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Abstract

How does an object scatter or absorb electromagnetic radiation? It is often a non-
trivial task to answer this question. A very elegant analytic solution can be found
for a single sphere by expanding the fields into vector spherical harmonic functions
and connecting their amplitudes with the Mie coefficients of the sphere. However,
for general arbitrarily shaped objects, such an analytic solution does not exist. In
this thesis, an approach is used that is very similar to the case of the single sphere.
The amplitudes of the incident and scattered fields are connected by the transfer or
T-matrix, instead of the Mie coefficients. We present a method to obtain the T-matrix
of arbitrary objects. Furthermore, an extension is shown, where the scattering from
several of such objects forming a cluster can be calculated.

We use this framework to study the interaction of single objects with light on the one
hand and light propagation in metamaterials made out of many identical objects
on the other hand. We focus on objects and materials that are suitable for self-
assembly fabrication techniques. Such methods offer several key benefits, which
are highlighted throughout the thesis.

After introducing the theoretical basis, we investigate in detail metamaterials that
are composed of spheres and spherical shells. A main goal in this context is the
availability of a three dimensional material that exhibits a magnetic response. This
can ultimately lead to a material with a negative effective index of refraction. We
present a metamaterial that attains a negative index of refraction theoretically and
back it up by numerical calculations. For these calculations we use an extension
to the Mie scattering for multiple spheres. Then, the aforementioned T-matrix
method is introduced. We show how to calculate the T-matrix of arbitrarily shaped
objects. Finally, we apply this T-matrix method to get a deeper understanding of
the scattering behavior of complexly shaped objects. Three interesting concepts are
investigated. First, the scattering cancellation of a dipolar particle with a tunable op-
erating frequency in the visible spectrum. To achieve this, we use ellipsoidal particles
instead of spheres in the scattering cancellation device. Second, we investigate the
electromagnetic chirality of scattering objects. Its definition is based on the T-matrix
of the object. We use this definition to design an optimally chiral object. Finally,
we consider the homogenization of a three dimensional metamaterial. We compare
full wave simulations of a larger number of metaatoms, obtained from our multiple
T-matrix scattering method, to the case of a homogeneous effective medium. The
results show very good agreement, confirming the validity of the approach.

In summary, we show that it is very valuable to have the T-matrix of an interesting
object available and that it provides information, which is not accessible if conven-
tional full wave methods are used.
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1 Introduction

How does light interact with a certain object?

and

How does light propagate through a material composed of such objects?

These are the central questions, which we are going to answer in this thesis.
Naturally available materials are commonly described by material properties such
as the permittivity ε(ω) and the permeability µ(ω). These are dispersive quantities
that depend on the frequency ω of the impinging electromagnetic radiation. This
is possible, despite the fact that these materials are made up of individual building
blocks: atoms and molecules. Such a homogeneous description is applicable, be-
cause the atoms and the distance to their nearest neighbors are much smaller than
the wavelength of the illumination. The optical response of the atoms can be very
well approximated by that of electric dipoles. With this concept in mind, artificial
materials, called metamaterials, where invented. These metamaterials are likewise
made out of smaller building blocks, called metaatoms in reminiscence to real atoms
that make up natural materials. These metaatoms and their respective distance
should also be small when compared to the wavelength to allow for an effective
description of the metamaterial. Then, the propagation of light in such a material
can be described much simpler, by replacing the potentially very complex structure
of the large number of metaatoms with a homogeneous material. This conceptual
homogeneous material shall be described by effective material parameters. In order
to determine the properties of the resulting metamaterial it is of utmost importance
to know the electromagnetic response of the constituting metaatoms to an external
illumination.

With state-of-the-art fabrication methods, it is possible to produce metamaterials
with unprecedented properties. In natural materials the effective properties are
governed by the polarizability of the atoms and molecules. However, these atoms
and molecules are usually well approximated as electric dipoles. Thus, a dispersion
in the permeability, which would require a magnetic polarizability of the building
blocks is not found in natural materials. The first attempts to realize artificial
materials were conducted in the microwave regime by David Smith and coworkers
[12]. A material with a notable magnetic response was created by using split ring
resonators as building blocks. These split ring resonators exhibit a magnetic dipole
moment when they are excited by external electromagnetic fields. This behavior
was predicted theoretically by Sir John Pendry and coworkers [13]. The proof of
principle that such artificial materials are possible spurred research in this direction
and created a whole new field of theoretical and experimental physics.
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1 Introduction

With top-down fabrication, complicated metaatoms can be created on a substrate.
Usually such fabrication techniques involve a lithography step, where the material is
treated for example with lasers [14,15], electron beams [16,17], or ion beams [18,19].
In the beginning, these pioneering work concentrated on metamaterials with special
properties in the microwave regime, mainly because the precision of the fabrication
techniques was not sufficient to create structures of the size necessary to reach the
optical regime. In the recent years, top-down methods developed rapidly to allow
tremendous precision and the optical domain was reached.

However, these top-down fabrication techniques also have some notable downsides.
For many interesting applications, we want a metamaterial that has a three dimen-
sional volume. Typically, the aforementioned lithography procedures allow only the
fabrication of an approximately two dimensional arrangement with limited control
of the height on the substrate. Furthermore, top-down techniques are optimized
to fabricate multiple metaatoms at the same time or as fast as possible after each
other. This usually restricts the arrangement of the metaatoms on the substrate to a
highly ordered lattice. For some applications such an arrangement is advantageous.
However, often we need an isotropic response of the material, for example to avoid
problems at oblique illuminations. Such an isotropic response is not possible if
anisotropic metaatoms are ordered with the same alignment. However, if they were
placed in a random orientation, the response would be approximately isotropic.

These two problems can be solved with self-assembly techniques. The basic idea of
self-assembly is to mimic nature in the way organisms are formed. As opposed to
the fully deterministic process of top-down fabrication, self-assembly is driven for
example by chemical processes [5, 20], electrostatic forces [21–23], or biological pro-
cesses [24,25]. Thus, the self-assembly fabrication can only be controlled indirectly.

The major selling point of self-assembled metamaterials is that they are usually
inherently available as a three dimensional material. Metaatoms are formed in
solution, which results in an isotropic three dimensional distribution. The resulting
mixture can be further densified to reach the desired concentration. See Fig. 1.1 for
examples of top-down fabricated and self-assembled metaatoms.

So far, an impressive number of interesting theoretical concepts has been proposed

Figure 1.1: Schematic visualization of metaatoms fabricated with (A) top-down
methods and (B) self-assembly methods.
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in the fields of metamaterials. Many of these suggestions were already realized
experimentally with considerable success. Notable examples are perfect absorbers
[26–28], cloaks that can hide objects from detection [29–32], chiral materials which
react differently to the two circular polarizations of light [33–37], and materials with
a strong magnetic response [23, 38, 39], which can lead ultimately to a material with
a negative index of refraction [1, 40, 41].

Furthermore, there are other branches of metamaterial science beyond the electro-
magnetic realm. Most notably, there are applications for mechanical metamaterials,
in the area of acoustics [42, 43], elastostatics [44, 45], and fluid dynamics [46]. More-
over, artificial materials are also used in thermodynamics [47,48]. Even though these
fields are intriguing, they lie beyond the focus of this thesis and are not further
considered.

State-of-the-art metamaterial designs cover a large fraction of the electromagnetic
spectrum from radio waves [49,50], microwaves [12,51], the infrared regime [52–54],
the visible spectrum [55–57], up to the ultraviolet regime [58, 59]. In the context
of this thesis, we focus mainly on metamaterials in the optical regime, ranging in
frequency from approximately 400 THz to 800 THz or, if we consider wavelengths,
approximately from 400 nm to 800 nm.

Structure of the thesis

In this thesis we investigate the scattering behavior of specific objects. For this
purpose, it is mandatory to introduce the fundamental theoretical concepts in the
following chapter 2. There we show a method to calculate the scattered fields
of an illuminated sphere. The electromagnetic fields are expanded into vector
spherical harmonic functions. Such a decomposition is especially advantageous to
describe the spherically symmetric problem of a scattering sphere. Then the incident
and scattered electromagnetic fields are described by the expansion coefficients,
called incident and scattering coefficients, respectively. Furthermore, an extension
is presented to calculate the scattering by multiple spheres self-consistently with
the multiple Mie scattering method. Within this method, the scattered field of each
sphere is calculated by taking not only the external illumination into account, but
also the scattered fields of all other spheres.
Afterwards, we show two important methods to homogenize materials made out
of small particles: the surface homogenization and the volumetric homogenization.
The surface homogenization is suitable to describe thin, quasi two dimensional
layers in an effective way. The layer is modeled as an infinitely thin interface to
which we can attribute a surface impedance. Alternatively, we use the volumetric
homogenization to describe extended three dimensional structures. Here, the struc-
ture is modeled as a solid homogeneous material with effective properties εeff(ω) and
µeff(ω).
The chapter is concluded by an introduction to duality symmetry and the helicity of
light. The helicity of an electromagnetic wave is a relativistically invariant property
that describes the handedness of the wave. A circularly polarized plane wave is an

3



1 Introduction

example of a wave of pure helicity. If an object does not change the helicity of the
light it interacts with, it is called dual symmetric.

In chapter 3, we apply the multiple Mie scattering method to investigate numerically
the scattering behavior of metaatoms which are composed of spheres. Thereby, we
focus also on the possible fabrication of such metaatoms. We introduce a design of
a metaatom that exhibits a strong magnetic dipole resonance which is suitable for
self-assembly fabrication. The design is further extended to sustain a magnetic and
electric resonance in the same spectral region. This leads to a negative effective index
of refraction of a metamaterial made out of the proposed metaatoms.
After this theoretical study, we investigate possible realizations of metaatoms with
interesting optical properties. Hereby, we tightly collaborate with experimental
partners and provide useful insights into the interaction of the investigated objects
with light.
Finally, a dynamically tunable metamaterial is proposed. We show the design
of a metamaterial consisting of silver nanospheres connected by a liquid crystal.
The liquid crystal changes its geometrical structure depending on the temperature.
Thus, we can switch the geometrical structure of the silver spheres by changing
the temperature dynamically and reversibly. Thereby, the optical response of the
material is likewise changed.

In chapter 4 we present an extension to the multiple Mie scattering method to include
arbitrary objects instead of spheres. The scattering information of an object can be
represented by the transition matrix, called T-matrix throughout this thesis. This
matrix connects the incident and scattering coefficients. It depends only on the
geometry and material composition of the considered object.
We present two methods to calculate the T-matrix. The first is suitable to consider
clusters of spheres and is based on the multiple Mie scattering algorithm. The second
method is more general and allows to calculate the T-matrix of an arbitrarily shaped
object.
Finally, we present a multiple T-matrix scattering method. This algorithm makes it
possible to calculate the collective scattering by multiple arbitrarily shaped objects.

In the last chapter, we investigate metaatoms made out of arbitrarily shaped objects.
We apply the previously introduced multiple T-matrix scattering method to gain
insights into the scattering behavior of the considered objects.
We present a novel design of a scattering cancellation device. Most notably the
scattering response of a core object is reduced at a tunable frequency. This is possible
because we employ ellipsoidal nanoparticles instead of nanospheres in the shell that
cancel the scattering. This way we are able to tune the operating frequency by
changing the aspect ratio of the constituting ellipsoids. The results obtained from the
multiple T-matrix scattering method are compared to analytically obtained results,
where the shell is homogenized with the methods introduced in chapter 2.
Subsequently, we investigate the chirality of scattering objects. A new definition
of electromagnetic chirality is introduced. This definition allows a quantitative
classification of scattering objects. We underpin our definition by investigating a
realistic object that achieves a strong value of electromagnetic chirality at resonance,
a silver helix. This is achieved by calculating the T-matrix of the object numerically.

4



From the T-matrix we obtain the value of the electromagnetic chirality which we
maximize by varying the geometrical parameters of the helix.
Finally, we present a scheme to construct a metamaterial with complexly shaped
metaatoms. This is done by combining the top-down fabrication with self-assembly
methods to benefit from the respective advantages of both methods. Metaatoms
are fabricated with high precision by top-down methods. Then, they are lifted
off of the substrate and distributed in a random isotropic manner. We investigate
exemplary a metaatom that consists of two separated metal disks. The resulting
three dimensional metamaterial is then described with a full wave simulation using
the multiple T-matrix scattering method. Additionally, we perform a volumetric
homogenization of the metamaterial and calculate the effective material parameters.
Ultimately, we compare the results of the full simulation to a simulation of a homo-
geneous object with the obtained effective parameters to demonstrate the validity of
the approach.
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2 Theory

In this chapter, we introduce the theoretical foundation of this thesis. In the first
section, we give an introduction to the electromagnetic scattering theory of spheres.
The scattering by a single sphere in a homogeneous isotropic medium can be de-
scribed fully analytically, which was first described by Gustav Mie [60]. With an
extension, it is also possible to calculate self-consistently the scattered fields for a
finite cluster of spheres. This extension constitutes a very powerful tool to describe
the optical properties of metallic or dielectric nanosphere clusters in the context of
several practical applications. We use this multiple Mie scattering method to a great
extent in chapter 3.

In the second section, we discuss how metamaterials made from basic scatterers can
be homogenized. A simple and effective description as a material with effective
properties in the case of a bulk material or as a surface in the case of a planar
material is outlined. In many cases we can apply the dipole-approximation to
describe the scattering response of small scattering objects. This requires considering
only the induced electric and magnetic dipole moments. Then, a bulk material or a
surface consisting of these scattering building blocks can be modeled as an effective
homogeneous entity with specific optical properties.

Finally, we provide insights into the electromagnetic duality symmetry of objects and
the closely related helicity. In a nutshell, an electromagnetic scatterer is considered to
be dual, if its electric and magnetic responses are balanced. This duality symmetry
preserves an observable quantity: the helicity of the field.

2.1 Electromagnetic scattering

When electromagnetic radiation, such as light, interacts with a particle, usually two
phenomena occur. Light can be absorbed or scattered. The quantitative extent of this
absorption and scattering depends strongly on the properties of the particle, such as
its size, shape, and the intrinsic properties of the materials the particle is made of.
Because in general, this can lead to very complex calculations, we want to focus in
this section on the special case of spherical scatterers. In essence, we are always
solving Maxwell’s equations in the frequency domain

∇ · E(r, ω) = 0, (2.1)
∇ ·H(r, ω) = 0, (2.2)
∇× E(r, ω) = iωµ(ω)H(r, ω), (2.3)
∇×H(r, ω) = −iωε(ω)E(r, ω). (2.4)

7



2 Theory

Figure 2.1: Schematic representation of the incident Einc, scattered Esca, and internal
field Eint of a sphere.

Here, E(r, ω) is the electric field, H(r, ω) is the magnetic field, r is the spatial coordi-
nate, ω is the frequency, and ε(ω) and µ(ω) are the permittivity and permeability of
the considered material, respectively. Throughout the thesis, we denote vectors and
vector fields with bold characters.

2.1.1 Scattering by a single sphere

In this section, we consider the scattering of light by a single sphere, as seen
schematically in Fig. 2.1. Contrary to arbitrarily shaped objects, the scattering by
a sphere can be solved fully analytically. This case is very relevant, because many
self-assembled metaatoms are either composed of spheres or can be approximated
as such.

Wave equation

We start with the vector wave equations (also called Helmholtz equation), which
directly follow from Maxwell’s equations 2.1-2.4 [61]

∇2E(r, ω) + k2E(r, ω) = 0 (2.5)
∇2H(r, ω) + k2H(r, ω) = 0, (2.6)

where k is the wave vector. The dispersion relation requires that

k2 = |k|2 = ω2ε(ω)µ(ω). (2.7)

8



2.1 Electromagnetic scattering

Here, ε(ω) = εr(ω)ε0 where ε0 is the free space permittivity and εr(ω) is the relative
permittivity of the material. Analogously we have µ(ω) = µr(ω)µ0.

To exploit the symmetry of the problem, spherical coordinates are adopted. This
simplifies the wave equation considerably. We consider a scalar function ψ(r, ω) and
an arbitrary constant vector c (the guiding vector) and construct a vector function
M(r, ω) as

M(r, ω) = ∇× (cψ(r, ω)) (2.8)

with vanishing divergence. We insert this into the vector wave equation and get

∇2M(r, ω) + k2M(r, ω) = ∇× [c(∇2ψ(r, ω) + k2ψ(r, ω))] = 0. (2.9)

From the right hand side of Eq. 2.9 we extract the scalar wave equation

∇2ψ(r, ω) + k2ψ(r, ω) = 0. (2.10)

This implies that if ψ(r, ω) is a solution to the scalar wave equation then M(r, ω)
satisfies the vector wave equation. Now we construct a second vector function
N(r, ω) as

N(r, ω) =
∇×M(r, ω)

k
. (2.11)

This function is by definition divergence free and also satisfies the vector wave
equation. Additionally, M and N satisfy the relation ∇ × N(r, ω) = kM(r, ω) and,
therefore, have all the properties of electromagnetic fields. This can be appreciated
by applying ∇× to Eq. 2.11 and inserting the wave equation. Now, in order to have
a solution to the vector wave equation, it is only required to solve the much simpler
scalar wave equation 2.10 for the generating function ψ(r, ω). Then, the solutions
to the vector wave equation can be constructed using Eqs. 2.8 and 2.11. The two
functions are called vector harmonic functions.

In the present case of a scattering sphere, the generating function ψ(r, ω) should be a
solution to the scalar wave equation in spherical coordinates. As the guiding vector
c, we take the position vector r in order to ensure that M(r, ω) is a solution to the
vector wave equation in spherical coordinates. Then we get the generating function
with a separation ansatz as [62]

ψ(l)
nm(r, ω) = z(l)

n (kr, ω)Pm
n (cos θ)eimφ, (2.12)

where r = |r|. Pm
n (cos θ) are associated Legendre functions and z

(l)
n (kr, ω) are

Bessel functions of first or second kind [z(1)
n (kr, ω) = jn(kr, ω) and z

(2)
n (kr, ω) =

yn(kr, ω)] or Hankel functions of first or second kind [z(3)
n (kr, ω) = h

(1)
n (kr, ω) and

z
(4)
n (kr, ω) = h

(2)
n (kr, ω)], respectively. The indices take the values n = 1, 2, . . . and

m = −n,−n+ 1, . . . , n− 1, n, respectively. Every solution to the wave equation can

9
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be expressed as a series of these functions

M(l)
nm(r, ω) = γnm∇× (rψ(l)

nm(r, ω))

= γnmz
(l)
n (kr, ω)∇× [rPm

n (cos θ)eimφ], (2.13)

N(l)
nm(r, ω) =

1

k
∇×M(l)

nm(r, ω)

= γnm
n(n+ 1)

kr
z(l)
n (kr, ω)

r

r
Pm
n (cos θ)eimφ

+
γnm
kr

d

d(kr)

(
krz(l)

n (kr, ω)
)
r∇(Pm

n (cos θ)eimφ(r,ω)), (2.14)

with the normalization factor

γnm =

√
(2n+ 1)(n−m)!

4πn(n+ 1)(n+m)!
. (2.15)

Due to the use of the coordinate r as the guiding vector the functions N(l)
nm(r, ω) and

M(l)
nm(r, ω) are now called vector spherical harmonic functions. They are now used

for the expansion of the electromagnetic fields in the scattering problem.

Field decomposition

We continue by considering a sphere with radius rs and material parameters εs(ω)
and µs(ω) that can be freely chosen. The sphere is surrounded by a homogeneous,
isotropic medium. We decompose the total fields in the entire space into the field
inside and outside the sphere. Then, the field outside the sphere, called the external
field, is further decomposed into incident and scattered fields (Fig. 2.1)

Eext(r, ω) = Einc(r, ω) + Esca(r, ω). (2.16)

Note that this is always possible for theoretical considerations, but experimentally
such a distinction is not possible.

As outlined before, we can expand each of these fields into vector spherical harmonic
functions 2.13 and 2.14 with appropriate coefficients. The incident field has to be
finite at the center of the coordinate system, thus, we take Bessel functions and the
expansion reads

Einc(r, ω) =
∞∑
n=1

n∑
m=−n

[
pnm(ω)N(1)

nm(r, ω) + qnm(ω)M(1)
nm(r, ω)

]
. (2.17)

Likewise, the internal field is expanded as

Eint(r, ω) =
∞∑
n=1

n∑
m=−n

[
cnm(ω)N(1)

nm(r, ω) + dnm(ω)M(1)
nm(r, ω)

]
. (2.18)

10



2.1 Electromagnetic scattering

The scattered field needs to satisfy the Sommerfeld radiation condition and is ex-
panded with Hankel functions

Esca(r, ω) =
∞∑
n=1

n∑
m=−n

[
anm(ω)N(3)

nm(r, ω) + bnm(ω)M(3)
nm(r, ω)

]
. (2.19)

Here, pnm(ω) and qnm(ω) are the incident coefficients, anm(ω) and bnm(ω) are the
scattering coefficients, and cnm(ω) and dnm(ω) are the internal coefficients.

The task is now to calculate the scattering (and, if required, the internal) coefficients
for given incident coefficients. In general, this linear connection is given by the
transfer or T-matrix defined as(

a(ω)
b(ω)

)
= T(ω) ·

(
p(ω)
q(ω)

)
. (2.20)

Here, a(ω), b(ω), p(ω), and q(ω) are vectors that contain the scattering and incident
coefficients, respectively. A similar matrix can be used to obtain the internal coeffi-
cients. However, this is beyond the scope of this thesis. We investigate the T-matrix
in more detail in chapter 4. For now, it is sufficient to consider the Mie coefficients
an(ω) and bn(ω) that form the T-matrix of a sphere as a diagonal matrix

anm(ω) = an(ω)pnm(ω)

bnm(ω) = bn(ω)qnm(ω). (2.21)

With the interface conditions for the electromagnetic fields on the surface of the
sphere

(Einc(ω) + Esca(ω)− Eint(ω))× r = (Hinc(ω) + Hsca(ω)−Hint(ω))× r = 0 (2.22)

we can derive expressions for the Mie coefficients [61]

an(ω) =
m2e2jn(ekrs, ω)[krs jn(krs, ω)]′ −m2jn(krs, ω)[ekrs jn(ekrs, ω)]′

m2e2jn(ekrs, ω)[krs h
(1)
n (krs, ω)]′ − h(1)

n (krs, ω)[ekrs jn(ekrs, ω)]′
(2.23)

bn(ω) =
jn(ekrs, ω)[krs jn(krs, ω)]′ −m2jn(krs, ω)[ekrs jn(ekrs, ω)]′

jn(ekrs, ω)[krs h
(1)
n (krs, ω)]′ −m2h

(1)
n (krs, ω)[ekrs jn(ekrs, ω)]′

(2.24)

with e =
√

εb
εs

,m =
√

µb
µs

, where εb and µb are the permittivity and permeability of the

surrounding medium, respectively. The dash represents a derivative with respect to
the first argument of the function. The Mie coefficients can then be used to calculate
the scattering coefficients for any given illumination coefficients.

Now that we have obtained the scattering coefficients, we can use them to calculate
quantities in the near field and observable quantities in the far field. The total
scattering, extinction, and absorption cross section are given as [62]

Csca(ω) = η
∞∑
n=1

n∑
m=−n

(
|anm(ω)|2 + |bnm(ω)|2

)
, (2.25)

Cext(ω) = η

∞∑
n=1

n∑
m=−n

Re(pnm(ω)a∗nm(ω) + qnmb
∗
nm(ω)), (2.26)

Cabs(ω) = Cext(ω)− Csca(ω). (2.27)

11



2 Theory

Here, η is a scaling factor, depending on the illumination. For a plane wave we have
η = 1

k2|E0|2 , where E0 is the amplitude of the incident plane wave.

To get more information about how this cross section is composed, we can modify
the equations to calculate the contributions of each multipolar order by considering
only the relevant coefficients

C(n)
sca (ω) = η

n∑
m=−n

|fnm(ω)|2, (2.28)

where n is the multipolar index which we want to investigate and fnm(ω) stands for
anm(ω) if we want to consider the electric part or bnm(ω) if we consider the magnetic
part, respectively. For example, the electric and magnetic dipole contributions,
which are dominant for electromagnetically small particles, read

Cel.dip.
sca (ω) = η

(
|a1−1(ω)|2 + |a10(ω)|2 + |a11(ω)|2

)
Cmagn.dip.

sca (ω) = η
(
|b1−1(ω)|2 + |b10(ω)|2 + |b11(ω)|2

)
. (2.29)

This means, if we know the scattering coefficients of an object with the correspond-
ing illumination, we know exactly how different multipoles contribute to the total
scattering. That is particularly valuable if we want to design a specific multipole
resonance of a nanoparticle or if we want to investigate a known resonance, for
example from experimental measurements.

The infinite series of the expansions need to be truncated at a finite number n = N
for numerical calculations. This number is the multipole order that we take into
account, N = 1 corresponding to dipoles, N = 2 to quadrupoles and so on. Thus, by
choosing which maximum order we want to consider, we can strongly influence the
computation time and final accuracy. An estimation forN to warrant a high accuracy
for a single sphere is given by [61]

N = krs + 4(krs)
1
3 + 2. (2.30)

Plane waves

As stated above, we can calculate the scattering coefficients of a sphere if we know
the illumination coefficients pnm(ω) and qnm(ω). A very useful illumination scenario
that can be used to approximate numerous real world scenarios is the plane wave.

We present the coefficients of the plane wave with a spatial dependency

Einc(r) = E0eik·r, (2.31)

with the constant amplitude vector that satisfies E0 · k = 0. The illumination
coefficients pnm(ω) and qnm(ω) depend on the direction of k which is given through
the angles θ and φ. The coefficients are given as [62]

pnm(ω) = 4π(−1)m indnE0 ·Cnm(θ)e−imφ, (2.32)

qnm(ω) = 4π(−1)m in−1dnE0 ·Bnm(θ)e−imφ. (2.33)

12



2.1 Electromagnetic scattering

Here, we use the following functions

dn =

√
2n+ 1

4πn(n+ 1)
, (2.34)

Bnm(θ) = θ̂τnm(θ)− φ̂iπnm(θ), Cnm(θ) = −θ̂iπnm(θ)− φ̂τnm(θ), (2.35)

πnm(θ) =
m

sin θ
dn0m(θ), τnm(θ) =

d

dθ
dn0m(θ), (2.36)

where θ̂ and φ̂ are unit vectors in the respective directions and dnmµ(θ) is the Wigner
d-function which is given as

dnmµ(θ) = Anmµ(1− cos θ)
m−µ

2 (1 + cos θ)−
m+µ

2 ∂n−lcos θ

[
(1− cos θ)n−m(1 + cos θ)n+m

]
,

(2.37)

with the prefactor

Anmµ =
(−1)n−µ

2n

√
(n+ µ)!

(n−m)!(n+m)!(n− µ)!
. (2.38)

These incidence coefficients of a plane wave illumination can be used in Eq. 2.21 with
the known Mie coefficients of a single sphere to obtain the scattering coefficients.

2.1.2 Scattering by a cluster of spheres

The case of a single sphere is a very important first step, but in most practical cases
we will have multiple particles in close vicinity (in the order of a few nanometers)
that will interact. This interaction is often the most interesting part to consider.
Thus, we need a method to calculate not only the response of multiple spheres
corresponding to the incident light, but also the interaction of all spheres with each
other should be included. This is taken into account by an extension of the Mie
scattering in a self consistent way [63]. The approach is called multi Mie scattering
method.

In principle, the situation for each sphere in the cluster is the same as in the single
sphere case. The fields relevant in the interaction with a specific sphere are again
expanded into the vector spherical harmonic functions N(l)

nm(r, ω) and M(l)
nm(r, ω) in

the coordinate system corresponding to the sphere j. We just add an index to the
incident and scattering coefficients pjnm(ω), qjnm(ω) and ajnm(ω), bjnm(ω). However,
the incident coefficients are actually very different from the single sphere case. In
the cluster, not only the external incident light impinges on each sphere, but also
the scattered light from all other spheres contained in the considered cluster. In the
following, we describe how to deal with this situation.

13



2 Theory

Figure 2.2: Schematic representation of a cluster of different spheres S1, S2, S3 with
corresponding local coordinate systems. These coordinate systems are
positioned at the center of each sphere. The scattered field corresponding
to each sphere is labeled accordingly.

Multiple scattering

To calculate the scattered fields of a cluster of J spheres as depicted in Fig. 2.2, we
need to simultaneously take the scattering by all spheres into account. This is done
by writing the incident field on each individual sphere as the sum of the external
incident field and the scattered fields of all other spheres in the cluster. Then, the
field impinging on sphere j is given as

Ej
inc(r, ω) = Einc(r, ω) +

∑
l 6=j

E(l,j)
sca (r, ω). (2.39)

Here, the superscript (l, j) denotes the transformation of the field from the coordi-
nate system centered at the lth sphere to the jth sphere. This is done with the trans-
lational addition theorems applied to the vector spherical harmonics as [64, 65]

N(3)
nm(r, ω) =

∞∑
ν=1

ν∑
µ=−ν

[
Aνµnm(dlj, ω)N(1)

νµ (r, ω) +Bνµ
nm(dlj, ω)M(1)

νµ (r, ω)
]
,

M(3)
nm(r, ω) =

∞∑
ν=1

ν∑
µ=−ν

[
Aνµnm(dlj, ω)M

(1)
νm′(r, ω) +Bνµ

nm(dlj, ω)N(1)
νµ (r, ω)

]
, (2.40)
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2.1 Electromagnetic scattering

where we use the translation coefficientsAνµnm(dlj, ω) andBνµ
nm(dlj, ω). The translation

is quantified with the vector dlj , which points from the position of sphere l to the
position of sphere j. A detailed definition of the translation coefficients is given in
the appendix.

Now that we can express the scattered fields of several scatterers in different co-
ordinate systems, we can form a system of equations that yields the scattering
coefficients of each individual scatterer self-consistently. We consider the incident
field coefficients for each sphere j

pjnm(ω) = pj,jnm(ω)−
∑
l 6=j

∞∑
ν=1

ν∑
µ=−ν

[
alνµ(ω)Aνµnm(dlj, ω) + blνµ(ω)Bνµ

nm(dlj, ω)
]
,

qjnm(ω) = qj,jnm(ω)−
∑
l 6=j

∞∑
ν=1

ν∑
µ=−ν

[
alνµ(ω)Bνµ

nm(dlj, ω) + blνµ(ω)Aνµnm(dlj, ω)
]
, (2.41)

where pj,jnm(ω) and qj,jnm(ω) are the original incident coefficients translated to the
position of the particle. This translation is done by adding a phase, corresponding to
the shift relative to the point of origin

pj,jnm(ω) = eik·d0jpnm(ω), qj,jnm(ω) = eik·d0jqnm(ω). (2.42)

The other terms appearing in Eq. 2.41 represent the scattered fields of all other
particles incident on sphere j. Then we insert these incident coefficients into Eq. 2.21
and arrive at

ajnm(ω) = ajn(ω)

{
pj,jnm(ω)−

∑
l 6=j

∞∑
ν=1

ν∑
µ=−ν

[
alνµ(ω)Aνµnm(dlj, ω) + blνµ(ω)Bνµ

nm(dlj, ω)
]}

,

bjnm(ω) = bjn(ω)

{
qj,jnm(ω)−

∑
l 6=j

∞∑
ν=1

ν∑
µ=−ν

[
alνµ(ω)Bνµ

nm(dlj, ω) + blνµ(ω)Aνµnm(dlj, ω)
]}

,

(2.43)

a system of equations for the scattering coefficients ajnm(ω) and bjnm(ω) with known
Mie and incident coefficients. The Mie coefficients ajn(ω) and bjn(ω) also have indices
j because the spheres can all be different.

Like before, the infinite series are truncated at a finite number N for numerical
calculations. The estimate for single spheres in Eq. 2.30 can serve as a guideline,
but due to the coupling of close spheres and the inclusion of addition coefficients, a
higher number might be required.

Collective scattering

Finally, the scattering coefficients of the entire cluster can be calculated instead of
those of each individual sphere. These coefficients explain how the cluster scatters
light as a combined object. The individual scattering coefficients ajnm(ω) and bjnm(ω)
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are defined in each individual coordinate system. They need to be transformed to a
common central coordinate system, where we can add them together to obtain the
total coefficients

anm(ω) =
J∑
j=1

∞∑
ν=1

ν∑
µ=−ν

[
ajνµ(ω)Aνµnm(dj0, ω) + bjνµ(ω)Bνµ

nm(dj0, ω)
]
,

bnm(ω) =
J∑
j=1

∞∑
ν=1

ν∑
µ=−ν

[
ajνµ(ω)Bνµ

nm(dj0, ω) + bjνµ(ω)Aνµnm(dj0, ω)
]
, (2.44)

where dj0 represents the translation to the central coordinate system. We need to take
care to choose the correct translation coefficients corresponding to spherical Bessel
or Hankel functions as indicated in Eqs. A.1 and A.2 in the appendix. From the
scattering coefficients we can calculate again the total scattering cross section as it
was done in the case of a single sphere in Eq. 2.25.

Similarly, we can obtain the total scattered field by computing the scattered field
of each sphere individually from the scattering coefficients and superimposing the
fields.

2.2 Light propagation in homogenized materials

Usually, self-assembled metamaterials are composed of particles that are arranged
in a three dimensional space ,where they form an actual bulk material, or in a two
dimensional fashion, where they form a thin film, also called metasurface. The
arrangement of these particles typically has no long-range order due to the nature of
the self-assembly process. Now, suppose we know the electromagnetic properties
of the individual particles, for example due to a multipole analysis, it is still a
challenging task to know the properties of the composite material.

How will the final assembly interact with light and how will the embedding material
influence the optical response? These questions can be answered within an effective
medium theory, where the composite material is treated as a homogeneous medium
with effective properties. The process of identifying the effective properties of a
metamaterial is known as homogenization. In the process of this homogenization,
some assumptions must be made. The most important restriction concerns the size of
the particles. In particular, the particles must be small compared to the wavelength
and to the average distance of the particles. In other words: we are considering a
low concentration. Otherwise, higher order multipole moments and the coupling
between multiple particles need to be taken into account. This would require much
more sophisticated homogenization techniques which are not considered here.

In the following, we want to outline two homogenization methods. For this purpose
we study exemplarily a scattering structure that consists of a dielectric core sphere
covered with a shell consisting of silver ellipsoids, as depicted in Fig. 2.3. Each
ellipsoid is characterized by the major axis a1 and minor axes a2 = a3. In the
following, we take this example to demonstrate different strategies to homogenize
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2.2 Light propagation in homogenized materials

Figure 2.3: Scattering cancellation structure as an example for homogenization. The
left picture shows the actual structure composed of a central sphere with
silver ellipsoids on top. On the right hand side we see the homogenized
object, where the fine details of the ellipsoids are hidden in an effective
shell.

the shell material. This example is particularly interesting, because it constitutes
a scattering cancellation structure. The technique relies on covering the object of
interest with a shell that scatters light into a far field of equal strength as the light
scattered by the object object, but with a phase shift of π. The resulting destructive
interference prohibits the detection of the entire object in measurements that probe
the scattered light.

Such a scattering cancellation structure is of great interest in the recent nanooptics
research. Hiding micro- or nanoscopic objects from electromagnetic detection proves
useful in a multitude of applications, such as reducing the scattering from a near
field scanning optical microscope tip. Here we introduce the theoretical basis for the
scattering cancellation structure. The concept is further investigated in section 5.1.

In a first approach, the shell is treated as a thin metasurface to which we can attribute
a surface reactance. After that, we show a different method that is better suited
for three dimensional materials. A volumetric homogenization with the Clausius-
Mossotti relation, is performed. The shell is homogenized and described by the
effective material properties εeff(ω) and µeff(ω).

2.2.1 Surface homogenization

Surface homogenization can be very useful for treating a thin layer as an interface.
Then, we do not need to consider the electromagnetic fields inside the layer which
can have a very complicated form. Instead, the layer is described by the effective
surface reactance, which we introduce in the following.
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Figure 2.4: (A) Array of particles with nearest neighbor distance d. (B) Effective
surface with impedance Z(ω).

Surface reactance

We consider a square array of small particles that is infinitely extended in two
dimensions and has a lattice constant d, as shown in Fig. 2.4. The particles could
be spheres or ellipsoids, as shown in the figure, but also more complicated particles
with known polarizability tensor α(ω). To satisfy the dipole approximation, the
particles have to be much smaller than the wavelength of the incoming field.

The polarizability relates the local electric field to the induced dipole moment

p(r, ω) = ε0α(ω)Eloc(r, ω), (2.45)

where ε0 is the vacuum permittivity. The local field is the sum of the incident field
and the interaction field. This interaction field is related to the dipole moment by the
interaction constant β(ω) like

Eloc(r, ω) = Einc(r, ω) + Eint(r, ω) = Einc(r, ω) +
β(ω)

ε0

p(r, ω). (2.46)

The interaction constant expresses the interaction of the dipoles in the lattice. It can
be approximately determined for a plane wave illumination to be [66]

β(ω) =
(1− ikR0)2

d24R0

, (2.47)

where R0 = d/1.438. Then, after calculating the average surface currents

J(r, ω) =
−iω|p(r, ω)|

d2
, (2.48)
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2.2 Light propagation in homogenized materials

we can attribute an effective impedance Z(ω) to the surface. This impedance is
generally defined by

E⊥(r, ω) = Z(ω)J(r, ω), (2.49)

where E⊥(r, ω) is the field perpendicular to the surface. The impedance of the lattice
is given as [67]

Z(ω) = R(ω)− iX(ω) = i
d2

k

(
1

α(ω)
− β(ω)

)
− 1

2
, (2.50)

where we use an averaged polarizability α. The real part of the impedance is the
resistive component R(ω). The imaginary part corresponds to the effective surface
reactance X(ω)

X(ω) = −d
2

k
Re

[
1

α(ω)
− β(ω)

]
. (2.51)

If we know the effective surface reactance of the lattice, we can treat it as a homo-
geneous layer with the appropriate properties. This simplifies the description and
calculation of the optical properties of the array.

Polarizability

In order to perform the surface homogenization for the previously described exam-
ple with ellipsoidal particles, we need to know the polarizabilities of the particles
in the array. Let us consider an array of arbitrarily oriented ellipsoids as shown in
Fig. 2.4 A. The polarizability of an ellipsoid along the long axis a1 can be expressed
analytically [61]

α1(ω) =
εp(ω)− εb(ω)

εb(ω) +N1(εp(ω)− εb(ω))
. (2.52)

Here, εp(ω) is the relative permittivity of the ellipsoid, εb(ω) = 1 is the relative
permittivity of the host medium, in our case vacuum, and

N1 =
a1a

2
2

2

∫ ∞
0

ds

(s+ a2
1)
√

(s+ a2
1)(s+ a2

2)(s+ a2
3)

(2.53)

is the depolarization factor of the ellipsoid along the major axis. Note that it depends
on the length of the semi axes and, therefore, implicitly on the aspect ratio δ = a1/a2

of the ellipsoid. A similar expression is found for the minor axis a2. To account for
the disorder of the particles, we perform a first order approximation and calculate an
average polarizability from the three components α1 and α2 = α3. This is reasonable,
because ultimately, the layer will not be flat. Thus, all orientations of ellipsoids are
possible.

Now that we know the polarizabilities of the constituting particles, we can inves-
tigate how the layer will interact with an incident plane wave. This is done by
considering the surface reactance as introduced in Eq. 2.51.
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Scattering cancellation by a surface

We consider a sphere which is covered with the artificial metasurface. The scattering
by a dipolar particle that is covered by a reactive layer can be suppressed if the
surface reactance takes specific values.

To minimize the scattering by the object, the first order scattering coefficient needs
to be suppressed. This is sufficient, because we are in the dipolar regime, where
the scattering by the core sphere is well described by the first order terms. The Mie
scattering solution of a coated sphere shows that the following determinant has to
be minimized in order to minimize the scattering contribution, corresponding to the
spherical harmonic functions with index n = 1 [68]∣∣∣∣∣∣∣∣

jn(ksrs) jn(krs) yn(krs) 0
[ksrsjn(ksrs)]

′/εs [krsjn(krs)]
′ [krsyn(krs)]

′ 0

0 jn(krc) + [krcjn(krc)]′

(iωε0rcZ)
yn(krc) + [krcyn(krc)]

(iωε0rcZ)
jn(krc)

0 [krcjn(krc)]
′ [krcyn(krc)]

′ [krcjn(krc)]
′

∣∣∣∣∣∣∣∣ , (2.54)

where rs is the radius of the core sphere, rc is the radius of the scattering cancellation
mantle, k is the wave number in the surrounding medium, and ks is the wave
number inside the sphere. Note that, even though the modeled layer is infinitely
thin, it does not have to reside directly on the surface of the sphere.

It follows that the surface reactance necessary to suppress the scattering response in
dipole approximation from a spherical core object has to be

X ideal
s (ω) =

2[2 + εs(ω)− γ3(εs(ω)− 1)]

3ωc

c
rsγ3(εs(ω)− 1)

, (2.55)

where ωc is the desired operational frequency, εs(ω) is the relative permittivity of the
core sphere, and γ = rs/rc.

As we have seen in Eq. 2.51, the surface reactance strongly depends on the polar-
izabilities of the constituent particles. This suggests that we can tune the reactance
to the value necessary for the condition to reduce the scattering by changing the
polarizability of the particles in the shell. This is indeed quite easy to implement,
when choosing plasmonic ellipsoids. Their polarizability can be modified just by
adjusting the length of the major and minor axes. The polarizability is given
according to Eq. 2.52.

To showcase this tunability, we present an example. We consider a dielectric sphere
with a nondispersive permittivity of εs = 2.1 and a radius of rs = 61 nm. We take
silver ellipsoids with tabulated experimental material data [69] and different aspect
ratios δ = a1/a2

(
16nm
6nm

, 23nm
5nm

, and 36nm
4nm

)
as the coating building blocks. The ellipsoids

are prolate, hence, the component of the polarizability corresponding to the short
axes are the same. The ellipsoids are arranged around the core at a radius of rc =
76 nm, see section 5.1 for more details and numerical simulations.

First, we calculate the ideal surface reactance that is necessary to suppress the
scattering by the core sphere at each frequency, as shown in Fig. 2.5. Next, we show

20



2.2 Light propagation in homogenized materials

Figure 2.5: Surface reactance for different aspect ratios δ = az/ax of the constituting
ellipsoids and the ideal surface reactance that is required to cancel the
scattering. Spectral positions where both surface reactances are equal
correspond to the operational frequencies for different aspect ratios.

the effective surface reactance of the layer made of selected ellipsoids and compare it
to the desired reactance. We obtain different frequencies, depending on the axis ratio,
where the calculated effective reactance matches the ideal reactance. The scattering
of the structure will be suppressed at these frequencies. The larger the aspect ratio
of the ellipsoids, the further the resonance gets redshifted.

These are promising results, because the operating frequency can be tuned across the
entire visible spectrum. This is further investigated in the next section by applying
also a volumetric homogenization and in more detail later in section 5.1 with numer-
ical calculations, where the results of the theoretical approach are confirmed.

2.2.2 Volumetric homogenization

Clausius-Mossotti relation

In this section, we consider a three dimensional medium composed of a host material
and small inclusions. Such a composite medium shall be described as a bulk
homogeneous material and we assign an effective permittivity and permeability to it.
The inclusions are again only characterized by their polarizabilities and we describe
them in the electric dipole approximation.
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2 Theory

We start from the Lorenz-Lorentz formula

Eloc(r, ω) = E(r, ω) +
P(r, ω)

3ε0

. (2.56)

This equation connects the local field sensed by the particles with the averaged
macroscopic field E(r, ω) through the polarization P(r, ω). Using Eq. 2.45, we can
write the average polarization as [66]

P(r, ω) = ρp(r, ω) = ρα(ω)Eloc(r, ω) =
ρα(ω)

1− ρα(ω)
3ε0

E(r, ω), (2.57)

where ρ = 1/V is the volume concentration of the particles. Using the electric
displacement, which is defined as

D(r, ω) = ε0E(r, ω) + P(r, ω) = εeff(ω)E(r, ω), (2.58)

the effective permittivity can be calculated as [66]

εeff(ω) = ε0
3 + 2Nα(ω)

3−Nα(ω)
. (2.59)

This equation is known as the Clausius-Mossotti formula and expresses the effective
permittivity of a medium made from polarizable particles with a given concentra-
tion. A similar equation can be found analogously for the permeability

µeff(ω) = µ0
3 + 2Nαm(ω)

3−Nαm(ω)
, (2.60)

where αm(ω) is the magnetic polarization.

Now, we consider again our example with the dielectric core covered by a shell
made from metallic ellipsoids. Because the shell actually has a finite thickness, it
is reasonable to apply the volumetric homogenization to the shell material. Then,
we treat the system as a sphere covered with a shell. We choose the density ρ in the
shell corresponding to the distance in the previous section. This density depends on
the size of the ellipsoids and the distance d, as introduced in the previous section.
The effective permittivity of a material made out of silver ellipsoids with the axes
a1 = 23 nm and a2 = a3 = 5 nm in vacuum shows a strong resonance at 500 THz,
as seen in Fig. 2.6. Again, we take the average of the three polarizabilities to account
for the random orientation.

As will become clearer in the next paragraph, we are not directly interested in the
resonance itself. Actually, we want to operate as far away from it as possible, because
the large imaginary part causes strong absorption, which potentially destroys most
of the interesting effects.
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2.2 Light propagation in homogenized materials

Figure 2.6: Effective relative permittivity of a material made of silver ellipsoids with
semi axes a1 = 23 nm and a2 = a3 = 5 nm. The dashed lines show the
solutions of Eq. 2.63.

Scattering suppression of a core-shell particle

Now, we calculate the polarizability of the entire particle analytically, by considering
a sphere covered with a shell made out of the homogenized material with effective
permittivity. The polarizability of such an object is given by [70]

αc(ω) = 3
[εeff(ω)− εb][εs + 2εeff(ω)] + γ3[2εeff(ω) + εb][εs − εeff(ω)]

[εeff(ω) + 2εb][εs + 2εeff(ω)] + 2γ3[εeff(ω)− εb][εs − εeff(ω)]
. (2.61)

From this polarizability we can also calculate the total scattering cross section [61]

Csca(ω) = k4r6
c8π|αc(ω)|2 . (2.62)

To suppress the scattering response of a sphere with a shell we need to satisfy the
following condition [71]

γ3 =
[εeff(ω)− εb][2εeff(ω) + εs]

[εeff(ω)− εs][2εeff(ω) + εb]
, (2.63)

which is obtained by setting the nominator of Eq. 2.61 equal to zero.

We notice that this equation delivers real valued solutions for the effective permittiv-
ity of the shell material, if εs and εb are real. However, because the shell is composed
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2 Theory

of metallic particles, or can be completely arbitrary in general, we can also expect
complex values. The condition restricts therefore only the real part of εeff(ω).

For the present case, Eq. 2.63 possesses two solutions, a positive one, Re[εeff(ω1)] =
0.46, and a negative one, Re[εeff(ω2)] = −2.28, shown as dashed lines in Fig. 2.6.
The scattering cross section of the core-shell object will be reduced at the frequencies
where the real part of εeff(ω) takes these values. The remaining imaginary part will
introduce absorption and additional scattering losses [72] and, therefore, diminish
the anticipated effect.

As expected, the scattering cross section of the core-shell sphere shows multiple local
minima (red line in Fig. 2.7). The peak (superimposed with a dip) is caused by the
plasmon resonance of the metallic particles. The two minima are attributed to the
frequencies where εeff(ω) attains values that correspond to a solution of the scattering
cancellation condition Eq. 2.63. Additional possible minima that would occur close
to the resonance frequency of the plasmon resonance are not observed, even though
there are more solutions directly at the resonance of εeff(ω) at 500 THz. This solution
close to the resonance is not observed, because the rather large imaginary part of the
effective permittivity in the resonance destroys the effect of scattering cancellation.
As we see in section 5.1, also the minimum corresponding to the negative solution
will be suppressed in numerical calculations due to the high losses.

Figure 2.7: Scattering cross section of a single bare dielectric sphere with εs = 2.1
(blue) and the same sphere covered with a shell made from a medium
that consists of silver ellipsoids with different axis ratios at a fixed density
(green, red, and yellow).
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2.3 Duality and helicity

We also see in Fig. 2.7 that the spectral position, where the scattering cross section
is suppressed, depends again sensitively on the aspect ratio of the constituting
ellipsoids. In fact, the operating frequency can be tuned across the visual spectrum
by shifting the resonance by tuning the axis ratio. The spectral position is shifted,
but the qualitative behavior of the scattering cross section is very similar.

If we compare the frequency where the scattering is maximally reduced to the po-
sitions obtained from the surface homogenization technique, we notice an excellent
agreement for the respective aspect ratios.

Interestingly, the volumetric homogenization is applicable even though there is only
one layer of particles enclosing the core sphere. Clearly, Eq. 2.59 is strictly valid
only in extended three dimensional materials. However, it has been shown that
the approach is also valid for very thin materials [73]. Additionally, we show
numerical simulations for this case in section 5.1 to prove that these considerations
are justified.

2.3 Duality and helicity

A very interesting property of artificial materials is chirality. The lack of mirror
symmetries of scattering objects causes a different response for right handed and
left handed circularly polarized light, respectively. But geometrical symmetry or
asymmetry is not the only deciding aspect. The electromagnetic duality of a scatterer
is something that is often neglected in recent studies. Here, we introduce the basic
concepts of duality symmetry and helicity of light. These concepts are used in
chapter 5 to describe electromagnetic chirality of scattering objects.

As we know from Noether’s theorem, every invariant property or symmetry comes
with a corresponding conserved quantity. It is easy to show that Maxwell’s equations
in a homogeneous medium are invariant under the transformation [74]

E′(r, ω) = cos θ E(r, ω)− Z(ω) sin θ H(r, ω) , (2.64)

H′(r, ω) = cos θ H(r, ω) +
sin θ

Z(ω)
E(r, ω) , (2.65)

where Z(ω) is the impedance and θ is an arbitrary constant angle. Special cases of
this transformation, for example E′(r, ω) = −E(r, ω), H′(r, ω) = −H(r, ω) for θ = π
are well known.

The corresponding conservation law is the conservation of helicity. The quantity of
helicity is defined as the projection of the total angular momentum onto the direction
of the linear momentum of the wave [75]

Λ =
J ·P
|P|

. (2.66)
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Figure 2.8: Schematic representation of the scattering by a general, non-dual object
(yellow) and a dual sphere (green). The red and blue arrows represent
waves of specific helicity, respectively. Under illumination with a pure
helicity (red), where kinc is the incidence wave vector, the dual sphere
preserves the helicity, while the other object produces also fields of the
opposite helicity (blue).

The operator has the two eigenvalues 1 and −1, and the corresponding eigenstates
[76]

G±(r, ω) =
1√
2

[E(r, ω)± iZH(r, ω)] . (2.67)

An intuitive representation of helicity is obtained in Fourier space. A beam is
decomposed into plane waves and helicity measures the polarization handedness
in all of these waves. If all the plane waves have the same circular polarization with
respect to their momentum vector, then the field will have a well defined helicity.
Therefore, a single circularly polarized plane wave is an example for a field of pure
helicity.

The conservation of helicity can be seen exemplarily in Fig. 2.8. A general, non-dual
object, that is illuminated with a wave of pure helicity (red), may scatter waves of
the original and the opposite helicity (blue). Meanwhile, a dual object preserves the
incident helicity and produces a scattered field of the same helicity.

A scatterer with the material parameters εs(ω) and µs(ω) embedded in a host medium
with parameters εb(ω) and µb(ω) is preserving helicity if and only if [77]

εs(ω)

µs(ω)
=
εb(ω)

µb(ω)
. (2.68)

This means, for an object in vacuum, the material parameters should be the same
εs(ω) = µs(ω). For a small object in dipole approximation, a similar condition can be
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2.3 Duality and helicity

found from the definition of the polarizability α(ω) that characterizes the scatterer[
p(r, ω)
m(r, ω)

]
=

[
αee(ω) αem(ω)
αme(ω) αmm(ω)

] [
E(r, ω)
H(r, ω)

]
, (2.69)

where p(r, ω) and m(r, ω) are the induced electric and magnetic dipole moments for
a given external illumination, respectively. Then, the conditions of duality read

αee(ω) = εb(ω)αmm(ω), αme(ω) =
αem(ω)

µb(ω)
. (2.70)

When an object that meets this condition is illuminated by a field containing only
one helicity, the induced dipole moments have the fixed relation [4]

p(r, ω) = ± i

c
m(r, ω), (2.71)

where the sign depends on the incident helicity. The fields radiated by these dipoles
are also of the same pure helicity [78].

These findings can be applied in the scattering analysis of particles. The first Kerker
condition states that in order to completely suppress the back scattering by a sphere,
the material parameters should be balanced, i.e. εs(ω) = µs(ω). Or equivalently, the
electric and magnetic Mie coefficients should be equal [79]

an(ω) = bn(ω) (2.72)

for all n.

Figure 2.9: Forward and backward scattering by different objects. The thick red
arrow represents the incident beam of one helicity. The dashed arrows
are scattered fields of the same helicity (red) and of the opposite helicity
(blue). Non-dual objects are shown in yellow and the dual object is green.
The green object shows no back scattering.
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As we see, the Kerker condition is strongly connected to helicity. In fact, it is a special
case of duality symmetry and it not only applies to spheres, but also to rotationally
symmetric objects.

In Fig. 2.9 we show different cases of illumination with a beam of pure helicity (red).
A general object with no special symmetries has mixed contributions in forward and
backward scattering. A rotationally symmetric, non-dual object scatters only the
incident helicity in forward direction and the opposite one in backward direction. A
rotationally and dual symmetric object, however, does not mix helicities. Therefore
it shows no back scattering at all, as this would have to be of the opposite helicity
[80].

2.4 Summary

In this chapter we presented the theoretical basis of the thesis. We build upon these
concepts in the rest of the thesis.

First, we introduced a multiple Mie scattering technique that is capable of simu-
lating the scattering by a cluster of spheres. We expand the incident and scattered
fields into vector spherical harmonics with incident and scattering coefficients, re-
spectively. A lot of interesting properties can be calculated from these scattering
coefficients such as the multiplolar contributions to the scattering cross section.

We use this technique to a great extent in the next chapter, where we deal with
metamaterials built from spherical components. Multiple interesting effects can be
observed with these basic building blocks already. We are specifically interested in
magnetic dipole resonances at optical frequencies, as they are not observed in natural
materials.

Afterwards, we outlined shortly the concept of homogenization. This is of particular
importance for self-assembled metamaterials, because we usually end up with bulk
materials. Metamaterials are usually composed of building blocks much smaller
than the relevant wavelength. Thus, the description of the light propagation does
not require to consider all the fine details of the structures from which the material is
made. Instead, the medium can be described by effective material properties, which
usually greatly simplify the considerations.

Furthermore, we touched the subject of a scattering cancellation device, as an exam-
ple to demonstrate the homogenization techniques. This is substantiated in chapter
5 with numerical calculations.

Finally, we introduced the duality symmetry of electromagnetic scatterers. This will
be very useful in chapter 5, where we investigate approximately dual and maximally
chiral objects.
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3 Metamaterials with spherical
building blocks

In the following chapter, we consider metaatoms and three dimensional meta-
materials made of spherical building blocks. We investigate possible designs the-
oretically and numerically by applying the multiple Mie scattering algorithm that
was introduced in the previous chapter. Furthermore, we highlight several experi-
mentally feasible metamaterials with interesting optical properties.

A requirement for many applications in the fields of metamaterials and transforma-
tion optics is the availability of bulk materials that possess a strong response to the
magnetic field at optical or near-infrared frequencies [54, 57, 81, 82]. While quasi-
two-dimensional structures [83, 84], i.e., meta-surfaces exhibiting such a magnetic
response, are frequently available, it remains a challenge to fabricate such materials
as bulk structures with available top-down technologies. Consequently, bottom-
up approaches have been suggested [85–87] which directly provide bulk materials.
However, the advancement of this field strongly depends on the identification of
metaatoms that provide a suitable optical response and that are amenable for a
bottom-up fabrication.

The important theoretical step in the description of the interaction of light with
an isolated metaatom to a true metamaterial, consisting of many and possibly
densely packed metaatoms, is the assignment of effective material parameters.
Their unambiguous assignment, however, requires a local response to an external
electromagnetic field and thus deep sub-wavelength metaatoms.

Moreover, one important benchmark concerning material properties of meta-
materials is the strength of the dispersion in the permeability, ultimately leading to
negative values. Although not being strictly necessary to obtain a negative index
material, it is usually highly beneficial [88]. A negative permeability is only in
reach for a sufficiently strong magnetic resonance. Moreover, having such a strong
resonance available, the material may be even operated off-resonant. This entails
a reduced absorption while the dispersion remains sufficiently strong, such that all
anticipated effects for a negative permeability are less affected by absorption. Thus,
if the resonance is stronger it is more likely that it can be used efficiently. One solu-
tion to this problem is to incorporate gain material into the unit cells [89]. However,
since experimental problems concerning gain materials remain, solutions that only
require a modification of the geometry of the metaatom are highly desirable.

In this chapter, we discuss potential solutions to these challenges. Specifically, we
present different metaatoms which exhibit a magnetic dipole resonance. These
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3 Metamaterials with spherical building blocks

structures are suited for self-assembly fabrication in large volumes, because the
metaatoms are built from spherical particles. Moreover, because of the spherical
building blocks, we can perform precise and efficient simulations of the optical
response of single metaatoms or clusters of several metaatoms as described in the
previous chapter 2. These results can be used to perform a volume homogenization
to approximate the response of a bulk metamaterial made out of the basic building
blocks.

We start by presenting a sophisticated structure theoretically in section 3.1. We
design a core-shell system with a large central sphere, decorated with a large
number of small metallic particles. Such a metaatom can sustain a magnetic and
electric resonance almost at the same frequency. It is, therefore, suitable to build a
negative index material. We propose several ways to improve the performance of the
suggested metaatom, i.e., how to increase the dispersion of the effective permittivity
and permeability of the resulting bulk material.

Afterwards, we consider experimentally realized metamaterials. Here, we strongly
collaborate with experimental physicists and chemists from the Friedrich-Schiller-
University of Jena to fabricate and characterize the proposed designs. There, we
investigate a very simple design that sustains a magnetic dipole resonance: a plas-
monic dimer. Hereby we highlight the design, fabrication, and characterization of
the metaatom.

Then a more complicated structure is investigated. A large number of small spherical
metallic particles is assembled to form a large cluster inside a polymer sphere. The
metallic particles are then treated with a seeded growth procedure. As a result, either
gold spheres with increasing radii or gold-silver core-shell particles are formed. The
combined cluster sustains a magnetic dipole resonance, depending on the filling
faction of metal inside the cluster and the choice of the material. Our numerical
calculations provide a valuable insight into the underlying physics.

Finally, we present an actively thermally tunable metamaterial in section 3.3. A
major flaw of the designs that are usually considered is that the resulting material is
static. However, dynamically tunable materials are often needed for state-of-the-art
applications. We consider a metamaterial that exhibits epsilon-near-zero properties,
which are switchable in the time frame of a few seconds. The material consists of
small silver spheres, which are covered with and connected by a liquid crystal. This
liquid crystal changes its geometrical structure upon heating or cooling, respectively.
Two different phases are reached and the process is completely reversible.

3.1 Negative index material with core shell clusters

As has been shown in numerous recent works, fabrication of metaatoms with a
magnetic dipole response with bottom-up techniques is possible [23, 41, 90, 91].
However, typically these magnetic resonances are weak, when compared to the
electric dipole resonance. A requirement for many applications and a long-standing
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3.1 Negative index material with core shell clusters

Figure 3.1: Scattering electron microscopy (SEM) picture of self-assembled core-shell
clusters. A large number of metallic particles is assembled on the surface
of a big dielectric sphere. Image taken from Ref. [23].

vision in optics is the availability of a material with a negative index of refraction,
for which a strong magnetic resonance is a prerequisite.

It has been shown that a highly isotropic magnetic response can be sustained by
core-shell clusters consisting of a dielectric core sphere surrounded by metallic
particles forming a shell [23], as seen in Fig. 3.1. The magnetic resonance can be
intuitively understood as a collective plasmonic resonance of all the metallic spheres,
where the induced dipole moments are all oriented clockwise or counter clockwise,
respectively. At an effective level, this can be considered as a circulating current.
This induced ring current causes a scattered field that corresponds to an oscillating
magnetic dipole.

An important task in the theoretical description of metamaterials is the proper
transition from an isolated metaatom to a bulk metamaterial. This requires to assign
effective material properties such as εeff(ω) and µeff(ω) to the metamaterial. However,
such a description is usually only possible in the dipole approximation, where the
particles have to be much smaller than the operating wavelength. To warrant this,
one possibility is to shift the resonance to longer wavelengths while preserving the
geometrical extension of the metaatom. The feasibility of this concept has been
recently shown for sandwich particles that consist of two strongly coupled metal
patches [92].

Moreover, to reach a negative index of refraction, the material needs to have a
sufficiently dispersive permeability. Therefore, besides the requirement that the
metaatom shall be sufficiently small with respect to the wavelength, it is also
important that the magnetic response is sufficiently strong. Additionally, the per-
mittivity should be negative in the same spectral region to get a negative index of
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refraction [88]. A downside of plasmonic materials is the typically high absorption
at resonance. This absorption usually denies the clear observation of the dispersive
behavior of the material properties. Therefore, if the magnetic response of the mate-
rial is sufficiently strong, the metamaterial can be operated slightly off resonance, to
ensure low absorption while still capitalizing on the dispersive effects.

In this section, we demonstrate how the magnetic resonance of a core-shell cluster
is shifted to the near infrared regime while keeping the geometrical extensions con-
stant. To perform such a shift, we replace the solid particles in the shell with hollow
spheres. This strongly shifts the resonance of the individual metallic nanoshell, with
the strength of the shift depending on the shell thickness. Thereby, the design is
notably improved along the lines outlined above. Ultimately, we also present the
design of a metaatom that allows for a negative index of refraction. The results
presented in this section are largely based on the work published in reference [1].

3.1.1 Nanoshells

The basic building blocks of the metaatom considered here are hollow metallic
spheres, called nanoshells, with a fixed outer radius ro = 15 nm and a variable inner
radius ri. At first, we investigate the resonance behavior of the single nanoshell in
water with a nondispersive permittivity εb = 1.7. Figure 3.2 A shows the geometry
of the nanoshell. The spectral response of the nanoshell with varying shell thickness
was calculated with the Mie scattering method and the resonance frequency was
extracted. The solid nanosphere has the localized plasmon polariton resonance
frequency at the usual value for silver particles in water, i.e. 770 THz. At this spectral
position, a core-shell cluster made out of these solid spheres would hardly be sub-
wavelength (λ = 390 nm and diameter of the cluster 180 nm). If we increase the
inner radius of the nanoshell the resonance will shift to lower frequencies, or longer
wavelengths, respectively [93], as is shown in Fig. 3.2 B. This redshift occurs due
to the hybridization of the plasmon resonance of the sphere and the resonance of
a cavity that can be considered at the outer and inner surface of the nanoshell,
respectively.

As can be seen in Fig. 3.2 B, the resonance frequency changes strongly once relatively
thin shells are reached. Thus, a shift of about 500 THz is possible, by changing the
inner radius from 0 to 14 nm, or, in other words, decreasing the shell thickness from
a solid sphere to 1 nm. This is achieved while keeping the outer geometry fixed.
Additionally, the resonance amplitude increases, until a maximum between 1 and
2 nm shell thickness is reached as is shown in Fig. 3.2 C. The amplitude increases,
because the resonance of the growing cavity effectively contributes to the scattering.
At some point, however, the nanoshell is so thin that it can not sustain a resonance
anymore.

Even though it is challenging to fabricate such thin shells, it is possible with galvanic
replacements methods [94] or by depositing silver ions on electrostatically charged
dielectric spheres [95]. However, we should note that for such thin shells, the
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3.1 Negative index material with core shell clusters

Figure 3.2: (A) Geometry of the nanoshell. Here, εb denotes the permittivity of the
environment and ri and ro are the inner and outer radius, respectively. (B)
Simulated resonance frequency of a silver nanoshell as a function of the
inner shell radius ri with a fixed outer radius ro = 15 nm. (C) Simulated
maximum extinction cross section of a nanoshell as a function of the inner
shell radius.

effective description with a bulk permittivity is driven to the extreme, because the
shell has a thickness of only a few atoms.

During this section we exploit the shown tunability to design deep sub-wavelength
core-shell clusters with a strong magnetic response.

3.1.2 Core-shell clusters

Now, we take these nanoshells as building blocks to compose a core-shell cluster.

To compare with our later results of the improved design, we introduce a referen-
tial design that is similar to established core-shell clusters with a magnetic dipole
resonance [23]. We form a cluster out of 60 solid silver nanospheres with a radius
of 15 nm that are surrounding a dielectric core sphere. It has been shown that a
reasonably large number of particles (in the order of tens to hundreds) is necessary to
support a magnetic resonance [23]. The spheres are arranged in groups of pentamers
on the facets of a dodecahedron, as can be seen schematically in Fig. 3.3 A. The core
sphere has a radius of 60 nm and a nondispersive permittivity of εc = 2.25. The
surrounding material is again water with εb = 1.7. Note that this is just a referential
geometry. Randomized realizations also show the desired effects, as we show later
in this section.

We can see from Fig. 3.3 B that a magnetic dipole resonance appears at 540 THz.
We calculate the polarizability of the cluster with the multiple scattering method
outlined in chapter 2. Then, the effective permeability of a material made out of
these core shell clusters can be calculated with the Clausius-Mossotti equation 2.60.
Even if we use an extremely high filling fraction of 68%, the dispersion of µeff(ω) is
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Figure 3.3: (A) Geometry of the core-shell cluster. 60 silver nanospheres (or
nanoshells, respectively) are aligned on the faces of a dodecahedron, indi-
cated in yellow. (B) Real and imaginary part of the effective permeability
εeff(ω) of a core-shell cluster made from solid silver nanospheres.

weak and negative values can not be reached. This is typical for designs with solid
metal spheres and a negative index material can not be realized with these values.

Now we use the previously shown tunability of the nanoshells to change the reso-
nance position and shape of the magnetic dipole resonance. The outer radius of the
nanoshells is kept constant and the inner radius is increased. This fully preserves
the geometrical extension and shape of the core-shell cluster. The effect on the
magnetic resonance can be observed in Fig. 3.4 A. As expected from the results of
the single metallic nanoshell, the resonance shifts to lower frequencies, because it
is tied to the plasmon resonance of the shells. Furthermore, the resonance features
get much sharper and stronger. This can be explained by the enhanced resonance
strength of the nanoshells. However, the thickness should not be too thin, because
losses increase again for extremely thin metal shells, due to the shorter mean free
path length for the electrons in the shell. A further contribution to the sharper and
stronger resonance is the reduction of the radiative losses. These radiative losses are
reduced, because the cluster is much smaller compared to the resonance wavelength.
Most importantly for our purposes, we observe that the real part of the permeability
now attains negative values. This means that an essential requirement for a negative
index material is satisfied.

As was outlined before, the homogenization with the Clausius-Mossotti equation is
only reasonable if the inclusions can be well described in the dipole approximation.
For this reason, we take a look at the multipole decomposition of the scattering
cross section in Fig. 3.5. This was calculated with the multiple Mie scattering
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3.1 Negative index material with core shell clusters

Figure 3.4: (A) Effective permeability of a material made of core-shell clusters with
nanoshells with different inner radii ri. The resonance shifts to lower
frequencies and gets sharper with increasing inner radius. (B) Effective
permeability for a cluster with spatially disordered nanoshells with ri =
13.8 nm. The disorder is quantified by an average spatial displacement σ
corresponding to a normally distributed shift.

method using fourth order expansion of the fields. We clearly see the contribution of
different multipoles for two different realizations, A: the referential design with solid
nanospheres and B: the same geometry, but with nanoshells with an inner radius
of ri = 13.8 nm. We recognize that the magnetic dipole resonance (red) for the
referential design is partially superimposed with higher order multipole resonances.
Thus, the dipole approximation is, strictly speaking, not applicable for the referential
design, but it should constitute only as a guideline. On the other hand, we see
that the cluster with nanoshells exhibits a much sharper magnetic dipole resonance,
which is well isolated from resonances in higher order multipoles. This suggests
that the homogenization is feasible, at least in the spectral region where a strong
dispersion in the permeability is induced. Furthermore, the resonance is shifted to
much lower frequencies (note the different spectral domains in the plots). All these
effects cause a sharper and stronger resonance in the effective permeability.

For practical realizations it is very important to study the effects of disorder intro-
duced into the cluster. We show that the design is sufficiently robust against disorder.
Thus, a possible fabrication comes in reach.

The deterministic ordering of the particles inside the shell facilitates the excitation of
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Figure 3.5: Scattering cross section of the core shell cluster. (A) Cluster with bulk
silver spheres. (B) Cluster with silver nanoshells with ri = 13.8 nm. Blue:
total scattering cross section. The other curves display the contributions
of different multipoles: electric dipole (green dotted), magnetic dipole
(red dashed), electric quadrupole (yellow dash-dotted), and magnetic
quadrupole (cyan).

the magnetic resonance. We show this by investigating the effects of disorder. Figure
3.4 B shows how a randomized displacement of the nanoshells on the surface of the
central sphere affects the magnetic response. The normally distributed displacement
is quantified by σ. It shows how much each sphere is displaced from its original
position in average. As we see, the resonance is slightly weaker and broader. This
can be understood by appreciating that when disorder is introduced, the coupling to
the nearest neighbor nanoshell on the surface is slightly and statistically modified.
This coupling, however, has an impact on the spectral position of the plasmonic
resonance and detunes it. Now the occurring superposition of many resonances that
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are slightly shifted causes an inhomogeneous broadening of the resonance. This shift
directly translates to the observed broadening.

We can state that, if the fabrication precision is kept below approximately 5 nm,
only a marginal distortion of the resonance is observed. Thus, a self-assembled
fabrication with electrostatic interaction is possible to construct a material with a
negative effective permeability. The major cause of distortion of the resonance is
a very short distance of the nanoshells on the surface. This can be circumvented
experimentally by introducing a dielectric spacer layer on the nanoshells to keep a
minimum distance.

3.1.3 Negative index of refraction

We have shown how to shift the resonance of interest to longer wavelengths and,
thus, reduced the relative size of the object while keeping the geometrical size
constant. In fact, the ratio of size over wavelength is 1/8 for the best case of
nanoshells with an inner radius of 13.8 nm as opposed to 1/4 for solid spheres. Now
we want to show how we can make use of this design to construct a negative index
material.

A negative index of refraction can be reached, if the negative permeability is accom-
panied by a negative effective permittivity at approximately the same frequency. We
achieve this by extending the previous design. The dielectric core sphere is replaced
with a gold shell. This core particle exhibits a strong electric dipole resonance, which
can also be tuned by changing the inner and outer radius of the core shell. So by
varying the inner and outer radii of the core and the nanoshells, respectively, we can
tailor both resonances almost independently. We can get a negative index if we bring
them to a spectral overlap. In Fig. 3.6 we display the effective permittivity, perme-
ability, and refractive index of a material made out of the proposed metaatoms. We
use a central gold shell with inner radius ri = 45 nm and outer radius ro = 52 nm
and silver nanoshells with ri = 13.8 nm and r0 = 15 nm. The effective refractive
index is calculated as

n(ω) =
√
εeff(ω)µeff(ω). (3.1)

The effective permittivity now exhibits a double resonance structure. This is because
the combined core-shell cluster has one resonance corresponding to the shell, which
is composed of nanoshells and, additionally, one resonance corresponding to the
core particle. The parameters of the core-shell cluster were optimized to minimize
the real part of the effective refractive index of the resulting material. It is crucial
to bring the two mentioned resonances spectrally close together. However, the
resonances should not coincide, because they negatively affect each other. This is
another reason why we need a strong magnetic resonance. The dispersion in the
effective permeability can be completely suppressed by the strong electric dipole
resonance if the magnetic resonance is too weak.
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Figure 3.6: Effective permittivity (A), permeability (B), and index of refraction (C)
of a core-shell structure with ri = 13.8 nm and ro = 15 nm of the silver
nanoshells and ri = 45 nm and ro = 52 nm of the central gold shell. The
real part is depicted in red and the imaginary part in green, respectively.
We observe a strong dispersive behavior of both εeff(ω) and µeff(ω), which
leads to a negative refractive index n(ω).

As we see in Fig. 3.6 C, the advanced material indeed shows a negative index
of refraction in a frequency domain of approximately 10 THz with values down
to n = −0.8. Additionally, the region of negative index can be shifted to some
extent by adjusting the inner and outer radii of the core particle and the nanoshells,
respectively.

3.1.4 Conclusion

We designed a deep sub-wavelength metaatom with a strong magnetic dipole
resonance. It can be used to construct a material with negative effective index
of refraction. We started from an ordinary, established core-shell cluster with a
magnetic dipole response. By replacing the solid spheres with nanoshells, we can
tune the resonance to longer wavelengths to get a sub-wavelength metaatom with a
strong resonance.
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Introducing an additional metallic shell at the center causes additionally a tunable
electric dipole resonance. When both resonances spectrally overlap, a negative index
of refraction can be reached in a material made out of these metaatoms.

By investigating the effect of disorder, we have shown that a fabrication by means of
self-assembly processes is possible. The magnetic resonance is sufficiently robust.

3.2 Experimental realizations of self-assembled
metamaterials

In the previous section we introduced a sophisticated design, which potentially
exhibits a strongly dispersive permeability and, ultimately, a negative index of
refraction. Now, we want to consider possible experimental realizations of metama-
terials with a magnetic response. We have closely collaborated with experimental
partners from the Friedrich-Schiller-University Jena, who fabricate and characterize
the designs. Even though not directly linked to a magnetic resonance, we describe
at first a setup where the fabrication of a dimer was in the focus of interest. This can
be considered as the most simple building block that is more complicated than an
isolated metallic nanosphere. In section 3.2.2, we describe more recent results on the
fabrication of meta-atoms with a spherical geometry and composed out of a dense
package of metaatoms. Experimental efforts to realize the metaatoms described in
the section above are a part of ongoing research activities. Results are, at the moment
of writing this thesis, not yet available. Therefore, even preliminary results are not
included here.

3.2.1 Plasmonic dimer

Bringing two or more nanoparticles into close vicinity causes the localized surface
plasmons of the individual spheres to couple [96]. Most notably, the coupling causes
a strong field enhancement in a confined area in the junction of the nanoparticles.
This can be intuitively understood by considering the junction in lowest order
approximation as a parallel plate capacitor. The electric field strength for a fixed
potential in such capacitance scales inversely proportional to the distance. Small
distances, therefore, enhance the field strength enormously. Such strong fields
are highly desirable for many applications, for which surface enhanced Raman
spectroscopy (SERS) is a referential example. The strong field confinements in
such junctions allow to address single molecules [97], which opens unprecedented
opportunities for example in sensing [98, 99], medicine [100, 101], or nanobiology
[102, 103]. Therefore it is highly desirable to reach sufficiently small separations.

Maybe the most simple implementation of such junctions is a nanoparticle dimer,
an object that consists of two identical spheres in close proximity connected by a
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linker. They are typically fabricated with bottom-up methods, e.g., via complemen-
tary DNA [104], click chemistry [105], Diels-Alder [106], and other chemical meth-
ods. Another possibility to perform the assembly, is to use functionalized organic
molecules. These linker molecules can either be flexible dithiols or rigid molecules
[107–109]. However, the exact bonding mechanism of these linkers remains often an
open question. For example, a shift of the plasmon resonance over time during the
nanoparticle assembly was noted. This indicates a transformation from assemblies
of particles with a defined distance to those with shorter or longer distances [110].

The theoretical and numerical considerations in this section are strongly linked to ex-
perimental results. We present schematically the self-assembly fabrication of a gold
nanosphere dimer with a special designed linker molecule, which was performed
by Florian Kretschmer. This molecule allows for a stable connection with a specific
distance between the spheres. By changing the concentration of the linker molecule
in the solution, the cluster sizes of the resulting product can be controlled. These
different clusters can then be separated by density gradient centrifugation, which
was done by Igor Perevyazko. Furthermore, surface enhanced Raman spectroscopy
was performed by Dana Cialla-May to find individual metaatoms and characterize
their response. More detailed information about the experimental aspects can be
found in Ref. [5] and the supporting information of this reference, where the results
presented in this section were published. These experimental results are motivated
and supported throughout this section by numerical calculations performed with
the multiple Mie scattering technique.

Self-assembly fabrication

By choosing a special linker molecule, the dimer can be constructed in a self-
assembly fabrication. The molecule has a defined length of approximately 2 nm and
a rigid form. Therefore, we obtain a defined end-to-end distance of the dimer, see
Fig. 3.7 for a schematic representation of the dimer with the molecule in the gap.

Figure 3.7: Schematic representation of the dimer with the linker molecule between
the gold spheres and a strong field enhancement in the gap.
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Figure 3.8: Normalized absorption spectra of the solution of gold nanoparticles. The
plasmon resonance is clearly seen as the peak in the spectral range of
500 to 560 nm. It shifts to the red part of the spectrum with increasing
amounts of linker and DBU.
A: Au nanoparticle solution,
B: Au nanoparticle control solution with only 100 g/mL DBU,
C-G: Au nanoparticle solutions with increasing amounts of the linker and
DBU (20, 40, 60, 80, 100 g/mL), respectively.

The gold nanoparticles were prepared with the Turkevich method [111] which yields
stabilized nanospheres. The spherical shape and the mean radius of 6.5 nm were
confirmed with transmission electron microscopy (TEM) measurements. To form
dimers or higher order assemblies, a mixture of the linker molecule and diazabicy-
cloundecene (DBU) was added to the nanospheres. The DBU is necessary to activate
the linker [112]. By changing the concentration of the linker molecules in the mixture,
the assembly process can be tuned. Low concentrations lead to a small shift of the
plasmon peak at 520 nm for single nanoparticles. This can be partially attributed to
the change of the refractive index of the liquid due to the different compounds and
partially to a few dimers that are being formed. If the concentration of the linker
molecule and DBU is increased, we observe a larger red shift and also a broadening
of the resonance, due to the formation of more dimers and higher order assemblies,
as can be seen in Fig. 3.8.

A control measurement with only DBU added to the spheres is performed to ensure
that the assembly of nanoparticles was not caused just by the addition of DBU in-
stead of the linker. Because DBU acts as a base and increases the ionic strength of the
solution it could also cause an aggregation [113]. This control measurement shows
only a marginally redshifted resonance (red line in Fig. 3.8), especially compared
to the mixture with the same amount of DBU and the linker molecules (dark blue
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Figure 3.9: TEM images of the top fraction I of the centrifugation process (left) con-
taining single nanoparticles and the bottom fraction II (right) containing
almost exclusively dimers and a small number of higher assemblies.

line).

The increase of the linker DBU mixture concentration leads at first to an increased
number of formed dimers. But at some point, the small assemblies will link to form
very large clusters and eventually all particles will precipitate.

To separate the different nanoparticle assemblies, a density gradient centrifugation
technique is used [114, 115]. The dimers have a higher frictional coefficient than
single particles due to their increased cross section. However, they have twice the
mass of a single particle, which overcompensates the frictional coefficient. In total,
higher order assemblies have also higher sedimentation coefficients, meaning that
they will be separated on the bottom in a centrifugation process.

We can attribute the upper phase, which we call fraction I, to single particles with
different sizes and the lower phase, which we call fraction II, to all higher assemblies,
which are formed during the self-assembly step, i.e., almost exclusively the dimers
we are interested in. This is confirmed by TEM measurements of fraction I and
II, which reveal that they consist indeed almost exclusively out of monomers and
dimers, respectively, as can be seen in Fig. 3.9. Fraction II is used for the following
analysis of the dimer structure.

Characterization

Now, we want to optically characterize the nanoparticle clusters.

Absorption measurements of the centrifuged fractions I and II were performed and
compared to simulations of a single sphere and a dimer in water, respectively. The
absorption cross section is calculated numerically with the multiple Mie scattering
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Figure 3.10: (A) The geometry and illumination that is used for the dimer simula-
tions. (B) Normalized measured (orange and blue) absorption spectra
of the centrifuged fractions I and II in comparison with simulated (red
and black) absorption spectra of a single nanoparticle and a dimer
surrounded by water, respectively. The resonance positions agree very
well.

algorithm presented in section 2.1.2. Spheres with a radius of 6.5 nm and a separation
of 2 nm are assumed, corresponding to the experimental measurements. We use
tabulated permittivity data for gold [69] and the surrounding medium is water for
which we assume a nondispersive permittivity of εb = 1.7. For these simulations
we modele the linker molecule as a chain of three small spheres with a radius of
1
3

nm in the gap between the gold spheres. We assume a refractive index of n = 1.4
as a typical value for such molecules. The dimer is illuminated with a plane wave,
polarized parallel to the connection line of the particles. The results are shown in
Fig. 3.10. We can observe a perfect agreement of the resonance positions. The much
higher width of the measured resonances can be attributed to a slight variation of
sizes of the particles in the solution. The optical response is very well reproduced
by a simulation of a single sphere or dimer, respectively. The reason is the low
concentration of nanoparticles in the investigated solution.

The structure of the synthesized dimers is expected to support a strong field en-
hancement between the spheres as outlined before. This is especially interesting for
SERS measurements, which require strong electromagnetic fields at the position of
the investigated molecule.

We provide insights into the field excitation in the junction between the spheres of
the dimer by performing full wave simulations with the same set up that was used
above for the absorption calculation.

In Fig. 3.11 we see the absolute value of the electric field at the wavelength 28.6 µm.
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Figure 3.11: Field calculation of the dimer particle. Absolute value of the electric field
at the wavelength 28.6 µm. The field is normalized with the amplitude
of the incident field E0.

This wavelength corresponds to the major Raman mode of the linker molecule.
The field excitation is localized in the space between the metallic spheres, exactly
where the linker molecule is positioned. This shows that we have the strongest
fields at the position of the linker, which suggests strong Raman modes in the SERS
measurements. In fact, the field is one order of magnitude stronger than the incident
field. This implies a SERS enhancement of 104, because the field enhancement
happens twice (once the incident field is enhanced and once the scattered field of
the molecule).

SERS measurements of the pure linker molecule solution were recorded without

Figure 3.12: SERS-based characterization of gold nanoparticle clusters. (A) Reference
Raman spectrum of the linker molecule without nanoparticles. (B) Nor-
malized SERS intensity map. Here, bright spots indicate the presence of
nanoparticle clusters. (C) Related SERS spectra (a-c) and background
signal of the substrate (d). The spectra were recorded at the spatial
positions indicated in B. The measurements were performed with an
excitation at a wavelength of 633 nm.
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metallic particles as a reference (Fig. 3.12 A). Then a sample of section II (the
centrifuged part containing the dimers) was coated on a glass substrate and in-
vestigated. Figure 3.12 B shows the intensity map of the bright Raman mode at
2200 cm−1 of the spread out sample. The spectroscopic wavenumber corresponds
to a wavelength of 28.6 µm which was investigated in the field calculation. We
can identify the positions of nanoparticle clusters as bright spots and conduct the
spectral measurements at these positions. In Fig. 3.12 C we see the Raman spectra
of three positions with nanoparticles and one control measurement of a spot with
presumably no particles. We can clearly identify the resonances of the linker
molecule, while the control spectrum produces only noise. This means we have
indeed detected the positions of the clusters and the field excitation between the
individual particles increases the signal by a large margin.

Furthermore, not only the presence of the linker can be verified, but also its orien-
tation. The Raman modes can be attributed to specific vibrations and rotations of
the molecule. Specifically, the resonances at 2200 cm−1, 1578 cm−1 and 1071 cm−1 are
all preferably enhanced and indicate an upright orientation of the molecule on the
metal surface [5].

Conclusion

We showed the design, fabrication, and characterization of a dimer particle and the
corresponding linker molecule. The self-assembly method that was used is a cheap
and efficient way to fabricate large amounts of dimers. Furthermore, we showed that
the measurement and simulation results of the absorption spectrum correspond very
well. The field calculations demonstrated that the dimer particles can be effectively
used in SERS measurements because the structure exhibits a strong field excitation
in the gap of the dimer. This was also confirmed by measurements, as showcased
for the case of the linker molecule.

3.2.2 Clusters of shells with tunable thickness

The major problem with top-down fabricated metaatoms is typically the high aniso-
tropy. This problem can partially be circumvented with self-assembly methods. But
assemblies with a low number of constituents, such as the dimer, usually show an
anisotropic response as well. In fact, the optical response to a field excitation along
the connection line of the dimer is very different from the response to an excitation
perpendicular to the connection line [116].

One way to alleviate this problem is to use spheres aligned in a tetrahedral shape.
Then, they exhibit a completely isotropic response, due to their geometric symmetry.
However, they can only be fabricated with low yields. Then, a complicated separa-
tion from higher and lower order assemblies is necessary.

This problem can be solved when we increase the number of particles in the assem-
bly and force them to form a spherical shape. This way, we get an approximately
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isotropic response by design. Furthermore, a slightly increased or decreased number
of particles has only a negligible influence on the optical response, thus making an
expensive sorting technique obsolete.

The optical response of such a globular cluster is highly depending on the nearest
neighbor distance of the constituting particles. Thus changing the size and/or filling
fraction strongly influences the result.

In the following, we present the fabrication and characterization of spherical clusters
consisting of several hundreds of metallic spheres. Furthermore, we show a seeded
growth technique to either tune the size of the particles, or turn them into core-
shell spheres consisting of two different metals with tunable shell thickness. This
fabrication and characterization was performed by Florian Kretschmer and Reinhard
Geiss, respectively. The measurements are accompanied and explained by numerical
calculations performed with the multiple Mie scattering technique, as explained in
chapter 2. For more information about the experimental realization see reference [2],
where these results were already published.

Self-assembly fabrication

As shown in Fig. 3.13, large polymer spheres are created by mixing the polymer PEI
with the gold salt HAuCl4 and heating the mixture [117]. A high number of several
hundred gold particles is formed inside the polymer sphere. The size of the polymer
sphere and the gold filling factor can be reliably tuned by changing the concentration
of the reactants [2]. An initial gold filling fraction of 2.7% is chosen. There, no effect
of the coupling of the gold spheres can be observed, the spectrum is dominated by
the response of the single gold particles.

Figure 3.13: TEM image of the polymer-gold clusters prior to the seeded growth
process.
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Figure 3.14: Schematic representation of the seeded growth process. Top: initial
cluster of gold particles inside the polymer sphere. Left: growth of the
gold particles. Right: additional silver layer on top of the gold particles.

Now, a seeded growth method of the encapsulated gold nanoparticles is proposed,
in order to increase the filling fraction. We start from polymer spheres with a radius
of 60 nm. The sphere contains on average approximately 300 gold particles. The
radius of the gold particles was calculated to be 2.7 nm. Several seeded growth
methods have been reported already [118–120]. A modified version is used, because
the usual reactions would destroy the polymer cluster, or result in a large size
distribution of the resulting particles.

The method can be performed with gold salts, to increase the radius of the particles,
and, thereby, effectively decreasing the nearest neighbor distance. Alternatively,
AgNO3 can be used to cover the gold particles with a silver shell of variable
thickness, as shown schematically in Fig. 3.14.

Experimental measurements

In Fig. 3.15 we see the measured spectra corresponding to clusters with different
gold particle sizes. The normalized absorption of a solution containing the respective
clusters is shown, as well as the scattering response of a single isolated cluster. The
response of the original cluster is dominated by the plasmon resonance of the single
particles. During the process, the gold particle radii grow from the initial 2.7 nm to
4.0 nm, 4.8 nm, and 5.9 nm, respectively. This amounts to filling fractions of 2.7%,
9.2%, 15.4%, and 28.5%. These values are retrieved from TEM images. As the size of
the particles is increased, the coupling between them gets stronger. This causes the
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Figure 3.15: (A) Normalized measured absorption spectra of the gold cluster solution
and (B) normalized scattering measurements of single clusters. Black:
original cluster with particle size 2.7 nm, red: 4.0 nm, yellow: 4.8 nm,
and green: 5.9 nm. The single cluster measurements are performed with
dark field microscopy.

Figure 3.16: (A) Normalized measured absorption spectra of the solution of gold
clusters with a silver layer on each gold particle and (B) normalized scat-
tering measurements of single clusters thereof. Black: original cluster
with particle size 2.7 nm, red: silver shell with 2.2 nm thickness, yellow:
3.3 nm thickness, and green: 4.7 nm. Note the different behavior, when
compared to Fig. 3.15.

resonance position to shift to longer wavelengths. Additionally, we observe a slight
broadening of the peak, which can be attributed to a slightly larger size distribution
of the particles after the seeded growth procedure. At high filling fractions we
observe a shoulder above 600 nm. This is explained by numerical simulations, which
we show later.

The alternative way of using the growth process is to incorporate a different material
into the cluster. The plasmonic properties can be changed significantly, if a silver
layer is introduced on top of the gold particles to form core-shell particles. Again,
the growth process can be controlled by altering the concentrations of the reagents.
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Thus the silver shell thickness can be varied from 0 nm to 2.2 nm, 3.3 nm, and 4.7 nm,
respectively. This amounts to filling fractions of 2.7%, 16.3%, 29.3%, and 56.3%.

In Fig. 3.16 the scattering and absorption of the gold-silver clusters are shown. At
low filling fractions, the introduction of silver decreases the resonance wavelength,
due to the different plasma frequency of silver. Upon further growth of the shell,
we observe again an increase of the resonance wavelength and a strong broadening.
The broadening may also arise due to merging of several particles inside the cluster.
This can be expected because of the high filling fraction of more than 50%. We also
observe that a second resonance appears. We can now conduct Mie simulations to
analyze the optical response of the clusters in terms of the contributing multipoles
to better understand the underlying cause.

Multipole decomposition

As we have seen in chapter 2, the multipole decomposition can be very helpful to
understand the nature of an electromagnetic response. The experimental measure-
ments clearly show the resonance position, but the underlying physics are not easily
revealed.

We simulate a cluster of spheres with the multiple scattering method. A maximal
multipole order of N = 2 is chosen, because the particles are very small compared
to the wavelength. The surrounding medium is assumed to have the nondispersive
permittivity εb = 1.7. For the metallic particles we use established experimental
data [69] with a size correction of the imaginary part. According to the fabrication
results, we consider a cluster with a fixed radius of 60 nm, filled with 300 particles.
The sizes are varied according to the experimental results.

As we can see in Fig. 3.17, the scattering response of the original cluster with
particles with r = 2.7 nm is indeed dominated by the resonance of the individual
particles, indicated by the black vertical line. As we increase the radius of the gold
particles, the interaction gets stronger and, therefore, the resonance shifts to higher
wavelengths. This is exactly the same behavior as observed in the experimental
measurements.

In the case of the gold clusters, we observe a weaker broadening in the simulations
when compared to the measurements. The resonance positions, however, agree
very well. For these simulations, we assume the same size for all particles at a
given growth stadium. Therefore, we do not observe the stronger broadening of the
resonances. Furthermore, we can see that a small magnetic dipole resonance arises
for the cluster with stronger coupled particles. This contributes to the shoulder we
observed in the experimental measurements.

For the gold-silver core-shell particle cluster, the qualitative behavior reproduces the
experimental results very well. The resonance shifts strongly to shorter wavelengths
as silver is introduced. This is due to the fact that the resonance of a single silver
sphere appears also at shorter wavelengths due to the higher plasma frequency. The
response of the gold cores is almost completely suppressed, because the silver shell
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Figure 3.17: (A) Simulated normalized scattering cross section of a cluster of gold
nanoparticles of different sizes and (B) for a cluster of gold-silver core-
shell particles with varying shell thickness. The black vertical line
indicates the position of the plasmon resonance of a single gold par-
ticle. The dashed lines show the magnetic dipole contribution to the
scattering cross section. The results are in good correspondence to the
experimental measurements.

shields the electromagnetic field. For a continuously increasing thickness of the
silver shell the peak gradually shifts to the red spectral region, as also seen in the
measurements. Most importantly, we also see two distinct resonances, as was also
observed in the experimental results.

Now, we use the strength of the multiple Mie method and perform a multipole de-
composition of the scattering cross section, as introduced in Eq. 2.28, in the previous
chapter. This helps to understand the underlying cause of the additional resonance.
All the other peaks are caused by a usual electric dipole resonance. This can be
understood easily, because a single metallic sphere can be well approximated by an
electric dipole. The peak at longer wavelengths, however, is caused by a collective
magnetic dipole resonance of the cluster. The exact position of the resonances
deviates slightly from the measurement results. This is likely due to uncertainties
in particle sizes and shapes or incomplete silver covering. It is also possible that
some particles merged during the seeded growth process. However, the important
features are well reproduced.

Conclusion

In summary, we showed a viable method to fabricate metallic nanoparticle clusters
with controllable particle sizes. Furthermore, it was shown that gold-silver core-
shell particles can be synthesized inside the polymer spheres. With our powerful
numerical method at hand, we investigated the scattering response of such clusters
and found good agreement with experimental measurements. Most importantly,
we could prove that a magnetic dipole resonance occurs. This is much stronger for
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the core-shell particles, due to the lower absorption and higher metal filling fraction.
The presented polymer-metal clusters can serve as building blocks for metamaterials
with interesting optical parameters, due to the magnetic response.

3.3 Dynamically tunable metamaterial

For the development of future applied metamaterial technologies, tunability is a
crucial requirement [121, 122]. In this section, we want to show the design, fabri-
cation, and characterization of a thermally tunable metamaterial that is fabricated
with self-assembly techniques. The proposed material is composed of small silver
nanospheres which are covered with and connected by a liquid crystal. This liquid
crystal has a strong thermal response, which makes it possible to actively control the
arrangement of the silver spheres depending on the temperature. The geometrical
change significantly influences the optical response of the material in the optical
region.

State-of-the-art self-assembly processes inherently provide isotropic bulk metamate-
rials. However, they usually end up in a static material, or, even worse, in unwanted
changes such as precipitation, clustering, or decay. Here we show the design of
a nanoparticle based metamaterial that possesses a tunable optical response in the
visible regime [123]. Furthermore, we show that experimental measurements per-
formed by Wiktor Lewandowski and Józef Mieczkowski are in excellent agreement
and fully support our numerical calculations, as can be found in Ref. [3], where the
results presented in this section were published.

3.3.1 Design and fabrication

The idea of the suggested metamaterial is to have metallic nanoparticles embedded
in a liquid crystal matrix that changes its structure reversibly depending on the
temperature. This structural change in the liquid crystal material translates to a
structural rearrangement of the silver nanoparticles. This rearrangement affects the
optical response of the material. At lower temperatures (30 ◦C), the compound ma-
terial forms a lamellar structure which we abbreviate as Lm. Here, the nanoparticles
are arranged in rectangular layers with well defined inter-layer distance and well
defined in-layer distance of the particles inside the layers. At higher temperatures
(above 120 ◦C), however, the material will slightly expand, increasing the particle
distance. Furthermore, the ordered distribution of the nanoparticles will break
down, resulting in a generally disordered and isotropic distribution, with a different
interparticle distance. We abbreviate this isotropic phase as Iso, see Fig. 3.18 for
visualizations of these two different phases.

The design is experimentally realized by fabricating coated silver nanoparticles with
a radius of 2.35 nm with a modified Wang procedure [124, 125]. Then, a ligand
exchange reaction was performed to introduce the liquid crystal molecules into the
nanoparticle surface.
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Figure 3.18: Investigated nanoparticle structures. The lamelar structure (Lm) found
at lower temperatures is shown on the left side, the right side shows the
isotropic structure (Iso) found at high temperatures.

3.3.2 Results

The structure of the self-assembled material is revealed by small angle X-ray diffrac-
tion measurements. The results are summarized in Fig. 3.19 A. At high temperatures
(120 ◦C), a diffuse signal is observed, corresponding to an average interparticle
distance of 7.2 nm, evidencing an unordered distribution of the nanoparticles. At
lower temperatures (30 ◦C), however, we see multiple sharper rings, suggesting the
formation of a long range order. Here, the metal spheres form layers with inter-layer
distance of approximately 8.4 nm and a nearest neighbor distance of 6.1 nm within
the layer. These findings are confirmed by TEM images (Fig. 3.19 B).

To reveal and understand the properties of such tunable metamaterial from a the-
oretical perspective, we perform multiscattering simulations with the previously
presented Mie algorithm. We model the nanoparticle structures as finite, but suf-
ficiently large patches consisting of small silver spheres with a radius of 2.35 nm.
The Lm phase is modeled as a stack of three layers each consisting of 17 × 17
silver [69] nanoparticles, arranged in a square lattice. We switch to the isotropic
structure by slightly increasing the distance of the nanoparticles and shift each
particle in a random direction by a random amount, on average 4 nm. This way the
effects of heating the structure are represented in a realistic manner. The different
geometries are visualized in Fig. 3.18. The number of particles considered, as well
as the maximum multipole order in the calculations, are verified to be sufficient to
model the material, by checking the convergence of the relevant properties. The
liquid crystal in the vicinity of the particles is treated as a homogeneous surrounding
medium with a refractive index of n = 1.6, an intermediate value for liquid crystal
molecules in the solution.

Absorption spectra of the nanoparticle assemblies are simulated using the multi-
sphere scattering algorithm. As can be seen in Fig. 3.20 A, we obtain a single
extinction peak, which can be attributed to a collective surface plasmon resonance
of the spheres. If we compare the results of the two distinct phases, we observe a
significant blue shift when going from the Lm to the Iso phase. The shift amounts
to 20 nm, or 30 THz, respectively. The results of the numerical calculations and
experimental measurements show very good agreement in the size of the shift
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Figure 3.19: Investigated nanoparticle structures. The top row shows the Iso struc-
ture found at high temperatures and the bottom row shows the Lm
structure found at lower temperatures.
(A) Small angle X-ray diffraction measurements, revealing the geometric
structure of the phases. The single broad ring for the Iso phase sug-
gests an isotropic ordering with an average nearest neighbor distance
of 7.2 nm. This distance can be deduced from the radius of the ring.
The sharper rings corresponding to the Lm phase hint at an ordered
geometry. Here, we can deduce the in-layer and inter-layer distances
from the radius of the rings to be 6.1 nm and 8.4 nm respectively.
(B) TEM images of the experimental realization. The Iso phase is indeed
isotropic while the Lm phase consists of patches with local ordering. The
scale bar indicates 20 nm.

and position of the resonances. However, the experimental measurements show a
broader resonance. This can be attributed to a slight size distribution of the silver
particles. The fabrication and subsequent treatment with the liquid crystal causes an
uncertainty of approximately ±0.3 nm in the particle radius.
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3 Metamaterials with spherical building blocks

Figure 3.20: Normalized extinction spectra of the numerical calculations (A) and the
experimental measurement (B) of the Iso and Lm structures. The low
temperature phase Lm is shown in blue and the Iso phase in red. We see
a significant resonance shift and a very good agreement in the resonance
positions of the measurements and simulations, respectively.

As a reference, we also simulate spectra of an ordered distribution with mean
interparticle distance corresponding to the Iso structure (7.2 nm). This results in
an optical response almost identical to the unordered Iso geometry. This suggests
that the resonance position is dominated by the interparticle distance, rather than
just the ordering of the spheres. Vice versa, simulations of a random and an ordered
arrangement of spheres with a nearest neighbor distance of 6.1 nm yields also almost
identical results, further confirming the hypothesis. However, the interparticle
distance changes mainly due to the geometrical reconfiguration, instead of just the
thermal expansion. This conclusion is further supported with a control experiment:
no shift of the plasmonic resonance position was observed for a heated sample
of silver nanoparticles without the liquid crystal coating, for which no structural
reconfiguration is observed within the given temperature limit.

It is confirmed by temperature dependent small angle X-ray diffraction measure-
ments that the shift of the plasmon resonance is indeed caused by a reconfiguration
of the nanoparticles (Fig. 3.21 A and B). At low temperatures, only the lamellar phase
is present, with marginally varying interparticle distance. Then, from 70 ◦C up to
95 ◦C the phase change takes place, resulting in a rapid change of the resonance
wavelength. At higher temperatures, we observe the expected broad distribution
corresponding to the disordered geometry. After this phase transition the resonance
wavelength is almost independent of the temperature.

The most interesting aspect of this design is the fact that the transition from Lm to
Iso is reversible. This is very important for many dynamically tunable applications.
The duration of the full transition lasts a few minutes, but the process can also be
sped up to a few seconds. Then, the phase transition is not fully complete, because
the material can not react instantaneously to the temperature change. However, a
significant resonance shift can be observed as is evident from Fig. 3.21 C, where the
resonance shift is shown for an experimental measurement where the temperature
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3.3 Dynamically tunable metamaterial

Figure 3.21: Switching behavior of the metamaterial.
(A) Temperature dependent small angle X-ray diffraction measurement
showing the phase transition from the ordered Lm phase to the isotropic
Iso phase around 80 ◦C.
(B) Temperature dependent shift of the plasmon resonance position.
(C) Reversible shifting of the resonance position over multiple fast cycles
in the order of a few seconds.

was changed in the time frame of a few seconds.

3.3.3 Epsilon-near-zero behavior

Because of the high metal filling fraction in the material we can expect a resonant be-
havior in the effective permittivity. We calculate the effective permittivity of the two
structures with the Clausius-Mossotti relation, Eq. 2.59. Thereby, the polarizability
of a single isolated silver sphere is used with the appropriate metal filling fraction.
As evidenced in Fig. 3.22, the material shows a Lorentzian resonance in the real part
of εeff(ω), resulting in an epsilon-near-zero behavior in a finite spectral region. The
change from Lm to Iso causes a decrease of the filling fraction, because the distances
of the spheres increase. This is also reflected in the resonance position of εeff(ω).
Thus, the material has actively tunable optical properties.
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3 Metamaterials with spherical building blocks

In order to verify these results, we use a complementary method to obtain the
effective permittivity of the material. The complex reflection r(ω) and transmission
t(ω) = t′(ω)e−ikd coefficients of an infinitely extended layer with finite thickness d,
composed of nanospheres are calculated. Here, we use the finite element solver
JCMsuite [126]. From the reflection and transmission coefficients we can retrieve the
effective permittivity as [127]

neff(ω) = ±
arccos

(
1

2t′(ω)
[1− r2(ω) + t′2(ω)]

)
kd

+
2πm

kd
, (3.2)

Zeff(ω) = ±

√
[1− r(ω)]2 − t′2(ω)

[1− r(ω)]2 − t′2(ω)
, (3.3)

εeff(ω) =
neff(ω)

Zeff(ω)
, (3.4)

where m is an integer, corresponding to the respective branch of the effective refrac-
tive index neff(ω). We need to take care on the sign of the effective refractive index

Figure 3.22: Wavelength dependent effective permittivity of the material.
(A) εeff(ω) of the Lm structure obtained from the Clausius-Mossotti
relation. The crosses depict the solution as obtained from the reflection
and transmission coefficients. (B) εeff(ω) of the Iso structure obtained
from the Clausius-Mossotti relation. (C) Experimental result obtained
via ellipsometry.
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3.3 Dynamically tunable metamaterial

and the impedance Zeff(ω). We choose the sign in order to ensure a positive solution
for the imaginary part of εeff(ω).

We assume three layers of rectangular lattices with the distances corresponding to
the measurement results. The Lm phase is modeled with a in-layer distance of 6.1 nm
and an interlayer distance of 8.4 nm (like it is shown in Fig. 3.18).

The results of the two complementary techniques agree extremely well, as can be
seen in Fig. 3.22 A. Additionally, there is excellent agreement between calculated
data and experimental measurements retrieved with ellipsometry, shown in Fig. 3.22
C. More details on the ellipsometric measurements can be found in the supporting
information of Ref. [3].

Because we are exploiting the resonant behavior of the material, the dispersion of
the real part of εeff(ω) is accompanied by a large imaginary part, potentially causing
strong absorption. A reasonable figure of merit to quantify this absorption is [128]

FOM(ω) =
Re[neff(ω)]

2 Im[neff(ω)]
. (3.5)

FOM(ω) expresses the propagation length of light in the material in units of wave-
lengths. Values ranging from FOM = 0.4 to FOM = 1.2 are retrieved for the
window −1 ≤ Re[εeff(ω)] ≤ 1. This confirms that light propagation in this epsilon-
near-zero regime is possible.

3.3.4 Conclusion

We presented the design of a material with significant tunability of its optical
properties through thermal manipulation. Notably, the resonances lie within the
optical part of the spectrum. Furthermore, the high metal filling fraction results in
interesting metamaterial properties in the form of epsilon-near-zero behavior.

We created an actively tunable epsilon-near-zero metamaterial in the optical regime
via dynamic self-assembly and underpinned the viability by demonstrating a very
good agreement between experimental results and numerical calculations.

An important feature for possible applications is the robust reversibility of the active
tuning within short time frames.

A possible route to improve this design is to further minimize the interparticle
distances. This can be achieved by novel ligands, forming the liquid crystal, with
smaller geometric extensions of the metal particles, or by decreasing the relative gap
size by increasing the metallic nanoparticles to several tens of nanometers.
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4 T-matrix formalism for arbitrarily
shaped particles

In chapter 2 we established a framework for the calculation of the scattering coeffi-
cients of single spheres and clusters of spheres. We showed in chapter 3 that there are
many interesting applications that consider artificial materials composed of particles
with spherical shape. The discussion and consideration of such particles constitutes
an active field of research. However, in order to achieve strong resonances and high
tunability, we often need to consider more complexly shaped particles, like split
ring resonators or particles made of coupled nanopatches [83]. Furthermore, some
unique interesting effects can only be realized with very sophisticated objects such
as helices [7]. To study the properties of such materials, computational tools need to
be available that allow exploring the interaction of light with an ensemble of such
complexly shaped particles.

In this chapter, we present a T-matrix algorithm, suitable to calculate the scattering
by clusters of arbitrarily shaped particles. Such a computation requires as an initial
step the calculation of the actual T-matrix of the object under consideration.

First, we demonstrate how to derive the T-matrix of a cluster of spheres. The
chosen method is based on the multiple scattering algorithm for spheres that was
presented in chapter 2. Afterwards, a more general approach to calculate the T-
matrix is presented. In this approach, general objects with an arbitrary geometry
and composed from arbitrary materials can be considered. The object is illuminated
by several plane waves and the scattered field is calculated with established finite
element solvers [126]. We can calculate the scattering coefficients for each incident
plane wave from the scattered fields. Once we combine the outcome from all these
computations, we can obtain the T-matrix as a final result.

Afterwards, we provide two numerical examples in the form of interesting objects
whose T-matrix is calculated to demonstrate the validity and usefulness of the
method. The main purpose of these examples is to investigate the convergence of the
T-matrix calculation method. Furthermore, we show that knowing the T-matrix is
not only important for scattering calculations, it provides also valuable information
about other properties and symmetries of the considered object.

Finally, we present a multi scattering algorithm, which is suitable for the simulation
of the scattering by multiple arbitrary objects with known T-matrix. The method is
an extension to the multi scattering formalism for spheres, which was described in
chapter 2. Now, instead of the analytically known Mie coefficients of the spheres, we
need the full T-matrix of the objects. The T-matrix of the constituting objects needs to
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4 T-matrix formalism for arbitrarily shaped particles

be calculated beforehand with the methods shown in this chapter. This constitutes a
powerful tool to calculate the optical response of an arbitrary, but finite distribution
of general objects. We build upon this foundation in the following chapter 5, where
we use the formalism to investigate complicated metaatoms.

As already indicated in section 2.1.2, the T-matrix of a single sphere is given by
the Mie coefficients on the diagonal. For arbitrary objects, however, the T-matrix
is generally dense. The T-matrix is the link between scattering and illumination
coefficients according to the relation(

a(ω)
b(ω)

)
= T(ω) ·

(
p(ω)
q(ω)

)
. (4.1)

Here, a(ω) and b(ω) are concatenated vectors that contain the coefficients used to
expand the scattered field and p(ω) and q(ω) are concatenated vectors containing
the coefficients of the incident field. The coefficients are introduced in Eqs. 2.17 and
2.19 in chapter 2.

The T-matrix consists of the following submatrices

T(ω) =

(
Tee(ω) Tem(ω)
Tme(ω) Tmm(ω)

)
, (4.2)

where Tee(ω) describes coupling of electric incident modes to electric scattered
modes, Tmm(ω) describes the magnetic coupling, and the other submatrices express
coupling of electric and magnetic modes, respectively. In a similar way, these
individual entries of the T-matrix can be ordered to highlight the coupling among
the multipolar modes

Tee(ω) =

Tee
11(ω) Tee

12(ω) · · ·
Tee

21(ω) Tee
22(ω)

... . . .

 , (4.3)

here, Tee
nν(ω) is the submatrix that represents the coupling of order ν of the incident

field to the order n of the scattered field. For a sphere, Tee
11(ω) would contain the

first Mie coefficient a1(ω) on the diagonal, T22(ω) the second and so on, to reproduce
Eq. 2.21. As we see from Eq. 4.3 the T-matrix requires to be infinitely large to describe
an object correctly. Similarly to the multiple Mie scattering formalism in chapter 2,
we truncate the T-matrix at a finite size, corresponding to a maximum multipolar
order N , which we take into account. This is justified as long as it can be assumed
that higher orders do not have a notable contribution to the scattering response.

4.1 T-matrix of clusters of spheres

Now, we show a method to calculate the T-matrix of a cluster of spheres. By doing
so, we can potentially save a lot of computational resources. If we want to simulate
an arrangement of multiple equal clusters, we only need to calculate the T-matrix of
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4.1 T-matrix of clusters of spheres

the single structure once and use the same T-matrix for each object. This concept is
shown in detail in section 4.4.

For the purpose of calculating the T-matix of a cluster of spheres, let us reconsider
the main equation of section 2.1.2 to calculate the scattering coefficients of a cluster
of spheres

ajnm(ω) = ajn(ω)

{
pj,jnm(ω)−

∑
l 6=j

∞∑
ν=1

ν∑
µ=−ν

[
alνµ(ω)Aνµnm(dlj, ω) + blνµ(ω)Bνµ

nm(dlj, ω)
]}

,

bjnm(ω) = bjn(ω)

{
qj,jnm(ω)−

∑
l 6=j

∞∑
ν=1

ν∑
µ=−ν

[
alνµ(ω)Bνµ

nm(dlj, ω) + blνµ(ω)Aνµnm(dlj, ω)
]}

.

(4.4)

We can write this system of equations in a more elegant matrix formulation

(
a(ω)
b(ω)

)(1)

...(
a(ω)
b(ω)

)(j)

...(
a(ω)
b(ω)

)(J)


= M(ω) ·



(
p(ω)
q(ω)

)(1)

...(
p(ω)
q(ω)

)(j)

...(
p(ω)
q(ω)

)(J)


. (4.5)

Here,
(
a(ω)
b(ω)

)(j)

and
(
p(ω)
q(ω)

)(j)

are vectors of coefficients, corresponding to the indi-

vidual sphere j of the cluster. The matrix M(ω) contains the Mie coefficients, ajn(ω)
and bjn(ω) of each sphere and translation coefficients, Aνµnm(dlj, ω) and Bνµ

nm(dlj, ω),
corresponding to the position of the respective sphere. We notice already a strong
resemblance to the T-matrix equation 4.1, but one last step is still missing. The
coefficients need to provide an expansion with respect to the central coordinates
instead of individual coordinate systems for each sphere. At the end the T-matrix
shall describe the response of the entire object with respect to its central coordinate
and not the individual contributions. For this purpose, we need to transform
the coefficients with suitably chosen translation matrices U(ω) for the scattering
coefficients and V(ω) for the illumination coefficients, such that

U(ω) ·



(
a(ω)
b(ω)

)(1)

...(
a(ω)
b(ω)

)(j)

...(
a(ω)
b(ω)

)(J)


=

(
a(ω)
b(ω)

)
and V(ω) ·



(
p(ω)
q(ω)

)(1)

...(
p(ω)
q(ω)

)(j)

...(
p(ω)
q(ω)

)(J)


=

(
p(ω)
q(ω)

)
. (4.6)
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4 T-matrix formalism for arbitrarily shaped particles

These rectangular translation matrices contain the translation coefficients. Their
entries can be derived from Eq. 2.40. If we insert the identities U−1(ω) · U(ω) and
V−1(ω)·V(ω) into Eq. 4.5, we arrive at Eq. 4.1, i.e., the T-matrix of the whole cluster

U−1(ω) ·U(ω) ·



(
a(ω)
b(ω)

)(1)

...(
a(ω)
b(ω)

)(j)

...(
a(ω)
b(ω)

)(J)


= M(ω) ·V−1(ω) ·V(ω) ·



(
p(ω)
q(ω)

)(1)

...(
p(ω)
q(ω)

)(j)

...(
p(ω)
q(ω)

)(J)


(4.7)

(
a(ω)
b(ω)

)
= U(ω) ·M(ω) ·V−1(ω) ·

(
p(ω)
q(ω)

)
(4.8)(

a(ω)
b(ω)

)
= T(ω) ·

(
p(ω)
q(ω)

)
.

The inverse matrices U−1(ω) and V−1(ω) can be obtained by considering the inverse
translation (from the central coordinate system to the individual systems). Thus, we
can calculate the T-matrix using only the Mie coefficients of the constituting spheres
and translation coefficients to get

T(ω) = U(ω) ·M(ω) ·V−1(ω). (4.9)

Note that this is a semi-analytic solution. We use the analytically known Mie coef-
ficients of each sphere and the translation coefficients to account for their respective
position. Note also that, in order to perform simulations, we need to truncate the
T-matrix at a finite multipole order N . Then, even though the Mie coefficients for a
single sphere are exact up to the considered multipole order, the resulting T-matrix
has some additional inaccuracies, introduced by the translation coefficients with
finite order N .

4.2 T-matrix of an arbitrarily shaped particle

To perform simulations and to analyze a given object with complicated geometry,
we need to calculate its T-matrix numerically. Several established methods to cal-
culate the T-matrix have been reported. The first method is the extended boundary
condition method, originally introduced by Waterman [65, 129, 130]. However, only
homogeneous particles can be considered and the method is quite time and resource
consuming. An extension to this method is the point matching method [131, 132].
There, the coefficients of the incident, scattered, and internal fields are related, but
without the expensive surface integrations needed for the extended boundary con-
dition method. Another strategy to compute the T-matrix of an arbitrary object is to
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4.2 T-matrix of an arbitrarily shaped particle

excite it with pure vector spherical harmonic functions to extract exactly one line of
the T-matrix per illumination [133]. In this latter reference, the fields were calculated
with an integral equation solver. That method has the advantage that the incident
field can be expressed in an exact way with a single incident coefficient. But the
actual implementation of such an illumination with available tools is cumbersome.

Here, we present a method that is easy to implement numerically and, depending
on the applied Maxwell solver, potentially very efficient. The work presented in this
section has already been presented in reference [10]. This manuscript is currently in
the referee process.

In the analysis, the object is considered to be illuminated with several different plane
waves in individual simulations. From each simulation the expansion coefficients
of the scattered field are extracted by projecting it onto vector spherical harmonic
functions N

(l)
nm(r, ω) and M

(l)
nm(r, ω). To get the scattered field of the object for every

plane wave, however, we need an additional tool that solves Maxwell’s equations for
an arbitrary object under plane wave illumination. Such tools are widely available.
We chose here the finite element solver JCMsuite [126], because it is especially fast for
the simulation of several different illuminations of an object at the same frequency.

The scattering coefficients can be obtained from the numerically calculated scattered
fields Esca(r, ω) by

anm(ω) =

2π∫
0

π∫
0

Esca(|r|=R,ω)
[
N

(3)
nm(|r|=R,ω)

]∗
sin θ dθdφ

2π∫
0

π∫
0

|N(3)
nm(|r|=R,ω)|2 sin θ dθdφ

,

bnm(ω) =

2π∫
0

π∫
0

Esca(|r|=R,ω)
[
M

(3)
nm(|r|=R,ω)

]∗
sin θ dθdφ

2π∫
0

π∫
0

|M(3)
nm(|r|=R,ω)|2 sin θ dθdφ

, (4.10)

and similarly the incident coefficients

pnm(ω) =

2π∫
0

π∫
0

Einc(|r|=R,ω)
[
N

(1)
nm(|r|=R,ω)

]∗
sin θ dθdφ

2π∫
0

π∫
0

|N(1)
nm(|r|=R,ω)|2 sin θ dθdφ

,

qnm(ω) =

2π∫
0

π∫
0

Einc(|r|=R,ω)
[
M

(1)
nm(|r|=R,ω)

]∗
sin θ dθdφ

2π∫
0

π∫
0

|M(1)
nm(|r|=R,ω)|2 sin θ dθdφ

. (4.11)

Note, that the fields are evaluated at a virtual sphere of fixed radius R that com-
pletely encloses the object. Analytically, the chosen radius has no influence on the
result. In numerical realizations, however, the choice could effect the result, due
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to the finite sampling. It is advisable to use a small R, to keep the computational
domain small, without touching the actual object.

For an illumination with a plane wave, however, the coefficients can be calculated
analytically as shown in section 2.1 and a numerical evaluation of the integrals 4.11
is not necessary.

Now, we can calculate a set of
(
p(ω)
q(ω)

)k
and corresponding

(
a(ω)
b(ω)

)k
for each illu-

mination k. Then, we construct a system of equations to calculate the T-matrix TK

numerically with K illuminations((
a(ω)
b(ω)

)1(
a(ω)
b(ω)

)2

· · ·
(
a(ω)
b(ω)

)K )
= TK(ω) ·

((
p(ω)
q(ω)

)1(
p(ω)
q(ω)

)2

· · ·
(
p(ω)
q(ω)

)K )
.

(4.12)

We invert this system to find the T-matrix according to

TK(ω) =

((
a(ω)
b(ω)

)1(
a(ω)
b(ω)

)2

· · ·
(
a(ω)
b(ω)

)K )
·

((
p(ω)
q(ω)

)1(
p(ω)
q(ω)

)2

· · ·
(
p(ω)
q(ω)

)K )−1

.

(4.13)

In order to get an invertible matrix, we need to calculate the response from K
illuminations, where K is equal to or greater than the rank d of the T-matrix. This
rank depends on the multipole order N we take into account

K ≥ d = 2N(N + 2). (4.14)

Using more illuminations is not strictly necessary, but will improve the accuracy of
the result, as we see in the following examples. Even though we get more equations,
the system is not overdetermined. The additional equations are in principle linear
combinations of known equations, thus, they help in reducing the numerical noise.
The inversion of the rectangular matrix can be performed for example with QR
decomposition [134]. Note that the resulting T-matrix is always a square matrix in
our formalism.

4.3 Numerical examples

In this section, we show that the method delivers reliable results, by investigating
two simple example objects. We show that the T-matrix gives further insights into
the scattering mechanisms of these objects.
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Figure 4.1: Single sphere with multiple plane wave illuminations, depicted with their
wave vectors in green. The green spherical region illustrates that the
waves are incident isotropically.

4.3.1 Single sphere

As a first check to prove that the method delivers correct results, we investigate the
most simple object: a single isolated sphere. The example is chosen, because we have
the correct analytical solution for a single sphere available. The T-matrix has only the
analytically known Mie-coefficients on the diagonal and all other entries are zero.

Let us consider a dielectric sphere with a radius of 100 nm and a relative permittivity
of 16 in vacuum. The Mie-coefficients of this sphere for the first two orders are non-
negligible at 600 THz, as can be confirmed by Eq. 2.24. Such a high permittivity
sphere is of interest since it sustains a notable electric and magnetic dipole moment
in the visible spectrum without absorption, which is usually tied to plasmonic
objects.

We illuminate the sphere with the appropriate number of plane wavesK to calculate
the T-matrix numerically. The wave vectors are chosen, such that they are evenly
distributed in all directions. They can intuitively be considered as normal vectors
of the surface of an imaginary sphere. They are distributed with the equal nearest
neighbor distance to cover all directions, as is shown in Fig. 4.1. The polarization of
the electric field is then chosen randomly for each wave.

To check the convergence of our method, we increase the number of illuminations
used to calculate the T-matrix and investigate the behavior of the numerical error.
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4 T-matrix formalism for arbitrarily shaped particles

Figure 4.2: Convergence of the T-matrix calculation with the increase of the number
of plane wave illuminationsK. The minimum number of illuminations to
solve for all the unknown entries of the T-matrix for the multipole order
N = 2 is 16. The error e is shown for two different calculations, where the
fine one has two times finer meshing.

We introduce

e(K) =

√ ∑
i |TMie(i)−TK(i)|2∑

i |TMie(i)|2 + |TK(i)|2
(4.15)

as a measure for the deviation of the T-matrix from the analytically known solution.
Here, (i) is an index that runs over all matrix components. This quantity is visualized
in Fig. 4.2 in a logarithmic plot.

We observe that the analytic T-matrix can be reproduced with reasonably sufficient
precision. The deviation drops for an increasing number of illuminations until a
plateau is reached. The remaining deviation can be explained by numerical errors
introduced by the finite meshing of the sphere in the Maxwell solver. This is
confirmed by considering a second calculation with a finer mesh. The result shows
the same characteristic behavior, but a better precision can be reached. Hence, we
can basically reach an arbitrary precision by choosing the appropriate number of
illuminations and meshing of the finite element solver.

4.3.2 Dimer

We now consider a slightly more complex object to further investigate the con-
vergence of the proposed method. The dimer, similar to the one investigated in
section 3.2.1, is a suitable example, because we can calculate the T-matrix semi-
analytically as a reference. We get the T-matrix of the single spheres directly from
the Mie coefficients and construct the total T-matrix by translating the coefficients
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Figure 4.3: (A) Geometry and illumination direction of the dimer setup. (B) Total
scattering cross section (blue) of the dimer and the contributions of
different multipoles. The solid lines correspond to the semi-analytical
calculation based on the Mie coefficients of the spheres and the crosses
correspond to the calculation with the FEM solver. We observe an
excellent visual agreement. The black vertical line shows the spectral
position that is used for further calculations to show the T-matrix entries.
10 additional plane wave illuminations were used for the numerical T-
matrix calculation.

with addition theorems as outlined in section 4.1. Additionally, we calculate the T-
matrix from the illumination with plane waves with the proposed method, according
to Eq. 4.13, and compare the results.

The object we investigate consists of two strongly coupled silver spheres with radius
r = 30 nm and a center to center distance of d = 63 nm embedded in glass with
a nondispersive permittivity εb = 2.25 [116]. We take established experimental
data for the dispersive permittivity of silver [69]. Such objects can be fabricated in
large quantities by self-assembly methods, for example by connecting commercially
available metal nanospheres with a linker molecule, as shown in section 3.2.1 [5].

We set N = 2, because the higher multipole orders do not have a notable contribu-
tion. As depicted in Fig. 4.3, scattering cross sections obtained from the different T-
matrix methods agree very well. The multipole contributions are calculated accord-
ing to Eq. 2.28. We can clearly identify three different resonances: a broad electric
dipole resonance at 680 THz, and two resonances with mixed magnetic dipole and
electric quadrupole contributions at 620 and 710 THz, respectively. While the broad
resonance is connected to the eigenmode of the single sphere, the two sharper peaks
can be explained by a hybridization caused by the coupling of the two spheres and
coupling of higher order multipole modes, respectively [116].

We can obtain additional insights into the scattering behavior by looking at the
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Figure 4.4: The left picture shows the general form of the T-matrix, as described in
the previous section. For example Tee

11(ω) represents the electric dipole
coupling. In the following we always present the T-matrix in this way. On
the right hand side we see the absolute values of the T-matrix entries for
the dimer on a logarithmic scale at 600 THz. This matrix was calculated
semi-analytically with the Mie coefficients of the single spheres.

entries of the T-matrix in Fig. 4.4 at a discrete frequency. The way the T-matrix
is presented in that figure is adopted in all the following figures showing the T-
matrix. Note that the entries are complexly valued and we always display the
absolute values. At first we notice that the dominant entries are connected to the
electric dipole Tee

11(ω) and, to a lesser extent, to the magnetic dipole Tmm
11 (ω) and

electric quadrupole components Tee
22(ω). Additionally, we see the aforementioned

cross coupling between magnetic dipole and electric quadrupole Tme
12 (ω) (and the

other combinations with mixed contributions). This is the explanation for the mixed
magnetic dipole and electric quadrupole resonance in the scattering cross section
that was mentioned earlier.

Now, we investigate again the behavior of the T-matrix when we increase the num-
ber of illuminations K in the numerical calculation. We consider the T-matrix with
N = 4 at the frequency 600 THz, where several multipole orders contribute to the
total scattering. The spectral position is indicated by the vertical black line in Fig. 4.3.
As a reference, we take the calculation based on Mie coefficients. In Fig. 4.5 we can
observe the expected behavior of the error, the deviation decreases exponentially
as we increase the number of plane wave illuminations. The more complicated
structure actually benefits much more from a higher number of illuminations than
the single sphere. In Fig. 4.6 we see the T-matrix entries of two different numbers of
illuminations and the difference to the semi-analytically calculated T-matrix. We
clearly see that the numerical inaccuracy is going down significantly when we
increase the number of illuminations.

Additionally, we can deduce the preferential orientation of the induced multipoles
from the pattern of the T-matrix. Let us investigate the electric dipolar part further
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4.3 Numerical examples

Figure 4.5: Convergence of the T-matrix calculation with the increase of the number
of plane wave illuminations. The minimum number of illuminations
necessary to solve for all the unknown entries of the T-matrix for the
multipole order N = 4 is 48.

and call the entries

Tee
11(ω) =

T ee
-1-1(ω) T ee

-10(ω) T ee
-11(ω)

T ee
0-1(ω) T ee

00(ω) T ee
01(ω)

T ee
1-1(ω) T ee

10(ω) T ee
11(ω)

 . (4.16)

Now, the element T ee
ij (ω) connects the incident coefficient p1j(ω) to the scattering

coefficient a1i(ω). The same is true for all the other parts of the T-matrix, with
adjustments for the higher order parts. The entry T ee

00(ω) is special, because it is
connected to the z-axis. The z-axis is distinguished in the definition of the vector
spherical harmonic functions. From this fact follows that if this particular entry
has a large absolute value, the corresponding object will exhibit a strong electric
dipole in z-direction. Conversely, the entries with±1 indices are connected to dipole
moments in the x-y-plane. This consideration also translates directly to the magnetic
part of the T-matrix. Considering this, we investigate again the entries of the T-
matrix. We see in Fig. 4.6 that the electric dipole is almost isotropic. This becomes
clear when we compare the T-matrix to that of a sphere. As stated above, we would
get T ee

-1-1(ω) = T ee
00(ω) = T ee

11(ω) = a1(ω) and the elements with different indices would
be equal to zero in this completely isotropic case. The magnetic dipole, however, is
much weaker in the z-direction, because of the geometry of the investigated object
with the gap. Hence, the magnetic dipole can be preferentially excited in the x-y-
plane.

In conclusion, we can state that the presented method delivers accurate results
and that it is highly beneficial to use a few illuminations more than absolutely
necessary.
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4 T-matrix formalism for arbitrarily shaped particles

Figure 4.6: T-matrix entries of the dimer, calculated with the presented method at
600 THz. For the sake of clarity we show only the parts connected to
the lowest two multipole contributions. On the left hand side we see the
matrix with the minimum number of plane wave illuminations 48, on the
right hand side with 50 extra illuminations. The bottom row shows the
absolute difference to the semi-analytic solution |TMie −TK |.

We demonstrated that obtaining the T-matrix entries of an object is quite advanta-
geous. If we design an object with certain desired optical properties, we need to
consider the corresponding part of the T-matrix. For example if we want to create an
object with a strong magnetic dipole resonance excited in z-direction, we optimize
the geometric parameters to maximize the corresponding T-matrix entry Tmm

00 (ω).

Further useful applications of the method are presented in the following chapter 5.

4.4 Multiple scattering by arbitrary objects

Now, we present an extension to the multi scattering algorithm outlined in chapter 2.
The aim is to calculate the scattering by an arbitrary but finite distribution of objects,
e.g. clusters of spheres or helices, as depicted in Fig. 4.7. Up to now, we could only
calculate the multiple scattering by several spheres from their Mie coefficients. On
the other hand, we can calculate the T-matrix of a cluster of spheres or an arbitrary
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4.4 Multiple scattering by arbitrary objects

Figure 4.7: Schematic representation of the scattering by a distribution of clusters
consisting of spheres (A) or helices (B), respectively.

object. As stated before, the Mie coefficients of a single isolated sphere are equivalent
to its T-matrix. Therefore, we can extend the multi scattering algorithm to arbitrary
objects, intuitively speaking, just by replacing the Mie coefficients with the full T-
matrix.

We consider again the multiscattering system of equations, Eq. 4.4. By inserting the
T-matrix, instead of the Mie coefficients and writing it in matrix notation, we arrive
at (

aj(ω)
bj(ω)

)
= Tj(ω) ·

((
pj(ω)
qj(ω)

)
−
∑
l 6=j

(
A(ω) B(ω)

)
(l, j) ·

(
al(ω)

bl(ω)

))
. (4.17)

Here, Tj(ω) is the T-matrix of the individual scatterer j and A(ω) and B(ω) form
a matrix of the previously described translation coefficients corresponding to the
respective positions of the objects.

The T-matrix contains the whole near and far field information on how a specific
object interacts with any illumination. It depends on the geometry and material
composition of the structure in question.

If we consider some distribution of randomly arranged, identical objects, we can
take the same matrix for each object. This approach will speed up the calculation
by a considerable amount, because we need to do the potentially time consuming
T-matrix calculation only once. Then, we can use it to represent several identical
objects. Furthermore, it can be used to simulate a multitude of different geometrical
representations in a relatively short time.

However, in contrast to spheres, the objects are generally not spherically symmetric.
Thus, we need to consider their respective orientation. The rotation of the particle
can be represented by applying a rotation to the T-matrix [135]

Tj(ω) =
(
Dj(α, β, γ)

)∗ ·T(ω) ·Dj(α, β, γ). (4.18)
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4 T-matrix formalism for arbitrarily shaped particles

Here, D(α, β, γ) is the Wigner D-matrix

Dn
ml(α, β, γ) = e−imαdnmµ(β)e−iµγ (4.19)

of the Euler angles α, β, γ corresponding to the desired rotation and the Wigner d-
function dnmµ was given in Eq. 2.37 in section 2.1.

Note that we can apply the same scheme as outlined in section 4.1 to calculate the T-
matrix of a cluster of arbitrary objects. This allows to build a hierarchy of objects
in order to analyze the optical properties of the cluster and save computational
resources in simulations of large structures.

We demonstrate the efficiency of the presented method by the following numerical
example. Let us consider the scattering cancellation structure, which we introduced
as an example in section 2.2. It consists of a dielectric core sphere surrounded by a
larger number of metallic ellipsoids. The ellipsoids have the semi-axes a1 = 23 nm
and a2 = 5 nm. The calculation of the T-matrix of a single ellipsoid with the
method presented in section 4.2 takes approximately 90 s for a reasonable precision
on a regular PC. We take dipole and quadrupole contributions into account, which
is completely sufficient for the small ellipsoids. The subsequent multi scattering
calculation of the whole structure with the central sphere and 24 ellipsoids is quite
fast, the simulation of one distribution takes only 5 s. On the other hand, a finite
element simulation of the scattering by the total structure does not even fit into the
memory of a standard desktop machine.

4.5 Conclusion

We demonstrated an algorithm to calculate the T-matrix of clusters of spheres and
a different one for arbitrary objects. We showcased numerical examples by calcu-
lating the T-matrix of several objects, thereby investigating the convergence of the
presented method.

The T-matrix of arbitrary objects was calculated with the help of widely available and
well established tools to calculate the scattered fields upon plane wave illumination.
The T-matrix contains the electromagnetic scattering information independent of the
illumination. By investigating the matrix, we get valuable information about the
multipolar composition of possible resonances that are excited by certain illumina-
tions. This is extremely useful to understand the nature of a given response as we
show with several applications in the following chapter.

Furthermore, the T-matrix can be used in an extended multiscattering formalism
to calculate the response of a whole cluster of objects efficiently. This algorithm,
which we call multiple T-matrix scattering method, will speed up calculations by a large
amount and prove to be very useful in the following chapter.
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5 Metamaterials with arbitrarily
shaped building blocks

Metamaterials have developed to be at the focus of extensive inovative research with
several practical applications.

As pointed out in the introduction, nearly arbitrarily shaped metaatoms can be
realized with top-down nanofabrication techniques. However, the main limitation
of conventional techniques is their restriction to two dimensional distributions of
metaatoms. Even though a stacking might alleviate the problem [83], eventually
a restriction to thin films always persists. This is insufficient for multiple applica-
tions. Instead, truly three dimensional, i.e. bulk, metamaterials are required. To
mitigate this problem, self-assembly and bottom-up strategies have been suggested,
e.g. based on chemical processes. There, spherical nanoparticles are assembled di-
rectly in solution and can be made available as three dimensional material as shown
in chapter 3. An alternative, slightly more sophisticated possibility to create three
dimensional materials is to lift complicated metaatoms fabricated with top-down
techniques from the substrate to have them suspended in a solution. We call such a
marterial a metaliquid. By additional drying steps, the material can be sufficiently
concentrated. Such approaches promise the combination of the advantages of both
the top-down and the bottom-up approach. However, exploring such materials
requires the correct prediction of their interaction with light.

The aim in this chapter is to characterize complex metaatoms by numerical means.
The metaatoms should be more complex in the sense that they are not composed
of spherical nanoparticles, but with a geometry beyond that of a sphere. The main
task is to design objects with strong scattering properties, which have reasonable
geometries and are suitable for fabrication. Furthermore, not only the response of the
isolated object is considered, but ultimately the response of an ensemble of strongly
interacting objects. This is done by computing the T-matrix of the single metaatom,
which contains the complete scattering information. The T-matrix can then be used
in the multiple T-matrix scattering algorithm to calculate, for example, the scattering
cross section and the scattered fields of the full three dimensional ensemble. Such an
approach makes it possible to study the field propagation in such a metaliquid.

Ultimately, the effective optical properties of a bulk, isotropic, three dimensional ma-
terial shall be linked to the scattering properties of the single constituting metaatom,
allowing to design various desirable characteristics of the metaliquid.

In this chapter, three contributions in that context are described. Firstly, we inves-
tigate in detail a scattering cancellation structure. The object under consideration
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5 Metamaterials with arbitrarily shaped building blocks

is made of a dielectric core, whose scattering shall be suppressed by a layer of
plasmonic particles. Contrary to previous designs, we propose the use of metallic
ellipsoids instead of spheres. This allows to tune the operating frequency of the
device within the visible spectrum.

Afterwards, we consider chirality in the context of electromagnetic scattering. We
introduce a new definition of electromagnetic chirality. With this definition it is
possible to assign an absolute value to scattering objects. As an example, we use
this definition to design a metallic helix. The object is optimized to exhibit a strong
electromagnetic chirality.

Finally, an approach to realize a three dimensional metamaterial with complicated
building blocks is presented. The material is made out of plasmonic sandwich
particles, which exhibit a magnetic and electric dipolar response. We perform a
homogenization of the metamaterial and compare it to full wave simulations of the
actual material made out of a large number of sandwich particles.

5.1 Scattering cancellation with tunable operating
frequency

The possibility to conceal an object at a specific frequency for an external observer
was simultaneously proposed by Ulf Leonhardt and Sir John Pendry and coworkers
[29, 30]. They suggested different techniques for a coordinate transformation to
design an enclosing structure, made from materials with complicated properties,
to guide an incident electromagnetic field around a predefined spatial region [31].
With this approach, it is possible to hide an arbitrary object from an observer if
the object is placed inside the transformed region. Additionally, carpet cloaks were
explored that hide an object that resides on a planar surface, for example a metal
mirror [32, 136–138] with a similar technique.

A completely different strategy to hide small particles from detection, developed
by Andrea Alù and coworkers, was also proposed almost simultaneously [71] It led
to the development of the scattering cancellation technique [139–142]. There, the
scattering response of an electrically small object to a given illumination is reduced
by encapsulating it with a shell. The shell is designed such that the illumination
induces an electric dipole moment of the same magnitude as the one in the core
object. The dipole moment is designed to oscillate with a phase difference of π with
respect to the dipole moment of the core object, with the effect that the emerging
destructive interference will cancel the scattered field [143]. This renders the object
undetectable at the operating frequency in techniques that use the scattered light to
detect the presence of an object.

Examples for possible applications are the suppression of the perturbation of the
field to be detected by a tip in a scanning near-field optical microscope operated in
scattering mode [144], or the manipulation of optical forces [145]. To realize these
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5.1 Scattering cancellation with tunable operating frequency

applications, it is important to be able to tune the operational frequency at which the
scattering response is reduced.

For an operational frequency in the radio or microwave part of the spectrum, several
metasurfaces have been suggested for the implementation of the scattering cancella-
tion technique [68]. The functionality of such mantle cloaks has already been verified
in experiments [146]. However, for optical frequencies, thus far only the feasibility
of the concept was demonstrated, but not yet the ability to tune the operational
frequency. First experiments employed a shell made from metallic nanospheres to
cover the object from which the scattering response should be suppressed [147,148].
This object, usually a dielectric sphere, has to be sufficiently small, such that the
scattering response is dominated by the electric dipole moment. However, the
restriction to metallic nanospheres as building blocks of the shell eventually fixes the
operational frequency, because the resonance frequency of the nanospheres depends
only marginally on the radius.

To mitigate this problem of low tunability, we suggest and study in this section the
use of metallic ellipsoidal nanoparticles as the building blocks of the shell. Changing
the aspect ratio changes the resonance frequency of the nanoparticles and with that
the operational frequency across an extended spectral domain. Since the shell is
usually fabricated by means of self-assembly techniques, an important question is
whether the scattering reduction can be sustained for a random arrangement and
orientation of the ellipsoids on top of the core object. Then, only a fraction of the
ellipsoidal nanoparticles will effectively interact with the linearly polarized external
illumination. The results presented in this section are based on reference [8].

We already studied theoretically the basic design of a scattering cancellation device
in section 2.2 with two complementary analytical techniques. The purpose of
these considerations was to demonstrate the underlying principle that causes the
ability to tune the operational frequency and to provide a glimpse on the possible
performance. The eventual functionality of the design is now demonstrated by
full wave numerical simulations performed with the multiple T-matrix scattering
method introduced in chapter 4.

5.1.1 Design

As introduced in section 2.2, we consider a central dielectric sphere with a radius of
rs = 61 nm and made from a material with a nondispersive permittivity εs = 2.1.
The central sphere is covered with 24 metallic ellipsoids. The dispersive permittivity
of the silver particles is obtained from established tabulated data [69].

The structure constitutes a challenge, since it consists of a larger number of resonant
objects with fine details. We are not able to take advantage of any periodicity or
symmetry, since the elliptical nanoparticles shall eventually be considered with a
random orientation on top of the core object. We investigate this case, because we
suggest bottom-up approaches to implement such scattering cancellation device. To
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Figure 5.1: Different distributions and orientations of silver ellipsoids on a dielectric
sphere. The illumination direction and polarization are depicted on the
left hand side. We consider different scenarios for the placement of the
ellipsoids: (A) Completely ordered and aligned, (B) Random distribu-
tion, but deterministic alignment, (C) Random distribution and random
alignment.

cope with these challenges, we rely on the previously introduced multiple T-matrix
scattering algorithm.

With the proposed T-matrix algorithm it is possible to calculate the scattering
response from different distributions and orientations of the silver ellipsoids on
the central sphere in short time and with high precision. To solve the problem
numerically, we truncate the infinite sums of the multipole expansion of the electro-
magnetic fields at N = 3. This limits the size of the T-matrix of an isolated ellipsoid
and renders the problem numerically feasible. However, already the quadrupole
contribution (n = 2) is almost negligible due to the small size of the structure of
about 140 nm compared to the operational wavelength λ ≈ 500 nm.

We investigate three different configurations of ellipsoids on top of the core object,
shown in Fig. 5.1. Figure 5.1 A shows a completely deterministic ordering of the
ellipsoids, which is in principle based on a design presented in Ref. [149]. The
ellipsoids have well-defined distances and are oriented to be tangential to the surface
of the core (without touching it) sphere with an orientation that maximizes the
projection of the major axis onto the polarization direction of the incident field. This
is done to enhance the polarizability of the particles the shell is made of. However,
when such a nanostructure is fabricated with self-assembly techniques, we have
usually no direct control over the exact position of the ellipsoids. To reflect this
uncertainty, we show in Fig. 5.1 B a random distribution of nanoparticles on the
surface of the core sphere. Only a minimal distance to each other is kept to ensure
that the ellipsoids are not in contact with each other. The particles are, however, still
aligned with respect to the incident field polarization like in geometry A. Such an
assembly could be realized for example by applying a static external field during the
self-assembly process to force the particles to align [150]. Finally, Fig. 5.1 C shows
the same random distribution additionally with random orientation of the ellipsoids
on the surface of the sphere. If no specific measure is put in place, this would be the
most likely distribution of the ellipsoids on top of the core object.
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Figure 5.2: Numerically obtained scattering cross sections of different structures cor-
responding to the geometries shown in Fig. 5.1, A: Completely ordered
and aligned, B: random distribution, but deterministic alignment, C:
random distribution and random alignment. For B and C we display the
averaged cross section of 100 simulations with different realizations of the
random geometry. The shaded region shows the standard deviation. The
ellipsoids have semi axes of a1 = 23 nm and a2 = a3 = 5 nm.

5.1.2 Results

As shown in Fig. 5.2, the three different geometries possess in a similar qualitative
optical response. The scattering cross section is reduced by almost one order of
magnitude around the desired frequency of 600 THz as predicted by the analytic
calculations in section 2.2.

There are a few notable observations. Firstly, as was expected, the scattering cancel-
lation is weaker for randomly oriented particles (geometry C). This is because less
ellipsoids are aligned along the polarization of the electric field with their large semi
axis a1. Furthermore, the second dip of the scattering cross section at approximately
530 THz, which was predicted by analytical considerations, is observed for the ge-
ometry with ordered ellipsoids (A). However, the minimum vanishes if we introduce
disorder. This can be attributed to the fact that the effective permittivity of the
shell shows a weaker dispersion, i.e. the strength of the Lorentzian-like dispersion
is reduced. The effective permittivity of the disordered shell material no longer
attains values corresponding to the negative solution of the scattering cancellation
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Figure 5.3: Analytically obtained effective relative permittivity of a material made of
silver ellipsoids with semi axes a1 = 23 nm and a2 = a3 = 5 nm (blue).
The dashed lines show the solutions of the condition for scattering reduc-
tion, Eq. 2.63. The green line shows exemplarily the effective permittivity
with a weaker dispersion. There, the negative solution is not attained and
the positive solution is met at a lower frequency.

condition, Eq. 2.63. Therefore, only the positive solution persists. Finally, the
frequency of minimal scattering is shifted towards the red part of the spectrum when
we introduce disorder. This can likewise be explained with a lower dispersion of
εeff(ω) of the shell, because the value of the positive solution of Eq. 2.63 is attained
at a lower frequency. This can be understood intuitively by imagining a weaker
dispersive εeff(ω), as shown in Fig. 5.3.

However, because of the qualitative similarity of the results with only slightly shifted
target frequency, we can state that the design is rather robust against uncertain-
ties, which may arise during self-assembly fabrication. We stress that different
implementations of nominally identical geometries have nearly identical scattering
responses. This is evidenced by the small red-shaded area in Fig. 5.2, which shows
the standard deviation for different random positions of the ellipsoids. The exact
details of the implementation of a specific disordered structure are not important.
The variation of the relative orientation of the ellipsoids has a larger impact on the
scattering reduction, as demonstrated by the cyan-shaded area. But the scattering
cross section is still significantly reduced. Note that this means that the behavior of
the disordered geometry C is generally independent of the direction and polarization
of the incident plane wave illumination. Thus, the scattering cancellation structure
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5.1 Scattering cancellation with tunable operating frequency

C is approximately isotropic.

As shown in chapter 2, the desired operating frequency can be tuned across a large
fraction of the visible electromagnetic spectrum. This tunability is achieved by
changing the aspect ratio δ of the metallic ellipsoids, while keeping the volume
constant. Now, we perform full wave calculations with the multiple T-matrix
scattering method established in chapter 4 to prove the prediction of the analytic
calculations. As can be seen in Fig. 5.4, the operating frequency ranges from 430 THz
to 700 THz if we modify the aspect ratio. An important point to consider is that the
aspect ratios do not attain extreme values and are entirely in the range of what is
possible to fabricate experimentally [151]. We show results of simulations with the
completely disordered and isotropic geometry C.

The scattering reduction is slightly distorted in the case of the high aspect ratio
ellipsoids with δ = a1

a2
= 36 nm

4 nm
. The distortion can be attributed to the fact that

the particles are very long and are almost touching. Thereby, strong coupling is
caused, which is completely excluded from the analytic considerations. However,
the scattering cross section is still significantly reduced.

Finally, we explicitly compare the different methods that can be used to describe the
functionality of the device. As shown in chapter 2, the object can be described as a
homogeneous shell with an effective permittivity εeff(ω). Now, we do not only want
to perform this homogenization analytically by considering the analytic expression
for the polarizability of an ellipsoid, but we wish to back it up numerically. For this
purpose, we calculate the average polarizability

α(ω) =
αx(ω) + αy(ω) + αz(ω)

3
(5.1)

of a single ellipsoid numerically, by using the T-matrix of an ellipsoid. The polar-
izability can be obtained from the scattering coefficients of the first order [116]. For
example, for an illumination with z-polarized light the polarizability is given as

αz(ω) = −
√

12πiZ0k · a10(ω) . (5.2)

Then, we use the Clausius-Mossotti relation, Eq. 2.59 to obtain the effective per-
mittivity of the homogenized shell and conduct a full wave simulation of a sphere
covered with the effective dispersive material.

As shown in Fig. 5.5, the functional behavior of the analytical calculation with
volume homogenization and the numerical simulation are qualitatively very similar.
However, the scattering reduction is weaker in the case of the numerical homoge-
nization. This can be attributed to the lower dispersion in the effective permittivity.
The dispersion is weaker, because additionally radiative losses are automatically
included in the full wave solutions. In contrast, in the analytical discussion of the
polarizability of the ellipsoid (Eq. 2.52) this has not been considered. The equation
remains only strictly valid in the quasi-static regime. Additionally, the negative
solution of Eq. 2.63 appears at higher frequencies. This is due to a shift in the
resonance of εeff(ω) and also the aforementioned weaker dispersion.
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Figure 5.4: Numerically obtained scattering cross sections of spheres decorated with
ellipsoids with different aspect ratios (green, red, cyan) and a bare sphere
without scattering reduction (blue). The scattering reduction structures
have the same disordered geometry that was shown in Fig. 5.1 C. The
thick lines show the average of 100 different random realizations of the
geometry and the shaded region visualizes the standard deviation.

In summary, we can state that we get very good agreement in the operating fre-
quency predicted by the different numerical and analytic methods.

5.1.3 Conclusion

We introduced a new design for a scattering cancellation device. Instead of the
established strategy to use plasmonic spheres or complicated metasurfaces, we
decorate the dielectric core sphere with silver ellipsoids. The main advantage is
the high tunability that allows to shift the operating frequency across the optical
domain by changing the aspect ratio of the ellipsoids. Additionally, the design is
feasible for a fabrication with self-assembly techniques, because the particles can be
fabricated with chemical techniques and the design is quite robust to changes of the
distribution. There, it is in principle also possible to avoid touching of the metallic
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5.2 Dual and chiral objects

Figure 5.5: Scattering cross section of the single sphere (blue), analytically obtained
effective medium coating (green), the numerical calculation of the effec-
tive shell (cyan), the complete full wave simulation of geometry C (red),
and the predicted operating frequency from the surface homogenization
(black).

particles, by enclosing them in a dielectric shell. This robustness was confirmed
by performing a large number of simulations with varying random positions and
orientations. All results show the same qualitative behavior.

We calculated the scattering by three different geometries of the principle design.
This was done to validate two different approaches to describe the scattering cancel-
lation device analytically. We showed that all methods have a very good agreement,
especially in predicting the operating frequency. The response of the ellipsoids that
were used in the shell is very well tunable by changing the aspect ratio. This allows
for scattering cancellation at a desired frequency in the entire visible spectrum.
Furthermore, we showed that an isotropic realization of the scattering cancellation
device is possible and that it also significantly reduces the scattering by the core
object.

5.2 Dual and chiral objects

In this section we investigate objects within the context of duality symmetry, which
we introduced in chapter 2. We present a definition of electromagnetic chirality. It
can be shown that this definition has an upper bound, which is achieved for recipro-
cal scatterers if and only if the object is transparent to fields of one electromagnetic
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helicity. This work was published in reference [7] and the theoretical considerations
were largely conducted by Ivan Fernandez-Corbaton.

The geometric definition of chirality states that an object is considered to be chiral
if it cannot be superimposed onto its mirror image (by rotations and translations).
However, it is not clear how to measure chirality quantitatively and is not trivial to
say which one out of two objects is more chiral. There are scalar measures of chirality,
but they do not provide a way to establish a general ordering of chiral objects nor do
they state what a maximally chiral object is [152–154].

Instead of a geometrical definition, we introduce a definition based on the interaction
of the object with electromagnetic radiation [155]. More specifically, how the object
interacts with fields of different polarization handedness, or helicity. Intuitively
speaking, our definition can be formulated as: an object is chiral if the information
obtained from illuminating the object with one helicity cannot be obtained from an
illumination with the opposite helicity.

We show that all objects that are transparent to fields of one helicity, attain an upper
bound of electromagnetic chirality. The reverse statement is also true for reciprocal
objects: all reciprocal objects that are maximally chiral are necessarily transparent to
all fields of one helicity. Furthermore, we show that an object which is reciprocal and
maximally chiral must have duality symmetry. Then, we derive specific constraints
on the T-matrix of a scatterer. These constraints are requirements on the design of a
maximally chiral object.

But first we highlight two remarkable benefits of using helicity to describe the
polarization of electromagnetic fields.

First, helicity commutes with translations and rotations. In other words: an object
that is helicity preserving remains such after rotations and shifts. This is not
necessarily the case if other descriptions are used. For example, a sphere has parity
inversion symmetry. It preserves the parity of the incident field, when placed at the
origin of coordinates. However, when it is shifted, the multipoles of different parity
will mix upon interaction.

Second, helicity preservation and transparency to fields of one helicity do not de-
pend on whether we consider the near-, intermediate-, or far-field zones. This is true
because for a field of pure helicity, either G+(r, ω) or G−(r, ω) are equal to zero at
all points in space and time. It has been shown in numerical simulations of a dual
object illuminated with fields of helicity +1 that the fields of helicity−1 in very close
proximity to the object have zero intensity [77].

5.2.1 Electromagnetic chirality

We consider a scattering object with an incident and scattered electromagnetic field.
The fields around the object can be described with the helicity eigenstates introduced
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in Eq. 2.67 [E(r, ω),H(r, ω)] → [G+(r, ω),G−(r, ω)]. The following quantity denotes
the difference between the intensities of the two helicity eigenvectors

κ(r, ω) = |G+(r, ω)|2 − |G−(r, ω)|2. (5.3)

This quantity is directly related to the chirality density Ch(r, ω) which is widely
employed to quantify the chiral character of fields surrounding scatterers [76,156]

Ch(r, ω) = −ε(r, ω)ω

2
Im[E(r, ω)∗ ·B(r, ω)]

=
ε(r, ω)ω

4c
κ(r, ω). (5.4)

Here c is the speed of light and the asterisk denotes the complex conjugate. The
connection between the quantities κ(r, ω) and Ch(r, ω) demonstrates the suitability
of the helicity formalism to describe chirality of scattering objects.

For further considerations it is highly beneficial to represent the T-matrix of an object
in the helicity basis. This is done with the transformation matrix C given as

C =
1√
2

(
1 1
1 −1

)
. (5.5)

Then we get

Th =

(
Th

++(ω) Th
+−(ω)

Th
−+(ω) Th

−−(ω)

)
= C ·

(
Tee(ω) Tem(ω)
Tme(ω) Tmm(ω)

)
·C−1, (5.6)

where the submatrix Th
λλ′(ω) acts on input states of helicity λ′ ∈ [1,−1] and produces

output states of helicity λ ∈ [1,−1].

We define a scattering object to be electromagnetically achiral, if there exist four
unitary matrices U1, U2, V1, and V2 that are helicity preserving and satisfy

Th
++(ω) = U1 T

h
−−(ω) V1,

Th
−+(ω) = U2 T

h
+−(ω) V2. (5.7)

Hence, we call the object electromagnetically chiral, if there are no unitary matrices
U1/2 and V1/2 that satisfy Eq. 5.7. Examples for unitary transformations with
corresponding matrices are boosts, rotations, translations, and time inversions. Note
that spatial inversion, parity, mirror reflections, and rotation reflections are examples
of transformations that do not preserve helicity.

Equation 5.7 shows that, for an electromagnetically achiral object, all information
that can be obtained with illuminations of fields of one helicity can also be obtained
by illuminating it with fields of the opposite helicity. This is not true for electromag-
netically chiral objects.

The common geometrical definition of chirality is included in our new definition
as a special case. The geometric definition of achirality states that the mirror object
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can be superimposed onto the original object by a combination of rotations R and
translations S. This leads to the following condition

MTh(ω) M−1 = (SR)Th(ω)(SR)−1 (5.8)

Th(ω) = M−1(SR)Th(ω)(SR)−1M, (5.9)

where M is the mirror operator. This expression can be rearranged to get a special
case of Eq. 5.7 as shown in Ref. [7]. But the definition of electromagnetic chirality
allows also for more general transformations represented by Ui and Vi. Specifically,
boosts are possible, which makes our definition relativistically invariant.

Scalar electromagnetic chirality measure

The proposed definition allows to define scalar measures of how electromagnetically
chiral an object is. This is done with the help of singular value decomposition. The
singular value decomposition can always be performed with a complex matrix A
as

A = LDU†, (5.10)

where L is a lower triangular unitary matrix, U is an upper triangular unitary
matrix, and D is a diagonal matrix containing the real valued singular values of
A. We denote the vector that contains these singular values in a nonincreasing order
as σ(A). Then, we define two vectors, which contain the singular values of the
submatrices corresponding to the different input helicities

v+(ω) =

[
σ(Th

++(ω))
σ(Th

−+(ω))

]
, v−(ω) =

[
σ(Th

+−(ω))
σ(Th

−−(ω))

]
. (5.11)

Equation 5.7 implies v+(ω) = v−(ω) for achiral objects. This means that we can
define a measure of electromagnetic chirality χ(ω) based on the Euclidean norm of
the difference of v+(ω) and v−(ω)

χ(ω) = 2|v+(ω)− v−(ω)|. (5.12)

We consider the quantity C(ω), which represents the total interaction cross section of
the object (including scattering and absorption) with electromagnetic fields

C(ω) = C+(ω) + C−(ω), (5.13)
C+(ω) = 4|v+(ω)|2, (5.14)
C−(ω) = 4|v−(ω)|2. (5.15)

It can be understood as the sum of the interaction cross sections of the object
regarding each input helicity C+(ω) and C−(ω), respectively.

We note that the total interaction cross section is the sum of the squared Euclidean
norms of v+(ω) and v−(ω).
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5.2 Dual and chiral objects

With the chosen definition in Eq. 5.12 the electromagnetic chirality has an upper
bound. We demonstrate this by considering the following quantity

χ2(ω)

C
= 4
|v+(ω)|2 + |v−(ω)|2 − 2 v+(ω) · v−(ω)

C(ω)
(5.16)

= 1− 2
v+(ω) · v−(ω)

C(ω)
(5.17)

for C(ω) 6= 0. Since the singular values that form the vectors vλ(ω) are real and
greater than or equal to zero, the term v+(ω) · v−(ω) is also greater than or equal to
zero. Therefore, the upper bound of χ(ω) is given by

√
C(ω):

χ(ω) ∈
[
0,
√
C(ω)

]
. (5.18)

Furthermore, we notice that this upper bound is attained only if v+(ω) · v−(ω) = 0.
This translates to the condition

σ(Th
++(ω)) · σ(Th

−−(ω)) + σ(Th
−+(ω)) · σ(Th

+−(ω)) = 0. (5.19)

Based on this result, we can show that the upper bound of electromagnetic chirality
is achieved, if the object is transparent to one helicity. The object is transparent to
helicity +1, if

Th
++(ω) = Th

−+(ω) = 0 (5.20)

and transparent to helicity −1, if

Th
−−(ω) = Th

+−(ω) = 0. (5.21)

We immediately see that such objects satisfy Eq. 5.19 and are, therefore, maximally
chiral.

The only other possibilities to satisfy Eq. 5.19 would be the combination of

Th
++(ω) = 0, Th

−+(ω) 6= 0, Th
−−(ω) 6= 0, Th

+−(ω) = 0 (5.22)

or

Th
++(ω) 6= 0, Th

−+(ω) = 0, Th
−−(ω) = 0, Th

+−(ω) 6= 0. (5.23)

These cases would not be transparent to one helicity. However, reciprocity imposes
the following condition on the T-matrix of a scatterer [7]

Th
−+(ω) = 0 ⇐⇒ Th

+−(ω) = 0. (5.24)

Therefore, the additional cases shown in Eqs. 5.22 and 5.23 are violating reciprocity
and are not of interest for our considerations.

Finally, we observe that reciprocal objects, which are transparent to one helicity must
meet the requirement

Th
−+(ω) = Th

+−(ω) = 0. (5.25)
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Figure 5.6: Interaction of a general object (top row) and a maximally chiral object
(bottom row) with fields of pure helicity (red and blue, respectively).
The general object interacts with both helicities and mixes them upon
interaction. The reciprocal maximally electromagnetically chiral object
interacts only with one helicity and does not produce fields of a different
helicity.

This is the definition of helicity preservation (illumination with one helicity never
produces a field of the other helicity). Thus, objects that satisfy this condition
sustain electromagnetic duality symmetry and, vice versa, electromagnetic duality
symmetry is a necessary condition for objects to reach maximal electromagnetic
chirality. These findings are visualized in Fig. 5.6, where we show the interaction
of light with general and maximally electromagnetically chiral reciprocal objects,
respectively.

A possible application of this concept is helicity filtering glass, suitable for stereo-
scopic three dimensional vision. We consider two slabs made of randomly dis-
tributed and randomly oriented particles. These particles are reciprocal, maximally
electromagnetically chiral, and lossy. Then, if the absorption is high enough, the
slab will filter all fields of one helicity, while fields of the opposite helicity will
be transmitted. The filtering is independent of the incidence direction, because
of the behavior of helicity preservation and transparency. If we build two slabs
with particles of opposite handedness, we get filters for each helicity, as depicted in
Fig. 5.7. These slabs make suitable glasses for stereoscopic three dimensional vision,
where the images for each eye are encoded in different circular polarizations.
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5.2 Dual and chiral objects

Figure 5.7: Two glass plates containing lossy maximally electromagnetically chiral
objects of opposite handedness. Each slab filters out the fields of one
helicity (red or blue) by absorption, the other pass through. This is
independent of the angle of incidence.

In contrast to ordinary filtering glasses, based on quarter wave plates and linear
filters, the filtering is independent on the orientation towards the illumination.

5.2.2 Numerical study

Now, we can utilize the biggest advantage of the method proposed in the previous
chapter, namely that we can calculate the T-matrix of an arbitrarily complex object,
to design the object towards high electromagnetic chirality. We show that a realistic
object can approach the maximum electromagnetic chirality. Thereby, we exemplary
show two important ideas. Large electromagnetic chirality is possible in the presence
of material absorption and that we need duality symmetry to achieve maximal
chirality. To showcase this, we compute the T-matrix of a metal helix with two
windings. In this case, we can not make use of inherent symmetries of the object
a priori and have no (semi-)analytic solution for the T-matrix available.

The choice of the geometrical structure is motivated by a helical antenna optimized
for circular polarization [157, 158]. Under some assumptions, like perfect electric
conductivity, the helix meets the dipolar duality condition at the resonance. With
our powerful T-matrix method at hand, we are able to obtain the full scattering and
absorption properties of a realistic helix made of silver [69].

Calculating the T-matrix is particularly interesting for the presented object, because
numerous electromagnetic properties can be deduced from its entries that are oth-
erwise not accessible. Here, we are interested in the duality conservation and
electromagnetic chirality.

We optimize the object by changing the pitch, major radius, and wire radius of
the helix, to maximize the electromagnetic chirality χ(ω) = 2|v+(ω) − v−(ω)| at a
frequency of 1.5 THz, or a wavelength of approximately 200 µm, respectively. The
object is surrounded by vacuum. We obtain the following parameters for the helix:
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Figure 5.8: (A)Right handed metallic helix with two windings illuminated with a
circular polarized plane wave. (B) Total scattering cross section for right
handed (solid) and left handed (dotted) circular polarization. The electric
and magnetic dipole contributions are approximately equal.

major radius a = 6.48 µm, pitch b = 8.52 µm, and wire radius d = 0.8 µm (see
Fig. 5.8).

As we see in Fig. 5.8, there is a strong difference in the scattering cross section if we
illuminate with right or left circular polarized light, respectively. We can directly see
that the object is approximately dual at the resonance frequency of 1.5 THz, because
the magnetic and electric dipole contributions are balanced and no higher multipoles
contribute to the total scattering [4].

Figure 5.9: T-matrix entries of the right handed helix, calculated with the method
presented in section 4.2 at 1.5 THz with 10 extra illuminations. See Fig. 4.4
for a description of the submatrices.
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5.2 Dual and chiral objects

Figure 5.10: T-matrix entries in the helicity basis (obtained by Eq. 5.6) of a left and
right handed helix, respectively. We clearly observe that each helix
interacts primarily only with one helicity and that the mixing of different
helicities is very low (Th

+− and Th
−+). The T-matrices are ordered, in

principle, in the same way as shown in Fig. 4.4, but with helicity + and
− states instead of e and m.

By studying the T-matrix entries in Fig. 5.9, we can confirm that the object can
be described in good approximation by the dipole contributions. Note that we
show the entries of |T(ω)| in the figure (this means The T-matrix is not shown in
the helicity basis). The interesting aspect here is that the electric and magnetic
dipoles have approximately the same strength and are both aligned along the z-
axis at the considered frequency. Furthermore, the mixing of electric and magnetic
dipole moments is also very strong. This means that an electric dipole is induced
by a magnetic dipole excitation and vice versa. All these properties lead to the
approximate duality symmetry of the object.

We get even more information about the duality by investigating the entries of the
T-matrix in the helicity basis Th(ω). In Fig. 5.10, the entries of the transformed
matrix are depicted for a left and right handed helix, respectively. We can clearly
distinguish the two cases, because each helix interacts only with one helicity. The
left handed helix interacts with helicity −1 states (with the prominent entries in
Th
−−(ω)) and the right handed helix interacts with helicity +1 (with the prominent

entries in Th
++(ω)). Most notably, the parts that correspond to the mixing of different

helicities are approximately zero. Thus, the helix is indeed approximately dual at
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Figure 5.11: Duality breaking ��D(ω), normalized electromagnetic chirality χ(ω), and
cross section contrast ∆(ω) of the helix. Large values of chirality and
cross section contrast coincide with low duality breaking.

this frequency.

We define the contrast between the interaction cross sections to the two input
helicities as

∆(ω) =
|v+(ω)| − |v−(ω)|

C(ω)
, (5.26)

and the duality breaking, which quantifies the helicity change upon interaction, as

��D(ω) =

∣∣σ(Th
+−(ω))

∣∣2 +
∣∣σ(Th

−+(ω))
∣∣2

C(ω)
. (5.27)

The interaction contrast ∆(ω) ranges from −1 to 1 and is equal to zero if the object
interacts identically with both incidence helicities. ��D(ω) ranges from zero to one and
is zero if the object completely preserves helicity.

In Fig. 5.11 we show the duality breaking ��D(ω), the normalized electromagnetic
chirality χ(ω)√

C(ω)
, and the interaction contrast ∆(ω). A maximum value of χ√

C
= 0.92 is

reached close to the target frequency of 1.5 THz. The two conditions needed to reach
high electromagnetic chirality are illustrated in the figure: high contrast between the
two helicity interaction cross sections and low helicity change in the interaction.

In Fig. 5.12 we show the scattering and absorption cross sections of the helix upon
illumination with two oppositely circularly polarized plane waves. We can clearly
see that values of high electromagnetic chirality (at 1.5 THz) are possible in the
presence of material losses.
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5.2 Dual and chiral objects

Figure 5.12: Normalized scattering and absorption cross sections of a helix, illu-
minated with two oppositely circularly polarized plane waves (solid
and dashed lines, respectively). A notable absorption can be observed
and the contrast between the two helicities amounts to one order of
magnitude.

Note that the same geometry that exhibits high values of χ(ω) at a frequency of
1.5 THz is not necessarily usable at optical frequencies. This is due to the fact that the
electric and magnetic dipole resonance, which we observed at microwave frequen-
cies, scale differently into the optical regime. The approximate duality symmetry
breaks down, if they are not matched anymore. A different approach is needed to
reach large values of electromagnetic chirality at visible frequencies. One possibility
would be to use structures made out of dielectric spheres with high permittivity.
These spheres can be designed to approximately meet the duality condition [4] and
can be placed in a chiral arrangement.

5.2.3 Conclusion

We suggested a new definition for electromagnetic chirality of an object, based
on how it interacts with the fields of opposite helicities. Our definition allows
for an absolute ordering of objects to compare their chirality. Furthermore, the
definition has an upper bound, where an object is maximally chiral. The upper
bound is reached if an object is transparent to all fields of one helicity. Additionally,
all maximally electromagnetically chiral objects must meet the duality symmetry
condition. This means that these objects do not change the states of helicity of the
fields they are interacting with.

A numerical analysis showed that a realistic object can achieve large values of
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electromagnetic chirality even in the presence of losses. This can be seen as an
example for how the theoretical considerations in this section can be used to design
a realistic scatterer with the desired properties.

5.3 Metaliquid

In this final section, we present the concept of a metaliquid. The idea is to create a
three dimensional isotropic material, consisting of metaatoms fabricated by precise
top-down methods. Here, the advantages of bottom-up and top-down techniques
are combined.

As pointed out before, top-down fabrication techniques usually have some glaring
weaknesses. The result of the fabrication is typically a two dimensional array
of ordered metaatoms. However, for numerous possible applications, we need a
material with an isotropic response. Furthermore, a lot of attractive metamaterial
applications require a three dimensional material in a specific geometrical shape,
for example to form lenses or filters, which is usually not possible with planar
metasurfaces.

As pointed out in chapter 3, bottom-up methods solve some of these issues.
They usually deliver a three dimensional isotropic material inherently, because the
building blocks are assembled in solution. However, there are also some notable
downsides. Usually, it is only possible to use spherical building blocks in most
self-assembly techniques. Metaatoms made from these building blocks have usu-
ally a weaker response than top-down fabricated metaatoms, because the design
possibilities are generally limited. Moreover, due to the indirectly controlled self-
assembly, it is not possible to completely determine the end product. This can
result in a size distribution of the particles and assemblies with different numbers
of constituents. This became evident in section 3.2, where experimental realizations
of self-assembled metamaterials were discussed.

Another, more sophisticated, possibility to create three dimensional metamaterials
is to fabricate complicated metaatoms with top-down processes and lift them from
the substrate to have them suspended in a solution. It is crucial to apply large
area fabrication techniques in this process, to ensure a high number of available
metaatoms [19]. We call the resulting material metaliquid. By additional drying
steps, the material can be sufficiently concentrated. However, exploring such mate-
rials requires the correct prediction of their interaction with light. This is achieved by
applying the previously presented T-matrix multi scattering method and comparing
the result to a homogenized material.

The proposed metaliquid can be fabricated by combining top-down fabrication with
bottom-up techniques. This procedure is currently ongoing with our experimental
partner from the Friedrich-Schiller-University of Jena. Kay Dietrich performed the
fabrication, but a final characterization of the resulting material is still pending.
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Figure 5.13: Schematic representation of the fabrication process.
(A) A sacrificial layer (red) is formed on the substrate (white).
(B) Gold and spacer layers (green) are grown on the sacrificial layer.
(C) Unwanted material is removed to form the sandwich geometry.
(D) A carrier layer is introduced (green) to hold the sandwich particles.
(E) The sacrificial layer is dissolved. This lifts the carrier layer with the
particles from the substrate.
(F) Finally, the carrier layer is crumbled up and slowly dissolved. The
particles are now arranged in a random three dimensional distribution.

The metaatoms are fabricated with established ion beam lithography. Different
layers can be deposited, in our case a gold layer followed by a dielectric layer and
finally another gold layer. The fabrication is illustrated in Fig. 5.13.

Now, the most important step is to lift the particles from the substrate to have them
suspended in a three dimensional material. To achieve this, a sacrificial layer is
introduced between the substrate and the particles, as indicated in Fig. 5.13 A. Then,
after the sandwich particles are fabricated, an additional carrier layer is formed
around the particles (Fig. 5.13 D). Finally, the sacrificial layer is dissolved to detach
the particles from the substrate. The carrier layer can then be crumbled up and
dissolved. This results in a random three dimensional arrangement of the particles,
as is depicted in Figs. 5.13 E and F.
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The partially dissolved carrier material, which acts as a host matrix for the sandwich
particles, has a certain viscosity, in order to sustain a random orientation in space. If
the viscosity would be too low, the sandwich particles would precipitate.

Let us now investigate the metaatom that can be fabricated by top-down methods.
We consider a sandwich particle that consists of two metallic disks, separated by
a dielectric spacer. The optical response of the isolated particle will determine the
properties of the resulting metamaterial.

Afterwards, we consider a material made out of the presented metaatoms and show
how light interacts with a chunk of the metamaterial. We employ a volumetric
homogenization of the material to allow a simple description with effective material
properties εeff(ω) and µeff(ω).

5.3.1 Sandwich particle

Let us consider a single isolated sandwich particle. It consists of two metallic
disks, separated by a dielectric spacer layer, as shown in Fig. 5.14 A. This particle
is preferably fabricated by top-down procedures, such as electron beam lithography
[19, 159].

The investigated object has a disk radius of 60 nm, metal disk height of 30 nm, and
a spacer thickness of 10 nm. The metal disks consist of gold [69]. The spacer is
made of SiO2, for which we assume a nondispersive permittivity of εs = 2.13 and the
object is surrounded by vacuum. The two separated disks support a magnetic dipole
resonance, as can be seen in Fig. 5.14 B, at 336 THz. Additionally, there is a strong

Figure 5.14: (A) Geometry and illumination of the sandwich particle. (B) Total scat-
tering cross section (blue) of the sandwich particle and the contributions
of different multipole orders. We observe an electric and a magnetic
dipole resonance.
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Figure 5.15: T-matrix entries of the sandwich particle, calculated with the presented
method at 336 THz with 50 extra illuminations. See Fig. 4.4 for a
description of the submatrices.

and broad electric dipole resonance at 520 THz that is attributed to the single disk
resonance. The magnetic resonance can be understood as two oppositely oscillating
electric dipoles in the disks.

We can observe a magnetic resonance that is much weaker than the electric dipole
resonance, but the big advantage is that the peak is well isolated from the other
resonances. Furthermore, we observe no higher multipole order contributions in the
considered spectral region. This is particularly beneficial for homogenization. If the
particle is well described by the first order contributions, we can apply the Clausius-
Mosotti relation, which is only valid in dipole approximation. The geometry makes
it possible to tune the electric and magnetic dipole resonances almost independently,
because we have several parameters at hand, as opposed to the case of the dimer. The
electric mode depends strongly on the radius of the disks, while the magnetic one
can be tuned by changing the thickness of the gold and spacer layers, respectively.

The present geometry was chosen, because it is advantageous for a possible fabri-
cation. An extremely strong magnetic dipole resonance is in fact undesired for a
subsequent characterization of the resulting material. The reason is that the exact
spectral position of a strong resonance with zero transmission can not be well
determined. However, a particle with a much stronger magnetic dipole resonance
can also be designed with the T-matrix algorithm.

We can get a deeper understanding of the response, by looking at the T-matrix.
Figure 5.15 shows the entries of the matrix of the presented structure at the position
of the magnetic resonance, 336 THz. We notice a strong similarity to the case of
the dimer in section 4.2. This is because the object has almost exactly the same
geometrical symmetries. However, we also see some notable differences. First,
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the particle can be described in very good approximation as a dipole, because the
parts corresponding to higher multipoles are negligible. Furthermore, the cross
coupling between the magnetic dipole and the electric quadrupole vanishes almost
completely. This is the cause of the well isolated magnetic resonance we see in the
scattering cross section in Fig. 5.14, in contrast to the mixed magnetic dipole and
electric quadrupole resonances of the dimer.

5.3.2 3D isotropic medium

After calculating and studying the T-matrix of a single sandwich particle, we can
now investigate the light propagation in a three dimensional material made out of
these particles.

For this purpose, we consider exemplary a large spherical cluster made out of
randomly distributed sandwich particles, as depicted in Fig. 5.16. The cluster has
a radius of 600 nm and contains 50 sandwich particles. The constituting sandwiches
have the same parameters as previously introduced. This amounts to a filling
fraction of 6%. We choose a spherical cluster, because we can compare the result to a
calculation of a solid sphere with homogeneous material parameters corresponding
to the effective parameters of the metamaterial.

To homogenize the three dimensional material, we apply the Clausius-Mossotti
relation, Eqs. 2.59 and 2.60. This is justified, since the particles we consider can be
described very well in the dipolar regime, which was confirmed by investigating the
T-matrix entries in the previous section.

Figure 5.16: Spherical cluster with a radius of 600 nm. The cluster is composed of 50
sandwich particles.
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Figure 5.17: Effective permittivity and permeability of a material made out of sand-
wich particles with a filling fraction of 6%. We observe resonances at fre-
quencies exactly corresponding to the positions of the electric (520 THz)
and magnetic (336 THz) dipole resonances of the single particle, respec-
tively.

The polarizability of a single sandwich particle is calculated numerically from its T-
matrix, then we take the average of the different possible illumination directions. We
show the results of the homogenization in Fig. 5.17. We see that the magnetic dipole
resonance of the single particle causes a resonance in the effective permeability, as
expected. Similarly, the electric dipole resonance causes a dispersion in the effective
permittivity.

Now we can compare a simulation of the actual cluster to a simulation of a sphere
with the homogenized material. We consider a spherical cluster with a radius
of 600 nm filled with 50 randomly distributed and randomly oriented sandwich
particles. This way, we get an approximately isotropic structure. The scattering
response is calculated with the multiple T-matrix scattering method introduced in
chapter 4. The cluster is illuminated with a linearly polarized plane wave. The single
particles can be very well described in dipole approximation, but the large cluster is
expected to exhibit higher order multipole contributions, due to the coupling and
the large size, compared to the wavelength (clustersize 1200 nm and wavelength
λ ≈ 700 nm). We take a maximum order of N = 9 into account.

The results of the respective simulations are shown in Fig. 5.18. For the purpose
of clarity we do not display all multipole contributions, because the higher order
terms have only a marginal contribution. Again, we can clearly identify two distinct
resonances in the total scattering cross section: one at 330 THz, which corresponds
to the spectral position of the magnetic dipole resonance of the single sandwich
particle. And a broader resonance around 500 THz, which corresponds to the electric
dipole resonance of the single sandwich (compare Fig. 5.14).

We observe an excellent agreement in the two different simulations, especially at
lower frequencies. The strong resonance corresponding to the electric resonance of
the single sandwich particle is very well reproduced in the extinction cross section,

97



5 Metamaterials with arbitrarily shaped building blocks

Figure 5.18: Comparison of the scattering cross section of (A) the full simulation
of 50 sandwich particles with the multiple T-matrix algorithm and (B)
a simulation of a large homogeneous sphere with effective properties
εeff(ω) and µeff(ω). The black line shows the total extinction cross section,
the blue line shows the total scattering cross section, and the other colors
correspond to the different multipole contributions to the scattering
cross section, as indicated by their order in the legend. Here, the
solid lines correspond to the electric contributions and the dashed lines
correspond to the magnetic multipole contributions, respectively.

however, the scattering cross section in that spectral domain is slightly lower in
the effective simulation. This suggests that the absorption is overestimated in the
effective permittivity.

Even though the single sandwich particles are very well described in dipole ap-
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proximation, the combined cluster has comparably strong higher order multipole
contributions. The main scattering contribution comes from the third and fourth
order.

The homogenized sphere with effective material parameters is expected to get
higher order multipole contributions, because the sphere is much larger than the
wavelength (diameter 1200 nm and λ ≈ 700 nm). Most notably, also the qualitative
behavior of the higher order multipole contributions to the scattering cross section
is very similar in the two cases.

5.3.3 Conclusion

We presented a sophisticated method to fabricate a three dimensional metamaterial
composed of complexly shaped metaatoms.

Exemplary, we investigated a sandwich particle. The particle exhibits a strong
electric dipole resonance and a spectrally separated magnetic dipole resonance.
Additionally, we considered a material made out of these particles. Due to the fact
that the sandwich particle is well described in dipole approximation, it is suitable
for a homogenization technique. Here, we applied the Clausius Mossotti relation to
perform the volumetric homogenization.

With our multiple T-matrix scattering method we simulated the scattering response
of a large number of coupled sandwich particles in a cluster. The results are com-
pared to a simulation of a homogeneous sphere with dispersive effective permittivity
and permeability. The results show a very good agreement, which confirms that an
effective description of such a metamaterial is valid.
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6 Conclusions

In this thesis, we demonstrated that there are impressive possibilities in the field of
self-assembled metamaterials. After introducing the theoretical basis we showcased
several interesting designs of metaatoms built out of spheres. Hereby, we were
closely collaborating with experimental partners. These collaborations were fruitful,
because a regular exchange of experience helps both sides to strife for new ideas.
The theoretical considerations yield new ideas for metamaterial designs, while
experimental restrictions need to be taken into account. Furthermore, numerical
simulations are often crucial to understand the observed phenomena, as became
clear in section 3.2.

A main contribution of this thesis to the broader field of self-assembled metamate-
rials has been the introduction of metallic nanoshells instead of solid nanospheres
as building blocks in core-shell metaatoms. Hereby, we significantly improved the
established design. These modified metaatoms sustain a notable magnetic response.
Furthermore, an additional modification of the core object causes also a strong
electric response. A resulting metamaterial, with sufficient filling fraction, exhibits a
negative effective index of refraction in the near infrared. In principle, all metaatoms
that are composed of spheres can be modified in the outlined way, to shift the
resonance frequency and, most notably, improve the strength of the resonance.

Currently, an obstacle in the realization of these ideas is the fabrication of very
thin metallic shells. As was shown in section 3.2.2, it is possible to grow very thin
metallic shells on gold nanospheres with chemical reactions. A similar fabrication on
dielectric nanospheres is more challenging, but should be possible in the near future.
Metallic shells with thicknesses of several nanometers can already be fabricated by
several different techniques [94, 95].

The main achievement of this dissertation was the multiple T-matrix scattering
method. Here, we used the T-matrix to perform simulations of distributions of large
numbers of arbitrarily placed and oriented objects. This method requires that we
know the T-matrix of the considered objects. Therefore, we showed two efficient
methods to calculate the T-matrix. The first is applicable to objects that are solely
composed of spheres. The method is based on the multiple Mie scattering method,
which we introduced in chapter 2. The second method is much more versatile,
but also computationally more expensive. Here, the T-matrix of arbitrarily shaped
particles is calculated by evaluating the scattered fields of multiple plane wave
illuminations of the object.

The T-matrix is very useful to understand how an object interacts with electromag-
netic fields. The object is described independently of a specific illumination. The

101



6 Conclusions

magnitude of different entries of the matrix tells us how the object reacts to a specific
exiting multipole.

In the last chapter, we applied the multiple T-matrix scattering method to gain
insights into the scattering by objects with complicated geometry. We investigated
a new design of a scattering cancellation device. By using plasmonic ellipsoids
instead of spheres in the scattering cancellation structure we got a tunable operating
frequency in the visible spectrum.

Hereby, we also applied the homogenization techniques introduced in the theoretical
basis and compared the results to the full wave simulations. If the metatom under
consideration is sufficiently small compared to the wavelength of the illumination,
then it is well described in dipole approximation. The presented homogenization
is a good model to describe the light propagation in materials composed of the
considered metaatoms.

We introduced a definition of electromagnetic chirality. Hereby, we used the T-
matrix calculation to optimize an object to exhibit large chirality. This is a prime
example of the usefulness of the T-matrix for the design of metaatoms. If we want to
design an object with specific electromagnetic properties, we often need to consider
specific entries or submatricies of the T-matrix. Then, we varied the geometric and
material properties of the object to achieve the desired result. We used this technique
to obtain a realistic object that attains a large value of electromagnetic chirality at
resonance.

Finally, we presented a scheme to construct a three dimensional metamaterial with
complexly shaped metaatoms. This was done by combining parts from top-down
fabrication with the advantages of self-assembly. Metaatoms are fabricated with
high precision by top-down methods. Then, they are lifted off the substrate and
distributed in a random isotropic manner. We investigated exemplary a metaatom
that consists of two separated metal disk, called a sandwich particle. The scattering
response of the resulting metamaterial was then obtained with a full wave simu-
lation using the multiple T-matrix scattering method. Additionally, we performed
a volumetric homogenization of the metamaterial and calculated effective material
parameters. This way we showed that an effective description of a metamaterial
composed of dipolar particles is valid. This constitutes a tremendous simplification,
because we do not have to consider the fine details of the complicated material.
Instead, the details are replaced by a homogenized material.

After all these considerations, we can formulate answers to the raised questions:

How does light interact with a certain object?

This information is encoded in the T-matrix. It contains the whole information about
how an object interacts with electromagnetic fields. The T-matrix is independent of
the illumination and, therefore, not limited to special cases, which are often assumed
in the analysis of metaatoms.
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How does light propagate through a material composed of such objects?

If the constituting objects can be well approximated by dipoles, we can investigate
the light propagation by considering a homogenized material with effective material
properties. If the metaatoms exhibit notable higher order contributions, we can ap-
ply the presented multiple T-matrix scattering method. There, we can obtain detailed
information on how electromagnetic waves travel through a spatially constrained
chunk of the metamaterial.

The T-matrix of a scattering object constitutes a powerful tool to investigate the
optical response of the single object. With the numerical tools provided in this thesis
it is much easier to obtain the T-matrix of interesting objects. Because the T-matrix
can be calculated in short time, it is possible to perform optimizations of existing
designs to substantially increase the performance. Thereby, it is possible to choose
optimization targets that are otherwise not accessible. Examples include, but are
not limited to, the excitation of specific multipole moments, duality symmetry, and
electromagnetic chirality. Thus, the design of novel metaatoms can be very well
supported with this T-matrix calculation at hand.

Furthermore, it is also possible to calculate the collective response of multiple
arbitrarily shaped objects. With this multiple T-matrix scattering method at hand
is possible to further investigate the coupling of closely spaced metaatoms. Such an
analysis is possible without considering a specific illumination, by investigating the
eigenstates of the T-matrix. This concept was recently shown for metaatoms made of
spherical building blocks [11]. Now, with the multiple T-matrix scattering method at
hand, it is also possible to extend this analysis to arbitrarily shaped metaatoms.

Finally, the method allows to calculate the propagation of an arbitrary illumination
(such as a Gauß beam) through a finite arrangement of arbitrarily shaped, placed,
and oriented objects. Thereby, we can take higher multipole orders into account and
obtain precise results in relatively short computation time.
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A Translation coefficients

An
′m′

nm (dlj, ω) = (−1)m
′ γmn
γn′m′

ei(m−m
′)φlj
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and

Bn′m′
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(A.2)

Here, dlj = |dlj| is the distance of the coordinate systems. We used the functions

f(m,n|m′, n′|q) = (−1)m+m′(2q + 1)

√
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g(n, n′, q) =
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and
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Here, we used the Wigner 3j symbols
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n n′ q
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)
[62].
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[72] R. Fleury, J. Soric, and A. Alù, “Physical bounds on absorption and scattering
for cloaked sensors,” Physical Review B, vol. 89, no. 4, p. 045122, 2014.

[73] A. Monti, F. Bilotti, and A. Toscano, “Optical cloaking of cylindrical objects by
using covers made of core–shell nanoparticles,” Optics letters, vol. 36, no. 23,
pp. 4479–4481, 2011.

[74] M. Calkin, “An invariance property of the free electromagnetic field,” American
Journal of Physics, vol. 33, pp. 958–960, 1965.

[75] W.-K. Tung, Group theory in physics. World Scientific, 1985.

[76] D. M. Lipkin, “Existence of a new conservation law in electromagnetic theory,”
Journal of Mathematical Physics, vol. 5, no. 5, pp. 696–700, 1964.

[77] I. Fernandez-Corbaton, X. Zambrana-Puyalto, N. Tischler, X. Vidal, M. L.
Juan, and G. Molina-Terriza, “Electromagnetic duality symmetry and helicity
conservation for the macroscopic maxwells equations,” Physical review letters,
vol. 111, no. 6, p. 060401, 2013.

[78] I. Fernandez-Corbaton and G. Molina-Terriza, “Role of duality symmetry in
transformation optics,” Physical Review B, vol. 88, no. 8, p. 085111, 2013.

[79] M. Kerker, D.-S. Wang, and C. Giles, “Electromagnetic scattering by magnetic
spheres,” Journal of the Optical Society of America, vol. 73, no. 6, pp. 765–767,
1983.

[80] X. Zambrana-Puyalto, I. Fernandez-Corbaton, M. Juan, X. Vidal, and
G. Molina-Terriza, “Duality symmetry and kerker conditions,” Optics letters,
vol. 38, no. 11, pp. 1857–1859, 2013.

[81] F. Capolino, Theory and phenomena of metamaterials. CRC press, 2009.

[82] C. Simovski and S. Tretyakov, “Model of isotropic resonant magnetism in the
visible range based on core-shell clusters,” Physical Review B, vol. 79, no. 4,
p. 045111, 2009.

[83] N. Liu, H. Guo, L. Fu, S. Kaiser, H. Schweizer, and H. Giessen, “Three-
dimensional photonic metamaterials at optical frequencies,” Nature materials,
vol. 7, no. 1, pp. 31–37, 2008.

116



Bibliography

[84] A. I. Kuznetsov, A. B. Evlyukhin, C. Reinhardt, A. Seidel, R. Kiyan, W. Cheng,
A. Ovsianikov, and B. N. Chichkov, “Laser-induced transfer of metallic nan-
odroplets for plasmonics and metamaterial applications,” Journal of the Optical
Society of America B, vol. 26, no. 12, pp. B130–B138, 2009.

[85] Y. A. Urzhumov, G. Shvets, J. A. Fan, F. Capasso, D. Brandl, and P. Nordlander,
“Plasmonic nanoclusters: a path towards negative-index metafluids,” Optics
express, vol. 15, no. 21, pp. 14129–14145, 2007.

[86] J. Dintinger, B.-J. Tang, X. Zeng, F. Liu, T. Kienzler, G. H. Mehl, G. Ungar,
C. Rockstuhl, and T. Scharf, “A self-organized anisotropic liquid-crystal plas-
monic metamaterial,” Advanced Materials, vol. 25, no. 14, pp. 1999–2004, 2013.
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