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Abstract— Various applications necessitate the estimation of
quantities defined on intervals or the unit circle, which can
also be parameterized as an interval. These applications include
estimation of joint angles that are either limited to a certain
range or that are 360-degree-periodic. For this purpose, we
consider two approaches based on discretizing the state space
that use fundamentally different density representations. We
show how prediction and measurement update for systems with
nonlinear dynamics and nonlinear measurement models can
be performed in each representation. In particular, we discuss
the choices that go into designing discrete filters, which are
sometimes taken for granted. A thorough comparison and a
numerical evaluation of both approaches show the advantages
and disadvantages of each method.

I. INTRODUCTION

We consider state estimation where the state is defined
on certain compact spaces, in particular intervals in R and
the unit circle. The unit circle in R? can be parameterized
as the interval [0,27) with a special topology using the
mapping ¢ — [cos(¢),sin(¢)]?. State estimation in these
spaces differs significantly from estimation on the real vector
space R" because the domain is bounded.

Applications where state values inside an interval are of
interest include the estimation of joint angles with limited
range [l, Sec. III-A], [2] of the position of an object
constrained to a certain area, and of the speed of a vehicle
between zero and its maximum speed. Estimation on the
unit circle plays an important role in signal processing [3],
[4], meteorology [5], aerospace (e.g., the heading of an
airplane) [6], and many other fields.

For bounded spaces, it is possible to perform a discretiza-
tion and consider estimation on a space with a finite but
sufficiently large set of possible values. While the idea of
discretization may seem obvious, there are a number of
important choices when designing a discrete filter for bounded
spaces.

Let us imagine that we want to discretize the state using
a grid with L equidistant values. The key question that has
to be considered deals with the way the discrete probability
is interpreted. The first interpretation relies on a piecewise
constant distribution (i.e., a histogram), where the original
space is subdivided into L intervals and we implicitly assume
a uniform distribution within each interval. Thus, the resulting
density is actually a continuous density on a continous domain
with a finite number of different values, which is determined
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Fig. 1: Discrete approximations of a continous von Mises
density on the unit circle with L = 20 discretization steps.

by a discrete set of parameters. However, as we will see later,
the filtering problem can be reduced to filtering on a discrete
domain by integrating over each interval. As a result, we only
need to consider a finite number of possible states, rather
than a continuous-valued state.

On the contrary, the second approach consists in a particle
approach, where we define a mixture of L weighted Dirac
delta functions located on a grid. This corresponds to taking
each of the L intervals from the first interpretation and
concentrating all of its probability mass into a point mass
located at the center of the interval. Thus, it can be seen
as a discrete distribution on a continous domain. This is
quite similar to a particle filter [7], except that the particle
positions are fixed. Both interpretations require the same
amount of memory (L values), but the induced density has
different properties and the computational effort of estimation
algorithms based thereon can differ significantly. These
concepts are illustrated in Fig. 1.

Grid-based filtering has a long history dating back to the
Wonham filter [8]. It has been applied in robotics, e.g.,
by Burgard et al. [9], and is sometimes called histogram
filtering [10, Sec. 4.1]. Approaches relying on grid-based
discretization have also been commonly used for solving
partially observable Markov decision processes (POMDPs)
[11], [12], [13].

In contrast to discrete methods, there are also continuous
approaches to recursive filtering on intervals and the unit
circle. Many researchers rely on classical approaches that are
designed for real numbers R, e.g., based on the Kalman filter
[14], and do not consider the bounded nature of the interval
or the periodicity of the unit circle. Sometimes, neglecting



the true topology of the considered state space still yields
acceptable results, but under certain circumstances (e.g., large
uncertainties) these approaches tend to fail. For this reason,
filters designed for the interval, e.g., truncated Gaussian filters
[15], [16, Sec. 7.5.4], or for the unit circle, e.g, based on
Matrix Lie groups [17] or on von Mises or wrapped normal
distributions [18], [6], have been proposed. The downside of
those filters is that a particular density is assumed and they
are thus limited to problems where this density assumption
holds (at least approximately). Finally, methods based on
Fourier series have been proposed [19], [20], [21] which can
represent a wide range of densities, but are limited to the
periodic case and require special tweaking to ensure positivity
and normalization of the density. Moreover, they need many
coefficients to handle high frequencies and their complexity
is typically not linear in the number of coefficients.

The contribution of this paper can be summarized as
follows. We present two different interpretations of discrete
filtering and show how they can be applied to estimation on
the unit circle and on intervals. The two approaches are first
compared regarding their theoretical properties and then put
to the test in a simulated example.

In this paper, we use the following notation.
P(") discrete probability mass function

fe) continous probability density function

Ay(i,j) matrix Ay, element at row i, column j

Ta() indicator function of the set M

Dirac delta function

4()
II. PROBLEM FORMULATION

We consider an arbitrary bounded interval contained in R
as the domain of the system state. For our purposes, it does
not matter if the interval is closed, open, or half-open. The
topology of the interval can either be the subset topology of R
or the topology of a circle, i.e., the lower and upper borders of
the interval are connected. In the following, we will assume
that the domain is without loss of generality defined as [0, 27)
as this interval is commonly used as a parameterization for
the circle. At this point, we do not choose one of the two
topologies, however. Instead, we distinguish the topologies
only where it actually makes a difference.

A discrete-time system with state z;, € [0, 27) at time step
k is given by the general system equation

Tpr1 = ap(Tp, wg) , (D

where wj;, € W is noise in some noise space . Sometimes, it
is helpful if the transition density f(xg41|zx) is also known.
In the case of additive system noise, the transition density can
easily be derived from (1) (see [6]). The general measurement
model is given by

2 = hi(zr, V) 2

where 2z, € Z is the measurement in some measurement
space Z and v, € V is noise in some noise space V. For
some of the approaches discussed in this paper, we also
require the likelihood f(zg|zy) to be known. In the case

of additive measurement noise, the likelihood can easily be
derived from (2) as discussed, e.g., in [6].

In order to simplify the calculations, it is sometimes helpful
to approximate the noise densities f;’(wy) and f}(vy) using
(weighted) samples. These samples can be obtained using
stochastic or deterministic sampling. In stochastic sampling,
the samples are drawn randomly from the given distribution,
whereas deterministic sampling places the samples optimally
with respect to an optimality criterion. The benefit of deter-
ministic sampling is that typically a much smaller number
of samples is required for the same approximation quality.
Methods for deterministic sampling of circular densities are
given in [22], [23], [24]. Algorithms for Gaussian densities
can be found in [25], [26].

III. PIECEWISE CONSTANT APPROACH

In this section, we discuss approaches for discretized fil-
tering based on piecewise constant distributions. The derived
filters can be seen as discrete-time Wonham filters [8]. It is
noteworthy that all methods discussed here are independent
of the underlying topology.

Definition 1 (Piecewise Constant Distribution). A piecewise
constant (PWC) distribution with L discretization steps on the
interval [0,27) is given by the probability density function

71, xe]l
VL) =9 ¢ : :

YL erL

PWC(x;v1, .- -

where I; = [["™, ™) with equidistant interval borders

min - 27 max -27T
I; Z(J—l)f I; :Jf

forj=1,...,L, and Q%Zlefyjzl.

and

Obviously, it holds that I;NI; = () for i # j and UJLZI I; =
[0,27), i.e., I1,..., I, constitute a partition of the set [0, 27).
In the following, we assume xy ~ PWC(x; 71, ..., Yn), 1.6
xy 18 PWC-distributed. Thus, we have

2
Pz € I;) = / PWC(x;v1,--.,7L) dag = %% 3)
I;

fori =1,..., L. As a result, the probability mass within each
interval is proportional to the corresponding parameter ;.

A. Prediction

In order to perform the prediction step, we first obtain the
system matrix Ay(7,j) = P(zk41 € Lilxy € I;). The entry
A (i,7) corresponds to the probability of the state at time
step k + 1 being in the interval I; given that the state at
time step k& was in the interval I;. This probability can be
computed according to

P(zgi1 € Lilwg € )

Z/ / fﬁ(wk)ﬂji(ak(azk,wk)) dxk dwk .
w JI;



In general, these integrals have to be evaluated numerically.
If the noise wy is approximated using L™ samples with
positions 31’,..., 8w and weights 7}, ..., 7}, we can
simplify the integral and obtain

P(xpy1 € Ii\xk S I Z’Yl / 1y, ak('rkvﬁl ) dxy

I;

Alternatively, if the transition density f(zxy1|z)) is known,
we can obtain the entries of A according to

P(a)‘k+1 S Ii|.'L‘k S Ij) :/ / f(xk+1|xk) dxy, dl’kJrl .
LJI;

While this representation also necessitates the evaluation of
a two-dimensional integral, numerical evaluation is typically
more stable because the discontinuous indicator function is
not present. Either way, the evaluation of the integral(s) can
be performed offline if the system function ay(,-) and the
distribution f;*(wy) of the system noise are time-invariant.
For certain system models or certain noise distributions, it may
be possible, to find analytical solutions to the aforementioned
integrals.

Once the system matrix is known, the predicted PWC
density can be obtained using

L
= A(i,§)P
j=1

B. Measurement Update

P($k+1 S Iz) (LIJk; S I]) .

When performing the measurement update, we consider two
different approaches. The first possibility is to discretize the
measurement space just as we discretize the state space. The
second possibility is to retain a continuous measurement space
and compute the likelihood of one specific measurement.

1) Discretized Measurement Space: If the measurement
space Z is an interval in R, we can discretize it into intervals
I Tyenes I,,,. The number of discretization steps does not need
to be identical to the number of discretization steps used for
the state space.

Now, we construct the measurement matrix Hy(4,j) =
P(z, € Ij|z), € I;), where

P(z, € Li]zy, € T)

J f e,

These integrals can in general only be evaluated nu-
merically. If the noise vy is approximated by LY samples
with positions 57, ..., 57, and weights ~{,...,~v}., we can
simplify the integral and obtain

P(zy, € L]z € I) nyl /

I

hk(ibk, ’Uk)) dCCk d’Uk .

(h(wx, B))) g,

Alternatively, if the likelihood f(zg|z)) is known, we can
obtain the entries of Hj using

P(zy, € Lilvg € 1) :/ / f(zil|zy) dog dzy
I; I]‘

Once again, this allows avoiding integration over the discon-
tinuous indicator function. In all cases, the evaluation of the
integrals can be performed offline if the measurement function
hi(-,-) and measurement noise f; (vg) are time-invariant.
When we receive a measurement, we can perform the
measurement update by finding the interval I; that contains
21 and selecting the corresponding row of the matrix Hy.
The update is then performed using Bayes’ rule according to

P(xy, € Ij|z1, € I) o< Pz, € Ij|xy € I;)Plxy, € I;) .

Note that we omit the normalization term here as it is easy
to renormalized the density afterwards.

2) Continuous Measurement Space: 1If we cannot or do
not want to discretize the measurement space (e.g., it is very
large or even unbounded), we can use the following approach
instead. For a fixed zi, we use Bayes’ theorem to obtain

(l‘k el |Z}€ / f xk|zk dxk
/f2k|33k f(zy) doy,

%/ [ (zxlor) day,

where we use integration over the continous likelihood
function. The integral has to be evaluated online in every
measurement update step for each I; even if the likelihood
function f(zx|z)) is time-invariant because the integration
depends on the actual measurement z;. In the end, we once
again renormalize the result to ensure a valid density.

IV. DIRAC-BASED APPROACH

This section is devoted to the second type of discretization
approach—the use of a Dirac mixture.

Definition 2 (Dirac Mixture). A Dirac mixture density on
[0,27) with L components is given by

L
D(x;ﬁla"~7ﬂLa71v"'77L) = Z’y]é(ﬂj 75&) )
j=1
where §; < --- < B, € [0,27) with 741,...,v, > 0 and
L

Z]‘:1 v =1

Note that the Dirac mixture is sometimes referred to as
wrapped Dirac mixture if the underlying space is periodic
(see [6], [27]).

In the following, we use Dirac mixtures where the Dirac
components have fixed equidistant positions

2
Bi=G-1DT, i=1...L @

on a grid and variable weights to represent the state estimate.
Contrary to a sequential importance resampling (SIR) particle
filter [7], the particles can only change their weights but they
cannot move. This design choice has the advantage that the
state space is always evenly covered by particles and particle
agglutination as well as inadequate state space coverage
as present in SIR particle filters is avoided. Also, contrary



to a SIR particle filter, the proposed approach is entirely
deterministic. On the other hand, the ability to represent very
concentrated densities is obviously limited by the resolution
of the underlying grid.

The probabilistic interpretation of the Dirac-based approach
is given by

Pz = B;) =5 - (5)

In contrast to (3), we do not consider L intervals, but just L
discrete points in (5).

A. Prediction

In order to compute the prediction, we first propagate the
samples through the system function. Let us ignore for now
that the resulting density is supposed to be defined on the
grid (4). Then, the exact propagated density is given by

L
f(zry1) = ;% /W 0(@p41 — ax(Bs, wr)) dwy, .

This integral can be precomputed for time-invariant a; and
wy,. If the noise wy, is approximated by L* samples according
to Zle 7;'6(z—B;’), we can simplify the integral and obtain

L LY

Flaren) = YD 70y 0(wnes — (B B7)) -

i=1 j=1

Now, we present strategies to reapproximate f(zp41) with
samples that are located on the grid defined in (4).

1) Nearest Neighbor: The nearest neighbor approach starts
by initializing all weights of the predicted density with
zero. For every component, we find the grid point closest to

ar(Bi, B, ie.,
arg min, d(8;, ar(B;, ﬂjw))

where d(-,-) is topology-aware distance function. If we are
performing estimation on an interval, we would typically use
d(x,y) = |x —y|. In the case of estimation on the unit circle,
we would use the geodetic distance

d(x,y) = min(|z -y, 27 — [z —y|)

instead. Either way, it is possible to find the closest grid
point in O(1) using modulo arithmetic due to the equidistant
grid. Then, we add the weight 7;7}" to the weight of the
considered Dirac delta component.

While this approach is very easy to implement, it suffers
from significant problems. In particular, small changes to
the density are completely disregarded in certain cases. For
example, consider ay(zx,wy) = i + € with |e] < 7/L. In
this case, all probability mass would be assigned to the same
Dirac component as before, i.e., the density would not change
at all.

2) Proportional: An alternative to the nearest neighbor
approach that alleviates the aforementioned problem is the
proportional method. The basic idea consists in finding the two
nearest neighbors and dividing the probability mass between
them depending on the distance.

In the following, we distinguish several cases. If we have
B < ar(B;, 5}“) < B41, we can assign the weight depending
on the distance in a straightforward manner. The component
at f3; is assigned the weight

d(ﬁl-ﬁ-h ak(/giv B‘;w))
d(ﬁl) ak(ﬁh B;))) + d(ﬂl+17 a’k(/gia ﬁ;ﬂ

and the component at ;4 is assigned the weight

d(Br, ax(Bi, B}’))
d(Br, ar(Bi, BY)) + d(Bi+1, ar(Bi, B

Obviously, both weights sum up to ~;7;", i.e., the total
probability mass is retained.

Certain special cases arise at the borders depending on
topology. If the underlying topology is that of an interval,
we consider two cases. For ax (i, 3}’) < 81, the component
at (1 is assigned the entire weight v;7;". Correspondingly,
for ay(Bi, 8}") > Br, the component at 3, is assigned the
entire weight ~;;".

In a periodic topology, we proceed as follows. For
ak(ﬁi,ﬂg") < By or ak(ﬁi,ﬂ;") > [, we divide the
probability mass between (1 and (31, using topology-aware
distance, i.e, the component at 3 is assigned the weight

d(ﬁL,CLk(,@i,ﬁ;ﬂ)) AW
d(B1,ax (B, ) + d(Br. ar (B, )
and the component at 3, is assigned the weight
d(B1,ar(Bi, B)) w
d(Br, ar(Br, BY)) + d(Br, ax(Bi, 7))

All cases discussed above can be handled in O(1) again.

))%7;-“

))%v}”‘” -

B. Measurement Update

Computation of the measurement update is straightforward
in the Dirac-based approach. We can directly apply Bayes’
rule

L
f(@rlzr) o< flzklzr) f(zr) = Z'ij(Zij)é(ﬂj —Tk)
j=1

i.e., we multiply all weights with the likelihood. Afterwards,
the weights are renormalized to sum up to one. This method
for performing the measurement update does not require
discretization of the measurement space Z.

V. COMPARISON

An overview of the presented algorithms is given in
Table I and Table II. In each table, we show different cases
where we distinguish the density representation, whether
the system model and noise distribution are time-variant,
whether the noise is given as a sample set, and whether
the measurement space is discretized. It can be seen that



in most cases, the PWC-based algorithms tend to have a
higher computational cost than the Dirac-based algorithms.
Typically, the computation time is dominated by the numerical
integration algorithm, i.e., it is highly desirable to avoid
numerical integration at runtime. Also, we would like to avoid
2D numerical integration altogether as it is substantially more
expensive than 1D numerical integration.

There are also some theoretical differences between the two
discretization approaches. It can be shown that for a continous
pdf f(), the PWC approximation converges pointwise to the
true pdf as L approaches infinity. Formally, we have

Llim |[PWC(x;71,...,7vL) — f(x)] =0 Vxe€l0,27),
— 00

where v; = fb f(z)dx for 1 <4 < L. Such a statement is
not possible for the Dirac distribution as it never approaches
a continous density. Still, it can be shown for piecewise
continuous f(-) that the limit

b b
lim / D(x; 81, BLsY1y---,vL) dz —/ f(z)dx
L—oo |/, a

is zero for all fixed a < b € [0,27), where f1,...,0 are
given by (4) and v; = f(8;) for 1 < i < L. Intuitively, this
means that the probability mass of the approximation that is
contained in [a, b] converges to the true probability mass in
[a, b].

Another interesting aspect to consider is the entropy, i.e.,
the information content of the densities. The continuous
entropy for a PWC distribution is given by

2m

— PWC(x;71, .. .
0

27 &
=7 vilogi
=1

i.e., it can be simplified to a sum. On the contrary, the
continuous entropy for a Dirac distribution is not well defined.
However, it is possible to compute the discrete entropy for a
Dirac distribution according to

L
- Z Vi log Yi
=1

which is identical to the entropy of the PWC distribution with
the same weights up to a factor of 27/L. Note, however,
that the discrete entropy does not depend on the location
parameters (1, ..., at all, i.e., it does not depend on the
grid. As a result, the discrete entropy is not a very useful
measure if the Dirac locations encode important information
as is the case in SIR particle filters [7].

It should be noted that there are some further alternative
approaches. First of all, it is possible to consider a piecewise
linear rather than a piecewise constant density. However, some
of the simplifications that are possible for piecewise constant
densities are not possible in this case. Second, the grid does
not necessarily need to be uniform. Non-equidistant grids
may allow a more accurate representation of the density in
areas that are of particular interest and adaptive discretization

a’yL) 10gPWC(%’Ylv e 7’7L) dz

Problem Solution

time- noise numerical online
density variant sampled integration complexity
PWC  no no offline 2D O(L?)
PWC  yes no online 2D O(L2 + L? - I)
PWC  no yes offline 1D O(L?)
PWC yes yes online ID  O(L2+ L-1Iy)
Dirac no no offline 1D O(L)
Dirac yes no online 1D O(L+L-I)
Dirac  no yes no O(L - LY)
Dirac  yes yes no O(L - LY)

TABLE I: Prediction algorithms. Note that we assume the
cost for a single numerical integration in d dimensions to be
I;. The complexity refers to the online complexity only.

Problem Solution

time- noise meas. numerical online
density variant sampled space integration complexity
PWC no no discr.  offline 2D O(L)
PWC yes no discr  online 2D O(L+L-I)
PWC no yes discr.  offline 1D O(LL")
PWC yes yes discr.  online ID  O(LLY + L - I1)
PWC no N/A cont.  online 1D O(L+L-I)
PWC yes N/A cont.  online 1D O(L+L-I)
Dirac yes/no  N/A cont. no O(L)

TABLE II: Measurement update. Note that we assume the
cost for a single numerical integration in d dimensions to be
I4. The complexity refers to the online complexity only.

approaches may be achieve better results by dynamically
adjusting the grid resolution. Finally, it is also possible to
discretize the frequency domain as is done in approaches
based on Fourier series, e.g., [19], [20].

VI. EVALUATION

In the following, we will evaluate the proposed approaches
in a strongly nonlinear scenario on the unit circle. For this
purpose, we consider the function proposed by Gilitschenski
et al. in [28] as a system and a measurement model. It is
given by

oo (2 05 )

for 6 € [0, 27), ¢ € R This function is a continous bijection
on [0,27) (see Fig. 2). The nonlinearity of the function can
be adjusted by changing the parameter c.

A. Prediction

For the evaluation of the prediction, we assume that the
state at time step k is distributed according to a wrapped
normal [29, Sec. 2.2.6] distribution

00 . 2
WA (z;p,0) = Y e <(x .+ 26m) >
k=—o0

2o 202

with parameters ;1 = 7 and o = 1, which we denote by
WN (m,1). The system model is given by

Try1 = he(xr) +wi



27

he(z)

27

Fig. 2: Nonlinear function used for evaluation.

where the system noise wy is distributed according to
WN(0,0.2). Now, we perform a single prediction step using
several methods and compare the first trigonometric moment
of the result to the first trigonometric moment of the ground
truth!. The first trigonometric moment of a random variable
x is defined as the complex number E(exp(iz)) and contains
both the location and the uncertainty of the distribution
(see [30, Sec. 2.4] for a more thorough introduction). Thus,
the error measure is given by

2m 2m
/ fresult(y) exp(ix)d:cf/ f™(z) exp(iz) dz| ,
0 0

where ¢ is the imaginary unit and | - | is the Euclidean norm
in the complex plane.

We compare a wrapped normal based filter, a circular
version of the one-dimensional UKF, the discrete Dirac-
based filter proposed in Sec. IV, the piecewise constant filter
proposed in Sec. III, and a circular SIR particle filter (see [6]).
For the PWC filter, we obtained the system matrix using
1D numerical integration by using sampled noise consisting
of five samples obtained using the sampling scheme given
in [22]. For the discrete Dirac-based filter, we applied the
proportional weighting scheme.

The evaluation results are depicted in Fig. 3. It can be seen
that the discrete Dirac-based filter with L = 50 performs best
in most cases. The PWC filter with L = 50 is better for small
c but somewhat worse in most cases even though it has much
higher computational cost. Even though it is not as good,
the Dirac-based filter with I = 10 still produces acceptable
results. The WN filter is worse because it reapproximates with
a WN density and uses only L = 5 particles for propagation.
The UKF has an even lower accuracy because it only uses L =
3 samples and it does not properly consider the circular nature
of the problem. We find that the circular particle filters yield
quite poor results. Even when L = 1000 particles are used,
the performance of the PWC and discrete approaches with
L = 50 cannot be matched. This illustrates the advantages of
grid-based approaches where particles have fixed positions.

The ground truth is obtained using a Dirac-based filter with L = 5000.
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Fig. 4: Moment error after one update step.

B. Measurement Update

When evaluating the measurement update, we assume that
the prior density is given by WA (m, 1) and the measurement
model is based on the same function as before, i.e.,

2k = he(xg) + ok

where the measurement noise vy is distributed according to
WN(0,0.2). Now, we perform a single measurement update
for the measurement z; = 5 and compare the same filters
as before with respect to the error in the first trigonometric
moment. For the PWC filter, we chose to use the version
with the continuous measurement space (see Sec. I1I-B.2),
which requires online numerical integration.

In Fig. 4, we show the results of the evaluation of the
measurement update. In this case, the discrete Dirac-based
filter with L = 50 clearly performs best and even beats
the PWC filter by orders of magnitude while being faster
to compute. All other approaches are significantly worse.



In particular, we once again notice that the grid filter with
L = 50 is significantly better than a circular particle filter
with L = 50.

VII. CONCLUSION

We have presented two fundamentally different approaches
for filtering on intervals and the unit circle. While both
approaches have advantages and disadvantages, our evaluation
indicates that the Dirac-based approach is usually superior
and also much faster to compute.

The proposed approaches can be generalized to a higher
number of dimensions. However, it is expected that the num-
ber of required grid points typically increases exponentially
with the number of dimensions. It is also possible to consider
a grid on the unit hypersphere for hyperspherical estimation
problems. In that case, it is not obvious how to choose and
evenly spread the grid points [31], [32].

Implementations of the proposed filters as well as the
other filters used in the evaluation are available as part
of libDirectional [33], a MATLAB library for directional
filtering.
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