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Abstract—Chance-constrained control is a difficult problem
even if the considered system dynamics are linear. The difficulty
stems from the facts that the chance constraints are difficult
to evaluate and that the control law is nonlinear due to the
constraints. In this paper, we present a novel approach to chance-
constrained control, where we solve the unconstrained control
problem first and then use a progressive method to gradually
introduce the chance constraints. This has significant advantages
compared to traditional methods, because we do not require a
feasible initial solution for the numerical optimization algorithm.
Finally, we evaluate the novel method and compare it to an
approach from literature.

Keywords—optimization, affine controller, barrier methods, sce-
nario approximation

I. INTRODUCTION

In many control applications, it is necessary to enforce
constraints in order to guarantee a safe system operation [1].
On the one hand, input constraints restrict the possible values of
the control input, e.g., the maximum steering angle of a vehicle
or the maximum thrust of a plane. These types of constraints
have to be considered when computing the optimal control
input, but they can always be guaranteed because the control
input is deterministically chosen by the controller. On the other
hand, state constraints affect the state vector or its trajectory,
e.g., the location of a vehicle or the amount of fuel used.
In stochastic control, state constraints are typically harder to
enforce because the state vector is affected by nondeterministic
disturbances.

In the presence of unbounded stochastic uncertainties, it is,
in general, impossible to guarantee that state constraints are
never violated. A large disturbance, however unlikely, can never
be completely ruled out, and it is thus not possible to give any
hard bounds on the values of future state vectors. As a result,
the field of chance-constrained control has emerged, where
constraints only need to be satisfied with a certain probability
(see Fig. 1).

However, chance-constrained control is not a trivial problem
even in fairly simple scenarios, i.e., a linear system with
state feedback where the state vector is directly accessible,
convex polytopic constraints, and independent and identically
distributed zero-mean white Gaussian noise. The unconstrained
problem is easy to solve because the controller is linear with
respect to the state, but the chance-constrained control problem
exhibits additional difficulties. The main issues are that (i) the
evaluation of the expected constraint violation is not possible in
closed form because it requires computation of a multivariate
integral, and that (ii) the resulting controller is nonlinear with
respect to the state, and thus, difficult to compute.

Fig. 1: Visualization of the concept of chance constraints.
The state [r1,z2]7 is distributed according to a Gaussian
density. It has to satisfy two linear constraints (visualized as
semitransparent walls) with a predefined probability 1 — . That
means that the probability mass contained in the admissible
region P has to exceed the threshold 1 — a.

For the case where the system state is Gaussian and the
admissible region is convex, problem (i) has been addressed
in literature by a number of authors [2]. For example, van
Hessem et al. [3], [4], [5] have proposed a method where
the probability mass of the state that has to satisfy the
constraints is approximated by an ellipsoid. The controller
is then chosen such that this ellipsoid is entirely contained
within the constraints. Other approaches compute the constraint
violation probability by approximating the admissible region,
which is a polytope in these works, using axis-aligned boxes [6]
or spherical sectors [7]. In both cases, the probability mass
inside such a box or a sector is given in an analytical form.
Other approaches include risk allocation [8], [9], [10] and
Monte-Carlo methods that rely on stochastic sampling [11],
[12], [13], [14], [15]. The latter are suitable for non-Gaussian
states and non-convex admissible regions [2]. However, they ae
typically computationally very intensive because a very high
number of samples may be necessary.

In this paper, we address problem (ii). The contribution can
be summarized as follows. Instead of an arbitrary nonlinear
controller, we assume an affine controller, i.e., a linear controller
with an additional offset parameter (similar to [16]). First,
we solve the unconstrained control problem without the
offset parameter using Linear Quadratic Gaussian control
(LQG) [17]. Then, we introduce the constraints gradually



into the corresponding optimization problem using progressive
methods. These types of methods have previously been used in a
number of applications in filtering [18], [19], [20], [21]. The key
advantage of progressive methods is that it is not necessary to
have a feasible initial guess for the offset parameter, because the
solution to the first problem in the progression is either known
or very easy to obtain. Furthermore, we are able to consider the
closed-loop control problem in the proposed approach, which is
an advantage compared to open-loop MPC-based solutions such
as [22]. Also, the proposed method does not require feedback
of the empirical constraint violation probability (unlike e.g.,
[23]), which is advantageous in some situations, e.g., if the
constraint violation probability is very small.

This paper is structured as follows. In Sec. II, we give a
rigorous statement of the problem under consideration. Then,
we present the proposed approach in Sec. III and derive all
required equations. Subsequently, we evaluate the novel method
using simulations in Sec. IV, where we illustrate the advantages
of the proposed approach by comparing it to a state-of-the-art
method. Finally, we form a conclusion in Sec. V.

We use the following notation. Matrices, e.g., A, B are
written in bold capital letters, and vectors, e.g., z,y are
underlined. Sequences ay,...,a, are abbreviated as ai.,. The
expected value of a random variable z is written as E (z) and
the probability of an event w is written as P(w).

II. PROBLEM FORMULATION

In this paper, we consider state-feedback control of a linear
stochastic system with dynamics

Ty = Apzy + By, +w,, (1)

where z; € R" is the state at time step k, u;, € R™ is the
control input, and w; € R"™ is zero-mean independent and
identically distributed Gaussian noise with covariance matrix
XY =E (ngg) € R™*". The initial state is given by .

Furthermore, we consider the quadratic finite-horizon cost
function

K-1
J=E (xIT(QKxK + Z (2 Qrzy +U£Rkuk)> ;
k=0

where K € N is the planning horizon, Q; € R"*™ is positive
semidefinite, and R € R™*™ is positive definite.

The chance constraints are given by the inequality
Plzpx €P) 21—, ()

where P ¢ R (K41 js a convex polytope determined by an

intersection of a finite number g of halfspaces in R™ (K +1) and

a € (0,0.5) is the maximum constraint violation probability.

We parameterize the admissible set as
P={zeR"H F . [af,... 2]" <b}.

Each row of F € R9* (" (K+1)) together with the corresponding

entry of b € RY defines a hyperplane in Hessian normal form.

The described problem can be summarized as the optimiza-
tion problem

min J 3)

Yok —1

s.t. (1),(2),
Ty =zo, wp ~N(O,ZY),
where we seek to obtain a sequence of control inputs that

minimizes the expected cost over the planning horizon.

In the following, we assume an affine controller, i.e., the
control input is given by

u, = Lz, +1) 4

where Ly, is the regulator gain and r;, is an offset representing
the feed-forward part. The regulator gain Lj attenuates distur-
bances w,, and stabilizes the system (1), while the offset r;,
drives the state such that it satisfies the chance constraints.

Using (4), the system equation (1) can be rewritten to obtain
the closed-loop system dynamics according to

T = (A, +B;Ly)z,. +Bir,. +w,. . 5
T = (Ax : kLg)z) + Byry, + wy, ®)
:Ak

Thus, the mean of x,,; can be propagated through the closed-
loop system using the equation

ik+1 = Ak@}c + Bkﬂk 5
and the second moment X, = E (2,21 can be obtained as
Xji1 = ApXAT + Az, r, BT
41 E R gAY kLT Dy
+Bur 2t AT + Byr o TBT 4 2w
kT pZp AL kTkT) B k-
The dynamics of the second central moment, i.e., the covariance
matrix X, = E ((gk —Z)(zy, — ik)T), are then given by
o ~ AT
X1 = Xpa1 — T 1Tpy1
= A XAl 43

Now, we can rewrite the cost function J using (4) to
eliminate the dependence on uy, ..., U _;, which results in

K-1

J=E (2§ Qxzg) + > (E (zf Qray,)

k=0
+E ((Lkik +13) R (L, + ) )

K-1

=E (2 Qrax) + Z (E (zi Qrzy,)

k=0
+E (o] LT Ry Lz, + 22 LT Ry + r{ Ryry) )

Then, we are able to reformulate the optimization prob-
lem (3) according to

min J
Lo:k—1:Tg. ¢ 1
s. t. (5)7 (2)7

EO :E()» wk NN(szqlf) )

i.e., we optimize with respect to Lo.x—1 and (., _; now.



III. PROPOSED APPROACH

The key idea of the proposed approach consists in solving
the unconstrained control problem first and then progressively
introducing the chance constraints in order to find a solution
to the chance-constrained control problem. Optimizing with
respect to Lg.;—1 as well as rq.,_; leads to a very high-
dimensional optimization problem, which is possible but
computationally expensive to solve. To avoid this problem, we
use an approximation and obtain Ly as the LQG solution [17]
of the unconstrained problem, i.e., we choose L such that
it stabilizes the state using the LQG gain, and then optimize
with respect to 7., ; only. Of course, L can be obtained
by other means, e.g., such that the Hy or the H,, norm of the
state in the system without chance constraints is minimized.

A. State Augmentation

In order to rewrite the control problem, we consider the
augmented state where the vectors and matrices encompass
the entire planning horizon. For this purpose, we introduce the
augmented vectors

&= lag,...ax]"
i: [fga' ar;(—l]T
w= [onv ’wﬂ—l]T )
and the augmented matrices
[ I
_ Ay
A= . ,
_;&K—l - Ko
i 0 0 0
By 0 0
B: A1B0 B, 0 ,
Agq-...-ABy Agy-...-AyB; ... By,
[ 0 0 0
I 0 0
G: A1 I 0 ,
_AK—1'~«~'1&1 K.K_l’...'K.Q R |

which allow us to rewrite the closed-loop system equation
given in (5) according to

i=Az,+Bi+Gu. (6)

Furthermore, we introduce the augmented matrices

R = diag(Ro,...,Rx_1) ,
Q ag(Qo + L{RoLy, . . .,

Qx 1 +L% Ry 1L 1,Qk),
L = diag(Lo, ..., Lg_1) ,

which we use to rewrite the cost function as
J=E ( Qi + 7T RF + 2xLRr>
—E (tr(QmT)) + i TRF + 2E (:Eﬂﬁ?)
= tr (QAX,A™ + 2QAZ,"B” + QB B”
+ QGG +i#TRi + 225 AL"RF + 2r"BTLTR7 .

Based on this result, we can compute the expected costs for a
given 7 in closed form.

B. Scenario Approximation

Furthermore, we consider the chance constraint (2) for the
joint probability density f(-) of Z

P(zo € P) = / @z 1o

which contains an integral that is in general impossible to
evaluate in closed form, but whose solution is required at
each iteration step of the numerical optimization algorithm that
minimizes J with respect to 7. To address this problem, we
approximate the probability density f(Z) with a predefined
number of s samples, i.e.,

I
zggé(g—

Note that the locations of the samples implicitly depend on 7.
Using scenario approximation, the integral simplifies to a finite
sum according to

. S
Pk €P)= [ f@di~ 1> 1p(d,),
zeP sS4
where 1p(+) is the indicator function of the set P, which is
defined as

- 1, zeP

In this paper, we use stochastic sampling from a multivariate
Gaussian density to obtain the sample positions d,...,d,
[24, Ch. XI]. This approach is similar to the Monte Carlo
methods proposed in [13], [14], [11]. Note that other methods
to approximate the chance constraints, e.g., box approximations
from [6], sector approximations from [7], or inequalities for
Gaussian distributions [25], can be used instead of stochastic
sampling.

C. Progressive Introduction of Constraints

Based on these reformulations, we can rewrite the opti-
mization problem as

n.J

1 S
5. t. ;21P(¢j) >l—-a.
J:

Numerical algorithms for solving this optimization problem
(e.g., the interior point method [26]) often require a feasible
initial solution, which is nontrivial to obtain, in general. While

El=
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Fig. 2: Value of the penalty term for the constraint z < 0
depending on the scaling parameter ~.

there are also methods for infeasible starting points [27], those
methods typically cannot guarantee that a feasible solution will
be found or they take a long time to do so. This is especially
problematic when using a sampling-based approach as a small
change in the sample locations may not affect the constraint
violation at all. In fact, in our experiments as discussed in
Sec. IV, we never managed to find a feasible solution using a
method for an infeasible starting point. Therefore, we propose
to progressively introduce the constraints into the optimization
problem. For this purpose, we define a penalty term that is added
to the cost function. The proposed penalty term is based on
an exponential barrier function rather than the commonly used
logarithmic barrier function because the exponential function
is well-defined for arbitrary initial values.

For each sample, i.e., for 1 < j < s, we define
g

py(d;) = ZQXP(’Y' (Fi:-dj — b))
i=1

where v > 0 is a scaling factor, and F; . refers to the i-th row
of F. This term serves as a barrier function and is illustrated
in Fig. 2. Now, we define a set Z C {1,..., s} that contains
the indices of the |« - s] samples with the largest p.(-). This
allows us to define the new cost function
S
L=J+1 3 (),
J=1i¢Z

where violations of the constraints are penalized for all samples
except those allowed by the violation probability of the chance
constraint.

By representing the constraints as part of the cost function,
we can now consider the unconstrained optimization problem

min J, .

|=t

This problem can be solved numerically using a quasi-newton
algorithm, such as the Broyden-Fletcher—Goldfarb—Shanno
algorithm (BFGS) [27, Ch. 6]. We initially solve the problem

for a small value of ~, say v = 0.1. Then, we increase ~y
gradually to a large value, say v = 100. At each step, we use
the result from the previous step as our new initial solution.
As ~ gets larger, on the one hand, violations of the chance
constraints get penalized more severely, and on the other hand,
samples that are close to the constraint but still within the
admissible set P get penalized less. Mathematically speaking,
the function p.,(z) converges pointwise to zero for all z € P°
(where P? is the interior of P) and to infinity for all z ¢ P.

Of course, the proposed approximation is conservative.
However, as simulations indicate, it is less conservative than the
approach from [4]. Furthermore, conservatism can be reduced
by increasing the number of samples in the last progression
step because in this way, the approximation of the probability
mass contained within the admissible region gets tighter.

After the progression has finished, it is possible to evaluate
the expected constraint satisfaction using the sample approxi-
mation %2;21 1p(d;). If this value is larger than 1 — o, we
can deduce that the progressive algorithm has succeeded in
finding a feasible solution.

IV. EVALUATION

We evaluated the proposed approach in a simulation with
planning horizon K = 50. For this purpose, we consider a
system with parameters

1 1 0 1 0
ol oneflacf g

The chance constraints are given by
F = diag(Fl,...,Fl,Fz,...,Fg) s
b: [b{77@{7bg7abg]T ’

where the parameters F; = Fo = [-1,0], b; = —1,b, = —2
are repeated K /2 times each. Thus, we have the constraint
z1 > 1 during the first half of the planning horizon and 1 > 2
during the second half of the planning horizon.

The initial state of the system is given by Z, = [3,0]” and
the covariance of the system noise w is chosen to

w_ 012 0
i = [ 0 0.052]

For the stochastic sampling, we use s = 250 samples to achieve
a good coverage of the probability mass. The maximum allowed
constraint violation probability was set to o = 0.1.

We compare the proposed controller to the controller
presented by van Hessem and Bosgra [4]. For this purpose, we
simulated a total of 100 runs with 50 time steps each using
both controllers. The results are depicted in Fig. 3.

It can be seen that both controllers manage to satisfy
the chance constraints. However, the proposed controller is
much less conservative, it gets much closer to the constraint
and even violates it on occasion. The signed distance from
the constraint is smaller for the proposed controller (mean
0.491, median 0.435) than for van Hessem’s controller (mean
0.824, median 0.785). This results in a reduced cost for the
proposed controller (mean 231.2, median 230.5) compared
to van Hessem’s controller (mean 300.8, median 299.9). The
resulting cost is also visualized in Fig. 4.
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Fig. 3: Example runs of the proposed controller and van Hessem’s controller. On the left we show the evolution of x; and on the
right we illustrate the signed distance from the constraint in each time step. Negative distances indicate constraint violations. It
can be seen that the proposed controller is much less conservative and occasionally violates the constraints as it is supposed to.
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Fig. 4: Cost achieved by both controllers.

In order to illustrate the progression, we show the expected
trajectory in the first dimension depending on the parameter
v in Fig. 5. It can be seen that for small ~, the constraints
are not taken into account and the controller stabilizes the
system towards zero. When ~ is increased, the trajectory
gradually changes to fulfill the constraints. At some point,
further increasing + does not significantly change the result
anymore and the progression can be terminated.

V. CONCLUSION

In this paper, we have presented a novel approach for
closed-loop chance-constrained control based on a progressive
introduction of the constraints into the control problem. One
of the key advantages of the proposed method is that it is not
necessary to know a feasible initial solution of the constrained
control problem. Also, in a simulative evaluation the proposed
controller showed good performance in comparison to the
method proposed by van Hessem et al.
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Fig. 5: Influence of the progression parameter y on the expected
trajectory in the first dimension.

Future work may include a generalization of the presented
approach to a system with measurement feedback rather than
state feedback, or to a system with elliptic constraints rather
than linear constraints. Furthermore, explicitly optimizing for
the regulator gains Lj would allow shaping the covariance
such that conservatism could be reduced even further.
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