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1. Introduction

High-energy electron-positron or Bhabha scattering [1] is
among the classical applications of the perturbative quantum elec-
trodynamics (QED). Beside its phenomenological importance as a
standard candle for luminosity calibration at the electron-positron
colliders, Bhabha scattering has become a testing ground for new
techniques of multiloop calculations. The analysis of high-order
corrections to this process often sheds new light on perturbative
structure of gauge theories. In general the radiative corrections
for the scattering of two massive particles are known only in
the one-loop approximation. Despite significant progress over the
last decade [2-7], the two-loop corrections have been computed
only in the high energy limit neglecting the terms suppressed by
the ratio of the electron mass m. to the center-of-mass energy
/s [8-15]." The logarithmically enhanced two-loop electroweak
corrections are available in this approximation as well [17-21].
At the same time the power-suppressed terms in two loops are
still beyond the reach of existing computational techniques. In
general the power-suppressed contributions are of great interest.
At intermediate energies the power corrections in many cases
are phenomenologically important. Moreover, in contrast to the
leading-power contribution very little is known about the infrared
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structure of the power-suppressed terms. This problem has been
studied already in early days of QED [22] and currently attracts
much attention in various context [23-27]. However, a systematic
renormalization group analysis of the high-energy behavior of on-
shell amplitudes beyond the leading-power approximation is still
elusive for the existing effective field theory methods.

In this paper we consider the O(mg /s) two-loop QED correc-
tions to the differential cross section of the high-energy large-angle
Bhabha scattering. The corrections are evaluated in the double-
logarithmic approximation i.e. retaining the terms enhanced by
two powers of the large logarithm ln(s/mg) per each power of the
coupling constant. These terms dominate the power-suppressed
contribution and in a wide energy interval are numerically com-
parable to the nonlogarithmic leading-power terms. The leading
power-suppressed double-logarithmic corrections have been ob-
tained in Ref. [26] to all orders in fine structure constant « for the
electromagnetic form factor of electron. In this paper we elaborate
the approach [26] and apply it to the electron-positron scattering
amplitude in two-loop approximation. Our main result is given by
Eq. (24).

The paper is organized as follows. In the next section we de-
scribe the perturbative expansion of the cross section at high en-
ergy. In Sect. 3 we discuss the origin and general structure of the
double-logarithmic corrections. In Sect. 4 we describe the evalua-
tion of the one and two-loop double-logarithmic power-suppressed
corrections to Bhabha scattering. Sect. 5 is our summary and con-
clusion.
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2. Perturbative expansion of the cross section at high energy

We consider the electron-positron scattering e~ (p1)et(p2) —
e~ (p3)et(ps) at high energy and large angle when all the kine-
matic invariants s;; = (p; + pj)2 for i # j are of the same scale
much larger than m2.2 In this limit the cross section can be writ-
ten as a series in a small ratio p = mg/s

a? &
n
= — On, 1
=2 o (1)
n=0
where o, are the functions of x = —t/s ~ 1.3 These functions in

turn can be computed as series in «. Up to O(«) the result for
the cross section is known in a closed analytical form (see e.g.
[5]) and the coefficients in Eq. (1) can be found for any n. The
second order result is available only for the leading-power con-
tribution o0p. The series (1) is asymptotic and after the expansion
in « its coefficients in general have logarithmic dependence on p.
In the high-energy limit the double-logarithmic contributions en-
hanced by two powers of the large logarithm In p per each power
of the coupling constant dominate the expansion of o, in «. In the
double-logarithmic approximation perturbative expansion for these
coefficients can be written as series in T = % In? P

On = exp [—Z?QB(/)) In (Az/mg)] Z g™ (2)

In Eq. (2) the exponential prefactor with B(p) =Inp + O(1) ac-
counts for the universal singular dependence of the amplitude on
the auxiliary photon mass A introduced to regulate the infrared di-
vergences [28]. For the leading-power term the double-logarithmic
corrections are know to factorize and exponentiate [29-37]. In this
approximation the all-order dependence of the differential cross
section on t is given by the expression

4 _ ,4r 400 3)
dQ dQ -’
where the Born term reads
(0) 2
dog’ (1-x+% @)
dQ X '

The goal of this paper is to compute the coefficient 0(2).

3. General structure of double-logarithmic corrections

The double-logarithmic terms are in general associated with the
soft and collinear divergences of the amplitudes due to radiation
of the soft virtual particles by highly energetic on-shell charged
particles. At the same time the structure of the double-logarithmic
corrections crucially depends on their origin. Below we consider
two types of the double-logarithmic corrections, which play the
central role in our analysis.

3.1. Sudakov logarithms

Sudakov double-logarithmic corrections are induced by the soft
photon exchange. In the leading order of the high energy/small
mass expansion the Sudakov double logarithms exponentiate and

2 All the external momenta are defined to be incoming and on-shell so that pl.2 =
mZ, and the Mandelstam variables are s =s13, t =513, and u = s14.

3 The variable x is related to the scattering angle 6 in the center of mass frame,
x=(1—-4p)(1 —cosh)/2.

result in a strong universal suppression of any electron scattering
amplitude with a fixed number of emitted photons in the limit
when all the kinematic invariants of the process are large, Eq. (3).
A crucial observation of Ref. [26] is that “Sudakov” photons do
not generate O(p) double-logarithmic corrections to the scattering
amplitudes. Below we present a detailed derivation of this result.

Let us outline our approach to the analysis of the power-
suppressed double-logarithmic contributions. We use the expan-
sion by regions method [38,39] to get a systematic expansion of
the Feynman integrals in p. Within this method every Feynman
integral is given by the sum over contributions of different virtual
momentum regions. Each contribution is represented by a homo-
geneous Feynman integral, which is in general divergent even if
the original integral before the expansion is finite. These spuri-
ous divergences result from the process of scale separation and
have to be dimensionally regulated. The singular terms cancel out
in the sum of all regions but can be used to find the logarith-
mic terms. The double-logarithmic contributions are determined
by the leading singular behavior of the integrals and can be found
by the method developed in Ref. [29] (see also [22,31]). Though
the method is blind to the power corrections, it can be applied
in this case since the expansion by regions provides the integrals,
which are homogeneous in the expansion parameter. Let us first
consider an exchange of a virtual photon with the momentum [
between on-shell fermion lines with the momenta p; and p;. The
Sudakov double logarithmic contribution originates from the re-
gion where the photon momentum is small. Thus we can neglect
it in the numerator of the fermion propagators since the integral
with the additional power of the photon momentum is not suffi-
ciently singular to develop the double-logarithmic behavior. Then
by using the equations of motion (p; — me)¥ (p;) =0 the Sudakov
photon contribution can be reduced to the integral

I:/ddl (pipj)
R((pi—D2—m2)((pj +D2—md)~

In the above equation we neglected the photon mass and use the
dimensional regularization with d =4 — 2¢. The soft divergence in
this case appears as a pole in €. This modifies the form of the
exponent in Eq. (2) but does not affect the structure of the ex-
pansion in p. The integral gets contributions from the hard and
two (symmetric) collinear regions I = Iy + I._; + I._j. Since the
singularities of the hard and collinear regions are not indepen-
dent, it is sufficient to consider only the contribution of a single
region, e.g. the i-collinear one I._;. We set the parameter of di-
mensional regularization to be u? ~ sij» so that the expansion of
the hard region contribution with [~ ,/s;; in & does not produce
large logarithms. For the large-angle scattering we can choose the
light-cone coordinates where pq ~ p;_ and p;j~ p;, . Then the
i-collinear region is defined by the following scaling of the virtual
momentum components [y ~ mg/\/s_,-; [~ /sij, 1L~ me, so that
2~ mg. It is convenient to introduce the light-like vectors p;, p;j
2 2
?T;’[?j and pj=p;j+ ?T_;’[?i, where (p;p;j) = Sij.
In the i-collinear region the electron propagator is substituted by
the series

(5)

such that p; = p; +

2 2\n
Z( 1y n 2(mg /511)(1Pz)+l)

— : (6)
(p]—i-l)z m2 e (Ipj)+D

which results in a series
I ,:/ d (pipj) [] 2mg /5 UApn) + 1P
- R(=2(pil) +1){p j) (b))

+ O(mz‘/%?,-)] : (7)
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Let us consider the second term in Eq. (7). In the limit when the
virtual momentum is soft and collinear to p; either 2 or p;l factor
in the denominator is cancelled and the integrand is therefore not
singular enough to develop the double-logarithmic contribution. At
the same time by integrating the first term one gets

N 2 2
(in 2R [ L, &)—i—llnz Te) |, (8)
Sij e Sij 2 Sij

where only the double-logarithmic contribution is retained and the
pole corresponds to the soft divergence not regulated by the elec-
tron mass. Since 2(p;p;)/Sij = 1 +O(m§/§i2j), Eq. (8) can be written
as follows

1 1
(in?) [—g Inp+- In® p + O(pz)} , (9)

ie. the first term of the expansion (7) does not generate O(p)
double-logarithmic corrections as well. The above analysis can
be generalized to an arbitrary number of Sudakov photons. Af-
ter neglecting all the photon momenta in the numerators the
Lorentz/spinor reduction becomes straightforward. By using the
equations of motion and the on-shell conditions one gets the fac-
tor (p;p;) per each photon connecting the lines with the momenta
pi and p; for any i and j. At the same time the structure of
the expansion by regions becomes more involved. For the multi-
loop diagrams it also includes ultra-collinear regions, which are
obtained by multiplying the collinear scaling rules with a power of
(m§/§,~j). All these regions should be taken into account to find the
total double-logarithmic contribution. As an example let us con-
sider all the virtual momenta [, to be i-collinear. It represents the
most complicated case since the integrations over different [, do
not factorize. After the expansion one gets eikonal propagators of
the form (6), which depend on a sum of several virtual momenta
I, with identical scaling. Since the expansion by regions gener-
ates homogeneous integrals, the leading term of the expansion is
proportional to a product of (p;p;)/sij factors for different i and
j and therefore does not produce any O(p) terms. Then for the
analysis of the next-to-leading term we use the method [29] to
extract the double-logarithmic asymptotic behavior of a given in-
tegral. According to [29,22,31] the double-logarithmic contribution
originates from the region of strongly ordered virtual momenta de-
termined by a set of conditions (I, pm) < (i, Pm) <K ... K (g, Pm)
for any m and some permutations of the indices k;. Thus in the
double-logarithmic region one can neglect all the virtual momenta
but one in each eikonal propagator and the problem effectively
reduces to the one-loop case considered above, where the other
virtual momenta only play a role of an infrared or ultraviolet cutoff
for the double-logarithmic integration. Due to a natural ordering of
the momenta with different collinearity the analysis of the double-
logarithmic contribution of the corresponding mixed regions does
not differ from the case considered above.

Thus we have shown that Sudakov photons do not produce
double logarithms in the first order in p. We have verified the ab-
sence of the O(p) double-logarithmic terms by explicit evaluation
of the collinear regions contribution to the two-loop scalar inte-
grals, which appear in the analysis of the Bhabha scattering. This
observation agrees with the analysis [40] of the cusp anomalous
dimension, which determines the double-logarithmic corrections
to the light-like Wilson line with a cusp. For the large cusp an-
gle corresponding to the limit p — O from the result of Ref. [40]
one gets

o
Pausp = =—1Inp (1+0(0). (10)

with vanishing first-order term in p. Our result, however, is more
general since it also implies the absence of “kinematic” O(p) cor-

rections, which multiply the leading-order cusp anomalous dimen-
sion when the scattering amplitude is related to the Wilson line.
Note that the double-logarithmic O(p) corrections do vanish
only for the amplitudes. When the amplitudes are squared one gets
O(p) terms, which multiply the Sudakov exponential factor and
produce the O(p) double-logarithmic corrections of the form

(0)
—4t dal
dQ

(11)

3.2. Non-Sudakov logarithms

The O(p) double-logarithmic contributions to the amplitudes
originate from a completely different virtual momentum configu-
ration. Let us consider an electron propagator S(p; — I), where [
is the momentum of a virtual photon with the propagator D, ().
In the soft-photon limit [ — O the electron propagator becomes
eikonal

pi+me
2(piD
and develops a collinear singularity when [ is parallel to p;. Al-

ternatively, we may consider the soft-electron limit I’ — 0, where
I'=p; — 1. Then the electron propagator becomes scalar

Spi—Dh~-— (12)

Mme

/ ~
S(l)~—l/2_mg (13)
while the photon propagator becomes eikonal
D/w(l/) ~ Sy (14)

—2(pil) +m% — 22~

Thus the roles of the electron and photon propagators are ex-
changed. Due to the explicit factor m, in the scalar electron prop-
agator this region can only generate a mass-suppressed double-
logarithmic contribution. The existence of non-Sudakov double-
logarithmic contributions due to soft electron exchange has ac-
tually been known for a long time [22]. They are typical for the
amplitudes that are mass suppressed at high energy. In contrast to
the Sudakov case such logarithms do not factorize and exponenti-
ate. As a result very little is known about the all-order structure of
the power-suppressed non-Sudakov logarithms. Only a few exam-
ples of the non-Sudakov resummation are known so far [22,23,26,
27]. At the same time due to explicit power suppression factor the
soft-electron double-logarithmic contribution in a given order of
perturbation theory can be determined within the original method
of Ref. [29].

For the calculation we in general follow the procedure for-
mulated in [26] for the analysis of the form factor (see also
Ref. [27]). The structure of the two-loop non-Sudakov corrections
to the electron-positron scattering amplitude has an important
difference though. For the one-loop vertex corrections the vir-
tual momentum configuration discussed above does not produce a
double-logarithmic contribution because the momentum shift dis-
torts the eikonal structure of the second electron propagator and
removes the soft singularity at small I’ necessary to get the sec-
ond power of the large logarithm. As a consequence the O(p)
double-logarithmic corrections to the electron form factor appear
first in two loops in a diagram with soft electron pair exchange
[26]. On the other hand in the one-loop box diagrams both photon
propagators after the momentum shift become eikonal and provide
the necessary infrared structure. Thus the O(p) double-logarithmic
corrections to the scattering amplitude appear already in one loop
due to a single soft electron exchange. Therefore for the calculation
of the two-loop O(p) corrections to the Bhabha scattering one has
to take into account the diagrams with both soft electron and soft
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photon in addition to the soft electron pair contribution. We dis-
cuss the details of the calculation in the next section.

4. Double-logarithmic O(p) corrections to Bhabha scattering

In the analysis of the Feynman diagrams we always choose the
momentum routing in such a way that a soft electron or photon
line carries a single virtual momentum only. For the determination
of the double-logarithmic contribution we can use the effective
Feynman rules, which retain the leading infrared behavior of the
full theory. For a soft electron line we make the following approx-
imation

I+ me Mme
—

) 15
2-m2 P2-m2 (15)

so that it effectively becomes scalar. For an electron carrying a sin-

gle external momentum we use the eikonal approximation
pitl+me  pitme

(pi+D?—mg  2(pi)

An electron line with two different external momenta corresponds
to a far off-shell or “hard” electron propagator

(16)

Pi+pj+14+me N pi+pj+me
(pi+pj+D?—m? Sij

; (17)

which effectively reduces to a local interaction vertex. Similar ap-
proximations are used for the eikonal and hard photons

Suv N Euv
(Pi+D%2 =22 " 2(pih) +m2 — A2’
Suv Suv (18)

- 2=
(pi+pj+D2—=2% s

In principle the Feynman rules can be further simplified by us-
ing the light-cone coordinates. In this case the soft photon and
eikonal electron propagators have only the light-cone components,
the eikonal photon propagator has only transverse components,
and so on. In two loops, however, the use of the standard com-
putational tools for performing Lorentz and spinor algebra in a
covariant form is more convenient.

The next big simplification is related to the treatment of the de-
pendence of the corrections on the photon mass. In the diagrams
without soft photon lines both soft and collinear divergences of
the virtual momentum integration are regulated by the electron
mass. These diagrams are not sensitive to the photon mass and
in the double-logarithmic approximation can be computed either
with A =0 or A =m, with the identical result. The diagrams with
both soft photon and soft electron exchanges do depend on A. This
dependence, however, can be determined from the general prop-
erties of soft photon contribution. Indeed, the virtual momentum
space of the soft photons with |l| « m, is known to factorize [28].
For high-energy scattering the integration over such momenta re-
sults in the exponent of the one-loop contribution in Eq. (2). When
we perform the calculation with A ~ me, this part of the virtual
momentum space is eliminated so that the exponent in Eq. (2)
reduces to a nonlogarithmic factor and we directly obtain the co-
efficients crn(m). In this way we reduce the number of different
scales in the problem, which significantly simplifies the analysis.
It is important to note that the above factorization works only for
the sum of all the diagrams in a given order of perturbation the-
ory. Individual diagrams, even infrared finite, may have different
double-logarithmic behavior for A =0 and A =me,.

4.1. One-loop contributions

According to the discussion of Sect. 3 the one-loop leading-
power corrections have two distinct sources. The soft photon part
is determined by the product of the standard Sudakov double-
logarithmic corrections to the scattering amplitudes and the O(p)
Born cross section. It is given by the first term of the expansion
of Eq. (11) in 7. The non-Sudakov contribution is generated by
the box diagrams with one soft and one hard electron line and
two eikonal photon propagators. We compute it by using the ef-
fective Feynman rules introduced in the previous section. The total
result for the one-loop double-logarithmic power-suppressed con-
tribution is

oV 4d01(0) 6 — 20x + 24x2 — 20x3 + 6x*
@ dQ (1 —x)x2

where the first and the second terms correspond to the soft pho-
ton and soft electron contributions, respectively. It agrees with the
known analytic one-loop result [7] expanded to O(p).

: (19)

4.2. Two-loop contributions

In two loops the double-logarithmic power-suppressed contri-
bution can be decomposed as follows

dofz) . dofz)
dQ  dQ

dal(z)
dQ

dal(z)
dQ

, (20)
1PI

1x11 1PR

where three terms correspond to the one-loop by one-loop am-
plitude interference, the two-loop one-particle reducible and one-
particle irreducible corrections to the amplitude, respectively. The
calculation of the interference term is straightforward and gives

4o ao® _dof"

dQ de

(21)

1Ix11

The two-loop one-particle reducible contribution is determined by
the corrections to the electron form factor. Its soft photon part is
given by the interference of the two-loop Sudakov form factor and
square of the one-loop Sudakov form factor with the O(p) part
of the Born cross section. The non-Sudakov corrections are gener-
ated by the two-loop soft electron pair exchange and can be found
in [26] (see also [41,42] for the full theory calculation). The total
reducible contribution reads

do? do(®  4—6x+8x* —8x3 +6xF — 4x°

do TS 3x3
1PR

. (22)

where the first and the second terms correspond to the soft photon
and soft electron pair contributions, respectively.

The irreducible part gets contributions from the Feynman di-
agrams with soft electron pair exchange given in Fig. 1 and the
Feynman diagrams with both soft electron and soft photon ex-
changes, Fig. 2. Note that the double-logarithmic corrections due
to two soft photon exchanges cancel out in the irreducible part
according to the general factorization property of the Sudakov
logarithms. To compute the irreducible part we use the effective
Feynman rules described in the beginning of Sect. 4. The full set
of contributing diagrams is generated with QGRAF [43]. Its out-
put is processed by a MATHEMATICA program, which automatically
chooses the routing of internal and external momenta through the
diagram in such a way that the soft particle propagators carry only
a single loop momentum and no external momenta. The program
generates FORM-readable expressions. By a custom code written
in FORM [44,45] the spin chains appearing in the diagrams are
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Fig. 1. Two-loop one-particle irreducible diagrams with soft electron pair exchange. Dashed arrows correspond to the scalar soft quarks. The loopy (wavy) lines correspond

to the hard (eikonal) photons. Symmetric diagrams are not shown.

(f)

\<§m+

— 0w

&)

(k)

)

Fig. 2. Two-loop diagrams with soft electron and soft photon exchange. Dashed (thick) arrows correspond to the scalar soft (hard) electrons. The loopy (wavy) lines correspond

to the eikonal (soft) photons. Symmetric diagrams are not shown.

projected onto an irreducible basis, which allows to easily square
the amplitude. The output is then mapped onto a set of five
two-loop “master” integrals I;, which are evaluated in the double-
logarithmic approximation in the Appendix. The soft electron pair
contribution is similar to the form factor corrections discussed in
[26] and can be reduced to nonplanar and planar scalar vertex
integrals Iy . The irreducible diagrams with soft photon and elec-
tron exchange between the same eikonal lines, Figs. 2(a-d), are
expressed through I and the product of the one-loop integrals.
The reduction of the diagrams Figs. 2(e-h) includes the integral
I3, which depends on three external momenta. The diagrams with
soft photon emission off the soft electron line, Figs. 2(i-j) and
Figs. 2(k-1), are reduced to the vector integrals I4 and Is, respec-
tively. The total one-particle reducible contribution reads

do](z)
dQ

21 — 70x + 84x% — 70x3 + 21x*
3(1 —x)x2

114

=r o5
. 3(1—x)x

8 — 9x 4+ 9x% — 8x3
_ =

, (23)

where the three terms correspond to the soft electron pair ex-
change, the soft photon and soft electron exchange between the
eikonal lines, and the soft photon emission off the soft electron
line, respectively.

The total result for the two-loop double-logarithmic power-
suppressed term is given by the sum of Egs. (21)-(23) and reads

do® L do®
dQ dQ
4 4 70x — 227x% + 266x3 — 227x* + 70x° + 4x5
B 3(1 — x)x3
4 4+ 166x — 323x% 4 266x3 — 323x* 4 166x° + 4x°
- 31— x)x3 '

(24)

To estimate the numerical impact of the power-suppressed terms
let us consider the scattering at 6 ~ 30°. For this scattering angle
the correction to the cross section is maximal at the energy /s ~
8m. ~ 4 MeV, where
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@ (0)
o289 o 4( )2 dog (25)
de b4 de

The effect decreases with the increasing energy but even for /s ~
300m, ~ 150 MeV corresponding to p ~ 10> the numerical co-
efficient in Eq. (25) is approximately equal to —1, i.e. the double
logarithmic power-suppressed term is comparable to the nonloga-
rithmic two-loop leading-power corrections.

5. Summary

In this paper we have developed a systematic approach for
the calculation of the leading-power correction to the high-energy
scattering processes in the double logarithmic approximation. We
focus on the two-loop electron-positron scattering in QED but the
analysis can be extended to more complicated processes and to
nonabelian gauge theories. The higher order double-logarithmic
corrections in QED can in principle be resumed by using the
method described in Refs. [26,27]. The general feature of the high-
energy expansion is the absence of the leading power-suppressed
double-logarithmic pure Sudakov corrections to the amplitudes
due to the soft virtual photon exchange. At the same time the
structure of the corrections to the two-particle scattering am-
plitudes turns out to be more diverse than for the form fac-
tors describing single particle scattering in an external field. In
particular the non-Sudakov double logarithms appear already in
one-loop scattering amplitude due to a single soft electron ex-
change. For the energies ranging from a few to a few hundred MeV
where |Inp| > 1 and pIn* p ~ 1, the calculated two-loop double-
logarithmic terms saturate the power-suppressed contribution and
are comparable in magnitude with the two-loop nonlogarithmic
leading-power corrections. This effectively sets up the low bound-
ary of the energy region where the leading power approximation
for the O(a?) cross section can be used.
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Appendix A. Evaluation of two-loop integrals

The one-particle irreducible diagrams in Fig. 1 and Fig. 2(a-d)
can be reduced to two scalar integrals

Il(pi,pj)=/d4l1d4lzD(11)D(lz)D<pi+11 +1)D(p;i +11)
xD(pj—h —b)D(pj—12),

Iz(pi,Pj)=/d4l1d412D(11)D(12)D(Pi+11 +bL)D(p;i +1)
xD(pj—li —1)D(p; —11),

where D (k) = 1/(k? —mg). Let us consider the nonplanar case (A.1).
To compute the integral in the double-logarithmic approximation
we follow Ref. [29] and introduce the Sudakov parametrization of
each virtual momentum I = uyp; + vipj+Ii, . Integration over the
transverse momentum components I | is performed by taking the
residue of a soft propagator pole

(A1)

(A2)

3 —m2). (A.3)

For p < ug, vk <1 the eikonal propagators become

D(lx) — —im8(IZ —m2) = —im s (supvg —

1 1
D(pi +1)~ , D(pi+h+bhb)y~——,
(pi+1) S5Vt (pi+h+1b) s (V1 + v2)
D(p;i—bh)~ — , D(pi—lLh—-by~——. (A4
(pj—1h) sz (pi 1 2) sy(U1 + U2) (A4)

Then the double-logarithmic region is given by the interval p <
vy <Vvy <1, p<up <uy <1 with an additional constraint p <
u Vg, which ensures that the soft propagators can go on-shell. Thus
in the double-logarithmic approximation the two-loop nonplanar
integral reads

dv dv du du
11(P1,P1)~(—) / 1/ 2 / — 2
Sij

Vi p/vi P/Vz

(A.5)

By introducing the normalized logarithmic variables n, =Invy/In p
and & =Inug/Inp Eq. (A.5) can be transformed to

I1(pi, pj) = Nizj f dn1dn2d&1d&20(1 — 1 — £1)0(1 —n2 — &2)
N2

x0(n2 —n1)0E — &) = 1—121 , (A.6)

where Njj = im?In? p/sij and the integration goes over the four-

dimensional cube 0 < 1, & < 1. The only difference in the calcu-

lation of the planar two-loop integral (A.2) is the ordering of the

variables 1, < n1, which provides the double-logarithmic scaling

of the integrand. Thus one gets

I (pi, pj) ~ Nj; / dn1dnadé1d&0 (1 —m — D61 — 2 — &)
N2
— M) —&) =7

The diagrams where the soft photon and soft electron emitted by
the same eikonal line end on different eikonal lines, Fig. 2(e-h),
include the scalar integral depending on three external momenta,
which can be evaluated in the same way

x6(m (A7)

Is(pi,pj,pk>=/d4hd4lzD(h>D(lz)D(m+11)D(pj—h>

Nz] Njk
xD(pj—l —12)D(Pk+12)~”«T- (A.8)
The diagrams with the soft photon emission off the soft electron
line, Fig. 2(i-1), include the electron propagator, which depend on
both soft momenta. When the soft momenta are close to the mass
shell the propagator becomes eikonal

i1 +22 +me i] -‘riz
(h+k)?-m¢  2(ib)

and is sufficiently singular to produce the double-logarithmic con-
tribution despite the presence of soft momenta in the numerator
[27]. In total we have to take into account two vector master in-
tegrals, which depend on two and three external momenta. It is
convenient to project them on the external momenta and consider
the following quantities

(A9)

I4(Pi,pj)=/d4l1d4lzD(l1)D(lz)D(11 —b)D(pi +h)

xD(pi+1)D(pj —l)1ip), (A.10)
I5(Pi. P, i) :/d411d412D(11)D(l2)D(11 +13)

xD(pi —l)D(pj —1p)

xD(px+ 11 + L) {t1p). tipj). tip)} . (A11)
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Let us consider the calculation of the integral (A.10). We intro-
duce the Sudakov parameters in a slightly different way I} =
u1pi +vipj+hii, b =uzp;i +valy + 1. Then

Dy —b)~— (A12)

Sijviuz
and the extra factor vq in the denominator cancels the one
from the scalar product (I1p;) & s;jv1/2 in the numerator provid-
ing the double logarithmic scaling of the integrand. The double-
logarithmic integration region is now defined by the intervals
p<vyur <1, p/vi<vy,up <1, p<uivy, p/vy <uzvy and one
gets

I4(pi, pj) Q“/Sijl\’izj/C1771Cl772f~‘lf‘§1d~'§29(1 —1m — &)

Nizjsij
xO0(1=m—n2—8)0(1—m —ﬂ2)=T~
(A13)
In the same way we obtain
1
I5(pi. Pj i)~ 5 | Nisik 2N 2N7sif | (A14)
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