9"(Y™)|| < [[9"(Y") — 9"(Y™)||. Hence,

L"), Y™ = £ (™), Y™)
1 2 2g™ oy [ Qniym an(yn 9nym gn vy r
= St (VLY )(79 V") — (Y )) (0 V") — (Y )) .
On the one hand, since both 3”(Y”) and 5"()1”) converge P-a.s. to ¥*, the vector
9" — 9* P-a.s. as well. On the other hand, by the independence of Y™ and )", the
random vectors 9"(J") and 9"(Y™") are independent as well. By Theorem 2.28

, as
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n — oo,
Vi () =0, ) =07 ) B (M, A,

where Nj, Ny are independent, N'(0, 7 ~H(9*)Z(9*) T~ (9*))-distributed random vec-
tors. A conclusion of ’Proposmlon 2. 25H is Vﬁf(ﬁn Y")—J(0*) P-a.s. Hence, a

continuous mapping theorem gives

~ ~ 1
n (cw"(yn), Y™ = L@y, Y”)) B 5t (TN + NN +AL)T)
and by the independence of N} and N, we have
E [T () (N7 + No)(N + N2)T| =27 (09)E [MINT] = 2Z(9%) T 1 (9%).

The statement follows then since the expectation of the trace is the trace of the

expectation. O

As a consequence of (3.18) and Theorem 3.13| we receive the approximation

i |~ 2Bl ()] = 23,9+ ETIE),

[S(C) n

which becomes our information criterion via the following definition:

tr (Z(91) T~ (¥"))

n

AIC,(©) = L™, Y™) +

(3.19)

Remark 3.14. If the Lévy process L which drives the observed process Y is a
Brownian motion and MCARMA(Ay«, By, Cy+, Ly-) =Y, we have Z(9*) = 2T (9%)

by a) and hence, the AIC reduces to AIC,(©) = E(@L, Yn) 4 2N7E®)‘

The form of the AIC given in this remark coincides with Akaike’s original definition
(cf. Akaike [1973]). This suggests to define an alternative version of the AIC, the
Classical Akaike Information Criterion (CAIC), as follows:

2N (0)

n

CAIC,(©) := L(I",Y™) +

(3.20)

This criterion avoids the additional work of estimating the matrices Z(9*) and H~*(9*)
appearing in the AIC, which comes at the cost of not being exact when the driving
Lévy process is not a Brownian motion. This is appealing because it can be quite
difficult to evaluate the trace term in practice, depending on the structure of the

models one investigates. Fortunately, for MCARMA processes it turns out that there
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are quite accessible methods of estimating the matrices Z(¢*) and J(9*) from data,
which are discussed in Schlemm and Stelzer , but shall be repeated here briefly:
The matrix J (%) can be estimated consistently by J" = V%E(ﬁ’ﬂ Y™), which in
turn can again be calculated by employing the Kalman filter, which is also able to
evaluate the Hessian matrix of the Gaussian log-likelihood ([Schlemm and Stelzer
2012, p. 2197)).

For Z(¥*) the idea, which originally goes back to Boubacar Mainassara and Francq
12011}, is to use the representation Z(9*) = >\, Cov(7yy- 0, 79+,a) Where

Yor.m = Vo [log(det(Vy-)) + eg*’mVﬁilw*,m] :

One now assumes that (g« )men admits an infinite-order AR-representation of the
form ®(B)yg+m = Uy, where ®(z) = I, + 2 ®;2" and (Uy,)men is a weak white
noise (i. e. uncorrelated, but not necessarily independent) with covariance matrix
Y. If this is true, one can interpret #:) as the value of the spectral density of
(Yo*.m)men at frequency 0 and obtain with the help of [Brockwell and Davis [1991], p.
459] that Z can be written as Z(9*) = &~ 1(1)XZy®1(1).

One now replaces the unknown pseudo-true parameter ¥* in vy, ., by the QML
estimate ¥ and then fits a long autoregression to the resulting empirical objects, i.
e. one chooses an integer s > 0 and performs a least-squares regression of Vg O
Vonm_17- > Vo m—s where s +1 < m < n. Denoting the corresponding empirical AR
polynomial by EIS?(Z) =L +>7, @fsz‘ and the empirical covariance matrix of the
residuals by U™, it is claimed in [Boubacar Mainassara and Francq , Theorem 3]

that 1
i = (3w) o ((Bw)')

converges to Z(¥*) in probability as n,s — oo if the conditions E |:H€19*’1

‘8+6} < 00
for some 0 > 0 and % — 0 are satisfied.

An alternative method of estimating Z(¢*)J (9*)~! for simulated data is the following:
first, an estimate =" of =(¥*) is calculated as n times the empirical covariance
matrix of a suitably large number of independent realizations of 9. Similarly, again
simulating independently a suitably large number of times, one can obtain an estimate
J" of J(9%) as the arithmetic mean of the realizations of V%E(@", Y™). Because
(%) = JW0)1Z(9)T(9*)L, an estimate of Z(9*)J(9*)~! is then J"=". This
estimator avoids the inversion of matrices at the cost of relying on simulations. This
means that if one has only given a data set, it might not be feasible, unless one

carries out the simulations using the maximum likelihood estimate obtained from
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the data as the true parameter.

3.4.2. PROPERTIES OF THE AIC

In this short section, we want to investigate both versions of the AIC defined at the
end of the last section in terms of the results of |[Chapter 3l In other words, we want
to study the question whether those criteria exhibit strong or weak consistency. The

answer is given in the following proposition:

Theorem 3.15. Both the AIC and the CAIC are neither strongly nor weakly consis-

tent.

Proof. The CAIC is a special case of IC,, with C(n) = 2. The assertion immediately
follows from that theorem. The penalty term of the AIC does not exactly fit the
scheme of IC,,, but the proof of Theorem 3.10¢) can directly be adapted to obtain

the same result. n

Remark 3.16. a) By the above Theorem and the explanations in|Remark 3.11
we see that the overfitting probability for both versions of the AIC is non-zero

asymptotically. As pointed out in|Remark 3.11d), this problem is induced by

taking spaces in which the true space is nested into consideration. If we stick to

strictly disjoint spaces and do not partition them further, then both versions of

the AIC will be strongly consistent, again by |Remark 3.11d) (for CAIC, this

15 obuvious, as % — 0 for n — oo obuviously holds, for the other version the

proof is the same as for Case 1 of [ Theorem 3.10a)). This comes at the cost of
obtaining fewer information about the number of free parameters.

Remember that this is directly related to information about the MA degree qqo
of the data-generating MCARMA process if the partitions are chosen suitably.
As a consequence, if we only want to estimate the AR degree py (which is
uniquely defined by the Kronecker indices) then both AIC versions will be
strongly consistent. This could be advantageous if we only want to consider
CAR(p) processes of various orders as possible models, for example.

Another immediate consequence of this is that the underfitting probability of the
AIC goes to 0 as n — oo, since the true parameter space can never be nested

in a space with too few parameters.

b) The inconsistency of the AIC is widely known for other model classes, amongst
others also for ARMA processes, see e. g. Shibata or [Hannan and
Deistler (2012, Theorem 5.6.1], where the latter also shows that the under-
fitting probability goes to 0 asymptotically for ARMA processes. The results
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of [Theorem 3.15] therefore match these and show that these properties are in
general also found for the class of MCARMA processes.
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3.4.3. AN ALTERNATIVE APPROACH TO THE AIC

In this section we will take an alternative route to estimating the Kullback—Leibler

discrepancy defined in [Subsection 3.4.1l This will result in a different criterion for
order selection, which is inspired by Boubacar Mainassara [2012], who adapted the
idea of Hurvich and Tsai [1993] to multivariate ARMA processes driven by weak

white noise.

Fundamentally, we still work within the same framework and want to approximate
and minimize the quantity A(fy | fg,) from (3.17). As before, Y™ denotes a sample
of n equidistant observations of the underlying MCARMA (py, o) process. Also as
before, the parameter space © in which we operate has been fixed for the moment,
however it is still of the form of and assumed to fulfill [Assumption Bl In
a first step we now argue as before to approximate

- A(fo | f3,)

1
Y€ n

_ 2 2 .
= min By, {—ﬁlog(fﬁ)} =~ Ey, [_ﬁlog(fﬁn(yn)) Y
~ By, [E(0" (), Y") | Y]
For our new approach, we now write down the expectation on the right—hand side

explicitly. For the sake of readability, we hereby write 9" for 5”(3/"):

o 1 —
Eg [£(0"(y"),Y")] = dlog(2r) + Ey, [log(det(Vy.))] + = " Ea, |5, Vi egu]

k=1

= ndlog(2m) + nEy, [log(det(V3,))] + tr (nglEgo [65,1,16%“71])
(3.21)

We now approximate the right-hand side. To this end, we first drop the constant
ndlog(2r) from Eq. (3.21)), as it is the same across all models and therefore negligible.

In the wake of this we arrive at the expression
Ey, [E(§n<yn),yn)] ~ g, [log(det(V5,))] + tr (vazlEﬁo [63,17165”’1}) (3.22)

In a first step of further approximation, we will now do a Taylor expansion of the

pseudo-innovations €y, around the pseudo-true parameter ¥*. From this we obtain

€9n = €p+ n + V€ n (U — ") + R, (V) (3.23)

where 1 is between 9% and ¥ (in the sense of the Euclidean norm on the parameter

space). The last summand in the expansion is the rest term of second order, which
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is O,(||9 — 9*]|?). With this expansion we deduce:

Eo, [€9,1651] = Eo, [€ov 16501 + €901 (0 — 9*) Vg | + €91 R
+Vgepe 1 (9 — 0 )egu 1 + Vgeg-1(9 — ) (9 — 0*) Ve
+Vgege 1 (0 —0*)R] + Ricjey + Ri( — ) Vyej ; + RiRT | .
(3.24)

Now we observe that the sequence (€« )nen is orthogonal by construction, which
implies €go ; is independent of any linear combination of its past values €0 ,,, m < 1.
By we know that both the innovations and their partial derivatives can
be expressed as moving averages of the observations and can conclude that ey« ; is
also independent of its derivatives, i. e. every summand in that contains two
out of three of the objects €y- 1, Vyey- 1 and Ry disappears because the expectation

of the innovations is 0. Furthermore, we employ that R; is O,(||d — 9*||?) to simplify

(3.24), giving

]Eﬁo [6197165’1] = Ef}o [619*71639;’1} + EEﬂO [VﬂGﬁ*J(ﬁ - 19*)(19 - ﬁ*)TVgeg*’ll

=:D(¥)

+Op([0 — 0"
We plug this into and obtain
Ey, [ﬁ(@n(yn), Y")} ~ Ey, [log (det (V3,))] + Eq, :tr (ngm% el ]
FV5ID@") + V3 0p(10" — 0|11 |
~ By, [log (det (V5.))] + o, [tr (V5 B, [eo-ach,] )|

+ Ky, [tr (va—nlD(@"))] (3.25)

by using the linearity of the expectation and the trace. Note that the O, term is
negligible for our purposes and thus has been dropped.

Next, we turn our attention to ngll which appears in both the second and the third
term. From we obtain the following equation when disregarding the rest term,
which is asymptotically negligible:

€9n — VﬂEﬁ*,nﬁ = €9*n — Vﬁ&%,nﬁ*
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Defining M := —Vyey- , and Ry, := €y, + M1, we can write this equivalently as
Rﬁ,n = Mﬁ* + €9* n-

This is a classical, multivariate linear regression model. If we now assume that the in-
novations are normally distributed with mean 0 and covariance matrix Ey, [6,9*7165*71} ;
we can use [Anderson 2003, Theorem 8.2.2] to obtain that n times the maximum likeli-
hood estimator of that covariance matrix, which is given by V5, = % S ory 65717]665"’ . is
distributed according to a W (Ey, [eg-1€)- 1] ,n — N(©)) distribution, where W(A, ¢)
denotes the (d-dimensional) Wishart distribution with mean A and ¢ degrees of
freedom. A similar result is also found in Hurvich and Tsai in a purely
autoregressive context. Note also that even if the normality of the innovations may
not be true, we still assume it here in order to make progress with our derivation,
acknowledging that this may entail an approximation error, which we find acceptable
since the AIC is an approximative result by itself.

Having this it then holds by the general theory on the Wishart distribution (see
e. g. [Muirhead 1982, p. 97)) that ;V_'! has a W™ <IE790 [679*7165*71]_1 ,n— N(@))

distribution, where W~ signifies the inverse Wishart distribution. This is useful

because we can then deduce that

1 [V*] By [619*’165*,1} -

sl o) —1| _
no L o n—N(©O)—d-1
_ n -1
=Ky, [ng] g i [egeneh ] (3.26)

This will be employed multiple times in the following. For now, we turn our attention
to the third term in (3.25). We have

tr(Vy ' D)) = tr (Vy 'y, [Vaega (9 — 97) (0 — 9°) Ve, ])
= By, [tr (Vgel. ,Vy 'Vgege 1 (9 — 0) (0 — 0)7)]

1
=—tr (Eg, [Voeye1Vy 'Voeps 1] n(d — 0%) (0 — 9*)7). (3.27)

Note that there are three separate steps involved in getting from the first to the
second line: First we employed the fact that Vﬁ_1 is not random to put it inside the
expectation, then we interchanged the trace and the expectation and finally we applied
the relation tr(AB) = tr(BA) with B = Vyej. ; and A = V' Vyege 1 (0 —0%) (0 —9*)7.
Likewise, we interchanged expectation and trace again from the second to third line
and pulled the non-random object L(¢ — 9*)(d — 9*)T out of the expectation.

Having this, we can now plug in the quasi maximum likelihood estimator of ¥ and



3.4. AIC FOR MULTIVARIATE CARMA PROCESSES 69

the covariance matrix of the innovations and take the expectation again. This leads

us to the thing we are interested in, the third term in (3.25):

Ey, [tr <V5;1D(1§”)>} - %Eﬁo [tr (E% [vﬁe£*7lvﬁglvﬂeﬁ*,l} n(@" — 0 (9" — ﬁ*)Tﬂ

_1 (E% [Vﬁegﬁl‘/@;lvﬂeﬂ*,l} Ey, [n(z?” _ (" — ﬁ*)TD .

n

’Theorem 2.28‘ gives that o s asymptotically normally distributed. Thanks to this,

the second factor in the above expression converges to the asymptotic covariance

matrix Z(9*). Therefore we are able to do the following approximation, also taking

into account :

n

-~ 1
—1 n ~ _ T —1 o *
Ey, [tr (V,;n DD ))] ~ ot (Eﬁo [weﬂ*yln e 1" VM*,I] =(9 )) .

Moreover, the proof of [Schlemm and Stelzer 2012, Lemma 2.17] shows that
V2L, Y™) "= (9) + Jo(9%) P-as.,
where

Ji(97) = 2By, [Voeg |V Voeo 1], Jo = (tr [v;}(aivmvﬂ*l(ajvﬁ*)%ﬂ)U

Consequently, we can write

Ey, [tr <V521D({§”)>} S S N(é> — 1y U h)E) (3.28)

Now we can combine all these considerations and plug them into (3.25)), starting

with (3.28):

Ey, [ﬁ(@”(yn), Y")} ~ Ey, [log(det(V3,))] + Etr(V5, Eq, [eg-1eh. ,])

o= N(@l) —a—" (A(P)=(7))

Ey, [log(det(V3.))] + p— N(@T; T tr(lq)
+ S == =)

= By, [log(det(V5.))] + — N(g?_ —

N L tr (Jy(9)E(9"))

2(n—N@©)—d—1)
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The first term can be approximated by dropping the expectation, so that we arrive
at the following, modified (hence the M) version of the AIC:

AICM,,(©) = log(det(V3.))

n

Looking at this result it remains to answer the question how one can obtain estimators
for V5., J1(0*) and Z(¥*). Since E(9*) = J~H(9*)Z(9*) T~ (9*), seeking an estimator
for it really comes down to estimating Z(9*) and J(¢*). This can be done by the

methods explained at the end of ]Subsection 3.4.1\. V5, can be estimated by

1 n
T L T
E [%n%n} ~ E :%n,k%n,k’
k=1

from which we can deduce that an estimate of log(det(V7,)) is given by

1 n
log (det <— E €5n kegn k)) )
n ’ ;
k=1

For J;(0U*), recall its definition
J1(0%) = 2By, [Vo€he 1V Vioege 1]

Replacing the expectation by the arithmetic mean, the pseudo-true parameter by
the maximum likelihood estimator and the pseudo-innovations by their empirical

counterpart, we have an estimator
1 n
Tn ~T 1o =~
Tr=2-% (vﬁem,kvgn Vﬁeﬁnyk) .
k=1

For the calculation of the gradient of the empirical pseudo-innovations we can rely
on the fact that Kalman filter can not only be used to evaluate the innovations

themselves, but also their derivatives.

3.4.4. PROPERTIES OF THE MODIFIED AIC

As we have seen in|Theorem 3.15, both the CAIC and AIC derived in[Subsection 3.4.1]

suffer from the problem of overfitting if our candidate spaces include spaces in which

the true one is nested: Even if the amount of observations becomes very large (i. e.
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for n — 00), the probability of choosing a model with too many parameters is strictly
positive. In this section, we want to investigate whether this effect is alleviated when
using the criterion AICM or if it is still present. The answer is given in the next

proposition:

Proposition 3.17. Let © and Oy be parameter spaces with associated families of

continuous-time state space models (Ag, By, Cy, Ly)gco, and (Ag, By, Cy, Ly)yco, Te-

spectively, satisfying [Assumption B.  Assume that there is a ¥y € ©q with
MCARMA(Ay,, By,, Cyy, Ly,) = Y and Oq is nested in © with map F and 9*

is the pseudo—true parameter in ©.

Assume that the driving Lévy process of Y is a Brownian motion. Then it holds:

lim P (AICM,(©) < AICM,(©)) =P (Xiwv(o)-n(en) > AN (O) = N(6y)),

n—oo

where Xi(N(@)—N(@g)) denotes a chi-squared random variable with d(N(©) — N(6y))
degrees of freedom.

This especially implies that AICM,, is neither strongly nor weakly consistent.

Proof. Denote the maximum likelihood estimator in © by 9" and the maximum
likelihood estimator in ©q by 1/9\’3, respectively. The probability we are interested in

can then be rewritten as

. (log (nvg) __dn dn
nV, n—N(©y) n—(N(Og)+N(O)—N())
+ i - dz ) . (3.30)
2(n—N(6)) 2(n—(N(6)+ N(©)— N(6)))

Here we have defined implicitly the constants d; = tr (J;(¢*)Z(9*)) and dy =
tr (J1(99)=(vg)). To make notation a bit more convenient in the future, we introduce
the abbreviations ¢; := N(0) and ¢z := N(0y) + N(©) — N(Oy).

By the assumption on the driving Lévy process, it holds that €y, ~ N (0, Vy) for
every n € Z, i. e. the innovations are now normally distributed. Hence, as in the
derivation of the AIC, we notice that nVn has a W(Vy,,n — N(©y)) distribution.
Likewise, nV5, is W(Vy,,n — N(©))-distributed. Note that the two mean matrices
are the same, since the innovations of the process associated to ¥* and vy, which are
the parameters the maximum likelihood estimators converge to, are the same, hence

their covariance matrix (which is just the mean matrix) is the same as well. By this
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we obtain

det (TLV@TL) D det(W(Vgo, n—- 02))
ot () AHOV Voo = 2] + W(Vay, N(©) = N (©)

(3.31)

where the Wishart variables on the right-hand side are independent.
By [Anderson 2003, Theorem 8.4.1] it then holds

det(W(Vy,, n — ¢2))
detOV(Vyy, n — c2) + W(Vy,, N(O) — N(6y)))

gﬁﬁ <n—c22—i+1’N(®)—2N(®o)>

2
H Xn—co—it+1

T Xn—er—it1 T XN(@)-N(©0)

where ((a, b) is the beta distribution with parameters a and b and the  variables are
independent. The second equality holds because for independent random variables

X ~ Xgl and Y ~ X§2 the ratio 75 has a beta distribution with parameters 3 % and

02
27

As a consequence of this, it holds for the inverse quotient that

"5 o (1 + ) (3.32)
Xn co—i+1

nVs,

Because log (Z&”) = —log (an8> we can write (3.30) as follows:
198 vn

_p < log (”V%) _ —dn(N(©) = N(8y))  di(N(O) = N(6y))

X+Y
i. e. the x? variables can also be taken as independent.

(n—c1)(n—c9) 2(n—c1)(n — ca)

(n—c1)(n—c)

)
(1 N X?vg(@)-zv(@@)) - —dn(N(©) — N(6y))

din(N(©) — N(©g))  do(N(O) — (@0)))
2(n —c1)(n — c9) 2(n—c1)(n — o)
(N (1 erNen | _ —dn(N(©) — N(©y)
- < 2 1ot (1 I ) ST
_ di(N(©) = N(©y)) | d(N(O) — N(9o)))
2(n —c1)(n — ca) 2(n —c1)(n — ca)

(3.33)
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Before we let n — oo we need three more facts: First off, we do a Taylor expansion

of log(1 + ) around 0, obtaining

1
log(1+xz) =log(l) + ——| (z—=0)+o(z]) =z + o(|z]).
I+,
2 N
Secondly, for every i € {1,...,d} the quotient % converges to 1 almost surely

for n — oo. This follows from the fact that a x2_,_;,-distributed random variable
can be written as ) 77 1*" ol Z?, where the Z; are i.i.d. N(0,1)-distributed. The

2
n co— i+1

quotient then obeys the law of large numbers and converges to ]EZ]2 = 1.

Hence

d 2 d
N@©)-N
'Y log 14 2O-NE0) ——nz +o0,(1)
i=1 Xn co—i+1 —co—i+1

d
n—>oo
ZX?V )—N(©0) Xi-(N(@)—N(Go))’

since the d y2-variables in the sum are independent.

Lastly note that after multiplying both sides of the inequality by n, the first summand
on the right-hand side of the inequality in converges to —d(N(©) — N(6y))
as n — oo while the second and third summand tend to 0, which can be seen by
regarding the numerator and denominator of these two fractions as polynomials in
the variable n.

Eventually we are now able to combine these considerations and obtain

( XN(@)fN(G)g) < —d(N(®) - N(@o)))
P( 2N ©) N > d(N(O) — N(6y)))

and the proof is complete.
The fact that AICM,, is not consistent immediately follows from the fact that the

overfitting probability asymptotically is non—zero, which we have just shown (cp.

Remark 3.11d)). O
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3.4.5. A BOOTSTRAP VARIANT OF AIC

In this section, we will explore another method of approximating the Kullback—

Leibler discrepancy based on bootstrap methods. Remember that throughout

Subsection 3.4.1, the motivation was to estimate mingeg K (fy | fg,) as defined
in or, equivalently, mingee A(fg | fs,) as defined in (3.17). We then approxi-
mated 1/n times this quantity by Ey, [E(@"(Y”), Y™ | Y”} in (3.18). However, it
then turned out that E(@"(Y”), Y™) was a biased estimator of this expectation in

Theorem 3.13, since we had to subtract a penalty term to obtain an asymptotically

unbiased estimator. In defining the CAIC, we then replaced this penalty term by

%@), motivated by the fact that the penalty term is equal to this in the case that

the driving Lévy process is a Brownian motion.

The deciding observation is that we obtained an asymptotic result, i.e. if n is large

in comparison to N(©), the approach of [Subsection 3.4.1 is justified. However, in

small samples, this is not necessarily the case as observed by Hurvich and Tsai [1989)].
The authors point out that the CAIC is substantially negatively biased in those
cases, where small samples are characterized by N(©) ~ 2n for the largest space
under consideration. To remedy this, Cavanaugh and Shumway propose a
bootstrap—based variant of CAIC. The authors then show that their criterion, which
they call AICb, is asymptotically equivalent to the CAIC and illustrate via simulation
studies the better performance in small samples. We follow the ideas of Cavanaugh
and Shumway [1997], taking advantage of the fact that they develop their theory in
the framework of discrete—time state space models with not necessarily Gaussian
noise and use the Gaussian QMLE. This will imply that their theoretical results
essentially immediately carry over to our framework of MCARMA processes as we
will see in the following.

We operate in the usual framework of this chapter, i.e. Y™ = (Y(h),...,Y(nh))
is a sample of length n, containing equidistant observations of realizations of the

data—generating MCARMA process (Y (t))icr. We also consider a parameter space

O containing models in Echelon form that fulfills [Assumption B|and may or may
not contain a vy with Y = MCARMA (Ay,, By,, Cy,, Lv,). To define AICb, we now
need bootstrap replicates of 1/9\”, the QMLE based on Y. To achieve this, just
as Cavanaugh and Shumway , we use the bootstrap algorithm proposed by
Stoffer and Wall , which is specifically tailored to the discrete-time state space
framework. It proceeds in the following steps ([Stoffer and Wall [1991} p. 1025]):

Step 1: Using Y™, calculate the Gaussian QMLE as in (2.19) and the set of standardized
1 1

. . . _§AA _5/\/\ .
approximate pseudo-innovations {V@L Egn s V5. € 79"771}’ using the Kalman
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filter from [Subsection 2.2.3.

Step 2: Draw a sample of size n with replacement from the set of standardized

innovations calculated in step 1 to obtain a set of resampled innovations
>k >k
657171, Ce 761/9\”,77,}‘

-~ 1 R
Step 3: Using (2.11), (2.12) and (2.17) with ¢ = ¥" and an%ﬂ,k in place of €y,

calculate resampled observations Y" = (Y. (h),...,Yi(nh)). The initial value

used in the initialization of the Kalman filter stays fixed.
Step 4: Using the observations Y.”, calculate the Gaussian QMLE @Z.

Step 5: For a number b € N of bootstrap replications, repeat steps 2 to 4 to obtain a
set of bootstrap replicates {5:}(2), 1 <i<b}.

In the appendix of Stoffer and Wall [1991], it is shown that the relative frequency
distribution of the 1/9\’:(1) behaves for n,b — oo the same as the distribution of o
for n — o0, i.e. the two estimators are asymptotically equivalent. To show this,
results of Lennart and Caines are used, which hold in our context as well

as a consequence of [Assumption B (cf. [Proposition 2.25). We explicitly remark

that neither Gaussianity nor independence of the true innovations are required. An
immediate consequence is that the results on the bootstrap estimator also hold for
our situation.

We can now define the criterion AICbh analogous to Cavanaugh and Shumway
by

AICb,(©) = L(¥",Y") +

n (3.34)
= —L"Y") +

From the first line, we can see that AICb is built in the same way as other information
criteria we studied before: the pseudo Gaussian log-likelihood function, evaluated at
the QMLE, is penalized by an additional term. Note that, in contrast to Cavanaugh
and Shumway |\ we divide the term 2 2?21 Z(@f(z), Y™) by the sample size n.
The reason is that our definition of £ already incorporates a factor %, which is not
the case in Cavanaugh and Shumway [1997]. Model selection is then again done by
comparing the values of AICh,, for different spaces © and choosing the one which
attains the lowest value. With the terminology of [Subsection 3.4.1] specifically ,
we have the following property of the AICh:
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Proposition 3.18. For a parameter space © that satisfies|Assumption B, AICb,(©)

is an asymptotically almost surely unbiased estimator of Ey, |Ey, [E(@"(Y”), | Y”H ,
i.e. as first b — oo and then n — oo it holds that )

|AICh,(©) — Eq, [Eﬂo [E(@”(Y”), Y | Y"} 0.

Proof. The results of [Cavanaugh and Shumway [1997, Section 2], using [Cavanaugh
and Shumway (1997, Lemma 1-3], are directly applicable (keeping the difference in
normalization of £ in mind). To prove their lemmas, they need regularity assumptions
on the parametrization ([Cavanaugh and Shumway 1997, p. 489]). These assumptions
are satisfied in our case, since we assume that the parameter space © satisfies
‘Assumption Bl Moreover, Cavanaugh and Shumway use the asymptotic results
of Lennart and Caines . Namely, results on strong consistency and asymptotic

normality of the QMLE in discrete-time state space models are needed. These are

true in our context as well (cf. Proposition 2.25/and [Theorem 2.28). These results
are also the results that are used by Stoffer and Wall in their asymptotic
justification of the bootstrap procedure (cf. [Stoffer and Wall Appendix]), upon
which the AICD is fundamentally built.

From the results on [Cavanaugh and Shumway [1997, pp. 475-476] we receive that

( Z,w" — LY ),Y”))

Ry, [E% [ﬁ(m(yn),yn) | Y"H + Ry, [Z(@n(w),y")} ’ S0 Pas.

as b — 0o and then n — 0o. We can also write
[AICD, () — Eg, |Eq, [E(@n(w),yn) | w” |

= |L("(Y"™),Y™) +2< Zw” — LMY ),Y"))

—Ey, [E% [c(ﬁn(yn),yn) ]|

( Zc (9"(i E(z?"(Yn),Y"))

= [Eﬂo [c(ﬁ”(Y"),yn) V)] + By [£0 (), 07|
+ ]Z(@nm), Y") —Ey, [2(5’"‘(1/"), y")] \

| N

Moreover, as n — 00, we have that 9"(Y™) — 9* P-a.s. and also £(J"(Y™),Y™) —
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2(9*) P-a.s. (cp. [Schlemm and Stelzer 2012, p. 2201]). Using this as well as
Lemma 2.23a) and the continuity of the function 2, we obtain

lim | £(5"(v™),Y") = Egy [0 (), 7))

n—oo
< lim ‘E(&n(w),yn) ~ 2(9")| + lim ‘2(19*) By, [E(ﬁn(w),yn)”
n—00 n—00
= lim ‘E(@n(yn),yn) — 90| + lim ‘2(19*) - g(q’ﬁn(yn))‘ — 0 P-as.
n—00 n—0oo
Therefore, the assertion of the proposition follows. n

A consequence of this, as pointed out on [Cavanaugh and Shumway [1997, p. 477], is

that asymptotically, AICb,, performs the same as AIC,, and CAIC,,, i.e. for very large
n it does not matter which of these criteria is used, because the results will then be the
same. It should be noted that AICb,, is computationally much more expensive than
the other two criteria, because for each bootstrap replication a nonlinear optimization
problem has to be solved numerically to obtain 1/9\:} Therefore, if n is large, usage of
AICb,, is probably not recommendable. However, it is a criterion specifically designed
for small-sample situations. Cavanaugh and Shumway present convincing
results of simulation studies which confirm that AICb,, is indeed superior to the
other AIC—type criteria in small samples. We will do the same in and
perform a simulation study which shows that this also holds true in our context,
which justifies AICh,, also from a practical point of view.
Another bootstrap—based information criterion called WIC is introduced in the
unpublished research memorandum Ishiguro and Sakamoto and applied in
Ishiguro et al. to an aperture imaging synthesis problem. It is defined similarly
to AICb,, via

WIC,(0) = £(9",Y™) +

However, the authors give no explanation why they define their criterion in this
particular way. This is in contrast to the AICbh, for which it is shown in Cavanaugh
and Shumway that its penalty term serves as an estimator of a bias correction
term and the underlying idea is to approximate the Kullback—Leibler discrepancy.
Moreover, in our simulation experiment with small sample size we observed no
satisfying performance of WIC,,, i.e. the overfitting rate was very high compared
to the other criteria and especially AICb,,. Hence, since it is both better founded
theoretically and performed better in the simulation study, we recommend the use of

AICb,, and only mention WIC,, here briefly for sake of completeness.
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3.5. BIC FOR MULTIVARIATE CARMA PROCESSES

3.5.1. DERIVATION OF THE BIC

Besides the AIC, the Bayesian Information Criterion (BIC) is probably the second
most well-known and applied “information criterion” in the literature. Note that
we have put the term “information criterion” in quotation marks, because, strictly
speaking, it is not based on an information theoretic approach and therefore not
truly an information criterion as the AIC is. Instead, as the name already suggests,
it is based on an approach via Bayesian statistics. It is sometimes also called SIC,
an abbreviation for Schwarz Information Criterion, named after the author who
originally introduced it in Schwarz [1978]. Another often-cited article in this context
is Rissanen , which introduces an equivalent criterion in a slightly different
context based on coding theory.

In this section, we shall largely take the same approach as in Cavanaugh and Neath
to apply the ideas from the context of Bayesian statistics to develop the BIC.
Ultimately, this will then again lead to a criterion that fits into the framework of
our likelihood—based information criteria. As before, we assume that we have n
equidistant, discrete—time observations of an MCARMA process Y, contained in the

sample Y. We operate with parameter spaces © which contain continuous-time

state space model in the Echelon form and satisfy [Assumption Bl Each parameter

space is again characterized by its unique vector of Kronecker indices and its numbers
of free parameters as illustrated in [Section 3.1, We allow the spaces to be nested in
the sense of [Definition 3.8 but do not necessarily require this.

The core idea behind the BIC is that we want to choose the parameter space that
is the most probable one given the data at hand. To make this explicit, suppose
that 7 is a discrete prior probability distribution over the set of candidate spaces.
The only assumption about 7 is that it assigns a positive probability to each of the
spaces, which is standard in Bayesian theory. Moreover, suppose that g(- | ©) is a
prior probability distribution over the parameter space ©. For g we assume that
it is bounded and bounded away from zero in a neighborhood of the pseudo—true

parameter:

Assumption C. For every space O there exist two constants b and B with 0 < b <
B < oo such that 0 < g(0 | ©) < B for all ¥ € © and b < g(¢¥ | ©) for all ¥ € Ny(v*),
where Ny(¥*) denotes a neighborhood of the pseudo—true parameter 9* contained in

©.

Now we can apply Bayes’ theorem to obtain the joint posterior probability distri-
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bution f of © and ¢:

m(©)g9(@ | ©)f(Y"]6,9)

f©.9]Y") = % ,

(3.35)

where h(-) denotes the (unknown) marginal density of Y. With this, we can calculate

the a posteriori probability of the space © as
PO|Y") = / f(O,9]Y™)dd. (3.36)
©

We can now make the notion of "choosing the most probable model for the data at
hand” precise: Choose the space © which maximizes . Similar to the derivation
of the AIC, the task is now to find a good approximation of which is directly
calculable from the data.

For this note first that maximization of is equivalent to minimizing —2/n
times the logarithm of P(© | Y™). Applying this transformation and plugging in

gives
_% log (P(© | Y™)) = %log(h(Y")) - %log(w(@»

- %log ( /@ FOY 0, 9)g(0 | @)dq?) (337

We choose the parameter space © with the lowest value of —2log (P(© | Y™)). Hence,
we have to approximate this expression. For this, we approximate the unknown
density f(Y™ | ©,4) by the pseudo-Gaussian likelihood function, which we denote by
L, and establish an upper and a lower bound for the logarithm of the integral on the
right-hand side of (3.37)). It will turn out that we have, under the condition that ¥

is known,

1, (9)

n

L™ Y™) + N(@)lOgTEn) + < —% log ( / L0 | Y™ g(d | @)dﬁ)

log(n) N Ry (O©)

< L(9",Y") + N(©) (3.38)

where N(0©) is, as before, the number of free parameters in © and R1(0) and Ry(O)
are rest terms which do not depend on n. Since 2log(7(©)) does not depend on n as

well, we can write

_%log (PO | Y™) = 20", Y™ + N(@)@ N %log(h(yn)) Lo (logrfn)ﬂ |
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Moreover, the term 2log(h(Y™)) is the same across all models and therefore not
relevant for model selection. Hence, we drop it from the approximation and choose

the model that minimizes the information criterion defined as

log(n)

BIC,(©) := L(J",Y™) + N(©) -

(3.39)

In order to establish the central inequalities from (3.38)), we use two lemmas which
we will state in the following. The first one is the analog of [Cavanaugh and Neath
1999, Lemma 1]: Take in mind that the idea is that Y™ is known and hence 5(1/9\”, Y™

is deterministic.

Lemma 3.19. For any Y" there exist positive constants Ay and Ay and an integer n,
such that the following holds for every ¥ in a neighborhood N (U*) of the pseudo—true

parameter 9* and for every n > ny:

LY+ 20— Y (0 - )

1

1 Moo e A
<L YY) + 2 — YT~ 7).

Proof. Let Y™ be known and fixed. We start by taking a second-order Taylor

expansion of %E around ", giving

3£ (W, Y™) = 55(19”, Y™ + (9 — 19”)T§Vg£(z9", Y™

—=n

1 ~ 1 ~
+ 50 =P SVELE Y 0 — )

1~ 1 ~ 1 . _
= SLEY") + 50— TS VLY@ — 0, (3.40)

where 9" is between ¥ and 9" in the sense of the Euclidean norm on the parameter
space © (i. e. it can be written as U = 9+ (1 — t)1/9\" for some ¢ € [0,1]) and we have
used that 9" is the point where £ attains its minimum, implying Vlgﬁ(@", Y™ =0.
Next, denote by A™#(¢J) and A™" (1)) the largest and smallest eigenvalue of the matrix
%V%E(ﬁ, Y™), respectively. By the general theory on quadratic forms we have the

following chain of inequalities:

n

~ - ~ .1 _ ~
(9 =0T = I)AI) < (0 - ﬂ”)T§V?a£(ﬁ9 Y™ (9 —9")

—n

< (9= 9T =)A=, (3.41)
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Because of the almost sure convergence of Hessian matrix of £, as pointed out in
Proposition 2.25d), we know that for every ¥ € © A*(9) and A" () converge
P-almost surely to the largest and smallest eigenvalue of %j (1), respectively, and
the convergence is uniform in ¥. Because of Assumption we know that J(J*) is
non-singular and therefore, by continuity of the map 9 — J(¢), the eigenvalues of
J (9) lie between two positive constants if ¢ is in a neighborhood N (¢*) of ¥*. This
allows us to find a ny € N, a neighborhood N (9*) of ¥* and two constants Aj, Ag
with 0 < Ay < Ay < 0o such that

Ay < inf { inf /\fm(ﬁ)}

n>ng | 9EN(I9*)

and

A1 > sup { sup )\glax(ﬁ)}.

n>ny | 9EN(9*)

If 9" is in N(9*), we can apply these bounds to (3.41), obtaining

0< (9= =) < (I — @1)%%5(5", Y™y (9 — ")
< (9= 9T — ")\, (3.42)

It remains to argue that U indeed is contained in this neighborhood if L is large
enough. To see this, remember that o (regarded as a random variable) converges
to ¥* P-almost surely by ’Theorem 2.28‘. This means that 9" € N (9*) for every

n larger than some constant ns. Since ¥ is between ¢ and 5”, it is an element

of the neighborhood N (9*) if the latter two are elements of it. If we now choose
ni = max{ng, ng} the statement of the Lemma follows from these considerations and
applying the inequalities from (3.42) to equation (3.40). O

The second lemma is a general one, it does not rely on the structure of a MCARMA
process or special properties of the maximum likelihood method. Hence it is almost
exactly the same as Lemma 2 in Cavanaugh and Neath [1999], only slightly altered

to fit our notation better:

Lemma 3.20. Let (T,,)nen and (Uy,)nen be two sequences of positive random variables.
Moreover, let (p,)nen be a positive, convergent sequence defined in such a way that
T, > U, holds whenever U, > p,. Finally, suppose there exist two positive constants
v and € such that

P(T,, — pn) > ) > eV¥n € N.
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Then there exists a positive integer ny such that for every 6 > 0 and n > ny it holds:
log(E(T7)) — log(E(Uy)) > —0.

Proof. See cited reference. O

Now we have all that is required to establish (3.38)). For this, we define

2,(0) = exp (~5£07) )
X1(9) :==exp (—%E(ﬁ", Y™ %(19 — 19”)T(19 —J9") |,
X (9) = exp (—%c(w, ym) — %(19 — T - 19")> |
Xi(0) = xp (— 5 20°) = 0 =)0 -0 )
20) = exp (~320) ).

with 2 as defined in (2.16).
An application of Lemma 3.19 allows us to find a natural number n; and a neighbor-

hood N (¥*) of ¥* such that we have

Xin(9) < Zn(9) < Xon(9) (3.43)

for every n > n; and every ¥ € N(9*). We can also note that both X; and Z attain

a global maximum at ¢* and the value of the maxima is the same. The convergence

results from Proposition 2.25p) allow us to conclude

X0 (0) = X;(9) P-almost surely, uniformly in ¢ and
Zn(0) = Z(v) P-almost surely, uniformly in 9.

The plan is now to apply Lemma 3.20| to the random variables U, = X ,(¢) and
T, = Z,(¥). In order to be allowed to do that, we need to specify the sequence

(pn)nen and check the existence of the constants v and e. Note that the relevant
probability measure in this context is g(¢ | ©): the observations Y™ are assumed to
be fixed and known, the source of randomness is the parameter v. We shall denote
the corresponding probabilities by PYI® and expectations by Eyje in the following.

We will now give an explicit construction of (p,)nen and 7:
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First off, choose

e = sup | X1, (9) — X1 (9)],
Je0

€2 = sup | Z,(9) — Z(9)],
Je0

and

€, = max{eV e},

n J’n

Note that these quantities do depend on Y™, but are not random anymore since the
observations are fixed.
Now choose a compact neighborhood M (¢#*) of ¥* such that ) # M (¢¥*) C N(9*) and

sup Xi(¥) < sup Xi(¥) < sup Z(W) < Z(W) = Xi(V).

YEN (99)€ YEM (99)C ICHS

Note that this is possible because we have X;(9) < Z(9) for every ¥ € © \ {9},

since 2 attains a global minimum at ¥* by definition in (2.20).

Now let
2y:= sup X;(¥)— sup Xi(9) >0,
deM(9*)C YEN (99)€
pri= sup  Xi(¥) < Xy (V)
PEN(9*)C
and
Pn = p" + €.

Note that p, is positive for every n € N and the sequence (p,)nen converges to p*.
Suppose now that X ,,(9) > p, for every n larger than some n; € N and a fixed 9.
Then:

X1<"l9> = Xl(lg) — Xl’n(lg) + len(ﬂ) > —€n + Xl,n<79) > —€p + Pn = p*
Hence, ¥ ¢ N(9*)C, and
{0 € ©| X,,(0) > p, for every n larger than n,} C N(9*),

which in turn implies X; ,(¢) < Z,(9) via Equation (3.43). Hence the sequence
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(pn)nen fulfills the first part of the conditions in |[Lemma 3.20. For the second part,
consider ¥ € M(9*). Then, Z(J) > p* + 27 = supye pyy-)c X1(¥) and consequently

> =t P+ 2y =ty +y 26 2t

because we will eventually have €, < 3 for every n larger than some constant n, € N

((€n)nen converges to 0). This delivers
M@W)C{deO:Z,()—p, >}

Since M (9¥*) was chosen to be non-empty and compact, it has a strictly positive

probability, meaning P?1®(Z, () — p, > ) > € for some € > 0 and for every n > n.

If n is now larger than n3 = max{ni,ns}, both requirements of [Lemma 3.20] are
fulfilled and for any d, > 0 it holds

Os
log(Epje[(Zx(9))"]) — log(Esje[(X1a(9))"]) > =5 Vi > ns.
In a similar way (reversing the roles of Z,(¥) and X5, (v)) we obtain the inequality
n n 5*
log(Eojo[(Xo,n(0))")) ~ 08(Eael(Za(0))")) >~ ¥ >,

by another application of [Lemma 3.20. If n is now larger than n, = max{ng,ns} we

can combine these results to obtain the following chain of inequalities:

—2log(Egjo[(X2n(¥9))"]) — 6. < —2log(Egie[(Zn(1))"])
< —2log(Ege[(X1,(9))"]) + 6.. (3.44)

Let us consider the middle term for a moment:
~2log(Egje[(Zu(9))"]) = —2log < /@ (exp (—%E(ﬁ, Y”)))n o9 | @)dz?)
— 2log (/ exp (—gcw,yn)) 9(9 | G))dq?)
~ —210g ([ e (~5(- 2108200 7)) o0 | €000
— 2log (/zw Y")g(9 | 9)0179) .

This shows that the middle term, divided by n, in the above inequality (3.44) is the
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same as the middle term in inequality (3.38), meaning we can establish the desired
upper and lower bound for this term.

In the following, it is assumed that n, is large enough to guarantee that o e No (%)

for all n > n,, where No(9*) denotes the neighborhood of ¥* from [Assumption C| in

which g(¢ | ©) is bounded from below (which is not a restriction, if the condition is
not met by the initial n, we can just enlarge it further). We start with the term on
the far left of the inequalities in (3.44):

— 21og(Egjo[(Xon(9))"])
— —2log </® (exp (_%L‘(@",Y”) - % (19 - @n)T (19 - 571)))71

(0| @)df})

> —2log (/]RN(@) Bexp (—gﬁ(@”, Y") — nTAQ (19 — 1/9\">T <19 — 1?”)) dﬁ)

N(©) N(©)

[ (2
RN(©) 27T

_% (19 _ 571) @ _ @1) 40 (3.45)

27

— nL(9",Y™) - 2log(B) — 2log <<—) :

7”L>\2

- exp T

nia

Note that the term remaining inside the integral is the density of a N (©)-dimensional
normal distribution with expectation 9" and covariance matrix n%\QI N(©)xN(®), 1. €.

the whole integral is simply equal to 1. Hence we can write

N(©)
~ A 2
(3.45) = nL(9",Y™) — 2log(B) — 2log ((%) >
m
= nL(0",Y™) — 2log(B) + N(0)log(L) + N(©)log(Xs) — N(©)log(2r),
which is exactly the form claimed in (3.38)) if we denote

R1(0) := N(©)log(A\2) — N(©)log(2m) — 2log(B).

Note that all terms contained in this rest do not depend on the sample size n.

For the right-hand side of the inequalities in (3.44) we proceed in a similar way:
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— 2log(Eyje[(X1,,(9))"])
= —2log (/@ (exp <—%£(§",Y") - % (19 - %)T <19 - 5")))

- g(0 | @)dﬁ)

< —2log (/NW) bexp (—gﬁ(ﬁn,yn) . 7%1 (19 . ﬁn)T (19 . @”)) dﬁ)

~ 2 2 ni;\ 2
— L0, Y™) — 210g(b) — 2log | [ 2 / <—)
R, Y™) - 21og() g<(m1) (5
~\T —~
1(19—1971) (19—19”)
nexp | —5 e dv (3.46)
nii

Now the assumption about n, comes into play, since it allows us to conclude that
we have " € No(9*) for n > n,, which means that the integral appearing here is
bounded below by some constant ¢ (depending on Ny(9*) and A;, but not on n).

This allows us to estimate

N(©)
21 2

< nﬁ(@”, Y") — 2log(b) — 2log ((T) > — 2log(c)

nAp

= nL(9",Y"™) + N(0)log(n) + Rs(©),

where Ry(0) := —2log(b) — 2log(c) + N(©)log(A;) — N(O)log(27) is again a rest
term independent of n. This completes the proof of the inequalities stated in Equation
(3.38) and hence the derivation of the BIC as shown after said equation.

3.5.2. CONSISTENCY OF THE BIC

As is well-known from the literature, the BIC is a strongly consistent criterion in the
case of ARMA processes as originally shown in Hannan [1980]. From our general

results on 1C,,, it follows easily that this is true in our context as well:

Theorem 3.21. The BIC is a strongly consistent information criterion.

Proof. Take C(n) = log(n) in (3.6). The assertion then follows from [Theorem 3.10)

log(n)
log(log(n))

and [Remark 3.11a) since lim,,_,, = 00. O
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3.6. SIMULATION STUDY OF ORDER SELECTION CRITERIA

The results on information criteria obtained in the previous sections will now be
illustrated by a simulation study. In this context we would like to thank Eckhard
Schlemm and Robert Stelzer, who kindly provided the MATLAB code for the
simulation and parameter estimation of the MCARMA process. As before, we use the
Echelon MCARMA parametrization in the simulations. Throughout our simulations,
we always consider two-dimensional MCARMA processes. As driving Lévy process,
we use, on the one hand, a two-dimensional, correlated Brownian motion and, on the
other hand, a two-dimensional, normal-inverse Gaussian (NIG) process. For the NIG

process the increments L(t) — L(t — 1) have the density

§e¥ el 1 4+ ag(x)

, TERY
21 e29(®)  g(x)3 v

fNIG(*T;,u7057ﬁ757 A) =

where g(z) = /02 + (x — pu, A(z — p)), K2 = a® — (B, AB). The parameter p € R? is
a location parameter, o > 0 is a shape parameter, 3 € R? is a symmetry parameter,
d > 0 is a scale parameter and A € R?*? is a positive semidefinite matrix with
det(A) = 1 that determines the dependence between the components of the Lévy

process. In the simulations we use the values

§=1 3, A L A i Y
=1 o = 9, = 5 = ; = - )
1 -1 1 N VL 2

which result in a zero-mean process with covariance matrix

oo [ 04571 —0.1622
NIG —0.1622 03708 |

D=

In the case of the Brownian motion the covariance matrix 3%,  is equal to the
covariance matrix X%, in the NIG case. In the estimation the number of free
parameters includes three parameters for the covariance matrix of the driving Lévy
process.

The simulation of the continuous—time MCARMA process is done with the initial
value X (0) = 0, applying the Euler-Maruyama method to the stochastic differential
equation and then evoking (2.4). For the Euler-Maruyama scheme we operate
on the interval [0, n], where n is the number of observations and the step size is 0.01.
Afterwards, the simulated process is sampled at discrete points in time with sampling

distance h = 1, resulting in n observations of the discretely sampled MCARMA
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process. shows a typical sample path of a bivariate CARMA(2,1) process
simulated in this way and shows a sample path for the same parameter
configuration when the NIG process is used as driving Lévy process. After obtaining
the discrete samples of the MCARMA process we calculate the AIC, CAIC and BIC
as defined in , and , respectively. In the calculation of the AIC
we estimate the penalty term tr (Z(¢*)H ! (*)) by the second method explained at

the end of Subsection 3.4.1] since in general there is no explicit form of Z(¥*) and

H(9¥*). This means that we use tr(j ”é”) as estimate, where =" is the empirical
covariance matrix of independent realizations of 9" and j\ " is the arithmetic mean
of independent realizations of V%Z(@", Yym).

For the first part of the study, we simulate a two-dimensional MCARMA pro-
cess with Kronecker index mg = (1,2), p = 2 and ¢ = 1 with parameter 19(()1) =
(—1, -2,1,-2,-3,1, 2) and n = 2000. We consider eight different parameter spaces
in total with mg € {1,2}2, p € {1,2} and ¢ € {0,1}. We observe that every informa-
tion criterion makes the right choice of the parameter space in all 50 replications,
independent of the driving Lévy process. There are no effects of overfitting, which is
not surprising considering the fact that the true parameter is chosen in such a way
that it is only contained in one space, so that the scenario from ) is given.
Next, we change the true parameter slightly to 1982) = (—1, -2,1,-2,-3,0, O) , 1.e.
the data—generating process is now a MCARMA(2,0) process, while my = (1,2)
remains the same. The results of 100 replications for the true parameter 19(()2) in space

2 are summarized in [Table 3.3l

Space Model BM NIG

m | pl|q| N(©)| AIC | CAIC | BIC || AIC | CAIC | BIC
1 (1,1) | 1]0 7 0 0 0 0 0 0
2 (1,2) |2]0 8 92 85 100 89 84 100
3 (1,2) |21 10 8 15 0 11 16 0
4 (2,1) [21]0 9 0 0 0 0 0 0
5 (2,1) [ 2|1 11 0 0 0 0 0 0
6 (2,2) [21]0 11 0 0 0 0 0 0
7 (2,2) [ 2|1 15 0 0 0 0 0 0

Agreement 93% 95%

Table 3.3.: Results for the true parameter 19[()2) in space 2.
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As expected because of the strong consistency the BIC performs convincingly
and achieves a perfect score for both driving Lévy processes. Furthermore, both
versions of the AIC exhibit overfitting. The line “agreement” records the percentage
of repetitions in which the CAIC and AIC lead to the same choice, revealing that
there is an undeniable difference between the CAIC and the AIC in both cases. From
the theory, we know that this should not happen when the driving Lévy process is a
Brownian motion since the criteria are then the same. This difference comes from
the estimation error by estimating the penalty term tr (Z(9*)7 ' (9*)) in the AIC.
We realize that in the Gaussian model the value of the penalty term in the AIC is
higher than the value of the penalty term in the CAIC for both space number 2
and space number 3. However, the error is smaller in space number 3 than in space
number 2, which results in a higher overfitting rate for the CAIC. This is because
2(5”, Y™) is smaller in model 3 than in model 2 — this difference is compensated
for more often in the AIC than in the CAIC because of the larger penalty terms,
which leads to a lesser overfitting rate. We also calculate the overfitting probability
in the Brownian motion case as given in Theorem 3.10c). For this, note that there is
only one parameter space in which the true one is nested (space number 3) and for
that space we have C' =2 and N(©) — N(©g) = 2. The strictly positive eigenvalues
of H(9*)2 M p(9)Z(9*) M p(9*)H(9%)2 are calculated with the help of MATLAB
and turn out to be both equal to 2, so that the overfitting probability simplifies to
P(x? > 2) ~ 0.1573. The empirical probability 0.15 of overfitting in the CAIC is very
close.

Next, we consider another situation in which the data—generating process is a
MCARMA(3,0) process with Kronecker index mg = (3,2) and the true parameter is

9 = (—3, —6,-5,2,—3,-0.2, -4, -2.5,—7,-9,0,0, 0,0,0,0) .

Here, we consider 7 candidate spaces in total. Among them are two parameter spaces
in which the true space is nested (spaces 6 and 7); the true parameter space is
number 5. We conduct the study again with n = 2000. The results of 100 repetitions
are given in The results of this simulation study resemble the ones of
the study with 19((]2) as true parameter — the CAIC is the criterion most prone to
overfitting, while the AIC fares slightly better and the BIC still performs perfectly.
The agreement of the AIC and CAIC is now lower in both cases. We also note that
the AIC overfits in favor of model 6 while the CAIC selects model 7 if it makes a
wrong choice. The explanation is similar as in the study before: the penalty terms in
the AIC all deviate from the values of the penalty terms in the CAIC. The larger

the space, however, the less the deviation. This, in combination with the fact that



CHAPTER 3. CONSISTENCY OF INFORMATION CRITERIA

90

First companent

8 T T T T T T T

1 I I 1 1 1 1 1 1
a 200 400 600 800 1000 1200 1400 1600 1800 2000

First component, samplad
8 T T T T T T T

1 I I 1 1 1 1 1 1
a 200 400 600 800 1000 1200 1400 1600 1800 2000

Second cormpanent

1
200

I
400

600

1 1 1 1 1 1
800 1000 1200 1400 1600 1800 2000

Second component, sampled

1
200

I
400

I
600

1 1 1 1 1 1
800 1000 1200 1400 1600 1800 2000

Figure 3.1.: Sample path of a CARMA(2,1) process driven by a Brownian motion and its discretely sampled version.
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Space Model BM NIG
m 1 p ¢ | N(©) | AIC | CAIC | BIC || AIC | CAIC | BIC
1 @ (L|o] 7 1 0 | 0 | 5 0 | 0
2 1,2) [2]1] 10 0 0 | 0 0 0
3 21 [2]1] 11 0 0 0 | 0 0 0
4 22) 21| 15 | 0 0 0 | o 0 0
5) (3,2) [31]0 13 91 89 100 87 88 100
6 (3,2) | 3|1 17 9 0 0 13 0 0
7 3.2 3/2] 19 | 0 | 1L |0 | 0] 12 [0
Agreement 84% 79%

Table 3.4.: Results for the true parameter 19(()3) in space 5.

the value of EA(@", Y"™) decreases as the number of parameters increases, leads to
the selection of different overfitted spaces. The actual overfitting rate, however, is
comparable to the simulation study with mg = (1,2), i.e. the actual number of wrong
choices has not increased systematically. This is also backed up by the observation
that the approximated overfitting probability of space number 7 for the CAIC is
0.1019, showing that the empirical overfitting rate is very close to the theoretical
probability in the Brownian motion case and slightly higher in the NIG case.

Lastly, we perform a small-sample simulation study to illustrate the advantages
of AICh,, as defined in[Subsection 3.4.5/in this situation. For the study, we chose
again my = (3,2) and the true parameter 19((]3). We let h = 1 and n = 15, the

driving Lévy process is a Brownian motion with the same covariance matrix as
before. To ensure that our sample, despite its small size, is generated by a stationary
process, we simulate the data—generating process on the interval [0, 750] and use
Y, (735),...,Yy,(750) as the actual observations. For the number of bootstrap
replications, we choose b = 150, following the recommendations of [Cavanaugh and
Shumway [1997, p. 487f], who found that this value yields satisfying results. We
considered only 3 candidate spaces here, the true parameter space and the two
spaces in which it is nested (spaces 5, 6 and 7 in [Table 3.4). The information
criteria employed are AIC,,, CAIC,,, AICb,,, WIC,, and BIC,,. The reason for only
considering three spaces is that due to the high number of bootstrap repetitions,
adding further spaces dramatically increases the computation time. For one iteration
of the order selection procedure (i.e. calculating each of the 4 criteria once for each
parameter space), we needed about three days of computation time, such that a
satisfyingly large number of iterations could only obtained by means of parallel
computing. The bootstrap replicates were calculated by the algorithm of Stoffer and
Wall as described in [Subsection 3.4.5, We report on the results of 50 iterations

here. The results are given in [Table 3.5, To be consistent with Table 3.4} we have
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kept the numbering of the spaces, although we do not consider 7 spaces in total

anymore.
Space Model BM
m | pl|q| N(©)| AIC | CAIC | BIC | AICb | WIC
5 (3,2) [3]0 13 23 31 43 45 27
6 (3,2) |31 17 18 15 7 2 3
7 (3,2) | 3|2 19 9 4 0 3 20

Table 3.5.: Results for the true parameter 1983) in space 5 with n = 15.

As we can see, the performance of AICb,, is vastly better than of the other two
AIC—type criteria and also better than that of WIC,,. Its performance also better
than that of the BIC, but only slightly. This coincides with the results of [Cavanaugh
and Shumway Table 5], in which the authors report that the BIC (which they
call SIC, their BIC is defined differently) becomes more and more competitive with
the AICDh as the number of parameters of the largest model, relative to the amount of
observations, decreases. Since we have a maximal number of parameters equal to 19
and 15 observations, we are not quite in the situation with 2n = N(©) in which the
AICb performs best according to Cavanaugh and Shumway [1997]. Due to the high
computation times necessary, we could not evaluate other scenarios and parameter
setups for the AICh, but nevertheless these results and the theoretical framework
affirm that it is a criterion worth considering in the small-sample setup.

Note that the performance of WIC,,, the second bootstrap—based criterion we briefly

mentioned at the end of [Subsection 3.4.5, is not satisfying. In fact, the number of

correct selections is only slightly higher than 50 %. Due to this and also the fact that
no satisfying theoretical foundation is available for WIC,,, we recommend the use of

AICb,, and illustrate the results on WIC,, here mainly for sake of completeness.

Remark 3.22. Except for|Subsection 3.4.3, Subsection 3.4.4 and|Subsection 3.4.5]

the contents of Chapters 2 and 3 have been accepted for publication in Fasen and

Kimmag [2016+]. The simulation study of has also been altered in

comparison to the published version, although the general framework remains the

same. Most importantly, an error in the code of the simulation has been fixed and
the studies have been repeated with the error—free code, which is why the results differ

from those in the published article.






CHAPTER 4

RoOBUST ESTIMATION OF MCARMA
PROCESSES

The second part of this thesis is concerned with robust estimation of MCARMA
processes. The central aspect of robust statistics is to investigate the behavior
of statistical procedures when some of the underlying model assumptions are not
satisfied. Historically, among the first scientists studying this problem were Tukey
[1960], Huber and Hampel in the case of i.i.d. observations. In those
articles, deviations from the model assumptions were understood as some observations
coming from a different distribution than the one that was assumed for the i.i.d.
data. Tukey then noticed that classical estimators, such as the empirical
standard deviation, are highly sensible to this phenomenon and therefore, alternative
procedures should be considered. Huber [1964] introduced the class of M—estimators
for the location parameter of i.i.d. observations and showed that these estimators
fare much better than, for example, the traditional sample mean. In Hampel [1971],
the intuitive notion of a procedure being robust was first formalized and the terms
qualitative robustness and breakdown point, which we will also study later on, were
introduced (still in the case of i.i.d. observations). The M-estimators of Huber were
later generalized to the context of linear regression, see e.g. Huber , Yohai and
Maronna [1979], Maronna and Yohai and [Maronna et al. Chapters 4 and
5]. Subsequently, further generalizations to the context of dependent observations,
especially time series, were made, see e.g. Martin and Jong , Denby and Martin

[1979], Martin [1980], Bustos [1982] for the treatment of autoregressive processes
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and Muler et al. for the treatment of ARMA processes. In the course of these
generalizations, the need for a different class of estimators was recognized, as classical
M-estimators fail to be robust in the case of dependent observations. Amongst
other procedures (for an overview see [Maronna et al.[2006, Chapter 8]), the class
of so—called generalized M-estimators (GM estimators) was considered and quite
successfully applied to autoregressive processes. This class will appear also later in
this chapter as a building block of a robust estimator for CARMA processes.

The first step in considering robustness consists of clarifying what is meant by the
notion of “deviations from the nominal (or true) model”. Contrary to the i.i.d. case,
assuming that some observations arise from a different distribution than the others
does not make much sense when considering time series. The reason is that in this
context, the model assumption usually is that the observed data is generated by one
particular, “true” time series, say Y, in a parametric family. Therefore, a natural way
to model a deviation from the model assumptions would be to assume that the data
is not a realization of the true time series Y, but only in some sense “close” to it. Up
until now in this thesis, we always assumed that observations were generated by some
discretely sampled MCARMA process (Y (nh)),ez which we could observe. In a first
step, in we will define in what way we deviate from this assumption and
how to model this appropiately. After establishing that, we will then move to the
topic of robust parameter estimation.

As explained in [Huber and Ronchetti 2009, p. 5], a robust statistical procedure can
be characterized by three properties. First, it should be reasonably efficient at the
optimal model. Secondly, it should produce only slightly different results if there
are slight deviations from the underlying model assumptions. And thirdly, larger
deviations from the assumptions should, at least up to a certain point, not have a
catastrophic effect. In the context of MCARMA processes, the statistical procedure
which we will consider is the estimation of the parameters of the data—generating
process. In [Section 4.2, we will define and study M-estimators for MCARMA
processes, which achieve the first property (they perform well at the nominal model),
but unfortunately are not robust. Moving to the special case of one-dimensional
CARMA processes, in we will construct a so—called indirect estimator.

Studying this estimator in detail will then allow us to show that it achieves all three

of the properties outlined above. [Subsection 4.3.1]is concerned with the behavior

under the nominal model. In[Subsection 4.3.4]the performance under deviations from

the nominal model will be studied in terms of three robustness measures: qualitative
robustness, the breakdown point and the influence functional. In [Section 4.4, we

come back to a topic already treated earlier, namely model selection in this new
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framework. Lastly, we conduct a simulation study in [Section 4.5/ to illustrate the
various theoretical results in practice.
We now start by formally defining what we classify as observations that are only

close to, but not directly from, a data—generating process.

4.1. DISCRETELY OBSERVED CARMA PROCESSES AND OUTLIERS

The deviations from the true model we consider are characterized by the fact that
we do not observe the data—generating process perfectly. Instead, we will only
observe a disturbed process that is built from observations of the true time series
subject to contamination by so—called outliers. These outliers can be thought of
as atypical observations that do not arise because of the model structure, but due
to some external influence, e.g. measurement errors. Therefore, a whole sample of
observations which contains outliers does not come from the true model anymore,
but is still close to it as long as the total number of outliers is not overwhelmingly
large. There are several ways how one can formalize the presence of outliers in the
data, with three main characterizations that are typically used in the literature, the
so—called innovation outliers (I10), additive outliers (AO) and replacement outliers
(RO). The latter two can be seen as special cases of the so—called general replacement
model. We define the different types of outliers for a discretely sampled MCARMA

process as follows:

Definition 4.1. Let (Y (nh))nez be a d—dimensional discretely sampled MCARMA
process as in (2.5) for some fized h > 0.

a) We say that (Y (nh))nez is afflicted by innovation outliers (10s) if the innova-
tions of this process have a heavy—tailed distribution (i.e. a distribution with

infinite variance).

b) Let g:[0,1] — [0,1] be a function that satisfies g(y) — v = o(y) for v — 0. Let

(Vi)nez be a stochastic process taking only the values 0 and 1 with

PV, =1)=g(v) (4.1)

and let (Zy)nez be an arbitrary, d—dimensional stochastic process. We say
that outliers are modeled by the general replacement model if we observe the

disturbed process (Y, )nez instead of (Y (nh))nez, where

Y, = (1= V,)Y(nh) + V,Z,. (4.2)
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Remark 4.2.  a) The general replacement model is, for example, also used in

b)

Martin and Yohai . The interpretation is that at each point n € Z, an
outlier is observed with probability g(v), while the true value Y (nh) is observed
with probability 1 — g(~y). It has the advantage that one can obtain both additive
and replacement outliers by choosing the processes (Z,)nez and (Vy)nez ade-
quately. Specifically, to model replacement outliers, one assumes that (Z,)nez,
(Vi)nez and (Y (nh))nez are jointly independent. Then, if the realization of V,,
at time n is equal to 1, the value Y (nh) will be replaced by the realization of
Zn, jJustifying the use of the name replacement outliers.

On the other hand, modeling additive outliers can be achieved by taking Z, =
Y (nh) + W, for some process (Wy)nez and assuming that (Y (nh))nez is inde-
pendent from (V,,)nez. Then we have

Y, = Y (nh) + V,W,,

such that the realization of W, is added to the realization of Y (nh) if V,, realizes

as 1, modeling exactly the behavior one wishes to have.

Another advantage of the general replacement model is that one can easily model
the temporal structure of outliers. On the one hand, for example, if (Vy)nez 18
chosen as an i.i.d. process with P(V,, = 1) = =, then outliers typically appear
1solated, i.e. between two outliers there is usually a period of time where no
outliers are present. On the other hand, one can also model patchy outliers by
letting (Bp)nez be an i.i.d. process of Bernoulli variables with success probability
€ and setting V,, = max(B,_y, ..., By) for a k € N. Then

P(V, =1)=1— (1 —¢€)* = ke + o(¢)

for e =0, i.e. (4.1) holds with ~y := ke. For € sufficiently small, outliers then
typically appear in a patch or block of size k.

The fundamental difference between 10s and the other two types of outliers is
that the observations in the case of 10s still come from a discretely sampled
MCARMA process, albeit with infinite—variance noise. For the other two
types of outliers, the observations do not follow the same structure as in the
uncontaminated case, which makes estimation more difficult. Also, in the
case of 10s, an outlier influences the future values of the stochastic process
(Y (nh))nez, while this is not the case for outliers generated by the general

replacement model.
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d) In the case of 10s, one needs to estimate a process with infinite second moments.
For this reason, the results are typically quite different from those in the case
of the other outlier types. For example, in Andrews et al. the maximum
likelthood estimator is used successfully, while it is well-known that MLEs are
typically nonrobust in the case of additive or replacement outliers. In Davis
et al. , M-estimation is studied in this context. We will not study 10s in
detail here, leaving their treatment in the context of MCARMA processes open
for future research and focusing on the general replacement model for the rest
of the thests.

4.2. M-ESTIMATORS FOR MCARMA PROCESSES

In this chapter, the aim is to introduce the notion of M-estimation for the class
of MCARMA processes. Since its introduction in Huber for the estimation
of the location parameter of i.i.d. data, this class of estimators has been applied
in many problems and fields, including but not limited to parameter estimation in
linear regression (Huber [1973], Yohai and Maronna [1979]) and of ARMA processes
with finite ([Maronna et al. 2006, Section 8.4]) and infinite (Davis et al. [1992])
variance. The principal idea of M—estimators is to generalize the maximum likelihood
procedure by replacing the likelihood function by a more general one (hence the
name, M—estimator is a shorthand for “Maximum likelihood type estimator”). Huber
11964] recognized that the likelihood function is generally unbounded and therefore
proposed to use a bounded function to achieve robustness. Typically, it is then also
possible to show consistency and asymptotic normality for this class of estimators at
the nominal model, i.e. in the absence of outliers. We will also take this approach.
Since the method is a generalization of maximum likelihood estimation, if we choose
suitable functions to replace the likelihood function, the proofs will be very similar
to the ones in the study of QMLE for MCARMA processes.

Just as with maximum likelihood estimation, we assume that n, equidistant, discrete—
time observations with sampling distance i > 0 of a MCARMA processes (Y (t)):er are
given in the form of Y™ = (Y'(h),...,Y(nh)). To do parameter estimation, we again
consider a parameter space © and a parametric family of CSSMs (Ay, By, Cy, Ly)sco
that satisfy Assumptions to [B.9l Moreover, for simplicity’s sake, we assume
that © contains an element ¢y that generates the true output process. Of course
in the context of M-estimation we can forgo the assumptions and [B.11], as

those were explicitly connected to the maximum likelihood method, while the rest of

'Assumption B|is more generally related to the parametrization under consideration.
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Then, similar to (2.19), we define our estimator by

1 ~
= argmin —Ly(J,Y") := arg mln — p €9k) (4.3)
JeEO n 9EO n

where p : R? — R is a suitably chosen loss function and (€ x)ren are the approximate
pseudo-innovations as calculated by the Kalman filter. For the loss function, we

make the following assumption:

Assumption F.
F.1 The function p : R? — R is three times continuously differentiable.
F.2 The expectation E[p(ey1)] exists for every 9 € ©.

F.3 It holds that

9:p)(x) = (Dip) (W)] < el — y| and [(9Z;p)(x) — (9Z;0)(y)| < cllz — yl|
for all 4,5 € {1,...,d} and z,y € R? and some constant ¢ > 0.

We will now proceed similarly as in [Schlemm and Stelzer 2012} Section 2| to
show consistency and asymptotic normality of 571\‘/[ Just as in the maximum like-
lihood case, it is usually more convenient for the proofs to consider the function
Ly(9,Y™) =157 p(es ) and its derivatives, respectively, where we have replaced
the approximate pseudo-innovations by their theoretical counterparts, instead of

L v Analogous to [Lemma 2.23, we therefore show that the approximate quantities

converge to their theoretical counterparts:

Lemma 4.3. Assume that fori,j € {1,...,N(©)} the initial values Xﬁ’imtm[ are
such that supyceq H)?ﬂ,lH; SUDyeo Hai)?ﬁJH and Supyceo H@l%j)?ﬁ’lH are almost surely
finite. Then it holds:

a) Supyece ’ZM (D, Y"™) = Ly (0,Y")| = 0 as n — oo P-a.s.

b) \/nsupyee (0, Y™) — 0:Lp (0,Y7) 50 asn— .

c) SUDyco

(0,Y™) = 07, L (Y, Y”)‘ — 0 asn — oo P-a.s.

Proof. a) First off, note that by a Taylor expansion we have that

sup [L(9,Y™) = Ly (9, Y™)] < sup = Zm €)= pleos)|
€O ﬁe@n
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1 & .
<sup = > | VopEor) ek — ol
9e0 n/kzl

where |[€yr — g rll < [[€9.k — €.kl

3 —~
Ay (<sup<uag,ku T V(O] sup [[érs — eﬁ,ku>
n ] €O LSS
O < _
< £ (suplleas — can + coull + [Vap 0"
n 1 JeO
C < N
< = Z (sup €96 — €orllp” + sup |leg 1]l o~ + HVW(O)”Pk)
n 1 \v€O (S(C]
C n
e (ﬁv T o sup [lensl] + ||w<0)||pk)
n JEO

(4.4)

where we have used that supycg |[€sr — €sx]| < Cp” for C > 0 and p € (0,1) by
Lemma 2.22a) and defined p = p?. As in the proof of [Schlemm and Stelzer
Lemma 2.7], we can show that p* supyce ||€sx|| converges to 0 almost surely as
k — oo by using the Markov inequality and the Borel-Cantelli lemma. Since the
sequences (pF)reny and (|[Vyp(0)||p*)ren converge to zero as well, we obtain that
the sum in (4.4) converges to 0 almost surely. The proofs of b) and c) are similar.

O
The next lemma deals with the asymptotic behavior of the function L;:

Lemma 4.4. For n — oo, the sequence of random functions 9 — Ly (9,Y™)

converges uniformly in 9 almost surely to the limiting function
Du (V) :=E[p(eg)]-

Proof. Since the sampled output process (Y (nh))nez is ergodic, the same is true for
the pseudo-innovation sequence (eg,,)nez for every ¥ € © as apparent from (2.13).
Since p is measurable, the sequence (p(€g,n))nez is ergodic again by [Durrett 2010}
Theorem 7.1.3]. Hence, by Birkhoff’s ergodic theorem ([Durrett Theorem 7.2.1])
it follows that the sequence L£y/(9,Y™) converges almost surely pointwise to 2.
Uniform convergence can be shown by means of the compactness of the parameter

space and an application of [Ferguson 1996, Theorem 16a)]. ]

This lemma suffices for us to derive the consistency of the M—estimator:
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Theorem 4.5. If the function ¥ — 2y(V) has a unique global minimum at 9y, then

the estimator 57]}4 1s strongly consistent, 1. e. it holds that

-~

I =S o
almost surely.

Proof. The proof of consistency is the same one as that of [Schlemm and Stelzer

2012, Theorem 2.4], making use of with the function £ u replacing L and
2, replacing 2. m

To show asymptotic normality of the M-estimator ﬁﬁ/{, we will prove a series of
lemmas and then put them together eventually. This way of proceeding is in principle
the same as the one in [Schlemm and Stelzer 2012 Section 2.4], with the difference
that we have a general loss function p whereas Schlemm and Stelzer have the pseudo—
Gaussian likelihood function. Therefore, they can use the explicit representation of

this likelihood and its properties, whereas we work with the properties that can be

deduced from [Assumption F. Some ideas of the proofs remain valid under the change

of the objective function. However, a key difference to the approach of Schlemm and
Stelzer |2012] is how a central limit theorem for the suitably scaled gradient of the
objective function is derived, the analogue of [Schlemm and Stelzer , Lemma
2.16], which is a crucial step in the proof of the central limit theorem for 5713/[ We
will obtain this central limit theorem by making use of the concept of near—epoch

dependent stochastic processes. They are defined as follows:

Definition 4.6. Let (R,)nez be a (vector-valued) stochastic process and denote
F = 0(Ro—my -+, Rpam) form € N, n € Z. Let (S,)nez be a one—dimensional
stochastic process with E[|S,|] < oo for every n € Z. (Sp)nez is said to be near epoch
dependent in LP-norm (LP-NED) on (Ry)nez if it holds that

HSn —E [Sn ’ ng—:ﬂ ”LP < Uy,

where (dp)nez 1S a sequence of positive constants and v,, — 0 as m — oo holds.

(Sn)nez is said to be of size po if (Vm)men 8 of order O(m~%) for every ¢ > py.

Remark 4.7. a) Near epoch dependence is a property of the map from (Ry,)nez
to (Sp)nez in the sense that the latter may depend on the full history (and
even future) of the former, but the dependence disappears fast enough as the
distance between time points increases. This concept is particularly useful if

(Rn)nez is a mizing process, since functions of a mizing process which depend
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b)

on infinitely many of its values are not necessarily mixing anymore. However,
under some mild additional conditions, a process that is near epoch dependent
on a strongly mixing process inherits enough of its properties to obtain a law
of large numbers and a central limit theorem. This is because for each n € Z
the random variable S, can be “approximated well” by E [Sn | Fgﬂ:}] , which is
then by construction a finite—lag function of a mizring process, i.e. itself mizing
again. Formally, one can show that (S, )nez is a so—called mixingale in this

case. For further details on near epoch dependence and mixingales we refer to

[Davidson|1994, Chapters 16 and 17] and White [1996].

If a process (Sy)nez 1s of size @y, it is of course also of size ¢’ for every ¢’ > v
by definition. Similarly, if (Sy)nez is LP—~NED on (R,,)nez for some p >0, it
is also L1~-NED on the same process for every 1 < q < p ([Davidson|1994, p.
268)).

The most fundamental observation now is that for both the innovations and their

partial derivatives, every component is L>NED on the data—generating CARMA
process (Y (nh))nez:

Lemma 4.8. For every 9 € ©, every j € {1,...,d} and everyi € {1,...,N(O)},

the processes ((€p.n)i)nez and ((Diegn)j)nez are L*~-NED of size —oo on (Y (nh))nez.

Proof. The proof is analogous to [Davidson 1994, Example 17.3], but we give it here

in detail for sake of completeness. By |Lemma 2.22a) it holds that

€9k = Y(k’h) + i Cﬁ,yY<<k — V)h)

for k € Z. Therefore, for the j-th component, denoting by (cy,); the j-th row of

the matrix ¢y, we have that

o0

(com)s = D (con); Y ((k = v)h).

v=0

Denoting

Fitm.— (Y ((k —m)h),....,Y((k+m)h), k€ Z, m € N,

we have that
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I(esn); — E [(eon); | Fatm] |l re

= Y (0.)] Y ((k=v)h) =E[Y((k—v)h) | o(Y ((k = m)h), ..., Y ((k +m)h))])
v=m+1 L2
< Y enn)] V(= w)h) =B Y ((k = v)h) [ o(Y((k—m)h), ..., Y ((k+m)))| .
v=m-+1

where we used the Minkowski inequality. By definition of the L?>-norm and the

Cauchy-Schwarz inequality, we have

[(co.)] (Y ((k = v)h) —E[Y ((k = v)h) | o(Y((k = m)h),.... Y ((k+m)R))])]| .
= (E[l(esn) TV ((k = )h) —E[Y((k — v)k) | (Y (k= m)h), ... Y ((k+m))]?])?

< e I E[IY (k= )h) =E[Y ((k = v)h) | o(Y((k —m)h), ... Y ((k +m)h))][*])
= [[(co); MY ((k = v)h) =E[Y ((k = v)h) | o (Y ((k —m)h), ..., Y ((k +m)h))]||:
v
v)

N|=

Y (k= v)h)]| 2
— Il(con) TNl (B 1Y ((k = »)R)[2])?
< lewu |l (E IV (R)I2])?,

N

where we also used that the process (Y (nh)),ez has mean zero and is stationary.
Defining vy, ==Y 02 ., ||co. |, we see that this sequence is of size —00 since ||cg || <

v=

Cp” for p € (0,1) by Lemma 2.22a). Letting d; = d; := (E[||Y (h)]? ])2 we obtain the

assertion. The proof for (0;ey.n)nez is analogous, using Lemma 2.22b). O

A useful property of near epoch dependence is that one can state readily verified

conditions under which this property is preserved by transformations. This is the

subject of the following lemma:

Lemma 4.9. Assume that (Sp)nez and (1),)nez are one—dimensional stochastic

processes, which are L>-NED on a process (R )nez of size —pg and —pr, respectively.
a) The process (Sp + Tp)nez is L*~NED on (Ry)necz of size —min{pg, o7}

b) Assume, in addition, that o5 = o1 and that E[|S,]*"] < oo and E[|T,,|*"] < oo

for every n € Z and some v > 2. Then, (S,Ty)nez 18 L*-NED on (R,,)nez of

_ ps(r—2)

812€ — 507y -

c) Assume, in addition, that the function 7 : R? — R satisfies |7(z) — 7(y)| <

cllx — y|| for every x,y € R and some ¢ > 0. Moreover, assume that for
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i =1,...,d, the processes (S,(f))nez are all L>-NED on a process (Ry)nez of
a common size —pg. Then the process (T(S,S”, ce Sﬁd)))nez is L*-NED on
(Rn)nEZ Of size —ps-

Proof. Part a) is [Davidson[1994, Theorem 17.8]. Part b) is [Davidson [1994] Example
17.17]. Part c¢) is a special case of [Davidson 1994, Theorem 17.12]. O

We need these three specific results to obtain the following lemma:

Lemma 4.10. For every ¢ € RN©®) and every ¥ € O, the one-dimensional process
(" o(p(€9.0)))ncz is L2-NED of size —oc on (Y (nh))ncz.

Proof. First, observe that it holds

N(©) d
I Valplesn) = D a (Z@p)(w,n)(ﬁm,n)j> :

=1 j=1

By Assumption [F.3, Lemma 4.8 and [Lemma 4.9c), the process ((0;p)(€gn))nez is

L?-NED of size —co on (Y (nh))nez for every j € {1,...,d}. Again by Lemma 4.8]
((Dr€9.n)j)nez is also L*-NED of size —oo on (Y (nh)),ez for every j € {1,...,d}.

By the moving average representations of Lemma 2.22a) and b) and Assump-

tion B.9 and F.3, there exists a § > 0 such that E [|( jp)(qg n)|4+6} < oo and
E [|(die9,0);|*"°] < oo. Applying ) with 7 = 2 4 £, it follows that the
process ((@p)(eﬁ,n)(@leﬁ n)i)nez 18 L*~NED of size —oco on (Y (nh)),ez. Repeatedly

applying ) allows to deal with the sums and arrive at the assertion of
the lemma. O

Before we can obtain the desired central limit theorem, we need to consider the
behavior of the variance of the gradient of the objective function. This is the topic
of the following two lemmas, in which we first establish that this variance exists for
every n € N and then consider the asymptotic behavior under suitable scaling. The
first lemma is analogous to [Schlemm and Stelzer 2012, Lemma 2.12].

Lemma 4.11. For each ¥ € © and every i € {1,...,r} the variance of ;Lp(9,Y™)
18 finite.

Proof. For fixed i € {1,...,r} it holds that

n d
1
O Ly(0,Y™) = Z i) (€9,) (D€ k) Zagﬂk

k:I j=1
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Two applications of the Cauchy—Schwarz inequality and Assumption give the

following chain of estimates:

Var(9iLy(9,Y")) = — Z Z Cov ((9;p)(€0.x)(Di€s k)53 (Ojrp)(€0,1)(Di€o1) 1)

< z ZW ((0,) (€0,) Dhea))y Var (D) (e0s) Diea), )
< _1;1 Zl\/E 0,)(€9,)(@i€0.)) "]\ E [((0y0) (c0.) (@reo.))°]
< Z Zl (B (@) e0a))') B [(@enn)s) ]
E [(@r0)e2))'] E [((Biean))']*)
<CB (o'} 3 8@ B (100 <o

since the fourth moments appearing here are finite by Assumption and the
moving average representations given in |Lemma 2.22| O

As before, the correct scaling of the variance of the gradient to obtain convergence

is by a factor n, as the following lemma shows:

Lemma 4.12. For every v € O, there ezists a deterministic matriz Ty(9) such that
nVar (VgL (9, Y™)) =5 Ty ().

Proof. Since the element in row m and column [ of the matrix n Var (VoL (0, Y™))

can be written as

n n

Il(;:;’l) =nCov(0n Ly (0, Y™), 0L (0, Y™) 1 ZCOV np(€9), Oip(€nt))
k=1 t=1
it follows from [Davidson|1994] p. 266] that a sufficient condition for the statement
to hold is the summability of the sequence (Cov(Omp(€g k), Dp(€prt+a)))aen for
every k € Z and m,l € {1,...,N(©)}. Since by [Lemma 4.10, both (9pp(€s))rez
and (O;p(€gx))rez are LLNED of size —oo on (Y(kh))kez and (Y (kh))rez is an
exponentially strongly mixing process by Proposition 2.24] (i.e. its mixing coefficients
are of size —o00), the assertion now follows from [Davidson 1994 Theorem 17.7] and
the comment right after that theorem. O]
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We can now put these results together for the central limit theorem:

Lemma 4.13. It holds that
ViV Lar (90, Y™) = N(0,Z3(9)), n — oo,

Proof. By|Lemma 4.3b), it suffices to show that the random variable \/nVy L (99, Y™")

has the limiting normal distribution given in the statement of the lemma. We make

use of the Cramér—Wold device and show that
VetV Ly (9, Y™) 2, N0, " Ty (00)c), n — oo,

for every ¢ € RV(®) To this end, note that, as already used in the proof of|Lemma 4.10
there exists a 0 > 0 such that

E [|" VoL (9o, Y™)|*] < 00

holds. Moreover, by |L (c"Vy(p(€s.n)))nez is L*NED of size —co on

(Y (nh))nez, which by ]Proposwlon 2.24\ is an exponentially strongly mixing process,

i.e. an a—mixing process of size —oo. Lastly, it holds that
1 n
Var(cTVﬁﬁM(ﬁo, Y™) = CTE Var (Z Vﬁgﬂo,k> c
k=1

is Op(n™') by Lemma 4.12, i.e. Var(}_;_, Vygg,x) is Op(n). Therefore, the conditions
of [White 1996 Theorem A.3.7] are satisfied and we obtain that

VoL (90, Y™) _ Y n i Voo
\/Var(chﬁﬁM(ﬁo, Yn)) \/Var(cT > o1 VoGoor)

from which we deduce the assertion by |Lemma 4.12 and Slutzky’s lemma. n

Ly N(0,1), n — oo,

We now need one further lemma which deals with the limiting behavior of the
second derivative of the objective function, which will appear again in the asymptotic

covariance matrix of our estimator. The statement corresponds to the one of [Schlemm

and Stelzer 2012, Lemma 2.17].

Lemma 4.14. The matriz Jy(Yy) = lim, V?ng(ﬁo,Yn) exists, for i,k =

1,...,r. Its components are given by

(Z (Z(af,zp)(Gﬂo,l)(ak%,l)k> (Di€09,1); + (ajp)(eﬂo,l)(az?,keﬂo,l)j>] ,

j=1 \i=1

(TIu(00))ix =E
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where (Ogegy 1) denotes the k—th component of the vector Oyeg, 1 (and likewise for

the other vectors involved).

Proof. By ), the limit of V%EM(%,Y”) is the same as the one of
V2L (Yo, Y™). Observe that

(V5L (00, Y™))ik Z Z ((Z 7P) (€00, ) (Ok€ao 1 )k ) (Oi€00,1);

k’ljl

+ (8jp)(Eﬁo,k’>(ai2,k€190,k’)j) ;

By |[Lemma 2.22b), each partial derivative Ok€y,, (n € Z) is a measurable function

of the ergodic process (Y (nh)),ez. Hence, the process (Ox€g,n)nez is ergodic again.
For the same reason, the process ((922 w€9o.n )nez 1S also ergodic by the moving average

representation of Lemma 2.22¢). By two applications of the Cauchy—Schwarz inequal-

ity, the moving average representations in [Lemma 2.22b) and Lemma 2.22¢c) and the

fact that the data—generating process Y ((nh))nez has finite (4 + §)-th moments we
obtain that

E [|[(87,0) (€901 ) (Ok€a0,k )i (Di€0,10 )5 + (00) (€90,00) (D7 k€001 )]

2 /

< CE [(legow || + ||(3- P)(0)D11Ok€so i 1| 090,111 ] + C'E [(ll€so il + 11(0;0)(0) D107 €90, ]l]
O] E [Hak%k'HZHaGﬁo,k'HQF

< CE [(llego x Il + [1(9510)
+C'E [(legon [l +11(0 )( D) E [102ceannll’]*

( )

(

N

< CE [(lego Il + 110200 O)1)*] * E [[19ues, i1 *] " E [[19s€s, 11
+C'E [(legonr [l +11(0 ) 0)ID?]* E [l107 k€0 1] * < o0.

Hence, (Jm(V))ix is finite for 4,k € {1,...,r}. The assertion now follows from
Birkhoft’s Ergodic Theorem. [

We are now ready to state the theorem about the asymptotic distribution of the

M-estimator:

Theorem 4.15. Assume that the matriz Jy(9y) from|Lemma 4.1/ is invertible.
Then the M-estimator 1/9\}%/[ defined in (4.3)) is asymptotically normally distributed, i.

e.

ﬁ(ﬁﬂ_ﬁo) n—>io>o./\/'(07 Eum(th)),

where the asymptotic covariance matriz Zp(90) = Tu(90)  La(00) Tnr(9o) ™" is given
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Zu(Wo) = lim nVar(VyLy (Yo, Y")) and Ju(do) = lim VL (9, Y™).

n—oo

Proof. From Theorem 4.5 we know that 1/9\& converges almost surely to vg. Moreover,

the true parameter is an element of the interior of the parameter space by
and hence the same is true for 3{\‘/{ for n large enough. Alas, the property that 3{\‘4
minimizes EM(”L?, Y™) can be written as VﬁEM(@KA, Y"™) = 0. Now, we do a Taylor
expansion of the function Vlgf v (9, Y™) around the true parameter Jg. This gives us

the equation
0= VAVoLas(Wo,Y") + Vi Lu (0", Y)Wl — o),
where 9" is between ¥y and 1/9\@[ in the sense of the Euclidean norm. Moreover,
IV5L3(@"Y™) = V3Las (o, ™)) < 5p [[V5.Las (0, Y ) [0 = ol

As in the proof of [Schlemm and Stelzer 2012] Theorem 2.5], it can be deduced

from the compactness of © that the right-hand side converges almost surely to 0 as

n — oo. Together with [Lemma 4.13] and [Lemma 4.14] and the assumed invertability
of Jm(Vp) this delivers the assertion of the theorem. O

An important special case of an M—estimator is the least squares estimator. Param-
eter estimation of CARMA processes via the least squares estimator has been studied
in Brockwell et al. [2011], but only in the one-dimensional case and for subordinators
as driving Lévy processes. We generalize these results to the multivariate framework
and to more general Lévy processes. The least squares estimator fits the framework
of this section by choosing p(z) = ||z||3 in (4.3). Then, it is clear that Assumption F|
is fulfilled, as

(0ip)(x) =22; and (0},p)(x) = 20,5, Vi,j € {1,....d}, Vo € R”.

Next, we check that 2y(?) has a unique minimum at ¥ = 9Jy:

Lemma 4.16. Assume that the space © with associated family of continuous—time

state space models (Ayg, By, Cy, Ly)peo satisfies|Assumption Bl and contains ¥y with
Yy, = MCARMA(Ay,, By,, Cy,, Ly, ). Then, for p(z) = ||z||3, the function 2y has a

unique minimum at Jg.
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Proof. 1t holds
2u(9) = E [lles1 — €9o,1 + €901113)]

= ZE [((61971)5‘ — (6190,1)1' + (Eﬂo,l)i)Q]

with equality if and only if ¢ = ¥y due toB.6l Note that we used that the difference
€9.1 — €9,,1 1s an element of the Hilbert space spanned by {Y (kh),k < 0} and that
€9,,1 1s orthogonal to this space by construction to drop out the covariance. This

completes the proof. O

We can now easily obtain the following result on the asymptotic behavior of the

least squares estimator:

Theorem 4.17. Assume that the space © with associated family of continuous—time

state space models (Ay, By, Cy, Ly)yco satisfies ]Assumption B\ and contains Yo with
Yy, = MCARMA(Ay,, By,, Cyy, Lo,)-

Denote

- 15 1
Vg =argmin —Lrg(v,Y") := arg min — Z €112
veo M vee M

Then, as n — 00,

Vig—= 99 P-a.s.,

and
Vit (Tgs = o) B N (0. Zs5(00).
where
E1s5(0) = Trs (00)Z1s(00) T g (Vo)
with

T1s(¥o) = lim nVar(VyLrs(9,Y™)) and  Jrs(dy) = lim ViLrs(9,Y™)).

n—o0
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Proof. The theorem is an immediate consequence of [Theorem 4.5/ and Theorem 4.15]
[l

Remark 4.18. [t is also possible to use the explicit representation of the partial
derivatives of the function Lps(9,Y™) to obtain the same result on the asymptotic
behavior of 5}5 by using the same techniques as in [Schlemm and Stelzer .
Namely, can be proven analogous to [Schlemm and Stelzer Lemma
2.1/ and Lemma 2.16]. The principle idea is the same as when using the general
theory on near epoch dependence: the process of interest can be approximated by a
process that has the desired asymptotic behavior (because it depends on finitely many
values of a strongly mizing process) and the approrimation error is asymptotically

negligible. In this sense, using the theory on NED processes naturally generalizes the
ideas of Schlemm and Stelzer to more general objective functions p.

Another example for an M—estimator is the so—called Tukey bisquare estimator.

For a constant k > 0 it is defined by choosing the loss function p as

k? 2]\’
plr) == <1 - <1 - Hk!2| ) ) Ljli<ny-

Here, it holds that

[l

2
opta) = el (1= 1) it gy

Since all partial derivatives are non—zero only on a compact set, it is obvious that
each partial derivative satisfies the Lipschitz condition of Assumption by the mul-
tivariate mean value theorem. The same argument can be made for the second—order
partial derivatives. In contrast to the least squares estimator, the loss function of
the Tukey bisquare estimator is bounded. It will reappear later when we consider

generalized M—estimators in the context of indirect estimation for CARMA processes

(cf. [Example 4.25)).

In summary, we have seen that M-estimators can be defined for MCARMA
processes and that the asymptotics can be studied with similar tools as in the
maximum likelihood case. While these are pleasant and interesting results, they do
not achieve what we truly want: an estimator that is robust towards outliers. This
is true because it is well-known from the literature that this class of estimators is
not robust towards additive or replacement outliers for ARMA (p,q) processes with

g > 0. This is due to the fact that an outlier at time ¢ has an effect on all innovations
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for every ¢’ >t (Muler et al. [2009], [Maronna et al. 2006, Chapter 8]), which, in
turn, is caused by the linear innovations of an ARMA (p,q) process being an infinite
moving average sequence of all past observations. For discretely sampled MCARMA
processes, one can on the one hand see them as weak VARMA processes ([Schlemm
and Stelzer 2011, Theorem 4.2]) and on the other hand, their linear innovations are
also infinite moving average sequences of the past (cp. Lemma 2.22h)). For these
reasons, we immediately realize that the problems from the ARMA scenario carry
over. We therefore need yet another ansatz if we want to obtain a robust estimator,

which will be the topic of the following section.
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4.3. INDIRECT ESTIMATION FOR CARMA PROCESSES

In the rest of this chapter, we restrict ourselves to CARMA processes, i.e. to the case
d = 1. As mentioned at the end of the last section, constructing a robust estimator
directly by using the discrete-time state space model or weak ARMA representation
of a sampled CARMA process is difficult because the innovations are a moving
average process of infinite order. One way out would be to calculate a different kind
of “innovations” by using the robust filter as proposed by Masreliez and base the
estimator on these robust innovations ([Maronna et al. Section 8.8]). However,
this approach has the downside that it yields biased estimators and no asymptotic
theory is available (Muler et al. [2009]). For this reason, we take yet another road
and will make use of the so—called method of indirect inference, originally proposed
by Smith and extended by Gouriéroux et al. (see also the overview in
Gouriéroux and Monfort [1997]).

The core idea of the method is avoid estimating the parameter of interest directly.
Originally, the authors named as reasons for this ansatz, for example, that a suitable
likelihood function is not available or too complex to handle. The authors then
propose to estimate an auxiliary, different parameter instead and use the resulting
estimate in conjunction with simulated data to construct an estimator for the original
parameter of interest. This method has been successfully used in different contexts,
see e.g. [Gouriéroux and Monfort [1997, Chapter 4], Jiang and Turnbull [2004], de
Luna and Genton and de Luna and Genton [2000]. The latter two papers
recognized that it is possible to construct robust estimators via this approach, even
for model classes where direct robust estimation is difficult (e.g. ARMA processes).
The reason is that the auxiliary parameter, which is estimated from the actual,
outlier—contaminated data, can be chosen as a parameter of a simpler model than the
original one that admits robust estimation. In de Luna and Genton and also
in our case, the auxiliary model is an autoregressive process, since robust estimation
of this class of processes via so—called generalized M-estimators (GM estimators) is
well-understood from a theoretical point of view. We therefore start by studying
how we can obtain an auxiliary AR representation of a discretely sampled CARMA

process.

4.3.1. THE AR(R) REPRESENTATION OF A CARMA PROCESS

In the following, we always assume that we operate in a parameter space © which
fulfills Assumptions - and that there exists a parameter ¥y € © with
Y = CARMA(Ay,, By,, Cy,, Lv,)- Since we are in one dimension, we do not need to
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assume the Echelon form for the models in this parameter space. Instead, in the

following we always work with the simpler identifiable parametrization introduced

in Example 3.1, i.e. we use the coefficients aq,...,a, and by, ..., b, of P and @ as
defined in Definition 2.2| as parameters and assume that for 9 € © the polynomials

Py and )y have no common zeros. The corresponding matrices Ay, By and Cy

(which, in truth, is independent of ¢J) are then given as in |Definition 2.3, For any

v € O, the auxiliary AR(r) representation of the sampled processes (Yy(nh))nez is

defined as follows:

Definition and Proposition 4.19. For r > 2p — 1 we call

Ty = (7T19,1, sy Ty 0'19)

the auziliary parameter of the AR(r) representation of (Yy(nh))nez if the stationary
process (U n)nez defined by

U = Yo(nh) = Y mpppi1Yo(h(n —i)). (4.5)

with E[Uy1] = 0 and Var(Uy,) = 03 satisfies
E[Up, 1 Yol(r+1— D) =0 Vi=1,...,r (4.6)

For every v € © and every r > 2p — 1, my exists and is unique.

Proof. First, we need to show that for any r € N, the covariance matrix of
(Yy(h),...,Yy((r + 1)h)) is non-singular. To see this, note that the autocovari-

ance function of (Yy(nh)),ez, which is a stationary process, is
Yy, (2) = Cy e TyCT | 2 € Z,

by [Schlemm and Stelzer , Proposition 3.1] with [y = [;° e ByX§Bf et du.
Since the covariance matrix %% is non-singular by Assumption and Cy has full
rank by Assumption we have that vy, (0) > 0. Moreover, the eigenvalues of Ay
have strictly negative real part by and therefore vy, (z) — 0 as z — oo holds. By
[Brockwell and Davis 1991], Proposition 5.1.1], it therefore follows that the covariance
matrix of (Yy(h),...,Ys((r + 1)h)) is non-singular for every r € N.

Having this, it follows from [Brockwell and Davis , §8.1] that there exist unique

numbers my 1, ..., Ty, 030, which solve the set of r +1 Yule-Walker equations. These
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equations state that Var(Uy ) = o3 and

- Yﬁ(?“h)
0=E [(Yo((r+1)h) = > T i1 Yo(h(r + 1 — 1)) ; , (4.7)
=1 qu(h)

which shows the assertion because of the stationarity of the process (Yy(nh))nez. O

Remark 4.20. Since
Yo(nh) = mppeic1Yo(h(n — i) + Uy,
i=1

(Ugn)nez can be interpreted as the noise sequence driving the auxiliary AR(r) repre-
sentation of (Yy(nh))nez. Per construction, however, the sequence (Uy ,)nez is not an
uncorrelated sequence — Uy, is only uncorrelated with Yy(h(n —1)),...,Yy(h(n —71)).
From this property, it follows that Uy, can be interpreted as the error of the best
linear predictor of Yy(nh) in terms of Yy(h(n —1)),...,Yy(h(n —r)).

For the asymptotic results, we will later need to study the map that links the
original parameter space to the auxiliary one. The next definition introduces this

map and states under which conditions the properties that we require later hold:

Definition and Proposition 4.21. Define the parameter space II C R as the

set containing all possible parameter vectors of stationary, invertible AR(r) processes.

The map © from © to Il with ¥ — 7y and my as given in|Definition 4.19 is called

the link function or binding function. w is injective and continuously differentiable if
r>2p—1.

Proof. We make use of the fact that a discretely observed CARMA(p, gq) process
(Yy(nh))nez admits a representation as a stationary, invertible ARMA (p, p—1) process

with weak white noise of the form

Parma(B)Yy(nh) = Qarva(B)egn, (4.8)

where (eg1)kez is the innovations sequence of (Yy(kh))rez (cf. [Definition 2.19),

Parma(z) = [T7_,(1 — e 2), the \; being the eigenvalues of the matrix A, in (2.5)
and Qarma is a monic, Schur-stable polynomial (cp. [Schlemm and Stelzer [2011]
Theorem 4.2] for the case that the eigenvalues of A are all distinct and [Brockwell and
Lindner Lemma 2.1] for the general case). The coefficients of Qarma can be

calculated by identifying them with the coefficients of the invertible moving average
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process whose autocorrelations at lags 1,...,p — 1 match those of Parma(B)Yy(nh),
see [Brockwell et al. 2011} Section 4]. We can now decompose the map 7 : © — II

into three separate maps, for which we define the following spaces:

M :={(a1,...,ap,b1,...,b, 1,0) € R*: The coefficients define a weak
ARMA (p, p — 1) model as in for which Pagpma and Qarma
have no common zeros.} C R?
G:={y=(0,...,7%) € R : The coefficients define the autocovariances

up to order r of a stationary stochastic process} C R"

Denote by 7 : © — M the map which maps the parameters of a CARMA process
to the coefficients of the weak ARMA(p,p — 1) representation of its sampled version.
Denote by s : M — G the map which maps the parameters of a weak ARMA (p, p—1)
process to its autocovariances of lags 0, ..., r. Lastly, denote by w3 : G — II the map
which maps a vector of autocovariances v to the parameters of an AR(r) process of
the form in (4.5). Then we have that 7 = 73 0 w5 o 7.

Because we assumed that the beginning of this section that © satisfies Assumption B

we obtain in particular that the family of processes ((Yy(nh))nez, ¥ € ©) is identifiable

(cf. Theorem 2.21)). Since each of the sampled processes admits exactly one weak

ARMA (p, p — 1) representation, the map m is injective.

Next, the map my is injective if r > p+p —1 = 2p — 1. The reason is that
by the method of [Brockwell and Davis [1991] p. 93], the autocovariances v(k),
k € Z, of an ARMA(p,p — 1) process are completely determined as the solution of
a difference equation with p boundary conditions, which depend on the coefficient
vector (ai,...,ap,b1,...,b,_1,0). Hence, viewing (7, ...,7,) as solution of those
recursive equations, injectivity of mo always holds if r > 2p — 1, since then the number
of equations is greater then or equal to the number of variables (see also [de Luna
and Genton , Section 4.1]). Finally, the map 73 is even bijective, because it is
defined by the Yule-Walker—equations for an AR(r) process. Hence, 7 is injective
as a composition of three injective maps if » > 2p — 1. The differentiability of the
map 7 follows from the fact that each of the maps w1, m and w3 is differentiable.
For 7y, this follows from Assumption and the fact that the coefficients of the
weak ARMA representation are determined by the CARMA parameters. Notably,
the AR parameters are determined by the eigenvalues of the matrix Ay and the
MA parameters can be obtained from the CARMA parameters as in the proof
of [Brockwell and Davis [1991] Proposition 3.2.1], see also [Brockwell et al. 2011}

Proposition 3|. From the algorithmic description of 7y given by [Brockwell and
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Davis (1991, p. 93], one sees immediately that this map is differentiable, too. The
differentiability of 73 follows from the fact that it is defined by the Yule-Walker

equations, which are differentiable with respect to v by construction. O

In the following we always assume that » > 2p — 1.

4.3.2. DEFINITION AND ASYMPTOTICS OF THE INDIRECT
ESTIMATOR

We will now introduce the main idea of this section. Remember that our aim is to
obtain an estimator for the parameters of a CARMA process that is well-performing
in the absence of outliers in the data as well as in the presence of outliers, i. e. robust.
To achieve this goal, as explained at the start of the section, we will now construct
an indirect estimator. Moreover, we assume in this subsection that there are no
outliers in the data, i.e. we have observations Y = (Y (h),...,Y(nh)) from the
data—generating process (Y (kh))gez. We do this in order to first study the asymptotic
behavior of the indirect estimator in the absence of outliers.

For fixed r, denote by 7™ an estimator of my, that is calculated from the observations

Y™. Possible choices for this estimator will be discussed later in [Subsection 4.3.3.

With regard to robustness, we will later choose a robust estimator in this step. If we
could analytically invert the link function 7 and calculate 7—!(7"), then we would
be able to obtain an estimator of ¥y since 7" estimates my,. However, this is not
possible in general since no analytic representation of 7 exists. To overcome this
problem, we now perform a second estimation, which is based on simulations and
constitutes the other building block of indirect estimation.

We fix a number s € N and simulate a sample path of length sn of a Lévy process

|4+°] < oo for a

(Ls(t))ier, say. We assume that this Lévy process satisfies E[|Lg(1)
0 > 0. Then, for a fixed parameter ¥ € © we then generate a sample path of the
associated CARMA process, using the simulated path of Lg. This gives us a vector
of “pseudo-observations” (Yy(h), ..., Yy(snh)) of length sn.

Note that, strictly speaking, Yy is an abuse of notation here, since the parameter
¥ € © also contains elements that parametrize the Lévy process Ly which drives
Yy. Of course, if we use the fixed Lévy process Lg, those parameters are not used.
However, we chose not to introduce another new notation here and instead keep 9 as
parameter, remembering that we only really parametrize the corresponding matrices
Ay, By and Cy with it from here on. This of course has the consequence that the
indirect estimator will, eventually, only give us an estimator for the entries of ¥ which

parametrize Ay, By and Cy. If one is also interested in the driving Lévy process, one
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would then have to resort to another estimation later on (cf. Brockwell and Schlemm
2013)).

Returning to the pseudo—observations, we can calculate an estimate of my by applying
an estimator to the pseudo—observations (Yy(h),...,Yy(snh)). We do not need to
use a robust estimator in this step, because we have simulated the observations and
therefore can be sure that no outliers are present in data. We denote this estimator
by 7§ (). Obviously, varying ¢, while keeping n and s fixed, will result in different
values of 7§ (¥). This is a deciding observation, because the idea is now to choose
that value of ¥ as estimate for ¥y which minimizes a suitable distance between 7™

and 7§ (). The formal definition is as follows:

Definition 4.22. Let 7 be an estimator of wg, calculated from the data Y™, let & (1))
be an estimator of my calculated from the “pseudo-observations” (Yy(h), ..., Yy(snh))
and let € be a symmetric, positive definite weighting matrixz. Define the function
L © — [0,00) by

L1,q(9,Y™) := argmin(z" — 72(9)) T QFE" — 72(9)). (4.9)
DeO

Then, the indirect estimator of V¢ is defined as

~

Vg = argmin Lp,q(9,Y™). (4.10)
9e0
Note that the function Ly,q, which we minimize to obtain the indirect estimator,
is not a likelihood function as the notation might suggest, but we nevertheless chose
this symbol to keep the notation as consistent as possible with the concepts used
earlier in the thesis. gives an overview of the indirect estimation procedure
(inspired by [de Luna and Genton 2001} Figure 1]).
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With respect to the asymptotic behavior of the indirect estimator, the basic

conclusion is now that if the two estimators used in the construction are strongly

consistent and asymptotically normally distributed, then the indirect estimator will

be strongly consistent for vy and also asymptotically normally distributed. More

precisely, we have the following theorem:

Theorem 4.23. a) Assume that r > 2p — 1 and that

b)

7 "% 1, P-a.s. (4.11)
Analogously, assume that
sup [T&(9) — mp| = 0, P-a.s. (4.12)
SIS
Then it holds that
5’}% — ¥y P-a.s., n — oo. (4.13)

In addition to the assumptions of part a), assume that for each n € N the map
V= we(09) is continuously differentiable. Moreover, assume for every 9 € ©
that

Vs(FE(0) — mg) — N(0,Zg(my)), n — oo, (4.14)
that
V(F = m,) — N(0,Ep(mg,)), 1 — o0, (4.15)

and that for any sequence (U )nen with 9 — 9 P-a.s. it also holds

Vyr(0") — Vymy,, P-a.5.,n — oc. (4.16)

Then it holds that

Vg — 90) 2 N(0,Za(9)), n — oo, (4.17)
where

Ema(90) = (T1na(90))  Tina(90) (Tma(P0)) ™"
for

Tima(Vo) = Vam OV gy,

and

1
I[nd(l%) = (Vﬁﬂ'ﬂo)TQ (ED<7T190) + EES(W,g())) QVWT@O.
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Proof.  a) We first start by proving the consistency. To this end, we define the

function

and O — [0, OO)
(4.18)
Y= (71'00 — Wﬂ)TQ(ﬂ'ﬂO — 7'['19).

With this, we than have that

sup |£Ind<797 Yn) - and(ﬁﬂ
9€O

= sup |(7" — ) QFE" = F5(W)) — (ma, — )" Qmg, — 7))
S

< |@)TQE" — mh, Qmg,| + sup [(FE(9))T Q7" — w5 Qrry |
9€0
+sup |(7") Q75 () — 7r5097w| + sup | (T2 (9) L QTL(9) — 7 Qg
9e0 9ed
The four summands on the right—hand side each converge P-a.s. to zero as
n — oo. For the first one, this is a consequence of the assumed strong
consistency of 7. For the remaining three, the arguments are similar, so that

we treat only the second one exemplary. In the following (-,-) denotes the

Euclidean scalar product. We have

sup | (74 (9))T Q7" — ) Qmy,|

€O
= sup |(TE ()T Q7" — 710 QF"™ + mh OF" — 1) Qmy, |
9€0
< sup |(TE(9)T Q7" — 71 QR"| 4 sup |7 Q7" — w5 Qmy, |
9€O )
1, 1, 1 1
= sup [(Q2 (7S (V) — my), Q27")| 4 sup [(Q2my, Q2 (7" — 71y, )|
) )
1 1, 1 1
< sup [|Q2 (7§ (9) — mg) [ P|Q27"||” 4 sup [| Q279 [|*]|Q2 (7" — 7, ) ||
) )

— 0, P-a.s., n — oo.

Here, we used the Cauchy—Schwarz inequality, the fact that supycgo ||Q%7T19|| is

finite by the continuity of the map 7 and the compactness of © as well as both
(@.11) and (@12)

Therefore, the function Lp,q(9, Y"™) converges uniformly in ¢ almost surely to

~

the limiting function Zp,q(¥). Per construction, 97, minimizes Liq(9, Y™)
and Zy,q has a unique minimum at ¥ = ¥, (since 2 is positive definite and the

map 7 is injective). Therefore, strong consistency of 97 4 follows by arguing
once more as in the proof of [Schlemm and Stelzer 2012, Theorem 2.4].
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b) For the asymptotic normality, note that

V(@ =75 (%)) = V(7" — ms,) + Vn(ms, — 75(V0)).
From (4.15), we know that
VA" = mg) = N(0,Zp(ma,))
and from we know that
V(@ (Vo) — m,)) BN N( o= (71'190)) , N — 00.

Since both estimators are independent from each other, it follows that
1_
\/ﬁ(ﬂ' — 7TS( )) —> N ( ,HD(ﬂ'ﬁO) + g‘:S(ﬂ-ﬁo)> . (419)

The defining equation (4.10) can also be expressed as

0= Vﬁﬁlnd<19, Yn)‘gzﬁ?nd = (viﬁ%g(ﬁ?nd»TQ(%n - %g(ﬁﬁ’ld)>

We now use a Taylor expansion of order 1 around the true value ¥, to obtain:

0= \/ﬁvﬂﬁlnd(;’\?nda Yn)
= V1V Lia(Po, Y™) + V0V Lma (9", Yn)(;,\?nd — o)
— (VR (00) TR — F5(00)) — (VoRe (T ) AT AT (T — Do),

Here, 9" is such that ||[0" — 0| < ||19Ind Jo||. By the strong consistency of

791nd we have 0" — ¥y P-a.s. for n — oo. We rewrite this equation to
V(g = do) = (Vomg (7)) QUYL (@"))) ™ (VTE (90) " /n(F" — 7E(00))

By (4.19), the fact that 7g(-) converges almost surely uniformly to m( ((4.12)),
9" — Yy P-a.s. and (4.16), we obtain as n — oo

~ 1
Viia=00) 2 (Vorb, Q¥ ) (Tamo )72 (0,Z(ma,) + Zs(rn)
(4.20)

This completes the proof.
m
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Remark 4.24.

a) The asymptotic covariance matriz can also be written as

b)

= nan) = H(00) (Zn(r) + 1 Zs(r) ) 1),

where
H (o) = (Vomg, QVma,) " Vg, Q. (4.21)

This is the analog of the form given in [de Luna and Genton 2001, Eq. (4.4)].

Note that the asymptotic results hold for every r > 2p — 1, but increasing
the auziliary AR order does not necessarily yield better results. The results
also hold for all s € N, and the asymptotic covariance matriz of 1/9\?nd does
explicitly depend on s. A consequence is that for s — oo, we have that
Ema(P0) = H(00)=p(me,)H(9o)T. From the defining formula, we then see that
there is an optimal choice for Q, namely Q = (Ep(my,)) L, in which case we
obtain that

Zma(Po) — (nggo(ED(W%))_IV@W%)_I, 5 — 00.

An estimator of Zpa(Yy) can then be obtained by plugging in a consistent

estimator of Zp(my,) and approximating Vymg, numerically (de Luna and

Genton [2001], Remark 3-5).
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4.3.3. ESTIMATING THE AR(R) REPRESENTATION OF A CARMA
PROCESS

As evident from the previous subsection, in order to apply the indirect estimator
for a CARMA process, we need strongly consistent and asymptotically normally
distributed estimators for its AR(r) representation. In this subsection, we will study
three such estimators: the class of generalized M—estimators (GM), the least squares
(LS) estimator and the quasi maximum likelihood estimator (QMLE). Ultimately, we
have in mind to use an indirect estimator for which a GM estimator is applied to
the outlier—affected data and the LS or QMLE estimator is used for the simulated
data, because this will give us a robust estimator for the parameters of a CARMA
process. Before we can do this, though, we study the asymptotic theory of the three

aforementioned estimators and start with the treatment of GM estimators.

4.3.3.1. GENERALIZED M—-ESTIMATORS

In this subsection, we largely follow the approach of Bustos , who develops the
theory of GM estimators for autoregressive processes. In doing so, we will, however,
make some slightly different assumptions as in that paper, since some of them would
be too restrictive in our case. Since, ultimately, the GM estimator will be applied to
a CARMA process afflicted by outliers, we study the theory of the GM estimators
not only for a perfectly observed CARMA process. Instead, we work with the general
replacement model as defined in . We need to make some assumptions:

Assumption G.

G.1 The processes (V;,)nez and (Z,,)nez are strictly stationary with E[|V;[>79] < oo
and E[|Z;]**] < oo for some § > 0.

G.2 (V)nez and (Z,)nez are exponentially strong mixing, i. e. ay(m) < Cp™ and
az(m) < Cp™ for some C' > 0, p € (0,1) and every m € N.

G.3 Either the processes (Y (nh))nez, (Va)nez and (Z,)nez are jointly independent
or we have that Z, = Y (nh) + W, for a process (W,,)nez such that (Y (nh))nez,
(Vi)nez and (W),)nez are jointly independent.

G.4 It holds that
P(aYyp1 +mY, + ...+ mY; =0) =0

for all a € R, € R" with |a| + ||7] > 0.
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These assumptions are the analog to [Bustos 1982, Assumption M1)-M5)]. The
biggest difference is that the role of the process (Y;,)nez used by Bustos is taken
by the sampled CARMA process (Y (nh)),ez in our case. Bustos requires the
process (Y, )nez to be an infinite-order moving average of a ®—mixing noise sequence,

which is generally not fulfilled by a sampled CARMA process. However, we already

know from [Proposition 2.24|that sampled CARMA processes are exponentially strong

mixing ($-mixing is the stronger notion, i.e. it implies strong mixing, but the converse
is not true). Therefore, the exponential strong mixing assumption on the processes
(Vi)nez and (Zy,)nez is more natural in our scenario. The mixing assumption made by
Bustos is used at only one point to obtain a central limit theorem. We will see later
that our assumptions give us the same kind of limit theorem and are therefore suitable
(see . Additionally, we require higher order moments and independence
of (Y(nh))nez, (Vi)nez and (Z,)nez and not only independence of the latter two

from the noise driving (Y (nh)),ez, which are somewhat stronger assumptions than

in Bustos .

To define the GM estimators, let now two functions ¢ : R" xR — Rand y : R - R

be given. Conditions on these two functions will be imposed later. Moreover, assume

that we have observations Y = (Y1,Ya,...,Y,) from the process defined in (4.2).

We define the parameters to be estimated as the solutions of the system

i\ - - - Yy
Y, 1 — 7w, Y, — ... — Y
Elof|: ] 2" Mottt b ] =o, (4.22)
~ 0o ~
Y. v.) |
(7 Y 7"\
E |y ( r+1 — Mordy — ... — Mol 1) —0 (4.23)
0o
and denote them by
o = (To,1, -+ - Mo, 00).

The interpretation is that the m; are the coefficients of the AR polynomial 1+ 7,2+
...+ m 2" and oy is a scale parameter of the innovation sequence of the fitted AR(r)
process. Note that my and op in general depend on the processes (V,)nez and (Z,)nez.
We choose not to indicate this in the notation to make the exposition more readable,

and will instead highlight this fact explicitly in the text when it is necessary. Now,
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the GM estimate 7" based on ¢ and x is defined as the solution of the equations

Y - - _ Y
Yiop — 7Yp1 — ... — 7Y,
> ¢ S AL L ml =0 (4.24)
n—re _ o" _
Y;/Jrrfl Y;Jrrfl
~ ~ ~ 2
1 - Yiig = 7Yp1 — ... — 7,
Sox| [ i) ) =0 (4.25)
n—r P on

Here, ™ is an estimate of the scale of the innovations of the AR(r) process fitted to

Y™ while the 7" estimate the parameters of the AR polynomial. Next, we give some

examples for GM estimators:

Example 4.25.

a) There are two main classes of GM estimators, the so—called Mallows estimators

b)

and the Hampel-Krasker—Welsch estimators. More information on them can be
found in Bustos , Denby and Martin , Martin and Martin
and Yohai . In the literature, this kind of estimators sometimes appear
under the name BIF (for bounded influence) estimators. The class of Mallows
estimators was originally proposed in Mallows for the regression setup
for non—dependent data and later generalized to the time series setting. They

are defined by choosing
¢y, u) = w(y)p(u),

where w s a strictly positive weight function and v is a suitably chosen ro-
bustifying function. The other class consists of the Hampel-Krasker—Welsch

estimators for which one chooses

Oy, u) = ——=—

where w s again a weight function and v again is a suitably chosen bounded

function. In the original study of this estimator, Hampel [1978] and Krasker

and Welsch [1982] used 1 = iy, (as defined in part b) below) and w(y) = ﬁ
as a special case.

Typical choices for 1 are the so—called Huber vy —functions, see e.g. [Maronna
et al. Eq. (2.28)]. Those functions are defined by

Ui (u) = sign(u) min{|ul, k}
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for a constant k > 0. A possibility for w is e.g. to use w(y) = %‘f') for a
Huber function 1. Another choice for 1, which is not of the Huber type, is

the so—called Tukey bisquare (or biweight) function, introduced in Beaton and

Tukey (197}, which is given by

w2\ ?
Y(u) =u (1 - ﬁ) Lfjui<ry

where k is again a tuning constant.

c¢) For the function x, a typical choice is

x(@*) =% (x) — Ez[¢*(2)]

with the same v function as in the definition of ¢. Here, the expectation is taken
with respect to a suitably distributed random variable Z. Suitably distributed in
this context means that Z s chosen in such a way that the scale parameter oy
coincides with the standard deviation of the innovations if the process (i}n)neZ
actually is a stationary AR(r) process. This can be achieved by choosing Z
as having the same distribution as the innovations divided by their standard
deviation. For example, if the innovations have a normal distribution and

Z ~ N(0,1), this will be the case. This choice of x corresponds to Huber’s
“proposal 2”7 ([Huber 1964, p. 97] ).

In order to develop an asymptotic theory and to obtain a robust estimator, it is

necessary to impose assumptions on ¢ and y, which we will do next analogous to

[Bustos (1982, E1) - E6)]:

Assumption H. Assume that ¢ : R" x R — R and y : R — R are such that

H.1 For each y € R", the map u — ¢(y, u) is odd, uniformly continuous and it holds
that ¢(y,u) > 0 for u > 0.

H.2 (y,u) — ¢(y,u)y is bounded and there exists ¢ > 0 such that
|6(y, w)y — ¢z, u)z| < clly — 2|
for all u € R.

H.3 For each y € R", the map u w is non—increasing and there exists uy € R
such that 2&:%) > .

uo
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09(y,u)
ou

H.4 ¢ is differentiable with respect to v and the map u +—

while u +— W(y is bounded.

is continuous,

H.5 It holds

Y
d . :

E [sup u | =— ) . < 0.
u€R ou _ -
Y, Y,

H.6 x is bounded and increasing on {z : —a < x(x) < b}, where b = sup g x(2)
and a = x(0). Furthermore, y is differentiable and the map = — xx/(2?) is
continuous and bounded. Lastly, x(u2) > 0.

In the following, when talking about GM estimators, we always assume that

'Assumption G| and [Assumption H| are satisfied.

Remark 4.26. As pointed out on [Bustos p. 497], one can deduce under
these assumptions from [Maronna and Yohai|1981, Theorem 2.1] that there exists

Ty € R” x (0,00) such that (4.22)) and (4.23) are fulfilled. More precisely, there exists
a compact set K C R" x (0,00) such that my € K and for any m € K¢, equations

(4.22), (4.23), (4.24) and do not hold ([Bustos|1982, p. 500]). This means that

the relevant parameter space for GM estimation is the compact set K and restricting

attention to this set does not entail loss of generality.

The parameter my can be seen as the pseudo—true parameter to which the GM-
estimator converges in this scenario. We are dealing with a pseudo-true parameter
as we do not explicitly demand that (Y;,)ez actually is an AR(r) process, and most
of the times that will not be the case when outliers are present. Of course, it is
not clear a priori if 7y is unique. However, if it is, then we will have almost sure

convergence of the GM estimator:

Theorem 4.27. Assume that the solutions of (4.22) and (4.23) are unique. Then

~ —
we have that 7" =5 7y P-a.s.

Proof. The proof of [Bustos (1982, Theorem 2.1] can directly be used, as all of the

assumptions required in it are fulfilled in our scenario. n

The assumed uniqueness of the limiting parameters is, in general, not easy to

verify. Additionally, one would like to have that my = my for the auxiliary pa-

rameter defined in [Definition 4.19] in the case that the GM estimator is applied

to realizations of an uncontaminated, sampled CARMA process (Y (nh))nez with
Y = CARMA(Ay,, By,, Cy,, Lo,). The following proposition gives a sufficient condi-
tion for this to hold:
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Proposition 4.28. Assume that (Yy,)nez = (Y(nh))nez, i.e. there are no outliers
present in the data. Moreover, assume that for Uy, ,+1 as defined in equation (4.5) it
holds that

1iS]

(Uﬁom-&-l? Yﬁo (Th), S >Y190 (h)) (_Uﬂoﬂ“-i-lv Yﬁo (Th), s 7Y190(h))'

Assume that the function u — ¢(y,u) is nondecreasing and strictly increasing for
lu| < wgy, where ug satisfies Assumptions and . Moreover, assume that the

function x is chosen in such a way that

U 2
0'190
holds. Then the auziliary parameter g, as defined in|Definition 4.19 is the unique

solution to and .

E

Proof. By the analog of [Maronna and Yohai 1981 Lemma 2.1] in the autoregression
case, we have that for each fixed (m,...,m) € R" there exists a unique solution o of

the equation

gy ((Y((r +Dh) -1 Y(hr) — ... — mym))?)] o
o
By assumption, the function x is chosen in such a way that for (mg, 1, ..., mg,,) this

unique solution is oy,. Therefore, we have that 7y, is a solution of (4.23). Next, we
show that the auxiliary parameter is a solution of (4.22)), too. Since the function
¢(y, u) is odd in u by Assumption [H.1} it holds that

Y, (h) Yo, (h)
_ Yo, ((r + 1)h) — m, Y (rh) — ... — mgy 1Y (h) _
elof| | - .
i Yy, (rh) Yy, (rh)
[ Yo, (h) - Yo, (h)
Elol| 1 [ :
i Yy, (rh) Yy, (rh)
[ Yo, (h) . Yo, (h)
=E | ¢ T z
i Yy, (rh) Yy, (rh)
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——FE |¢ : st : (4.26)
Yﬂo (Th) Ygo (Th)

where the last equality follows from the assumption on the distribution of

(—Ugyrs1: Yoo (Th), ..., Yy, (h)). From these equations, we see that

Yﬁo (h) Y190<h)
E ¢ T =0
Yﬁo (T’h) Yﬂo (T‘h)

holds and 7y, therefore is a solution of equation (4.22). We now show, similar to
[Maronna and Yohai [1981, Theorem 2.2a)|, that my, also is the unique solution of
and (4.23). Assume that another solution (7, ...,7.,0’) exists. Note that the
arguments in the derivation of still hold if we replace oy, in the denominator
of the second argument of ¢ by ¢’. Thus, we obtain that it also holds that

Y, (h) - Yy, (h)
E|¢ A z =0
Y,go (Th) Yﬂo (T’h)
and therefore
Yﬁo(h)
] Yy, ((r + 1)h) — 7Yy, (rh) — ... — 7Yy, (h)
Eflel] | =
Y190 (Th)
—¢ e : =0. (4.27)
Yﬁo (Th> Yﬁo (Th)

Since P((Yy,(h), ..., Yy, (rh)) = (0,...,0)) = 0 and ¢(y, u) is strictly increasing on

the interval (—ug, ug) for every y € R", we must have that

| —p (({Yﬂo((r + 1)h) — 7Yy, (rh) — ... — 7Yy, (h) > uo} A {M < uo})

o’ o’

; ({Ygo((r £ )h) = ¥, (rh) = .~ ¥, (h) _ _UO} . {Uﬂwl . _UO}))

o’ o’

- (Y%((r DR = Yoy (rh) =~ iV, (h) UO)

0-/
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P (Yﬂo((r +1)h) — WLYﬁ;ETh) — = mYa(h) —U0>
_p (|Y190((7“ +1)h) - Wiyﬁggrh) —o MY u0> ,

because otherwise (4.27) cannot hold. Therefore,

(Yﬂo((r +1)h) — 7Yy, (rh) — ... — wgyﬁo(h)y

O-/

> ud, P-as. (4.28)

Now, 7’ is by assumption also a solution of (4.23) and hence we have that

0=E|x o > X(u()) > 0,

((yﬁo((r +1)h) — 7Yy, (rh) — ... — wgyﬁo(h)f)] s

a contradiction. O

Remark 4.29.

a) The assumption (Ug, r+1, Yo, (Th), ..., Yy, (h)) z (—=Usgrt+1, Yoo (Th), ..., Yy, (h)) is
fulfilled, for example, if the distribution of Uy, 41 is symmetric and Uy, 41 18
independent of (Yy,(rh),...,Ys,(h)). This again is fulfilled if the Lévy process

driving (Y (t))ier s a Brownian motion, because then, by the equation
t
Y(t) = / Cy, €10 By dLg, (u), t € R

([Schlemm and Stelzer|2012, Proposition 3.1]) the process (Yy,(t))ier is a Gaus-
stan process (see also [Brockwell 2001, p. 155]). Hence, every finite-dimensional
marginal of (Yy,(t))ier has a multivariate normal distribution.  Because
(Yo, (h), ..., Yy, ((r +1)h)) is exactly the marginal distribution of the CARMA
process (Yg,(t))ier at times h,...,(r + 1)h, this random vector especially has
multivariate normal distribution. For normally distributed random variables it s
well know that they are independent if and only if they are uncorrelated, hence the
property that Uy, 11 is uncorrelated with Yy, (h), ..., Ys,((r+1)h) by construction
implies the independence in this case. The symmetry of a normal distribution is

obvious.

b) The monotonicity assumption on ¢ is fulfilled, for example, for both the Mallows

and Hampel-Krasker—Welsch estimators of|[Example 4.25a) when the function v
is chosen as a Huber p—function as in|Example 4.25b) with uy = k.

c) The assumption about x is fulfilled, for example, if x is chosen as in|Example 4.25¢c)
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with 7 2 — 2L Iy the case that the driving Lévy process is a Brownian
VaI‘(U’gO’l)

motion as in part a), this entails that the assumption is fulfilled if Z ~ N(0,1).

Next, we would like to deduce a central limit theorem for our GM estimator. Since
we have altered the assumptions on the involved stochastic processes, we cannot use
all of the results of Bustos that lead to the CLT directly. In particular, we
need the following lemma, which is the analog of [Bustos 1982, Lemma 3.1] under

our assumptions:

Lemma 4.30. For fized y € R, define the map

¥ :R" x (0,00) — R™!
= (m,...,7,0) = Yy,

¢ Yr4+1— ﬂ'ryr*-- —T1Y1
: 5

Y1 —TrYr—.. *ﬂ'lyl 2

v (( ;

Furthermore, define the stochastic process (W (t))en by U(t) = U((Yy, ..., Yier_1), To).
Then it holds that

\/% i W(t) B N(0, Zou(mo)),

where the matriz Zgy(mo) is defined by

(Zam(mo))iy = E[Wi(1 )] +2 Z E[¥ j(1+1)] (4.29)

and V,;(t) denotes the i—th component of V(t), i = 1,...,r + 1. Especially, each
(Zam(mo))ij is finite fori,j € {1,...,r 4+ 1}.

Proof. By the CramerfWOId device the statement of the Lemma is equivalent to

x> U(t) converges to a univariate normal distribution

the assertion that
with mean 0 and variance l‘TIGM(ﬂ'O)I for every z € R™"!. According to [Ibragimov
1962, Theorem 1.7], this holds if we can show that E|z7W(#)[>*® < oo and that
(270 (¢))1en is strongly mixing with "2, CYIT‘I/<]€)$ < oo for some § > 0. The same
theorem then also states that 27 Zqy(m)2 < oo, from which we then can deduce
that for ¢,j € {1,...,r + 1} the entry (Zgm(mo))i; is finite and therefore Zgn () is
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well-defined.
For the existence of the (2 + §)~th moment of 27 ¥(¢), note that

r+1

E [[s7W(0)] < Cllz20 S B[] < oo, (4:30)

i=1

where the last inequality holds since every W,(t) is bounded by and Moreover,
the process (?n)nEZ is strongly mixing for the following reason: For every n € N, it
holds that Y, = g(V,,, Z,,Y (nh)) for some measurable function g if the first part of
Assumption is fulfilled or Y, = g(V,,, W,,, Y (nh)) if the second part is fulfilled. In
either case, the three processes to which g is applied are independent by assumption.

Hence, by [Bradley 2007, Theorem 6.6(1I)] it holds that

agp(m) < ay(m) + az(m) + aym (m) < Cp"

for some C' > 0 and p € (0,1) by Assumption|G.2 and |[Proposition 2.24| Furthermore,
U(t) depends on the finitely many values Yi,... ,}ZM and by [Bradley [2007, Remark
1.8b)] this ensures that ay(m) < agp(m + 1) < Cp™. Hence, the strong mixing

coefficients of 27V satisfy the summability condition and the lemma is proven. [

The rest of the lemmas that are used in the proof of the central limit theorem
are the same as in Bustos [1982]|. For sake of completeness, we state them in the

appendix (Section A.2). Keeping this in mind, we can now state and prove a central

limit theorem for the GM estimator 7. Remember that the relevant parameter

space is the compact set K from |Remark 4.26|

Theorem 4.31. For 7w = (m,...,7,0) € K, define

Y Y
E ¢ ?T+1—7TT17T—...—71'1}71

) o

Zeu(r) = v, v,

- {X <(YYY))}

Assume that Tam(mo) = VaL2au(m), the Jacobian of 2gy evaluated at the pseudo-

true parameter, is non-singular and that 7T 5 mo. Then it holds that

Vi = r(F" = mo) = N(0, Zau(mo)), n— oo,
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where the matriz Zgp(mo) is defined by

Eau(mo) = (Tom(m0))  Zam(mo)(Tam(mo)) . (4.31)

Proof. Note first that for 7,7 = 1,...,r it holds that

i\ - - -
0 Y, Y, — ... —mY] | &
sup 5 b e +1 T T Y,
TeEK v — g
Y,
A _ ) -
0 Vo —mY, — ... —mY | o
= sup <a_¢) : +1 (e Ty }/j_
TeEK U » o o
Y,
~ ~ 2
i\ - - - Y
) Yoor —mY, — ... —mY,
< SupC (8_¢> 7 +1 T USRS!
TeK U ~ o ~
Y, Y,
) i i Yi
<supC (a—qb) e
u€eR Uu ~ ~ ~
Y, Y, Y,
}71
<C :
Y,

by Assumption [H.4l By Assumption [G.1] the expectation of the right—hand side is
finite. Similarly,

i\ - _ _\ [
0 . Yoppo—mY,— ... —mY; .
sup || 5=¢ Sl :
ek || 00 N o N
Y, Y,
_ _ - ANE - _
1 Yr+1—7TrYr—---—7T1Y1(a ) . Yoiu—-mY, —...—mY
= sup - _¢ . )
rek | O o ou N o
Y,
Y Y
0 .
< Csupllu|=—¢ Sl
u€ER 8“ N ~
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The expectation of the right-hand side is finite because of Assumption H.5 A similar

i ?rﬂ—l*ﬁ'r?r*...fﬂli;l 2
BTFiX o

- . S\ 2
i=1,...,rand 'a%x ((YTJFI_“YT_“'_WlYl) ) are uniformly dominated by integrable

g

argument, using Assumption H.6, also shows that for

random variables. Therefore, the existence of Jgy () follows by an application of
the dominated convergence theorem ([Rosenthal 2006, Proposition 9.2.1]). Remember
that Zam(m) = 0 by (4.22)) and (4.23). We do a first-order Taylor expansion of this

expression around 7" to obtain
0=vn—r2cm(m) =vn—r2ecu(@) +vVn—rV.2ecu(@")(m —7"), (4.32)

where ||mg — 7"|| < [|mo — 7"||. Note now that

Vi —pZ2au(T") = (W(t) + Lam(T").  (4.33)

1
Vn-r —
Applying Lemma 4.30|to the first summand and to the second one shows

that
V= rQ2eu(@) = N(0, Zam(m)), n — .

Moreover, by [Assumption H| the consistency of 7" and the dominated convergence

theorem, we can conclude that V,2qu(7") converges to Jam(mo) as n — oo. Since

Jam(m) is non—singular, the Theorem now follows from (4.32). O

Remark 4.32. The statement of this theorem coincides with the one of [Bustos
m Theorem 2.2]. The difference lies in the proof, namely (4.33): for the first
summand, we obtain a central limit theorem by means of[Lemma 4.530, which has a
different proof than the corresponding statement ([Bustos Lemma 3.1]), since

our assumptions are different.

4.3.3.2. THE LEAST SQUARES ESTIMATOR

In this subsection, we estimate the parameters of the auxiliary AR(r) representation
by the least squares estimator. In the treatment, we retain the assumption that
we have a parameter space © that satisfies Assumptions to and that we
have observations Y" = (Y(h),...,Y(nh)) of a process (Y (nh)),ez with Y =
CARMA(Ay,, Bo,, Coy, Lo,) for some 9y € ©. We are interested in estimating the
parameter my, of the AR(r) representation of (Y (nh)),ecz defined in (4.5). To do

parameter estimation in a suitable space, we assume that » > 2p — 1 and thus

the binding function 7 as defined in [Definition 4.21] is injective and continuously
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differentiable. The space II' = 7(©) C II is then compact and the relevant space for

parameter estimation. We define the estimator as follows:

Definition 4.33. Based on the sample Y™ = (Y (h),...,Y(nh)) of the process

(Y (nh))nez, the least squares estimator of my, is

;T\ZS = (%ZS,D s ’%QS,N 8L5m)
where Tgy, ..., Mg, minimize
1 n—r )
S(m) = Y((t h) —mY((t+r—1)h) —...—mY(th
(7) n_r;( ((t+r)h) =7 Y ((t +7r—1)h) mY (th))
S ni: U (m)? (4.34)
‘n—r K '
t=1
in Il and 0psy, is obtained from Ty, ..., g, via the equation
R 1 n—r . . )
Gt sm = (Y ((t+1)h) =7, Y ((t+r—1)h) — ... = 7L, Y(th))".
t=1

Note that the right-hand side of (4.34) is differentiable with respect to =. Hence,
the derivative evaluated at the minimizer must be equal to zero. Since fori=1,...,r
it holds that

0
3 YUy

Uln)? = =2(Y((t+7r)h) —mY((t+r—1)h) — ... —mY(th)Y((t+i—1)h)

we obtain that 7'y is a solution of (4.24) and (4.25) for the special choices ¢(y, u) = u
and y(x) =z — 1, i.e. the least squares estimator can be seen as a special case of
a GM estimator. We have the following result on the asymptotic behavior of this

estimator:

Theorem 4.34. The estimator T} ¢ based on the sample Y™ = (Y (h),...,Y(nh)) is

strongly consistent for my,, i. e. we have
~p N—00
Ty — Ty, P-a.s.

Furthermore, it holds that

Va(FEs — m,) — N (0, Eps(7g,)) , n — o0,
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where the matriz Z(my,) is defined via (4.29) and (4.31), respectively, for ¢(y,u) = u

and x(z) = x — 1.

Proof. For the particular choice ¢(y,u) = u and x(x) = z — 1, the unique solution to
(4.22) and (4.23) is my, as shown in [Definition 4.19. Per construction, 7fy minimizes
the function S(7). Since the sampled CARMA process (Y (nh)),ez is ergodic, the

same is then true for the process (U, (m)?),ez since each U, (r)? results from applying

a measurable function to finitely many Y (nh). Moreover,
E[U;(7)?] < o0

since the process (Y (nh)),ez is stationary and has finite second moments. Therefore,
it holds by Birkhoft’s ergodic theorem that

S(m) — E[Uy(7)%] P-a.s., n — oo.

We have just noticed that for fixed ¥} the derivative of the limiting function has
a unique zero at m = my,, i.e. the limiting function itself has a unique minimum.
Moreover, the space II' = 7(0©) is compact. Therefore, by [Ferguson Theorem
16a)] we obtain on the one hand that

sup |S(7) — E[Uy(7)?]] — 0 P-a.s., n — o0 (4.35)
well’
and from this by analogous arguments as in [Francq and Zakoian 2005, Proof of
Theorem 12.5] that
~p N—00
Ly — Ty, P-a.s.
Note that the authors assume in their Theorem 12.5 that the innovations of the
data—generating process are uncorrelated, which is not satisfied in our situation.
However, in the proof of strong consistency of the least squares estimator, they use
this fact only to establish that the limiting function has a unique minimum. We do

not need this argument here, since we can derive the uniqueness as shown above.

The asymptotic normality of 7'y follows in principle from [Theorem 4.31. Here we

again make use of the fact that we can interpret the least squares estimator as a

particular GM estimator with ¢(y,u) = u and x(z) = x — 1. Still, we need to be

careful because these two functions do not satisfy Assumptions[H.2| H.4|and H.6|with

respect to boundedness. However, a close inspection of the proof of [Theorem 4.31]
reveals that the boundedness is only used at two points. The first is at (4.30), where

we deduce the finiteness of the expectation by boundedness. However, this is not a
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necessary condition. In the situation of this theorem, equation (4.30) reads

Wilt) = (V (¢ 7)h) = Too Y (¢ 7= 1)h) = o = Too Y (#)) V(¢ +7 = D)
fori=1,...,r and
U, (1) = (Y((t +7)h) — gy, Y ((t +U; —Dh) — ... — Wﬁo,ly(th)) .

Therefore, inequality follows since the Lévy process driving (Y ()):cr has finite
(4 4+ §)-th moment by [B.9, which then transfers to (Y'(¢));er and subsequently to
the finitely many elements of which each W,(#) is a linear combination (note that
this moment condition is also sufficient to obtain the exponential strong mixing of

(Y(t))ter used in the proof of Lemma 4.30)).

The second point where the boundedness assumptions are used is right at the

beginning of the proof of [Theorem 4.31] to deduce the existence of the matrix

Jam+ (mg,). Here we have used the notation GM* in the index to indicate that we
refer to the GM estimator for the particular choices ¢(y,u) = v and y(z) = x — 1
and not to a general one. However, in our case the expectations defining Qg+ (1)

are obviously differentiable in 7 because of the linearity of the expectation.

An assumption of Theorem 4.31 was also that the Jacobian V,Zgm-(7) evaluated

at the true parameter, i.e. Jom+(7my), is non—singular. This we can verify by direct
calculation. Plugging in the functions ¢ and xy we work with here, one sees immediately
that interchanging derivative and expectation is allowed. Denoting by Zagm-(7) the

function defined in [Theorem 4.31) for the special choice ¢(y,u) = v and x(z) =2 —1

and by (Zewm+ (7)), the j—th component, we obtain that

aii(gGM*(”))j _E [Y(z‘ha)Y(jh)] _ _Cov(Y(z’l;),Y(jh)x =1

(%MZGM*@T))j _ _E[Y((r+1)h) - w,,;(rh) —emY(®)
8?Ti(°@GM*(7r))T+1 _E 2(Y((r+1)h)— mY(;iz) — .= mY(h))Y(z'h)]’ 1
%(QGM* (s = LEIY((r+1Dh) — m;(grh) — .. —mY(h)’]

Plugging in m = my, and using the defining equation (4.7), we can simplify in this
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special case to

Var(Y(1))  Cov(Y(h),Y(2R)) ... Cov(Y(h),Y(rh))
Cov(Y(R),Y(2h))  Var(Y(2R)) ... Cov(Y(2h),Y(rh))
Torr (90) = ~— : : . :
" Cov(y(h), Y(rh)) . Var(Y(rh))
0 0 0

Hence, Jam+(myg) is non-singular if and only if the upper left r x r block is. However,
the upper left block is, up to a positive factor, the covariance matrix of the random

vector (Y (h),...,Y(rh)), which is of course non—singular because it is positive

definite. In particular, none of the proofs of Lemma A.3 - [Lemma A.5|do need the

boundedness, such that the result follows. O

4.3.3.3. THE QUASI MAXIMUM LIKELIHOOD ESTIMATOR

The third estimator for the parameters of the auxiliary AR(r) representation of a

CARMA process is the quasi maximum likelihood estimator. We stay in the framework

of [Subsubsection 4.3.3.2, i.e. we have a parameter space © that satisfies Assumptions
to and observations Y = (Y (h),..., Y (nh)) of a process (Y (nh)),ez with
Y = CARMA(Ay,, By,, Cy,, Ly,) for some 9y € ©. The link function 7 : © — II is

assumed to be injective (i.e. r > 2p — 1 holds) and continuously differentiable. For

observations (Y (h),...,Y (nh)) and a parameter 7w € II', the pseudo—innovation in

the AR(r) model at time ¢ + r is exactly U;(m) as defined in (4.34), i.e.
U(r) = Y((t+7)h) —m, Y ((t+7 — D)R) — ... — mY(th). (4.36)

For the definition of the quasi maximum likelihood estimator, we again use the
Gaussian likelihood function, which is the exact likelihood if the U;(7) are Gaussian.

Taking logarithms and multiplying by —2/(n — r), we define:

Definition 4.35. Based on the sample Y" = (Y (h),...,Y(nh)) of the process
(Y (nh))nez, the quasi Gaussian likelihood function for the AR(r) process is defined

as
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1 §<10g<02)+(Y((t+r)h)—7rrY((t+r—1)h)—---—le(th))Q)

0—2
t=1

Based on this, the quasi mazimum likelihood estimator T, (1) is defined by

—~n 3 n
Typ = argmin Lp(m, Y™).
well’

Remark 4.36. The quasi maximum likelihood estimator and the least squares estima-

tor are identical in this situation. Remember that by’Deﬁm’tiOn 4.5’ﬂ LSt T Lsr
minimize
1 n—r
Swy_n_rZ;oq@+ﬂm—mﬁq@+r—nm—”.—mymm?
Since this function is differentiable with respect to w, (Tigy, ..., Tig,) 5 the unique

zero of the gradient. Differentiating partially gives fori € {1,...,r}:

9 §(r) = -2 i}yw+mm—myw+w4w»<”—mywmyw+w%m»

or; n—ri=

Additionally, 67, is defined as

n—r

R 1 ~n ~n 2
agﬁ:Ej7§:aq@+mm—wmgq@+r—mm—.”—wwgqm»
t=1

The function L g is differentiable with respect to w, too, i.e. we can differentiate Lag

partially with respect to each variable and look for a zero of the gradient to obtain

e Doing so, we obtain for for i € {1,...,r} that
0 Lar(m,Y") = I i(Y((t—H’)h)— Y((t+r—1)h)—...—m Y (th))Y ((t+r—i)h)
aﬂ'i AR\TT, - (n _ T’)O’2 - T .. T
(4.37)
and
0 o 2 = Y((t+7r)h) —mY((t+r—1h)—...—mY(th))> 2
8_0£AR(7T’Y )= n—rtzzl: o3 o2
(4.38)
Since %S(ﬂ') is a multiple of (%LAR(W,Y”) forie {1,...,r}, the unique zeros of

these partial derivatives are the same, 1.e.

<%\7J\I/ILE,1’ SR aﬂl/[LE,r) = (%Zs,p s 7/71\-25',7")‘
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With this, it is obvious from that G315, = 015, holds, too, and the estimators
are indeed the same.

In the theory of parameter estimation of ARMA processes, it is well-known that least
squares and maximum likelihood estimation are asymptotically equivalent, see e.q.
[Brockwell and Davis|1991], §8.7]. However here we have the stronger notion that the

estimators are identical for every finite sample size.

By this remark, we immediately obtain the following theorem:

Theorem 4.37. Let 7, be defined as in|Definition 4.35. Then Ty, is strongly

consistent for my,, i. e. we have

~n n—+00
TvLE — T, P-a.s.

Furthermore, it holds that
VA@p — T9y) — N (0, Zpzs(ra,)) , n — oo,
where the matriz =y p(my,) is defined via
Enee(mo,) = (Ture(mo,)) " Tawe(mo, ) (Ture(ms,)) "
for
Tyre(mg,) = Tlli_)n;OnVar(VﬂﬁAR(mo,Y")) and  Tyre(m,) = nh_}ngo V2L ar(mo,, Y™).

Proof. Since the least squares estimator and the QMLE coincide, the theorem

immediately follows from Theorem 4.34. O

The asymptotic results derived up until now are not yet sufficient to guarantee
that [Theorem 4.23| holds when the QMLE or the least squares estimator is used
as the estimator in the simulation part. We also need to make sure that (4.16) is

satisfied, which is the topic of the next theorem.

Theorem 4.38. Assume that © satisfies | Assumption B. Let (Lg(t))wer be a Lévy
process that satisfies Assumptions and |[B.9. Assume that for every ¢ € © the

eigenvalues of Ay are all distinct. Moreover, assume that P-a.s. it holds for every
t € R and every j € {1,...,N(O)} that

t

o [ 0
% 019 eA” (t—w) BﬁdLS (’LL) = / % (019 eAﬂ(t_u) Bﬂ)dLS(U)
] J—00 —00 J
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Denote by Ty (V) the QMLE of the parameter my of the AR(r) representation of the
CARMA process (Yy(nh))nez driven by Lg based on a sample Y = (Yy(h), ..., Yy(nh)).
Furthermore, assume that the the sequence of random functions 9 — V277, 5(0) is

almost surely uniformly bounded. Then, it holds that
Vorr z(0) — Vm,, P-a.5.,n — o0
for every sequence (5”)%1\; with 9" = 9y P-a.s. as n — cc.

Proof. We begin by calculating the derivative of the function ¥ — 7y (¢). This

function can be characterized as the solution of
Vo Lar(Tye(Y), Yy') =0 V9 € O©.

By the implicit function theorem, the derivative 52-7 & (V) for j € {1,...,N(©)} is

then given by

a ~n ~n n — a —n n
wWMLE@% = - (Vw(vwﬁAR(WMLEw)a Yy ))) ' wvwﬁAR(WMLE(ﬁ)» Yy )
J J
1 0

= - (viﬁAR(%&LE(ﬁh Yﬂn» wvwﬁAR(%{\L/ILE(ﬁ)a Yﬁn)- (4'39)
J

We consider the asymptotic behavior of the two terms on the right—hand side

separately. Since 7y () — 7y holds P-a.s. by [Theorem 4.37 (note that ¢ is the

“true” parameter in this scenario and the driving Lévy process satisfies Assumptions

and [B.9)), we obtain that

— (V2LaR(Fp(0), V) — —E [V2lara(mg,9)] ', n — oo, P-as,

For the second factor, observe that by (4.37) and (4.38) we have for ¢ € {1,...,r}
and j € {1,...,N(©)}

o 0 .
8_1%6_7Q£AR(7T’Y19)
— 2 .
 (n—r)o?
Z ((%Yg((t + ’I“)h) — WraiﬁjYﬁ((t +r— 1)h) — ... Wlaiﬁ]}/b(th)) Yg((t +7r— Z)h)
‘*’(Yg((t + ’l”)h) — 7T7»Y19((t +7r— 1)h) i W1Yg(th))%Y§((t +r— Z)h))

(4.40)
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and similarly

9 0 §

a_l%%ﬁAR@TaYﬁ)

_ _ﬁ S ((Yg((t Fr)h) = Yo((t 4 — D)) — ... — 1 Yy(th)
(%Yﬁ((t +r)h) — Wr%Yﬁ((t +r—1h)—... - wl%m(th})) - (441

For an arbitrary ¢t € R, we have by assumption that

0 o [ Lo
—Yy(t) = — C Aﬂ(t*u)B dL :/ —(C Alg(tf’u,)B dL '
a0, o(t) a0, /_OO ve 9dLs(u) . 879j( ve 9)dLg(u)
Since we are in the one-dimensional case and use the parametrization from Example 3.1
(as described at the beginning of Subsection 4.3.1)), the vector Cy is independent
of ¥ and always equal to the first unit vector in R?. Therefore, by [Schlemm 2011}
Proposition 3.14] it holds that

0 Ay (t—u) _ 0 Ay (t—u)

a’ﬁj (019 (& Bﬂ) = 08’19] (e Bﬂ)
_ 9 Ay (t—u) Ap (t—u) 0
—C<aﬁje By+Ce aﬁjBl9

Ay (t—u)

Note that the derivative % eAo(t=u) of the matrix—valued function ¥ — e exists
J

for each j € {1,...,N(O)} and is a continuous function by Assumption It can
also be interpreted as the partial derivative with respect to 9, of the real-valued

function ¥ + CeA?("" B evaluated for B = By (an explicit formula can be obtained
from [Tsai and Chan |2003, Theorem 4] if the eigenvalues of Ay are all distinct). We

now define

0 0
99,5(t) = (C <8_19] eMt) By + C et (8_19]319)) Lj0,00) (1),

for j € {1,...,N(©)} and obtain that

a%m) _ /_ Z g5t — w)dLs(u).
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Setting
9(t)
goa(t)
Gy(t) == . :
go.n©)(t)
where gy(t) = Cyetot Bylp,)(t) is the kernel function of the moving average

representation of the process (Yy(t))ier. With this, we can write

Yﬁ(t) = h —Uu U
(WW - [ G- warst

Yy(t)
VoYs(t)
average process with kernel function Gy. By [Fuchs and Stelzer 2013, Theorem 3.5],
we obtain that this process is mixing and therefore in particular ergodic. From (4.40)

and (4.41)), we see that for each j € {1,..., N(0)} it holds that

Therefore, the process ( ) is a multivariate continuous—time moving
teR

9 n
a—ﬁjvﬂ—ﬁAR(ﬂ', Yﬁ )

< ghj (7, Yy((t +1)R), ..., Yo(th), VaYs((t + 1)), ..., VeY(th))

n—r

Yy(t
for constants C'; € R and measurable functions h;. By the ergodicity of o(t)
VoYo(t) ] \op

and [Bradley 2007, Proposition 2.10(II)], each of the processes
(hj (m,Ys((t +1)h), ..., Yo(th), VeYs((t +7)h), ..., VeYs(th))),cp, 5=1,...,N(O),
is ergodic again, so that we obtain by Birkhoft’s ergodic theorem that

VoV Lar(m,Yy) — E[VyVilari(m, 9)], P-as., n — oco. (4.42)

From (4.40) and (4.41), it is obvious that V3V, Lagr (7, Yy is differentiable once
more with respect to 7. By the same arguments that led to (4.42) and an application
of [Ferguson {1996, Theorem 16a)], using the compactness of II', we can then obtain
that

sup |VVyVLar(m, Yy) — E[V:VyVilari(m,9)] || = 0, P-as., n — oo.

mell’/
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By arguing as in the proof of [Schlemm and Stelzer [2012] Theorem 2.5], we can infer
from this that the sequence of random functions 7 — V, V¢V, Lagr (7, Yy) is almost

surely uniformly bounded on the compact set IT'. Therefore,

[VoVrLar(Tye(?),Yy') — VoV Lar(my, Yy')|

< SUp | Ve VoV Lar (1, Y |72 (0) — mol| = 0 P-as., 1 — oo,
mell’

since Ty () — T holds P-a.s. by Theorem 4.37. By (4.42), we can deduce from
this that

V0VWEAR(%&LE(I9), Yﬁn) — E [WVWZARJ(W, 19)] R P—a.s., n — .
Plugging this into (4.39)), we finally obtain that
Vomhn(¥) = —E [V2Iag (79, 9)] " E[VgValana(mg, )] P-as., n — oc.

Exchanging derivative and expectation by means of the dominated convergence
theorem (using that the set © x II' is compact and the continuity of the respective

derivatives), we can also express this as
Vorie(®) = —V2E [lar.1(79,9)] ' VoVLE [lar (79, 0)] P-as., n — oo
Since the function ¥ — 7y is characterized implicitly by the equation
VE[lar1(m9,0)] =0V € O,
we can deduce via the implicit function theorem that
Vomg = —V2E [lag,1(m9,9)] " VoV, E [lar1(79,9)]
from which we obtain that
Vomue(V) = Vymy P-as., n — oo (4.43)

pointwise for every 1 € ©. Eventually, for a sequence (@n)neN with 9" — ¥y P-a.s.

as n — oo we have:

IVomie (@) = Voms, | < IVomis(@) = Vomiwe(@o)| + | VoTimws(Yo) — Vora, |
< sup IVERe ) [T" = doll + IV o (o) — Vo, .
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By assumption, supyce || VaTe(9)|| < C holds P-a.s. for a constant C' > 0 indepen-
dent of n. By the fact that 9 — ¥y P-a.s. as n — oo and (4.43), we can deduce that

the right—-hand side converges to 0 P-a.s. as n — co and the proof is complete. [

Remark 4.39. a) Since the QMLE and the LS estimator coincide (cf. Remark 4.36
in this context, under analogous assumptions as in|Theorem 4.38 the results of

that theorem also hold for 7}g.

b) Since we assumed that for everyt € R and every j € {1,...,N(©)} that

0 0

t t
0
_ - Ay (t—u) — _ Aﬁ(t—u)
819]' Yﬁ (t) aﬁ] / 019 e BﬁdLS(u) /OO 819] (019 € qu)dLS(u)

holds P-a.s., we can interpret the derivative %Yﬁ(t) pathwise as the sensitivity
of Yy(t) with respect to changes in the kernel function gy. It is important
to notice that the driving Lévy process does not depend on 9 in this context,
i.e. the “randomness” in the paths of (Yy(t))wer does not depend on 9 and
15 not affected by the derivative, which is why the pathwise interpretation of
the derivative makes sense here and the sensitivity of the kernel function with

respect to the parameters is the deciding factor in the derivative.



4.3. INDIRECT ESTIMATION FOR CARMA PROCESSES 147

4.3.4. ROBUSTNESS PROPERTIES OF THE INDIRECT ESTIMATOR

In [Subsection 4.3.2] we were able to show that the indirect estimator is strongly con-

sistent and asymptotically normally distributed in the case that there are no outliers,
i.e. when we perfectly observe the data—generating CARMA process. Complementing
this, as mentioned at the beginning of this chapter, a robust estimator should also
perform well in the presence of outliers. The study of the indirect estimator with
respect to this is the topic of this subsection.

We work under the following assumptions: We operate in a parameter space
© satisfying assumptions -B.9l O contains a true parameter ¥ such that
Y = CARMA(Ay,, By,, Cy,, Ly,) holds for the data—generating CARMA (p,q) pro-
cess (Y(t))er- We do not observe the sampled process (Y (nh)),ez directly, but
instead the contaminated process (?n)nGZ as defined in (specifically
(4.2)). We assume that [Assumption Glis satisfied. A sample of length n of this
process is denoted by Y™. For the auxiliary AR(r) representation of ’Deﬁnition 4.19

we assume that » > 2p—1, so that the binding function = is injective. For the indirect

estimator as defined in Definition 4.22, we take 7" as GM estimator as defined in

Subsubsection 4.3.3.1] that satisfies [Assumption H|l For the simulation-based estima-

tor 7§, we can use any of the three estimators introduced in [Subsection 4.3.3, but it

is most convenient to think of either the least squares or the QML estimator, because
these are easier to handle (remember that 7§ is applied to outlier—free, simulated
data, therefore there it is not needed to use a robust estimator here).

We will consider three different measures of robustness: qualitative resistance, the
breakdown point and the influence functional, which all have different interpretations
and represent different aspects of robustness. The starting point will be the notion

of qualitative resistance.

4.3.4.1. RESISTANCE AND QUALITATIVE ROBUSTNESS

As outlined in the introduction to this chapter, the most fundamental questions
when considering robustness of an estimator is how the estimator behaves when the
data does not satisfy the model assumptions. One could intuitively call an estimator
robust, when small deviations from the nominal model do not have much effect on
the estimator. In the context of a CARMA process and the model we introduced in
Section 4.1} this then translates to demanding that a small number of outliers in a
data sample should not exert too much influence on the estimator. This property
is known as qualitative robustness or resistance of the estimator and was originally
introduced in Hampel for i.i.d. observations, who measured deviations from
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the nominal model in terms of the Prokhorov distance on the set of probability
distributions. The same article also gives a slight extension to the case of data that is
generated by permutation—invariant distributions, introducing the term m—robustness
([Hampel [1971] p.1893]). Of course, time series do not satisfy the assumption of
permutation invariance in general. Therefore, there have been various attempts to
generalize the concept of qualitative robustness to the time series setting. However,
there is no unique, intuitively correct way of doing so. Diverse approaches can be

found in Papantoni-Kazakos and Gray [1979], Cox [1981] or Boente et al. [1987],

among others.

In Boente et al. [1987, Remark 3.1] it is explained that the concepts of Cox and
Papantoni-Kazakos and Gray do not seem adequate for the time series context.
The reason is that, when using these concepts, estimators which depend only on
a fixed set of coordinates can be robust. This is intuitively contradictory, since a
small percentage of the observations then completely controls the behavior of the
estimator. Moreover, Boente et al. argue that their concept of 7., —robustness
best generalizes Hampel’s original idea. [Boente et al. , Theorem 3.1] proves
that m; —robustness is equivalent to Hampel’s m—robustness for i.i.d. processes and
therefore extends it to the setting of time series. They then go ahead and define the
term of resistance. Boente et al. Theorem 4.2] shows that resistance in their
sense again implies 7y, robustness under mild conditions. The concept of resistance
also has the intuitive appeal of making a statement about changes in the values of
the estimator when comparing two deterministic samples, while 7, —robustness is
only a statement concerning the distribution of the estimator, which is in general not
easily tractable. For these reasons, we apply the definitions in the sense of Boente
et al. here and explore the respective properties for our indirect estimator.
To this end, let y be a (infinite-length) realization of the discretely sampled, data—
generating CARMA process (Y (nh))nez. Formally, we can write that y € R, where
R> denotes the infinite cartesian product of R with itself. On this space, equipped
with the Borel o-field B> we denote the set of all probability measures by P(R>).
In the following, we denote for y € R*> as above by y™ the vector of the first n
coordinates, i. e. y" = (y(h),y(2h),...,y(nh)). We can now define resistance:

~

Definition 4.40. Let y € R*™ and let (9")nen be a sequence of estimators. Denote

by 1/9\”(2") the value of 9" when it is calculated using the deterministic realization
Z" e R™

a) (5”)%1\; is called resistant at y if for every e > 0 there exists 6 > 0 such that

sup {[T(=") — (") " u € By} <€ VneN,  (444)
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where Bs(x) denotes the open ball with center x and radius 6 with respect to

the metric

d, (2", w") = inf {e : el ,ni: |2 — i 2 e < e} : (4.45)

o~

We say that (9")nen is asymptotically resistant at y if for every e > O there
exists 6 > 0 and Ny(e,y) € N such that (4.44) holds for n > Ny(e,y).

-~

b) For Q € P(R*>) we say that (V")nen is strongly resistant at Q if

Q ({y € R>: (1/9\”)%1\; is resistant at y}) =1.

~

We say that (V")nen is asymptotically strongly resistant at Q if
Q ({y e R>: (1/9\")7161\1 is asymptotically resistant at y}) = 1.

With this definition at hand, we want to study the question whether our indirect
estimator for CARMA processes is resistant. We will make use of the fact that it is
built out of two blocks, the GM estimator of the auxiliary AR representation, which
deals with possible outliers in the observations, and the outlier—free estimator of

the AR representation based on simulated data. As it turns out, under our assump-

tions from [Assumption H, GM estimators applied to a certain class of stationary,

ergodic processes are already asymptotically strongly resistant; the discretely sampled

CARMA process is a special case.

Theorem 4.41. Let 7" be a GM estimator as defined in (4.24) and (4.25), where
¢ and x fulfill|Assumption H and assume that the solutions of (4.22) and (4.23)

are unique. Then (T")nen 18 asymptotically strongly resistant at the measure Py u),

which is the probability measure associated to the distribution of the data—generating
CARMA process (Y (nh))nez.

Proof. The statement follows from [Boente et al. 1987, Theorem 5.1]. The theorem
requires that ¢ and y fulfill[Assumption H| that the limiting equation has a unique
solution, which we assumed, and that (Y (nh))nez is ergodic and fulfills|G.4] which

is automatically given for every sampled stationary CARMA process, meaning it is

especially given for the data—generating process. O]

The next step now consists of establishing that the asymptotic strong resistance of

the GM estimators transfers to the indirect estimator, which is not very hard since
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we can again make use of the fact that no outliers are present in the simulation—based

estimate used to construct the indirect estimate.

Theorem 4.42. Let (Y (nh))nez be the data—generating CARMA process sampled

at discrete points in time, let 1/9\Ind be defined as in (4.10) and let the assumptions of

Theorem /.41 be satisfied. Then, (¥ Ind)nEN 15 asymptotically strongly resistant at the

measure Py-xy, which is the probability measure associated to the distribution of the
data—generating CARMA process (Y (nh))nez.

Proof. From the proof of [Theorem 4.23a) we know that there exists a set Ay with
Py (Ap) = 1 such that L,q(¥,y™) converges uniformly in 9 to Zp,q(Y) as n — oo

for every y € Ay. Since the function Zy,q has a unique minimum at vy and for this
minimum it holds that 2p,q(¢y) = 0, we have that for every € > 0 there exist an
n > 0 and a N;(y) € N such that for y € Ay and every n > N;(y) it holds that

ﬁlnd(ﬁ, y”)| > (446)

inf
€
[9—00|>5

and
|£Ind(1907 y?’b)| S

>3

(4.47)

By Theorem 4.23%) we know that 5?nd(y”) converges to Yy as n — oo for every

y € Ag. Therefore, there exists a Na(y) € N such that for every n > Ny(y) we have
that

€
[Fra(y™) = voll < 5. (1.45)

Under the assumptions of [Theorem 4.41] the GM estimator 7
strongly resistant at Py ). Therefore, there exists a set A C R*® with Pyu)(A4) =1
such that for every y € A and every € > 0 there exists a ¢’ > 0 and a natural number
Ny (y) € N with

is asymptotically

7" (") =7" (") < € Vn = N(y)

for every 2" € By/(y"). By the definition of L1, in (4.9) and the asymptotic strong

resistance of 7 at Py, we have that for 7 as in (4.46) and (4.47), there exists a
9 > 0 and N3(y) € N such that for every n > N3(y) and for every 2" € Bs(y") it

holds that

sup | Lina (¢, y™) — Lina (9, 2"
0€6

=sup| = (#(y") - 7"(z ")) — T (0) QE"(y") — 7" ("))

+A(Y") QRN (Y") — 7 ()R (")
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< sup 2@ (") = 7 (")l + 7" (") QR (") — 7" (") QRN (")

< sup [l i7" (") = 7 (=)l + F () QR (") — " ()R (2")| <

This holds since ||7"(y") — 7" (2")|| can be made arbitrarily small by choosing ¢ and
Ns(y) suitably, because the space II' = 7(©) is compact, i.e. sup,cpy ||7|| < C for
some C' > 0, and because the quadratic form x — 27 Qz is continuous.

For y € AN Ay, n > max{N;(y), Na(y)N3(y)} and for every 2" € Bs(y™) it then

holds by and (4.47) that

| L1na (Yo, 2")| = |Lma(Po, 2") — Lina (o, ¥") + Lina (Yo, y")| <

Likewise, (4.46) and (4.49) give us that

>3

+

>3
N3

|19—i£)1\;§ Lina (9, 2")] > w_i;})flzg (|Lma (P, y"™)] = |Lima(?, 2") = Lina (P, y"™)])
> inf  |Lpa(9,9")] = sup  [|Lma(V,2") — Lma(V,y")|
[9—Do|>5 [9—0|>5
n 31
> —

Since 5{;(1(2”) minimizes Linq(0, 2™) per definition, it must therefore hold that

€
[Ta(") = Dol < 5

for every n > max{N;(y), N2(y), N3(y)}. For every y € AN Ay and every 2™ € Bs(y")
we obtain from this and (4.48) that for every n > max{N;(y), N2(y), N3(y)} it holds
that

1950 (=") = Faa @) < 105aa (") = Doll + [1Fa(y™) = Vol < e.

Since Py (AN Ag) = 1 and it of course holds for 2z and w” € Bs(y™) that

[9(2") = D ()| < [ T5a(2") = Do (U] + [0 (™) — T (w™)]|-

this proves that (791nd)n€N is asymptotically strongly resistant at Py-x,).
O

As mentioned in the introduction of this subsection, one could also define qualitative
robustness of a sequence of estimators by demanding that the distribution of the

estimator does not change too much when the data is changed slightly, i.e. afflicted
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by outliers. To make this notion explicit, we first need to define a pseudometric for

measures on a metric space, the Prokhorov distance:

Definition 4.43. For a metric space (M,d) with Borel sets B(M), the Prokhorov

distance 7y between two measures p, v on B(M) with respect to d is defined as
ma(p,v) :=inf{e > 0: p(A) <v({zx e M :d(z,A) < e})+eVA € B(M)}.

This pseudometric is a key component of the definition of qualitative robustness,

which is as follows in our scenario:

Definition 4.44. Let P € P(R>), let do be a metric on O, let p, be a pseudometric
on P(R™) for all n € N and denote by P, the n—th order marginal of P. Finally,
denote by P5 € P(O) the distribution of the estimator 9, under P,.

Then, the sequence of estimators (1/9\n)neN 15 said to be p,—robust at P if for every
€ > 0 there exists 0 > 0 such that for every Q, € P(R"™) with p,(P,,Q,) < 0 it holds

that
Tio(Py, . Qg ) < e

As shown in [Boente et al. 1987, Theorem 3.1], this is a direct generalization of
the definition of m—robustness given by Hampel [1971] for i.i.d. processes. Moreover,
for a special choice of p,,, this kind of robustness is implied by asymptotic strong

resistance, which enables us to obtain:

Theorem 4.45. Assume that the assumptions of | Theorem /.42 are fulfilled. Choose
pn as the Prokhorov distance on B(R™) with respect to d,, as defined in (4.45), i.e.

pn(]P)na Qn) = T4, (]P)na Qn)

=inf{e > 0:P,(A) <Q,({z" e R" : d, (2", A) < €}) + e VA € B(R")}.
Then, the sequence of estimators (@fnd)neN 15 g, —robust at Pym), which is the
probability measure associated to the distribution of the data—generating CARMA
process (Y (nh))nez.

Proof. By [Cox|1981, Lemma 5], the GM estimator 7" is a continuous function of
y" for every n € N. By definition, gﬁld depends on y" only through a continuous

function applied to 7"(y") and therefore 1/9\{;(1 is a continuous function of y™ for every

n € N, too. From [Theorem 4.42, it follows that (ﬁﬁld)neN is asymptotically strongly

resistant at Py.n). By [Boente et al.|1987, Proposition 4.2], these two properties imply

~

that (97,4)nen is strongly resistant at Pyx). [Boente et al. 1987, Theorem 4.2a)] then

~

gives the 7y, —robustness of (V] )nen, since it is implied by strong resistance. O
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In conclusion, we can say that our indirect estimator is asymptotically strongly
resistant as well as 7y, —robust under the same assumptions we used to derive
Theorem 4.23| i.e. no additional assumptions were necessary. This is in contrast to,
for example, M—estimators, which are not qualitatively robust even in the case of
linear regression ([Maronna and Yohai 1981} p.8]).

4.3.4.2. THE BREAKDOWN POINT

Intuitively speaking, the breakdown point is (for a sample of data with fixed length
n) the maximum percentage of outliers which can be contained in the data without
“ruining” the estimator. In this sense, it measures by how much the observed data can
deviate from the nomial model before catastrophic effects in the estimation procedure
happen. How this idea should adequately be formalized, however, depends strongly
on the model under consideration. The term was coined originally in [Hampel
Section 6] for i.i.d. observations in the asymptotic framework. It was later extended,
on the one hand to the case of a finite number of observations in Donoho and Huber
and on the other hand to different models, such as regression models, e.g. in
Maronna et al. or Maronna and Yohai among many others (these two
references deal explicitly with GM estimators) and the time series context, e.g. in
Martin and Yohai and Martin [1980]. Unfortunately, in the literature there
is no generally accepted way of defining the breakdown point for time series. The
definition for i.i.d. observations is not directly transferable because in time series the
configuration of outliers (i.e. at which times and whether they appear in patches or
isolated) has a decisive effect on the performance of estimators, which is of course
absent in the case of i.i.d. observations, where estimators are typically invariant
to permutation of the data. Furthermore, for time series, determining under which
conditions an estimator has broken down may depend on the model — for a stationary
AR(1) process, for example, one could argue on the one hand that a breakdown
has occurred if the parameter estimate is equal to 0, since then the time series is
indistinguishable from the driving noise. On the other hand, it would also seem
reasonable to say that the estimator has broken if the estimate is equal to 1 or —1,
since these values of the parameter do no longer provide a stationary AR(1) model.
Defining the breakdown point in this way, specifically tailored to the model under
consideration, is somewhat unsatisfactory, especially considering the fact that the
edge cases are not always as easily identifiable as in the AR(1) example.

For a very general class of models and estimators, the breakdown point as defined in
Genton and Lucas takes these problems into account. Heuristically speaking,
the fundamental idea of that definition is that the breakdown point is the smallest
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amount of outlier contamination with the property that the performance of the
estimator does not get worse anymore if the contamination is increased further. For
a formal definition, see [Genton and Lucas Definition 1 and Definition 2]. The
downside of this definition is that, except for special cases, the defining expression is
not analytically tractable and it is therefore very difficult to explicitly calculate the
breakdown point for a given estimator and a given contamination model.

For our indirect estimator 1/9\?11(1 as defined in , studying the breakdown point

means studying the breakdown point of the GM estimator 7" which is obtained

by applying the method of ’Subsubsection 4.3.3.1‘ to the observations 371, ey Yo

~

The reason is that the other building block of ¥}, 4, 7§, is obtained by applying an
estimator to a simulated, outlier—free sample. Hence, if the rate of contamination is
high enough to “ruin the estimator”, it must ruin the GM estimator. In the literature,
one often finds the fact that the breakdown point of a GM estimator, applied to an
AR(r) process is positive, but bounded from above by :11 The earliest mention of
this in a published article seems to be [Martin p. 239]. However, no calculation
is presented to support this. Later literature often cites this result, too, e.g. [de
Luna and Genton 2001} p. 377] and [Genton and Lucas[2003 p. 89]. In Genton and
Lucas , the authors mention that this result is consistent with their definition
of breakdown, unfortunately without providing a proof as well. The only reference
containing explicit calculations to our knowledge seems to be Martin and Jong [1977],
which is only availabe in form of an unpublished technical memorandum. For this

reason, its content could not be accessed in order to check the calculations and,

1
r+1

proved a task which was not succesful. We can only give an intuitive justification in

unfortunately, carrying out the calculations to verify the alluded upper bound of

a special case as follows:

Suppose that our sample of length n is of the form

Y"=(Y(h),Y(2h),....Y((r+1)h)+& Y ((r+2)h),...,Y(2(r+1)h)+¢&, ..., Y (nh)),
(4.50)
where £ is a fixed real number. This means that in our realization we have equally

spaced additive outliers of size £, where there are r outlier—free observations in

between. In total, the fraction of contamination in this setup is then @ If we

compute 7" with this sample, we need to evaluate (4.24) and (4.25). We then can

write

Y (h) N - Y
4.24:71; s 5 ’Y<<7’+1)h)+€—7rra}:(rh)—...—7r1Y(h)

Y (rh) Y(;“h)
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Y (2h)
iy f | Y((r+2)h) =7 (Y ((r tj)h) +&) — ... —7Y(h)
Y((r+1)h)+¢ i
Y (2h)
: + ...+
Y((r+1)h)+¢
Y((r+1)h)+¢
5 : | Y ((2r +1)h) — %ﬁY(Zrh)A—n. L=t (Y((r+1)h) +§)
Y (2rh) 7
Y((r+Dh)+8\ i\ - . . Y,
+Z¢ ,n+r—W?Y2+r§i—~--—W?K .
Y(Zrh) e i}t+r71 i\/;Jrrfl
L (4.51)

and likewise for (4.25). The deciding observation is that the outlier at time r + 1
influences all summands of the equation from time ¢t = 1 until ¢ = r 4+ 1. Additionally,
the remaining summands from time t = r 4+ 2 to t = n are affected in the same way
since a new outlier appears exactly after » + 1 points in time.

We now consider the special case of the Mallows estimator of Example 4.25p). Hence,
d(y,u) = w(y)(u) for every (y,u) € R, Additionally, we assume that the function
1 is non—decreasing, as it is for example satisfied by the Huber i;—functions of
Example 4.25b). By Assumption there exists a constant C' > 0 such that

1oy, wyll = wy)lyll|e(w)| < CV(y,u) € R

By the assumed monotonicity of v, it must therefore hold that

lim ¢(u) =C'

|u|—o00

for some constant C’ > 0. Likewise, the behavior

lim w(y)|ly|l =C
llyl|—o0
for some C > 0 needs to hold.
If we now let & — oo in (4.51), then the second argument of ¢ in the summands for

t=1,...,7+ 1 tends to either —oo or oo while the norm of the first argument tends
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to 0o in the summands for ¢ = 2,...,r 4+ 1. More precisely, this means that for the
summand corresponding to t = 1 it holds that

Y (h) Y(h)
lim Y((r+1)h)+&— %&Y(rh) — ... —mY(h)
o Y(Th) 7 Y(rh)
Y
(.h) Y(.h) : Y((r+1h)+&—7Y(rh) — ... —77Y(h)
=w : : Jim <) ( = )
Y (rh) Y (rh)
Y (h) Y (h)
=Cw : : > 0,
Y (rh) Y(rh)

which is a constant independent of 7. Similarly, for the summand with ¢ = 2 we have
that

Y (2h)
: ) Y((r+2)h) —72(Y((r+1)h)+&) —... = 7Y (h)
glggoé : : ~
Y((r+1)h)+¢
Y (2h) Y (2h)
= lim w :
£—o0 ’ '
Y((r+1)h)+¢ Y((r+1)h)+¢
Jim ¢ (Y((T +2)h) — 7 (Y ((r —l/—\l)h) +&)—...— 7T1Y(h))
£—o0 on
=CC" > 0.
The same behavior holds for the summands with ¢ = 3,...,r + 1. Summarizing and

using that w is a strictly positive function, we have

I; : t4r — T Yggp—1 — oo — T Xy
Jim. Z;cb ) = i
thJrTfl Y;Hrrfl
Y(h) Y(h)
— C'w : : +(r—1)CC" > 0.

Y(rh) Y (rh)
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We can argue just in the same way for the sums with indices starting at t = r + 2.
Hence, for £ — oo, every summand of the left—hand side of (4.51) converges to a
strictly positive constant, independent of 7, and therefore is not solvable. For
(4.25), we can argue just in the same way and obtain that 7" does not exist. Note
that adding further outliers to components of does not have an effect anymore,

since all summands of the estimating equation are already afflicted, i.e. we have

considered a worst case scenario. Since the fraction of contamination was L’"nfj, the
breakdown point must be less than this ratio. Letting n — oo delivers a breakdown
point bounded from above by T%l, just as claimed.

On the other hand, the perhaps more important fact is that the breakdown point of a
GM estimator is positive. This is an important distinction from, e.g. the QMLE and
least squares estimator, because it is well known that the latter two have a breakdown
point of zero, i.e. one single outlier can cause the estimators to break down (see e.g.
[Genton and Lucas [2003], Section 5.1]). To see that the breakdown point is positive,
we can argue similarly as above: Assume that the contaminated, finite sample of
fixed size n € N has one single outlier at time k € {1,...,n}. This outlier can, at
most, affect 7 summands of the defining equations and as we have seen
above. Since the summands are all bounded by a constant C', therefore, at worst, this
outlier causes r summands to be equal to a non—zero constant independent of 7. If
n > r (which is reasonable to suppose, since the AR order r is typically rather small
in comparison to the number of observations), then there are summands remaining
which are not afflicted by outliers. At worst, the outlier therefore shifts the left
hand side of and by £ and a sample of size n — r remains, so that

n—1

solutions continue to exist if they existed before.

For large r, the upper bound of ﬁll is rather unsatisfactory, because the breakdown
point will then be very low. For the indirect estimator, however, it may be necessary to
choose r rather large, depending on the order of the CARMA(p, ¢) process. Therefore,
if one suspects that the data contains a percentage of outliers high enough to surpass
the breakdown point for an appropriate r, it might be advisable to not use a GM
estimator at all.

Luckily, the construction of the indirect estimator allows for modifications which can
deal with this problem. Remember that we use the auxiliary AR representation only
because it is convenient to apply GM estimators to it and exploit their robustness
properties. However, one could also use any other auxiliary model for which a
robust estimator is available. One possibility would be to use the weak ARMA (p,
p — 1) representation of the sampled CARMA process as described in as the
auxiliary model and use the bounded MM (BMM) estimators for ARMA processes
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as introduced in Muler et al. [2009]. In that paper, the authors argue that their
estimators form a class of estimators for ARMA models which are again consistent
and asymptotically normal when no outliers are present and have good robustness
properties. Specifically, in Muler et al. [2009] Section 6] the authors point out that
the BMM estimators do not break down in the sense of Genton and Lucas [2003], i.e.
they achieve the largest possible breakdown point of % The downside of this approach
is that the theory in Muler et al. is only developed for ARMA models driven
by a strong white noise sequence, i.e. a white noise that consists of independent
and identically distributed random variables. Since the noise in the ARMA(p,p — 1)
representation coincides with the innovations calculated by the Kalman filter for
the state-space representation of the sampled CARMA process (cf. (4.8)), we know
that we are only dealing with an uncorrelated, but not independent noise sequence.
Therefore, the results of Muler et al. are not directly applicable. However, if
one had the analogs of [Muler et al. , Theorem 4 and Theorem 6], which state
that the BMM estimator is strongly consistent and asymptotically normal under
suitable conditions for an ARMA process with a noise sequence that is i.i.d., one could
replace the auxiliary AR(r) representation by the ARMA (p, p — 1) representation, 7"
by the BMM estimator and choose 7§ as a strongly consistent, asymptotically normal
estimator for the ARMA(p, p — 1) representation. In this setup the assumptions of
Theorem 4.23| would be fulfilled again, so the results of [Subsection 4.3.2| would still

hold. It is worth mentioning that if the Lévy process driving the observed process

(Y(t))ier is a Brownian motion, then the sampled ARMA (p, p — 1) process will be
driven by an i.i.d. noise, because the innovations are then normally distributed and
thus independent. In this special case, the results on the BMM estimator hold and
can be applied. Since the construction of the BMM estimator is very involved and
lengthy, we do not go into details here and instead refer to Muler et al. for

further information.

4.3.4.3. THE INFLUENCE FUNCTIONAL

We continue our investigation of robustness of gﬁld with the study of the influence
functional of the indirect estimator. This measure of robustness was originally
introduced as the influence curve by Hampel for i.i.d. processes. Intuitively
speaking, it measures the change in the asymptotic bias of an estimator caused by
an infinitesimal amount of contamination in the data. It was later generalized to
the time series context by Kiinsch , who explicitly studies the estimation of
autoregressive processes. However, in the paper of Kiinsch, only estimators which

depend on a finite-dimensional marginal distribution of the data—generating process
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and a very specific form of contamination are considered. To remedy this, a further
generalization was then made by Martin and Yohai [1986], who consider the influence
functional and explicitly allow for the estimators to depend on the measure for
the process. Martin and Yohai also argue that their idea is a generalization of the
definition of Kiinsch which fits better to the time series context, since their definition
of contamination makes more sense in the time series setup ([Martin and Yohai
Section 4]. We work with their definition in the following and will point out in what
sense it differs from that of Kiinsch.

Consider now the model as in (4.2). The distribution of (SN/n)nez is characterized by
the joint distribution of (Y (nh))nez, (Vi)nez and (Z,)nez. We denote the probability
measure associated to the distribution (Z,),ecz on R> by P, and the probability
measure associated to the distribution of <?n)n€Z by P}, for 0 < < 1. Note that
v = 0 corresponds to the case where there are no outliers, i. e. we can observe the
nominal process without error and then write PY, = Py, which is the probability
measure associated to the distribution of the data—generating CARMA process

(Y(nh))nez. We denote

[Py} = {F}.0 < 7 < 1} C P(R™).

We assume that the assumptions of Theorem 4.27 and [Theorem 4.31] are satisfied for

every choice of 7. Remember that the pseudo—true parameter in this case depends on
the processes V and Z, i.e. it is different for different values of v and we denote it by
7. We assume that 79 = my,, i.e. in the case of no outliers the auxiliary parameter of

the data—generating CARMA process is estimated. Sufficient for this are for example

the conditions of [Proposition 4.28. We introduce the statistical functional Tgy by

defining

Tom : {P}} — 11

y y
Py — 7.

Then, the definition of the influence functional for the GM estimators as considered

in [Subsubsection 4.3.3.1] is as follows:

TGM(P;Y/) — TGM(IEDy(h)) _ hm 7'I'E)y — 7o
Y =0y

ITFem(Pg, {PJ}) := lim (4.52)
¥—0

whenever this limit is well-defined. Note that the influence functional depends

on the whole “arc” of contaminated measures {P},,0 < v < 1}. This is the most

important difference to the definition used by Kiinsch [1984|, because in that paper
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the approximation P{. = (1 —)Pyx) + v for some fixed v € P(R*) is used ([Kiinsch
1984, Eq. (1.11)]). The influence functional measures the effect of an infinitesimal
contamination of the true process by the process Z on the asymptotic estimate
defined via the functional Tgy.

In a similar vein, we can define the influence functional for the estimation of the
parameter 9y of our CARMA process, which is what we are truly interested in.

Analogous to Ty, we first define a suitable statistical functional T1,q via

Tina - {P}} — ©
Py — 9] = arg rgin(ﬂg — ) QU — ). (4.53)
e

This definition is motivated by the fact that 7" converges almost surely to 7y in this
scenario by [Theorem 4.27. With the same arguments as in the uncontaminated case

(cf. the proof of [Theorem 4.23), we then obtain that Ly,q(¥, )7") converges uniformly

in ¥ almost surely to (mg — m9)" Q(7g — 7y), the analog of (4.18). Continuing to

~

argue as in the proof of ’T heorem 4.23| 97 4 then converges uniformly almost surely
to ] in this case and the definition of Tj,q is justified. With this the definition of

the influence functional of the indirect estimator is

Tina(PY) — Ting (P )
IFInd(PZ, {]Pf";/f}) = lim I d( Y) ! d( Y(h)) = lim 0 0
y—0 y ~—0 y

Of course we are interested in properties of this functional, mainly if and under which
conditions it remains bounded. Boundedness of the influence functional implies that
the estimate arising from the contaminated process cannot move too far away from
the one in the uncontaminated case if the rate of contamination is infinitesimal. This
property is well-known for the influence functional for GM estimators of AR processes.
Since these estimators are an integral building block of the indirect estimator, one can
hope that it carries over to this scenario and indeed it does, since the two functionals
are proportional. This follows from de Luna and Genton , Theorem 1] as special
case, but we cite the theorem in full and also give its proof in detail here for the sake

of completeness:

Theorem 4.46. Under the assumptions made at the beginning of|Subsection 4.3.4,

I Fy,, exists whenever I Fgy exists and

IFpg(Pz,{P}}) = H(Tma(Pyw)) I Fau(Pz, {P} }),
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where
H(Tra(Pym)) = H(o) = (Vomy, QVymg, )~ Vymy,

as in (4.21)).

Proof. By (4.53), it holds that

Vg Q(mg — m97) =0

:>V197T1989<7T3—W0-|—7T0—7Tm =0

- Ty — T
:}Vﬂ'ﬂ'ﬁgQ (WO ~ ﬂ-O) v197T1979 ( il 0) (454)

By ]Deﬁnition 4.21\, the map ¥ — Vymy is continuous. Moreover, 9] — ¥y as v — 0

holds. Therefore, by continuity, Vymgy = Vymy, as v — 0 holds. Furthermore,

. Tgy — Mo . U=
lim ——— = Vymy, lim
¥—0 0 y—0 Y

= VﬁmOIFlnd(IP’Z, {P;})
Taking the limit v — 0 on both sides of (4.54) thus implies

V§WﬁOQ]FGM<PZ7{]P) }) V,gﬂ'goqugﬂ'goIFInd(Pz,{P })
:]Flnd(Pz,{]P) }) (Vﬂﬂ'gOQVgﬂ'ﬂo) Vﬁﬂ-ﬂoQIFGM(]P)Z,{P })
= H(Tta(Py ) Fam(Pz, {Py })

as claimed. O

From this theorem we see that the question of boundedness of the influence
functional for the indirect estimator of a CARMA process reduces to the question
of boundedness of the influence functional for the GM estimation of the auxiliary
AR process. Conditions under which the influence functional is bounded are studied
in Martin and Yohai [1986], where it is shown that GM estimators yield a bounded
influence functional for AR(1) processes. Those results generalize easily to the setting
of GM estimators for AR(r) processes with r > 2 applied to sampled CARMA

processes as we considered them in [Subsubsection 4.3.3.1] as we shall see in the

following.

For our investigation of boundedness of the influence functional, assume that our
contamination model (4.2)) is such that we have additive outliers, i.e. we are in the
case of ) and it holds that Y, = Y (nh) + V,,W,,, where the processes are

chosen in such a way that [Assumption Glis satisfied. Under these assumptions, we

can now state the result on the influence functional defined in (4.52):
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Theorem 4.47. Let the additive outlier model hold. Assume furthermore that the
matriz Jau(mg,) as defined in|Theorem 4.31 is non—singular. Then there exists a
constant K > 0 such that it holds:

[T Fom(Pw, {P5 )] < 2(r + 1)C || (Tam(ma,)) | -

Proof. The plan is to apply [Martin and Yohai|1986, Theorem 4.3]. To this end, note
that Tam(PPY) (i e. the parameter ) defined by (4.22) and (4.23)) only depends on

r+ 1 values of the process (Y,,)nez. Moreover, we have that each of those summands

is bounded by (say) a constant C' by Assumptions and and that

Y(h) Y(h)\ ]|

E | : Y((r+1)h) — mgy Y (rh) — ... — g, 1Y (h) : _0
Y (rh) oo Y(rh)) |

gy ((Y((r +1)h) — nﬁo,riirh) — WO’lY(h))j .

by and (4.23). Note that we have written Y instead of Y here because v = 0
corresponds to the uncontaminated case where there are no outliers present, which
implies that ¥ then coincides with ¥ and Ty = 7y = Ty,. Since we also assumed that
Jom(my, ), the derivative of Qg () at my,, exists and is non-singular, Assumptions
(a), (b) and (c) of [Martin and Yohai[1986, Theorem 4.3] are satisfied (see also [Martin
and Yohai 1986, Comment 4.3]).

However, this is not sufficient yet, as to apply [Martin 1980, Theorem 4.3] it must
also be checked that Ty satisfies [Martin and Yohai Eq. (4.6)]. Sufficient
conditions for this equation to hold are given in [Martin and Yohai , Theorem
4.2], which we will now verify. Remember that by Assumption the process
(Vi )nez is independent from the processes (W,,)nez and (Y (nh))nez, such that the
assumption on the distribution of (?n)nez of [Martin and Yohai , Theorem 4.2]
is satisfied.

As in the proof of [Martin and Yohai Theorem 5.2], we obtain that Assumption
(a) of [Martin and Yohai Theorem 4.2] is satisfied. Assumption (b) of [Martin
and Yohai [1986, Theorem 4.2] is an assumption of [Theorem 4.47 as well. For

assumption (c), the object H,,(7) that must be studied is given in our context by
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H,(7) = sup
a;€{0,1}, b;€{0,1}, i=1,....,r+1—m
[ Y; Y
gb Ym Y,—+1+(Z1Z,«+1—WT(YT-i-aQZT)—...—Wl?l Ym
E Y41 + Gromy1Zm1 7 Yii1 + tremi1 Zmsa
}/7“ + a2Zr }/7" + G’QZT’
<<YT+1+(11Z,«+1—WTYT—l-aQZr—...—Trli;l ) 2)
X o'
i Yy
¢ Ym YT+1+b12r+1—TrT(YT—&—bQZT)—...—Wl?l Ym
_ Ym—i—l + br—m+1Zm+1 7 Ym+1 + bm+1Zm+1
}/; + ng’V‘ K’ —I— b'r‘Zr

=\ 2
Y ((Yr+1+blzr+1ﬂ'r(yr+b2zv‘)~--7T1Y1) )
o

for 0 <m <r+1and by Hy,(r) =0 for m > r + 1, where we used the notation
Y =Y(th) fort =1,...,7 + 1 for the sake of readability. Since every component of

H,,(m) is bounded for every 1 < m < r + 1 and every 7, it follows that

o0 r+1
Z sup H,,(m) = Z sup Hy,(7) < (r+1)C < oo,
Tell’ m=1 Tell’

and therefore Assumption (c) of [Martin and Yohai 1986, Theorem 4.2] holds. For

the same reason it follows from the boundedness assumptions that

Y Y
¢ : ?T+1—7rr§7r—...—7r11~/1 :
. ? o .
sup  sup E v v < 00,
mell! (Yl7"‘1YT+1)T " 9 "
Yrp1—mpYr—...—mY1
X -
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which is Assumption (d). Last but not least, it holds that

Y Y
(25 . ?,.4,1771'7‘?77 .771'1?1
. ) o .
lim = =
T—=Ty, Y;" Yr
S A
Y, Y
(b . l77>+177r190,r§7r7...777190,1571 .
: , oo :
= = = P-a.s
Y, Y,

-~ - S\ 2
Yrp1—mog,rYr—...— 9,1 Y1
X oaq

by the continuity of the functions ¢ and x. And, again by the boundedness we
assumed in and [H.6, we obtain that

Y1 Y
¢ §7T+1—7r,-§7r—...—7r1§71
. ) o
E [sup v v < 00,
mell’ T r
= = =\ 2
Yrp1—mYr—...—mY
X o

which is Assumption (e).

This completes the list of required assumptions for [Martin and Yohai 1986, Eq.
(4.6)] to hold which is the last ingredient in the proof of the boundedness of the
influence functional in this case. O

Remark 4.48. Note that [Martin and Yohai Theorem 5.2] proceeds in the
same way to show that the influence functional of an AR(1) process with additive
outliers is bounded. In contrast to our results however, they do not consider the
case of higher order AR processes and also assume that the true, outlier—free process

possesses Gaussian innovations, which we do not require.
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4.4. MODEL SELECTION USING THE INDIRECT ESTIMATOR

An important question that we have not addressed so far is the issue of model
selection in the robustness framework. A naive idea would be to apply the criteria
developed in [Chapter 3|to determine the orders of the CARMA process before using a
robust estimator for parameter estimation. However, since those information criteria
are based on the QMLE and we know that this estimator is not robust towards
outliers, it is reasonable to expect that the outliers also greatly affect the information
criteria. Instead, it would better to use some kind of robust model selection procedure
which takes the outliers into account. In the literature, there exist a few approaches
towards this problem. For example, [Martin Section 6] proposes a modification
to the AIC in the framework of determining the order r of an autoregressive process
based on GM estimators. [Ronchetti[1997, Section 3.2] also treats this topic and
introduces a robust version of the AIC, referencing the results of Behrens [1991].
Similarly, Machado treats the BIC and proposes a robustified version of it.
The problem with these cited references is, however, that they all assume that the
parameter of interest is estimated by an M or GM estimator and modify the criteria
accordingly. For our problem, this means that we could apply these robust order

selection procedures to estimate the order of the auxiliary AR process introduced

in [Subsection 4.3.1] since the parameters of this process are estimated by a GM

estimator as part of the indirect approach. However, this is of limited use, since

the auxiliary AR representation is just an appliance in constructing the indirect

estimator. In Subsection 4.3.2] we only required that » > 2p — 1 and did not observe

in any kind that the indirect estimator works better or worse if r is chosen in a
particular way above this threshold. Hence, choosing r optimally does not directly
aid us in finding a suitable parameter space for ;. 1/9\?nd, on the other hand, is not
an M or GM estimator, i.e. those criteria cannot be applied and we have to look for
an alternative method. However, the guiding idea used by the cited references is still
useful: they replace the likelihood function by the robust function that is optimized

to obtain the respective estimator. We will proceed in the same way.

Similar to [Subsection 4.3.2] we consider the case when there are no outliers in the

data, i.e. when yr=yn Remembering how our information criteria were defined,
it suggests itself to define a criterion based on the indirect estimator as
-~ C(n
1C1(0) = Lana(Ti V) + N(0) T,

n

where

Lina(0,Y") = (7" = 75(0))"QF" — 75(0))
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as in can be interpreted as “pseudo-likelihood” function and C'(n) is again a
penalty function as in Given a family of parameter spaces parametriz-
ing CARMA(p, q) processes of different orders, we will again choose the parameter
space © (or the model represented by this parameter space) as the most suitable for
the data for which IC"(©) is minimal. Since we are in the one-dimensional case, we
know from that a parameter space can be uniquely characterized by the
order p of the AR polynomials of the CARMA processes it contains, which needs to
be fixed by B.6, and the maximal order ¢ of the MA polynomials of the processes. If
the data—generating CARMA process (Y (t));er is a CARMA((pg, qo) process, the true
parameter space O is then the one for which p = py and g = ¢o. Ultimately, just as in
(Chapter 3| we would like to draw conclusions about consistency of these information
criteria in the sense of Definition 3.9l To this end, we have to study the behavior
of @ﬁld if we have a parameter space © such that Y # CARMA(Ay, By, Cy, Ly) for
every ¢ € O, i.e. if we are in a misspecified parameter space. In the one-dimensional
case, a space is misspecified precisely if and only if either p # py or p = py and
q < qo. Similarly, the true parameter space ©g is nested in © if and only if p = pg
and q > qq. Obviously, if Jy € Oy, then for any © in which © is nested the results
on the indirect estimator then also hold in ©, because there exists ¥* € © with
CARMA(Ay+, By+, Cy, Ly«) = CARMA(Ay,, By,, Cy,, Ls,). For non—nested spaces,

summarizing [Subsection 2.2.3| all the results from the correctly specified case carry

over in the case of the QMLE as long as there is a unique pseudo—true parameter
¥* € O, which minimizes the almost sure limit of 2(19, Y"), ie. 2 in the QMLE case.
We will see that this is also the case for the indirect estimator. We always assume in
the following that the auxiliary parameter space II and the weighting matrix {2 are
the same for every candidate space ©. This is not a restrictive assumption, it just
implies that r > 2p — 1 needs to hold for the maximum p under consideration, i.e.

for the largest parameter space.

Proposition 4.49. Assume that the parameter space © is such that

Y # CARMA(Ay, By, Cy, Lg) for every 9 € © and let the assumptions of Section 4.3
be satisfied. Then, there exists a unique 9* € © such that

¥* = argmin 2,4() = arg min(mg, — m9)* Q(my, — m).
Y€O YeO

Moreover, it holds that

Q[nd(ﬁ*> = (71'190 — 7T19*)TQ(7T190 — 7T19*) >0
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and|Theorem 4.23 holds with ¥* replacing 9.

Proof. The function ¢ — 2y,q() is continuous by construction of 7. Since O is
compact, it therefore attains its minimum at some ¥* € ©. Moreover, 7 is injective by
assumption, which implies that 9¥* is unique. Since the parameter space is misspecified
by construction, this minimum also has to be strictly positive because my« # 7y,
holds. can then be proven just in the same way as before, replacing 9,
by ¥* wherever it appears and noting that the only property of ¥y we used was that

it is the unique minimizer of Zy,q(¥). O

in the following, we always assume that the pseudo—true parameter 9 is an element
of the interior of the corresponding space ©, analogous to Assumption B.8l Using
the previous proposition and this additional assumption, we can draw a conclusion

about the consistency of our new information criterion IC:
Theorem 4.50.

a) Assume that the penalty term C(n) fulfills C(n) — 0o as n — co. Then, IC™™

is a weakly consistent information criterion in the sense of|Definition 3.9b).

b) Iflimsup,_,. C(n) < oo, then IC™" is neither weakly nor strongly consistent
in the sense of |Definition 3.9.

c) Consider a parameter space © with p = py but q > qo, i.e. ©Oq is nested in

© with map F in the sense of|Definition 3.8. For the pseudo—true parameter
v* € O, define

Mpa(0) = —(Tma(0*) " + F(Tma(9o)) " FT.

If limsup,,_,., C(n) = C < 0o, we have

n
n—oo

lim P(IC™"(Q,) — IC™(0) > 0) =P (qi \ix: > 2[N(©) = N (@0)]0) >0,

where (x?) is a sequence of independent x* random variables with one degree

of freedom and the \; are the q — qo strictly positive eigenvalues of

j]nd(ﬂ*)%MF,Ind(ﬁ*)I[nd<79*)MF,Ind(79*)jlnd(ﬂ*)% :

Proof. The proof is analogous to the one of Theorem 3.10b), the only difference being

that we need to use different asymptotic results. Throughout the proof, we consider
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the true parameter space O and an alternative space © fulfilling [Assumption Bl We

denote the “likelihood” associated to ©g by Ly, the indirect estimator in ©¢ by
1/9\{;(170 and the limiting function of Linq0 by Zmao. For the space © we use the usual

notation without any additional subscripts.

a) We have to distinguish two cases.

Case 1: Consider a parameter space © such that ©g is not nested in ©. Then:

Ctn)

1C(00)~1C () = Lina (V.00 Y ™)~ Lina (T, Y ) +(N(00) =N (©)) =

~

We now show that Ling,o(V,40, Y") = Zina,0(Yo) — 0 almost surely for n — oo
(by the same argument as [Schlemm and Stelzer 2012, p. 2201]). For ¢ > 0 and
we€ Q\ N, where N is a set with P(N) = 0, suppose that n € N is such that

sup ’EInd,O(ﬁ, Yn) — andp(??)’ < €.
YEO

Then

£Ind,0(1§?nd,oa Y") < Linao(Po, Y") < Pinao(Vo) + €

and

~ -~

L10a,0(Una 0, Y") = Ziao(Vhao) — € = Zmao(Po) — ¢,

~

which implies |Lua,0(Ufaq.0: Y"™) — Zmao(Yo)| < €. Therefore,
P(ﬁlnd,o({gﬁdpu Y") = and,o(ﬁo)) >P <2Ug |£1nd,0(197 Yn) - and,o(ﬁﬂ =30
S

where the last equality holds by the uniform almost sure convergence of Linq,0 to

Z1nd0, which we obtained in the proof of Theorem 4.23. By the same argument
we also obtain that EInd(@\?nd, Y"™) — Pna(¥*) — 0. Therefore,

-~ ~

'Clnd,O(ﬁ}Lnd,Oa Yn)—ﬁlnd(ﬁ?nd, Yn) — andp(ﬁo)—o@md(ﬁ*) >0 IP’-a.s., n — oo,

since © is misspecified. By assumption, we have that C'(n)/n — 0 as n — oo,

and hence

PIC™M(0y) — ICM(0) > 0) =5 P(Linq.0(Po) — Lrma(¥*) > 0) = 0,
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showing that the probability of selecting © instead of ©g goes to zero.

Case 2: Consider a parameter space © in which © is nested, i.e. we have

p = po but ¢ > qo for ©. In this case we argue as in the proof of Theorem 3.10p),

defining f : ©g — O by f(¥) = FU + ¢, where F' and ¢ are as in the definition
of nested spaces in |Definition 3.8/ and writing

1C(O0) ~ 10,(0) = 5 (Ta ~ F(Tioa)) ThLnaa (7Y") (T~ F Fhoao))

T [N(Oy) — Ny T

n

with 0" such that ||J" — ﬁﬁldH < ||f(7§}‘nd,0) - @?ndH. The rest of the proof now

uses the analogous arguments as the one of [Theorem 3.10b) and the asymptotic
results derived in the proof of [Theorem 4.23, In this way, we first arrive at the
analog of (3.12)):

Ona = [ (Dhnag) = [=((Vomse) TV ompe) ™ + F((Voma, ) QOVgma) " F]
N (0, (Vo)1 Q <ED(19*) + %Es(ﬁ*)) va*>
= NF,Ind
Using this and C(n) — oo for n — oo, we then obtain the analog of (3.13):
P(IC,( @0) —1C,(©) < 0)
=P (57 (T = S i) V3 (7'") Vi (T 1T

—[N(©g) — N(@)]C(n)) P (NE g Jma (V) Npma < 00) . (4.55)

As in the proof of Theorem 3.10b), Imhof [1961} Eq. (1.1)] gives

> N(©)
N?Ind\%nd("&*)NF’Ind = Z )‘ZX?y

=1

where the ); are the eigenvalues of Jp,q (1 *)lMFInd( ) Zina (V") M p1na (¥ *)jlnd(i?*)%
and (x?) is a sequence of independent y? random variables with one degree of
freedom. Since rank(M prma(9%)) = N(0) — N(64) = ¢ — go and Jpna(¥7)2 and

Tina(9*) have full rank, the number of strictly positive eigenvalues of

Tma (V") %MF,Ind(19*)Ilnd(ﬁ*)MF,Ind<19*)\7Ind(19*>%
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is ¢ — qo. Hence, the result follows.

b) & ¢) The results follow from the arguments given in a), in particular from (4.55),

which in this case has the form

P(IC,(09) — IC,(0) < 0) =5 P (NT 1,aJind (V" )Npma < (¢ — ¢0)C) -

]

By varying the penalty term C(n) one can, as in the QMLE-based case, define a

multitude of information criteria. Two particular examples are the analogs of the

BIC and the CAIC (cp. (3.39) and (3.20)), which we define as

. 1
BIC™(0) := Lra(9%,,Y™) + N(O) Ogé”) (4.56)

and

2N (0)

n

CAICPY(©) = Ling(I2 4, V") +

(4.57)

Note that we gave these criteria the same names as in the QMLE-based case.

However, the interpretations derived in [Subsection 3.4.1] and [Subsection 3.5.1] as

approximations of the Kullback—Leibler discrepancy and the Bayesian a posteriori
probability, respectively, are no longer valid. These interpretations naturally led to the

introduction of the QMLE, which we do not have here. Nevertheless, 'Theorem 4.50
enables us to easily derive their consistency properties:

Corollary 4.51. BIC™ is a weakly consistent information criterion, CAIC™ is

neither weakly nor strongly consistent.

Proof. The properties are obvious from |[Theorem 4.50| O

Remark 4.52. a) If one wanted to show strong consistency for this class of

information criteria, it would be necessary to have a law of the iterated logarithm

for Lpa(v*,Y™) — Elnd(@}nd, Y™), analogous to|Theorem 3.4. The proof would
then be very similar to that of | Theorem 3.10a). However, due to the definition

of Lna(¥,Y™), such a law is not easily obtained. We conjecture that the

analogous result to | Theorem 3.10a) would then hold, i.e. strong consistency

would especially hold if lim,_,., C(n) = occ.

b) The new information criteria of this section are robust in the following, heuristic

sense: If the observations Y™ are replaced by outlier—afflicted observations yn
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as defined in (4.2), by’Theorem 4.42‘ we know that the value of 1/9\?nd remains

close to its value in the scenario without outliers. Hence, Clnd(g}lnd, 57”) will

~

then also be close to Liq(V7,45, Y ™). The information criterion therefore arrives
at the same selected parameter space in most situations even though outliers
are present. On the contrary, for the QMLE based information criteria, this
does bot hold since the QML estimate 9" is not resistant and therefore can

be arbitrarily bad in the presence of outliers, leading to frequent wrong model

choices by the criteria. Our simulation study in |Subsection 4.5.2 confirms this
behavior. A more formal treatment is found in Machado , however there a

different structure of the estimator upon which the criteria are built is assumed,

which is why the results do not apply here.
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4.5. SIMULATION STUDY OF INDIRECT ESTIMATION

In this section, we illustrate the theoretical results from [Section 4.3 and [Section 4.4]

by means of simulation. We consider several situations to assess the performance
of our indirect estimator. The simulation methods for the CARMA processes used
throughout the study are the same as in [Section 3.6, We simulate the CARMA
process on the interval [0, 1000] and choose a sampling distance of h = 1, resulting
in n = 1000 observations of the discrete—time process. The simulated processes
are driven either by a standard Brownian motion or by a univariate NIG process.
For the NIG process we use the parameters a =3, =1, A =1, § = 2.5145 and
= —0.8890, where the interpretation of the parameters is analogous to those of the
two—dimensional NIG process in|Section 3.6, These parameters result in a zero-mean
Lévy process with variance approximately 1, which allows for comparison of the

results to the Brownian motion case.

For the indirect estimator in Definition 4.22 we take 7" as GM estimator as in

‘Subsubsection 4.3.3.11 For calculating the GM estimator, we use the S—Plus software.

This is done because it provides a pre-built function ar . gm for applying GM estimators

to AR processes. This function uses a Mallows estimator as in [Example 4.25a). The
weight function w(y) is the Tukey bisquare function from Example 4.25b) applied
to ||y||, for the function ¥ (u) the user can choose between the two classes explained
in ), namely the Huber yp—functions and the bisquare function. The
function is implemented as an iterative least squares procedure as described by
[Martin 1980} p. 231ff.] and therefore also allows to use first some iteration steps
with the Huber ¢,—function and then some steps with the bisquare function. As
advocated by Martin [1980], we experience that doing 6 iterations using the Huber
function and then 2 steps with the bisquare function works well. In our experiments
we choose k = 4 for the tuning constant of the ¢,—function. The order of the
auxiliary AR representation is chosen conveniently for the different situations and
will be mentioned explicitly in each example. In general, we set s = 75 to obtain
the simulation—based observations (Yy(h), ..., Yy(snh)) in the simulation part of the
indirect procedure. The Lévy process used for the simulation is the same as the

one driving the observed CARMA process. For the estimator 7§, we choose the

least squares estimator of [Definition 4.33] For the weighting matrix 2 we choose the

identity matrix for convenience reasons. Some (unreported) experiments in which
we first estimated the asymptotic covariance matrix of the GM estimator by the
empirical covariance matrix of a suitable number of independent realizations of 7"
and set {2 to be the inverse of that estimate did not significantly affect the procedure

positively or negatively, so that the use of the convenient identity matrix seems
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justified. For the outlier model as defined in Definition 4.1pb) via (4.2)), we choose

the process (V,,)nez as i.i.d. Bernoulli variables, where P(V; = 1) =  varies and
will be given in detail for each experiment. In all but one of the studies, the process
(Z)nez is chosen to be deterministic, i.e. Z, = £ for n € Z. We use varying values of
. In the experiment where (Z,,),cz has a different structure, this will be mentioned

explicitly.

4.5.1. PARAMETER ESTIMATION

CASE 1: PROCESSES DRIVEN BY BROWNIAN MOTION

In each experiment, we calculate the indirect estimator and, for comparison purposes,

the QMLE as defined in [Subsection 2.2.3/in 50 independent replications and report

on the average estimated value, the bias relative to the true parameters and the
empirical variance of the parameter estimates.

In a first experiment, we use as true process a CARMA(1,0) process with parameter
9y

version admits a weak ARMA(1,0), i.e. an AR(1), representation. For this reason,

= —2. This process is of particular interest, because its discretely sampled

one would expect the procedure to work very well here as the auxiliary representation
is actually exact. Naturally, we choose r = 1 in this case. We consider three different
scenarios of outlier contamination. In the first case, we set £ =5 and v = 0.1. In
the second, we let £ = 10 and v = 0.1, while for the last one we choose £ = 5 and
~v = 0.15. Note that already & = 5 represents quite large outliers, since for a sample
path in this situation we typically observe that the values of the discretely sampled
process lie between —3.5 and 3.5. shows a typical sample path of the
CARMA(1,0) process with parameter 19(()1), the discretely sampled process and the
outlier—afflicted process in the situation with v = 0.1, £ = 5. The results of the

simulation studies are given in [Table 4.1| [Table 4.2 and [Table 4.3| respectively.

£E=5,v=0.1
MLE Indirect
Mean Bias Variance Mean Bias Variance
Y1 | —2.4497 | —0.4497 | 0.0559 —2.0768 | —0.0768 | 0.0513

Table 4.1.: Results for 19(()1), £E=5,v=0.1

As we can see, already in the case of £ =5 and v = 0.1, the indirect estimator
performs vastly better than the QMLE, giving a much less biased estimate at a
similar variance. In the situation of [Table 4.2 i.e. when £ is increased to 10, the

QMLE has lost all its information about the true parameter and provides no useful
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£=10,v=0.1
MLE Indirect
Mean Bias Variance Mean Bias Variance
¥ | —5.9097 | —3.9097 | 0.2360 —2.0245 | —0.0245 0.0663
Table 4.2.: Results for 9", ¢ = 10, v = 0.1
£E=5,v=0.15
MLE Indirect
Mean Bias Variance Mean Bias Variance
Y | —2.7873 | —0.7873 | 0.3860 —2.1703 | —0.1703 | 0.0973

Table 4.3.: Results for 19(()1), E=5,7v=0.15

estimate anymore. On the other hand, the indirect estimator stays close to the true
value (we explain the even smaller bias in comparison to the situation with £ =5
as caused by the relatively small number of 50 iterations. Of course one should not
expect the bias to systematically decrease when ¢ increases), while the variance has
increased only slightly. Increasing v to 0.15 but keeping £ = 5 shows that both
estimators perform worse than in the situation with v = 0.1, which is to be expected.
But once again, the indirect estimator deals better with higher outlier percentage
than the QMLE. Comparing these studies, we see that for the indirect estimator the
percentage of outliers has a bigger effect on the estimates than the actual size of the
outliers. For the QMLE however, the situation is reversed: its performance, relative
to [Table 4.1, is worse when ¢ is increased to 10 compared to the situation where
& =5 is kept and v increases to 0.15.

For our next simulation experiment, we move away from the CARMA(1,0) process
to a CARMA(3,1) process. This especially means that the sampled process is not a
weak AR process anymore, meaning that we truly make use of all the components of

the indirect estimation procedure now. The true parameter is
9P = (—1 2 2.0 1) .

For this process, we choose r = 5, which is also the minimum order of the auxiliary
AR representation for which the assumptions on the indirect procedure are satisfied.
We do four experiments in this setup. We estimate 19(()2) for each of the following
contamination configurations: £ =5 and v = 0.1, £ = 10 and v = 0.1, £ = 5 and
v = % and ¢ = 5 and v = 0.25. Remember that in this situation, the breakdown point

as defined in ’Subsubsection 4.3.4.2‘ has an upper bound of % since we have r = 5.

Hence, v = 0.25 lies above the breakdown point and we would expect to encounter

problems in the estimation procedure, while for v < % these problems should not
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occur. We will see that this is indeed the case. shows a typical sample
path of the CARMA(3,1) process with parameter 19(()2), the discretely sampled process
and the outlier-afflicted process in the situation with v = 0.1, £ = 5. The results
of the four experiments are given in|[Table 4.4] [Table 4.5| [Table 4.6/ and [Table 4.7]

respectively.

£E=5,7v=0.1
MLE Indirect
Mean Bias Variance Mean Bias Variance
¥ | —0.6876 | 0.3124 0.0294 —1.0174 | —0.0174 0.0114
Yo | —2.6307 | —0.6307 | 0.2550 —1.9930 | 0.0070 0.0068
Y3 | —3.3831 | —1.3831 0.0573 —1.9954 | 0.0046 0.0194
¥4 | 2.5467 2.5467 0.0190 0.0048 0.0048 0.0040
J5 | 0.5621 | —0.4379 | 0.0498 1.0007 0.0007 0.0064
Table 4.4.: Results for 9", ¢ =5, v =0.1
¢E=10,v=0.1
MLE Indirect
Mean Bias | Variance Mean Bias Variance
¥ | —0.4614 | 0.5386 | 0.0478 —1.0202 | —0.0202 | 0.0110
¥y | —1.4955 | 0.5045 | 0.1616 —2.0063 | —0.0063 | 0.0107
¥3 | —1.8424 | 0.1576 | 0.0953 —1.9802 | 0.0198 0.0259
Wy | 3.3178 | 3.3178 | 0.1280 0.0047 0.0047 0.0066
U5 | 2.6317 | 1.6317 | 0.0477 0.9987 | —0.0013 | 0.0074
Table 4.5.: Results for 19(()2), ¢E=10,v=0.1
£=5y=¢
MLE Indirect
Mean Bias Variance Mean Bias Variance
¥y | —0.4445 | 0.5555 0.0029 —1.0052 | —0.0052 | 0.0071
¥y | —2.3450 | —0.3450 | 0.1135 —1.9815 | 0.0185 0.0136
Y3 | —3.5119 | —1.5119 | 0.1823 —2.0210 | —0.0210 | 0.0276
¥, | 3.1446 3.1446 0.0376 0.0106 0.0106 0.0057
95 | 0.7903 | —0.2097 | 0.1317 1.0043 0.0043 0.0054

Table 4.6.: Results for 19(()2), E=5v= %
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E=5,7=0.25
MLE Indirect
Mean Bias Variance Mean Bias Variance
Y1 | —0.1022 | 0.8978 0.0029 —0.0638 | 0.9362 0.0024
¥y | —1.5663 | 0.4337 0.1135 —2.9026 | —0.9026 | 0.0008
¥s | —4.2751 | —2.2751 | 0.1823 —2.1834 | —0.1834 | 0.0094
Yy | 4.2080 4.2080 0.0376 1.1326 1.1326 0.0018
¥s | 0.8238 | —0.1762 | 0.1317 1.8766 0.8766 0.0021

Table 4.7.: Results for 19(()2), E=5,7v=0.25

For the first two experiments, i.e. those in which v = 0.1, we immediately recognize
the maximum likelihood estimate as basically worthless in this setup, being severely
biased and very far from the true parameter value. Especially the inclusion of a
zero component in the true parameter seems to pose a major problem, since this
component is affected by the most bias. On the other hand, the indirect estimator
is still very close to the true parameter value in all of the components, including
the zero component. This reaffirms that the indirect estimation procedure works in
practical scenarios and the results in the former experiments were not due to the
use of the CARMA(1,0) process. Increasing £ to 10 while keeping v = 0.1 results
in a slightly worse performance of the indirect estimator. However, the increase in
the bias is not very substantial and the estimates are still reasonably close to the
true values. This of course cannot be said about the maximum likelihood estimator,

which again delivers severely biased estimates.

Comparing [Table 4.4‘ to ’Table 4.6, we see that the increase of v from 0.1 to % also

affects the performance of the indirect estimator. For all components of 19((32) but the
first, the bias of the indirect estimator increases (even though it decreases for the
first component, we still have an overall increase). A similar effect occurs for the
variances. However, the loss in quality of the indirect estimator is manageable and
the calculated estimates still closely resemble the true parameter. This means that
even at the breakdown point, the performance of the indirect estimator is satisfying,
although of course not as good as for lower contamination probabilities.

The situation is vastly different in the experiment with v = 0.25. Here, we see that
the indirect estimator, too, gives estimates which are severely biased and quite far
away from the true parameters. Although the performance of the QMLE is still
rather bad in the estimation of the zero component, its bias is less than that of the
indirect estimator in three of the five components, but still substantial. The estimates
delivered by the indirect estimator, however, are not satisfying either in this case.

This of course is explained by the outlier probability of v = 0.25, which causes the
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bad performance. We also observe that the numerical procedure used to obtain the
parameter estimates in this scenario quite often fails to deliver a result at all because
the algorithm terminates with an error. The error occurs when the estimated value

of ¥y is not an element of © anymore (the algorithm first calculates an estimate

and then checks if it is an element of ©, i.e. if [Assumption B is satisfied). The

results in the table are averaged over experiments in which the algorithm did deliver
a result, the failed attempts were discarded. The ratio of successful to unsuccessful
experiments was roughly equal to 1:2, i.e. the algorithm failed about twice as often
as it succeeded. In this sense, we can say that the estimator has broken down: for a
given outlier-contaminated sample, it either does not return an admissible estimate
at all, or, if it does, the estimate is far away from the true parameter. The latter
statement is also evident from the fact that the variance of the indirect estimates is
far smaller in this case than in the other experiments, i.e. if the algorithm is able to
calculate a result, there is very little variance in it, which, intuitively, means that the
algorithm typically returns very similar bad estimates if it returns a result at all.

Lastly, we switch to another class of CARMA processes, this time using a
CARMA(2,1) process with true parameter

1953):(—0.5 -1 —2).

We report on two simulation studies, which are a bit different than the ones conducted
before. In the first of these two studies, we let v = 0 to compare the performance
of the indirect estimator to that of the QMLE in the uncontaminated case. For the
other CARMA processes of this section we also studied this situation, but only choose
to report on it once here since the results were very similar and the same conclusions
could be drawn. For the second study, we did not use the simple additive outlier model
but instead one that is a little more involved. Namely, we chose the process (Z,)nez
to be a sequence of i.i.d. random variables with P(Z; = §) = P(Z, = —¢) = 3, i.c.
every time an outlier appears the sign is chosen randomly with equal probability. This
change in model serves to study the performance of the procedure in circumstances
that are a bit more complicated than the simple additive outlier model with fixed
size of £. We choose v = 0.1 and ¢ = 10 in this study. In both studies, » = 3. The
results are given in[Table 4.8/ and [Table 4.9.

In the situation without outliers, both estimators are very close to the true

parameter values. The differences in the bias and variance, which result in the
indirect estimator performing even slightly better than the QMLE here, we explain
as being not systematic, but due to the approximations in the numerical procedure

and the number of only 50 iterations. We see that both estimators can be used
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v=0
MLE Indirect
Mean Bias Variance Mean Bias Variance
Y1 | —0.5112 | —0.0112 | 0.0071 —0.5080 | —0.0080 | 0.0086
P9 | —0.9969 | 0.0031 0.0056 —1.0019 | —0.0019 | 0.0050
¥3 | —2.0427 | —0.0427 | 0.0246 —2.0156 | —0.0156 | 0.0112
Table 4.8.: Results for 19((]3), v =0 (no outliers).
MLE Indirect
Mean Bias Variance Mean Bias Variance
Y | —0.3796 | 0.1204 0.0585 —0.4908 | 0.0092 0.0134
¥y | —2.0699 | —1.0699 | 0.2484 —1.0479 | —0.0479 | 0.0132
¥3 | —4.0399 | —2.0399 | 0.1408 —2.0015 | —0.0015 | 0.0091

Table 4.9.: Results for 95, P(Z; = 10) = P(Z, = —10) = 1, y = 0.1

to achieve satisfying results, which confirms the theoretical results on the indirect
estimator in the uncontaminated case. For the other true parameters, we conducted
the same study (i.e. in the outlier—free situation) and observed basically the same
results, i.e. both estimators performed well and there was no notable, systematic
better performance of the one or the other.

Using the indirect estimator also yields satisfying results under the more complicated
outlier model. To a degree, this is not surprising since the GM estimator, which
controls the robustness properties of gﬁld, is per construction not sensitive to the sign
of the outlier, but only to the absolute size. Since the outlier—generating process is
symmetric and the total percentage of outliers is still at 10%, it seems intuitive that
the performance does not differ much from before. Similarly, it is to be expected
that the QMLE does not improve in comparison to the other outlier scenarios, which

is confirmed by our study here.

CASE 2: NIG PROCESS

In the following experiments, we replace the driving Brownian motion by the NIG

process and repeat the experiments of Table 4.1] [Table 4.4 and [Table 4.5 using the

same outlier configurations and auxiliary AR orders as in those experiments. The
results are given in[Table 4.10| [Table 4.11] and [Table 4.12]

We see that the results do not substantially differ from those in the Brownian

motion case. In all three experiments with the NIG process, the QMLE, just like in

the Brownian motion case, ceases to be a meaningful estimator in the presence of



180

CHAPTER 4. ROBUST ESTIMATION OF MCARMA PROCESSES

£E=5,v=0.1
MLE Indirect
Mean Bias Variance Mean Bias Variance
Y1 | —2.3851 | —0.3851 | 0.0650 —2.0536 | —0.0536 | 0.0860

Table 4.10.: Results for 19(()1), ¢ =5,~v=0.1, driving NIG noise

£E=5v=0.1
MLE Indirect
Mean Bias Variance Mean Bias Variance
%1 | —0.6669 | 0.3331 0.0311 —1.0113 | —0.0113 | 0.0056
P9 | —2.5668 | —0.5668 | 0.2676 —1.9936 | 0.0064 0.0042
93 | —3.3917 | —1.3917 | 0.0626 —1.9967 | 0.0033 0.0096
94 | 0.5077 | —0.4923 | 0.0535 1.0027 0.0027 0.0043
95 | 2.5503 2.5503 0.0236 —0.0070 | —0.0070 | 0.0035

Table 4.11.: Results for 19(()2), ¢ =5,~v=0.1, driving NIG noise

outliers in the data. The indirect estimator on the other hand continues to provide
good estimates. Of course, there are some differences in the bias and variance of
the experiments with the NIG process in comparison to the experiments with the
Brownian motion. Specifically, the bias and variance of the indirect estimator are a
bit higher overall (as compared to in the situation of [Table 4.10, while
in the situation of [Table 4.11] and [Table 4.12| we observe that the bias also is, on

average, greater than in the corresponding experiments with Brownian motion while

the variance is slightly lower. When we consider the bias, this matches the results
of the simulation study in [Section 3.6, where the performance typically also was
slightly worse in the NIG case but otherwise very similar. We therefore conclude
that indirect estimator is not limited to Gaussian CARMA processes, but also can

be applied successfully for more general Lévy processes.

4.5.2. MODEL SELECTION

The simulation experiment in this subsection serves to test the performance of our
information criterion defined in in the presence of outliers. We use
the CARMA(3,1) process with true parameter 19[(]2) as before as data-generating
Lévy process. We compare the true parameter space ©g, which is the space of all
CARMA(3,1) processes, to the space of all CARMA(3,2) processes and the space
of all CARMA(3,0) processes. The true parameter space is nested in the former
space, while the latter is itself nested in ©y. We consider two different information
criteria, namely BICI"! and CAICI™ as defined in (4.56) and (4.57), respectively. We
compare these two criteria to the performance of the QMLE-based BIC,,, of which
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¢§E=10,v=0.1
MLE Indirect
Mean Bias | Variance Mean Bias Variance
Y1 | —0.4691 | 0.5309 | 0.0689 —1.0030 | —0.0030 | 0.0045
Po | —1.5286 | 0.4714 | 0.1200 —1.9712 | 0.0288 0.0112
Y3 | —1.8365 | 0.1635 | 0.0668 —2.0321 | —0.0321 | 0.0178
¥4 | 2.6651 | 1.6651 | 0.0316 1.0056 0.0056 0.0038
U5 | 3.3668 | 3.3668 | 0.0981 0.0127 0.0127 0.0056

Table 4.12.: Results for 19(()2), ¢ =10, v = 0.1, driving NIG noise

we know that it is strongly consistent in the outlier—free case. For this experiment,
we chose again £ = 5 and v = 0.1. Both the Brownian motion and the NIG process
were used as driving Lévy process. For both scenarios, we conducted 20 replications
in total, the number being somewhat low because of the very high computation time

required (one replication typically took between 60 and 90 minutes to finish). The

results are given in Table 4.13|

Space Model BM NIG

p|q] N@©) | BIC, | BIC* | cA1CI | BIC,, | BICI* | CAICI
1 310 3 0 0 0 0 0 0
2 3[1] 4 1 18 16 2 20 19
3 32 5 19 2 4 18 0 1

Table 4.13.: Results for the true parameter 7932) in space 2.

Despite the relatively low number of repetitions, the results are insightful. We
see that the BIC,, is drastically affected by the outliers and now has an error rate
of 95% and 90%, respectively, having lost the strong consistency. On the other
hand, BICflnd, which we showed to be only weakly consistent for the outlier—free case,
seems to retain this property when there are outliers in the data. In 90% of the
replications in the Brownian motion case, it comes to the correct decision while it
overfits in the other 10%. Of course we know that for a weakly consistent criterion
the overfitting rate should eventually go to zero as n increases. However, an error
rate of 10% seems acceptable, given the fact that the outliers have to be taken into
account. For the NIG case, it even achieves a perfect score. We conjecture, however,
that this perfect score is due to the low number of total experiments and we would
observe overfitting in the NIG case, too, when carrying out more experiments. In
comparison, CAIC™ exhibits an overfitting rate of 20% and 5%, i.e. in both cases
it overfits more often. This is an expected effect, since we know that CAIC™ is

not consistent due to the deterministic penalty term and thus exhibits a non—zero
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asymptotic overfitting probability even in the outlier—free case. This experiment
clearly shows that it is advisable to use criteria of the form given by IC™ instead of
the “classical” information criteria when one suspects the presence of outliers in the
data, since they perform much better, even compared to information criteria which

are strongly consistent in the absence of outliers.

Summarizing the studies, we can say that our indirect estimator performs convinc-
ingly for various orders p and ¢ of the data—generating CARMA process, for different
driving Lévy processes and for a variety of outlier configurations. Of course, it is
clear that this method, too, has its bounds. We especially saw that both an increase
of v, the proportion of outliers, and of the size of the outliers affect the performance.
Increasing v too far eventually causes the estimator to break down. This is natural,
since with an increasing number of outliers we have less “good” observations which
provide full information about the data—generating process and it therefore becomes
harder to detect the true structure of the process. Nevertheless, as soon as outliers
are present, the use of the indirect estimator instead of the QMLE always seems
advisable, since there was no situation in which the performance of the QMLE came
close to being satisfying. On the other hand, when no outliers are present, one
does not lose much, if at all, by using the indirect estimator. However, it should
be mentioned that the computation is more involved and slower in comparison to
the QMLE method, such that the latter might be preferred due to this when one is
certain that no outliers are present. If one wishes to be on the safe side, however,

usage of the indirect estimator is probably not a mistake.



CHAPTER 5

CONCLUSION AND OUTLOOK

This thesis has contributed to the field of statistical inference for MCARMA processes
in two ways. On the one hand, model selection procedures for stationary MCARMA
processes based on observations at an equidistant time grid have been studied.
Using the Echelon form as parametrization, the approach via likelihood—based in-
formation criteria under natural identifiability and regularity conditions provided
us with a method of estimating the Kronecker indices and the orders p and ¢ of the

continuous—time, data—generating process from discrete-time observations. Moreover,

in Theorem 3.10, we were able to obtain results that allowed to explicitly derive

the consistency properties of the criteria from the penalty term C(n). They enable
us to answer the question whether the true model will be selected asymptotically.
We showed in [Subsection 3.4.1] and [Subsection 3.5.1| that the well-known AIC and
BIC fit naturally in this framework and the underlying ideas of approximating the

Kullback-Leibler discrepancy and the Bayesian a posteriori probability, respectively,
remain valid.

On the other hand, the thesis also contributed to the theory of parameter estimation
for MCARMA processes with a special emphasis on robustness in the one-dimensional
case. We were first able to introduce a quite general class of strongly consistent,
asymptotically normally distributed estimators for the parameters of MCARMA
processes, the M—estimators of [Section 4.2, In the special case of one-dimensional
processes, we also studied the indirect estimator in detail, which is another strongly

consistent, asymptotically normally distributed estimator when applied to outlier—free
data as evident from [Theorem 4.23 Moreover, due to its special structure, we were
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able to show in [Subsection 4.3.4] that if a GM estimator is applied to estimate the

parameters of the auxiliary AR representation of the sampled CARMA process, its
robustness properties are inherited by the indirect estimator. Thus, we can provide a
robust estimator for the parameters of the CARMA process. Using this estimator as
foundation, we were also able to extend the model selection criteria from the first
part of the thesis in[Section 4.4] establishing a bridge between the two fields.

For both the field of model selection and robust estimation simulation studies showed
that, at least for simulated data, the theoretical results can also be observed and

verified in practical situations.

There are several directions for further research. For example, there are gener-
alizations of (M)CARMA processes, e.g. the continuous-time threshold ARMA
(CTARMA) processes of Stramer et al. or the non—stationary, cointegrated
MCARMA processes treated in Scholz . These models come with additional
parameters that define their structure, in the latter case for example the cointegration
rank. At the moment, information criteria that are able to estimate these additional
structural parameters, too, have not been studied yet and therefore of course the
question of their properties, for example consistency, is open. Another possible way
of extending the results on information criteria could be to relax the assumption that
there is a “true” model ©y among the candidate models. We always worked under
this assumption in [Chapter 3| but of course in applications this is an idealization,
since real-world data will never be a perfect realization of a theoretical mathematical
model. Especially the proofs with regard to consistency relied strongly on this as-
sumption, so that it would be interesting to explore what happens when it is dropped
and all spaces under consideration are then misspecified. A starting point in this
direction could be the work by Hurvich and Tsai [1991], who examined this question
in the context of linear regression and discrete-time autoregressive processes. Ad-

ditional remarks can also be found in [Burnham and Anderson|2002, Subsection 6.3.4].

In the area of robust estimation, the potential extensions are plentiful, too. First
of all, we only studied one estimator of the CARMA parameters that achieves the de-
sired robustness. There is a multitude of other approaches in the literature which one
could investigate and transfer to the context of (M)CARMA processes. In particular,
one could attempt to take a similar route as with the QMLE of [Subsection 2.2.3|
but instead of the Kalman filter use a robust filter, as proposed by Masreliez [1975],

to calculate robust innovations and base the parameter estimation on these. For

AR and ARMA processes, an overview of these methods is given in [Maronna et al.
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2006], Section 8.6 and Section 8.8], where additional references can also be found.
Another class of estimators for ARMA models, which could possibly be extended to
the framework of CARMA processes, are the RA estimators, which are based on the
residual autocovariances, as proposed by Bustos and Yohai [1986].

The question how robust estimators (in the sense of estimators that truly are insensi-
tive to outliers) for multivariate CARMA processes can be obtained is also left open
at the moment. In particular, a generalization of the indirect estimator as studied
in is not straightforwardly possible, since a theory of GM estimation
for multivariate AR processes does not exist to our knowledge. There are several
approaches towards robust parameter estimation of vector autoregressive processes,
e.g. in Garcia Ben et al. [1999], where the RA estimators of Bustos and Yohai
11986] are generalized, in Croux and Joossens where a least trimmed squares
procedure is used or in Muler and Yohai [2013], where the BMM estimators of Muler
et al. are generalized to the multivariate setting. All these approaches, however,
only give robust estimators for VAR and not for VARMA processes. Therefore, for a
robust estimator of MCARMA processes, combining the indirect estimation method
with one of these procedures could be a promising avenue in future research.
Another possible extension would be to consider a different way of modeling the
outliers. In this thesis, the estimators were founded on discrete—time observations of
MCARMA processes and we modeled the outliers via the general replacement model
for discrete—time stochastic processes. A different approach would be to choose a
model in which already the continuous—time process is afflicted by outliers. To our
knowledge, no systematic approaches towards modeling outliers in continuous-time
processes exist yet, such that a first step could be to define a suitable analog in
continuous time of the general replacement model of and then continue
from there, e.g. by again sampling on a discrete time—grid and building estimators

based on these observations.

In all of the thesis, inference was based on discrete-time, equidistant observations
with sampling distance h > 0 fixed. It is also possible to move away from this
assumption in order to better treat irregularly spaced or high—frequency data, for
example by observing the data—generating MCARMA process at times h,,, 2h,, ...,
nh, for a sequence (hy,)neny with h, — 0 and nh, — oo as n — oo. In Fasen
and Fuchs and Fasen and Fuchs this observation scheme is used to
first study the behavior of the periodogram of a sampled CARMA (p,q) process and
subsequently construct an estimator for the parameters of the CARMA (p,q) process

based on the periodogram. It is assumed that p and ¢ are known, such that the
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development of model selection criteria in this framework is a topic that needs to be
considered. It is also worth mentioning that in these two papers it is assumed that
the driving Lévy process is symmetric and a-stable for some a € (0,2]. If o < 2,
this means that the process has infinite variance. In the thesis at hand, we always
assumed that the driving Lévy process has (at least) finite second moment, such that
the use of a—stable Lévy processes with o < 2 was not allowed. A big question for

further research is therefore if similar results can be obtained if such processes are used.

Concluding, it is therefore evident that the field of statistical inference for MCARMA
processes is far from completely explored and that there remain a lot of interesting
questions to be investigated and eventually answered. Given the intuitive appeal as
continuous—time analog of VARMA processes and the current popularity of MCARMA
processes amongst scientists, we expect this to be a lively area of research in the

years to come.
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APPENDIX A

TECHNICAL APPENDICES

A.1. AUXILIARY RESULTS FOR [SECTION 3.3

In this appendix, we give the calculations for the Brownian motion case in [Section 3.3

Lemma A.1. Let A, B € R be matrices, where B is symmetric. Then
tr ((vec(Igxa) ® vec(Igxa)")(A® B)) = tr(AB).

Proof. The structure of the matrix vec(Iyxq) ® vec(Igxq)? is as follows:

1
0 0 0
0 0 0
vee(Ixa) @ vec(Igxa) =11 0 ... 001 0 ... 0 1],
0 00 0
0 0 0
1 1

where there are exactly d zero rows between the non-zero rows and also exactly d zero

columns between the non-zero columns. By the definition of the Kronecker product,
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we then have

(VGC(IdXd) (29 vec([dxd)T)(A X B)

a11bin + ...+ agnba  *

0 0 0O 0 00 ... 0
0 0 00 0 00 ... 0
= * ¥ % % Quobia + ...+ agabge  *
0 0 0O 0 0 0 0
0 0 0O 0 00 ... 0
* x k% * x % ... aigbig+ ...+ agibaa

Again, there are exactly d zero rows between the non-zero rows. The asterisks mark
entries of the matrix which are (possibly) non-zero, but not relevant in our case, since

we are only interested in the trace. Alas, with the assumption that B is symmetric

we have
tr ((vec([dxd) ® Vec([dxd)T)(A ® B))
d d d d d
= Z Zaijbij = Z Zaijbji = Z(AB)” = tI'(AB)
i=1 j=1 i=1 j=1 i=1
and the assertion follows. O]

Lemma A.2. Assume that the Lévy process L which drives the observed process Y

1s a Brownian motion.

a) Assume that the space © with associated family of continuous-time state space
models  (Ag, By, Cy, Ly)gpeo  satisfies  |Assumption B and  that
MCARMA(Ay+, By, Cy«, Lgx) =Y for the pseudo-true parameter ¥*. Then

T(9%) = 27 (9").

b) There exists a space Oy with associated family of continuous-time state space

models (A, By, Cy, Ly)geo,  satisfying |Assumption B such  that
MCARMA(Ay,, Boy, Coys L,) =Y for some 9y € ©y. Moreover, ©q is nested
in ©F with map F, N(0y) = N(OF) — 1 and

Amas(Mp(OF) 2 T(0F) Mp(9F)2) = 2.
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¢) The matriz J(0%): MpZ(9*)MpJ(9*)2 has only the eigenvalues 2 and 0,
where 0 has multiplicity N(©g) and 2 has multiplicity N(©) — N(Oy).

Proof.  a) An analogous statement for VARMA processes is given in Boubacar
Mainassara and Francq [2011] Remark 2]. However, they state it without
a proof. Since the proof is not so obvious we will give it in detail here for
MCARMA processes. First, note that since the driving Lévy process is a
Brownian motion, it holds per construction that the linear innovations (€ )gez
of the process (Y (kh))kez are i.i.d. N(0,V)-distributed (cf. Definition 2.19).
Moreover, per assumption it also holds that ey« = €, for every k € Z, hence
we also have that ey« ~ N (0, Vy+) and Vy- = V. By definition

Z(9¥*) = lim nVar (VyL(9",Y™)),

n—oo

which means that for 4,j € {1,..., N(©)} we have to study terms of the form
Var (nVyL(V", Y”))ij
(3.2) -1 . -1 T 1/-14. T -1
ZE ,19* 8 Vﬂ*) tI‘ (Vﬁ* 619*,]43619*7]6‘/19* al‘/ﬂ*) + 282619*7]{‘/19* 619*,]@)
(¢ r( ﬁzla-vﬂ*) — tr (Vg g w1 Vi 03 Vi) + 20565, 4 Vi e )]
+ Z Z E [(tr (Vy='0iVoe) — tr (Vo ege wehe j Vi 0V ) + 2055, 1 Vs eo- )
k=1 =1
. (tl" (Vﬂ_*lajvlg*) —tr (Vﬁ: Eﬂ*7l€£*’lvﬁzlajvlg*) + 26je§*7lVﬁileg*,l)]

=: ZakJFZZbW' (Al)

k—1 k=1 =1
14k

We start to investigate a;. By definition, every innovation €y j is orthogonal

to span{Y (jh) : —oo < j < k} and by [Lemma 2.22b) both d;eg- s, and 9;ep
are elements of span{Y (jh) : —oo < j < k}. Hence, €y is independent of
Oi€y- 1 and Ojey+ . This, together with the independence of the innovation
sequence (€g i )ken, the fact that E[0;e9+ ] = 0, E[e,g*,keg*yk] = V- and the

interchangeability of trace and expectation, allows us to simplify

ap = —tr (V' 0iVye) tr (Vi 0; V)
+ E [tr (V" esr pege o Vi 03V ) tr (Vi ege e Vi 03V )]
+4E [8»65* k.vlg71€19*’kaj€£*7kvq9:1€79*7k:|
= a,(~C )+ a,(f) + a,(j). (A.2)
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-

For the second term, we define €y« ), = Vi.2e9e i ~ N (0, Izxq) and have by
standard calculation rules for Kronecker products (Bernstein [2 , 9, Proposition
7.1.6 and Proposition 7.1.12)):

CL5€2) = ]E |:tr <<Vﬂ:§€ﬁ* kg£*7kV§:§8iVﬁ*> ® <Vﬁ:§gﬂ*,k€£*7kvﬁ:§ajvﬁ*)>:|
— ((Vg ® Vi ) ‘E [gﬂ*7kg£*7k ® €19*7k€£*,k} . (Vﬁzéaivﬁ* 2 Vﬂ—*gajvﬁ*>> '

Since €y p ~ N (0, Iyxa), by means of Balestra and Holly [1990, Theorem 1] the

expectation appearing in the last line is
E [Eﬂ*7k€g*7k ® gﬁ*’k’é’g*’k] = Kd,d + Id2><d2 + VeC(IdXd) ® VeC(IdXd)T,

where K4 is the d* x d* Kronecker permutation matrix (Bernstein [2009, Eq.
(7.1.20)]). Together with the linearity and the cyclic permutation property of

the trace, we use this to obtain
af) =tr <Kdd (Vﬁzé ® Vﬁ:%> (Vﬁ:%&‘/ﬂ* ® Vl;%aJVﬁ*>>
1 _1 _1
+tr ((1/19 @ Vo) (Vo Ve @ Vo 03V, )
T _1 _1 _1 _1
+ tr ((VGC(IdXd> &® VeC(IdXd) ) <Vﬂ*2 X V. *2> (Vﬂf@ivm X Vﬂﬁt‘?jvﬂ*»
=1tr (Kd,d (Vﬁ_*l@i\/g* & Vﬁilﬁng*)) + tr (Vﬁ:laiv,g* ® Vﬁ_*l&jvqg*)
+ tr ((vec(]dxd) ® vec(]dxd)T)(Vﬁ_*laiVm ® Vﬁilaij)) )

We now apply as well as Bernstein [2009, Fact 7.4.30 xviii) and

Proposition 7.1.12] to get
ay) = 2tr (V' 9,V Vi 0,V ) + tr (Vi 2o, Vie ) tr (Vyrto V- )

It remains to consider a,(f’) in (A.2). The independence of d;eg- xi€y. , and
€9+ i, the cyclic permutation property of the trace and the interchangeability of

expectation and trace leads to

a,(:’) = E[tr (V. eg pehe 1 Vi Os€0 u0i€he 1) |
(E [V, eg- k€ye WV |E [@e@*,k&-eﬁ*’k])
= tr (Vy.'E [9j€9+ 1050 1))
= E[0ieg- x Vi Ose0+ 4] -

I
-+

T
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b) & ¢)

Combining those calculations finally results in
an — gV (2) (3) _ -19 —19 T —1q9
r=ay Fap +ap =2t (Vi 0Vie Vi 0,V ) + AE [Di€ge Vi Oj€9+ ] -

By similar calculations, we can verify that by, = 0 for k # .

Finally, this implies
(Z(0"))ij = ar = 2tr (V' 0;Vy- Vi 0;Vige ) + AR [0 Vi Dje- 1] -

By Schlemm and Stelzer [2012, (2.33a) and (2.33b)], this term is equal to
(2J (9%)):; as proclaimed.

Denote by vy, ..., vy @ep) the eigenvectors of H(VE) which are an orthonormal
basis of RN©¢), Define F = (vy, ... ,Un@©F)-1) € RN O %(NO6)-1) and let
Oy C FTOF be compact such that FOy+ (95 — FFTYE) C ©F and FTYE € ©,.
Define

(AI% Bﬁa 0’19; L’l9)’l9€@0

3:(AFﬁ+(q90E—FFTq90E) ) BF19+(19{)3—FFT19{)5) 1 CF19+(19(;E—FFT1963) ) LFﬂ+(19(;E—FFT19{)5))19€®o ‘

Then ¥y = FT9Y, Oy is nested in ©F with map F and satisfies [ Assumption B]

and N(0y) = N(OF) — 1. Moreover, the eigenvectors vy, ... L UN(eF)—1 are

basis vectors of the image of I and vy epr) is a basis of the kernel of FT.
Then vy ep) is an eigenvector of Mp(Jf )2 Z(IEYMp(VE)2 for the eigenvalue
2 and vy, ..., Uy(ep)-1 are eigenvectors of Mp(9E)2T(9E)Mp(9E)2 for the
eigenvalue 0 as well.

O

A.2. AUXILIARY RESULTS FOR [SUBSECTION 4.3.3

This appendix contains [Bustos 1982, Lemma 3.3 — Lemma 3.5], which are needed for
the study of the asymptotic properties of GM estimators. The proofs do not differ

from those in the original article (although we use slightly different assumptions). We

list them in this appendix for easier reference, using the notation of [Subsection 4.3.3|

Lemma A.3 (Bustos [1982], Lemma 3.3). Let by > 0 be such that |7 — m|| < bo
implies that || 2au(m)|| > al|m — mol| for some a > 0 and define

C={reR x(0,00): ||m —mo| < bo}. (A.3)
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Then it holds that

n—o0

= 0 P-a.s.

| (T Vi) m) = Loun) = W(To - Fivr) 7o)
re0 V=4 (n =)l Zeu(m)]

Proof. The existence of a and by as in the assumption follows from the assumed

non-singularity of Jam(m) = V,Zam(m). Define now

n—r

gn((i;t’ SR ?iﬂ”)ﬂr) = Z(\D((ia SR >i7;f+7”)77r) - o@Grl\/l(7r))

t=1
By (4.22)) and (4.23) we have that 2w (m) = 0. Therefore it holds

|2 (T Vi), m) = Lona(r) = ¥ (T Vi) o))
=7+ (0= )| Zen (@]
9a((Ver o Vo)) = 9(V . Vi) o) |
V=7 4 (n = )| Zen(m)]

Applying the multivariate mean value theorem to the function g(7), we find that

there exists a constant K > 0 such that

sup [g(Vi,-, Vg, m) = 9((Var- . Vi) ma)|

melC

< Ksup || — |
TeC

> (0:95((Ver- - Vi) m) = B [00,(Fs, ., Vir), 7)) H

Rearranging some terms, we can conclude from this that

gn(<27 s 72+T)7 7T) - gn<<}2> s 72+r>7 7TO)
su
s =7+ (=) Zam (@]

- I — o]

reCc VN — 1+ (n—71) | Lam(7)|

. max
4,j=1,...,r+1

—(n—7)E [ai‘l’j((?l, s Vi), m) = 00 (Y, ,37,5”),7?0)} H

n—r

Z(al\llj((iv SR 72-&-7’)7 7T) - 8,\11]«2, s 72-&-7“)7 7TO))

t=1

+ i:ai\yj((ﬁ,...,ﬁr),wo)—(n_r)E aiqu<<171,...,?1+r),m)}||> (A.4)
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By using the inequalities defining the set C' and introducing the factor ﬁ in front

of both sums, we obtain the next inequality:

A4 1
A _ ko —
n—r wecm—Fa
1 n—r B _ _ _
zj:nll,a},%"—l-l ( n—r ;(aZ\P]((Yta s 7Yt+7")77r) - 8’L\IIJ<(Y;7 s aYt-i-T))TrO))
—-E [81\:[}](<PY\117 s 75;14-7’)77.() - a’bqjj((i;l) s aﬁ+r)a7TO):| H
1 n—r " . _ .
(Y, ..., Vies), —E[ai\p- Vi, Vi), ]
+ n_rt_zl (Y t+r)s o) (M 14r) o) |>

Both summands converge to zero almost surely as n — oo, the first one by [Bustos
1982, Lemma 3.2], the second one by ergodicity. This completes the proof. O

Lemma A.4. It holds that

| (W Vi) mo) + 2au@)|
V=t + (=) 2au@)]

P
— 0, n = o0.

Proof. By (4.24) and (4.25), we have that y ;' U((Ys,..., ), ®) = 0. Hence,

we have

| S (T o) o) + Lan(F)|
V=t + (n =)l Zeu@)
| S (T T 70) + Ban(E) = W(T Vi), 7))
B V=7 + (= 1) 2eu(@ )] |

By assumption, we have that 7" RN o, i.€. it holds that P(7" € C) — 1 for n — oo,
where C' is the set defined in (A.3). If 7 € C we have that

HZ?;{OI'((E,...,?;M),%?%) +U((Yer. ., Yier), o) +B@GM(§T\n))H
V=7 + (n =) Lan (@)

. | (@ V) m) + W Vi), m0) + Zona(m)|

- we0 V=7 +(n =) 2au()]|

and this completes the proof since we now can apply the previous lemma. O
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Lemma A.5. It holds that

1

n—r

S WY, Vi), 7o) + 2au(F) — 0, n — oo,
t=1

Proof. Denote Gy, := ST (U((Ys, ..., Yier), m0) + 2au (7). By [Lemma 4.30, for

t=1
€ > 0 there exists a M < oo such that P(A4,) < € where the set A,, is defined as

>M}.

. |Gl 1
= {x/n—rJr(n—?“)He%M(%”)H - 2}'

Now, on A§ N B¢ it holds that

Z \II((%) e 72—&-7")7 7T0)
t=1

1
A“‘:{m

Similarly, define the set

~ ~ 1
Vi = Zan (@)~ M < V=7 Zou(E)| - ——

oGl 1+ VATl ZenE)
= Vn—r 2 |

from which we conclude that

|G = (= 7) 2au ()|

Vi —r[|Zaem(@)|| < 2M + 1.

This inequality in turn implies that

2(14+ M) -1
1+ vn—7]|2eu@)| —
Therefore, we can deduce that
|Gl |Gl

N V=71 + (n—1)|2cuG)||

since we have multiplied by a factor greater than or equal to 1. By the previous
lemma, the right-hand side converges to zero for every w € AS N BS. Hence, by
the definition of those sets, P (lim SUD,, 00 \”/% > c) < € for every ¢ > 0 and the

assertion follows. O
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