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1 Introduction

Quasilinear hyperbolic evolution equations describe a wide range of phenom-
ena in physics, including in particular the Maxwell system with nonlinear
constitutive laws. There is a well established analytical theory for such prob-
lems. On the other hand, despite their importance, for quasilinear hyperbolic
problems there are only very few rigorous convergence results concerning time
integration methods. The implicit Euler method for nonlinear evolution equa-
tions has been studied in [9,13,18] for various cases. These papers establish
convergence of order 1/2 assuming that the numerical solution exists. In [3],
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Crandall and Souganidis showed that the approximations of the semi-implicit
Euler method for (1) are well-posed and converge with order 1/2. To our
knowledge even first order convergence of the implicit Euler scheme has not
been proved until very recently.

Kato’s approach from [11] provides a unified framework for a large class of
quasilinear hyperbolic evolution equations. In this work a local well-posedness
theory is established in spaces like H? in the case of first order systems. How-
ever, the setting of [11] cannot directly be applied to problems like quasilinear
Maxwell equations, as noted on p. 53 of [11]. One has to invoke state dependent
(energy-type) norms in addition, as in [10] for concrete hyperbolic PDEs and
in [12] for a large class fo evolution equations. We work within a refinement
of Kato’s theory due to Miiller [17] whose framework is closer to the applica-
tions we have in mind than that of [12]. Moreover, the setting of [17] takes
into account the quasilinear nature of the problem by introducing an extra
intermediate space on which the nonlinearity is defined. This approach allows
to reduce the restrictions on the initial data, in particular if the nonlinearity
is only defined on open sets of this intermediate space.

The framework of [17] was already used in the recent paper [8] by two of the
present authors, who have proved well-posedness and first order convergence of
the semi-implicit and implicit Euler approximations to quasilinear hyperbolic
evolution equations. These results have been applied to certain quasilinear
Maxwell and wave equations. In the very recent preprint [14] implicit Runge—
Kutta schemes have been analyzed in Kato’s original framework of [11]. For
linear Maxwell equations such schemes were studied in [7] including the space
discretization with discontinuous Galerkin methods.

In the present paper we study implicit Runge-Kutta methods for the quasi-
linear hyperbolic evolution equation

Au(t))0u(t) = Au(t) + Q(u(t))u(t), u(0) = uo, (1)

on a Hilbert space X in the framework of [17]. Here A is a linear skew-adjoint
operator, A(v) is a symmetric positive definite operator for v in a neighborhood
of zero and @ is a lower order term. In our applications to Maxwell equations,
A is the Maxwell operator, A is given by the nonlinear constitutive relations
and @ describes the conductivity, see Section 2. As noted above, the Maxwell
system (and thus also (1) in general) is not covered by Kato’s original setting
of [11] and hence not by the results in [14].

In our main results we prove well-posedness and convergence of order s for
an s-stage implicit Runge—Kutta method applied to (1). This is done first in
the norm of the basic space (e.g., L?) in Theorem 5.3 and then for a stronger
norm in Theorem 6.3 under somehwat stronger assumptions on the data. It is
mainly assumed that the scheme is algebraically stable and coercive and that
the operators in (1) satisfy the assumptions of the analytical well-posedness
result from [17]. Typical examples are Gau8 and Radau collocation methods,
see Section 3. To obtain full classical convergence order, one would need rather
strong additional regularity assumptions, cf. Section 4.5 of [14], which we want
to avoid here.
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To treat (1), one first inverts A(u(t)). Our analysis (and also that of [12,
17]) then crucially depends on the dissipativity of A(u(t))~tA with respect to
the scalar product on X with the (state-depending) weight A(u(t)). This fact
is essential for the construction of one step of the scheme in Lemma 4.1. Even
more importantly, the dissipativity provides the main energy-type bounds for
the numerical solution given by Lemma 4.2 and Proposition 4.3 which involve
the state dependent norms. On the other hand, these norms lead to substantial
new diffculties throughout the paper since one is forced to switch between them
within the estimates. For the reasoning it is also crucial to have a precise
control of the constants and of the norms of the numerical solutions in the
various spaces. Here we tried to be rather explicit in our formulations.

Energy techniques for implicit Runge-Kutta methods which are alge-
braically stable and coercive have been successfully applied to analyze stiff
ordinary differential equations, cf. [6, Chapter IV] and references given there.
Our analysis is motivated by [15], where the algebraic stability was an essential
tool to prove rigorous error bounds for quasi-linear parabolic problems, and
by [16], where linear wave equations on evolving surfaces have been considered
using state dependent norms.

One should note however that Kato’s setting in [11] and its variants from
[12,17] do not work well for boundary value problems, in contrast to full space
problems. In the case of Maxwell’s equations one cannot treat perfectly con-
ducting boundaries without very strong restrictions on the nonlinearities, [17].
On the other hand, one can handle Dirichlet boundary conditions for quasilin-
ear Maxwell and wave equations, see [17] and [8]. This shortcoming is unfor-
tunate since the more operator-theoretic approach in [11,12,17] fits very well
to the tools from numerical analysis used in this paper and also in [8,14]. In
future work we want to combine the present approach with more PDE type
methods as in [1,5], for instance, to cover also Maxwell equations on domains
with standard boundary conditions. In such a framework we will then also
investigate the space discretization error which is not considered here.

Notation. For Banach spaces X and Y we write £(X,Y") for the space

of bounded linear operators from X to Y and ||AHY<_X i= Sup,. ”@”ﬁ!{y for

the operator norm of A € £(X,Y). We endow the domain D(A) of a closed
operator A in X with its graph norm ||z|| 4 := ||Az||x + ||#||x. The closed ball
of radius r around 0 in X is denoted by B x (7). The number cgk > 1 stands
for generic constants which only depend on the coefficients of the Runge-Kutta
method, and C is a nonnegative number which depends on cggk, the constants
in Assumption 2.1, and the norm of the operators S, S~!, Sy and S;l in
Assumption 2.2 below.

2 Analytical framework and Maxwell’s equations

In this section we discuss our analytical framework, state the known well-
posedness result for (1) from [17], and discuss the quasilinear Maxwell equa-
tions.
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We use three Hilbert spaces (X, (-,)x), (Y, (-,")y), and (Z, (-,-)z) with
continuous and dense embeddings Z — Y — X. In addition, Y is an exact in-
terpolation space between Z and X. (For the Maxwell equations one employs
spaces like X = L2, Y = H?, and Z = H?.) We collect the main assumptions
on the operators in (1). In particular, A(y) and Q(y) are bounded linear oper-
ators in X which are Lipschitz functions of y in a fixed ball By (R) of Y. The
main linear operator A is skew-adjoint in X and also maps Z to Y. The initial
value up will be taken from Z and the evolution equation (1) is solved in Y,
see Theorem 2.3. The assumptions below will allow us to derive energy-type
estimates in terms of state dependent norms in X.

Assumption 2.1. Let R > 0 be fized.

(a) Let A€ L(Z,Y) be a skew-adjoint operator in X with Y — D(A) — X.

(b) There exist a family of invertible self-adjoint operators {A(y) : y € By (R)}
in L(X) such that the ranges Ran(I F A(y)~tA) are dense in X and the

inverses A(y)~" also belong to L(Y'). Moreover, for all x € X and y,7 €
By (R) we have the estimates

(2, Ay)a)x = v || (20)
HA(y)*A@)HXeX SKHyngY’ (2b)
14w = A oy < e lly =3l (2¢)
14) ™ = AD xy < Exlly =7l x (2d)
for constants v, £, 0y, £x > 0. Hence, A(y) > v~1I and HA(y)_lHX%X <v.
(¢) There are operators {Q(y) : y € By (R)} in L(X) satisfying
px = sup [|QW)| . _x < oo (3a)

yEBy (R)
Each Q(y) also belongs to L(Z,Y) and there are constants my,mx > 0
with
||Q<y) _Q(mHY<—Z SmYHy_guw (3b)
QW) — QW) x._, <mx|y—3ly  foral y,5eBy(R). (3c)

Below, R always refers to the radius from this assumption and the above
constants may of course depend on R. Assumption 2.1 easily implies the bound

14 <Ax =400 + (R, )

y)HXeX )HXeX

for all y € By (R). We now write (1) in the equivalent short form
dpu(t) = Aypu(t),  u(0) = uo, (5)
where for v € Y we introduce the operator
Ay = A)THA+ Q(v)) (6)

with domain D(A) in X. To control stronger norms, we also need the next
assumption on A,.
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Assumption 2.2. Let r > 0. We assume that there are continuous isomor-
phisms S : Z — X and Sy : Y — X such that for allv € By (R)NBz(r) there
are linear operators B(v) € L(X) and By (v) € L(X) satisfying
SA,S"'=A,+B(w) and Sy A,Syt = A, + By (v), (7a)
1B xex <8z and || By (v)[| 5y < By (7b)
for constants Bz = Bz(r) > 0 and By = By (r) > 0.

Throughout the paper we use the constant

o = (V)‘X)l/z maX{HSHXHZHS_

> (VAx)l/Z Z 1.

1”2&)@ SYHX%YHS;lHYeX} (8)

The following well-posedness result is part of Theorem 3.41 of [17]. For this
theorem one can omit the properties (2d) and (3¢) in Assumption 2.1 and the
isomorphism Sy in Assumption 2.2. These conditions are only used later on to
treat the numerical solutions. Here and below we take radii » > 1 to simplify
some statements.

Theorem 2.3. Let Assumptions 2.1 and 2.2 be fulfilled and let r > 1 be
arbitrary. Then the following assertions hold.

(a) For each ug € By((2co)™'R) N Bz((2co)™1r) there exists a time Ty =
To(r) > C/(r+Bz(r)) > 0 and a solution u in C([0,To], Z)NC([0, Tp],Y)
of (5) satisfying Hu(t)HY <R and ||u(t)||Z <r forall0 <t <Ty.

(b) Ifv e C([0,T"], Z)NC([0,T"],Y) is another solution of (5) with Hv(t)HY <
R for all t € [0,T'], then v coincides with u on [0, min{Ty, T"}].

For the error analysis of the time integration methods we need a few addi-

tional properties of the operators collected below. The proofs can be found in
Lemmas 3.1 and 3.6 of [8].

Lemma 2.4. Let Assumption 2.1 be satisfied. For all y,y € By (R) we have
1/2
(@) 1402y e <AX

(b) (z, Ay)!/?z)x > V_l/ZHxHi forallz € X.
(¢) There is a positive constant £ such that

| A)2 = A@) || i <y =7l

(d) The operator A, from (6) satisfies

HAZ/||Y<—Z < ay, (92)
HAZ/_AgHXeZ SLXHy_gHX’ (9b)
||Ay—A§||y<—Z SLYHy_gHY’ (9¢)

where ¢', ary, Lx, Ly > 0 only depend on the constants in Assumption 2.1.
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Much of our analysis (and also that of [8,10,12,17]) relies on state depen-
dent norms. Let v, w € By (R). We define the inner product

(@, 9)o = (Alv)z,y)x

and denote the space X endowed with this inner product by X,. By (2a) and
(4), the associated norm is uniformly equivalent to the X-norm, i.e.,

A 2l < Nlells < vllally,  =ex. (10)
Formulas (2b) and (10) yield the Lipschitz property
2] = (A(w)z, 2)x + (A(v) — A(w)z, 2)x
< e, + €flo = wlly [l
1+ o = wl, ol )

N

Remark 2.5. Assumption 2.1 and the Lumer-Phillips theorem (see Theo-
rem 11.3.15 in [4]) imply that A(v)~tA generates a contraction semigroup on
X, for each v € By (R). From the bounded perturbation theorem, see Theo-
rem II1.1.3 in [4], we thus deduce that the operator A, generates a strongly
continuous semigroup on X.

Example. We consider the Maxwell equations

oD(t,z) = Vx H(t,z) — o(E(t,z))E(t,z), t€][0,T],zcR? (12a)
OB(t,r) = — Vx E(t, ), te[0,T],z € R®  (12b)
V-D(t,z) =0, te[0,7T],z € R®  (12¢)
V-B(t,z) =0, te[0,7], z € R?,  (12d)

on R? with a nonlinear conductivity o € C3(R3,R3*3) and constitutive rela-
tions of the form

D(t,z) = E(t,z) + P(E(t,z)), B(t,z) =H(¢, z)+ M(H(, z)).

Here, P,M < C*(R3,R®) are vector fields such that P’(£) and M'(€) are
symmetric and the matrices I + P’(0) and I + M'(0) are positive definite. An
important special case is the Kerr nonlinearity with P(E) = x |E|> E for the
susceptility x € R and M = 0, see [2]. We use the spaces

X := L*(R*)S, Y = H*(R?)°, Z .= H3(R3)S.

For given initial data uy = (Ey, Hp) in Z satisfying (12c) and (12d), we seek
solutions in C*([0,T],Y) N C([0,T],Z) of (12a) and (12b). These solutions
then automatically fulfill the divergence conditions (12¢) and (12d). To tackle
the problem in our framework, we set

= (T ) a0 44,
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for v = (E,H) € Y. Observe that Y embeds into L°(R3)®. Hence, A(v) is
positive definite for v in a certain ball By (R). In the Kerr case mentioned
above, one has positive definiteness for all v € Y if x > 0.

In Theorem 4.9 of [17] and Remark 3.3 of [8] our Assumptions 2.1 and 2.2
without Sy have been checked for the case Q = 0, i.e., for the system with-
out conductivity. We note that nonzero Q(v) can be treated as the operators
A(v)~L. For Assumption 2.2, let Sy be the diagonal operator with entry I+ A.
Then By (v) is the product [Sy, A(v)~'(A + Q(v))]Sy " for the commutator
[, -]- Using Sobolev’s embedding and Hélder’s inequality one checks that By (v)
is an operator on X whose norm is uniformly bounded for v € By (R) N Bz(r).
Hence, Assumptions 2.1 and 2.2 are fulfilled in this example.

In [8] and [17] wave and Maxwell equations on a domain with Dirichlet
boundary conditions were studied in a similar way. The Maxwell system with
the usual boundary conditions of a perfect conductor can be treated in our
framework only for special nonlinearities, see Proposition 4.8 in [17]. ¢

3 Implicit Runge-Kutta methods

For the equation (5), the general s-stage Runge-Kutta method with s distinct
nodes 0 < ¢; <1 and weights @ = (a;;); ;—; and b = (b;);_; is given by

Uni :AUMUnia 1= 17“-’8’ (133‘)
Uni:un+TZaijUnj) ’i:l,...78, (13b)
j=1
Uptl = Up + T Z bUpi (13c)
i=1
forn =0,...,N—1 and a fixed stepsize 7 > 0. Here, u,, &~ u(t,,) approximates

the solution u to (5) at time t,, = n7 and U,; ~ u(t,+c¢;7) are the inner stages.
In the next section we solve the above system for initial values ug in Z which
belong to a certain ball of Y. To simplify notation, we set

Up=Un1,- - Uns)" AU, = diag (Av,,, .-, Au,.)

where A(U,,) has the domain D(A)*® in X*. We now reformulate (13) in a more
compact form as

U, =10 u, + (A& I)AU,)U,,

14
Up1 = Uy + 7(bT @ AU, U,, (14)

where 1 = (1,...,1)T and ® denotes the Kronecker product. The first equation
in (14) can be written as

(Is @I —7(A 1AU,))U, = 1® up,
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or equivalently
Q@ '@I—-1AU))U, = (Q M) @ uy,. (15)

Here and throughout this paper we assume that the Runge-Kutta matrix has
the inverse @1 = (a;4).

Recall that a Runge-Kutta method is called algebraically stable if b; > 0
fori=1,...,s and the matrix

M= (mij)f}jzl with ms; = bjas; + bjaz; — bib; (16)

is positive semidefinite. It is well known that Gauf}; Radau IA (¢; = 0), and
Radau ITA (¢; = 1) collocation methods are algebraically stable. See Defini-
tion IV.12.5 and Theorem IV.12.9 of [6].

For our analysis, we also need the coercivity condition that there exists a
positive definite diagonal matrix D € R*®® and a positive scalar o such that

u' DA ' > au’ Du  for all u € R®. (17)

This condition plays an important role in proving the existence of Runge—
Kutta approximations, cf. Section IV.14 of [6]. For Gaufl and Radau collocation
methods, di,...,d, and the constant « are given explicitly in terms of the
nodes ¢; and the weights b;, i = 1,. .., s; see Theorem IV.14.5 of [6].

4 Well-posedness of the numerical scheme

In this section we construct solutions of the numerical scheme (13) and bound
them in X, Y and Z. Let W € {X,Y,Z}. In the following we denote the
components of U € W* by U;, i.e., U = (Uy,...,Us), and W* is equipped with

the inner product
S

(U, V)w: = Z(UmVi)W.

i=1

On W?#, for the operators from Section 2 and 3 we introduce the notation

AU) = diag(A(Un), ..., AUs)),  Q(U) := diag(Q(Uh), ..., Q(Us)),
B(U) := diag(B(U1), ..., B(Us)), D:=D®I =diag(di1,...,dsI),
S=I,®85= diag(S, S 75)7 Sy =1, ® Sy = diag(Sy, R ,Sy).

In the next lemma we consider one step of the scheme (13) for suitable w,,.

Lemma 4.1. Let Assumptions 2.1 and 2.2 be fulfilled and let the Runge-Kutta
method satisfy the coercivity condition (17). Letr > 1 and set Ry = (2vco) 'R
for the constants defined in (8) and below in (24). Then there exists a mazimal
step size 19 = 7o(r) € (0,1] such that for all u, € By(Ri) N Bz(r) and
7 € (0,79] equation (15) has a solution U, in Z*° satisfying

[Onill < A O)"2 [Jun | [Tnill 7 < 2veo flunll 0 (18)
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1Tnilly < 27eo [[unlly < R, lensally < R, (19)

foralli=1,... s, where u,11 is given by (13c). The number 7o depends only
on r and the constants in the assumptions.

Proof. Step 1. The proof is based on Banach’s fixed-point theorem. We start
with some preparations. Let > 0 and 7 € (0, 1]. The set

My, = {V = (W e 20 V]

<err,
HViHng for all i,j:1,...7s} (20)

is endowed with the distance induced by the norm of X*  where the constant
¢ > 0 will be fixed below. This metric space is complete. Indeed, each Cauchy
sequence (V™) in M, ; has a limit V in X*, and it is bounded in both Y and
Z*. Hence, a subsequence of (V™) converges to V also weakly in Y* and Z*,
so that V belongs to M, ;.

Let V € M, ;. To define the fixed-point map, we introduce the operator

GV):=Q '®@I-7AV) with D(G(V))= D(A)*
in X*°. We next show that G(V) — §I, ® I is m-accretive with respect to the
equivalent inner product on X* given by
(W, W) poawv) == (DAV)W, W)x. = Zd Vi)W;, Wi)x.

We write X7, |, for the Hilbert space X* equipped with this inner product.

Let W = (W;)i_; € X°. We first observe that

(G(V) = §I, @ DW, W)paaw) = (PAV)Q™ @ I — §DAV )W, W)x-
—T(DOA)W, W) xs —1(DQ(V)W, W) x-.

The second term on the right-hand side vanishes due to the skew-adjointness
of A, see Assumption 2.1, and the third one is bounded by Tpx >.;_; d; HVVZ Hi
because of (3a). To treat the first one, we compute
(DA(V)Q ' @1 — 2DAV))W, W) x=
= ((DO’I @I — SD)AV)VPW,A(V)V2W) x.

+ Zdaw Vi)Y/2 — A(V)Y2YW, A(V)Y2W5) x
i,j=1

Zd 1AV 2w
Zdaw Vi)Y2 — AV, AV YR x,

i,j=1
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where we employ the coercivity property (17) in the last step. Lemma 2.4,
the definition (20) of M, ., condition (2a), and Holder’s inequality allow us to
dominate the last term by

S R enkerr [ Wyl x AV YA Wilx < Orr S di| AR Wi

i,j=1 k=1

There thus exists a number 79 = 79(r) € (0, 1] such that the map G(V)—$I,®1
is accretive in X3, |, for all 7 € (0, 79].

Remark 2.5 implies that the operator 7.4(V') generates a strongly continu-
ous semigroup on X*, so that also —G(V) is a generator by bounded perturba-
tion, see Theorem I11.1.3 in [4]. In particular, the sum wl; ® I +G(V) is invert-
ible in X* for a sufficiently large number w > 0. The operator G(V) — $1, ® I
is thus m-accretive in X7, y,. Hence, G(V) has an inverse in X® which satisfies

_ 2
1GO)  xgyexpy < = (21)

cf. Proposition I11.3.23 in [4].
For a given u,, € X, we can now define the fixed-point map

D:M,,— X5, o(V)=GV)"HA 1) @ u,.
Observe that the equation W = @(V) is equivalent to
Q@' I —TAVHW = (Q ') ® u,, (22)
which means that
S
Wi:un+72@ijA\/iWi, 1=1,...,s.
j=1

Consequently, a fixed point of @ solves (15).

Step 2. We establish that ® maps M, , into itself for all sufficiently small
step sizes 7 > 0 and a suitable constant ¢, provided that wu, belongs to
By (R1) N Bz(r). Let V € M, and set W = &(V'). The bound (21) yields

“1/m— 2 -
HWHD®/\(V) =IG(V)" @™ D@unlpea) < o (@ 1]1)®“"HJ:J®/\(V)'
By means of (2a) and (4), we derive the inequality
Wl < A(Ax) Y2 [lun | x (23)

for the constant

S

'y:max{l,a\z/g(Z;di(;mm)?)l/?} with § := k:mingdk>0. (24)

. IRRREE
1=
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We transfer these estimates to Z in order to check that W satisfies the first
and third condition in (20). To this aim, we multiply (22) by the operator
matrix § = I, ® S. Property (7a) of A now implies the equation

Q'R I —1AWV) —7B(V)SW = (@ '1) @ (Suy,). (25)

Since V belongs to M,. -, each norm ||V;]| z is bounded by ¢r so that assumption
(7b) provides the inequality || B(V)||xs«x= < Bz (er). In view of (10), the norm
of B(V) on X3,y is then dominated by CBz(cr) =: §'(r). We replace 7o(r)
by min{7y(r),a/(46'(r))} and take 7 € (0,79(r)]. Because of (21), the sum
G(V) — 7B(V) thus has an inverse on X7, i, with norm less or equal 4/a.
Hence, formula (25) leads to

4y
HSWHD®A(V) S EH(O ') ®Su”HD®/\(V)'

Using also Assumptions 2.1 and 2.2 and |ju,||z < r, we arrive at the estimate

Wi

z: < 2y¢o |unllz < err (26)

for ¢ > (vAx)/? from (8), all 7 € (0, 79(r)], and ¢ := 2v¢o. In (23) and (26)
we bounded the norms of the linear map u, — W in £(X, X*) and L(Z, Z*),
respectively. By interpolation, we now obtain the bound

Willy < 2yveollunlly < 2vcoRy = R (27)

for all ¢ = 1,...,s. In the second inequality we use that u, is contained in
By (Ry1). As a result, the vector W fulfills the last condition in (20).
For the second condition in (20), we employ (9a) and (26) to compute

Wi — W5, = HT Z(aik - ajk)AVkaHY < TCrKQy Z Wkl z
k=1

< 1C||lunllz < T,

where ¢; := crxaycg. With ¢ := max{c;, ¢}, the above bounds imply that
W = &(V) belongs to M,. ..

Step 3. We show that @ : M, , — M, ; is a strict contraction for the norm
of X*. We take V,V € M, andset W =@(V), W =¢(V) and E=W — W.
The definition (22) of @ then yields the identity

GWVE=(Q'@I -7AV))E =1(A(V) - AV))W.
From Assumption 2.1, (21) and (9b) we deduce

ZCRKV1/2 ~NTES
IElxe < erxt 2 |Bl| pgry € = IT(AWV) = AV)W [ peaw)

o (v 1/2 ~
< 2R (VAX) /" TII(A(V) — AV)W||x+

- «
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QCRK(VAx)l/zLX -

IV = Vx| W]z

QCRK/C\(VAx)l/2L

(67

~ ~
rrl|V = Vxe,

where we have also used that W belongs to M, . Decreasing the maximal step
size 79 = 7o(r) > 0 from Step 2 if necessary, we infer the strict contractivity of
@ on M, ; for every 7 € (0, 79]. This map thus possesses a (unique) fixed point
U, in M, . which then solves (15). The inequalities (18) and the first one in
(19) now follow from estimates (23), (26), and (27).

Finally, the formulas (13) and the bounds (9a) and (26) yield

S
[unt1lly < Ri+ Terxay Z [Unillz < Ri+Ctr <R

i=s
for all 7 € (0, 7], after decreasing 79 = 70(r) > 0 once more if necessary. [

Lemma 4.1 allows us to solve the numerical scheme (13) for step sizes
7 € (0,7(r)] as long as u, stays in By (R;) N Bz(r). However, the estimates
in this lemma are too coarse to show reasonable bounds for the numerical
solution wu,, by iteration. Instead, we next employ energy-type estimates for
the inner products on X corresponding to u,. The isomorphisms Sy and S
are used to transfer the bounds to Y and Z, respectively. The precise form of
the constants in the next result is crucial for the iteration argument.

Lemma 4.2. Let Assumptions 2.1 and 2.2 be fulfilled and let the Runge-
Kutta method be algebraically stable and satisfy the coercivity condition (17).
Let r > 1 and take the radius Ry = (2yco) "R and the mazimal step size 1o =
10(r) € (0,1] from Lemma 4.1. For all u,, € By (Ry) N Bz(r) and 7 € (0, ]
the equations (13) then have a solution u,1 € Z satisfying

[unsall,,,,, < e {unl,, - (28a)
||Syun+1 Hu"Jrl < eC (r+By ()T ||SYu7L||u"7 (28b)
||Sun+1”un+1 < ecz(r+Bz ()T ||Sun||un (28c¢)

The numbers cx, cy, and cz depend only on the constants in Assumption 2.1,
on cri, and on cg.

Proof. The existence of the solution u,+1 in Z follows from Lemma 4.1. By
this result and the assumptions, the vectors u,, u,+1 and Uy; belong to the
ball By (R) which is needed for the following estimates. To show (28a), we take
the inner product in X, , of (13c) with itself and thus obtain
2

Un+1

9 S . S . .
Ung1 + 27 Z b; (una Unz‘)un+1 + 7-2 Z bibj(Uniy Unj)un+1 .

i=1 ij=1

lensalls, ., = [lual
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In the second term of the right-hand side we insert formula (13b) for wu,,.
Manipulating the resulting double sum, we deduce the identity

’|Un+1| i = ||U"Hz + 27 bi(Unia Um)uwrl
nt1 nt1 _
s = (29)
+7° ) (bibs — biatij — b;a;5) (Unis Unj s -
=1

The last term on the right-hand side is nonpositive due to the algebraic stabil-
ity condition (16). For the first term, estimate (11) and equation (13c) yield
that

lunlls, < (4 @ fun = v | unlls, = (1 + o] D2 il
=1

2
Il

From the expression Um = Ay, Uy, inequality (9a) and Lemma 4.1, we infer
the bound

Un+1

|Unilly < ay2yco ||un|, < Cr (30)
using the assumption HunH , < 1. Consequently, we have

2

Un+1

HunH < (1+Cr7‘)”un|‘zn. (31)

To control the second term in (29), we write

(Unia Um’)un+1 = (Unia AUM Um’)Um + ((A(un+1) - A(Unz))Unu Unz)x
= (Univ (A + Q(Uni))Um’>X + ((A(unJrl) - A(Uni))Uni7 Uni)x' (32)

due to Assumption 2.1

The first term in the last line is bounded by px HUm- Hi

(a) and (c). Condition (2b) further implies
((A(Un+1) - A(Uni))U7zi7 Uni)X S E ||un+1 - U"”HYHUT”HX ||U7LZHX

We next subtract (13b) from (13c) and then use (30) to deduce the estimate

|tns1 = Unilly =7 H > (b — aij)Un; , SO (33)
j=1
On the other hand, formula (13b) yields the identity

. 1<
Uni = p z;aij(Unj — Up),
J:

so that the inequality

T

. s C
0lly < S S0y =l < < el (34)
j=1
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follows from Lemma 4.1. Together with the norm equivalence (10) and the
above bounds, equation (32) lead to

Unis Uniduir < x|Unill + Crllun [Tl < O [l (35)

where we also employed Lemma 4.1. The relations (29), (31), and (35) now
2

Un+41
depends on ¢y and the constants given by Assumption 2.1 and the Runge-

Kutta scheme. So we have established (28a).
For (28¢), we multiply (13c) by S and obtain as above

show the estimate ’|un+1|

< (14 cexrr) HunHiﬂ The number cx only

2

Un41

< HSU”Hzn_H + 27 Z bl(SUnu SUni)u,,LJrr

i=1

[t

The first term on the right-hand side can be controlled as in (31). We rewrite
the second term as

(SU"“ SU”i)un+1 = (SUnza SAUm U’ﬂi)Um + ((A(un-l‘l) _A(Unl))SUnu SUnz)X

by means of condition (7a). By Assumption 2.2 and Lemma 4.1 the norm of
B(U,;) on X is less or equal the number Sz(r). Moreover, Lemma 4.1 and
Assumptions 2.1 and 2.2 provide the estimates

15Unillx < WISl x2IUnill 2 < ISl AlIS7 Sunll ; < C[Suall,, -

As in (34) we then derive the inequality HSUmHX <Cr! ||Sun||u . Arguing
as above, one now establishes assertion (28c). Inequality (28b) can be shown
in the same way using Sy and By instead of S and B. O

Given an arbitrary radius » > 1 we can now solve the system (13) within

By (R1) N Bz(r) and up to a time Ti(r) > 0 provided that ug belongs to
somewhat smaller balls. The constants in the next results behave similar as in
Theorem 2.3.
Proposition 4.3. Let Assumptions 2.1 and 2.2 be fulfilled and let the Runge-
Kutta method be algebraically stable and satisfy the coercivity condition (17).
Let r > 1 and take the radii Ry = (2¢co) 'Ry = (4y¢3) 'R and ro = (2¢o) ~'r
and the maximal step size 1o = 1o(r) € (0,1] from Lemma 4.1. Fiz the mazimal
time

In2 In2 }
ey (r+ By (r)) cz(r+ Bz(r))

for the constants from Lemma 4.2. Let ug € By (Ro) N Bz(ro). We can then
solve scheme (13) for n < Ty /7 and the solution wu, satisfies

lunllc < (Ax)2em > fuo .
luolly-

o]l £-

T = min{

il < o 420

tn]| ; < coe=(r+82In7
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Proof. Note that cOeCY(”‘ﬁY(T))"THuOHY < R; and coeCZ(T"‘BZ(”)”THuoHZ <r
for n < T /7. Using also (10) and (8), one can now iterate the bounds in (28)
to deduce the result. O

5 The convergence result in X

Let Assumptions 2.1 and 2.2 hold. For the Runge-Kutta method we assume
that it is algebraically stable, satisfies the coercivity condition (17), and has
stage order s and order at least s+ 1. These assumptions are satisfied for Gauss
collocation methods with s > 1 and Radau collocation methods with s > 2.

Moreover, let 7 > 1, 7 € (0,70(r)], Ro = (4yc3)™'R, R = (2vc0) 'R
and ug € By (Ry) N Bz((2¢o)~'r), cf. Lemma 4.1. Let T = T(r) > 0 be the
minimum of the existence times Ty = Tp(r) from Theorem 2.3 and 77 =
T, (r) from Proposition 4.3. These results provide a solution « in C([0,T], Z) N
C([0,T],Y) of the evolution equation (5) and a solution u,, of the scheme (13)
for n € Ny with n < T)/7, both staying in the balls By (R;) and Bz(r). We
assume in addition that u**Y € L?([0,T], D(A)) and u(**2 ¢ L2([0,T], X).
We now set

Un = ulty),  Uni=ulty+cr),  Uni=u(ty +c7)

forn € Nand ¢ = 1,...,s with the nodes ¢; € [0,1] of the Runge-Kutta
scheme. We then introduce the defects A,,; and §,,+1 by the equations

Uni = Ag, Uni, 1=1,...,s, (36a)

ﬁnz :ﬂn"_TZaijﬁnz"_Aniv 1= ]-7 »Ss (36b)
Jj=1

Up41 = Up + TZbiﬁni + 0pt1- (36¢)

=1

By assumption, the defects of the Runge—Kutta method are given by

tat t—ty
Api = 7° / u<s+1>(t)m(7)dt, (37a)
tn

T

t—1tn

tn
Gy = 75 / U (t)n(7>dt. (37D)
t T

n

Here k; and x denote the Peano kernels corresponding to the quadrature rules
defining the Runge—Kutta method. They are uniformly bounded with con-
stants depending on the Runge—Kutta coefficients only.

The errors are next given by

€n 1= Up — Un, Epni = Uni — Uni, Eni:==Upi —Un;
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forneNandi=1,...,s. Formulas (36) and (13) lead to the expressions

Eni = AUm- Enz + (AUM — Aﬁm)ﬁ’ma Z = 1, ey S, (38&)

Eni:en+72aijEni_Aniu i=1,...,s, (38b)
j=1

ent1 =¢€n+T Z biEpi — Ong1. (38c)
i=1

As in (14) we rewrite the system (38) in the compact form

E, = A(Up)Ey + (A(U,) — A(U,))Un, (39a)
E,=1®e, +7(Q®I)E, — A,, (39b)
ent1 = en + T(bT ® I)En — Opa1- (39¢)

For the convergence proof we use the energy technique from [15,16] in
combination with solution-dependent norms, starting with the basic error re-
cursion.

Lemma 5.1. Under the assumptions stated at the beginning of this section,
the error e, = u, — u(ty,) satisfies

2

lensalls,,, < @+ Crofleal %

+ O (| Ball s + [ 8nlpay) + C7 13055
for all 7 € (0,70] and n € N withn <T/r.

Proof. Taking the w,11-inner product of (38¢c) with itself, we compute

2

len-+1]]

2
Un41

en+ T E sznz
- Un41
i=1 (41)
2

Up41"

S
—2(€n+Tsz‘Em‘,5n+1) + || Gng1 ]|
Un+1

i=1

The last term is dominated by the right-hand side of (40). Equation (38b) and
the algebraic stability of the Runge-Kutta scheme imply the inequality

2
u

i . 2 s .
€n +7-Zb'iEn'i < ||6"||un+1 +27-Zbi(Eni +AniaEni)un+1a (42)
i=1 mHt i=1
cf. (29). As in inequality (31) one sees that

2

Un+1

leall},,, < @+ Crmfleall;, -
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To bound the second term on the right-hand side of (42), we write

(Bni + Anis Eni)up s = (Bni + Aniy Eni) v,

. (43)

In the first term on the right-hand side we replace E,,; by (38a). Estimate (3a)
and the skew-adjointness of A then yield

(Enz + Ania AUmEni)UM = (Enz + Ania (A + Q(Unz))Enz)X
< ﬂXHEmHi( — (AAui, Eni) x +NX||Am||XHEm‘HX

< O(|Anillpay + 1Bnilly)- (44)
Using (9b) and Hl}mHZ < r, we also infer
<orlanly +1Eally)- @)

To control the second term in (43), we replace E,; by
By = 2 zs:~ (Enj +A )
NGB .
ni . i nj nj €n),
j=1
see (38b). The Lipschitz condition (2b) and the inequality (33) now lead to

((A(un-i-l) - A(Um))(Enz + Am’)7 Eni)X

S

1
< —ori [[unsn = Unilly ([ Eni + Anill s 31wl + | Ansllx + [len] )
j=1

< Or(|Ballx. + 1 Anl . + lleall5)-
Combining the above formulas, we arrive at the estimate

2
u

s
€n —+ T Z blE'n,’L
=1

saxemenlls +orr (I + 1805y )-

The second term in (41) is bounded as in the linear case, see (3.18) in [7], by
S 2 2

(eoer Yo bbdnns) < Cr{llealBet Nl 2l |20,
i=1 "

The norm equivalence (10) then yields the assertion (40). O

In the next lemma we control the errors E,, of the inner stages by HenH <
and the defects.
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Lemma 5.2. Let the assumptions stated at the beginning of this section be
fulfilled. Possibly after decreasing the mazimal step size 79 = 10(r) € (0,1], we
obtain

S 2 2 2
ZHEMHX SC(HA”HXS"_He”HX) (46)

i=1
for all 7 € (0,79] and n € N withn <T/r.

Proof. The formulas (39) implies the identity

E,=1®e, +7(Q® NAU)E, + 7(Q & I)(AU,) — A(U,)U, — A,.
Multiplying by DQ~! ® I, we obtain

(DQ '@ NE, = (DA ' (1 e, — A,) o n

+ DAL E, + 7D(A(U,) — A(U,))U,,.

We now take the inner product of this equation with the vector A(U,)FE,. To
treat the left-hand side, we write

AU,) =15 ® A(ups1) + (AUn) = I @ Aun41)).

The assumptions (2a) and (2b) on A and the coercivity (17) of the Runge—
Kutta method allow us to estimate

(A(U,)En, (DA™ @ IEy,)
= ((IS ® A(un+1)1/2)Em (Da_l ® I)(Is ® A(un+1)1/2)En)XS
+ (A(Un) = L ® A(tp41)) Ep, (DQ' @ I)Ey,) -
ad 2 5
> — | Enllx. = erxct Y [|Uni = s [[y || B 1B |
i,j=1

with § = min; d; > 0. Inequality (33) yields HUm - u”“”y < Crr. After
possibly decreasing 7o(r) > 0, we thus deduce the lower bound

§
(AU En, (DO @ DEp)xe = 57 || Eu ...

For the first term on the right-hand side of (47), it follows
(AU En, (DO '@ D)(1® e, — An))x:
< Axeric|| Bal . (lenll + [[4n] x.)
< Ce|[Ball. + Ce (| Anll5 + llenll3)

from (4), where € > 0 is arbitrary. For the second term, the skew-adjointness
of A and (3a) imply

T(A(Un)En, DAU,)) En)xs = T(En, DI @ A+ Q(Un)) En) x
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< T,U/XCRKHEnH?Xs'

Using (4), (9b), and ||U,,]

zs < r, the third term can be bounded by

(AU En, DIA(U,) = AT T) xe < C7 || Bl Tl o < Crr || B[

After choosing a sufficiently small € > 0 and possibly decreasing 7o(r) > 0
once more, we deduce the assertion from the above expressions. O

Our first main result now easily follows.

Theorem 5.3. Let Assumptions 2.1 and 2.2 be fulfilled. Let the Runge-Kutta
method be algebraically stable, satisfy the coercivity condition (17), and have
stage order s and order at least s + 1. Let r > 1, Ry = (4y¢3)"'R, uy €
By (Ro) N Bz((2co)™1r), and choose T = T(r) > 0 as at the beginning of this
section. Take the maximal step size 79 = To(r) > 0 obtained in Lemma 5.2,
7€ (0,70], and N € N with N < T/r. Let u € C([0,T],Z) N C([0,T],Y) be
the solution of (5) and assume that u*tY € L2([0,T], D(A)) and u(5t2) €
L2([0,T), X). Then the error of the Runge-Kutta scheme (13) is bounded by

T 1/2
||eNHXs0r”26WTS“(/O (D@ 30y + N2 01 )

The constants C only depend on the coefficients of the Runge-Kutta scheme,
the isomorphisms S and Sy, and the constants in Assumptions 2.1.

Proof. Inserting (46) into (40), we obtain
2

Un+1

< @+ Crn)lenlly +Crr( Al + 1nll)

lensa
+1

tn
rT 2 S S S
< fealls, + Crro [T @)y + 0D 01

where we used the formulas (37) to bound the defects. The asserted error

bound now follows from a straightforward iteration, the identity ey = 0 and
the norm equivalence (10). O

6 The convergence result in Y

Using the isomorphism Sy from Assumption 2.2, we next extend our conver-
gence result to the norm of Y under slightly stronger conditions. Since the
proofs are analogous, we only sketch them.

Lemma 6.1. Let the assunmptions stated at the beginning of Section 5 be ful-
filled. Assume that Syu®*tY) € L2([0,T], D(A)) and Syu*+?) € L*([0,T], X).
The error e, = u, — u(t,) then satisfies

2

Un 41

S (]. + CTT)HSYenHzn + cr H%SY(STH'lHi(
00+ By ()7 (|Sv Eale. + 1Sy Aul0).)

for all T € (0,79] and n € N withn < T/T.

ISy enal
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Proof. We proceed as in the proof of Lemma 5.1, but first multiply the error
recursion (38) by Sy. There are two main changes. First, to estimate the
expression corresponding to (45) we apply (9¢) and derive

HSY(AUm - Aﬁm)ﬁ"inx S ||SYHX<—Y||(AUM - Aﬁn)ﬁmHY
< 15v [l x oy Ly [1Uni = Unilly 1Unillz
< Cr[|Sy Bl

To prove the bound corresponding to (44), we now have to use (7a) and (7b)
for Sy, which means that the constant now also depends on Sy (7). O

Lemma 6.2. Let the assumptions stated at the beginning of Section 5 be ful-
filled and let Syu™+1) € L2([0,T], D(A)). Possibly after decreasing the mazi-
mal step size 7o = 70(r) € (0, 1], we obtain

SISy Bully < O (|1Sy Aulli + [[Sveall3)

i=1
for all 7 € (0,70] and n € N withn <T/7.

Proof. We show this result as Lemma 5.2, again starting from the error re-
cursion (39). One now multiplies it with Sy and takes the inner product with
A(U,)Sy E,,. With modifications as indicated in the proof of Lemma 6.1 one
then derives the assertion. O

Arguing as in the proof of Theorem 5.3, we finally deduce from the above
two lemmas our convergence result in Y.

Theorem 6.3. Let Assumptions 2.1 and 2.2 be fulfilled. Let the Runge-Kutta
method be algebraically stable, satisfy the coercivity condition (17), and have
stage order s and order at least s + 1. Let r > 1, Ry = (4v¢3)™'R, uy €
By (Ro) N Bz((2¢0)~'r), and choose T = T(r) > 0 as at the beginning of
Section 5. Take the mazimal step size o = 79(r) > 0 obtained in Lemma 6.2,
7€ (0,7], and N € Nwith N <T/7. Letw € C([0,T], Z)NC([0,T],Y) be the
solution of (5) and assume that Syu**Y) € L?([0,T], D(A)) and Syus+?) €
L2([0,T], X). Then the error of the Runge-Kutta scheme (13) is bounded by

e <C(r+ )2 eC By (MT s+1
Ny < Clr+By(r))

T 1
(a0 + 15 0i3)ar)

The constants C' only depend on the coefficients of the Runge-Kutta scheme,
the isomorphisms S and Sy, and the constants in Assumptions 2.1.
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