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THE NONLINEAR STOCHASTIC SCHRODINGER EQUATION VIA STOCHASTIC
STRICHARTZ ESTIMATES

FABIAN HORNUNG

ABSTRACT. We consider the stochastic NLS with linear multiplicative noise in L?(R¢) and
prove the existence and uniqueness of a global solution in the subcritical and a local solution
in the critical case, respectively. In particular, we relax the regularity assumptions on the noise
from Barbu, Rockner and Zhang (Stochastic Nonlinear Schrodinger Equations with Linear
Multiplicative Noise: Rescaling Approach. Journal of Nonlinear Science 24(3):383-409,2014).
The proof is based on deterministic and stochastic Strichartz estimates.

Mathematics Subject Classification (2010): 35Q41, 35R60, 60H15, 60H30
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1. INTRODUCTION

This article studies the following stochastic nonlinear Schrodinger equation

du(t) = (iAu(t) — i\ u(®)|* u(t) — % > B:anu(t)> dt =1 Buu(t)dBa(t),
u(0) = o,

in L*(R?) with A € {-1,1}, a € (1,1 + 3], (Bm)men C L£(L*(R?)) and independent Brownian
motions (f3,),,cy - The nonlinear Schrodinger equation can be seen as a model for nonlinear
dispersive equation and enjoys physical significance in the description of nonlinear wave
phenomena. In some situations, there is a random potential in the equation, which can be
modeled by multiplicative Stratonovich noise. In [BCI794], the equation appears with
parameters d = 2 and « = 3, i.e. in the critical setting, in the context of Scheibe aggregates
with thermal fluctuations.

(1.1)

In the literature, wellposedness of the NLS in R? with multiplicative noise was studied by
de Bouard and Debussche in [dBD99], [dBDO03] followed by a series of papers concerning
blow-up behavior and numerical studies (see [dBD02],[dBD"05], [DDMO02], [DBD06]) and
by Barbu, Réckner and Zhang in [BRZ14b],[BRZ16] and [BRZ14a]. In [BM13]], BrzeZniak and
Millet derived a new estimate for the stochastic convolution associated to the Schrédinger
group. In contrast to [dBD99], where the authors work directly with the dispersive estimate
of the Schrodinger group, the estimate from [BM13] is based on the deterministic Strichartz
estimate. This allowed to prove global wellposedness for the NLS with Stratonovich noise
on compact, two dimensional manifolds, where the dispersive estimate is not valid and has
to be replaced by localized version, see [BGT04].
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2 FABIAN HORNUNG

In this article, we want to use the stochastic Strichartz estimate by BrzeZniak and Millet
in order to solve the stochastic NLS in L*(R?) by a fixed point argument. We prove the
following results for subcritical and critical nonlinearities, respectively.

Theorem 1.1. Let ug € L*(R%), X € {—1,1}, (Bn),,cy be a sequence of independent Brownian
motions and (B, )men C L(L?(RY)) with

Z ||Bm||%(L2(]Rd)) < 00. (1.2)

m=1
Then, the following assertions hold:
a) Let o € (1,1 + 3). Then, there is a unique global mild solution of in L*(RY).
b) Let o € (1,1 + 3. Then, there is a unique local mild solution of in L?(RY).

We remark that the choice of the correction term is natural in the following sense. For
selfadjoint operators B,,, we have

1 oo
iBu(t) o dW () = iBu(t)dW (1) — > Bhu(t)dt
m=1
and therefore, (1.1) generalizes the stochastic NLS with Stratonovich noise.

We would like to compare our approach, assumptions and results to the articles [dBD99]
by de Bouard and Debussche and [BRZ14b]] by Barbu, Rckner and Zhang. For this purpose,
we consider the special case of multiplication operators

Bu = enu, u € L*(RY), meN,

with real valued functions e,,,, m € N. The assumptions in [dBD99] correspond to the square
function estimate

N

(Z |em|2> < 0 (1.3)
m=1 L2(R4)NL2+6 (Rd)

for some J > 2(d — 1) and they needed a restriction of the range of admissible exponents to
a € (1,14 22;) for d > 3. As we see in Theorem [1.1} such a restriction can be avoided if we

replace (1.3) by
Z HeTnH%OO(]Rd) < 0. (1.4)
m=1

To avoid estimates of the stochastic convolution needed in the fixed point arguments in
the present paper and in [dBD99], Barbu, Rockner and Zhang use a different approach to
problem in [BRZ14b]. Via the scaling transformation u = ey, they reduce to a
non-autonomous nonlinear Schrodinger equation with random coefficients, but without a
stochastic integral.

Generally speaking, the main advantage of this approach is the fact that the equation
can be solved pathwise, which allows to use known deterministic theory (see for example
[Caz03], [LP14]) effectively. On the other hand, it is restricted to special situations, since the
theory of Strichartz estimates for non-autonomous operators of the form

A(s) =1i(A+0b(s) -V +c(s)) (1.5)
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is less developed than the theory for iA. On R¢, one can use results [Doi%] and [MMTO8].
But a transfer of this method from R? to a compact riemannian manifold M to proof sim-
ilar results as in [BM13] has not been done so far. Moreover, the deterministic Strichartz
estimates for need regular coefficients, which leads to the assumption

S lleml2s < oo. 1.6)
m=1
and to the decay condition
aim (€ (lem(E)] + Ve ()] + |Aem(§)]) =0 (1.7)
with
(y_{1+m% d#2,
@l og2+1ER)?, d=2

Assuming and Barbu, Réckner and Zhang prove global wellposedness of for
a € (1,1+7) and local wellposedness for o« = 1+ 2, see [BRZ14b], Theorem 2.2 and Corollary
5.2. In view of (1.4), we are able to enlarge the class of admissible noises remarkably.

Let us briefly sketch the content of the present article. In the next section, we fix the
notations and assumptions, introduce the solution concept and recall the deterministic and

stochastic Strichartz estimates. In the third paragragh, we prove the local wellposedness of
(1.1). To this end, we solve the problem

dun (1) = m%@—MﬂmW%éE:ﬁﬁwm)ﬁ—Q:&m@MMm

U(O) = Ug,

(1.8)

with the truncated nonlinearity £}, (w)(t) := 0, (||u|| Lao,0+1)) [u(t)|* Tu(t), where 0, : [0, 00) —
0, 1] is a cut-off-function, such that 6,,(x) = 1 for € [0, n]. This truncation permits the path-
wise application of the deterministic Strichartz estimates in a fixed point argument in the
natural space

By = L(Q, L7(0, T; L7 (RY)) N C([0, T], L*(R7))),
where ¢ is chosen such that («+1, ¢) is a Strichartz pair. Since the solution of (1.8) also solves
(1.1) up to the stopping time
Tp = inf {t >0 : |lup|| paopnerty > n} AT,
this yields a local solution  to (I.I) in the case a € (1,1 + ) up to time 7 := sup,,cy 7. In
the critical setting & = 1 + %, an analogous argument yields a local solution. Note, that in
this case, we use the truncation 6, for a small v € (0, 1) instead of 6, for a large n € N.

The final section is concerned with the global existence of the solution in the subcritical
case based on the uniform estimates

supE[ sup HunH%z] < Cr, sup E| ||ty zogo, 10041y | < Cp.
neN t€[0,T) neN
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2. SETTING AND STRICHARTZ ESTIMATES

In this section, we introduce some notations, assumptions and solution concepts and recall
deterministic and stochastic Strichartz estimates, which will be used to construct the local
solution.

Assumption 2.1. We assume the following;:

i) We fix the space dimension d € Nand 7' > 0. Moreover, let ug € L*(R%), A € {—1,1}.
We denote the Schrédinger group, i.e. the Cy-group of unitary operators generated

by i2, by (U(1)),cz .

ii) Let (€2, F,P) be a probability space, Y be a separable Hilbert space with ONB ( f,,,) men
and W a cylindrical Wiener process in Y adapted to a filtration F satisfying the usual
conditions.

iii) Let B : L?*(R%) — HS(Y, L*(R%)) be a linear operator and set B, u := B(u)f,, for
u € L*(R? and m € N. Additionally, we assume that B,,, m € N, are bounded
operators on L?(R%) with

[e.o]
> NBullpz < oo 2.1)
m=1
For presentation purposes, we used in the introduction that the process

W = Z_lfmﬁm

with a sequence (f,,),,cy Of independent Brownian motions is a cylindrical Wiener process
in Y, see [DPZ14], Proposition 4.7. Since we look for mild solutions of (1.1, we reformulate
the equation in the form

t t
u(t) =U(t)uo + / Ut — s) [—iMu(s)|* u(s) + p(u(s))] ds — i/ U(t — s)Bu(s)dW (s).
0 0
(2.2)
In the following two Propositions, we introduce the main tool to apply a fixed argument to
solve (2.2), namely the Strichartz estimates.
Proposition 2.2 (Deterministic Strichartz Estimates). Lef p;, ¢; € [2,00], j = 1,2, with
2 d d
==, qi,pi,d 2,00,2).
ct=g @) #(2000)
Let x € L*(RY), J C R an interval with 0 € J and f € L%(J, LP2(RY)). Then, there is a constant
C > 0 independent of J, k, f and x with
a) |UC)z ]| po(rpm) < Cllzlz2,
b) | JoU(- =) f(s)dsllar oy < CUFN g po5)-
Furthermore, U(-)x and [, U(- — s) f(s)ds are elements of C,(J, L*(R?)) and we have
) UGzl ey.02) < Cllll 2,
d) | fyUC ~ )7 ()dslleyoasy < CU Ly o0,

Proof. These estimates are well known, see for example [Caz03], Theorem 2.3.3. O



THE NONLINEAR STOCHASTIC SCHRODINGER EQUATION VIA STOCHASTIC STRICHARTZ ESTIMATES 5

The estimates from Proposition 2.2 can be used to deal with the free evolution and the
deterministic convolution in (2.2). Furthermore, we need an estimate of the stochastic con-
volution. In order to apply Banach’s fixed point Theorem iteratively, we have to deal with
initial times T, > 0. We denote the shifted filtration (F;;1,),~, by F™°. The process given by

WTo(t) := W(Ty +t) — W(Tp), t>0,

is a cylindrical Wiener process w.r.t. F™. For T} > 0 and a IFTO-predictable process ¢ €
L7(Q, L?(0, Ty; HS(Y, L*(R%)))), we define

JB () = /0 Ut — s)(s)dWT(s),  te[0,Ti], (2.3)

by the stochastic integration theory in the Hilbert space L*(R¢), see [DPZ14], chapter 4. Note
that for an F-predictable process @, we have

¢ To+t
/0 Ut — 5)®(Ty + s)dW™(s) = / U((To+t) — s)@(s)dW(s) (2.4)

To

almost surely for all ¢. Since we are also interested in Strichartz estimates, we need a def-
inition of the right hand side of 2.3) in L4(0,T; L?(R?))-spaces for ¢,p > 2. This can be
done by the theory of stochastic integration in martingale type 2 spaces, see [Brz97] and
the references therein or in UMD spaces, see [vNVWO07]. The tool to estimate the stochastic
convolution (2.3) is the following result due to Brzezniak and Millet, [BM13].
Proposition 2.3 (Stochastic Strichartz Estimates). Let 7} > 0, r € (1,00) and p, q € [2, co] with

2 d d

_+_:_7 q7p7d 7é 270072'

SS=5 nd)#2002)
For all FTo-predictable processes & € L"(Q2, L*(0, Ty; HS(Y, L*(R%)))), J[ﬁ)m@ is continuous in
L*(RY) and F1o-adapted with

H J%?Tl]qj||LT(Q7L4(0,T1,LP) 5 H@HLT(Q,LQ(O,Tl;HS(Y,LQ)))
and

1@l er@.com 2y S [Pl or@.c20mms(r.L2y)
hold.

Proof. See [BM13], Theorem 3.10, Proposition 3.12. and Corollary 3.13 for the statement
in the case ¢ = r. The proof is based on the Burkholder-Gundy-Davis inequality in the
martingale type 2 space L4(0, Ty; L (R?)), see [Brz97], Theorem 2.4, which holds for arbitrary
r € (1,00). Therefore, ¢ = r is not needed. O

Next, we introduce the Banach spaces for the fixed point argument depending on the
power « of the nonlinearity. For o € (1, 1+ %J , we fix ¢ € (2, 00) such that

2 d d

= 2.5
q * a+1l 2 (25)
in order to apply the Strichartz estimates from Propositions 2.2]and 2.3 with the exponents
(v +1,¢q) and set

Yiy i= L9(a, b; L*TH(RY)), By = Yiay N C([a,b], L}(R?)), 0<a<b.
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Furthermore, we abbreviate Y, := Y|y,) and E, := Ej,| for r > 0. Let 7 be an F-stopping
time. Then, we denote by M{(2, Ej, ) the Banach space of continuous F-adapted processes

u:[0,T] x Q — L?(R?) with
sup |[|u(t) / [u(t)]|70snd ]
t€[0,7]

Often, we abbreviate v € M{(Q, E;) := ME(Q, Ejo). Moreover, we say u € M{(Q, Ejo ) if
u is a continuous F-adapted process in L*(R?) and there is a sequence (7,),,oy of stopping
times with 7, /* 7 almost surely as n — oo, such that u € M{(Q2, Ejo ) foralln € N.

=K

||u||Mq ) E[ ])

Definition 2.4. Let o € (1,1 + ‘—1]

a) A local mild solution of (I.1) is a triple (u, (7,),,cy, T) consisting of
e a stopping time 7 and a sequence of stopping times (7,,),,.y With 7, /* 7 almost
surely as n — oo,
e a process u € M{(€2, Ejg -)),
such that the equation

u(t) =U(t)ug + /0 Ut — s) [—iM|u(s)|* Mu(s) + pu(s))] ds
- i/ot U(t — s)Bu(s)dW(s) (2.6)

holds almost surely on {¢ < 7,,} in L*(R?) for all n € N. Often, we shortly denote the
local mild solution by (u, 7).
b) Solutions of are called unique, if we have

]P’(ul(t) = wy(t) Vte[0,01A az)) —1

for all local mild solutions (uy, 01) and (ug, 02).
c) A local mild solution (u,7) with 7 = T" almost surely and u € M{ (2, Ej 7)) is called
global mild solution.

3. TRUNCATED EQUATION AND LOCAL WELLPOSEDNESS

This section is devoted to the proof of the local part of Theorem In order to transfer
the deterministic fixed point argument, see [LP14], Theorems 5.2 and 5.3, to the stochastic
setting, we would like to use the Strichartz estimates for the nonlinear term pathwise. On
the other hand, Proposition 2.3| only gives us an L"(2)-estimate for the stochastic term at
hand. To overcome this difficulty, we truncate the nonlinearity by a cutoff function ¢,, and
look for a mild solution of the equation

{dun = (i (t) — 100 (|2t | o000 [t (8)| 20 () — pu(ua(t))) dt — iBu, (£)AW (1),

u(0) = up.
(3.1)
with fixed n € N. Here, 6, : [0,00) — [0,1] is defined by 6, := 6 (=) for
1, x € [0,1],
O(z) =1 2—u, x € [1,2],

0, x € [2,00).
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In particular, we have 6,,(z) = 1 for z € [0,n] and
1
() = 0u(0)] < e =yl 2y 20 32)

To simplify the presentation, we use the following abbreviations for » > 0 and ¢ € [0, 7] :

Kau(t) = — i)\/o Ut = s) [On(llully,) lu(s)|* u(s)] ds, (3.3)
Agwﬁu@>:ié Ut — s)u(u(s))ds, (3.4)
Ktoenu == 1J[0T]Bu =— /0 U(t — s)Bu(s)dW(s). (3.5)

Next, we introduce our notion of a solution of (3.1)).

Definition 3.1. Let v € (1,1 + 3.
a) A local mild solution of (3.1)) is a pair (u", 7") consisting of a stopping time 7" € [0, T'|
and a process u" € ML(Q, E;«), such that the equation

u" = U(>u0 + KchLetun + KStratun + Kstochun (36)

holds almost surely on {t < 7"} in L*(R?).
b) Solutions of are called unique, if we have

P (u?(t) = ul(t) Ve [0,0" ATh)) =1

for all local mild solutions (u', 0™) and (uf, 7).
c) A local mild solution (u", 7™) with 7" = T" almost surely is called global mild solution.

In the following Proposition, we state existence and uniqueness for (3.1).
Proposition 3.2. Let o € (1,1 + 3). Then, there is a unique global mild solution (u",T) of (3.1).

Proof. We fix n € N and construct the solution from the assertion inductively.
Step 1: We look for a fixed point of the operator given by

K" :=U(")up + KjLu + Kstrart + Ktoen, u € ML(Q, E,),

where r > 0 will be chosen small enough. Let u € M{(Q, E,). A pathwise application of
Proposition 2.2]and integration over (2 yields

1T (ol S lluollrz;

1 "
| Kswratllugio,ny SInllzso,ciome = 5 ZB B
La(Q,L1(0,r;L2?))
1 — 2
=3 D Bz lullca@rromezy S llullza@,piomrzy < rllulge.s,).
m=1

We define a stopping time by
=inf{t > 0: |Jully, > 2n} Ar
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and estimate

3 ll, SOl l sy s < el

<[l g7 < (20) 17

+1
¢ (0,71 )

using Proposition b) and d) and the Holder inequality with § := 1 — 4(1 — a) > 0.
Integrating over (2 yields
||Kdetu||Mq (QLE:) ~S (2n)

By Proposition2.3| we obtain

Q=

q
r 00 2
”Kstochu”MH?,(Q,Er) 5||Bu|’L‘I(Q,L2(O,T;HS(Y,L2))) = |E (/0 Z ||Bmu||%2dt>
m=1

1
o0 2
1
< (Z HBmHi(m)) [ullLogo,20ms22)) S 72 ull Lo,z 0r:22))
m=1

1
<r? HUHM]%(Q,ET)'
Putting the estimates together, we get
1
| ullugio ) S ol + 20)r" + (7 +74) lulhugo,m)

for u € M{(2, E,) and therefore the invariance of M (€2, E,.) under K™. To show the contrac-
tivity of K", we take uy,us € M{(€2, E,) and get

K"uy — K"ug = K, (u1) — Kjp(u2) + Ksprar(ur — t2) + Keoen (U1 — uz).
By the linearlty of Kgirar and K gocn, the estimates
| Kstrat(u1 — u2)lmzio,6,) S rllun — u2llvgq,e,)
and
1K stocn (w1 — ) lluaso, 5,y Sr2lur — walluas o,
can be deduced as above. We define stopping times 7, and 7, by
7 c=1nf {t > 0: ||lujlly, > 2n} A, j=1,2,

and fix w € Q. Without loss of generality, we assume 71 (w) < 7(w). We use the deterministic
Strichartz estimates from Proposition

1 s (1) = Ky (ua) |, SHOn (ually )| x = On(lluzlly) ] * izl e
<[10nlluilly:) (Jun[* n = fua| o) ] 0L

+ [ On([a]ly:) = On(llually:)] o] usl|

By the properties of 6,, and the local Lipschitz estimate of the nonlinearity, we derive

10 (l[unlly.) (Jua | un = fua|*us) ], omz ity S llwl®” fur = Jus|* |, 0D =)

OLa)'

<7 (HulHLq 0,r,Lot1) T HU2HLq on,La+1)) Hul - UzHLq(O,n,LaH)

< (4n)* uy — ual paory,poy < r0(4n)* Hlug — usl|p,
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and
_ 1 _
H0n(lually) = Onlllually )] Tl Mzl Ly o) < - [llur = wally: [us| 1U2HL[,/(0772;L01T+1)
1 a—1
< ﬁHul — sy, l[luz|* w2l e
1 1 «a 1 é a
< Cllur = wallg Uzl oo mizesny < llur = wall s (20)%
We obtain

1K (ur) — Ky (o), S (2% +4%7) r'nHlug — s

Integrating over €2 and collection of the estimates for the other terms leads to
1
K" (ur) — K™ (u2)|lmao,z) S [(2(1 +4°7h) r'n® 42 7“} lur — uz|lme (o, 2,)- (3.7)

Hence, there is a small time » = r(n, «) > 0, such that K™ is a strict contraction in M{(Q2, E,.)
and Banach’s Fixed Point Theorem yields u™! € ML(L, E,) with K" (u}) = u}.

Step 2: We choose r > 0 as in the first step and assume that we have & € N and v} €
ML(, Ey,) with

u, = U(-)uo + Kgui + Ksirarty + Ksoenty,

on the interval [0, kr]. We want to extend u} to [kr, (k + 1)r|. Therefore, we define the opera-
tors

Kiagott) = =i [ 0= ) [0 (1, + 1)) T~ ats)] .

t
Ktoen pu(t) == —iJ{ffr]Bu(t) = —i/ U(t — s)Bu(s)dW*(s)
0
fort € [0,r] and u € M, (2, E;) and
Kiu = U )up(kr) + Kjy u + Ksirartt + Kgoen k, ue M, (Q,E,),

Fkr

and search for a fixed point v}, ; of K}!. The estimates for Ko, and Kocn, 1 are identical to
the initial step. To estimate the deterministic convolution, we take vy, v, € M;kT(Q, E,) and
define the stopping times

1
7; = inf {t >0 (Juple + fos]|e)7 > Qn} At (3.8)
for j = 1,2. We follow the lines of the initial step where we replace u; by v; and 6, (||u;||v,)

by 0, ((HUZ“()]@T + [lv; qY)%) for j = 1,2. We obtain

-1
Hngt,kUl - ngt,kWHEr ST{S (||Ul\|Lq(o,n,La+1) + HU2||Lq(o,n,m+1))cY ||Ul - UzHEr

1
t ~llor = vall .73 02 a0 maspasn

and by

1
sl oo ey = loslly,, < (il + oy, ) =20, =12,
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we conclude

B <7 (4n)" o .73 (2n)°

1
||K§et,kvl - EHUl

a— 1 a
7“5 ((477,) 1 + E (27’L) > ||’U1 — U2||Er~

Since the constant is the same as in the initial step, the definition of » > 0 yields that K7}’ is a
strict contraction on MY, (€, E,.). We call the unique fixed point v}, , and set

") = {u’,;‘(t), t €0, kr],

u
Pt U (t = kr), t e lkr,(k+1)r].
Obviously, uj,, is a continuous F-adapted process with [|u, | z4(0 5,,,) < 0o and therefore

ul € ME(Q, Egoy1y.). Lett € [kr, (k+ 1)r] and define { := ¢ — kr. Then, the definition of K}’
and the mductlon assumption yield

UZH(t) —Uk+1< ) Ky Ukﬂ( ) Ul(t )%(lﬂ") + Kj., kkarl(t) + KStthZH(ﬂ + Kstoch,kvgﬂd)
=U(t)uo + [U( VK gogug (k) + Ko pvi ( )} [ (t) Kstratuy, (kr) + KStratUZH(t)]
+ [U(E>Kstochuk( ) + Kstoch,kvk+1<t)] .

We compute
B kr

U(8) K Gpui (kr) + Ky vy (F) = —iU (F) i U(kr — 5) [0 (||uz

v.) [ ()| ug(s)] ds

Qﬁ

(=5 [0 (g, 1)) e (B) g (5)] ds

Ut —s) [Qn(

Ys) |y (8)]* luk+1<5)} ds

U(t = 8) [0n (g1 i) T (e + 8)[* gy (Rr + 5)] ds

Ut —s) [0 (

=Kt (1),
where we used the substitution s = kr + 5 in the second integral for the last step. Analo-
gously,

v.) [uer (9)]* g (s)] ds

U(t )KStmtuk(’fT) + KStmtvk—i—l( ) KStTatuk+1(t)

U(E)Kstochu;;(kr> + KStoch,kU]:;L+1 (£> = Kstochuz+1(t)7
where one uses (2.4) for the stochastic convolutions. Hence, we get
Uy (1) = Ut)uo + Kgyug 1 (1) + Koot (8) + Kpen 1 () = K up, o ()
fort € [kr, (k + 1)r] and therefore, u},, is a fixed point of K™ in M{(2, E(11),). Let T > 0

and define k := | T + 1|. Then, u" := u} is the process from the assertion.
Step 3: Now, we turn our attention to uniqueness. Let (i, 7) be another local mild solution

of (3.1I). Asin (3.7), we get

||U—u||Mg(Q,ETM) =[|K"(u) — K"(u )”MqQET/\T)
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—1\ .0, a—1 i ~
<C [(20‘4—4“ ) ron® 42 —|—7"] lw — allme(e, 200

§§HU - ’EL”MJ?;(Q,Eq—Ar%

which leads to u(t) = a(t) in M{(Q2, E; ), i.e. w = @ almost surely on {t < 7 Ar}. This can
be iterated to see that u(t) = u(t) almost surely on {t < o} with o}, := 7 A (kr) for k € N.
The assertion follows from o}, — 7 for k — oc. O

In the following two Propositions, we use the results on the truncated equation to
derive existence and uniqueness for the original problem (1.I). The proofs are quite standard
and in the literature, analogous arguments have been used in various contexts for extensions
of wellposedness results from integrable to non-integrable initial values and from globally to
locally Lipschitz nonlinearities, see for example [VNVWO08], Theorem 7.1, [Brz97], Theorem
4.10, and [Sei93], Theorem 1.5.

Proposition 3.3. Let o € (1,1 + 3) and (u"), .y C ML(Q, Er) be the sequence constructed in
Proposition[3.2] For n € N, we define a stopping time T,, by

7, =inf{t € [0,T] : |u"|ly, > n} AT.

Then, the following assertions hold:

a) We have 1,, < 73, almost surely for n < k and u™(t) = u*(t) almost surely on {t < 7,} .
b) The triple (u,, (72),cn » Too) With u(t) := u(t) for t € [0, 7,] and 7o := sup,,cy 7, is a local

mild solution of (1.1)).
Proof. ad a): Define

Thp = inf {t € [0,T] : [[u*[ly, > n} AT.

Then, we have 75, < 7, and 6,,(|[v"|ly;) = 1 = 0,(|u”]ly,) on {t < 71..,} . Hence, (u*,73,) is
a solution of (3.1) and by the uniqueness part of Proposition we obtain u*(t) = u"(t)
almost surely on {t < 7} ,,} . But this leads to 74, = 7, which implies the assertion.

ad b): By part a), u is welldefined up to a null set, where we define v := 0 and 7., = T.
The monotonicity of (7,),.y yields 7, — 7 almost surely. Moreover, u € M{(Q, E,,) by
Proposition[.2]and therefore u € M(Q, Ejg ). From (3.6) and the identity

en(HU Y.) = gn(”un

v,) =1 ason {tA\7,},

we finally obtain

¢ t
u(t) =U(t)uo + / Ut — s) [—iMu(s)]* u(s) 4+ p(u(s))] ds — i/ U(t — s)Bu(s)dW(s)
0 0
almost surely on {¢t < 7,,} foralln € N. O
Proposition 3.4. Let (u1,(0,),c50) » (2, (Tn),cn » T) be local mild solutions to (I.1). Then,
uy (t) = ug(t) as.on{t <oA1},
i.e. the solution of is unique.
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Proof. We fix k,n € N and define a stopping time by
Uiy = 1nf {t € [0,T] : |lurlly, V Juzlly, > n} A og A 7.

Hence, 6,,(||u1]ly,) = On(||u2]ly;) = 1 on {t <14, } and therefore (uy,v},) and (ug, vk,,) are
local mild solutions of (3.1). By the uniqueness part of Proposition we get

uy (t) = ua(t) a.s.on {t < v,},
which yields the assertion, since v} ,, — o A 7 almost surely for n, k — oo. O

We continue with the critical case « = 1 + %.

Proof of Theorem[1.1, b). Step 1. Letv > 0 and ¢ := 2 + %. Then, (¢, ¢) is a Strichartz pair. For
r > 0, we define

Y, := L%(0,r; LY(R%), E, :=C([0,7], *(RY))NY,
and as in the proof of Proposition 3.2, we set
K{u = U(-)uo + Kju + Kgppartt + Kpoent
with the convolution operators from (3.3), and and obtain the estimates

1
|K ullza@m S luolliaesy + @) + (7 +78) o)
and
_ a— 1
HKf(ul) — KT(UQ)HLKI(Q’ET) ,S [(206 + 4° 1) 14 ! +r2 4 7"] Hu1 - UQHLq(Q,ET).

for u, uy,uy € ME(Q, E,). Note that replacing the integer n by v > 0 in the cutoff function
does not change the estimates at all. In fact, the only adaptation compared to the proof of
Propositionis due to 0 := 1 — ¢(1 — a) = 0 in the critical case. Choosing v and r small
enough, we get a unique fixed point u; € M{(Q2, E,) of K7.

By the definition of 6,, the fixed point u; from the first step is a solution of the original
equation, as long as ||u1 || ra(0,;2¢) < v. Hence, the pair (u,, 71) with

71 = inf {t >0: HulHLq(o,t;Lq) > V} AT
is a local mild solution of (1.1).

Step 2. Next, we define the operator
Kyu :=U()ui(m1) + K u+ Ksprat + Kstoen 2t
with
Ktoen2u(t) == —iJig \ Bu(t) := —i/ot U(t — s)Bu(s)dW™(s)
and analogously as above, we derive the estimates
K5 ull Loy S llun (1)l page,re@ay + (20)% + (7" + Té) [l Lo, )
and
1K () = K3 (w)llao s S [ (2 +427) v 78 ] s = wall oo,
for u, uy, ug € Mg, (Q, E,.). We get a unique fixed point iy € M{-, (2, E,) of K% and define
Ty 1= Inf {t >0 : |luzllLane) > 1/} AT
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and 7, := 7, + 7. Analogously to the proof of Proposition one can show using (2.4), that
the pair (uq, 72) with
{U1<t>, t e [0,7’1],
Ug(t = -
u2(t_7-1), t e [7'1,7'2].
defines a local mild solution of (1.1). Iterating this procedure yields a sequence (u,,, 7,,)
and with 7, := sup,,cy 7, and

neN

u(t) == Ly—oyuo + Zun(t)l(%_wn] (t) on{t<7.},

n=1

the triple (u, (7,),,cx » 7o) is a local mild solution in the sense of Definition

Step 3. To show uniqueness, we take two local mild solutions (u1, (1,1),,cy 01) and
(uz2, (02,n),,cn » 02) and define a sequence of stopping times by

py = inf {t €10,01) : [lurlly, = I/} A inf {t € [0,02) : [Juallyv,,, > 1/} A o1 A oy
and
fny1 = inf {t € [tn, 1) : [wlly,,, , = 1/} A inf {t € [tn, 02) : Juzlly,, , > V} Aoy A 0.

The uniqueness from the first step and 6, (||u1]ly,) = 1 = 6,(||uzl]y,) almost surely on
{t <1} yield uy(t) = us(t) almost surely on {t < o1 A o2} N{t < u1}. By an iteration
procedure as above, this can be extended to {t < o1 A ga} N {t < p,,} foralln € N.

In order to show, that y,, — 01 A 03 as n — oo, it is sufficient that for all m € N and almost
allw € Q there is n = n(w) with piy) (W) > 01m(wW) A 02, (w). Assume the opposite, i.e. there
is m € N with

]P)(/Ln < O1,m VAN 02,m Vn € N) > 0.

By the definition of p,1, we get on each interval [uy, fin41] either [[ui[y; > v or

Bnsbnt1]l
[uzllyi,, . ., = v with positive probability. Without loss of generality, we assume that there

is a subsequence (fiy, ) oy With

]P’(HulHy[ >y VkeN> >0

Bngsting 1] —
and therefore
00 q
HUl”Yng Z (; ||u1||qY[unk,unk+1]> -
which contradicts [Ju:|y,, < oo almost surely by u; € Mi(Q2, Ejo0,))-
: O

We close this section with a remark on possible slight generalizations of Theorem [1.1jand
a comment on the transfer of our method to the energy space H*(R?).

Remark 3.5. In the proof of local wellposedness, we did not use the special structure of the
term

o= —

N | —

i B* B, (3.9)
m=1
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In fact, we only used p € £(L*(R?)). But since is motivated by the Stratonovich noise
and will be important for the global existence in the following section, we decided to start
with it from the beginning.

A generalization of the result from Theoremfrorn determistic initial values ug € L*(R?)
to ug € LU(Q, Fo; L?(RY)) is straightforward. By the standard localization technique (see e.g.
[vNVWO8]), a further generalization to Fy-measurable ug : Q — L?(R?) can be done if one
relaxes the condition v € M(Q2, Ey ;) from definition to u € MR(Q, Ep,r)), i.e. uisa
continuous F-adapted process in L?(R?) with

1
T q
sup ||lu(t)||zz + </ ||u(t)H%a+ldt> < 00 a.s.
0

te[0,7]
For the sake of simplicity, we decided to restrict to deterministic initial values.

Remark 3.6. Barbu, Rockner and Zhang, [BRZ16]], and de Bouard and Debussche, [dBDO03],
also applied their strategy to construct solutions also in H*(R?). In contrast to the L*-case, the
pathwise approach has a true advantage here, since it allows to adapt the deterministic fixed
point argument in a ball of L*H' N LIW >+ equipped with the metric from L>L* N LIL*+,
Therefore, [BRZ16] gets wellposedness for all H'-subcritical exponents a € (1,1 + ﬁ).

Of course, it is also possible to deal with the H'-problem with the method from the present
paper, since the deterministic and stochastic Strichartz estimates are also true in H*(R?). In
this way, one can weaken the assumptions on the noise from [BRZ16] significantly to

> lemlfyree < oo (3.10)
m=1

But unfortunately, the use of the truncated equation cannot be combined with two differ-
ent norms for the invariance and the contraction estimate. On the other hand, proving the
g

contraction in the full norm of L*H' N LIW*! requires a restriction to o € (2,1 + 7=57-).

4. GLOBAL WELLPOSEDNESS IN THE SUBCRITICAL CASE

Having established local results, the next goal is to get global wellposedness. The first
ingredient is an estimate of the L?-norm of solutions.

Proposition 4.1. Let « € (1,1 + 3), n € N and u, be the global mild solution of from
Proposition Then, we have

t
Hun(t)Hiz(Rd):HuOH%z(Rd)—2/0 Re (un(s), iBun(s)dW(s)) ., t€[0,T].

almost surely. Moreover, for all p € [1,00), there is a constant D, = D, (T, ||uo||z2) > 0 independent
of n with

E| sup [lun(®)I}:| < Dy. (4.1)
te[0,T]

Note that the estimate for p = 2 previously occured in [BRZ14b|] and in the spe-
cial case of Stratonovich noise with selfadjoint operators B,,, m € N, simplifies to
|wn ()22 = |luol|z2 almost surely for all ¢ € [0,T]. This generalizes the L*-conservation of
the NLS, see [LP14], equation (6.2), to the stochastic setting.
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Proof. Step 1. It is well known that the mild equation is equivalent to

wn(t) =t + /0 [1Aun(s) — A0, ([l

v.)

U (8)* un(s) + p(un(s))] ds — i/ Bu,(s)dW (s)
" 4.2)

almost surely as an equation in H?(R¢). We formally apply Ito’s formula to the Ito process
from and the function M : L?(R?) — R defined by M(v) := |Jv||2,, which is twice
continuously Fréchet-differentiable with

M,[’U]hl =2Re (U, hl)
for v, hy, hy € L?(RY). This yields

M”[’U] [hl, hg] =2Re (hl, hQ)LQ

L2)

I ()11 =lluoll72 + 2/0 Re (un(s),1An(s) = i ([[wnlv. ) M ()| un(s) + p(un(s))) 2ds

t o0 t
_y / Re (un(s), iBun (s)AW(5)) 1o + 3 / | Byt (5)|[22dls (4.3)

0 m=1"0
almost surely in [0, 7] and using the formal identities

(tn, iAun)L2 =0, Re (n, i@n(Hun||y)|un|a_1un)L2 =0,
and

2 Re (un,u Un Z unaB* mun)L2 = _Z HBmunH%%
m=1 =

we obtain the first assertion.

The calculation from above can be made rigorous by a regularization procedure via Yosida
approximations R, := A (v — A)~" for v > 0 and a limit process v — oo using the properties

R, € L(H*(RY), H**2(R)) for s € R and
R,f—f in E, v—>oo, feFE
Rl ey <1 (4.4)
for E = H*(RY), s e R,and £ = LP(R%), 1 < p < .

Step 2. The estimate follows from Step 1 by an application of the Burkholder-Gundy-
Davis inequality to the stochastic integral and a Gronwall type argument. For more details,
we refer the reader to [BRZ14b], Lemma 4.3. Note that they prove only for p = 2, but
one can generalize this by using higher moments in the Burkholder-Gundy-Davis inequality.

U

In order to get global existence, we adapt an argument by de Bouard and Debussche , see
[dBD99], Proposition 4.1, to our setting.

Proposition 4.2. Let a € (1,1+43) and (u™), o be the sequence of solutions to (3.1) from Proposition
B.2and

T i=1nf{t > 0: ||u"]ly; > n} AT, n € N.
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Then, we have

P(U{Tn:T}> =1

neN

In particular, the pair (u, T~ from Proposition [3.3|is a global mild solution of (1.1)).

Proof. First, we recall some notions from the previous section. The exponent ¢ € (2, 00) is
tixed according to

(4.5)

and we set

Y, o= L0, LVRY), B, =Y, nC(0.r], IERY), 5 >0,
Step 1. LetT > 0. As a first step, we want to prove, that there is a constant C' = C/(||ug|| 12, T) >
0 such that

sup Elluy|ly, < C.
neN

We fix n € N and recall that u,, has the representation
U = U( Yo + Kaertin + Kstrattin + Kstoenttn  in LE(Q, C([0,T7, L*(RY)) N L4(0, T; L*H(R?)).

We fix a path w € Q and o,(w) € [0,7] to be chosen later. Let § := 1 — (1 — «). Then,
we apply the deterministic Strichartz inequalities from Proposition 2.2|to estimate K, and
Ksirat (compare the proof of Proposition [3.2) and obtain

[e.e]
lunlly,, < Clluollzz + Copllunllg, + Clalliooniz D I Bulzwe) + 1Kswemtally,,

m=1

< K, + Cod|u, |13 (4.6)
where K, is defined by

Kn = C||un||L°°(O,T;L2) (1 + T Z ||Bm||%(L2)> + ||KStoChun||YT‘

m=1

We conclude

[l 5 a1 (Nunllve, \*
I7nlWon 1 4 Ogf K@ 17l
Kn s 1+ Onfin Kn

Now, the following fact

[0}

Ve >03de; <2,c0>¢1: <1+ = x<¢ Or x>cs 4.7)

2a+1
from elementary calculus yields

”U’nHYan S 2Cl S 2Kn7

if we choose 0, according to Co? K¢~ < 5, which is fulfilled by

0 = C™H (2 Ko 5 AT
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Note that the second alternative in (4.7) can be excluded because of ||u,|ly, = 0 and the
continuity of the map ¢ — ||u,||y;,. Next, we decompose 2 = 2; U 2, with
0= {0 (kg ) <), 0= {2 K T T
Fix w € Q, and define N := | I |. Using the abbreviation
Y = LY(jon, (j + Doy L*T(RY),  j=0,...,N,

we get

Hun”Yj < CHun(jgn)HL? + CUﬁHUnH% + CTHun||L°°(jan,(j+1)0n;L2) Z HBmH%(L?) + HKStochun”Yj

m=1

< Ko + 00 |lual$,

for all j = 0,..., N by analogous estimates as in and thus again |[u,|ly, < 2K,. We
conclude

N
T
lunllyy < ltally, <2(N +1) K, <2 (— + 1) K, <2K,+2TK, "' (48)
. o
=0
Since we have ||u, ||y, < 2K, on (), the estimate holds almost surely. Then, we integrate
over () to obtain

a—1
unllzr @y < 2E [Kn} 1+ 2TE [Kna +1].

~

For the first term, we get

D=

E [Kn] < CEHunHLOO(O,T,B) (1 +T Z “BmH%(L?)) + (EHKStochunH%fT)

1
<D, (1 +TY HBm|r%<L2>) +TID, (Z HBm|r%<L2>) , 49)

m=1 m=1

whereas for the second one, we write

E[K 4 +1] < E|:||un||Loo 0,T;L2 ] -+ E[HKStochUnHYT +1]
and apply Proposition[2.3land Hélder’s inequality in time as well as Proposition [4.1| for

1y +1 +1 a—1,1
HKStOChU’TLHYT :| |:” nHLQ OTLQ):| < T 25 +2E[HunHL§o OTLQ):| S T 20 +2DQT_1+1

Hence, we have proved

sup Elfu |y, < C(ug12, T ). (4.10)
ne

Step 2. Recall 7, := sup,,cy 7. By the definition of 7, and (4.10), we obtain
C

P(r,=T)=P (HunHYGn < n) >1—-—
n
and using the continuity of the measure, we conclude

P(Tm:T)ZlP(U{Tn:T}) =1.

neN
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O

We remark that the proof of the last Proposition heavily relies on § > 0. Therefore, this
strategy cannot be applied to the critical case & = 1 + 3, where we have § = 0. But global
existence cannot be expected in this case, anyway, since there are blow-up examples in the
deterministic setting for the focusing nonlinearity, see [Mer93].
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