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Abstract

We solve numerically the reduced field equations of the sphaleron S in SU (3) Yang-Mills-Higgs
theory with a single Higgs triplet and address some of the solution’s properties. The energy barrier
structure of the obtained configuration is of particular interest and motivates further research on
the stability of the S. Furthermore, we solve the S field equations in an extended SU(3) Yang-
Mills-Higgs theory with three Higgs triplets. This theory features a non-vanishing, equal mass
for all eight gauge bosons and is intended to serve as a toy model of quantum chromodynamics,
in which a mass scale arises from quantum effects (not from a fundamental scalar). The S gauge
fields are expected to contribute to the nonperturbative dynamics of quantum chromodynamics.






Zusammenfassung

In vorliegender Arbeit bestimmen wir die numerische Losung der reduzierten Feldgleichungen des
Sphalerons S in der S U(3) Yang-Mills-Higgs-Theorie mit einem aus einem einzigen Higgstriplett
bestehenden Higgssektor und befassen uns mit den Eigenschaften dieser Losung. Die gefundene,
sphaleronuntypische Struktur der §—Energiebarriere stellt sich hierbei als besonders interessant
heraus und gibt Anlass zur genaueren Untersuchung der Stabilitéit des S. Des Weiteren losen wir
die §—Feldgleichungen in einer auf drei Higgstripletts erweiterten SU(3) Yang-Mills-Higgs-Theorie.
Diese Theorie zeichnet sich durch acht identische Eichbosonmassen aus und soll auf gewisse Weise
als effektives Modell der Quantenchromodynamik dienen, in welcher eine Massenskala dynamisch
durch Quanteneffekte und nicht etwa durch ein fundamentales skalares Feld erzeugt wird. In dieser
Theorie, mit ausschliellich massiven Eichbosonmoden, d&ndern sich fundamentale Eigenschaften
des S. Wir beleuchten zudem phenomelogische Aspekte des Sphalerons S und stellen die Vermu-
tung an, dass die Eichfelder der g—Konﬁgura‘cion mafgeblich zur nichtperturbativen Dynamik der
Quantenchromodynamik beitragen.
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CHAPTER 1

Introduction

The accuracy of predictions made from quantum chromodynamics (QCD) using perturbation
theory is remarkable, yet we know comparatively little about crossing the bridge between the-
ory and experiment in the nonperturbative regime of QCD. Solutions of classical field theory,
most prominently the BPST instanton [I], have contributed significantly to our unstanding of
nonperturbative QCD today [2].

The focus of this thesis is a solution of SU(3) Yang-Mills-Higgs theory that has only recently
been discovered, the sphalero S M. Tt is well known, that the sphaleron S [3] (see also [5][6]) is
closely linked to the Adler-Bell-Jackiw (triangle) anomaly [7][8]. In the electroweak sector of the
Standard Model (an SU(2) x U(1) Yang-Mills-Higgs theory), this anomaly gives rise to B+ L non-
conservation and may contribute to the baryon-antibaryon asymmetry we observe in the universe
today. Similarly, the sphaleron S* [9] is linked to the Witten anomaly [10]. Following this train
of thought, the existence of the non-Abelian chiral gauge (Bardeen) anomaly [I1] suggests the
existence [12] of a new sphaleron, precicely the S [4].

A question which may naturally arise at this point is: Why are we interested in SU(3) Yang-
Mills-Higgs theory, when we know that there is no fundamental scalar field in the QCD La-
grangian? Sphalerons do not exist in pure Yang-Mills theories. Unlike instantons, they do require
a scale. They are by definition the top of a finite energy barrier [3]. At the same time, the
existence of the QCD instanton entails the existence of a QCD sphaleron. In other words, if
there is tunneling (described by the instanton) through an energy barrier, that barrier must also
have a top (the sphaleron). It is also somewhat clear, that the energy scale that is required here
originates from QCD quantum effects. The only question that remains is how do we introduce
the scale, which originates from quantum effects, in a classical theory? In our case this is done
by introducing a fundamental scalar field to the Lagrangian. In the course of this thesis we will
discuss two of the many possible scalar sectors. The “basic” Yang-Mills-Higgs theory [4], with a
single complex scalar triplet and the “extended” Yang-Mills-Higgs theory [13], with three triplets.

Sphalerons are a consequence of the non-trivial topology of the configuration space of fields

!Sphalerons are by definition static, unstable, finite-energy solutions of classical field equations [3].
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[14]. Whenever two vacuum gauge-field configurations cannot be connected by a zero-energy
path through configuration space, there exists a configuration (the sphaleron) on the path of
minimal energy that has the largest energy. Accordingly, topological considerations aid with the
construction of the sphaleron. More specifically, the sphaleron gauge and scalar field’s boundary
conditions at spatial infinity are linked to a map, which maps the smash product of the S2_ at
spatial infinity and an n-sphere in configuration space into the gauge group G, typically SU(N).
These maps can be classified into homotopy classes and will be discussed in detail in Chapter 2]

This thesis is structured as follows. In the remainder of Chapter [I| we introduce the two men-
tioned Yang-Mills-Higgs theories. Chapter [2] presents an explicit derivation and parametrization
of generators of 7, [SU(2)], which are not linked to the conducted analysis, but are relevant for the
construction of so-called sphaleron-antisphaleron chains [15][I6] [17] in SU(2) Yang-Mills-Higgs
theory. More importantly, this chapter features the map 75 [SU(3)] [L8] used for the construction
of the S and a novel parametrization thereof, which is important for the energy barrier analysis
conducted in Chapter In Chapter [3| we briefly address the SU(2) sphaleron S and solve its
reduced field equations. This serves to illustrate the general procedure of sphaleron construction
and introduces the numerical methods used later on, using a relatively simple example. Chapter
outlines the employed numerical algorithms. Chapter [5] starts off the main analysis by recalling
the S Ansatz [4] in the basic SU(3) Yang-Mills-Higgs theory, discussing the choice of gauge [19],
solving the S field equations analytically at the origin and finally applying two distinct numerical
methods to obtain the S field configuration. In Chapter |§| this analysis is more or less straightfor-
wardly applied to the S in the extended Yang-Mills-Higgs theory. Chapter @ concerns itself with
determining the energy of conﬁguratlons on the non-contractible sphere (NCS), which connects
the gauge-field vacuum with the S. This constitutes a first step in the stability analysis of the S.
Finally, we present concluding remarks and propose future research in Chapter [§

Appendix gives the energy densities of the S fields in radial gauge for the basic and extended
Yang-Mills-Higgs theories. Appendix [B| features the reduced S field equations, derived from the
energy functionals of App. [A] by variation with respect to the profile functions of the Ansatz.

1.1 Basic SU(N) Yang-Mills-Higgs theory

What we will refer to as basic SU(N) Yang-Mills-Higgs theoryﬂ is a Yang-Mills-Higgs theory
with a scalar sector comprised of a single complex doublet in the fundamental representation of
the respective SU(N). The classical action of SU(N) Yang-Mills-Higgs theory is given by

S = /4 d'z {;trFWF’“’ + (D, @) (D) — A (0l — 172)2} (1.1)
R

with the SU(NN) Yang-Mills field strength tensor Fj,, = d,A, — 0, A, + g[A,, Ay, the covariant
derivative D, = J,+gA,, and the Yang-Mills gauge field A, (x) = A}, (x)7¢, with SU(N) generators
7% In our case they are, for SU(2), 7* = 0®/2i, with the Pauli matrices

R H I ) N (R N
1 0 t 0 0 —1

*We also need to introduce SU(2) Yang-Mills-Higgs theory for Chapter hence we keep N in this section
general.
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and for SU(3), 7* = X\*/2i, with the Gell-Mann matrices

010 0 —i 1 0 0
1 2 3
=11 = = -1
A 00 |, A i 0|, A 0 01, (1.3)
00 0 0 0 0 0 0 0
00 1 0 —i 00 0
M=]100 0], N=[o0oo0o 0o [, =00 1],
1 0 0 i 0 010
00 0 10 0
1
N=[0o0 — |, X=—]01
V3
0 i 0 00 —

As a result of the well-known “Mexican hat” shape of the scalar potential in the action (1.1)),
the scalar field acquires a vacuum expectation value. For our brief excursion to the sphaleron S
of SU(2) Yang-Mills-Higgs theory in Chapter |3| we take the scalar vacuum to be

@:(vﬁ@>, (1.4)

giving mass to all three gauge fields and one scalar field mode. Turning to the S and SU (3)
Yang-Mills-Higgs theory, we may choose the scalar vacuum field

0
o=1|0 |, (1.5)
n
resulting in a mass for five of the gauge fields Af (for a = 4,...,8), leaving the remaining three

massless. One of the scalar modes (3 x 2 — 5 = 1) obtains a mass for A > 0. Equivalent scalar
vacua are obtained by multiplication with the following SU (3) matrices

1 0 0 0 0 1 0 1 0
Mi=|0 0 1|, My=| 0 1 0], Ms=| -1 0 0. (16)
0 -1 0 -1 0 0 0 0 1

We will require all three of them for the S Ansatz in the extended Yang-Mills-Higgs theory later
on. For the basic theory, the following vacuum has been used [4]
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Furthermore, we require the static bosonic energy of the action (1.1)), given by
9\ 2
3 1 2 2 2 U
E[A, ] = , d’x —itr(an) + [ Dn®|" + A | |P]° — 5 , (1.8)
R-

with spatial indices m and n running over 1,2,3. For completeness, we also give the full Yang-
Mills-Higgs field equations

[Dis Fi) = g (q)TTa (D;®) — (D;®)" T“<I>) e,
v? (1.9)
D;D;® =2\ <11>T<1> _ 2) ®,

which we intend to solve indirectly, by solving the reduced S field equations.

1.2 Extended SU(3) Yang-Mills-Higgs theory

The extended SU(3) Yang-Mills-Higgs theory features an extension of the basic theory by two
additional complex scalar triplets and their interactions. The classical action of the theory is
given by

1 3 2
4 v 2
S = /W diax {QtrFWF“ +> {(DM%)T (DF®,) — A (@L@a —n ) }

a=1
M (D]®3) (B] 1) — A (D] ®3) (B[ @1) — A (D] 5) <<I>§<1>2>} : (1.10)

with the three Higgs triplets ®, (o = 1,2,3). As indicated in the previous section, the scalar
vacuum fields are chosen to be

n 0 0
(I)l = 0 y CI)Q = n 5 (133 = 0 . (1.11)
0 0 n

A nice feature of this particular scalar sector, is that all gauge fields acquire an equal mass, namely
ma = gn. Of the ten physical scalar modes nine aquire a mass for A > 0.
The energy functional of the extended Yang-Mills-Higgs theory is given by

1 3 2
BlA9] = | d%;{ — 5ur(an)2 +> [|Dm<1>a|2 +A (@Qq»a - n2) ]

a=1

+A (D] @y) (R5D1) + A (D] ®3) (BLD1) + A (2] D3) <<1>§,<1>2>} . (1.12)
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1.3 Notation and conventions

Finally, there are some notations and conventions we ought to fix. We will work in natural units
h = ¢ =1 and the form of the Minkowski space metric employed is g, (z) = diag(+1, -1, -1, —1).
Notationally, we use the convention of Latin letter indices starting from 1 and Greek letter indices

running from 0 to 3, unless otherwise specified.
We will also commonly be using standard spherical coordinates r, 8 and ¢, as well as dimen-

sionless and compactified radial coordinates = € [0, 1] for numerical analysis

§

r=—:, with & = gor. 1.13
e (1.13)



CHAPTER 2

Topology

In this chapter we recall some of the topological considerations that are at the core of sphaleron
construction. The derivation of the required maps is discussed in depth and explicit parametriza-
tions are calculated and illustratively explained.

Finally, we iterate the construction method of [I§] to obtain generators of m [SU(2)] for
k > 4 and identify them with the maps underlying the construction of a subset of sphaleron-
antisphaleron chains [16].

2.1 Presentations of homotopy groups of unitary groups

Ever since the introduction of homotopy groups beyond the fundamental group [20] in 1932,
homotopy groups have been of great interest in mathematics. They have found applications
in physics, computer graphics and many other fields, as a tool for determining properties of
topological spaces. Calculating homotopy groups however, is very challenging and so it was a
tremendous advancement in the field, when in 1957 Raoul Bott found and proved a structure
in the erratic landscape of homotopy groups. The Bott periodicity theorem [2I] for homotopy
groups of unitary groups states the isomorphisms

T [U(n)] = mpq2 [U(n)] (2.1)

e [U(n)] =m [Un+1)], for k < 2n. (2.2)

As a result of this, all of the so-called stable homotopy groups are isomorphic to either m [U(1)] =
Z or 7o [U(2)] = 0. Unfortunately, the remaining unstable homotopy groups appear to bear no
structure and must be determined, using for instance spectral sequences [22]. This has been done
on a grand scale up to large values of k and n, especially for the groups U(1) and SU(2), as their
homotopy groups are isomorphic to homotopy groups of spheres. A brief list of homotopy groups
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of unitary groups [23] is given in Tab.

UL |[z]o]o0o]JoJ]O] 0]oO
U2 | oo |z|2|2Z| 21| Zo
ud)|olol|z]|o Zs | 0
u4aylololz|o|z| o |z

Table 2.1: Homotopy groups of unitary groups. Generators of these groups are required for
the construction of the SU(2) sphaleron S (red), the SU(2) sphaleron S* (blue) and the SU(3)
sphaleron S (green).

However, there is a scarcity of (simple) presentationsﬂ of homotopy groups, i.e. explicit maps
from k-spheres into e.g. n-spheres or U(n). Regrettably, these maps appear to be of little interest
to most mathematicians. They are however of vital importance for applications such as ours, as
they are the main ingredient in the construction of soliton and sphaleron gauge and Higgs fields.

In this section, we will compile known explicit generators of homotopy groups of the unitary
groups of interest to us, from papers such as [I8] and construct new maps to fill the gaps.

2.1.1 Stable homotopy groups

Following Ref. [I8], we introduce the generators ¢y : S?*=1 — U (2871) of groups mox_1 {U(Qkil)}
= Z, linked by the Bott periodicity isomorphism (2.1). These can be obtained from the generator
of m [U(1)],

Cl : Sl — U(l), zZ1 — 21, (2.3)

by iteratively applying the following map

— B(() = 1 0 zrl —[Z1 Lo
Cey1 = B (&) = ( 0 (2 ) < 1211 Zpyad ) < 0 C,i(é) )

_ ( sl —l7¢() ) |
|

2.4
ZICe(2)  Zpgal (24)

Here Z denotes the complex-valued, k-dimensional unit vector %, composed of the 2k Cartesian

coordinatesﬂ which parameterize the S**~1 of the map (3. The introduction of zj,; extends 2 to
parameterize the S?**1 of (. For a detailed derivation of B, using two different approaches,
the reader is referred to [24; [25] and [26], respectively.

LA group can be defined by a complete set of its generators and the relations among them. The combination of
both is referred to as a presentation.
2As an example, a possible parametrization for z; € S' are the standard polar coordinates

cos . ;
(361)—( . ¢>, 21 = 21 + ize = €'°.
X9 sin ¢
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We now iterate (2.4) to obtain the first elements of the sequence

G :SP = SU(2), ( o ) — ( o _?2 ) , (2.5)
Z9 Z9 21

21 0 —2z9 —Z3
z
5 ! 0 = 23 —2
C3 :S° — SU(4), z9 — s (26)
z9 —23 51 0
z3

with 3 |2k|? = 1. This gives us the map (> required for the construction of the SU(2) sphaleron
S 3.

Going into the opposite direction, a generator of 75 [SU(3)] can be obtained from the 75 [SU (4)]
generator (2.6)), as shown in Ref. [I8], by applying the deformation

A b
Py — A—bcf, AeC>3, bceC? (2.7)
C

to map ([2.6)), yielding the map on which the S is constructed

21 Z% 2129 — 23 2123+ 22
U:s®— SU(3), 29 — 2122 + 23 Z% 2923 — Z1 . (2.8)
23 2123 — 22 2923+ 21 Z§

A further reduction to a generator of 75 [SU(2)] does not seem possible and so the S appears to
be non-existent in SU(2) Yang-Mills-Higgs theory. We will also see later on, that SU(2) is simply
too small to generate the complex structure of the S vector fields. Embedding the obtained map
into any SU(N) for N > 3 is however possible and as a result the S is expected to exist in
the corresponding Yang-Mills-Higgs theories. Finding a good parametrization of the S® of map
(2.8)) is a little tricky and will be addressed in Section

2.1.2 Unstable homotopy groups

In addition to the few stable homotopy groups, there exist infinitely many non-trivial, unstable
homotopy groups of each SU(N). As we will see later in this section, the SU(2) sphalerons
corresponding to the unstable homotopy groups 7 [SU(2)] (k > 3) are precisely the sphaleron-
antisphaleron chains recently studied in detail by Kleihaus, Kunz and Leifiner [16]|ﬂ This identi-
fication gives additional topological support for the existence of a subset of these objects.

Our primary interest in the generators of these homotopy groups however lies in the fact,
that they can also be embedded in larger unitary groups. For instance, the map which generates
75 [SU(2)] can be embedded in SU(3) to obtain a map S® — SU(3). It would be interesting to

3The first object of this kind to be discovered and the only one with a name is the sphaleron S* [J], which
corresponds to the first unstable homotopy group of SU(2).
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compare the sphaleron corresponding to this map with the S , considering that they share the
same homotopy class.

Following Ref. [I8] once more, we start by constructing the generators of the first non-stable
homotopy groups ma, [SU(n)| = Zy, i.e. of groups m4 [SU(2)] and 76 [SU(3)]. This can be done
by applying a map ¢ to a generator A of ma,—1 [SU(n)]

b [0, 277;] x 871 5 SU(n), é(t, A) = A - diag(e?™ D 7 7). A7 (2.9)

This expression can be simplified further, to make its application more feasible. Since global
prefactors can be neglected, this can be done in the following way

6(t, A) = A- e (1 + diag(e™ — 1,0,...,0)) - 47! (2.10)

=1+ (e7™ —1)A- diag(1,0,...,0) - A~ %, (2.11)

To now obtain a map ¢ : S*® — SU(n) we apply the following inverse suspension

2
|:07 27T:| X S2n71 — Szny (ta 27) - (m - 172 1- (tn - 1) > ) (212)

n
. 2 .
as well as the rational parametrization (}f—;z) instead of the exponential parametrization "™ of

the complex unit circle, since trigonometric functions in the exponent are very inconvenient. The
resulting map is

1— 2
S* — SU(n), (y,%) — 1 — 2(1?/))2A - diag(1,0,...,0)- AT, (2.13)
iy

with the Cartesian coordinate y = t?" — 1. For the special case of matrices A, whose first column
is 7€ S?"~1, such as (o, (2.13)) simplifies to

2
S2n — SU(n), (y, Z) — 1 - WZZT. (214)

It has been proven in Ref. [27], that (2.14) in fact generates 7o, [U(n)].
There appears to exist no publication with explicit forms of generators beyond 74 [SU(2)] and
so, we will attempt to construct them, simply by iterating over the map ¢

6 [0,7] x S™ = SU2),  Ami1 = 6t Am) = Ay, - ding(ei*m2, e7itn2) . AL (2.15)

for m > 3, starting with A3 = (5, applying the inverse suspension (2.12) on every iteration.
Employing the previously used simplifications we obtain the first elements of the sequence, Ay
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being already given by (2.14)),

., (=) B 2 (10 B 2 A
A=t 2(1—%?(“ i) (1) )(0 0)(“ 0t (123 )

(2.16)
and
Ag=1-a (]l—b(]l—czzT> <(1) 8) (ﬂ_c*zzT)>] <é 8)
X -<1l — b (1 - e'z2) < (1) 8 ) (1 —czzT)ﬂ : (2.17)
with
_201-en) o, _20-x) 2
T P w0 ) (219

2.2 Parametrization of 7, [SU(2)] generators

Now, we require an explicit and appropriate parametrization of the mapped n-spheres. For
sphalerons in particular, the S™ is composed of the 2-sphere at spacial infinity, parametrized
by 0 € [0,7] and ¢ € [0,27], and a (n — 2)-sphere, via smash product]

SZ ASTTZ=Ssn (2.19)

The angles of the (n — 2)-sphere parametrize a subspace of configuration space, which by con-
struction is the subspace, which connects topologically distinct vacua by a sphaleron transition.

The smash product at the core of such a parametrization requires the existence of two fixed
points, i.e. fixing one of the S2, angles to a certain value must make the coordinate vector #
independent of all S"~2 angles and fixing one of the S"~2 angles to a certain value must make the
coordinate vector Z independent of all S, angles. Clearly, no matter how we identify the angles
of standard spherical coordinates

4The smash product of two spaces X and Y is defined by the quotient of their product space with the one-point
union of both spaces at fixed points zo and yo: X AY = (X xY)/(X VY). A smash product of two spheres is
homeomorphic to the sphere of their added dimensions: S* A S™ =2 §™+™,
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&1 = COs ¢17
T9 = sin ¢1 cos @2,

T3 = sin ¢ sin ¢ cos ¢s3,

Ty = Sin @1 .. .sin ¢,_1 COS ¢y,
Tpi1 = Sin ¢y .. .sin ¢,_1 sin ¢y, (2.20)

with ¢1...¢,—1 € [0,7] and ¢,, € [0, 27], describing a unit n-sphere in (n + 1)-space in terms of
n — 1 polar and one azimuthal angle, there exists no such pair of fixed points. A way to construct
a set of coordinates, which covers the n-sphere and displays such fixed points, is by rotating &
of using SO(n + 1) matrices and identifying the rotation angles with the ¢; in a specific
manner. In practice we will see, that far smaller subgroups of SO(n + 1) are sufficient to arrive
at such parameterizations.

Let us start with the S required for the sphaleron S, which is composed of the S2_, parameter-
ized by angles 6 € [0, 7] and ¢ € [0, 27|, and a loop, parameterized by u € [0, 7]. As demonstrated
in Ref. [I4], a feasible parameterization can be constructed by a single rotation R

cosae —sina 0 0 cos @1
. o | sina cosa 0 O sin ¢1 cos ¢
y=Re= 0 0 10 sin ¢4 sin @2 cos ¢3 (2.21)
0 0 0 1 sin ¢1 sin ¢2 sin @3

By choosing ¢1 = u, ¢o = 0 and ¢3 = ¢, as well as « = —pu, we obtain
cos éz sin ,u(cc2)s 0—1)
o et |, o
sin g sin 6 sin ¢
which has the two coinciding fixed points

s e o T
Jim § = lim 7= (0,1,0,0)". (2.23)

We may now arbitrarily assign the y; to the real and imaginary parts of the complex coordinates

21 =y +1iy2, 22 =Yy3+iys, (2.24)
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to arrive at the desired map

G = e (i cos pu + cos 0 sin p) —e ¥ sin psin O (2.25)
2= e'® sin psin @ e~ (cos @ sin p1 — i cos 1) '

required for the construction of the Yang-Mills and Higgs fields of the sphaleron S.
For spheres of higher dimensions, we will employ a modified form of the S? parameterization
used in Ref. [4]

1 — cos? g(l — cos 1))

cos g sin v cos p
0 0
sin 5 cos 5 (1 — cos 1)) cos
g | Snacosall —cosy)cosg (2.26)
sin 5 cos 5(1 — cos 1)) sin ¢
coS g sin ¢ sin psin a
cos g sin v sin p cos
This parameterization, with the fixed points
lim # = lim Z = (1,0,0,0,0,0)7, (2.27)

P—0 60—

has the strongly simplifying property of being independent of all other NCS angles for v = ,
which we will later see is the mid-point on the NCS between the topologically distinct vacua.
From (2.26)), due to this symmetry, we can now easily construct parameterizations for the S*

1 — cos? g(l — cos 1)

g -
COS 5 Sin 1 cos

sin g cos g(l —cosy)cos¢ |, (2.28)

sin g cos %(1 — cos 1)) sin ¢
cos g sin ) sin p

8
Il

the S°

1 — cos? g(l — cos 1)

g -
COS 5 8in ) cos

sin % cos g(l — cos 1)) cos ¢

sin & cos §(1 — cosv)sing |, (2.29)

6 . . .

5 sin ¢ sin psin o cos 3
o . .

cos 3 sin ¢ sin i cos a

9
2

8
Il

COS

cos 3 sin 1 sin psin asin 8

and so on. We will not give the fully parametrized maps, obtained simply by plugging these
parametrizations into the maps derived in Section 2.1.2] as they are far too extensive and there
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is no additional insight to be gained from their explicit form. It is however interesting to take a
look at the first few parameterized SU(2) maps at the mid-way point (¢ = )

el oy Tt ) 20
al= (i o) 2
o= (Ll ). 2
alo= (o). 2

which appear to be part of a sequence. For n > 3 we conjecture this sequence to be

[ —cos(27730) e sin (27730)
A”|w=7r - ( e’ sin (27730) cos (2"730) ’ (2:34)

and have explicitly verified this for n < 8.
We can now identify these maps with the sphaleron-antisphaleron chain maps [16], which have
an arbitrary positive integer 6-pre-factor m € N

—cosmf e sinmb
U= ( e sin mé cosmb ) ‘ (2.35)

The interpretation of the objects obtained from these maps as sphaleron-antisphaleron chains is
based on their Chern-Simons number [17]

m
Ngs = W, (2.36)
as well as their energy, energy density distribution and the number of |¢|? nodes. These properties
indicate, that a step-wise increase of m alternately adds a sphaleron S or an antisphaleron S to
the configuration. This way we can give a further topological motivation for the existence of
configurations consisting of two sphaleron-antisphaleron pairs (As), four sphaleron-antisphaleron
pairs (Ag), and so on.

An alternative construction method of higher homotopy group generators of SU(2) iterates
the suspension map procedure featured in Ref. [28], which is how the generator of w4 [SU(2)] used
in the original S* sphaleron paper [9] was constructed. Despite being much simpler, this method
does not replace the former derivation, since it is not immediately clear from this method, that
the obtained map is in fact a generator of m, [SU(2)]. As before, we start off with the generator
(o of w3 [SU(2)] and apply the following suspension

Ay =i’z (ei””?’(ge_“’m) C;r, (2.37)
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with the new angle v € [0, 7], to obtain Ay, a generator of m,SU(2). Since for the hedgehog
structured map (o a unitary transformation is equivalent to a rotation, we could alternatively
write the transformation generated by e??3 by a rotation of the (3 parameterization around the
x1-axis by —2v.

To construct higher homotopy group generators, we can now simply repeat this procedure

Apgr = i€'37 (cnnis A, e=wnnos) Af (2.38)

yielding generators of mp41 [SU(2)]. Choosing the antipode (1 = /2, v; = m/2) of the fixed
point yields precisely the maps (2.34)) from before. Better yet, we can easily prove our previous
conjecture ([2.34)) for all n, using induction

e
Apit =€ A€ ’2J3AL

— i
H=Vi=75

— iy
H=Vi=75

(-1 0 —cos (2"730) e sin (27730) i 0
Lo 1 e®sin (27730)  cos (2"730) 0 —i

" ( — cos (2"736) e~ sin (27730) )

e?sin (2730)  cos (2"730)

— cos (2(”+1)_39) e” " sin (2(”+1)_30) (2.30)
| e?sin (2(”+1)_39) cos (2(”“)_39) - '
2.3 Parametrization of the S map
For the construction of the S , we use the following map
21 Z% 2120 — 23 2123 + 22
U:S°— SU(S), 29 — 2122 + 23 Z% 2923 — 21 , (2.40)
z3 2123 — 2o 2923+ 21 Zg

with 21, 29,23 € C, |21|% + |22]? + |23]* = 1, which was originally constructed in Ref. [I8]. This is
the same map used by Klinkhamer and Rupp in the original S paper [4].
We will however not employ the parameterization used in Ref. [4]:

21 1—cos2g(1—c081/~1)+i cosgsinl/;cosﬂ
2o | = e sin & cos §(1 — cos ) , (2.41)
23 cos g sin 4 sin fi(sin & + i cos @)

with ¢, fi,6 € [0,7] and & ¢ € [0,27], since we are not only interested in the configuration
at the “top” of the NCS, i.e. the S configuration, but also in the energy barrier structure.
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Parameterization is independent of the two NCS angles /i and & at the pole Y = and as
a consequence so is the map and ultimately the energy. Hence, two out of the three eigenvalues of
the energy Hessian matrix at the “top” vanish. We wish to find a parametrization which allows us
to construct three slices through the NCS, that are orthogonal at the poles, giving a much better
insight into the energy barrier structure around the S. One such parameterization is obtained if
we consider, that our non-contractible 3-sphere is homeomorphic to the smash product of three
1-spheres

S3 ~ ST ASEA S (2.42)

and rewrite our 3-sphere parameterization in terms of the three 1-sphere angles. In these coordi-
nates, the smash product’s necessary fixed point is now the only point on the sphere, which does
not depend on all NCS angles and will correspond to the vacuum configuration. In total there
will be fixed points for four out of the five 5-sphere angles, namely all three NCS angles v, u and
a, as well as the S% angle 6.

In the following, we will combine the steps of constructing the 3-sphere parameterization in
terms of the three 1-sphere angles and smashing it with the 2-sphere at spatial infinity into a
single coordinate transformation. We start off with a standard S® parameterization:

T1 = COS [i,

T9 = sin p cos 1,

x3 = sin psin ¥ cos a,

x4 = sin psin ¥ sin o cos 6,

5 = sin p sin ¥ sin a:sin 6 cos ¢,

ZTg = sin i sin ¢ sin acsin 0 sin ¢, (2.43)
with ¢, p, a, 0 € [0, 7] and ¢ € [0, 27]. Now we rotate

7 = R7, (2.44)

using a SO(4) subgroup representation of SO(6), which we write explicitly by decomposition into
left- and right-isoclinic rotations

a —b —c —-d 0 0 p —q —r —s 0 0

b a —-d ¢ 00 q p s —r 00

e d a —=b 00 r —s p g¢q 00
R= d —¢c b a 00 s r —q p 0 0|’ (2.45)

0 0 0 O 10 0O 0 0 0 10

0 0 0 0 01 0O 0 0 0 01

with a? + b + c? + d?> = 1 and p? + ¢% + 2 + s? = 1. The parameterization of this rotation may
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be taken as follows

a = Ccos Y1, P = COS 4,

b = siny; cos o, q = sin 7y4 cos s,

¢ = sin 7y1 sin 2 cos s, 7 = sin 74 sin 75 cos g,

d = sin ~y; sin 7y sin 73, s = sin y4 sin 5 sin 6. (2.46)

By making the choice v1 = —u, v2 = ¥, v3 = a, 74 = 0, 75 = 7 and v = 0, we obtain the
following parameterization

z = cos? i + sin® p (cos2 ¥ + sin? ) (cos2 o + cos 6 sin? oz)) ,

zh = cos o (1 — cos ) sin asin? yu sin? 1),

2 = cos1p (cos — 1) sin asin? psin 1,

2y = cos pu (cos  — 1) sin asin psin 4,

x5 = cos ¢ sin asin psin ) sin 6,

Ty = sin o sin y sin ¢ sin ¢ sin 6 (2.47)
and find the four desired fixed points

lim & = lim @ = lim @ = lim &/ = (1,0,0,0,0,0)” . (2.48)

0—0 pn—0 »—0 a—0
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S &)

sphileron . sphaleron

b=p=a=m/2

T vacuum

- vacuum
1T)=0, 2n P=0,7
or
u=0,7
or
ax=0,7t

(a) Coordinates used by Klinkhamer and Rupp [4]  (b) New coordinates given by Eq. (2.49).
and here given by Eq. (2.41]).

Figure 2.1: Non-contractible 3-sphere coordinate choices, illustratively compared.

With the parameter ranges ¥, u, o, 0 € [0, 7] and ¢ € [0, 27| this parameterization covers the
S® exactly once. For each point on the NCS we obtain an unstable S2 , which shrinks to a point
(at the smash product fixed point) along either of the three NCS angles, as opposed to just along
¥ in . The “top”, i.e. the point, where the S2 volume is largest, given by ¢ = 7 in the
coordinates , is now at ¥ = u = a = 7/2 in our new coordinates. Illustratively, what we
have done here is pull together the poles of our S3 to a single point, the smash product fixed
point (see Fig. [2.1D).

Now we can choose the real and imaginary parts of the complex valued parameters z; of map
arbitrarily from the set of unit vector elements

21 —x) +ixh —cos? 1 — sin? p (cos? 1 + e 7" (cos av + i cos @ sin ) sin? 1))
zo | = | af +ixg | = €' sin avsin pu sin 1) sin @
23 Tl + iz (cosf — 1) sin asin psin ) (cos ¢ sin p + 4 cos p)

(2.49)
We chose this particular combination, since it yields precisely the S map W of Ref. [4] for

Y=p=a=m/2.



CHAPTER 3

SU(2) sphaleron S

Now that we have introduced the required maps from coordinate space and configuration subspace
into the group spaces SU(2) and SU(3), let us jump straight into a basic example, the SU(2)
sphaleron S. The SU(2) solution was first found numerically by Dashen, Hasslacher and Neveu
[5] and later by Boguta [29], but was ultimately rediscovered and given its physical interpretation
and name by Klinkhamer and Manton [3]. We will discuss here the spherically symmetric S in
pure SU(2) Yang-Mills theory with a single Higgs doublet, i.e. the Weinberg-Salam model in the
limit of vanishing weak mixing angle 6,,. It was shown in Refs. [3][30][31], that the sphaleron
energy for physical values of 6, only changes by a few percent.

3.1 Ansatz

The S-sphaleron Ansatz is constructed from a generator of 73 [SU(2)]. Demanding finite energy
of the field configuration, we require the Yang-Mills field to be pure gauge at infinity

i 4,(r:0.0) = lim AL (r,6.6)1" =~ 3,U(6.6)U"(6.9). (3.)

7—00

as well as the Higgs field to obtain its vacuum expectation value

v 0
Jim @(r,6.6) = Z5U(0.9) (1> (3.2)

there, with the weak coupling constant g, the Higgs vev v/y/2 and U being the afore mentioned
map at the critical point p = 7 /2:

—cosf sinfe
. (3.3)

sin fet? cos

U(67 ¢) = C2(N7 0, ¢)|H:ﬂ—/2 = (

18
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0.8+ 1

0.6 i

0.4} i

0.2} i

0 . 0 —_——— ! ! !
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.1: Numerical approximation of profile functions f(x) and h(z) of the sphaleron
S for vanishing Higgs self-coupling (A = 0) and electro-weak mixing angle (6, = 0).

In contrast to all other sphalerons, there is a tremendously simplifying spherical symmetry
present here. Clearly the field A, is not left unchanged after varying 6 or ¢, however the original
field can be obtained from the rotated one by a unitary gauge transformation. Hence what we
mean by spherical symmetry, is that the physical fields E and B are left invariant under rotations.
As a result also the energy must be independent of 6 and ¢. Due to this, a simple radial Ansatz
can be made for the gauge and Higgs fields

9AL(r,0,0) = —f(r)0,U(0,0) U1 (6, 6), (3.4)
0 3.5
) o

f£(0) = h(0) =0, lim f(r) = lim h(r) =1, (3.6)

7—00 7—00

v

¢(r,0,¢) = h(r)

S
=
>
&

7\

with boundary conditions

as a necessary requirement for regularity and finite energy, respectively. With this, the static
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energy (|1.8)) in compactified coordinates (1.13) becomes

8
22

1

(F(1= D) + a2

1
E:47r/ d:c{4(:1:—1)2f’2+ 5
0

3.2 Numerical solution

Minimizing the energy over profile functions f(z) and h(x) for A = 0, using the numerical methods
described later on, yields a good approximation of the field equation’s solution. The obtained
profile functions, given in Fig. match the established results [3] well. The corresponding
energy is

4
Eg = 1.520244 + 0.000010 [m} , (3.8)
g

where the numerical error has been approximated by considering the rate of convergence for
varying grid sizes in z, as well as increasing orders in the orthogonal function expansion. The
details of this procedure are given in the following chapters. The numerical approximation here
was obtained using a mesh of 50000 grid points in z and Legendre polynomials up to order 90.
The possibility of a non-global minimum can never be ruled out entirely, however identical results
have been obtained for other sets of initial values. The numerical value of Eg = 1.52 [47v/g] is
given in the original paper [3].



CHAPTER 4

Numerical methods

We wish to determine the S Yang-Mills and Higgs fields, the corresponding energy and the energy
barrier structure. Since no sphaleron has analytically solvable reduced field equations, we must
turn to numerical methods. As has been previously remarked in Section [3] our problem of finding
solutions to the field equations can be formulated in two ways: Either as an optimization problem,
where one attempts to find the minimum of the action or as a set of coupled differential equations
(ODEs or PDEs), the equations of motion, obtained from the action through variational methods,
i.e. the Euler-Lagrange equations

OL($,06/0z,) g~ 0 0L(9.08/0x,) (4.1)

99 7 0ry 0 (00/0x,)

This chapter features a basic introduction to some well established numerical methods, com-
monly used to tackle both classes of problems, as well as our particular approach.

4.1 Optimization

Optimization algorithms are designed to find the local or global optimum of a scalar objective
function of one or multiple variables f(x1,...,zy). The problem at hand however requires us to
minimize a functional, a scalar function of multiple profile functions, which in many cases depend
on multiple variables themselves.

We could naively approach this by discretizing the profile functions and rewriting the functional
as a function of all grid point values as variables. However, this is not a good choice for several
reasons. First, this approach leads to a highly non-convex function of a vast amount of variables,
easily of the order 10°. Finding the global minimum or even a decent approximation of it within
reasonable computation times seems entirely unfeasible. Second, most importantly, we would
need to employ some sort of additional constraints to ensure the profile functions’ continuity.

To get a handle on this, we choose a semi-analytical approach, which has been shown to be

21
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effective [19][32][33]. This approach expands the profile functions in nested orthogonal functions
(Legendre polynomials) and uses the expansion coefficients as variables. An explicit example of
this is shown in the following chapter.

Despite the seeming elegance of this approach, we will still have to minimize a function over
several hundred, in some cases more than a thousand parameters. To do so we first employ
Simulated Annealing (SA), a randomized global minimizer, to give us the best possible set of initial
values (within feasible run-time) for our second step, in which we apply a quadratically convergent
local minimizer based on the Sequential Least-Squares Quadratic Programming (SLSQP) method.
Both algorithms are outlined in Sections and respectively.

4.1.1 Global Minimization with Simulated Annealing

Simulated annealing (SA) [34] is a randomized optimization algorithm, commonly used to ap-
proximate solutions of global optimization problems in high-dimensional parameter spaces. A
popular problem of this kind is that of the traveling salesman, who would like to take the optimal
route (by length) connecting all of his destinations on a given day. Solving this problem for just
50 destinations combinatorially would take even the fastest computer more than the salesman’s
lifetime to solve. Using SA however, a route very close to the optimal one can be found almost
instantaneously.

The algorithm begins by evaluating the function value f(Z) of the set of passed initial values Z.
It then randomly generates Zprop in the proximity of & and evaluates the corresponding function
value f(Zprop). If the new function value is below the previous one (f(Zprop) < f(Z)), Z is replaced
by Zprop, in other words the proposed step is accepted and a new proposal is generated. The unique
characteristic of SA is that it also accepts some steps which increase the function value, based on
the Metropolis criterion [35]:

f(xprop) - f(x)) , (4'2)

Paccept = €XP <_ T

with the “temperature” T' (by analogy with the annealing of solids), which controls the rate of
acceptance.

The procedure of generating a new proposal and then accepting or declining it is repeated
Ng times for a given initial temperature. Subsequently the temperature is lowered, decreasing
the likelihood of acceptance, and another Ng iterations are made. The temperature is lowered a
total of Np times, until the rate of acceptance (or the step size) becomes negligibly small and the
algorithm converges. How the temperature is lowered after each set of Ng iterations may be freely
chosen, however we have found the so-called exponential cooling schedule, i.e. the multiplication
of the temperature 7" with a constant faCtOIEI X € (0, 1) after each set of Ng iterations, to be most
effective. It is this schedule which most closely resembles the natural cooling of a solid.

Finally, we must decide on a step length, i.e. how close the proposal Z},;op should be to & on
average. This parameter is fixed dynamically to maintain a fixed ratio of accepted steps over total
steps, ideally r ~ 0.5. This is an improvement upon the basic SA algorithm, however it is vital
for its efficiency. In practice, whenever the step ratio r falls below [ or rises above u the following

We have tried out different values of x and found x = 0.85 to work well.
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adjustments are made:

r—>r<1+crgu> if r > u,

v -1
r%r(lcrll> if r <,

with a fixed parameter?] ¢ € RT.

4.1.2 Local Minimization with SLSQP

Sequential Least-Squares Quadratic Programming (SLSQP) is a gradient-based, non-linearly con-
strained local minimizer, first devised and implemented by Dieter Kraft [36].
If we don’t focus on its ability to handle constraints for now, the algorithm is essentially a
Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm [37][38][39][40], which optimizes second-
order objective function approximations. So let us outline the BFGS algorithm.

The BFGS algorithm iteratively improves a set of variables Z to find the optimum of a given
nonlinear optimization problem. There are two important values required for each iteration 4, the
search direction p; and the step-size «;, in order to make a parameter update

For the commonly known Newton method the correction factor s; = a;p; is simply
H™N &)V (), (4.5)

with the Hessian H of the objective function f. Similarly to the quasi-Newton method, the BFGS
algorithm uses an approximated Hessian B;, which is updated on each iteration

Yiy; _ Bisis; Bi

Bii1=B;+U;+V,=DB; + , 4.6
i+1 % % % % Q;TS_'; gngsz ( )
with 7; = V f (ZL_"1'+1) —f (fz)
The search direction p; is determined upon each iteration by solving the equation
Bip; = =V f (%), (4.7)

for example by LU decomposition. A feasible step-size «; is then found by doing a line search in
the determined direction and a parameter update is made.

The constraints, which can be either equalities or inequalities are then simply combined with
Karush-Kuhn-Tucker multipliers and added to the objective function. We used here the SLSQP
implementation of the Python library SciPy [41].

2Choosing ¢ = 2.0 worked well for our applications.
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4.2 Collocation

The method we have found to best solve the coupled ODE boundary value problems, that are the
reduced field equations?} is the collocation method” We will here sketch the algorithm behind
this remarkably stable boundary-value solver.

The idea behind solving a system of N coupled ODEs is to approximate the involved functions
with orthogonal polynomials of order M and solving the obtained equations at M points between
the boundaries, the so called collocation points. From inserting the polynomials of degree M
and writing down each ODE for each collocation point, we obtain a system of N x M non-
linear equations of the expansion coefficients. The boundary conditions are easily fixed in this
method, simply by fixing two expansion coefficients of each function. One can now attempt to
simultaneously minimize the residual of each equation. The implementation we use, MATLABs
BVP4C, does this using the Levenberg-Marquardt algorithm [43]. The grid size (= expansion
order) is gradually increased, until the residual falls below the desired error tolerance.

Non-convergence can of course occur, if the residual sum as a function of the expansion
coefficients is fluctuating too wildly and one gets stuck in a local minimum. In such cases the
use of a stochastic based global minimization method could perhaps be the solution. In our case
however, this was not necessary and the algorithm converged nicely for a wide range of randomly
chosen initial values. The two methods outlined in this Chapter are meant to check each other,
hence it is crucial, that they can reach convergence without using the results of the other as initial
values.

3In case of the PDE field equations we encounter later on, we will use the method of lines [42] (MOL) to reduce
the PDE system to a larger ODE system.

4Since our ODEs are volatile towards the boundaries, methods such as the shooting method are not of much use
here.
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S in the basic SU(3) Yang-Mills-Higgs theory

As for the sphaleron S, we demand finite energy of the field configuration and hence pure gauge
for the Yang-Mills field at infinity

T—00

lim, A, (r,6,0) = lim AL(r,60,0)7" =~ 0,W(6,0)W(6,0), (5.1)

and a Higgs field, which obtains its vacuum expectation value there

lim ®(r,0, ¢) = ——

1
m ﬁW(H, ) g : (5.2)

with the strong coupling constant g, the Higgs vacuum expectation value

<l

n (5.3)

and W (0, ¢) being the map U (¢, i, o, 0, ¢) given by Eq. (2.40) with our new parameterization
(2.49) at the critical point ¢ = p = a = 7/2:

cos? 6 —cosfsinf e sinfh e
W(,¢) =| —cosfsinf e sin? § e%¢ cosf . (5.4)
—sinf e —cos 0 0

The map W is equivalent to the map of the same notation in Ref. [4].

25
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Unlike the sphaleron S however, the Yang-Mills and Higgs fields are not spherically symmetric
(up to a gauge transformation, as discussed for the sphaleron S) and as a result a radial Ansatz
does not solve the equations of motion consistently. Nevertheless, the energy obtained from such
an Ansatz is easily minimized and gives a solid upper bound for the S energy.

5.1 Spherically symmetric approximation

Following Ref. [4] the Yang-Mills and Higgs fields are defined as follows:

gAu(r,0,6) = —f(r)0,W (0, 0)W (6, ¢), (5.5)
1

with boundary conditions

f(0) =h(0) =0, Tlg]élo f(r)= Tlggo h(r) = 1. (5.7)
To introduce the reader to the way the numerical methods outlined in Chapter [ are applied to
approximate solutions throughout this thesis, including more complex Ansdtze later on, we will
go into some detail herell]
The first of the two methods discussed in Chapter {4 is the direct minimization of the energy
functional (using the compactified, dimensionless coordinate x, given by Eq. )

E- 47r/01dx {238(9; SRR (F= ) e
401 P o8
+§m (h(1 = 1))* + @ﬁ(ﬁ - 1)2}

over the two profile functions f(z) and h(z). This is done by making an expansion of both profile
functions in orthogonal functions, in our case Legendre polynomials P, (z):

M

f@) =" amPn(z) (5.9)
m=0
M

h(z) = by Pn(x) (5.10)
m=0

and consequently approximating the energy functional with an energy function of the expansion
coefficients a,, and b,,. The profile function derivatives can conveniently be evaluated analytically,

!The same methods were used to determine the profile functions and energy of the sphaleron S in Chapter
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T

Figure 5.1: Numerical approximation of profile functions f(z) and h(z) of the
S configuration with vanishing Higgs self-coupling (A = 0) in the approximate
radial Ansatz

using standard Legendre polynomial relations.

The profile function boundary conditions at the origin and towards infinity are enforced by
adjusting the first and third respective expansion coefficients ag, by, as and by on each energy
evaluation, to satisfy

M M M M
> am =1, > b =1, > amPr(0) =0, > bmPr(0) = 0. (5.11)
m=0 m=0 m=0 m=0

The integration over the radial coordinate = € [0, 1] is done, using the composite Simpson’s
rule over a mesh, given by the nodes of a Chebyshev polynomial of degree 5000, i.e. 5000 grid
pointsﬂ Considering, that in this case, the number of grid points far exceeds the degree M of
the approximating polynomial, Runge’s phenomenon [44] is barely existent and we could just as
well use an equidistant grid. In the context of solving more complex Ansdtze later on, we will
however encounter significantly higher evaluation times of the energy density, forcing us to reduce
the grid size. Employing Chebyshev node grid spacing, when solving these problems, reduces the
computational power required to reach the desired error bounds by a fair amount.

We now minimize the present energy function over 2M = 176 expansion coefficients, for y =1
and \/g? = 0. Our first step is to apply Simulated Annealing, to obtain a good set of initial
values for the local minimizer. This has been done using Ng = 2000 steps per temperature and

2The Chebyshev nodes are clustered in the proximity of the boundaries and have been shown to minimize
polynomial fitting errors caused by Runge’s phenomenon.
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the following exponential cooling schedule and parameters

Initial temperature: 2.0

Final temperature: 1.0 x 1078
Temperature reduction factor (x): 0.85
Lower step ratio boundary (1): 0.47
Upper step ratio boundary (u): 0.53
Number of steps before step size adjustment: 10

Step size adjustment factor (c): 2.0

Details regarding the SA parameters will be omitted in the following, as they are not changed.
They have been determined by trial and error and appear to work well enough for all present
problems. The only parameter, that is changed is Ng, in order to maintain reasonable run times
for growing evaluation times of the energy.

The obtained coefficients a,, and b, are then used as initial values for the SLSQP based local
solver, which converges to the set of coefficients corresponding to the profile functions shown in
Fig. 5.1l The corresponding energy, which has been obtained from the coefficients a,, and by, by
integration of the energy density over a grid of size 50000 is

Sapprox

4
Es = 2.596341 £ 0.000010 [m} = (1.707845 £ 0.000018) E, (5.12)
9

where the error has been approximated conservatively through variation of mesh size and orthog-
onal expansion order M. Since the methods of error estimation remain largely unchanged for all
problems of this type, let us go into a bit more detail:

Fig. shows the absolute energy difference between the best (lowest) obtained value and
those obtained for varying mesh size and orthogonal expansion order M

4o

[} . (5.13)

g

Sapproz

AE = HE(meSh size, M) — E5

by evaluating the energy from the obtained expansion coefficients using a far larger grid (50000
equidistant points) post-minimization, to ensure the integration error is negligible. All tolerances,
e.g. of the SLSQP termination, have been set far below the presented errors.

As in most complex numerical problems, we can of course not provide any kind of rigorous
proof of convergence, however, we can observe an exponential error decay along both axes up to
the 107> scale, at which other sources of uncertainty come into play. Since reducing the grid size
used to obtain our best result by a factor of 10 and halving the radial expansion order M still
leaves us well inside the 10~ error contour, we have chosen this as a conservative upper error
bound for . Fig. also serves nicely to demonstrate the dramatic error increase in the
“overfitting region” (bottom right corner) and how effectively the choice of a Chebyshev node grid
reduces such effects.
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Figure 5.2: Presented here is AF [4%} as defined by Eq. (5.13) for varying radial expansion
order M and grid size, for two different choices of grid spacing.

The second method outlined in Chapter (] consists of solving the reduced field equations,
obtained from the action by applying the Euler-Lagrange equations. Varying with respect to
both profile functions, we obtain the following set of coupled, second order ODEs

.’E2 2
7@—1ﬁ%m¢+w—1v%—wf—n<m@f—nf+@Fﬁp>,
(5.14)
o A h7—1

92 (z — 1)2h'

(x — 1)z (20 + xh") = g(f —1)?h+z

To get them into the required form for the collocation based BVP4C ODE solver, we define

(5.15)
folz) = f(x),  ho(z) =H(2)

and obtain a system of four first order ODEs, for § = (fa(), fo(2), ha(z), hy(2))”, with boundary
conditions fq(0) =0, fo(1) =1, he(0) = 0 and he(1) = 1, which we then solve to obtain the form

—

7 (x) = f(7,2), (5.16)

the right hand side of which is then passed to the solver.

Since the present ODEs are singular at both boundaries and to a high degree towards x = 1,
any ODE solver, even the highly robust collocation based one used here, becomes numerically
unstable when approaching either boundary. This is the case here below z = 0.0001 and above
x = 0.995. As a result we are forced to solve the boundary value problem in the range = €
[0.0001,0.995] and redefine both boundary conditions. Potentially this can lead to rather poor
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results, which we will see later on. Here however this approximation only results in a small error
(< 1%), as the profile functions both converge rather quickly towards infinity (which is not given
for all higher order profile functions, as we will see in the following). The magnitude of the error
can be roughly assessed by varying both bounds slightlyﬂ
Profile functions obtained in this fashion are barely distinguishable from those presented in
Fig. [5.1] The corresponding energy
4mv

Es = (2.6188 + 0.0358) [g] = (1.7226 + 0.0235) Eg, (5.17)

Sapprox
with Eg from (3.8), deviates slightly upwards from (5.12)), but agrees well within the errors.
Due to the instability at the boundaries, achieving an accuracy comparable to the minimization

method is not possible and so this method serves more as a cross-check and less as a tool to obtain
high precision energy values and configurations.

5.2 Ansatz

We will now introduce an Ansatz for the S Yang-Mills and Higgs fields, as was done in Ref. [4],
which is general enough to consistently solve the field equations. Fortunately, the map W (0, ¢)
has some simplifying symmetries, which strongly constrain the Ansatz, starting with

Oy W + % (Xs = VBas) W + %W (Xs = V3xs) =0. (5.18)

As can be seen from the S fields are axially symmetric, i.e. a rotation around the z-axis
can be compensated by a gauge transformation and hence all physical quantities (e.g. the energy)
are invariant under this rotation.

Consequently, we can find a basis such as {Ty, T}, V4, V,, Ug, Uy, A3/(2i), Ag/(2i) }, with matrices

N A2 B Ao A
T¢—smq§2—i+cos¢2—i, T,,—COS(;SQZ, —smqﬁQZ_,
M As Ae X
M A ~ coso As 5.19
Ve sm(b% +cos¢2i, V, cosqb% +sm¢>2i, ( )
L A6 A7 _ A6 | . A7
Uy = 8111(2(;5)2 + cos(2¢)2, U, = COS(2¢)E + 51n(2¢)2,

the \; being the Gell-Mann matrices ([1.3]), in which all fields components are ¢ independent. An
elegant Ansatz requiring only eight instead of sixteen generators was found in Ref. [4] using this

3All other errors are negligible by comparison to this truncation error.
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su(3) basis. This Ansatz for the Yang-Mills fields in temporal gauge is given by

ng(T, 07 ¢) = 07

gAg(r,0,0) = ai(r,0) cos 0T, + as(r,0)V, + as(r,0) cos U, + au(r, 0)% + as(r, 6?)%,
(5.20)
gAp(r,0,0) = as(r,8) Ty + oz (r,0) cos OVy + ag(r, 0)Us,
gA(1r,0,0) = ag(r,0) cos O Ty 4 aro(r, 0)Vy + a11(r, 0) cos Uy,
with real profile functions «;(r, #) and boundary conditions
ay(r,0) —2sinf(1 + sin? 9)
as(r, 0) 2 sin 6 cos? 6
asz(r,0) —2sin? 0
ay(r,0) —sin?4(1 + 2sin? 0)
as(r, 0) V/3sin% 0
«;(0,0) =0, rli_)rg() ag(r,0) | = 2 ) (5.21)
aq(r,0) 2
ag(r,0) —2sin 6
ag(r,0) 0

as a consequence of demanding regularity at the origin and the pure gauge configuration (5.1]) at
infinity. Another symmetry is the reflection symmetry

~10 0 -10 0
0 1 0 |W@,e| 0 1 0 [=W(r-0,9), (5.22)
0 0 -1 0 0 -1

which leaves our fields invariant under the reflection on the equatorial plane up to a gauge trans-
formation. In conjunction with axial symmetry, this induces positive parity of gauge invariant
quantities, such as the energy density. In light of this, the Ansatz has been constructed to require
positive parity profile functions

a;(r,m —60) = a;(r,0). (5.23)

Furthermore, due to this symmetry, we need only integrate the energy density over half the polar
angle 6, which halves our numerical run time.
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Similarly for the Higgs triplet, the axial symmetry of W ([5.18)) leads to the axial symmetry

\/5)\8—)\3@:

Dy ®
9@ T 2

0. (5.24)

The most general Ansatz [4], which fulfills this symmetry is then

O(r,0,0) =

5l

1
5 [B1(r, 0) A3 + Ba(r,8) cos 02iT), + [3(r,0)2iV,] | 0 | , (5.25)
0

with real profile functions S;(r,¢), which must also have positive parity, under reflection on the
equator

Bj(r,m—0) = B;(r,0), (5.26)
and boundary conditions
Bi(r,0) cos? @
B;(0,0) =0, forj=1,2,3, Tlggo Ba(r,0) | = | —sinf |. (5.27)
Bs(r,0) —sind

Now we can calculate the energy functional in terms of the a; and 3; profile functions, by inserting
the above Ansatz into the energy functional (|1.8]), yielding the following form
A 00 w/2
E [A, @] = 4%/ dr dg r%sin é(r, 6). (5.28)
0 0

Integration over # € [0, 7/2] is sufficient due to the previously mentioned reflection symmetry
é(r,0)=¢e(r,m™—80). (5.29)

The total energy density é(r, #) has contributions from the Yang-Mills, the kinetic Higgs and the
the Higgs potential terms

'é(r, 0) = gYM(ﬁ 9) + ngin(Ta 9) + é\Hpot(Ta 9) (530)

and is given explicitly in App. |[A|for the radial gauge (A, = 0). Inspecting the product of energy
density and integral measure, we can see, that it is not finite on the symmetry axis (0 = 0, )
for an arbitrary choice of non-singular profile functions. Since the solution we are looking for is
however certainly of finite energy, one can determine the following constraints, given in Ref. [4]
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for = 0, 7
aj(r, 6) = a;(r) smele for j =1,2,9,10,
a;(r,0) = a;(r)sin®0],_; for j = 3,4,5,11,
aj(r,0) = (=)~ cos 09gcrj_5(r,0)| ,_; for j = 6,7, (5.31)
a;(r,0) = %coseaga] 5(7,0)],_g for j =8,

091 (7, 9)]9:(; =0, pj(r 6) = Bj(r) sin 0|9:9— for j = 2,3,

which are of course in agreement with origin and infinity boundary conditions.

Applying the Euler-Lagrange equations to the energy functional yields 14 PDEs. These
reduced field equations are equivalent to the 14 PDEs left over after inserting the Ansatz given
by Egs. and into the full field equations . All other components of the field
equations are directly fulfilled by the Ansatz. Hence, solving the obtained PDEs will also consis-
tently solve the full Yang-Mills-Higgs equations. The PDEs in radial gauge (A, = 0) are given
explicitly in App. [Bland we will tackle them directly using the Method of Lines (MOL) approach
in Section

There exist a range of profile function behaviors close to the origin, which lead to a singular
or irregular energy density there. The suggestion is, therefore, to solve the PDEs near the origin
analytically, by expanding the profile functions in a Taylor series around r = 0 and solving the
reduced PDEs in leading order. The obtained behavior of the Ansatz functions is [13]

aq(r, 6) c1r?sin 0
ag(r, 6) cor? sin 0| cos 0
as(r,0) c3r®sin? @
ay(r,0) car?sin? 0
r—0: ~ ,
as(r,0) csr?sin? 0
ag(r,0) —c17r? (5.32)
cos? 0 ar(r, ) car?| cos b
ag(r,0) c3rdsin 0
B1(r,0) cer| cos 0|
r—0: Ba(r,0) | ~ | err?sing |,
Bs(r,0) cgrsin 0

with constants ¢; fori=1,...,8.
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5.3 Choice of gauge

The fields given by the Ansatz (5.20) and (5.25), have already been fixed to temporal gauge,
however they are still invariant under an SO(3) gauge transformation

gA, = Q(gA, +0,) Q7,9 =Q0, (5.33)
with
Qr,0,¢) = exp [wr(r,0)Ty + wy(r,0)Vy + wy(r,0)Uy| . (5.34)

Unlike most gauge fixing scenarios, where the choice of gauge is merely decided upon to ease
technical aspects of computation, a bad choice of gauge for the S Ansatz may lead to irregular or
singular fields. To give an example, it has been explicitly shown for the SU(2) x U(1) sphaleron
with finite mixing angle 6,, [45], where the only known gauge with well behaved solutions is the
Coulomb gauge, that gauge transformations from Coulomb gauge to a wide range of commonly
used gauges (radial gauge, background gauge, hedgehog gauge, ...) are all irregular at the origin.

5.3.1 Radial gauge

Previous work on the S [I9][33] has been conducted exclusively in the radial gauge
gA, =0: ag(r,0) = aip(r,0) = ag1(r,0) =0, (5.35)

primarily out of technical convenience, since it reduces the number of PDEs by thredﬂ and reduces
the remaining equations’ complexity significantly. It can also easily be seen, that this gauge is in
agreement with all boundary conditions. Nevertheless, it is not clear a priori if solutions obtained
in this gauge lead to a regular energy density and we must verify this explicitly.

We will conduct all of our numerical calculations in this gauge.

5.3.2 Coulomb gauge

Given the usefulness of this gauge for finding regular solutions of axially symmetric SU(2) x U(1)
sphalerons, we will quickly discuss the Coulomb gauge, as was done before by [19]. The gauge
conditions

V- A=0: Opag + 1 cos 00,.a9 = 0,
Op (cos Oar) + roraqg = 0, (5.36)
Opag + 1 cos 00,11 = 0,

are obtained by expanding the matrix constraint equation into the generators Tj, Vs and Uy. For
the S this appears to be a bad choice of gauge, since the gauge conditions are in conflict with the

4Using gauge conditions to entirely eliminate PDEs is far more difficult for other gauges and most of the time
makes their solution even more difficult, e.g. yielding integro-differential equations for the remaining equations.
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boundary conditions at infinity, e.g.
r—o00: 0Op(cosbar)+rdag=—2sinf # 0. (5.37)

5.3.3 Modified Coulomb gauge

As shown in Ref. [19], a minor modification of the Coulomb gauge fixes the conflict at infinity

VA= —Ef(r) (sin@Vy 4+ cosQUy) = Ogag + 1 cos 00,a9 = 0,

-2
Og (cos @) + rorang + 2f(r)sinf = 0, (5.38)
Opag + rorayr + 2f(r) cosf = 0,
with
f(0)=0, f(0)=1. (5.39)

Inspecting the symmetry axis boundary conditions (5.31]), we find, that the gauge function f(r)
may not be freely chosen, but is

£(r) = 3 000s(r, )y (5.40)
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5.4 Numerical minimization of the energy functional

We will now expand the profile functions «;(z,6) and j;(z,6) in nested orthogonal functions.
Cutting off these expansions, in essence, approximates the energy functional with an energy
function of expansion coefficients, allowing us to apply our numerical minimization methods.
Similar approaches to the minimization of the S energy functional have previously been tested
[19: 33).
Once again, we will employ the convenient compactified coordinates
_gvr
~ x+gor’

x r€[0,1], x€RT. (5.41)

With the origin behavior (5.32)) and the boundary conditions towards spatial infinity (5.21)) and
(5.27) in mind, we redefine the Ansatz profile functions as follows [13]:

ay(z,0) ai(z,0)/[—42? sin 0]

a(w,0) as(z,0)/[22% sin 0]

as(x,0) as(z,0)/[—223 sin? 6]

ay(z,0) ay(z,0)/[—322 sin? 6]

as(@.0) | | as(e.0)/[V3a?sin?0) | (5422)
ag(z,0) ag(z,0) /222

ar(x, 0) ar(z,0) /[247)

ag(z,0) og(z,0)/[—223 sin 6]

B1(z,0) Bi1(x,0)/x

Bo(w,0) | = | Bolw,0)/[-a*sin6] |. (5.42b)
Bs(x,0) Bs(x,0)/[—x sin 0]

This redefinition naturally fulfills several boundary conditions on the symmetry axis, given by
Eq. (5.31)). The remaining four conditions for (6 = 0,7) are:

ag(2,0) = 200s089[sin061(:c,0)}’75, (5.43a)
ar(z,0) = coseae[sineaz(x,e)]\:, (5.43b)
= N _
ag(z,0) = |cos 0043+§SIHOC089896V3 K (5.43c¢)
0=06
agﬁl(x,e)\e_a = 0. (5.43d)

Note, that the Ansatz functions have been redefined to take values between [0, 1] as they approach
z=1:
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@ (z, ) (1+sin26)/2
ay(z,0) cos? 6
73(1‘, 9) 1
ay(x, 0 1+ 2sin%6)/3
i | O | S (5.44a)
z—1 55({1}, 9) 1
76(‘T’ 9) 1
57(:E, 9) 1
78(:E, 9) 1
B1(z,0) cos? 0
il_}ml Ez(az, 0) = 1 . (5.44b)
,83(.%, 9) 1
We may now introduce the # expansion of the redefined Ansatz functions. It is given by
_ _ Jfio(®) S . .
a;(z,0) = — Z [fm(x) cos(2n8) + pin(z) sin((2n — 1)9)}
n=1
p2o(x) | cos b, for i = 2,
+ < pro(x)/] cos b, fori =7, (5.45a)
0, for i = 1,3,4,5,6,8,
e _ hjo(=) - .
Bi(w.0) = 5= + 2 [Bjn () cos(2n0) + g (x) sin((2n — 1)0)
n=1
xz)|cosf|, forj=1,
+ a0(7) | | / (5.45Db)
0, for j =2,3.

If we choose the origin boundary conditions of the introduced radial functions in the following

way
fio(0) = 0, fori=2,7, (5.46a)
hio(0) = 0, (5.46b)
fin(0) = pin(0) = hjn(0) = ¢jn(0) =0, Vi,jand n >0, (5.46¢)

the expansion (5.45) meets the desired origin behavior (5.32) precisely. Upon insertion of the
expansion ([5.45)) into the boundary conditions on the symmetry axis ([5.43)), we find that they are
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only met, if we fix

pro(z) == p2o (). (5.47)

Furthermore, we find that the following boundary conditions are required to match the redefined
profile functions’ boundary conditions towards infinity (5.44]):

finl) R Tl I S (5.48)
in = ) orn < |U, 1], .43a
-+ 30 -2 0000
12 2
hin(1) = . , for n € [0, 1], (5.48b)
oo
fin(1) = hjn(1) =0, for n > 1 (5.48c¢)
pin(l) = ¢in(1) =0, vn. (5.48d)

Finally, the conditions obtained from inserting the expansion ([5.45)) into the boundary conditions
on the symmetry axis (5.43)), specifically

_9 N

M + Z [fon —2fin] = 0, (5.49a)

n=1
thi[fm—fi,g,n] -0, fori="18 (5.49b)

9 — s , 9 5 Oy

N
Y @n—1Dgn = 0, (5.49¢)

n=1

are enforced by fixing fso, fr0, fso and q11.
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In a second step, we expand the radial functions in Legendre polynomialsﬂ P, (2x —1):

2e;, fori=1,3,4,5 and n =0,
26Z 5, fori=26,8and n =020, (5.50a)
fori=2,70orn >0,

fin(z) = a° Z inm P (22 — 1)

M {26j+5, for j =2,3, and n =0,

hin(z) = 22 bipmPn(2z —1) + 5.50b
in(®) mEZ:OJ 0, forj=1orn >0, ( )
fori=2andn=20
2 )
in\L) = Cinm P, 255 - 1 + 5.50c
pin(®) Z O, forn > 0, ( )
() 9 i/[: o Pon(2 1)+ e, for j =1, and n =0, (5.50d)
in\r) = T inmI m &4l — .
% 0 ! 0, for n > 0,

with the eight coefficients ey, which are proportional to the coefficients ¢ introduced in the origin
behavior . By multiplying the respective first summands of the expansion with a
pre-factor 22, we are guaranteed to obtain the desired origin behavior and suppress any other
behavior close to the origin, making the solution there more stable. To satisfy the radial function
boundary conditions at x = 1, we adjust one expansion coefficient for each i/j and n in

the following conditions

2e;, fori=1,3,4,5and n =0,

> Gim = fin(1) =4 2¢;5, fori=6,8andn=0, (5.51a)
0, fori=2,70rn >0,
M .
2e; f =2,3 dn=20
S bjum = hga(1) =4 S TS BT (5.51b)
m—0 0, forj=1orn >0,

fori=2and n=20

M

€9, )
S Cinm = pm(l){ 2 (5.51c)
m=0

0, for n > 0,
M .
€6, for j=1, and n =0,
d; = qin(1l) — 5.51d
Z e 4in(1) {0, for n > 0. ( )

Considering the trade-off between runtime and numerical precision, we may now choose to cut off
the angular expansion at a given IV and the radial expansion at a given M, yielding an energy
function to minimize over numerically, using the previously outlined method.

"These Legendre polynomials are normalized to P, (1) = 1 and orthogonal on z € [0, 1].
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To be precise, the minimization is carried out over the following expansion coefficients:

® Gimn and bjmy, for n € [0, N] and m € [1,M] (m = 0 coefficients are fixed to satisfy the
boundary conditions at = 1), excluding agom, azom and agom, (fixed for all m to satisfy
the symmetry axis boundary conditions)

® Cimn and djp,y, for n € [1, N] and m € [1, M] (same reason as for a and b), excluding di1pm,
(same reason as for a and b)

® co0m and diom

® CL

The total number coefficients is

N,M—oc0
e

Neoet = 8+ [11(2N +1) — 2| M 22N M. (5.52)

5.4.1 Numerical solution

We present in this section the results obtained from minimization of the energy function for
A/g* = 0, employing the expansion in nested orthogonal functions, as outlined in the previous
section. However, we must first obtain the energy function from the energy functional with a
cut-off expansion inserted, by integration over z € [0,1] and 6 € [0, 7/2]. For anything but small
expansion order cut-offs (M, N), the energy functional is very sizable. As a result its analytic
integration is unfeasible and the integral has to be carried out numerically during run-time.
Nevertheless, we will start off with the minimization of a low-order energy function, that has
been obtained through analytic integration using Mathematica, in order to verify our numerical
integration.

We find, that for large expansion order cut-offs the number of terms to be handled grows like
N*M*, quickly becoming too large for our simple symbolic calculation set-up. To gain a rough
idea of the complexity of the symbolic calculations at each expansion order cut-off, we estimate
the number of terms in the final energy function, which depends only on the expansion coefficients
and numeric pre-factors:

Nierms < 14 x 5% x (2N + 1) M*, (5.53)

We give this upper bound for the number of terms in Tab. for a range of relevant expansion
order cut-offs. For those cut-offs for which we were able to carry out the calculation, the given
numbers appear to be a good index of the complexity of a given evaluation and the associated
run-time.

Since this minimization involves evaluating huge expressions on each function call (up to 20
MB of code), we have outsourced the energy function to a C++ compiled python module and
gained a significant speed-up. Since any calculation beyond (M, N) = (3,1) would have required
developing a different approach to many aspects of the procedure and perhaps even switching
to a different infrastructure, we stopped at this point. Besides the bottlenecks of the symbolic
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| M=1|M=2|M=3 =4 | M=5
= 0.35 5.6 28 __9_0__ o219
= 28 454 | 2296 | 7258 | 17719

219 3500 | 17719 | 56000 | 136719

840 | 13446 | 68068 | 215130 | 525219

2=z22z=

Il
W = O

Table 5.1: Rough estimate of the number of summands in units of [1000], involved in the expanded
energy, obtained from analytic integration. This serves as an index of the complexity of the
corresponding symbolic calculation. The shaded cells above the dashed line indicate the expansion
cut-offs, for which we were able to carry out the analytic integration, as well as compile and run
the corresponding minimization programs.

calculation, the size of the source file and its compilation time also grow to become a considerable
obstacld?]

| N | Blno/g) | E/Bs
2.09925 | 1.38086
2.07619 1.36568
1.63636 1.07637

1.52004 | 0.99985

M
1
1
2
3

el [

Table 5.2: Energy of configurations obtained from minimization of the energy function (from
analytic integration) at various expansion cut-offs (M, N), using x = 2.4 and \/g? = 0. The
energy Eg of the SU(2) sphaleron S embedded in SU(3) Yang-Mills-Higgs theory is taken to be
Es = 1.52024[4mv/g].

The obtained values for the energy at various expansion order cut-offs are given in Tab.
and are in agreement with the results using numerical integration. We do not show the obtained
profile functions, as they match those obtained using numerical integration well.

We now move on to minimizing the energy functional at various expansion order cut-offs
(M, N), carrying out the two-dimensional integral numerically during minimization. The energies
of the configurations obtained at various expansion order cut-offs (M, N), using x = 5, are given
in Tab. . From there we gain the following value of the S energy

basic YMHIh, A/9"=0 _ (1 35 + 0.03) [47v/g] . (5.54)

The error has been estimated by variation of expansion order cut-offs and grid sizes, similar to
the detailed error discussion in Section This energy is remarkably low, e.g. by comparison
with the SU(2) sphaleron S embedded in SU(3) Yang-Mills-Higgs theory, perhaps due the fact,
that the azimuthal and polar gauge fields of the Ansatz are distributed evenly over the Lie algebra
[13]. In order to compare with the analytic results of Tab. we also give the energy obtained
with numerical integration at (M, N) = (3,1) and using x = 2.4: E = 1.51118 [47v/g].

S Already for the expansion order cut-off (M, N) = (3,1), several steps had to be taken to compile in reasonable
time, with acceptable memory consumption.
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Figs. and show the (M, N) = (11,3) configuration’s profile functions, normalized as
follows:

ay(z,0) ai(z,0)/[-2sin (1 + sin? §)]

ag(z,0) as(x,0)/[2sin 6]

as(z,0) as(z,0)/[—2sin? 0]

ay(z,0) ay(z,0)/[—sin? (1 + 2sin? )]

as(z,0) | as (2, 0) /[v/3sin2 6] ’ (5.55a)
ag(z,0) ag(z,0)/2

ar(z,0) ar(z,0)/2

ag(z,0) ag(x,0)/[—2sin 6]

Bi(x,0) Pi(,0)

Bo(z,0) | = | Bax,0)/[-sind] |, (5.55b)
Bs(x,0) Bs3(x,0)/[~sin ]

to increase readability. We notice a large gradient of the profile functions &; close to x = 1 (note
that the profile functions are plotted for y = 25, as x = 5 is already not readable). In other
words, these profile functions tend to their asymptotic value at r — oo very slowly, most likely
caused by the massless gauge-field modes. For increasing expansion order cut-offs (M, N) this
behavior becomes worse, as a large part of the profile function gradient gets pushed out further
and further towards infinity, where their contribution to the total energy is lowest. Most likely
an energy minimization based method is simply not a good choice to determine such a tricky
far-field behavior. Nevertheless, we observe clear signs of convergence for the near-field behavior,
the energy and the energy density.

M | N | E[4mv/g] | E/Es
6 | 1 1.468 0.965
6 | 2 1.433 0.953
11| 2 1.371 0.902
11 | 3 1.360 0.895
18 | 3 1.345 0.885

Table 5.3: Energy of configurations obtained from minimization at various expansion cut-offs
(M, N), using x = 5.0 and \/g? = 0. The energy Eg of the SU(2) sphaleron S embedded in
SU(3) Yang-Mills-Higgs theory is taken to be Eg = 1.52024[47mv/g].

Finally, the energy density corresponding to the (M, N) = (18,3) configuration is shown for
slices of various 6 in Fig. and as a contour plot in Euclidean space for y = 0 in Fig.
We notice a slightly prolate energy density distribution for 1 < gvr < 2 and a non-trivial core
structure. Further out the energy density becomes spherically symmetric, as to be expected. The
energy density slices depicted in Fig. display the expected exponential fall-off towards large
gur and a regular behavior at the origin. However, this figure also shows fluctuations close to the
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origin, probably caused by numerical inaccuracies, as they are unlikely to be physical.
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Figure 5.3: Equidistant contour-plots of the re-scaled profile functions @; of the con-
figuration obtained from minimization of the energy functional at (M, N) = (11, 3) for
A/g? =0 and y = 5.0. The two shown compactified Cartesian coordinates are given by
Z = gur/(gvr + 25) sinf and z = gur/(gvr + 25) cos6.
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Figure 5.5: Energy density contours of the configuration obtained from minimization of
the basic Yang-Mills-Higgs theory energy functional with (M, N) = (13, 3), for A\/g?> =0
and y = 5.0. The slice is in Euclidean space for gvy = 0. The two contours around
(gvz, gvz) = (40.3,0) have the value 1.20 [(47g/g)(gv)3].
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Figure 5.6: Slices of energy density constituents for the configuration obtained from
minimization of the basic Yang-Mills-Higgs theory energy functional with (M, N) =
(18,3), for \/g?> = 0 and x = 5.0.
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5.5 Solving the reduced field equations

Now, let us apply an entirely different numerical method to the problem: solving the reduced
field equations in radial gauge, given in App. directly. It should be mentioned at this point,
that this method is nowhere near as robust and the obtained results are not as reliable as those
obtained from minimization. However, they are in agreement and hence, this method serves to
support the minimization results, using a completely distinct method.

The given PDE boundary value problem consists of 11 PDEs in gvr and 6 and we will approach
these by using the method of lines [42] (MOL). This involves discretizing the angular grid into p
lines and replacing all 6 derivatives with central differences. By doing so, we obtain a large set of
11p second order ODEs. After fixing the lines on the symmetry axis to the boundary conditions
, we can solve the ODE system with the BVP4C solver, as previously done for the smaller
system of 2 ODEs of the spherically symmetric approximation in Section [5.1} The large memory
consumption of the solver for such a large system limits us to a maximum angular grid size of
p =31

There was a lot of fine tuning necessary to get the solver to converge. In particular it was
necessary to iteratively solve the ODEs for radial ranges of increasing size, starting off with
gur € [0.1,50] and increasing step by step to gur € [0.003,800]. Attempts to solve the ODEs on
a greater range have not been successful, neither have attempts to use a compactified radial grid,
as used for minimization.

Nevertheless, the obtained configurations’ profile functions resemble those obtained from min-
imization. The lowest energy obtained with this method is

Enor = (1.31 £ 0.10) [47v/g] , (5.56)

with a falling tendency (on a near perfect hyperbola) for higher upper range bounds. Even though
the obtained energy value is lower than the one obtained from minimization, there is likely a
significant numerical error from 6 integration of the energy functional. Furthermore, inspection
of the obtained profile functions suggests, that the corresponding configuration is nowhere near
as close to the solution as the one obtained from minimization. The obtained energy values for
various upper range bounds are presented in Fig.

"Solving the 660 first order ODEs consumed close to all of the 64GB of memory available to us on our best
machine.
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infinity boundary conditions at gur = R, as well as to their origin boundary conditions
at gur = 0.003 and solving the lines ODEs in the range gvr € [0.003, R], using p = 30
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CHAPTER O

S in the extended SU(3) Yang-Mills-Higgs theory

The gauge fields of the S configuration in the extended Yang-Mills-Higgs theory are con-
structed in precisely the same way as those in the basic Yang-Mills-Higgs theory. The gauge-field
Ansatz is given by Eq. and will not be repeated here. In case of the three scalar triplet
fields, the Ansatz must match the following boundary conditions towards infinity

1

TILIEO¢1(T,0,¢) = nW(,¢)|0|, (6.1a)
0
0

lim Pa(r6,6) = nW(.6) [ 0 |, (6.11)
1
0

lim Ba(r.0.6) = nW(e.0) [1]. (6.1¢)
0

with the SU(3) matrix W defined by Eq. (5.4).

6.1 Extension of the Ansatz
In light of the boundary conditions (6.1]) of the scalar fields and similar to the Ansatz (5.25) made

for the single scalar triplet of the basic Yang-Mills-Higgs theory, the following radial-gauge Ansatz
can be made [13]:

48
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=N Bl(rv 9)
B1(r0,0) = 1| cosOpa(r ) e || (6.22)

53 (Ta 9) e_i¢

R Ba(r, 0) e~
Oo(r,0,0) = n | coslpBs(r,0) |, (6.2b)
Bﬁ(ra 0)

R cos ) Br(r, 0) e
D3(r,0,6) = n | Bs(r, 0) e : (6.2¢)
cos @ By(r, )

with real profile functions fi(r, #). As for the S in the basic theory, these profile functions have
even parity

Be(r,m—6) =+0k(r,0), for k=1,...,9. (6.3)

Comparing this Ansatz with Eq. (6.1) yields the following boundary conditions towards infinity

Bi(r, 0) cos? 6
Ba(r, 0) —sinf
Bs(r, 0) —sinf
Ba(r, 0) —sinf
Jim Bs(r, 0) | = -1 . (6.4)
Be(r, 0) 0
B (r, 0) —sin 6
Ps(r, 0) sin? 0
ﬁQ(Ta 0) —1
Regularily of the solution at the origin requires
Br(0,0) =0, fork=1,...,9. (6.5)

Finally we find the following boundary conditions on the symmetry axis (5 =0,m):

A Bi(r,0)],_5 = 0, for k=1,5,6,9, (6.6a)
Br(r, ) |9:9— = Bi(r) sin6’|0:0—, for k=2,3,4,7, (6.6b)
Bs(r, 0)|,_g = Bs(r)sin®6], ;. (6.6¢)

To summarize, the S Ansatz in the extended Yang-Mills-Higgs theory has been extended by six
profile functions S (r,0) for k = 4,...,9, giving a total of 17 profile functions. We can now insert
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the above Ansatz into the energy functional to obtain the energy density given in App.
and the corresponding reduced field equations, given in App. [B]

Solving these reduced field equations close to the origin, as done for the basic Yang-Mills-Higgs
theory, yields the following behavior of the profile functions close to the origin

Ba(r,0) cyrsin 0

Bs(r,0) clor

Be(r,0) c117| cos b

Bz(r,0) c1ar2sin @ ’ (6.7)
Bs(r,0) c1372 sin? 0

Bo(r,0) c147

6.2 Numerical minimization of the energy functional

We now extend the numerical set-up to include the additional fields of the extended Yang-Mills-
Higgs theory’s Ansatz. The profile functions o; and g for j = 1,2,3 are defined and will be
treated numerically as described in Section In analogy to Eq. , we redefine our profile
functions under consideration of the profile function behavior at the origin (6.7)), towards = = 1

(6.4) and on the symmetry axis (6.6]) to

By, 0 Ba(z,0)/[—x sin 0]
5\, 55('%0)/[_1"}
6\ T, Bﬁ(l',e)/ﬂf

Br(x,0)/[~2” sin 0]
Bs(x,0)/ [ sin® 0]
69 (:E, 0)/[_'%'}

The three remaining boundary conditions on the symmetry axis, which are not directly fulfilled
by this redefinition are, for (6 = 0,):

)
8

~— ~— ~— ~— ~— ~—

©
K

=l = = =
—~ jé\ —~
=TS ST o SR N o S N o)

098, (, 9)‘915 =0 forj=5,6,9. (6.9)

The boundary conditions of the redefined Ansatz functions at x = 1 are then:

N
K

ot
8 R
DD D D D D
— — — — ~— ~—
|

il_}ml (6.10)

0
8

™ @ @ @Q\ ™

1
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1
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By analogy with Eq. (5.45)), we chose the angular expansion of the redefined Ansatz functions as
follows

_ h N
Bi(z,0) = 302(1‘) + Z {hjn(a:) cos(2nf) + gjn () sin((2n — 1)9)}

n=1

(6.11)
N geo(z) | cosf|, for j =6,
0, for j =4,5,7,8,9.
Together with boundary conditions at the origin, given by

heo(0) = 0, (6.12a)
hjn((]) = an(O) = 0, forn>0, (6.12b)

the profile functions behave precisely as (6.7 close to the origin. The boundary conditions (6.10))

at £ = 1 demand the following asymptotic behavior of the radial functions h(z) and g(x)

hin(1) 220222 for j =4,...,9 and n € [0, 1] (6.13a)
in = , forj=4,...,9 and n € [0,1], 13a
! 00000DO /

hjn(1) = 0, for n > 1, (6.13b)
gin(1) = 0, for n > 0. (6.13c)

Finally, the symmetry axis boundary conditions are enforced by fixing the radial profile
functions ¢s1, gg1 and gg1 to satisfy the following equations

N
> (@2n—1)gn=0, forj=5,6,9. (6.14)

n=1

Turning to the radial approximation, we now expand the radial functions in Legendre polynomials
P2z —1):

M .
2e; fi =4,5,7,8,9 and n=0
hin(@) = @3 bjpm P (20 — 1) 4 -0t ONT = H LSS AER TN (6 15a)
0 0, forj=6orn >0,
(@) 9 i/[: i Pon (2 1) + e, for j =6 and n =0, (6.15b)
n(x) = = ; x — .
in 0 e 0, for n >0,

with 22 pre-factors, that ensure the origin behavior, as before. The boundary conditions ([6.13)
at x = 1 are now fixed by adjusting, for each radial function expansion, one expansion coefficient,
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to satisfy
%b. () 2¢j15, forj=4,57,8,9 and n =0, (6.162)
=0 nm " 0, for j =6 orn > 0, '
M .
e, for j =6, and n =0,
dipm = @qin(1l) — 6.16b
mZ:O ! 4jn(1) {0, for n > 0. ( )

The total number of coefficients to minimize over at a given radial (M) and angular (N) expansion
cut-off increases to

Nooer = 14 + [17(2N +1)— 5}M MM 34N M. (6.17)

6.2.1 Numerical results

This section gives details on the obtained results from numeric minimization of the energy func-
tional of the extended Yang-Mills-Higgs theory. Using x = 1.5 and \/¢g?> = 1, we obtain the
energy values given in Tab. for various expansion order cut-offs. From this table we take the
value of the S energy in the extended Yang-Mills-Higgs theory

) _ 4
%t. SU(3) YMHth, A\/g?=1 _ (8.50 + 0.03) [7”7} ' (6.18)
9

Similar to the S in the basic Yang-Mills-Higgs theory, the error is estimated by variation of grid size
and expansion order. Furthermore, we give the total energy contribution of the (M, N) = (11, 3)
configuration up to various radii gvR in Table the largest contribution coming from around
gur = 1.5. Among the energy density constituents as listed in App. the total energy is
distributed as follows: Eyn @ Ekin @ Erapot ~ 0.532: 0.384 : 0.084.

M | N | El4mn/g]

3 |1 8.627
6 |1 8.527
6 | 2 8.526
11| 2 8.506
11| 3 8.503

Table 6.1: Energy of configurations obtained from minimization at various expansion cut-offs
(M, N), using x = 1.5 and \/g? = 1.
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gvR | Er/Eu
0.3 0.0125
0.6 0.0719
0.9 | 0.1923
1.2 0.3574
1.5 0.5252
1.8 0.6785
2.1 0.7840
2.4 0.8649
2.7 0.9120
3.0 0.9449
4.0 0.9870
5.0 0.9958
6.0 0.9979

Table 6.2: Total energy contribution up to a radius gvR, of the numerical S solution in the
extended SU(3) Yang-Mills-Higgs theory for A/g?> = 1 and v = /27, obtained from minimization
with expansion cutoffs N = 3 and M = 11 using x = 3/2. We give the contribution as a quotient

with the total energy F, (given in Tab. , with Ep = fOR dr fgrﬂ df r*sin @ e(r,0).

Figs. and show the re-scaled profile functions, defined by Eq. (5.55) and extended by
the following:

Ba(,0) Ba(z,0) /[~ sin 0]

Bs(x,0) —B5(x,0)

?6(9579) _ 66(%9)‘ | (6.19)
7(x, 0) Br(x,0)/[— sin 0]

Bs (., 0) Bs(,6)/[sin* 0]

Bo(z, 0) —Po(x,0)

for the configuration obtained at (M, N) = (11,3). With all Yang-Mills modes massive, these
profile functions appear to have converged very well, also in the far-field. The obtained solution
for Bﬁ is almost zero and indeed, it has been shown [13], that s = 0 does solve the variational
equations given in App.

The energy density corresponding to the (M, N) = (11, 3) configuration is shown for slices of
various 6 in Fig. [6.4 and as a contour plot in Euclidean space for y = 0 in Fig. [6.3]
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Figure 6.1: Equidistant contour-plots of the re-scaled profile functions @; of the con-
figuration obtained from minimization of the extended Yang-Mills-Higgs theory energy
functional at (M, N) = (11,3) for A\/g?> = 1 and x = 1.5. The two coordinates are given
by & = gvr/(gvr + 1.5) sinf and z = gvr/(guvr + 1.5) cosé6.
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minimization of the extended Yang-Mills-Higgs theory energy functional, for \/¢g? = 1,
v = V2 xn and xy = 2.5. The slice is in Euclidean space for gvy = 0. The contour
around (gvz, gvz) = (0,0) has the value 8.00 [(47g/g)(gv)?].
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S energy barrier structure

We will now take a first step towards determining the stability of the S , by evaluating the energy
of field configurations along paths on the non-contractible sphere (NCS), connecting the gauge-
field vacuum and the S. Ultimately, a stability analysis is focused on determining if there exists
a path from the S configuration to the vacuum, crossing only configurations of energy below Eg.

If such a path exists, the S is unstable. The much harder task of showing (meta-)stability is to
prove, that no such path exists. This last task can not be done by mere inspection of the S energy
barrier, since the path one is trying to rule out need not be on the NCS, but could be located in
a different sector of configuration space entirely. Hence, the energy barrier analysis conducted in
this chapter can give us conclusive evidence of instability, if a path of instability happens to lie
on the NCS, but can only give hints at a possible (meta-)stability of the S.

To determine the energy of any configuration on the NCS, let us start by recalling that Yang-
Mills fields on the NCS must approach the following pure-gauge toward spatial infinity:

lim Ay(r,0,6) = —;az-Uw,u,a,e, 6) U (6, 1, 0,0, 6), (7.1)

where the map U, given by Eq. with parametrization , is now not fixed to ¥ = p =
a = 7/2 as before, but is left completely free. To avoid confusion regarding the NCS angles 1,
u and «, let us recall that these are not the angles of the same notation used in Ref. [4] (which
are in this work referred to as 1, ji and @), but the coordinates introduced in Section These
angles are all on equal footing, in the sense that choosing either one of them to be zero yields the
map at the “bottom” of the NCS and to obtain the map at the “top” of the NCS all angles need
to be 7/2. Similarly, the Higgs fields on the NCS must feature the asymptotic behavior

1
Jim ®(r,0,0) = —= U, ma0,0) | 0|, (72)
0
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in the basic Yang-Mills-Higgs theory and the behavior given by

1

lim @1(r,0,6) = nU@.po0,0)| 0 |, (7.3a)
0
0

T&HOIO ¢2(T7 07 ¢) = 77 U(q/}? M? a? 97 ¢) 0 M (7'3b)
—1
0

lim @5(0.6) = nU@.po0,0)| 1 |, (7.3¢)
0

in the extended Yang-Mills-Higgs theory.

At this moment it should be pointed out, that configurations on the NCS in general have fewer
symmetries than the S configuration:
First of all, the reflection symmetry of the Ansatz is lost. Thus we will have to numerically
integrate over the full polar angle # € [0,7]. As a further consequence of this, the fields are no
longer necessarily of positive parity and a general expansion for the profile functions would have
to use the complete Fourier basis (even and odd basis functions).
Second, the fields can (for most of the NCS) no longer be constructed with just a subset of SU(3)
generators. We need all eight generators for each component of A;, resulting in sixteen instead of
eight «; profile functions for a fixed gauge.
Third and by far the most dramatic is the loss of axial symmetry . A general Ansatz for
fields on the NCS would therefore contain profile functions depending also on the azimuthal angle
¢. There exists one exceptional path on the NCS however, along which axial symmetry remains
intact. It is parametrized by varying a € [0, 7], while fixing ¢ = p = 7/2 and can be attributed
to the following symmetry:

U 0s0:0) 5 (o= VB, U a0l} | <o (74)
e

On the other hand, we manage to find a new simplifying symmetry, namely the following reflection
symmetry of the energy density

é\(% My Oé) = é\(’]'r - ¢7 My Oé) = é\(wa ™= [, Oé) = €(¢? B, T — Oé) (75)

on planes intersecting vacuum and S on the NCS, obtained by fixing two of the three NCS angles
to m/2. We did not manage to explain this symmetry in the context of a simple constant unitary
transformation such as , however, the structure functions of the generalized Ansatz, which
we will introduce shortly, are invariant under this symmetry and so it is clear, that the energy
density must be as well.

We will now make a generalized Ansatz for the Yang-Mills fields on the NCS, which features
the extension to eight SU(3) generators for each field component. This is necessary to match the
required aymptotic behavior at spatial infinity. We are not interested in making this Ansatz as
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general as possible, merely in having it be general enough to construct a finite energy vacuum-
vacuum path on the NCS through the S configuration obtained in Section The following
Ansatz does precicely that, it yields finite energy field configurations anywhere on the NCS and
reduces to the Ansatz of [4], given by Eq. forpy=p=a=m/2:

gAo(r,w) = gA.(r,w)=0 (7.68)
gA4(r,w) = aia(r0)Ta,1(w)Ty + ai(r,0) T, 2(w)T, + ais(r,0) Ta, 3(w)Vs

+ ag(r,0)Ta,a(w)V, + a1a(r,0) Ta, 5(w)Ug + as(r,0) Ta, 6(w)U,

A A
+ au(r,0)Ta,r(@) 5+ as(r. ) Tays(w@) 5 (7.6b)
gAg(r,w) = ag(r,0)Tay1(w)Ty + a15(r,0) T ay2(w)T, + ar(r,0) T a, 3(w) Vs
+ oue(r,0) T aya(w)V, + as(r,0) T a, 5(w)Up + ar7(r,0) T 4, 6(w)U,
)\3 )\8
+ aag(r,0) T4, 7(w) == + a19(r,0) T4y s(w) (7.6¢)

2i 2

with matrices Ty, 1), Vy, V), Uy and U, given by . We used here the short-hand notation
w = {9, p, ,0,¢}. The real valued structure functions 'y, ;(w) and I' 4, ;(w), fori =1,...,8, are
determined by matching the field Ansatz ([7.6]) at spatial infinity to the pure gauge fields .
These structure functions are very lengthly and are not given explicitly at this point (see App.
for more details on their derivation).

The newly introduced profile functions «a;, for ¢ = 12,...,19, can be chosen arbitrarily, since
the sphaleron configuration is independent of themﬂ They have the following boundary conditions

«;(0,0) =0, Tlggo a;(r,0) =1, for i =12,...,19, (7.7)

and we will simply choose them to be

2
a;(r,0) = <1ir> ) fori=12,...,19. (7.8)
There is one technical detail, which stops us from using the profile functions «; (i = 1,...,8) of

the (e.g. (M, N) = (18,3)) configurations obtained from minimization of the basic and extended
Yang-Mills-Higgs theory energy functionals in Sections and respectively. Finiteness of
energy requires an additional boundary condition on two of the profile functions for configurations
away from the NCS poles, namely:

az(T,9)|0:7r/2 =53 (T,9)|9:7T/2 = 0. (7.9)

Hence, we need to repeat the minimization procedures detailed in Section [5.4] for the basic Yang-

!The corresponding structure functions vanish at the NCS poles.
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Mills-Higgs theory and in Section for the extended Yang-Mills-Higgs theory, with these condi-
tions in place. We enforce them by pulling out a cos? § pre-factor in the expansion for these two
profile functions, removing said factor from their boundary conditions at inﬁnityﬂ

For the basic Yang-Mills-Higgs theory, as expected from a more constrained profile function
expansion, the energy of Eg =~ 1.81 [4mv/g], obtained from minimization at (M, N) = (11,3), is
larger than the value obtained in Section at the same cut-off.

For the extended Yang-Mills-Higgs theory, we obtain a value of E5 ~ 6.0 [47v/g] for (M, N) =
(11,3), using A/g? = 1, which is only a minor increase.

We will now split up our analysis into basic and extended Yang-Mills-Higgs theory, in order to
generalize their respective Higgs field Ansdtze and finally inspect their energy barriers individually.

7.1 Basic SU(3) Yang-Mills-Higgs theory
We generalize the Higgs field components in the basic Yang-Mills-Higgs theory as follows:

v

(T)(T, w) = 72 [,31 (T, (9) (Fgl(w) + ZT‘@Q(W)) )\3 + 52(7’, 9) (ang(w) + Z'P<1>’4(w)> 2iTp

1
+63(r,9)(r¢,5(w)+¢F¢,6(w)>2ivp] ol,
0

(7.10)

with real structure functions I'g ;(w) (i = 1,...,6), which are obtained by matching the field’s
asymptotic behavior at spatial infinity. These structure functions are given explicitly in App. [C]
The profile functions 3; (j = 1,2, 3) are those obtained from minimization in the previous section.

We can now simply insert the Yang-Mills and Higgs fields into the basic Yang-Mills-Higgs
theory energy functional for any choice of ¥, u and «, integrate numerically over x, # and ¢ and
obtain the energy value at that point on the NCS.

We will look at three possible gauge-field vacuum to gauge-field vacuum paths through con-
figuration space, each crossing the S. On the NCS they are parametrized by fixing two of the
three NCS angles to /2 and varying the third from 0 to 7. Since these paths are orthogonal at
the “top” of the NCSEL this gives us a significant hint at the energy barrier structure. The slice
parametrized by « is of particular interest. Due to the axial symmetry of configurations on
it, it is expected to feature the lowest energy path of the three.

The energy barrier of each of the three slices, is approximated for 250 equally spaced points
between 0 and /2. Fig. shows the obtained energy structure along each of the slices, mirrored
on the symmetry axis ©/u, « = 7/2, utilizing . We can clearly identify a local minimum of
the energy at the S configuration in these one dimensional projections.

We also notice an equality of energy barriers for the slices parametrized by ¢ and p. Upon
closer inspection we find, that the energy is not only invariant under exchange of ¢ and u, but
that there exists a continuous symmetry, which can be well visualized by looking at Figs.

2 All other steps of the minimization procedures remain the same.
3This is a consequence of the explicit parametrization of the map U, derived in Section



7.1. Basic SU(3) Yang-Mills-Higgs theory 61

150 150
60
= 100 = 100 =
) = = 40
& & &
=. =, =,
) =50 =
0 0 0 ‘
0 w/4 w2 3rw/4 7r 0 /4 w/2 3mw/4 T 0 w/4  w/2 3m/4 7T
Y n @
(a) p=a=1/2 (b) § = a =n/2 (&) = p=7/2

Figure 7.1: Numerical approximation of three energy barrier slices connecting the vacuum configu-
ration and the S configuration of the basic Yang-Mills-Higgs theory, obtained from minimization
at expansion order cut-offs (M, N) = (11,3), using A\/g? = 0. Slices for ¢y = a = 7/2 and
@ = a = /2 are similar. The NCS angles ¢, u and « are not the angles of the same notation
used in Ref. [4] (which are in this work referred to as 1, fi and &), but the coordinates introduced

in Section @

and The energy remains invariant under a rotation around the axis connecting gauge-field
vacuum and the NCS “top” on the S? obtained from the NCS depicted in Fig. for fixed
a = 7/2. This rotation is parametrized simply by & of the coordinates used by Klinkhamer and
Rupp [] and the invariance of the energy under this transformation has already previously been
found [33]. The structure functions and hence the energy density in these coordinates (both given
in the appendix of [33]) feature & and ¢ only in terms of sin" (¢ — &) and cos™ (¢ — @&). As a result,
the energy density is not invariant under the 1rotatiorﬁ7 but the energy obtained by integration
over ¢ € [0,27] i)

Finally, it is important to point out, that the configuration at the bottom of the NCS we have
constructed here is merely the gauge-field vacuum (Eyy = 0) not the vacuum of the full theory.
As a result, the plotted energy slices of configurations of the NCS do not go to £ = 0.

“This explains, why there exists no symmetry such as (7.4)) for é.
5This can easily be seen by substituting ¢’ = ¢ — & and carrying out the integral over the full circle, which is

always independent of &.
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7.2 Extended SU(3) Yang-Mills-Higgs theory

To determine the barrier structure of the S in the extended Yang-Mills-Higgs theory, we must
also generalize the extended Ansatz:

~

Br(rw) = 7 [ﬁl(r, 0) <F¢,71(w) + irm(w)) Xs + Ba(r, 0) (r@g(w) + z'I‘@A(w))QiTp
1
+B3(r, 0) (F@,5(w) + in>,6(w))2z‘Vp] 0f, (7.11a)
0
Bo(r,w) = 7 [54(7«, 0) <r¢,7(w) + iré,g(w)) Xs -+ Bs(r, 0) <r¢,9(w) + z'r@,m(w))zm
1
+80(r,0) (T ) + ZT<1>,12(W)>22'V,)] ol, (711b)
0
3(r,w) = 7 [57(7“, 0) <F<1>,13(w) + iF¢,14(w)))\3 + Bs(r,0) (Fq>,15(w) + in>,16(w)>2iTp

+59(T, 0) (FQU (w) + Z'F<1>718 (w)) 27,‘/vp‘| (7.11C)

o O =

with the added real structure functions I'g ;, for ¢ = 7,...,18, given explicitly in App. @ The
profile functions B;(r,6) (j = 4,5,7,8,9) are those obtained from minimization in the parent
section. Let us recall, that the boundary conditions of fg(r, ) at the “top” of the NCS vanish at
the origin and towards infinity and that we have found the numerical solution of the S to have
an almost vanishing Bs(r,8) everywhere (see Section [6.2.1). However, setting Bs(r,0) to vanish
leads to an ill-defined energy density at infinity for many configurations on the NCS. To resolve
this problem, we absorb the boundary condition of f¢(r, @) into the structure functions I'p 11 (w)
and I'g 12(w) of the extended Ansatz (|7.11]). The configuration at the “top” of the NCS remains
unchanged by this, since fg(r, ) was found to vanish there regardless. We are now free to choose
an arbitrary [g(r, #), which satisfies the new boundary condition lim,_,, Bs(r,0) = 1:

RN
,0) = . 7.12
50(6) = (1) (7.12)
The rest of the procedure is entirely parallel to that of the basic Yang-Mills-Higgs theory, as
outlined in the previous section. Likewise, we depict in Fig. the three S energy barrier slices
obtained from fixing two NCS angles to 7/2 and varying the third. In contrast to the S in the
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Figure 7.2: Numerical approximation of a negative-mode energy barrier slice connecting the
vacuum configuration and the S configuration of the extended Yang-Mills-Higgs theory, obtained
from minimization at expansion order cut-offs (M, N) = (11, 3), using A/g? = 1. The NCS angles
¥, p and « are not the angles of the same notation used in Ref. [4] (which are in this work referred
to as 1, i and &), but the coordinates introduced in Section

basic Yang-Mills-Higgs theory, we find that the slice parametrized by «, while fixing ¥ = u = 7/2,

does not feature a “dip”.
Hence, we have found a path in configuration space connecting gauge-field vacuum and S,

with all of its configuration’s energies below Eg, indicating instability of the .S in the extended
Yang-Mills-Higgs theory.



CHAPTER 8

Conclusion and outlook

The numerical analysis conducted in this thesis has yielded solutions of the reduced field equa-
tions of the sphaleron S in SU (3) Yang-Mills-Higgs theories, with both a single and three Higgs
triplets. We have determined the behavior of both solutions on all four boundaries analytically
and obtained numerical approximations of acceptable precision. As confirmed by our independent
calculation, the Yang-Mills-Higgs field equations with the S Ansatz inserted, reduce to precisely
these reduced field equations, making the obtained solutions solutions of the full Yang-Mills-Higgs
equations as well. A significant numerical challenge was the tendency of the basic S gauge fields to
approach their asymptotic values at infinity very slowly, most likely due to the massless gauge-field
modes.

Both solutions are found to have energies of the same order as the embedded SU(2) x U(1)
sphaleron S. Surprisingly, the energy of the S in the basic Yang-Mills-Higgs theory even lies
slightly below that of the embedded SU(2) x U(1) sphaleron S, perhaps due to the even distri-
bution of the azimuthal and polar gauge fields over the Lie algebra [I3]. Indications of an energy
below Eg were first obtained in Ref. [I9] and later in Refs. [32][33].

We have determined the energy barrier structure of the S in both basic and extended theory
and observed a clear discrepancy. The solution in the extended theory is found to have two
positive and a single negative mode, is therefore unstable and sphaleron-like. In contrast to this,
the obtained S configuration in the basic theory has three positive modes and appears to lie in a
local energy minimium of the configuration sub-space of the NCS. This indicates, that the S in
the basic theory could perhaps be meta-stable. To determine its stability, a far more elaborate
analysis considering the full configuration space around the S would have to be carried out. This
could for instance be done by solving the fluctuation equations around the configuration.

The gauge fields of the extended theory S may contribute significantly to the content of QCD
glueballs [13]. Defining a “gluon mass” of mg ~ (fm)~! ~ 200MeV and a “gluon fine-structure
constant” ag ~ (200 MeV) ~ 1, a rough estimate of the S energy in a QCD context can be
made [I3]: Eg ~ 8.5 x 200MeV ~ 1.7GeV. Considering the ratio of energy distribution among

gauge and Higgs fields, the S gauge fields, which may contribute to the field content of QCD

64
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glueballs, have an energy of roughly 0.8 GeV.

There is much research that remains to be done on the S solution. An analysis to determine
its stability, in essence determining the energy Hessian in configuration space at the S , seems to
be the logical next step following the conducted barrier analysis. Furthermore, it is certainly of
interest to obtain the fermion zero-modes, which could only be determined on the boundary thus
far. Finally, the truly challenging task is the S phenomenology, be it in a QCD or a grand-unified-
theory context. Perhaps it is even possible to make predictions for heavy ion colliders such as the
RHIC or give a more fundamental understanding of certain lattice QCD results and observations
in the nonperturbative regime of QCD.



APPENDIX A

Energy density of the S Ansatz

A.1 Basic SU(3) Yang-Mills-Higgs theory

The energy density of the generalized Ansatz given by Eqgs. (5.20) and (5.25]) is given below. The
gauge has been fixed to radial gauge (g = a9 = 31 = 0). The following is equivalent to the
energy density given in the appendix of [4].

1

EYM = 55 5 -~ 94
2g%r2sin?

{0082 0 (8,01)% + (8r02)? 4 cos® 0 (9y3)? + (9pus)? + (9pars)? }

+ iﬂ{ (r06)? + 00520 (D,07)? + (Braxs)’ }

29
+ L [ L + Los? 0 + O (cos O )]2
————— < |ag — =g + aug — = cos” Baza cos fa
292 sin® 0 6~ 5208 406~ 5 307 o 1
- 1 2
+ |cosfar + 3 cos 6 (a3a6 — ajag — V3asar — a4a7) — 39@2} (A.1)

I 1 1 1 1 2
+ 208 + S04t — SQ206 — 5\/??@50@ ~3 cos? Bay oy — 9y (cos 9@3)]

I 1 1 2
+ |cosf | arag + 50207 — 50308 | — Opouy

- 2
3
+ \Qf cos 0 (azag + agar) — (99&5] } ,
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2
CHkin = 1;{ (8,61)* + cos? 0 (0,82)° + (0-83)° }

,02

2
t52 { [(%ﬁl - %COS@ (arBs + aﬁﬁz)} + [5.953 + %COS@ (agBa + ar31)

2

1 2
+ [89 (cos0B2) + B} (aefr — a8/83)] }

’1)2

+ 8r2sin2 6

{ [04451 + asB1/V3 + cos® Oy B2 + azﬁ:&} ’
+ cos® § {252 — a1f1 + aufa — asBa/V3 — Oé3ﬁ3}2

+ [253 + 21 — 2a533/V/3 + cos? 904352] 2} ; (A.2)

_/\Uﬁ 2 2082 4 52 _ 1]’ A
€Hpot = 1 {51 + cos” 055 + 5 1} ) (A.3)

A.2 Extended SU(3) Yang-Mills-Higgs theory

€Hkin,2(1, 0) = 772{ (0,847 + cos® 0[0,55)* + [0,56)° }

2
+ 47;2{ [cos Bavy Bs]? + [cos Oag 5 — 20p84)° + [asBs)* + 4 [0936)°

+ [ Bs — 25in 085 + 2 cos 09y Bs]* + cos? 0 [ar By + asfs)? }

2

2
+ 712 277 ) {3 [042,36]2 + {\/§COS2 90&155 + 2\/§ﬁ4 =+ \/§O¢4ﬂ4 + 04564}
74 sin“ 0

+ cos® 6 [\/5(04164 — ayfs) + 04565]2 +3cos? 0 [a366]2

+4[asBs)” + 3 {04254 + cos? 904355} ’ } (A.4)
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CHkin3(r,0) = nQ{ cos? 0 [0,.57)% + [0,Bs]? + cos® 08,8 }

2

+ 77{ {agﬁg + cos? Bz By — 20y (cos 967)] 2

4r2

+ [cos Bag 7 — cos Bag By + 28958]2

+ [agﬁg + cos? Bz B7 + 20 (cos 969)} 2 }

2

B 2
+ 127’277S11120{ cos2 0 {\/3(01/38 + a259) + 7% (3a4 + \/3(15 — 6)}

+ [0052 0V'3 (a1B87 + asfo) — \B/Bg (30‘4 —V3as + 12)] 2

+ cos? 6 {\/§a2,87 + \/§a358 — 204559}2 } <A5)

2 2
Ctpot,123(r, 0) = n4)\{ |82+ cos? 083 + 83 — 1] + |8 + cos? 083 + B3 — 1]

2 2
+ [cos2 052 + B2 + cos? 32 — 1} + [ﬁ1,64 + cos? 95255}

+ [B3B6)* + cos® 0 [B157 + 28 + B3]

+ cos? 0 [BafBr + B8] + cos? 0 [B6B9)° } (A.6)



APPENDIX B

Reduced field equations in the radial gauge

B.1 Basic SU(3) Yang-Mills-Higgs theory

The reduced field equations listed below are obtained from the radial gauge energy functional, the
corresponding energy density being given in App. [A] by variation with respect to profile functions

; for i =1,...,8 (given by Egs. (B.1]) through (B.8))) and 3; for i = 1,2,3 (given by Egs. (B.9),
[B10) and (BI1)).

3 1
r2 sin 6 cos 983041 + sin 6 cos 083041 — 589041 + 5 c0s 20 Oyav; — sin 0 cos Halag

1 1 1
2 sin 6 cos® 9041043 1 sin 0 cos 90410% - 1921"21}2 sin 6 cos 9a1ﬁ%

1 3 1
- 1927"21)2 sin  cos® Qalﬁg — sin B9y ag — 1 sin # cos Basagary — 3 sin fanOgarg

1 1 3
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(B.1)
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1 1 1
~3 sin 6 cos? Oasdparr + cos Bagar — 3 cos 20 cosbBazar — 1g2r v sin @ cos s 51 85
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g°r?v? sin 6 cos Oas 51 o

2V3

3
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1 1 1
— 1927’21/2 cos 0 sin® 0a7B§ — cosfar — 1921"21)2 cos 0 sin? fagB162 + Zg2r2028951ﬁ3

1 1 1
— 1927"202 cos 20 OpB1B3 — 1927”2@2/3130& + 1927’202 cos 260 10gPB3 =0
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1 1 1 3
r? sin? 983&8 + 3 cos 00y g — 3 cos Qa1 Ogorg — 3 sin Qo as + 1 cos? Oaq agaug

1 3 1 3 3
— 5\/§cos2 Qo asar + 3 cos? Barar — 1 cos? Qa%ag ~ 12 cos? Qasazar + 1&2044046

1 1 1
foz%ozg + = cos B0gazauy — 5\/3005 00yazas + 2 cos B0yas

1 3
- Z\/gagag,ozg + o — B

2 4

1 1 1 1
—3 cos BagOpory — > sin fagoy + 5\/§cos OazOpars + 5\/§sin Oasas — cos’ 9a§a8 (B.8)

1 1 3 1
— 2sinfas + 5\/§a4a5a8 — Zaiag — 20008 — iagag + 2v/3a5a8 + Zg2r2v2 sin? g 51 B3

1
1927”2112 sin? GOzgﬁg —4ag

2 2

1 1
— —g*r?v%sin® 0 cos® Oary 1 B2 — 1927“2” sin” § cos® fas 33 —

1
+ 2g r2v? sin? 0 cos 09y B2 53 — 2g 202 sin? 0 cos 03209 B3 — §g r?v?sin® 08285 = 0

cos?faasfBy 1

1
r? sin? 98351 + sin? 003& 1 cos? o aus B3 — 1 cos? (904%61

2v/3
I, I, 1 aasfs 1 a0
+ = cos” fo — = cos” o — —po + a -
5 152 1 200332 192 433 W3 4 o1 — —aafs 23

1 1 1
— fa451 a561 -3 sin? 6 cos 9 B + 1 sin? fagagf3 — 1 sin? 0o B,

1 3 1
— sin? 6 cos OagdyBa + 1 sin Oag B — 1 sin 6 cos 26 ag Py — 3 sin? 0 cos 097 Bs

1 1 1
— Z sin? 6 cos® Oarag By — 1 sin? 0 cos® 9@%51 — sin? 0 cos Qa7 OgPs — 3 sin 6 cos 260 a7 B3

+ 2rsin® 09,81 + sin 0 cos 09y B1 — Ar’v? sin? 6 cos? 95163 — Ar?v?sin? 061ﬁ§

— \r20? sin 9/6’1 + \r?v? sin? 081 =0
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72 cos 0 sin? 09?2 By + cos O sin? 003 B2 — f)\r 2 cos 033 + —)\r 2 cos 30 B3

1
/\r2v2 cos bl ﬁQ + /\r2v cos Py — ial cos Py — ia% cos 6By — Eai cos 03y

16 16 16

—a?cosffy —

1 1 1 1
13 a% cos 0y — —ag cos 0y — Z)\T%QB% cos BBy — 1)\7‘21126?? cos 03y

16 16

oy 0 1
agas cos 03 4 %5008 B2 _ §cos 083y — Z)\7"21;2 cos 30 B2

— oy cos 08y +
4 B2 23 73 5

1 1 1 1
— Ea% cos 30 By — Eag cos 30 Bo + 1—6a§ cos 30 Ba + Eag cos 30 B
NPT L) 2 90 1 1 1
+ Z)\r v°P7 cos 36 (2 + 1)\7’ v° P35 cos 30 [y + 5 cos 30 By + 504151 cost — ZO(QO[3,81 cos 6
a1a5ﬂ1 cosf 1 .9 1 1 agasP3 cos f
- 0 0— - 0+ - 0+ ——
Q\f 404704861 cos f sin 4041&253 cos 40@,0[453 Cos 3
1 . 9 1 . 1 . 1 1
- 1046@7,63 cos fsin“ 0 + Zaﬁﬁl sin 20 — Zag,@?) sin 260 + 16189046 - 161 cos 20 Oyag
1 1 1 1 5 .
- Zﬁg@gag + Zﬂg cos 20 Opag + 5(166951 — 506 Cos 20 091 — 1 5in 00y 32

3 1 1 1 1
+ 1 sin 30 0yB — 50588953 + 508 cos 20 9yB3 + 57 cos 00,85 — 57 cos36 0,85 =0

1 1
r? sin 982,6’3 + sin 08953 - cos Oay o By — 1 cos? Qs — ~ o + azas By

4 4/3

1 1 1 cos? Qagas By 1 1, 20593

— 50&251 — Za%ﬁ?) + 1 cos? Qazauy B + 3 1 cos? 904%5;; — §a563 + /3

1 1 1 1
~ 1 sin? 0 cos? Qagarr By + 1 sin? fagagB1 + 1 sin 0sin 260 Jya7 1 + 3 sin 0 sin 26 o799 51
1 . 1 .5 2 1. . .2
+ 3 sin 0 cos 20 a7 — 16 sin” 20 o753 + 1 sin 0 sin 26 JyagBe + sin“ 6 cos OagOy P
1 3 1
- sin OagBo + 1 sin 6 cos 20 agfy — 1 sin? 0ad B3 — Ar?v? sin’ 047 33
)\r v?sin? 260 ,8%53 + 2 sin? 00, B3 + sin 6 cos 00y B3 — A\r?v? sin? Hﬁg

+ Mr20?sin? 083 — B3 =0

(B.10)

(B.11)
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B.2 Extended SU(3) Yang-Mills-Higgs theory

The reduced field equations listed below are obtained from the radial gauge energy functional,
the corresponding energy density being given in App. [A2] by variation with respect to profile
functions «y, for i = 1,...,8, (given by Egs. through ) and g; fori =1,...,9 (given
by Egs. through (B.2§)).

1 1
72 sin  cos 002y + sin 6 cos 0y — 1772920415% sin 26 r% — §n2g2a16§ sin 26 72

1 1 1
— 17]292@162 sin 20 r? — §n2920415§ sin 20 r? — §n2920415$ sin 20 2

1 1
— 1772920z15§ sin 20 r? + 57]29261@ sin 260 r% —

772g2045ﬁ1,82 sin 26 r?

2V3

1 ) 1 . 1 .
— 1772920436163 sin 20 r% — 1772920426253 sin 26 r? — 5772g25465 sin 20 r?

772g2a554ﬁ5 sin260 r2 3

+ —_
23 2!

n?g* s B7 s sin 26 2

2V3

292ﬁ758 sin 20 r? —

1 1 1
— 77]2920436759 sin 20 r% — 7772920426859 sin 20 r? — —772920416% sin(40)r2

1 1 1
— En2g2a1ﬁ§ sin(460) 2 _ E?fg%qﬁ? Sin(4¢9)’l“2 — En2g2agﬁ7ﬁg sin(49)r2

3 1 1 1
— g cos 8 — g cos B + Zozgow cosf + §a2a8 cost — Za3a7 cos 30 — §a1a§ sin 260
1 1 3 3
— —alag sin20 — falag sin20 — —aoagarsin 20 + —azagag sin 20
16 8 8 8
1 , 3 , 1, 1
— Z\/?:ag,oqag sin 20 + Zowag sin 20 — 3—2041047 sin(46) + 5 cos 20 Oy
3

1 1
- 589&1 — Qg sin 98@0[2 — 10[7 sin 989&3 - 1017 sin 36 89053 + 2046 sin 98@0[4

1 1 1
+ g sin 00pag + sin 09yag — §a3 sin 0ga; — éag sin 30 Opary — 5042 sin #9pag = 0
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1 1 1
r? sin 083042 + sin 083042 — §n2g2agﬁf sin r? — 57]2920526?? sin r? — 577292042ﬁ2 sin 12
1 1 1
— 57]29204263 sin Or? — §n292a263 sin 0r% — §n2g2agﬁg cos? 0 sin Or?
1 1 1
— 57]2920@6152 cos? 0 sin Or® — 5772g2a36465 cos? 0 sin Or? — 57]2920435768 cos?  sin Or?
1 2.2 2 0 sin 6 2
+ n%g? B7 By cos? 0 sin 0r? — =0 g Br B9 cos® O sin Or? + "9~ 515 cos” 0 sin Or
2 2V/3
1 1 1
— 5772920416859 cos? 0 sin 012 — n?¢% 61 Bs sin 612 — 5172920[451&; sin 0r% — 3 sin 20 Oyary
n*g’asfifasinfr? 1 4 2 1 oo 9 2 1
+ e — g'n g“a P B3 sin Or- — §77 g o7 sin 30 r* + 1o sin 20 Jyag (B.13)
1 ) 3 1 1 3
- §772920416253 sin 360 r% + Zagaﬁ - 5044047 — 5\/30450(7 + a7 — Zalag

1 1 1 1
— Zagaf; cos20 + 1041048 cos 20 — Zagag sin 6 — Zagag sin 6 — ogoz% cos® Osin 6
3 94 . 3 9, . 3 . 1 .
— 1041046047 cos“f@sinf — Zagonag cos” fsinf + 1054046a8 sinf — 1\/50(5046048 sin f

3 1 1 1
+ 5046048 sin 6 + 5048 sin 20 Oyar; — cos 00pay — 5046 sin 20 Oy + 5(17 sin 20 Ogouy

1 1 1 1
+ 5\/5’;047 sin 20 Jypas — 703 sin 20 Opag + 7% sin 20 Opary + 1\/30(5 sin 260 dypar; =0
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1 1
2 sin 6 cos 983043 + sin # cos 0830[3 — §n292a353 sin 260 r? — Zn292a35§ sin 260 2

1 1 1 1
— §n292a36§ sin 20 r? — 17]2920436% sin 20 r? — 177292043@% sin 20 r? — 5020 cos 6

1 1 1 3
— §77292a353 sin 20 r? — 177292()(26152 sin 20 r? — Zn2920¢16163 sin 20 r? — 10107 cos 0
n*g*asPaBssin20 2 1

/3 vy

1 1
+ 177292@46253 sin 20 r? + g2a25465 sin 20 r% + 50[40[8 cosf

1 1 1
— 1772920426768 sin 20 r? — §n292a16759 sin 20 12 + n?g? B Bg sin 20 2 — 5\/§a5a8 cos

1 ) 2620 sin 260 r2 1
+ 777292044[3859 sin 26 TQ + n-g 5/88/89

1 Ve - EanQagﬁg sin(460)r? 4 2ag cos 6

(B.14)
1 ) 1 . 1 .
— 1—6n292a3ﬁ§ sm(49)r2 — E?ﬁg?agﬂg sm(46)7“2 — En2g2a157ﬁg sm(49)r2
+ —ajorcos30 — —azagsin20 — —agazsin20 — —agagsin20 4+ —agagar sin 26
4 8 16 2 8
1 . 3 . 3 . 1 9 .
+ g\/§a5a6a7 sin 20 + galagag sin20 — §a2a7a8 sin 260 — 3—2a3a7 sin(46)
1 ) 1 . . 1 3
+ Zow sin 0pa; + ZOW sin 30 Opar1 + g sin B0pag + 3 cos 20 Oypavz — 589043

1 1
— agsin 09pau + V3ag sin a5 + 502 sin 00yg + éal sin 00govy

1 1 1
+ gal sin 360 89047 - 50(4 sin 689048 + 5\/3045 sin 989048 — 2sin (989048 =0
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mo0s PO L2 ogs i gy

1
r? sin (9(93(14 + sin (9(93(14 — 777292(14B% sin 0r? —

2 2V/3 1"
N én292a463 sin Or2 + g QQZ’igfjn o n2g> B2 sin Or? — %77292044@3 sin 072
— 172920452%;;111 br® - én2g2a4ﬁg sin Or® + 17292a58€§f3$in o + in2g2ﬁ$ sin O
- én292a453 sin 0r% — 7729204;?%[;11 or* 202 g* B2 sin Or? — %7729204453 sin 672
+ 172g2a52ﬁ\§fgsin L %77292612&63 sin 0r? + én292a35253 sin 672 — én2g2a2ﬂ7ﬁ9 sin r?
+ én292a358ﬁ9 sin Or? — inzgzﬁg sin 30 r? — éﬁ292a4ﬂ§ sin 30 2 + 77292&55%/?1 30 17
_ %nzgzawg sin 360 2 + 772920[55%/211 3017 + %72925? sin 30 7% — én292a453 sin 36 2 (B49)

2.2 p2 2
30 1 1
_ 9 a7 sin 30 7 + =n?g2as BB sin 30 12 — =n?g? w7 By sin 30 12 — 04404% sin 0

83 8 8

1 3 1 3 1 1
+ =n%g%a3fsBysin 30 1% + —aiag + oy — —azag — —aqogcos 20 + —azag cos 20
8 2 2 4 2 4
2 1 2 1 2 Lo 1 2 1 2
—aZsinf — —aga2sind — —v3asaZsinf + —a2sinf — —agadsin + —v/3asad sin b
16 16 8 4 4
foz2sin¢9+ia agQ sin9+§a agag sin ) — ia a?sin30 — i\/ga a? sin 36
8 16 3ty 4 20608 16 47 16 5ty

1 3 1 1
+ éag sin30 + Eagagow sin 30 — agsin 20 Oyorq — 5047 sin 20 Jypan + iag sin 20 Jyag

1 1 1
— cos Q0o — 5041 sin 20 Opog — Zag sin 20 Oyary + Zag sin 20 Opag =0
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n gty fEsindr? 1

1
2 sin 00% s + sin 093 a5 — e _ 677292@55% sin r? — ﬂn2g2a5522 sin r?

2 2. 202 4; 0 2 2
+ 29 PsSmIT fs sin Or — 777292045@92, sin 0r? —

V3 3

77292,6’2 sin Or2 77292a462 sin 072

V3 2V3

7729263 sin 72

4V3

1 1 2
— 6772920[552 sin r? — ﬂn292a5ﬂ52 sin 0r% — 517292@553 sin r2 +

. 22?32 sin O n’gPoufisindr? 1 )
0’ g as 2 sin Or? + \jg + 2\53 — 677292045,85 sin 612
772925% cos? 0 sin Or? n292a4ﬁ§ cos? 0 sin Or?

V3 2V3

n?g?ayB2 cos? Osinr?  nglayuB? cos? OsinOr?  n?gaq By Pa cos? § sin Or?

2V/3 2V/3 V3

24

1
— 677292@553 sin 012 +

1
— 1\/5@3048 cos 260

n2g2asBafs cos? OsinOr?  n2gPaq Bafs cos? OsinOr?  n?g’aq Br s cos® O sin Or?

2V3 V3 V3

n2g2agﬁ7ﬂ9 cos? 0 sin Or? 772g2a2,6’1 5 sin Or?2 7]2g2a35859 sin Or2

23 2v/3 * 8v/3

+

+

n%g? 32 sin 30 r?
4v/3

n2g2a3,6’859 sin 36 r2
8V/3

3
24 + Z\/§a3a8

1 1
- —772g2a5ﬁ§ sin 36 r2 — ﬂn292a5ﬁ§ sin 360 r% +

1 1
772g204553 sin 30 r? — 6772g204563 sin36 2 +

1
- ﬁ + 5\/§O&20¢7

1 3 1 3

+ 1\/§a4a§ sin§ — Za5a§ sin f + v/3aZ sin § — Z\/§a4a$ cos® fsin 6§ — Za5a$ cos? fsin 6
1 2 2 . 1 2 . 1 .

+ 5\/3047 cos” fsin 0 + 1\/3043046047 cos” fsinf — Z\/gOCQOZGOég sin 0
1 i . 1 .

— Z\/gOélOwO[g cosfsin20 — v/3az cos 0 sin 09gas — 5\/3048 sin 20 Oy — cos 00pacs

1 1
— 1\/?;042 sin 260 Jya7 — 5\/§a3 cosfsin 00yag = 0

(B.16)
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1 1 1
r? sin® 0830(6 — 577292a6ﬁ% sin? 0r? — 57729201652 sin? 0r? — 57729201653 sin? 012

1 1 1
— §n292a6ﬁ§ cos? 0 sin? Or? — 5772920466% cos? §sin® Or? — 57729204653 cos?  sin? Or?

1 1 1 1
+ 177292048&537“2 - Eﬁ292a7ﬁ2537“2 + Eﬁ29204857597“2 - T677292047ﬁ8597"2

1 1 L
- 177292018/81B3 cos 20 r* + T6ﬁ292a75253 cos(46)r? — T6n292a86759 cos(4)r?

16 4 4

1 1 1
— 1172926162 sin30 r? — 1772926465 sin 30 2 + Zn2925768 sin 30 12 — ay cos B9ay

1 1 1
— 1n2g262 cos 30 9pfir? — 17;292,6’1 cos 00y Bar? + angzﬁl cos 30 9pPBar? + apaugsin 6

1 1 1
+ Zn2g2ﬁ5 CoS 989547“2 - Zn2g2ﬁ5 cos 360 89547"2 — 17729254 cos 089557’2 — cos B0pay

1 1 1 3
+ 177292@1 cos 30 9pBsr? + 11729258 cos 00y Brr? — Za%o@ cos? 0 + JCB0uoT cos’ 6

1 1 1
— 17729268 cos 36 89671"2 - 17)292,6’7 cos 089&37’2 + 17729257 cos 360 89587“2 — a%a(; cos® 6

1 3 1 3
+ Z\/§a3a5a7 cos® 0 + 10‘1043CV8 cos? 6 — Za%a@- — aiaﬁ — 20006 — Qg — §a1a2a7

3 1 3 1
+ —agag + —asayag — Z\/?:agag,ag - éoqozgow cos20 + aqsinf + 50&20&3 sin 6

2 4

1 1 1
+ 50[3 cos 00ycry — 50@ cos 00yaig + o cos B0y + 17729252 cos 00p 1% = 0

1 3 ) 3 . 3 .
+ —77292(1758@3 (:08(40)7"2 + 17]2926152 sin Or2 + 7772925465 sin 0r2 — 7772926758 sin Or2

(B.17)
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1 1
2 sin® 6 cos 083047 — Za%ow cos® 0 — 504189043 cos? — gn292r2a7ﬁf cos

1 1
—n’g*r a753 cosf — 877 g*r a7,340086 8?7 g*r 04766 cos — 1 —n?¢%r a7ﬁ7cosﬁ

8 6

3 3
1677 *r owﬁg cos ) — 10&10&20(6 cosf + 4a3a4a6 cosf + — \fOégOéE,Oéﬁ cosf — a2a7 cos 6

3 1 3 1

— Ea%og cos ) — Zaion cos 6 — Zagon cos O + agayr cos ) — 5\/§a4a5a7 cos 0
3 3 1

+ V3asar cos — agcosh + 5041048 cosf — Zagagag cosf — 5\[30410(5048 cos 6

1 1 1
- §772927“204851ﬁ2 cos ) — §772927”204652ﬁ3 cosf — §772927”20485455 cos 0

1
87] g T agﬁ7ﬁgcos0 87] g T Oéﬁﬁg,@gCOS(g—F 817 g T oqﬁl cos 360

(B.18)

1 1 1 1
+ §n2gzr2a7ﬁg cos 30 + §?72927’2047ﬂz cos 360 + §n292r2a76§ cos 360 + §772927"2598957

1 1 1
—n?g?r oz759 cos 30 — Eagon cos 360 — §7]292r2ﬁ789ﬂ9

1
30
—n?g%r oz7ﬁ7 cos 30 + 3

32

1 1 1
+ §n292r2agﬁlﬁg cos 30 + §n292r2a6ﬂg,6’3 cos30 + §n292r2a85455 cos 360

1 1 1
+ §77292r2a857ﬁ8 cos 30 + §n292r2a66859 cos 30 + 3—2n2g2r2a7ﬁ$ cos(50)

1 1 1 1
3217 *r owﬁg cos(50) + agagoq + 03 €08 20 Opa1 — foz489a2 — f\fozg,agog + Opag

1 1 1 1 1
+ 50@39@4 + 5\/§042306¥5 + 5772927“25339& — 5772927”253 cos 26 031 — 5772927“25159&3

L2217 By cos(46)09 37 + 212622 By cos(46)3pBy = 0

1
+ 77729 r251 cos 260 Oy — g

2 8
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1 1 1
r? sin? 083048 — 57729204853% sin? 9r? — 577292048/3@2 sin? 6r? — §n292a86§ sin? 02

1 1 1
— 5772920@5% cos? f sin? Or? — 5772920485% cos? 0 sin? 0r? — §n2gga8ﬁg cos? 0 sin? 0r?

1 1 1 1
— EUQQQOW&BQTQ + 17729204651537‘2 - Eﬁ292a7ﬁ4ﬁ57“2 - EWQQZOWB?BSTQ

1 1 1
+ En292a667,6’9r2 - 1772926%6163 cos 20 2 + En2920‘76162 cos(40)r?

1 1 1
+ En292a7ﬂ4ﬁ5 COS(49)7‘2 + En292a7ﬂ7ﬁ8 (:05(49)7“2 — E772920¢65759 cos(40)r2

3 _ 3 , 1 , 1 .
- 17729252@3 sin Or? + 1772926859 sin 0r? + 17729252&), sin 30 r? — 177292ﬁ869 sin 360 r?

1 1 1
+ 1797 B3 cos 00 Bar® — Jn°g? By cos 30 pPar® — " B2 cos 00 fr

1 1 1
+ 17729252 cos 30 Oy Bsr? + 17]29259 cos 6?89687"2 — 17]29269 cos 30 8958r2 (B.19)

1 1 3 1
- 11729268 cos 009697"2 + 17729258 cos 360 89597“2 — Zagagoq cos’ 6 — Za%ag cos® 6

3 3 3 1 3 1
— O[%Ozg cos® 0 + 50@0[6 + galagaﬁ + 1a2a4a6 — Z\/§a2a5a6 + Zala? — Z\/gala5a7
1 1 3 1
— iagag — iaﬁag — iagag — 2008 + 5\/§a4a5a8 + 2\/§a5a8 —4dag

3 1 1 1

+ 1041047 cos20 — 1\/§a1a5a7 cos 20 — 50410@ sinf — 2ag sin § — 50430(4 sin 0
1 . 1 1 1

+ 5\/5&30[5 sin 6 + 50@ cos 00yor1 — 50[;[ cos 00yan + 50(4 cos 00yar3
1 1 1

— 5\/5045 cos 00ypag + 2 cos 00yag — 5043 cos 00pary + 5\/§0¢3 cos 00p a5

3
+ 31306 COS 20 =0
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cos? Qo as Bo

2V3

1 1
r? sin? Gafﬁl + sin? 989251 1 cos? Qo g B3 — 2 cos? 904%61

1 5 1 5 1 asasfB3 1 1 a1
+ = cos® Qo — —cos’ Basx — —apo + — -« e —
5 152 1 200332 192 4B3 3 1 561 5 2833 2v3

1 1 1 1 1
— Zaiﬁl — Eagﬂl — 2 sin 0 sin 26 JyagBa + 1 sin? fagag B3 — 2 sin? 904%51

1 5 3 1
~3 sin 6 sin 260 agdyPa + 3 sin fag P — 3 sin 30 agfs — 1 sin 6 sin 26 Jpa7P3

1 1 1 1 B.20
T sin? 20 aragfs — 1 sin? 0 cos? 9a$ﬂ1 —3 sin 0 sin 260 79983 — 5 sin 0 cos 260 a3 ( )

1
+ 2rsin® 00,31 + 3 sin 20 9B — 20> Mr? sin? 0 cos? 961522 — 20 \r? sin? 96153
—*\r?sin? 08187 — n* M2 sin? 0 cos® 081 82 — 22 Ar? sin? 037 + 2n* \r? sin? 03
L oy o L oy 2 L oy o
— 3" Ar©Bo 845 + 3" Ar cos(40) B2 8485 — 3" Ar* 328738

1 1 1
+ §772)\7“2 cos(40) 528758 — §772>\T253ﬂ759 + §772)\7“2 cos(40)B3B789 = 0
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1 1 1 1
7% sin? 0 cos 09?2 By — 7 08 30 9732 + Vhae 003 By — 1172/\7‘2 cos 033 + §772)\7“2 cos 30 (3

1 g 1 1
+ §7]2/\7"2 cos(50) 55 + 5772)\7‘2 cos 032 — 13—604% cos 032 — 13—604§ cos 0P — Zai cos 032

1 1 1 1 1
— Ea% cos 03y — Ea% cos 03y — Eag cos 03y — 5772)\7“26% cos 0y — 5772)\736% cos 03y

a0 cos 659 n a5 cos 659

L 9\ 2.0 L 9\ 2.0
— —n°Ar cos 0By — =n°Ar cos 0By — ag cos 3y +

3 1 1 1 1
~3 cos By — 5772)\7"2 cos 30 Py — Ea% cos 30 By — 1—6a§ cos 30 Bo + Eag cos 36 B

1 1 1 1
+ Eag cos 30 By + §n2/\r25f cos 30 By + §n2/\r2ﬁ§ cos 30 By + 1—6772)\7’2/6’5? cos 36 B

1 1 1 1
+ an)\rzﬁg cos 36 Bg + 5 008 30 B + En%\ﬁﬁ% cos(50) 52 + 50461 cos 6

(B.21)

o 1 1 1
aiasfrcosd —aragfh cosf — 10410253 cosf + 1a304453 cost

2V/3 16

1 1 1
amfjgosﬂ — 1060783 cos 0 — Jn* X1 BafB5 cos O — n* Ar? B 7B cos 0

1
— Zagagﬁl cos 6 —

1 1 1 1
— 1772)\7“26368&; cosf + Eowagﬁl cos 30 + 1—604604763 cos 36 + 1772)\7“26164&, cos 360

1 1 1 1

+ 1772)\7*2516768 cos30 + Zn%ﬁﬁgﬁgﬁg cos30 + agfisin20 — Jagfssin20
1 1 1 1 1

+ 15189046 — 151 cos 20 Oyag — Zﬁg@gas -+ Zﬁg cos 20 Oypag + 5%89/31

1 5 3 1
— 5046 cos 26 0yfB1 — 1 sin 00y B2 + 1 sin 36 0yBe — 50486953

1 1 1
+ 508 COS 20 Oyfs + 57 cos 00,52 — o7 cos 30 0,02 =0
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1 1 1
r? sin? 933/33 + sin? Qagﬁg 1 cos® Oy e By — 1 cos? Qo s By — Za2a461 + azcj/%ﬁl
1 1 1 cos? fagas By 1 1 20553
- 504251 - Zagﬁ:& +t7 cos? fagasBa + 3 1 cos” B3B3 — 504%53 + 3

1 1 1 1
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APPENDIX C

Energy-barrier structure functions

In this appendix we will give a detailed derivation of the structure functions I' 4 o and I'y, ;, for
i=1,...,8, as well as I'g j(w), for j = 1,...,18, which we introduced in Chapter

The gauge-field structure functions can be obtained by requiring, that the Ansatz is
asymptotically (r — o0) equivalent to the pure gauge . Explicitly, this involves replacing
the profile functions «a;(r,6) in Eq. with their asymptotic values and solving the resulting
matrix equations

—0sU(w) U Hw) = LCa,1(w)Ty —2sin6(1 + sin? 6) Lay2(w)T, +Ta,3w)Vs
+ 2sin0Ta, 4(W)V, + T, 5(w)Us — 2 sin’ 0T a,6(w)Up

A A
— sin?60(1 + 2sin”6) FA¢,7(W)?? + /3 sin? 0FA¢78(w)2—§, (C.1a)

—0pU(w) U N w) = 2T, 1(w)Ty +Taya(w)T,+ 2T 4, 3(w)Vy
+ FA9,4(w)Vp — 2SiH9FA9’5((U)U¢ + FA976(OJ)UP

A
+ Tapr(@) 5, +Taps()

Ag

= 1
5 (C.1b)

with the short-hand notation w = {¢,u,a,0,¢}. The map U is given by Eq. with
parametrization and the matrices Ty, T),, Vy, V,, Uy and U, by Eq. . The resulting
structure functions are too long to be given here explicitly.

To derive the Higgs structure functions we proceed in a similar manner. We require, that
the fields of the Ansatz take the asymptotic form towards infinity. Inserting the

90
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asymptotic values of profile functions g;(r, §), we obtain

U(w) o | - [(rm(w) + irq),g(w)) As — sin 0 (rq,,g(w) + iF¢74(w)> 2T,
1
—sinf <Fq>,5 (w) + quD,G (w)) Qin‘| 0], (C.Qa)
0
0
U(w) _01 = [ —sinf (qu(w) + in),g(w)) A3 — (Fgg(w) + in>710(w))2iTp
1
4 (rq,,n(w) + iI‘@’lQ(w)) 2¢vp] 0], (C.2D)
0
U(w) 1 = [ —sinf <F¢,13(w) + in>714(w)) Az + sin” # <F¢715(w) + qu>716(w)) 2iTp
0
1
- (rq,,”(w) + mb,ls(w)) zz'vp] 0l. (C.2¢)
0

Solving these equations yields the structure functions given below.

2 &vcos 0 + cos? a) + cos? ¢) + cos* p

T 1(w) =2sin’ pcos? y (sin2 (0 (sin
+ sin* ;1,{2 sin? ¢ cos® ¢ (sin2 v cos B + cos? a) + cos* 1) (C.3)

1
+ sin 1) (sin4 acos?f — 3 sin® o cos® a(—8 cos § + cos 20 + 3) + cos? a) }

T'p2(w) = — 2sin acos asin® psin® 1 (cos 6 — 1)

X {sin2 1 (sin2 ) (sin2 o cos 6 + cos? a) + cos? w) + cos? u}
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1

I'p3(w) = g { — sin asin p sin w{ sin 6 ( sin? 11 (sin2 Y (sin2 o cos 6 + cos? a) + cos? ¢)

0
+ cos? ,u) — 25in y cos ¢ cos ¥ sin® 3~ cos psin ¢(cos 0 — 1)}]
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- {sinasinusinw(cosﬁ -1)
—sinf

X (sin 1 (sin o cos asin prsin® ¢ sin @ + sin ¢ cos w) + cos p cos qb) }

1

0
e 5(w) i {— sinasinusinw{Q sin p sin? 2<cos2 14 COS ¢ COS Y

— sin p cos p sin d)( sin? a( sin? 1) cos @ + cos> w) + cos? a) + sin? p cos
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0 0
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—|—cosq§(sm a(sm 1 cos 0 4 cos 1/}) + cos a) + 2sin® p cos ¢ sin 3
.92 . . } . 2
X (sm w(cosas1n(a+gz5) — s1nacos€cos(a+¢)> + sin ¢ cos 1/))

0
+ 2sin p cos? psin ¢ cos 1 sin® 3 + cos® ju(— cos ¢)(cos § — 1)”

(C.5)

(C.6)

(C.8)
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0 0

Iy 7(w) =—o: [sinasin,usin@/}{2 sin psin? = ( — 2sin avcos arsin p cos psin® v sin? —

’ —sinf 2 2
+ cos v (Sin2 7 (sin2 P <sin2 a cos 0 + cos? a) + cos? ¢> + cos? u) ) (C.9)
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+ 4cos2asin,ucosu> — 2cos® p(cosf — 1) + 2sin¢)sin9H

1
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+ sin(a + ¢) (2 sin? ¢ cos 0 + cos 21 ) ) H

e 10(w) =— {sin2 i (sin2 w( cos asin(a + ¢) — sin avcos 0 cos(a + <Z>)) + sin ¢ cos? 1p>
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0
— 2sin? asin? ju cos usin? 1 sin? <2> sin @ + cos? psin d)}
. 92 .92 . 9 . 4 0
I'p 11(w) =4sin” asin® psin® ¢ sin 2
(C.13)
X (cos 10) (cos2 p — sin? p cos? %Z)) + sin 2p sin ¢ cos d))
.92 .92 . 92 . 4 0
I'p 12(w) = — 4sin” asin® psin® ¢ sin 5
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1
Iy 13(w) = " [ — sinasin,usinw{ cos? pi cos ¢ sin 6 + sinu(sin,usin@(cos ¢ cos? ¥
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+ sin? w(sin acos O sin(a + ¢) + cos acos(a + ¢))) — cos )(cosf — 1)) H
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15 sin? 0 ’
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— Cos ¢ (Sim2 P (Sin2 o cos B + cos® a) + cos? @ZJ) }

: . . . .90
— 4sin? asin? 4 COS L1 Sin ¢ cos ¢ sin? 1 sin? 3 sin § — cos? 14 COS @
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I'pig(w) = — | sin® uq —sin“ 1| — cos ¢sin 3 (4 sin” o sin 4 sin ¢ cos ¥ sin 6 + sin 2« )
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