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The derivation of the Hartree equation from many-body systems of
Bosons in the mean field limit has been very intensively studied in the
last couple of years. However, very few results exist showing convergence
of the k-th marginal of the N-body density matrix to the projection to
the k-fold tensor product of the solution of the Hartree equation in
stronger trace norms like the energy trace norm, see [MS|, |[Lu]. This is-
sue is from a physical view point very important. The reason is that one
can then approximate expectation values of certain observables of the
N-body system by means of the Hartree equation, with relaxation of the
very restrictive assumption that the observables are bounded operators.
Here we consider the non-relativistic case. We prove, assuming only
H'-regularity of the initial data, convergence in the energy trace norm
without rates, and convergence in any other weaker Sobolev trace norm

with rates. Our proof is simple and uses the functional ay introduced
by Pickl in [P1i].

1 Introduction
In this work, we consider a system of N Bosons in R? described by the Hamiltonian
al 1
Hy = ;Ti—kmzv(%—%’), (1)

i<j

where
87/1'1'

7] with A € R and p > 0. (2)
T
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We focus on the case T'= —/A. The Hamiltonian H is considered on the Hilbert
space
Hy = L*(R*)®sN,

where ®g denotes the symmetric tensor product. We are interested in the dynamics
of a Bose-Einstein Condensate. More precisely we assume that there is ¢y € L*(R3)
with [|¢g||2 = 1 such that the many-body wave function of the system is given by
the solution of

(3)

10Ny = HyUpny,
Yo = @?N

An effective equation for (3) is the Hartree equation given by
(4)

0o = T+ vx* ’¢t|290t
PYt=0 = Yo

on L*(R3). For T = —A the global well-posedness of (4) in H*(R?) is known. Tt
follows by standard fixed point arguments and the conservation of |||z and of
the energy functional £(p;) given by

&(o) = [ 19e@Pds+ 5 [ le@Pota = ploty)Pdody.

In the proof of the well-posedness Hardy’s inequality in R3, namely # < —4A, is

also used. With the help of it one can bound the H'(R?) norm of ¢; in terms of
E(pr) = E(po) and it follows that there exists C' = C(yy) such that

el mgs) < €, VE> 0. (5)

A typical result showing that (4) is indeed an effective equation for (3) is the
following: If A is a bounded and self-adjoint operator on L?(R3)®sk with k € N,
then there exist constants Cpa,, > 0 and 0 < o < 1 such that the following
inequality holds for all N > k:

(v A® Iy — (o Apety| < Do ()
The physical interpretation of (6) is that the expectation of the observable A in the
N-body system can be approximated by means of the Hartree equation, which is
much easier to handle numerically because it is a one-body equation. Such results
are given e.g. in [CLS|, [ES|, [EY], [KP|, |RS|, |[Le|. For other related results see
[AFP], [AN], [EIS], [Sp| and references therein, to name a few. There are very few
results showing (6) in the case that 4 is an unbounded observable, e.g. the potential
energy or the momentum and this is the goal of this work. Michelangeli and Schlein

were the first to discuss this case in [MS|. They obtained in the semi-relativistic
setting (7" = v/1 — A) an estimate of the form

(Un i A@ In x Uy y) — (028 ApEh)



Chaoll (1430 T2 A+ 30 T) 2|
= Ne (7)

for some 0 < a < 1 to show dynamical collapse of boson stars, where Uy is, in
a certain sense, an approximate solution of (3) '. Adopting the methods of [MS],
Lithrmann proved in [Lu| an analogous result for the magnetic Hartree equation,
where T is the magnetic Laplacian. Michelangeli and Schlein require H2-regularity
of the initial data and Liihrmann requires H3-regularity, where H? denotes the
magnetic Sobolev space of order 3. Before we formulate our first main theorem, we
quickly introduce some useful notation associated with the solutions of (3) and (4):

(k) .

e = Trepr N[YNe) (YN,
k
Pt( : = |¢;®k><¢?k|7
k
o= (-4, (®)
i=1
and as in [Pi],
ant = (Unt, 7" Uny), (9)
where ¢ = 1 — py*, with p7* = (|¢:) (ps])1. We are now ready to state our first

main result:
Theorem 1.1. Assume that T = —A and that oy € H*.

(i) For any 0 € (0,1) there exists a constant C > 0 such that for any k € N,
N >k and any t > 0 we have

g k k g min(%,l—@) k k)j1—
T |y (e = B)S¢| < Chlay, ™ + vy = BV LS. (10)
(ii) For all k € N and t > 0 we have
. 3/ (k )\ a3
lim Tr|S¢ (v, - PY)SE| = 0. (11)

Tr |57 ()8
and it is associated with the kinetic energy of the systems and the Sobolev space
H'. The left hand side of (10) is a Sobolev trace norm associated with the Sobolev
space H?. Theorem 1.1 has several corollaries which can be obtained if one includes
previous results estimating ay; and H”y](\lf)t - Pt(k)H}{_g . Among others, such results
are the following:

is called the energy trace norm of operators acting on L?(R3)®sk

Theorem 1.2 (Pickl [Pi], Knowles, Pickl [KP|). Under the assumptions of Theorem
1.1 there exist constants C, D € R independent of N,t such that for any N € N and

Dt
t >0 we have an; < C]ev )

L v is the evolution due to a regularized Hamiltonian because Hy is not always a self-adjoint
operator in this setting. We refer to [MS] for details.



Theorem 1.3 (Chen, Lee, Schlein [CLS|). We assume again the conditions of
Theorem 1.1. Then for any k € N there exist Cy, Dy € R such that for any N € N
with N > k and any t > 0 we have ny](\]f)t - Pt(k)||H5 < C’CETD“

Using Theorem 1.1 together with these theorems and the fact that the dual space
of trace class operators are the bounded operators, we obtain the following corollary:

Corollary 1.4. Assume T = —A and oo € H'. Let k € N and A be a self-
adjoint operator acting on L*(R3)®sk. Assume that there exists 0 € [0,1] such that

Jo e
S, 2AS, % can be extended to a bounded operator on L*(R*)®s* with operator norm

) _8
15, * AS

(1) If 0 < 1, there exist Cy, Dy, > 0 independent of N,t such that for any N € N
with N > k and any t > 0 we have

ok 4 ®k Crel+ % 10 %
(OneA® In- W) — (97" ApP )| < Nmm(%l_g)HSk AS 2l (12)
(ii) If 0 =1, then
lim Uy AR In_k V) — (0% ApPF) [ =0 V> 0. (13)
—00

This corollary shows the physical importance of Theorem 1.1. Previous theo-
rems estimating the left hand side of (12) only for bounded A can be combined
with our theorem to estimate the left hand side of (12) for a much larger class of
observables A. As a consequence, expectations of various physical observables like
the momentum and the kinetic and potential energy of the N-body system can be
approximated by means of the Hartree equation.

Remark 1. To our best of knowledge Theorem 1.1 is the first result of conver-
gence in Sobolev trace norms without assuming regularity of the initial data which
is stronger than the natural H' reqularity. Moreover, even with stronger reqularity
assumptions of the initial data, estimate (12) does not immediately follow from the
methods in [MS] and [Luj. The reason is that if for example @y € H® then there
is only a superexponential bound in time for the growth of ||pi| g3, see Lemma 3 in
[Len/. Such bound would lead to a time dependence worse than in the right hand
side of (12) even if the N dependence were better. Moreover, the method in the
proof of Theorem 1.1 is much simpler than the methods used in [MS] and [Lu].
However, we also want to emphasize the fact that unlike in [Lu] and [MS] we were
not able to find with our methods any rates of convergence in the case of the enerqy
trace norm even assuming additional reqularity of the initial data. We were also not
able to show that our method can be applied to the case considered by [MS], where
the potential energy of the N-body system can be attractive and does not have to be

S (VI= A, )-form bounded with relative bound less than one.

j=1



Remark 2. There are several generalizations of Theorem 1.1 some of them quite
obvious. A slight modification of the proof shows that the theorem remains true if
the assumption Wy = @?N 1s replaced by the weaker condition

lim Tr|y§y — BV =0 and lim. %(\IJMO,HN\IJN,@ = E(po).

For part (i) to be true we can even relax the second part of this weaker condition
by only assuming that the sequence %(‘I’N,O,HN‘I’N,@ 18 bounded. Furthermore,
Theorem 1.1 remains true if one uses any scaling O(N™1) instead of (N — 1)~ in
front of the Coulomb interaction in (1). Moreover the potential v does not have
to be the Coulomb potential, an assumption of the form v? < C(1 — A) for some
C > 0 would be enough. Replacing the Laplacian by the magnetic Laplacian is also
possible under certain assumptions on the magnetic potential, this will be discussed
in detail in [AHHJ. Under some further assumptions, we can consider also the
semi-relativistic case T = /1 — A and obtain an analogous result to part (i) of
Theorem 1.1, which will also be discussed in [AHH]. Estimate (10) is a consequence
of Theorem 2.1 below, which is a general interpolation argument between different
Sobolev trace norms and we find it of interest on its own, because it could be a
helpful tool to upgrade convergence in trace norm to convergence in Sobolev trace
norms in other situations.

The rest of the paper is organized as follows: In Section 2 we start with the proof
of part (i) of Theorem 1.1. To this end we first state and prove Theorem 2.1, our
second main theorem, and part (i) of Theorem 1.1 follows as a corollary. We then
prove part (ii) of Theorem 1.1.

Acknowledgments. We thank Dirk Hundertmark for numerous stimulating dis-
cussions and for the suggestion to work with the Pickl functional ay in the mean-
field context. We gratefully acknowledge financial support by the Deutsche Forschungs-
gemeinschaft (DFG) through CRC 1173.

2 Proof of Theorem 1.1

2.1 Proof of part (i) of Theorem 1.1

Instead of part (i) of Theorem 1.1, we first prove a more general result which can be
used for interpolation between Sobolev trace norms. Let s > 0, ¥ € HyNH*(R3Y),
o € H*(R3) with ||U||z2 = ||¢||z2 = 1. For k € {1,..., N} we define

W = Tree.v 0],
P®) = |p®F) (0®*| and, as in [Pi],
ay = (T, q¥) = [ 7|, (14)
where we write ¢; := ¢ =1 — p7, with p¥ = (|¢) (¢|)1. We obviously have

’YJ(\P — D

ay = Tr (pl(pl—%(\}))) < Tr : (15)



Let forr € R
k

Ser = 3 (1= AL (16)
i=1
and we denote the Hilbert-Schmidt norm of an operator acting on L? with ||.|| gs-
Now we are ready to formulate our second main result.

Theorem 2.1. For any 6 € [0,1) we have the estimate

min(1,1-6 -
®) _ p) < kCugpalay > 4 8 = PO,

1 1
Tr 13,95(7N ) 13,93

1 1 1 1
where Cu, ., = 2max (157,92 + 17,0l (1152, 92 + 1157.012))

Remark 3. The case s = 1, which we are going to use to prove part (i) of Theorem
1.1, has a simple intuition. We observe that C'y 0,1 18 associated with the kinetic
energy per particle of U and the kinetic energy of . If one considers dynamics and
manages to control these kinetic energies uniformly in N, then convergence in trace
norm can be automatically upgraded to convergence of Sobolev trace norms up to but
not including the energy trace norm. However, we state Theorem 2.1 for general
s > 0 for several reasons. First, as we will discuss in [AHH] the case s = % has
applications in the semi-relativistic case. Second, it is unclear to us whether one can
control Cy ., 0,5 uniformly in N for s > 1 in the non-relativistic case respectively
for s > % in the semi-relativistic case, if one assumes higher reqularity of the initial
data and potentially other conditions. Uniform boundedness of Cyy , 4,05 in N for
some s > 1 would imply convergence in the energy trace norm with rates.

Proof. First of all, we abbreviate for all » € R

1 1
Akr = Skz,r(ﬁ)/](\if) - P(k)>Sk?,'r

)

We divide the proof into three steps. In step I we show

Tr| Ak gs| < 2||Akgsllms + Tr(Agps)- (17)
In step 2, we show
| Akosllzrs < k(S1,s W]l + ISy, 0ll2) %17 — PP|4L. (18)

In the last step, we prove
min(%,l—?)
N :

(19)

Te(Agos) < kmax ([|S15 Pl + 181,500z, (1515l + [1S1,502)*) @

Obviously these three steps imply Theorem 2.1.
Step 1: The argument to prove (17) is known and was observed by Robert Seiringer

as mentioned in [RS]. We repeat it here for convenience of the reader. Since P*)
is a rank-one projection in the k-particle space, the variational characterization of



eigenvalues implies that Ajgs has at most one negative eigenvalue. If there are
no negative eigenvalues, then Tr|Aygs| = Tr(Ares) so (17) trivially holds. We
may therefore assume that Aggs has a negative eigenvalue A\; and let (\,),>2 be
the sequence of its nonnegative eigenvalues counting multiplicity. It follows that
TI"|A]€793‘ = ’)\1’ + 23;2 )\n = 2|>\1| + TI‘(A]C’93>. Since |>\1| S ||Ak,95||HS7 the upper
bound (17) follows.

Step 2: Let L(x, y) denote the integral kernel of 7](\1,9)—P(k), where z = (z1,..., %),

y = (y1,...,yx) are elements of R3. Then Ay g, has an integral kernel given by
k 3Tk 3
[Z(l - Awi)es (1 - ij)as L(x,y).
i—1 =1

Therefore, using that the Hilbert-Schmidt norm of an operator is equal to the L2-
norm of its kernel and Plancherel’s Theorem, we obtain

k k
Awarllis = | [mes] [Z(HW)GS] L(¢.n) P,

where € = (&1, &), 1 = (1, m) and L(€,n) = s [ e S Lz, y)dwdy.
Since t — t? is concave, it follows that

k k 0
Zaf < k’l_e (ZCL%> Val,...,ak > O,
1=1 =1

and hence

k Or & 0
[Arosllirs < K207 / [Z(1+|@-F>$] [Z<1+|m|2>$] L& m)*d(€, n).

i=1 j=1

Thus applying Holder’s inequality and Plancherel’s Theorem again, we arrive at
[ Akgsllmrs < [1Aks 1]l Aroll s - (20)
Furthermore, we have
3 k) o3 s plk) g2
||Ak78||HS S Tr|Al€,5| S Tr(Sk,s,yN Sk,s) + Tr(Sk,sP Sk,s)

= <‘Ij7 Sk,s\p> + <90®k7 Sk,890®k> (21)
= k(<\11, 5175\Ij> + <907 Sl,s(p>)

So (21) together with (20) and the equality Ao = k(fy](\]f) — P®) imply (18).
Step 3: We have

Tr(AkﬁS) = k(<\Ij7 Slﬂs\y) - <§0> Sl,@sgp>)'

Using the decomposition 1 = p; + g1, we obtain

Tr(Agps) = (¥, p151,0sp1¥) — (@, S1050) + (¥, 1510501 ¥) + (¥, S1.0s1 ).



Then observing
(W, p1S10s01¥) = (0, S1050) (¥, p1V) < (0, S1650),
it follows that
Tr(Ages) < (Y, ¢1.51,0sp1Y) + (¥, S10:01¥)).

Using the decomposition S s = 517531,95_% and Cauchy-Schwarz, we arrive at the
upper bound

Tr(Agps) < E([[S15 V2 + 1515 2l2)11S105- 501 -
Ifo e (%, 1), again applying Holder’s inequality in Fourier space yields
1S10s—s ¥l < [S1: P[P Mg [P = [|S1 s ¥ ay®
< (ISuzll + 15,5 2IN*  ay

Ifo< %, then trivially we have the non-sharp estimate

1
IS0 s 0¥ < lan¥] = ab
The last three estimates imply (19) and this completes the proof of Theorem 2.1. [

Proof that Theorem 2.1 implies part (i) of Theorem 1.1 As pointed out in
Remark 3, it is enough to show that there exists C' independent of N, ¢ such that

C\I/N7t,§0t,9,l S C, VN € N,t > 0
In view of inequality (5), this reduces to showing that there exists C' = C(¢g) with
(Unt, =D, Uy <C, VYN eNt>0. (22)

To see this, note that due to the bosonic symmetry of Wy, we have

N
1
(Uns, =B, Uive) = D (Uni =2y, Wny), VYN ENE>0. (23)
j=1

Let
Vi (21, ... o) = v(x — ),

where v was defined in (2). Using the inequality ‘x_"\l < + A2 together

11
—xj| = 4lzi—x;]?

with Hardy’s inequality it follows that
1
|Uij| < 5(_Awl - Ad?y) + )‘2’

and therefore
N

1 N2
< 52(—%) + =

1
N1
j=1

This gives Hy > %Z;V:l(—ij) — NT’\2, which together with (23) implies

2
(Unyy =D, Uny) < N@N’t’ HyUy,)+ A VYN €Nt > 0.

Since moreover (Vy+, HvUn:) = (Uno, HvWno) = NE(po), (22) follows. This
concludes the proof of part (i) of Theorem 1.1.



2.2 Proof of part (ii) of Theorem 1.1

Let ¢ > 0 be any fixed time. As in step 1 in the proof of Theorem 2.1, we have
)N\ o i (& )N\ o Lk B\ o
Te|S; (1, — P)SE| < 2158 () = PO)SE s + Te(S () — P)SP). (24)
Next we prove
Tr(S? (%(51 P¥YS2) = 0 as N — oco. (25)

By symmetry of Wy, we obtain

Te(SE (Vs = B)SE) = My (=) Tva) = (90— A). (26)
The energy conservation and the initial condition Wy = @?N yield

1

N<\I/N,t, HNq/N,t> = E(po) = E(¢1), (27)

and therefore from the symmetry with respect to the particle coordinates it follows
that

1
(Unit, =D Ung) — (o, —Aypy) = ~3 ((‘I’N,t, V12U N ) — (P2, U12<P?2>) . (28)

From Kato’s inequality I?l\ < Z(—A)'2, see [Her], it follows that Sy 158,14 can
be extended to a bounded operator on L?(R?)®s2. Part (i) of Corollary 1.4 follows
from part (i) of Theorem 1.1, which we already proved. Hence we can apply it to
A = vy to obtain

]\}iilloo<\11N,ta v12¥Ny) = <90§2, U12@§2> vVt > 0,

which together with (26) and (28) gives (25).
It remains to show

Jim. ||s (v — p) )52||H5 —0. (29)
We observe )
k) k) o3
1927852 s < Tr(S2 %) 52)
and

152 Y 82| s = Te(S2 PY S2).
Thus, (25) implies that

- 5B o3 > plk) o3
limsup [|S¢ vy S us < 158 5S¢ || us- (30)

N—o00

In particular, (S;/vaiSl/z)NeN is bounded in the Hilbert-Schmidt norm and so it

has a weakly convergent subsequence, also denoted by (51/27](\,15,1/2)]\/@\;, weakly

converging to some Hilbert-Schmidt operator K. Consequently, (7](\];31) Nen weakly



converges to 5;1/2[(5];1/2. As we mentioned in the introduction, it is by now
established and well-known that we have

i (8 p®y

Nl_Igo””VN,t s s 0,

see for example Theorem 1.3, and thus we obtain K = S;/2Pt(k)5;/2. Using now
(30), we arrive at

1 1. 1 1
siy\sz as 52 p®gs s N — oo,

Thus we have shown that any subsequence of (S;/ny](é)tS;/Q)NeN has a further sub-

sequence converging to LS”;/QR(’“)LS’;/2 in the Hilbert-Schmidt topology, which proves

(29). (24), (25) and (29) imply part (ii) of Theorem 1.1.
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