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Abstract
In most microfluidic applications, pressure-driven Poiseuille flow in a contained cross-section with no-slip boundary conditions is the underlying fluidmechanical model. Solutions for this problem exist for many known crosssections. We have recently demonstrated a simple method to solve the relevant Poisson equation using a finite difference scheme in a spreadsheet analysis tool such as Microsoft Excel. The numerical solutions obtained from such
a spreadsheet are close-to-exact to the analytical solutions with errors on the
order of only a few percent. However, there are numerous applications in microfluidics for which the no-slip boundary condition is not valid. Examples
include drag-reducing air-retaining surfaces as well as open-channel flow. For
these scenarios few to no analytical models exist. In this paper, we derive an
analytical model for mixed boundary conditions (slip/no-slip) in two dimensions in a rectangular channel cross-section. We also demonstrate that the
equivalent numerical solution can be derived conveniently by adaption of the
spreadsheet. In general, mixed boundary-type flow scenarios are especially
difficult to solve analytically whereas numerical solutions can be derived using
Microsoft Excel within seconds.

Keywords
Microfluidics, Numerics, Navier-Stokes Equation, Slip Condition, No-Slip
Condition

1. Introduction
Many effects in microfluidics rely on the sound understanding of the underlying
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fluid mechanics of the flow. Compared to macroscopic and high Reynoldsnumber flows, the flow cases in microfluidics are usually significantly simpler
due to the fact that most microfluidic applications are within the strictly laminar
flow regime and the flow is assumed to be parallel. In addition, assuming a flow
to be stationary and fully-developed allows dropping additional terms of the
Navier-Stokes equation. The remaining, simplified version of the Navier-Stokes
equation is a Poisson equation. As we have demonstrated recently, this equation
can be solved using a numerical scheme based on a finite difference approach.
This approach can be implemented conveniently in a spreadsheet analysis tool
such as Microsoft Excel [1]. We have shown that the numerical solutions derived
compare well to the analytical solutions for various flow cases including the flow
in circular cross-sections (Hagen-Poiseuille flow) as well as in rectangular channel profiles. One of the most important points to consider when implementing a
numerical scheme is the behaviour of the boundaries of the computational domain. In all of the cases discussed the flow was assumed to exhibit no-slip behaviour on the boundary, i.e., the flow velocity on the boundaries was assumed to
be zero. This type of boundary condition is referred to as Dirichlet-type boundary condition where the value of the dependent variable (in this case the flow
velocity vx parallel to the axis of the channel) on the boundary is assumed to
have a distinct value. However, many cases in microfluidics require Neumann-type boundary condition where the gradient of the dependent variable,

i.e., the first derivative of the velocity profile, is assumed to obtain a certain value. The most important cases of Neumann-type boundary conditions are open
surfaces where the shear stress of the fluid must be zero. This translates to a
Neumann-type boundary condition where the gradient of the velocity profile is
zero. Examples of this flow case include Couette flow as used, e.g., in plate/cone
viscometers. Traditionally, slip-flow is an effect usually studied only at elevated
temperatures [2] [3]. However, there are many cases in microfluidics where slip
flow occurs. Examples include, e.g., in air-retaining drag-reducing Salvinia-type
[4] [5] and superhydrophobic [6] surfaces with [7] or without surface textures
[5]. In many of these cases, the flow exhibits mixed boundary conditions with
one surface showing slip boundary behaviour whereas the opposing surface
shows no-slip boundary behaviour. Deriving analytical solutions for flow cases
exhibiting Neumann-type boundary conditions or even mixed boundary conditions is significantly more difficult. These cases are usually studied numerical
solver packages [8], lattice-Boltzmann or molecular dynamics simulations [9].
This paper will derive an analytical solution to mixed slip/no-slip boundary
conditions in two dimensions in rectangular channel cross-sections. This case is
the most common case in microfluidic systems. We will also show that the Microsoft Excel spreadsheet developed for solving no-slip boundary flow scenarios
can be adapted to derive the same solution within seconds. This allows deriving
solutions to mixed Neumann/Dirichlet boundary condition flow scenarios for a
wide variety of cross-sections.
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2. Rectangular Channel with Two-Dimensional Flow: No-Slip
Boundary Conditions Along y-Axis and Mixed Boundary
Conditions Along z-Axis
2.1. Analytical Solution
2.1.1. Simplified Navier-Stokes Equation for Poiseuille Flow
The fundamental equation for the Poiseuille flow in microfluidics is given by

1
∆v = ∇p

η

(1a)

which can be written as
∂ 2 vx ∂ 2 vx 1 ∆p
+ 2 =
η ∆L
∂y 2
∂z

(1b)

Details on the derivation can be found elsewhere [1]. Here the velocity vx
along the x-axis is the dependent variable, ∆p ∆L is the driving pressure
drop and η is the dynamic viscosity. y is the independent variable along the
channel width W and z is the independent variable along the channel height
H.
2.1.2. Homogeneous Solution
The solution to Equation (1) is derived by a separation of variables approach.

For this we assume the dependent variable vx ( y, z ) = Y ( y ) Z ( z ) to be composed of two functions Y ( y ) and Z ( z ) both of which depend on only one

independent variable, respectively. Details on this procedure and the derived
solutions can be found elsewhere [10]. We begin by finding the homogeneous
solution to Equation (1) according to

Z

∂ 2 vx ∂ 2 vx
0
+ 2 =
∂y 2
∂z

(2a)

∂ 2Y
∂2Z
+Y 2 =
0
2
∂y
∂z

(2b)

1 d 2Y
1 d2 Z
= −
2
Y dy
Z dz 2

(2c)

where we exploited the fact that Y ( y ) and Z ( z ) are functions of only one
independent variable respectively. Equation (2c) will only be satisfied for arbitrary values of y and z if both sides of Equation (2c) result in a constant. We
therefore obtain two ordinary differential equations from Equation (2c) which
are given by
1 d 2Y
= −λ1
Y dy 2

(3)

1 d2 Z
= −λ2
Z dz 2

(4)

and

Details on these solutions can be found elsewhere [10]. For Equation (3) we
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y 0=
y W=
have the boundary conditions Y ( =
) 0 and Y (=
) 0 (both Dirichlet boundary conditions, no-slip) whereas for Equation (4) we have the boun-

z 0=
dary conditions Z (=
) 0 (Dirichlet boundary condition, no-slip) and

dZ dz =
( z H=) 0 (Neumann boundary condition, no-slip). Both Equation (3)

and Equation (4) have complex conjugated solutions and therefore the general
solutions

)

(

λ1 y

)

(5)

)

(

λ2 z

)

(6)

=
Y ( y ) C0 sin

(

λ1 y + C1 cos

=
Z ( z ) C2 sin

(

λ2 z + C3 cos

and

y 0=
Applying the boundary condition Y ( =
) 0 to Equation (5) yields
y W=
C1 = 0 . Applying the boundary condition Y (=
) 0 yields
C0 sin λ1W = 0 which is only fulfilled if λ1W = n ⋅ π from which we de2
rive λ1 = ( nπ W ) . This yields the eigenfunctions Yn of Equation (5) as

(

)

y

Yn ( y ) = C0 sin  nπ 
 W

(7a)

and the general solution to Equation (3) as
y
∞

Y ( y ) = ∑ n=1 Cn sin  nπ 
W



(7b)

z 0=
Applying the boundary condition Z (=
) 0 to Equation (6) yields

C3 = 0 . Applying the boundary condition dZ dz =
( z H=) 0 yields

(

)

λ2 H = 0 which is only fulfilled if λ2=
H ( 2m + 1) π 2 from
2
which we derive=
λ2 ( ( 2m + 1) π 2 H ) . This yields the eigenfunctions Z m of
λ2 C2 cos

Equation (6) as
π z 

Z m ( z ) Cm sin  ( 2m + 1)
=

2H


(8a)

and the general solution to Equation (4) as
=
Z (z)



π z 

∑ m=0 Cm sin  ( 2m + 1) 2 H 
∞

(8b)

The homogenous solution of Equation (1) is therefore given by
vx ( y, z ) Y=
=
( y) Z ( z)

∑ ∑
∞

∞

=
n 1=
m 0

y 
π z 

Cnm sin  nπ  sin  ( 2m + 1)

2H
 W 

(9)

2.1.3. Inhomogeneous Solution
Using Equation (9) the inhomogeneous solution is obtained from Equation (1)
as

∑ ∑
∞

∞

=
n 1=
m

1 ∆p
=
η ∆L

2
  n ⋅ π 2 
π   
y
C
+
m
+
2
1

(
)
 
  sin  nπ
0 nm  
W
2
H
W








π z 
 
 sin  ( 2m + 1)

2H
 

(10)

where the right-hand side of Equation (10) (which is constant) must be con208
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verted to a two-dimensional Fourier series in order to derive Cnm by coefficient
comparison. In general, the Fourier series of a constant C0 on the interval
0 ≤ ξ ≤ A is given by
f const (ξ )
=

4⋅C

ξ



∑ p=0 ( 2 p + 10) π sin  ( 2 p + 1) π A 
∞

(11a)

In two-dimensions with 0 ≤ ξ ≤ A and 0 ≤ ς ≤ B a constant is given by the
Fourier series
=
f const (ξ , ς )

∞

16 ⋅ C

∞



ξ

ς
(11b)



∑∑ ( 2n + 1)( 2m0 + 1) π 2 sin  ( 2n + 1) π A  sin  ( 2m + 1) π B 

=
n 0=
m 0

The right-hand side of Equation (10) is therefore converted to a two-dimensional Fourier series using Equation (11) and setting A = W and B = 2 H in
which case we can rewrite Equation (10) to
2
  ( 2n + 1) ⋅ π 2 
π  
∑∑ Cnm   W  +  ( 2m + 1) 2 H  
=
n 0=
m 0



y 
π z 

sin  ( 2n + 1) π  sin  ( 2m + 1)

W
2H

 
y
16 ∆p ∞ ∞

=
sin  ( 2n + 1) π 
∑∑
2
W
η ⋅ π ∆L =n 0=m 0 
−1
z
π


sin  ( 2m + 1)
 ( ( 2n + 1)( 2m + 1) )
2H

∞

∞

(10’)

where we have used the fact that the right-hand side requires only odd values of

n. We can now determine the missing constants Cnm as
Cnm

  2n + 1  2  2m + 1  2  
16 Δp 
 ( 2n + 1)( 2m + 1)  
=
− 4
 +
  

η π ΔL 
  W   2H   

−1

(12)

in which case the solution to Equation (1) is obtained from Equation (9) and
Equation (12) as
16 ∆p ∞ ∞
y

vx ( y , z ) =
−
∑∑ sin ( 2n + 1) π W
η ⋅ π 4 ∆L =n 0=m 0 

π z 
 
 sin  ( 2m + 1)

2H
 


  2n + 1  2  2m + 1  2  

⋅  ( 2n + 1)( 2m + 1)  
+
  W   2 H   





−1

(13)

where we introduce the channel aspect ratio r as
r=

H
W

(14)

which allows us to rewrite Equation (13) to
16W 2 ∆p 1 ∞ ∞
y 
π z 

vx ( y , z ) =
−
∑∑ sin ( 2n + 1) π W  sin  ( 2m + 1) 2 H 
η ∆L π 4 =n 0=m 0 
2


2
 2m + 1   
⋅  ( 2n + 1)( 2m + 1)  ( 2n + 1) + 
 


 2r   



−1

(13’)

and
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, z ) vx ,max
vx ( y=

16 ∞ ∞
π z 
y 

sin  ( 2n + 1) π  sin  ( 2m + 1)

4 ∑∑
2H
W
π =n 1 m= 0 
 

2


2
 2m + 1   
⋅  ( 2n + 1)( 2m + 1)  ( 2n + 1) + 
 


 2r   



−1

(13’’)

with vx ,max =
− W 2 ∆p η∆L .
Equation (13’’) is shown as a three-dimensional plot in Figure 1(a) normalized to the maximum velocity vx ,max . The plot shows the expected zero-gradient profile for z = H while all other boundaries show no-slip behavior
and therefore vx = 0 .

2.2. Numerical Solution
2.2.1. Numerical Scheme
The numerical scheme used to solve Equation (1) is based on a finite difference
approach and can be written as
)
F( =
y,z

1  ( y +1, z )
h 2 ∆p 
y −1, z )
y , z +1)
y , z −1)
+ F(
+ F(
+ F(
−
F

4
η ∆L 

)
F( =
y,z

(

1 ( y +1, z )
y −1, z
y , z +1
y , z −1
+ F( ) + F( ) + F( ) − Γ
F
4

)

(14a)
(14b)

where F ( y , z ) is the value of the dependent variable in cell ( y, z ) whereas
y +1, z
y −1, z
y , z +1
y , z −1
F ( ) , F ( ) , F ( ) and F ( ) are the values of the dependent variable
in the neighboring cell in the positive and negative y-direction as well as in the

Γ 0.1h 2 ∆p η∆L
=
positive and negative z-direction, respectively. The constant

is corrected for the unit mm/s. This scheme was implemented in Microsoft Excel
on a domain consisting of 40 × 40 cells. After activating recursive calculations,
Microsoft Excel yields the solution to Equation (1). Details on the derivation of
the spreadsheet can be found in our previous publication [1].
2.2.2. Implementing Neumann-Type Boundary Conditions
In order to replicate the scenario displayed in Figure 1(a) we need to implement

Figure 1. 3D flow profiles. Visualization of the analytical solutions to the flow case discussed in Section 2.1.3 (a) and Section 3.1.2 (b) given by Equation (13’’) and Equation
(20), respectively. The Fourier series have been expanded to n=
m=
50 . These
max
max
profiles are the assumed analytical solutions used as comparison in Figure 3.
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Neumann-type boundary conditions on our computational domain in the
spreadsheet (the used spreadsheet can be found in the supporting information).
This can be done by setting the boundary value equal to the value of the neighbouring cell. This effectively implements a Neumann-type boundary condition,

i.e., the gradient of the dependent variable will be zero. By adding an offset value
according to

= B {line number} + offset
the gradient can be set to any desired offset value. For the case shown in Figure
1(a) we select the cells in the spreadsheet that represent the upper boundary
(cells B1 to AO1). We then link the values of each of these cells to the value of
the cell below it, respectively (cells B2 to AO2). We use a pressure gradient of
−0.1 mbar/mm, a channel with a height and width of 100 µm, respectively, and
use water as the fluid in question (viscosity 1 mPa⋅s). After completion of the
recursive calculation Figure 2(a) is obtained.

2.3. Comparison of Analytical and Numerical Solution
Figure 2(b) shows the numerical output obtained from the spreadsheet in direct
comparison with the analytical solution given by Equation (13’’) using the given
values. As can be seen, the error is highest in areas of high gradients, predominantly in the edges of the cross-section. However, the solution should be sufficiently exact for most applications. In order to increase the exactness of the numerical solution, the step width h needs to be reduced further. For this, the resolution of the computational domain must be increased, i.e., the number of cells
must be augmented. However, for most applications the given spreadsheet
creates sufficiently exact results.

3. Two-Dimensional Flow Case Mixed Boundary Conditions
along 𝒚𝒚-Axis and 𝒛𝒛-Axis
3.1. Analytical Solution

3.1.1. Homogenous Solution
In the next step, we extend our discussion to channels with mixed boundary
conditions along both channel axes. These types of channels have Dirichlet
boundary condition for y = 0 and z = 0 (no-slip) Neumann boundary conditions for y = W and z = H (slip). Again, we will first supply an analytical
solution to this flow problem beginning with the homogeneous solution to Equation (1). As both Y ( y ) as well as Z ( z ) now have to fulfill the same mixed
boundary conditions the eigenfunctions will be
=
Y ( y)



π y



π z 

∑ n=0 Cn sin  ( 2n + 1) 2 W 
∞

(15)

and
Z (z)
=

∑ m=0 Cm sin  ( 2m + 1) 2 H 
∞

(16)

which yields the homogeneous solution
211

C. Richter et al.

Figure 2. Numerical solutions for different boundary conditions. (a) Numerical output obtained from the Microsoft Excel
spreadsheet for solving Equation (1) for cross-section with slip boundary condition (Neumann boundary condition) for z = H .
(b) Relative error between the numerical output of the spreadsheet and the analytical solution given by Equation (13’’). (c) Numerical output obtained from the Microsoft Excel spreadsheet for solving Equation (1) for a cross-section with slip boundary condition for y = W and z = H . (d) Relative error between the numerical output of the spreadsheet and the analytical solution
given by Equation (20). In all cases a step width h of 2.5 µm was assumed on a domain of 40 × 40 cells using water as the fluid.
The driving pressure drop was assumed to be −0.1 mbar/mm in all cases.

π y
∞
∞

vx ( y , z ) =
Y ( y) Z ( z) =
∑ n 0=
∑ m 0 Cnm sin  ( 2n + 1) 2 W
=

π z 
 
 sin  ( 2m + 1)
 (17)
2H
 

3.1.2. Inhomogeneous Solution
For the inhomogeneous solution the constant of the right-hand side in Equation
212

C. Richter et al.

(1) is again converted to a two-dimensional Fourier series with 0 ≤ ξ ≤ A and
0 ≤ ς ≤ B setting A = 2W and B = 2 H in which case we obtain (in analogy
to Equation (11b)
=
f const (ξ , ς )

∞

∞

16C



ξ 

ς 



∑∑ ( 2n + 1)( 2m0 + 1) π 2 sin  ( 2n + 1) π 2W  sin  ( 2m + 1) π 2 H 

=
n 0=
m 0

(18)
By comparison of coefficients between Equation (17) and Equation (18) Cnm
can be determined to be

Cnm

  2n + 1  2  2m + 1  2  
16 ∆p 
 ( 2n + 1)( 2m + 1)  
=
− 4
 +
  

η π ∆L 
  2W   2 H   

−1

(19)

in which case the general solution is obtained from Equation (17) as
vx ( y=
, z ) vx ,max

16 ∞ ∞
π y

sin  ( 2n + 1)
4 ∑∑
2W
π =n 0=m 0 

π z 
 
 sin  ( 2m + 1)

2H
 


  2n + 1  2  2m + 1  2  
⋅  ( 2n + 1)( 2m + 1)  
+

  2   2r   





−1

(20)

Equation (20) is shown as a three-dimensional plot in Figure 1(b) normalized
to the maximum velocity vx ,max . The plot shows the expected zero-gradient profile for y = W and z = H whereas the other boundaries show no-slip behavior.

3.2. Numerical Solution
Extending the previous example we will now discuss the flow case with mixed
boundary conditions along both the y-axis as well as the z-axis. This flow case as
zero-value Dirichlet boundary conditions for y = 0 and z = 0 and zero-value
Neumann boundary conditions for y = W and z = H . The numerical solution is obtained conveniently by setting all cells of the right-hand side boundary
of the domain (cells AP1 to AP45) in the spreadsheet to the neighboring values
inside of the domain (cells AO1 to AO45). The values for the step width, the
viscosity and the driving pressure drop are not altered. After a couple of seconds
the result shown in Figure 2(c) is obtained.

3.3. Comparison of Analytical and Numerical Solution
Figure 2(d) shows the relative error between the numerical solution obtained
from the spreadsheet and the analytical solution given by Equation (20). As can
be seen, the error is virtually non-existing in regions of small gradients, i.e., at
the slip boundaries for y = W and z = H . Near to the no-slip boundaries the
gradient is steepest which is where we find the highest relative errors. Again, in
order to reduce the overall error, the domain must be finer discretized, i.e., the
number of cells has to be increased and the step width h has to be reduced.

4. One-Dimensional Flow Cases
As last examples we will illustrate that the spreadsheet can also be used to obtain
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solutions to one-dimensional flow cases.
Obviously, for all of these cases, analytical solutions exist and are described in
the literature. This serves to illustrate that the numerical solutions obtained using the spreadsheet yield correct results also for these cases. The three flow cases
addressed are shown in Figure 3.

4.1. Infinitesimally-Extended Channel Along y-Axis
The first case is the infinitesimally-extended channel displayed in Figure 3(a).
This case is essentially a one-dimensional problem for which Equation (1) simplifies to

∂ 2 vx 1 ∆p
=
∂z 2 η ∆L

(21a)

d 2 vx 1 ∆p
=
dz 2 η ∆L

(21b)

where the partial differentials can be converted to ordinary differentials because
there is no change along the y-axis. The solution to Equation (21) can be ob-

z 0=
tained by integrating twice using the boundary values vx (=
) 0 and
vx =
( z H=) 0 which yields the solution
=
vx ( z )

2
1 ∆p   z   z  
  −  
2η ∆L   H   H  

(22)

Compared to the scenarios discussed so far, this scheme is one-dimensional.
This requires our two-dimensional spreadsheet to be converted to a one-dimensional problem. Numerically this is implemented by setting the boundary conditions on the left- and right-hand side of our domain from Dirichlet boundary
conditions to Neumann boundary conditions. For this select the cells which
represent the left-hand side of the boundary (cells A2 to A41 in the provided
spreadsheet) and set them equal to the value of the right-hand side cell, respectively, by inserting the formula

(a)

(b)

(c)

Figure 3. Schematics of one-dimensional flow cases discussed. (a) Infinitesimally-extended channel along the y-axis (Dirichlet boundary conditions for top and bottom
boundary, zero boundary value for top and bottom boundary). (b) Couette flow (Dirichlet boundary conditions for top and bottom boundary, non-zero boundary value for top
boundary, zero boundary value for bottom boundary). (c) Mixed boundary value case
(Neumann boundary condition for top boundary, Dirichlet boundary condition for bottom boundary, zero boundary values for top and bottom boundary).
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= B {line number}
Likewise we select the cells of the right-hand side of the domain (cells AP2 to
AP41 in the provided spreadsheet) and set them equal to the neighboring cells
within the domain by inserting the formula

= AO {line number}
This effectively removes the second dimension from the numerical problem.
Figure 4(a) shows the numerical solution displayed by the spreadsheet whereas
Figure 4(b) shows the direct comparison between the numerical and the analytical solutions which show an exact match.

4.2. Couette Flow
The next flow scenario discussed is the one-dimensional Couette flow (see Figure 3(b)). For this scenario we again use Neumann boundary conditions along

Figure 4. Numerical solutions for one-dimensional flow cases. Numerical output obtained from the Microsoft Excel spreadsheet
for solving Equation (1) for the three one-dimensional flow cases shown in figure 3 (a: Infinitesimally-extended channel; b:
Couette flow; c: Mixed boundary conditions with no-slip condition for z=0 and slip condition for z = H). The color-coded outputs shown in (a/c/e) are the velocity profiles obtained from a microfluidic flow in a channel with 100 µm height. The flow in
(a/e) is driven by a constant pressure drop of -0.1 mbar/mm whereas the flow in (c) is driven by a moving top boundary. All
cases use water as fluid. The step width h of the numerical scheme was set to 2.5 µm, i.e., each cell represents a cross-section of
2.5 × 2.5 µm². (b/d/f) Comparison of the numerically obtained solutions (diamonds) with the analytical solutions (solid line)
calculated using Equation (22) (b), Equation (24) (d) and Equation 25 (f), respectively. As can be seen the results are in good
agreement.
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the y-axis therefore reducing the flow scenario to one dimension. In comparison
to Poiseuille flow, Couette flow is not driven by a pressure drop along the channel axis but by a movement of one of the boundaries (in our case the top boundary). In comparison to the flow scenarios discussed so far, Couette flow requires a non-zero Dirichlet boundary for z = H . This can be done in the
spreadsheet by simply setting the values of the top boundary (cells A1 to AO1)
to a given value vo . The analytical solution for Couette flow is derived from
Equation (21b) after setting the right-hand side to zero (as there is no driving
pressure drop) and integrating twice to find

vx (=
z ) C1 z + C2

(23)

z 0=
With the boundary conditions vx (=
) 0 and vx =
( z H=) vo the solution is obtained to be
vx ( z ) = vo

z
H

(24)

In the example in the spreadsheet we use vo = 5 mm s . Setting the values of
the cells of the upper boundary (cells A1 to AP1) in the spreadsheet to this value
results in the velocity profile shown in Figure 4(c). Figure 4(d) shows the analytical solution alongside the numerical solution which shows that, again, the
correct numerical solution is obtained.

4.3. One-Dimensional Mixed Boundary Condition
As a third example, we will use a one-dimensional flow scenario with mixed
boundary conditions along the y-axis (see Figure 3(c)). In this example, the
lower boundary of the domain has a zero-value Dirichlet boundary (no-slip)
whereas the upper boundary has a zero-value Neumann boundary (slip). This is
the one-dimensional version of the case discussed in Section 3. Again we use
Neumann boundary conditions on the left- and right-hand side boundaries of
the domain therefore obtaining a one-dimensional flow. We set the value of the
top boundary (cells A1 to AO1) equal to the values of the neighboring cell inside
of the domain, respectively (cells A2 to AO2). This implements a Neumann
boundary condition at the top of the domain. Again we use a pressure gradient
of −0.1 mbar/mm, a channel height of 100 µm and water as the fluid in question
(viscosity 1 mPa⋅s). After completion of the recursive calculation the output
shown in Figure 4(e) is obtained.
The analytical solution to this flow scenario can be obtained by applying the

z 0=
boundary conditions vx (=
) 0 and

( dv x )

dz =
( h H=) 0 to Equation

(23) which yields the solution
vx ( z )
=

2
1 ∆p  1  z   z  
   −   
η ∆L  2  H   H  

(25)

The direct comparison between the numerical and the analytical solution is
shown in Figure 4(f). As can be seen the numerical solution is again, close-toexact.
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5. Conclusion
In this paper, we extended the concept of using a spreadsheet analysis tool such
as Microsoft Excel to solve the fundamental equation for Poiseuille flow, i.e., the
simplified Navier-Stokes equation in arbitrary cross-sections in one and two dimensions implementing different boundary conditions. Besides zero-value and
fixed-value Dirichlet boundary conditions (which are commonly used for implementing no-slip boundaries), we showed that simple modifications to the
spreadsheet are sufficient to implement Neumann boundary conditions which
set the gradient of the velocity profile to fixed values. These boundaries are required to implement slip boundaries which are commonly encountered on open
surfaces or air-retaining substrates. We have shown that the solutions obtained
within seconds from the spreadsheet compare very well to the analytical solutions obtained for three cases of one-dimensional flows: infinitesimally-extended
channel, Couette flow and one-dimensional mixed boundary condition flow. In
terms of two dimensional flows we provided analytical solutions to the case of a
no-slip/no-slip boundary pair along the y-axis and a no-slip/slip boundary pair
along the z-axis as well as a solution to the case of a no-slip/slip boundary pair
along both the y- and the z-axis. In both cases, the numerical solutions obtained
agree well with the analytical solutions. This underlies the potential of using
simple-to-use spreadsheet analysis tools such as Microsoft Excel to derive important features such as the velocity profiles in arbitrary channel cross-sections
instead of referring to expensive and difficult-to-use numerical solver packages.
As we have shown this approach copes very well with different and even mixed
boundary conditions and provides solutions within seconds even in cases where
analytical solutions are rather difficult to derive.
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