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Abstract— In this paper, we address finite-horizon optimal
control of Markov Jump Linear Systems with non-observed
discrete-valued system state via dynamic output feedback. It
has been shown that the optimal control law for this problem
is intractable. For this reason, we assume a mode-independent
control policy consisting of a linear time-variant estimator that
reconstructs the continuous-valued state from noisy measure-
ments, and a linear time-variant regulator that maps the state
estimate to control inputs. To the best of our knowledge, this
problem remained unsolved because even under the assumption
of a linear control law, the separation between the estimator
and the regulator does not hold. However, by minimizing an
upper bound on the true costs induced by the control, we
are able to design an iterative algorithm for computation of
the controller parameters whose convergence is shown. The
proposed algorithm is demonstrated by means of a simulation.

I. INTRODUCTION

In many practical applications, the underlying nonlinear
dynamical system model can often be simplified by defining
a set of linear dynamical systems that are switched according
to the state of a Markov chain with a finite state space. Such
models constitute a special class of hybrid systems, namely
the Markov Jump Linear Systems (MJLS). This modeling
approach is especially suitable for describing systems with
abrupt changes in their dynamics as it is, e.g., the case in
economics [1], [2], networked control [3], [4], control of
systems with component failures [5], [6], and many more [7].

Stochastic optimal control of MJLS has been of interest
since their introduction in 1961 [8]. The most fundamental
insight of this research was that, although the individual
dynamical systems of an MJLS are linear, the optimal control
policy is only linear if the discrete-valued state can be
observed [9], [10]. Otherwise, the optimal policy is nonlinear.
Furthermore, there is dual effect, which leads to intractability
of the policy [11], [12]. For this reason, approximate but
tractable control policies are of interest.

A popular class of approximate control policies for discrete-
time MJLS with non-observed mode are based on the assump-
tion of a linear control law. This approach was introduced
in [1], where the authors considered finite-horizon optimal
control via state feedback (we will refer to the continuous-
valued state of the MJLS simply as the state and to the
discrete-valued state as the mode). In this scenario, the control
law is a time-variant linear regulator. The work [1] has been
extended in [5] to MJLS with independent and identically
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horizon feedback time- noise

do Val et al. [1] finite state variant no
Vargas et al. [5] finite state variant yes
Vargas et al. [14] finite state invariant no
Vargas et al. [13] finite output variant yes
do Val et al. [15] infinite state invariant yes
Oliveira et al. [6] infinite state invariant yes
Dolgov et al. [16] infinite state invariant yes
Dolgov et al. [17] infinite output invariant yes
Fioravanti et al. [18]1 infinite noisy output invariant yes
Dolgov et al. [19] infinite noisy output invariant yes
this work finite noisy output variant yes

Pan et al. [20] infinite state variant yes
Campo et al. [21] infinite noisy output variant yes

TABLE I
OVERVIEW OF RELATED WORK.

distributed white Gaussian process noise. An extension thereof
to static output-feedback control was presented in [13]. A
finite-horizon time-invariant control of MJLS without process
noise and mode observation via state feedback was addressed
in [14], where the authors also evaluated several nonlinear
optimization algorithms for computation of the regulator
parameters.

The assumption of a linear control policy for MJLS
was also applied to infinite-horizon control. In [15], the
authors addressed state-feedback control with process noise
for clustered mode observation, i.e., the modes are either
observable or not, where a bound on the H2 norm of the
MJLS is minimized in order to obtain the regulator gain. If
the cluster of the observed modes is empty, the scenario with
no mode observation is recovered. A tighter H2 bound was
derived in [6]. In [18], the authors considered H∞ dynamic
compensation of MJLS and provided a solution in terms of
an LMI for the case when the mode is observed. They also
discussed the case of clustered mode observation. However,
the proposed approach is either very conservative due to
additional constraints or has to make restrictive assumptions
on the form of the system matrices (no jumps in system
matrices within each cluster, i.e., these matrices must be
deterministic in case of no mode observation).

In our previous work, we considered optimal control of
MJLS with process noise but no mode observation in [16],
[17], [19]. In [16], we addressed state-feedback control and
in [17] the static output-feedback scenarios, and presented
iterative algorithms for the computation of the control laws.

1Considers only a very restrictive scenario.



Our main contribution to infinite-horizon control of MJLS
without mode observation was published in [19], where we
addressed dynamic compensation for MJLS without mode
observation and proposed an algorithm for the computation of
a time-invariant controller that consists of a linear estimator
and a linear regulator.

Finally, the authors of [20] and [21] take a different
approach by applying principles of adaptive control to
stochastic control of MJLS without mode observation. The
work [20] considers state feedback, while noisy output-
feedback is considered in [21]. In this framework, a controller
with assumed mode observation is designed first. Then, a
multiple model filter is used to compute a mode estimate at
each time step. Different strategies for the actual controller
are proposed, such as averaging and Maximum A Posteriori.
An overview of the related work is given in Table I. In this
table, the controller for noisy output feedback are dynamic.

In this paper, we consider the same scenario as in [22].
However, unlike [22], we do not assume that the controller has
access to the jumping parameter. As mentioned before, this
renders the optimal solution intractable because the separation
principle does not hold. Thus, we assume a time-variant linear
controller that is independent of the mode. This assumption
allows us to express the considered finite-horizon cost function
in closed form. However, because a naïve minimization of
the cost function does not converge, we propose to minimize
its upper bound. The main result of this paper consists in an
iterative algorithm for computation of controller parameters
based on the variational method that minimizes the proposed
cost bound. Also, the convergence of the algorithm is shown.

In the next section, we formalize the considered problem
and introduce some basic concepts. The main results of the
paper are presented in Sec. III. We show a numerical example
in Sec. IV and conclude the paper in Sec. V.

II. PROBLEM FORMULATION AND BASIC CONCEPTS

Consider a time-variant MJLS with dynamics

xk+1 = Ak,θk
xk + Bk,θk

uk + Hk,θk
wk ,

y
k

= Ck,θk
xk + Jk,θk

vk ,
(1)

where xk ∈ Rn is the continuous-valued system state,
uk ∈ Rm the control input, and y

k
∈ Rs the mea-

surement. The discrete-valued mode θk ∈ {1, 2, . . . ,M},
M ∈ N < ∞ forms a Markov chain {θk} with (time-
variant) transition matrix Tk = [pk,ij ]M×M , where pk,ij =
P(θk+1 = j|θk = i) are the known transition probabilities.
The matrix parameters of (1) are selected at each time step
k from the time-variant sets {Ak,1,Bk,1,Hk,1,Ck,1,Jk,1},
. . . , {Ak,M ,Bk,M ,Hk,M ,Ck,M ,Jk,M} according to the
value of the mode θk. The initial state of the MJLS is given
by a Gaussian mixture with means ξ

0,i
and covariances Ξ0,i

weighted according to the initial distribution µ
0

of θ0. Finally,
wk ∈ Rp and vk ∈ Rq represent independent and identically
distributed white Gaussian processes with zero mean and
identity covariances. We can make this assumption without
loss of generality because the matrices Hk,θk

and Jk,θk

can be selected in such a way that they model all possible
covariances.

For system (1), we seek to find a control law that minimizes
the finite-horizon quadratic cost function

J =E

{
x>KQK,θK

xK+

K−1∑
k=0

[
x>k Qk,θk

xk + u>k Rk,θk
uk
]}
,

(2)

where K ∈ N < ∞ denotes the optimization horizon
length, and the time-variant matrices Qk,θk

and Rk,θk

are positive semidefinite and positive definite, respectively.
The information available to the controller at time step k
consists of the initial system state (ξ

0,i
,Ξ0,i, µ0

) and the
measurements y

0:k
= {y

0
,y

1
, . . . ,y

k
}.

As mentioned above, the optimal controler for (1) that
minimizes (2) without having access to the mode θk is
intractable. For this reason, we assume a mode-independent
linear time-variant controller

x̂k+1 = Fkx̂k + Kkyk ,

uk = Lkx̂k ,
(3)

where x̂k ∈ Rn denotes the internal controller state.
Under this assumption, we can construct the closed-loop

system dynamics by combining (1) and (3). It holds

x̃k+1 = Ãk,θk
x̃k + H̃k,θk

w̃k (4)

with

x̃>k =
[
x>k x̂>k

]
, w̃>k =

[
w>k v>k

]
,

Ãk,θk
=

[
Ak,θk

Bk,θk
Lk

KkCk,θk
Fk

]
, H̃k,θk

=

[
Hk,θk

0
0 KkJk,θk

]
.

Next, we define the second moment of x̃k as

X̃k,i = E
{
x̃kx̃

>
k 1θk=i

}
,

where the indicator function 1θk=i is 1 if θk = i and 0
otherwise. The matrix X̃k,i is partitioned according to

X̃k,i =

[
X

(1)
k,i X

(12)
k,i

(X
(12)
k,i )> X

(2)
k,i

]
.

The closed-loop second-moment dynamics of (4) can now
be written as

X̃k+1,j =
∑M

i=1
pk,ij

[
Ãk,iX̃k,iÃ

>
k,i + µ

k,i
H̃k,iH̃

>
k,i

]
,

where µk,i = P(θk = i). Similarly, we can rewrite (2) in
terms of the closed-loop second-moment dynamics to

Jt = E

{
tr

[
Q̃K,θK

X̃K,θK
+

K−1∑
k=t

Q̃k,θk
X̃k,θk

]}
(5)

for t = 0, . . . ,K with

Q̃K,θK
=

[
QK,θK

0
0 0

]
, Q̃k,θk

=

[
Qk,θk

0
0 L>k Rk,θk

Lk

]
.



Xk+1,j =
∑M

i=1
pk,ij

[
µ
k,i

Hk,iH
>
k,i + µ

k,i
KkJk,iJ

>
k,iK

>
k + (Ak,i −KkCk,i)Xk,i(Ak,i −KkCk,i)

>

+(Ak,i − Fk + Bk,iLk −KkCk,i)Xk,i(Ak,i − Fk + Bk,iLk −KkCk,i)
>] , (9)

Xk+1,j =
∑M

i=1
pk,ij

[
µ
k,i

Hk,iH
>
k,i + KkCk,iXk,iC

>
k,iK

>
k + (Fk + KkCk,i)Xk,i(Fk + KkCk,i)

>
]
, (10)

Pk,i = Qk,i + L>k Rk,iLk + (Ak,i + Bk,iLk)>Ei(Pk+1)(Ak,i + Bk,iLk)

+ (Ak,i − Fk + Bk,iLk −KkCk,i)
>Ei(Pk+1)(Ak,i − Fk + Bk,iLk −KkCk,i)

(11)

Pk,i = L>k Rk,iLk + L>k B>k,iEi(Pk+1)Bk,iLk + (Fk −Bk,iLk)>Ei(Pk+1)(Fk −Bk,iLk) (12)

Finally, the following lemma presents a recursive formula-
tion of (5).

Lemma 1 For a fixed controller parameter sequence G0:K−1
with Gk = (Fk,Kk,Lk), (5) can be written as a recursion
according to

Jk =
∑M

i=1
tr
[
P̃k,iX̃k,i

]
+ µk,iωk,i , (6)

where

P̃K,i = Q̃K,i , P̃k,i = Q̃k,i + Ã>k,iEi(P̃k+1)Ãk,i , (7)

ωK,i = 0 , ωk,i = Ei(ωk+1) + tr
[
Ei(P̃k+1)H̃k,iH̃

>
k,i

]
with Ei(P̃k+1) =

∑M
j=1 pk,ijP̃k+1,j .

Proof: Derivation of expression (6) for K is trivial.
Let (6) hold for a time step k + 1. Then, it follows

Jk =
∑M

i=1
Q̃k,iX̃k,i +

∑M

j=1
µk,ipk,ijωk+1,j

+ pk,ijtr
[
P̃k+1,j

(
Ãk,iX̃k,iÃ

>
k,i + µk,iH̃k,iH̃

>
k,i

)]
=
∑M

i=1
tr
[
(Q̃k,i + Ã>k,iEi(P̃k+1)Ãk,i)X̃k,i

]
+ µk,i

[
Ei(ωk+1) + tr

[
Ei(P̃k+1)

]
H̃k,iH̃

>
k,i

]
=
∑M

i=1
tr
[
P̃k,iX̃k,i

]
+ µk,iωk,i .

With these prerequisites, we are able to present the main
results of this paper in the next section.

III. MAIN RESULTS

In this section, we will present the main results of the
paper. Our empirical evaluations have shown that a naïve
minimization of (5) or (6), respectively, does not converge.
A possible explanation for this issues is that the choice of
non-optimal controller parameters Gk does not guarantee that
X̃k,i and P̃k,i remain within the positive-definite cone, which
makes the minimization of the cost function w.r.t. controller
parameters ill-posed. For this reason, we will first present an
upper bound for (6) in the next lemma. This bound will then
be minimized in order to compute the controller parameters.

Lemma 2 The recursion (6) can be bounded from above
according to

Jk ≤ J̄k =
∑M

i=1
tr
[
P̂k,iX̂k,i

]
+ µk,iω̄k,i (8)

with

X̂k,i =

[
Xk,i + Xk,i Xk,i

Xk,i Xk,i

]
, P̂k,i =

[
Pk,i + Pk,i −Pk,i

−Pk,i Pk,i

]
,

where the positive definite matrices Xk,i, Xk,i, Pk,i, and
Pk,i are given by (9)–(12), and

ω̄K,i = 0 , ω̄k,i = Ei(ω̄k+1) + tr
[
Ei(Pk+1)KkJk,iJ

>
k,iK

>
k

+Ei(Pk+1 + Pk+1)Hk,iH
>
k,i

]
.

Proof: We begin by defining

Xk,i = X
(2)
k,i , Xk,i = X

(1)
k,i −X

(12)
k,i − (X

(12)
k,i )> + X

(2)
k,i ,

Pk,i = P
(2)
k,i , Pk,i = P

(1)
k,i −P

(12)
k,i − (P

(12)
k,i )> + P

(2)
k,i ,

(13)

where P
(α)
k,i are partitions of P̃k,i with α ∈ {1, 2, 12}.

The expression for Xk,i corresponds to the covariance
E
{

(xk − x̂k)(xk − x̂k)>1θk=i

}
if we demand that the

controller state x̂k is the unbiased first moment of the system
state xk. Analogously, the expression for Pk,i corresponds
to the covariance of the costate of xk. Using (13), we can
obtain (10) from the equation for X

(2)
k,i determined by (4).

Then, plugging the equations for X
(12)
k,i , (X

(12)
k,i )>, and X

(2)
k,i

into the equation for Xk,i in (13) yields (9). Analogously,
we can obtain (12) and (11) from (7).

Next, we bound X̃k,i and P̃k,i from above according to

X̃k,i≤
[
Xk,i + Xk,i Xk,i

Xk,i Xk,i

]
, P̃k,i≤

[
Pk,i + Pk,i −Pk,i

−Pk,i Pk,i

]
.

(14)

To show this claim (here for X̃k,i only), we first use the
substitutions X

(2)
k,i = Xk,i and X

(1)
k,i = Xk,i + X

(12)
k,i +

(X
(12)
k,i )> − Xk,i in X̃k,i that follow from (13) and take

the Schur complement in Xk,i, which yields

Xk,i + X
(12)
k,i + (X

(12)
k,i )>−Xk,i −X

(k,i)
12 X−1k,i(X

(k,i)
12 )>

≤ Xk,i+X
(12)
k,i +(X

(12)
k,i )>−Xk,i−X

(12)
k,i −(X

(12)
k,i )>+Xk,i

≤ Xk,i = Xk,i + Xk,i −X>k,iX
−1
k,iXk,i ,



Jk =
∑M

i=1
tr
[
Qi,k(Xi,k + Xi,k) + L>k Ri,kLkXi,k + A>i,kEi(Pk+1 + Pk+1)Ai,k(Xi,k + Xi,k) (16)

−2A>i,kEi(Pk+1)KkCi,k(Xi,k + Xi,k) + C>i,kK
>
k Ei(Pk+1)KkCi,k(Xi,k + Xi,k) + 2A>i,kEi(Pk+1 + Pk+1)Bi,kLkXi,k

−2C>i,kK
>
k Ei(Pk+1)Bi,kLkXi,k − 2A>i,kEi(Pk+1)FkXi,k + 2C>i,kK

>
k Ei(Pk+1)FkXi,k + F>k Ei(Pk+1FkXi,k)

+L>k B>i,kEi(Pk+1 + Pk+1)Bi,kLkXi,k − 2F>k Ei(Pk+1)Bi,kLkXi,k + µi,kEi(Pk+1 + Pk+1)Hi,kH
>
i,k

+µi,kEi(Pk+1)KkJi,kJ
>
i,kK

>
k

]
+ µi,kEi(ω̄k+1) ,

Jk =
∑M

i=1
tr
[
Qi,k(Xi,k + Xi,k) + A>i,kEi(Pk+1 + Pk+1)Ai,k(Xi,k + Xi,k) + µi,kEi(Pk+1 + Pk+1)Hi,kH

>
i,k

]
+ µi,kEi(ω̄k+1) + 2ρ>

k
vec (Kk) + 2γ>

k
vec (Lk) + vec (Kk)

>
Γkvec (Kk) + vec (Lk)

>
Φkvec (Lk)− 2vec (Fk)

>
ψ
k

+ 2vec (Kk)
>

Υ>k vec (Lk) + 2vec (Fk)
>

Ψk,2vec (Kk)− 2vec (Fk)
>

Σkvec (Lk) + vec (Fk)
>

Λkvec (Fk) . (17)

where we used the inequality XY−1X> ≥ X + X> −Y.
Then, X̃k,i ≤ X̂k,i holds because reversing the Schur com-
plement preserves the partial ordering property of positive def-
initeness. Finally, the bounds X̃k,i ≤ X̂k,i and P̃k,i ≤ P̂k,i

used in (6) yield the result of the lemma.
Now that we have the result from Lemma 2, we will

present the necessary optimality conditions for the considered
problem in the following theorem. This result will be
used in the iterative algorithm that computes the controller
parameters G0:K−1.

Theorem 1 Let the sequence G0:K−1 minimize the bound (8).
Then, it holds Λk Γk −Σk

Γ>k Ψk Υk

−Σ>k Υ>k Φk

vec (Fk)
vec (Kk)
vec (Lk)

+

−ψkρ
k
γ
k

 = 0 , (15)

where vec (·) denotes the vectorization operator and

Λk =
∑M

i=1

[
Xi,k ⊗ Ei(Pk+1)

]
,

Ψk =
∑M

i=1

[
(µi,kJi,kJ

>
i,k + Ci,k(Xi,k + Xi,k)C>i,k)

⊗Ei(Pk+1)
]
,

Γk =
∑M

i=1

[
Xi,kC

>
i,k ⊗ Ei(Pk+1)

]
,

Φk =
∑M

i=1

[
Xi,k⊗(Ri,k+B>i,kEi(Pk+1+Pk+1))Bi,k

]
,

Σk =
∑M

i=1

[
Xi,k ⊗ Ei(Pk+1)Bi,k

]
,

Υk = −
∑M

i=1

[
Xi,kC

>
i,k ⊗B>i,kEi(Pk+1)

]
,

ψ
k

= vec

(∑M

i=1
Ei(Pk+1)Ai,kXi,k

)
,

ρ
k

= −vec

(∑M

i=1
Ei(Pk+1)Ai,k(Xi,k + Xi,k)C>i,k

)
,

γ
k

= vec

(∑M

i=1
B>i,kEi(Pk+1 + Pk+1)Ai,kXi,k

)
,

where ⊗ denotes the Kronecker operator.

Proof: First, evaluation of (8) yields (16). Then,
using the identities tr

[
A>B

]
= vec (A)

>
vec (B)

and vec (ABC) = (C> ⊗A)vec (B), we can

rewrite (16) according to (17), which in tern can be
written as a quadratic function of the stacked vector[
vec (Fk)

>
vec (Kk)

>
vec (Lk)

>
]>

. Finally, evaluation

of the necessary optimality condition for J k w.r.t. this vector
yields (15).

With the result from Theorem 1, the algorithm for computa-
tion of the controller parameters G0:K−1 can be formulated as
given in Fig. 1. A reference implementation of this algorithm
is available on GitHub [23].

• Step 1: Set the counter η = 0, pick a random sequence
G[η]0:K−1, and initialize J̄ [0]

0 =∞.

• Step 2: Compute the sequence X
[η]

k,i and X
[η]
k,i for

k = 1, 2, . . . ,K initialized with X
[η]

0,i = Ξ0,i and
X

[η]
0,i = ξ

0,i
ξ>
0,i

using (9), (10), and G[η]0:K−1.

• Step 3: Initialize P
[η+1]

K,i = QK,i, P
[η+1]
K,i = 0 and set

k = K − 1.
• Step 4: Compute G[η+1]

k = (F
[η+1]
k ,K

[η+1]
k ,L

[η+1]
k )

using (15). Compute P
[η+1]

k,i and P
[η+1]
k,i using (11)

and (12). If k > 0, set k = k − 1 and return to Step 4.
Otherwise, proceed to Step 5.
• Step 5: Evaluate J̄ [η+1]

0 . If J̄ [η]
0 − J̄ [η+1]

0 is
sufficiently small, stop the algorithm. Otherwise, set
η = η + 1 and return to Step 2.

Fig. 1. Algorithm for computation of the controller parameters.

Faster convergence of the algorithm can be achieved if
in Step 1, we initialize G0:K−1 with the infinite-horizon
controller parameters G∞ from [19]. Furthermore, the pro-
posed algorithm can be implemented in a moving-horizon
framework for a better performance. In order to increase the
convergence speed, we propose to make the initialization
in Step 1 for k = 1, . . . ,K − 1 with already computed
parameters G1:K−1 from the previous time step and G∞ for
k = K. Finally, we conclude this section with the proof of
convergence of the proposed algorithm.
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Fig. 2. True costs and the proposed bound for converged sequence G0:K−1

with T[1].

Theorem 2 The proposed algorithm generates a sequence of
monotonically decreasing costs, i.e., J̄ [η]

k ≤ J̄ [η−1]
k for k =

0, 1, . . . ,K, which implies that G∗0:K−1 = limη→∞ G[η]0:K−1
exists.

Proof: Define the sequence of controller
parameters G[η,t]0:K−1 = {(F[η−1]

0 ,K
[η−1]
0 ,L

[η−1]
0 ), . . . ,

(F
[η−1]
t−1 ,K

[η−1]
t−1 ,L

[η−1]
t−1 ), (F

[η]
t ,K

[η]
t ,L

[η]
t ), . . . ,

(F
[η]
K−1,K

[η]
K−1,L

[η]
K−1)}. In this sequence, the controller

parameters have been updated for time steps k ≥ t and
the others have not. In the sequel, we will evaluate the
cost difference J̄ [η,k]

k − J̄ [η,k+1]
k for k = 0, 1, . . . ,K,

in order to prove the claim of Theorem 2, where J̄ [η,k]
k

is computed using the sequence G[η,k]0:K−1 and J̄ [η,k+1]
k

using G[η,k+1]
0:K−1 . Because we compute G0:K−1 backwards

from K − 1 to 0, we have that the kth element gets
updated from G[η−1]k to G[η]k , while the other elements
in G[η,k]0:K−1 remain unchanged, i.e., G[η,k]0:k−1 = G[η,k+1]

0:k−1

and G[η,k]k+1:K−1 = G[η,k+1]
k+1:K−1. Thus, P

[η]

k+1:K and P
[η]
k+1:K

computed using G[η,k]0:K and G[η,k+1]
0:K are equal. This also

implies that ω̄[η]
k:K computed using the two sequences G[η,k]0:K

and G[η,k+1]
0:K are also equal and cancel out in J̄ [η]

k − J̄
[η−1]
k .

Additionally, we also have the equivalence of X
[η−1]
0:k and

X
[η−1]
0:k computed using the sequences G[η,k]0:K−1 and G[η,k+1]

0:K−1 .
Consequently, the only difference in the elements of G[η,k]0:K−1
and G[η,k+1]

0:K−1 is that G[η,k]k = (Fk,Kk,Lk) satisfies (15),
while G[η,k+1]

k = (F′k,K
′
k,L

′
k) does not. With the preceding

observations and according to (17), we can evaluate the cost
difference J [η,k]

k −J [η,k+1]
k to

J [η,k]
k −J [η,k+1]

k = 2

 vec (Fk)− vec (F′k)
vec (Kk)− vec (K′k)
vec (Lk)− vec (L′k)

> −ψkρ
k
γ
k


+

vec (Fk)
vec (Kk)
vec (Lk)

>  Λk Γk −Σk

Γ>k Ψk Υk

−Σ>k Υ>k Φk

vec (Fk)
vec (Kk)
vec (Lk)


−

vec (F′k)
vec (K′k)
vec (L′k)

>  Λk Γk −Σk

Γ>k Ψk Υk

−Σ>k Υ>k Φk

vec (F′k)
vec (K′k)
vec (L′k)

 .

where Ψk,Φk,Λk,Υk,Γk,Σk, ψk, ρk, and γ
k

are calcu-

lated using X
[η−1]
k,i ,X

[η−1]
k,i ,P

[η]

i,k+1, and P
[η]
k+1,i. After sub-

stituting
[
−ψ>

k
ρ>
k

γ>
k

]>
with

−

 Λk Γk −Σk

Γ>k Ψk Υk

−Σ>k Υ>k Φk

vec (Fk)
vec (Kk)
vec (Lk)


according to (15), we finally obtain

J [η,k]
k −J [η,k+1]

k = −

 vec (Fk)− vec (F′k)
vec (Kk)− vec (K′k)
vec (Lk)− vec (L′k)

>

×

 Λk Γk −Σk

Γ>k Ψk Υk

−Σ>k Υ>k Φk

 vec (Fk)− vec (F′k)
vec (Kk)− vec (K′k)
vec (Lk)− vec (L′k)

 ,

which is clearly not positive. The claim J̄ [η]
k ≤ J̄ [η−1]

k for
k = 0, . . . ,K then follows by induction.

IV. NUMERICAL EXAMPLE

In this section, we demonstrate the proposed algorithm
in a numerical example, where we compare it with our
infinite-horizon controller from [19] and the optimal linear
controller from [7] that requires mode feedback. To this end,
the parameters of (1) are assumed to be time-invariant and
are chosen to

A1=

[
1.2 1.2
0 1

]
, A2=

[
1 1.3
0 1

]
, B1=

[
0
1

]
, B2=

[
0

1.4

]
,

H1=H2=0.22I, C1 =
[
1 0

]
, C2 =

[
0.8 0

]
,

J1=J2=0.12I, Q1=Q2=I , R1=R2=1 ,

and the initial conditions are set to µ
0

= [1 0]>, ξ
0,1

= [5 0]>,
and Ξ0,1 = 0.12I. Furthermore, the two transition matrices

T[1] =

[
0.7 0.3
0.6 0.4

]
and T[2] =

[
0.1 0.9
0.9 0.1

]
are investigated. The simulation time is set to K = 50 and
we perform 104 Monte Carlo runs. The proposed controller
is computed only once for the entire simulation time, i.e.,
we do not implement it in a receding horizon framework.
The simulation results are depicted in Table II where the

T[1] T[2]

Optimal [7] 1.0716 1.0768
Time-invariant [19] 1.0883 1.1205
Proposed 1.0716 1.0827

TABLE II
MEAN COSTS OF THE SIMULATED CONTROLLERS.

true normalized costs J0/K can be seen. The simulation
results show that the time-variant controller performs slightly
better than the time-invariant controller from [19]. Also,
the performance decrease is small compared to the optimal
controller from [7] that requires mode feedback. Further, an
example run with T[1] is shown in Fig. 3. The trajectories
depicted in this figure are consistent with the results in



Table II. Furthermore, it can be seen that the time-variant
controller performs better than its time-invariant counterpart
within approx. the first 10 simulation time steps. This
observation motivates an implementation of the proposed
algorithm in a receding horizon framework. Finally, Fig. 2
shows the expected costs (2) and its bound (8) for the
converged sequence G0:K−1. It can be seen that the bound is
very close and thus the corresponding controller parameter
sequence will be almost optimal in the linear sense.
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Fig. 3. Example run with T[1].

V. CONCLUSION

In this paper, we proposed an algorithm for computation
of the parameters of a time-variant linear controller for
finite-horizon dynamic compensation of MJLS without mode
observation and showed its convergence. To this end, we
assumed a linear controller that consists of an estimator and
a regulator. However, because the separation between the
two components does not hold and a naïve computation of
the controller parameters does not converge, we proposed to
minimize an upper bound on the true costs of the closed-loop
system. In our simulations, the time-variant controller, whose
parameters were computed using the proposed algorithm,
showed better performance than its time-invariant counterpart
from [19]. Also, the performance loss is small compared to
the optimal controller from [7] that uses mode feedback.
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