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1. Introduction

In 1973 Kobayashi and Maskawa proposed a mechanism which describesCP vi-
olation by introducing an irreducible complex phase in the quark mixing matrix.
They predicted three families of quarks that was confirmed by the later discov-
ery of the b quark. The problem of CP violation can shed light on the problem
of matter-antimatter asymmetry, which is one of the mysteries of modern cos-
mology. Also, B physics and CP violation studies have a potential to measure
parameters of the electroweak interaction and to test the Standard Model. The
studies of CP violation may lead to physics beyond the Standard Model and to
New Physics Phenomena. This brings B physics studies to the level of the most
important objectives in modern high energy physics.

Experiments which are focused on the studies ofB physics are calledB facto-
ries. They are designed to generate a unprecedentedly high amount ofBmesons
and to study their properties. The process e+e− → Υ(4S) → BB̄ is responsi-
ble for generation of B mesons at B factories, and it brings clean physics envi-
ronment in which only final state particles from B decays are registered by the
detector.

The Belle II experiment will be one ofB factories with the highest luminosity
ever achieved. It was developed as an upgrade of its predecessor, the Belle ex-
periment, but with redesigned components and currently being under construc-
tion. The experiment is intended to analyze generated B mesons by combining
measured parameters of the decay products, such as the type of particles in the
final state and their kinematic parameters. The Belle II detector itself can only
provide response signal, generated by the decay products. The task of event
reconstruction is entrusted to the reconstruction software, which processes the
signals from the detector.

Pattern recognition (which is also called tracking in scope of high energy
physics experiments) plays a substantial role in the event reconstruction. It is
intended to provide a sufficient amount of information about charged parti-
cles, created in studied processes, for further physics analyses. As it is a crucial
part of the reconstruction, it should operate with high efficiency. Inefficiency
in tracking leads to losses in the event information, and as a result physics pro-
cesses would be wrongly reconstructed or discarded. In scope of the Belle II ex-
periment, pattern recognition should correctly reconstruct as much as possible
events to preserve collected data, and withing limited computational time since
a large amount of data should be processed.
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2 1. Introduction

An overview of the Belle II experiment is given in chapter 2. Still, the detector
is not deployed, and the first physics run is expected to take place in 2018. Thus,
the Belle II software framework is developed and tested using Monte Carlo sim-
ulated data. The description of the software framework is presented in chapter
3. Most of its features were used to develop the pattern recognition algorithm,
which is discussed in present work.

In chapter 4 a general overview of tracking techniques is given. Chapter 5
contains discussion of one of the tracking detectors of the Belle II , the Cen-
tral Drift Chamber, and algorithms which have been chosen to perform pattern
recognition using its output.

The main matter of the current work is given in chapters 6 and 7, where the
essential features of the developed tracking algorithm and its performance are
presented. The algorithm is based on the track segment recognition technique
introduced by the ATLAS experiment [1], where Legendre transformation is
used to find patterns of hits which are sharing the common tangent. The fea-
sibility of the method for purposes of the Belle II tracking has been tested in
work [2] and proved that Legendre based tracking is capable to efficiently re-
construct tracks with low execution time. The current work is a continuation
of the former development, aimed to improve the capability of the algorithm to
reconstruct generic BB̄ decays. Variuos features have been introduced to cover
a wide range of the kimematic parameters of tracks of different types. The per-
formance of the method was studied in comparison to the Belle tracking. Also,
the stability of the pattern recognition was tested in conditions of high beam
induced backround levels.



2. The Belle II Experiment

The Belle II experiment will be a successor of the Belle experiment, with re-
worked hardware and software. It was developed to fulfill challenging physics
goals, which are setting high requirements on its components performance.

One of the features of the experiment is that it operates at the electron-
positron acceleration ring with asymmetric beam energies. The asymmetric
energy beams and detector configuration has been chosen to enhance CP vi-
olation studies. Due to momentum conservation in e+e− interaction, the rest
frame of created B-mesons is boosted toward direction of the high energy ring.
This configuration gives an opportunity to measure decay length of boosted B
mesons. Thus, the Belle II detector will be equipped with a high-end vertexing
detector, which will allow to perform accurate measurements of the decay po-
sition. On the other hand, the whole tracking system of the detector will bring
a possibility to reconstruct particles trajectories precisely and, as result, restore
the information about the physics events.

In this chapter an overview of physics goals and experimental setup will be
given.

2.1. Physics Goals at Belle II

The Belle II experiment is designed to study rare processes, many of which were
detected at the predecessor experiment, namely Belle, but with much higher
sensitivity. The physics program of the experiment also includes the yet not ob-
served processes, but which may be detected with the Belle II sensitivity. Vari-
ous New Physics phenomena are expected to be studied, such as lepton flavor
violation, as well as the precise measurements of the SM processes.

Physics Achievements at Belle experiment

Among the various achievements of the Belle experiment there are following
important scientific results [3]:

• The observation of mixing induced time-dependent CP -violation in the
system of neutral B mesons and a measurement of the standard model
CP violation parameter sin 2φ1 through the analysis of the B0 → J/ψK0

decay [4].

3



4 2. The Belle II Experiment

• The evidence of time-dependent CP -violation in B0 → π+π− decays and
the measurement of the φ2 angle [5].

• Measurement of time-dependentCP -violation in the penguin-dominated
modes B0 → φKS , K+K−KS and ηKS and determination of the devi-
ation of sin 2φ1 from the measurement in tree-dominated B0 → J/ψK0

decays [6]. The discrepancy is statistically limited, so larger dataset of the
Belle II experiment will allow to distinguish the presence of NP effects.

• The discovery of the X(3872) resonance [7].
• The detection of direct CP -violations in B decays to π+π− and K+π− [8,

9], and prove of difference of DCPV in B+ → K+π− and B0 → K+π−

decays [10].
• The determination of the φ3 angle using time independent measurement

of the Dalitz distribution in B → D(∗)K decays [11].
• The measurement of time-dependent CP -violation in B0 → K0

sπ
0γ [12].

• The first observation of pure leptonic decay B− → τ−ν̄τ [13].
• Evidence for the phenomenon of mixing in the system of neutral charmed

meson D0 [14].
• The measurement of the rare B → K∗`+`− penguin decays [15].

Examples of the Belle II Physics Program

Belle II has a broad range of physical processes to study. Expected physical
performance would be complementary to other HEP experiments, providing
valuable amount of information to build a complete picture of nature. In the
following part of the section, short overview of the main physics reach at Belle
II is given [16, 3, 17].

b→ sss decays

The measured value of sin 2φ1 slightly differs for B → φKS and B → J/ψK0

decays, ∆S = sin 2φφKS
1 − sin 2φ

J/ψK0

1 = 0.22 ± 0.17. The SM and possible New
Physics (NP) loop process of b → sss is shown in Fig. 2.1 (left diagram). The
decay time distribution of both decays is sensitive to the sin 2φ1 and can explain
∆S corrections at the lower scale. NP particles can contribute in the B → φKS

as shown in Fig. 2.1 (right diagram) and change ∆S expectations.

B → K(∗)νν decays

In the Standard Model b → sνν decay proceeds at the one-loop level through
penguin and box diagrams. The theoretical predictions for this decay are accu-
rate due to the presence of the leptons without charge in the final state. The
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Figure 2.1.: The SM contribution (left) and the gluino-down squark contribution
(right) to the b→ sss decay [3]

inclusive branching fraction is estimated to be 4 × 105 for the sum of three
neutrino flavors, whereas the exclusive branching fractions are predicted to be
Br (B− → K−νν) ≈ 4× 106. However, it’s a challenging task to reconstruct this
decay since neutrinos are undetectable particles for the Belle II detector.

B → τν decay

First evidence of the B → τν decay was found at Belle. Br(B → τν) can be
suppressed or enhanced by the physics beyond the SM. This mode is challeng-
ing to measure due to the presence of ν in final state. Precise determination of
Br(B → τν) can help to measure |Vub| precisely and lead to NP effects.

b→ sγ decays

Radiative B → sγ decays can be used for search for the non-SM right-handed
photons. If the photon helicity is mixed, the photon has an elliptical polariza-
tion. In NP models the right-handed currents are not suppressed and can show
significant CP -asymmetry.

B → Kπ decays

The main processes underlying B → Kπ decays are the same for charged and
neutral B mesons, resulting in the equal expected asymmetries AK

+π0

CP and
AK

+π−
CP . However, a precise measurement by Belle showed difference ∆A =

AK
+π0

CP − AK+π−
CP = 0.164± 0.035± 0.013. The difference could be due to the ne-

glected contributions to charged B meson decays or to NP effect which violates
isospin.
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Figure 2.2.: Tree (a) and penguin (b) diagrams contributing to the B → Kπ de-
cay [10]

LER (positron beam) HER (electron beam)
Beam energy (GeV) 4.0 7.007
Beam Current (mA) 3.60 2.60
Number of bunches 2500
Half crossing angle (mrad) 41.5

Table 2.1.: Characteristics of the electron and positron beams.

τ → µγ decays

Lepton flavor violation detection in τ decays is the one of the most important
goals of the Belle II experiment. Lepton flavor conservation in the SM is as-
sociated with the massless neutrinos. Observation of the neutrino oscillations
imply the mixing of the lepton flavors, which is violating the lepton flavor con-
servation. Some extensions of the Standard Model predict enhanced lepton-
flavor-violating decays with the Br (τ → µγ) ≈ 10−8 [18, 19]. Belle II sensitivity
should allow to observe or to provide evidence of this effect, even with the high
physics background levels.

2.2. SuperKEKB Accelerator Facility

SuperKEKB is a two-ring, asymmetric energy electron-positron collider, with
the center-of-mass energy corresponding to the mass of the Υ(4S) resonance,
which most likely decays into pair of B-mesons. The positron low energy ring
(LER) and the electron high energy ring (HER) cross at one point, called the
interaction point (IP), where electrons and positrons collide. The Belle II detec-
tor surrounds the interaction region, detecting products of the e−e+ interaction.
The main characteristics of the HER and LER are provided in Table 2.1.
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2.2.1. Luminosity

To achieve the desired precision of the measurements and to achieve the physics
goals described in Sec. 2.1, more data should be collected compared to the Belle
experiment. The Belle II experiment is designed to operate at an instant lumi-
nosity of 8× 1035 cm−2s−1, which is 40 times higher compared to the luminosity
of the Belle experiment.

The luminosity of the accelerator can be written as [20]

L =
1

2ere

(
γ±Iξy
β∗y

)
±

(
RL
Ry

)
, (2.1)

where re is the classical electron radius, γ± is the Lorenz factor, I is the beam
current, β∗y is the vertical beta function at the IP, RL, Ry are the geometrical
reduction factors, determined by bunch length, beta functions at the IP and the
crossing angle, ξy is the vertical beam-beam tune shift parameter [20], which
characterizes the magnitude of the beam-beam interaction.

The SuperKEKB accelerator facility is an upgrade of its predecessor, namely
KEKB accelerator. Main difference is the implementation of the “Nano-Beam”
scheme [21] which leads to increasing in luminosity due to the minimizing the
longitudinal overlapping of the beams by shortening β∗y . Schematic view of the
beams collision can be found in Fig. 2.3

2.2.2. Beam Induced Background

Due to the high current of the beams and the small interaction region, beam-
induced background of the Belle II experiment will be 10 times larger than in
the Belle experiment. Tracking performance and, as result, physics performance
are strongly depend on the beam background level and on the occupancy of the
detector. Possible sources of the beam-induced background include upstream
synchrotron radiation (SR), backscattering of SR from downstream, scattering
of the beam on residual gas, Touschek scattering, radiative Bhabha scattering,
electron-positron pair production.

Figure 2.3.: Schematic view of the beam crossing in the nanobeam scheme.
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Synchrotron Radiation (Upstream and Downstream)

Synchrotron radiation from the HER depends on the current of the beam, beam
optics configuration, and geometry of the interaction region. For SR from up-
stream there are no direct hits expected. SR from downstream appears when
outgoing beams pass beam focusing magnet, called quadrupole. In the case
of SuperKEKB, each ingoing and outgoing beam has its own quadrupole and
beam orbits are on center in the magnets. Therefore SR level is much lower than
in KEKB case.

Beam-Gas Scattering

Beam-gas scattering (bremsstrahlung and Coulomb scattering) leads to changes
in the momentum of beam particles, which then interact with the beam pipe or
magnets, producing secondary particles. This is one of the major source of the
beam-induced background, and it depends on the beam current, the vacuum
level in the beam-pipe, and strength of the magnetic field in the focusing mag-
nets.

Touschek Scattering

Touschek scattering is an intra-bunch scattering, which changes the momenta
of the beam particles. This effect also leads to interaction of scattered parti-
cles with the beam-pipe and production of secondary particles. This source of
the beam-induced background is proportional to the beam current, number of
bunches, and the inverse of the beam size. Taking into account parameters of
the beams, Touschek scattering brings major contribution to the beam-induced
background. The main source of the Touschek scattering is the low energy
ring.

Radiative Bhabha Scattering

The radiative Bhabha scattering rate is proportional to the luminosity. Pho-
tons, produced in this process, interact with the magnets and produce neutrons,
which are the main background source of the KL and µ detector. Compared to
KEKB, the contribution of this process to the beam-induced background is sig-
nificantly decreased.

Electron-Positron Pair Production via Two Photon Process

Electron-positron pairs, which are produced via the two-photon process e+e− →
e+e−e+e−, have very low momentum and cause high occupancy in the inner-
most PXD layer. It has been estimated [3] that there are 900 to 14000 e+e− pairs
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Figure 2.4.: The Belle II spectrometer design (y − z cross section)

in each event will affect the first layer of PXD, resulting in an occupancy up to
1.5%.

2.3. The Belle II Spectrometer

The Belle II detector is a general purpose symmetric spectrometer, which is de-
signed to operate at SuperKEKB and will be an upgrade of the Belle spectrom-
eter. Fig. 2.4 shows configuration and components of the Belle II detector. To
handle the increased luminosity and beam background level many components
of the Belle detector will be replaced.

The Belle II coordinate system has been chosen in the following way [22]: the
z axis corresponds to the Belle II solenoid axis, and the reference point corre-
sponds to the interaction region. The x axis is horizontal outward of the accel-
erator ring. The y axis is vertical upward.

The detector consists of the following subdetector:
• Pixel Detector (PXD)
• Silicon Vertex Detector (SVD)
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• Central Drift Chamber (CDC)
• Particle Identification Detector (PID)
• Electromagnetic calorimeter (ECL)
• KL and µ Detector (KLM)
• Superconducting magnet
Description of the individual detector components is presented in the next

sections. Detailed information about Belle II detector and its subsystems can be
found in [3].

2.3.1. Tracking System

The tracking system consists of PXD, SVD and CDC subsystems. It designed
in the way to provide sufficient amount of information about detected physi-
cal event, namely information about charged particles. It includes momentum
estimation, energy losses and production vertex.

The Belle II spectrometer is placed inside of the superconducting solenoid,
which generates magnetic field of B = 1.5 T. Charged particles with the veloc-
ity v in the magnetic field B experience the Lorenz force, which transforms its
straight propagation trajectory into helical one with a radius

r =
m

|q|
v sin θ

B
, (2.2)

where m and q are the mass and the charge of the particle respectively, θ is the
angle between B and v.

Pixel Detector

The PXD system is developed for the precise vertex reconstruction of B-meson
decays, as well as for handling high beam background rates. The pixel detector
based on DEPFET (Depleted Field Effect Transistor) technology, which allows
for thin sensors of 50 µm thickness. The DEPFET is a semiconductor detector
concept which combines detection and amplification components in one device.
The readout electronics is placed outside of the acceptance region so this leads
to a decreased material budget.

The PXD consists of two layers of sensors (Fig. 2.5), with radii of 14 mm and
22 mm. The inner layer consists of 8 sensors, and outer layer of 12 sensors.
Sensitive areas of each of the layer depends on the required angular acceptance
of the tracker.

The high background occupancy of the detector results in a high amount of
output. The information from the outer tracking systems is used to reduce the
volume of the transfered and stored PXD data.



2.3. The Belle II Spectrometer 11

Figure 2.5.: The layout of the PXD sensors [3]

Figure 2.6.: The layout of the SVD detector [3]

Silicon Vertex Detector

The main purpose of the SVD is to provide information for the vertex recon-
struction. It covers the full Belle II tracking acceptance region (17° < θ < 150°),
with the inner radius of 38 mm and the outer radius of 140 mm. In combination
with the PXD, it is able to reconstruct low − pt tracks, which are important for
the efficient reconstruction of the D∗ daughters.

The SVD consists of four layers of a double-sided silicon strip detectors. Prin-
cipal scheme of the detector is shown in Fig. 2.6.

Central Drift Chamber

The CDC detector is used for a detection of the charged particles by the recon-
struction of hits patterns, which the particle left in the detector. It plays three
important roles:

• determination of the particle trajectory and its momentum
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Figure 2.7.: Overview of TOP counter [3]

• measurement of the energy losses in the gas volume as part of particle
identification process

• providing the trigger information on the charged particles
More detailed description of the CDC is given is Sec. 5.1.

2.3.2. Particle Identification

Particle Identification system (PID) is developed to fulfill needs of particle type
identification. It consists of two parts:

• Time-of-Propagation counter (TOP) in the barel region.
• Aerogel Ring-Imaging Cherenkov detector (ARICH) in the forward end-

cap region.

TOP Counter

Overview of TOP counter is shown in Fig. 2.7. The radiator consists of a long
quartz bar for radiation of the photons and for propagation them to the bar end,
a spherical mirror on the forward end to focus the light, and a prism at the back-
ward end to allow Cherenkov ring image to expand before the detection. The
Cherenkov image is reconstructed using two coordinates (x; y) and precise tim-
ing provided by photomultipliers. The array of radiators consists of 16 modules
and surrounds outer wall of the CDC.

ARICH detector

ARCIH detector (Fig. 2.8) is developed to provide a separation between K and
π particles at the whole pt scpectrum, and for π, µ and e below 1 GeV/c. The
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Figure 2.8.: Overview of ARICH detector [3]

ARCIH consists of the following elements: an aerogel radiator, which produces
Cherenkov photons; an expansion volume which allows to form light rings; an
array of position sensitive photon detectors, which are able to detect single pho-
tons with a good resolution.

2.3.3. Electromagnetic Calorimeter

The ECL is a high resolution electromagnetic calorimeter, which is able to detect
neutral particles in a wide energy range from 20 MeV up to 4 GeV. It is build
of CsI(Tl) scintilation crystals, which have a high light output, a short radiation
length and a good mechanical properties. The ECL consists of a barrel and en-
cap sections and covers the polar angle region of 12° < θ < 155°. The barrel
part consists of 6624 crystals (with an average cross section of 6×6 cm2) and the
endcap consists of 2112 crystals.

2.3.4. KL and µ detector

The KL and µ (KLM) detector is the outermost part of the Belle II spectrometer,
placed outside of the superconducting solenoid. It consists of the alternating
sandwich of iron plates and active detector elements, based on a glass-electrode
resistive plate chambers. The KLM (barrel and endcap parts) covers polar angle
region of 20° < θ < 155°.

Muons and charged hadrons, that decay in flight or do not interact hadron-
ically, with pt higher 0.6 GeV/c travel through the detector until they escape.
KL mesons interact with ECL or KLM systems and produce a hadronic shower
which can be registered in either one of the subsystems or both.
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2.3.5. Triggers System

The trigger system consists of sub-trigger systems and final decision logic. Sub-
trigger systems summarize information from its components and provide it to
the final decision logic which makes decision on the processed event. The to-
tal latency in the trigger system is about 5 µs. Each component is developed
on Field Programmable Gates Array (FPGA), wich allows to easily re-configure
trigger logic [3].

The following trigger sub-systems are present in Belle II:
• CDC sub-trigger - provides information about charged particles trajecto-

ries
• ECL sub-trigger - gives energy deposit information and Bhabha process

identification (for the luminosity measurement)
• Barrel and Endcap PID sub-triggers - provide precise timing and hit topol-

ogy information
• KLM sub-trigger - gives muon track information

2.3.6. Data Aquisition System

The main task of the Data Aquisition System (DAQ) is to read out signals from
the detector upon trigger signal is received from the trigger system. The system
processes read out data and provides it to the storage system. The DAQ system
is challenged to operate at high event rates, and as result to have low processing
time. Fig. 2.9 shows the global design of the Belle II DAQ system.
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Figure 2.9.: Overview of DAQ concept [3]





3. The Software Framework

Modern high energy physics experiments are fully operated by automated
software. To preserve and process large amounts of data, experiment-specific
frameworks are developed. These include tools to operate the trigger system,
to collect data from the detector and store it for the further processing, data
processing such as reconstruction of physical events, tools for data analysis and
Monte Carlo simulation. In this chapter, the organization of the Belle II software
framework will be discussed.

3.1. Belle II Analysis Software Framework

The Belle II experiment inherits the best software development experiences
from its predecessor, the Belle experiment, as well as concepts of software frame-
works of other HEP experiments, such as CDF, ALICE, LHCb [23, 24]. It has
been decided to develop an independent framework, called Belle II Analysis
Software Framework (BASF2), rather than adopt the Belle Analysis Framework
(BASF) to the needs of the Belle II . The BASF2 framework is organized in a mod-
ular way, which brings the possibility to reuse parts of the code at the different
stages of data flow, such as high-level triggers, offline reconstruction and data
analyses.

BASF2 uses external libraries to extend the functionality of the framework,
e.g.:

ROOT ROOT [25] is the software framework being developed for data
processing, statistical analyses and data storage, and it is widely
used in HEP experiments. The latest version (ROOT ver. 6) is used
in BASF2.

Geant4 Geant4 [26] is a toolkit for the simulation of particle interaction
with matter.

Boost Boost is a set of C++ libraries (e.g algorithms, containers, iter-
ators, concurrent programming etc), providing functionality to
solve various programming tasks.

Google Test For the code testing purposes, the Google Test framework [27] is
integrated into BASF2.

Generators EvtGen [28], Pythia [29], Photos [30], Tauola [31] and Phokhara [32]

17
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Figure 3.1.: BASF2 subsystem organization [24]

are packages to performe simulation of particles decay processes.
Eigen Eigen is used to perform linear algebra calculations.

NeuroBayes NeuroBayes [33] is an neural network package to perform multi-
variate analysis of correlated data.

RAVE RAVE [34] is a toolkit for reconstruction and fitting of the interac-
tion vertices.

Millepede II Millepede II [35] is a package for linear least squares fits with a
large number of parameters.

The code basis (libraries and modules) of BASF2 is written in C++, with the
standard C++11 [36]. To compile the environment, the SCons [37] software
construction tool is used. In general, the build is configured via configuration
scripts, written in Python, and performed using the GCC compiler. The com-
pilation results in libraries, that provide functionality, and modules, which use
libraries to fulfill specific tasks [24]. With such organization of the framework
it is possible to reuse the same algorithms to solve different tasks during the
whole data processing chain.

Fig. 3.1 shows the organization of BASF2 framework. The execution is per-
formed and configured with a steering file, written in Python, in which the ex-
ecution order, the so-called path, is specified. It is possible to define the list of
modules to execute, their configuration and the order of the defined modules.
Each module can be configured via a module-specific set of parameters to carry
out the assigned task. Data exchange between separate modules is performed
via a DataStore interface, which plays the role of a common storage and can be
accessed within each module. Collections of entries in DataStore have unique
names for identification, and are being created by the modules. Also, it is pos-
sible to associate the objects among various collections by relations interfaces,
which allow to store and retrieve connections between objects (e.g CDCHit→
RecoTrack).
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The Code Management

The whole code basis of BASF2 framework is managed by the Subversion (SVN)
[38] revision control system. The main advantages of using SVN consist in its
client-server architecture, the storage of the full history of changes in the central
repository (located on KEK Computing Center servers), the possibility to cre-
ate branches and the 2-dimensional organization of the repository filesystem
(beside of the folder structure, it is possible to trace back modification of files).
Files from the central repository can be duplicated as local copies and modi-
fied. Modifications on the client side can be fixed and transfered back to the
repository as commits and distributed among other users. On the user side it is
possible to use the git svn interface to use Git [39] as a client of SVN server.
This tool allows to benefit from all features of the Git revision control system
throughout the code development process.

Proving of the Code Quality

In order to ensure the quality and performance of the BASF2 code, regression
tests with the validation framework, unit tests and integration tests are estab-
lished within the framework; also, to keep the same coding convention for the
whole framework, cppcheck and checkstyle utilities are available. These tools
can be launched within the local installation of BASF2 to check the performance
before committing the code to the official repository. Beside of that, nightly in-
tegration tests on the KEK computing servers are performed to show the status
of the official code in the central SVN repository. Development (nightly) builds
can point out compilation failures on various systems, failed unit tests, miss-
ing documentation, memory leaks in the software and changes in algorithms’
performance.

The validation framework has been developed to reveal changes in the per-
formance of the code. This is done by comparison of quantities, that character-
ize the functionality or the output itself of the algorithms, across various ver-
sions (revisions) of the code with the reference value. To check for deviations
from the reference, χ2 and p-value tests are performed. If significant deviation
is present, the validation system notifies about it by producing warning or er-
ror messages, depending on the significance. To perform libraries and modules
testing, validation-compatible Python and C scripts are created for each part of
the BASF2 framework. The general validation flow is shown in Fig. 3.2. The
execution of the validation scripts results in plots, which are being compared.
Comparison is done via a web interface, which has two modes: static HTML,
and Interactive Web Server. Also, to isolate the revision, in which changes in the
validation results appear, the application of the git bisect utility has been
adopted to the validation framework. It simplifies searches for commits, which
introduce degradation of the code performance.
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Figure 3.2.: Validation system structure, taken from the BASF2 software por-
tal [40]

Unit tests are developed to verify the behavior of the algorithms and to check
that it works as expected. Testing cases imply standard conditions of the algo-
rithm execution as well as limitary cases. Execution of the unit tests results in
succeeded or failed test.

3.2. Computing Model

The Belle II computing system has to handle an amount of raw data in the order
of 1010 events per year. This requires to process data without any delay and store
it with the data acquisition system. The Belle II computing model is established
to fulfill such high demanding computing tasks as raw data collection, recon-
struction of physical events for the analyses, Monte-Carlo production, and data
preservation. Each of the tasks relies on the performance of different comput-
ing systems, such as data acquisition systems, computational power and data
transfer bandwidth.

To meet all requirements of the Belle II computing model, distributed com-
puting is adopted [41], based on gLite [42]. It allows to sufficiently increase
computing resources by using of computational power of facilities of the mem-
bers of the Belle II collaboration. Moreover, processed data will be distributed
among members of the collaboration for ease access and as backup.

To store data, there are three data formats defined: DST files, which contains
all output information after the event reconstruction; mini-DST (mDST) files,
in which analysis-relevant information is stored (e.g. tracks, particles identifica-
tion, vertexes, calorimeter clusters); micro-DST (µDST) files, which are reduced
mDST files, containing only ntuples for specific analyses. All data are stored in
ROOT files.
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Figure 3.3.: The Belle II computing model [3]

The Belle II computing model has a tiered structure (Fig. 3.3). It includes
data centers to store raw data, regional data centers to store processed data,
sites which provide computational resources for Monte-Carlo production, and
local resources. In the raw data centers, the data from the detector is stored and
processed. The KEK Data Center plays the role of the main raw data center,
storing all raw data and producing DST and mDST files. A copy of the raw data
will be transferred to the Pacific Northwest National Laboratory (PNNL) and
will be partially processed to produce mDST files. Afterwards, the produced
mDST files will be distributed to regional data centers. Also, Monte Carlo data
samples, with simulated events of e+e− collisions, are produced at regional data
centers and Monte Carlo production sites. It’s volume should be in the order of
6 times higher than the data collected by the detector to decrease systematic
uncertainties. The data analysis will be performed on local facilities, clusters,
using grid and cloud computing.

3.2.1. Cloud and Grid Computing

Grid computing is a large-scale distributed system, which provides computa-
tional resources for high performance computing. It consists of a system of het-
erogeneous clusters, linked together with a network, each of them performing
a part of the task, given to the whole system. Thus, grid computing provides
users with a significant computational power. To fulfill requirements for a de-
manded computational power, cloud computing has been integrated into the
Belle II computing model. It allows to increase computational resources, in case
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grid and on-site computing are not able to completely fulfill the requirements,
by buying computing time from commercial vendors. Integration of grid, cloud
computing and local resources are done basing on the DIRAC framework, allow-
ing to use all three possibilities simultaneously [43].

3.3. Reconstruction

After the data are stored, the reconstruction is performed by the offline software
(namely the BASF2 framework) which store it in the mDST format, preparing it
for the further analyses. Reconstruction starts with the gathering of low-level in-
formation about the events being reconstructed, and ends up with the physics-
related information (such as particles being created in the physical process, de-
cay vertexes and kinematics of the event). The reconstruction chain involves a
lot of BASF2 modules, each of them performing subset of reconstruction tasks.
In most cases, the output of the reconstruction modules is used as input for the
next modules in the chain, and/or stored to the mDST files.

There are several major steps in the reconstruction chain:
• finding of track candidates;
• track fitting and vertex reconstruction;
• dE/dx and particle type hypothesis determination;
• reconstruction of the ECL clusters;
• K0 and µ reconstruction;
• preparation of mDST output.
Track candidates are reconstructed using hits’ information.Track finding is

performed separately in CDC and VXD subdetectors, with merging of match-
ing tracks afterwards. A discussion on the CDC track finding will be given in
Sec. 5.2. The VXD track finder searches for tracks by combining PXD and SVD
hits produced in the event. It uses a SectorMap and a Cellular Automaton to de-
fine track candidates, with further candidate fitting and application of a neural
network of Hopfield type to ensure the quality of the candidates [44]. CDC and
VXD track candidates are fitted with GENFIT 4.2, which calculates the kine-
matic parameters. Merging of the candidates proceeds with extrapolation of
trajectories (i.e, CDC track candidates are extrapolated into the VXD volume
and vice versa) and finding of complementary tracks. Matched tracks are com-
bined into a single candidate and fitted again. Afterwards, pairs of positive and
negative tracks are fitted to determine decay vertexes of neutral particles.

After the track reconstruction, modules to determine dE/dx and the particle
type are inserted into the reconstruction chain. The dE/dx information is ex-
tracted out of the fit results, and corrected by the individual interactions (hits)
of the track with the material [45]. It is possible to build likelihood function
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for particle type hypothesis using dE/dx information. It allows to determine
the type of the low-momentum particles which do not reach PID systems of the
detector (ARICH and TOP). To use ARICH and TOP subdetectors hits for par-
ticle identification, trajectories of the tracks are extrapolated in their volumes
and matching hits are associated with the tracks. The particle type hypothesis
is defined with likelihood functions, which give the probability that the track
was created by a particle of the given type.

Reconstruction of the ECL cluster is done via a chain of modules, that per-
form clustering of the activated crystals, determine the shape and parameters
of the showers, correct measured energy using calibration data, match clusters
to reconstructed tracks (in case it is feasible), and perform e± identification. Re-
construction and selection of the clusters is configured by various criteria, such
as total energy of the cluster, highest energy of the individual cell in the cluster,
timing information etc.

Reconstructed events are stored in the ROOT files in mDST format for fur-
ther skimming and physics analyses. All irrelevant information, such as hits or
intermediate data structures, is omitted in the storage process.

3.3.1. Geometry

Almost every module in the reconstruction chain needs geometrical parameters
of the Belle II detector to perform a correct reconstruction of events. This means
that all technical details of the subdetectors as well as its placement should be
stored in the same database, and easily accessible by reconstruction or simula-
tion algorithms. Simulation depends on the geometry description as it should
reproduce reliable results, identical to the signal from the detector. During the
reconstruction process, the positions of the each part of the detector should be
precisely known. This is a critical point especially for the tracking algorithms,
since they rely on geometrical positions of the hits. To fulfill these requirements,
the position information of the subdetectors is updated with the time to take
into account deformations of the detector. Large changes can be registered by
measuring the relative position of the detector components, but relatively small
variations can only be detected by the alignment software.

Alignment is a crucial part of the tracking software. Its task is to detect in-
consistencies between the “real” detector geometry and the stored description,
especially displacement of the VXD sensors. Alignment for the Belle II detec-
tor is based on the Millepede II package, which performs linear least squares fit
and minimizes the systematical deviations of hit positions against reconstructed
track trajectories. As result of such minimization, geometrical correction factors
are calculated and reconstruction can be performed with the updated detector
geometry.
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3.4. Simulation

All reconstruction modules are being tested using simulated events to test the
performance and reliability of the algorithms. The main purpose of the simula-
tion is to reproduce physics events and the detector response.It includes various
tools:

• generators
• detector simulation package
• digitization tools

3.4.1. Generators

Generators are used for the reproduction of physical processes occurring in the
e+e− collisions, such as decays of B mesons or beam background production.
They generate lists of parameters of particles in the final state based on the cur-
rent knowledge about physics processes.

EvtGen [28] is used for B-mesons decay simulation as it provides reliable re-
sults and has been used by the Belle experiment, and tested over the years by
other collaborations. It provides the possibility to generate inclusive B meson
decay modes as well as specific user-defined modes. To introduce radiative cor-
rections to the decays, the PHOTOS [30] generator is used. Continuum pro-
cesses are generated by Pythia8 [29] and EvtGen. The PHOKHARA [32] gen-
erator performs the simulation of electron-positron annihilation into hadrons
with high order radiative corrections. In order to generate single particles in
the event, a particle gun generator is implemented within BASF2. It allows to
set the specific kinematic configuration of the generated particles to cover wide
spectrum of the technical tasks.

3.4.2. Detector Simulation

The detector simulation within the BASF2 framework is done by the GEANT4
package. It uses the geometry database to simulate sensitive detector parts and
uses generated particles information as input. GEANT4 simulates interaction of
final state particles (primary particles) with the detector material, producing the
expected detector response to those interactions. It results consist of simulated
hits and secondary particles. To provide the correct detector response to the
simulated hits, digitization modules are used.

Digitization process is different for each of the detector components due to
the different hit and signal formation processes. Each subdetector has its own
digitization module, which takes into account all detector-specific processes,
e.g. collecting of ions in the CDC volume by sensible wires in presence of the
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magnetic field (detailed description is given is Sec. 5.1). The digitization results
in the simulated data, having the same format as a raw data, which can be used
in the reconstruction chain.





4. Overview of Tracking
Approaches and Algorithms

Together with the development of high energy physics experiments, pattern
recognition techniques were evolved and improved. The tracking algorithms
play a crucial role in studies at high energy physics experiment, as they are
intended to reconstruct products of the reactions being studied at the experi-
ment.

The general tasks of the tracking algorithms could be classified as:
• finding of patterns of hits, which are likely created by the same particle
• determination of the trajectories and parameters of the tracks
• providing of the information about event to other parts of the reconstruc-

tion chain
Tracking algorithms vary upon the tasks they are designed to resolve. For

example, in modern online trigger systems which are strongly dependent on
the execution time, a tracking part of the reconstruction intended to determine
a number of track and roughly estimate their parameters, while offline tracking
algorithms are designed for the accurate reconstruction of the hits pattern and
precise determination of the tracks’ kinematic parameters.

It’s possible to split tracking tasks into two subsets: pattern recognition and
fitting, each of them designed to solve a specific set of tasks. The goal of the pat-
tern recognition is to reconstruct patterns of hits, track trajectories and roughly
estimate track parameters. Then, based on results of the pattern recognition,
filter-based fitting procedures determine track parameters with precision level,
which is sufficient for physic analyses. Usually, a pattern recognition and a fit-
ting are designed as independent algorithms, but in some tracking approaches
(such as elastic arm approach [46]) they are combined and performed simulta-
neously.

In this chapter an overview of different pattern recognition methods will be
given. Each approach has its own strengths, and can efficiently perform for a
specific set of tracking tasks.

27
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4.1. Pattern recognition approaches

The pattern recognition algorithms and approaches could be divided into two
groups: local tracking approaches and global tracking approaches, and each of
them has its own distinguishable features. While the main goal of all pattern re-
construction algorithms are mostly the same, the methods of the track detection
are different.

The local tracking approach rely on short-range correlations between hits
while performing the track reconstruction. These correlations in general imply
mutual disposition of hits and their agreement with the local track model. The
global tracking approach implies recognition of patterns of hits left by charged
particles in the whole event, and rely on the long range correlations among hits
and their agreement with the track model. All hits are simultaneously treated
in the same way, independently on hits ordering and direction of the track. The
local tracking approaches are able to take into account multiple scattering, but
weaken in case of missing hits or high local hits density, while the global track-
ing approaches may operate with decreased hit efficiency, but weaken in case
of tracks that deviate out of the track model.

4.1.1. Local Tracking Approaches

The local pattern recognition is often called track following [47], since most of
the methods are based on the propagation of the trajectories through the de-
tector volume and assignment of consistent hits. It is essential to define a track
model that can be employed during extrapolation and for track parameter de-
termination. In this case, initial track parameters should be defined and treated
as seeds for the local track finding procedure to set the starting point of hit fol-
lowing.

Seed parameters are usually defined by combining subset of hits. There are
various approaches how to perform seed determination, each of them has its
own benefits. For example, in outward-inward tracking algorithms, neighbor-
ing hits from the last and the penultimate layers are combined into pairs (or
triplets) to determine the direction of trajectory propagation. But with this ap-
proach parameters of the initial trajectory have a large uncertainty.

Naive Track Following

Different approaches of hit assignment during the track following can be ap-
plied. The basic one is the Naive Track Following, where track is extrapolated
through the detector volume and hits along its expected trajectory are assigned.
However this approach gives ambiguous results in case of high hits density and
overlapping tracks. To solve the problem of uncertain hit assignment combina-



4.1. Pattern recognition approaches 29

torial track following could be applied. It involve branching of the track evolu-
tion in cases of multiple choices of the track continuation.

The Hopfield Model and the Denby-Peterson Method

A neural network approach can be successfully used to solve the problems of the
pattern recognition. In this approach, network is represented as net of neurons
which interact with each other. In the Hopfield model [48] each neuron interacts
asymmetrically with others, setting its state (“active” or “inactive”) according
to the state of the other neurons. The system can be characterized by the energy
function [48]

E = −1
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wijSiSj − 2
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siSi

)
(4.1)

with the neuron state function

Si = Θ

(∑
j

(wijSj − si)

)
(4.2)

where si are the threshold values, wij are the weights, which determine the
strength of each interaction, i and j are the indexes of the neurons.

The Hopfield model has been adopted to the track finding needs by Denby
and Peterson [49, 50]. In the method, each possible pair of hits is associated
with the neuron, which then can be combined to build the track. Neuron can
be activated only in case if both hits belong to the same track. The neurons can
connect with each other and build a sequence only a case that they successively
share hits, and follow connection rules. This means that connected neurons
should be track-like, i.e represented by a smooth curve.

The dominant limitation of the method is that it is not suitable for the 3-D
track finding. In principle, the problem could be solved by forming space point
out of the hits. The method, referred as Cellular Automaton [51], used space
points combination and the hits following as the track reconstruction method.

Cellular Automaton

Cellular automata are dynamical system, which evolve in discrete space, con-
sisting of cells [52, 53]. The evolution of the system is determined with the set
of rules, in which the new state of each cell is calculated based on the state of
its neighbors. The changes of the state are performed simultaneously and in
parallel.
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In general case, a cellular automaton constructed using the following defini-
tions [52]: define a cell and its possible states, define neighbors, define rules of
the evolution, define time evolution.

For the tracking purposes, the tasks of cellular automaton are reduced to the
solution of the longest path problem, which is stated in terms of graph the-
ory [54]. The cellular automaton could be applied to construct segments using
triplets of hits as well as combine segments to build the tracks. The cellular
automaton, developed for the Belle II tracking uses novel weighted implemen-
tation of the algorithm, in which each cell has its own weight.

4.1.2. Global Tracking Approaches

Global tracking usually allows to perform efficient track finding, giving trajec-
tories of possible tracks and their forming hits, but the reliability of the ap-
proach decreases if the particle experiences scattering and produces kinks in
the trajectory, or strongly affected by energy losses in the material of the de-
tector. In this section global tracking approaches and their application will be
discussed [47].

Template Matching Technique

Template matching technique is a method, which searches for matches of hit
patterns to predefined masks, which describe possible good tracks in the detec-
tor. This method has been applied in the ARGUS trigger system [55]. Prede-
fined masks are compared with the hit pattern from the detector. In case of a
match, patterns on the matched hits are defined as the track. For speedup pur-
poses it’s possible to disable all masks, which contain wires without hits from
the detector.

The benefit of this method is the simplicity of the implementation and of the
mathematical model. On the other hand, it’s not well scalable, as it strongly
depends on the number of possible combinations of the detector’s sensible ele-
ments.

Radon Transform

Radon tracking technique is based on restoring track properties based on the
representation of hits in the track parameter space. It is possible to represent
distribution of the track parameters as a function D(p), where p are parameters
of the track. Density of the hits ρ(x) in the event can be described with the
relation [47]:
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Figure 4.1.: An example of the Radon transformation for the event with a single
track [47]

ρ(x) =

∫
P

ρp(x)D(p)dp, (4.3)

where ρp(x) is a response function in the parameter space, x is a set of gen-
eral descriptions of the hit quantities, which can be interpreted as points on the
track trajectory. By inverting equation (4.3) and constructing response function
which takes into account detector resolution, it’s possible to restore initial track
parameters:

D̃(p) =

∫
X

ρ(x)ρp(x)dx, (4.4)

An example of the Radon transformation for the track in the tracking system
without magnetic field is shown in Fig. 4.1. The track represented in parameter
space of the track’s slope tx and impact parameter x0. Each track hit contributes
to the bins of total histogram with varied weights, which are mainly derived
from the detector resolution. In case of discrete parameter space the Radon
transformation transforms into the Hough transformation.



32 4. Overview of Tracking Approaches and Algorithms

Hough Tracking

The Hough transformation [56] is widely used in track finding algorithms as
well as in digital picture analyses to solve the problem of automated figure de-
tection, such as lines, circles or more sophisticated shapes. The method was
originally developed for detecting lines or arcs of hits in the pictures of bubble
chambers, with the following reconstruction of particle trajectory. The general
idea of the method lies in detection of parameters of the given figure if it pre-
sented in the picture. On the picture each point, which is of interest, gives vote
for possible parameters of the figure, and votes from each point are grouped
around most probable parameters of the figure.

The simplest case is the line detection. The Hough transformation uses the
normal form of line on the plane:

ρ = x cos θ + y sin θ, (4.5)

where ρ is the distance from the origin to the line, θ is the angle between x-axis
and normal to the line, x and y are points, belonging to the line. Parameters of
the possible line can be obtained by applying transformation 4.5 to the points of
interest (in case of tracking - hits) and accumulating resulting set of parameters
ρ and θ as votes. The most probable value will be represented as a cluster in
(ρ, θ) parameter space (see Fig. 4.2). In case of presence of the homogeneous
transverse magnetic field, it’s possible to patterns of hits of charged particles
have a circular trajectory. By applying the transformation

u =
2x

x2 + y2
;

v =
2y

x2 + y2
.

(4.6)

circular patterns of hits are mapped into straight lines (detailed description of
the conformal mapping is given in Sec. 6.1), allowing to use Hough tracking as
efficient global tracking technique.

Legendre Tracking

The CDC of the Belle II detector can provide wire coordinates and drift time of
the hits, which can be used for the accurate trajectory reconstruction. Whereas
the Hough tracking is efficient for finding tracks which are coming from the
interaction point (IP), it should be provided with the proper 2-dimensional po-
sition of the hits. The Hough transformation can not take into account the drift
time of hits, so accuracy of the method drops. To solve this problem, tracking
which is based on the Legendre transform can be applied.
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Figure 4.2.: An example of the Hough transformation for the straight pattern of
measurements

The idea of the Legendre-based tracking lies in the transformation of the drift
circles using Legendre transform and mapping of hits onto Legendre plane [1].
This transform represents equation of all possible tangents to the given drift
circle. Drift circles can be represented as concave and convex parts (Fig. 4.3a)
with the next equation:

f(x) =

f1(x) = y0 +
√
R2 − (x− x0)2 for concave part

f1(x) = y0 −
√
R2 − (x− x0)2 for convex part

(4.7)

where (x0, y0) is the center of the circle, R is the radius of the circle.
With the normal line representation 4.5, Legendre transform becomes

f(x)
L←→=

{
ρ = x0 cos θ + y0 sin θ +R for concave part
ρ = x0 cos θ + y0 sin θ −R for convex part

(4.8)

and represents two equations of tangents to the drift circle in real space (fig 4.3b),
or two sinograms, in the Legendre space (Fig. 4.3c), for each circle [1]. The sino-
gram in the Legendre space contains all possible combination of tangent param-
eters (ρ, θ) to the given drift circle (Fig. 4.4). In case of few drift circles, which
sharing the common tangent, the intersection of sinograms in Legendre space
corresponds to the parameters of the common tangent (Fig. 4.5). With the limit
R→ 0, the drift circle reduces to the point, and the Legendre transform reduces
to the Hough transform of the point (x0, y0), providing a single sinogram in the
Legendre space instead of two.

As in the Hough tracking, the Legendre tracking implies detecting regions
with high sinogram density in Legendre space. This can be done by filling 2-
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Figure 4.4.: Relations of the Legendre transformation to tangents to a drift circle

dimensional (ρ, θ) histogram or concurrent 2-dimensional binary search alike to
Fast Hough algorithm [57].

Main issue of the Hough and Legendre tracking is particles with hard energy
losses and particles produced not in IP region (so-called non-prompt tracks).
Both effects lead to a bending-like distortion of the hit patterns in the conformal
space. Thus, depending on the strength of the distortion and granularity of the
look-up histogram, efficiency of the method decreases.
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Figure 4.5.: Representation of a common tangent to drift circles

4.2. Fitting Algorithms

Fitting plays important role in pattern recognition algorithms for successful de-
termination of trajectories of the track candidates as well as for analysis pur-
poses. It is important part of the track finding process, in which parameters of
the track are determined precisely. Fitting procedures could be classified into
two subgroups:

• fast fitters, which are performing parameter determination of a given hit
pattern according to a simplified track model

• filters, which are based on a complex track model and can perform along
with a parameter determination

4.2.1. Fast Circular Fitters

In case of presence of the magnetic field in the tracking parts of the detector,
projection of the particle’s hit pattern forms circular trajectories. Fast circular
fitters in general are based on least-squares regression methods, with determi-
nation of the parameters of the circle which interpolate the given pattern of hits.
The task of the fitting could be reduced to χ2 minimization problem:

χ2 =
∑
i

d2iwi, (4.9)

where di is the measurement displacement relative to the trajectory, and wi is
the weight of the measurement.
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Kärimaki Fitter

Kärimaki circular fitter is a fast non-iterative fitting method, with Gaussian dis-
tributed fitting parameters [58]. The method provides an explicit solution in-
stead of iterative solution for the non-linear least squares problem. The func-
tion (4.9) is minimized with parametrization of residual di

di = ±
[√

(xi − a)2 + (yi − b)2 −R
]
, (4.10)

where xi, yi are measurements, a, b are the coordinates of the center of the circle,
R is the radius of the circle. To eliminate non-linearity coming from eq. (4.10),
with the condition |di| � R residuals could be represented with the approxi-
mation

di ≈ ±
1

2
R−1

[
(xi − a)2 + (yi − b)2 −R2

]
. (4.11)

The parametrization chosen for the trajectory includes the curvature ρ =
±1/R, the distance of closest approach d, direction of the propagation φ at the
position of the closest approach. The parameters ρ, φ and d are Gaussian and
don’t produce truncation problems for high pt tracks.

Riemann Fitter

Fitting of Riemann sphere [59] based on mapping of two-dimensional measure-
ments onto the Riemann sphere. Circles and lines on the plane are uniquely
mapped onto circles on the Riemann sphere. Thus circular pattern of hits
mapped onto Riemann sphere will define a unique plane in the space. The
method does not require iterations or initial seeds for the trajectory parameters
to solve the problem.

4.2.2. Filters

Comparing to fast circular fitters, filters are able to analyze or predict behavior
of the track. The track in space is considered as dynamical system in the filter
analysis [60]. The state of the system can be described by the state vector of 5
parameters, which correspond to the parameters of the track, and can be written
as a function of a suitable coordinate [60]:

x = x(z) (4.12)

Evolution of the state vector x can be described by a system equation, which
takes into account states xk in the interaction points zk only:

x(zk) = xk = fk−1(xk−1) + wk−1 (4.13)
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Kalman Filter

Kalman filter is an efficient recursive filter, which estimates evolution of the state
vector of the system. The evolution of the system may evolve in space or in
time. In case of the track fitting procedure, hits are treated as consecutive mea-
surements of the state vector. To estimate the current state of the system, the
previous measurement and the noise are taken into account.

Kalman filter is the optimal filter to predict the state of the system, basing
on previous measurements, to smooth the state of the system, and to filter the
current measurement. The filter can take into account multiple scattering of
the particle. It proceeds in two steps, processing measurements in forward and
backward directions.

Deterministic Annealing Filter

Another fitting technique is based on the Deterministic Annealing Filter (DAF).
It is an extension to the Kalman filter, introducing reweighting of observations.
After the smoothing procedure, the track position can be predicted at each
point. Basing on this prediction, weight of each measurement can be estimated
and taken into account in the next iterations. If the weight of the hit reaches the
lowest threshold, the hit is not taken into account in the next iteration.





5. Tracking in Central Drift
Chamber

The CDC pattern recognition contributes greatly to the whole tracking chain.
Precise and pure track trajectories are of interest for event reconstruction and
analysis algorithms. Pattern recognition should satisfy the next requirements:

• correct assignment of hits left by the charged particle to the same pattern
• efficient separation of the tracks, so hits originating from different parti-

cles don’t mix up
• low ghost rate and wrong hits assignment rate

Also, tracking should fulfill the next technical demands:
• operate with low execution time while preserving reasonable tracking

performance
• store tracking output, compatible with other reconstruction algorithms
The tracking chain in the CDC uses all benefits of the detector, such as the

cellular detector structure (see 5.1), relatively low energy losses and long hit
patterns of the particles (number of hits depends on the kinematic parameters
of the particle). The design of the CDC allows for the efficient use of global and
local tracking approaches even for the events with high track multiplicity and
with moderate background levels.

5.1. CDC Design and Characteristics

The CDC of the Belle II detector has a cellular structure, where cells are rep-
resented by the combination of field and sense wires. Each sense wire is sur-
rounded with 8 field wires, forming a square-like shape. Neighboring cell share
field wires (see Fig. 5.2) and are grouped into layers, formed by cell which are
the equidistant to the z axis. The number of the cells in each layer is chosen
to meet readout electronics and trigger requirements and has to be multiple to
32 [3]. Thus, number of cell varies from 160 (for innermost layers) to 384 (for
outermost layers). Axial and stereo layers are grouped by 6 into superlayers.
Furthermore, the innermost superlayer has 2 additional layers and consists of
smaller cells with a cell’s radial size 10 mm while cells from other superlayers
have a radial size of 18.2 mm on average.

39



40 5. Tracking in Central Drift Chamber

(a) Cross section of CDC in the ρ − φ pro-
jection at z = 0. Each marker cor-
responds to a sense wire, field wires
are hidden; bold markers represent ax-
ial wires, mild markers represent stereo
sense wires. The innermost superlayer
corresponds to the small cell chamber.

z

(b) Schematic φ − z comparison of one axial and
one stereo layers. Sense wires of the axial layer
are parallel to the z axis, while stereo layers are
tilted relatively to z axis. The stereoangle of
stereowires introduces ambiguity of ρ − φ pro-
jection of stereohits in case of unknown z posi-
tion of the hit.

Figure 5.1.: Schematic view of CDC

To provide stereo information about the track trajectory. there are two types
of superlayers implemented:

• axial superlayers (“A”), in which sense wires are parallel to the z axis
• stereo superlayers (“U”, “V”), which form a stereoangle with the z axis

The combination of axial and stereo hits, belonging to the same trajectory, can
provide a complete 3-D trajectory of the charged particle in the CDC volume.
To avoid biases in the polar angle measurement, stereo superlayers have two
different orientations, “U” and “V”, which differ by the sign of the stereoangle.
Axial and stereo superlayers are alternating (AUAVAUAVA) between innermost
and outermost parts of the CDC (see Fig. 5.1).

5.1.1. Drift Cells Structure and the Signal Registration

Electrons from the ionization process drift in the electric field. As they approach
the sense wire, they produce a cascade and generate a signal on the sense wire.
The behavior of the drift of the electrons and ions are different, and the main
difference is that the drift time for electrons by orders of magnitude smaller
than for ions. Thus, high positive potential is applied to sense wires and field
wires are grounded. With this setup, electrons are collected within few hundred
nanoseconds by the sense wire of the cell, while it takes up to microseconds for
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Superlayer
Number of

layers
Number of

cells per layer
Radius,

mm
Stereoangle,

mdar
Axial 1 8 160 168.0 – 238.0 0.0

Stereo U 2 6 160 257.0 – 348.0 45.4 – 45.8
Axial 3 6 192 365.2 – 455.7 0.0

Stereo V 4 6 224 476.9 – 566.9 -55.3 – -64.3
Axial 5 6 256 584.1 – 674.1 0.0

Stereo U 6 6 288 695.3 – 785.3 63.1 – 70.0
Axial 7 6 320 802.5 – 892.5 0.0

Stereo V 8 6 352 913.7 – 1003.7 -68.5 – -74.0
Axial 9 6 384 1020.9 – 1111.4 0.0

Table 5.1.: Configuration of the CDC sense wires [3].

(a) Equipotential lines of the electric field
(green dashed lines) and drift paths of
electrons (yellow lines) in the CDC cells
[61]

• • •

•

•••

• •

drift distance

drift path

•
•

track
field wire
sense wire
drift circle

(b) a schematic structure of a single CDC cell with
a hit

Figure 5.2.: Drift cells structure. [47]
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ions to recombine on the field wires. The strength of the electric field E in the
cell decreases with the distance to the sense wire as

E ≈ U

r
(5.1)

where U is the voltage on the sense wire, r is the distance to the wire. Fig. 5.2a
shows an example of electric field lines in the CDC cells.

It is possible to estimate the distance from the track’s trajectory to the sense
wire by measuring the drift time

tTDC = tdrift + t0 + ttof (5.2)

where tTDC is the time measurement by the TDC device, tdrift is the drift time,
t0 is the event time, ttof is the time of flight of the particle from its production
vertex to the given CDC cell. The distance of the closest approach of the track
to the sense wire can be estimated using the space-time relation (x-t relation),
in which x represents a distance of the track closest approach to the sense wire.
In the simple case, the linear x-t relation can be presented as

r = tdrift vdrift (5.3)

where r is the drift distance, vdrift is the drift velocity (for CDC of the Belle II de-
tector vdrift ≈ 4 cm/µs [62])

More precise space-time calibration needs a more complex x-t relation. The
simulated x-t relation is affected by the ion statistics, gas composition and the
field inhomogeneity. It is intended to approximate the real detector response
and is parametrized with a fifth-order polynomial (for the inner part of the cell)
and a linear function (for the boundary regions), and named realistic x-t rela-
tion. It also takes into account the influence of the magnetic field on the electron
drift trajectories and effects of the field inhomogeneities at the cell boundaries.
Also, due to the presence of the magnetic field, electrons experience the Lorenz
force and as result drift trajectories are bent 5.2a.

An example of the simulated realistic x-t relation is shown in Fig. 5.3. The
deviation of the realistic x-t relation from a linear x-t relation becomes more
observable for the outer parts of the CDC cell (higher drift length). Also, for the
different track’s incident angle x-t relation differs.

5.2. Tracking Flow

With the current setup, development of the CDC tracking is performed using
the detector simulation. All components of the simulation chain, described in
Sec. 3.4 (generators, detector simulation, digitization), are used to replicate the
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Figure 5.3.: An example of the simulated x-t relation. Colored curves corre-
spond to the simulated x-t relation with the different incident angle,
red dot-dashed curve represents default linear x-t relation. Black
solid line corresponds to the cell width in φ direction, blue solid
line corresponds to the distance between the sense wire and the in-
ner (outer) field wire, blue dashed line corresponds to the distance
from the sense wire to the corner inner (outer) field wire. (taken
from [62])
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expected detector response to the e+e− collisions. The simulated hits in the CDC
are used as input for the CDC tracking chain, which combines them into track-
like patterns. The pattern recognition in CDC is designed in the way to recon-
struct tracks efficiently and provide tracking information to other subsystems
of the detector or for further physical analyses.

The general architecture of the CDC tracking chain is shown in Fig. 5.4:
• WireHitTopologyPreparer - prepares the digitized CDC hits for further

usage in the pattern recognition algorithms
• SegmentFinderCDCFacetAutomaton - based on the Cellular Automaton

tracking approach, reconstructs track segments within single superlayer
(both axial and stereo superlayers)

• TrackFinderCDCLegendreTracking - pattern recognition, based on the
Legendre transformation, reconstructs global track trajectories using axial
hits only

• StereoHitFinderCDCLegendreHistogramming - module, which assigns
stereohits to the axial-only tracks

• SegmentTrackCombiner - combines reconstructed segments and tracks
to restore complete track trajectories

• TrackQualityAsserterCDC - a module which assures the quality of the re-
constructed tracks, performs correction of the trajectories and normalizes
them

As one can see, the CDC tracking is a mixture of global and local approaches.
It employs Cellular Automaton based local tracking to reconstruct segments of
tracks within one superlayer, while Legendre based global tracking approach
is intended to find complete track patterns using hit information from all axial
superlayers. It worth to mention that stereo superlayers are not considered in
the Legendre tracking since stereohits have a large ρ − φ projection ambiguity
in case of unknown z position of hit. Assignment of stereohits is performed
afterwards, when ρ− φ trajectories are defined.

All tracking modules are using the same hit objects, created by WireHit-
TopologyPreparer module and exchanged via DataStore interface. It brings a
possibility to mask already used or bad hits, and to forbid to use them. Track-
FinderCDCLegendreTracking module combine hits into tracks independently
of SegmentFinderCDCFacetAutomaton, and do not take into account the infor-
mation about the available segments. The combination of the global and local
approaches take place on the later stage, when SegmentTrackCombiner module
appends segments with unused hits to the suitable global tracks.

Details about application of the tracking methods are given in the following
sections.
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modules and data exchange are shown. The common data objects
(hits, segments, tracks) are stored in DataStore and delivered to each
module on demand.
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5.2.1. Cellular Automaton

Since CDC has a cellular structure, in which cells are combined into layers, it is
reasonable to involve Cellular Automaton tracking technique as a local tracking
algorithm [54]. The neighboring hits within one superlayer combined into hit
triplets, which are feed to the weighted Cellular Automaton and combined into
the segments. This approach allows to create complete hits segments within
one superlayer and to avoid track losses due to imperfect trajectories. The main
difficulties appear on the segment combination stage, where segments are com-
bined into tracks based on their kinematics. Since segments consist of relatively
low number of hits to determine trajectory parameters precisely, combination
ambiguities can appear.

The results of the Cellular Automaton can be efficiently used for beam-
background suppression purposes. Beam background in the CDC usually is
represented by single hits, clusters of hits and low-momentum track-like tra-
jectories. Background suppression is based on a trained boosted decision tree
(BDT) which identifies single hits, clusters, or segments as a background [63].
The BDT is trained using the TMVA toolkit, and takes cluster and segment pa-
rameters as input for the training. By cutting on the BDT output it is possible
to reject up to 95% of the background hits. The main advantage of using a BDT
is that track-like patterns and background-like patterns are effectively distin-
guished, leading to least losses in the track reconstruction efficiency.

5.2.2. Legendre Finder

Legendre pattern recognition has been chosen as the global pattern recognition
algorithm. As it was shown in Chapter 4, it strongly depends on the precision
of the hit’s drift length information, as well as on the beam-background level.
As the method involves a conformal transformation as intermediate step of the
pattern recognition, it leads to efficient reconstruction of the tracks coming from
the IP. However, the method’s efficiency drops in case of tracks with the high
energy losses.

The method is suitable for the reconstruction of 2-D trajectories, and it uses
hit’s ρ − φ projection for the pattern recognition. Due to this fact, the method
only can work with the axial hits, since the ρ− φ projection of the stereohits are
correlated with the chosen z reference coordinate and the hit’s z position.

More detailed description of the method will be given in Chapter 6.

5.2.3. Stereohits assignment

To complete trajectories with the z stereo information, a stereohit assignment
module is put in the pattern recognition chain. Its main purpose is to assign
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correct stereohits to the axial trajectories, so a complete 3-D trajectory can be re-
stored. The method is based on the Hough-like transformation with the voting
for the most probable λ and z0 parameters of the trajectory. Hits, which comply
determined λ and z0 requirements are assigned to the track.

5.2.4. Tracks’ Combination and Quality Estimations

In order to provide the complete trajectories, the complementary reconstructed
tracks from the global finder and segments from the local finder are combined
into the same pattern [63]. Thus, longer track trajectories can be restored, lead-
ing to more efficient determination of the track’s kinematic parameters as well
as particle type hypothesis.

On the other hand, imperfect trajectories with holes, wrong hits or kinks and
wrong starting kinematic parameters cause faults during the fitting procedure.
Thus, the utilities to check the track quality are involved into the CDC pattern
recognition chain [63].





6. Legendre-Based Pattern
Recognition

In this chapter discussion on the Legendre-based pattern recognition is given.
The method focuses on the determination of the circular patterns of hits with
the further estimation of the trajectory parameters. This global pattern recog-
nition technique considers axial CDC hits and builds tracks, which are coming
from the IP (so-called prompt tracks). It will be shown that the method with its
features is able to reconstruct non-prompt tracks (tracks which can’t be extrap-
olated to the IP) with high efficiency.

6.1. Main Idea of the Legendre-Based Method

Hits in CDC can be geometrically represented as circles with the center at the
fired sense wire and radius which is equal to the hit drift length (see Fig. 5.2b).
It is not possible to reconstruct exact hit position before the pattern recognition
procedure, since the incident angle of the particle to the CDC cell is unknown.
Moreover, z-component of CDC hits is also couldn’t be measured before the
combination of axial and stereo hits. While axial wires are parallel to the z axis
and the projection of an axial hit onto xy plane does not depend on its z pro-
duction position, stereo hits need the information about z production position
to properly extract xy information. Due to this fact, only axial hits are taken
into account in the method, as stereo hits can not provide a suitable informa-
tion. Thus, only the xy projection of CDC hits is considered, and as result par-
ticle trajectories are reconstructed as 2-D circles (more details on the trajectory
parametrization are in section 6.1.3).

In case of the Belle II detector, charged particles in presence of the magnetic
field leave circular patterns of hits in CDC. Most of the charged particles come
from the interaction point, meaning that all tracks are sharing the same produc-
tion point (in some approximation). These facts allow to apply the conformal
mapping, which transform all circles sharing the same point (namely origin)
into straight lines. In this case the problem of pattern recognition reduces to
the problem of straight lines detection. Furthermore, a particle trajectory is al-
ways tangential to the drift circles it induced, and this rule is true as well in a
conformal mapped space, where trajectory is represented as a straight line. As
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Figure 6.1.: An example of the conformal mapping of the circle, which passes
through the origin, by the transformation w = 1/z

it was described in the section 4.1.2, Legendre-based track finding is aimed to
find common tangents to the set of drift circles. With this method it is possi-
ble to detect trajectories in the conformal space and distinguish patterns of hits,
created by the same particle.

6.1.1. Conformal Mapping

The conformal mapping [64] is widely used in pattern recognition approaches
in case of barrel tracking detectors placed in a longitudinal magnetic field. It is
used to reduce the problem of circular trajectories detection to the problem of
linear trajectories detection. The method considers domain plane as a complex
plane.

A circle can be represented with the next equation:

(x− x0)2 + (y − y0)2 = R2 (6.1)

In the complex plane it’s possible to represent a circle equation in the next
form [65]:

|z − γ|2 = R2 (6.2)
where z = x + iy is points on a complex plane which form the circumference
of the circle of radius R around the center γ = α + iβ. The equation 6.2 can be
written in the next form

zz − γz − γz + γγ − ρ2 = 0. (6.3)
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By multiplication of 6.3 by a real constant A, one can get an equation for a gen-
eralized line:

Azz +Bz + Cz +D = 0. (6.4)

where A and D are real numbers, B and C are conjugate complex numbers.
Equation 6.1 represents a circle in a case A 6= 0, and B = −Aγ, C = −Aγ,
D = A(γγ −R2).

Trigonometrical Representation of a Line

The point belonging to the complex plane could be represented in the trigono-
metrical form with polar coordinates (r, φ):

z = r (cosφ+ i sinφ) (6.5)

Therefore, center of the circle, γ, could be represented as

γ = R cos θ + iR sin θ (6.6)

where θ is a polar angle of γ. By expressing equation 6.13 in terms of the trigono-
metric parameters of the center of the circle, one can get a trigonometric equa-
tion of a circle, mapped in the inverse conformal space:

ρ

2
= u cos θ + v sin θ (6.7)

where ρ = 1/R is a curvature of the circle.

Conformal Mapping

A complex analytic function
w = g(z) (6.8)

which transforms a point z = x + iy belonging to the domain Ω ⊂ C to a point
w = u + iv belonging to the domain D = g(Ω) ⊂ C. The mapping 6.8 required
to be one-to-one, so each point w ∈ D has unique corresponding point z ∈ Ω.
As result an analytic function z = g−1(w) is a map from D to Ω, and analytic on
all of D. The derivative of the inverse function has form

d

dw
g−1(w) =

1

g′(z)
(6.9)

thus the derivative of g(z) must be nonzero in order to keep g−1(w) differen-
tiable:

g′(z) 6= 0, z ∈ Ω (6.10)
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The inversion of the complex plane could be defined as

w =
1

z
; or u =

x

x2 + y2
, v =

y

x2 + y2
(6.11)

(add expressions in u,v coordinates) Applying this mapping to transform a gen-
eralized circle (6.4) one will get the next equation for the generalized circle in
the conformal mapped space:

Dww + Cw +Bw + A = 0 (6.12)

In the special case, when the circle passes through the origin (see Fig. 6.1a) by
satisfying the exact equality γγ = R2 (the coefficient D = 0), so (6.12) reduces
to the equation of a line

Cw +Bw + A = 0 (6.13)
or in the representation of (u, v) coordinates

2αu+ 2βv = 1. (6.14)

6.1.2. Parametrization of the Legendre Space

According to the equations 4.8, the equation of a tangent to a drift circle has a
form of

r = x0 cos θ + y0 sin θ ±Rdr. (6.15)
Each possible tangent to the mapped drift circle (x0, y0;Rdr) with the parame-
ters (r, θ) represents a possible circular track’s trajectory with the radius R and
the center of (α, β). The parameters of the circular trajectory are related to pa-
rameters of the tangent as following:

R = 1/ρ

α = R cos θ

β = R sin θ

(6.16)

As it has been shown, the conformal mapping 6.11 transforms the circle 6.1 into
a line 6.7. In case of the Legendre tracking, the main goal is to find an equation
of the common tangent to the pattern of drift circles in the conformal mapped
space, with the following restoration of the corresponding circular trajectory.
To make a conformal mapping compatible with the Legendre tracking method,
the transformation 6.11 should have the next form:

w =
2

z
; or u =

2x

x2 + y2
, v =

2y

x2 + y2
(6.17)

so the equation of the mapped circle 6.7 will be

ρ = u cos θ + v sin θ (6.18)
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(a) x− y projection of the CDC with 5 simu-
lated tracks

(b) Simulated tracks after the conformal
mapping

Figure 6.2.: An example of the conformal mapping of simulated event

which is consistent with the equation of tangent 6.15.
Since the Legendre transformation is based on finding of the common tangent

to drift circles, the conformal mapping rules for the hits should be introduced.
A drift circle could be parametrized with a standard circle equation

(x− x0)2 + (y − y0)2 = R2
dr (6.19)

where (x0, y0) is the x − y projection of the wire, and Rdr is the drift length.
By applying conformal mapping 6.17, the conformal mapping rule for the drift
circle can be obtained:

u0 =
2x0

x20 + y20 −R2
dr

v0 =
2y0

x20 + y20 −R2
dr

R̃dr =
2Rdr

x20 + y20 −R2
dr

(6.20)

where (u0, v0) is the center of the mapped drift circle, R̃dr is the radius of the
mapped drift circle. An example of the conformal mapping of the simulated
event with 5 µ± is shown in Fig. 6.2. Each pattern of hits in conformal space
shares a common tangent to mapped drift circles.

6.1.3. Geometrical Representation of Tracks

The method uses 2-D representation of the track trajectories. Definition of the
parameters are shown in Fig. 6.3. The interaction point is located at (0; 0), while
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Figure 6.3.: A schematic representation of the track’s trajectory

the center of the circle at (x0; y0). The circle could be parametrized with using
the following parameters [66]:

• R - is the radius of the track. It is connected to the curvature of the circle
as ρ = 1/R.

• d0 - distance of the closest approach of the circle to IP (distance to the
perigee).

• φ - direction of the circle propagation at the perigee
Using this representation other parameters of the circle could be obtained. For
example, the perigee position can be calculated as

xd0 = d0 sinφ

yd0 = −d0 cosφ
(6.21)

The method has two kinds of trajectory determination: in comformal mapped
space and in real space. In case of conformal mapped space all trajectories have
d0 = 0, since the conformal mapping assumes that trajectory passes through
the origin, and as result only R and φ parameters are estimated. On the other
hand, in real space trajectories are fitted using all available hits information
with freed d0 parameter, so at this point tracks could be separated to prompt
and non-prompt tracks, based on the d0.
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6.2. Track Detection

It is possible to reduce the problem of the Legendre-based global pattern recog-
nition to the problem of the identification of the most populated regions in the
Legendre space. This task can not be solved analytically within the reasonable
amount of time, dedicated to the event processing. Another option is to build
discrete 2-D grid in the Legendre space and estimate density of hits in each cell.
This leads to the histogramming method, which consists in filling of the 2-D his-
togram in the Legendre space with the transformed hits. In other words, each
hit effectively contributes to the histogram by incrementing content of the bins
to which it belongs.

There are few approaches of lookup of dense regions in 2-D space by filling
histograms. The most conventional approach consists in splitting of the plane
intom× k bins and filling each bin individually with appropriate entries. Tthis
approach requires of check of all hits in the event for the consistency with all bin
in histogram. Lets assume n hits in the event, and square matrix of size m×m.
Then, the time complexity will be O(n ∗m2).

Another option is to use fast 2-D binary search, which consists in consec-
utive splitting of the plane into 4 bins. This approach is used in Fast Hough
algorithm [57], and it takes into account regions on the plane, which are most
likely contain the searched point. On the each iteration the most populated bin
is selected and the next splitting applied to it. Assuming that there are l con-
sequetive operations of splitting, the time complexity will be O(n ∗ l ∗ log(l2)).
Thus, the most efficient way to determine most dense regions in the Legendre
space is to use 2-D binary search.

6.2.1. 2-Dimensional Binary Search

Considering the problem of dense regions lookup, a 2-dimensional binary
search can be effectively used as a tool to find the sinograms intersections. The
2-dimensional binary search can answer the question, how many of the Leg-
endre transformed hits are in the given region, by splitting the selected region
into 4 bins and checking how many hits crosses the bins boundaries. As it was
mentioned, it is an iterative procedure, meaning that at each iteration the size of
the examined plane reduces by a factor 4. At each iteration of the search, num-
bers of hits which belong to each of 4 bins are collected, and the most populated
bin is considered for the next iteration. However, if the search do not succeed
with the selected bin, the next most populated bin is considered. It means, that
search do not start over again in case of the rejection of some of the bins, but
proceed by considering other regions of the Legendre plane.

An example of 2-D binary search in Legendre plane is shown in Fig. 6.4. The
whole Legendre space is divided into 4 bins, and number of hits which belong
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Figure 6.4.: An example of the simulated BB̄ event with 6 tracks in the Leg-
endre plane. 2-dimensional binary search is performed toward the
possible track candidate

to each of the bin is accumulated. Then, the most populated bin is assumed to
contain a track candidate and checked to satisfy the search criteria. In case it
passes all conditions, it is splitted into 4 bin further. This search is performed
until the lowermost level is reached or selected bin is rejected. In case of re-
jection, other bins at upper level are considered in the search. Such algorithm
allows to cover the whole phase space, but takes into account only regions which
are interested from point of view of the Legendre algorithm (i.e. regions with a
high hits density).

6.2.2. QuadTree Data Structure

A QuadTree is a hierarchical data structure, in which each node has four chil-
dren linked to it. It can be used to perform and to store results of the 2-D binary
search, and to reuse them. The scheme of the tree is shown in Fig. 6.5. In general,
in case all branches are decompounded down to the level lvl, the total number
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Figure 6.5.: QuadTree scheme
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Figure 6.6.: QuadTree lookup scheme. Each circle represent a QuadTree node,
with the number of entries in it. Subdivision of the nodes are pre-
formed for the most populated node.

of the nodes in the QuadTree can be calculated as

n =
1− rlvl

1− r
, (6.22)

which is the sum of the geometric series, with common ratio r (for QuadTree
r = 4 and is exactly the number of the children of each node).

A QuadTree structure can be efficiently applied for the fast lookup in the 2-
dimensional space by following some given selection rules. An example of the
QuadTree lookup is shown in Fig. 6.6. At each level bin with the most contri-
bution (containing most of hits at the level) is investigated and in case it meet
requirements of the search, the tree examination proceeds to its children until
the lowermost level is reached. This algorithm do not require to fill the whole
tree, bit it considers only the nodes which are of interest for the track finding. In
best case, when none of the bins are discarded, the number of created QuadTree
nodes will be

n = 4 · lvl ·Ntrk, (6.23)
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where Ntrk is a number of found track candidates. In this case, each branch of
the QuadTree will reach the lowermost leaf level, and result in a track candi-
date.

The QuadTree allows to incorporate search criteria, which will allow to ac-
cept or reject nodes during the binary search. The partly filled QuadTree can
be reused among separate iterations of the tracks search with different search
criteria, leading to introduction of the track search passes, which will be defined
later in Sec. 6.4.3.

6.3. Features of the QuadTree

The QuadTree mainly plays a role of the object which handles information about
the hits, but it also incorporate algorithm which performs 2-D binary search.
The rules and conditions of the binary search can be configured by introduc-
ing various features into QuadTree implementation. There are two main way
to configure the QuadTree: to define the bin splitting rule and to define the
QuadTree deepness.

The standard way to split the plane during the binary search is to create 4
equal bins (see Fig. 6.4). But for the lower levels of the search, when distortion
of the impact region is comparable with the size of the node, the splitting should
be changed to take into account imperfections of the trajectories. Another way
to take into account trajectories distortions and smearing of the sinograms in-
tersections is to introduce criteria on the deepness of the binary search.

In this section discussion on the implemented features of the QuadTree is
given.

6.3.1. Imperfect Tracks Detection

As it has been defined in Sec. 6.1.3, tracks in the CDC can be divided into two
groups based on the impact parameter of the track. The distance of the closest
approach, d0, has a valuable influence on the representation of the track in the
Legendre space. In case of d0 → 0, the sinograms intersections would be more
localized compared to the tracks with a high d0 (non-prompt tracks). Thus, in or-
der to achieve efficient track finding, effect of the intersections smearing should
be taken into account.

Non-prompt tracks can be reconstructed using a segment of the track. A tra-
jectory of the non-prompt track could be partly approximated by the prompt
circle (see Fig. 6.7) with some precision level. Thus, by setting the acceptable
uncertainty of the approximation, it is possible to detect a segment of the non-
prompt track. The detected segment can be restored to the whole track by ex-
trapolation of the trajectory and assigning missing hits.
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Figure 6.7.: An example of the non-prompt trajectory partial approximation
with the prompt circle. The parameters of the approximation cir-
cle depend on the overlap region of the non-prompt trajectory

The tracks with a high energy losses also appears to be smeared in the Legen-
dre space. This effect can be taken into account by setting the desired resolution
on the leaf QuadTree nodes. Also, heavily smeared tracks in Legendre space can
be splitted by the bin boundaries during binary search. To avoid this effect, the
custom bin splitting procedure is implemented.

6.3.2. Resolution of QuadTree

As it was discussed, the QuadTree track finding is performed until it reaches
the leaf level (the lowermost level of the QuadTree). There are two approaches
of the leaf level definition - by defining the fixed deepness of the tree and by
defining the desired resolution of the leafs. The fixed deepness of the tree im-
plies filling the QuadTree down to the some predefined level, which is the same
for the whole phase space, whereas resolution could be defined as a sophisti-
cated function. Both approaches in some sense are equal, since the resolution
of the node is the inverse to the level of the node in case of the standard (equal)
splitting of the bins. A fixed deepness of the tree sets limitations on the nodes
splitting strategy and is suitable for the simplified track finding. In case of non-
standard bin splitting (e.g., total area of children nodes is not equal to area of
the parent node) the area, which the each leaf node covers, is different for the
same QuadTree depth and depends on the bin splitting definition.

The most natural way to define a resolution function is to make it dependent
on the curvature ρ of the track candidate. The , whereas curvature ρ is a param-
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eter of the QuadTree and uncertainty of the trajectory curvature is inversed.

ρ =
1

R
(6.24)

This allows to take into account smearing of the track in the Legendre space
due to the energy losses of the charged particle. The smearing of the non-
prompt tracks also could be taken into account by a resolution function, but
this effect is more significant compared to the energy losses. Since the Legen-
dre space is dependent on the ρ and θ of the track, and d0 variable is not accessi-
ble within QuadTree search, it’s reasonable to introduce different ρ-dependent
resolution functions for the different d0 factors.

The resolution curves are estimated using Monte Carlo simulations with a
Particle Gun generator, which allows to tune the parameters of the generated
track, such as pt and d0 which are in interest of the resolution studies. The res-
olution is estimated in Legendre space by adjusting the boundaries of a sin-
gle QuadTree node, with which 80% of hits belong to the single node. Fig. 6.8
shows the resolution estimation for tracks with different distance of the closest
approach.

6.3.3. Bins Splitting

An introduction of the resolution functions brings a possibility to apply non-
standard splitting of bins. Since the most of tracks in the Legendre space are
affected by a smearing around the true parameters spot of the track, a possibility
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(a) Normal binning (lvl=2) (b) Bins overlapping (lvl=12)

Figure 6.9.: An example of the bins overlapping

of track splitting among two neighboring nodes exists. The significance of this
effect could be reduced by allowing the neighboring bins to overlap.

Overlapping of bins are defined as following: the boundaries of the each child
node are extended by 25%, and the new extended boundaries are used the check
of impact of hits with the child node. This allows to suppress losses of hits due
to smearing of the intersection region.

Another improvement comes in case of wrong selection of the QuadTree evo-
lution path: at the uppermost level track candidates with the near parameters
can effectively contribute to the neighboring node by increasing number of hits
in it. In case of the further evolution of the QuadTree to the lowermost levels,
the spread of sinograms in Legendre space would lead to reconstruction of the
segment of the track candidate and losing other hits. By applying overlapping
of bins, all hits which can effectively contribute to the track candidate would be
collected by the investigated node.

Sliding Bins

Overlapping of bins introduces an another effect to the evolution of the QuadTree
structure. The new node boundaries are used for the subsequent children cre-
ation, which means that position of the children nodes will be shifted compared
to the standard binning without extending the boundaries. An example of this
effect is shown in Fig. 6.10. The children nodes (red boxes) are displaced com-
pared to the standard QuadTree grid and tend to follow to the most dense region
in the Legendre space.
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Figure 6.10.: “Sliding bins” example

6.4. Event Processing

The QuadTree is used as a core tool to find track candidates. The binary search,
which QuadTree performs, is configured with various criteria. During the
search, curvature of the trajectory, number of hits in the possible candidate and
resolution of the nodes are checked. If the search reaches the desired resolution
and satisfy all trajectory criteria, a track candidate is created.

Each new track candidate is fitted with a fast circular fit, and extended with
new hits, which are consistent with its trajectory. There are two kinds of hits
assignment: based on the distance from the hit to the trajectory, and based on
the custom conformal transformation.

Specifics of the track detection and event processing are given in the follow-
ing subsections.

6.4.1. Track-by-Track Finding

In the method, the track-by-track finding approach is used. It implies recon-
struction of the track candidates which takes as much correct hits as possi-
ble. This can be done by processing of each event multiple times with different
search criteria and excluding used hits after each iteration of the search. The
search is performed with different conditions for the possible track candidates,
so each iteration is focused on the specific kind of tracks.
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(b) Curling track

Figure 6.11.: An example of tracks in CDC.
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Curvature Threshold

Two regions of the trajectory curvatures are defined: curling tracks and non-
curling tracks. As it shown in Fig. 6.11, the tracks which do not reach the outer
wall of CDC could pass through the CDC volume and try to reach the interac-
tion region. Moreover, curling tracks are more affected by energy losses in the
detector volume. Thus, the number of hits and distortion of the trajectory are
different for curling and non-curling tracks.

In order to increase the performance of the track finder, the search proce-
dure is divided into two steps: lookup of high-pt tracks, which are assumed
to be in better agreement with the defined track model and as result are “per-
fect” from point of view of the pattern recognition, and lookup of curling tracks,
which are more affected by different kind of the trajectory distortion. Thus, by
storing the ideal tracks at the first steps of track finding, the probability of mis-
reconstruction is decreased.

Number of Hits Threshold

Number of hits in the hits pattern is proportional to the length of the particle’s
path in the detector volume. The path’s length also depends on the kinematic
parameters of the particle, as it shown in Fig. 6.11. The high-pt tracks with
θ ∈ (≈ 30o;≈ 130o) will traverse through the whole CDC volume and will leave
at least one hit in each CDC layer and two hits in most cases. Thus, for high-pt
tracks tight cut on the number of hits could be chosen as ≈ 50 and loosen to
≈ 30. For the curling tracks tight cut must be increased to take into account hits
in the outgoing arm of the trajectory and has been chosen as ≈ 70 hits.

6.4.2. Legendre Space Definition

CDC hits in the Legendre space have form of a sinusoid curve (see eq. 6.25), and
are being limited in the ρ direction by the amplitude of the sine wave (which is
determined by the conformal coordinates (x′; y′) of the hit). The period of the
sine wave is the same for all hits and is exactly 2π. Taking into account these
properties, it is possible to set the boundaries for the Legendre space.

The equation (4.8) could be represented in the next form:{
ρ =

√
x̃0

2 + ỹ0
2 sin(θ + λ) +R

ρ =
√
x̃0

2 + ỹ02 sin(θ + λ)−R
(6.25)

where tgλ = x̃0
ỹ0

. The amplitude
√
x̃0

2 + ỹ0
2 of the sine wave defines the

boundaries of the ρ variable in the Legendre space. In the conformal space (after
applying transformation (6.20)) CDC hits from outermost layers would be closer
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Figure 6.12.: An example the conformal transformation. Hits in real space and
in the conformal space have the same color.

to the origin of the space than hits from the innermost CDC layer (Fig. 6.12).
Thus, the distance to the innermost CDC hits defines the upper limit on the
track’s curvature ρ. Taking into account that inner radius of the CDC is 16 cm,
we get

ρmax = 0.125 cm−1 (6.26)

6.4.3. Passes Definition

In the Legendre space representation of the hits pattern of the same track vary
depending on the parameters of the track. Number of hits belonging to the track
candidate is strongly depends on the kinematic parameters of the track. For
example, for track with low momentum and do not reaching the outer parts of
the detector, the number of the produced hits is much higher than for the high-
pt tracks which are likely absorbed by the ECL or leaving the detecting parts of
the detector (in case of µ). Another effect arise for non-ideal tracks (from point
of view of the pattern recognition) and consists in delocalization of intersections
of the sinograms of hits in the Legendre space.

The track finding procedure performed in three stages (so-called passes),
each of them mainly focused on the specific kinds of track candidates. Together
with track-by-track tracking approach the method produces tracks with high
hit assignment efficiency (most of the hits produced by the same particle recon-
structed within the same pattern) and relatively low fake rate. The weak point
of the method is tracks with kinks and long tracks, resulting in increased clone
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curvature threshold hits threshold
resolution
function

start stop tight loose
Non-curlers 0.005 50 25 fine
Curlers 0.007 0.15 70 30 rough
Full range 0.15 30 10 rough
Ideal high-pt tracks 0.005 50 fine
Ideal curling tracks 0.07 50 fine

Table 6.1.: Definition of the track finding passes.

rate.
The general definition of the passes is shown in Table. 6.1. Each pass has

its own tight and loose cut on the number of hits in the pattern, start and stop
value for the trajectory curvature and QuadTree resolution function. Within
each pass, track finding is performed with the given cut on the number of hits
within defined curvature region, and all possible candidates stored. For the
next iteration of the track finding within the pass, the hits threshold is lowered
by a factor 0.75, until it reaches the loose cut on the number of hits. Then, the
curvature boundaries are extended (by a factor 2) in case such possibility is de-
fined.

Non-curlers pass has cuts, which are optimized for the high-pt tracks finding.
Curlers pass covers the whole pt (curvature) ranges and has tight initial cut on
the number of hits, leading to efficient determination of the long tracks. Full
range pass is used to collect the remnants, short tracks and/or tracks segments.
Also, there are two special track finding steps, performing Ideal high-pt tracks
and Ideal curling tracks finding, both of them runs before the each pass. Ideal
high-pt tracks finding has the cut on the number of hits, which corresponds to
the ideal case of the non-curling track, when it traverse the whole CDC, and has
curvature ρ > 2/rCDC . Ideal curling tracks finding has the cut on the curvature
ρ < 4/rCDC , corresponding to the tracks which reach fifth CDC superlayer and
curling back in the direction of origin, leaving a full circular patter of hits in the
CDC.

6.4.4. Fast Track Fitting

The found track candidates are fitted using Kärimaki fitter [58]. The fitter is
able to restore trajectory of the prompt and non-prompt track candidates by
calculation the parameters of the circle. The fitter couldn’t take into account
multiple scatterings and energy losses of the charged particle but performs fast
non-iterative fitting. The advantage of using fast circular fitter in comparison
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to the output of the QuadTree search (which is also providing parameters of
the track candidate) is that it is able to restore trajectories of the non-prompt
tracks.

In case of the non-prompt track or false positive hits assignment, determina-
tion of the d0 is important on a par with the ρ and θ. Then, new hits could be
assigned to the extrapolated trajectory in conformal and real space.

6.4.5. Conformal-Based Hits Assignment

The smearing of the tracks in the Legendre space (due to the energy losses, mul-
tiple scatterings and non-promptness of the track) leads to the lowered hit effi-
ciency and splitting of the track into few segments. There are two approaches of
the assignment of the missing hits implemented: assignment based on the dis-
tance of the hit to the trajectory in real space and assignment of the missing hits
in Legendre space (so-called conformal-based hits assignment). Both meth-
ods rely on the correctness of the determined trajectory of the founded track
candidate.

The conformal-based hits assignment is a method which consists in defining
of the new reference point of the conformal transformation as a point belong-
ing to the trajectory of the track with further Legendre transformation. Fit of
the reconstructed segment provide a correct averaged parameters of the trajec-
tory. Taking a point on the averaged trajectory as a reference point of the confor-
mal transformation leads to a better agreement of the hits pattern in conformal
space with a straight line. Legendre transformation of the corrected conformal
hits pattern appears to be localized as promt-like track compared to the default
reference point (origin).

6.4.6. One Hit - One Track Relation

As we reconstruct track candidate, all hits which are possibly belong to the track
are marked as used and not taken into account in the next iterations of the track
finding. Thus, a hit could be assigned to the one track only. In case of remov-
ing of hits out from the track candidate, the released hits are marked as unused
and could be considered during the upcoming iterations of the pattern recog-
nition.

6.5. Tracks Postpocessing

Tracks which are found during the step-by-step track finding procedure with
the QuadTree, are stored and used in the further postprocessing stage. The main
purpose of the postprocessing is to improve the quality of the reconstructed
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Figure 6.13.: CDC hits in the Legendre phase-space before (a) and after (b) con-
formal transformation with respect to a new reference point
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event by checking the patterns of hits as well as the relations among tracks. The
postpocessing could be grouped into three tasks: checks of the hits assignment
to the trajectory, merging of the tracks, quality checks of the hits patterns.

6.5.1. Fitter-Based Merging

As it was mentioned, the global tracking approach may end up with the tracks
splitted into segments. Beside to the restoration of the whole trajectory via its
extrapolation and assignment of the matching hits, segment merging approach
could be applied. In case of segments of track which couldn’t be fitted properly
and as result extrapolation gives wrong results, merging of the reconstructed
segments provides reasonable reconstruction of the track and increase in the
hits efficiency.

The general procedure is shown in Fig. 6.14. The list of tracks is sorted by
the number of hits forming the track, so more complete tracks would be at the
beginning of the list, and segments of tracks would be at the end. The track,
which would be extended the merging (“merge into”) is combined with the rest
of the tracks in the list. The combination is performed in the following way:

• throw all hits of “merge into” and test tracks into the same pattern
• find the common circular track-like pattern of hits

– fit the resulting pattern and get the common trajectory
– remove hits which are not consistent with the trajectory (basing on

the distance to the trajectory)
– tighten the throw out criteria and repeat filtering out of hits

• if the final pattern of hits contains more hits than “merge into”, tracks
could be possibly merged

• the test track candidate marked as possible track to merge with, probabil-
ity of merging is stored.

Probability of merging is estimated basing on the χ2 criteria and is a quality
criteria of the track, which will be discussed in Sec. 6.5.3. Using described pro-
cedure, the candidate to merge with the higher probability is marked as “the
best candidate”. “The best candidate” is tested for the compatibility with other
tracks to assure that “the best candidate” has the only possibility to be merged in
the “merge into”. For this purpose “the best candidate” is attempted to merge
with the other tracks resulting in “the best candidate for the best candidate”.
In case it is the same track as “merge into”, it could be merged with “the best
candidate”, otherwise the procedure takes the next track to test merging possi-
bilities.

Merging of tracks decreases the clone rate of tracks in the event as well as
increases hit efficiency of tracks, providing more complete hits pattern.
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Figure 6.14.: The scheme of the tracks merging procedure.
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Figure 6.15.: The hits assignment probability

6.5.2. Hits Assignment Check

When tracks trajectories are defined, the procedure of hits reassignment is per-
formed. It includes assignment of the new hits, removing of hits with do not
satisfy assignment criteria, and reassignment of hits among the tracks in case
the hit fits better to the pattern of another track. Each change of the pattern of
hits accomplished by the update of the trajectory, so the next iteration is per-
formed with the corrected track’s parameters.

Hits Assignment The assignment of hits is based on the assignment proba-
bility. The assignment probability was estimated using the simulated events,
and depends on the distance of the drift circle to the trajectory of the track (see
Fig. 6.15). The hits with probability > 80% are assigned to the track candidate.
Also, in case of the hits reassignment among concurring tracks, the hit is as-
signed to the track which has the higher probability.

Hits Removing The hits, which do not meet requirements on the minimal
assignment probability are rejected form the track and marked as unused. This
procedure is performed after each step of the trajectory update, so hits which
are not in agreement with the trajectory would not take part in the following
steps of the track evaluation.



72 6. Legendre-Based Pattern Recognition

6.5.3. Track Quality Check

The quality of the track is checked using global and local criteria. The global
criteria implies check of the consistency of the hits pattern to the fitted trajectory,
while the local criteria requires the continuity of the pattern of hits (without
holes) along the whole trajectory. This basic checks are intended to prepare
the track candidates for the next processing step, namely fitting with DAF and
Kalman filter (see Sec. 4.2).

The global quality criteria is based on the check of p-value of the trajectory,
which is obtained from the χ2/ndf of the fit. Since the track’s model in the
method is simplified to the circle and does not take into account energy losses,
the χ2 value of the trajectory fit is biased to the higher values, and as result the
p-value is also overestimated. Thus, the arbitrary cut for the p-value is used.



7. Performance of the CDC Track
Finding

The performance of the CDC pattern recognition should be estimated from the
point of view of the reconstruction of measurable tracks. By the measurable
track meant a track of a charged particle in the acceptance region of CDC (θ ∈
(17°; 150°), pt & 50 MeV), and has left enough hits in the CDC volume. The
testing of the tracking algorithms are based on the comparison of the recon-
structed event to the Monte Carlo information. Monte Carlo simulated events
in this study are generated using EvtGen physics generator and Geant4.

7.1. Definition of Reconstruction Efficiency and
Purity

The estimation of a reconstruction performance of the the pattern recognition is
based upon comparison of the output of two algorithms, which perform simul-
taneously: CDC pattern recognition and Monte Carlo tracking. The CDC pat-
tern recognition is an algorithm being studied (Belle II CDC tracking), while the
Monte Carlo tracking is an “ideal” pattern recognition algorithm. The “ideal”
tracks will be called MCTrack, and reconstructed tracks are PRTrack (pattern
recognition tracks).

Relations between simulation (MC particle and CDC hits) and reconstructed

MC particle CDC hits

MCTrack

PRTrack

100%

ε

ε γ

Figure 7.1.: Relations between MCTrack and PRTrack
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MCTrack and PRTrack are shown in Fig. 7.1. The Monte Carlo tracking creates
tracks based on the relations between CDC hits and generated particle. All hits
left by the same particle will be assigned to the same track, meaning that all
tracks in CDC will be found and reconstruction efficiency of the Monte Carlo
tracking is 100%. On the other hand, pattern recognition assigns ε fraction of
CDC hits (see Fig. 7.1), belonging to the same particle. Knowing which hits are
owned by MCTrack and PRTrack, it is possible to match reconstructed tracks to
“ideal” tracks and check a reliability of the pattern recognition. There are two
kinds of relations between PRTrack and MCTrack: hit purity and hit efficiency
relations. Hit efficiency ε indicates how many of MCTrack hits are contained in
PRTrack, while hit purity γ shows which fraction of PRTrack hits is present in
MCTrack. In other words, hit efficiency shows how well MCTrack is described
by the given PRTrack, and hit purity reveals the quality of the PRTrack recon-
struction. MCTrack is claimed to be matched to PRTrack when the highest pu-
rity MCTrack is the same as the highest efficiency MCTrack of this PRTrack. This
means, that tracks are matched when most of MCTrack hits are in PRTrack and
most of PRTrack hits are owned by the same MCTrack.

An efficiency of the pattern recognition is a measure which describes the
fraction of MCTracks reconstructed by the pattern recognition (matched MC-
Tracks). It can be written as

ε =
nPR
NMC

(7.1)

where NMC is a total number of MCTracks, nPR is a number of matched recon-
structed tracks (PRTracks).

A purity of a tracking sample is a fraction of matched (reconstructed) ideal
tracks (MCTracks) in a track sample of a pattern recognition. In other words,
it characterizes accuracy of the tracking algorithm and how many fake tracks it
produces. The purity can be expressed as

p =
nPR
NPR

(7.2)

where NPR is a total number of PRTracks, nPR is a number of the reconstructed
tracks, that can be matched to the MCTracks.

7.2. Study of the Tracking Performance

To show performance of the Belle II CDC tracking chain, a comparison to the
legacy track finder from the Belle experiment has been done. The legacy track
finder (Trasan) has been adopted to the Belle II software framework to be used at
the early stages of pattern recognition development as the reference. The CDC
tracking chain used for the performance studies includes the following pat-
tern recognition modules: WireHitTopologyPreparer, SegmentFinderCDCFac-
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Figure 7.2.: Distribution of Monte Carlo generated tracks in bins of pt

etAutomaton, TrackFinderCDCLegendreTracking, StereoHitFinderCDCLegen-
dreHistogramming, SegmentTrackCombiner. TrackQualityAsserterCDC mod-
ules were excluded from the execution chain as the main purpose of them is to
remove tracks which are unreasonable from point of view of the fitting algo-
rithms, but acceptable from point of view of the pattern recognition.

The efficiency study were performed on the Monte Carlo generated sample
of inclusive BB̄ decays, created in e+e− → Υ (4S) → BB̄ decay chain. The
efficiency and purity dependence on pt, d0, number of tracks in event and com-
bination of these quantities has been estimated. The efficiency studies of the
exclusive BB̄ decays (B → µν, B → D0π) can be found in Appendix A.

Plots of efficiency are studied in four event multiplicity (number of MCTracks
in event) bins. The reason lies in the fact that reconstruction efficiency depends
on the number of MCTracks in the event. The distribution of the Monte Carlo
generated tracks in bins of event multiplicity is shown in Fig. 7.2. As one can
see, the pt distribution of tracks has the same shape, but maximum of it is shifted
to the lower pt values for high multiplicity events.

7.2.1. Dependence on pt

The efficiency of the CDC pattern recognition compared to the legacy track
finder is shown in Fig. 7.3. Prompt tracks only with d0 < 1 cm are consid-
ered for the study. The CDC pattern recognition has much higher efficiency
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Figure 7.3.: Comparison of the efficiency of the Belle II track finding chain to
the legacy track finder (the Belle experiment) based on the number
of generated tracks in event (event multiplicity) in bins of track pt

for the pt < 0.1 GeV region compared to the efficiency of Trasan in the same
region. Trasan finder requires stereo hits to create a track, so it results in the
biased reconstruction efficiency for low-pt tracks, which do not reach the first
stereo superlayer. The CDC pattern recognition do not have such conditions,
since tracks are build using axial hits, and stereo hits are assigned afterwards
to existing tracks. It is a considerable improvements, since low-pt region has a
substantial amount of tracks (see Fig. 7.2). It can be seen than reconstruction
efficiency rises with the pt of the generated track as well as it drops with the
event multiplicity. The interpretation of the efficiency behavior can be found in
the track-track influence during the pattern recognition.

Dependence of the reconstruction efficiency on the event multiplicity tends to
be lower by few percents for high multiplicity bin compared to low multiplicity
efficiency. For example, in Fig. 7.2, efficiency distribution in fourth multiplicity
bin (16−20 MCTracks) is decreased compared to the first multiplicity bun (2−8
MCTracks). The explanation of this effect can be found in the algorithm itself.
The track search is based on the finding of the dense regions in the Legendre
space, which is turned out to be more populated in case of high multiplicity
events. The higher population of the Legendre space leads to the increased hit
miss-assignment rate, which also includes merging segments originating from
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different tracks into the same PRTrack. In such cases there are mo matching
between MCTrack and merged PRTrack. But this effect is comparable with effi-
ciency fluctuations along pt.

Reconstruction efficiency dependence on track pt is stronger than on the event
multiplicity. This effect comes both from algorithm specifics as well as from
detector features. The fact that the size of cells of the CDC is the same for all
superlayers, leads to different separation of tracks in different pt regions. Since
the metrics in conformal mapped space is proportional to real space as ∼ 1/r,
the transformed cells from inner layers will be much larger than from outer
layers. It results in different resolution and track separation for high- and low-
pt regions.

To summarize influence of both effects, one can compare pattern recognition
efficiency of low multiplicity events (namely first bin in Fig. 7.2) to other bins.
A pattern recognition in case of low multiplicity events implies a single track
reconstruction in nearly absence of other tracks. This means that the each track
can be considered as an independent one as long as its pattern do not intersects
with other tracks, and both efficiency decreasing effects hardly affect the pattern
recognition. In case of the increased multiplicity of the event, an influence of the
track-track interaction strengthens, resulting in reconstruction efficiency shape
which shown in Fig. 7.2 (2-4 multiplicity bins).

7.2.2. Dependence on the Particle Type

Particles of different type interact with the detector volume differently, result-
ing in different reconstruction efficiency. Fig. 7.4 shows pt dependence of the
reconstruction efficiency of the prompt particles of different type. As expected,
a reconstruction efficiency of K± is lower than for π±, as well as efficiency of
leptons (e, µ) is higher. But, the overall behavior of the reconstruction efficiency
follows the same rule – lower for the low-pt region and tends to 100% efficiency.
This efficiency behavior can be explained from point of view of material effects,
which include energy losses dE/dx and multiple scatterings.

The dE/dx falls with increasing the energy of a particle until it reaches the
minimum ionization, and then rises due to bremsstrahlung effect. The mini-
mum ionization differs for each kind of the charged particles, and depends on
the mass of a particle. For leptons (especially e) bremsstrahlung have more sig-
nificant influence in high-pt region than for hadrons, leading to efficiency drops.
Hadrons have stronger energy losses due to the material effect in low-pt region.
Influence of this effect can be clearly seen in Fig. 7.4, where particles of different
kind have different reconstruction efficiency.
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Figure 7.4.: Comparison of the efficiencies of Belle II track finding chain to
legacy track finder (the Belle experiment) based on the particle type
in bins of track pt
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Figure 7.5.: Comparison of the efficiencies of Belle II track finding chain to
legacy track finder (the Belle experiment) based on the production
position of the track candidates in bins of track pt
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Figure 7.6.: An example of the non-prompt trajectories. Volumes of the different
parts of the detector are highlighted with different color.

7.2.3. Dependence on d0

As it was shown in Sec. 6, the Legendre based track finding was also developed
to reconstruct non-prompt tracks. The information about particle production
vertex can only be obtained at the Monte Carlo level, and is not of interest in
pattern recognition analyze. The reason is that pattern recognition can not de-
termine track production vertex and distance to it. Much important quantity is a
distance of the closes approach of the track to the origin (d0), which is the one of
the 2-D trajectory parameters (see Sec. 6.1.3). From point of view of the pattern
recognition, a track is classified as a non-prompt track as long as its d0 parameter
higher than a threshold (in the current work it is defined to be dprompt0max

= 1 cm)
and vice versa.

Efficiency comparison of the Legendre based pattern recognition to Trasan is
shown in Fig. 7.5. There are four d0 regions selected for the study, depending
on the detector geometry: track inside the beam pipe, inside the PXD volume,
SVD volume and CDC volume. An example of trajectories passing through the
different regions of the detector is shown in Fig. 7.6. Tracks, whose trajectories
passes through the inner parts of the detector (this includes beam pipe, PXD and
SVD volumes) have high reconstruction efficiency which stays on the nearly the
same level (see Fig. 7.5, 1−3 bins of d0). In case of tracks which are contained in
the CDC volume only, the reconstruction efficiency is on a relatively high level
to perform a pattern recognition, although the algorithm is mainly focused on
the prompt track reconstruction.
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Figure 7.7.: Comparison of the purities of Belle II track finding chain to legacy
track finder (the Belle experiment) based on the number of gener-
ated tracks in event (event multiplicity) in bins of track pt

7.2.4. Purity

The purity of the tracking sample plays an important role for the event recon-
struction (for example, Full Event Interpretation) and physics analyses. Recon-
structed tracks can be classified into three classes: matched tracks, clones and
fakes. Fake tracks are tracks which do not have any suitable Monte Carlo track
to match, while clones have a matching Monte Carlo track, but this Monte Carlo
track could be describes with other reconstructed track which contains most of
the hits.

The purity of a pattern recognition is shown in Fig. 7.7. A lower purity can
been observed in the low-pt region, which corresponds to the curling tracks.
In this region, the fraction of clone and fake tracks is relatively high (see Ap-
pendix A). Curling tracks usually have a long trajectory in the CDC volume and
a large amount of hits. This results in different curvatures at the beginning and
ending of the trajectory, and splitting of the track into two tracklets. The track
merging procedure decreases the amount of clones, but could not take into ac-
count multiple scattering effect and high energy losses of tracks.
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7.2.5. Examples of Missed Tracks

(a) Reconstructed event (b) MC tracks, marked as “missing”

Figure 7.8.: Example of missing PR tracks

(a) Reconstructed event (b) MC tracks, marked as “missing”

Figure 7.9.: Example of missing relations between PR and MC tracks

The inefficiency of the pattern recognition mainly comes from the absence of
tracks, splitting of the track into segments and merging of track into another
track. An example of not found and splitted tracks is shown in Fig. 7.8. The
green track in Fig. 7.8b is not reconstructed by the pattern recognition at all.
Hits belonging to the blue track (Fig. 7.8b) are taken by the other tracks (hit
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misassignment). The red track is splitted into few segments and merged with
others, resulting in track loss.

One special case is shown in Fig. 7.9 with decayed particle, and on Monte
Carlo level mother and daughter tracks are separated (Fig. 7.9b). Pattern recog-
nition reconstructs both tracks as the same one (Fig. 7.9a), but it does not have
a matchable Monte Carlo track, since it does not satisfy track hit efficiency and
purity criteria.

7.3. Influence of Beam Background

Beam induced background influences the reconstruction efficiency as well as on
the purity of the track sample, effectively lowering this quantities. Additional
hits in the CDC result in an increased wrong hit assignment rate. This effect
leads to spoiled trajectories, and the fitting based hit assignment would fail. As a
result, the unused hits could be combined with the background hits, increasing
the fake rate of the pattern recognition.

Background hits can be rejected before the actual pattern recognition proce-
dure [63]. Most of the beam induced background hits are forming standalone
clusters of few hits or just single standalone hits. This kind of background could
not be rejected during the global pattern recognition, but it can be rejected at
the earlier stages. The main idea is to perform clustering of the hits and an-
alyze its shape. By using boosted decision tree, the algorithm can distinguish
the background-like clusters from the track-like segments. The background-like
clusters are masked and not considered at the later stages of the pattern recog-
nition. As result, Legendre-based tracking can consider proper hits while the
amount of the beam background hits is reduced.

Moreover, the beam background level for the Belle II experiment has been
estimated [3], but the pattern recognition should be checked for the increased
background level to provide assurance that events can be reconstructed even in
case of larger beam induced background levels. The composition of the back-
ground in CDC is provided by the simulation package of the BASF2 framework,
and added to the simulated event as additional single hits or patterns of hits.
These background hits may be combined with the real tracks, lowering hit pu-
rity, as well as create fake tracks. The BASF2 framework provides a possibility
to scale the background level by changing fraction of background hits in the
simulation.

The performance of the Legendre based pattern recognition is compared for
no background case (no BG), nominal background (BG x1) and scaled back-
ground (doubled BG x2, and tripled BG x3).
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Figure 7.10.: Fake rate along the PRTrack multiplicity

7.3.1. Efficiency Dependence on pt

The beam background mainly affects the pt region which corresponds to the
curling tracks (pt < 450 MeV). As it has been shown Sec. 6, curling tracks are
supposed to be constructed out of much more hits than the high-pt tracks.

There are two kinds of background influence on the pattern recognition: cre-
ating fake tracks and distorting trajectory of good tracks. In case of a high den-
sity of hits in CDC, random hits may be combined in track-like patterns, spoil-
ing the tracking sample with the fake tracks. This kind of effect can be observed
in no background simulation for events with high track multiplicity as well as
with the presence of the background (see Fig. 7.10). Distortion of trajectories
occurs when correct track’s hits are combined with background hits. In such
case further attempts of hits assignment may fail, since background hits (after
background suppression) can’t be distinguished from track hits.

7.3.2. Efficiency Dependence on the Number of CDC Hits

The number of the CDC hits influences on the pattern recognition efficiency.
In case of simulation without background, the reconstruction efficiency drops
with increased number of CDC hits. As it was mentioned, this effect is caused by
wrong combinations of hits in conditions of high hit density, as well as spoiling
of event by looping tracks, which produce lots of fakes and clones.

Presence of the background effectively increase the number of CDC hits. The
dependence of the reconstruction efficiency on the number of hits in an event is
shown in Fig. 7.12. The no background simulation and single background simu-
lation have their own baselines, which points to the suppressed influence of the
background hits as well as effective rejection of the CDC background. Scaled
background (doubled and tripled) have similar behavior and the same baseline,
what could indicate for the deterioration of the background rejection.
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Figure 7.11.: Comparison of the efficiencies of the Belle II track finding chain
with different beam background levels for prompt (a) and non-
prompt (b) track candidates samples based on the number of gen-
erated tracks in event (event multiplicity) in bins of track pt
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Figure 7.12.: Comparison of the efficiencies of the Belle II track finding chain
with different beam background levels for prompt (a) and non-
prompt (b) track candidates samples in bins of number of CDC hits
in event
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(b) Non-prompt track candidates

Figure 7.13.: Comparison of the purities of the Belle II track finding chain
with different beam background levels for prompt (a) and non-
prompt (b) track candidates samples based on the number of gen-
erated tracks in event (event multiplicity) in bins of track pt

7.3.3. Purity Dependence on pt

The purity of the tracks sample depends on the beam background level, as
shown in Fig. 7.13. The most affected is the pt region with curlers, where the
probability of the random combination of additional CDC hits increases, re-
sulting in a larger fake fake. For high-pt prompt tracks this effect is negligible.
The fake rate is shown in Fig. 7.15.

On the other hand, the clone rate decreases with the increased background
level (see Fig. 7.14), but this effect is neglected by the fake rate. The clones have
much less hits compared to matched tracks by definition. In case of high hit
density, clones collect wrong hits and could be also classified as fakes.
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Figure 7.14.: Comparison of the clone rates of the Belle II track finding chain
with different beam background levels for prompt (a) and non-
prompt (b) track candidates samples in bins of track pt
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Figure 7.15.: Comparison of the fake rates of the Belle II track finding chain
with different beam background levels for prompt (a) and non-
prompt (b) track candidates samples in bins of track pt
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7.3.4. Track Hit Purity and Efficiency

Track’s hit efficiency and hit purity are playing an important role in understand-
ing the performance of the track finding. This quantities describe the recon-
struction accuracy and quality of the matched PRTracks.

A hit efficiency is a fraction of MCTrack hits which are present in the matched
PRTrack, meaning that higher hit efficiency corresponds to a more complete
track reconstruction. It also has an influence on the later stages of the event re-
construction, such as fitting, vertexing and dE/dxmeasurement, as missing hits
or an incomplete trajectory results in larger uncertainties of the track parame-
ters.

The second quality criteria, hit purity, is the fraction of hits in the PRTrack
which are being present in the matched MCTrack. In other words, this quantity
characterizes the accuracy of the hit assignment. Wrong hits may lead to the
wrong determination of the track parameters as well as to the rejection of the
track due to the low track quality.

The comparison of the hit efficiencies for different beam background levels
for prompt and non-prompt tracks are shown in Fig. 7.17. The hit efficiency
drops with the increased background level due to spending of good hits to con-
struct fake tracks as well as due to rejection of background-like clusters of CDC
hits. As the fake rate increases with the background level (see Fig. 7.15), the
probability of the random exclusion of the good CDC hits by assigning them to
fake tracks rises.

Prompt tracks have higher hit efficiency compared to non-prompt tracks due
to the different approaches of their reconstruction. Prompt tracks are recon-
structed as a dense regions in the Legendre space, and most of hits are assigned
to the track. Later, proper trajectory is restored and missing hits are assigned,
effectively increasing hit efficiency. On the other hand, non-prompt tracks are
restored from the segments basing on the circular fit. The main difference is
that segments usually contain less hits than tracks found in Legendre space, so
the segment trajectories are less precise. This fact leads to less efficient hit as-
signment and as result lower hit efficiency. The dependence of the hit efficiency
on d0 is shown in Fig. 7.18a, indicating lower hit efficiency for the non-prompt
tracks.

Curling tracks have lower hit efficiency compared to high-pt tracks due to the
material effects. As it was shown in Fig. 7.14, clone rate for curling tracks are
higher and apparently leads to reduced hit efficiency.

Figure 7.17 shows hits purity for prompt and non-prompt tracks. The hit
purity drops with the increased background level, and this effect is stronger for
curling tracks. As it was mentioned before, curling tracks have longer paths in
ρ− φ projection, and as a result, the probability of assignment of wrong hits is
increased. In case of high hits density, the wrong hits in the outgoing arm of the
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(b) Non-prompt track candidates

Figure 7.16.: Comparison of the track hit efficiencies of the Belle II track finding
chain with different beam background levels for prompt (a) and
non-prompt (b) track candidates samples based on the number of
generated tracks in an event (event multiplicity) in bins of track pt
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Figure 7.17.: Comparison of the track hit purities of the Belle II track finding
chain with different beam background levels for prompt (a) and
non-prompt (b) track candidates samples based on the number of
generated tracks in event (event multiplicity) in bins of track’s pt
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Figure 7.18.: Comparison of the track hit efficiencies (a) and track hit purities (b)
of the Belle II track finding chain with different beam background
levels in bins of track d0
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Background level
Legendre-based

axial finder Stereohits assigner Trasan
BG x0 104.35 ms 9.04 ms 431.25 ms
BG x1 123.22 ms 10.72 ms 624.66 ms
BG x2 161.68 ms 13.15 ms 895.20 ms
BG x3 224.11 ms 17.57 ms 1353.02 ms

Table 7.1.: Comparison of the CPU execution time.

track could be assigned. The hit purity weakly depends on the d0 of the track
(see Fig. 7.18b).

7.4. CPU Performance

The Belle II experiment expects a lot of data to collect and process with limited
computational power. Thus, developed algorithm should be optimized to de-
liver expected pattern recognition performance within relatively low CPU time.
It is one of the substantial criteria, which has been essential during development
of the algorithm.

Comparison of the CPU computing time of the Legendre-based tracking with
different background levels to the Trasan finder is listed in Table 7.1. The test
was performed on a computer powered with Intel(R) Core(TM) i7-4790 CPU
with 8 MB cache and 3.60 GHz processor base frequency. The average CPU
time spent to reconstruct CDC tracks is lower for Legendre-based pattern recog-
nition. The key features, which lead to lowered execution time are:

• QuadTree, which is used for fast candidate search in the Legendre space
• lookup table with precalculated trigonometrical functions
As it was discussed in Sec. 6.2, a QuadTree data structure allows to perform

2-dimensional binary search and to store its result in a tree. Compared to a fast
Hough 2-D binary search, a QuadTree brings the possibility to use the same data
object to find track candidates within multiple iterations. It means, that filled
QuadTree nodes can be used in the next iterations by filtering out used hits, sav-
ing computing time. On the other hand, partial filling of the QuadTree (which
is inherited feature of the fast Hough search) allows to avoid consideration of
nodes which do not satisfy the search criteria and, as result, are out of interest.
Thus, computing resources are used effectively without losing reconstructions
efficiency.

Since QuadTree is a grid in some sense, θ values used in computing of ρ vari-
able on the Legendre plane will be always the same. To speedup calculations,
lookup table with precalculated sin and cos functions is involved. This allows to
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save computing time by getting a precomputed value instead of calling trigono-
metrical math routines, which are CPU costly.

7.5. Discussion

The CDC pattern recognition of the Belle II experiment shows good track re-
construction performance for a wide range of transverse momenta and track
origins. Compared to the Belle legacy track finder, it has its own strong points.
Overall performance is on the same level, while reconstruction of low-pt and
non-prompt tracks is better for the Belle II CDC track finder.

Studies of influence of the beam induced background in CDC on the CDC
pattern recognition show the stability of the track reconstruction. The scaled
background level slightly decreases the performance of the track finder, what is
expected and well understood. On the other hand, it has been shown that CDC
pattern recognition can perform reliable track reconstruction in case of larger
background levels.



8. Conclusions

This work presents the development of the tracking algorithm for the Belle II de-
tector. The method is based on the technique developed by the ATLAS exper-
iment [1]. It has been proved [2] that the method can be adopted to the needs
of the Belle II CDC tracking and efficiently reconstruct simulated B+ → D̄0(→
K+π−)π+ decays. The present work consisted in further development and im-
plementation of features, which make the algorithm more generic in sense of
track topologies as well as improving track finding performance.

The need for a reliable pattern recognition caused by the purposes of the
Belle II upgrade. The wide physics program of the experiment requires the
high quality event reconstruction algorithms. For example, rare processes can
be studied only with a large datasets. Any inefficiency in the event reconstruc-
tion would lead to the losses of statistics and, as result, decreased accuracy of the
physics analyses. The tracking part of the event reconstruction is responsible for
a precise momentum measurement as well as for the trajectories definition.

The developed pattern recognition reconstructs tracks out of CDC axial hits
using the method, which is based on the Legendre transformation of the con-
formal mapped hits. Tracks in scope of the method are considered as a set of
hits, which are likely left by the same charged particle, and lying on a circular
trajectory. Although the method was initially considered as a finder of a perfect
tracks which originate from the interaction point, the implemented features ex-
tended the functionality of the algorithm.

The enhanced 2-dimensional binary search is used for the track candidate
detection. It is implemented as a QuadTree structure, which allows to apply
different quality criteria during the search. It lead to a high finding efficiency of
tracks of different kinds.

The method was implemented as a part of the Belle II Analysis Software
Framework as separate module. The developed module was deployed in the
standard track reconstruction chain, which will be used for tracking purposes
during data taking. The algorithm plays role of a global track finder, which de-
fines most of the track patterns. In combination with other tracking algorithms,
it shows high tracking performance. It was shown, that the pattern recognition
is capable to operate in presence of high beam induced background.

The development was also focused on the optimization of the algorithm to
reduce the execution time. It is one of the substantial requirements on par with
the reconstruction efficiency. Computing resources of the experiment are lim-
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ited, thus all parts of the executing code must be optimized to use computing
time efficiently. Within this scope, the developed Legendre-based pattern recog-
nition has a great improvement compared to the legacy track finder, decreasing
execution time by a factor 4.
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A. Additional Purity Plots

The Fig. A.1 shows the comparison of the clone rates of the CDC track finder
to Trasan track finder. It can be seen that overall clone rate is the same, despite
Trasan has higher clones contribution in low-pt region.

The Fig. A.2 shows the fake rate comparison. It can be seen that Legendre-
based track finder has a higher fake rate in low-pt region.
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Figure A.1.: Comparison of the clone rates of Belle II track finding chain to
legacy track finder (the Belle experiment) based on the number of
generated tracks in event (event multiplicity) in bins of track’s pt
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Figure A.2.: Comparison of the fake rates of Belle II track finding chain to legacy
track finder (the Belle experiment) based on the number of gener-
ated tracks in event (event multiplicity) in bins of track’s pt
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