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MARTINGALE SOLUTIONS FOR THE STOCHASTIC NONLINEAR
SCHRODINGER EQUATION IN THE ENERGY SPACE

Z. BRZEZNIAK, F. HORNUNG AND L. WEIS

ABSTRACT. We consider a stochastic nonlinear Schrodinger equation with multiplicative noise
in an abstract framework that covers subcritical focusing and defocusing Stochastic NLSE in
H' on compact manifolds and bounded domains. We construct a martingale solution using a
modified Faedo-Galerkin-method based on the Littlewood-Paley-decomposition. For 2d man-
ifolds with bounded geometry, we use Strichartz estimates to show pathwise uniqueness.

Keywords: Nonlinear Schrodinger Equation, Multiplicative Noise, Galerkin approxima-
tion, compactness method

1. INTRODUCTION
The article is concerned with the following nonlinear stochastic Schrédinger equation
{du(t) = (—iAu(t) —iF(u(t))) dt —iBu(t) o dW (), t>0,

1.1
u(0) = uo, (L1

in the energy space F, := D(Az), where A is a selfadjoint, positive operator A with a com-

pact resolvent in an L?-space H, F' a nonlinearity, W a multiplicative Stratonovich noise and

B a linear bounded operator.

Three basic examples of A are

e the Laplace-Beltrami operator —A, on a compact riemannian manifold (1, g) with-
out boundary,

e the Laplacian on a bounded domain of R? with Neumann or Dirichlet boundary con-
ditions,

e fractional powers of the first two examples.

The model nonlinearities are the defocusing power nonlinearity F,f(u) := |u|* 'u with sub-

critical exponents in the sense that the embedding F4 < L*™ is compact and the focusing
nonlinearity F; (u) := —|u|*'u with an additional restriction to the power a. The typical
noise term has the form

SiBu(t) o dW(t) = =i 3 epu(t) 0 dB(t) = —% S u(t) =1 enu(t)dfnlt)  (12)

with a sequence of independant standard real Brownian motions (f,,),,.y and functions
(em)mey Satisfying certain regularity and decay conditions that guarantee the convergence
of the series on the RHS of (1.2) in F4.

Date: July 16, 2017.
We gratefully acknowledge financial support by the Deutsche Forschungsgemeinschaft (DFG) through CRC
1173.
1



2 Z. BRZEZNIAK, F. HORNUNG AND L. WEIS

The main aim of the paper is to construct a martingale solution of problem (1.1) by a
modified Faedo-Galerkin approximation

{dun(t) = (—iAuy (t) — iP,F (un(t))) dt — 1S, B(Spun(t)) o AW (t), t >0,

u,(0) = Pyuo, (1.3)

in finite dimensional subspaces H,, of H spanned by some eigenvectors of A. Here,
P, : H — H, are the standard orthogonal projections and S,, : H — H, are selfadjoint
operators derived from the Littlewood-Paley-decomposition associated to A. The reason for

using the operators (.5,,),,cy lies in the uniform estimate

sup ||Sullze—re <00, 1<p< o0,
neN

which turns out to be necessary in the estimates of the noise and which is false if one replaces
Sy by P,.

On the other hand, the orthogonal projections P, are used in the deterministic part, because
they do not destroy the cancellation effects which lead to the mass and energy conservation

1 R
|[u||72 = const, §||A%u||%2 + F(u) = const

for solutions u of problem (1.1) in the deterministic setting, where I denotes the antideriva-

tive of the nonlinearity F. Note that in the case FF (u) = +|u|* 'u, the antiderivative is given
n 1

by Fz;t = OTJH“H%;FH

In the stochastic case, the mass conservation |u,||7. = const for solutions of (1.3) holds

almost surely due to the Stratonovich form of the noise. Moreover, the conservation of the

energy is carried over in the sense that a Gronwall type argument yields the uniform a priori

estimates, for every 7' > 0,
sup]E[ sup Hun(t)H%A] < 00, supE[ sup ||un(t )HLQH(M} < 00. (1.4)
neN t€[0,717] neN t€[0,T]

Combined with the Aldous condition [A], see Definition .3} which is a stochastic version of
the equicontinuity, the estimates (1.4) lead to the tightness of the sequence (u,), .y in the
locally convex space

Zp = C([0,T], E4) 0 L0, T; L (M) 0 Cw([0,TT, Ea),

where C,,([0,7], E4) denotes the space of continuous functions with respect to the weak
topology in E4. The first two spaces in Zr can be used to pass to the limit in the Galerkin
equation (1.3), whereas the third space guarantees nice path properties of the limit.

The construction of a martingale solution is similar to [BM12] using Jakubowski’s extension
of the Skorohod Theorem to nonmetric spaces and the Martingale Representation Theorem
from [DPZ14], chapter 8. Our main result is the following Theorem.

Theorem 1.1. Let T > 0 and uy € E4. Under the assumptions [2.1} 2.4} [2.6] 2.7 there exists a

martingale solution (Q, F,P,W,F, u) of equation (1.T) (see Definition [2.9), which satisfies
we LI(Q,L=(0,T; Ey)) (1.5)
forall q € [1,00) and
Hu(t) HL2(M) = HUOHLQ(M) I@-u.s. fOT allt € [0, T]
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As an application of Theorem [I.1], we get the following Corollary. Note that an analogous
result holds in the case of a bounded domain, see Corollary

Corollary 1.2. Let (M, g) be a compact d-dimensional riemannian manifold without boundary. Un-
der assumption [2.7\and either i) or ii)

i) F(u) = [ulwwith a € (1,1+ 5-),
i) F(u) = —|ul*tuwitha € (1,1+13),

the equation

{du(t) = (1Agu(t) —iF(u(t)) dt — iBu(t) o dW(t) in H'(M), 16
u(0) = ug € H'(M),
has a martingale solution with

u e LI(Q, L=(0,T; HY(M))), (1.7)

forall g € [1,00) and
HU(t)HLQ(M) = HUOHLQ(M) P—u.s.for all t € [O,T]

Furthermore, we adress the question of uniqueness of the solution from Corollary [1.2/in
two dimensions.

Corollary 1.3. In the situation of Corollary |1.2\with d = 2, there exists a unique strong solution of
(1.6) in H'(M) and the martingale solutions are unique in law.

We obtain pathwise uniqueness by an improvement of the regularity of solutions based
on the Strichartz estimates by Bernicot and Savoyeau from [BS14] and Brzezniak and Millet
from [BM14]. Ondrejat showed in [Ond04] in a quite general setting, that this is sufficient
to get a strong solution. In fact, our uniqueness result is more general than we have for-
mulated in Corollary On the one hand, we allow possibly non-compact of manifolds
with bounded geometry. On the other hand, uniqueness holds in the strictly larger class
L(Q, LP(0,T; H*(M))) withr > o, 8 := max {2, a} and

. (21 1] for a € (1,3],
s 1y
(O‘gzai)l)l, 1] fora > 3.

For the details, we refer to Theorem [7.5

The question of the existence and uniqueness for nonlinear Schrédinger equations with
multiplicative noise was previously addressed in the R?-case by de Bouard and Debuss-
che in [dBD99],[dBDO03|], Barbu, Réckner and Zhang in [BRZ14],[BRZ16] and Hornung in
[Horl16] and in the case of compact 2d riemannian manifolds by BrzeZniak and Millet in
[BM14]. They constructed mild solutions with a fixed point argument based on appropriate
Strichartz estimates.
The present paper was motivated by the construction of a global solution of the cubic equa-
tion on compact 3d-manifolds M generalizing the existence part of Burq, Gérard, Tzvetkov
in [BGT04], Theorem 3, to the stochastic setting. In three dimensions, the fixed point argu-
ment from [BM14] is restricted to higher regularity, because it needs Sobolev embeddings
H*? — L* which are more restrictive in 3D than in 2D. Hence, this approach only yields
local solutions, which is the motivation for constructing a global solution in H'(M) with an
approximation procedure based on the conservation laws of the NLSE without using the



4 Z. BRZEZNIAK, F. HORNUNG AND L. WEIS

dispersive properties of the Schrodinger group. We remark that in [BGT04], the authors
also prove uniqueness for the deterministic NLSE in 3D. For the equation with noise this
question will be adressed in a forthcoming paper.

Classical references for the construction of weak solutions of the deterministic NLSE by
a Galerkin method are [Gaj78] and [Gaj79] for intervals and [Nas80] as well as [V1a87] for
domains of arbitrary dimension. In particular, we give a new proof of these results. But we
would like to remark that the deterministic case is significantly simpler since the spectral
theoretic methods to construct the operators .S,, are not needed.

Recently, stochastic NLSE on bounded 1D domains were studied by Keller and Lisei in
[KL15] and [KL16]. In [KL15] the authors considered It6 noise with time dependent coeffi-
cients instead of a space dependent Stratonovich noise as in the present paper and used a
transformation to a random equation (and in this sense this approach is similar to the one
used in [BRZ16]) which is solved by a Galerkin approximation. In [KL16], the nonlinear
term is different, namely F(u) = i|u|* 'u instead of F'(u) = £|u|* ' in our notation and the
authors use a direct Galerkin approximation for the stochastic equation. In this special 1d
situation, the authors obtained strong unique solutions.

The paper is organized as follows. In the Sections 2 and 3, we fix the notation, formulate
our Assumptions and present a number of typical examples of operators A, a model nonlin-
earity F' and noise coefficients B covered by our framework. In Section 4, we are concerned
with the compactness results that we will be using later on. In Section 5, we formulate the
Galerkin approximation equations and proof the a priori estimates which are sufficient for
compactness in view of Section 4. Section 6 is devoted to the proof of Theorem 1 and in
Section 7, we focus on uniqueness in the case of 2d manifolds with bounded geometry.

Acknowledgments. The research on which we report in this paper was started at Institute
for Analysis, Karlsruhe Institute for Technology (KIT) in 2016 when the first named author
was a Visiting Professorship ( supported by the Deutsche Forschungsgemeinschaft (DFG)
through CRC 1173). He wishes to thank Institute for Analysis, Karlsruhe Institute for Tech-
nology (KIT) for hospitality.

2. NOTATION AND ASSUMPTIONS

In this section, we want to fix the notations, explain the assumptions and formulate an
abstract framework for the stochastic nonlinear Schrodinger equation.

Let (X, X, 1) be a o-finite measure space with metric p satisfying the doubling property, i.e.
u(B(z,r)) <ooforallz € X and r > 0 and

p(B(z,2r)) S w(B(z,r)). (2.1)

Let M C X be an open subset with finite measure and L9(M) for p € [1, oo the space of
equivalence classes of C-valued ¢g—integrable functions. We further abbreviate H := L*(M).
If functions a, b > 0 satisfy the inequality a < C'(A)b with a constant C'(A) > 0 depending on
the expression A, we write a S4 b. For two Banach spaces E, F', we denote by L(E, F') the
space of linear bounded operators B : E — [F'and abbreviate L(E) := L(E, E). Furthermore,
we write ¥ — F| if I/ is continuously embedded in F';i.e. £ C F' with natural embedding
j € L(E,F). For a probability space (€2, 7, P), the law of a random variable X : 2 — E'is
denoted by P¥.

Assumption and Notation 2.1. We assume the following:
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i) Let A be a non-negative selfadjoint operator on H with domain D(A).

ii) There is a strictly positive selfadjoint operator S on H with compact resolvent com-
muting with A. Moreover, we assume that S has generalized Gaussian (py, p;,)-bounds
for some pg € [1,2), i.e.

1
- 1\ TR p(x’y)m m-1
||1B(I,t%)e tS]_B(yi%)Hﬁ(LPO’Lpé) S O,LL(B(LE’ tm))po Po eXp {—C (T y (22)

forallt > 0and (z,y) € M x M with constants ¢, C' > 0 and m > 2.
iii) The Hilbert space

(EA7 ('7 )EA> = (D(A§>7 ('7 >'D(A%))
is called the enerqy space and || - ||z, the energy norm associated to A. We denote the
dual space of F4 by E7 and abbreviate the duality with (-,) := (-,-) g+ g,, where
the complex conjugation is taken over the second variable of the duality. Note that
(E4, H, EY) is a Gelfand triple, i.e.
Ey— H=H"— E}.
iv) Let a € (1,pj — 1) be such that F, is compactly embedded in L*™ (M). We set
Pmax = sup {p € (1,00} : E4 — LP(M) is continuous}

and note that py., € [+ 1, 00]. In the case ppax < 00, we assume that E4 < LPmax (M)
is continuous, but not necessarily compact.

Remark 2.2. a) If py = 1, then it is proved in [BKO03] that (2.2) is equivalent to the usual
upper Gaussian estimate, i.e. for all ¢ > 0 there is a measurable function p(¢,-,-) :
M x M — R with

() f(x) = /M p(t 2, ) FW)u(dy), >0, ae seM

forall f € H and

¢ N
Ip(t, z,y)| < m exp { ( r ) } , (2.3)

forallt > 0 and almost all (z,y) € M x M with constants ¢, C' > 0 and m > 2.

b) In our proof, the generalized Gaussian estimate is only indirectly used to guar-
antee that A can be extrapolated from L*(M) to LP(M) for p € (po, p,) with a Mihlin
M? functional calculus for some 3 > 0. For additional information about the Mihlin
functional calculus, we refer to [Kri09] and [KW16].

We start with some conclusions which can be deduced from Assumption

Lemma 2.3. a) There is a positive selfadjoint operator A on E*, with D(A) = E, with A = A
on H.
b) The embedding E 4 — H is compact.
c) There is an orthonormal basis (hy,),, .y and a nondecreasing sequence (A, ), oy With A, > 0
and \,, — oo as n — oo and

St = M2y hy) phny, x€D(S)=<x e H: N |(2,hy) | <00y,
H n H
n=1 n=1
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Proof. ad a). The operator A is defined by
A 11
<A(707¢> = (A2@3A2¢)H7 vaw S EA'

The estimate
[(Ap, )| < || A2l gllA2¢ | < |l eallel s,

shows that A is well-defined and a bounded operator from E4 to E% with ||A| < 1. More-
over, one can apply the Lax-Milgram-Theorem to see that I + A is a surjective isometry from
E 4 to . If one equips E with the inner product

(f*’g*)Ejj4 = (<[+A)71f*7 (I+A)7lg*)EA7 f*7g* € EZ?

one can show the symmetry of A as an unbounded operator in . Hence, A is selfadjoint,

because —1 € p(A).
ad b). The embedding E4 — L**'(M) is compact by Assumption 2.1)iv) and
Lot (M) < H is continuous due to (M) < oo. Hence, E4 — H is compact.
ad c¢). Immediate consequence of the spectral theorem, since S has a compact resolvent. [

In most cases where this does not cause ambiguity or confusion, we also use the notations
A for A. We continue with the assumptions on the nonlinear part of our problem.

Assumption 2.4. Let a € (1,p) — 1) be chosen as in Assumption 2.1} Then, we assume the

following:
a+1

i) Let F: L*TY (M) — L™= (M) be a function satisfying the following estimate
[P ot 0y S iy, 0 € L4 (A), 24
Note that this leads to F' : E4 — E% by Assumption [2.1)iv), because E4 — L**!(M)
implies (L*(M))* = L (M) — E%. We further assume and F(0) = 0 and

Re(iu, F(u)) =0, wu€ L**H(M). (2.5)
ii) The map F : L*T(M) — L (M) is continuously real Fréchet differentiable with
Il oo S Nullfatiay, v € LTI (M), (2.6)

iii) The map F has a real antiderivative F, i.e. there exists a Fréchet-differentiable map
F: Lo+Y(M) — R with

F'lulh = Re(F(u),h), u,he LY(M). (2.7)
By Assumption [2.4]ii) and the mean value theorem for Fréchet differentiable maps, we get
1E(z) = F)ll o1 ) < e 1tz + (1 = )llllle = yll e ary
S )

a—1 @
< (Il orrany + Nyl orian)™ |z = yllLatrany,s x,y € L*TH(M),
2.8)

which means that the nonlinearity is Lipschitz on bounded sets of L™ ().

We will cover the following two standard types of nonlinearities.
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Definition 2.5. Let F' satisfy Assumption . Then, F is called defocusing, if F(u) > 0 and
focusing, if F(u) < 0forallu € L*T1(M).
Assumption 2.6. We assume either i) or i’):

i) Let F be defocusing and satisfy

than S F), we L (M). (2.9)

Il
i’) Let F be focusing and satisfy

—F(u) < ull§th oy w e LOTH(M). (2.10)

and there is § € (0, 225) with
(H,Ex)y, = L*H(M). (2.11)
Here (-, ), denotes the real interpolation space and we remark that by [Tri95], Lemma
1.10.1, (2.11) is equivalent to
lall$Eh o S Nl llull,s  w € Ba. (2.12)

for some ; > 0and (3, € (0,2) with a4+ 1 = 51 + 5. Let us continue with the definitions and
assumptions for the stochastic part.

Assumption 2.7. We assume the following:

i) Let (€2, F,P) be a probability space, Y a separable real Hilbert space with ONB ( £, ) men
and W a Y-canonical cylindrical Wiener process adapted to a filtration F satisfying
the usual conditions.

ii) Let B : H — HS(Y, H) be a linear operator and set B,,u := B(u)f,, for v € H and
m € N. Additionally, we assume that B,,, m € N, are bounded selfadjoint operators
on H with

> Bl < oo (2.13)
m=1

and that B,, are also bounded from E4 to E4 and from L (M) to L™ (M) and
Y BullZ e, < oo D IBulZgasy < oo. (2.14)
m=1 m=1

For the special case, when the B,, are pointwise multiplication operators, see section
below.

Remark 2.8. The estimates (2.13) and (2.14) imply
B e L(H,HS(Y,H)), Be€L(EsHS(Y,E,)), BeLL(M),~y(Y, LT (M))),

where v(Y, L**1(M)) denotes the spaces of y-radonifying operators from Y to L*™(M).

Finally, we have sufficient background to formulate the problem which we want to solve.
We investigate the following stochastic evolution equation in the Stratonovich form

{du(t) = (—iAu(t) — iF(u(t)) dt — iBu(t) o AW (¢), t € (0,T),

w(0) = (2.15)
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where the stochastic differential is defined by

iBu(t) o AW (t) = —iBu(t)dW (1) + %try (M(u(t))) dt, (2.16)
with the bilinear form M(u) on Y x Y defined by

M(u)(y1,y2) :== —iB'[u](—=1B(uw)y1)ys, w € H, yi,y2 €Y.

For the purpose of giving a rigorous definition of a solution to problem (2.15), it is useful to
rewrite the equation in the It6 form. Therefore, we first compute

try (M(u) = Y —iB[u)(=iB(u) fu) f = = Y B(B(u)fm) fm

m=1

= _iB(Bmu)fm: _iBTQnu
m=1 m=1

Hence, equation (2.15) will be understood in the following It6 form
{du(t) = (—1Au(t) — iF (u(t) + p (u(t))) dt — iBu(t)dW(t), te€ (0,T),

4(0) = (2.17)

where the linear operator ;; defined by

1 5
p(u) == _ngzl B u, u € H,
is the Stratonovich correction term.

Most of our paper will be concerned with the construction of a martingale solution.

Definition 2.9. Let 7" > 0 and ug € E4. A martingale solution of the equation (1.1)) is a system
(2, 7,B,W, F,u) such that

a probability space (Q, F, E”) ;
a Y-valued cylindrical Wiener W process on ;

a filtration F = (ﬁ) o) with the usual conditions;
tel0,T

a continuous, F-adapted, E%-valued process such that u € L*(Q x [0,7], E%) and
almost all paths are in C,,([0, 77, E4),

such that the equation

u(t) = ug + /0 [—1Au(s) —iF (u(s)) + p(u(s))] ds — i/o Bu(s)dW (s) (2.18)

holds almost surely in E for all ¢ € [0, 7.

3. EXAMPLES

In this section, we consider concrete situations and verify that they are covered by the
general framework presented in the last section.



MARTINGALE SOLUTIONS FOR THE STOCHASTIC NLSE IN THE ENERGY SPACE 9

3.1. The Model Nonlinearities. The class of the general nonlinearities from the Assump-
tions 2.4|and [2.6| covers the standard focusing and defocusing power nonlinearity.

Proposition 3.1. Let o € (1, 00) be chosen as in Assumption 2.1} Define the following function

Fy(u) =", Fy(u):= i—ll 154 s u € L*H(M).

o « M)
Then, F* satisfies Assumption [2.4)with antiderivative F'E.
Proof. Obviously, F£ : Lot (M) — L (M) due to

1FS ()l oss o = Nl osnary, v € LOFHM).

(M)

Furthermore,
Re(iv, FE(v)) = j:Re/ iv|v|* 'wdp = + Re [ HUH%IL )} = 0.
M

We can apply the following Lemma 3.2l with p = a + 1 and

a

@(a,b):(a2+b2)a21(b), a,b R,
to obtain part ii) and iii) of Assumption [2.4] O

The next Lemma contains the differentiablity properties of the nonlinearity.

Lemma 3.2. Let (S, A, 1) be a measure space and o > 1.

a) Let p > 1. The map Gy : LP(S) — R defined by G1(u) := ||ul|7, s, is continuously Fréchet
differentiable with

G [ulh = Re/ || tuhdp
s

forallu,h € LP(S).
b) Let p > aand @ : C — C be continuously real differentiable. Assume that there is C' > 0
with

() <Ol |9'(2)| <Cl|*, z€eC
Then, the map
G:LP(8) = La(S),  G(u):= P (u) + iPy(u)
is continuously Fréchet differentiable with
G'lulh = @' (u)h, u,h € LP(S),
and

Gl 2 < Cllullfz,  we LP(S).

LP—L o
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3.2. The Laplace-Beltrami Operator on compact manifolds. In this subsection, we deduce
Corollary [1.2| from Theorem [1.1] Let (M, g) be a compact d-dimensional riemannian mani-
fold without boundary equipped with its canonical measure and A := —A, be the Laplace-
Beltrami operator on M. We choose S := I — A,. Then, S is selfadjoint, strictly positive and
commutes with A. The manifold M has the doubling property and S has upper Gaussian
bounds by [DOS02], Section 7.2., and in particular, S has generalized Gaussian bounds with
po = 1.

We have the following relation between the scale of Sobolev spaces from Appendix B and
the fractional domains of the Laplace-Beltrami operator. By Proposition a), the scale of
Sobolev spaces on M is given by

H*(M)=R(S™2) =D (52) =D ((-4,)2), s>0,
where the last identity can be deduced from the spectral theorem and (1 + \)* <, 1 + A°. In
particular, we have EA = H'(M).
Letl <a<1+ . Then, by Proposition ¢) and Lemma , the embeddings

(d-2)+ 2)

are compact. Hence, Assumption (2.1) holds with our choice of A and S. The range of ad-
missible powers in the focusing case is the content of the following Lemma.

Lemma 3.3. F} satisfies Assumption[2.6|i) and F satisfies i) under the restriction o € (1,1 + %) .

Proof. Obviously, the assertion for F is true. We consider F; .
Case 1. Letd > 3. Then, pyay = d 2 is the maximal exponent w1th HY(M) < LP=x(M). Since
@ € (1, pmax — 1), we can interpolate L*"! (M) between H and LP=>(M) and get

lull osary < Nll 27 el Zomas ary S Mell 2" el ar)-

2(+1)
a<1—|——

with § = 4= ¢ (0,1). The restriction 8, := 6(a + 1) < 2 from Assumpt1on i’) leads to

Case 2. In the case d = 2, Assumption i) is guaranteed for o € (1,3). To see this, take
p > 5+ which is equivalent to §(a + 1) < 2 when 6 € (0,1) is chosen as

__(a=Dp
(at+Dp-2)
We have H'(M) — L*(M) and as above, interpolation between H and L?(M) yields
a+1 < || || (a+1)(1-6) || ||(a+1

a2, S

Case 3. Letd = 1 and fix € € (0, 3). Propositionmylelds
H24(M) < Lo(M),  H2*(M) = [LX(M), H'(M)],

5“1‘6'
Hence,
24+(2—¢)(a—1) Lie)(a—1)
ol < Tollzelolli=! S Tollzallol® 3, S llv o] oDy (e

The condition (5 +¢)(a — 1) < 2is equivalent to v < 1+ 75 +2 . Choosing ¢ small enough, we
see that Assumption [2.6]i") is true for a € (1,5). O



MARTINGALE SOLUTIONS FOR THE STOCHASTIC NLSE IN THE ENERGY SPACE 11

Remark 3.4. Note, that the 3-dimensional case with a cubic defocusing nonlinearity, i.e.
d=a=3, F(u)=F;u)=|ul*u

is admissible in our framework. In the deterministic setting, i.e. B = 0, a global unique weak
solution to this problem in H'(M) was constructed in [BGT04], Theorem 3. Uniqueness in
the stochastic case will be proved in a forthcoming paper. In [BM14], the authors considered
the stochastic problem, but only obtained global solutions in the 2-dimensional case.

3.3. Laplacians on bounded domains. We can apply Theorem [1.1| to the stochastic NLSE
on bounded domains.

Corollary 3.5. Let M C R® be a bounded domain and A be the Laplacian with Dirichlet or Neumann
boundary conditions. In the Neumann case, we assume that OM is Lipschitz. Under assumption
and either i) or ii)

1) F(u) = |u|0¢*1u w1th o € <1, 1 —+ ﬁ),

i) F(u) = —|ul*tuwitha € (1,1+13),

the equation

{du(t) = (iAu(t) — iF (u(t)) dt — iBu(t) o AW (t) in H*(M), 1)

u(0) = ug € H'(M),
has a martingale solution which satisfies
we LI(Q, L>(0,T; H' (M)))
forall g € [1,00).

We remark, that one could consider uniformly elliptic operators and more general bound-
ary conditions, but for the sake of simplicity, we concentrate on the present two examples.

Proof. We consider the Dirichlet formay : V xV — C,
ay(u,v) = / Vu-Vodz, wu,veV,
M

with associated operator (A4,, D(Ay)) in the following two situations:

i) V = HH(M)
ii) V = H*(M) and M has Lipschitz-boundary.
The operator Ay = Ap is the Dirichlet Laplacian and Apiar) = Ay is the Neumann

Laplacian. In both cases, V' = FE,,, by the square root property (see [Ouh(09], Theorem 8.1)
and the embedding F., < L*"'(M) is compact iff 1 < o < puax — 1 With ppay := 2+ ﬁ.
Hence, we obtain the same range of admissible powers « for the focusing and the defocus-

ing nonlinearity as in the case of the Riemannian manifold without boundary.

In the Dirichlet case, we choose S := A = —Ap, which is a strictly positive operator and
[Ouh(9], Theorem 6.10, yields the Gaussian estimate for the associated semigroup. Hence,
we can directly apply Theorem [1.1{to construct a martingale solution of problem (3.1)).
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In the Neumann case, we have 0 € o(Ay) and the kernel of the semigroup (e*4»)
satisfies the estimate

C. et exp 4 —c plz,y)" T
!p(t,x,y)léu(B(x’t%)) p{ (—t ) }

for all t > 0 and almost all (z,y) € M x M with an arbitrary ¢ > 0, see [Ouh09], Theorem
6.10. In order to get a strictly positive operator with the Gaussian bound from Remark
we fix e > 0 and choose S : =l — Ay. O

only

£>0

3.4. The fractional NLSE. In this subsection, we show how the range of admissible nonlin-
earities change when the Laplacians in the previous examples are replaced by their fractional
powers (—A)” for § > 0. Exemplary, we treat the case of a compact riemannian manifold
without boundary. Similar results are also true for the Dirichlet and the Neumann Laplacian
on a bounded domain.

In the setting of Section we look at the fractional Laplace-Beltrami operator given by
A = (=A,)’ for B > 0, which is also a selfadjoint positive operator by the functional calcu-
lus and once again, we choose S := I — A,. We apply Theorem [1.1|with

1 B
Ba=D(A}) =D ((I-1,)7) = H*(M),
see Proposition a). Therefore the range of admissible pairs («, §) in the defocusing case
is given by
d d 4P
- 1.1+ — "
b5 %1 © O‘€<’ +(d—26)+)’

since this is exactly the range of o and  with a compact embedding E4 — L*™(M) (see
Proposition[B.2|c)). In the focusing case, analogous calculations as in the proof of Lemma|3.3]
(with the distinction of 8 > ¢, 8 = 4 and 3 < £) imply, that the range of exponents reduces

to
4
1,14+ —.
ozE(, +d)

Hence, we get the following Corollary.

Corollary 3.6. Let (M, g) be a compact d-dimensional riemannian manifold without boundary, 5 >
0 and
uy € HP(M). Under assumption and either i) or ii)

i) F(u) = ul* tuwitha € (1,14 25-),
i) F(u) = —|ul*uwitha € (1,1 + 2£)
the equation
du(t)

u(0) =

—i(— Bult) —iF(u —iBu(t) o
(=1(=8)"u(t) ~iF(u(t)) di ~iBu(t) o AW (1), 1> 0, (3.2)
0 € )

H (M)

has a martingale solution Q,F,P,W,F, u) in HP (M) with

we LYQ, L0, T; H*(M))) (3.3)
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forall g € [1,00).

3.5. The Model Noise. In Corollaries [I.2) and [3.5 we considered the general linear noise
from Assumption[2.7 If M is either a compact riemannian manifold or a bounded domain,
let us consider the following example. Let (B,,),, . the multiplication operators given by

B,u = enu
for u € H with real valued functions e,,, m € N, that satisfy
HY(M)N L*(M), d>3,
em € F =< HM(M), d=2, (3.4)
H1<M)’ d=1,

for some ¢ > 2 in the case d = 2. Moreover, we assume

[eS)
> llemll7 < oo,
m=1

We get
lemulle < llemllznllulle, v e LP(M),
for p € [1,00]. First, let d > 3. The Sobolev embedding H'(M) < LPm<(M) fOr pyax = 2%
and the Holder inequality with § = < + Iﬁ yield
IV (emu) |2 <[[uVeml| 2 + llemVull 2 < [[Vem||allull om + [leml] Lo an | Vull 2
S (IVemllze + lemllze@n) lulm, — we H(M).

Now, let d = 2 and ¢ > 2 as in (3.4). Then, we have F' — L>(M). Furthermore, we choose
p > 2according to 5 = | + > and observe H'(M) < LP(M). As above, we obtain

IV (emu) Iz S (IVemllzae + llemllean) lullm S lemllaallullm, — we HY(M).
Hence, we conclude in both cases
lemullar S llemllpllullm,  meN, we HY(M).

For d = 1, this inequality directly follows from the embedding H'(M) — L°°(M). Therefore,
we obtain

Z HBmH%(EA) < 0.
m=1

for arbitrary dimension d. The properties of B,, as operator in £(L***(M)) and in £(L*(M))
can be deduced from the embedding F' — L>(M).

We close this section by remarks on natural generalizations of the linear, conservative
noise considered in this paper which will be worked out in the second author’s dissertation.

Remark 3.7. As in [BM14], Section 8, it is possible to replace the linear Stratonovich noise in
Theorem [I.1} see also Assumption[2.7} by a nonlinear one of the form

Bulu) = ~iBy (g(ful?), wlu) := —5 > B (gl(ul)u)
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where we assume the Lipschitz and linear growth conditions
lg(ul*Yulles S Mullea  Ng(ul*Yullee < llullee,  Ng(ul*Yu = g(lol*)Yvlle S llu = vl

forj € {1,2} and p € {a + 1,2} . In the case of H'-based energy spaces, i.e. the A = —A on
a bounded domain or A = —A, on a riemannian manifold, one can take g € C?([0,0), R)
which satisfies the following conditions:

sup |g(r)| < oo, sup(1 +7)|g'(r)] < oo, sup(1+72)|g"(r)] < . (3.5)
r>0 r>0 r>0
This kind of nonlinearity is often called saturated and typical examples are given by
r r(24or) log(1 4+ or)
— = —-—-—— = O
gl(r) 1—|—J7“7 QQ(T) (1-'-0'7")27 93(7") 1—|—10g(1+07’)’ T e [ 700)7

for a constant o > 0. For the Galerkin equation, we then take

du, = <—iAun CAPF (1) — % S 5.8 (g(]un]2)2un)> dt =13 Sy Bn(g(fnl?) i) A,
m=1

m=1
u,(0) = PLug.
Unfortunately, this approximation does not respect mass conservation, but one still has
supE | sup fun (8)|[5 | < 1, (3.6)
neN t€[0,T)]

which is enough for our purpose.

Remark 3.8. Another possible generalization of the noise is to drop the assumption that B,),,
m € N, is selfadjoint. Then, the correction term 4 has the form

I
wlu) == —§;BmBmu.

This kind of noise is called non-conservative and was considered in [BRZ16] and [Hor16].
The existence result is then based on the approximation

1S S
du,, = (—iAun —iP,F () = 5 ) SnB;Bmun) dt =1 SuBntindfn,
m=1

m=1

un<0) == Pnu07

and the a priori estimates as well as the convergence results can be proved analogously. We
only have to replace mass conservation by the estimate (3.6). The uniqueness result in section
7, however, only holds for selfadjoint B,,, since this is the crucial assumption in Lemma

4. COMPACTNESS AND TIGHTNESS CRITERIA

This section is devoted to the compactness results which will be used to get a martingale
solution of (1.1) by the Faedo-Galerkin method.
Let A and a > 1 be chosen according to Assumption [2.1] We recall that the energy space

Ey is defined by E, := D(A2). We start with a criterion for convergence of a sequence in
C([0,T7],B%, ), where the ball B}, ) is equipped with the weak topology.

Lemma 4.1. Let r > 0 and (uy,), .y C L*°(0,T; E) be a sequence with the properties
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a) suppen [|tnll o=, rm0 <1/
b) u, — win C([0,T], E%) for n — oo.
Then uy,u € C([0,T],B%,) forall n € Nand v, — win C([0,T], B}, ) for n — oo.
Proof. The Strauss-Lemma [A.3|and the assumptions guarantee that
upn € C([0,T], EX) N L®(0,T; E4) C Cy([0,T], E4)

forall n € Nand sup,¢o 1y |u(t)|| £, < r. Hence, we infer that u,, € C([0, T], B}, ) foralln € N.
Forh € E4

sup |(wn(s) — u(s), 1] < luw — ulloqorep blle, =0, n— oo.

s€[0,T7]
By a) and Banach-Alaoglu, we get a subsequence (u,, ),y and v € L>(0,T; E) with u,, —*
vin L*>(0,T; E4) and by the uniqueness of the weak star limit in L>(0,T; E% ), we conclude
U=v¢€ LOO(O, T, EA) Wlth ||u||Loo(07T;EA) S T.

Lete > 0 and h € . By the density of £ in £}, we choose h. € E4 with ||h — h.||p, < &
and obtain for large n € N
[(un(s) = u(s), M < [(un(s) —uls),h = he)| + [(un(s) — u(s), he)|
< lun(s) = w(s)lzalll = hellzy + [un(s) = uls), he)|
< 27’i + - €
-4 2
independant of s € [0,7]. This implies supyc( 7y [(un(s) — u(s), h)| — 0 for n — oc and all
h € B, ie. u, » uin C,([0,T], E4). By Lemma we obtain the assertion. O

We define a Banach space Zr by
Zr = C([0,T), E3) N LTH0, T L*T(M))
and a locally convex space Z; by
Zr = Zr 0 Cy([0,T), Ea).

The latter is equipped with the Borel o-algebra, i.e. the o-algebra generated by the open
sets in the locally convex topology of Zr. In the next Proposition, we give a criterion for
compactness in Zr.

Proposition 4.2. Let K be a subset of Zp and r > 0 such that

a) sup,ex |[ullL=ores) <73
b) K is equicontinuous in C([0,T], E%), i.e.

limsup sup |lu(t) —u(s)]

EY = 0.
00 ek [t—s|<d

Then, K is relatively compact in Zr.

Proof. Let K be a subset of Z; such that the assumptions a) and b) are fullfilled and (z,),,.y C
K. We want to construct a subsequence converging in L**1(0, T'; L™ (M)), C([0, T], E%) and
Cw([0,T], Ey4).

Step 1: By a), we can choose a constant C' > 0 and for each n € N a null set 7, with
|lzn(®)|lg, < C forallt € [0,7]\ I,. The set I := |J _y I, is also a nullset and for each
t € [0,77]\ 1, the sequence (z,(t)),, oy is bounded in E 4.

neN
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Let (¢;) ey C [0, T\ I be a sequence, which is dense in [0, 7. By Lemma | the embedding
E4 — H is compact, which yields that £4 — E7 is also compact. Therefore we can choose
for each j € N a Cauchy subsequence in £’ again denoted by (z,(t;)),, .y - By a diagonalisa-
tion argument, one obtains a common Cauchy subsequence (z,(%;))
Let € > 0. Assumption b) yields 6 > 0 with

keN -

€
sup sup |lu(t) — u(s)|[gy < 3
uekK |t—s|<o

Now, we fix t € [0, 7] and take j € N with |t; — ¢t| < § and n, m large enough to have

120 (t;) = 2m (L)

<€
By S 3

We conclude
120 (t) = 2m (D)l 25 <ll2n(t) = 2n(t)l g + 20 () = 2m () + 2 () — 2m(O)]lz; <6,
which means that (2,),,. is a Cauchy sequence in C ([0, T, E7).

Step 2: The first step yields z € C([0,7], £) with z, — z in C([0,T], £) for n — oo and
assumption a) implies, that there is 7 > 0 with sup,,cy || 20|l Lo (0,184) < 7-
Therefore, we obtain z € C([0,7],B%,) and 2, — z in C([0,7],B},) for n — oo by Lemma
[1.1] Hence, z, — 2 in C,,([0, T, E4).

Step 3: We fix again € > 0. By the Lions Lemma[A.4with X, = E4, X = L™ (M),
Xi=Fi,p=a+1land g = Wweget
Iz < eollvllz + Callvlizs! (4.1)

for all v € E4. The first step allows us to choose n, m € N large enough that

a+1 €
O [OT]EA) = 20 T

Hzn Zm”

The special choice v = z,,(t) — z,(t) for t € [0, 7] in (4.1) and integration with respect to time
yields

Hzn_Zm"%ji1(07T;La+1(M)) S EOHZn Zmsz—o{l OT;EA) +C€0H’Z’n ZmH%j-&l-l QTE*)
< EOTHZn Zm||%:oloTEA + C THZn Zm||g‘+(1)T] E%)
< eoT (20)* 4+ C, T||2n — Zml|Sti0.1, %)
<5+5=e
Hence, the sequence (z,),,oy is also Cauchy in L**1(0, T; L**(M)). O

In the following, we want to obtain a criterion for tightness in Z;. Therefore, we introduce
the Aldous condition.

Definition 4.3. Let (X,,),cn be a sequence of stochastic processes in a Banach space E. As-
sume that for every ¢ > 0 and > 0 there is 6 > 0 such that for every sequence (7,),en Of
[0, T']-valued stopping times one has

sup sup P{||[X((7, +0) AT) = X(m)lle 2 0} <e.

neN 0<6<4
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In this case, we say that (X, ),en satisfies the Aldous condition [A].

The following Lemma (see [Mot12], Lemma A.7) gives us a useful consequence of the
Aldous condition [A].

Lemma 4.4. Let (X,,)nen be a sequence of stochastic processes in a Banach space E, which satisfies
the Aldous condition [A]. Then, for every ¢ > 0 there exists a measurable subset A. C C([0,T], E)
such that

P (A) > 1 —¢, lim sup sup |lu(t) —u(s)||z = 0.
=0 ue A, |t—s|<6

The deterministic compactness result in Proposition 4.2/ and the last Lemma can be used
to get the following criterion for tightness in Z.

Proposition 4.5. Let (X,,)nen be a sequence of adapted E\-valued processes satisfying the Aldous
condition [A] in E% and

Slelll\)]E [HXTLH%OC(O,T;EA)} < 00.

Then the sequence (IPX")n oy 18 tight in Zy, i.e. for every e > 0 there is a compact set K. C Zr with
P (K.)>1—¢
foralln € N.

1
Proof. Lete > 0. With R, := (g sup,,ey E [HXnH%OO(O’T;EA)])Q , we obtain

1
P {||Xn||Loo(o,T;EA) > Rl} < ﬁE [||Xn||%oo(0,T;EA)] <
1

By Lemma one can use the Aldous condition [A] to get a Borel subset A of C([0,77], E%)
with

DO | ™

P (A) >1—

, neN, limsup sup |Ju(t) — u(s)]
6=0 yueA |t—s|<s

We define K := AN B where B := {u € Zr : ||u| 1=, < Ri} . This set K is compact by
Proposition[4.2land we can estimate

PX(K) > PX" (AN B) > P*" (A) - P¥ (B°) > 1 —

By = 0.

YRS

=1-¢

DN ™
Do ™

forall n € N. O

In metric spaces, one can apply Prokhorov Theorem (see [Par67], Theorem IL.6.7) and
Skorohod Theorem (see [Bil99], Theorem 6.7.) to obtain convergence from tightness. Since
the space Zr is a locally convex space, we use the following generalization to nonmetric
spaces.

Proposition 4.6 (Skorohod-Jakubowski). Let X" be a topological space such that there is a sequence
of continuous functions f,, : X — C that separates points of X. Let A be the o-algebra generated by
(fm),, - Then, we have the following assertions:

a) Every compact set K C X is metrizable.
b) Let (fin),cy be a tight sequence of probability measures on (X, A) . Then, there are a subse-

quence (fin, ) ,en » random variables Xy, X for k € N on a common probability space (Q,F,P)
with PXk = p,,, for k € N, and X, — X P-almost surely for k — co.
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We stated Proposition in the form of [BO11] (see also [Jak98|]) where it was first used
to construct martingale solutions for stochastic evolution equations. We apply this result to
the concrete situation and obtain the final result of this section.

Corollary 4.7. Let (X, )nen be a sequence of adapted E’-valued processes satisfying the Aldous
condition [A] in E% and

sup E [||Xn||%oo(0’T;EA)} < 0.

neN
Then, there are a subsequence (X, )ren and random variables Xy, X for k € N on a second proba-
bility space (Q, F, P) with PXk = PXn for k € N, and X, — X P-almost surely in Zp for k — oo.

Proof. We recall that Zr = C([0,T], E%) N L0, T; LT (M)) N C,([0,T], E4) is a locally
convex space. Therefore, the assertion follows by an application of the Propositions |4.5{and
if for each of the spaces in the definition of Z; we find a sequence f,, : Zr — R of
continuous functions separating points which generates the Borel o-algebra. The separable
Banach spaces C([0, 77, E%) and L**1(0, T; L*(M)) have this property.

Let {h,, : m € N} be a dense subset of E?. Then, we define the countable set
F:={fn::meN;te|0,T] NQ} of functionals on C,, ([0, T], E4) by

fna(u) = (u(t), hom)

formeN,te[0,7]NQand u € C,([0,T], E4).

The set F' separates points, since for u,v € C,([0,T], E4) with f,,;(u) = fr.(v) forallm € N

andt € [0,7]NQ, we get (u, hy,) = (v, hyy) on [0, T] for all m € N by continuous continuation

and therefore u = v on [0, 7.

Furthermore, the density of {h,, : m € N} and the definition of the locally convex topology

yield that (fint),,ex e 1100 generate the Borel o-algebra on C ([0, 77, Ea). O
5. THE GALERKIN APPROXIMATION

In this section, we introduce the Galerkin approximation, which will be used for the proof
of the existence of a solution to (1.1). We prove the well-posedness of the approximated
equation and uniform estimates for the solutions that are sufficient to apply Corollary [£.7]

Recall from Lemma [2.3] that S has the representation

Sz = Z Am (2, hm)Hhm, x € D(S) = {x €eH: Z )\3n|(x,hm)H|2 < oo} ,
m=1

m=1

with an orthonormal basis (h,,) Am > 0and \,, — oo asm — oo. Forn € Ny, we set

meN»
H, = span{hm :meN, )\, < 2"“}

and denote the orthogonal projection from H to H,, by P,, i.e.
P,x = Z (x, hm)Hhm, r € H.

)\m<2n+1

Note that P, = 1(2+1)(S) and hence, P, and Az commute, since S and A commute by
Assumption (2.1). We obtain

1 1
1Pzl = 1Pazllly + A2 Pazllfy = [ Paz |y + | PaA22|| < Nl2llE,, @€ Ea (1)
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and

HPnUl

gy = sup |(Pw,z) [ < loley sup [[Pazle, < o]
lzlle, <1 |2z, <1

EL

By density, we can extend P, to an operator P, : Ey — H,, with || P,|

(v, Pyuy € R, (v, Pyw) = (P, w)

By —EY < 1 with
o veFRE, wekF;,. (5.2)
Despite their nice behaviour as orthogonal projections, it turns out that the operators P,,
n € N, lack the crucial property needed in the proof of the a priori estimates of the stochastic
terms. In general, they are not uniformly bounded from L™ (M) to L™ (M). To overcome
this deficit, we construct another sequence (S,), . of operators S, : H — H,, using func-
tional calculus techniques and the general Littlewood-Paley decomposition from [KW16].

We take a function p € C2°(0,00) with suppp C [3,2] and Y, ., p(27™t) = 1 for all ¢ > 0.
We define p,, = p(2~™-) form € Nand py := 3.0 ___ p(27™-), so that we have >-°°_ p,,.(t) =

1 for all ¢ > 0. The sequence (p),,cy, is called dyadic partition of unity.

Lemma 5.1. We have the norm equivalence

||x||L"‘+1(M) ~ sup Z ampm(S)x s (53)
llallzoo (vg) <1 || =0 Lo+1(M)

where the operators p,,, m € N, are defined by the functional calculus for selfadjoint operators.

Proof. By Assumption [2.1{ii), we obtain that the restriction of (7'(t)),., to L***(M) defines
a co-semigroup on L**1(M), see Theorem 7.1. in [Ouh09]. We denote the corresponding
generator by S,41. Lemma 6.1. in [KW16] implies that the operator S,., is 0-sectorial and
has a Mihlin M?”-calculus for some 3 > 0. For a definition of these properties, we refer to
[KW16]], Section 2. The estimate follows from Theorem 4.1 in [KW16].

O

In the next Proposition, we use the estimate from Lemma 5.1| to construct the sequence
(Sn) ey Which we will employ in our Galerkin approximation of the problem (L.1).

Proposition 5.2. There exists a sequence (S,),,cy, of selfadjoint operators S,, : H — H, forn € Ny
with S,p — 1 in B4 for n — oo and ¢ € E 4 and the uniform norm estimates
sup [|Snlleeny <1, sup [[Sallepa) <1, sup [[Sallgpes) < oo (5.4)

neNg neNg neNp

Proof. We fix n € N and define the operators S,, : H — H forn € Ny by S,, := >"" _ pn(5)
via the functional calculus for selfadjoint operators. The operator p,,(S) is selfadjoint for
each m, since p,, is real-valued. Hence, S, is selfadjoint. By the convergence property of
the functional calculus, we get S, — ¢ in E,4 for all p € E4. A straightforward calculation
using the properties of the dyadic partition of unity leads to

Sor = (T ) ghnt D> pan) (@ ) yhm,  w € H.
A <27 Am €[27,2n+1)

Therefore, S, maps H to H, and we have sup, .y, ||Sn|lz(z) < 1. The second estimate in
(5.4) can be derived as in (5.1), since S,, and Az commute. To prove the third estimate, we



20 Z. BRZEZNIAK, F. HORNUNG AND L. WEIS

employ Lemma 5.2 with (a,),,cy, a8 am = 1 for m < nand a,, = 0 for m > n and obtain for
x € Lo (M)

oo oo
1Sz || La+riar = Z A (S < sup Z A (S) S @] patr -
m= Lot1(M) Ha”l"o(NO)Sl m=0 Lat1(M)

0

Using the operators P, and S, n € N, we approximate our original problem (1.1) by the
stochastic differential equation in H,, given by

du, (t) = (—iAu, (t) — iP,F (u,(t))) dt — 1S, B(Syun(t)) o dW (1),
{ un(0) = Pyuo.

With the Stratonovich correction term

—_

- Z (SuBnSy)
the approximated problem can also be written in the It6 form

{dun(t) = (—1Auy, (t) — iPF (un(t)) + pin (un(t))) dt — 1S, B(Shun(t))dW (1),
un(0) = Pyug.

[\D

(5.5)

By the well known theory for finite dimensional stochastic differential equations with
locally Lipschitz coefficients, we get a local wellposedness result for (5.5)).

Proposition 5.3. For each n € N, there is a unique local solution w, of (5.5) with continuous
paths in H, and maximal existence time T,, which is a blow-up time in the sense that we have
Hm sup; ., () lun(t, )| m, = oo for almost all w € Q with 7, (w) < co.

The global existence for equation (5.5) is based on the conservation of the L?-norm of
solutions.

Proposition 5.4. For each n € N, there is a unique global solution w,, of (5.5) with continuous paths
in H,, and we have the estimate

[wn (@, = lun @)l = [|Paroller < Jluoll (5.6)
almost surely for all t > 0.

Proof. Step 1: We fix n € N and take the unique maximal solution (u,,7,,) from Proposition
B.3} We show that the estimate (5.6) holds almost surely on {¢ < 7,,}. The function @ : H,, — R
defined by &(v) := ||v||%} for v € H,, is twice continuously Fréchet-differentiable with

@/[U]hl = 2Re (U, hl)H’ @,/[U] [h17 hg] = 2Re (hl, hQ)H

for v, hy, hy € H,. For the sequence (7, ), . Of stopping times

keN
Tog = 1nf {t € [0, 7] : ||un(t)||ler, =k} A T, ke N,

we have 7,/ 7,, almost surely and the It6 process u,, has the representation

un(t) = Pyug + /0 [—1Au,(s) — 1P, F (un(8)) + pin(un(s))] ds — i/o SnB(Spun(s))dW (s)
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almost surely on {t < 7,,;} for all £ € N. We fix & € N. Since we have

tr (@ un ()] (<15, (Sutin(s)) , 15, (Suta(s))) )

:Z Re (= 18,8 (Snttn(5)) frns —i90B (Sutin(s)) fin) 1

=2 Z HSanSnun(S) H%{
m=1

for s € {t < 7,4}, the Itd lemma yields

[l (8117 =||PnuO||?H+2/O Re (un(s), —1Aun(s) = 1PuF (un(s)) + pin(un(s))) ,ds

t 00 t
+2 / Re (un(s), =18, B(Suttn(s))dW (s)) ,, + > / 115 Bun St (8) |3
0 —Jo
almost surely in {t < 7,,;}. We fix v € H,, and m € N and calculate

Re (v, —14v),, = Re [iHA%UH%{] =0,
Re (v, =P, F (v )) = Re(iv, F' (v)) =0,

2Re (0, (0 ZRe (S1BnS,) ZHSB Sl

where we used and Assumption[2.4]i) for the second term and the fact, that the operator
Sn By, Sy is selfadjoint for the third term. Analogously, we get

Re (v, =19, B(Snv) fm) ,; = Re (v, =19, B Spv) ,, = Re [i(v, SnBrnSav) ;] = 0.
Thus, we obtain |Ju,(t)||3; = || P.uoll3 < |luol|?; almost surely in {¢ < 7, .}

Step 2. To show 7,, = oo almost surely, we assume the contrary. Therefore, there is 2y € F
with P(€2) > 0 such that 7,,(w) < oo and 7, x(w) 7 7, (w) for all w € . Hence, 7, x < 0o on
)y and by the continuity of the paths of u,, and the definition of 7, ;, we get
| tn(Tni(w),w)||m, =k for allw € Qp and k € N. This is a contradiction to Step 1, where we

obtained ||u,(t)||x < ||uo||# almost surely in {t < 7, ;}. Therefore, u, is a global solution and
we have

[wn (O, = [lun(O]lr = | Pavollm < luollm
almost surely for all t > 0. O

The next goal is to find uniform energy estimates for the global solutions of the equation
(5.5). Recall that by Assumption 2.4] the nonlinearity /" has a real antiderivative denoted by
F.

Definition 5.5. We define the energy £(u) of u € E4 by

1, 1 A
E(u) = §||A5u||§{ + F(u), u € Eg.
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Note that £ (u) is welldefined by the embedding £, — L**!(M). In contrast to the uniform
L?*-estimate in [0, c0), we cannot exclude the growth of the energy in an infinity time interval.
So, we fix T' > 0 from now on. As a preparation, we formulate a Lemma, which simplifies
the arguments, when the Burkholder-Davis-Gundy inequality is used.

Lemma 5.6. Letr € [1,00),e > 0,7 > 0and X € L%(Q, L>=(0,T)). Then,
1 t
Xl 00y < el Xer@emo + 1 [ IXI@imends,  t€ 0T
0

Proof. By interpolation of L?(0,¢) between L>(0,¢) and L*(0,¢) and the elementary inequal-
ity vab < ca + +bfora,b>0ande > 0, we obtain

1 1 1
1 X 220,60 < N XN F e 0,0 I X N 2100y < €Nl X L0000y + 4—€I|X||L1(o,t)-

Now, we take the L"(£2)-norm and apply Minkowski’s inequality to get

1 t
1 X || r,2200,0) < €l X Lr,n0000,)) + 4—5/ | X ()| Lryds
0

1 t
< || X||r @,z (0,0)) + 4—/ | X -, 20 (0,5))d5-
€ Jo
]

The next Proposition is the key step to show that we can apply Corollary 4.7| to the se-
quence of solutions (u,),en of the equation (5.5) in the defocusing case.

Proposition 5.7. Under Assumption [2.6]i), the following assertions hold.
a) Forall q € [1,00) there is a constant C' = C/(q, ||uo||g,, v, F, (Bp)

supE[ sup [Jun () + E(un(®)]'] <
neN te(0,7)

T) > 0 with

meN

In particular, for all r € [1, 00) there is Cy = C(r, ||uol| g, @, F, (B)

supE[ sup ||un(t)||gA} <.
neN t€[0,T]

T)>0

meN

b) The sequence (u,)nen satisfies the Aldous condition [A] in E.

Proof. ad a): By Assumption [2.4]ii) and iii), the restriction of the energy £ : H,, — R is twice
continuously Fréchet-differentiable with

E'[v)hy =Re(Av + F(v), hy);
E"[v]) [h, ha] =Re (AZhy, A2hs) , + Re(F'[v]ha, hy)
for v, hy, hy € H,. We compute

tr (€7 [un(5)] (<150 B (Sta(s)) , ~i8u B (Sytn(s)) )

E"un(8)] (=180 B Sntin(8), 1S5, BimSntn($))

WE

3
Il

|42 S, BruSutta(s) [ 37ds + > Re(F'[un(5)] (SuBrnSuttn(s)) s SuBmSntin(s))

m=1

M

3
[}
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and therefore, Itd’s formula and Proposition [5.4]lead to the identity
lun ()5 + € (un(t)) <[ Puuolz + € (Pauo)

+ /0 Re(Au,(s) + F(un(s)), —1Au,(s) — 1P, F(u,(s)))ds
+ /0 Re(Au,(s) + F(un(s)), tn(un(s)))ds

+ /0 Re(Auy(s) + F(un(s)), ~iS,B (Syun(s)) AW (s))
+ % Z/o HA%SanSnun(s)H%,ds

5 | D Rl 0 (9] (5,8, (5)) S, Byt (s)ids (57)

almost surely for all ¢ € [0, 7]. We can use for
Re(F'(v), —1P,F(v)) = Re [i(F'(v), P, F(v))] = 0;

Re [(Av, —iP, F(v)) + (F(v), —iAv)] = Re [—(Av, iF(v)) + (A0, iF (0))] = 0;

Re (Av, —iAv) , = Re [i[|Av[|3;] =0
for all v € H,, to simplify and get

[un ()7 + € (un(t)) = Pauoll3r + & (Pauo) + /O Re(Au,(s) + F(un(s)), pn(un(s)))ds
+ /0 Re(Auy(s) + F(un(s)), ~iS,B (Spun(s)) AW (s))
+ % Z/o HA%SanSnun(s)H%,ds

5 | D Rl 0 (9] (5,5, (5)) S, By (s)ids (59)

almost surely for all ¢t € [0,7]. Next, we fix § > 0, ¢ > 1 and apply the It6 formula to the
process on the LHS of and the function @ : (—2,00) — R defined by &(z) := (z + 0)*.
The derivatives are given by

V) =gl @) =g - Do e (<Gi).

With the short notation
Y(s) =64 [|un(s) 17 + € (un(s)), s € (0,77,

we obtain

Y(1)" = [0+ [[Pyuoll?y + € (Puo)|” + q/o Y (s)7 Re(Aun(s) + F(un(s)), tin(un(s)))ds
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+q /0 Y (5)""' Re(Aun(s) + F(un(s)), =iSp B (Sptn(s)) dW (s))
iy /0 Y (5)7 (| A2 S, By St (s) | % ds

+ g Z /0 Y (5)7 Re(F [un(5)] (SpBumSntin(5)) ) SnBimSpiin(s))ds

+lg-ny /0 Y ()72 [Re(Aun(s) + Flun(s)), —iSuBmSutin(s))2ds  (5.9)

almost surely for all ¢ € [0, 7. In order to treat the stochastic integral, we use Propositions
and 5.4 to estimate for fixed s € [0, T

[(Aun(s), =180 B Sutin(s)) | < [ AZ1n(5)[| ]| A2 S By St ()] 1
1
< [|AZun(8) || |50 B Sntn ()| .4
< [[A2un($) [l a1l Sallz ) | Bl o 1 () 2
1
< (Nua ) + NAR a3 ) 1Bl
S Y () Bmlleeza (5.10)
and (2.4), (2.9) and Proposition[5.2to estimate
[(F(un(s)), =15 BnSnun(s))] < ||F(un(5))||LO‘T+1(M)||SanSnun(5)||L““(M)
< Mun (580 o ISnllZ e [ Bl oo
S F(n(8)) 1Bl ey
SY ()| Bmlle Lw+1) (5.11)
The Burkholder-Gundy-Davis inequality, the estimates and (5.11), Assumption [2.
and Lemma [5.6|applied to the process X = Y?withr =1 yleld forany e > 0

E[ sup /s Y (1) Re(Auy, (1) + F(un(r)), =15, B (Snun(r)) dW(r))‘ }

s€0,t]

1
2

SE </ Z‘Y )4 Auy ( )+F(un(r)),—iSanSnun<T)>‘2dr> }

<E (/0 Y (r )qur)Q

S&E[ sup Y (s)? ] —I—i/tE[ sup Y(r)q}ds

s€[0,1] 4e re[0,s]

(5.12)

The integrands of the deterministic integrals can be estimated by using the bounds (5.4),
Proposition[5.4]for the linear and (2.4) as well as (2.9) for the nonlinear part. We fix s € [0, T]
and get

Re (Aun(s), (SuBimSn)> un(s)) y < A2 wa(8)]| ]| A2 (SuBinSn) tn(3) |
< A2 ()| al| (SnBmnSn)? tn(5)] 2
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< AR () 1Sl b | Bl (5
1
< ()13 + 142 un ()11 ) 11 B350
SY () BrllZ e, (5.13)

Re(F (un(5)), (SnBmSn)* tn(s)) < I1F(wn($) s ) | (S0 BrSn)” ttn(8) | o an

S Hun(s)H%i—il(M)”SRH%‘,(LQH)HBm”%(LaJrl)

N F(un(s))HBmHi(LaH) S Y ($)IBullZ(pasy; (5.14)

1
||A25anSnun(3)||?J < HSanSnun(S)HJQEA < ||Sn||i(EA)”BmH%(EA)Hun(S)H%A
< 1Buliz e (o)l + 143 un(s) 1)
S Bl s, Y () (5.15)

form € Nand s € [0,T]. By the bounds (5.4) of S,, and the Assumptions (2.6) and 2.9) on
the nonlinearity

Re(F" [tn(8)] (SnBmSntin(8)) , SnBimSntn(s)) S | F' [un(s )]HLQH 7ot |Sn BinSpn (s )H%GH(M)
< Nun (555 1Sl 2oy | BrallZ oy

. F(un(s))HBm”%(LaH) S Y(S)HBWH%(LO“H)
(5.16)

Substituting the inequalities (5.12) to (5.16)), into the identity (5.9), we get for each t € [0, 7]

E| SI&E}Y(S)"} S [0+ HPnuoH%+5(PnuO)}q+E/ Z Bl 25, Y (5)4ds
s€|0, 0 =
¢+ 00
+E/ Z | Bl 2 (pes1)Y (5)%ds
0 m=1

+6E[ sup Y(s)q] + é/tE[ sup Y(s)q} dr

rel0,t] s€[0,7]
—i—EZ/ | B l|% ()Y (s qu—i—E/ ZHBWH%(LaJrl)Y(S)qu
+E/ ZmaX{HB ||,c (Ea) | Bm ||[; Lot) tds
m=1

t
sw+mm%+a&wW+E/Ywﬂh
0

—l—aE[ sup Y(s)q] + %/tE[ sup Y(s)q} dr

r€[0,t] s€[0,r]

<o [6 4 lluollF + E(Pauo)]* + eE[ sup Y(s)q} + /{:E[ sup Y(s)q} dr. (5.17)

re[0,t] s€[0,r]
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Choosing ¢ > 0 small enough in inequality (5.17), the Gronwall lemma yields

E[ sup Y(s)Y] < C[6+ |luolly + E(Pauo)]” e, t€10,7],
s€[0,t]

with a constant C' > 0, which is uniform in n € N. Because of

E(Pauo) S A7 ool + 1 Patio 15541 (1g) S [ Pattol| 3, + | Pao 5 S 1,

we obtain the assertion of Proposition[5.7) part a).

ad b): Now, we continue with the proof of the Aldous condition. We have

un(t) — Pt = — i/ot Auy (5)ds — 1/; Py F(un(s))ds + /Ot i (10 (5)) s

t
- i/ SnB(Spun(s))dW (s)
0
= J1<t> -+ Jz(t) + Jg(t) + J4<t>
in H,, almost surely for all ¢t € [0, 7] and therefore

ey <D 1 Tel(70 +6) AT) = Ju(7)]

k=1

|n (70 +0) ANT) — upn(7y)

for each sequence (7,),,.\ of stopping times and # > 0. Hence, we get

ey 2} < DB {17+ 6) AT) = ()l 2 1 | (5.18)

P {||un((7'n + O AT) — un(7)

for a fixed n > 0. We aim to apply Tschebyscheff’s inequality and estimate the expected
value of each term in the sum. We use part a) for

(Tn+O)A (Tn+O)AT )
EllJ1((7n + ) AT) = J1(70)l| 2y < E/ [Aun(s)|| g5 ds < ]E/ [ A2 un(s) nds

[

SOE[ sup [[un(s)llg.] < OE[ sup |ua(s)|%,]
s€[0,T] s€[0,T)

< 0Ch;

the embedding L+ (M) — E* and the nonlinear estimates (2:4) and (@.9) for

E% ds

(Tn+0)AT
E|| (s + 6) AT) — Jo(ra) | < E / | PaF (un(s))]

(Tn+O)AT
B[ P

(Tn+O0)AT
B el ands S 0E] sup [lun()]3,] < 0C:

s€[0,7

IA

(Tn+0)AT
prds S E/T HF(un(S))HL“T“(M)dS

AN

Propositions and [5.4] for

(T +O)NT ©
E||Js((ru +6) AT) — Ja(ra) | = o / S (S0 B, ()

E4
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1 (Tn+9/\TOO
<;Ef 3 (o) (sl

n

(Tn+OAT 2
SEL T NS s s

n

(Tn+O)ANT 0
B D Bl lnds

n

IA

S OE[ sup ||Un( )||H} = Gt
s€[0,T
Finally, we use the It6 isometry and again the Propositions|[5.2|and [5.4] for
2

(Tn+O)ANT
E||Js((1, +0) NT) — J4(Tn)|]%2 <E / S B (Spun(s)) dW (s)

H

HS B (Snun(s)) HIQJS(Y,H)dSI

I
_E / TS s >\|Hds]
I

(Tn+O)AT 0 ]

(Tn+0)A
=E

<E ZIIB 2 ln (5) [,

< 0] sup (9] =00,

s€[0,7

By the Tschebyscheff inequality, we obtain for a givenn > 0

4 4C0
BAI(n+6) AT) = Sl 2 7} < BN+ O AT) = (g < == (519
for k € {1,2,3} and
n 16 16C,0
P{I!J4((Tn FO)AT) = Ja(ma)ll s, > Z} < ﬁEHJAL((Tn +0) AT) = Ja(r) |3, < 7724 _
(5.20)

Let us fix ¢ > 0. Due to estimates (5.19) and (5.20) we can choose ¢, . .., ;s > 0 such that
o €
P {M((m FOAT) = Ju(r)lls; 2 1} < =
for0 <0 <dpand k=1,...,4. With § := min {61, ...,d4}, using (5.18) we get
P {||Jx((Tn + 0) AT) = Ji() ||z, =} < e
foralln € Nand 0 < # < § and therefore, the Aldous condition [A] holds in E%. O

We continue with the a priori estimate for solutions of (5.5) with a focusing nonlinearity.
Note that this case is harder since the expression

lolif + E() = lloll, + F(v), v e Hy,

does not dominate [|v[|%, , because [ is negative.
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Proposition 5.8. Under Assumption[2.6]i’), the following assertions hold:

a) Forall r € [1,00), there is a constant C' = C(r, ||uo||g,, @, F, (Bm) T) > 0 with

meN

supE| sup un(8)]1, | < €
neN te[0,7

b) The sequence (u,)nen satisfies the Aldous condition [A] in E7.

Proof. Let ¢ > 0. Assumption [2.6/i") and Young’s inequality imply that there are v > 0 and
C. > 0 such that

lullzaisany S ellulle, + Cellullly,  u € Ea, (5:21)
and therefore by Proposition 5.4}, we infer that
_F(un(t)) N Hun(ﬂ”%iil(M) S EHun@)HQEA + CEHUTL@)H}{
S ellAzun )l + elluolf + Celluol, t€[0,7T]. (5.22)
By the same calculations as in the proof of Proposition 5.7 we get

%HAéun(s)H?{ —&(un(s)) — F(un(s))

= _ F(un(s)) + & (Pyug) + /S Re(Au, (1) + F(un(r)), pm(u,(r)))dr

0

+ /OS Re(Au, (1) + F(un(r)), =15, B (Spu,(r)) dW (r))
+ % Z /S |\A%SanSnun(r)||§Idr

/ ZRe (F' [t ()] (S By Sntin (1)) , S By St () Y (5.23)

almost surely for all s € [0, 7. In the following, we fix ¢ € [1,00) and t € (0,7] and want to
apply the L9(Q2, L>=(0,t))-norm to the identity (5.23). We will use the notation

X(s) 1= [Juolly + 1A% () + ln (5] s € 0,71, (524)

and estimate the stochastic integral by the Burkholder-Gundy-Davis inequality and the es-

timates (5.10) and (5.11) as well as Lemma

‘ /o. Re(Au, (1) + F(un(r)), —1S, B (Spuy,(r)) dW (r))

La(Q,L°°(0,t))

1

2
(Z! (At (r) + F(un (1)), —isansnuan)
La(Q,L2([0,t]))
S X N za,z20.))

1 t
g M 525
0
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By (6.22), we get

_F o < 3 2H 2 Y ,
| = Pl S el|lAbumli]|, o el + Ol 5:26)

For the following estimates, we will use (5.13)-(5.16) and the Minkowski inequality and

obtain
| Retauns) + Fun(s)) s n(s)) s 5 [ IOl
) (5.27)

0 La(Q,L>(0,t))

o t
3 /O ||Aasn3m5nun(s)\|‘;‘,ds < /O 1X(8) | ageyds; (5.28)

a(Q,L>(0,t))

ZRe (F'[un ()] (SnBmSntn(s)) , SnBmSnun(s))ds

La(Q,L°°(0,t))

t
s/nxwmmm@. (5.29)
0

By (5.23) and the estimates (5.25)-(5.29), we get

1
WAme S [EROI P e +elluollf + Celuolly + lluol &,

La(9,L=(0,t))

L9(Q,L>°(0,t))

t 1 t
+/ HX(S)IILq(mdS+€||X||LQ(Q,L°°(0¢>)+E/ [ X La(@, Lo (0,6))d8
0 0

t
+ / | X ()| La(yds (5.30)
0
In order to estimate the terms with X by the LHS of (5.30), we exploit (5.21) to get
1 o 1
XN oL o) < lluolly + E[ s 142, (s)I17] 7 +E[ sup () 152 }
s€(0,t s€|0,t

291 £
< lluoll7r +EJ s 142 un ()[3]
S

1
+eE| s 142w (8)117] 7 + elluollF + Celluoll
s€l0,t

< + NluollF + lluol%-

La(Q)

1
sup [|A2un(s)[| %
s€[0,t]

Hence, by (5.24), we obtain

WAmwz + el % + Celfuollf + lluol £,

La(Q,L°°(0,t))

Se [latu @

La(Q,L>(0,t))
t

A%nQH ds + t{uol|2 + tlluoll?

[ b o 0 el el

+ lluollZ + elluol -

1
ellllAzu,(s)]|?
+e) AL F.
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Choosing € > 0 small enough, we get

1
143w,

¢ 1
<CullwllenT.)+ | Cala) 143wl
0
and thus, the Gronwall Lemma yields
Az, (s)]|2 <C T,q)e @t 1 e[0,T).
A3, 0y < Crllmollen Toa)e™@ e 0.7]
This implies that there is C' > 0 with

supE| sup [lun (1)}, | < C.
neN te[0,7)

ds, t €10,7],

La(Q,L>°(0,t)) La(Q,L>°(0,s))

since the H-norm is conserved by Proposition [5.4] Therefore, we obtain the assertion for
r > 2. Finally, the case r € [1, 2) is an application of Holder’s inequality.

ad b): Analogous to the proof of Proposition [5.7]b). O

6. CONSTRUCTION OF A MARTINGALE SOLUTION

The aim of this section is the construction of a solution of equation (L.1)) by a suitable
limiting process in the Galerkin equation (5.5) using the results from the previous sections.
Let us recall that

Zr = C([0,T], E3) N L0, T; L (M) N Cu ([0, T, Ea).
Proposition 6.1. Let (u,),,.y be the sequence of solutions to the Galerkin equation (5.5).

a) There are a subsequence (uy, ).y, @ probability space <Q, F, If") and random variables v, v :
QO — Zp with P = P+ such that v, — v P-a.s. in Zrp for k — oo.
b) We have v, € C ([0, T, Hy) P-a.s. and for all r € [1, 00), there is C' > 0 with
SUPIE [HUICHEOO(O,T;EA)] <C
keN

c) Forall r € [1,00), we have

E [HUHZOO(O,T;EA)} <C
with the same constant C' > 0 as in b).

For the precise dependence of the constants, we refer to the Propositions[5.7land
Proof. ad a): The estimates to apply Corollary [4.7|are provided by Propositions[5.7jand

ad b): Since we have u,, € C([0,T], Hy) P-as. and C ([0, 71, Hy) is closed in C([0,T7], £7)
and therefore a Borel set , we conclude v, € C ([0,7], Hx) P-a.s. by the identity of the laws.
Furthermore, the map C (0,7, Hy) > u — HuH%m(O,T; &, € [0,00) is continuous and therefore
measurable, so that we can conclude that

B [[[o02 e 075m] = / el e 07, B (1) = / el 07, AP (1)
C([O7T]7Hk) C([OvT]ka)

=E [HunkHzOO(O,T;EA)] )

Use the Propositions [5.7in the defocusing respectively [5.8| in the focusing case to get the
assertion.
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ad ¢): We have v,, — v almost surely in L**1(0,T; L**'(M)) by part a). From part b) and
the embedding L>(0,T; E4) < L**'(0,T; L*t*(M)), we obtain that the sequence (v,),

is bounded in LQH(Q x [0,T] x M). By Vitali’'s Theorem (see [Els07], Theorem VI, 5.6), we
conclude

v, — v in L*(Q, LoTH0, T; LoTH(M)))

for n — oc. On the other hand, part b) yields & € L"(Q, L=(0,T; E,4)) for all 7 € [1, 00) with
norm less than the constant C' = C(||ug||z,,T,7) > 0 and a subsequence (v, ),y , such that

v, —* ¥ for k — oo. Especially, v,, —* @ for k — oo in L*(Q, L**(0,T; L*+1(M))) and
hence,

vV="10€ LT(Q,LOO((),T;EA))
O

The next Lemma shows, how convergence in Z; can be used for the convergence of the
terms appearing in the Galerkin equation.

Lemma 6.2. Let z, € C([0,T],H,) forn € Nand z € Zp. Assume z, — z for n — oo in Zy.
Then, fort € [0,T] and ¢ € E4 as n — oo

(2n(t),0) = (2(1), ),

/(Azn d8—>/ (Az(s
/Ot (M”<Z”(S))’¢)Hd3—>/o<,u(z(s)),;/)>d37
/Ot (P F(2n(5) ds—>/

Proof. Step 1: We fix ¢p € E4, and t € [0,T]. Recall, that the assumption implies z, — z for
n — oo in C([0, 7], E%). This can be used to deduce

[ (), %) jp = (2(1), )] < 2w — 2llcqor.e U]l Es — 0.
By z, — zin C,([0,T], E4) we getsupseOT] \(zn( ) — 2(s), >] — 0forn — coand all p € F3.

We plug in ¢ = At and use (Az,(s),9) = (2,.(s), AY) for n € Nand s € [0, ] to get
/0 ‘(Azn(s),w) s), Ap)| ds = / [(zn(s) — 2(s), A)| ds
< T sup [{(zn(s) — 2(s), AY)| = 0, n — .
s€[0,T]

Step 2: First, we fix m € N. Using that the operators B,, and 5, are selfadjoint, we get

[ (SuBasi2066)0), - (B0 0)

t
</
0

ds

((S 1) B S2 By Snzn(s), )‘der/Ot

+/
0

(Bm(sg — [)BuSnzn(s), w) ( ds

H

(Batsn = Dants)w) Jas+ [ 108, (aalo) = o) 00]
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<T|znlloqom, ) | Bull 2 g | Sallzz 1 (Sn — D[l 5,
Sull el BmlleealSn + Il e | (Se = 1) (Bmt)) |64

(Sn - [) (anw) HEA
B llccenlllle, — 0, n— oo,

+ Tl znlleqor,ey)

+ Tl znllco,m).2)

+ Tz — zllcqor),e)

since S, — ¢ in Ey4 for ¢ € E, by Proposition [5.2] and z, — z in C([0,T], E}). By the

estimate
t
|

((SnBnS)20(s).0) | = (Bh2(s),u)| ds

< TN9ll ey [1(SnBmSn)?ll el znllcqon.ey + 1 Bulleeal2llcqo.n.zy]
St 1BmllZz,) € I'(N)

and Lebesgue’s convergence Theorem, we obtain

)

and therefore

m

((sansn)an(s),¢>H (B z(s),zb)‘ ds — 0, 1 — oo,

/0 (’u" (2a(s)) ’w)HdS - /0 ((2(s)),¥)ds, n — o0.

Step 3. Before we prove the last assertion, we recall z, — z in L*™(0,T; L***(M)) for
n — co. We estimate

/0 |(PuF(2a(3)), %) — (F(2(s)), )] ds

< [ UECalo). (P = Dl ds + [ [(Flanls) = PO 6D
0 0
where we used (5.2). For the first term in (6.1, we look at

/0 [(F'(z0(s)), (Po = D)) | ds < [|F(z0) | 0/1:5)
S E ()l

(P = DYz,
By = DY,

S ”Zn”%a(o,T;LaJrl(M))||(Pn — DYllg,
S ||Zn||%a+1(0,T;La+1(M))||(Pn — DYllg, — 0, n— oo

By Assumption (see (2.6), we get

1F () = FE) et gy S (n()zoeican + 1265) Lzaeian) ™ lan(s) = 2(5)lemsscan

LY(0,T:L %5 (M) I

for s € [0, T]. Now, we apply Holder’s inequality in time with 15 + —5 + 24 =1

1 a—1
1F(z0) = s g tt aryy < T (l2nllzessorizesian + 12l erozizesany)

H,Zn — Z||La+1(07T;La+1(M)) — 0, n — oQ.

This leads to the last claim. O
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By the application of the Skorohod-Jakubowski Theorem, we have replaced the Galerkin
solutions u, by the processes v,, on (2. Now, we want to transfer the properties given by the
Galerkin equation (5.5)). Therefore, we define the process N, : 2 x [0,T] — H, by

No(t) = —v,(t) + Poug + /0 [—1Av,(s) — 1P, F(vn(s)) + pn(va(s))] ds

forn € Nand ¢t € [0,7] and in the following lemma, we prove its martingale property.
Note that in this section, we consider H as a real Hilbert space equipped with the real scalar
product Re (u,v) , for u,v € H in order to be consistent with the martingale theory from
[DPZ14] we use.

Lemma 6.3. Foreachn € N, the process N,, is an H-valued continuous square integrable martingale
w.r.t the filtration F, ; := o (v,(s) : s < t). The quadratic variation of N, is given by

(N ==Y /0 S BsSutn(5) Re (S B Sy (5), ) s

forally € H.
Proof. Fix n € N. We define M,, : Q x [0,T] — H,, by

M, (t) == —u,(t) + Pyuo + /0 [—1Au,(s) — 1P, F(un(s)) + pn(un(s))] ds

for ¢t € [0,T]. Since u,, is a solution of the Galerkin equation (5.5), we obtain the representa-
tion

Mo (t) = i /0 Sy Bon (St (5)) ATV (s)

P-a.s. for all ¢ € [0, T]. The estimate

o0 T
Z / 150 Bon St (s HHds] < 3 I8l [ / ||un<s>||%1ds]

<T Z 1Bl Z a1y ol 7 < o0
m=1

yields, that M, is a square integrable continuous martingale w.r.t. the filtration (), 7 -
From the definition of M, we get, that for each ¢t € [0,7], M, (t) is measurable w.r.t. the
smaller o-field F,,; := o (un(s) : s < t).

The adjoint of the operator @,,(s) := 15, B(S,u,(s)) : Y — H for s € [0,T] is given by

*(s)p = oo Re (iSnBmSntin(s), V) ,; fm for ¢ € H. Therefore

&(s5)P*(s) ZRe (150 BrnSntin(s), @D)HiSanSnun(s)
for¢y € H and s € [0,T]. Hence, M, is a (F,,;)-martingale with quadratic variation

(M) = Z /t 1S, By Snun(s) Re (iSanSnun(s), w) s
m=1 0
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for ¢ € H (see [DPZ14], Theorem 4.27). This property can be rephrased as

E [Re (Mn(t) — M, (s), w)Hh(un|[075])} =0
and

E

(Re (M, (1), w)H Re (M,(t), gp)H — Re (M,(s), 1/))H Re (M,(s), go)H

© ot
_ Z / Re (iSpBmSntin(s), 1) , Re (180 Bin Snun(s), @)Hds> h(un][o7s])] =0
m=1 0

for all ¢, » € H and bounded, continuous functions » on C([0, 7], H).
We use the identity of the laws of u,, and v,, on C([0, T, H,,) to obtain

E [Re (No(t) = Nu(s), %) ;h(unlpo,5)] =0
and

E

(Re (Na (1), 1[))H Re (N,,(1), gp)H — Re (N, (s), 1/J)H Re (Na(s), (,O)H

o0 t
-> / Re (S, BmSnvn(s), 1) ,, Re (182 BinSnvn(s), so)Hds> h(vnho,s})] =0
m=1 0

forall ¢, p € H and bounded, continuous functions & on C ([0,7T], H,). Hence, N, is a contin-
uous square integrable martingale w.r.t ,,; := o (v,(s) : s < ) and the quadratic variation
is given as claimed in the lemma. O

We define a process N on (2 x [0, 7] by
N(t) .= —v(t) +ug + /0 [—1Av(s) —1iF(v(s)) + p(v(s))]ds, t € [0,T].

By Proposition[6.1} we infer that v € C([0, T}, E%) almost surely and

IF@) oy S IFON, oot gy = 10l @izenan <00 as.

| Av[| oo 0.758%) < V]| Loeo.15,) < 00 aus.
Because of 1 € L(E%), we infer that u(v) € C([0,T], E%) almost surely. Hence, N has E-
valued continous paths.

Let . : E4 — H be the usual embedding, :* : H — E, its Hilbert-space-adjoint, i.e.
(wu, U)H = (u, L*U)EA foru € £, and v € H. Further, we set L := (:*) : E% — H as the dual
operator of .* with respect to the Gelfand triple £y — H ~ H* — E.

In the next Lemma, we use the martingale property of N, for n € N and a limiting process
based on Proposition |6.1{and Lemma to conclude that LN is also an H-valued martin-
gale.

Lemma 6.4. The process LN is an H-valued continuous square integrable martingale with respect

to the filtration F = (.7:}) om’ where F; = o (v(s) : s < t). The quadratic variation is given by
telo,

(LN)C = /0 iLB,v(s) Re (iLBnu(s), ¢) ,ds
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forall ¢ € H.

Proof. Step 1: Let t € [0,T]. We will first show that E [HN ()] E] < 00. By Lemma we

have N, (t) — N(t) almost surely in E% for n — oo. By the Davis inequality for continuous
martingales (see [Par76]), Lemma [6.3]and Proposition [6.1], we conclude

a+1

(Z/ 1S BunSan )HHds) 2
< (n;iBm(m)E (/ Hw(s)\ﬁfds)a;l]
[l

T
- T _ T
SE| [ ol as| SE| [ lon(ollit s
0

< TsupE [||Un||%jol(07T;La+1(M))] <TC. (6.2)

neN

E sup. INa @)%

telo,T

Since @ + 1 > 2, we deduce N(¢) € L?(2, E4) by the Vitali Theorem and N, (t) — N(t) in
L*(Q, E%) for n — oo.

Step 2: Let ¢, p € E4 and h be a bounded continuous function on C([0, 7], E%).
For 0 < s <t < T, we define the random variables
fn(tu S) :=Re (Nn<t> - Nn<s)7¢)Hh(un|[0,s})u f<t7 S) = R,6<N(t) - N(S)u 77Z)>h(u|[0,8})

The ]f”-a.s.—convergence v, — vin Zr for n — oo yields by Lemma fult,s) = f(t,s) P-a.s.
forall0 < s <t <T.Weuse (a+b)" <2 (a? + b?) for a,b > 0 and p > 1 and the estimate

(6.2)) for
Elfa(t, )" < 22l 15 E [INa @15 + | Na(s) 5]
< 2%l [ llE 2re
In view of the Vitali Theorem, we get

0= lim Ef,(t,s) = Ef(t,s), 0<s<t<T.
n—oo

Step 3: For 0 < s <t < T, we define

Ginlt,s) = (Re (Na(t),0) , Re (No(t), ) ,, — Re (Na(s), 1), Re (Ny(s), go)H) h(vali0.e)
and
g1(t,5) = (Re(N(£), ) Re(N (1), ¢) — Re(N(s), ¥) Re(N(5), ¢} ) h(t]0.).

By Lemma , we obtain ¢, ,(¢,s) — (¢, s) P-as. forall0 < s < t < T. In order to get
uniform integrability, we set r := 2 > 1 and estimate

Elgia(t, 5)|” <2"[|AlI%E [| Re (Na(t )ﬂﬂ) Re (N(t),9) " + [ Re (Na(s),9) , Re (Nu(s), ©) ']
<Rl el [N @ + INa(s)IF] < 2Rl el 2T C,
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where we used (6.2) again. As above, Vitali’s Theorem yields
0= lim Eg,(t,s) =Eg(t,s), 0<s<t<T
n—0o0

Step 4: For 0 < s <t < T, we define

00t
92,n<t7 5) = h<vn|[0,s}) Z / Re (SanSnvn<3)7 1/1)H Re (SanSnvn(T)7 @)HdT
m=1"v%

oo

Ga(t, ) :== h(v|jo,4) / Re(B,,v(1), ) Re(B,v(T), ¢)dr.

=1

3

Because of (v, |j0.q) — h(v|p,) P-a.s. and the continuity of die inner product L?([s, ] x N),
the convergence

Re (SanSnvn, ¢)H — Re(Bpv, )
P-a.s. in L?([s, t] x N) already implies g2 ,(t, s) — g2(t, s) P-a.s. Therefore, we consider
I Re (SnBnSnvn, )y — Re(Bnv, ) | 12 ((s.11x3)
< || Re (BimSnvn; (Sn = 1) ¥) ;2 @sgxryy + | Re (0n, (Sn — 1) Bn®)) || 225,410
+ | Re(Bim (vn — v), V)| L2((s,xm)
(Sn = D) ¥llpa + [ Re (vn, (Sn = 1) Buth) yllz2s0 )
91zl Bm(on = 0) | 2150, 25)

1

[e%s) 2
1
< (Z IIBmH%(EA)> T2 ||vnllcqor),E)
m=1

< HBmSnvnHLQ([s,t]XN,EZ)

(P = D) ¢, + | Re (Um (Sh — 1) Bmw)HHLZ([s,t]xN)

1
0o 2
1
+ (E IIBmII%wA)) T2 o, = vlleqorye 1¥]l £,
m=1

The first and the third term tend to 0 as n — oo by Proposition [6.1|and for the second one,
this follows by the estimate

| Re (va(s), (Sn = 1) But)) y|* < Alloa ()l 1Bl 2 19115, € L ([5,4] x N)
and Lebesgue’s convergence Theorem. Hence, we conclude
| Re (SanSnvn, @Z))H — Re(B,,v, ¢>||L2([s,t]xN) —0
P-a.s. as n — oo. Furthermore, we estimate

) t T
S [ I Re (SuBuSuvn(r), 9), [2dr < / lon(7)]

m=1"9%

2
Ey

ks | [ > BullZ e,
m=1
and continue with r := %1 > 1 and

Elgan(t, s)|" < IE[II Re(Sn B Sntn, Y) 17215100 | R(Sn B Suvn, @) |72 15,400 [P (Vn]j0.5))

T r 00 r
SEW ||””(T)|2Ezd7) ] 1915, el (Z ||Bm||%<EA>) 1Al
m=1
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<E[[ I

Using Vitali’s Theorem, we obtain

lim E gy, (t,s)] = Elga(t,s)], 0<s<t<T.
n—o0

%fldT} < supE [anH%ﬂl OTLQH(M))] < CT.

Step 5: From step 2, we have

E [Re(N(t) = N(s),¥)h(uljg,q)] =0 6.3)
and step 3, step 4 and Lemma [6.3] yield

E

(RGW(t), ) Re(N(t), o) — Re(N(s),¥) Re(N(s), ¢)

+Z/ Re(Bnv(7), ¢) Re(Bn, (),¢>d7>h(v|[o,s])] =0. (64)

Now, let 7),¢ € H. Then 1*n,1*( € E4 and for all z € E}, we have Re (Lz,7) ,, = Re(z, 7).
By the first step, LN is a continuous, sqare integrable process in H and the identities (6.3)

and imply
E [Re (LN(t) — LN(s),n) ,h(ulps)] =0

and

E

(Re (LN(t),n), Re (LN(t),¢),, —Re (LN(s),n), Re (LN(s),¢),,

+ Z_:l / Re (LBnv(7),1m) , Re (LBnv(T), C)HdT> h(vho,s])] _o

Hence, LN is a continuous, square integrable martingale in H with respect to the F,,; :=
o (v(s) : s <t) and quadratic variation

(LN =D /0 iLB,v(s) Re (iLBnu(s), () ,ds

forall ( € H. O

Finally, we can prove our main result Theorem [1.1| using the Martingale Representation
Theorem from [DPZ14], Theorem 8.2.

Proof of Theorem 1.1. We choose H = L*(M), Q = I and &(s) := iLB (v(s)) for all s € [0,T].
The adjoint ®(s)* is given by &(s)*¢ := >_*_, Re (iLBnv(s), (), fm and hence,

(qﬁ(s)Q%) (@(S)Q%) ¢ = B(s)0(5)°¢C = Y Re (iLByo(s), ) yil Bpo(s)
m=1
for ¢ € H. Clearly, v is continuous in F% and adapted to the filtration F given by F, =

o (v(s): 0 < s <t)fors e [0,T]. Hence, ¥ is continuous in H and adapted to F and therefore
progressively measurable.
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By an application of Theorem 8.2 in [DPZ14] to the process LN from Lemma(6.4, we obtain
a cylindrical Wiener process W on Y defined on a probability space

(Q, F',P) = (Q X é,ﬁ@ﬁ,l@@fﬁ)
with
LN(t) = /O B(s)dVW (5) = /O LB (u(s)) I (s)

fort € [0,T]. The estimate

T 0
||BU||L2 ([0,T]xQ,HS(Y,EY)) —E/ Z [ Brmv(s) E* ds < E/ Z ”BmU(SW%AdS
0 m=1

T
E / (Z ||Bm|ri<EA)> lo(s)I,ds S E / lo(s)II%, ds
m=1

ST“UH%Q(Q,LOO(O,T;EA) <TC

yields that the stochastic integral [, B (v(s)) dW (s) is a continuous martingale in F% and
using the continuity of the operator L, we get

¢ t
/ iLB (v(s))dW(s) = L (/ iB (v(s)) dW(s))
0 0
for all t € [0, 7). The definition of IV and the injectivity of L yield the equality

/0 iBu(s)dW (s) = —v(t) + uo + /0 [—1Av(s) —iF(v(s)) + p(v(s))] ds (6.5)

in £ fort € [0, T]. The weak continuity of the paths of v in £ 4 and the estimates for property
(1.5) have already been shown in Proposition . Hence, the system <S~2, F,P,W,F, v) is a

martingale solution of equation (1.1).

It remains to prove the mass conservation from Theorem In Proposition we
proved a similar result for the approximating equation. Since this property is not invari-
ant under the limiting procedure from above, we have to repeat the calculation in infinite
dimensions and justify it by a regularization procedure.

Proposition 6.5. Let (Q, F,P,W,F, u) be a martingale solution of (1.1). Then, we have ||u(t)| 1> =
|luo|| 2 almost surely for all t € [0,T].

Proof. Step 1. Given \ > 0, we define Ry := A (A + A) ™' . Using the series representation, one
can verify

Ryf—f in X, AN—=oo, feX
[BAlleox) <1 (6.6)
for X € {H, E4, E,} . Moreover, R,(E%) = E4 and hence, the equation

Ryu(t) = Ryug + /0 [—iR)\Au(s) — iR \F(u(s)) + Rap(u(s))] ds — i/o RyBu(s)dW (s) (6.7)
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holds almost surely in £4 for all ¢ € [0, 7. The function M : H — R defined by
M(v) = ||v||% is twice continuously Fréchet-differentiable with

M/[U]hl = 2Re (U, hl)H’ MH[’U] [hl, hg] = 2Re (hl, h2)H
for v, hy, hy € H. Therefore, we get

| Rau(t) |3 =||Rauoll3; + 2/ Re (Rau(s), —iRyAu(s) — iR\F(u(s)) + Rap(u(s))) ,ds

- 2/ Re (R)\u(s),iR,\Bu(s)dW(s))H + Z/ | RxBynu(s)||3ds (6.8)
0 m=1"0

almost surely for all ¢ € [0, 7.

Step 2. In the following, we deal with the behaviour of the terms in for A — oo. Since
Ry and A commute, we get

Re (Ryu(s), —iRyAu(s)) , = Re (Ryu(s), —iARu(s))
For s € [0,T], we have
Re (Ryu(s), —iR\F(u(s))) , = Re(u(s), =iF (u(s))) = 0
Re (Ryu(s), Rku(u(s)))H — Re (u(s), u(u(s)))H, A — 0. (6.10)
by (6.6). In order to apply the dominated convergence Theorem by Lebesgue, we estimate
| Re(Ryu(s), —iRyF(u(s)) + Rap(u(s))) |
< Nluls) | a l[-1F (uls)) + p(uls))]l

S u(s)lls, (||F<u<s>>\|Laa+l(M) +> ||Bm||%(H>|ru<s>r|H>
S )y (Ie()gassqany + ()

S lu@)l" + lus)E,

using and the Sobolev embeddings L+ (M) — E% and E, — Lot(M).
Since u € C\,([0,T], E4) almost surely and C,,([0, 7], E4) C L>(0,T; E4), we obtain

L =0, se[0,T], A>0. (69

/t Re (Rau(s), —iR\F(u1(s)) + Rapu(u yds — / Re (u u(s))) ,ds, A — 00,
0
almost surely for all ¢ € [0, T]. Moreover, the pointwise convergence
| RxBmu(s)||lg — || Bmu(s)| m, meN, faa. se|0,T]
and the estimate
1RxBru(s)l[7r < | Bl 2o lu(s) Iz € LH([0, T] x N)
lead to, by Lebesgue DCT,

00 t 0 t
> / |RABru(s)|[5ds — > / | Bou(s)||ds, X — oo (6.11)
m=1 0 m=1 0
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almost surely for all ¢ € [0, 7. For the stochastic term, we fix £ € N and define a stopping
time 7 by
T = inf {t € [0,T] : ||u(t)||g > K} .
Then, we infer that

Re (Ryu(s),iR)\Bmu(s)), — Re (u(s),iBu(s)), =0 as., meN,se[0,T]

H
and
Lo, (5)| Re (Ru(s), iRy Bunu(s)) , * < L) () () [ 3| Bl 2
< KBz € L' x [0,T] x N)
to get

E Z/ [Re (Ryu(s), iRABmu(s))H}z ds =0, \— oo,
m=1"0
by Lebesgue. The It isometry and the Doob inequality yield

]E sup
tE[Oﬂ'K]

/0 Re (Rau(s),iR\Bu(s)dW(s)) ,

2
] —0, A— o0,
After passing to a subsequence, we get

/t Re (Ryu(s), iR,\Bu(s)dW(s))H =0, A— o0, (6.12)

almost surely in {¢ < 7x}. By

U{t<mt=01 as.,

KeN

we conclude that (6.12) holds almost surely on [0, 7.
Step 3. Using (6.9), (6.11) and (6.12) in (6.8), we obtain
t o0 t
) =l +2 | Re (ute).tu(s)) s + 3 [ 1B (o) Fds
m=1

almost surely for all ¢ € [0, 7). By the selfadjointness of B,,, m € N, we simplify

2Re (u(s), pu(u(s))) ; = = Y Re (uls), Bru(s)) ;= = > | Buuls)ll-
m=1 m=1
Therefore, we have ||u(t)||3;, = ||uo||3, almost surely for all ¢ € [0, T]. O

7. REGULARITY AND UNIQUENESS OF SOLUTIONS ON 2D MANIFOLDS

In this section, we want to study pathwise uniqueness of solutions to (1.1) and we con-
sider the case of a 2-dimensional riemannian manifold without boundary A/. We drop the
assumption that M is compact and replace it by

M is complete, has a positive injectivity radius and a bounded geometry. (7.1)

We refer to [Tri92], chapter 7, for the definitions of the notions above and background refer-
ences on differential geometry. We emphasize that (7.1) is satisfied by compact manifolds,
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see [Aub13]. Let A = —A, be the Laplace-Beltrami operator F' = F'¥ be the model nonlin-
earity from section 3, The proof is based on an additional regularity of the solution, which
we obtain by applying the deterministic and the stochastic Strichartz estimates from [BS14]
and [BM14].

In two dimensions, the mapping properties of the nonlinearity improve, as we will see in
the first Lemma.

Lemma 7.1. Let d = 2, o« > land s € (%2, 1]. Then, we have FF : H*(M) — H*(M) for all
$€(0,1—a+ sa)and

1F ()l S [l

s ue H*(M).
Proof. Step 1. We start with the proof of
15 (w)]

Hs:7(R2) s ||U| C}!IS(RQ) (72)

2

for r € (1, ). For a general M, the estimate follows by the definition of fractional

(1—s)a+s
Sobolev spaces via charts, see Appendix B. By [CW91], Proposition 3.1, we obtain
S a— s 1 1 a—1
IIVEFEZ @)l S lellg VPl 2, F o2t T

Furthermore,
1ES @)l = g
and follows from the Sobolev embeddings
H*(R?) — L1(R?), H*(R?) < L™*(R?),

2
for r e (1, m]

Step 2. The assertion follows from and the Sobolev embedding H*"(R?) — H*(R?).
U

In the following Proposition, we reformulate problem (1.1) in a mild form and use this to
show additional regularity properties of solutions of (1.1). Let us therefore recall the notation

W= —% i Bfn.
m=1

Proposition 7.2. Assume d = 2 and choose 2 < p,q < oo with

2 2
S+Z=n
P q

Let s € (O‘T_l, 1], a > 1,7 > 1land § := max{a,2}. Let (Q,]}, P, W,F,u) be a solution to (1.1))
with F = F* and assume

ue L(Q,L°0,T; H*(M))). (7.3)
Then, for each § € (0,1 — o+ sa) and ¢ € (0,1), we have

we L'(Q,C([0,T], H¥(M)) N L0, T; H* ¢ *(M))) (7.4)
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and almost surely in H¥(M) forall t € [0,T]

i =i —itA 0 ' —i(t—T)AFi Ndr ! —i(t—7)A Ndr ! —i(t—T)AB NAW (7).
u(t) = e~y +/0e *(u(r) +/0e () +/0e (u()) (72))

Remark 7.3. Of course, also holds for ¢ > 1, but then u € L"(€2, L9(0, T} HS_%’p(M)))
would be trivial by the Sobolev embedding H*(M) — H = (M). Being able to choose
e € (0,1) means a gain of regularity which will be used below via H =R (M) — L*(M)
for an appropriate choice of the parameters.

Proof of Proposition Step 1. First, we will show that it is possible to rewrite the equation
(2.18) from the definition of solutions for (1.1) in the mild form (7.5).
We note that for each § < 0 the semigroup (e 4),_ on L?*(M) extends to a semigroup

(Ts(t)),5, With the generator A; that extends A to D(As) = H**(M). To keep the notation
simple, we also call this semigroup (e~4) _ .
We apply the It6 formula to @ € C'2([0,¢] x H*=2(M), H*~*(M)) defined by

&(1,z) = e Ay, T€[0,t], x€ H M)

and obtain
iu(t) = ie g + / t e IDARE(y(1))dr + / t e DA (u(r))dr + / t e E=DAB(u(7))dW (1)
almost surely in H 24(M ) forall ¢ € [0,T]. O U

Step 2. Using the Strichartz estimates from Lemma we deal with the free term and

each convolution term on the right hand site to get (7.4) and the identity (7.5) in H S(M). For
this purpose, we define

Yy = L9(0,T; B (M) 1 L=(0,T; HY(M)).
By (B.7) we obtain

—itA

e ws S lluol[s < o0

UOHLT(Q,YT) S luol

and by and Lemmal|7.1} we get

/t e DA RE(y(7))dr
0

Integration over () and yields

‘ /Ot e’i(t’T)AFj(u(T))dT

To estimate the other convolutions, we need that y is bounded in H*(M) and B is bounded

from H*(M) to HS(Y, H*(M)). This can be deduced from the following estimate, which fol-
lows from complex interpolation (see [Lun(09], Theorem 2.1.6), Holder’s inequality and As-

sumption

H 2(1-s
S 1Bl < S 1Bl E a1 Bl 2y
m=1 m=1

SNFL @)l pomas S Nullfaorms-
Yr

S HUH%M(Q,LD‘(O,T;HI)) < 00

L7 (Q,Y7)
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0o s o) 1-8
< (Z HBmH%(Hl)) (Z HBmH%(H)> < oo0. (7.6)
m=1 m=1
Therefore, by (B.5), (7.6) and
t
/ e_i(t_T)Au(u(T))dT
0

) S ”M(U)HL’“(Q,Ll(O,T;Hg)) S |’uHLT(Q,L1(O,T;H§))
LT(Q,YT)

S ||U||Lm(§2,Lﬁ(o,T;Hs) < 0.

The estimates (B.6), and imply
t

/ e TAB(u(r))dW (1)
0

S [1B(u)

) L7 (Q,L2(0,T;HS(Y,H?)) S HUHU(Q,LQ(O,T;HE))
LT(Q,YT)

N HU”LM(Q,Lﬁ(o,T;HS)) < o0

Hence, the mild equation holds almost surely in H*(M) for each ¢ € [0,7] and thus, we
get (7.4) by the pathwise continuity of deterministic and stochastic integrals. O

As a preparation for the proof of pathwise uniqueness, we show a formula for the L*-norm
of the difference of two solutions of (1.1).

Lemma 7.4. Let (Q, F,P,W,F, uj> , J = 1,2, be solutions of (L.I) with F = F* for a > 1. Then,

lua () — ua(t)72 =2/0 Re (u1(7) = uz(7), =iFy (ur(7)) +iF5 (ua(7))) pdr - (7.7)

almost surely for all t € [0,T].

Proof. The proof is similar to Proposition In fact, it is even simpler, since the regularity
of F¥ due to Lemmal[7.1|simplifies the proof of the convergence for A — oc. O

Finally, we are ready to prove the pathwise uniqueness of solutions to (1.1).

Theorem 7.5. Let d = 2 and F(u) = F¥(u) = +|u|*'u with o € (1,00). Let r > «, 3 >
max{«, 2} and

‘e (1—%,11] fora € (1,3,
(l—m,l] fOT"O[>3.

Then, solutions of problem (1) are pathwise unique in L'(Q, L°(0,T; H*(M))), i.e. given two
solutions (Q, F.P,W,F, uj> with

uj € LT(Q7 LB(()? T HS(M)))>
for j = 1,2, we have u; (t) = uy(t) almost surely in L*(M) for all t € [0, T].

Proof. Step 1. Take two solutions <Q,f, P, VNV,INF,u]) of (L.1) withu; € L’"(fl, L>(0,T; H*(M)))
for j = 1,2, and define w := u; — uy. From Lemma (7.4 we conclude

leo(t) 2 =2 / Re (w(r), —iF (w1 (r)) + F(ua(r)) ol



44 Z. BRZEZNIAK, F. HORNUNG AND L. WEIS
almost surely for all ¢ € [0, T']. The estimate
|Fy(z21) = Fy(22)] S (J2a]* "+ [22]*7Y) 21 — 22, 21,29 € C,

yields
Jw(t)|7 N/ / lw(T, ) |u1(7- 2)|* 4 |ug (T, x)|o‘_1] dxdr
< [ 1ol [l (5t + sl 78)

almost surely for all ¢ € [0, 7.
Step 2. First, we deal with the case o € (1,3]. By s > 1 — i, we can choose ¢ > 2 and
€ (0,1) with
1 1
l——<1—-——+ = <
2a g qo
Hence, thereis 5 € (0,1 —a+sa) withs > 1— % + <. If we choose p > 2 according to %+§ =1,
Proposition leads to H* "¢ ¥ (M) — L*(M) because of

1 2 1
(5— +5)——:§—5+——1>0.
p

q q q

Moreover, we have u; € L4(0,T; H SR (M)) almost surely for j = 1,2 by Proposition
Hence, the process b defined by

b(r) == [Jlur (5= + ua (DI, T[0T, (7.9)
satisfies
lliomy S lwll*™ e +||u II“ L. <00 as, (7.10)
L4(0,T;H®™ "4 1(0,T;H®” "a ')

where we used ¢ > 2 > o — 1 and the Holder inequality in time. Because of (7.8), we can
apply Gronwall’s Lemma to get

uy(t) = ug(t) a.s.in L*(M) forall t € [0, 7).
Step 3. Now, let a > 3. Then, we set ¢ := a — 1 and choose p > 2 with 2 + 2 = 1. Using

s>1—m we fix ¢ € (0,1) with

€
l-—<1l-—+4+ —<s.
ala—1) qa+qa °

As above, we can choose § € (0,1 — a + sa) with Hg_%’p(M) — L*(M) and
u; € L0, T, Hg_%’p(M)) almost surely for j = 1,2. We obtain b € L*(0,T) almost surely
for b from (7.9) and Gronwall’s Lemma implies

ui(t) = up(t) a.s.in L*(M) forallt € [0,7].
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Remark 7.6. In [BM14], BrzeZniak and Millet proved pathwise uniqueness of solutions in
the space L4(Q2, C([0, 7], H'(M)) N Lq([O,T],Hl_%’p(M))) with % + % =land ¢ > o+ 1.
Since they used the deterministic Strichartz estimates from [BGT04] instead of [BS14], their
result is restricted to compact manifolds M. Comparing the two results, we see that the
assumptions of Theorem [7.5/are weaker with respect to space and time. On the other hand,
the assumptions on the required moments is slightly weaker in [BM14].

Remark 7.7. A similar Uniqueness-Theorem can also be proved on bounded domains in R?
using the Strichartz inequalities by Blair, Smith and Sogge from [BSS12]. We also want to
mention the classical strategy by Vladimirov (see [V1a87], [Oga90], [OO91] and [Caz03]]) to
prove uniqueness of H'-solutions using Trudinger type inequalities which can be seen as the
limit case of Sobolev’s embedding, see also [AF03], Theorem 8.27. Since this proof only relies
on the formula and the property of solutions to be in H*, it can be directly transfered
to the stochastic setting. This strategy does not use Strichartz estimates, but it suffers from a
restriction to « € (1, 3] and it cannot be transfered to H* for s < 1.

Now, we give the definition of the concepts of strong solutions and uniqueness in law
used in Corollary [1.3]

Definition 7.8. a) LetT > 0 and uy € E4. Then, a strong solution of the equation (1.1)) is
a continuous, F-adapted process with values in E% such that u € L?(Q2 x [0,T], E%)
and almost all paths are in C,, ([0, 7], E4) with

u(t) = uo +/0 [—1Au(s) — iF (u(s)) + p(u(s))] dr — i/o Bu(s)dW (s)

almost surely in E* for all ¢t € [0, T].

b) The solutions of are called unique in law, if for all martingale solutions
(2, F;, P, W, Fj, u;) with u;(0) = g, for j = 1,2, we have P{* = P3? almost surely
in C([0, 77, L*(M)).

We finish this section with the proof of Corollary [1.3]
Proof of Corollary[1.3} The existence of a martingale solution from Corollary[l.2land the path-
wise uniqueness from Theorem [7.5|yield the assertion by [Ond04], Theorem 2 and 12.1. [J

APPENDIX A. AUXILARY RESULTS FROM FUNCTIONAL ANALYSIS

In this appendix, we collect some abstract notions and results needed in Section 4] For a
Banach space X and > 0, we denote

By :={ue X :|ulx <r}.

The weak topology on B is metrizable if the dual X* is separable and a metric is given by
q(x1, 22) 222_k|(x1—x2,$z>|, T, %9 € X,
k=1

for a dense sequence (2} ), € (Bx- )" see [Brel0], Theorem 3.29. If X is also separable, then
C([0,T],BY) is a complete separable metric space with metric p(u, v) := sup;cpo 71 ¢(u(t), v(t))
for u,v € C([0,7T],B%,).
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Definition A.1. We define
Cw([0,T),X) :={u:[0,T] - X :[0,T] >t — (u(t),z") € Cis cont. forall z* € X*}

and equip C,,([0,T], X) with the locally convex topology induced by the family P of semi-
norms given by

Pi={ps 2" € X7}, pelu)= sup [(u(t),z")].
te[0,7)

We continue with some auxiliary results.

Lemma A.2. Let r > 0 and u,,u € Cy([0,T], X) with sup,eio 7y |lun(t)||x < rand u, — win
Cw([0,T], X). Then, we have u,, — w in C([0,T],B’).

Proof. By Lebesgue’s Convergence Theorem,

plunsu) <727 sup [(un(t) = u(t),7p)[ =0, n oo,
=1 (0,77

where we used the definition of convergence in C,,([0, 7], X) for fixed £ € N and

sup |(u,(t) — u(t), z7) < <sup e (£)l|x + sup ||u<t>|rx> |z llx- < 2r.
te[0,7 te(0,7) te[0,7
U

Lemma A.3 (Strauss). Let X,Y be Banach spaces with X — Y and T > 0. Then, we have the
inclusion

L(0,T; X) N Cu((0,T],Y) C Co([0,T], X).
Proof. See [Tem77], Chapter 3, Lemma 1.4. O

Lemma A.4 (Lions). Let X, Xy, Xy be Banach spaces with X, — X — X, where the first embed-
ding is compact. Assume furthermore that X, X, are reflexive and p € [1,00). Then, for each ¢ > 0
there is C. > 0 with

2l < ellzlly, + Cellzllx,, = € Xo.
Proof. See [Lio69], p. 58. O

APPENDIX B. SOBOLEV SPACES ON MANIFOLDS AND STRICHARTZ ESTIMATES

In the Sections|3|and |7, we need some results about Sobolev spaces on manifolds and their
connection with the fractional domains of the Laplace-Beltrami operator. In this appendix,
we recall the basic definitions and Sobolev embeddings. Moreover, we state the determinis-
tic and stochastic Strichartz estimates for the Schrodinger group (e27), o .

Let (M, g) be a d-dimensional riemannian manifold without boundary with

M is complete, has a positive injectivity radius and a bounded geometry. (B.1)

Definition B.1. a) Let s > 0,p € (1,00), A := (Uj, ki),; be an atlas of M and (), ,
a partition of unity subordinate to .A. Then, we define the fractional Sobolev spaces
H*?(M) by

H*?(M) :={ f e LP(M) :||f|

How(M) 1= (Z 1(Wif) ok, |

P
D
HW(R%) <00 p,
el
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where H*P?(R?) is the Sobolev space on R%. For p = 2, we write H*(M) := H**(M).
b) For p € (1,00), we define W'?(M) as the completion of C*°(M) in the norm

I fllwreaany == | fllzeany + IV fllzrary, feC=(M).

Note that in b), Vf is an element of the tangential bundle of M. We refer to [Lab15] for
turther details. A useful characterization of fractional Sobolev spaces is in terms of the
fractional powers of the Laplace-Beltrami operator. By Strichartz, [Str83] Theorem 3.5, the
restriction of (') 150 O L*(M) N LP(M) extends to a strongly continuous semigroup on

LP(M). We fix p € (1,00) and s > 0. The generator (A,, D(4,)) is called the Laplace-Beltrami
operator on LP(M ). The negative fractional powers of I — A, are defined by

D((I—-A,)™) = {f e LP(M): /000 o leTtetArdt exists}

—a _L > a—1_—t tAp
(I—A)) f._F(a)/O t* e fdt

for @ > 0. Note that in the case p = 2 this coincides with the definition via the functional
calculus because of the identity 5 [;~ t*'e™* fdt = A= for A > 0.

In the following Proposition, we hst characterizations and embedding properties of the
Sobolev spaces from Definition [B.1]

Proposition B.2. Let s > 0and p € (1,00).

a) We have H*?(M) = R((I — A,)~3) with | f|
Furthermore, we have H"? (M) = WP(M).

b) For s > 2, we have HSP(M) — L=®(M).

) Let0<32 < 81 < Oand -

s

wor = ollio for f = (I = A,) 4.

< P1,pP2 < OO with

81—i282—i (B.2)
b1 P2
Then, the embedding H*'P' (M) — H®>P2(M) holds. If the inequality (B.2) is strict and M
is compact, the embedding is compact.
d) For s, 50,51 > 0and p,po,p1 € (1,00) and 6 € (0, 1) with
1 1—
s =(1—0)sg+ 0sy, - = f 9,
p Po P

d—l—@

we have [Hso,po (M)) H 101 (M)]G — Hs’p(M).

Proof. ad a): See [Iri92], Theorem 7.4.5.

ad b): See [Bol15], Theorem II1.1.2. d).

ad c): See [Yan02], Theorem 3.1, ii), for the strict inequality and [YanO3], Theorem 2 for the
limit case. Note that the author considers the more general framework of Triebel-Lizorkin
spaces I (X) on spaces X of homogeneous type. The embedding in the case of fractional
Sobolev spaces on compact manifolds is a consequence of the identity H*?(M) = F;,(M)
fors € Rand 1 < p < oo, see [Tri92], Section 7.4.5.

ad d): See [Tri92], section 7.4.5, Remark 2. O

In the next Lemma, we recall the deterministic homogeneous Strichartz estimate due to
Bernicot and Savoyeau, see [BS14], Corollary 6.2.
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LemmaB.3. Lete > 0,7 >0and2 < p < 00,2 < q < oo with

2 d d
—+_:_7 Q7p7d 7£ 270072‘
SHS=5 @pd# (2
Then,
. 1+e
HeltA”:L‘||Lq(o,T;Lq(M)) < ;S(M), re H « (M). (B.3)

We remark that in the special case of compact M, Burq, Gérard and Tzvetkov proved
even for e = 0. But for our application in Section [7] this is not needed, such that we can
prove uniqueness on non-compact manifolds with d = 2 and (B.T).

From Lemma|B.3] one can deduce the following Strichartz estimates for the stochastic and
deterministic convolutions in fractional Sobolev spaces. Note that we choose the probability
space  and the Y-valued Wiener process W as in Assumption 2.7}

Lemma B.4. In the situation of Lemma , we take s € (1%;5, andr € (1,00).
a) We have the homogeneous Strichartz estimate

€ g$|| St 12] s ) (B.4)

_14e
a(0,T;H*™ "4 'P(M))

forv e H " (M) and the inhomogeneous Strichartz estimate

| ésryar v, S lemaony (55
0 La(0,T;H™ @ "P(M))
for f € L0, T; H5(M)).
b) We have the stochastic Strichartz estimate
‘/ei('—T)AgB(T)dW(T) . Ste | Bl sz 0,18y, 5 (M) (B.6)
0 L7 (Q,La(0,T;H*™ 4 "P(M)))

for all adapted processes in B € L"(Q; L*(0,T; HS(Y, H*(M)).
Proof. Proposition[B.2]a) and Lemma|[B.3]yield

itA _ 5
ezl sy 0 = A E Sl o rmany
= |le®(1 — A )%_quHLq (0,T3LP (M)
s_ lte
ST,E H(l — Ag)z %E(M) ~ Hx| Hs(M)- (B7)
From (B.7), we get
‘ / e f()dr Lie Sre / e i f(r)dr S lzom;ms ) (B.8)
0 La(O,TsH® 0 P (M) 0 He (M)
and Theorem 3.10 in [BM14] implies
A B <._|IB e . B.9
| [ e emawe) pomormam S NP sy ©9

With the same procedure as in (B.7), one can deduce the estimate (B.6). O
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