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ABSTRACT

We extend in this thesis the cointegrated discrete-time VAR model, which was introduced by
Engle and Granger, to a continuous-time setting using cointegrated multivariate continuous-
time autoregressive moving average (MCARMA) processes. The concept of cointegration
describes the phenomenon, that two or more non-stationary processes, which are integrated,
can have stationary linear combinations. Cointegration therefore models stochastic trends
of some or all the variables. There is empirical evidence that cointegration arises e.g. in

financial data.

We derive a canonical representation for cointegrated MCARMA processes and investigate
its properties. Moreover, we derive similar results to the Johansen-Granger Representation
Theorem in this thesis. A question that imposes itself in this framework is how to estimate
the parameters of the cointegrated MCARMA model from discrete-time observations. Since
the necessary uniform convergence results do not hold for the log-likelihood function, we
use a stepwise approach. For this reason, we separate the parameter vector into two vectors,
where the parameters in the first vector model the cointegration space and the parameters in
the second vector model the stationary part. To this end, we show super-consistency for the
estimator of the cointegration parameters. In the next step, we establish the consistency for
the estimator of the stationary parameters. Moreover, we derive the limiting distributions
of the estimators. Lastly, we present a simulation study in order to demonstrate the

applicability of the estimation procedure.

Besides, we also consider a decomposition of stationary MCARMA processes into multivari-
ate Ornstein-Uhlenbeck processes. With the help of this decomposition we derive a weak
VARMA representation of the sampled process and the integrated sequence of MCARMA

processes. Last but not least, we analyze the covariance structure of these representations.
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CHAPTER 1

INTRODUCTION

1.1. HISTORICAL OVERVIEW AND MOTIVATION

A typical problem in statistical applications is to analyze time series data and set
up a model which fits the data sufficiently. For this purpose, the model should not
only be quite general but also tractable. Furthermore, a model which reproduces the
stylized facts, namely simplified presentation of empirical findings, of the considered
time series is preferable. Examples for stylized facts are probabilistic properties but
also sample path properties. If for example the data exhibits jumps, an appropriate
model should incorporate jumps in the sample path as well. Besides, a model should
not be to complex in order to have a good understanding of its properties, which,
however, restricts the cases of possible applications. After having chosen a suitable

model one typically wants to estimate the model parameters.

Since realizations in the future are often unpredictable, one generally assumes that an
observation y; is a realization of a random variable Y;. Thus, it is common practice
that data is modelled by a stochastic process (Y;);er. Stochastic processes can be
categorized in continuous-time and discrete-time processes depending on the nature
of the index set I. In order to find a proper model for the data set, one must first
choose one category. Even if observations are often made at discrete time points the
underlying phenomena might be continuous in time. For example, in physics there are
many continuous-time phenomena, like wind speed, water level, temperature and so

forth, which are only observed at discrete time points. Apart from that, a continuous-
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time model might lead to beneficial properties as in the case of option pricing where
the Black-Scholes model became standard. Other advantages of continuous-time
models are that one can have irregularly spaced or high frequency data. A class of
stochastic processes which is not only quite flexible but has also useful properties are
continuous-time autoregressive moving average (CARMA) processes. We are going
to use the multivariate versions, the so-called MCARMA processes, as the central
process for our model in this thesis. A multivariate model has the advantage that
it provides a joint model for several variables including the dependencies of these

variables in comparison to individual models for each variable.

An important property of stochastic processes is stationarity. Loosely said, station-
arity means that the statistical properties of the stochastic process do not change
over time. Stationarity plays a major role in time series analysis due to its benefit
for prediction. There is, however, empirical evidence that many time series in econo-
metrics and finance are non-stationary, though their first differences are stationary.
The first difference of a stochastic process (Y}, )nez is given by AY, =Y, — Y, ;.
The same is also true for many other fields of application. Since standard methods
applied to non-stationary time series give spurious results, it is of great importance to
have a class of models which captures the non-stationarity but also enables a broad
statistical analysis. A particular subclass of non-stationary processes with useful
properties for applications and estimation is the class of cointegrated time series.
This is due to their close connection to stationary time series. Before we address the
topic of cointegration, we first say a few words about multivariate continuous-time

moving average (MCARMA) processes.

MCARMA Processes

CARMA processes date back to 1944 when Doob [30] introduced a univariate process
which is nothing else but a Gaussian CARMA process. Brockwell [18] extended later
in 2001 the definition of univariate CARMA processes by replacing the Brownian
motion with a more general Lévy process. Lévy processes include for example
Brownian motions, Poisson processes and a-stable processes. CARMA processes
are the continuous-time analogue of the extensively studied autoregressive moving
average (ARMA) processes. In the last years, there has been considerable interest
in this class of processes as can be seen by various publications (some exemplary
articles are Brockwell et. al. [19], [21], [22], [23], [24], Fasen et. al. [35], [36],[37],
[38], Schlemm and Stelzer [90], [91], Todorov and Tauchen [97], ...).

Marquardt and Stelzer [69] extended the univariate Lévy driven CARMA processes

to the multivariate setting in 2007. The source of randomness in the model is a two-



1.1. HISTORICAL OVERVIEW AND MOTIVATION 3

sided m-dimensional Lévy process (L(t));er. A d-dimensional stationary MCARMA
process (Y (t))ier of order (p, q) for positive integers p > ¢ is formally defined as the

solution to the stochastic differential equation

d
P(D)Y(t)=Q(D)DL(t), D := T teR.
As for ARMA processes, we have an autoregressive polynomial P(z) := I,,,2P+ A 2P~ 1+
...+ A, with matrix coefficients Ay, ..., 4, € R™? and a moving average polynomial

Q(2) := Byz? + By297! + ... + B, with matrix coefficients By, By, ..., B, € R&>™.
The parameters p and ¢ determine the path properties of the MCARMA process, for
example if the process has jumps or if it is smooth. The class of MCARMA processes
allows for a rich theory in the sense of probabilistic and analytical properties. In
particular, Lévy driven MCARMA processes allow for a broad class of marginal

distributions.

The class of vector ARMA (VARMA) processes is equivalent to the class of discrete-
time linear state space models. The same relation holds for stationary continuous-
time linear stochastic state space models which are equivalent to causal MCARMA
processes as was shown in [90]. Hence, another way to think of an MCARMA process
is via the state space representation. A stationary continuous-time linear state space

model is given by the state and observation equations
dX(t) = AX(t)dt + BdL(t) and Y (t)=CX(t), teR,

where A € RV*N has eigenvalues with strictly negative real parts, B € R¥*™ and
C € RN,

As already mentioned, there are often only observations at discrete time points
available. Thus, discretizations of MCARMA processes are of particular interest,
especially for estimating the model parameters of an MCARMA process using obser-
vations at discrete time points. The sampled process (Y (nh)),ez is the MCARMA
process (Y (t))wer observed at equidistant time points. The sampled process sat-
isfies a discrete-time linear state space model. For univariate CARMA processes
Brockwell, Davis and Yang [21] showed that the sampled process satisfies a weak
ARMA representation and for MCARMA processes Schlemm and Stelzer [90] derived
a weak vector ARMA representation. However, the autoregressive polynomial has
only complex coefficients instead of matrix coefficents. We derive in this thesis a
weak vector ARMA representation for the sampled process (Y (nh)),cz where the

autoregressive polynomial is a matrix polynomial. For this purpose, we also derive
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a decomposition of an MCARMA process into the sum of MCAR processes. Such
a decomposition was already used in the univariate case by Brockwell, Davis and
Yang [21] and in a different form by Schlemm and Stelzer [90] in order to derive their
(vector) ARMA representations.

Cointegration

As previously indicated, stationary processes do not seem to be sufficient to describe
many time series data sets. In the year 1982, Nelson and Plosser [70] provided
statistical evidence that many macroeconomic variables contain a stochastic trend.
There are numerous works providing empirical evidence that many economic and
financial data sets exhibit a non-stationary behavior but their first differences are
stationary. A first solution to this problem was to work with first differences instead
of levels to be able to apply standard methods for stationary processes. However,
many relations between (economic) variables are stated in terms of the actual levels
rather than differences. Hence, models on first differences are limited in containing

such relations.

Granger and Newbold [43] observed that for multivariate time series following a
common stochastic trend, statistical inference using the standard methods leads to
spurious results. Granger discovered that non-stationary time series can fluctuate
around a long-run equilibrium. These time series are non-stationary but behave
stationary around the stochastic trend. Clive Granger coined the term cointegration
for these multivariate time series. Cointegration means that the multivariate time
series is non-stationary itself but their differences are stationary and there exist
stationary linear combinations of the components. The seminal works by Granger
[42] in 1981 and Engle and Granger [33] in 1987 introduced the concept of cointegration
and thereby established a rich field of research. The concept of cointegration became
quite popular in econometrics but is also applied in many other fields like physics,
biology or social sciences. Cointegration relations have been found, among others,
between spot and future (forward) prices, interest rates of different maturities or
different countries, dividends and prices or stock prices in an industrial sector (c.f.
Brenner and Kroner [17] and references therein). The importance of the concept of
cointegration was substantiated by the Nobel price in economics for Clive Granger’s
discovery of cointegration in 2003. He won the Nobel price together with Robert

Engle for their developments in time series analysis.

Cointegrated time series are a subclass of integrated processes, namely processes
which have stationary first differences, and thus also of non-stationary processes.

They are very closely related to stationary processes due to the defining property of
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having stationary first differences as well as stationary linear combinations. Hence,
one can still use several properties of stationary processes while working with a
cointegrated time series. Moreover, the property of having a long-run equilibrium
implies that the components cannot drift too far away from the equilibrium but
fluctuate around the equilibrium. Thus, in a cointegrated time series deviations from
the equilibrium are stationary. This fact is used in the so-called error correction model
where the short-run dynamic is considered. The error correction form was introduced
in 1964 by Dennis Sargan [87] in a model of wages and prices for the United Kingdom.
The classical error correction model for a cointegrated d-dimensional VARMA (p, p)
process Y,, = P(B)Y,_1 + Q(B)e¢, for n € N with noise (€,),en is given by

AY, =af"Y,_1 + P(B)AY,_; + Q(B)e,,

where the polynomial ]B(z) is constructed from the matrix coefficients of the original
polynomial P(z). It has since become a useful tool in cointegration analysis for
estimating the long-run as well as the short-run behavior. A cointegrated model
can fit data with common stochastic trends better than a stationary model for the

afore-stated reasons.

One of the most important results in cointegration analysis is the Granger representa-
tion theorem derived by Engle and Granger [33] in 1987. The Granger representation
theorem connects the moving average, autoregressive and error correction representa-
tions for cointegrated time series. The Johansen-Granger representation theorem (c.f.
Johansen [53] and [54]) characterizes cointegration precisely by making assumptions
on the autoregressive polynomial. Johansen [52], [53] also presented a maximum-
likelihood estimation method for cointegrated vector autoregressive processes using a
reduced rank regression method. A reduced rank model is a multivariate regression
model where the coefficient matrix has a reduced rank. Moreover, Johansen developed
the Johansen cointegration rank test as a consequence of his reduced rank regression
method. This a sequential test in order to determine the number of cointegration

relations.

The most attention in the field of cointegration analysis was given to the discrete-time
setting. However, in 1991 Phillips [77] considered cointegration in the continuous-time
case. The natural analogue of first differences is differentiation in the continuous-
time framework. Phillips considered differentiable stochastic processes in a special
triangular model. Chambers [25] considered the connection between cointegrated
models in continuous and discrete time. Other examples of cointegrated continuous-

time models were considered for example by Kessler and Rahbek [57], who considered
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a cointegrated Gaussian CAR(1,0) model, or by Fasen [34], [35], where special cases
of MCARMA models were investigated.

In the work of Comte [27] a characterization of cointegration for CAR(p) processes
was derived in combination with a moving average representation of the cointegrated
CAR(p) process. Moreover, a more general definition for integration in continuous-
time was given. Instead of defining integration as having a stationary derivative, a
process is called integrated if it has stationary increments. This includes particulary
Lévy processes and thus also Brownian motions. A multivariate process is then
obviously called cointegrated if it has stationary increments and there exist stationary
linear combinations. This definition has the advantage to include a much broader
class of processes since for example Lévy processes are in general not differentiable.

If the process is differentiable, these two definitions do coincide (c.f. Comte [27]).

In this thesis, we present a general cointegrated MCARMA model which includes the
models of Comte [27] and Phillips [77]. This definition extends the aforementioned sta-
tionary MCARMA model to the non-stationary subclass of (co-)integrated processes.
Furthermore, we derive the probabilistic properties of this model and an analogous
result to the Granger-Representation theorem, i.e. a moving average representation
and characterization of cointegration for MCARMA processes. This characterization
is not only given with respect to the autoregressive polynomial but also with respect
to the matrices of the state space form. Additionally, we investigate its sampled
version and therefore the connection between the continuous-time cointegrated model

and its discrete-time version.

Statistical estimation

A question which naturally arises in this context is how to estimate the model
parameters of a cointegrated MCARMA process given discrete-time observations.
Closely related to this is the problem of model identification. This problem occurs on
the one hand due to the estimation of a continuous-time model which is only observed
at discrete time points (aliasing effect) and on the other hand due to the multivariate
setting, where different models can have the same output. This means models can
include many redundancies and can become indistinguishable. It is essential to
prevent this from happening by having a sufficient set of assumptions for deriving
a consistent estimator. Statistical inference for a cointegrated MCARMA process
was only considered for special cases so far. For example, Kessler and Rahbek [58]
consider an ergodic Gaussian MCAR(1) process and present an estimation method
for this process. They also present sufficient conditions to solve the identifiability

problem and avoid the aliasing effect.
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Since standard estimations methods for stationary processes are not suitable for
non-stationary processes one has to use different methods in this setting. Saikkonen
[85], [86] presented in the middle of the 1990s a step-wise estimation approach for
cointegrated processes in the discrete-time framework. The stochastic equicontinuity
condition and the concept of continuous weak convergence, which is closely related
to uniform convergence, make it possible to deal with different rates of convergence.
Since a cointegrated process is non-stationary it has different rates of convergence for
different directions in the parameter space. However, Saikkonen derives a consistency
result and the asymptotic distributions of the estimator using continuous weak
convergence results and a suitable stochastic equicontinuity condition. He especially
considered the maximum likelihood estimator as an example. A quasi-maximum
likelihood method was considered by Schlemm and Stelzer [90] for stationary Lévy
driven MCARMA processes observed equidistantly at discrete time points in order
to estimate the model parameters. They showed the strong consistency of the
quasi-maximum likelihood estimator (QMLE) and also the asymptotic normality.

Furthermore, the identifiability problem is solved for this case.

We present in this thesis a step-wise quasi-maximum likelihood estimation method,
which is based on the ideas of Saikkonen as well as the quasi-maximum likelihood
approach for stationary MCARMA processes by Schlemm and Stelzer [90]. The
QMLE for the cointegrated model is consistent, whereby different rates of consistency
apply. The QMLE of the short-run parameters is consistent with the standard rate of
\/n, whereas the QMLE of the long-run parameters is super-consistent. Furthermore,
we derive the asymptotic distributions of the long-run and short-run parameter
estimators. The derived results are in line with the results for cointegrated models in
the discrete-time setting. Furthermore, the model identifiability problem is solved
for cointegrated MCARMA processes. The assumptions needed to derive these
results are standard assumptions and similar to set of assumptions in Schlemm and
Stelzer [90] and Saikkonen [85], [86]. The applicability of the estimation procedure is

eventually tested in simulation studies.

1.2. OUTLINE OF THE THESIS

This thesis is divided into six chapters. Chapter 2 summarizes known results about
Lévy processes and MCARMA processes, which are the fundamental processes consid-
ered in this thesis. In Chapter 3 (weak) VARMA representations of MCARMA and
integrated MCARMA processes observed at discrete time points are derived and their
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autocovariance structure is analyzed. Chapter 4, Chapter 5 and Chapter 6 consider
cointegrated MCARMA processes, which comprise representations, characterization,

statistical inference and simulation studies.

A list of notations and general abbreviations is given in the end of this thesis on
page 228. In order to improve the readability we put some technical and auxiliary
results in appendices in the end of each chapter. Furthermore, we state a list of the
assumptions of each chapter in Appendix A. A collection of basic formulas and rules
in the field of matrix theory can be found in Appendix B. We are going to employ
these formulas and rules several times in this thesis and hence we summarized the

most important ones in that section.

In the following we outline the thesis and give a short introduction to the results and
content of each chapter. A more detailed description can be found in the beginning

of each chapter.

Chapter 2: For the sake of understanding we present known results on multivariate
Lévy processes in Section 2.2 and moreover, Section 2.3 gives an introduction to
multivariate MCARMA processes. In Section 2.4 important properties of MCARMA
processes are summarized, which we use on several occasions. Lastly, a definition of
integrated CARMA processes and an extension to the multivariate case is given in
Section 2.5.

Chapter 3: We consider in Chapter 3 stationary and integrated MCARMA processes
and their observations in discrete time. In Section 3.2 we recall basic definitions in
the field of matrix polynomials and recall some useful results. We need the theory on
matrix polynomials to factorize the autoregressive polynomial P(z) of a stationary
MCARMA process Y. This factorization enables us to decompose an MCARMA(p, q)
process Y into the sum of p-dependent multivariate Ornstein-Uhlenbeck processes Y}

in Section 3.3.

The result of Section 3.4 exploits the decomposition from the previous section
yielding a (weak) VARMA(p,p — 1) of a stationary MCARMA (p, q) process Y
observed at discrete time points. Next, Section 3.5 deals with a process derived
from integrated MCARMA processes fot Y (u) du observed at discrete time points,
which is an MCARMA (p + 1, q) process itself. In particular, we consider the first
difference of the sampled integrated process, namely the integrated sequence given
by IV = f(zh_l)h Y (u) du. Similar as in Section 3.4, we derive a (weak) VARMA
representation of order (p,p) in this case. Besides, the autocovariance structure of

both discrete-time processes is investigated.
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Chapter 4: This chapter characterizes cointegrated Lévy driven MCARMA processes
using two different perspectives. After a brief recapitulation of cointegration of
VARMA processes in the discrete time framework we present the corresponding
definition of cointegration for the continuous-time setting in Section 4.2. Since the
source of randomness in our model are Lévy processes, the definition of integration as
non-stationary processes having stationary increments is the feasible definition for the
cointegrated model presented in this chapter. Additionally, we derive a continuous-
time error correction form analogous to the discrete-time version. However, the main
result of this section is the characterization of cointegration for MCARMA processes

with respect to the autoregressive and moving average polynomials.

Section 4.3 considers cointegrated MCARMA models from a different perspective.
The state space representation of MCARMA processes is used to derive decoupling of
the linear system into a stationary and non-stationary part. Solving this state space
equation yields that the d-dimensional cointegrated MCARMA process Y satisfies
Y (t) = C1B1L(t)+ Ya(t). This means Y is nothing else but the sum of a Lévy process
and a stationary MCARMA process. This representation is the key to derive several
probabilistic properties of the cointegrated process, which are also derived in this

section.

Note that the characterization and the representation combined are a continuous-time
version of the well-known Johansen-Granger Representation Theorem for cointegrated
MCARMA models. Besides, we investigate which properties of the cointegrated
MCARMA process, observed at discrete time points, are inherited from the continuous-
time model. The rank of the matrix C determines the number of common stochastic
trends and the orthogonal complement of '} spans the cointegration space and
consequently the cointegration rank can also be determined via the difference of the

dimension of the process Y and the rank of the matrix C}.

Lastly, we apply the Kalman filter to the sampled process in Section 4.4 in order to
obtain the linear innovations ¢ of the process. The linear innovations enable us
to derive a transfer function error correction form e = HY,@1 + k(B )AYTS}Z) of the
sampled process with the linear innovations €™ as noise process. The difference to

the classical error correction form is the linear filter k(z) of infinite order.

We see in this section that the matrix Il contains the cointegration information, that
is the rank of II, which is equal to the cointegration rank r and the matrix II can
be decomposed into the product IT = a3 of full rank matrices with appropriate
dimensions. Note that « is the adjustment matrix and the columns of £ span

the cointegration space. Moreover, the connection between 3 and the orthogonal
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complement of the matrix C; become self-evident. Eventually, the probabilistic
properties of e™ are investigated. Lastly, the applicability of the Kalman filter in
the non-stationary setting with unit roots is guaranteed due to the derivations in

Appendix Section 4.6.

Chapter 5: Chapter 5 forms the main part of this thesis. It contains a step-
wise estimation procedure for cointegrated Lévy driven MCARMA processes based
on equidistant observations in discrete time. We use the results on the linear
innovations from the previous chapter in order to calculate the pseudo-Gaussian log-
likelihood function £ (¥) of observations (yi, .. .,yn), which we state in Section 5.2.
Furthermore, we make a collection of assumptions on the driving Lévy process and
the parametrization. Most of these assumptions are standard in the quasi-maximum

likelihood approach for stationary processes.

Due to the non-stationarity we separate the parameter space © into short-run and
long-run parameters in order to use a step-wise estimation approach. This basically
means that we collect the parameters corresponding to the non-stationary behavior
in a sub-vector ¥, € ©; and the parameters corresponding to the stationary part
in another sub-vector ¥y € ©,. Likewise, we separate the log-likelihood function
into a sum LY (9) = cﬁf} (V) + ,Cf[j%(m). The first summand Lilhi (1) depends on all
parameters, whereas the second summand only depends on the stationary parameters

cﬁf% (¥3). We employ this partitioned form in the rest of this chapter.

Since stochastic equicontinuity and continuous weak convergence are essential to
derive the asymptotic distribution, we recall these concepts in Section 5.4 and
derive several continuous weak convergence for processes appearing in our model.
Furthermore, we prove the stochastic equicontinuity condition for these processes in

this section.

Section 5.3 deals with the identifiability problem and aliasing effect, which appear in
the estimation of multivariate continuous-time systems using discrete time observa-
tions. The parametrization should be chosen such that different values of the param-
eter must generate different probability distributions of the observations, namely the
model should be identifiable. We state sufficient conditions on the parametrization
in order to have an identifiable model and derive a unique parametrization using the

decoupled state space representation.

In Section 5.5 we show the super-consistency of the long-run quasi-maximum likeli-
hood estimator. We do not merely derive a consistency result, but also determine the

order of consistency in a second step. In the third step, we prove the consistency of
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the short-run quasi-maximum likelihood estimator with the knowledge of the order
of consistency of the long-run parameter estimator. This step-wise proof is necessary

as different rates of convergence apply to different directions of the parameter space.

Finally, we derive the asymptotic distributions of the long-run and short-run estimator
in Section 5.6. For this purpose, we first prove the weak convergence of the score
vector to a vector consisting of a stochastic integral and of a normal distributed
random variable. Afterwards, we show the convergence of the Hessian matrix to a
block-diagonal matrix, which is almost surely positive definite. Then by applying a
mean value expansion of the score vector and using the results of this chapter, we
obtain the asymptotic distributions of the estimators. The long-run estimator is
mixed normal and the short-run estimator is asymptotically normal. Besides, these

results yield also the asymptotic independence of the estimators.

Chapter 6: We apply in this section the step-wise quasi-maximum likelihood
estimation procedure in simulation studies. For this purpose we present in Section 6.2
a unique parametrization for the long-run matrix C satisfying the assumption of
the previous chapter. The matrix C contains the cointegration information. To
be more precise, for an output process Y = C1B;L(t) + Y5(t) of dimension d and
matrix C; € M, .(R) with full rank ¢ we know that the process has d — ¢ stationary
linear combinations and consequently ¢ common stochastic trends. Moreover, the
orthogonal complement of this matrix spans the cointegration space. The algorithm
presented describes how to construct the matrix C in a unique way from a given
long-run parameter vector. Furthermore, references on appropriate parametrization

for the remaining matrices are given.

In the end, we present the results of the simulation studies in Section 6.3. We consider
a bivariate model with one common stochastic trend and a three-dimensional model
with two common stochastic trends. Moreover, we compare the results for a Brownian
motion and a normal-inverse Gaussian process respectively. We will see that the
simulation studies verify the practical applicability of our step-wise quasi-maximum

likelihood estimation method for cointegrated Lévy driven MCARMA processes.






CHAPTER 2

PRELIMINARIES

2.1. INTRODUCTION

This preliminary chapter shall serve as an introduction to the model class we want
to investigate in the following. Since all results in this chapter are already known,

we briefly recall the most important results.

We introduce in this chapter some basic results on Lévy processes. Lévy processes
will be the source of randomness in our model. Not only do Lévy processes include
many widely used processes as for example Brownian motion, Poisson process and
many others, they can also be considered as the continuous analogue of random

walks. In the first subsection we give a short overview over Lévy processes.

In discrete time the class of multivariate autoregressive moving average (VARMA)
processes are well studied. This model class consist of two parts. On the one hand,
we have the autoregressive part modelling the linear dependence of the output process
on its prior values. On the other hand, we have the moving average part, which is a
function of its past innovations. Linear stochastic state space models have a close
connection to ARMA models. These model classes are equivalent, see e.g. in Hannan
and Deistler [46]. A comprehensive overview over discrete-time ARMA processes and

state space models can be found for example in Brockwell and Davis [20].

A natural generalization of these models is a continuous-time model. Continuous-time

autoregressive moving average processes (CARMA) date back to 1944 when Doob
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[30] introduced a process which can be interpreted as an Gaussian CARMA process.
Brockwell introduced later a univariate CARMA process driven by a Lévy process in
[18]. Marquardt and Stelzer extended then CARMA processes to the multivariate
case in [69] and their connection to continuous time linear stochastic state space

models was shown in [90].

We recapitulate in the second subsection the definition of a multivariate CARMA
(MCARMA) process. Moreover, we recall in the last subsection some of the basic
properties of MCARMA processes. These definitions and results will build the basis
for the integrated and cointegrated MCARMA models.

Integrated CARMA (ICARMA) processes have been introduced by Brockwell and
Lindner [23] in 2013 in order to model spot volatility. Their definition of an integrated
CARMA process extends naturally to the multivariate setting. We state this extended
definition in Section 2.5. The property of integration is a necessary condition for a
cointegrated process. However, this definition of an integrated MCARMA process
has the disadvantage that it does not enable the process to be cointegrated. Such
an integrated process will always be integrated but will have no stationary linear
combination. Later on, we introduce a different definition of an integrated MCARMA
process which is more flexible and hence we can have cointegration relations in this

case.

2.2. MULTIVARIATE LEVY PROCESSES

We recall in this section the definition of a multivariate Lévy process and some of its
properties. We use these processes throughout this thesis as the driving process of
our models. For a profound treatment of Lévy processes see e.g. the textbooks by
Applebaum [4], Bertoin [10] and Sato [88].

Definition 2.2.1 (Lévy process)
We say that a stochastic process L = (L(t))i>0 on a probability space (2, F,P) is a

(m-dimensional) Lévy process if it satisfies the following four properties:
1. L(0) =0, P—a.s.

2. L has independent increments, i.e. for each n € N and each 0 < ty < t; <
... < tp, < oo the random variables L(ty), L(t1) — L(to), ..., L(tn) — L(tn-1)

are independent.

3. L has stationary increments, i.e. for allt,s > 0 we have L(t + s) — L(s)=L(t).
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4. L s stochastically continuous, i.e. for all e > 0 and for all s > 0 we have
lim, , P(||L(t) — L(s)|| > ¢) = 0.

A Lévy process is uniquely determined by its characteristic function in the Lévy-
Khintchine form E [e" X)) = () 4 € R™, ¢ > 0, where VU is given by

U(u) =i{y,u) — §<u, Yu) +/ (™ — 1 —i(u, 2) L {u<1y) v(d2).
The unique characteristic triplet (v, %, v) consists of the drift vector v € R™, the
Gaussian covariance matrix > € R™* ™ which is a positive semi-definite matrix,
and the Lévy measure v, which is a measure on R™ satisfying v(0,,) = 0 and
Jgm min(1, [|z]|?)v(dz) < co. In the following, we consider the cadldg version of the

Lévy process.

A two-sided Lévy process L = (L(t));er is defined by taking two independent copies
{Ll (t>}t20 and {LQ(t)}tZO and set

where L(s—) := 11/111; L(t).

For a proper definition of stochastic integration with respect to Lévy processes see
e.g. the books Applebaum [4] and Protter [82].

2.3. LEVY-DRIVEN MULTIVARIATE CARMA PROCESSES

We recall in this section Lévy-driven multivariate CARMA processes, which were first
defined by Marquardt and Stelzer (see [69]). This definition was slightly extended
by Schlemm and Stelzer (see [90]), where the driving Lévy process was allowed to
have a different dimension than the multivariate CARMA process. Subsequently,
we summarize the main theory on MCARMA processes. We use the notation A* to

denote the complex conjugate matrix of A in the following.

Definition 2.3.1
Let B(R) denote the Borel-o-algebra over R. A family {((A)}aesm) of C™-valued

random variables is called an m-dimensional random orthogonal measure if

(a) C(A) € L? for all bounded A € B(R),
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(b) C(0) =
(¢) C(A1UA2) = (A1) + ((As) a.s. if AiN Ay =10 and
(d) F:B(R) = M,(C), A E[C(A)((A)*] defines a o-additive positive definite

matriz measure (i.e. a o-additive set function that assumes values in the positive

semi-definite matrices) and it holds that
E[C(A1)¢(A2)] = F(C(A1) N¢(Az))
for all Ay, Ay € B(R).

F' is referred to as the spectral measure of C.

The stochastic integrals [, f(t)¢(dt) of deterministic Lebesgue-measurable functions
f: R — M, (C) with respect to a random orthogonal measure ( are defined in the

usual L2-sense. The integration is defined componentwise

(fA f(t)C(dt))l > e 1fA flk )G (dt)

(/A f<t><<dt>) = (s, | = zklfAfm \Ce(d)

([ f(8)C(dR)) > i1 Ja fmk: )Ck(dt)

The integral is defined whenever

/A F(t)F () (

and f is said to be in L?*(F). As we consider only the case, where we have spectral

Z/fzk ) far(t Fkl(dt)> < 00,
1<i,j<m

k=1

measures with constant density with respect to the Lebesgue measure A on R, i.e.
F(dt) = C\(dt) := C dt holds for some positive definite C' € M,,(C). Then it is
sufficient for the existence of the integral that [, || f(¢)||* d¢t < oo, for some norm
| - || on M,,(C). We denote by M,,(C) the space of all m-dimensional complex
valued matrices. Additionally, we denote the space of square integrable matrix-valued

functions by

L*(R, M,,(C)) := L*(M,,(C)) := {f 'R — M, (C), /R I f@)]]?dt < oo} :
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Furthermore, we have for two functions f, g € L*(F)

ELAf@NM(AMﬁWWY}zAf@QNVd- (2.1)

The next theorem shows the existence of a random orthogonal measure and a

corresponding spectral measure.

Theorem 2.3.2 (Marquardt and Stelzer (2007), Theorem 3.5)

Let L = (L(t))ier be an m-dimensional square integrable Lévy process with E [L(1)] =
0 and E[L(1)L(1)*] = X1. Then, there exists an m-dimensional random orthogonal
measure ®p, with spectral measure F'r, such that E[®L(A)] =0 for any bounded Borel
set A,

5
Fp(dt) = 2—;dt

and

ooei,ut_]_
L(t) = O (dp).
0= e

The random measure ®y, is uniquely determined by

@umww=/w§ﬁ2§ime

—00

for all —o00 < a < b < 0.

For the polynomial
P:C— My,(C), zv>IL,2P+ APt + AP 2 + . + A,

with matrix coefficients Ay, Ay, ..., A, € M,,(C) and p € N, we have the correspond-

ing companion matrix given by

0 I, 0 0
0 0 I, . :
A= 0 € M,,(C). (2.2)
o ... ... 0 I,
A, —A,, ... ... —A

The following result of Marquardt and Stelzer [69], is the main result in order to
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define multivariate CARMA processes. Since matrices do not commute in general,
the definition is not as straightforward as in the one dimensional case. However,
the following theorem by Marquardt and Stelzer enables a definition of MCARMA

processes, which contains the autoregressive moving average structure.

Theorem 2.3.3 (Marquardt and Stelzer (2007), Theorem 3.12)

Let L = (L(t))ier be an m-dimensional square integrable Lévy process with mean zero
and corresponding m-dimensional random orthogonal measure ® as in Theorem 2.5.2
and p,q € Ny, q < p. Let further Ay, As, ..., A,, By, By,...,B, € My,(R), where

By # 0 and define f1 = Po = ... = Bp_g—1 = Opxm (if p>q+1) and
p—j—1
Bpj=— > AiBpjit+ By forj=012..4q
i=1

Assume that A is defined as in (2.2) satisfying o0(A) C (—o00,0) + iR, which implies
Ay € Gl (R). We denote by G = (Gi(t),...,G;(t))* an mp-dimensional process and
set B = (Br,....B)"

Then the stochastic differential equation
dG(t) = AG(t)dt + PdL(t) (2.3)
18 uniquely solved by the process G given by

G](t) = / eMtw]'(f)\) @(d)\), ] = 1, 2, NN t e R,

—00

where for j =1,2,...,p—1

wi(z) = ~(win(e) + )

and

SE N

wy(z) =

(_ Z Ap w1 (2) + 5p> :
k=0

The strictly stationary process G can also be represented as

G(t):/t A9B L(ds), teR. (2.4)

— 00

Moreover, G(0) and {L(t)}:>o are independent, in particular, E[G;(0)L(t)*] =0 for
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allt >0, 7=1,2,...,p. Finally, it holds that
p—=2 j '
wy(2) = P(2)7! (@oz”_l -> > Ap—kﬁp+k—j—12]> and
§=0 k=0
wi(2) = P(2)7'Q(2),
where the "autoregressive polynomaial” is given by
P(2)=I,2" + 412"+ ...+ A, forzeC
and the "moving average polynomial” by
Q(2) = Bo2' + B1z2" ' +...+ B, forz€C (2.5)

and ffooo lw;GN)||* AN < oo for all j € {1,2,...,p}.

Note that the process G in Theorem 2.3.2 is a multivariate Ornstein-Uhlenbeck

process. From this fact one can derive many probabilistic properties of MCARMA

processes.

Let us now give the definition of a multivariate continuous-time autoregressive moving

average process as stated in Marquardt and Stelzer [69].

Definition 2.3.4 (MCARMA process)

Let L = (L(t))ier be a two-sided square integrable m-dimensional Lévy process with

E[L(1)] = 0 and E[L(1)L(1)"] = 3.

An m-dimensional Lévy-driven continuous-time autoregressive moving av-
erage process (Y (t))er of order (p,q) for p > q (MCARMA(p,q)) is defined

as

Y(t) = / SMPEN)TIQ(IN) B(dN), t ER,
where the autoregressive and moving average polynomial are given by
P(2) = I,2" + A2+ + A,

and

Q(2) :== Bpz?+ Bz ' + ... + B,

(2.6)
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for z € C.

Furthermore, ® is the Lévy orthogonal random measure of Theorem 2.3.2 satisfying
E[®(d\)] = 0 as well as E[®(dN)D(dN)*] = 2%,. Here A; € M,(R), j=1,...,p
and B; € M, (R), i =1,2,...,q are matrices satisfying B, # 0 and

N(P):={z€C:det(P(z)) =0} C R\ {0} +iR.

Normally, one is interested in a causal process. This means that the process is a
function of past values and does not depend on future values, that is the process
adapted to the natural filtration of the driving Lévy process. Hence, we give the
definition of a causal MCARMA process.

Definition 2.3.5 (Causal MCARMA process)
Let L = (L(t))ier be a two-sided m-dimensional Lévy process satisfying

/”>1 log [l #(dz) < oo. (2.7)

Assume further that p,q € No with ¢ < p and Ay, As, ..., Ay, Bo, By, ..., B, € M,,(R),
where By # 0. Define the matrices A, B and the polynomial P as in Theorem 2.5.3
and assume o(A) = N(P) C (—o0,0) + iR.

Then the m-dimensional process
Y(t) = (L, O, - .-, 00)G(2), (2.8)
where G is the unique stationary solution to
dG(t) = AG(t)dt + BdL(t)

is called a causal MCARMA(p, q) process. Again, the process G is referred to

as the state space representation.

Additionally, the stationary MCARMA process can also be represented as a moving

average process as can be seen by the next theorem.

Theorem 2.3.6 (Marquardt and Stelzer (2007), Theorem 3.22)
The MCARMA process (2.6) can be represented as a moving average process

Y(t) = /_OO g(t —s)L(ds), teR, (2.9)

[e9]
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where the kernel matriz function g : R — M, (R) is given by

1

g(t) = — / ) e P(ip) ' Q(ip) dp. (2.10)

2

For causal MCARMA process defined in Definition 2.3.5 an analogous result holds if
the kernel function ¢ is replaced by

G(8) = (I, Oy - -+, 0,)™* 811, 00) (5). (2.11)

Remark 2.3.7

All the results in this and the next subsection remain valid if we allow the dimension
of the Lévy process to be different than the dimension of the MCARMA process.
We have in this case a two-sided Lévy process L with values in R? and the m-
dimensional Lévy-driven CARMA process, with polynomials P(z) € M,,(R(z)) and
Q(z) € M,, 4(R(2)), is the solution of p*"-order linear differential equation

P(D)Y (t) = Q(D)DL(t),

which is interpreted as being equivalent to the state space representation dG(t) =
AG(t)dt + BdL(t), Y(t) = (I, Om, - - -, 0,)G(t), t € R, where we have now matrices
with the following dimensions: 8 € M,,,xqa(R), and (1, 0y ..., 0) € My (R).

2.4. PROPERTIES OF MULTIVARIATE CARMA PROCESSES

Lastly, let us recall some useful properties of stationary MCARMA processes in this

section.

Proposition 2.4.1 (Marquardt and Stelzer (2007), Proposition 3.26)
The processes defined in Definition 2.53.4 and Definition 2.3.5 are strictly stationary.

Proposition 2.4.2 (Marquardt and Stelzer (2007), Proposition 3.27)
If the driving Lévy process L has the characteristic triplet (v, %, v), the distribution
of the MCARMA process Y (t) is infinitely divisible for t € R. Moreover, the

characteristic triplet of the stationary distribution is (752, X2, v5°), where

W= / shyds+ / / 2 (Lqgesral<ry — Lyjag<ry) v(da)ds,
5 = [ g2 (s) ds
R
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and V$(B):/1R/m 15(g(s)x)v(dr)ds. (2.12)

For a causal MCARMA process the same result holds with g replaced by g.

Proposition 2.4.3 (Marquardt and Stelzer (2007), Proposition 3.28)
Let Y = (Y(t))ier be the MCARMA process defined by (2.3.4). Then, its matriz-

valued autocovariance function is given by

r,(h) ! / h MPEN)TIQENZLQEN) (PN AN, heR (2.13)

" or

—00

and the spectral density is given by

L0 = %P(z’/\)IQ(M)ZLQ(M)*(P(i)\)l)*, AER. (2.14)

Definition 2.4.4

An Ri-valued continuous-time linear state space model (A,B,C, L) of dimension
N s characterized by an R™-valued driving Lévy process L, a state transition matriz
A € My(R), an input matriz B € My ,,,(R) and an observation matriz C € My n(R).

It consists of a state equation of Ornstein-Uhlenbeck type
dX(t) = AX(t)dt + BAL(t) (2.15)
and an observation equation
Y(t) =CX(t). (2.16)

The RN —valued process X = (X (t))ser is the state vector process and the R-valued
process Y = (Y (t))ier is the output process.

The next result characterizes the connection between continuous-time state-space

models and MCARMA processes, which is very useful in the following.

Proposition 2.4.5 (Schlemm and Stelzer (2012), Corollary 3.4)
Assume that the driving Lévy process L satisfies EL(1) = 0 and E||L(1)]]* < oo.
The classes of causal MCARMA and causal continuous-time state space models are

equivalent.

Last but not least, we recall a result on the sampled process of a stationary MCARMA

processes by Schlemm and Stelzer [90]. The corresponding sampled process Y?) =
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(erh))nez of a continuous-time stochastic process Y = (Y (t));cr is defined by inserting
nh into the original process i.e. Y\" = Y (nh). The constant h > 0 determines the
sampling distance. Consequently, we observe the process at equidistant time points.
The sampled process is of particular interest in the case of discrete-time observation

of the original continuous-time process.

Lemma 2.4.6 (Schlemm and Stelzer (2012), Lemma 5.2)
Assume that'Y is an MCARMA process as in Definition 2.4.4. The sampled process

Y has the state space representation given by the state equation

X, =e"X,  +RW, (2.17)
and observation equation
v =X, (2.18)
with noise
nh
R™ = / A= 3 AL (u). (2.19)
(n—1)h

h L . . .
The sequence (R; ))nGZ 1s 1.1.d. with mean zero and covariance matric

h
> = ERWRWT — / By B e ™ du. (2.20)
0

We have now recalled the most important definitions and results about stationary
MCARMA processes. After this brief review of stationary MCARMA processes we

are going to extend these processes to the non-stationary case in the following.

2.5. INTEGRATED MCARMA PROCESSES

We define in this section integrated MCARMA processes and derive some characteri-
zations. Integrated CARMA processes were first defined in Brockwell and Lindner
[23] in the univariate setting. An integrated CARMA process is given by the integral
of a stationary CARMA process.

Definition 2.5.1 (Integrated CARMA process)
Let Y = (Y(t))ier be a univariate stationary CARMA(p, q) process with integers
p > q. The non-stationary d-times integrated CARMA(p,d,q) (ICARMA)
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process I'YD | for d € Ny is defined as
t Ug—1 ul
I9D(t) = / / / Y(u)duduy ... dug_. (2.21)
0o Jo 0

We denote a d-times continuous-time integrated process I by I ~ Z(d). Note that
the ICARM A(p, d, q) process 19 can be represented in the following way

I9(t) = /Ot %Y(u) du, d € Ny, (2.22)

which can be seen by induction. The representation is similar to the representation

of a fractionally integrated CARMA process as in Marquardt [68].

We can extend the definition straightforwardly to the multivariate case as can be

seen in the next definition.

Definition 2.5.2 (Multivariate Integrated CARMA process)

Let Y = (Y(t))er = (Yi(t),Y2(t),. .. ,Ym(t));GJR be an m-dimensional stationary
multivariate CARMA(p,q) process with parameters p > q. The non-stationary
multivariate d-times integrated CARMA(p,d,q) (MICARMA) process
ID d e Ny, is defined as

t Ug—1 u1l
I19D(t) .= / / . / Y(u)duduy ... dug—y
0 Jo 0

f(;t Oud_1 o foul le(u) du du1 A dudfl
_ E , (2.23)

fOt OUd_l ce fOU1 Ym(u) du du1 .. dud—l

The definition of an integrated CARMA process is not restricted to Riemann integrals,
e.g. we could also define it with respect to stochastic integrals, for example integrate

with respect to a Lévy process.

Remark 2.5.3
If we have the differential equation P(D)Y (t) = Q(D)DL(t) and define Py(z) :=

P(2) - z¢, we have
Py(D)I(t) = P(D)DI'(t) = P(D)Y(t) = Q(D)DL(t) (2.24)
and thus 19 is itself an MCARMA (p + d, q) process.

There is an analogous representation of the MICARMA process similar to the
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representation (2.22) in the univariate case

@) = /0 %Y(u)du: /0 diag (%) Y()du — (2.25)

The integral in the last equation is again defined componentwise. Using the state

space equation we can derive another representation.

Proposition 2.5.4
The MICARMA (p,d,q) process I'D can be represented in the following way

[(d)(t):/o %Y(U) du

U

-1

- (ve0 - [ - ups dL<u>)] ,

Vi

i
o

where G and B are defined as in Theorem 2.3.3.

Proof. This can be seen directly by using the state space representation (2.3) recur-

sively. O






CHAPTER 3

ARMA REPRESENTATIONS OF MCARMA
AND MICARMA PROCESSES OBSERVED AT
DISCRETE TIME POINTS

3.1. INTRODUCTION

Although we consider in this thesis continuous-time models, the discrete-time models
are of special interest for us. The reason for this is that despite having a continuous-
time model, we observe only the process at discrete time points. Hence, we analyze
the representation of the observed process and moreover its autocovariance structure.
The aim of this chapter is to derive a vector autoregressive moving average (VARMA)
representation for stationary and integrated multivariate autoregressive moving

average (MICARMA) processes observed at discrete time points.

Stationary processes have practical properties, however, data often suggest a non-
stationary behavior. Integrated ARMA (ARIMA) processes are a generalization of
stationary ARMA processes allowing for a certain degree of non-stationarity. Taking
the first difference of an ARIMA reduces the non-stationarity. Using this fact one
can still use theory on stationary processes for integrated time series by taking the
first differences. The textbooks of Box, Jenkins and Reinsel [15] and Brockwell and

Davis [20] cover the basic theory on ARIMA processes.

The continuous-time integrated ARMA (ICARMA) processes, which was intro-

duced by Brockwell and Lindner [23] in 2013 is the continuous-time analogue of an
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ARIMA process. It is naturally defined by considering the integral of a stationary
MCARMA process Y, namely fot Y (t) dt. We consider the property of the integrated
sequence, which is nothing else than the increments of the ICARMA process, that is
Jor s, Y (@) dt.

In order to obtain the VARMA representations of either the stationary MCARMA
process or the integrated sequence of an MCARMA process || (Z(fi) Y (t) dt, we need a
decomposition of a stationary MCARMA process into MCAR processes. In particular
we obtain the decomposition Y'(t) = >7_; Yi(t) of a stationary MCARMA(p, q)
process, where Yy, (t) are MCAR processes. Decompositions of CARMA processes into
(multivariate) Ornstein-Uhlenbeck processes were considered in the univariate case by
Brockwell, Davis and Yang [21] and by Schlemm and Stelzer [90] in the multivariate
setting. We decompose an MCARMA process into the sum of MCAR processes. The
difference between our decomposition and the one presented in Schlemm and Stelzer

is the kind of process we decompose the original process into.

Necessary for this decomposition are results from the field of matrix polynomials. Ref-
erences about matrix analysis and matrix polynomials are for example the textbooks
of Horn and Johnson [50] and Gohberg et al. [41]. For the sake of comprehensibility,
we briefly recall the main definitions and the required results for this chapter in

Section 3.2 and present an extension to repeated solvents in Appendix 3.7.

Finally, we present weak VARMA representations of stationary MCARMA and
integrated MCARMA observed at discrete time points in Section 3.4. A related
VARMA representation for stationary MCARMA processes can be found in Schlemm
and Stelzer [90], where a different decomposition was used. Furthermore, an ARMA
representation of a sampled univariate CARMA process was also considered in
Brockwell and Lindner [22] and for a univariate integrated CARMA process the

result was given in Brockwell and Lindner [23].

3.2. THEORY ON MATRIX POLYNOMIALS

In this section we review main results about matrix polynomials. Of greater interest
for the following considerations is some criterion if a matrix polynomial can be
factorized into ,linear factors“. This means we have matrix valued ,roots* for which
we can factor the matrix polynomial as in the one-dimensional case. However, since
we do not have the Fundamental Theorem of Algebra for matrix polynomials and the
commutativity property does not hold, we need the following definitions and results

to specify a similar result at least for special cases.
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First, we define matrix polynomials. Since in general matrix multiplication is not
commutative, we need to make a difference of the polynomial depending on the side

we multiply the matrix.

Definition 3.2.1

An n"-degree, m'"-order monic \-matriz A : C — M,,(C) is given by
AN) = AN+ AN 4+ A A+ A, (3.1)

where A, € M,,,(C), k=0,1,...,n, Ay =1, and X € C.
Let X be an m X m dimensional complex matriz. The right matrix polynomial
Agr : M,,(C) = M,,,(C) is given by

Ap(X) = ApX" + AL X"+ + A X+ A, (3.2)

and analogously the left matriz polynomaial Ay, is given by

Ap(X) = X"Ag+ X" 1A + ...+ XA, 1 + A,

By considering the determinant of a matrix polynomial, we obtain a one-dimensional
polynomial with ,classical“ roots. These roots of the determinant of the matrix
polynomial and vectors related to these roots are important for the multivariate

extension of univariate roots. Therefore, we give now a formal definition.

Definition 3.2.2

Let \; be a complex number such that
det(A(N;)) =0, (3.3)
then X; is called latent root of A(N\). A complex m x 1 vector p; satisfying

is called right latent vector of A(\) associated to \;. Similarly, q; is a left latent
vector if
Q;'FA()\i) = O1xm-

Finally, we are going extend the definition of a root to the matrix polynomial case.
Since matrices do not commutate in general, we have to differ between left and right

roots, depending on the side we are multiplying the matrix.



30 CHAPTER 3. ARMA REPRESENTATIONS OF M(I)CARMA PROCESSES

Definition 3.2.3

Let R be an m x m complex matriz such that
Ap(R) = AgR" + A\R" ' + ...+ Ay 1R+ Ay = Opserm, (3.5)

then R is called a right solvent of the \-matriz A(\) and an m X m complex matriz
L is a left solvent if Ap(L) = L"Ag+ L" YAy + ...+ LA, 1 + An = O

The companion form of a matrix is a special form closely related to matrix polynomials.
The coefficient matrices build the last row of the companion matrix. This special
form plays a major role for (Vector-)ARMA and (Multivariate-) CARMA processes
as one can use this form to represent these processes. Moreover, it can be easier
to derive some properties of the processes using the companion form instead of the

matrix polynomial form.

Definition 3.2.4
Given a right matriz polynomial M(X) = X"+ A, X" 1 + ...+ A, the corresponding

block companion matrix is given by

0 I, 0 0
0 0 1,

Ao = o | € Mun(O). (3.6)
0 . ... 0 I,
A, —Apy . A

A block companion matrix A¢ is invertible if A,, is invertible. If Ao is invertible, the

inverse of the block companion matrix is given by

~-D, —D,_\ ... ... —Dj
I, 0 ... ... 0

Al =1 o RV | € Myn(C), (3.7)
0
0 0 I, 0

where D; = A 'A;_y, fori=2,...nand D; = A"

Note that the characteristic polynomial of the companion matrix is given by

det(Ac — M) = (—1)™ det(L, A" + AN 4.+ AY). (3.8)
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This equation shows clearly the connection between eigenvalues of the companion
matrix and the roots of the matrix polynomial. A profound theory on matrix

polynomials and solvents can be found for example in Dennis et al. [29] and [28].

After we have listed the most important definitions we can now summarize some
useful theorems. We start with a useful connection of latent roots of the matrix

polynomial and eigenvalues of the corresponding companion matrix.

Theorem 3.2.5 (Dennis et al. (1976), Theorem 3.2)
If X is latent root of A(X\) and p is a right latent vectors, then X is an eigenvalue of

the matriz Ac and
-
vi= <pT Apl - A”_lpT) € Mpnx1(C)

s a right eigenvector of Ac.

As earlier mentioned, we can characterize a solvent by its latent roots and latent

vectors, which can be seen easily by the next result of Dennis [28].

Theorem 3.2.6 (Dennis et al. (1976), Lemma 4.1)
If A(X) has m linearly independent right latent vectors py,. .., pm corresponding to
the latent roots A1, ..., Ay, then

PAP™!

is a right solvent, where P := (p1,...,pm) € My (C) and A := diag(Ay, ..., A\n).

In order to factorize an n'"-degree matrix polynomial into linear factors we need
criteria for having n factors. There exist special cases, when one can completely
factorize a matrix polynomial. In order to characterize these cases we need the

following definition.

Definition 3.2.7
A set of right (left) solvents Ry, k=1,...,n (Lg, k=1,...,n) is called a complete
set of right (left) solvents of A(\) if

o(AQN) = [ o(Bw), <U(A(A)) = 0(%)) , (3.9)

where a(A(N)) is the spectrum of A(X) and o(Ry) (0(Ly)) is the spectrum of the right
(left) solvent Ry, (Ly).
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As in Markus and Mereuca [66], a right solvent R of A(\) is called regular if
a(R)Na(AD(N) =0, (3.10)
where the monic A-matrix AW ()\) of degree n — 1 is given by
AN = ADN)(M,, — R). (3.11)
Similarly, a left solvent of A(\) is called regular if
o(L) Na(AD(N) =9,

where the monic A-matrix AQ()) of degree n — 1 satisfies A(\) = (AL, — L)AD(N).
Hence, a complete set of regular right (left) solvents Ry (Li),k =1,...,n of A()) is
given by

O-(Rk)mo-(R]>:®7 k%j: Lk=1...,n

and

o(AN) = [ o(Ry), (3.12)

k=1

or respectively
o(Le) No(L) =0, k#4, jk=1,....,n and o(A(N) = | o(Ly).
k=1

The easiest case, where we have a complete set of eigenvalues is characterized in the

next theorem of Dennis et al. [28].

Theorem 3.2.8 (Dennis et al. (1976), Theorem 4.1)
If the latent roots of A(X\) are distinct, then A(X) has a complete set of right solvents.

Next, we recall the definition of matrix residues and use Cauchy’s integral theorem.
Let X € M,,(C) with distinct eigenvalues. We denote by Aq,..., A, for ¢ < m the
distinct eigenvalues of the matrix X. Cauchy’s integral theorem (see e.g. Lax [60],
Theorem 17.5) states that for the matrix function f(X):= 3" a,X" we have

FX) = % f; FOYOL, — X) T = —— d (A= LX) F Ay, (3.13)

21 Jp
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where Ay, ..., A, lies in the interior of I'. Note that I' is some closed contour in C

winding once around each eigenvalue of X.

Thus, we have for the right matrix polynomial Ag : M,,(C) — M,,(C)
1
Ar(X) = =— ¢ AN\, — X)) 1dA
W) = 5 § AN~ X)
- 1
= A {— f{ AR = I, X) " dA
— 2m Jr

= AX"H (3.14)
k=0

Consequently, for matrix exponentials we have by Lax [60], Theorem 17.5, a similar

representation given by

1
X— _— ez, — X)) Mdz. 3.15
e omi b€ (2 ) dz (3.15)

For a more detailed theory on matrix residues of rational A-matrices see e.g. Tsay
and Shieh [98]. We state the definition of rational A-matrices and consider their

residues.

Definition 3.2.9
A strictly proper rational left \-matriz with n'"-degree m'™-order has the rep-

resentation
F(X\) = AN)'Bi(N), (3.16)

AN = Y0 A ™ with Ay = I, and Bi()\) = Z;é By Nk The rational
A-matriz F(X) is irreducible if Aj(\) and By(X) are left coprime.

A rational right A-matrix F(A\) = B,(\)A,(\)™! is defined analogously. We denote
by adj(A) the adjugate of A. An alternative representation for a rational A-matrix
F()) is given by

1

PO = Getaoy)

adj(Ai(A)) Bi(A).

For an irreducible F'(A) the roots of det(A;(\)) are referred to as the poles of
F(X) and det(A;(A)) = det(A,(A)) holds. Furthermore, we have adj(A;(A))Bi(\) =
B.(A)adj(A-(N\)). If A;(A) has a complete set of regular right solvents R; for i =
1,...,n, then the right solvents R; are called the regular left block poles of F'(\).
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Definition 3.2.10
Let R be a regqular right solvent of A(\), then the residue of the rational A\-matrix
F(\) at R is defined by
ReslF. R = —— ¢ F(\)dx (3.17)
eslF) R = 5 " : .
where I'g is a simple closed contour such that o(R) is contained in the interior of I'g
and o(A(N)) \ o(R) is contained in the exterior of I'g.

The next theorem characterizes a matrix residual and the corresponding rational left

matrix function to a solvent, which can be found in the paper of Tsay and Shieh [98].

Theorem 3.2.11 (Tsay and Shieh (1982), Theorem 3.4)
If F(\) is defined as above and A(X) has a set of regular right solvents Ry, ... R,
with o(Ry), k=1,...,q and ¢ < n lying in the interior of I'. Then
1 q T
— @ F(\)dA =) Res|F,R,] =Y F"(Ry), (3.18)
k=1

271
r k=1

where FL(k)(R) is the rational left matriz function of F®(X\) := (A, — Ri)F(\)
evaluated at R.

Finally, we recall another theorem of Tsay and Shieh [98], which is going to be
the key result for the proof of the decomposition presented in the next section. It
enables us to separate a rational A-matrix into a sum using the right solvents and

the corresponding matrix residual.

Theorem 3.2.12 (Tsay and Shieh (1982), Theorem 4.1)
If F(\) is a strictly proper, irreducible rational A-matriz, where A(X) has a complete

set of reqular right solvents Ry, ... R,, then

F(\) = i(/\]m — Ry.) ! Res[F, Ry). (3.19)

One can also consider repeated right solvents instead of non-recurring solvents. For
the sake of completeness we have summarized the main results for this generalization
in Appendix 3.7. The result in this chapter hold also for repeated solvents. However,
the representations are more technical and thus we forego to present the more general

result.
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3.3. DECOMPOSITION OF AN MCARMA PROCESS

Before we present the key results, we first state some assumptions which we need
repeatedly throughout the rest of this chapter. In order to have a properly defined
MCARMA process we make a moment assumption on the Lévy process. Furthermore,
we make two assumptions on the transition matrix A. The first assumption on A
guarantees that we have a stationary MCARMA process and the second one will not
only simplify the notations but also be a sufficient condition for the corresponding

matrix polynomial to have a complete set of regular right solvents.

Assumption Al
The Lévy process L satisfies EL(1) = 0 and E||L(1)|]? < occ.

Assumption A2
The eigenvalues of A in equation (2.15) and consequently of A € My(C) in (2.2),

have strictly negative real parts, where N = pm.

Assumption A3
The eigenvalues A, ..., Ay of A in equation (2.15) and consequently of A € My (C)

in (2.2), are distinct, where the dimensions satisfies N = pm.

The following theorem is the multivariate extension to the result of Brockwell, Davis
and Yang [21], Proposition 2, where a univariate CARMA process was decomposed
into CAR(1) processes. In the work of Schlemm and Stelzer [90], Proposition 5.1),
another decomposition was considered. In the latter case, an MCARMA process was
considered and decomposed into a sum of dependent Ornstein-Uhlenbeck processes.
However, we have a matrix in the exponential in contrast to a scalar as in the results
of Schlemm and Stelzer [90].

Theorem 3.3.1

LetY be a MCARMA (p,q) process and assume that Assumption A1-Assumption A3
hold. Then there exist a complete reqular set of right solvents Ry, of the autoregressive
matriz polynomial P(\), for k =1,...,p, such that the process Y can be decomposed
into a sum of dependent, complez-valued multivariate Ornstein-Uhlenbeck processes

as

Y(t) = Yi(t), (3.20a)
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where

t
Vi (t) = el =9y, (5) + / el =0 Res[F, Ry,] dL(u), (3.20b)

s

for s,t € R with s < t and the matriz fraction description F' is given by F(\) :=
PA)TIQ(N).

Proof. Due to Assumption A3 we can apply Theorem 3.2.8 and hence we have a
complete set of regular right solvents of P()). Further, let F()\) := P(\)7'Q()\) be
the rational matrix function, where P(A) and Q(\) are defined as in (2.5).

By Theorem 3.2.12 we have

F(\) =P\ 'Q(\) = iwm — Ry) "' Res|F, Ry). (3.21)

k=1

Then, with Cauchy’s integral formula (3.15) we obtain

g<t) = (Im7 Oma cee 70m)eAt5]1[0,oo)(t)

1 tA -1
= _— I L — A
omi . (L Oy 3 00) (M — A) ™" B dA
= i ]{ e PA)TIQ(N)dA
r

271

1 - % tA 1
= — Y ¢ (AL, — Ry) " Res[F, RyJdA
2mi — Jr
1 p
- (A, — Ry) "' Res[F, Ri]d\
s 2 O~ R ResIF R
p
= e Res[F, Ry, (3.22)
k=1

where I'y is a simple closed contour such that o(Ry) lies in the interior of I'y, and the
residuary spectrum o(A(X)) \ o(Ry) lies in the exterior of I'y and I' := |J;_, ['y.

Finally, we obtain by using (3.22) and Remark 3.23 in Marquardt and Stelzer [69]
that

Y(t) = /_ g(t — s)dL(s)

Pt
= Z/ eftk(t=) Res[F, Ry dL(s)
k=1Y 7%
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p

p t
Y (s) + Y / (=% Reg[F, Ry dL(u)
k=1

k=1

and thus we have completed the proof. O

Using this decomposition we can also calculate the covariance matrix of the decom-
posed process which depends now on the residuals of the rational matrix function
F(X). A representation for the covariance matrix of the decomposed process is

derived in the next proposition.

Proposition 3.3.2
Let Y be an MCARMA process, which satisfies Assumption A1, Assumption A2 and
Assumption A3. Then we have the covariance matriz vy (1) = Cov(Y (t +1),Y (t)) of

the decomposed process given by

p p

() =) el / " Res[F, RS, Res[F, R,]Te"™ du. (3.23)

i=1 j=1 0

Proof. Due to the assumptions we can apply Theorem 3.3.1 and obtain
vy (1) =Cov(Y(t+1),Y(t))

— Cov (ij Yi(t + 1), im@))

i=1 j=1

p t+1 t
= Cov < / eftiltHll=v) Res[F, R;] dL(u), / efi=) Res[F, R;] dL(u))

ij=1 00

P 00
= Z el s / eufti Res|F, R;|X1 Res|F, Rj]Te“RJT' du.

ij=1 0

Thus, we have shown the representation in the proposition. O

Last but not least, we comment briefly how the decomposition looks like in the case
of repeated right solvents. In this case the notation gets more complicated due to

the repeated solvents.

Remark 3.3.3
Assume that we have in Theorem 3.3.1 a complete set of repeated solvents Ry, for
k=1,...,u, with multiplicities v, ..., v, respectively, instead of distinct eigenval-

ues. Then the stationary MCARMA process Y can be decomposed similar as in
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Theorem 3.3.1 using Theorem 3.7.8 as

Vi

R (3:24)

i=1 j=1

with
t
Vi;(t) = Rty (s) + / el F dL(u), (3.25)

where F}; is the corresponding matrix residue given by (3.54).

3.4. ARMA REPRESENTATION AND AUTOCOVARIANCE
STRUCTURE OF MCARMA PROCESSES OBSERVED IN
DISCRETE TIME

We consider now MCARMA processes observed at discrete time points. The aim of
this section is to derive VARMA representations for both cases in the subsequent
section. Hereafter, we restrict ourselves to the case of distinct eigenvalues for the sake
of simplicity in notations, namely Assumption A3 holds in the following. Besides, we
assume throughout the rest of this chapter that Assumption Al and Assumption A2
hold. Hence, we have a causal stationary MCARMA process. Furthermore, we use
in the following the state space representation of the sampled process given as in
Lemma 2.4.6.

Let us first prove an auxiliary lemma, c.f. Brockwell and Lindner [22] for the one-
dimensional case. To distinguish the notation between the continuous-time process
and the sampled discrete-time process, we write Y,, for Y (n) in the following and

accordingly Yy, for Yi(n).

Lemma 3.4.1
For each | € Ny and all complex m x m matrices C4,...,Cy it holds that

XZ:CTYIC(}:Z) : P ZC e h(l—r)
r=1

-1
+ elrhie ZC’e ropR ] N (3.26)

r=1

(h)
knl

where N,E}Q = f(zh_l

h efinh=u) Res|F) Ry] dL(u), where the A-matriz F and the right
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solvents Ry are given as in Theorem 3.3.1.
Proof. We rewrite (2.18) as stated in the lemma. We show the claim by induction.

The assertion is clear for [ = 0 since we always set the empty sum to zero. Assume

the equation holds for some [ € N. We can then rewrite Y}, using (3.20b)
! l

Zl hrRk_ZCer] ] k/;)qﬂ

I+1
I+D)R (41— h)
-3 CYE [ Y i g | v
r=1 r=1
!
ey e - Seen]
r=1 =
which completes the induction step. O

A polynomial P € M,,(R[z]) is called monic if its leading coefficient is equal to
I, and Schur-stable if the zeros of z — det P(z) all lie in the complement of the
closed unit disc. Eventually, we can obtain a VARMA representation for the sampled
version of an MCARMA process.

Theorem 3.4.2
Assume that' Y is an MCARMA process as in Definition 2.3.4 satisfying Assump-

tion A1, Assumption A2 and Assumption A3 and YW is its sampled version. Define
the Schur-stable polynomial ® € M,,(R[z]) by

O(2) = (I —e"2) o (I, —"512) = [, — &2 — ... — D,2P, (3.27)
such that ek =1,... p are right solvents of the polynomial ®(z) and the matrices
S; are similar matrices to the right solvents R;, for i =1,...,p, which depend on the

order of the factorization.

Then there exists a monic Schur-stable polynomial © € M,,(R[z]) of degree at most
p — 1 such that

d(B)YM =0(B)EW, necz, (3.28)

n

where B denotes the backshift operator, i.e. By = Yn(ﬁ)j for every non-negative
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integer j and the white noise sequence e (not necessarily i.i.d.). Thus, Y™ admits
a weak VARMA(p,p — 1) representation.

Proof. By setting t = nh and s = (n — 1)h in (3.20b), we obtain that v =
(- Yk(i), where Yk(h) are the sampled version of the component MCAR(1) process

s

of Theorem 3.3.1. They satisfy

Yo =y N (3.29)
with
nh
AR / o/t Res[ F, Ry] dL(u) (3.30)
(n—1)h

and hence we obtain (I, — thB)Y( ) = N,EIQ

k,n

For each | € Ny and all complex dm x m matrices @1, ..., ®; it holds by Lemma 3.4.1
that with

v = Z<I> YL+

-1
53
r=1

(h)
Yk,n—l

P
ethk _ § @Teh(p—T)Rk
r=1

(3.31)

n—=r’

ohrRe _ Z (I)jeh(rj)Rk] ngf;)

j=1

Note that by [67], Theorem 5.2., (c.f. Theorem 3.7.7) we only have similar matrices

in the factorization instead of the right solvents itself. The fact that "#* is a right
solvent of z — ®(z) implies that
ePhBe @ ep=DhBe =,
Hence, we have with [ = p and C, = ®, for (3.31) that
p—1 r
B =3 | N et | N
r=0 j=1
Summation over k and rearranging leads to
p
SB)YW =YW= U, (3.32)
k=1

where the i.1.d. sequences (Wk(ﬁl))nez, ke {1,...,p}, are defined analogous as above
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kn . /n 1)hz [ hrR, Z(I) e (r—j)R k(nh—u) Res[F, Rk]dL(u)_ <3_33)

By a multivariate generalization of Brockwell and Davis [20], Proposition 3.2.1, there

exists a monic Schur-stable (due to Assumption A2) polynomial
O(z)=1,+0601z2+...+ @p_lzN_l

and a multivariate white-noise process ( ) WN(0,%), n € Z and ©; € M,,(R),
i=1,...,p, such that (3.28) holds. ]

Next, we derive the covariance matrix of the series (U,Sh))neN, which is defined in the

proof of the last theorem.

Proposition 3.4.3
Let U™ be the multivariate time series defined in (3.32). Then we obtain for the

covariance matriz Yym ot lagl = —(p—1),...,p—1 that

p=lll | p i+l -1
’YU(h>(l): Z (e i+m—1)R, Z cI) h(i+l=i=1)Ry >

=1 v=1 p=1
i—1 T
7j=1

and Yym (1) = 0 for |l| > p, where

»(h)

V?/J/

h
= / efr(h=0) Reg[F) R,] 5, Res|F, R,]Te™ (=% du, (3.35)
0

Proof. Let l € {—(p—1),...,p— 1}, then

() = Cov (UL, U)

= Cov (Wl(,hn)+|l\+ AW

pn+|l|—p+1°

(h (h)
W Wp n— p+1>

p—|1

_ ()
- Z Cov < z+|l| n—i+1’ Wi,n7i+1>

(333)1)—”\ p P ( i+l -1
g § : E :2 : h(i+|l|-1)R, § : (I) h(i+|l—j— 1)Ry>
€ 1S
=1

7j=1
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(n—i+1)h ‘
Cov / efrin=itDh=ul Re[F R, dL(u),
(n—i)h

(n—i+1)h e
/( . efiuln=t D= Reg[F R, ] AL (u)

i—1 T
<eh(i1)Ru _ Z (I)jeh(ijl)R#> 7
j=1

where
h h
Eu}z :=Cov (Ny(,n)—i—i—l? N,ﬁ,ﬁ_m)
(n—i+1)h ‘
= Cov / eftrin=i+Dh=ul Res[F R, ] AL (u),
(n—i)h
(n—i+1)h }
/ efiuln=itDh=u Reg[F R, ] AL (u)
(n—i)h
h T
= / ef ("= Res[F, R,] 1 Res[F, R, dy
0
and finally the assertion follows. m

Proposition 3.4.4
Let U™ be the multivariate time series defined in (3.32). An alternative representa-

tion for the covariance matrix Yym 1S given by

p—lll-1
Ym ) = Y OZOf . for ll<p—1  (3.36a)
k=0
and Yo (1) =0, for |l| >p—1, (3.36D)
where the matrix coefficient ©g = I, and X, is the covariance matrix of the white

noise sequence el from equation (3.28).

Proof. With the moving average representation found in Theorem 3.4.2, we obtain

directly the alternative representation for the covariance matrix v, at lag [ =
—(p—-1),...,p— 1L ]

Note that comparing the two representations of the autocovariance matrix yields

p—|i|-1 =il | » ' i+l -1 ‘ '
Z szff@;crﬂﬂ _ Z Z (eh(1+m1)Ry _ Z (I)jeh(zﬂl]l)RV)
j=1

k=0 i=1 | v=1 p=1
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T
_Elgh(h(ll Zq)e —j—1R )

3.5. ARMA REPRESENTATION AND AUTOCOVARIANCE
STRUCTURE OF THE INTEGRATED SEQUENCE

Now that we have derived the (weak) VARMA representation of a sampled stationary
MCARMA process let us turn to the integrated sequence. Hence, we obtain similar

results for the integrated sequence using again the decomposition from Section 3.2.

Assume that we have in this section a multivariate integrated CARMA (MICARMA)
process given as in Definition 2.5.2. In this context, we consider the integrated
sequence, that is an MICARMA process sampled at discrete time points. Its definition

is the same as in Brockwell and Lindner [23].

Definition 3.5.1 (Integrated Sequence)

The integrated sequence I") := (L(lh))neN is defined as
nh
I = 1O (ph) — IV ((n - 1)h) = / Y(u)du, necZ, (3.37)
(n—1)h

where Y is a stationary multivariate CARMA process satisfying Assumption Al,

Assumption A2 and Assumption AS3.

The integrated sequence is thus simply an integrated MCARMA process sampled at
integer time points. The covariance matrix of the integrated sequence is given in the

following proposition.

Proposition 3.5.2
Let I™ be the integrated sequence as defined in Definition 3.5.1. The covariance

matriz of (L(lh))neN is given by

Yram (1 Z Z 2l / "™ Res|F, RS, Res|F, R;]Te?™ dy. (3.38)

=1 j=1

Proof. This follows immediately from Proposition 3.3.2 and Fubini’s Theorem. We
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justify now the use of Fubini’s Theorem. By the Hélder inequality we have

E[|Yi(t + DY;(0)7]] < (BIYi(t + DI2)? (Bl V;(0)]2)?

N[

< (/ tr (eyRi Res[F, R;|¥, Res|F, Ri]TeyRiT) dy>
0

=

: (/ tr <eij Res|F, R;]¥ Res[F, Rj]TeyRJT‘> dy)
0

(I o) e ([T o)
0 0

K-/ 2vkdy = K - L
0

IN

IN

2k

for some constants C, K,k > 0. Note that R; as well as I?; have eigenvalues with

strictly negative real part and hence the last inequality holds. Lastly, we have

(I4+1)h K - h2
/ / —dudv = Z < 00.

Now we use Proposition 3.3.2 and Fubini’s Theorem and obtain

(+1)h
i (1 / / Cov(Y (u),Y (v))dudv

(I+1)h
/ /Cov(ZYt+l ZY )dudv
PP (4D
ZZ/ / lR/ eV Res[F ]ELRes[F,Rj]TeyRJTdydudv

=1 j=1

which completes the proof. O

Analogously to Theorem 3.4.2 we proceed in the same manner with the integrated
sequence. First, we derive that the integrated sequence is an autoregressive process

with p-dependent noise.

Theorem 3.5.3
If Y is an MCARMA process satisfying Assumption A1, Assumption A2 and As-
sumption A3, the integrated sequence (I,(Lh))neN defined in (3.37) is an autoregressive

process driven by a p-dependent noise sequence U. It satisfies the difference equation

®(B)IW = U / Wl (s)ds, ne€z, (3.39)
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where ®(z) is given by (3.27) and Wk(:};) (s) given by

—1)h+s

p—1 nh+s T
W Z / (ehTRi -y c1>jeh<’“—ﬂ>Ri> eftimhts=u) Res[F) Ry, dL(u).
j=1

(3.40)

Proof. Tt follows directly from (3.32) that every stationary MCARMA process Y

satisfies the difference equation
®(B)Y (nh +s) = U (s)

for any fixed s € [0, h] and for all n € Z, where

ZWkn k+1

Hence, it follows with I\ = th Y (nh + s) ds that the representation (3.39) is valid.

The summands on the right-hand side of (3.39) are not independent but they depend
only on increments of the Lévy process L over the interval [(n — p — 1)h, nh] and

hence the sequence (ﬁn)nEZ is p-dependent. ]

In order to obtain a (weak) VARMA representation it remains to show that the
p-dependent noise sequence from the previous theorem can be represented as a moving

average process.

Corollary 3.5.4
If Assumption A1 holds true, the sequence (ﬁn)nEZ 1s a p-dependent stationary
sequence with mean zero and finite variance. It follows that U, can be expressed as a

mO'UZ.ng average process
Uy, =EUy +n +O16n_1 4 ... + Openyp, (3.41)

with coefficients ©; € M,,(R[z]). The process (e,)nez is a weak white noise sequence

with zero mean.

Moreover, the (moving average) polynomial ©(z) := I, + ©12 4+ ...+ ©,2P has no
zeros in the interior of the unit disc. Thus, (L(@h))nez is a weak VARMA (p,q) process
with g =p or q <p if O, = 0p,.
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Proof. Again by a multivariate generalization of Brockwell and Davis [20], Proposition
3.2.1, there exist coefficients ©; € M,,(R), i =1,...,p and a multivariate white-noise
sequence (&,,)nez, such that (3.41) holds. O

Note that if the driving Lévy process has mean E[L(1)] = ur, the mean of the
MCARMA process Y is given by

E[Y ()] = A, By,

Hence, for the integrated process the mean is given by

E[Ih)]:/nh E[Y (t)]dt = —hA, ' Byuy. (3.42)
(

n—1)h

Once more, we take a closer look on the covariance matrices.

Proposition 3.5.5
Let U, be the multivariate time series defined in (3.39). Then we obtain for the

covariance matriz vy at lagl = —(p—1),...,p—1

%/ / ZZ( (H-DER Hilq) il == 1)Ru)

v=1 p=1 J=1

- T
Sy (8) <eh(’il)Ru _ Z (I)jeh(ijl)Ru> ] dsdv, (3.43)
j=1
where Eff,),(s,r) = Cov (N,Ef;)_iﬂ(s) lehg i (7 ))
Proof. We obtain
15(1) = Cov (Tneyn, U

(h)
= Cov (/ W1n+|l\ s)ds +. / an+\l| _p+1(8)ds,

/ W(h ydr +. +/ ng}; o (7 )dr)
p—l|

N Z/ / COV Z+|l|n 1+1( s), Wl(ﬁ 2+1( )) dsdr
il i+l -1

(3.40) Z/ / h(i-+li|-1)R Z B, (i+]l|—j—1) Ry
n,v=1
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(n—i+1)h+s ‘
- Cov / eftvin=itDhts—ul Rog[F R, ] dL(u),
(

n—i)h+s

(n—i+1)h+r ,
/ eRul(n—i+Dhtr—u] R g [F, R, dL(u)
(

n—i)h+r
i—1 T
. (eh(il)RM - Z (I)jeh(ijl)R”> ds dr,
=1

(n—i+1)h+s .
" (s,r) :=Cov (/ eftrin=i+Dhts—ul Rog[F R, ] dL(u),
(

where th
n—i)h+s

(n—i+1)h+r '
/ efiuln=itDhtr=ul Reg [ R JdL(u) | .
(n—i)h+r

The order of integration can be exchanged due to Fubini’s theorem. O

Last but not least we consider the autocovariance structure of the p-dependent

stationary sequence U.

Proposition 3.5.6
Let (Up)nen be the multivariate time series defined in (3.39) and the matriz coefficients
O, fori=0,...,p are defined as in (3.27). Then the autocovariance function of the

process U is given by

Iz?:o Z?:o iyron (1] — 7 + i)q)]Tv if |I] € {0,...,p},

0, otherwise.

e(l) = (3.44)

Proof. This follows immediately from (3.39) and Fubini’s theorem. O

3.6. CONCLUSION

Often continuous-time models are only observed at discrete time points. Hence,
discretised versions of the continuous time model are of great interest. We have
derived in this chapter a decomposition of stationary Lévy driven MCARMA (p, q)
processes into the sum of dependent MCAR processes, namely Y(t) = > 7 _, Yi(2).
This decomposition is also the key result, which enabled us to derive a weak VARMA
representation of order (p,p — 1) of a sampled stationary MCARMA (p, ¢) process.
We considered the stationary MCARMA process Y observed at equidistant time

points.
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We also derived a weak VARMA representation of order (p,p) for the integrated

T_I)h Y (t) dt, which is for example of interest for stochastic volatility

modelling. Moreover, we investigated the autocovariance structure of these discretised

sequence f(

models. These results could not only be useful in the estimation procedure, but also

in finding a criterion for strict stationarity as in the univariate case.

3.7. APPENDIX: PARTIAL FRACTION EXPANSION FOR REPEATED
SOLVENTS

We have recalled a partial fraction expansion without repeating right solvents. How-
ever, a right solvent could also appear more often than once. This chapter presents
the extension to these cases. For this purpose, we use a partial fraction expansion for
repeated right solvents. Results on factorization of matrix polynomials with repeated

solvents can be found for example in Maroulas [67].

Definition 3.7.1

For a matriz polynomial A(X) of degree n and order m we define

dk

AP(N) = AR

A matrix R is defined to be a right solvent with multiplicity v if and only if it

18 a common solvent of the equations
AR) =0, ADR)=0,, ..., A" Y(R)=0, (3.45)
with AY)(R) # 0,,. Thus we can write for the matriz polynomial A(\)

AN = A, (N(AL, — R)”. (3.46)

Another special matrix form is the so-called Vandermonde matrix, which is closely

related to the companion matrix and as a consequence with matrix polynomials.

Definition 3.7.2

Given m X m matrices Si,...,S,, the block Vandermonde matrix is defined by
I, I, I,
St So ... S,

V(S1,...,5,) = ) ] , € M (C). (3.47)



3.7. APPENDIX: PARTIAL FRACTION EXPANSION FOR REPEATED SOLVENTS 49

The Vandermonde matrix is extended in the next definition, which is necessary in

order to characterize criteria for a factorization with repeated right solvents.

Definition 3.7.3
Suppose Ry, ..., R, are right solvents of the matriz polynomial A(X) with multiplicities

V1, ...,V respectively. We define an mn x m(vy + ... + v,)-dimensional confluent
Vandermonde matric W (Ry,...,R,) =W by W = [Wy,...,W,], where

I, O O O
R} 2Ry, I
Wip=| R} 3R; 3Ry, O, . (3.48)
. .
R~ (=R (R ()R

Theorem 3.7.4 (Maroulas (1985), Theorem 2.1)
If the confluent Vandermonde matric W as defined in (3.48) is left invertible, then
there exists a matriz polynomial A(X\) having roots Ry, ..., R, with multiplicities

Vi,...,Vq respectively.

The invertibility of the confluent Vandermonde matrix can be guaranteed if the
eigenvalues are located in a certain way. A sufficient criterion is given in the next

theorem.

Theorem 3.7.5 (Maroulas (1985), Theorem 3.4)

Let Ry, ..., R, solvents of a matriz polynomial A(N), of multiplicities vy, ..., v

»7q

respectively. The matriz W 1is invertible if and only if

o(A) = Jo(R))

Jj=1

and

Jorjii=1,....q, j#i.

This theorem gives an intuitive interpretation, when we have a complete set of right

solvents with multiplicities. The eigenvalues corresponding to a right solvent are not
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allowed to belong to another right solvent, i.e. the spectra of right solvents must have
an empty intersection. Additionally, the union of the spectra of the right solvents

must be the spectra of the original matrix A.

A necessary and sufficient condition to have a root R of multiplicity v is given by

the following theorem.

Theorem 3.7.6 (Maroulas (1985), Theorem 4.1)
The monic polynomial A(X) has a right divisor (AL, — R)” if and only if there exists

an invariant subspace M of the companion matriz Ac of A(\) of the form

M = im(My) & im(M;) & ... & im(M,_1), (3.49)
where
T
Mo = (Om v Oy Iy (kzl)RT (";1) (Rn—k—l)T)

The set of solvents Ry, ..., R, is called complete for A(A) if and only if vy +. . .+v, = n,
where n is the degree of A(A). This means the sum of the multiplicities must add up

to the degree of the matrix polynomial.

Theorem 3.7.7 (Maroulas (1985), Theorem 5.2.)
The set of solvents Ry, ..., R,, (1 < q<mn) form a complete set of solvents of A(\)
with vy + ...+ v, =n. If the matrices W(Ry, ..., Ry), k = 2,3,...q are invertible,
then

AN) =T,(A) - To(AN) (AL, — Ry)", (3.50)

where
Tk()‘> = ()‘Im - Zk,Vk) e ()‘[m - Zk,Q)()‘[m - Zk,l)a k= 2,...,q (351)

and the matrices Zy j are similar to Ry, for j =1,...,v.

The block partial fraction expansion with repeated block poles is given in Shieh,
Chang and Mclnnis [93] or Levya-Ramos [61]. The next theorem is the analogue
version of Theorem 3.2.12. It gives the partial fraction expansion with respect to

repeated right solvents.

Theorem 3.7.8 (Shich et. al. (1986), Theorem)
Let Ry, ..., R, be a complete set of right solvents of the n* degree m™ order monic
matriz polynomial A(X), where p is the number of distinct solvents and v; is the

multiplicity of R;, with n = Y ' v;. The block partial fraction expansion of the
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wrreducible strictly proper rational left \-matrix is given by
woov '
F(A) =AN'BA) =) (M — R) 7/ Fy, (3.52)
i=1 j=1
where F; j € M, ,»(C) are the matriz residues associated with R;.

A formula for the matrix residue is given in Section 6 of Levya-Ramos [61] (c.f.

Equation (6.13)). For a complete set of distinct solvents we have

I, Op .. (1
Res|F, R . . B
es|F, Ry] A L : 0
RGS[F, RQ] BQ
. =V(Ry,...,R,)™" ; " o _
Res[F, R,)] Aps e I O By
Ay Ao ... A I,
(3.53)
and for repeated solvents the formula changes to
Fiq
~1
By
Fl,ul Al ]m B
2
- W(Rla . 7Ru)71 : (354)
Flf’l An—2 Iy O B,
: Anfl Anf2 Al [m
F






CHAPTER 4

CHARACTERIZATION OF COINTEGRATED
MCARMA PROCESSES

4.1. INTRODUCTION

Many time series do not behave in a stationary way, they rather follow a stochastic
trend. Such time series are obviously non-stationary and fluctuate around a long-run
equilibrium. It was Clive Granger, who showed that statistical inference of such time
series with the classical stationary methodology can lead to inadequate results. He

coined the term cointegration for time series showing such a behavior (c.f. [42]).

The class of cointegrated time series is a subclass of non-stationary time series with
the characterizing property that some linear combinations of a multivariate time
series can be stationary. Examples of cointegrated time series include e.g. exchange
rates or the connection between short and long-term interest rates. The seminal works
by Granger in 1981 [42] and Engle and Granger in 1987 [33] lay the foundation for the
field of cointegration analysis. Robert F. Engle and Clive Granger were awarded with
the Nobel prize in 2003. Clive Granger was awarded for his discovery of the concept
of cointegration. The official motivation of the committee was for his “methods
of analyzing economic time series with common trends (cointegration)“. Robert
Engle was awarded for his developments in the field of autoregressive conditional

heteroscedasticity models.

Also worthy of note is the work of Johansen [53] on discrete-time cointegrated
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vector autoregressive processes. Johansen presented in 1991 a likelihood approach to
such cointegrated VAR models and developed a cointegration rank test in order to
determine the number of cointegration relations in a model. His textbook [54] about

cointegration became the standard literature in this field.

Cointegration in continuous time started being of interest in the early 1990s. In 1991
Phillips [77] considered spectral regression methods for error correction models and
cointegrated systems in special triangular form in the continuous-time framework. In
this work, Phillips regarded stochastic differential equations driven by a differentiable
stationary process. The connection between cointegrated discrete-time models and
continuous-time models were also analyzed by Chambers [25], where discrete-time

representation of cointegrated continuous-time models were considered.

The special case of a p-dimensional Gaussian CAR(1,0) process was considered in
Kessler and Rahbek [57]. Comte [27] derived a characterization of integrated and
cointegrated processes in continuous-time and particularly derived an error correction
form and characterization of cointegration for CAR(p) processes. We extend this
characterization of cointegration to general MCARMA((p, ¢) processes in Section 4.2.
The cointegrated model of this chapter includes the models of Comte [27] and also
the model of Phillips [77].

We briefly recall in Section 4.2 the concept of cointegration in discrete-time for
vector autoregressive moving average processes. Then we utilize the definition of an
integrated process of Comte [27], which does not necessarily need differentiability. In
this definition, a continuous-time process is integrated if it has stationary increments
but is itself non-stationary. Moreover, we characterize cointegration via its MCARMA
form with the autoregressive polynomial P(z) and the moving average polynomial
Q(z). We see that the property of cointegration is related to certain matrix coefficients

of the autoregressive polynomial P(z).

These results are very helpful for understanding the concept of cointegration for
MCARMA processes. However, it is rather difficult to derive properties for general
cointegrated MCARMA processes using the MCARMA representation. For this
reason, we use continuous-time cointegrated state space models in Section 4.3. The
continuous-time state space models have the advantage that we can derive an utterly
helpful representation for the cointegrated model, which decouples the non-stationary
and stationary part into subsystems. Thus, we can interpret the cointegrated process
as a sum of a Lévy process and a stationary MCARMA process. We investigate the
probabilistic properties of this model. Several of the properties can be derived due

to the decoupled form.
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After the continuous-time model, we consider the discrete-time sampled version of
this process. The sampled process is observed at equidistant time points and has
therefore an i.i.d. noise. The process has an analogue representation and consists
thus of the sum of a random walk and a stationary process. We investigate the

probabilistic properties of the sampled process as well.

In order to obtain an error correction form of the sampled process, we apply a linear
filter to the model. We obtain with the help of the so-called Kalman filter the linear
innovations, which is a white noise sequence. The name Kalman filter dates back to
Rudolf E. Kalman, who developed a two-step algorithm, which produces estimates of
unknown variables (see Kalman [56]). The Kalman filter is widely used in engineering
sciences for state estimations of linear systems. In Section 4.4 the results of the
Kalman filter are summarized and we obtain a error correction form with respect to

the linear innovations.

It is not obvious how to obtain an error correction form for the sampled process.
With the help of the linear innovations €™ we obtain the representation e =
HYTL(E)l + E(B)AYn(h), where k(z) is a linear filter. This error correction form has
resemblance to the original error correction form presented by Engle and Granger
[33] for VAR models. The difference to the classical result is that we have an infinite
order linear filter k(z). We show that the cointegration information is contained
in parts of the filter, which is helpful for estimation procedure later on and we are
able to calculate the likelihood function with the help of the linear innovations. The
applicability of the Kalman filter to state space models with unit roots is guaranteed

by the considerations in Appendix 4.6.

4.2. COINTEGRATED LEVY DRIVEN MCARMA PROCESSES

Before we start with cointegrated multivariate CARMA processes, we briefly consider
their discrete time analogue, the vector ARMA (VARMA) processes. We recall
the definition of cointegration for such processes. For more details on cointegrated

processes in discrete-time see e.g. Johansen [54], Liitkepohl [62] or Reinsel [83].

The general form of an m-dimensional vector autoregressive moving average process
(Y, )nen is given by the combination of a p'-order vector autoregressive (VAR) process

and a ¢'"-order moving average (MA) process

Y,-®.Y, 1 —... =P, , =, =011 — ... —Ogeny, neEN
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or briefly ®(B)Y,, = ©(B)e,, for n € Z. The noise sequence (€,)nen is an m-
dimensional zero mean white noise with nonsingular covariance matrix .. The
matrix coefficients are given by ®;,,0; € M,,(R),i=1,...,p, j = 0,...q, where
the autoregressive polynomial is given by ®(B) := I,, — ®1B — ... — ®,B? and the
moving average polynomial by ©(B) := I, — ©18B — ... — ©,B9. Let B denote the
backshift operator. The process Y is called a vector autoregressive moving average
process of order (p,q) (VARMA(p, q)).

The VARMA((p, q) process Y is invertible if all roots of det(©(z)) = 0 are greater
than one in absolute value, and stationary if all roots of det(®(z)) = 0 are greater

than one in absolute value. In the case of stationarity, we have a moving average

representation of Y given by Y, = ¥(B)e,, where ¥(z) = ®(2)'0(z) = D2, V;z".

In this case, the covariance matrices are given by I'(l) = > 22 U, S 0T .

In order to have integrated and cointegrated processes the roots of det(®(z)) =0

must be greater or equal to one. Thus, we have no longer a stationary time series.

Definition 4.2.1

If the process (Y, )nen s non-stationary but its first difference ((1 — B)Y,)nen 1S
stationary, we call (Y,)nen integrated of order omne. If further there exists a
vector 3 such that BY is stationary, we say the process Y is cointegrated with

cointegration vector 3.

Assume that the autoregressive polynomial of the process Y has ¢ < m unit roots,
then the matrix ®(1) has rank » = m — ¢ and r is the cointegration rank. This
implies that we have r linearly independent vectors 3; such that 3TY is stationary,

where the matrix § consists of the vectors 5; for ¢ =1,...,7.

After this brief excursion to cointegration in discrete time, we now define cointegration
in continuous-time. Before we are able to do this, we need first an integrated time
series. Instead of the approach in Section 2.5, where the stationary process is
Jintegrated* (c.f. Definition 2.5.1), we approach cointegration differently by starting
with a non-stationary process. An integrated d-dimensional MCARMA process
in the sense of Definition 2.5.1 cannot be cointegrated since zero is an eigenvalue
with multiplicity d and hence the cointegration rank is zero. However, the different
definition we use in this chapter is flexible in the multiplicity of the eigenvalue zero
and thus the cointegration rank can be modeled freely. The following alternative
definition of integrated CARMA processes can be found in Comte [27].

Definition 4.2.2

A process (Y (t))i>0 with no deterministic component, which is non-stationary but
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has stationary increments is said to be continuously integrated of order one,
denoted by Y ~ Z¢(1). Further, a process Y is integrated of order b, denoted by

Y ~ Z¢(b) if its increments are continuously integrated of order b — 1.

Similarly as in the discrete-time setting, cointegration is defined by the existence of

stationary linear combinations of the integrated components.

Definition 4.2.3
Let (Y (t))i>0 be an integrated MCARMA process of order 1, i.e. Y (t) ~Z¢(1). We
call Y continuously cointegrated with cointegration vector B # 0, 3 € RY, if the

linear combination (7Y (t))i>o is stationary.

Denote by Y ~ CZ(1,1) that Y is cointegrated of order one. The cointegration
rank is the number of linearly independent cointegrating relations and the space

spanned by all linear independent cointegration vectors is the cointegration space.

Higher orders of cointegration are then defined in the obvious way given in the next

definition.

Definition 4.2.4

The T¢(b) process Y is called continuously cointegrated of order (b,b) (CZ(b,b))
forbe{l,...,d—1}, b e {l,...,b} with cointegration vectors /3 if there erists a
non-zero vector B € R such that fTY ~ Z(b—l_)), and there exists no non-zero vector
B € R? such that BTY ~ T(b—b') with b > b.

Let us recall some basic results from Comte [27] on integrated and cointegrated
processes, respectively. First, we see that the definition of cointegration using
stationary increments includes the case of differentiation, which is the obvious analog

of the first differences in discrete time.

Proposition 4.2.5 (Comte (1999), Proposition 1)
Let (Y (t))i>0 be a process with finite second moments and its first-order mean square
deriwative DY exists. Then Y (t) ~ Z¢(1) if and only if Y is non-stationary and DY

18 stationary.

Furthermore, the integration and cointegration property of the continuous-time model

directly transfers to its sampled version.

Proposition 4.2.6 (Comte (1999), Proposition 3)

Let the continuous-time process Y be continuously integrated of order b, b € N,
then the discrete-time process (Yn(h))neN is integrated of order b (in the sense of
Definition 4.2.3).
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Let Y ~ CZ(b,b), for b>b and b,b € N, then the discrete-time process (Yn(h))neN is
cointegrated of order (b,b) (in the sense of Definition 4.2.3).

Remark 4.2.7

Theorem 3.4.2 can not be adapted to integrated processes in the sense of Defini-
tion 4.2.2, due to the non-stationarity of Y. Furthermore, an indirect approach is
also not possible, because Y is a non-Markovian process. Hence, the information of
the initial condition of Y might be lost, when we apply Theorem 3.4.2 to DY and
then integrate DY again.

As from now we concentrate on the case CZ(1,1), i.e. on continuously cointegrated
processes of order one. The differentiation operator should be understood as the
mean square differential operator. Recall that an MCARMA (p,q) process isp—q — 1

times differentiable.
The following result is an extension of a result by Comte [27] for CAR(p) processes.

Proposition 4.2.8
Cointegration arises for a d-dimensional MCARMA (p,q) process Y if and only if
P(0) = A, is singular, i.e. the corresponding companion matric is not invertible.

The error correction form in continuous time is given by
P*(D)DY (t) =— A, Y(t)+ Q(D)DL(t), (4.1)

where the polynomial P* is given by

P(z)— A
Pre) = 2B = A (4.2)
z
Proof. The crucial role of the matrix coefficient A, is an immediate consequence of
results known about the companion form, see Definition 3.2.4. The error correction

form is then derived straightforwardly. ]

The following result characterizes cointegration with respect to the matrix coefficients,
where the coefficients A, and A,_; play a special role. The following result is an
extension of Proposition 7 in Comte [27] to MCARMA processes.

However, we do not (yet) derive a moving average representation as in Comte [27].
Their idea of the proof cannot be extended to general MCARMA processes. On the
one hand, we have the problem that the matrix multiplication is not commutative
and hence we cannot use the same assumptions. On the other hand, the proof would

end up with a process which is not an MCARMA process anymore.
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Nonetheless, we get a characterization of cointegration. Denote by At € My ,.(R) the
full rank matrix satisfying A*TA+ = I, and ATA+ = Oy (d—r), this means At is the

orthogonal complement of A.

Theorem 4.2.9
Let Y be a solution of the differential equation

P(D)Y (t) = Q(D)DL(t), t>0, (4.3)
with autoregressive polynomial

P(2) = L,2" + AP+ ...+ A,
and moving average polynomial

Q(2) = Boz" + B12" ' + ...+ By,

with Y (0) = 0 as the initial condition. Let the following assumptions hold:
B1: If det P(z) = 0 then either ®(z) <0 or z = 0.

B2: rank(A,) = rank(P(0)) =r < d and A, = afT, where the adjustment matriz
a € My, (R) and cointegration matriz B € My, (R) have full rank r.

B3: P'(0) = P*(0) = A,_1 is such that the matriz oA, 15+ is of dimension
(d—r) x (d—r) with full rank (d —r).

Then we have that
i) the process DY is stationary,
ii) the process B'Y is stationary,

and thus the Lévy driven MCARMA process Y is cointegrated of order one.

Proof. By multiplying (4.1) with a and a7 we obtain with 4, = a7 and o Ta =

O(4—r)xr the following equations

a"Q(D)DL(t) = —a"aB Y (t) + o' P*(D)DY (t),
aTQ(D)DL(t) = o T P*(D)DY (t). (4.4)

Since the system (4.4) is not invertible in Y and DY, we define new processes

Z(t) = (BTB)'BTY(t) and V(t):= (BTBH)IBETDY(t) fort >0
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and obtain thereby invertibility. The matrix R := (8,8%) € Mg4(R) of rank d

satisfies
R(RTR)™'RT = (5" 8) 18T + (BT pH) 15T =14 (4.5)

since it is the sum of the projection matrices on the range and the null space of .
Moreover, for 3 := B(78)~' € My, (R) and g+ := (BTt € My (R) we
have due to (4.5) that 83T + 8+3+T = I, holds. Furthermore, we have

DY (1) = (B3 + B3 T)DY (1) = BDZ() + BV (1), (46)
Rewriting system (4.4) with the newly defined variables yields

a'Q(D)DL(t) = —aTa(BT ) Z(t) + aT P*(D)BDZ(t) + o P*(D)BV (1),
o TQ(D)DL(t) = o P*(D)BDZ(t) + o TP*(D)BV (1).

Rearranging the last expressions leads to

P(D)(Z(t)", V()")" = (a,a™) ' Q(D)DL(t), (4.7)
where the matrix polynomial Pis given by

P(z) = (O‘TO‘(BTB) +alP*(z)B2 aTP*(z)5l> |
ot TP*(2)Bz atTP(z)pt

By assumption B2 and B3 we have
— T T T}M 0 1
det(B(0)) = det | ¢ “P°F) “ (0)8
0(d—7‘)><7" « TP*(O)Bl
= det(a' ) det(BTB) det(aT P*(0)3F) # 0,
where the matrices in the last line all have full rank and consequently a non-zero

determinant. Then for z # 0, we can see due to (4.2) and (4.8) that P(z) =
(a, )T P(2)(B, +/2) and thus

det(P(z)) = 1 det(a, o) det(P(z)) det(B, 5+) # 0.

der

Thus P has the same roots as P, except the null ones and the non-zero roots

are assumed to have negative real part due to B1. Hence, the process (Z,V) is
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asymptotically (exponentially) stable and has a stationary solution. The process

DY is also stationary, as a linear combination of stationary processes DY (t) =

BDZ(t) + 8-V (t), which finishes the proof of i).
Besides BTY (t) = (B78)Z(t) holds and therefore stationarity of 3TY(¢) follows.

Consequently, we have shown i1).

Thus, the process is continuously cointegrated and this completes the proof. O

We make now some remarks on the last result and its implications on cointegration
for MCARMA models.

Remark 4.2.10

The assumption in the Theorem 4.2.9 have the following relevance:
m Assumption Bl guarantees that the process is non-stationary.
m Assumption B2 guarantees that there exist stationary linear combinations.

m Assumption B3 guarantees that the process is only integrated of order one and

not of higher order.

Remark 4.2.11

It is not possible to adopt the proof of Comte [27], Proposition 7, to obtain a
moving average representation for the cointegrated process of the form Y (t) =
C(oco)L(t) + ffoo C(t — s)dL(s), since we have now the matrix polynomial P(z),
whose first matrix coefficient is not the identity matrix. Therefore the theory on
MCARMA processes derived by Marquardt and Stelzer [69] cannot be applied.

However, we can make use of the state space representation and derive a moving
average representation in Section 4.3. Additionally, we even get a more precise
representation, because we are going to know the exact representation of C'(co) and
C. Furthermore, we can decouple the system into the non-stationary and stationary
part which is nothing else but a stationary MCARMA process as defined in Marquardt
and Stelzer [69].

Remark 4.2.12

If the cointegration rank is zero, i.e. A, = 04«4, we have no cointegration vector and
thus the process is not cointegrated. However, the process is integrated of order one
in the sense of Definition 2.5.2. On the other hand, if the rank of A, is equal to d,
i.e. A, is of full rank, the process is stationary. This means that all eigenvalues have
negative real part and B1I is satisfied. Additionally, B3 is automatically satisfied,

whereas B2 is violated. Therefore cointegration arises, when the rank of A, satisfies
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0 <r < d. Hence, it depends on the matrix A, if we have a stationary, integrated or
even cointegrated MCARMA process.

Remark 4.2.13
There are two natural ways to define an integrated MCARMA process. Both ways
have the property that the process remains in the class of MCARMA processes. This

can be seen by taking a closer look to the defining differential equations.

1. The first method starts with a stationary m-dimensional MCARMA (p,q) process
Y, then an integral is taken to obtain the integrated process given by I(t) =
ng(s) ds. Assume that the process Y satisfies P(D)Y (t) = Q(D)DL(t).

Hence, the equation for the integrated process is
PY(D)I(t) = P(D)DI(t) = PY(t) = Q(D)DL(t),

where DI(t) = Y (t) and P*(D) := zP(z). The order of P*(z) is p* :=p+ 1.
Obviously, [ is also an MCARMA process with parameters (p*, ¢). This, implies
that p* > q.

2. However, the second method takes as a starting point a non-stationary m-
dimensional MCARMA (p, ¢) process X, where DX is stationary. Assume, that
the process X satisfies P(D)X (t) = Q(D)DL(t), t > 0. Therefore, we have

P(D)DX(t) = D[P(D)X(t)] = DIQ(D)DL(t)] = Q"(D)DL(t),

where Q*(z) := zQ(z). Clearly, DX (t) is an MCARMA (p,q+1) process. Again,
this implies that we need the assumption p > ¢ + 1.

The different definitions of integrated processes are not equivalent. Both have in
common that DY is stationary and DY is a MCARMA process, whereas in the
first definition there exist no 3, such that STY is stationary. Due to the different
definition of integration, A, is not fixed to be zero, thus we allow the process to be

cointegrated.

We use a different approach to derive useful properties of the cointegrated model in the
next section. Instead of characterizing cointegration via the crucial matrix coefficients
of the autoregressive polynomial, we use instead the matrices of the continuous-time
state space representation of an MCARMA process. We can transform the state space
representation and thus in particular the relevant matrices in an advantageous way,

which was not accomplishable with the autoregressive moving average representation.
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4.3. REPRESENTATIONS OF COINTEGRATED LEVY DRIVEN
MCARMA PROCESSES

We work with the cointegrated Lévy driven MCARMA processes in state space form,
i.e. we interpret it as the solution (Y (¢))i>4,, for some ¢y € R, of a continuous-time

state space model.

Definition 4.3.1

An R-valued continuous-time linear state space model (A, B,C, L) of dimen-
sion N is characterized by an R™-valued Lévy process, a transition matriz A € My(R),
an input matric B € My .,(R) and an observation matriz C € My n(R). It consists

of the state equation
dX(t) = AX(t)dt + BdL(t) (4.9a)
and the observation equation
Y(t)=CX(t) fort>ty>0. (4.9b)

The state vector process (X (t))i>t, is an RN -valued process and the output process
(Y (t))>t, s R¥-valued.

Every solution of (4.9b) has the representation

t

Y(t) = Coxp(A(t — o)) X (to) + C / exp(A(t — u))BdL(u). (4.10)
to

A solution Y is called causal, if for all ¢ > t,, Y'(¢) is independent of the o-algebra

generated by {L(s) : s > t}. In the following let the next assumption always hold.

Assumption C1
The Lévy process L satisfies EL(1) = 04 and E||L(1)[|? < occ.

There exist state space models with different matrices (A, B, C'), which generate the
same output process. In order to describe this phenomena we introduce the notion of
observationally equivalence. First, we give the definitions of some properties of linear
state space systems, which we are going to need subsequently. These definitions
enable us to imply restrictions on the state space model in order to achieve uniqueness
in the state space model and output process relation. For this we define first the

observability of a continuous-time linear state space model.
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Definition 4.3.2
The continuous-time linear state space system (4.9) is observable if the observability

matrix

C

CA
OCA = . € MdN,N(R) (4.11)

CA‘Nfl

has full rank, i.e. if rank(Oca) = N or equivalently
My —A
mnk( NC’ ) =N (4.12)

for all eigenvalues \ of A.

Another desired property for the state space model is to have a minimal dimension,
i.e. that there is no state space system of smaller dimension producing the same

output process.

Definition 4.3.3
The continuous-time linear state space system (4.9) is controllable if the controlla-

bility matriz
Cap = (B AB ... AN*1B> € My mn(R) (4.13)
has full rank, i.e. if rank(Cap) = N or equivalently
rank ()JN A B) =N (4.14)
for all eigenvalues \ of A.

Another desired property for the state space model is to have a minimal dimension,
i.e. that there is no state space system of smaller dimension producing the same

output process.

Definition 4.3.4

The matriz triple (A, B, C) is called an algebraic realization of a rational matriz
function k € My,,(R{z}) of dimension N if k(z) = C(zIy — A)™'B, where A €
Mn(R), B € Myn,(R) and C € Myn(R). The matriz triple (A, B,C) is called

mintmal if there exists no other algebraic realization (g, B, 6) with dimension
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smaller than N. The dimension of a minimal realization of k is called the McMzillan

degree of k.

Thus, non-minimality is a source of non-uniqueness of the state space model. Mini-
mality guarantees that we consider only components of the state vector, which are
relevant for the output. Therefore, this property implies a one-to-one correspondence
of the unit root properties of the state process and the output process. If we would
have a non-minimal system there could be unit roots having no effect on the output
process. A minimal state space model is unique up to a change of basis of the state

space.

Lemma 4.3.5 (Hannan and Deistler [46], Theorem 2.3.3.)

A realization (A, B, C) is minimal if and only if it is both controllable and observable.

Last but not least, we give the formal definition of observational equivalence of state

space systems.

Definition 4.3.6

A rational matriz function k : z — C(zI, — A)™'B is called transfer function of
the state space model (4.9). A minimal linear state space model (A, B,C) is called
observationally equivalent to the minimal system (ﬁ, B, 5) if they give rise to

the same transfer function.

Hence, (A, B,C) and (A, B, C) are observationally equivalent if and only if there
exists a nonsingular transformation matrix 7 € GLy(R) such that A = TAT
B =TB and C = CT'. Such a transformation leads to a corresponding basis
change of the state vector to X (t) = TX ().

The aim is to define a cointegrated state-space model. For this purpose, we introduce
a convenient canonical form of the state space model. This will be the analogous
result to the canonical form in the discrete-time setting presented by Bauer and
Wagner [8], Theorem 2 and Theorem 3. The advantage of this canonical form is
that the non-stationary and stationary part are decoupled and can be transformed
separately. Moreover, this enables us to use existing results on stationary state space

models and Lévy processes in the following.

Theorem 4.3.7
Let (A, B,C, L) be a d-dimensional minimal state space model which satisfies o(A) C
{(=00,0) + iR} U {0} and the algebraic and geometric multiplicity of the eigenvalue

zero 1s equal to ¢, 0 < ¢ < d. Then there exists a unique observationally equivalent
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minimal state space representation given by

(Xm(t)> _ ( 0. occh)) (le) . (Bldw))
dXs(t) ON—cyxe A2 Xo(t) BydL(t) ) (4.15)
Y(t) = C1Xq(t) + CoXo(t), t>to,

where

i) The non-stationary part of the transition matrixz A is the zero matriz 0. and
for the stationary part As it holds that |Apaq(exp(A2))| < 1.

i) The matriz C; € My.(R) satisfies CJCy = 1. and C, is a positive lower
triangular matriz (c.f. Definition 6.2.1).

iii) The block matriz By € M. 4(R) is not restricted.

i) The stationary part of the transfer function, that is (As, By, Cy), is real-valued.
It is given in a canonical form for stationary state space models, e.g. in echelon
canonical form (c.f. Liitkepohl and Poskitt [6]]).

The cointegrated process can be expressed as the solution of this canonical form.

This solution consists of a sum of the initial value, a Lévy process and a stationary

MCARMA process
t

—0o0

if we choose Xo(to) appropriately.

Proof. Solving (4.15) leads directly to
t
Y(t) :Cle (to) + 02 exp(Ag(t — to))XQ(to) -+ ClBlL(t) + CQ / eXp(Ag(t — U))BQ dL<U),
to
which in the end gives (4.16).

We define

OC C OC —C B
A* = X X(N=o) , B*:= ! and C*:= (C’l C’Q) . (4.17)
ON—e)xe Az By

For the existence of the representation (4.15) we need to show that there exists a
T € GLy(R) which transforms the state space model (A, B,C) to the desirable

form (A*, B*, C*) satisfying all restrictions (i)-(iv). In the next step we have to show
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that this transformation matrix is unique which results in the uniqueness of this

representation.

Existence: Due to the eigenvalue assumption on the matrix A the upper part of
A* is just the Jordan normal form corresponding to the eigenvalue zero. Thus there

exists a transformation matrix 7" such that

T/AT/—l _ Oc><c ch(]j/—c) _. A/,
O(Nfc)xc AQ

where the eigenvalues of A} coincide with the non-zero eigenvalues of A which have
by assumption strictly negative real parts. Otherwise A) is not specified yet. Further,
B :=TB = (BQTB§T>T and C' = CT' ' = (C’{ Cé) Since the block-diagonal
structure of A’ is preserved by block transformations, we consider in the following
only block-diagonal transformation matrices 7" = Diag(7},Ty) (see Gantmacher
[40], p.231 ) resulting in

-1 Ocxe OcX(Nfc) T{/Bi
A =T"AT" ™ = W9 ), B =T1"B'= (171 and
Ov—c)xe T3 AT 15 By
¢ =o' = (et o).

Obviously there exists a transformation matrix T/ such that C; := C|Ty ™" satisfies
(ii) and B; := T} B} Since the eigenvalues of A} have strictly negative real parts,
(A}, B, CY) forms a stationary linear state space model. Hence, there exists a

transformation matrix 73 such that
Ay = TVAYTY ™, By:=TV!B, and C,:=CyTy"

satisfy (iv). Moreover, the eigenvalues of A} and hence, Ay have strictly negative real
parts so that (i) is satisfied as well. Finally, T" = T"T" and (A*, B*,C*) = (A", B",C").

Uniqueness: Assume there exists matrices

~ 0c><c Oc>< —c D é ~ ~ ~
A= (N—=c) ., B:= 2t and (' := (01 Cz> )
0(N—c)><c A2 B2

so that the state space model (,Zf, B , 6’) satisfies the assumptions of this theorem as
well. But then there exists a block diagonal transformation 7" = Diag(T}, T3) with
(A, B,C) = (TA*T~', TB*,C*T1). To be more precise Ay = TyA; Ty, By = Ty By,
By = TyBs, Cy = CT7" and Cy = CoTy . Since (As, By, Cs) and (As, By, Cs),
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respectively are given in canonical form (cf. restriction (iv)), 7, has to be the identity
matrix. In order to prove uniqueness it remains to show that 77 is the identity matrix
as well. Due to CTCy = I, by (i), we obtain

[c — 6;—51 — (ClTl)TClTl — TlTOirClTl — TlTTl

and thus, 77 is orthogonal. If we now exploit the fact that C; and 51 must both be

lower triangular matrices, we further get that 77 must be lower triangular itself since

C11 O
co1 C22 0 t1 t1e
Gih=|: o0
Ccl CC2 .« o . « o CCC
tcl tcc
Cdl Caz -+ - Cde
ciitin ciitio e Critie Gy T O
2 2
£ D i Caitio > e Coitic
' Cel e Cee
¢ t
> et Ceitic
* * *
Cd1 e Cde

holds and therefore the entries ¢;;, for ¢ < j, must be zero or otherwise the lower
triangular structure would not be preserved. Real-valued orthogonal matrices have
only eigenvalues equal to 1 or —1 and thus the diagonal of the transformation matrix

T consists only of the entries 1 or —1.

We utilize now the restriction that the first non-zero element ¢;,; in each column
of C is positive. We start with the last column, where the first positive entry c; .
is multiplied by ... This product must be positive and hence .. must be positive.
Since the diagonal entries of a triangular matrix are the eigenvalues itself, this implies
that t.. = 1. Thus, all columns of T} are orthonormal. The (¢ — 1)-th column has
only two entries which are non-zero and in order to be orthonormal to the c-th unit
vector e, it must be a unit vector itself, i.e. it must be e._;. Iterating this procedure

leads to 77 = I. and consequently we have due to the entire restrictions a unique
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form for the state space model. O]

We abbreviate the stationary part with

Ys(t) := Oy /t exp(Az(t —u))BydL(u), t > to. (4.18)

—00

We show in the next lemma that we can either assume minimality of the original
state space model (A, B,C, L) or of the stationary part of the state space system
(Ag, By, Cy, L) combined with assumptions on the matrices B; and C. The assump-

tions on the decoupled system are often easier to verify.

Lemma 4.3.8

FEach d-dimensional state space system (A, B, C, L), which satisfies 0(A) C {(—00,0)+
iR} U {0} with algebraic and geometric multiplicity of the eigenvalue zero is equal to
c < d, is minimal if and only if By has full row rank and Cy has full column rank,
i.e. rank By = rank Cy = ¢, and the representation (Ay, Ba,Cs) of the stationary

subsystem is minimal.

Proof. Minimality is equivalent to the conditions that the controllability and observ-
ability matrices Cap (cf. (4.13)) and O¢ (cf. (4.11)), respectively have full rank.
We prove an alternative criterion for observability (c.f. Bernstein [9], Proposition

12.3.13) . Therefore, we have to determine the rank for all eigenvalues A of A of

)\Ic OcX(Nfc)
O(N—c)xc A]N—C - AQ
4 Cy

We consider two cases, beginning with the eigenvalue A = 0, which simplifies the

matrix to

Al 0c><(N—c) —A, 0
rank | Ov_oxe AMy—c — Ag | = rank 2 T(Ne)xe
Cy Cy
4 Cy

= (N — C) -+ rank(C’l + C’2A2_10(N,C)XC) = (N — C) +c= N.

The last equations follow by Bernstein [9], Proposition 2.8.3, the fact that C; has
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full rank ¢ and the invertibility of As. In the case A # 0 we get

)\[c OcX(Nfc)
rank O(N—c)><c /\]N—c - AQ
Ch Coy

)\IN—c - A2 O(N—c)><c -1
= ¢+ rank — AT Ops(N—e

M, — A
:c—i-rank( ¢ 2)zN.
Cy

Again, we used Bernstein [9], Proposition 2.8.3, in combination with the fact that the
stationary part is minimal by assumption and hence observable. As a consequence, we
have shown that rank(Oc4) = N and thus observability of the system. Analogously,
we obtain rank(C4p5) = N and together with the observability this gives the minimality
of the system. m

Although there is written in Theorem 4.3.7 (iii) that we do not assume any restriction
on By, the assumption on the minimality of the state space model implies that B

has full rank c.

Lemma 4.3.9
Let Y be given as in Theorem 4.3.7 with 0 < ¢ < d. Then Y s cointegrated with
cointegration space spanned by Ci- and cointegration rank rankClt =d —c, i.e. C1Y

18 Stationary.

Proof. A conclusion of Lemma 4.3.8 is that C} By # 0g4xq so that Y as given in (4.16) is
indeed an integrated process since the Lévy process (Cy By L(t));>o is a non-stationary
process with strictly stationary increments. Moreover, Ci-Y = CiY; is a stationary

process and hence, Ci- spans the cointegration space with rank Ci- = d — c. O

Note that the parameter ¢ represents the number of common stochastic trends. From

these considerations the next definition is well-defined.

Definition 4.3.10

Let (A, B,C, L) be a d-dimensional minimal state space model of dimension N which
satisfies 0(A) C {(—00,0) + iR} U{0} and the algebraic and geometric multiplicity
of the eigenvalue zero is equal to ¢ with 0 < ¢ < d. Then the output process Y is

called cointegrated continuous-time linear state space model.
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Note that we could define the cointegrated linear state space model in an alternative
way: we define a sum of a stationary state space process and a Lévy process. This
means we have Y (t) = Cy Ly (t) + Ya(t), where L, is a LA@vy process and Y5 is a
stationary state space model. From Theorem 4.3.7 we know that both definitions are

equivalent.

Corollary 4.3.11

The cointegrated state space model Y 1is causal.
Proof. This is obvious due to representation (4.16). ]

The canonical form helps us later in the parameter estimation of the cointegrated
MCARMA process. Given this representation, we can now deal with the integrated
part and the stationary part completely separately. Because we do not observe
the Lévy process, we have to do a stepwise procedure, where we first estimate the

non-stationary parameters and after that the stationary parameters.

We know that the covariance of the cointegrated state space model can also be

decomposed.

Proposition 4.3.12

Assume that 'Y is a cointegrated state space process as in (4.15). Then
E[Y(t)] = CiE[X (to)] fort > tp.

Suppose Xi(ty) = 0. Then fort >ty and s > 0 we have

t
Cov(Y (1),Y(t+5)) = Cyexp(Ays)[\Cy + / Cy exp(Agu) By X1 (C1By) " du
0
t+s
+/ ClBlzLB;— eXp(A;u)CQT du +1- ClleL(OlBl)T,
where 'y is the covariance matrix of the stationary process Xo given by

[y := / exp(Aqu) BoXy, (exp(Asu)Bs)' du.
0

Proof. We obtain for the expectation evidently

—00

= C1E[X;(to)].
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Setting X;(to) = 0 leads then to

Cov(Y(t),Y(t+3s) =E[Y()Y(t+ )]
—E [C’lBlL(t) (C1B1L(t + 5))" + CLBLL(1)Ya(t +5)T

+Ya(t)
= O\BE[L

CiBiL(t+5))T +Ya(t)Ya(t + )]
)Lt +5)"] (C1B1)" + E[Ya(t)Ya(t +5)7]

/0 L dL(u) < / T exp(Aalt + 5 — 1)) By dL(u))T

—0o0

/ " exp(As(t — 1)) By AL () ( /0 Y dL(u))

—0o0

(
(

+ C,B,E Cy

T

+ CE (ClBl)T

= C\BiE [L(t)L(t +5)T] (C1B))" + E[Ya(t)Ya(t + 5)T)
+ C1BE

/Ot 1dL(v) (/Ot exp(Ay(t 4+ 5 — u)) By dL(u)) o

/0 t exp(As(t — u)) By dL(u) ( /0 B dL(v))T

and finally the claimed result follows by calculating all the remaining expectations

+ CLE (0131)T

using Equation (3.8) as well as Proposition 3.13 in Marquardt and Stelzer [69]. O

The time dependence of the covariance matrix is obvious in this representation and
hence this process is indeed non-stationary. We assume for reasons of simplicity
from now on that ¢; = 0. Note that the process Y5 is a causal stationary MCARMA
process in the sense of Marquardt and Stelzer [69], Definition 3.20. Hereby, the

causality also applies for the cointegrated process.

Lemma 4.3.13
The cointegrated MCARMA process Y given as in Definition 4.3.10 is causal.

Proof. This is obvious due to representation (4.16) (c.f. Definition 3.20 in Marquardt
and Stelzer [69]). O

Recall the results about the sampled process by Schlemm and Stelzer [90], Lemma
5.2, which leads to the following discrete-time representation for the sampled process.
We derive the same decoupling for the sampled process as in the continuous-time
case. Hence, we have also the separation of the stationary part and integrated part in

the state space system. Moreover, we can clearly see the connection of the eigenvalue
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zero of the transition matrix A with unit roots in the discrete time case since e has

eigenvalues equal to one if A has eigenvalues equal to zero.

Lemma 4.3.14
Assume that Y is an MCARMA process as in Definition 4.5.10. The sampled process

Y has the state space representation

h h h
O\ (XY, (R
X0)  \ethxiV, ) \RU
and observation equation

Y=o xM o+ ooxy, (4.19)

with noise term

R By (L(nh) — L((n — 1)h))
h) n,1 o
RM — <R( )) _ (f"h e, dr () ) n € N. (4.20)
n,2 (n—1)h 2

h . . : : .
The sequence (R7(1 ))neN 18 an 1.1.d. sequence with mean zero and covariance matrix

h T Asu T
500 — gRM RUIT :/ BiuBy o eBEB (4.21)
0 BlELBQTeA2“ eAQuBQELBQTeAW

We write for the different parts of the covariance matriz

SISO
S = (?11 §12> . (4.22)

Furthermore, we have that (R%h))nez has finite r**-moments for some r > 0 if
the driving Lévy process L has finite r'"-moments. This implies the existence of

h

rt"-moments for the sampled process Yn(h).

Proof. The state space representation follows at once by setting t = nh in (4.15) and
the same holds for the covariance matrix.
The existence of the r*’-moment follows immediately from Proposition 3.30 in

Marquardt and Stelzer [69] and Lemma 3.15 in Schlemm and Stelzer [91]. O

Note that due to Theorem 1 in Bauer and Wagner [8] the class of cointegrated

I(1)-processes with ¢ common trends and the class of state-space models, satisfying
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the assumptions made in this section, are equivalent.

Lemma 4.3.15

The solution of the sampled process given in Lemma 4.3.14 is given by
Y =i XM (to) + C1BiL(nh) + Yy, neN, (4.23)

where the stationary part is given by

nh
v =Cy / 20w B dL(u), (4.24)

o0

Proof. In the same manner this follows by inserting ¢ = nh into (4.16) and (4.18). O

The first two moments of the sampled process are derived in the next lemma.

Lemma 4.3.16
The expectation of the sampled cointegrated state space model (4.23) is given by

E[Y,"] = CE[X]" (to)] (4.25)
and for the covariance we get, if we assume E[Xl(h) (to)] =0, that

Cou(Y, ™, YTE@S) =Cy exp(Asy s)igg Cy (4.26)

nh
+ / 02 eXp(AQU)BQEL(ClBl)T du
0

(n+s)h
+/ C1B1Y1B] exp(Aju)Cy du
0

+nh-C2MCT. (4.27)
Proof. Setting t = nh in Proposition 4.3.12 proves the claim. O]

We need a certain degree of independence of the stationary part of the sampled
process for the estimation procedure. Hence, we give the definition of strong mixing
which gives us a sufficient degree of independence. For more details on mixing

processes see e.g. Bradley [16] or Doukhan [31].
Definition 4.3.17

A continuous-time stationary stochastic process X = (X;)ier s called strongly

mixing if

a := sup {|P(AN B) —P(A)P(B)| : Ae F"_,B e Fr,} 220,
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where F' = o(Xy 1 t <n) and Fo =o(Xe: t >m+1), meN.

With regard to already known results, we see quite easily that the stationary part of

the sampled process satisfies the following mixing property.

Lemma 4.3.18

The stationary part Ys of the continuous cointegrated MCARMA process Y with finite
second moments as given in Theorem 4.3.7 is exponentially strongly mizing and the
same holds true for the stationary part Y2(h) of the sampled process Y M) . There exists

a constant 0 > 0 such that the mizing coefficients o, of the sampled process satisfy
st

f: |:O[Y2(h)(l):| s < 00.

=0

The same holds true for CitY = CiYy and Ci-Y ") = C’ILYZ(h).

Proof. Due to Proposition 3.34 in Marquardt and Stelzer[69], the assertion for the
stationary process holds. This property transfers to the sampled process right away
and we also have the condition on the mixing coefficients. The last claim follows

directly by Bradley [16], Remark 1.8 b). O

In the further considerations, we need the first difference of the sampled cointegrated
process and the stationary part of this process. We have already calculated the first
two moments for the stationary part in a previous lemma and the mixing property
of the stationary part of the sampled process. Hence, we turn our attention to the

first difference and calculate a representation in the next lemma.

Lemma 4.3.19
The first difference of the sampled cointegrated process Y (c.f. Lemma 4.3.14) is
given by

AY® = R + A,
nh

= R + Gy / 24 By L (u)
(n—=1)h
(n—1)h
+ Cy (e — 1) / eM2(=Dh=w B AL (u), (4.28)

where qu is given as in (4.20).
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Proof. To show this we use equation (4.23) and (4.24). We obtain

AV =CiX{"(t) + C1By L(nh) + Y, — CLX{"(to) = CiBiL((n = D)) + Y,

nh (n—1)h
:Cleg 1+, / eAz(nhfu)B2 dL(u) — O, / eAz((nfl)hfu)B2 dL(u)

—00 0

nh
=C,R™ + C, / 2= B, L (u)
’ (n—1)h
(n—1)h
+ Oy (e — 1) / e\ By AL (),

—00

where the second and third summand together are nothing else than AYR(Z). O

Note that the first difference of the sampled cointegrated process AY ) is obviously
stationary and the r**-moment exists if the r**-moment of the Lévy process exists
since due to Lemma 4.3.14 Y has then a finite **-moment. Furthermore, note that
AYQ(h) is also strongly mixing since its the difference and consequently a measurable
function of the finite past values of a strongly mixing process (c.f. Remark 1.8 b) in

Bradley [16]). Moreover, we know that (C’leg)neN is obviously an i.i.d. sequence.

The last lemma showed that we can interpret the first difference of the sampled
process Y also as a sum of an i.i.d. sequence and the difference of the sampled
process of the stationary part YQ(h) of the cointegrated MCARMA process Y. This
representation is obvious due to the decoupled state space system and thus the form

of the solution in Lemma 4.3.15.

Last but not least, we present typical realizations of two bivariate cointegrated
MCARMA processes in Figure 4.1. On the left side we have an MCARMA process
driven by a Brownian motion and on the right side driven by a normal-inverse
Gaussian process. Moreover, the figure shows the sampled versions the stationary

linear combination and the common stochastic trend of each process.

4.4. ERROR CORRECTION FORM OF COINTEGRATED STATE SPACE
MODEL SAMPLED AT A DISCRETE TIME-GRID

Assume that we have a cointegrated multivariate CARMA process driven by a Lévy

process as given in Definition 4.3.10. The d-dimensional cointegrated process has the
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Figure 4.1.: Two Examples of Cointegrated Processes
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Left: Brownian Motion - Right: Normal-inverse Gaussian
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representation (c.f. (4.16))

t
Y(t) = Cle (to) + ClBlL(t) + 02/ eXp(Ag(t - u))Bg dL(u) for t Z to
and satisfies the assumptions of Theorem 4.3.7. Accordingly, it consist of a starting
value, an integrated part and a stationary part, which coincides with a stationary
MCARMA process. Furthermore, assume that X;(to) is independent of (L(t)):>o

and the covariance matrix of the Lévy process Yy, is positive definite.

Since we want to estimate the model parameters from observations of the MCARMA

process Y at discrete time points, we consider the sampled version of the cointegrated
MCARMA process.

We briefly recall the state space representation with state equation

noise
R\ _ (Bi(L(nh) = L((n = 1)h))
Ri% f(Zh_l)h eA2(nh—u) B, dL(u)

and the observation equation given by

Y =X+ Xy (4.29)

Definition 4.4.1
Assume that the process L has finite second moments. The linear innovations
e = (5;}1))%2 of Y are defined by

e =y®m _p _y® (4.30)

n n

where P, 1s the orthogonal projection onto span{Y;(h) : —00 < i < n} and the closure

1s taken in the Hilbert space of square-integrable random variables with inner product

(X,Y) = E(X,Y).

We want to obtain an error correction form and calculate the likelihood function
corresponding to this state space model later on. However, the linear state space

model is not in innovation form and thus we apply a linear filter to this model. We use
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the Kalman filter, which is a useful tool in estimation theory to calculate the linear
innovations. Before we can apply the Kalman filter to the cointegrated model we have
to check the applicability of the Kalman filter to the cointegrated model. The Kalman
filter can be applied to the cointegrated model if Assumption K1-Assumption K3 in

Section 4.6 are satisfied.

The discrete-time state space model (4.29) satisfies Assumption K1, Assumption K2
and Assumption K3. To see this note that W,, = 04 holds, which immediately implies
R = 04xq.- Assumption K1 is automatically satisfied due to the definition of the
cointegrated MCARMA model. Furthermore, we have I'Z,, = R in our model,
which has a positive definite covariance matrix. Hence, Assumption K2 is satisfied.
In our model we have C' = H with rank C' = d. This implies CEXMCT has full rank
and thus Assumption K3 holds.

Therefore, by Appendix 4.6 we can apply the Kalman filter to the cointegrated model.
Hence, we obtain the linear innovations of Y™ and a new state space model in
innovation form. In order to estimate the cointegrated process, we use the linear
innovations. They describe the new information at time point n, which was not

available one step before, i.e. at time point n — 1.

Let us sum up the important results concerning the Kalman filter in the next

proposition.
Proposition 4.4.2
The discrete-time algebraic Riccati equation

Q) —eAhQ) AT _ oAb OT (OO CTY1oQMeA™h | () (4.31)

has a positive definite solution QMW € SETT(R) and the steady state Kalman gain

matriz K™ is given by
KW =AW T (cQWCT) ™ € My 4(R). (4.32)

The linear innovations €™ of Y are the unique stationary solution of the linear

state space model

)’(\—éh) _ (eAh . K(h)c) A(h)l + K(h)Yn(E)D

Sy ) _ ), neN.  (433)

~
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Then, we have a moving average representation for the linear innovations given by
o) = (1= ClIy = (™ = KWC)B] ' K® B) v,

O (e — KMO) T KWy, (4.34)

where B denotes the backshift operator, which is defined by BYn(h) = v . The

n—1

covariance matrix of the innovations is given by

V) =EeMMWT = cQWCT € §HT. (4.35)

Thus, the process Y is in innovations form given by

R0 = MR, 1 KV,

n

YW = CcX® 4 M neN, (4.36)

n

Define now the rational matrix-valued transfer function

k(z):=14— C’[]N - (eAh - K(h)C’)zrlK(h)z
=1;— C’Z — KW¢ ) "KM for z € C. (4.37)
Obviously, we have k(0) = I; and
k(1) = I; — C[Iy — (e — KM O)] 7' K™ e My(R). (4.38)

Due to Lemma 4.6.7 from Appendix 4.6 we know that |A\p..(e?® — KWO)| < 1,
hence Iy — (e" — KW () is invertible and k(1) is well defined. Since the matrix e

has eigenvalues equal to one, we have an integrated process.

Lemma 4.4.3
The eigenvalues of e are strictly within the unit circle or at one and the algebraic

multiplicity of the eigenvalue one of e is equal to its geometric multiplicity c.

Proof. This assertion is automatically satisfied by the sampled process from (4.29),
due to the eigenvalue condition on the cointegrated continuous-time model (see
Theorem 4.3.7). Recall that the matrix exponential has the following property
el = exp(Diag(0,, Axh)) = Diag([,, exp(Azh)). O
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Hence, by Lemma 4.4.3 we have indeed a cointegrated state space model (4.36) of
order one. We want to show that k(1) maintains the requirements for cointegration.
Hence, we show that k(1) has rank » = d — ¢ and contains the information about the
cointegration space. In order to analyze the matrix k(1) we need first the following

assumption guaranteeing that the filtered system is still minimal.

Assumption C2

The linear system given in (4.36) is controllable, i.e.
Connpeny 1= (K(h) eAh () (eAh)N_lK(h)) € My ,n(R) (4.39)
has rank N.

This assumption can be formulated in a different way using an alternative criterion
for controllability (c.f. [9, Proposition 12.6.13]). It holds by Fact 2.11.1 in Bernstein
[9] that for all X € o(et)

rank Coangey = N & ker (eAh — /\IN)T Nker KMT = {0}, (%)

Obviously, ker (eAh — A\ N)T is the eigenspace corresponding to the eigenvalue A of

ed'h, Taking a closer look on ker KT we see that the following equalities must hold

ker KM = ker (e QM CT(CQWCT)™) ' = ker (QWCT)'
= ker (CQ™) = ker (C) Q™.

Therefore, the condition (x) is satisfied if 2’ := Q™2 lies not in ker(C) for all
eigenvectors z of eATh corresponding to the eigenvalue A. Besides, due to the
observability condition (see Bernstein [9], Fact 2.11.3) we know that for all eigenvectors

7 corresponding to the eigenvalue A of e that Z & ker C.

Moreover, the linear system (4.36) is also observable due to the fact that the discrete-
time and continuous-time observability matrix do coincide. Finally, minimality
follows due to Assumption C2 and the observability of the system combined with
Lemma 4.3.5.

The filtered minimal state space system (4.36) is obviously given in decoupled form

“~(h S(h h
Xr(er)l,l B I, Oex(N—¢) X7(11) Kl( ) (h)
S (h) - Ash v (h) + (h) ] En
Xn+172 O(Nfc)xc € n,2 KQ

<
y, () ((J1 02) Sty |+l (4.40)
X 2
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Further, we can also make an assumption on the subsystems instead of the original
system. The system (e* K" () is minimal if and only if K fh) has full row rank
and C] has full column rank, i.e. rank K fh) = rank C; = ¢ and the representation
(eA2h, Kg(h), () of the stationary subsystem is minimal due to Lemma 4.3.8. This is
automatically satisfied due to the minimality of the continuous-time cointegrated

model and Assumption C2.

We adapt now a result from Ribarits and Hanzon, [84] (Lemma 3.1) in order charac-
terize the rank of k(1). Furthermore, we see that the cointegration information is

contained in the linear filter, to be precise in the matrix k(1).

Lemma 4.4.4
Suppose that the linear state space model (4.36) satisfies Assumption C2 and has
the representation (4.40). Further, let r denote the number of linearly independent

cointegration relations of the corresponding process Y. Then we have
1. r=d-c,

2. rank k(1) = rank <[d — C[Iy — (et — KW )] K(h)) .

Proof. Lemma 4.4.3 gives us the eigenvalue structure of the sampled process.

1. )A(,(th) is stationary with the special choice of )A(éf;) = Z;’io /A2l Kéh)e(f?, thus
we have X,(L}f) = Z;’il eAQh(j*l)Kéh)Eg?j. For any arbitrary initial value Xéﬁ),
which we assume to be independent of (57(1h))n€N, the solution for n > 0, is given

by

n— n

n—1 0
VO = O+ O, + | S D | aa

j=1 j=1

h h
5’ ) + Yn(,2)7

n—1
=X+ kMY e
j=1
where the part in the brackets corresponds to a stationary discrete time moving

average process.

Due to this representation and the minimality, the number of common trends is
obviously equal to rank C; K fh) = c¢. By (4.41) we see that (Yn(h)) consists of a
h)

1), a stationary part (Yn(};)) and an integrated process

random constant (Cy X é
h n— h
(CRY i ).

Denote by Ci- € My (4—)(R) the full rank matrix satistying C;-TC{- = I,_. and

CT Ct = Ocx (d—c), this means C,t is the orthogonal complement of C} and
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rank(C{) = d — c. Thus, it follows that

(CETY, M) ez = (CLTY ) e,

n,2

where YQ(h) is given above. Because r denotes the number of independent
cointegration relations, we have r > rank C{- = d — c¢. On the other hand,
since CT'Cy = I. the number of cointegration relations r < d — ¢. Finally,
r = d — ¢ which concludes the first part. Hence, the column space of Ci- spans

the cointegration space.

. We obtain for k(1) the following representation by applying the decoupling into
subsystems to (4.38)

(h) (h) -1 (h)

K"y K0, K
kl:[—(C 0) ! ! Lol (4.42
(1) = 1a b <th>cl KQ(h)Cg—l—IN,c—eA?h Kéh) (442)

Since K fh) and C] have full rank ¢, the ¢ x ¢ matrix K fh)Cl is regular and has also
rank c. We set N := N —c. Furthermore, the matrix (Kéh)Cg + 15 —e2") is also
nonsingular due to the Kalman filter, which implies [Apas (€2 — KSVCy)| < 1.
Thus, we can apply the Matrix Inversion Lemma (see e.g. Bernstein [9],

Proposition 2.8.7) and obtain
KM
K =Li- (G ) M- (), (4.43)
Ky

where the matrix M is defined by

My M
M= ("1 R (4.44)
M21 M22

where

My = (KMe) + (kMo 'k e, kM oy (kM oy,
My = —(KPo) 'KW1,

My == —Q 7' K" Cy(KM ),

My = Q7
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with
Q =TIy — ™+ KMCy — K oy(k™Mo) kM e,

Define P := I; — C’l(Kl(h)C’l)_leh) € My(R), which is obviously idempotent
since P? = P holds. Note that the matrix product K fh)Cl is a nonsingular
¢ x ¢ matrix and consequently Cy(K\"Cy)~'K" has rank ¢. Then we can

rewrite the matrix k(1) once more using the representation (4.44) and obtain

)
k(1) =1y — ((J1 02> M- (Kih)>
2

=Ty — O\ M K™ — CoMay K™ — O Mo K — Co Moy KV
=(I — C1(K{"Cy) ' KYY) = CoQ 7 Y
+ Oy (B O) T RV 00T R
+ Q' KMoy (kM o) k™
— Oy(K )T K G K Cy (K Cy) T R
=P — (Is— Cy (K" Cy) " K{) 0@ K3 (1 — Oy (K1Y Cy) T YY)
=P - PC,Q'K"P.

Since the matrix P is idempotent and I — P = C’l(th)C’l)*leh) has obviously
rank ¢, we have due to the rank equation for an idempotent matrix, i.e.
rank P+rank(/—P) = d (see e.g. Bernstein [9], Fact 3.12.9), that rank P = d—c.
As above, by the Matrix Inversion Lemma (see e.g. Bernstein [9], Corollary

2.8.8) we can rewrite the matrix Q™! as

Q' =[I5 — et + KV P20y

=(Iy —e™") ™

— (I5 — eAQh)_lKéh)P[Id + PCy (I — eAQh)_lK’éh)P]*lp(j2 (Ig — et ™",

For the sake of brevity, we write R := (s (IK, — eA2h)71K2(h). Substituting the

previous result into the formula of k(1) leads to

k(1) = P — PRP + PRP(I; + PRP)"*PRP
= P — PRP + (PRP)*(I;+ PRP)™*
— [(P — PRP)(P + PRP) + (PRP)*(I;+ PRP)™"
= P(I;+ PRP)™!,

1
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where we used the fact that (I; + AB)™'A = A(I; + BA)™! for matrices
A(:= PRP) and B(:= I;) such that I; + AB is nonsingular (see e.g. Bernstein
[9], Fact 2.16.16) for the second equality. Since we have

rank k(1) = rank P(I; + PRP) ™' =rank P =d — c.

]

Since rank k(1) = d — ¢ there exists «, 5 € M,,(R) with full row rank such that
k(1) = —apB”. Note that k(z) — k(1)z =0 for z =1 and k(z) — k(1)z = I, for 2 = 0.

Hence, we can rewrite k(z) as

k(z) = k()z+[k(z) —k(1)z] =k(1)z+ (1 — 2)[Ig — k(2)]
= k()24 I(1—2) —k(z)(1 —2) = —af 2+ L1 — 2) — k(2)(1 — 2),

where

k(z):=1I, %’jl)z (4.45)
We can now state an error correction form, where we consider a linear state space
model instead of a VAR process in the classical error correction form. The so-called
transfer function error correction form, was presented by Ribarits and Hanzon [84]
for discrete-time state space models. However, we have a continuous-time state space
model observed at discrete time points. Therefore, our error correction form will
have a similar form as the one of Ribarits and Hanzon but we will have different

matrices.

Definition 4.4.5

The error correction form is given by

AY? = apTY, ") + R(B)AY,M + P neN. (4.46)

n n

For comparison see the classical error correction model for a cointegrated VARMA

process for example in Liitkepohl [62], Section 14.2.
Lemma 4.4.6

BTY M s stationary and the rows of B span the cointegration space.

Proof. By the Matrix Inversion Lemma (see e.g. Bernstein [9], Corollary 2.8.8) and
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(4.43) we obtain

-1
T N (LT B
KMoy KMCy 4 Iy_, — e K
= [I;— Cy(I5 — e + KVCy) LK)
[l = Colly — e + K3V Co) KLY
O K [Ty — Co(I — e+ KV Cy) T KM Cp) ™
KMy — Co(Iy — e + K Cy) 7 K.

We receive

k(1)Cy =[Iq — Co(I5 — ed2h Kéh)02)—1K§h)]Cl
Gl e e R
(Pl = Gl = e+ KO0 )
. Kl(h) [a = Collg — ™" + Kéh)cz)_lKéh)]Cl
it~ Culls o 4 K0
el e e e

:dec-

This means afTC; = k(1)C; = 0gx.. Since a and 3 have full rank r = d — ¢ and
rank Ci- = d — ¢, C{ and B3 span the same space. Due to Lemma 4.3.9 we can

conclude the statement. O]

h) is then as a sum of stationary processes stationary itself. In the

In particular €
following we present some alternative representations for the innovation sequence

which help to derive some further properties of the innovation sequence.

Lemma 4.4.7
Write k(z) = 372, L2’ and k(z) = >y K;2, and define

k(2) = I; — k(2). (4.47)

Then the following alternative representations for the innovation sequence hold.

(a) &) = k(B)Y,"% + k(B)C\ R

n,1»

n € N.

(b) el = > (ij’lBj Zi:o LkCgeA2h(j_k)Bj> R™W.  neN, where

Ko =0 and K; = Cy i (et — K(h)C’)i_lK(h), forj > 1.
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From (a) we see that the innovations consist of two summands containing on the one
hand, the filtered version of the stationary part and on the other hand, the filtered

version of the increments of the driving Lévy process.

Proof.
(a) Using (4.45) we obtain

K(z) — K1)z = (1 - )Ty — B(2)] = (1 - 2)F(2)
so that (4.46) and (4.28) result in

el = AV, 4+ k(1)BY,® — K(B)AY," = k(1)BY,') + K(B)AY,"
— k)BYY + E(B) (ClRff% +(1-BYY)

(b) With the moving average representation of YQ(h) and the Cauchy product we

receive
e® = ‘( )CLR\] + k(B)Y,\

- ZK BIO\RY |+ ZL BJCQZeAQ’”B RY)
7=0 7=0 =0
00 o) k

= Y K BORY A+ LB Coe =) g R
7=0 =0 7=0
o o J

— Z KijClRfﬁ + chzeAQh(jfk)BjRgg
j=0 7=0 k=0
X o\ (R™

=) (chlB] 2o LiCaet2tU _k)BJ> ( R?fl;)
=0 m,2

= Y (KB S Lo 0B ) RY, neN.

We determine the matrix coefficients I?Z in the subsequent considerations. It can
casily be seen that k(0) = Ko = 0. By rearranging (4.45) we obtain k(z) — k(1)z =
(1 — 2)[1y — k(2)], which is equivalent to

(1—2) [Id—iKZZ’Z] (Id—Cz h)C - 1K(h) >
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(e morm).

and thus by comparison of the coefficients we obtain
A —CKW — 1+ 0y (e = KWe) T K™ = —1, - K,
i=1

= Ki=C) (M- KMC) K™,
2% —C(eAh — K(h)C’)K(h) = l~(2 — [~(1

S K= O (M - KoY T R,

2 —C’(eAh—K(h)C’) TR® — I?j—f(j_l

= K= CZ NOYTIK®, for j > 1.

i=j+1

This concludes the proof. O

We already have seen that the linear innovations are stationary. We investigate now
the ergodicity of the innovations and sum up useful properties of the linear innovation
sequence in the next proposition. These enable us in the next chapter to derive limit
results necessary for the theoretical foundation of the quasi maximum likelihood

estimation.

Proposition 4.4.8
The linear innovations €™ given by (4.33) are a stationary, ergodic and uncorrelated

sequence. Furthermore, the linear innovations €™ have finite second moments.

Proof. As already mentioned £ is stationary because all other terms appearing in
(4.46) are stationary. For the ergodic property we first note Rgh) is an i.i.d. sequence

and Yg(h) is ergodic, which was already shown in Schlemm and Stelzer [91]. Then,

v
(Z ) nen = (C }%(h)
1/ pen

is obviously stationary and ergodic. Since, we can define a measurable function f

the vector process
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such that
e = f(zM), neN

n

we obtain that £ is ergodic with Bradley [16], Proposition 2.10 (ii). Note that we
could have proved stationarity of the linear innovations £ using the same arguments

as for the ergodicity.

Recall that |Ape. (e — K®C)| < 1 holds and the form of the transfer function
(4.37). Hence, the existence of second moments of the linear innovations ™ follows
directly from the finite second moments of the driving Lévy process and the fact that

the transfer function k(z) has exponentially decaying coefficients.

All remaining assertions follow by Hannan and Deistler, [46], Chapter 4, and Brockwell
and Davis, [20], Chapter 12. ]

Note that if we have a Lévy process consisting only of a Brownian motion, the noise
is Gaussian. This even implies that the linear innovations are a sequence of i.i.d.

random variables.

Due to the representations and results on the linear innovations ¢ and the sampled
process Y™ in this section we are able to derive several asymptotic results later
on. Not only does a law of large numbers for the innovations hold, but we have
in particular a functional central limit theorem and thus weak convergence to a
stochastic integral due to the integrated part of Y ). These weak convergence results
are the key results enabling us to derive all necessary asymptotic results, in order
to prove the consistency of the step-wise quasi maximum likelihood estimator and
derive the asymptotic distribution in Chapter 5. For a profound derivation of the

auxiliary asymptotic results we refer to Appendix 5.8.

4.5. CONCLUSION

Many time series do not behave in a stationary way, e.g. financial time series
data. Hence, non-stationary models are of particular interest in order to model such
behavior. One particular class of non-stationary processes are cointegrated models.
We extended in this chapter existing continuous-time cointegrated models to the
general Lévy driven MCARMA case.

Moreover, we have seen in this section a type of Johansen-Granger Representation
Theorem characterizing cointegration. We considered the cointegrated Lévy driven

MCARMA process from two different perspectives. On the one hand, we used the
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representation with the autoregressive and moving average polynomial and on the
other hand, the state space representation. In the first case we characterized the
cointegration property in terms of certain matrix coefficients. In contrast, a state
space model is cointegrated if the system matrix A has several eigenvalues equal to
zero. This leads into a decoupled state space system, where the integrated part is
decoupled of the stationary part. The derived representation is very flexible since
we can freely model these two parts. This has the advantage that we can make a
restriction to these parts only and can find very easily a unique parametrization.

Above all, we investigated the probabilistic properties of the cointegrated process.

Furthermore, the solution of the cointegrated state space model is a sum of a Lévy
process and a stationary MCARMA process. Hence, this representation enables to
use the properties of the stationary MCARMA process. This representation is a
continuous-time analogue to the representation in the discrete-time case given in the
Johansen-Granger Representation Theorem. Besides, the cointegration space can be
easily recovered from this representation. We investigated the representation and
probabilistic properties of the sampled process, which inherits many properties from

the continuous-time cointegrated MCARMA process.

Last but not least, we showed the applicability of the Kalman filter in the non-
stationary setting with unit roots. By means of the Kalman filter, we obtained the
linear innovations ¢ of the discrete observations Y® and derived a error correction
representation for the linear innovations which resembles the classical error correction
form of cointegrated processes, i.c. we have e’ = HYH@1 +E(B)AYn(h). Furthermore,
we showed that the cointegration information is preserved in the filtered model. To
be precise the matrix II is singular and contains the cointegration space and thus the

cointegration rank.

4.6. APPENDIX: DERIVATION OF THE KALMAN FILTER FOR STATE
SPACE MODELS WITH UNIT ROOTS

We are going use the notation of Schlemm and Stelzer [91] in the succeeding part,
where we derive the Kalman filter for a cointegrated state space model. The stan-
dard approach does not work here since the continuous cointegrated model is only
semistable and not asymptotically stable. This property transfers to the discretised
process. Hence, we have to check the applicability of the Kalman filter first. For an
introduction to Kalman Filtering and Linear State Space Models see e.g. Anderson
and Moore [3] or Hannan and Deistler [46].
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Before we can use the properties of the Kalman filter, we have to check if the Kalman
filter is applicable in this setting. Due to the unit roots we have to check under which
additional assumptions the standard framework of the Kalman filter works. As we
will see in this section, we have to initialize the Kalman filter with a positive definite
matrix. Moreover, we have that under standard assumption also the convergence
of the Kalman filter for the cointegrated model holds. However, we do not verify
the results for the special form the cointegrated model takes. Instead, we consider a

more general state space model which includes the model considered in Chapter 5.

Definition 4.6.1
An Re-valued discrete-time linear stochastic state space model (F,H, 7, W)
of dimension N is characterized by a strictly stationary RP*4-valued sequence (ZT WT)T

with zero mean and finite covariance matrix

Zn Q 0
(Wn) (zr w1 )] = G (0 R) . nmeL (4.48)

for some matrices Q € S} (R), R € S;7(R) or R = 0axa; a state transition matriz

E

F € Mn(R); and an observation matrizc H € My n(R). It consist of a state equation

X, =FX, 1 +1Z,1, ne’ (4.49a)
and an observation equation

Y, =HX,+ W, ne€LZ, (4.49D)

where I' € My . The RY -valued autoregressive process X = (Xn)nez is called the

state vector process, and 'Y = (Y, )nez is the output process.

Note that the concept of observability and controllability are the same as in the
continuous time case. The linear system (4.49) is observable if the observability
matrix Ogyp has full rank. Observability guarantees that we can reconstruct the

state vector X, given the observations Y,,, ..., Y, n_1.

The same holds for controllability, where the linear system (4.49) is controllable if
the controllability matrix Cpr has full rank. Controllability guarantees that for a
fixed value X,, we can reach any arbitrary specified value X* at time point n + N by

designing a certain input sequence for which we obtain the required terminal state.

We give now the analogue definition of minimality for the discrete-time case (c.f.
Definition 4.3.4).
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Definition 4.6.2

Let k € Mym(R{z}) be a rational matriz function. A matriz triple (F,T', H) is
called an algebraic realization of k of dimension N if k(z) = H(zIy — F)7'T,
where F € My(R), I' € My,(R) and H € Myn(R). The matriz triple (F,T', H) is
called minimal if there exists no other algebraic realization (f, T, ﬁ[) with dimension

smaller than N.

This is the state space equivalent to left coprimeness for VARMA processes. Mini-
mality can be characterized by observability and controllability, which is stated in

the next theorem.

Theorem 4.6.3 (Hannan and Deistler (1988), Theorem 2.3.3.)

The linear system (4.49) is minimal if it is controllable and observable, i.e.

rankCpr = rankOgp = N. (4.50)

In order to prove the results in this section we postulate a number of assumptions.

Assumption K1
The initial state X is independent of Z and W, i.e. E(X,Z) = 0 and E(X,W,T) = 0

for all n.

The formal derivation of the Kalman filter, in the case of R € S}*(R), can be found
e.g. in Harvey [48] or Chui and Chen [26]. In the case Gaussian case we derive the
optimal minimum mean-square error estimator, whereas in the non-Gaussian case

the Kalman filter is derived as the best linear estimator.

Normally in the Kalman filter setting one has the following results (see e.g. Brockwell
and Davis [20], Proposition 12.2.3, or Hamilton [45], Proposition 13.2). The optimal
linear filter for the system (4.49) is given by

X1 =(F — K,H)X, + K,.Y,, Xo=T,, (4.51)
where the Kalman gain matrix K, satisfies
K, =FQ,H'[HQ,H" + R € My 4(R) (4.52)
and €2,, satisfies the matrix Riccati difference equation

Qi1 =FQ,FT — FQH'(HQ,H" + Ry 'HQ,FT +TQT" € SL(R).  (4.53)
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If Q,, converges for n — oo, then the limiting solution 2 satisfies the following

algebraic Riccati equation obtained from (4.53)
Q=FQF" — FQHT(HQH" + R)"'HQFT +TQI'" € S (R) (4.54)
and the steady state Kalman gain matrix K is given by

K :=FQH'[HQH" + R]™' € My 4(R). (4.55)

However, for R = 0454 some inverses above might not be well defined. Since we have
not found a derivation of the Kalman filter for the case of R = 0444 in the literature,
without the problem of singular matrices (compare Hamilton [45], Proposition 13.1
and 13.2), we present a derivation in the subsequent part in order to validate the

results we just presented in the last few lines for the cointegrated setting.

We follow Chui and Chen [26] and adapt their proofs to our setting in order to
be able to work with the derived state space form in the MCARMA setting (c.f.
Proposition 4.4.2).

The Kalman filter minimizes the mean square error of the estimated parameter
vectors. In particular, the Kalman filter is the best estimator in the Gaussian case
among all filters. Nevertheless, if the noise is non-Gaussian, it is the best linear
filter among all linear filters, i.e. a non-linear estimator might perform better (c.f.
Anderson and Moore [3], Section 5.4).

Assumption K2
Let R = 04xq and TQT'T € S§T(R) , i.e. TQL'T is positive-definite.

The a priori and a posteriori estimator of X,, in the Gaussian (respectively non-

Gaussian) setting are given by

~

Xn\n—l :]E[an}/()a s ’Yn—1]<: Pn—an>’
Xoin =E[Xo|Yo, ..., Yol(= P.X,)

and the error of the estimation is given by the error covariance matrix
Qn—‘rl,n :E (Xn+1 - Xn+1)(Xn+1 - Xn—&-l)TD/O» s 7Yn .

For reasons of brevity we write €2,, := €, ,,_; and )A(n = )A(n‘n.
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The Kalman filtering equations are given by (see e.g. Anderson and Moore [3])

(

Q-1 = Var(X))

Qiin = FlQunt — Qo s HN(HQp  HY) P HQ, | FT + TQLT
— FQ, FT +TQrT

Q= Qnt — Yot H(HQ ot HN) U H Qo

Xo-1 = E[X]

Xopin = (F = KnH)Xpno1 + K.Y, = FX,

Xom =Xt + Qo tHT(H o HT) (Y, — HX 1)

K, = Qun  H (HQpn  H) ™,

(4.56)

\
where K, is the so-called Kalman gain matrix.

In order to guarantee well-defined Kalman filtering equations we need the following

assumptions.
Assumption K3
Let H be of full rank and §2y be positive definite.

Then HQyH is non-singular. Likewise, we show later that H), H is non-singular

for all n € N, hence the Kalman gain matrix and the Riccati equation are well-defined.

The recursion for the covariance €2, is given by using the Kalman filtering equations
Qn - FQn—l,n—lFT + FQFT

=(F — Ky 1 H)Qy 10 oF T +TQLT (4.57)

= (F = FQ 1 oH (HQp 12 H ) " H)Qp 1 o FT +TQLT
=(F—-FQ, H'(HQ, \H")'H)Q,_FT +TQI'",

then we define analogous to Chui and Chen
U(T):=(F - FTH (HTH") 'H)TF" +TQT". (4.58)

Hence, we have for €2, the discrete-time Riccati difference equation 2, = W(,_;)
and the discrete-time algebraic Riccati equation (DARE) Q = ¥(Q). We can rewrite

the Riccati equation in the following form using (4.57)

Q, =(F - K, 1 H)Q,_FT +TQT"
—(F — K 1H)Qy_(F — K, H)T+TQTT
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+(F - Ky 1H)Q, (K, H)T
=(F - K, 1H)Q, (F - K, (H)" +TQI" (4.59)

The last equation holds because (F — K,,_1H)$,_1(K,_1H)" is zero, which can be
seen by inserting the definition of K,.

In order to show the convergence some auxiliary results are necessary, which are
adapted versions of Lemmas from Chui and Chen [26]. The first Lemma provides an

upper bound for the covariance 2,,.

Lemma 4.6.4 (c.f. Chui and Chen (2009), Lemma 6.1)

Suppose that the linear system (4.49) is observable. Then there exists a non-negative
definite symmetric constant matrix W independent of the positive-definite initial
value Qg such that for alln > N + 1

Q, <W.

Proof. We define (z,w) := Cov(z,w) = E[(z — E[z])(w — E[w])"] and |w|% :=
(w,w) = ||w||n||w||k. Let )A(n,”n,l be the (linear) minimum variance estimate of
X, -1 and

Qn :HXn - Xn|n—1”?\[
:HFXn—l + FZn—l - FXn—1|n—1||?\]
—F|| X1 — Xp a1 |5 FT +TQIT,

which holds due to the independence of X,_1 — )A(n,l‘n,l and I'Z,,_;. Since )?n,”n,l

is the (linear) minimum variance estimate, we have
10 = Kol < 1% = X

for any arbitrary unbiased estimate X,_; of X,,_;. The observation matrix has full

rank, hence O, »Opr is a non-singular matrix given by
N-1

Oh:Onr =Y (FVH HF"

1=0

Choose

X1 =FN(OfpOpp) ™" Y (FIYH"Y, N 14

%

=

I
o
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N-1 i—1
=FN(O0L0pr) 12 (FTYiHT <HFZXn N 1+ZHF I'Z;_4 j>
=0

7=0

N-1 i—1
=F"X,_n1+ FN(O}:0up) ™ Y (FTYHT (Z HFeri_l_j) ,
i=0 Jj=0

for n > N + 1. Then we obtain

Xn—l - Xn—l
N-—1 N-—1 i—1

=Y FTZy 14— FN(OfpO0pp)™ > (FT)HT (Z HFTZ;_, ]> .
=0 =0 7=0

Obviously, we have that || X,, — X,,_||% is independent of n for all n > N + 1. Thus,

Qn = FHXn—l - )?n71|n71||?VFT + FQFT
S FHXn—l - anl\nle?VFT + FQFT
< F| Xy — Xyn|4FT+TQTT =W, foralln> N +1.

Additionally, W is independent of the initial condition Qy = Qp 1 = || Xo — )A(O|_1||?V.

Thus, we have shown all claims. O

The next Lemma states, that the Riccati equation satisfies an ordering property. The

proof can be found in Anderson and Moore [3] or Chui and Chen [26].

Lemma 4.6.5 (Chui and Chen (2009), Lemma 6.2)
If A and B are both positive-definite and symmetric with A > B, then V(A) > V(B)
for W(-) as in (4.58).

Due to the ordering property we can guarantee that the Riccati difference equation
will be well-defined.

Lemma 4.6.6 (c.f. Chui and Chen (2009), Lemma 6.3)

Suppose that the linear system (4.49) is observable. Then with the initial condition
Qo= Qo1 =TQTT, the sequence {Q,} converges componentwise to some symmetric
positive definite matriz 0 > 0 as n — oo. Further, we have that (), is positive

definite for all n € N and thus the Riccali difference equation is always well-defined.

Proof. Since by Assumption K2 Qg = I'QT'T > 0 holds and by (4.59), we have

Q) = (F — KoH)Qo(F — KoH)T +TQI'T > 0.
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Further, we have
Q1 — Qo = (F — KoH)Qo(F — KoH)" +TQI'™ —TQI'™ > 0.
Since €2; and )y are symmetric, we have by Lemma 4.6.5 that
Qi1 >2Q2, >0 foralln=0,1,....

Hence, €2, is monotonic nondecreasing and bounded by the matrix W due to

Lemma 4.6.4. Therefore, we have for any y € RY
0 <y Qy <y'Qy <y Wy,

thus the real-valued sequence {37, y} is also bounded and monotonic nondecreasing
and converges therefore to some positive constant. Choose y = [0...010...0]T,
where the i component is non-zero. It follows that for Q, = [Ql(;l)]

Yy QY = ng) — pii asn — 00,

where p; > 0. Now, choose y = [0...010...010...0]", where the i* and ;%
component is non-zero. Then we have
YTy =8+ QW 4ol 4 ol
:QE?)+2Q§;) —i-Qg?) —q asn — oo,

where ¢ > 0. Thus
1

Qz(]n) =3 (g — Qi — Q) as n — oo,
ie. Q, — Q. Since 2, is symmetric and positive definite, so is €2. O

Now, we have the limit of the Kalman gain matrix given by Lemma 4.6.6

K= lim K, = FQHT(HQH")™". (4.60)

n—oo

The analogue alternative representation for the (DARE) of an observable system is
given by taking the limit in (4.59). We have

Q= (F—-KH)QF - KH)T +TQr", (4.61)

where K was defined in (4.60).
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Lemma 4.6.7
Suppose that the linear system (4.49) is observable. Let the initial matriz be Qg =
LQTT and Q be defined as in Lemma 4.6.6. Then all eigenvalues of (F — K H) must

be inside the unit circle and consequently the Kalman filter is asymptotically stable.

Proof. Let x € CV denote an eigenvector of (F — KH)T and ) its eigenvalue, then
(F— KH) 'z = \x. (4.62)
Then

o (F - KH)QF —KH)'2 = [(F — KH) 2]*Q[(F — KH) ]
= [Ax]"Q[A\z]
= [\*2*Qa. (4.63)

Now, we multiply the (DARE) (4.61) from left with z* and from right with x, we

obtain
r*Qr = [A\*2*Qz + 2 TQI T,
which is equivalent to
(1—|A*2*Qr = 2*TQT . (4.64)

Since TQT'T > 0 by Assumption K2, the right-hand side of (4.64) is positive. Further,
according to Lemma 4.6.6 € is positive definite. In order to be well-defined |A| < 1

must hold, i.e. all eigenvalues of (F' — K H) must be inside the unit circle. O

Lemma 4.6.8

Suppose that the linear system (4.49) is observable. For any positive definite sym-
metric initial matriz g, we have €, > 0 and thereby 2,.1 is well defined for all
n € N.

Proof. According to (4.59) we have by Bernstein [9], Proposition 8.1.2., that
Q) = (F — KoH)Qo(F — KoH)T +TQTT > 0.

Again, since QLT > 0 and (F — K,, 1H)Q, 1(F — K, 1H)" > 0, we have by
induction that €2,, > 0 and 2, is well-defined for all n € N for an arbitrary positive
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symmetric initial matrix €2. O

Lemma 4.6.9 (c.f. Chui and Chen (2009), Lemma 6.4)
Suppose that the linear system (4.49) is observable and Q defined as in Lemma 4.0.6.
Then the following relation

Q—Q,=(F-KH)(Q—-Q,)(F—-K, H)" (4.65)
holds for allm = 1,2,..., and any positive-definite symmetric initial condition .
Proof. By Lemma 4.6.8 all equations in the following proof are well defined. Let
Qo be an arbitrary symmetric positive definite initial matrix. Since K, ; =

FQ, «HT'(HQ, H")and Q' | = Q,,_1, the matrix K,,_; HQ,, 1 F is non-negative
definite and symmetric. Using (4.58), we have

Q—Q, =9(Q) — ¥(Qp1)
= (FQFT — KHQF") — (FQ,  F" — K, _1HQ, F")

—F(Q—-Q, )FT —KHQF" + FQ, \H'K . (4.66)
Now,

(F—KH)(Q— Q1) (F - K, H)T

= F(Q—-Q, ) F' - KHQF" + FQ, \H' K | +R,, (4.67)
where

R.=KHQ, \FT —FQH'K] |+ KHQH'K! | — KHQ, {H'K] .
(4.68)

It remains to show that R, = 0, then (4.66) and (4.67) are equal and the result

follows. According to the definition of the Kalman gain matrix K,_;, we have
K, (HQ, (H") =FQ, H" (4.69)

and hence, taking n — oo with initial condition Qy = I'QI'T we gain this equation

also for the limit

KHQH" = FQH". (4.70)



100 CHAPTER 4. CHARACTERIZATION OF COINTEGRATED MCARMA PROCESSES

Lastly, if we insert (4.69) and (4.70) in (4.68), we have proven that R, = 0. O
If we use (4.65) repeatedly, we obtain
Q—Q,=(F-KH)" "2~ Qn1)B], (4.71)
where
By = (F - Ky H) - (F — Ky H), (4.72)

forn=N+2 N+3,...and B, 1 = Iy.

Lemma 4.6.10 (Chui and Chen (2009), Lemma 6.7)
Suppose that the linear system (4.49) is observable. Then

B,B' <M, n>N+1, (4.73)

for some constant matriz M independent of Qy. Consequently, if B, = [bg?)], then it

holds that |bgl)| <'m, for some constant m € R and for all i,j and n.

Proof. According to Lemma 4.6.4, Q, < W for n > N + 1. Using (4.59) we have

W>Q,=(F-K, HQ, (F- K, H'+TQr"

>(F — Ky 1 H)Qy (F — K, H)T

> (F— K, 1H)(F — Ky 2H)Quo(F — K, oH)"(F — K,_1H)"
>

> B,y Bl (4.74)

Since )y is real, symmetric and by Lemma 4.6.8 positive definite, all its eigenvalues

are positive real numbers. Let AN he the smallest eigenvalue of Qy.1, hence

according to Bernstein [9], Corollary 8.4.2, we have Qy 1 > /\(NH)]N. All in all, we

min

obtain

W > B AN BT — ANt BT

min min
min

~1
Choosing M := ()\(N+1)) W gives us an upper bound. O

The results of Lemma 4.6.4, Lemma 4.6.5 and Lemma 4.6.6 guarantee the convergence
of the Kalman filter for the special choice €y = I'QI'T. In addition, Lemma 4.6.7
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gives us the asymptotic stability of the Kalman filter. In order to relax the restriction

on the initial matrix we use Lemma 4.6.8 to ensure all equations are well-defined.

Eventually, Lemma 4.6.9 and Lemma 4.6.10 give us the convergence for arbitrary
symmetric positive definite initial matrices. Finally, we have that B, is bounded
by Lemma 4.6.10 and Lemma 4.6.7 guarantees that the matrix (F — KH)" N1

converges to zero as n — oo and thus €2, — €2 as n — oo.

Theorem 4.6.11 (c.f. Chui and Chen (2009), Theorem 6.1)
Let the linear system (4.49) be observable and Assumption K1, Assumption K2 and
Assumption K3 hold. Then, for any initial state Xo such that Qy = Qy_1 = Var(Xy)

is a positive definite and symmetric matriz, (), = Qp 1 — 0 as n — oo.

Moreover, 2 > 0 is symmetric and exists for any arbitrary initial value Xo. Further-

more, the order of convergence is geometric, that is,
tr(Q, — Q)(Q, — T < Or, (4.75)
where 0 < r <1 and C' > 0, independent of n. Consequently,

tr(K, — K)(K, — K)T < Cr". (4.76)

Proof. In order to abbreviate the notations, we define F := (F — KH). Using (4.71)

and Lemma 4.6.10 gives us

(Qn - Q)(Qn - Q)T = ﬁniN*l(QNH - Q)BHBIG)NH - Q)<ﬁn7N71)T

< ﬁanflej(ﬁanfl)T’
for some positive definite symmetric constant matrix M = Qv — QM (Qny1 — Q).
Furthermore, we have F" — 0 as n — oo because Lemma 4.6.7 guarantees that
all eigenvalues lie inside the unit disc. Next, Lemma 4.6.8 gives us that €2 > 0,
symmetric and exists for an arbitrary positive definite matrix 2y. By Bernstein [9],
Fact 8.12.15., and Chui and Chen [26], Lemma 1.10, we have

tr(Q — Q)(Q, — Q)T < tr PN Y ENOT g M < O, (4.77)

where 0 < r < 1 and C' is independent of n and depends only on M. Further, we
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have

K, K=F(Q, - QH" (HQ,H")™*
+ FQHTY(HQH)MH(Q - Q) HT|(HQHT) ™.

And therefore we have

(K, — K)(K, — K)" <2[F(Q, - QOH (HQ,H)[F(Q, - QH (HQ,H")™"]"
+2lFQHT(HQ,H") ' H(Q - Q) H (HQHT) ]
JFQHT(HQHY ' H(Q - Q) HT ) (HQHT) T,

Additionally, we have
O = (F - KoH)Q(F — KoH)" +TQIT >1QrT
and analogous €2, > I'QT'T for n > 1. As a consequence, we have
HQ,H" > HTQI''HT

and
(HQ,H") ' < (HIQITH™)™.

According to Chui and Chen [26], Lemma 1.9,
tr (HQHT) N (HQ,HT)™") < (tr(HTQTTHT)™1)?
and again as in (4.77) we get

tr(K, — K)(K, — K)T <2tr(Q, — Q)(Q, — Q)" tr FFTtr H H(tr(HTQTTHT)™1)?
+2tr QO tr FFT tr HTH(tr(HTQUTH ) )2 tr HHT
tr(Q — Q) (Q = Q) tr HTHtr(HQH ") N (HQHT) ™
<O (2, — Q) (2 — Q)T
<Cr',

where C and C are constants, independent of n. n

We obtain the steady-state (limiting) Kalman filter by replacing the Kalman gain

matrix K, by its limit version K, therefore the prediction-correction equations are
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then given by

Xo-1 = E[Xo]

Xosin = F = KH)X o1 + KY, = FX,), (478)
Xon = Xapo1 + QHT(HQH") (Y, — HX 1)

K = FQHT(HQHT)".

Theorem 4.6.12 (c.f. Chui and Chen (2009), Theorem 6.2)
Let the linear system (4.49) be observable and Assumption K1, Assumption K2 and
Assumption K3 hold. Then

lim [ X, — Xnoot3 = Q= lim | X, — Xopoa |} (4.79a)
n—oo n—oo
and

lim || X, — Xpol3 = Q- QHT(HQHT) 'HQ = lim || X, — X,.]%.  (4.79b)
n—oo

n—o0

Proof. The right hand side of (4.79a) is obvious and the right hand side of (4.79b)

follows directly from the definition.

lim || X, — X, |3 = lim Q,,
n—oo n—oo

= lim Qn,n—l - Qn,n—lHT(HQn,n—lHT>71HQn,n—1

n—o0

= Q- QH"(HQH") ' HQ.
For the left hand side of (4.79a) we need first some calculations. We have

Xn - 7n,nfl = (Fanl + Fanl) - ((F - KH>7nfl,n72 + KYnfl)
== (F - KH)anl + Fanl - (F - KH)ynan72

=(F—-—KH)(X-1 — Xn-1n2) +1Z,1.
Hereby, we obtain with the independence
[ X0 = Xpnill} =(F = KH)[|[ X1 = Xo1no|[f(F = KH)T +TQTT.
Subtracting €2 from the previous result together with (4.61) gives us

X — 7nn—IH?\/ —Q=(F - KH)||Xp1 - Yn—l,n—2||?V(F - KH)T + FQFT —
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=(F — KH) (| Xp-1 — Xp_10o||¥ — Q) (F — KH)".
Iterating this procedure leads to
1% = Xona | = Q@ = (F = KH)" (| Xo — Xolly — Q) [(F = KH)']"

Since the eigenvalues of the matrix (F' — K H) lie in the unit circle, the matrix

(F — KH)" tends to zero for n — oo and finally we have
lim || X, — X3 = (4.80)
n—oo

For the left hand side (4.79b) we have by (4.78)

Xy = Xon=(Xy— Xpn1) = QH (HQH") MY, — HX 1)
= (In—QH"(HQH")'H) (X, — Xpjur).

and consequently

10 = Kl = (In = QET(HQHT) T H) [ X, = Koo 3
Iy — QHT(HQHT) ' H)"

and by taking the limit using the result (4.80).

lim || X, — Xl = (In — QHT(HQHT) ' H) Q (Iy — QHT(HQHT) ' H)"
n—oo

= Q+ QHT(HQHA) 'HQHT(HQH)'QH — 2QHT(HQH ") 'QH
=Q-QH"(HQH")'QH,

which completes the proof of this theorem. n

Theorem 4.6.13 (c.f. Chui and Chen (2009), Theorem 6.3)
Let the linear system (4.49) be observable and Assumption K1, Assumption K2 and
Assumption K3 hold.

Then there exist a real number r, with 0 < r < 1 and a positive constant C,

independent of n, such that
tr]| X, — X% < Cr™. (4.81)

Proof. The proof is an adapted version of Chui and Chen [26], where R = 0g4y4. Let
G, and G be defined by G,, = Q, H'(HQ,H")™" and G := QHT(HQHT")™! then we
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have

3><>

~ X, =y -GHF(X,
+ (G — G)(HF (X,

1)

— X,
— Xo1) + HT Z,_y).

Since <Zn,1,)?n — X,y =0and (Z,_1, X, — )/(\'n) = 0, we have by writing shortly
A= (Iy — GH)F that

1Xn = Xall3 =Al[Xno1 = Xt [3AT
+(Gn = G)HF|| Xy — Xy |ZFTHT + HTQTTHT)(G, — G)T
+ AXy = X1, X1 — X ) FTHT (G, — G)T
+ (Gp— GYHF (X1 — X1, Xno1 — Xn_1)AT

and repeating this n — 1-times we obtain

||Xn _YnH?V
= fl"HXo — Xoll3(AMT

. ZAZ i — G)HF| X1 — )A(n—1—i||?vFTHT(Gn—i —Q)T(AYT
. Z A(Gy — GYHTQUTHT Gy — G)T(A)T

+ Z ATUX, = X6, X1 — X1 ) FTHY(G,; — Q)T A
£ 3 A (G = QUHP(X1cs = Kooy Kai = K (AT,

Furthermore, we have

—_ ~ A~

i— X5 X = Xp) + (X = X, X — X)
(X; — X5, X, — X))+ (X; — X;, X; — X;)

<)
|

{

IA
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=2/ X; = X1} + [1X; — X513 + (X — X5, X — X)) +(X; — X, X; — X))
< 3], = XGl1% + 21X = X3 23 5(Q - QHT(HQHT) ™ H).

Therefore, it follows that the terms <)? ;=X

uniformly bounded.

i X; — X;)FTHT are componentwise

Thus, we obtain Chui and Chen [26] Lemma 1.6, 1.7 and 1.10 as well as Theorem 4.6.11

tr (1210?71714 — X1 Xno1-i — )?nflfi>FTHT(Gn7i -a)"

+(Gn—i - G)HF<Xn—1—i - Xn—l—z‘, )A(n—l—z' - yn—l—i>A> < C1T7f_i+la

for some 71,0 < r; < 1 and some positive constant C7, which is independent of n

and 7. In the same manner it holds that

n—1 n—1
tr | X, — X3 <tr || Xo — Xol|3Corl + Z CartCyry ™" + Z CsriCyr1nitt
1=0 =0

<p(n)rg,

where 0 < 79,73, 74,75 < 1, rg = max(ry, re, r3,74,75) < 1, Cy, C3, Cy, Cs are positive
constants independent of ¢ and n, and p(n) is a polynomial of n. Hence, there exists
a real number 7, such that r¢ < ¢ < 1 and a positive constant C' independent of n
satisfying p(n) (22)" < C, where

tr]| X, — X.|3 < Cr™.
This completes the proof. O

Finally, we have checked that the Kalman filter is applicable for the cointegrated
model, i.e. a model with unit roots. Hence, we can make use of its equations and

properties in Chapter 5.



CHAPTER 5

ASYMPTOTIC INFERENCE OF COINTEGRATED
LEVY DRIVEN MCARMA MODELS

5.1. INTRODUCTION

This chapter forms the main part of this thesis and deals with the statistical inference
of the cointegrated Lévy driven MCARMA model. The step-wise quasi-maximum
likelihood estimator estimates the model parameters and thus also the cointegration
space using equidistant observations in discrete time. The estimation method works
not only for Gaussian MCARMA models, but also for more general Lévy driven

models.

A famous method for estimating the parameters of a cointegrated VAR(p) model is the
approach presented by Johansen [53] and [54] using a method of reduced rank regres-
sion. This method estimates the cointegration vectors, however, the parametrization
of the cointegration vectors is unrestricted. Furthermore, the Johansen test for the
cointegration rank is a direct implication of this estimation procedure. However,
the cointegration vectors are not unique and one gets nested models. Applying
such a method to the sampled cointegrated MCARMA model seems not applicable
since several assumptions of this procedure are not satisfied. For example we have
an infinite order error correction form. Moreover, identifiability would be an issue.
The estimation of cointegrated VARMA models in echelon form was presented by
Liitkepohl and Poskitt [64], where the identifiability problem is solved due to the

unique parametrization.
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Special cases of cointegrated MCARMA models were considered by Fasen [34], where
a multiple regression model is treated with multivariate Ornstein-Uhlenbeck processes
as integrated processes, and in Fasen [35], where the noise term is an MCARMA
process embedded in the cointegrated model observed at a high-frequency time
grid. Besides, statistical inference and identification of an ergodic continuously
observed Gaussian MCAR(1) process were considered in Kessler and Rahbek [57] and
observations at discrete time points in Kessler and Rahbek [58]. Kessler and Rahbek
solve for this simple cointegrated MCARMA model the identification and aliasing

problem and derive the asymptotic distribution of the co-integration parameters.

There exists several results for quasi-maximum likelihood estimation of stationary
processes. There is a connection of some of these results to our estimation method
for cointegrated MCARMA processes. Quasi-maximum likelihood estimation for
strongly mixing stationary ARMA processes is considered in Francq and Zakoian [39],
Boubacar and Mainassara [13] present an estimation procedure for weak VARMA
processes, however, they use the strong mixing assumption on the linear innovations.
As Schlemm and Stelzer [90] showed, this assumption is very difficult to verify in the
stationary MCARMA setting. However, in another work by Schlemm and Stelzer
[91] they show a quasi-maximum likelihood estimation, where the strongly mixing
assumption is made for the stationary process itself. This assumption is always
satisfied for stationary MCARMA processes due to a result by Marquardt and Stelzer
[69]. We capitalize on this result since the cointegrated MCARMA process is the
sum of a stationary MCARMA process, for which the strong mixing assumptions
hold, and a Lévy process. Since we use a step-wise estimation method, main ideas of
the estimation procedure for stationary MCARMA processes in Schlemm and Stelzer

[91] are used and adapted to our setting.

The idea of a step-wise estimation approach for integrated and cointegrated models
dates back to Saikkonen [85] and [86]. We customize this idea to the cointegrated
MCARMA model. The ideas of Saikkonen were also employed in the work of Bauer
and Wagner [7], who consider a cointegrated state space model in the discrete-time
framework. We state the log-likelihood function in Section 5.2 and separate the
log-likelihood function in the same way as the parameter space. To be more precise,
we split the parameter vector into two parts containing on the one hand the long-
run parameter and on the other hand the short-run parameter. Accordingly, the
log-likelihood function is separated in one part depending on all parameters and
the other only on the short-run parameters. This is the key idea to the step-wise

approach.
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As we need some kind of uniform convergence, we derive in Section 5.4 such results
using the closely related continuous weak convergence. The results of Section 5.4
are based on the asymptotic results derived in Appendix 5.8. However, we use the
concepts of continuous convergence in combination with a stochastic equicontinuity
condition in order to deal with the different rates of convergence occurring due to

the non-stationary setting.

A major problem arising in the estimation of multivariate continuous-time models is
the identifiability problem. The models can not only have many redundancies due to
a high dimension, but also they may be indistinguishable in the sampling procedure.
We overcome these problems in Section 5.3 and find sufficient conditions on the
parametrization in order to have a unique parameterizations, which is identifiable
from the discrete time observations. Furthermore, we immediately obtain a unique

basis of the cointegration space as well.

We prove in Section 5.5 the consistency of the quasi-maximum likelihood estimators.
Because we have different rates of convergence, we also have different orders of
consistency. The long-run parameter estimator is super-consistent, i.e. the estimator
converges in probability to the true value proportional to the inverse of the sample
size. Hence, it converges at a faster rate than the classical \/n rate for stationary
estimators. We cannot show consistency of the short-run quasi-maximum likelihood
estimator without the knowledge of the consistency rate of the long-run quasi-
maximum likelihood estimator. Hence, we show the consistency result in three

steps:
1. Consistency of the long-run parameter estimator.
2. Order of consistency of the long-run parameter estimator.
3. Consistency of the short-run parameter estimator.

In the end, we derive the asymptotic distributions of the parameter estimators in
Section 5.6. The short-run parameter estimator is asymptotically normal, whereas
the long-run parameter estimator is asymptotically mixed normal. In order to prove
these result, we use a classical Taylor series expansion of the score vector. Thus,
we derive the asymptotic behavior of the score vector. Furthermore, we show that
the Hessian matrix converges to a block diagonal matrix which is positive definite.
Finally, we employ the continuous convergence and stochastic equicontinuity results
from Section 5.4 for the Taylor series expansion and thus derive the asymptotic

distribution of the estimators using the previous results of this chapters.
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5.2. QUASI-MAXIMUM LIKELIHOOD ESTIMATION

We estimate the model parameters via an adapted quasi-maximum likelihood estima-
tion method. In difference to the classical quasi-maximum likelihood approach, we
use a step-wise version. We state in this section most of the assumptions needed for
the estimation procedure and derive some properties of the sampled system which are
inherited from the assumptions on the continuous-time model. In particular, we show
a separation of the parameter space and accordingly for the log-likelihood function
with respect to the long-run and short-run parameters. This separation is the key

idea to prove later on the asymptotic normality and consistency of the estimators.

Before we start with the estimation procedure we briefly recall the definition and the
representation of a cointegrated MCARMA process. We refer to Definition 4.3.10 for
a profound definition of a cointegrated MCARMA process.

A cointegrated continuous-time linear state space model (A, B,C, L) driven by a

Lévy process L is given by the state equation
dX(t) = AX(t)dt + BAL(t)

and the observation equation
Y () = CX (),

for t > 0, where A € RV*N B € RV and C € RV, The spectrum A satisfies
0(A) C {(—o00,0) + iR} U {0} and the algebraic and geometric multiplicity of
the eigenvalue zero is ¢ < d. Assume that the m-dimensional Lévy process L
has mean zero, satisfies E||L(1)]|?
YL =EL(1)L(1)". The solution (Y (t))s>o is then given by

< o0 and has a non-singular covariance matrix

Y(t) = Cexp(At) X (0) + C /O t exp(A(t — u))B dL(u)

for t > 0. A minimal state space system (A, B, C, L) has due to Theorem 4.3.7 the

representation
t
Y(t) =C1X1(0) + C1 B L(t) + C’g/ exp(Aa(t — u)) By dL(u).
The stationary part is abbreviated by
t
Ys(t) = 02/ exp(Az(t — u)) By dL(u).

—0o0
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Since we want to estimate the model parameters of the continuous-time model from
discrete time observations, we are interested in an representation of the process
observed at equidistant time points. The sampled version of this process is given, as

in Lemma 4.3.14, by the state space representation with state equation

h h h
XT(L,l) — Xn—)l,l + Rn,l
xl) e, ) \f)
and the observation equation is given by

YW= XM+ Xy, neN. (5.1)

n

The noise sequence (Réh))neN is an i.i.d. sequence given by

po _ (Bt _ (B (Lnk) = L((n = Dh)) N
no R(h) o f"h eAQ(TLh*U)B dL(u) , ME
n,2 (n—1)h 2

with mean zero and covariance matrix

h T Asu T
S0 — ERMW RMT :/ BlELBlT e BQELBlT du.  (5.2)
o \BiYpBjeft eA2uByyi; BleA2u

For some parameter space © C R® s € N, we have for each ¥ € © matrices
Ay € My(R), By € Myn(R), Cy € Myn(R) and a Lévy process Ly. Further,
we denote the true parameter vector with 9°. Let us now state some standard

assumptions.

Assumption M1

Assume that the cointegrated MCARMA process is driven by a Lévy process Ly
with mean zero and non-singular covariance matrix X5 = ELy(1)Ly(1)T. Assume
further that there exists a § > 0 such that E||Ly(1)[*" < oo .

Assumption M2
Assume that the matrix Ay has c¢ eigenvalues equal to zero and the remaining

eigenvalues have strictly negative real parts for all ¥ € ©. Moreover, the matrix Cy

has full rank for all ¥ € ©.

At this point the cointegration rank needs to be known somehow beforehand. With
this knowledge we know the dimensions of the subsystems and are therefore able
to estimate the model adequately. In reality, it is necessary to estimate first the

cointegration rank r and then proceed as in the subsequent considerations.



112 CHAPTER 5. ASYMPTOTIC INFERENCE OF COINTEGRATED MCARMA MODELS

Assumption M3
The triplet (Ay, By, Cy) is minimal for all J € © with McMillan degree N.

Under Assumption M1 - Assumption M3 we also have the canonical form given in
Theorem 4.3.7. Hence, we can consider the decoupled matrices of the subsystems
(A9, B1y, Bay,Ch9,Cay, Ly) instead of (Ay, By, Cy, Ly), where the matrices have
the following dimensions Asy € Mn_.(R), Biy € M.n(R), By € My_cm(R),
Cio € My (R) and Cy9 € Myn_.(R) for all ¥ € ©. Additionally, we need to impose

the following rank condition on the parametrization.

Assumption M4
The matrices B; »y and C y have full rank c for all ¥ € ©.

As in Proposition 4.4.2 we have due to the properties of the Kalman filter the following
matrices depending now on the parameter vector ¥:

The unique solution le) of the discrete-time algebraic Riccati equation
Qéh) :eAl’thgh)eAgh - eAﬂth(gh)CJ (CﬁQfgh)CJ)_ICﬂQgL)eAgh + f)fgh)

is used to calculate the steady-state Kalman gain matrix with respect to the parameter
¥ € O given by K" = AT (C’ﬂle)C’J )_1 and the prediction covariance
matrix of the Kalman filter Vﬁ(h) = CﬁQgL)C’J )

Recall the sampled version of a continuous cointegrated MCARMA process as in
(4.29). The class of continuous-time cointegrated state space models (Ay, By, Cy, Ly),
for v € ©, is mapped at sampling distance h to the discrete-time state space models
(edoh Cy, Rgh)) for ¥ € ©. The i.i.d. noise sequence Rgh) is given by

R — (Bw (Lo(kh) = Lo((k — 1>h>>) _ (R,if’f,ﬁ

Kh o h
f(k—l)h et By y dLy(u) Rl(c,2),19

) , kel (5.3)

This state space model is not in innovation form and hence we use the result from
the previous subsection to calculate the pseudo-innovations of the observations
(Yl(h), e ,Yn(h)) of the output process Y®). Hence, the pseudo-innovations are given
by

e () = (Id — Cylly — (eMh — Ké“@)B]*Ké“B) Yy" keN (5.4)
and they can also be represented in the error correction form

eM W) = —W)Y,", + k(B,0)AY,", keN (5.5)
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where I1(0) := a(9)3T(9) and the transfer function k(z,9) := I; — k(z, 1) is given
similarly as in (4.47). We omit the notation of the sampling distance h in the
denotation of I1(¥)) and k(z,) to save notation. Recall that the matrix coefficients

of k(z,9) are given as in Lemma 4.4.7.

Minus two over n times the logarithm of the pseudo-Gaussian likelihood function,

denoted with L£,,, is given by
1 n
LO@) =3 w)
k=1

1< -
= Z [d log 27 + log det Vﬁ(h) + e,ﬁh)(ﬁ)T(Véh)) 151(;) (19)] : (5.6)

k=1

The quasi-maximum likelihood estimator 1/9\71 can be obtained by minimizing the
Gaussian log-likelihood function P (v). Hence, the estimator based on the sample
(Yl(h), . ,Yn(h)) is given by

~

¥, = argming g L% (19). (5.7)

An alternative estimation method is the least squares estimation, where we calculate

the sum of squares function given by

However, in this thesis we use the quasi-maximum likelihood approach and prove
the results for this approach. All results immediately hold then for the least squares

estimation as well.

We need some further assumption concerning the parametrization in order to be able

to estimate the model parameters via quasi-maximum likelihood estimation.

Assumption M5

The parameter space © is a compact subset of R®.

Assumption M6
The mappings ¢ +— Agyg, 0 + By, ¥ — Cip for i € {1,2} and 9 — XF are

continuous.

As a consequence, all matrix functions arising in the estimation procedure are

continuous, c.f. subsection 5.9.1. Additionally, we need a representation of the
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pseudo-innovations and the behavior of the related matrix coefficients. The next
lemma shows that the coefficients decay exponentially fast independently of the

parameter vector we use.

Lemma 5.2.1

Assume that Assumption MI1-Assumption M6 hold. Then the pseudo-innovations
sequence M (V) as given in equation (5.5) has the following property:

The pseudo-innovations €™ (9) are linear functions of Y, i.e. there exist matriz
sequences (K;(9))ien, such that

eM ) = )Y, + (Ay,j’” -3 f?i(ﬁ)AY,ﬁ) keN. (5.8)
=1

The matrices [?1(19) are uniformly exponentially bounded, i.e. there exist a positive

constants ¢ and p < 1, such that supycg |K;(9)| < cpf, i € N.

Proof. The proof follows in the same line as Lemma 2.6 in Schlemm and Stelzer [91],

using equation (5.5) and Lemma 5.9.2 ii). O

We can split up the innovation sequence analogously to Saikkonen [85],[86]. For this
we separate the s-dimensional parameter vector ¥ = (9], 91)T, where ; denotes the
si-dimensional vector of long-run parameters, i.e. the parameters corresponding to
the non-stationary part and ¢, the so-dimensional vector of short-run parameters

corresponding to the stationary part.

Therefore, we write the parameter space as the product space of the sub-spaces
O = 0; X Oy with ©; C R** and ©, C R*? and parameterize the matrices with the

following sub-vectors
(A2,1927 Bl,ﬁg? B2,1927 01,191 ) 02,192; L192)7 fOI' 191 S @17 192 S @2- (59)

We know from our previous considerations that the matrix C) y is responsible for
the cointegration property. Hence, we use only for this matrix the sub-vector ¢, for
the long-run parameters. For all the other matrices we use the sub-vector ¥, for

short-run parameters.

This partitioning transfers immediately to the matrix I1(+J) because we know the
rank of this matrix is equal to r. Therefore, we can factorize the matrix into two
(d x r)-dimensional matrices a(1}) and B(¢) with rank r satisfying I1(9) = a(9)B8(9)T.
We choose the rank factorization in such a way that 5(-) depends only on ¥;. This
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is possible due to our previous results, where we have seen that 5(¢;) and Cfﬂgl
must span the same cointegration space. Hence, we interpret S(v;) always as the

orthogonal complement of C 4, .

The special form of the adjustment matrix «(¥) is not of importance, we only need
the rank of this matrix, which is equal to r for all ¥ € ©. If necessary for the
further considerations, we write a(9)3(9;)" otherwise we remain with the shorter
notation I1(J). Sometimes it is important to know if the columns of 5(+) lie in the

cointegration space or not. In such cases the more detailed representation is used.

Assumption M7
We assume that the true parameter vector 9° lies in the interior of the parameter

space O.

Now we have with the separation of the parameter space the following decomposition

of the pseudo-innovations

el (9) = (9) + el (), (5.10a)
where
e (9) = — [11(0y,92) — (W9, 9a)] V)
+ [k(B,91,95) — k(B, 99, 0,)] AV, (5.10D)
and
g,g{g (9) ::g,g’j;(q%) = B(B, 92, 95) AV — T1(19, 9,) Y, (5.10¢)

Furthermore, it holds that 55!? (99,195) = 0 for all ¥ € O, and k € N. When we use
the true long-run parameter vector we have I1(99,9,)Y " = a(09,95)B(99)TY M =
(99, 792)Y2(h) for all Y3 € Oy and thus we have a stationary process. The process

(5,(;2 (192)) beN is obviously stationary as it consists only of stationary processes.

However, the process (5,(!11) (19)) Len 18 non-stationary for vy # ¥? under the assumption

that we have an identifiable model. We achieve this in Section 5.3, where we solve
the identifiability problem.

Henceforth, we have the separated log-likelihood function £ () given by

LMW) = LI (W0) + L1 (92), (5.11a)

n n,
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where

n

1 —1
L) == a0 (Vi) el W)

) )

- L

k
1

_l__

n

2 0)T (Vi) @) + 0T (Vi) eld )]

k=1

+
3|
NE

log det V31", —logdet Vi, — e{!}(5)T(Vy), ) "<l (02)|

S &
&

R
QMS
<
S
I
S|
(]

[d log 2 + log det V" + ) (9)T (Vi) ~'el) (192)}

=

1

Sl

(43 (92), (5.11c¢)

=1

S|
~

where we have written shortly Vﬂ(zh) for Vﬁ(gl )192. Furthermore, for reasons of brevity we
1

write shortly e for £;(9°), whenever we insert the true parameter ¥°. The same also

goes for all the other cases, where we can save notation, e.g., we write C] instead of

CY and so on.

Obviously, £§7§(192) depends only on the short-run parameters, whereas E;h% (9) de-
pends on all parameters. Furthermore, we have the following relations ﬁg’j{(ﬁ‘{, ¥e) =0
and L) (99, 9,) = ng(i%) for every 3 € ©,. This immediately implies £ (9°) =
£ (90).

Note that the interesting part for the asymptotic behavior of E;hi (¥) and Eslh% (92)
are only the parts, where the pseudo-innovations are included, since the constant
dlog 27w and the logdet terms do not depend on n. For a representation of these

parts we refer to Appendix 5.9.2.

Accordingly, the quasi-maximum likelihood estimator (5.7) is divided into two parts
19n 1 and 19n 5. The estimator 19n 1 estimates the long-run parameters, i.e. the subvector
of parameters corresponding to the non-stationary part, and the estimator ’ﬁmg
estimates the short-run parameters, i.e. the subvector of parameters corresponding

to the stationary part.

For reasons of brevity, we write for the partial derivatives 9} := 83 with respect to
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the it"-component of the non-stationary parameter vector 9; € ©; fori € {1,...,s,}

and similar with respect to the stationary part 8jt = a%? with respect to the
J

jth-component of the stationary parameter vector 95 € O for j € {1,...,55}.

Assumption M8
Let the functions ¢ — Ay y, ¥+ Biyg, ¥ — C;p for i € {1,2} and 9 — X% be twice

continuously differentiable.

Like the continuity, the differentiability property is inherited by the matrices built
from the system matrices as can be seen by Lemma 5.9.3. Moreover, the continuous
differentiability and the compact parameter space imply Lipschitz continuity. This
property is crucial as it limits the behavior of the functions sufficiently if we change

the parameter vector.

The Jacobian matrix of the d x d matrix function k(z,-) with respect to the s; x 1

parameter vector vJ; in the interior of ©; is defined by

Ty . Ovee(k(z, )
' ' 09,7

and analogous for the d x d matrix function I1(-) = a(-)3(+)T with respect to the
s; X 1 parameter vector ¥J; in the interior of ©; by

~ Ovec(II(-))

Vo II(-) : = T Gvec(B())

o0

dvec(a(+))

= (la®a()) 0.7

+ (B(") @ 1)

for i = 1,2. Note that the Jacobian matrices V., k(z,9) and Vy, I1()) have dimension
d* x s;. For differentiation rules and helpful formulas of matrix differential calculus

we refer to Appendix B.4.

The derivatives with respect to the stationary and non-stationary parameters of the

pseudo-innovations are given by

e (W) = 0'k(B, ) AV — ()Y ", forie{1,... s} (5.12a)
and

ot () = 07 k(B,9)AY" — o)V ™, forie{l,....s}.  (5.12b)
Note that 95te\™ (%) is stationary due to the fact that OTI(¥°) = (95t (¥°)) S(99)T.

Hence, we still multiply with the matrix 8(99)", which is in the cointegration space

and thereby the non-stationary part is canceled out. However, 81»15,(?) (9°) is non-
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stationary since O} T1(9°) = (0} a(9°)) B(I9)T + a(9°) (0} B(¥9)T). The first summand
still cancels out the non-stationarity in contrast to the second one, as 9} 3(99)T does

in general not lie in the cointegration space.

The last lemma in this section is the analogue version of Lemma 5.2.1, where we

consider now partial derivatives of the pseudo-innovations.

Lemma 5.2.2
Assume that Assumption MI1-Assumption M6 and Assumption M8 hold. The pseudo-

innovation sequence €M (1) as defined in equation (5.5) has the following properties.

i) For each v € {1,...,s}, the random sequences (81,5,(})(19)) is a linear func-

\! keEN
tion of Y, i.e. there exist matriz sequences (Ki(v) (9))ien, such that

0,eM (9) = —a,11(¥) TV, (ZK AY,Q). (5.13)

The matrices [?i(v) (9) are uniformly exponentially bounded, i.e. there exist a

positive constants ¢ and p < 1, such that supyee | K\ (9)|| < ¢p', i € N.

it) For each u,v € {1,...,s}, the random sequences (858352’1) (ﬁ))keN are linear

functions of Y, i.e. there exist matrixz sequences (l?i(u’v)(ﬁ))ieN, such that
0202\ (9) = —20°11(9) Y, — (ZK w) Y,j’@) . (5.14)

The matrices lN(i(u’v)(ﬂ) are uniformly exponentially bounded, i.e. there exist a

positive constants ¢ and p < 1, such that supyee | K" (9)|| < ¢p', i € N.

Proof. For a proof see Schlemm and Stelzer [91], Lemma 2.11, and recall that the

coefficients 1?2(19) are uniformly exponentially bounded due to Lemma 5.2.1. O

5.3. IDENTIFIABILITY

In order to properly estimate our model, it is important that we can guarantee a
unique minimum to our likelihood function. The models should not be nested, i.e.
that a smaller model can be included in a larger one. We want to exclude this
and thus present in the following sufficient identifiability conditions. In other words

we want the state space system to be identifiable. Therefore, redundancies in the
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parametrization are averted. Most importantly this gives us a unique minimum of

the log-likelihood function for our considered model.

We have also to deal with the problem of the aliasing effect, which only affects the
stationary part of our estimation procedure. This means that the reconstruction of
the continuous-time model from the discrete time observation could be different. The
aliasing effect is a general problem, which appears in the identification of parameters
from discrete time data. For more details see e.g. Phillips [74] or Hansen and Sargent
[47].

The aim is to derive sufficient assumptions which guarantee that we have different
processes for different parameters. We derive in the following these assumptions. For
this purpose we consider three different cases. First, we consider the identifiability

for 191, then for ¥ and in the last step combine both results.

Case 1:

Let us first assume that 99 = 9¥5 and 99 # ¥, € ©;. We show that the resulting
processes must then be different. The aliasing effect plays no role in this case since
the matrix 4y, does not depend on the sampling distance. To be precise the
continuous-time model and the sampled model contain the same matrix (' y»,, so the

cointegration property is the same for both processes.

Assumption M9
The matrices C' y, and Ciﬁl = [(v;) are positive lower triangular matrices for all
1 € © as in Theorem 4.3.7 satisfying C] ; C19, = I. and Ci55 Cty, = Ia—.

We need to clarify, what we understand by the distance between subspaces. For this
we use the gap metric, i.e. for two subspaces Wy, Wy € R™*™ the distance between W,
and W5 is given by dist(W1, Wa) := || Pw, — P, || = max{{[| Pw, - Pz ||, | P, - P [[1
where Py, is the orthogonal projection onto W; for ¢ = 1,2. For more details on
the gap metric see e.g. Fact 10.9.18. in Bernstein [9], Chapter 1.4 in Stewart and
Sun [94] or Chapter S4.3. in Gohberg et. al. [41]. This means that two subspaces
are different as long as there exists a positive angle between them in at least one
direction. In the following result, we have the equality between the two expressions

in the maximum and hence the Gap metric simplifies in this case.

Lemma 5.3.1
Assume that Assumption M2 - Assumption M4 and Assumption M9 hold, then we
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have for all 99 # 9, € O, that
B0h)" = Cig, # Cr =BW))T (5.15)
and for all 9° # 9 € © that

IT@)C1 | = lla(®)B(91)" Cal| > 0. (5.16)

Proof. Recall that CTC; = I., where C; € R%¢ with ¢ < d and this implies
(C,C])Cy = Cy. Hereby, C1CY is a projection on the c-dimensional subspace spanned
by the orthonormal columns of C. As a consequence, it has ¢ eigenvalues equal to
one and d — ¢ eigenvalues equal to zero. Accordingly, I; — C1CT is the projection on

the (d — ¢)-dimensional orthogonal complement of Cj.

Likewise, we see that C C is the unique orthogonal projection on the (d — ¢)-
dimensional subspace spanned by the columns of C}y,. The projection matrix
Cy 1916'1%;1 is the zero matrix if and only if d = ¢ and therefore C) = I; since we
project onto a zero dimensional space. In this case the true matrix C} is already
known and given by C = I; and we have an integrated process in this case which

we will exclude in the following considerations, i.e. we have ¢ < d.

Eventually, we have due to Assumption M9 and the defining property of projection
matrices (P = P?) that

||C1 01 1191 Cl” =tr (01 19101 0 CICTC1 0,01, 191) =tr (01 19101 0 OIOT)
= tr (ClCTO1 ,9101 5, C1C7) = ||CiCT O 0|l = tr (CiCY ¢ 5, C1L. o)
=tr ((I4— C{C1 ") - (Is — Cr,Cly)))

= tr(Ig) — tr (CTC1 ") — tr (Cho,Cly,) + tr (CFC1 T Cry, CFy))
=d—(d—c)—c+ ||C{-CiT Cuy, ||

= [|CLCT Crall = [1C19,Cly, G Il > 0.

Therefore, Cﬁﬁl does not span the entire cointegration space and at least at one
angle of the subspaces do not coincide. Thus, in at least one direction we have that

the spaces are not orthogonal and it holds that

119101 7& 0 (d—c)xc and (d c)xe 7& 01 191

The fact that «(9) has rank r for all ¥ € © proves the assertion. O
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In conclusion, the lemma states that only for the true parameter value we have that
all column vectors of 5(1J;) lie in the cointegration space. Since the same unique

representation applies to the original subspace spanned by C7, we immediately get
Ch9, # Cy for 99 #£ 9, € 6.

Theorem 5.3.2
Assume that Assumption M1 - Assumption M/ and Assumption M9 hold. Then we

have for 99 # 19, € Oy that the processes cannot coincide, in other words we have for
alln € N and all h > 0 that

Y, (@9, 93) # Y, (9, 93) (5.17)
with probability one.

Proof. Recall the representation (4.23) for the sampled process. From the previous
considerations we have C # C} y, and B; has full rank due to Assumption M4. This

implies
Y, M (99, 99) — Y, (1,93) = (Cy — C1,9,) X1(0) + (Cy — Ch,9,) Br,, Lo, (nh) # 0g
with probability one. [

In the end, we know now that only for the true long-run parameter the span of 3(19?)
matches the cointegration space and thus the process (5,(;? (19)) pen 18 indeed always

non-stationary for all long-run parameters 9, # 9.

Case 2:
On the other hand, if we assume now 99 # ¥, € O, and ¥; = ¥9, we know with
the previous consideration that we can reduce the problem of identifiability to the

stationary part in this setting

Y, (09, 99) — Y (99, 05) = Y. (99) — v, (9,)
nh

nh
= Cy / 2= B AL (u) — Cyy, / eAzo b= By o AL (u).

—00 —0o0

Since we only have to consider a stationary MCARMA process, we can utilize the
results of Schlemm and Stelzer [91] (see Chapter 3.3 and 3.4) on the identifiability of
a stationary MCARMA process.

In addition, we have to deal with the aliasing effect arising in the estimation of
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continuous-time models as already mentioned. We follow the ideas presented in
Schlemm and Stelzer [91] in order to guarantee identifiability. First, we give some

definitions and make further necessary assumptions.

Definition 5.3.3
Two stochastic processes, irrespective of whether their index sets are continuous
or discrete, are L?-observationally equivalent if their spectral densities are the

sarme.

Definition 5.3.4
A family (Ya(92),02 € O©2) of continuous-time stochastic processes is identifiable
from the spectral density if for every ¥o # ¥, € Oy the processes Yo(¥s2) and

Y5 (%) are not L*-observationally equivalent.

It is h-identifiable from the spectral density, for some h > 0, if for every vo #
W, € Oq, the two sampled processes YQ(h) (¥2) and Yz(h) (9,) are not L?-observationally

equivalent.

Note that the spectral density fx(,g) =, 7] — SF(R(¢™)) of the stationary part Y3
is given by (see Schlemm and Stelzer [91], Proposition 3.6)

FP() = G (e“Iy — ) T S (ery — M) (5.18)

where S = foh et By % Bl eA2udu.

Assumption M10
Assume that the collection of the stationary parts of the output processes, denoted
by

K(03) := (Y2(¥s),9s € Oy),

corresponding to the linear state space model (As y,, B2yg,, Ca.9,, Ly,) is identifiable

from the spectral density.

Thus, we need another assumption in order to guarantee h-identifiability and to

overcome the aliasing effect.

Assumption M11
For all ¥, € O3 the spectrum of Ay, is a subset of {z € C: Iz < T}

Theorem 5.3.5 (Theorem 3.13, Schlemm and Stelzer [91])
Assume that ©y > U9 — (Asg,, Bag,, Ca,, Ly,) 15 a parameterizations of the sta-
tionary part of the continuous-time cointegrated process satisfying Assumption M1 -

Assumption M3, Assumption M10 and Assumption M11. Then the corresponding
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collection of output processes K(Oq) is h-identifiable from the spectral density.

Hence, by the results of Schlemm and Stelzer [91] we can also guarantee identifiability
of the stationary part due to the decoupled system in our setting and in addition to

that find a sufficient condition that avoids the aliasing effect.

Case 3:
Lastly, we consider the case, where ¥ # ¥, € ©y and ¥y # ¥, € ©; holds.
Identifiability follows directly due to a combination of both previous cases if we

compare the stationary and non-stationary parts of the processes separately.

Now with these results in hand, we want to show that the identifiability transfers

to the transfer function corresponding to the moving average representation of the

pseudo-innovations, i.e. k(z,19) # k(z,9°) for ¥° # 9 € ©.

Lemma 5.3.6

Assume that Assumption M1 - Assumption M4, and Assumption M9-Assumption M11
hold. Then it follows that for 99 # 9, € O and Vo # V¥ € © there exists a complex
number z € C such that

Cy [T = (™" = K§7Cy)-] TEM 2 Oy — (M — KWC)] KM (5.190)
or

Vs, # V& (5.19b)

or for allm € N and all h > 0 that with probability one

Y (@9, 93) # Y (0, 93). (5.19¢)

Proof. If ¥, # 99 Theorem 5.3.2 proves the claim. Thus it suffices that the non-
stationary part is unique. If this is not the case a combination of Lemma 2.3 in

Schlemm and Stelzer [91] and Theorem 5.3.5 proves the claim. O

5.4. STOCHASTIC EQUICONTINUITY AND CONTINUOUS
CONVERGENCE

The aim of this section is to derive in some sense uniform weak convergence results.

Following the ideas of Saikkonen, we use the concept of continuous weak convergence,
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which is similar to uniform convergence. Several continuous convergence results
combined with a stochastic equicontinuity condition are sufficient for the derivation

of the asymptotic distribution later on.

First, we formally define continuous weak convergence and stochastic equicontinuity.
For further details on these concepts see e.g. Sweeting [96], Basawa and Scott [6]
and the articles of Saikkonen [85] and [86].

Let S be a separable metric space with metric d. Furthermore, we have an S-valued
random vector &, (¥) defined on the probability space (§2,,.A,,P,9), where P, 4 is a

sequence of probability measures defined on the Borel sets of .S for each ¥ € ©.

Definition 5.4.1

Let C(S) be the set of all bounded, continuous, real valued functions on S. We say
that the probability measures P, y, converge weakly in the continuous sense
to Py (P %) Py) if and only if for all f € C(X), for all ¥ € © and all sequences
Y, — U

[ a2, [ ar, (5.20)

for n — oo holds.

The concept of continuous convergence cannot only be defined for weak convergence,

but also for convergence in probability.

Definition 5.4.2

Let 9, and 9 be as in Definition 5.4.1 and c(¥) be a deterministic function from © to
S. We say that the sequence of random vectors X,,(9,,) converges continuously
in probability to c(V), denoted with X, (V) %) c(9) if and only if for every e > 0

we have
P, (d(X,(0y),c(9) >¢) =0 (5.21)

as n — oQ.

We briefly recall the definition of stochastic equicontinuity as in the works of Saikkonen
[85], [86], in 1993 and 1995. For this purpose, we define the closed ball with radius ¢
by

B(02,6) = {05 € Oy : [|U5 — || < 6}
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and the set

where Dy, € M,, ,,(R) is a diagonal matrix, whose diagonal elements are positive

and increasing functions of n. Thus, the set IV, (v1,6) is decreasing in n.

Definition 5.4.3 (Condition SE)

Denote with C the class of all sequences ¥, with U, — 9° and 9° varies over all
points in ©. For every {9,} € C, everye > 0 and everyn > 0, there exists an integer
n(e,n) and a real number éy > 0 such that for all 6; > 0,

Py, < sup | X, (9) — X, (9] > 5) <, (SE)
19€Nn(19n’1,61)><B(19n,2,52)

forn >n(e,n). The set N,(V1,0) is defined as in (5.22).

The probability measure P, y describes the distribution of the n observations which

are used to estimate the parameter .

Note that if the condition (SE) holds true for the case ¥ reduced to 15, we even have
uniform convergence due to Theorem 2.1 in Newey [71]. The theorem states that
if we have a compact parameter space, pointwise convergence and condition (SE)
holds for an open subset, these three assertions together are equivalent to uniform
convergence. Moreover, it is in general easier to show the stochastic equicontinuity

condition in contrast to uniform convergence.

Note that k(z, 91, 92)—k(z, 99, 95) is uniformly exponentially bounded by Lemma 5.2.1,

i.e. there exist constants ¢ < oo and 0 < p < 1 such that

sup [|K; (01, 95) — K,(07, 02) |
V€O

< sup [|K;(91,05) | + sup [ 5507, 92)]|
Y€O ©

Y2€02

<cp. (5.23)

The next result shows the stochastic equicontinuity condition for different combina-
tions of filtered version of the stationary processes AY ") and YQ(h). It is an adaption
of results shown by Saikkonen (c.f. [85], Corollary 4.1).

Theorem 5.4.4
Assume that Assumption M1-Assumption M8 hold. Let L(z,9) = 0, Li(9)2" and
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L(z,0) =>7, Lj(ﬁ)zj, ¥ € O be d x d uniformly exponentially bounded families
of matriz polynomials. Furthermore, let £ and § be placeholders either for the
stationary process AY ™ or YQ(h). Suppose the matrix Dy, = n"l «s, 1S given as in
Definition 5.4.3 with 7; > 0, for i =1,2. Denote by Tge(h) := IEE,CQM.

Then we have
S e 0, L )T S Tt i - LT (520

and the stochastic equicontinuity condition (SE) holds with X,,(9) given by the left-
hand side of (5.24).

Proof. The proof follows directly by Corollary 4.1 of Saikkonen [85] if we can show
that all assumptions of the Corollary are satisfied. Note that we have two different
coefficient matrices, whereas the results in Saikkonen [85] are shown for the same
coefficient matrix. However, this result also holds if the coefficient matrices are differ-
ent as long as each sequence of matrix coefficients satisfies the necessary conditions

as mentioned in the paper of Saikkonen [85] (p. 163).

Since we have uniformly stable families of matrix polynomials, Assumption 4.1 of
Saikkonen [85] is obviously satisfied. Moreover, the stationary processes AY ™ and
Y2(h) do not depend on ¢ and have finite moments due to Assumption M1. The last
remaining conditions are the necessary convergence results, which are satisfied due
to Lemma 5.8.2.

The last claim of the theorem is a consequence of Lemma 5.2.1 and this completes

the proof. n

We need for the following proofs a continuous version of Slutsky’s Theorem, which
can be derived from Proposition 2.4 and 2.5 in Saikkonen [85]. Proposition 2.4 is a
version of the continuous mapping theorem for continuous weak convergence. We
neglect the difference between the different versions and speak only of the continuous
mapping theorem or Slutsky’s Theorem. Whether we use the standard version or the

version for continuous weak convergence will be clear from the context.

Theorem 5.4.5
Assume that Assumption M1-Assumption M8 hold. Suppose D, = n"l s, as in
Definition 5.4.3 for v; > 0, 1 =1,2. We can conclude for any value ~ that
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i) the weak convergence result
n™2 Y )Y Y T(w)"
k=1
1
s ()G By / W ()W ()T dr (T1(9)Cy By)T (5.25)
€ 0

and condition (SE) holds with v, > 5 for
_n_lzl_[ DYy P

i) the weak convergence result
n*lzn Y AYITEB, )T

— T1(9) (C1 By) /1 W (r)dW (r)T (CyBy) " R(1,9)7
I1(9) (C1 By) / 1 W (r)dW (r)T (1) TR, 9)T + 21(9) (5.26)

and condition (SE) holds for X,,(0) given by the left-hand side of (5.26) with
v1 > 0, where \Tf(l) 1s defined in Appendiz 5.8 and

$1(9) =)y ay k(1,9 + (9 Cy B, ¢ BQpr ZK

i=j+1

+ ZH [Tyv,ay(—j) — Dy,ay(— Z K

i=7+1

1s a matriz valued function depending on the parameter vector v € ©.
The stated weak convergence results also hold jointly as well as the stochastic equicon-

tinuity condition (SE).

Proof. 1) Due to Proposition 5.8.4 iii) and the continuous version of Slutzky’s

Theorem we have

()"

,2 Z Y h)T

— TI(0) / ! CLByW (r)W (r)TB] CF dr T1(9)". (5.27)

c
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In the next step we want to prove the stochastic equicontinuity condition. Note

that II(-) is Lipschitz continuous due to Lemma 5.9.3. Hence, we can find the
following upper bound

sup [ (TL(2, 97, 93) — 1L(z, ¥yp,1, 93)) ||
ﬁ*ENn(ﬂn)l,(sl)XB(797L72,§2)
< sup ¢ |97 = Unall
’L9*€Nn(19n,1,51)><B(l9n,2,52)
<chn M, (5.28)
for some constant ¢ > 0. Note that we can rewrite
[TI(0*) — T1(3,,)] Z, [TN(9") — TL(9,)] "
+ Hwn)Zn[Hw*) - H(ﬁn)]T + [H(ﬁ*) - Hwn)]ZnHwn)T
= T1(9") Z, ()T + I1(0,) Z,11(9,,) T — T1(9,,) Z, T (0*) T — TL(9*) Z,,11(0,,) T

+ H(0,) Z, (0" — H(0,) Z,(0,) " + IL(9*) Z,11(9,,) " — T1(9,,) Z, I1(9,,) T

= (") Z,I1(9*)" — T1(9,,) Z,11(9,,) 7, (5.29)

and

[[1(9*) — TL(9,,)] Zn[T1(97) — T1(0,,)] T

= [1(9},93) = T(y1,93) + T(y1,93) — (1,0 0)]
[T, 95) = (1, 95) + (1, 95) = T, 0 2)]

= [I(07, 05) — TL(Un,1, 93)] Zn [T, 05) — TL(0n 1, 93)]"

+ (W1, 95) — (D1, O 2)] Zo [TL(05, 95) — TL(D 1, 95)]

+ [TH(07, 05) = (1, 05)] Za[T1 (01, 95) — (1, 0 2)]T

+ [H(ﬁn,la 19;) - H(ﬁn,la ﬁn,?)]ZnH(ﬁn,lv 19;) - H(ﬁn,la lgn,2)]Ta (530)

where Z,, is a placeholder for n=!' 377, Y,ff)lYk(f)lT. Thus, condition (SE) follows

similar as in the proof of Corollary 2.2 in Newey [71] due to the submultiplica-
tivity since

sup [ (97) — A (0n)

9*ENR (9n,1,01) X B(Vn,2,02)

sup
ﬁ*eNn(ﬁn,laél) XB('ﬂn,Zy(;Z)

(9 )~ ZYkh) Y(h 9%)T

ol Z Y (h) Y h)T )]T
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(5.29) (5" 9 1 - () y (T 179 INT
< sup [II(0*) — I(J,)]n VYo [I(97) — 1(9,)]
Y*ENR (Un,1,01) X B(Vn,2,02) k=1
+ sup (W) = (@) n Y "y TI(,)T
ﬂ*eNn('&nJ,61)><B(19n,2a52) k=1
(5.30) - 92l Sy )y T
< sup ITL(97, 95) — H(Tn1, 95)[" - ZYk—1Yk—1
9*EN, (9n,1,01) k=1
+ sup 2 - [TH(97, 93) — TH(F, 1, 95) |

I* GNn(ﬁnyl,§1)><B(’L9n’2,52)

Ne(Wn1,95) — Py, Un,

ol Z Y h)T )

+ sup ||O‘(19n,17 19;) - O‘(ﬁn,lv 1971,2)”2
19*€Nn(’l9n71,51)

nY " B,) YT B(W0)
k=1

+ sup 2. |II(9") — Y vy ,)T
9*ENR (9n,1,61) X B(9n,2,02) k=1
(5<28) 25 —1—2y; Z Y h)T
+ 02(5152 n_l_“ Z Yk(f)lyk(ﬁ)l-,;ﬁ(ﬁn,l)
k=1

+ oy || Z 5(1971,1)TYk(f)l,ZYk(f)lgﬁ(ﬁml)

n

+edy (|nT Ty Yy B(0,0)
k=1

+ cby *}:memmﬁ 1)

We are going to apply Proposition 5.8.4 to these result in order to determine
the asymptotic behavior. The first term converges continuously in probability

to zero due to Proposition 5.8.4 iii) for v > 3.

The definition of continuous convergence combined with Lemma 5.8.2 for the
third and Proposition 5.8.4 v) for the fifth term imply that they are of order

Op, ,, (1). Thus, there exists a d; > 0 that these terms are small enough, which
yields the claim.

The remaining claims all hold for v; > 0 and thus in particular for v; > % The
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second and fourth term converge as well continuously in probability to zero
due to the fact that 8(,1) Vi1 is stationary under the probability measure
P, .y, (c.f. Saikkonen [85] p.170) and Proposition 5.8.4 v).

In summary, we have established condition (SE) for v, > 1.

ii) For the second part we obtain with the Beveridge-Nelson decomposition (c.f.
Saikkonen [86], (9)) applied to k(B, 19)AY M —E(1, DAY 4+ (9) — ey ()
with ng(9) == =372 >0 K0 )AYk _; that

n~Y )Y AYTRB,9)T
k=1

—p! Z @)Y AV TR, 9)T + 07 YTV (9(9) = mea (9))
k=1

= *1211 Y AY TR, 9)T

+n- ZH Z )(Uk(ﬁ)—nkfl(ﬂ))

+n‘1ZH Y, (e(9) — mma (9))

= In,1<19> + Invg(ﬁ) + ]»,7”3(19)

We consider in the following the asymptotic behavior of I,, ;(9) for i = 1,2, 3.

Step 1:

The first term I, 1 () converges due to the continuous mapping theorem and
Proposition 5.8.4 iv).

Step 2:

One can easily see the convergence of the second term I, () by applying

the summation by parts formula and the Beveridge-Nelson decomposition (c.f.
Saikkonen [85], (A.8))

n k—1
Lip=n""Y 1) Y CLRY (ni(9) — mees (9))
k=1 i=1
= n_lﬂ(ﬁ)can 17 (0 ZH k177k(19)

25 (W) C, B, S >BQZxIJ ZK

c
i=j+1
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Step 3:
The third term I,, 3(9) converges due to Theorem 5.4.4 (c.f. Saikkonen [85],
(A.9)) continuously in probability

=1 ZH VAR 2 (e (D) — nk—1(09))

—> ZH (Dyaav(—5) = Tvaav (=5 + 1)) > Ki(v)

i=j+1

$1(9) =)y ay k(1,9 + () Cy B, ¢ BQZ\D ZK

i=j+1

+ ZH [Tyv,ay(—j) = Dy,ay(— Z K (0

i=7+1

To sum it up we obtain with the previous considerations and Slutzky’s lemma

that the sum of the I, ;()) converges continuously weakly to

L%l(ﬁ) + In,Q(’l?) + [n,3(19)

5 T1(61) (C1 By, Oax (v—0)) / W (r) dW (r)T(Cy By, W (1)) R(1,9)T

(91 Dy ayk(1,9)7 + I1(9)C, By S >BQZ\11 ZK

i=j+1

+ZH (Ty,ay (— )—PYQM(—jH))ZE(ﬁ). (5.31)

i=j+1

Now, we have similar as in the proof of part (i)

S~ )] AV TEB, 9, (5.32)

k=1

We can also use the Lipschitz continuity of k(z,-) due to Lemma 5.9.3. Note
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that we have a compact parameter space © and thus d; > 0 is bounded. By

taking the supremum we have similar to (5.28)

sup H (E(z,ﬁ“{, 93) — k(z, ﬂn’l,ﬁmg)) H
9*ENR(n,1,01) X B(Vn,2,02)
< sup ¢ (|97 — da|
’19*€Nn(19n,1,51)><B(’l9n72,(52)
1
= sup ¢ (107 = Dl + 195 — Fn2l)?
ﬂ*GNn(’ﬁnJ,51)><B(’l9n,2,52)
< sup ¢ (197 = Dl + 195 — Dn2l)

€N (O 1,01) X B0, 2,02)

<chn M+ edy < er(n”7 + 6s), (5.33)

for some constant ¢, c; > 0.

Finally, we make once more use of the submultiplicativity and this leads with
a bounding argument to

sup HXn(ﬂ*) — Xn(ﬁn)H
ﬂ*ENn(ﬂml,(sl)><B(19n,2,62)
(5.32) n _
< sup ITI(w*) = 110, - ||~ > " AV TERB, 9,,)T
V*ENp(9n,1,61) X B(In,2,02) k=1
+ sup [(B(B,9%) = B(B,9.))|| [|n" > 10(9,) Y, AT
Y*ENR (V9n,1,01) X B(Vn,2,02) k=1
+ sup [ (R(B,9*) — E(B,9,))]| |TL(8*) — T1(,)|

9* €N (0,1,61) X B(In,2,02)

n Yy Ayt

k=1

(5.33)
S C1 (niﬁ + (52)

Y VAV TR(B, 9,)T
k=1

+ 1 (n_“ + (52)

DD (B ARV ALl
k=1

+c1 (n_271 + (52)

n Yy Ay T
k=1

The following assertions all hold for v, > 0. To begin with, the first term in
the norm converges continuously in probability due to (5.31) (c.f. Saikkonen
[85], Theorem 4.2(iv) and 4.4). Next, the second term in the norm converges

continuously in probability since it satisfies the conditions of Theorem 5.4.4 and



5.5. CONSISTENCY OF THE QUASI-MAXIMUM LIKELIHOOD ESTIMATOR 133

H(ﬁnﬁl)Yk(f)l is stationary under P, , (c.f. Proof of Theorem 4.5, Saikkonen
[85]). Finally, the last term in the norm also converges continuously on the
basis of Proposition 5.8.4 iv). Thus, we have three terms which are all of order
O,(1) and prefactors which consists of a term converging to zero as n — oo
and d, > 0 can be chosen small enough such that the stochastic equicontinuity

(SE) holds for v; > 0.

In the end, it only remains to show joint convergence of the results. Note that we have
shown all assumptions (c.f. Lemma 5.8.2, Lemma 5.8.3 and Proposition 5.8.4) which
are necessary for the corresponding results in Saikkonen’s articles [85] (Assumptions
of Theorem 4.5) and [86] (Assumptions of Theorem 4.1). This being the case, one

obtains joint convergence as a consequence of these results. O

5.5. CONSISTENCY OF THE QUASI-MAXIMUM LIKELIHOOD
ESTIMATOR

In order to show the consistency, we follow the ideas of Saikkonen [86]. Thus, we
prove the consistency in three steps. In the first two steps, we prove the consistency
of the long-run parameter estimator 1/9\n,1 and determine the consistency rate. Lastly,
we prove the consistency of the short-run parameter estimator 1/9\7172 by using the

results from the first two steps.

Before we prove the consistency result we first show that the limiting function of the
log-likelihood function of the stationary part has a unique minimum at 9. Let us

derive first the limiting function.

Proposition 5.5.1
Assume that Assumption M1-Assumption M8 hold. Then we have that the sequence

of random functions <£,(1h%(192)) o converges continuously in probability for n — oo
’ Y2€02

to the limiting function Lléh) : Oy — R given by
£ (95) = dlog(2r) + log det Véf) + ]Eag}fz) (92)7 (Vﬁ(?) _155}2 (V2).

Proof. We can prove the claim by using Theorem 5.4.4 and the continuous mapping

theorem. Recall the representation of E;}Z(ﬁg)

)

N
£ (9,) = dlog 27 + log det vg;gZ T tr ((V;@%) L y S el (192)553(192)T> .
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We realize that the only term of interest for the convergence is the last one. Note
that we have by Lemma 5.9.2 iii) that || (Vzg(;g?)_l” < ¢ for some constant ¢ > 0.
Besides, for all 5 € Oy we have the continuous convergence due to Theorem 5.4.4
and the form of (5,(;2 (1)) given in (5.10) with uniformly stable matrix coefficients

due to Lemma 5.2.1. OJ

Lemma 5.5.2
Let Assumption M1-Assumption M8, Assumption M10 and Assumption M11 hold.

The function Egh) : O — R has a unique global minimum at 93.

Proof. The proof is analogous to Lemma 2.10 in Schlemm and Stelzer [91] since
Assumption D5 is satisfied due to Lemma 5.3.6. O

Assume throughout the rest of this section that Assumption M1-Assumption M11
always hold.

We begin with the estimator 1/9\,%1 of the parameter 9, which is connected to the

non-stationary part. For this purpose, let us define the following set for n € N
Ny (99,6) := {01 € ©1 : [0y =] <o}, (5.34)

which is decreasing in n.

As in Saikkonen [86], we want to show that 571,1 — 199 =0,(n™) holds for all 0 <y < 1
by proving a sufficient condition. The existence of the estimator is guaranteed due
to the assumptions made. Among other things, we have a compact parameter space

and a continuous log-likelihood function.

To show the consistency for the long run parameter, it suffices to show that for all

6 > 0 we have

lim P, g0 ( inf LM () — LMW (9°) > 0) =1, (5.35)

n—00 IEN 1, (99,8)xO2
where the complement of N,, (9, §) is naturally given by
N (09,0) := {01 € O1 : |91 — || > én77}. (5.36)

Let us now begin with the first step, where we show the consistency of the long-run

parameter estimator.
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Step 1:
First, we consider the special case, where v = 0 in condition (5.35), i.e. for brevity
we write for the set (5.36) shortly N, o(99,8) = B(#},5). Using the fact that
,C,(lh{ (99,95) = 0, we obtain

inf L) LD > it LMW)+ inf (LL)W0) — LI9))

9EB(99,5)x Oy " T 9EB(9,6)x0y 9€0,

= _inf  L£UW) +0,(1). (5.37)
9EB(99,0)xO2
Note that infyee, (,Cflh%(’ﬁg) - E;h%(ﬁg)) = 0,(1) follows by the convergence result
in Proposition 5.5.1 and the global minimum at ¥ as shown in Lemma 5.5.2 (c.f.
Saikkonen [86], Section 5.3).

We need to show that there exists for every § > 0 a constant ¢ > 0 such that

lim P, g, ( inf  £M ) > c) =1. (5.38)

n—00 9EB(99,6)x0s

Note that we can write the terms inside the norm as a trace and cyclical permutate
the matrices. We will further use the submultiplicativity of the norm and Lemma 5.9.1

iii). We have for 551’}{(19), using the representation (5.11b), the following lower bound

1 _
E('g(ﬁ)z EZ(Vﬁ(h)) 15,?1)(19)5,2}?1)(19)T —‘logdetvﬁ(h)’—llogdetvﬂ(g)’
k=1
2 « r)y—1 (h h 1 h)y—1 (h h
=2 2 ) T @) @) = |3 (1) e W) (92)T
k=1 k=1
1 O hy—1_(h
- gZ(Vﬁ(g)) era(92)es (92)"
k=1

1
- 5%(19)5;]? ()" | - ’log det Vﬂ(h)’ - ’10g det Vﬂ(?‘

)

h)\ —1 2 h 1~ h
o (R <5 et (e a(02)T|| + |1~ D7 el (02)e5(02)"
k=1 k=1
-1 11 <= h
[l {5 Do e (5.39)
k=1
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1 n
- 62?3(192)622(192)TH o, (5.39b)
k=1

_C-

for some constants ¢, ¢; > 0. The inequality including the minimal singular value
Omin Of the non-singular matrix (Vﬂ(h))_1 follows by Bernstein [9], Corollary 9.6.7.
Lastly, due to the compact parameter space, entailed by Assumption M5, and the
continuity of Vﬂ(h), we can also bound the log det terms and the minimal singular
value. All in all, we see that the asymptotic behavior depends only on the parts,

where combinations of £ (1) and £\ (9) appear.

Let us consider all three terms in (5.39b) separately. We begin with the last
one, which is stationary for all ¥, € ©5. We obtain with Theorem 5.4.4 and the

form of (5,(2 (Y2)) given in (5. 10) the continuous convergence in probability, namely

n h
D 51&,3(192)%2 2y H = O,(1).

The second term in (5.39b) is a combination of a stationary and a non-stationary pro-
cess. Hence, we have to use additionally the second result of Theorem 5.4.5 to obtain
the desired convergence result. Recall the representation of the pseudo-innovations
eM () and £ (19,) given in (5.10) and note that II(¥9,0,)Y, ™ = H(ﬁ?,ﬂg)Yk(Z).

Therefore, we obtain the lower bound for the mixed term

1
[H(ﬁlﬂ%) 7917192 EZ k 12 19(1)7192>

1 —
— || [0y, 95) — T1(93,9,)] Yk(f)lAYk(h)Tk(B, 99,9,)T

k=1

3|

- —Z (B, 01,05) — (B, 9,95)) AV, AV TE(B, 99, 0,)7

- —Z (B,91,92) — K(B,9Y,92)) AV MY, LII(09, 9) 7 (5.40)

The last two terms are stationary and hence we can use Theorem 5.4.4 and for the

first two terms we use Theorem 5.4.5. Consequently, we have also for the mixed term

Zk 15k1 5k2 H_

Ultimately, we have to deal with the first term in (5.39b) including a product of two
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non-stationary processes. As before, we derive a lower bound given by

1~ h
~ D =)
k=1

1
=3 [y, 92) — T, 02)] VYT [T, 92) — TS, 02)]
k=1

>

- —Z (B, ¥, 02) — R(B, 9, 92) AV, AY;MT (R(B, 9y, 92) — k(B,9%,9,)) "

n

2 _ _
157 [0y, 92) — T2, 05)] Y, AY T (R(B, 91, 92) — K(B, 83, 92))T

n

(5.41)

The first term is the dominant term, which we have to investigate in more detail.
In contrast, the second and third terms are of order O,(1) by Theorem 5.4.4 and
Theorem 5.4.5 respectively.

Finally, let us now take a closer look on the dominant term in (5.41). Define

Amin(S(n)) as the smallest eigenvalue of

n k—1

LS R Y AT

k=1 i=1 i=1

where RZ};T is as in (4.20). Note that C;S(n)CT is the dominant part of the
term 2 Sl Y, )Y(h due to the results in the proof of Proposition 5.8.4 iii).
Furthermore, we have that S(n) converges weakly to B fo (rW(r)TdrB].

Hence, we have a lower bound, using again Bernstein [9], Corollary 9.6.7. and

Proposition 5.8.4 iii), given by

n

1

n2
k=1

[T1(9, 02) — T1(0Y, ¥2)]

Yk(h)lyk(h)T [H(ﬁl, ¥y) — II(19Y, 192)} T
[(0:,93) = ZYk; 15— 1TH 191,192)

()
= || W) @) LS (n)|| + O, (%)

> (ST + 0, (1) (5.42)

where the sequence Apin(S(n)) converges weakly to the smallest eigenvalue of the
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almost surely positive-definite matrix [, ByW (r)W (r)TB] dr (c.f. for example
Johansen and Schaumburg [55]). Furthermore, the infimum of qu (9) is taken over
a set where 91 € B(19,), thus by Lemma 5.3.1 we obtain ||IL(9)C,||> > ds, for some

constant ds > 0. All in all, we obtain

inf  LUNW0) >0 dsdmin(S(n)) — O,(1),
VEB(99,6)x0s
which tends to infinity at the rate O,(n) and thus we have shown (5.38). In other
words, we have shown that for a fixed lower bound for ||, — 99| and arbitrary 9,
the infimum of the log-likelihood function tends to infinity. By doing this, we achieve

consistency of the long-run parameter estimator.

Step 2:

Since the result from the first step is insufficient to show the consistency of the short-
run parameter we determine now the consistency rate of the long-run parameter
estimator. Thus, we use the complement of the set (5.34) without the restriction of
v = 0 in order to determine the consistency rate. In consequence, we consider the
sufficient condition (5.35) with 0 < v < 1 and have

inf n- (LM (W) — £ (9%)

DEN, - (109,6)x O

> imf n-L™W) + inf - (5;7;(192) —ﬁg’gwg))

© 9EN, 4 (99,6)x Oz 9€O0

= inf L") +0,01). (5.43)

DEN, - (99,6)x O

In order to see the last equality we take an infeasible estimator 1/9\§t for 99, which is
the QML-estimator of Schlemm and Stelzer [91] minimizing Lfl’f;(m). This estimator
is infeasible since it is only an estimator for a stationary MCARMA process Y;.
Note that Egg(ﬁg) depends only on the short-run parameter and the true long-run
parameter value is already inserted in the log-likelihood function. For this reason,
we can interpret this as a ,classical” stationary estimation problem. However, this
estimator is not applicable for this setting as a suitable estimator. We know that
1/9\;?2 — 99 = Op(n_%) and the score vector is asymptotically normal due to Theorem
3.16 in Schlemm and Stelzer [91]. Thus, applying a mean value expansion yields
ne (L008) - £50Y) = (Vaveld@,.) - (Vai, = #2)) = 0,(1) for an
appropriate intermediate value ¥, (c.f. also Saikkonen [86], p. 904).

The last line in (5.43) tends to infinity in probability if we can show for every 6 > 0



5.5. CONSISTENCY OF THE QUASI-MAXIMUM LIKELIHOOD ESTIMATOR 139

and every d > 0,

lim P, g, < inf n- LM ) > d> = 1. (5.44)
n—00 YEN,~(99,6) x O ’

To show this we first note that due to the results in the first step we only have to

consider for n large enough the set
M, (99,61) = Ny (99, 61) N B(9Y,61) C B(WY,61)

instead of the complete set N, (99, d;).

We need another assumption, this time on the gradient of the matrix II(-). A rank
condition on the gradient is not only relevant for the proof of the consistency, but it

is also central for the derivation of the asymptotic distribution in the next section.

Assumption M12
Assume that the (d? x s1)- dimensional gradient matrix Vy, (II(¢#9,92)T) has full

column rank s; for all 9, € ©,.

We need the following result in order to know the exact speed of convergence of
the subspace to the cointegration space. With the following lemma we are able to

determine the consistency rate of 1/9\71,1 afterwards.

Lemma 5.5.3
Assume that Assumption M2-Assumption M9 and Assumption M12 hold. For &

small there exists a constant ¢ > 0 such that

_inf |ITL(Y)CL|| = ¢-din7.
(191,192)6Mn7»y(19(1),51)><92

Proof. Applying a mean value expansion will prove the claim. First, we have due
to Assumption M8 that II(-) is continuously differentiable and Assumption M12
guarantees for §; small enough that the gradient Vy,II(¢) is of full column rank.
Hence, the smallest eigenvalue of V., I1(1)TVy, I1(¥9) is bounded away from zero and

accordingly the smallest singular value of Vy,I1(¢)) for 4; small enough.

Recall the facts about the Frobenius norm, the vec operator and the Kronecker
product in Appendix B. Hence, (ClT ® [d) has dimension dr x d? and rank dr. Then,
the smallest singular value o,,;, of (CIT ® Id) is positive by Bernstein [9], Equation
(5.6.4).
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§<79?7 51)

Figure 5.1.: Illustration of considered sets for the parameter ;.

Eventually, using a mean value expansion and Bernstein [9], Corollary 9.6.7 twice,

leads to

|TIW)C || = [|vec(TI(W)CY)||

vec (H(ﬂ?, 192)01)/+V191 (H(ﬁ, 192)01) (791 — 19?)

(.

=04

= [[(CT ® 1) Vg, (TL(¥1,92)) (1 — )|
2 Omin (Cir & Id)amin (Vﬁln(&, 192)) H191 - 19[1)"
> ||y — || >c-on7, (5.45)

for vectors ¥, ; € © of the form 9, = J9 + ci(1/9\1 —199), 0 < ¢ < 1 such that
Vg, I1(¢1, 92) denotes the matrix, whose i*" row, for i = 1,..., sy, is equal to the i

Besides, due to the Lipschitz continuity of II(-) we have in the set M, (99, 4;) the

following upper bound

HH(191,192) — H(ﬁ(l),’lgg)” S C11 H’191 — 19(1)H S CH51.

Knowing the speed of convergence of the subspace, we can relate this directly to the
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speed of convergence of ¥, ; to the true long-run parameter value. We have seen that

it converges up to a constant with the same speed as n — oo in the set M, (99, 6,).

Lemma 5.5.4
Assume that Assumption M2-Assumption M9 and Assumption M12 hold. Then we

have as n — o0

vy — 99
I

———— =0(1). (5.46)
01 €M (99,6)x02 TV ITI(9)C1[?

Proof. First, we know that Supﬁleﬁm(ﬁ%)x%(n-HH(ﬁ)ClH)_l =o(1)forall0 <~ <1
by Lemma 5.5.3. Again, we have by using a intermediate step of Equation 5.45

[0 — 9] 9 =92l
sup e < sup T 901
i@ o0 ILOCHT ~ gicar,owosy 01— 0
for some positive constant c. ]

As in Step 1 we have the lower bound of Egh{ () given by (5.39). We use similar
derivations as in (5.40), (5.41) and (5.42) to further improve this lower bound.
Moreover, we make use of the Lipschitz continuity of II(-), k(z,-) and V{.), which
finally leads to using Lemma 5.5.3

n

(5.39a) 1 1 —
h h h h
neL]) > nees |23 SN O) | —nees |y e (0)5502)
k=1 k=1
h h)
o I e Z (02)7
—n ’log det Vﬂ(h) — log det Vﬁ:)’
(Y, 99) — (99, 9 1< ~
Sn?e| - [[TL(d, Ja) — T1(97, ¥a)| ( LSy ® Ay 4 y )y 0T )
n n n ’
k=1 k=1
=X
19, — 91 IEN h )T 1y n )T
k=1 —

S

v~

=Xn,2

25122(?92)5122(792)T + 1)

19y =98 ( 1¢
n n
k=1

N

::Xn,3

+ Amin (S(n)) [[TL(9) C4 ||
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c1 - |9 — 99
> i eI (An($0) - LI 06,54 X2+ X = 00)
>n* e 62 X, (5.47)

for some ¢,c; > 0 and 0 > 0.

Due to Lemma 5.5.4 the fraction in front of X,; + X, + X,3 is of order o(1).
Proposition 5.8.4 and Theorem 5.4.4 imply X,,; + X2 + X,,3 = O,(1). Note that
as previously Apnin(S(n)) converges weakly to the smallest eigenvalue of the ma-
trix By fol W (r)W(r)Tdr B] due to Proposition 5.8.4 iii). Combining these re-
sults further implies that X, converges to the smallest eigenvalue of the matrix
B, fol W (r)W(r)Tdr B in probability, which is almost surely positive definite.
Thus, the smallest eigenvalue is almost surely positive. In conclusion, the prod-
uct also diverges to infinity. Hence, we have shown (5.44), which finally leads to
1/9\,“1 — ) = 0,(n™7), for 0 < v < 1. In difference to the standard approach in the
stationary setting, we need the order of consistency due to the different convergence

rates depending if the parameters belong to the stationary or non-stationary part.

Step 3:
Next, we consider the consistency of the estimator 1/9\,172 of the short-run parameter
with the help of the order of consistency we obtained in the previous step. We show

the sufficient condition for consistency

lim P, ( inf  n-(LP) - LPW) > o) =1 (5.48)

n—00 9€01 x B(13,8) "

for 6 > 0. Let us assume for this step that % < v < 1. Apparently, the parameter
subspace © is the union of the following sets ©; = N,, (99, 8,) U N, (99, 4,) and
thus we have already shown (5.48) for the set N, . (99,8;) x B(99,6) in Step 2.
This insight enables us to use the convergence rate of the long-run estimator in the

following. Hence, for arbitrary J; > 0 we obtain

lim P, ( inf _ n- (LPE) - L) > o)

n—00 YE N~ (99,61) x B(99,9)

> lim pnﬂO( inf M@+ inf n(zgh;@%)—ﬁgh;wg)) > o)
n—00 YEN .~ (99,61) x B(99,9) ’ 92€B(199,6) ' '

> lim Pnﬁo( inf  |cW@W) <e; inf  £WW,) — £ (Y) >e).
VENn 4 (99,61)xB(13,6) V2€B(99,6) ’
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Consequently, we have to prove that the following two conditions hold in order to
prove (5.48). First, we need to show that for all § > 0, every € > 0 and some 6; > 0

we have

lim P, sup 1MW) <e | =1 (5.49a)
PENR (

nee ~(99,61)xB(03,6)

and secondly that for all § > 0 and some € > 0

n—00 92 B(19,5)

lim P, ( inf  £)(0,) — L9 (09) > e> =1. (5.49D)

Eventually, to show (5.49a) we derive an upper bound in a similar way to the lower
bound given in (5.39). Note that || (Vﬁ(h))_lH is bounded due to Lemma 5.9.2 iii). As

usual make use of the submultiplicativity of the norm and use (5.39a)

detV(h) 1 u h h
log ) = M ™ T
(de%(:)) nZ k1 (e (9)

18 (9] <

+H|w)™

_ 1 &
2- [ | |2 Do et @)
k=1
1l & _ _
+ EZ((Vﬂ(h)) l_(Vﬂ(f)) 1) 51&72)(192)5122(192)T
k=1

1<~ o h
< ;Zszf(m%;m
h)
ngQ T’S;w )|

: (5.50)

det V)

A = vy

for some constant ¢ > 0.

Since log det is a smooth function, we can use the Lipschitz continuity to obtain for
V1 € Ny (99,01) (c.f. the definition of the set in (5.34))

log (det Vﬁ(h)) — log (det Vﬁ(f))‘ <c||9y =Y < en7,

for some constant ¢, c; > 0. Therefore, we have this upper bound depending on n.

Alike, we use the Lipschitz continuity of the functions k(1, ), TI(-) and (V((gZ ))71 and

the submultiplicativity of the norm.
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Finally, due to the representation given in (5.87) and the fact that TI(+9, ﬁg)Yk@l =

(09, 192)Y,€(]_7’)1’2, we obtain the following upper bound

h
sup |£( % 7|
9€ Nn o (99,61) X B(99,5)

(5.50) det V(h L " 1< h
< 0 23(79)%,&2@9) +c||= 3 e ) el (1)
det V" n &
+ | ) = vy Ze )
< C1~n7'y—|—61|’791—19(1) 2 ZY +Cl”191 19(1) 2 Z e 1 Y(h
k:

1 — 1
e - o[£ 50 av v 4 o — o [ 5w

= [

BN (h) A (R)T 1) WT
+alldy = 4] HZAYk AY, ey — 0 ﬁ;yk—leYk

+ cal[0r = |

I~ T
ﬁ Z Yk(f)l,2yk(f)1,2

k=1

1y )T
el -3 |- > v Ay

k=1

DIy
k=1

<ecn T+ +

n7172'y Z Yk(f)lAYk(h)T
k=1

n

oS AT ot SR,
k=1

+cp ||n7t7 Z AY,fh)AYk(h)T 1= Z Yk(f)mAY,fh)T
k=1 k=1

+o |[n Yy Ay T

k=1

—1— (h) (MT
n~t7 kal,QYkalz
k=1

+

Y

for some ¢; > 0. The different exponents arising depend on how often we used the
Lipschitz continuity per summand. The second term of the right-hand side is of
order 0,(1) for v > 1. The remaining terms are all of 0,(1) for every v > 0 due to

Proposition 5.8.4.

We have shown (5.49a) and only the second and final part (5.49b) is left to be
considered. In order to show the condition (5.49b) note that Proposition 5.5.1 yields
552(192) -, £§h) (¥2). Therefore, using the ideas of Poetscher and Prucha [80], Proof
of Lemmac3.1, we obtain

liminf  inf  (£™(99) — £ (99
P 19263(198,5)< n,2( 2) n,2( 2))
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—lminf inf (E M 95) — £9(95) — £D9) + £ 99) + £ (9,) — £V (193))

n—00 9,cB(99,0) \ "

> liminf  inf (cn’g(%) g (192)) + liminf <—L’ff%(z98) 4 (03))

n—00 9,cB(99,0) n—00

+ inf £(h) 9 _£(h) 190
(e w) - £ o)

> €, P—as. (5.51)

where the constant € > 0 is determined by infy, 540 5 (Egh)(ﬂg) - Eéh) (198)) since

£ (9,) has its unique minimum at 99 due to Lemma 5.5.2.

In summary, we want to collect the obtained results of this section into one theorem,

which is the main result of this section.

Theorem 5.5.5
Let Assumption M1-Assumption M12 hold. Then we obtain the super-consistency of

the long-run parameter estimator 1/9\n,1, i.e.
1/9\n71 — 9 =o0,(n77), forall0<y<I1, (5.52a)
and the consistency of short-run parameter estimator 1/9\,1,2, i.e.

Upo — 99 = 0,(1). (5.52b)

)

5.6. ASYMPTOTIC DISTRIBUTIONS

The aim of this section is to derive the asymptotic distributions of the short-run
parameter estimator and the long-run parameter estimator. These two estimators
have a different asymptotic behavior and different convergence rates. On the one
hand, we prove the asymptotic normality of the estimator corresponding to the
short-run parameters. However, on the other hand, we show that the estimator

corresponding to the long-run parameters is mixed normal distributed.
Assume throughout this section that Assumption M1-Assumption M12 always hold.
5.6.1. ASYMPTOTIC DISTRIBUTION OF THE LONG-RUN ESTIMATOR

We derive in this section the asymptotic distribution of the long-run QMLE using

a mean-value expansion. Thus, we consider first the asymptotic behaviour of the
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score vector and then of the Hessian matrix. First, we show the convergence to a
stochastic integral of the gradient with respect to the non-stationary parameters.
The partial derivatives with respect to i**-component of the parameter vector ¥, for

i=1,...,s of the log-likelihood function (5.6) are given by
1 n
0LD (9) = =D 0Ly, (5.53a)
n b
k=1

where we obtain with the differentiation rules for matrix functions (c.f. Appendix
B.4)

oty =t (Vi) "oy — o (V) e @) )T (Vi) o)
+2- (0" )7) (") el ). (5.53b)

Let us now derive the asymptotic behaviour of the gradient with respect to the

long-run parameters.

Proposition 5.6.1

For the gradient with respect to the non-stationary parameters we have

Vg, LW (9°) = 7,(9°), (5.54)

T
where the limit is given by J1(0°) := (jl(l)(ﬁo) j1(81)(190)> with the following

components

7 (") :=2tr ((vg))—l (0;11(¥°)) (C1Br, Oax(n—e)) /0 1 W(r)dw (r)T
. <_(ClBl,\T!(1))E(1,190) + (odxc,xpu))n(ﬁo))T)
42 tr((v;?)‘lzf;g) .

The matriz Zf;;? is defined in the proof.

Proof. We know from (5.53) that for i = 1,...,s; we have
oL () = tr (Vi) "otV

u ((v;?)l V) (V)

R
- sﬁkﬁ%sﬁkﬁ%T)

k=1
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v (10 @) ).

k=1

Note that the second term converges due to Lemma 5.8.1 (Birkhoff’s Ergodic Theo-

rem), i.e. we obtain

tr ( (Vi) @IV (V) S D e () w°>T)
k=1
= (V) OV (Vi) ) = () oV,

Hence, this term and the first term cancel each other out. Thus, it only remains
to show the convergence of the last term. Hence, we obtain with Proposition 5.8.4,

Theorem 5.4.4, Theorem 5.4.5 and the continuous mapping theorem

k=1

= —2tr ((V;P Zal () v Ay, k(B,ﬁO)T)

2o (09 Y )

+2tr | (V)™ Zal (W)Y, h>ykh)1T2H(q90)T)

+2tr (vg;“)‘1 - Z 0'%(B, ) AY, "V AY, M TE(B, 190)T>

k=1

—2tr [ (VI Zal B 190)Ay<h>y,jhlzn(q90)>
k 1

N 2m~<(v<h>) - (BMI(8°)) (Cy By, D))

C /W )W (r (0131,$(1))TE(1,190>T)

(¥°)) C1 B3 )BQZ\D ZK )

i=j+1

— 2tr

— 2tr HTL(0°)) FYAYk(Lﬁ) >

—2tr ( HTL(0Y)) Z [Tysay (—#) = Tyay (—p + 1)] Z f(u(ﬁ)>
(0

n=0 v=p+1

+2tr I1(9°)) (C1By, Oax (n—c))

/W ) AW (1) T (0gxe, T(1 ))TH(ﬁO)T)
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+ 2t 11(9°)) FYYZH(ﬁO)T)

+ 2tr ( Z 81 I ayay (v — )—f(u(ﬁo)T>

Zal ()L ayy, (V)11 (19°>T)
_ztr((vg!b (OMI1(9°)) (C1 By, Oaxv—o /W )dW ()T
: <_(0131,\1f(1))%(1,190) + (odxc,\m))n(m)) ) +92tr ((Vgé”)‘lzf;g)
= A0, (5.55)
oF

where 34 is given by all the remaining parts of the limit. ]

Next we continue with the Hessian matrix for this we need the second partial

derivatives of the innovations which are given by
92, (0) = —O2T(0)Yioy + 02, K(B,9)AY;, ford,j=1,....s  (5.56)

and the second partial derivatives of the log-likelihood function (5.6) are given by
1 } : 2 (h
n
k=

where we obtain with the differentiation rules for matrix functions (c.f. Appendix

B.4) and equation (5.53b)

00,0 = tr (Vi) 02, v — () @) (Vi) (01"
— () P @) )T (i) oz vy
(V") (0, vsh ) (V™) e; >w> LTV v
r((vﬂ(’”) 1) () (
—tr (v > 1(@ @) (0)7) (v;”)*aivgm)
+2- (02P0)7) (V") e W)
- (@sﬁf @) (V") (0= )
=2t () @ @ 0O (V) o). (557
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Now we can derive the asymptotic distribution of the Hessian matrix with respect to

the long-run parameters.

Proposition 5.6.2

For each sequence 0,, — 9° we have
n OO LY () = [Z1(9)];y,

where the (s1 X s1)-dimensional matriz Z1(Yg) is given fori,j =1,...,8 by

(Z,(9%));) =2 - tr ((v@))lagn(ﬁo)olBl /0 1 W ()W ()T dr (9T1(0°)C1 By ) ) .
(5.58)

Moreover, for some 6 >0 and 0 <~ < 1 the condition (SE) holds for n—lagajlcg“(.)

and Z,(9°) is a random matriz which is almost surely positive definite.

Proof. First, we prove that the condition (SE) holds. Next, we derive the convergence

result and lastly we show the positive definiteness of the limiting matrix.

Step 1: The stochastic equicontinuity condition for all parts is a direct consequence
of Theorem 5.4.5 since the derivatives still satisfy the necessary assumptions. We
could proceed similar as in the proof of these theorems. Under these circumstances,
we would derive the results with the derivative with respect to ¥ of the transfer

function instead of the original transfer function.

Step 2: The first term in (5.57) converges to zero due to the additional normalizing
rate of n~!. The remaining terms in (5.57) can all be dealt in a similar way except

the last term. Thus, we consider exemplarily the fifth term

1 & ) - )
(L ) G T ) ).
k=1

We can ignore the trace operator and the factors Vﬁ(h) since the convergence follows

then by the continuous mapping theorem. Hence, it suffices to consider
L o (05 00 (5 T
- > 0ie ) (On)er” ()T
k=1

Due to the assumption ¥, —— ¥°, we can therefore apply a mean value expansion
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for a suitable intermediate value gn and obtain

1 & _ — 1 & _
2 22 0 el )T =15 30 el
k=1
+ Z Z a 5 allglgh)({;n)-r<an,l1 - 19101)

l11

The first term converges to zero in probability as n — oo due to the normalizing rate
of n~? since it is the product of a stationary and non-stationary process. The term
DI G) €kh)( )(’951 ( )" is of order O,(1) due to Theorem 5.4.5 and (J,,;, —},)

converges to zero and thus the whole expression.

Finally, we have to deal with the last term of (5.57), i.e

1 n

n2
k=1

(91" () (9" ()T).

We obtain due Lemma 5.2.2 and Theorem 5.4.5 for i, = 1,...,s; that
_ 1 _ _
n 19l LM(T,) =2 tr ((vﬁ) =N 0l (9,006 (9,,) ) + 0,(1)
=2 tr ( Zal 11(9,)Y, Y,j")lTa;H(En)T) +0,(1)

L>2-tr<(V§(§))_18}H(190)0131/ W (r)W ()T dr (a;n(ﬁo)clBl)T).

Step 3: We ignore the prefactor 2 in (5.58) in the following and transform the
matrix Z;(¢y). For this purpose define M := B, f01 W (r)W (r)T dr B, which is a
P-a.s. positive definite ¢ x ¢ matrix. Hence, we apply the Cholesky decomposition
M = LLT. Then we have by using properties of the vec operator and the Kronecker
product (see for example [9, Chapter 7.1])

w (V) Fam)o (V) Fome)e) )

= vee( (V)20 I(0)C L) Tvec((vw))‘%alnw%cw)
( :
(

J

a
N
Q
SN—
/N
h
®
—~
-
=
—
|
[NIES
h
—
®
—~
<
=
- =
|
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Furthermore, due to Bernstein [9, Fact 7.4.23],
rank (M ® (V(h))_l) = rank(M) - rank ((V(h))_l)

holds and thus M @ (V®)™" has full rank c - d.

Now, if we consider the Hessian matrix Z;(dp), we have with v; := vec (9! 11(99)TC})

oT (M ® (v(m)—l) v e T (M ® (V(h>)—1> o
Zy () = : :
USTI (M ® (V(h)) 1> (0 USTI (M ® (V(h)) 1) Vs,
_ <v1 USl>TM <v1 Usl)
=V, (II(0)C1) g0 MV, (TI(9)C)y_yo - (5.59)

Thus, Z;(vp) is obviously positive semi-definite. Due to Assumption M12 the (dcx s1)-
dimensional matrix Vy, (IL()C1)y_yo is of full column rank and hence the product
has full rank s;. Therefore, we have a regular positive semi-definite matrix and as a

consequence the positive definiteness P-almost surely. O

After we have shown the asymptotic behaviour of the score vector and the Hessian

matrix we are able to derive the mixed normality of the long-run parameter estimator.

Theorem 5.6.3
Assume that Assumption M1 - Assumption M12 hold then we have as n — oo

n(Un1 —99) 5 Zy(00) 7"+ 1 (0°) (5.60)

where J1(9°) is the weak limit of Vﬂlﬁgh)(ﬁo) and Z1(99) is the weak limit of
n—lvgl,c,({"‘) (9°) as n — oo.

Proof. We have shown in Theorem 5.5.5 the consistency of 1% where for the long-
run QMLE 1?)\,171 holds 1?)\,171 — 99 = 0,(n77), for 0 < v < 1. The true parameter
90 = (T, (99)T)T is an element of the interior of the compact parameter space
O = 07 X Oy due to Assumption M5. Hence, the estimator @LJ is at some point also

an element of the interior of ©; with probability one.

Because the parametrization is assumed to be twice continuously differentiable, we
can find the minimizing 571,1 via the first order condition Wlﬁﬁf)(ﬁl, U9) = 05, We

apply a Taylor expansion of the score vector around the point 99. Thus, we obtain
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-~

the existence of parameter vectors 9, , ; € ©1 of the form 9, , ; = 99 + ¢; (0,1 — 9Y),

0 < ¢; <1 such that

n,1,7

0sy = Vo, L (9, Do) + 0 ' V3 LD (W@, 1, D 2)n(Dn = 09),  (5.61)
where V%lﬁgh) (Qn’l,{?\n,g) denotes the matrix whose i'* row, for i = 1,..., sy, is

~

equal to the i row of V?%E%h) (0,115, Un2). We have already shown the asymptotic

“Zn,1,20 ¥ n,
behavior of the first term in Proposition 5.6.1. Due to Proposition 5.6.2 we have that
n’lvi%lﬁq(ah) (¥

~“n,1»

~

U,,2) converges weakly to the random matrix Z;(vy). Thus, (5.61)
together with the almost sure positive definiteness of Z; (%), allows us to take the

inverse and reorder the equation. Finally, we obtain
—~ —~ -1 —~
B0y = 0°) = = (07 V3, L0, 902) ) Vi, £, D2).

In particular, Theorem 5.4.5 also guarantees the joint convergence of the expressions.
From the previous results and the continuous mapping theorem this converges weakly
to the limit given in (5.60). O

5.6.2. ASYMPTOTIC DISTRIBUTION OF THE SHORT-RUN ESTIMATOR

Lastly, we derive the asymptotic normality of the short-run quasi-maximum likelihood
estimator 1/9\n72 which we also prove by using a mean value expansion as for the long-
run estimator. We prove in the next lemma that the partial derivatives have finite

variance.

Lemma 5.6.4
For each 95 € ©y and every i = 1,..., sy, the random variable 05" (E%h)(ﬁ?,ﬁg)) has

finite variance.

Proof. We have due to Lemma 5.9.5 and the Cauchy-Schwarz inequality

E‘ e ((vg;“)leé?ﬁwgeé’};w?,ﬁzf(v,g’))18?%(?)
2

+2- (551551(3(192”) (Véf))_1€;§73(792)

< C-E|lsf}@) ' +C - (Bl @) I*EN0 =3 (02)]) * < o0

so that the statement follows with (5.53). O
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Now we can prove the convergence of the covariance matrix of the score vector, i.e.
the gradient of the log-likelihood function, where the true long-run parameter is

inserted.

Lemma 5.6.5
We have for all Y5 € Oy that

Var (V, L899, 92)) “==% I(s), (5.62)

where 1(03) is given fori,j € {1,...,s2} by

](192) =

Z Cov (8;%5’72) (99), 8;?%53’2(192))] (5.63)

lEZ ij

and 472)(192) are defined as in (5.11c).

Proof. We can derive the results in a similar way as in Lemma 2.14 in Schlemm
and Stelzer [91]. Hence, we only sketch the proof to show the differences in the
representations. We know by Lemma 4.3.18 that the strong-mixing coefficients Qg ()
of the stationary part of the sampled process satisfy Zm[a(m)]l’%é < oo for some
constant § > 0. Due to Remark 1.8b) in Bradley [16], we also know that AYQ(h) is

strongly mixing.

Note that (5,(3 (192)) is a stationary sequence, compare with equation (5.10c). We
’ keN

can restrict ourselves to show that for all ¥, € ©5 and all ¢, 7 =1, ..., s, the sequence

],(Li’j)(ﬁ) given by

]7(Zi,j)(192) — L Z Z Cov <6ftf,(£?2(192), 3jt€;§2?2(192)> (5.64)
k1=1 ko=1

converges. Recall the representation of the partial derivatives in (5.53b). By station-
arity, the covariance of (5.64) depends only on the difference [ of k; and ky. As in
Schlemm and Stelzer [91], Lemma 2.14, it suffices to show that

Cov (a;tzg?g(ﬁz), a;teg’fm(%)) YA (5.65)

is absolutely summable for all 4,5 = 1,...,s5. Then the Dominated Convergence

Theorem implies that

n

[r(f’j)(ﬁ?) —pn ! Z (n — |1]) Cov <aft€§]?2) (¥9), a;tgﬁ)lz(%))

l=—n
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2%, N Cov (a;teg’jg (1), a;tzg’fgm(q%)) < .
leZ
The absolute summability follows in a similar way as in the proof of Lemma 2.14
in Schlemm and Stelzer [91] using on the one hand the bilinearity of the covariance
matrix, the Cauchy-Schwarz inequality and a covariance inequality which is a con-
sequence of Davydov’s inequality (c.f. Lemma 2.13, Schlemm and Stelzer [91]). To
be more precise, we use the representation given in Lemma 5.2.1 and Lemma 5.2.2
and the same splitting as in the proof of Lemma 2.14 in Schlemm and Stelzer [91].
Furthermore, the exponential decay of the coefficients given in Lemma 5.2.1 and

Lemma 5.2.2 is used. More details on the lengthy calculations are given in Appendix
5.9.3. u

Now we have all auxiliary results needed to consider the asymptotic behavior of the
score vector. We will see that the gradient with respect to the short-run parameters

is asymptotically normal with a truncation argument.

Proposition 5.6.6
For the gradient with respect to the stationary parameters we have the following

asymptotic behavior
Vi Vg, L0(0°) == N(0, 1(93)), (5.66)

where 1(99) is the asymptotic covariance matriz given in (5.63).

Proof. We know that (91-5,(}) (¥) is an element of the Hilbert space generated by

{Yl(h),l < k} Furthermore, the fact that E [a,ih) (190)5,(;) (ﬁO)T] = 19((?) and the

orthogonality of slgh) (9°)T to the Hilbert space generated by {Yl(h), [ < k} shows that
E [V%Lg“(ﬁ())} —0,, (c.f. (5.53D)).

Recall that the derivatives of the pseudo-innovations with respect to the stationary

parameters are stationary as well, since the non-stationary part is still canceled out

by B(¥)T = Ci-
Due to the representation (5.5) we can rewrite (5.53b) for m € N as

1 . A 1 , .
HLMW) = 3 (Vi BV ) + 23 (20, - EZ))
n ( ) n m,k m,k +7’L m,k m,k |

k=1 k=1
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where

v =t () o)
-1 h)y—1 h
=t (Vi) Iy )T (v o)
+ >0t (V) TR (00 AYE v T (vir) o)

11=0

+ >t (V)T Iy AT R 00T (V) oY)

12=0
= 3w (V) TR 0MAY), AVITR, 00T (V) oV
2.t (@I L) (V) YL

=2 3w (0K M)AV, ) (Vi) YL ee)T)

t1=0
S2e 3 e (I Y) (V) YT R (07)T)
Lt2=0
+2- % tr((aiz?u(ﬁo)AY,jﬁ{l)(V;§‘>)‘1AY,§E{2TK2(790)T> (5.67a)
L1,t2=0
z0, =0 v (5.67b)
and
v o= Y tr<(Véf))_IH(ﬁ)Y,ff)LQAY,f'f)L:I?LZ(ﬁO)T(Véf))_laiVéf)>
to=m++1
-3 > tr((Vﬂ(f))_lf(“(ﬁO)AY,ff)LlAYk(f)LI[?LQ(190)T(V19((?))_18ﬂ/19((?)>
11=0to=m+1
=2 3 (e (Vi) T AYITR, (0°)T)
to=m++1
L2303 (R AN (V) AR, (0)7)
t1=0t0=m+1
vi=3 tr((vg(?))‘lz?“(ﬁO)AYk(BIY,jﬂ;H(ﬁO)T(V;(?))‘laiv;?)
t1=m—+1

- Y Y ((Vgﬁ’)‘%l(ﬁO)AY,jBlAYk(ijf?Q (ﬁO)T(vgﬁ))‘laivgg”)

t1=m—+1 12=0
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—20 37 (0, )ar ) (Vi) YT
t1=m+1

+2- Y Ztr((aif?bl(ﬁO)AY,Ql)(vg;“)*lAyk(ngQwO)T).

t1=m—+1 12=0
We define

ym,k — (eril)g .. Y;ji“))—r and Zm,k — (Z(l) . Z(82)>T (568)

mk m,k
and use a truncation argument analogous to the proof of Lemma 2.16 in Schlemm
and Stelzer [91]. We show the claim in three steps.

Step 1:

The process Yy, depends only on m + 1 past values of YQ(h). Hence, it inherits the

strong mixing property of YQ(h) and satisfies ay,, (1) < aym (max{0,/—m —1}). Thus
2

by Lemma 4.3.18 we have » 2, (Oéyma))% < 00. Using the Cramér-Wold device
and the univariate central limit theorem of Ibragimov [51], Theorem 1.7, for strongly

mixing random variables we obtain
1 « w -
NG > Vimk = EVmr) == N (0, L (05)) (5.69)
k=1

as n — oo and I,,(99) = > ez Cov(Vm1; Ymat)

Next we need to show that
T (99) 2225 1(99). (5.70)

Note that the bilinearity property of the covariance operator implies

Cov ( m.k? Yn(zjk:-i-l) Cov (8 67(9}3 & 9; 5190 k+l)
= Cov ( (Z)kn Ym ket — 0; &90 k—H) + Cov ( —0; 61(9}3 & 9; 6190 k+l)

These terms can be treated in a similar way and hence we only consider the second

one. Due to the definitions it yields that

VOl == 3t (V) RaAYE, YL@ (V) o)
t1=m+1

= 20w () IOV AYTRL T (V) o)

to=m—+1
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CY (V) R, AR T o)
max{LL11:LL22}>m

12 3 o (0K, 00AY) (Vi) Ty nw)T)
t1=m+1

w2 3w (@IEOL) (V) AR, ()T
to=m++1
—2. % tr((d»[N(Ll(ﬁO)AYk(BI)(Vﬁ))_lAY,ﬁz:ng(ﬁo)T).

L1,L2
max{e1,t2}>m

We obtain with the Cauchy-Schwarz inequality, the exponentially decreasing coeffi-
cients and the finite (4 + ¢)-moments (c.f. Assumption M1) that Var(YTS’)k — @Kgé)’k) <
Cp™, which does no longer depend on n. Thus, the L? continuity of the covariance
operator implies that Cov (Yn(f’)k — 01-61(9]3)7,6, 8]-61(9%),,{: +l) converges uniformly in [ and at
an exponential rate to zero as m — oo.

Hence, we have Cov (Yni)k,YxLH) 720 Cov (aiégé)’k,ﬁjégé)’ﬂl) and the same ar-
guments as in the proof of Lemma 5.6.5 guarantee that there exists a summable
sequence, which dominates | Cov (Yn(f,)k, Yn(j; L +l) |. Finally, these two results imply that

the covariance matrix converges as in (5.70).

Step 2:
In this step, we show that \/iﬁ > (Zmxr —EZ,,) is asymptotically negligible. It
holds that

1 n
trVar | — Zm,
1 & 1 &
<2|trVar [ — Ui | +trVar [ — Vi, , 5.71
(v (Gr ) v (o)) o

where U,,  and V,, , are defined as Z,, ;. Since both terms can be treated similarly

we consider only the first one

R 1 u
tr Var <% ;L{mk> = Etr Z Cov(Unm ks U k)

k=1
1 S92 n—1 o
<= D (i
i,j=11=—n+1
= (5.72)

1,j=1 l€Z



158 CHAPTER 5. ASYMPTOTIC INFERENCE OF COINTEGRATED MCARMA MODELS

where

( COV(Uéuw Unz)k-f-l)

m

As in the proof of Lemma 2.16 in Schlemm and Stelzer [91], we find an upper bound
for |u£;‘7l)| independent of ¢ and 7, using the Davydov inequality, Cauchy-Schwarz

inequality and the same arguments as in the proof of Lemma 5.6.5. Namely, we

(4.4) m l ﬁ L
]um,l ’ < Cp OéY2(h) 5 +p2 .

Moreover, we have by considering the sum over [ the upper bound

obtain

MCIE ST W]
=0 [=2m+1

<o (3 oo 0] ).

which implies tr Var (\/Lﬁ Py Z/{m7k> < C(m+ C)p™ due to (5.72).

With the same steps one obtains an equivalent bound for tr Var (\/Lﬁ py- Vm,k> and
thus we have with (5.71)

S

tr Var (— mk) < C(m+C)p™. (5.73)

Step 3:
With the multivariate Chebyshev inequality (see e.g. Schlemm [89], Lemma 3.19) we
obtain for every e > 0 that

3

1

m—00 poo

lim lim sup P (H\/EV%E,({L)(??O) -

1 n
< lim limsup — 2 tr Var | — Zm
m—00 n—)oop €2 <\/ﬁ k 7k)

=1
< lim S—;C’(m + 5)pm =0,
m—oo €
where we used the result from Step 2. All in all, the previous results and Proposition
6.3.9 of [20] yield the asymptotic normality in (5.66). O
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Next, we consider the asymptotic behaviour of the Hessian matrix with respect to
the stationary parameters. For this we define the following matrix, which plays an
important role in order to make sure that the Hessian matrix is positive definite.
We denote shortly Fy := ev" — K éh) Cy. The function is similar to the function in
Schlemm and Stelzer [91], Assumption C11. However, we define Fy slightly different
since we do not have a moving average representation of Y (") with respect to the
innovations. Though, we have a moving average representation of ¢/ with respect
to YW cf. (4.34). Hence, we have to adapt the criterion slightly and define the

function

, T T T u
Yo = ([1]+1 ® Ky ® Cﬁ:| [(VQC 1n) (}S;fec Fy)' ... (vec F}) ] > _ (5.74)
vec Vy

Assumption M13
Assume that there exists a positive index jy such that the [(jo + 2)d? X s5] matrix

Vg, g0 j, has rank s,.

Proposition 5.6.7
Assume that Assumption M13 additionally holds. Then, for each sequence 0, =
(Vs Un2) — 9° with 9,1 € N~ (99,5), we have

st Qs q p
aitajtﬁgzh)(ﬂn) — [Zs ]

tl2,75

where the (sy X sg)-dimensional matriz Zy is given fori,j =1,...,89 by

(Zotlsg =2E (0,2 (0°)T) (V) 7 (961 ()
(V)72 @) (V) o v e (V)

N

).

Moreover, for some 6 >0 and 0 <~y < 1 the condition (SE) holds for Gft(?jtﬁgh) (V)

and the limiting matriz Zg is almost surely a non-singular constant matriz.

Proof. We proceed as in the proof of Proposition 5.6.2.

Step 1: The condition (SE) is again a direct consequence of Theorem 5.4.4 and
Theorem 5.4.5.

Step 2: The first term in (5.57) is asymptotically a constant. Let us now consider
all other terms in (5.57) except the last one. They follow all in a similar way, hence

we consider again for example the relevant part of the fifth term. As in the proof of
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Proposition 5.6.2 we use a mean value expansion

1 « — _ 1 _
- > 0 Fn)e (0)T == 0 ()T
k=1

k=1

sln _ "
+5 =N 0,000, (0,)T Gy, — )
;n; Y (@)0e0” (0)T (T )

The first term converges due to Theorem 5.4.5 to E[ﬁjsgh)(ﬁo)sgh)(ﬁo)q. For the
second term we have to differ between two cases. First, if 0;, is taken with respect
to a non-stationary parameter, we have that (Enh — 19?1) is of order o,(n~") for
0 <~ < 1due to the assumption. The condition (SE) implies that for n large enough
DY EG) 5,(;1 (0 )811 "(9,)T is stochastically bounded. Then as a consequence
we have convergence to zero. Secondly, if 0, is taken with respect to a stationary
parameter we have that (5,1711 —19?1) is of order 0,(1) and the analogous argumentation

leads to the convergence to zero.

After these reflections, it remains to consider the last term of (5.57) which has not

yet been investigated, i.e. we have due to Theorem 5.4.4

1 _
2tr ( o Za&f w05l (1) )
2ot ((v<h )'E [a;‘tel )(9°)0ste (P (190)TD .
Note that 5,(; (99) is orthogonal to the Hilbert space spanned by {Y;,i < k}. But

8:e™(99) as well as 97 e ) (90) are an element of {Y;,i < k}. Furthermore, we have

E [qh) (190)51h) ()T ] = V( ). Thus, combining the results for all terms leads finally
to

0503 L (9,) (5.75)
Ly tr ((V(h))‘la.2 v _ (V(h))—l (0,V ) (V<h>)‘1(8jv<h))>

—tr ((V“"L))*HE _5gh><q9°>ggh> (ﬁO)T: (v<h>)*1a§jv<h>)
Tt (V) T @V ) (V) TR [ @00 00)T] (V) o ®)
+tr (V)R el (00) (19°)T- (Vo) @V ) (V) v ®)
=t (V) 'R [0 (0) (00)T] (V) o)

+2-tr<(v(h))_1 [51 (?90) (823'51 (@) )D
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=2t (V)R [P (@00 (00)T] (V) Tov )
+2-E | (0 0)7) (v®) 7 (9 (0") |
= (V) @) (V) o)

+2-E | (0" (0)T) (V) (03 (0)] (5.76)

Step 3: Next we check that Zg; is positive definite with probability one, which we
show by contradiction. In conclusion, we have as n — oo the following representations,
which are similar to the ones in Schlemm and Stelzer [91], Lemma 3.22, or respectively

Boubacar and Francq [14], Lemma 4. From Step 2 we know that

Vo, LW (W0°) = Zy = Zay + Zuo, (5.77)
where

Zar =2+ [E (0" @)7) (V) (9,20

and  Zuga = [t (V) @) (V) o (v) )

0,

We can factorize Zy 2 in the following way

-
Zsm:(al a32> <a1 a82>

with
ai = (V) 72 @ (V)72 vee(aV ™)

and thus Zg, and Zg» as given in (5.77) are obviously positive semi-definite. It
remains to check that for any ¢ € R%2\ {0,,} we have ¢"Zy ;c > 0 for at least one
i € {1,2}. We assume for the sake of contradiction that there exists a vector ¢ such
that

CTZStJC + CTZst,ZC = 0. (<>>

The matrix Zy ; can be rewritten similar as in the proof of Proposition 5.6.2 as

2B (9iey” (0°)7) (Vi) ™ (952" (0"))
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=2tr ((vg(?))*l DD 0K, ()T (L — )85 K, (790>T)

11=012=0
o0 o0 _l ) T
=233 vee (V) 20K, () Ty (1 — 1))
11=012=0

s vee <(V19((?))7%8;tK12(790)FY(11 — 12)%)

=23 vee (057K, (%) (Tl — 1) @ Vi) ™) vee (05154, (8°))

11=012=0

Furthermore, it holds that (Fy(ll —l)® (Vﬁ((?))_1> has P-a.s. full rank and this

implies that under the assumption (¢)
Vo, [[Kgo ® Cyo]vec ((eAﬂh — Kl(gh)C'ﬁ)l_l)} ¢ =0y

must hold for all [ € N. Analogous as in [91, Proof of Lemma 2.17.] we obtain that
due to the assumption () the existence of a ¢ # 0y, such that V%vec(‘/ﬁ(él))c =0.
The definition of 1)y ; in (5.74) implies that Vy,1g0 j,¢ = 0j12)22 holds for all j € N,
which is in contradiction with Assumption M13. Hence, Z; is almost surely positive
definite. O

Finally, we can state and prove the last main result of this chapter, namely, the

asymptotic normality of the short-run estimator.

Theorem 5.6.8
Assume that Assumption M1 - Assumption M13 hold then we have as n — oo

V(s — 99) 2 N(0,2). (5.78)
The asymptotic covariance matriz of the stationary part is given by
=717
where

[ = lim Var (V%U’WO)) and  Zy = lim V3,£0(6°).

n
n—oo

Proof. We have shown in Theorem 5.5.5 the consistency of the estimator an Due to
Assumption M5 the estimator 1/9\,172 is at some point also an element of the interior of

O, with probability one.
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With the first order condition and a Taylor expansion of the score vector around

the point 9 we obtain that there exist ¥, ; € © of the form 9, ; = ¥ + ¢; (0, — ¥°),
0 < ¢; <1 such that

05, = VAVILD (91, 99) + VELW (9,1, 0, )W/ (Dnz — 99). (5.79)

The first term is asymptotically normal due to Proposition 5.6.6. Note that due
to Theorem 5.5.5 we have 1/9\,171 € N, (9, 6) for some § > 0. By Proposition 5.6.7
follows that V%E%h) (1/9\,171, ¥,,) converges in probability in its continuous form to the

matrix Zg(19°), which is P-a.s. a constant positive definite matrix. Hence, we obtain
Vi(Wny —99) = =(V3,L0 (0,1,9,)) - ViV, £ (0°),

Slutzky’s theorem shows finally the claim. O]

5.7. CONCLUSION

We developed in this paper a method to estimate the model parameters of a cointe-
grated Lévy driven MCARMA model based on equidistant observations in discrete
time. For this purpose, we used a step-wise quasi-maximum likelihood approach. The
estimation procedure works for quite general Lévy processes with finite (4 + 0)-th

moments.

We separated the parameter space into a non-stationary and a stationary parameter
space resulting in long-run and short-run parameter estimators. Using this splitting
of the parameter vector, we showed the super-consistency of the long-run QMLE and
the consistency of the short-run QMLE. Furthermore, we derived the asymptotic
distributions of these estimators using the concept of weak continuous convergence,
a stochastic equicontinuity condition and a Taylor series expansion. The long-run
parameter estimator is mixed normal distributed, whereas the short-run parameter
estimator is asymptotically normal as usually for a stationary QMLE. These results
are in accordance with the results derived for discrete-time cointegrated models (c.f.
for example Yap and Reinsel [99]). Besides, we showed the asymptotic independence

of the estimators.

The identifiability problem is solved by a set of sufficient conditions on the parametriza-
tion, which guarantees that different values of the parameter generate different
probability distributions of the observable variables. These identifiability conditions

also avoid the aliasing effect. The assumptions we require are very similar to the



164 CHAPTER 5. ASYMPTOTIC INFERENCE OF COINTEGRATED MCARMA MODELS

stationary case as well as assumptions in the discrete-time case. Mainly, we need
only some assumptions on the (co)integrated part, which are obviously not necessary

in the stationary case.

5.8. APPENDIX: ASYMPTOTIC RESULTS

We derive several necessary asymptotic results in the following. First, we state a law
of large numbers for the innovations in the first auxiliary lemma. Then we derive
limit results for parts of AYk(h) and Yk(f)l in the next lemmas, which we use in the

derivation of the results in Chapter 5.

Assume that throughout this chapter the assumptions of Section 4.4 are satisfied. We
know from Proposition 4.4.8 that the innovation sequence ¢ is a stationary ergodic
sequence in the case of a driving Lévy process. On the other side, in the case of
a driving Brownian motion we even have that the linear innovations form an i.i.d.
sequence. However, the derived properties for a driving Lévy process are sufficient

for the asymptotic theory, which we derive in Chapter 5.

References to the asymptotic results needed for the subsequent proofs can be found
e.g. in the papers of Phillips et al. [72], [78],[75], [76], [73] and [79]. A good summary
of these results for an i.i.d. mnoise can be found in Liitkepohl [62], Appendix C,
Hamilton [45], Chapter 18, or Johansen [54], Appendix B.7. Moreover, one can find
references for asymptotic results also in Potscher and Prucha [80] and [81]. For limit
results and the general theory concerning ergodic processes, see e.g. Krengel [59],
Bradley [16], Billingsley [12] or Doukhan [31].

The first result is a law of large numbers for the linear innovations, which follows

due to the ergodicity and stationary of the linear innovations.

Lemma 5.8.1

The innovations € sequence satisfies
n—h
77,_1 Z Eéh)é“](c}i; ﬂ.—&—) (SOJE [Egh)ggh)—r} = 5071V(h) = 507lCQ(h)CT, (580)
k=1

where 6oy =1 for 1 =0 and zero else.

Proof. Note that (5,(;)8;(;2;1),661\;

tion as in the proof of Proposition 4.4.8 and E|el(€h)5gfgh| < 00. Thus, the proof is an

is stationary and ergodic due to the same argumenta-

immediate consequence of a law of large numbers for ergodic stationary processes
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(Birkhoff’s Ergodic Theorem) and equation (4.35). As a reference for the law of
large numbers see e.g. Durrett [32], Theorem 7.2.1, or Bradley [16], 2.3 Ergodic
Theorem. O

Recall the representations for Y® in Lemma 4.3.15, which gives us the following

representations
YW =, xM(0) + C By L(nh) + Y, %) (5.81)
and AY (" in (4.28)

AY® = ¢ R + AY,Y)

= ClRihi + Cg Z eAthR,(Qj 9 — CQ Z eAthR(h)
7=0

n—1-j,2
=0
=CRY + Y URY (5.82)
=0
where the matrix polynomial W(z) is given by

U(z) =) Wl =Ig+ ) Che™hz (5.83)
=0 i=1

and the new matrix polynomial is defined by ¥(z) := (1 — 2)W¥(z) with coefficient
matrix \Tf(z), ie. U, =V, — U, | and \Tlo =Wy=1;forieN.

We consider now the properties of the moving average part of AY *) and the integrated
part of Y "), Note that the first order difference of an infinite order moving average

process is again a moving average process.

The covariance matrix of the difference process is denoted by
Tay(l) =E [AY;MY;ET} . for l € Ny, (5.84)
and the covariance matrix for the stationary part Y'Q(h) is analogously by

Iy, (1) = E [Yk(g)yk(ﬁg] , forl e N, (5.85)

The stationary part of Y has a moving average representation with absolutely

summable matrix coefficients ¥; and the same holds for the matrix coefficients ¥,
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the moving average representation of AY " i.e. we have

Y sl <oo  and > s|T] < oo (5.86)
s=0 s=0

The absolute summability of ||| follows directly by

DI < all + D Ol [l < oo,
s=0 s=1

due to the negative real part of the eigenvalues of A;. Now we obtain with ¥_; = 0,4

by using the last result

ST = S0 = T | < ST D W < oo,
s=0 s=0 s=0 s=1

Lastly, > o2 s||¥,|| < oo also holds true due to the exponentially decreasing matrix
coefficients. Thus, with the previous inequality this holds also true for 0. Moreover,
since the linear innovations € are a stationary ergodic process the same holds for

AY ™ and YQ(h), which can easily be seen as for ¢ itself.

Lemma 5.8.2
We have for | € Ny

. — n h a.s. h
i) nTt Y Yk(—)l,Z — E[Yk(—)l,z] =0;
.. _ n h T a.s. h h)T
i) nTt Y ey Yk(—)1,2Yk(+%—1,2 — ]E[Yk(—)lﬂyk(—l-g—lﬂ] =Ty, (1);

iii) n p_, AV AT 2 BIAYMAY )] = Tay (1);

(MT  q.s.

. _1 h h h R)T
w) n ! > k=1 Yk(—)l,QAYk:(—i-g — E[Y/f_ﬁ,zAYzfﬁ ] =Iy,av ().

Proof. The moments exists for theses processes due to the results in Section 4.3. The
results all follow by Birkhoff’s Ergodic Theorem. This can easily be seen since ¢ is
a stationary ergodic process and we consider in all cases measurable functions of ¢,

which inherit by Bradley [16], Proposition 2.10 (ii), the stationarity and ergodicity. [

We can restrict the temporal dependence of the first difference of the process.

Lemma 5.8.3
It holds that 3272 sup, [EAYAVAY )| < oo,
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Proof. The supremum can be neglected due to the stationarity of the process. Fur-
thermore, it suffices to consider [ € N instead of [ € Z due to the symmetry. Note
that AY is strongly mixing due Lemma 4.3.18 combined Remark 1.8 b) in Bradley

[16] and thus we can apply the covariance inequality (Lemma 2.13, Schlemm and

s
Stelzer). Recall that (R{"),cn = (R(h)T Rflh%T> is an i.i.d. sequence. Hence, we

n,1

obtain by (5.82) that there exists constants ¢y, ¢z > 0 such that

Z IEAY, P AY, T

(e%¢] S8} T
=S |E (011%7{,? +> W,RYY ﬂ) <01Rn+l L+ Z VR, n)

7=0

Z Z HECl ma R 52 Y]

h hT
WoR") RS

< [Ecir{RETCT

+3 [Eav B av |

00 h
<c+ ch : ||6A2hl|| H/ O1B1EEh)B;eA;hudu
1=0 0

o0 S5
+
+cr- E [Yw) ] < 00,
=0

due to the finite expectations, the eigenvalues with non-negative real part of Ay and
Lemma 4.3.18. ]

Lastly we show some convergence results with respect to the cointegrated process.

Proposition 5.8.4
We have the following asymptotic results for 0 < r <1

i) n72Y ) O B W (r);
.. _3 n (h) w 1 .
i) n"2y YV — [ CiByW (r) dr;
w) n”2y r Y, h)Y(h — fo CyByW (r)W (r)"Bf CT dr;
i) nt Zn(f)lAYk(h)T
k=1

1 ~
—_— (ClBl7Od><(NC))/ W(T’)dW(T)T(ClBl,\If(l))T—{—FYAy,
0
v) n” ZY kh)1T2

—_— (OlBl,de( / W dW (dec; \I}( ))T + FYY27
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(h)

where W is a Brownian motion with covariance matriz ;" and I'yy, as well as

['yay are covariance matrices defined in the proof.

Proof.

ii)

iii)

i) We have

n=2Y 0 =02y 4 n 2O X{(0) + 2201}%

Note that ClR 1 isan i.i.d. sequence with mean zero and finite positive definite
covariance matrix IEJRL1 Rgﬁ) = hB1Y1B. The claim follows with a functional
central limit theorem (see e.g. Johansen [54], Theorem B.12) combined with
Slutzky’s Theorem if the remaining part is 0,(1). We use the Markov inequality
and obtain for all € > 0

lim IF’(Hn 2Yh) 2H > e) = lim IP(HY 2H > \/_6>

n—oo n—oo

< Jin BI%E] — o

Hence, the same holds true for the starting value and we have shown the claim.

We use the functional central limit theorem from i) and the continuous mapping

theorem. Using equation (5.81), we have the following representation

n k—1

ZYk l—n’ﬁzYk(hm—l—n 1O X0 +n72 Y Y GIRY

k=1 i=1

[nr]

:/ n 2201 11) dr +0,(1)
0
_w_)/ ClBlm/(’l“)dT’.

0

Recall that Yk(f)m is stationary and ergodic. Thus, the 0,(1) term follows due
Lemma 5.8.2 i) and for the starting value with the same argument as in the

aforementioned part.

Due to the representation given in equation (5.81), it holds by similar arguments
as before and Lemma 5.8.2 that

o

n n —1
2N Yy =0 LR RETOT + 0,(1)

k=1 k=1 1

<.
Il



5.8. APPENDIX: ASYMPTOTIC RESULTS 169

1
= / CLBiW (r)W (r)T BT CT dr.
0

iv) As already mentioned R™ is an i.i.d. noise with mean zero and positive definite
covariance matrix given in (5.2). We use Theorem B.13 of Johansen [54]. This
convergence results allows different linear filters. The linear filter in our case
are given by (C1, 0gx(n—¢)) and (C1, {Ivf(z)) Due to the exponentially decreasing

matrix coefficients of {Ivf(z) the assumptions of the theorem are satisfied.

Thus, Theorem B.13 of Johansen combined with (5.82) and Lemma 5.8.2 iv)
yields

n~ Yy Ay

k=1
n k-1
=0ty Y GRYAVMT + Z VAT 4 0y(1)
k=1 i=1 k=

T

s (CLB, Oar (o) /0 W(r) dW ()T (CLBy, T (1))

+ Z(Ch 0d><(N—c)>§(h)(Cla )T+ Tyyay (0).

=1
We set for reasons of brevity

Lyay = Z(Ch de(N—c))i(h)(Ch )7 + Ty,ay (0).
=1
v) This claim follows similar to part iv). To sum it up, we can conclude
_ (h)T
: Z AR AR

n k—1

_ () ()T _ (h) ()T
—”IZZQR )Y )12‘1“ IZYI@ )1219)127L (1)
k=1 i=1
— (C1.B1, Ogse(n— / W (r)dW (r)T (Ogxe, (1 ))T+FYY2:

where I'yy, is defined analogous to I'yay.

[]

In the end, we have a foundation of asymptotic results on the processes appearing

in the cointegrated model, which helps us in the proofs in Chapter 5. Furthermore,
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note that we have shown Assumption 4.3 of Saikkonen [85] with the results of this

chapter.

5.9. APPENDIX: AUXILIARY RESULTS AND PROOFS OF CHAPTER 5

5.9.1. AUXILIARY RESULTS OF CHAPTER 5

We derive in this subsection several technical results which we need in the proofs of
Chapter 5.

Lemma 5.9.1
Assumption M1-Assumption M6 imply that the following assertions hold for all
V€ O:

i) The functions ¥ — e429" and 9 ERngLRng are continuous.

ii) The covariance matriz f]gl) = EREQR(&)]T is positive definite.

iii) The matriz Vﬂ(h) = CﬁQfgh)C;— is non-singular.

Proof. The proof is analogous to the proof of Lemma 3.14 in Schlemm and Stelzer
[91].

i) The continuity is obvious since by Assumption M6 we have a composition of

continuous functions.

ii) The positive-definiteness of i(gh) follows by Corollary 3.9 in [91]. The assump-
tions of Corollary 3.9 are satisfied due to Assumption M1 and Assumption M3.

iii) The non-singularity of Vﬂ(h) follows by the full rank condition on Cy in Assump-

tion M2 and the non-singularity of Qéh), which follows by Proposition 4.4.2.

]

Note that Qgh)) is a continuous functions of the coefficient matrices (see Schlemm and
Stelzer [91], Proof of Lemma 2.2 or Sun [95]). Hence, the steady-state Kalman gain
matrix K ((i)l) is also a continuous function and this implies the continuity of II(-) and

k(z,-). Due to the same reason V((;L) is as well a continuous function.

Some bounds on the matrix functions are given in the next lemma.

Lemma 5.9.2
Under Assumption M1-Assumption M6 the following results hold.
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i) There exists a positive number p < 1 such that for all ¥ € © it holds that
maz{|\ : A € o(e™)} < p.

Furthermore, there exists a positive number p < 1 such that for all ¥ € © it
holds that
maz{|A| : A € o(e?*2M)} < p.

it) There ezists a positive number p < 1 such that for all ¥ € © it holds that

maz{|\ : X € o(e?*" — ngh)C’g)} <p.

iii) There ezists a positive number ¢ such that || (Vﬂ(h))_lH <c forall ¥ € O©.

Proof. The result of i) and iii) is a direct consequence of Lemma 2.2 in Schlemm and
Stelzer [91]. Note that the second part of i) follows directly due to the decoupled
state space form. Part iii) follows directly due to the derivation of the Kalman filter
in Section 4.6. ]

Next, we check that the differentiability of the parametrization transfers to the other

matrices occurring in the following.

Lemma 5.9.3
Let Assumption M1-Assumption M6 and Assumption M8 hold. Then the following

functions are all twice continuously differentiable as well:
1. 9 — exp(Ay);
2. (Ag, By, 25) = [ M ByXk B eAi du;
3. 0 — I1(9);
4. 0= k(2,9).

Moreover, the functions I1(-), k(z,-) and (V(Sh))_l are Lipschitz continuous, i.e. we
have for some constants 0 < cy,cn, ¢ < oo that ||IL(Y) — IL(Y)|| < enlld — |,
1k(z,9) — k(2,9)|| < |9 — 9| and || (Vﬁ(h))_l - (Vﬁ(,h))_lH < eyl||9 =1, whenever
Y and ¥ are in ©.

Proof. The first two functions are twice continuously differentiable (c.f. Schlemm

and Stelzer [91], Proof of Lemma 3.15). Note that due to the results on the algebraic

Riccati equation in Sun [95] the matrix function V((;I ) is twice continuous differentiable.
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We prove the twice continuous differentiability of I1(-) and k(z, -) together by showing
that k(z, -) is twice continuous differentiable. Recall that the transfer function has the
form k(z,9) = I;—Cyp > 12, (eAoh — ngh) Cﬁ)l_lKéh)zl. Due to the uniform exponential
bound of the matrix coefficients and the fact that the partial derivatives 0;k(z, 1)
as well as 82 ;k(z,7) are also uniformly exponentially bounded due to Lemma 5.2.1
and Lemma 5.2.2; we can exchange summation and differentiation. Since we have
only sums and products of at least twice continuous differentiable functions, k(z, ) is
twice continuous differentiable itself. The same argumentation holds for II(-) and

k(z,-) holds and the assertion follows.

Due to the continuous differentiability and the compact parameter space we receive
that T1(-), k(z,-) and (V(gl))fl are Lipschitz continuous. O

As already mentioned, we need the existence of higher moments, finite second
moments are not sufficient to derive the aforementioned results. The assumption of
finite moments of the Lévy process transfers to the other processes as can be seen in

the following results.

The finite moments of the Lévy process due to Assumption M1 imply finite moments

of the i.i.d. noise of the sampled process.

Lemma 5.9.4
The noise ngh) is given as in (4.20). It follows that I[E]|]%1(9h)|]‘““‘S < 0.

Proof. This follows similar to Lemma 3.15 in Schlemm and Stelzer [91]. O

Moreover, the pseudo-innovations and its partial derivatives have also finite fourth

moment.

Lemma 5.9.5
It holds that ||z (9)||* < 0o and E||0:e™ (9)||* < o0, fori=1,...,s.

Proof. Note that the following inequality (a + b)* < 23(a* + b*) holds due to the
concavity. We use (5.10) and obtain

4

Ellef” (0)|* < E|0@)TY" + D Ki()AY,")
1=0

4

<C-E HH(&)W,&{W +C-E

> Ki(9)AY,")
=0
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The matrix coefficients [?2(19) decay exponentially fast due to Lemma 5.2.1. Hence, we
have using Assumption M1 and the finite fourth moments of Y in the same manner
as in the proof of Lemma 3.16 in Schlemm [89] that EH&,(;L) (9)||* < oco. Similarly we

can derive the second statement with Lemma 5.2.2 i). O

5.9.2. REPRESENTATION OF ASYMPTOTICALLY DOMINANT PART

We see that the interesting parts for the asymptotic behavior are for Eg? (¥) given by

and for £")(12) by

Q") (9,) ;:%iu((vgf) e (9, (192)T>.

Using the representation (5.5) of the pseudo-innovations we can rewrite these expres-
sions. Doing this for Qflh% (1) gives us

Zt (V") M1, 92) = 13, 92)] v, T 101, 02) — 1108, 02)] |

n

1 ((v“”) 1
n
k=1

: <—2 (W1, 92) — (Y, 92)] Y AV, T [R(B, 91, 02) — k(B, 03, 192)]T

+ [R(B, 01, 02) = R(B, 98, 92)] AV AV [R(B, 01, 02) — B(B, 0}, 02)] ") >

+2.- Z tr ( ) ( — [T1(9,92) — TI(99,99)] VL AV, TE(B, 99, 99) T

+ [B(B, 91, 9) — K(B,99,95)] AV AV TR(B, 99, 95)T
+ [T1(91, 95) — T1(93, 02)] Vi, v, 069, 92) T

— [K(B,01,92) — k(B,99,05)] Av,y M, 2 (?9[1)7192)T>)
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1< _ 7 [- _
+od ( [(ng)%) to (Vééﬁ@) 1} : [k(B,19?,ﬂg)AY,@AY,jh’Tk(B,19‘1),192)T

11(99, 92)Y, ") Y LI(09, 02)T — 2 F(B, 99, 02) AY, My M1 (79?,192)TD (5.87)

> (v;gq%) -1 [k:(B, 90, 95) AV, AV TE(B, 99, 9)T

k=1
h h)T

ST AR ACIN (T R

— 2. %(B, 99, 0) AV YW (0?,02>T]>. (5.88)

In this chapter we are going to use an extension of Davydov’s inequality, which was
shown by Schlemm and Stelzer [91]. We briefly recall this result.

Lemma 5.9.6 (Lemma 2.13, Schlemm and Stelzer [91])

Let X be a strictly stationary, strongly mixing d-dimensional stochastic process with
finite (4 + &)-th moments for some § > 0. Then there exists a constant k, such
that for all d x d matrices A, B, everyn € Z, | € N, and time indices v, € Ny,
o =0,1,..., L%J, it holds that

11\ 1752
ConX T AX, s XL B < slANIBN fax ([5] )] 7 Gs)

where ax denote the strong mizing coefficients of the process X.

5.9.3. PARTS OF THE PROOF OF LEMMA 5.6.5

We give here intermediate steps of the proof Lemma 5.6.5 in order to make the upper

bound clearer which guarantees the necessary absolute summability.

Instead of considering every term in (5.65), which occurs by using the representation

(5.53b), we consider exemplarily only

-1

Cov (0:1603(02) (Vi) 'e00a)T , 0512, (02) (Vi) el (02)T) |.

The covariance matrix can be bounded from above using the representation given in
Lemma 5.2.2 by
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[Cov (057 02) (Vi) ~el02)T, 05ell), p02) (Vi) el a02)T)|

h T h h)T
<tov oo (8 0|

(h) h) (h %
+ Z ’COV< k—1 2Yk )12v Yk(—1+l,2AYk+% L4KL4(192)T>‘

14=0

= R T st h (WT
+ Z ‘Cov (Yk,(_)LZYk(_)LQu ajtKL:s (192)AY1<;(+3 LJYk—1+l,2>‘

L30

+ Z Cov (v 0, 05 Ry AV LAY T, K, (02)7))

ktl—i3 D kl—14
13,04=0
h h mT
+ Z ’Cov( il )12AY( K K, (92)7 Yk(—i-% 12Yk(+3—1,2)’
12=0

h WT 7 nT 7=
+ Z ‘COV (Yk( )12AY]€()L Ky (92)7, l~c(+3 12AYk(+% L4KL4(192)T)‘

12,t4=0

h) MT ~ o h
+ Z Cov (Vi) AV Ky (02)7 05 Ko (02) AV, T )|

L2,t3=0

h st 7 h nT =
+ Z ‘COV< ko128 Y() Ky (92)" 6jtKL3(792)AYk(+% '3 AYk(+% L4KL4(792)T>‘

12,3,04=0

> st T h h)T h h)T
+ 3 [ov (0 Koy (02) 87 VO, v o)
11=0

o
~ h) +(h mT
+ Z ‘COV (8ftKL1(192)AY( ) Yk( )127 k( )].-HQAY]C(-F% l L4(192)T)‘

t1,t4=0

— st 7 h) < (h st 7 h h
+ Z ’Cov (@tKLl(?? )AY( ) Yk( )127 ajtKst2)AY1g(+g Lgyk( )1+l2>’

t1,t3=0

— st T h h)T st T h
+ Y [eov (oK ) ay ) T, L 05K, 02)AY ) AT, K (92)T))|

L17L3,L4*0

L1 L2

s h h h h
+ Z ‘COV (a Ko (92)AY") AR, (02)7, v, v {W)‘
L1,t2=0

> oyt = h
+ Y [Cov (9K () AV AY TR, 00T, YL oAy K (02)T))|

L1,t2,L4=0

= st 7 h T st 7 h h)T
+ Y |eov (o K 02 aY ", AV R 02)T, 85 R (02) AV V)

L1,L2,t3=0
+ Y ‘Cov (a;’ff(u(%)AY,&LAY,&E}@(%)T,

L1,L2,t3,t4=0

03K, (92) AV AY,QTMI?M(%)T) D . (%)
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We consider one example for each class of the different combinations appearing in
the equation above. First, we have the covariance matrix, where only the stationary
part appears. In this case we have with Lemma 2.13 in Schlemm and Stelzer [91]
and Lemma 4.3.18 that

)
h T h R)T P
)COV <Yk(—)1,2Yk(—)1,2 ) Yk(—)1+l,2Yk(—)1+l,2> <C- [ay2(h> (l)] . ()

Next, we consider the summand in the equation (%) above, where only the process
AY M appears. It holds that

3 ] Cov (a;tf(” W) AV, AT, ()T
L1,L2,L3,L4=0
St 7.7 h T -
0 Ko (92) A1), AV R (02)7) |
-3 ’Cov (0K (02) AV, AY TR, (92)T
L1,L2,t3,L4=0

maX{Ll,LQ,L3,L4}>%

O Ry (0) AV AV Ky (02)T) |
4] ) )
+ > |Cov (R, AV AV TR, (02T

L1,L2,t3,t4=0

01 K, (02) AV AV R (02)T) |

k4+l—1t3

=St 4+ 5.

We can apply the Cauchy-Schwarz inequality to S*. Further, we use the finite fourth
moment of AY " and the exponential decay of the coefficients to obtain that there

exists constants C' > 0 and p < 1 such that

St < i ’

L1,L2,L3,t4=
l
maX{L1 L2 7Lg,,L4}> 5

<Cpr.

4

02K, (9s) 031K, (1)

| Ka(2)

E HAYk(h)

Hf?bz(ﬁZ)

Consequently ST is absolutely summable.

Next, we show that the same holds for S™. In order to show this there are some
tedious calculations necessary. However, we see immediately that we can write
AYk,(h) = AL(kh) + AYk(g). We obtain by using this decomposition on the covariance
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in S— that

| Cov (071K, (92) AV, AV TR, (02)7, 07 Koy (92) A1,

AV KL ()7 ‘
<C- ‘ Cov (Ko, (9)AY,"), AV K, ()T
oK, (ﬁQ)AL((k 41— ) W)AL((k + 1 — t)h)TE,, (192)T> ‘
+‘COV (K. (02) A, AT (0T

DK (0) AL((k + 1 — 13) ) AY, )T @(%)T) \

k+1—14,2

+ | Cov (057K, (92) AV, AV VTR, (02)T

(U2)
(U2)
(U2)
O Ko (92) AVE)_, o AL((k + 1= )) TR, (92)T) |
+ | Cov (8StK1(192)A O AVTR,(0,)T,
(U2)

AV AYET KL )T | (5.90)

k+l—t4,2

The sum in S~ goes from ¢3,14 = 0 to L—J which implies that k+1—13 > k as well as
k+1—1t4 > k. Thus, the first summand of (5.90) is equal to zero since AYk AYk(hL

is independent of AL((k+1—1t3)h) AL((k+1—ws)h)" for all 1, 12,13, € {0,..., 5] }.
The second and third summand of (5.90) can be dealt with in a similar fashion.

Hence, we only consider the second term. Therefore, we obtain for the second one

‘Cov (a;tf(Lle)A v AVTR,, (0,)7,
DKy (92) AL((k + 1 — )W) AV K, (ﬁg)T) ‘ (o)
< ‘ Cov <6§tKL1 W2)AY, ™ AYVMTE, (9)7
O3 K, (92) AL((k + 1 - a3>hm<ﬁﬁl4,2fa4w2>T) |
+ ‘ Cov (05K, (02) AV, AT, (0T
O (02) ALk + 1= )Y T, R, (02)7) |
=0.

To see this we only consider the first one, because once more the two summands can

be dealt with analogously. We know for ¢3 < ¢4 that due to the independence the

covariance is in this case equal to zero. For 0 < 1y < 13 < Léj we have

| Cov (95 Koy (92) AV ") AVTR (92)T,

L2

05 Koy (0)AL((k +1 = i)V, LK, (02)7) |
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S‘COV <8ft[~(Ll(z92)AYk(h)LlAY(h) K,,(92)7,

.
O3 K, (02) AL((k + 1 — t3)h) <02 /M eA2((kH—uh—u) g, dL(u)> KL4(192)T>
1

'cov <8StKL1(192)AY(h) AY(h)T K,,(92)7,

.
O3 K, (02) AL((k + 1 — t3)h) <02 /M eA2((kH—u)h—u) g, dL(u)> KL4(192)T>
2

=0, (W)

whereupon M is the interval, where the processes of the second part in the covariance
overlap, i.e. My := (—oo, (k+1—1t4)h)N((k+1—1t3—1)h,(k+1—1t3)h) and M, is the
interval given by My := (—oo, (k41 —14)h)\ M;. Hence, the second summand has to
be zero, which follows once more by the independence of the AL((k 4+ — t3)h) with
the integral term. On the other side, the process AL((k+1—t3)h) is not independent
of the integral term over M;, but the product on the right-hand side is independent
of the product term on the left-hand side in the covariance. Thus, this covariance is

also equal to zero.

Lastly, let us consider the fourth summand of (5.90). Analogously, it suffices to

consider Yk(g) instead of the AYk(f;) with the same arguments as in (¢). Thus, we

exemplarily consider
‘ Cov (a;tiil (0,) (Y,jh“ o+ ALk — 1)) (V") + AL(k = 15)) K, ()7,
O KoV, VT o B (92)T) |
< | Cov (K., (92)7, "), QY,jhu;m( )7,
0K, (92) Y], 2V, 2K (92) )‘
+ \ Cov (astml 92)A (( — )R YT R, (0)7,

y T

aStKS 192 k+l 13,2" k4+1—14,2 L4(Q92)T>

0y Y,fhu LAL((k— 1)) K, (95)7

(
(
+ ‘ Cov (astKl(
(
+\cov (6“[(1(192 AL (( — )R AL((k — 12)h) K, (9)7 |
15 (

)Y,

)
05K, (0 y® oy TR (9,)7
L3 2) k+l 13,27 k+l—14,2 L4( 2)

)

)

9 YWy TR (ﬁQ)T)‘

k+l 13,2 k+l 14,2

N~

<C. [Oéy2(h)(l)]m+c~p ,
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for some constant C' > 0, where we used similar arguments as in (#). We justify the

upper bound with the subsequent estimations.

The first summand is bounded from above by the mixing coefficients just as in (&)
due to Lemma 2.13 in Schlemm and Stelzer [91]. We have due to the definition of
ST that 13,14 < % holds and thus we can apply this lemma. As a consequence, there
are three terms left. The second and third one are yet again be dealt with in the
same manner. Thus, we have, with the same methods as in (#) and the fact that
L3,y < %, for the second term

(cov (aftf?Ll(%)AL((k—Ll)h)y,jh{2 K, (02)T

st 7> h h
O Koy 02)Y{)_, 2V K (92)T) |

.
§‘COV< K, (92) AL((k — 1) )( / eAQ((k_LQ)h_“)B2dL(u)> K, (92)7,
N

ast‘[{L3 192 <C2/ eAz ((k+l—t3)h— u)BQdL( )>
N

) <02/ eAQ((k+l—L4)h—u)B2 dL(u))f(M(ﬁQ)T)
N

T
<C- (EHAL((k _ L1)h) <C2eA2(L1—L2)h/ eA2((k—u)h—u) p, dL(u))
N

H <C2eA22h AQ(—Lg)h/ eAQ(kh—u)B2 dL(U))
N
1
2> 2

(CzeAQQh AQ( )h/ eAQ(kh*’u)B2 dL(U))
N
for some constants ¢, C' > 0, where the set N is given by the intersection of the

)

N|=

)

T

following sets

N :=((k—u—1h,(k—u)h

)N (= o0, (k—w2)h)
N (—oo,(k+1—13)h)N( (

— 00, (k41— w)h).

Note that the set NV is either the empty set if 15 — 1 > 1 or otherwise N =
((k =11 —1)h, (k—t1)h). The remaining parts of the integral can be ignored as before
due to the independence. Hence, we have also shown for these two the absolute

summability.

The last summand follows in the same way. The difference is the intersection, which

is in this case given by
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N :=((k — 1 = Dh,(k — wu)h) N ((k = 12 — Dh, (k — 12)h)
N(—o0,(k+1—13)h) N (—o0,(k+1—1)h).

)

In conclusion, we have shown that S~ < C - [a n) (l)] 4 0 eeth and thus

vy
absolutely summable.

If we proceed with all remaining terms of (%) and then for all remaining terms in
(5.65) analogously, we are able to show that the original covariance matrix is absolute

summable.



CHAPTER 6

SIMULATION STUDY

6.1. INTRODUCTION

The practical applicability of the quasi-maximum likelihood estimation procedure for
cointegrated MCARMA processes in Chapter 5 is considered in this chapter. We test
the theoretical results shown for the step-wise estimation procedure in simulation
studies. The consistency of the long-run and short-run estimators, which we have
shown in Section 5.5, suggest that the estimated results should be quite close in the

mean to the true value for a large sample.

However, in order to apply the estimation method, we need first a parametrization
of the model matrices satisfying the assumptions of Chapter 5. For this purpose, we
present a suitable parametrization of the matrix C', i.e. the matrix corresponding to
the long-run behavior of the time series. We describe an algorithm in Section 6.2
how to construct the matrix ' from a given parameter vector. This algorithm is
based on the ideas of Bauer and Wagner [7], who parameterized a complex valued
matrix satisfying similar constraints. The parametrization of the stationary part is
standard as we use the echelon canonical form. The echelon canonical form is widely
used in the VARMA context, see e.g. Liitkepohl and Poskitt [64] and the textbooks
of Liitkepohl [62], or Hannan and Deistler [46]. In the context of linear state space
models canonical representations can also be found, see for example in Guidorzi [44].
Another approach is to combine the error correction form with the echelon form,
which was done in Liitkepohl and Claasen [63] for cointegrated VARMA models.
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However, this approach has the disadvantage that it relies on the finite order form
of the error correction form, whereas we have an infinite order term in the error

correction form.

In Section 6.3 we present the results of the simulation studies. We consider two
different cases, which differ in the dimension of the model. On the one hand we
simulate a two-dimensional cointegrated MCARMA process and on the other hand a
three-dimensional model. As a driving Lévy process we use a normal-inverse Gaussian
process and a Brownian motion respectively. The two dimensional model is chosen
in such a way that the stationary part corresponds one-to-one with the simulation
study in Schlemm and Stelzer [91] for a stationary bivariate MCARMA process. We
added one common stochastic trend to this model in order to make it cointegrated.
The three-dimensional model is considered in order to have more complexity in the

non-stationary part, where we added two common stochastic trends.

6.2. PARAMETRIZATION

We give now an example for the parametrization of C4 y, € M, .(R), which is based on
the parameterizations presented in Bauer and Wagner [7]. They presented a complex
version of this parametrization. There is a major difference between the complex
version and the real-valued version. This is due to the fact that the orthogonal
constraints on the matrix have a greater effect in the real-valued case. If we consider
a two dimensional subspace and choose a unique basis, it is enough to know the first
vector. The second vector is then uniquely determined by the first one. This is not
the case in the complex-valued case because C is isomorphic to R%. Hence, this gives
more “degrees of freedom* for being orthogonal to a vector. Consequently, in the
real-valued case more vectors are predetermined due to the orthogonality constraints.
One can think of the parametrization as choosing a special, unique orthonormal basis

of the space spanned by C y,.

The parametrization of C 4, should satisfy Assumption M4, Assumption M6 and
Assumption M8. Furthermore, C} y, must be of the form given in Theorem 4.3.7.
Hence, we want the matrix C}y, to be a positive lower triangular matrix (c.f.
Definition 6.2.1) with rank ¢ satisfying C’IﬂlCl,ﬁl = I.. We assume to know the
indices 1 < j; < j2 < ... < J. < d, which denotes the first positive entry in each
column of C y,. Furthermore, we denote the §*"-column of (1,9, with ¢; such that

Ch, = [c1,Ca, ..., c] because we parameterize the columns step by step.

Let us now formally define what we understand by a positive lower triangular matrix.
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Definition 6.2.1

A matriz Cy = [¢ijliz1,. dj=1,..c € Ma.(R) is positive lower triangular if there
exist indices 1 < j1 < jo < ... < j. < d, such that ¢;; =0,j; < j, 0 <c¢j,, t.e. Cy s
of the form

0 0 0 0
0 0
Cj1 1
%
0
Cjs,2
* , (6.1)
0
cj373
* 0
ijc
k
* * % *

where x denote arbitrary entries.

We denote in the following with f(-) a function which maps a vector onto the unit-
sphere, i.e. f:R"™ — S* C R"". Consequently, f(z) € R"™! is a real unit norm
vector parameterized by the vector z € R™. Furthermore, we require an additional
constraint on f, namely that e! f(x) > 0 holds, where e; is the first unit vector of the
appropriate dimension. One could use any mapping which satisfies the first part. One
example satisfying these assumptions is the inverse stereographic projection. However,
one has to be careful that the additional constraint is satisfied. For stereographic

projections this can be done quite easily by restricting the parameter space.

We use in the following the inverse stereographic projection. Let us recall briefly the

inverse stereographic projection and some of its properties.
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Remark 6.2.2
The inverse stereographic projection f : R® — S® C R"™ R" 3 z — f(z) € S™ is
given by

1 (e
f(””)‘usc\PH( 2 ) (62)

This function has a positive first entry for all x € R” satisfying ||z|| > 1. The inverse

stereographic projection is a smooth and bijective function with Jacobian matrix

2 22T
Jilx) = —m88— . .
)= e+ 17 ((HxH?—l)In—mT) (6:3)

Although, we could use a general function f satisfying all restrictions we constrain

ourselves hereafter on the inverse stereographic projection.

5 = (gd_ j> - (;) (6.4)

parameters for a given multi-index j = (ji1,...,7.), with 1 < 51 < ... < j. < d.

We need therefore at most

The subtraction of j; is due to the normalization of each column to unity and the
positive triangular form. The positiveness of the first entry in each column is needed
since otherwise we would have two vectors satisfying the constraints. Thus we
would not have uniqueness. Due to the orthogonality we can reduce the amount of

parameters needed even further. Since all columns have to be pairwise orthogonal,

[

2) additional equations, which is the reason for the last

the orthogonality implies (

minus term.

Depending on the values of ¢, the dimension d and the multi-index j we might know
a priori the last few columns due to the unique representation. These last columns
consist in this case only of unit vectors, for example for the last column we have
c. = eq. If j. = d holds, the column must be the unit vector to satisfy the unique
representation. However, due to the orthogonality this implies that the last row must
be equal to e!. If we have also j._; = d — 1, this implies c._; = e4_;. This is due to
the fact that the last row of Cy g, is equal to e} and the orthogonality. We proceed
in the same manner until the deviation of adjacent multi-indices is greater than one.
Hence, we introduce the value b4 .;, which denotes the number of the first column

of C1y, from where on only unit vectors follow, i.e. ¢, ,C. = €q. The

= e, o
Jbd,c,’
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value by . is given by
bicj =inf{l<i<c:ji—i=d—c}Nc+]1, (6.5)

where we set inf{(}} = co. We omit the dependence on the parameters and simply

write b instead of by in the following.

As a consequence, all entries in the range j, to d of the first b — 1 columns of C 4,
are equal to zero due to the orthogonality condition. For example, if b < ¢ the matrix

(1,9, then has the following block form

Cro — Chv, O(d—cb—1)x (c—b+1) | (6.6)
O@—ctrv-1)x(c—b+1)  L(e—br1)x(c—bt1)

where the (d — ¢+ b) x (¢ — b) matrix block 51,191 satisfies the same constraints as
the original matrix C y,. Hence, the construction of the matrix C y, reduces to
constructing the upper left block 51,191. Note that we interpret 0_,, for a > 0 as an

empty vector and the same applies for matrices.

Before we start, let us introduce the auxiliary variable

for 1 <i < b— 1. The value of n; can be interpreted as the number of components
of the i** column which depend somehow on the parameter vector. They are not
as in the previous considerations inevitable equal to zero or one. We need at most
(n; — 1) V 0 parameters for the i'® column. Quite often no additional parameters are

needed to construct a column due to all the constraints (c.f. Table 6.1).

Before we present the parametrization we give one last definition. Since we want all
matrices in the following to be of a special form, we introduce an abbreviation for

this special form.

Definition 6.2.3
We say an m x n matriz A, for n <m, is in Ny-form if it satisfies ATA = I,, and

A is of positive lower triangular form.

In the next lemma we present the algorithm, which constructs the matrix Cf g,
uniquely for a given multi-index j. More importantly, we see that all the assumptions
needed of the parametrization are indeed satisfied. Note that each column depends

on the parameters of the previous parameterized columns due to the orthogonality.
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Lemma 6.2.4

Assume that we have the multi-index j given as in Definition 6.2.1 with 1 < j; <
J2 < ... < je < d. Furthermore, we assume that we have a real parameter vector
VU1 € R of dimension sy, where sy is determined via (6.4). Then we can construct

the matriz Cy 9, in the following manner.

First, we calculate by.; as defined in (6.5). Next, we know that the matriz has
to have the form given in (6.6). Therefore, we can consider the reduced problem
of constructing 51,191. In the following, we write without loss of generality for the

columns of Cy 9, as well ¢y, ..., cp_1.

The parameter vector is divided into

191 = [19}—,1719-{,27"'7191— ]T>

Lilg,c,j

where the number ly . ; of sub-vectors depends on the parameters d,c and 3. We do
not specify the exact number here. However, the algorithm presented below will make

clear how to divide the parameter vector in sub-vectors of appropriate size.

We denote with f; always an inverse stereographic projection of a dimension depending

on the size of the parameter sub-vector.

0 —c)Xc
If b =1 holds, the complete matriz is already given by Cy = < (d=c)x ) Hence, we

cXc
assume from now on b > 1. It remains to determine the columns cy,...,c,_1. We

construct one column after the other by the following algorithm.

m First Vector:
In this reduced block matriz, we have for the first vector no orthogonality
constraint. The only constraint is the normalization and hence it is given right
away by the inverse stereographic projection and the first index ji. Insofar, we

have the first column given by

0,
C1 = nmbd ) (68)
fi(¥11)
where the vector ¥11 € R™ ™1 is the vector containing the first ny — 1 entries of

V.

If b =2 holds, we have determined all columns. Otherwise, it remains to calculate

the columns co, ..., Cp_1.
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m Second Vector:

We have to distinguish between two cases. In order to determine the case we
are in, we consider the auziliary variable n,_1 and check if it is equal to two.
If ny_1 = 2, we have two entries of the (b — 1) column, which can depend
on new parameters. However, due to the normalization and orthogonality to
c1 these entries are already uniquely determined. Thus, we need no additional
parameters. In the other case, we cannot compute any column directly. Again,
we have to take the normalization into account. This is done by the stereographic
projection fo(+). And the orthogonality to ¢, is guaranteed by the multiplication
with a matriz Q, which is going to be specified further below. Obuviously, the
matriz Q2 depends on the parameter sub-vector U1 and can be interpreted
as the mapping, which maps the normalized vector fy(-) into the orthogonal

complement of c;.

1. Case 1: ny_1 # 2:

In this case the column vector cy 1s given by

_ Oj2*171
cy = <Q2f2(191,2)) , (6.9a)

where Q)2 denotes the unique orthogonal complement in Npy-form of the

matriz product
[Onz,jz—l ) Inz] [Cl] :

Note that Q2 has dimension ny X (ng — 1) and f1(¥12) is a unit vector
of dimension ny — 1. Hence, we need ny — 2 parameters in this case to

parameterize the second column.

2. Case 2: ny_1 = 2:

In this case column vector c,_q1 is already determined via the unique

orthonormal complement of

02,5, 1, I2][e1]

in Npie-form. We denote this unique orthonormal complement in Ny -form

by @5, which is a two-dimensional vector. Consequently, c,—1 is given by

0j, 11,1
Cp—1 — e . (69b)
( Q3 )

We did not need any parameters in this case since c,—1 has only two non-
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zero entries. They are uniquely determined due to the normalization, the

orthogonal constraint and the restriction of a positive first entry.

Denote by C(2) the matriz containing all columns of 517191 which are already

determined. Depending on the considered case, it holds that either C(2) = [c1, 2]
or C(2) = [c1, cp-1].

We proceed iteratively until we have determined the b — 1 columns. However, we state

only one more step. The rest will follow in the same way.

n Third Vector:

We have already determined the two columns stacked in the matriz C(2).

a)

b)

Case 1: ny_9 # 3:

In this case we determine the vector ¢;. Depending on the considered case,

this is either going to be ca or cs, i.e. 1 € {2,3}. Hence we have

= Vi , (6.10a)
Qs fi(V1,)

where (3 denotes the unique orthogonal complement in Ny -form of
[Onm’i—l’ Inz]O(Q)

Note that Q3 has dimension n; x (n; —2) and f(91;) is a normalized vector
of dimension n; — 2. Hence, we need n; — 3 parameters in this case to

parameterize either the second or the third column.

Case 2: ny_o = 3:

In this case c,_o is already determined via the unique orthonormal com-

plement of
(03,1, 15]C(2)

in Npi-form. We denote this unique orthonormal complement in Npy-form

by Q3, which is a three-dimensional vector. Consequently, cy—o is given by

0j, 5-11
Chz = 2Ll (6.10b)
( Qs )

Denote by C(3) the matriz containing all columns Ofélﬂgl which are already
determined. Depending on the considered case, the matriz C(3) is given
by one of the following possibilities C(3) = [c1, ¢2, 3], C(3) = [c1, 2, Cp—1]
or C(3) = [e1, cp_2, Co1].
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The matriz 51,191 constructed by the above algorithm satisfies Assumption M}, As-
sumption M6 and Assumption M8 and is of the form given in Theorem 4.3.7, i.e. it
satisfies Assumption M.

Proof. The matrix C g, is obviously in positive lower triangular form due to the
construction. Note that (); satisfies QJTQJ» = I,,,_; by definition. Then, one can easily

see that each column has norm one since

11> = 1Q; f (01 )II? = f(91,;)" QT Q; f(W1;) = fF(D) f(Dy) =1

and the same holds obviously true for Q7.
Assume without loss of generality that 7 < i. The orthogonality of the columns is

given due to
cle;=clQifi(W14) =0
g 9 1J1 X

since @); is the orthogonal complement of a matrix which contains ¢; as a column.
The rank condition in Assumption M4 is obviously satisfied as well. Hence, C y, is

given in the canonical form of Theorem 4.3.7.

To see the continuity (Assumption M6) and smoothness (Assumption M8) of C . note
that each column is the product of two smooth functions. After all the stereographic
projection is a smooth function and @} as well as (); are function compositions of

smooth functions.

In conclusion, the parametrization presented satisfies all desired assumptions. O

Furthermore, we know that the partial derivative of the inverse stereographic projec-

tions is orthogonal to the original inverse stereographic projection f, that is

(%f(ﬁmf) f(01;) =0,

hence if follows that 5
%Clﬂgl ¢ span C y,,

for j =1,...,s;. Besides, the set of all partial derivatives is linearly independent.

We present now an example in order to clarify, how the parametrization algorithm

works. In this example we have the following parameters given:

d=6, c=4, r=2

ilzl, i2:2, i3:3, 24:5
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With this we can calculate b, which is equal to 5, furthermore we have the auxiliary
variables given by ny = 5, n3 = 4, ny = 2. The first column ¢; is parameterized by

the parameter vector 911 = (U1, Jq,93,94,95)T € R® and hence given as

91,1121
[91,1]]2+1
291
[91,1]]2+1
219
91,1]12+1

203 ’
191,1112+1
294
191,1]12+1
295
191,1112+1

C1 =

where ||911]]* — 1 must be a positive real number. Since ny = 2, we know directly

due to the orthogonality constraints that

b=(0000 2 o)

47 V93402 V392 )
where 15 must be a positive real number. We see, that there is no free parameter
needed for ¢4, whereas we only get an additional constraint on the parameter space.
Next, we compute co with the knowledge of ¢; and ¢4. First, we compute the unique

positive orthogonal complement of

29,
92,1177 0
209
s 0
293 O
[¥1,1]12+1
204 5
[PrallP+1 | /92192
295 R

2
[[91,1]12+1 N

The orthogonal complement space must be three dimensional. As a consequence, we

obtain
q1 0
¢ - V10, q2
Q2 = G- VU3 qo - VU q3 )
q1- V104 g2 V204 @3- U030,
¢ -5 qo- 0205 g3 - U305
2 2 2 2 2 2 2 2 2
where ¢ := Vot U5+ Ua s , Qo 1= VU g Q3 = —F———=== VI Ty order to
V303 +03+03+02 /3403 +03+92 V93 +03+92

obtain ¢, we have to multiply Q2 with f(¢);2) using the parameter vector ¥, =
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(96,97)T € R2. Calculating this product gives us

0
91,2121
@ g7+
_ 91,271 206
q1 191192 +CI2 H191,2||2+1

co = Qs - 191al? [91,2]]2+1
- . Yi2|*-1 206 297 !
¢ 0Us - g — 42 Vs i TG e,

V1 221 20 297
G- Na - e 1 T @ V200 o — @ Y30
B V1]2-1 29 _ 207
01 V105 - g — 42 Vels gt — @ UsYs - e

where || 2]|> — 1 > 0 must hold. As of now, we also know c3 due to the orthogonality

constraints, which is given by the orthogonal complement and thus we get

0

0
974/ (93+93+92)
01,217/ 03+03+93+92
€3 -= 2307 96/ 93 +03

91,2117/ 03+03+03+02 /03403492 [[91,2]|\/D3+03+02

— Y2497 _ 193’!94“(96
[91,2[1\/93+03+93+02\/93+03+92 |91 2]|\/93+02/03+03+02
192795 -797 193'195 '196

[01,2]1\/93+93+93+92 /03403402 |[01 2]\ /03 +02/93+93+02

Hence, we could calculate now Cﬁgl by taking the unique orthogonal complement of

Ci9, in Npy-form.

In Table 6.1 we show the number of parameters needed for different combinations
of the number of common stochastic trends ¢, the dimension of the output process
d and the multi-index j. We give the number of parameters per column vector, i.e.
for example (3,2,0) means that the first column vector is parameterized with three
parameters the second one with two and the last needs no additional parameter.
We omit the trivial case of ¢ = d, because the process is then integrated but not
cointegrated. Moreover, it follows that €| = I; and no estimation of long-run
parameters has to be done. The table shows that in most cases we do not need
many parameters due to all the constraints. Note further that for ¢ = d — 1 we only
have to parameterize the first vector. All other vectors are then given due to the
orthogonality constraints. So the more complicated cases of parametrization occur
only for 1 < ¢ < d— 1. For one common stochastic trend (¢ = 1) we always need
d— 1, parameters. Moreover, we excluded the multi-indices in the table, which belong
to the class, where it suffices to consider the reduced problem. In the subsequent

overview, we present the parameters needed up to dimension d = 6.
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Figure 6.1.: Tllustration of the algorithm for constructing C g,
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Dimension d = 6
¢ J # Parameters
(1,2) (5,3)
(1,3) (5,2)
Dimension d = 4 (1,4) (5,1)
c j # Parameters (1,5) (5,0)
1.9) G.1) , [ @3 (12)
2 (1,3) (3,0) (2.,4) (4,1)
2.3) 2.0) 2.5) (10)
G.) G.1)
(3,5) (3,0)
Dimension d = 5 (4,5) (2,0)
c j # Parameters (1,2,3) (5,3,1)
(1,2) (4,2) (1,2,4) (5,3,0)
(1,3) (4,1) (1,2,5) (5,2,0)
) (2.3) (3.1) (1,3.4) (5,2,0)
(14 (4.0) ] (1,3.5) (5.1,0)
2.4) (3,0) (1,4,5) (5,0,0)
(3.4) 2.0) (2,3.0) (1,2,0)
(17273) (47270> (273’5) (47170)
; (1,2,4) (4,1,0) (2,4,5) (4,0,0)
(1,3,4) (4,0,0) (3.4,5) (3,0,0)
(2,3.4) (3,0,0) (1,2,3.4) (5,3,0,0)
(1,2.3.5) (5,2,0,0)
4 [ (1245 (5,1,0,0)
(1,3,4,5) (5,0,0,0)
(2.3.45) (1,0,0,0)

Table 6.1.: Number of Parameters needed for the Parametrization

We can freely select the parametrization for the stationary part due to the decoupled
system derived in Theorem 4.3.7. Therefore, we choose the canonical echelon form for
this part. We omit a detailed description of this parametrization and only mention
that it satisfies all necessary assumptions which we made in Chapter 5 in order to
gain consistency and the asymptotic distributions. A list of all assumptions can be
found in Appendix A. For a reference on this canonical parametrization we refer
to Schlemm and Stelzer [91], Section 4.1, where the necessary facts and results are
summarized. Other references would be for example the article of Liitkepohl and
Poskitt [64], and the textbooks of Liitkepohl [62], or Hannan and Deistler [46].

In order to use the echelon form for the stationary subsystem, namely the matrices
(A2.9,, B9y, Ca,9,), we need to know the Kronecker index. We assume that we can

somehow estimate the Kronecker index of the model with an information criterion.
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Well-known information criteria are for example the Akaike Information Criterion
(AIC), which was introduced by Akaike [2] in 1973, or the Bayesian Information
Criterion (BIC) dates back to Schwarz [92] in 1978. The profound treatment of the
order selection problem for discrete-time weak VARMA processes can be found e.g.
in Boubacar [13]. A recent work on information criteria for stationary MCARMA
processes is Fasen and Kimmig [38]. However, to treat information criteria for the

cointegrated model is beyond the scope of this thesis.

Lastly, we consider the parametrization of the remaining system matrices. The
matrix B », is parameterized using the vec operator, i.e. each entry of B; y, consists
of a an entry of a (d - ¢)-dimensional sub-vector of 5. Moreover, the covariance
matrix of the Lévy process Ef;z is parameterized via the vech operator. We make
use of the symmetric form and hence only need to parameterize the lower or upper
triangular matrix respectively. As for Bj y, each entry consists of a an entry of a

(%)—dimensional sub-vector of the short-run parameter vector 5.

6.3. SIMULATION RESULTS

At this point, we would like to thank FEckhard Schlemm and Robert Stelzer, who
kindly provided the MATLAB code for the simulation and parameter estimation of
the stationary MCARMA process. This MATLAB code was the foundation for the
simulation studies of this thesis. We adapted the code in order to include not only
stationary MCARMA processes, but also the cointegrated MCARMA model. In this
respect, we have used the same methods as described in Section 4.2 of Schlemm and
Stelzer [91].

In the course of the extension we have heavily used the decoupling of the cointegrated
model given by Theorem 4.3.7. Moreover, we have implemented the step-wise quasi-
maximum likelihood estimation approach as described in Chapter 5. Evidently, we
use the parametrization described in Section 6.2 for the matrix (' y, along with
the other parametrization methods mentioned for the matrices corresponding to the
short-run parameters. The exact parametrization for both model scenarios considered

are presented in the following.

6.3.1. BIVARIATE EXAMPLES

We test the performance of the estimation method presented in Chapter 5 with the

example used in Schlemm and Stelzer [91], Section 4.2. Hence, we simulate a bivariate



6.3. SIMULATION RESULTS 195

CARMA process with Kronecker indices (1,2) and cointegration multi-index i; = 1.
This implies that the stationary MCARMA process has order (p,q) = (2,1) and we

have one cointegration relation.

We consider as a driving Lévy process a normal-inverse Gaussian (NIG) process
(L(t))i>0 with mean zero. Additionally, we simulate the case, where we have a
Brownian motion as a driving Lévy process (L(t)):>o. We adjust the covariance
matrices such that they coincide in both scenarios. The covariance matrix is thus

given as in Schlemm and Stelzer by
1 82 —28 0.4751 —0.1622
Y= —3 ~ . (6.11)
312 \—28 64 —0.1622  0.3708

We used the following set of parameters for the simulation of the bivariate CARMA

process

.
190:(_1 —21 -2 =3 1 2 1 1 04751 —0.1622 0.3708 3) . (6.12)

For this setting, the dimension of the matrices are as follows
A S M4’4(R), B e M4’2(R) and C S MQA(R).

The canonical parametrization of the model has the following state space form

9 9y 0 0 0 ¥,
0O 0 1 0 ¥ 0,
dX(t) = X(t)dt + 0 ! dL(#),
95 ¥y U5 0 U5+ D506 U4+ U507
O 0 0 0 g g
and
100 St
Y(t) = ( 79&%?;) X(t). (6.13)
0 10 &%

Furthermore, we set the initial value X (0) = 03 and the covariance matrix was

parameterized by (¥19, V11, Y12) = vechdly.

The cointegration space is directly found by taking the span of the orthogonal
—0.6

0.8
complement of C = (O 6)7 i.e. we have Ci = 0]
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We simulate on a grid 0,0.01,0.02,...,2000 using an Euler scheme to the stochastic
differential equation (6.13). The sampling distance was set to h = 1.

Case 1: Normal-Inverse Gaussian

Since the parameters were chosen accordingly to the simulation study of Schlemm
and Stelzer, we also briefly recall the properties of a multivariate NIG-Lévyprocess
(for more details see e.g. Barndorff-Nielsen [5]). Moreover, we remain closely to the

notation of Schlemm and Stelzer [91] in this section.

The increment of a two-dimensional NIG-Lévy process L(t) — L(t — 1) has the density

5e B (14 ag(x))

fNIG(x;Maaaﬁa6aA) - o ’ eag(z)g(a:)g, (614)
where  g(z) = /0% + (z — 1, Az — pp))
and k*=a®—(3,AB) > 0.
The covariance of the process is in this case given by
Y =d(a—BTAB) 2 (A+ (o — BTAB)TIABBTA) (6.15)

and in order to obtain the covariance matrix in (6.11) and mean zero, we have to set

the parameters of the NIG-process to

1 1.2 —0.5 1 3
§=1, =3, = . A= d p=——- .
“ p (1) (—0.5 1 ) anen 231 <2>

The results for a sample of 350 replicates of the bivariate NIG-driven MCARMA
process are summarized in Table 6.2. One realization of the cointegrated MCARMA
process driven by a normal-inverse Gaussian process is given in Figure 6.2 and the

corresponding stationary linear combination in Figure 6.3.
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Figure 6.2.: Typical realization of bivariate NIG-driven CARMA process

Bivariate NIG-driven MCARMA process
parameter | true param. sample mean bias sample std. dev.
a1 -1 -0.9857 -0.0143 0.0515
¥ -2 -2.0025 0.0025 0.0573
U3 1 0.9919 0.0081 0.0749
Wy -2 -1.9758 -0.0242 0.1126
I -3 -2.9774 -0.0226 0.0497
Jg 1 1.0129 -0.0129 0.1071
o 2 2.0005 -0.0005 0.0690
g 1 1.0078 -0.0078 0.0684
g 1 0.9872 0.0128 0.0761
Y10 0.4751 0.4715 0.0036 0.0678
Y11 -0.1622 -0.1572 -0.0050 0.0381
Y12 0.3708 0.3698 0.0010 0.0314
U13 3 2.9999 0.0001 0.0075

Table 6.2.: Estimates for the parameters of a bivariate NIG-driven CARMA process
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Stationary Linear Combination
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Figure 6.3.: Typical realization the stationary linear combination

Case 2: Brownian Motion

Now we consider the case we the Lévy process is a Brownian motion. The only

difference to the previous case is the driving process. In this case the parameters

(Y10, 911, ¥12) directly give the covariance matrix ;. The results for a sample of 350

replicates of the bivariate BM-driven cointegrated MCARMA process are summarized

in Table 6.3 and one realization is given in Figure 6.4.

Bivariate BM-driven MCARMA process

parameter | true param. | sample mean bias sample std. dev.
a1 -1 -0.9895 -0.0105 0.0425
U -2 -1.9934 -0.0066 0.0459
I3 1 0.9898 0.0102 0.0570
Yy -2 -1.9701 -0.0299 0.0872
Js -3 -2.9898 -0.0102 0.0324
Jg 1 1.0155 -0.0155 0.0789
V7 2 2.0068 -0.0068 0.0441
Jg 1 1.0096 -0.0096 0.0482
Uy 1 0.9777 0.0223 0.0599
Y10 0.4751 0.5200 -0.0449 0.0518
J11 -0.1622 -0.1283 -0.0339 0.0266
Y12 0.3708 0.3195 0.0513 0.0213
Y13 3 2.9981 0.0019 0.0068

Table 6.3.: Estimates for the parameters of a bivariate BM-driven CARMA process
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Figure 6.4.: Typical realization of bivariate BM-driven CARMA process

Stationary Linear Combination
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Figure 6.5.: Typical realization the stationary linear combination

In summary, we conclude that the theoretical results proven in Chapter 5 have
given us an estimation procedure, which performs quite well in the two simulation
studies for the two-dimensional case. The results of the NIG-case are comparable
to the results of the simulation study in Section 4.2. of Schlemm and Stelzer [91].
This simulation study was done for a stationary MCARMA process with the same
parameters. Hence, for reasons of comparability we have chosen the true parameters
as in (6.12). Compare for this purpose Table 6.2 with Table 3 in Schlemm and Stelzer
[91].

In Figure 6.6 we compare the bias and sample standard deviation of the two simulation
studies. We have chosen two completely different Lévy processes with respect to the
continuity of the sample paths. The Brownian motion has continuous sample paths,
whereas the normal-inverse Gaussian process is a pure jump process. The Kalman

filter as well as the quasi-maximum likelihood function are constructed marginally for
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Figure 6.6.: Bias and Sample Standard Deviation of both Simulation Studies

the Gaussian case. The figure shows that the sample standard deviation is smaller in
the case of a driving Brownian motion is to be expected. It is very apparent that the
cointegration parameter is estimated extremely well. Accordingly, the cointegration
parameter 913 has in both cases the smallest bias and standard deviation of all
parameters. This is based on the fact that in this simple two-dimensional model
there is only one long-run parameter. Hence, the complexity of this estimation is
quite low and consequently the optimization performs quite narrowly, which is in

accordance with the consistency results shown in Section 5.5.

Lastly, we compare for the Gaussian MCARMA case the minimal likelihood values if
we do not use the right model. To be precise, we estimated the Brownian motion-
driven MCARMA model of this subsection using all possible models with respect
to the cointegration rank of appropriate dimension. There are four cases which are

given by
1. A stationary MCARMA model (A, By, Cy, L);
2. A cointegrated MCARMA model with multi-index (2);
3. The true cointegrated MCARMA model with multi-index (1);

4. An integrated MCARMA model.
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Minimal value of the log-likelihood function
True Model (1) Stationary Model Coint. Model (2) Integrated model
5.24 5.28 14.36 14.97 27.63 22.27 5.16 5.25
5.23 5.19 14.75 19.13 9.62 8.15 5.21 5.44
5.23 5.26 13.40 11.51 7.31 19.06 5.30 5.24
5.30 5.21 29.55 18.12 18.15 10.73 5.35 5.23
5.22 5.21 50.86 46.63 16.41 13.25 5.18 5.33
5.24 5.24 33.29 21.84 7.39 11.59 5.59 5.31
5.27 5.24 20.43 32.78 10.91 8.01 5.24 5.32
9.25 5.16 14.85 47.20 18.84 11.62 5.29 5.28
5.27 5.24 18.15 54.99 9.87 11.14 5.33 5.20
5.20 5.29 17.21 41.14 43.01 9.89 5.29 5.39
5.25 5.18 13.03 22.90 10.31 10.98 5.42 5.21
5.21 5.24 10.90 14.02 13.28 10.41 5.24 5.26
5.25 5.31 16.18 17.50 32.19 13.46 5.31 5.25
5.18 5.16 12.53 13.18 8.07 30.89 5.40 5.16
5.21 5.26 43.47 14.26 24.32 12.34 5.29 5.23
5.29 5.25 85.46 14.55 16.55 24.56 5.31 5.24
5.25 5.27 10.53 16.38 13.34 8.90 5.54 5.19
5.25 5.21 42.85 15.45 14.40 22.44 5.31 5.22
5.30 5.30 27.48 25.55 6.48 8.92 5.33 5.32
5.19 5.25 23.54 11.66 10.82 10.37 5.24 5.23
5.31 5.23 19.08 16.28 10.55 16.11 5.35 5.23
5.34 5.21 23.16 18.01 12.22 12.24 5.21 5.44
5.24 5.18 30.15 22.79 23.87 9.54 5.30 5.28
5.22 5.21 16.05 12.93 12.56 8.80 5.22 5.21
9.23 5.23 14.31 51.27 10.69 9.61 9.25 5.24
5.31 5.20 12.70 11.20 14.80 11.13 5.44 5.25
5.23 5.28 11.21 44.18 9.79 52.56 5.25 5.23
5.27 5.23 34.06 52.53 10.95 22.10 5.23 5.17
5.29 5.19 16.34 17.44 45.28 79.37 5.40 5.45
5.13 5.24 9.62 22.56 12.92 23.48 5.22 5.21
5.26 5.29 15.28 16.69 19.68 31.53 5.29 5.34
5.21 5.13 11.57 19.32 8.78 9.93 5.28 5.26
5.33 5.27 9.45 11.96 10.19 56.78 5.25 5.32
5.16 5.22 19.84 14.10 22.24 6.21 5.14 5.25
5.17 5.19 14.60 34.31 30.04 9.42 5.41 5.24
5.17 5.20 11.07 11.20 24.11 21.86 5.27 5.43
5.28 5.24 39.36 13.03 20.62 9.15 5.29 5.32
5.26 5.24 52.76 17.96 6.40 10.85 5.21 5.18
5.21 5.20 20.09 41.32 10.43 23.59 5.75 5.36
5.12 5.22 21.04 17.98 11.53 8.14 5.17 5.21
5.28 5.21 13.65 31.78 20.07 8.80 5.20 5.44
5.19 5.18 14.74 23.95 22.55 7.69 5.24 5.30
5.17 5.17 13.23 31.73 9.18 22.29 5.34 5.16
5.22 5.24 11.49 15.52 8.98 21.41 5.19 5.29
5.22 5.22 14.53 20.71 12.30 16.51 5.23 5.17
5.21 5.20 17.37 30.97 8.45 11.63 5.25 5.34
5.17 5.25 44.94 13.59 18.10 10.65 5.31 5.36
5.25 5.20 12.77 14.15 16.82 12.52 5.25 5.28
5.22 5.28 19.21 82.80 6.05 10.94 5.21 5.20
5.16 5.29 88.27 13.95 13.01 11.25 5.29 5.31

Table 6.4.: Minimum of the likelihood function for the four different models and 100
simulations each
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We compare for each model the minimal value of the likelihood function, namely

~

L (9,), for 100 simulations in Table 6.4. We see that the true model and the

integrated model behave similar in the sense of the value of the likelihood function.

The mean, standard deviation, minimal and maximal value of the minimum of

likelihood function for the 100 simulations are summarized in Table 6.5.

True Coint. Stationary Cointegrated Integrated
Model (1) Model Model (2) model
mean 5.2303 23.8473 16.2713 5.2851
st. dev. 0.0449 16.0159 11.3465 0.0956
min 5.1226 9.4492 6.0526 5.1367
max 5.3356 88.2747 79.3741 5.7509

Table 6.5.: Minimum of the Likelihood function for the four different models

The results indicate that the likelihood function is not converging for the cases where
the stationary model and the wrong cointegrated model are chosen as would be
expected by the theoretical results in Chapter 5. The reason for this is that there is
no chance to estimate the true cointegration space due to the unique parametrization.
Hence, the non-stationary subsystem is estimated with a stationary model in both
cases. The likelihood function for the integrated model seems to converge which
is probably the case due to the fact that the integrated model estimates the non-
stationary part with a non-stationary model. However, it ,overfits“ the model
in a sense. In other words, the integrated model includes another dimension of

non-stationary which is not present in the true model.

6.3.2. THREE-DIMENSIONAL EXAMPLES

We also simulate a three-dimensional CARMA process with Kronecker indices (1,2, 1)
and cointegration multi-index (i1,42) = (1,2). This implies that the MCARMA
process has order (p,q) = (2, 1) and two common stochastic trends. The cointegration
space is accordingly a one-dimensional subspace of R3. We need 28 parameters in

total to parameterize all matrices of this model.

As before we simulate the cointegrated process using either a normal-inverse Gaussian

(NIG) process with mean zero or a Brownian motion. We set the covariance matrix
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for the three-dimensional process in both cases to

0.5310 —0.1934  0.1678
Spa | —0.1934 03784 —0.2227 | . (6.16)
0.1678 —0.2227  0.5632

The true parameter values for the simulation of the three-dimensional MCARMA

process are given in Table 6.6.

a1 D) U3 Uy Us U U7 g g Y10
-2 -3 -3 1 1 -1 2 -1 -3 -3

J11 V12 Y13 V14 Y15 Y16 V17 V18 Y19 o)
-1 -1 2 1 1 0 1 1 -2 0

¥o1 Va2 Vo3 Voy Vo5 Vo6 oy Uog
0.5310 | -0.1934 | 0.1678 | 0.3784 | -0.2227 | 0.5632 1 2

Table 6.6.: Parameters for the simulation of the three-dimensional MCARMA process

The dimensions of the model matrices are as follows
A€ M&ﬁ(R), B e M673(R) and C € M&G(R).

The canonical parametrization of the model has the following state space form

dX(t) = ( A 04“’) X (t)dt + (g 2) dL(t)

O2><4 O2><2 1

and

Y(t) = (Cz 01) X(t), (6.17)

where the matrices are given by

9y 0y 0 s
o oo 1 0
S ST P I

Us vy o Ui
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93,4931 0
1 000 3, +93g+1
2-¥27 ¥2g
CQ = 01 00 y Cl = 19§7+19§8+1 \/"937'“9%8 5
1 __2¥58 Yo7
000 D3 +03s+1 92,402,
(1 Uy U3
Y W, v, Y15 g O
B, = 12 13 14 and B, — 15 Ve Ui7 )
Uy + V6012 U5 + 06013 U7 + UeVa thg Uig Voo
U + V1othe Vg + V1ot V11 + V10014

Furthermore, we set the initial value X (0) = 0g and the covariance matrix is once

again parameterized by the vector (¥o1, Vag, Va3, Va4, Va5, Vo) = vechdy.

In this model we have is now

0
0.8944
—0.4472

0.6667
0.3333
0.6667

01:

and the orthogonal complement is given by

0.7454
—0.2981
—0.5963

ct =

Once more, we simulate on a grid 0,0.01,0.02,...,2000 using an Euler scheme to

the stochastic differential equation (6.17) and use a sampling distance of h = 1.

Case 1: Normal-Inverse Gaussian

The NIG-process has covariance matrix (6.11) and mean zero if we set the parameters

of the normal-inverse Gaussian distribution to

1 125 —05 V3

0=1, a=3, =|1|, A=[-05 1 —1V3

1 W3 VB g
1 1 (3
al = - .
SEEEVRP
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This implies that the covariance matrix of the NIG-process is indeed

0.5310 —0.1934  0.1678
Y~ | —0.1934 0.3784 —0.2227
0.1678 —0.2227  0.5632

as in (6.16).

We proceed as in the two dimensional case. The results for a sample of 350 replicates
of the 3-dimensional NIG-driven MCARMA process are summarized in Table 6.7

and a realization can be found in Figure 6.7.

3-dim. NIG-driven MCARMA process
parameter | true param. | sample mean bias sample std. dev.
™ -2 -1.9910 -0.0090 0.0583
) -3 -3.0042 0.0042 0.0407
U3 -3 -3.0194 0.0194 0.0456
U4 1 0.9887 0.0113 0.0440
s 1 0.9977 0.0023 0.0351
Jg -1 -0.9861 -0.0139 0.0544
¥y 2 2.0122 -0.0122 0.0396
g -1 -1.0039 0.0039 0.0442
Jg -3 -2.9937 -0.0063 0.0342
Y10 -3 -2.9904 -0.0096 0.0490
11 -1 -1.0055 0.0055 0.0449
V12 -1 -1.0023 0.0023 0.0386
V13 2 1.9984 0.0016 0.0363
4 1 1.0034 -0.0034 0.0353
V15 1 0.9984 0.0016 0.0351
V16 0 -0.0345 0.0345 0.0644
V17 1 0.9840 0.0160 0.0521
V18 1 1.0010 -0.0010 0.0314
P19 -2 -1.9841 -0.0159 0.0388
N 0 0.0111 -0.0111 0.0347
¥a1 0.5310 0.5279 0.0031 0.0605
Voo -0.1934 -0.1870 -0.0064 0.0385
Vo3 0.1678 0.1678 0.0000 0.0467
Voy 0.3784 0.3816 -0.0032 0.0293
Va5 -0.2227 -0.2127 0.0100 0.0334
Vo 0.5632 0.5585 0.0047 0.0476
Va7 1 1.0002 0.0002 0.0030
Vog 2 2.0000 0.0000 0.0079

Table 6.7.: Estimates for the parameters of a three-dimensional NIG-driven CARMA
process
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Figure 6.7.: Typical realization of 3-dimensional NIG-driven CARMA process

Case 2: Brownian Motion

Lastly, we have the Brownian Motion case for the three-dimensional model. The

First component

50 i
>0 i
50 \ \ \ \ \ \ \ \ \
0 200 400 600 800 1000 1200 1400 1600 1800 2000
t
Second component
50
o
0 200 400 600 800 1000 1200 1400 1600 1800 2000
t
Third component
50 i
>0 “‘
50 \ \ \ \ \ \ \ \ \
0 200 400 600 800 1000 1200 1400 1600 1800 2000

t

Figure 6.8.: Typical realization of 3-dimensional Brownian motion-driven CARMA
process

covariance matrix is given as in (6.16) and thus coincides with the covariance matrix

in the previous case.
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3-dim. BM-driven MCARMA process
parameter | true param. | sample mean bias sample std. dev.
a1 -2 -1.9958 -0.0042 0.0475
) -3 -3.0005 0.0005 0.0339
U3 -3 -3.0309 0.0309 0.0401
Uy 1 0.9987 0.0013 0.0381
s 1 0.9895 0.0105 0.0316
Jg -1 -0.9763 -0.0237 0.0431
¥y 2 2.0113 -0.0113 0.0342
g -1 -1.0075 0.0075 0.0399
g -3 -2.9896 -0.0104 0.0348
Y10 -3 -2.9892 -0.0108 0.0444
11 -1 -1.0097 0.0097 0.0461
D) -1 -1.0242 0.0242 0.0367
V13 2 2.0077 -0.0077 0.0295
V14 1 0.9740 0.0260 0.0353
V15 1 1.0175 -0.0175 0.0284
Vg 0 -0.0361 0.0361 0.0513
V17 1 0.9623 0.0377 0.0417
V1 1 0.9877 0.0123 0.0303
D19 -2 -1.9868 -0.0132 0.0306
Pag 0 -0.0090 0.0090 0.0362
¥o1 0.5310 0.5849 -0.0539 0.0478
Voo -0.1934 -0.2037 0.0103 0.0328
Va3 0.1678 0.1513 0.0165 0.0396
Voy 0.3784 0.4209 -0.0425 0.0259
Va5 -0.2227 -0.2209 -0.0018 0.0300
Vo 0.5632 0.4814 0.0818 0.0356
Vor 1 0.9995 0.0005 0.0033
Vog 2 2.0004 -0.0004 0.0091

Table 6.8.: Estimates for the parameters of a three-dimensional MCARMA process
driven by Brownian motion

The results for a sample of 350 replicates of the three-dimensional cointegrated
MCARMA process driven by a Brownian motion are summarized in Table 6.8 and a

realization can be found in Figure 6.8.

In conclusion, we see that in this case we have an excellent performance of the
estimation procedure for both cases as well. We have comparable accuracy of the
estimation results in terms of the bias and standard deviation of the sample. In this
model we had two common stochastic trends. The bias and standard deviation of the

long-run parameters (27, U9g) are also in this framework the lowest. In this respect,
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Figure 6.9.: Bias and Sample Standard Deviation of both Simulation Studies

there are no noteworthy differences in the simulation results between the four cases.

The bias and standard deviation is again visualized in Figure 6.9.
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A. SUMMARY OF ASSUMPTIONS

In this part of the appendix we sum up all the assumptions of each chapter in order

to give an overview.

A.1. ASSUMPTIONS IN CHAPTER 3

Assumption Al
The Lévy process L satisfies EL(1) = 0 and E||L(1)|]? < occ.

Assumption A2
The eigenvalues of A in equation (2.15) and consequently of A € My (C) in (2.2),

have strictly negative real parts, where N = pm.

Assumption A3
The eigenvalues A, ..., Ay of A in equation (2.15) and consequently of A € My (C)

in (2.2), are distinct, where the dimensions satisfies N = pm.

A.2. ASSUMPTIONS IN CHAPTER 4

Assumption C1
The Lévy process L satisfies EL(1) = 04 and E||L(1)]]* < co.

Assumption C2

The linear system given in (4.36) is controllable, i.e.

Conngetry = (K<h> ARE(R) (eAh)N_lK(h)) € Mypn(R) (4.39)
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has rank N.

Assumption K1
The initial state X is independent of Z and W, i.e. E(X,Z)) = 0 and E(X,W,T) = 0

for all n.

Assumption K2
Let R = 04xq and TQTT € SFT(R) , i.e. TQI'T is positive-definite.

Assumption K3
Let H be of full rank and 2y be positive definite.

A.3. ASSUMPTIONS IN CHAPTER 5

Assumption M1

Assume that the cointegrated MCARMA process is driven by a Lévy process Ly
with mean zero and non-singular covariance matrix X5 = ELy(1)Ly(1)T. Assume
further that there exists a § > 0 such that E||Ly(1)[*" < oo .

Assumption M2
Assume that the matrix Ay has c¢ eigenvalues equal to zero and the remaining
eigenvalues have strictly negative real parts for all ¥ € ©. Moreover, the matrix Cy

has full rank for all ¢ € ©.

Assumption M3
The triplet (Ay, By, Cy) is minimal for all ¥ € © with McMillan degree N.

Assumption M4
The matrices B; y and C y have full rank c for all ¥ € ©.

Assumption M5

The parameter space O is a compact subset of R®.

Assumption M6
The mappings ¢ +— Asy, 0 +— By, ¥ — Ciy for i € {1,2} and 9 — Xf are

continuous.

Assumption M7
We assume that the true parameter vector 9° lies in the interior of the parameter

space O.

Assumption M8
Let the functions ¥ — Ag y, 9 +— B;y, ¥ — C;p for i € {1,2} and 9 — 2] be twice
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continuously differentiable.

Assumption M9
The matrices C y, and Cf’ﬁl = (1) are positive lower triangular matrices for all
1 € O as in Theorem 4.3.7 satisfying C] ; C19, = I. and Ci55 Cty, = Ia—.

Assumption M10
Assume that the collection of the stationary parts of the output processes, denoted
by

K(03) := (Y3(¥s), 05 € Os),

corresponding to the linear state space model (A g,, B2yg,, Ca.9,, Lyg,) is identifiable

from the spectral density.

Assumption M11
For all ¥, € ©; the spectrum of Ay y, is a subset of {z € C: [3z] < T}

Assumption M12
Assume that the (d? x s1)- dimensional gradient matrix Vy, (II(¢#9,92)") has full

column rank s; for all 95 € ©.

Assumption M13
Assume that there exists a positive index jy such that the [(jo + 2)d? X s5] matrix

Vg, 190 j, has rank s,.



212 APPENDIX

B. COLLECTION OF MATRIX FORMULAS

In this part of the appendix we sum up several basic formulas, facts and calculation
rules in the field of matrix theory. This section ought to give an overview of formulas

which are used several times throughout this thesis.

B.1. FacTs oN THE TRACE OPERATOR AND FROBENIUS NORM

For a reference on the properties of trace and Frobenius norm we refer to Bernstein
[9]. Let a,b € R, A € M,,,(R), Be€ M,,(R)and C € M,,. Then the following
formulas hold:

(i) tr(AB) =tr(BA) ((2.2.25), [9]);

(ii) tr(aA+bB) =atr(A)+btr(B) ((2.2.29), [9));

(iii) Let A and B be symmetric then we have tr(AB) < |tr(AB)| < 3 tr(A*+ B?)

(Fact 8.12.8, [9]);

(iv) [[Allp = llvecAllr  ((9.2.6), [9]);
Omaz(A)[| Bl
Omaz(B) | AllF
(vi) If m < n then 0, (A)||C||lr < [|[AC||F and if m < k then 0, (C)[|A|lr <

|AC||r  (Corollary 9.6.7, [9]);

(v) |AB]lr < { } < ||Al|r||Bllr  (Corollary 9.3.7, [9]);

(vil) omae(A) < |AllF  (Fact 9.8.12, [9));
(viii) ||[A® B|r = ||A|#||Bllr (Fact 9.14.37, [9]);

(ix) Omaz =01 > -+ > Omin(A) = Ominfnmy >0 ((5.6.4), [9]).

B.2. FACTS ON PARTITIONED MATRICES

For a reference on the properties of partitioned matrices we refer to Bernstein [9].

Proposition B.1 (Proposition 2.8.3., Bernstein [9])
Let A e M, ,(R), Be M, n(R), C € M,,,, D€ M,,, and A is invertible. Then we

have

A B
rank ( ) =n+ rank(D — CA™'B) (B.1)
C D
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and
A B
det (C’ D) = det(A)det(D — CA™'B). (B.2)

Proposition B.2 (Proposition 2.8.7., Bernstein [9])
Let A € My,(R), B € Mym(R), C € My, D € Mypp. If A and M := D —CA™'B

are invertible then

(B.3)

-1
A B\ (A4 A'BMTICATY —AT'BM!
c D] _MCA! M1 '

Proposition B.3 (Corollary 2.8.8., Bernstein [9])
Let A € My, (R), B € Myn(R), C € My, D€ My p. If A, D— CA™'B and D

are invertible then

(A—=BD'C)'=A"1"+A'B(D-CA'B)"'CA. (B.4)

B.3. VEC OPERATOR AND KRONECKER PRODUCT
For a reference on the properties of the vec operator and the Kronecker product see

for example Chapter 7.1 in Bernstein [9] or Liitkepohl [62], Appendix A.11 and A.12.

Rules for the Kronecker product and Vectorization operator:

Let the matrices A, B, C, D have appropriate dimensions.

(i) A(B+C)=ARB+ARC;

(ii) (A® B)(C® D) = AC ® BD;

(i) (A B)T = AT ® BT;

(iv) If A and B are invertible then (A® B)™! = A~' @ B™1;

(v) If A and B are square matrices then tr(A ® B) = tr(A) tr(B);

(vi) vec(A + B) = vec(A) + vec(B);

(vii) vec(ABC) = (CT @ A)vec(B) = (I ® AB)vec(C) = (CTBT @ I)vec(A);
(viil) vec(A + B) = vec(A) + vec(B);

(ix) vec(BT)Tvec(A) = tr(AB) = tr(BA) = vec(AT)Tvec(B).
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B.4. MATRIX DIFFERENTIAL CALCULUS

For differentiation rules and helpful formulas of matrix differential calculus see e.g.
the books by Horn and Johnson [49], Section 6.5 and 6.6, Magnus and Neudecker
[65] or Abadir and Magnus [1].

Proposition B.4 (Chain Rule (Horn and Johnson, Corollary 6.6.19))
Assume that g : R — M, »,(R) and h : M, ,,(R) — R are differentiable functions.

Then we have

sentate) = (| seenion] | (o). (8.5)
where M = [m; });; € My n(R) and = € R. We denote
- Aa/[Th(M) _ { ayii’jh(M)] € My m(R) (B.6)
and
5290 = [ | & V() (B

Proposition B.5 (Differentiation Rules)
Let M € M,,(R) be invertible and A € M, ,(R) and B € M,, x(R). Furthermore, let
veRY, Cv) € M, (R) and D(v) € My,.(R) be differentiable functions, then we have

the following formulas:
(i) 52+ tr(AMB) = BA;
(i1) (f%log |det M| = M~";
(iii) 52+ tr(AM™'B) = —M~'BAM™!;

(iv) 8%vec(AC’(v)B) =(B"® A)aﬂeg(g(v));

v) 2 vec(C(v)BD(v)) = (I, @ C(v)B)22LW) + (D())TBT @ I,,)2vedC®)
ov

v’ o'

For proofs see e.g. Liitkepohl [62], Appendiz A.13 (6), (7), (13), (15) and (17) or
Horn and Johnson []9], Section 6.5.
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