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A RADIATION CONDITION ARIZING FROM THE LIMITING
ABSORPTION PRINCIPLE FOR A CLOSED FULL- OR
HALF-WAVEGUIDE PROBLEM.

ANDREAS KIRSCH AND ARMIN LECHLEITER

ABSTRACT. In this paper we consider the propagation of waves in a closed full- or half-
waveguide where the index of refraction is periodic along the axis of the waveguide.
Motivated by the limiting absorption principle, proven in the Appendix by a functional
analytic perturbation theorem, we formulate a radiation condition which assures unique-
ness of a solution and allows the existence of propagating modes. Our approach is quite
different to the known one as, e.g., considered in [6] and allows an extension to open
wave guides (see [10]). After application of the Floquet-Bloch transform we consider the
Floquet-Bloch variable o as a parameter in the resulting quasi-periodic boundary value
problem and study the behaviour of the solution when « tends to an exceptional value
by a singular perturbation result which we have found in [4].

1. INTRODUCTION

The study of wave propagation in periodic structures has a long history. Most of the work
concerns wave propagation in layered media (see, e.g., [12, 13] as classical references) but
during the last two decades also more generel periodic structures have been investigated.
We were motivated by the work of Fliss and Joly [5] who studied the asymptotic behaviour
of time-harmonic waves in closed periodic wave guides. The challenge for these problems
is to develop suitable radiation conditions which, from the mathematical point of view,
assure uniqueness and existence of propagating modes; that is, existence of waves which
do not decay along the direction of periodicity. A natural way is to characterize the proper
waves by the limiting absorption principle; that is, these waves are limits (with respect
to a certain topology) of H'—solutions for complex wave numbers when the imaginary
part tends to zero. Recently, in [10], we investigated the scattering of point sources by a
periodic layer (periodicity along the axes of the layer) on a perfectly conducting line. We
developed a rather elementary proof of the limiting absorption principle which directly
provides the correct form of the propagating modes and leads to a natural radiation
condition, extending the well known upwards propagation radiation condition for rough
surfaces (in the sense of [2, 1]). This approach carries over without any difficulties, being
even simpler, to the case of radiation problems in a closed waveguide. Because of this
close analogy we transfer this approach for the closed waveguide into the Appendix, where
we simplify the arguments by making use of a functional analytic perturbation argument
based on a classical result bei Colton and Kress in [4]. We use the classical form of the
singular perturbation result in [4] to give a direct proof of uniqueness and existence using
only the radiation condition. We want to point out that our approach is rather different
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compared to the one in [6], and also compared to the independent study in [7] and leads
to a form of the radiation condition which is equivalent to the well known formulations
as, e.g., in [6] (see also [8]) but takes a slightly different form.

The radiation condition, motivated by the limiting absorption principle of the Appendix,
demands a special decomposition of the solution into a field u") which decays along the
axis of the layer and a finite combination of surface waves which can be understood
as solutions of finite dimensional eigenvalue problem. The sign of the corresponding
eigenvalues determine whether the surface wave travel to the right or left, respectively.
We show uniqueness of the solution under this radiation condition. The proof of existence
is based on the Floquet-Bloch transform and the singular perturbation result in [4].

The methods we apply are all well-known and in principle simple enough to extend
our analysis to more involved scattering problems in linear elasticity or electromagnetics
(which, however, has to be done). To reduce technical difficulties, in this paper we are
however merely considering the simple Helmholtz equation in R2.

To briefly comment on this paper’s structure, the following Section 2 discusses the closed
waveguide problem with respect to uniqueness, existence, and well-posedness. Then we
consider the half-waveguide problem in Section 3 where we followed an idea presented
by Hoang in [7]. In the Appendix we prove a general functional analytic perturbation
result and apply this to prove the limiting absorption principle for the closed wave guide
problem.

2. THE CLOSED PERIODIC WAVEGUIDE

Let £ € C with Re k > 0 and Im & > 0 be the wave number, W = R x (0,h) the
waveguide, n € L (W) the index of refraction which is assumed to be 2w —periodic with
respect to z; and satisfies n > ng in W for some ng > 0. Furthermore, let f € L?(W) be
a source function. For f we will need some decay when |z1| tends to infinity. Therefore,
for r > 0 we define the weighted space

LXW) = {fe W)z (14| >)?f(x) is in L2 (W)}

with canonical norm and assume that f € L?(W) for some r > 3/2. We want to determine
u € H. (W) such that

(1) Au+knu=—finW, wu=0ondW.
Definition 2.1. A function u € H. (W) with u =0 on OW is called variational solution
of (1) if
(2) / [Vu-V¢—k2nuw] dr = / fdx
w w

for all v € HY(W) with compact support.

We make the first assumption that k% does not belong to the point spectrum of the
operator —%A (with the canonical domain of definition).

Assumption 2.2. There is no non-trivial solution u € Hy(W) of Au+k*nu =0 (in the
sense of (2)). Here, and in the following, Hy(W) ={u € H (W) :u=0 on OW}.

This assumption is standard, see, e.g., [6], and is only necessary for real values of k.

Indeed, we have:
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Theorem 2.3. For k € C with Re k > 0 and Im k > 0 there exists a unique variational
solution w € H'(W) of problem (2).

The proof is a simple consequence of the theorem of Lax-Milgram.

For real values of k, however, there exist propagating modes as the simple example of
constant index n shows. In [10] we have proven the limiting absorption principle for
the - more complicated - half-open waveguide problem where the scattering medium is a
periodic layer on a perfectly conducting plate. The analysis carries over to this case of a
closed waveguides and motivates a radiation condition. We recall ans simplify the proof
of the limiting absorption principle in the Appendix. The formulation of the radiation
condition needs some preparation. From now on we assume that k is a fixed real and
positive number.

We recall the (periodic) Floquet-Bloch transform T, : L*(R) — L?((0,27)x (—1/2,1/2))
which is defined by

(3)  (Trerh)(t, ) = h(t,) = Y h(t+2mj)e ™) teR, ac(-1/2,1/2].
ez

The latter formula directly shows that for smooth functions h and fixed o the trans-

formed function t — Ty, h(t,a) = h(t, ) is 2r—periodic while for fixed ¢ the function

a = Theeh(t, ) = h(t,a) is t—quasi-periodic; that is, h(t,a + 1) = e *h(t,a). It is

hence sufficient to consider L?((0,27) x (—1/2,1/2)) as image space of T,. The inverse

transform is given by

1/2
T = [ gtta)eda, ek,
~1/2

where we extend g(-, @) to a 2r—periodic function in R. In view of our waveguide problem,
we apply the Floquet-Bloch transform to the variable x; and consider x5 as a parameter.
By an abuse of notation we denote this operator also by T).,. Setting @) := (0, 2m) x (0, h)
one can then show that T}, is an isometry from L*(W) onto L?(Q x (—1/2,1/2)) which
we identify with L?((—1/2,1/2), L*(Q)), such that

1/2

ey = | [P deda = [Ih@Pde = [l
“1/2 Q w

Further, the restriction of T, to H'(W) is an isomorphism from H'(W) onto
L*((—1/2,1/2), H},.(Q)) where H, (Q) = {h € H'(Q) : his 2rperiodic in z1}. For

per
these properties of the Bloch transform we refer to [11, Section 6]. In the following we
will mainly use the periodic Bloch transform 7)., but sometimes later it will be convenient

to consider also the quasi-periodic Bloch transform 7Ty, defined by

(quh)(l’, Oé) = eiaxl (Tperh>(‘r7 Oé) = Z h(£1+277'j7 .732) 67i0¢27rj ’ LS Q7 o€ (_1/27 1/2] :
jEZ

We note that T,,h is one-periodic with respect to a. In [11] it has been shown that T,

yields an isomorphism from the weighted space L2(W) onto H.,. ((—1/2,1/2), L*(Q)).

per
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For fixed « the transformed 2m—periodic field (-, o) = (Tperu) (-, @) is a variational solu-
tion to

%x’la) + (an_OéQ)a(UO‘) = _f('aoé) inW?

(-,a) =0 on oW .

AU, a) + 2ia

(4)

To tackle the last problem variationally, we define H_} per
in H', (Q) that vanish on OW N Q.

per

(@) to be the subspace of functions

Then we seek q = a(-, ) € Hj ,.,(Q) as a solution to the variational equation

(5) /Q{Vua Vzb—?wm/)——i—(oz — k*n )uazb} dr = /f ) da

for all o € Hy,,(Q). We equip Hj ., (Q) with the inner product (u,v), = [, Vu-Vvdz

which leads to the norm || - ||, which is equivalent to the ordinary H 1—norm on Hj,..(Q)
(Poincare-Friedrich’s inequality). Then we can rewrite the variational equation (5) as

(6) (s ) — aalin, / J(a)Bde for all ¥ € Hy,,(Q).
where
ao(v,1) = /Q [22@@/} o (an—of)vE] dr, v, € HépeT(Q)

By the representation of Riesz in the Hilbert space Hg,,,(Q) and the compact imbedding
of H} _.(Q)in L*(Q) for every o € (—1/2,1/2] there exists a compact operator K, such

0,per

that aq(u,¥) = (Kqu, 1), for all u,¢ € Hj,..(Q); that is,

(7)) (Kau,¥). = /Q {22@@/} — + (K’n—a )uzﬁ} dz for all u,¢) € Hy,.,.(Q) .

891:1
Furthermore, there exists f, € Hj e (Q) with fQ a)hdr = (fa,0), for all ¢ €
H} per(@). Then we can rewrite the variational equatlon (6) as an operator equation,

(8) Uy — Kolg = fa n H&per(Q)‘

The values of a € (—1/2,1/2] for which I — K, fails to be injective are called exceptional
values.

Theorem 2.4. Under Assumption 2.2 there exist only finitely many (possibly no) excep-
tional values which we collect in the set {&; : j € J} C (—1/2,1/2]. Therefore, for every
J € J the space

X, = {gb cHE(W):Ap+Enpg=0imW, ¢=0o0ndW, ¢ is &j—quasi—pem’odic}
is finite dimensional. Set m; = dim Xj;.

Proof: Only the finiteness of the set of exceptional values has to be shown. The operator

I — K, depends quadratically on a and has the form I — K, = I — Ky + aB + o*C where
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Ky, B, C are also selfadjoint and C' ist positive. Therefore, we can write (I — K,)u = 0
as a linear eigenvalue problem in the form

() Cn) el ) ()= ()

with u; = @ and us = aCY24. This has the form Mu = aDu where M is Fredholm and
D is compact. If there exists @ € C such that M — &aD is invertible then Mu = aDu is
equivalent to the ordinary eigenvalue problem ﬁ u = [M — &D] ' Du for the compact
operator [M —aD]~!'D. Since its eigenvalues can accumulate only at zero the eigenvalues
a can accumulate only at infinity which shows that there are at most finitely many in
[—1/2,1/2]. Therefore, we have to show the existence of at least one & € (—1/2,1/2] such
that I — K is invertible. If this were not the case A = 1 would be an eigenvalue of the
selfadjoint operators K, for every o € (—1/2,1/2]. Let us fix an arbitrary & € (—1/2,1/2].
Then A = 1 is an eigenvalue of K4. Furthermore K, depends analytically on a. By
a general theorem on selfadjoint holomorphic families of operators (see [9], Chapter 7,
Section 3) there exist A(cr) and non-trivial @(a) € H),,.(Q) which depend holomorphically
on « in a neighborhood I of & such that A(&) =1 and K,u(a) = AMa)u(«) for all a € I.
Because 1 is an isolated eigenvalue of K, for every a € (—1/2,1/2] we conclude that
AMa) =1 for all @ € I. Then u(z) = [, u(z, o) exp(ioay) dev is in Hy (W) and satisfies
Au+ k*nu = 0 in W which contradlcts Assumption 2.2. O

We note that this space X is related to the nullspace N'(I — Kg,) C Hj .. (Q) of I — K,
in the sense that ¢ € X; if, and only if ¢ € N'(I — Ks,) where o(x) = p(x)e ",

We choose a basis {(bf,j eX;:l=1,... ,mj} of X; for j € J as eigenfunctions of the
following self adjoint eigenvalue problem

0 _
9) — / ;jf]wd = )\gyjk:/nqbg’jwdx for all ¢ € X;
1 Q
with eigenvalues A\,; € R, £ =1,...,m;, j € J. We normalize the eigenfunctions as

k/n¢g7j¢g_/7jd$ = Opp forall 0,0 =1,....,m;.
Q

If we transform (9) to the 2w —periodic functions we have for ¢;,(z) = ¢, (x)e %% €
N(I — Kg,) that

_z/ [89% +i@jéz,j] Edw = /\e,jk/n@,jgdx for aH?ZJEN([—de).
o Q

Using the definition (7) of the operator K}, (where we indicated also the dependence on
k); that is,

(Ko t). = [ 2007 50+ (=)0 e, 00 € B @),

we note that we can rewrite the eigenvalue problem (9) in the form

0 0

(10) P@ Ka]@J = AP I 9k

where P; is the orthogonal projection onto N (I — Ka,).
5
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Assumption 2.5. We assume that A\;j # 0 for all{ =1,...,m;, j € J.

We will comment on this assumption and compare it to the corresponding assumption in
[6] in the Appendix. We define the sets Lf by

Oy
= {tef{l,....,m}: N\; 20} = {EG{l,...,mj}:Im/ aq;&]qudxz()}.
Q 911

Now we are able to formulate the radiation condition.

Definition 2.6. (Radiation Condition)

Let {&; : j € J} be the (possibly empty) set of exceptional values for wave number k > 0
and let Assumptions 2.2 and 2.5 hold. Then the field w has a decomposition in the form
u=uM 4+ u® where uV € HY(W) and u'® has the form

(11)  u®(@) = PT(@1) Y Y afdei(r) + ¢ (@)Y Y ag b)), zeEW,

JjeJ teL} jeJ teL;

for some aé € C where ¢* are given by

1 2 ["1/2gint
li—/ %dt]  eR.
0

(12 V) = 5

™

We note that Y (z1) + ¢ (1) = 1 and ¥ (z1) — 1 as z1 — oo and YT (z1) — 0 as
r1 — —OQ.

The following lemma provides the essential tool for proving uniqueness.

Lemma 2.7. Let u™ =3 ., deL?: afj ¢r,; for some az'fj € C. Set~,. ={r} x(0,h) for
r € R. Then

Im/uia—mld = ZZAMM%F >0 if ut#£0

JjeJ éeL].i

Proof: Set u; = Zeech ag; ¢ for j € J. Then, for j,j' € J,

+ +
r40Q 8V J 81/
—out out —ouS ou*
- _ T x4 N MY i
/% (u] 0x1 U] (91;1) st /7‘T+27r (uj 8501 U] 8:61 5

+ e
_ (ei(dj/—d]')27r 1) / = ou; ot ou; s
Y J 81'1 J 81‘1




Therefore, the last integral vanishes for j # j/. Thus we have

+
2i1m/u_iaids
T 61’1
= / uiau —ui@ ds—Z/
N Y 8;1:1 aiL‘l N j
— 9 I .—Jd.
ZZ m/ . s

jeJ

Now we fix j € J and consider only u}. Setting v(z) = (21 — r)u) (z) yields % =

N
uf(z) + (1 —7) 88 “) and Av + &2

J
— Oou’ oul — .
2 [ uf —L = 2 g = (A 2
/uj o dx /uj 9 dx /u] (Av + k*nv) do

Q r+Q r+Q
— Ov oul
= A k? d T _—ov—L]d
/(u—l—nu)x%—/(ujay U&/)S
r4+Q r+0Q
— out ut
_ +12 + + Y%
= —/|uj|ds+ / [uj (u +27r8—$1)—27ruj a—m]ds
Yr Yr+27
out out
_ + 7% _ J
= 27?/( u; 8x1 — u; 8x1>d8 47mIm/ u; e ds.
r
Furthermore,
— Juj Oy ;
] axj dx = Z agjaé/ \/\QSZ]
Q ! LreLf
— ik S adap, e / ey dugdr = i3 Aeglad |
Z,K’eLj Q ZeL;r

by the orthonormalization of ¢, ;. Taking the imaginary part and summing over j yields
the assertion. O

The following theorem is an essential ingredient for the proof of existence. It is taken
from [3] (Theorem 1.32) where a slightly more general situation is considered.

Theorem 2.8. Assume that X is a Hilbert space, I an open interval, and the families
y(a) € X and the linear and compact operators K(a) : X — X are differentiable with
respect to a € I. Let L(a) := I — K(a) be bijective for a # & for some & € I but
N :=N(I-K(a) #{0}. Let P: X - N =N (I — K(&)) be the orthogonal projection
operator onto the null space N of L(&) = I — K(&). Assume, furthermore, that the
Riesz number of L(&) is one; that is, the algebraic and geometric multiplicities of the

eigenvalue 1 of K(&) coincide. Let §' := E%y(o?) € N and assume that the projection
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C=PLK( ‘N N — N of the derivative restricted to the nullspace N is one-to-one.
Then the unique solution u(a) € X of L(a)u(a) = y(a) for a # & converges in X to a
solution u(&) of L(&)u(&) = y(&) as a tends to .

The solution u(&) is given by u(d) = (L(&) — P)_ly(d) + x where x € N is the unique
solution of Cx =9 — C(L(&) — P)_ly(d).

Remarks 2.9. (a) From the last characterization of u(&) we observe that there exists ¢ >
0 and § > 0 which are independent of y(c) such that |lu()|| < c[|ly(@)] + ||0y(&)/0al(]
for all a € T with |a — &| < 9.

(b) If I C C is an open set in C and y(a) and K («) depend holomorphicly on o € I then,
under the remaining assumptions of the theorem, u(«) depends holomorphicly on o € I as
well. Indeed, this follows from the facts that u is holomorphic in I\ {&} and continuous
in &. (Application of Riemann’s theorem on removable singularities.)

Before we prove the main result of this section we show how to determine the coefficients

aZj in the decomposition u = v 4+ 4.

Theorem 2.10. Let Assumtions 2.2 and 2.5 hold. Define the functions Fy; by
8¢57j (.T) ei(a—dj):vl
3:131

forz e @, a e (—1/2,1/2], and £ =1,...,m;, j € J. Assume that the coefficients a}'fj
solve the linear quadratic system

Z Z aﬁ] Fé] aﬂ)) ¢€030 L2(Q Z Z aZg Ffj a]o) ¢€0]0)L2

JjeJ teL} JjeJ teL;

(14) = —(f(',djo), ¢£0J0)L2(Q) fO’f' all EO = 1, ceey Mg jo eJ

(13) i) = 5 |one)ita—ay) + 2

where f = Ty f is the quasi-periodic Flogquet-Bloch transform of f. Then there exists
uV € HY(W)n H2 (W) such that u = u) + u® with the representation (11) of u®
solves (1).

For every R > 0 there exists ¢ = cg > 0 which is independent of f € L*(W) such that
ull 2wy < |l fllL2wy where Wr = (=R, R) x (0, h).

Proof: Let ag; solve the system (14) and define u® by (11). In order that u = u® 4 u®
solves (1), the field u) € H} (W) has to solve

AuV(z) + B n(z)uD(z) = —f(x) — [AuP(2) + kn(z) u? ()]
i Ayt 1 dy™ 1 auj(x)
(15) = —fl@) - jGZJ [uj (z) —IZI(% ) 1 wdx(l ) o ]
d2¢ ( 1) dy(x1) Ou; (2)
B ]ze; [ 1 2 d$1 (’33:1 ]
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where U deLi Clg]d)eg We set o™ (z1) = dij = +- 51?(3:/12/)2) and note that the

1 27

rlght—hand side of (15) is in L*(W). We take the quasi-periodic Floquet-Bloch transform
(Typv)(z, ) = O(z,0) = Z v(z + 2rmeD)) g 2rime

meZ
to both sides and note that, for any ¢ € L*(R),
qu(uj[ o)z, a) = Z p(x1 + 2mm) 2™ mG =)t = u; () p(z1, 0 — &) -

meZ
For x €  and o € (—1/2,1/2], this yields
A (z, a) + k*n(z)aW(z,a) =

—f(z,0) — Z [u;“(x) 0p" (11,0 — &) b 20" (21,0 — &) au;r(x)]

81’1 0x1

& A, ou
- Z[ L) 4oy ea—ay) uaj(x)] |
xq

Jed &Ul

From the inversion formula for the quasi-periodic Floquet-Bloch transform we directly
compute the Floquet-Bloch transform of ¢,

12 1 si 2

— e tda = 1 sin(21/2) = +o*(z1),

21 J_1)2 2 1xq/2
such that p* (2, ) = & exp(iax;)/(27). Therefore,

AV (z, a) + K*n(z)aW (z, a)

; out L
= —flz,a) — 1 uj(x) i(a—ay) + 2 u]—(:L‘) eila—aj)z
jEJ aa?l

27
1 ou; (x)| . .
1 — Vil —an o 9 2% P iamaym
+ QWZ [u] (x)i(a—ay) + o, ] e
jeJ
A 1 . A a(bf,‘ x i(a—d&;)x
= flwa) - 5 XS al, [ou) it ay) + 2250 e
jeJ eeLt
1 _ . ~ 3(;5“ (I) i(a—éj)zy
+ %Z Z Qg |:¢g7j($)7/(a—aj) + 28—:51 e
J€J verL;
(16) = —f(, Z Z aMFg] r,a) + Z Z a, i Frj(z,a) = h(z,a)
J€J veLf J€J verL;

for z € Q and o € (—1/2,1/2]. We note that for o ¢ {&; : j € J} this equation (16)

has a unique solution. For fixed &;, with jo € J it is well known that (16) is solvable if,

and only if, the right hand side is orthogonal (in L*(Q)) to the space X, of solutions of

the homogeneous problem for o = &;,. This condition is satisfied because the coefficients

satisfy the system (14).

We show that lim,_,s, 4V (-, ) exists in H}(Q); that is, a + a(-,a) is continuous.
9



This would in particular imply that @Y € L?((—1/2,1/2), H}(Q)) and would provide the
solution v = u® + u® to the waveguide problem by taking the inverse Floquet-Bloch
transform. To show continuity it is the aim to apply Theorem 2.8. First, we denote by
h(c, ) the right hand side of (16) and transform equation (16) in its 2r—periodic version;
that is,

At(z, o) — 22’04% + (K*n(z) — o) t(r,a) = e h(z,a) in Q x (—1/2,1/2]
X1

for the 27 —periodic field @(z, ) = e~ ™14 (z, a). As in (8) we can write this as

(17> (‘[ - Ka>ﬂ('7a) = Ya n H(}per(Q)

where y, € Hj .,

(Q) is the Riesz representation of the functional ¢ — — [, e™"***h(a, z)1)(x) da.
We note from our assumption on f and the mapping property of T, that f =Tyt €

H!,.((=1/2,1/2), L*(Q)). Since r > 3/2 Sobolev’s imbedding theorem guarantees that

per
a — f(-,«) is differentiable which implies that also o +— h(:,«) and thus o — vy, is
differentiable at every G; (the latter as a mapping into Hj per(@)). In order to apply The-

orem 2.8 it remains to show that the projection of the derivative P - K, is one-to-one
for o = @; on the nullspace of I — K. From the definition of K, we have that

9, 0 — |0
(rrens) = graatew) = 2 G viac]ds, vv e, (@)

Therefore, P2 K,v =0 at o = d&; for v € N'(I — Kj,) reads as fQE [59—;’1 + iy, v} de =0
for all 1) € N(I — K,) which transforms into the quasi-periodic equation

_0v
al‘l

where 0(r) = e%®y(x). Assumptlon 2.5 yields that ¢ vanishes and thus also v. Therefore,
all of the assumptions of Theorem 2.8 are satisfied which shows that © = u" +u® solves
(1).

It remains to show boundedness of the operator f — u|y,,. Let again h(-, «) be the right
hand side of (16). We apply part (a) of Remark 2.9 to the equation (17) and note that
the problem is well-posed for o ¢ {é&; : j € J}. Setting I = [—1/2,1/2] this yields

—dx =0 forallgoEXj,

~(1 ~
max [[i0 (-, 0)|[mg = max|la(, o)|uq)
< a [ngnyaHHl(Q)+Igg;<||3ya/aa||ﬂl(@)}
< op|max||h(-, @)l|2(g) + max [|Oh(-, @) /dal| ()]

for some constants c;,c2 > 0 independent of h. Now we use the fact that h(-,a) is
explicitely given by f(-, ) and f(-,&;), 7 € J, see (16) and (14), which yields the estimate

max [60( )@y < ¢ [max || f( a)lo) +max ][0, ) Ballze(o)]

< allfllar1/21/2.2@)
where r > 3/2. The last estimate follows by Sobolev’s imbeding theorem. Taking the

inverse Floquet-Bloch transform yields || || g1y < &[| f|| 72wy which shows boundedness
10



of f + uM) from L2(W) into H*(W). Finally, by standard regularity results, the operator
f = uM|y, is also bounded from L?(W) into H?(Wpg) which ends the proof. O

Now we can state and prove the main theorem.

Theorem 2.11. Let Assumptions 2.2 and 2.2 hold. For every f € L2(W) with r > 3/2
there exists a unique solution u of (1) which vanishes on OW and satisfies the radiation
condition of Definition 2.6. Furthermore, the operator Tg : f — u|w, is bounded from

LA(W) into H*(WRg) for any R > 0 where Wg = (—R, R) x (0, h).

Proof: First we show uniqueness. Let u be a solutlon of the problem for f = 0 which
satisfies the radiation condition. Then u(z) = ™ (2)+" ., [T (21)u) (2)+¢~ (21)u; (2)]

where u ZeeLi ay; ¢e; and ul) € Hl(W). We apply Green’s ﬁrst theorem in the
rectangle Wg:=(—R,R) x (0,h):

0 = —/ H[Au—i-anu}dac
Wr

ou ou
1 _ 2 12112 / ou / ou
(18) /WR[|VU| k*n|ul?] dz + u@xl ds u@xl ds

where again v+ g = {£R} x (0, h). Now we consider the vertical boundary parts separately
and substitute the form of u. This gives the sum of the following nine integrals.

I —au<1>
Ir(iQ) _ Z/ wi i)
JjEJ
— ouV)
LEiB) — / t
; J 3x1
W = Z/ )ds,
Jled
LY = / (07w ) ds
j;] Y 3:18
— 0
]r(ﬁ) = qp_(r) Z / u]_ 8—(¢+u2') ds,
jled 11
I = / ¢_UZ) ds
]%:J Y am

for r = £R. First we set r = R and let R tend to infinity. Then all integrals converge to
(4) 10
zero except of 1,7 which behaves as

— duy
11(%4) = Z/ uj 3;1 ds + o(l), R— oo,

jled



and thus by Lemma 2.7 (for any Ry > 0)

— out
: Wy _— + 20
}%gr;o(ImIR) = ImZ/ u; 8_361d8 > 0.
jeJ v TR
Analogously,
— Ou~
lim (Im 1)) = TIm / u; =2 ds <0,
R—o0 Jze; g 7 0y
and all other integrals tend to zero as r = —R tends to —oo. Therefore, taking the

imaginary part in (18) yields
0=ImI", — ImIY + o(1), R— oo,

which yields that Y., [ uf geds = X0, [, u; geds = 0 for all By and thus
ujE = 0 for all j by Lemma 2.7. This implies that also a;tj = 0 because the functions
{@ j:l=1,...,m;} are linearly independent. Therefore, u =u(") € Hj(W) and thus u
has to Vanlsh by Assumption 2.2. This proves uniqueness.

To show existence we proceed differently as in Theorem 6.8 of [10] (where we proved
existence by the limiting absorption principle) and make use of Theorem 2.10. We have to
show that the quadratic linear system (14) admits a solution. It suffices to show uniqueness
for this system. Therefore, let {aZj, a,;} be a solution of (14) for vanishing right hand
side. According to Theorem 2.10 there exists u) € H}(W) such that u = u™) +u® solves
(1) for f = 0. The uniqueness part of this proof yields v = u® = 0 and thus a/; =0

and a,; = 0 for all £ and j because the functions ¢y,; are linearly independent. OJ

Corollary 2.12. Let f have compact support. Then u") decays exponentially as ||
tends to infinity.

Proof: The Floquet-Bloch transform f is holomorphic because the series in (3) reduces
to a finite sum. Therefore, also the right hand side (-, &) of (16) is holomorphic and thus
Yo in (17). Therefore, by the remark (b) following Theorem 2.8 the solution 4" of (16)
depends holomorphicly on a which in turn implies that (! decays exponentially. 0J

3. THE HALF-WAVEGUIDE PROBLEM

We define W = R x (0, h) as before and W* = Rz x (0, h) to be the positive and negative,
respectively, half-waveguides. We set 4, = {r} x (0,h) and T* = W N W= to be the
horizontal part of the boundary of W*. Furthermore, let Hé/ ?(70) be defined as

Hy*(0) = {uly :ue€ HI(W)},

and assume that ¢ € Hol/z(”yo) and k > 0 and n € L>(W) be given such that n is bounded
below by some constant ng > 0 and 27 —periodic with respect to z;. Analogously to the
case of the full waveguide we make the following assumption.

Assumption 3.1. The only solution u* € H}(W=) of Au+ k*nu = 0 in W is the
trivial one. Here, HY(W*) = {u € HY(W=) :u =0 on OW=*}.
12



be(WT) such that

(19) Au+knu=0in W', uwu=0onI", w=¢yonn,

and u satisfies the following radiation condition:

Definition 3.2. (Radiation Condition)

Let {a; : j € J} be the (possibly empty) set of exceptional values for the full wave guide
(see definition after (8)) and let Assumptions 2.2, 2.5, and 3.1 hold. Then the field uw has
a decomposition in the form u = uV) + u® where u(l) € H'(W™) with u) =0 on I'*
and u® has the form

(20) ZZ%J@J , zeWt,

Jjed ZeLj

It is our aim to determine v € H}

for some a;; € C.

Uniqueness is proven in just the same way as in Theorem 2.11. To show existence we
transform the problem to the full waveguide problem as in [7]. We study the following
auxiliary problem.

For arbitrary fixed constant ¢ > 0 and g € HS/Z(%) determine v* € HY(W?) with
(21) Avt —c*F=0in W*, vF=0onT*, vf=gonn~.
Lemma 3.3. The problem (21) has a unique solution vt € H*(W=*). Furthermore, v*

decays exponentially with rate o; that is, the function x — v*(z)e?11l is in HY(W=). The

solution operator
T o0 v vt i W
19 Tl v oim W

is bounded from HS/Z(%) into L2(W) for all v > 0.

Proof: We take g € Hg(W) with g|,, = g and g = 0 for |z;| > 1 such that [|g|| g ) <
cllgll /2 (o) Where ¢ is independent of g. We consider only the positive waveguide W+
0
and search for a solution in the form v*(z) = g(x) + e 70" (z) with o* € H}(W™). If
* solves (21) then o solves

8 +
At — 20 aL = —e"(A§ — 02§) in W, T =0o0ndW";
I

that is in variational form

@_~+ a¢ _ ~ ox 2~( ox1
[A/+[ Vw—i-a(wal 0] axl)}dx = /W+ [Vg V(e w)—i-ag(e w)]

1

for all v» € HY(W=). Here, Wit = (0,1) x (0,h). The bilinear form on the left hand side
is coercive in H}(W™) and the right hand side is bounded. The theorem of Lax-Milgram
yields existence and uniqueness of a solution ©* and, furthermore, boundedness of the
mapping § + 0" from H'(W;") into Hi(W™). This ends the proof for WT. For the
negative waveguide the arguments have to be modified accordingly. 0

We define a second operator Ty : L2(W) — Hy'?(vo) by Toh = wl,, where w € Hj 1oe(W)
is the unique solution (by Theorem 2.11) of

(22) Aw + k*nw = (6> +kn)hin W, w=0ondW,
13



and w satisfies the radiation condition of Definition 2.6. From Theorem 2.11, the compact
imbedding of H*(Wp) into H'(Wg) and the boundedness of the trace operator we observe
that Ty is compact. Since T} is bounded by Lemma 3.3 we conclude that T'= T o T5 is
compact from Hy/'*( ’(~9) the equation
Tg — g = ¢ has a solution ¢ € HS/Q(%). Then u := w — v™ solves the half-waveguide
problem (19) in W for this choice of g where v™ solves (21) in W+ and w solves (22) for
h = Tyv. Indeed, ul,, = w|,, —9g =T9 — g = ¢ and

Au+k*nu = (6> +kn)v— (c* +k*n)vT =0in W', u=0onT.

vo) into itself. Assume that for some given ¢ € Hol

Also, u satisfies the radiation condition. Indeed, using the decomposition of w as in the
radiation condition of Definition 2.6 we have

u(x) = w(z) — v(z)
= wW(z) —ovt () + vH () Z Z ag; ¢ej(x) + Y (21) Z Z ay; Pei(T)
J€J reLt J&J teLy
= wW(@) = ot (@) (@) D Y ag; deyla) + W) 1D D af; dus(@)
i€t ter; Jet teLy

+ Z Z a;; de;(x)

J€J teLf

which provides the decomposition as in Definition 3.2 because the first four terms on the
right hand side are in Hy(W™).

Therefore, we have almost shown the second main result of this paper.

Theorem 3.4. For every ¢ € HS/Q(VO) there exists a unique solution u of (19) in W+
which satisfies the radiation condition of Definition 3.2. Furthermore, the operator Sg :
o ulwg is bounded from HS/Q('VO) into HY (W) for any R > 0 where W; = (0, R) x
(0, h).

Proof: As mentioned above, uniqueness for both, the positive waveguide W+ and the
negative waveguide W~ (with respect to the analogously defined radiation condition) can
be shown as in the proof of Theorem 2.11 and is omitted. For existence we have to show
that the equation T'g — g = ¢ admits a solution. Since 7' is compact it suffices to show
uniqueness. Therefore, let T'g — g = 0 and define v as a solution of (21) as in Lemma 3.3
and w as the solution of (22) for h = Tyv. Then (w —v*¥)|,, = w|,, —g =Tg—g =0 and

A(w—vE)+k*n(w—vF) = (*+En) v= — (6 +k*n)v= =0 in W*, w—v* =0onT*.

Therefore, w—uv* solves the homogeneous problem in W= and also the radiation condition.
The uniqueness property in both half-waveguides yields w — v* = 0 in W¥*. Therefore,
v=w e HY(W) satsifies Av — 0?0 = 0 in W and v = 0 on W and thus has to vanish
by Green’s theorem. This proves that g = 0 and ends the proof. 0

Remark: From the proof and the fact that the limiting absorption principle holds for
the full waveguide problem we observe that the limiting absorption principle holds also

for the half-waveguide problem.
14



4. APPENDIX

In this appendix we want to sketch the arguments which lead to a limiting absorption
principle. Basis is the following theorem which extends Theorem 1.32 of [3].

Theorem 4.1. Let U C C be an open set containing 0 and I = [—ap, apg] C R be a closed
interval containing 0. Let K(k,a) : H — H be a family of compact operators from a
(complex) Hilbert space H into itself and f(k,a) € H such that (k,a) — K(k,«a) is twice
continuously differentiable on U x int(I) and (k,«) — f(k,«) is Lipschitz continuous on
UxI. Set L(k,a) =1 — K(k,«) and assume the following:

(a) The null space N := N'(L(0,0)) is not trivial and the Riesz number of of L(0,0) is
one; that is, the algebraic and geometric multiplicities of the eigenvalue 1 of K(0,0)
coincide. Let P : H — N C H be the projection operator onto N corresponding
to the direct decomposition H = N @® R(L(0,0)),

(b) L(k,«) is one-to-one; that is, also onto, for all (k,a) € U x I, (k,«) # (0,0),

(c) A := PZK(0,0); : N = N is selfadjoint and positive definite and B :=
PEK(0,0)|y : N = N is selfadjoint and one-to-one.

Let u(e, ) € H be the unique solution of L(ic, a)u(e, ) = f(ie, ) for all (e, ) € (0,e0) X
I. Then there exists €1 € (0,g9) and oy € (0, ) such that u has the form

_ ~  fe
u(e,a) = i(s,0) — ;m@ for (g,a) € (0,1) X (—a1,01).
Here, ||u(e, @)||g is uniformly bounded with respect to (e, ), and {)\g, Qo l=1,... ,m}
is an orthonormal eigensystem of the following generalized eigenvalue problem in the
m—dimensional space N :

(23) —Boy = MA@, in N with normalization (Agbg,gbg/)H = dpp

for 0,0 = 1,....,m. Finadlly, f, = (Pf(O,O),@)H are the expansion coefficients of
AP f(0,0) with respect to the inner product (A-, ).

Proof: In the first part we follow very closely the proof of Theorem 1.32 in [3] (with essen-
tially the same symbols). We define L§ := (L(0,0) — P)_l and M (e, o) := L (L(ie, o) —
L(0,0)) and set i(e,0) = (I — M(z—:,oz))flLa“f(ie,a). We note that (I — M(e, a))fl
exists for sufficiently small |(¢,«)| because M(s,a) — 0 as (e,a) tends to zero. For

the same reason (e, a) converges to 1(0,0) as (g,«) — (0,0) and thus is bounded in a
neighborhood of (0,0). Then we make an ansatz for u(e, ) in the form

u(e,a) = Y(e,a) + (I- M a)) x(ea).
In the proof of Theorem 1.32 in [3] it is shown that u(e, ) solves L(ie, a)u(e, o) = f(ie, @)
if, and only if, x(¢,a) € N solves

P(L(ie, a) — L(0,0)) (I — M(e, a))_lx(é, o) = Pf(ie,a)— P(L(ie,a) — L(0,0)) (e, a) .

We study this equation differently as in the proof of Theorem 1.32 in [3]. First we
abbreviate this as

Cle,a)x(e,a) = g(e,a)
with obvious meanings of C(g,a) and g(e,«) and note that g(e,«) € N and C(g,a)

maps the finite dimensional subspace A into itself. Furthermore, 9C0.0) — ;A and

Oe
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808(0 2 — _B where A, B : N'— N are the derivatives of the assumption (c). Next, we
look at the linearized problem

—[ieA+ aB]x(e,a) = ¢(0,0)
Expanding g(0,0) = P f(0,0) in the form g(0,0) = >, (P £(0,0), ¢¢) , Ade = >, feAdy
we observe that the solution x(e, @) is given by

5((5705) = _Z-Lgbf'

g — Ao
Therefore, we decompose u(e, ) in the form u(e, a) = u(e, a) + x (e, ) with
B —1 - -1 ~
(24) @ =v+ (I-MeEo) x—x + [(I-Mea) —I]x

where we dropped the argument (¢, ). We have to prove boundedness of ||a(e, o)l .
First we show the existence of ¢ > 1 such that

1
(25) - lollr < Ve2+a?||[icA+ aB]’lvHH < c|lv|lu
for all v € A and (¢,a) € U x I. Indeed, let u = [icA + aB] 'v. Then, as before,
v=> ", %% where u, are the coefficients in the expansion Ay =300 wegy. By
the orthonormality of {¢, : £ = 1,...,m} with respect to (Au,v)y we have (Av,v)y =

Py 52%\'2 > and (u, A" u)g = Y0, |ug|®. Since A\, # 0 for all £ by assumption (c) there

exist c_, ¢y > 0 with ¢2 < X} < ¢4 for all £. Also, the norms /(Av,v)y and /(u, A= u) g

are equivalent to ||v||g and ||u|| g, respectively, which proves (25).
Now we consider the difference v = y — x and have
[ieA+aBlu(s,0) = g(e,a) — g(0,0) — [C(e, ) + (ieA + aB)]x(g, @)
= g(e,a) — 9(0,0) + [C(e,a) + (icA+ aB)|v(e, a)
— [C(e,a) + (ieA+ aB)|x(e, ) .
From ||(icA+aB)v(e, o) ||z > cve? + a2||v(e, @) |z and || ¥(g, )| g < T=— and [|9(0,0)—
gle,a)|lg < cv/e? +a? and ||C(e, @) — (ieA+ aB)|| < c(e? + a?) we conclude that
avVer+a2[l = Vel + a2 |lv(e,)|lg < Vel +a?2 + Vel +a?
which shows boundedness of ||v(e, )|y for sufficiently small V22 + a2 Also, H (I -
M (ie, 04))_1 —1 ] H < ev/e? + a2 for sufficiently small ve2 + o2 which shows boundedness
of ||li(e, a)|| g for sufficiently small ve2 + a2 by (24). O

A different proof of this theorem in the case that K depends holomorphicly on (k, ) € C?
is given in [10] by using the total projection and a similarity transform (see [9]).

We apply this theorem to the equation (8) but indicate the dependence on k; that is,
(26) Uko — Kipalka = fo in H&per(Q) ,

where

(Kpov, V). = /Q{Qzaz/)aa—xl%—(kzn—of)vﬂ dr , v,weH&per(W),
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and (fa, V), = —fQ a)dr for all ¥ € Hj,..(Q). We study this equation in a

neighborhood of the pomt (k, &;) where @; is an exceptional value of k > 0. The point

(k, &;) replaces (0,0) in Theorem 4.1. We have to check the assumptions of this theorem.
The smoothness assumptions are satisfied. This is obvious for the operator Kj , which
depends even holomorphicly on k and «. The right hand side is continously differentiable
with respect to a because f € L(W).

Furthermore, we note that Kj, &; is selfadjoint. Therefore, L; & = I - K; &; has Riesz
number one. It remains to check assumption (c). Obviously,

0 —

ak(-KkaU V) = Qk/anlp dz ,

%(Kk,oﬂ%’é/})* = 22\/@@ |:aa—::1+ZOéU:| dr = 21/Q¢(x) etoxy 8i1 (U(.T) eiaml)dm
for v,9 € Hj,..(W) which proves assumption (c) if Assumption 2.5 holds. Further-

more, these representations show that ¢, is an eigenfunction of (23) corresponding to the
eigenvalue A, if, and only if, ¢,(z)e'*™ is an eigenfunction of (9) corresponding to the
eigenvalue \y. Application of Theorem 4.1 yields the decomposition

m;j

. fo
(27> uic-i—ia,oz = ufc—i-ia,a - Z : ¢€,]

—ie — (o — &)

for (,a) € (0,20) % (&;—0, &;+9) for some § > 0, g9 > 0. Here, ||tz ,[l#1(q) is uniformly
bounded with respect to € and a and ;.. , — U;, as € — 0 for all a # &; because
and the second term on the right hand side of (27) converge. Lebesgue’s Theorem

; a4 -
e"“"da to fd7_6 uy, , e “da
J ’

ufs:—i—iz—:,a
on dominated converges yields convergence of f &+ o

ges 'y g G;—6 ktie,o
in H'(W) as € — 0. Now we consider the sum in (27). We compute

aJ—HS 1
/ eiaml dOé
a;-6 1€ = Ao — dy)

5 1 5

; 1€+ A\pjv

ewzjzl/ ‘ 5 el 1o, — _ezajqzl/ . )\2,] . LTI 1y
_§ 1€ — Agj 6 €5 T A

/Ike,jlé/zs cos(exit/|Ae]) At + A /5”31 tsint dt]
Lj
0 0

1+ ¢2 xe2—|—)\2 12

= 2N
[ |Ae ]

which converges to

T 2 [ gint
— e |1 + sign \ —dt
|>‘ZJ| { S /0 t ]

as € — 0 uniformly with respect to |x;| < R for any R > 0. Now we combine all of the
terms and have for the inverse Floquet-Bloch transform with I = (=1/2,1/2)\U,¢,(&; —
17



5, d/j + 5)

1/2 bj+90
. QT _ za:pl N QT
/ uk+ia,a (.T) e da = / uk—i—za a dov + E : / uk+is,cx (CL’) € da
— [ A

1/2 ]GJ Oéj—(s
dj+5
o zaml ~ QT
- /uk—Ha a da + Z / uk+ia,a (l’) € dov
mj A -
J a]+5 1 iaxld
+ fé,j¢€7j(x) A ic — \ '(Oé—d')e @
JjEJ £=1 a;—0 ] J

which converges to

12 ; f 1 2 [0 gint
1z EJ za x :
/ Va(z) € da — 2”5 E | ¢£g ! 15 [1 + SlgnAZ,j;/O Tdt}

1/2 jeJ =1
where
~ Joup, inl
Yo T @, (& —6,a;+0), jeJ.
Finally we observe that [ o1 sl ¢ — Oxl/ 28t gt decays as 1/|a1|. Therefore, we have

shown the following limiting absorptlon principle.

Theorem 4.2. Let Assumptions 2.2 and 2.5 hold. For every f € L*(W) with r >
3/2 the solution u of (1) which vanishes on OW and satisfies the radiation condition of
Definition 2.6.

Now we will comment on Assumption 2.5. We go back to equation (5) and write it in the
form (indicating the dependence also on k)

baliinas ¢) — K2d(ia ) /f )T de

for all ¢ € H} .. (Q) where

bo(v,0) = /[Vv-VE—QiaE%—l—azvﬂ dz
Q 1
= /Q)V(ei"xlv(a:))-vmdx
A, ) = /anwa:, 0,0 € HLo(Q).

From the second form of b, we observe that b, is coercive. By the Theorems of Riesz
and Lax-Milgram there exist selfadjoint operators B, and D from Hg,,(Q) into itself
such that D is compact and positive and B, is coercive and b, (v,v) = (B,v, ), and
d(v,1p) = (Dv, ), for all v,9 € Hy,,,(Q). Then we can write (8) in the form

(28) I — Kislika = [Ba — k*Diga = fa
18



where f, € Hj e, (Q) is the Riesz representation of the right hand side of (5). Introduc-
ing an eigenvalue system {ue(c), ¢¥e(a) : ¢ € N} for o € (—1/2,1/2] of the generalized
eigenvalue problem

(29) Dip(a) = pe(a)Bahe(ar), € €N,
for a € (—1/2,1/2] as done in [6], one is lead to the equation [1—k?*u(a)]ar(k, @) = fo()
where ay(k, o) and fy(«) are the coefficients of @y, and B! f., respectively, with respect
to {ty(a) : £ € N} For Im k > 0 and « € (—1/2,1/2] we have 1 — k?u,() # 0 for all £
because py(«) is real valued and strictly positive. For k = ke R-, however, there might
exist values of o = & for which £ exists such that 1—k?pu;(&) = 0. Weset L = {£ : py(&) =
py(é&)} and note that span{ty, : £ € L} is the solution space of the homogeneous form of
equation (28); that is, also of (5). Therefore, & is an exceptional value in the sense of
above (just before Theorem 2.4) and span{yy(&) : £ € L} = N = N (I — K ;). We recall
that P was the - now orthogonal - projection onto N' = N(I — K ) = N (Bs — ]%21))_
As in [6] there exists a neighborhood U C C of & and holomorphic extensions of p(«)
and 1y(«) such that (29) holds for all a € U.

The wave number & is called forbidden (in the sense of Joly and Fliss, [6]) if there exists
v € (—1/2,1/2) and ¢ € N such that 1 — k?u;(a) = 0 and (&) = 0.

We want to compare this condition with Assumption 2.5. Differentiating equation (29)
with respect to a and setting a = & yields
(30) (D — me(@)Ba)y(a) = py(@)Babe(a) + pe(@)Biabe(a) .
For ¢ € L we observe that the left hand side is in the range of B; — k2D and therefore
P(D - Mg(éé)BgJiﬁé(@) = O; that iS,
0 p (@)
P—K; si(@) = —PBih(a) = =
aOK k,& ¢€<a) aw€<a) /,LZ(OA()

Furthermore,

PBsipy(a) forall £ € L.

PO K@) = 2k PDU@) = 2k (@) PBavi(@)

for all ¢ € L. Eliminating PB4,(&) from the previous equations yields
0 (&) 0 0

PLK, ya) = 1Y p2
Oa ko‘wz(a) 2% pp(a)2 Ok ok
for all £ € L. This shows that ¢,(&) is an eigenfunction with corresponding eigenvalue
A = —1 k(&) of the generalized eigenvalue problem (10) for & = d;. Therefore,

Ki%,a@bf(d) = _k3 /(d)P Kl%,dwﬁ(d)

Assumption 2.5 coincides with the assumption that k is not a forbidden frequency.
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