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REAL-VALUED, TIME-PERIODIC WEAK SOLUTIONS FOR A SEMILINEAR WAVE
EQUATION WITH PERIODIC 6-POTENTIAL

ANDREAS HIRSCH AND WOLFGANG REICHEL

AsstrRACT. We consider the semilinear wave equation V(xX)uy, — ux, = +|ul’"'u with p € (I, %) and a
periodically extended delta potential V(x) = a + S0pe(x). Both the “+” and the “-” case can be treated.
We prove the existence of time-periodic real-valued solutions that are localized in the space direction.
Our result builds upon a Fourier-Floquet-Bloch expansion of the solution and a detailed analysis of the
spectrum of the wave operator. In fact, it turns out that by a careful choice of the parameters «, 8 and
the spatial and temporal periods, the spectrum of the wave operator V(x)d? — > (considered on suitable
space of time-periodic functions) is bounded away from 0. This allows to find weak solutions as critical
points of a functional on a suitable Hilbert space and to apply tools for indefinite variational problems.

1. INTRODUCTION AND RESULTS

We study the 1 + 1 dimensional semilinear wave equation
(1.1). V(X)uy — they = jul'uin R x R

both for the plus and the minus case. Here V > 0 is a periodically distributed potential and 1 < p < %
We are looking for real-valued, time-periodic and spatially localized solutions of (LI). often called
breathers. Equation (LI). is a prototype semilinear wave equation which, e.g., can be viewed as
an approximation of a second-order in time Maxwell equation for the polarized electric field in the
presence of nonlinearities, cf. [4]. Our result is motivated by the work Blank, Chirilus-Bruckner,
Lescarret, Schneider [4] who considered an equation of the type

(1.2) S(X) Uy — ey + g(0)u =’ inR xR

with periodic s,g: R — R. For a very specific choice of periodic step-functions s and ¢ they proved
the existence of breathers with the help of spatial dynamics, bifurcation theory and center manifold

theory.
In the present paper we assume that the potential V: R — R is periodic and has the special form
(1.3) V(x) = a + Boper(x),

where 6, denotes a 2x-periodic delta distribution supported w.l.o.g. on the set {2nr : n € Z}.
This particular choice allows us to have very good control on the spectrum of the wave operator
L., = V(x)8? — %, and in particular how (after Fourier-transform in time) the spectral gap near zero
of a sequence of elliptic operators (L;)ieozs1 grows w.r.t. k, cf. Lemma[2.4l For future work it will
be desirable to replace the periodic delta-potential by a bounded periodic potential, e.g. a periodic
step potential. The presence of the 6,-distribution also requires a suitable concept of a weak solution
given next. Due to the T-periodicity in time we consider a polychromatic solution ansatz

(1.4) () = > w0, () =i, o=

ke2Z+1
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The function u generated by the Fourier decomposition (IL4)) is T-periodic in time and real-valued due
to the assumption u(x) = ii_;(x). Since we only consider coefficients with odd indices k € 2Z + 1 the
function u is in fact 7'/2-antiperiodic. The space of antiperiodic-in-time functions is important since it
prevents the k = 0-mode and thus keeps 0 out of the spectrum of the wave operator L, = V(x)8? —8°.
At the same time the nonlinearity +|u|’~'u is consistent with seeking 7'/2-antiperiodic solutions. The
space-time domain on which the solutions are determined is denoted by D := R x [0, T).

Definition 1.1. We call u of the form (L4) with u € H'*(0,T; L*(R)) N H3/>(0,T; H'(R)) and u €
L"*Y(D) a weak T-periodic solution of (L1). if

(1.5) fu(—\‘/xx + av,)d(x, 1) + (unn,-),v,2nrn,-)) 1 1 = iflul”_lm’/d(x, 1)

b 1t ﬁé 1t H™ 2 xH?2 b
holds for all v(x,t) = Yz vi(x)e* with v € H'(0,T; L*(R)) N H*(0, T; H'(R)) N L*(0, T; H*(R)),
r>2,s>5-randve LP* (D).

2

o2 < 00 and

Remark 1.2. The above assumptions on u,v imply by Lemma that 7 lu(2nn, -)||
Yonez |IVu(2n, ')||f{1/2 < 00,

Based on this concept of a weak solution our main result reads as follows.

Theorem 1.3. Let p € (1, ?) and let V: R — R be given by (L3), @ > 0 and B = 16a. Then (LI).
possesses a non-trivial 8w \Ja-periodic weak solution in the sense of Definition[I ]

Corollary 1.4. For p € (1,%) the solution u from Theorem satisfies u € HY*(D) and u €
H'(0,T; L>*(R) N H'(0, T; H'(R)). We can therefore weaken the assumptions on the test functions v,
ie,veH0,T;L*(R) NH0,T; H'(R)) N L*(0, T; H*(R)) forall r > 2, s >4 — r and v € L"*' (D).

Throughout this paper we write Zyg = 2Z + 1. Next to the Fourier-decomposition in (L4) we
perform as a further step the Floquet-Bloch-decomposition (cf. Section (3l for details)

1/2
u(x) = Z f ik (S jr(x, s)ds in L*(R) for all k € Zoqq.
Y12
Here we expand u; in terms of Bloch waves ;,(x, s) and Bloch variables it;(s). This expansion
diagonalizes the wave operator V(x)d? — > and enables us to use variational tools in terms of the
Bloch variable (it;x(5)) jeng keZog.sel-1/2.1/2) to find weak solutions of (LI).. The use of variational
tools is the main methodical difference to [4]].

Breather solutions of nonlinear wave equations are quite rare. After the discovery of the Sine-
Gordon breather family, cf. [1]]

i t
Up.o(x, 1) = 4 arctan ﬂM smow>0,m +wr =1
’ w cosh(mx)
for the Sine-Gordon equation
(1.6) Uy — U +sinu =0in R X R

many results on the non-existence of breathers appeared, e.g. [3] and [7]]. By these works it became
clear that breathers do not persist in homogeneous nonlinear wave equations if the sin # nonlinearity
in (LO) is perturbed to f(u) with f(0) = 0, f/(0) > 0. The situation is different if one introduces
inhomogeneities. For example, nonlinear wave equations on discrete lattices can support breather
solutions, cf. [16] for a fundamental result and [15] for an overview with many references. Another
way to recover breathers is to introduce inhomogeneities via x-dependent coefficients like in [4] for



REAL-VALUED, TIME-PERIODIC WEAK SOLUTIONS 3

(L2). Recently, the authors in [21]] gave an existence result for breathers in the 3 + 1-dimensional
semilinear curl-curl wave equation

S()O*U +V X VXU +qx)U +V)\UP'U=0, p>1,

for radially symmetric, positive and non-constant functions V, g, s: R* — (0, o) satisfying further
properties not listed here. Another interesting polychromatic approach for finding coherent spatially
localized solutions of the 1+1-dimensional (quasilinear) Maxwell modell is given in [20]. Based
on a multiple scale ansatz the field profile is expanded into infinitely many modes which are time-
periodic both in the fast and slow time variables. Since the periodicities in the fast and slow time-
variables differ, the field becomes quasiperiodic in time. The resulting system for these infinitely
many coupled modes is to a certain extent treated analytically, with a rigorous existence proof yet
missing. The numerical results of [20] indicate that spatially localized solitary waves could exist,
although nonexistence has not yet been ruled out.

The paper is structured as follows: In the next section we briefly recall parts of the general theory
of second-order stationary Schrodinger operators with delta point interactions (cf. [2]). Moreover,
for our specific choice of parameters from Theorem [L.3] we study the spectrum of a family of elliptic
operators (Ly)kez,,, that arise form the linear wave operator via discrete Fourier-transform in time. It
turns out that 0 is in a spectral gap. More precisely, for every k € Z,qq we define a suitable operator L;
which corresponds to the frequency ikw in (L4) and we guarantee that 0 is in a spectral gap of all these
operators (Ly)iez,,,- In Section 3] we define a Hilbert space (expressed in terms of Bloch-variables) in
which we look for appropriate solutions. After having established a functional analytic framework we
study the consequences of the uniform spectral gap in Sectiondl An important part is the integrability
properties of functions composed via Bloch-variables as described in Theorem[3.1l Because the proof
of this theorem is rather long, we have moved it to Section[6l The use of the integrability properties
allows to incorporate nonlinearities into the variational setting. In Section [3 we find minimizers of a
suitable functional on the so-called generalized Nehari manifold. Finally, the proof of Theorem [L3]
consists in verifying that these minimizers are indeed weak solutions in the sense of Definition [L1l
In order to keep the main sections non-technical, some technical aspects are shifted to the appendix.

2. THE DELTA POINT INTERACTION IN ONE DIMENSION AND THE SPECTRUM OF A FAMILY OF OPERATORS
We consider the one-dimensional differential expression
(2.1) Lu = —u" + (& + Bdper(x))u on R,

where @ € R and 8 € R\ {0}. We always assume that Oper 18 supported on I := {2nm : n € Z}, is
2r-periodic and acts as a delta-distribution at each of the points 2nx for n € Z. By Theorem 1 in [[6]
the operator L in (2.1)) is self-adjoint on the domain

D(L) = {u € L*(R) : u abs. cont. on R, u’ abs. cont. on R \ I,
(2.2) -
W'(x,) — ' (x2) = Bu(x) forall x € I and — u” + Gu € L*(R)).

In (2.2)) the function u is continuous on R and u’, u”” exists pointwise almost everywhere and are L>-
integrable. We rewrite the domain of definition in (2.2) by making use of weak derivatives. In the
following u is a continuous L>-function with an L*-integrable weak derivative «’, whereas u” is not a
function anymore but a distribution. Thus,

D(L) ={u € L*(R) : Lu € L*(R)} = {u € H'(R), tlamarms1y € H*2nn, 2n(n + 1))
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forall n ez, )" lu”|l < oo,u/(x,) — 1/ (x-) = Pu(x) for all x € ).

L22nn2n(n+1))
nez

We now introduce the concept of a weak solution of Lu = f.

Definition 2.1. For f € L>(R) we say that u € H'(R) is a weak solution of Lu = f with L as in 1)) if

f (W (0’ (x) + Gu(x)p()) dx + B ) u@an)p(mn) = f Fp(x)dx

R nez R

holds true for all ¢ € C>(R). Furthermore, for u,v € H'(R) we define the bilinear form b associated
to L by

(2.3) b(u,v) = f ) (' o () + au(ow(®) dx + B Z u(Rnn)v(2xn).

nez

The bilinear form b and operator L are related via b(u, v) = (Lu, v)2g, forallu € D(L),v € H '(R),
see Theorem VIIL.15 in [22]]. In [3] it is shown that the classical Sturm-Liouville theory can be
generalized to include delta-point interactions, see also the appendix of [6]. In particular, we can
describe the spectrum of L by using the so-called discriminant D (compare Chapter 1 and § 2.1 in
[1Q]). Here the discriminant is defined as follows: for A € R let v;,v, : R — R be solutions of the
initial value problems Lv; = Av; with jump-conditions v;(x,) — vi(x_) = Bvi(x)forallx eIy, i=1,2
and initial conditions v;(x) = 1,v](xo) = 0 and v,(xo) = 0,V,(xo) = 1 for some xo ¢ I5. Then vy, v, is
a system of fundamental solutions for the equation Lu = Au and the discriminant is defined as

D() := vi(xg + 27) + V5(x0 + 27).
Following Chapter 1 and § 2.1 in [1Q], we have the following characterization of the spectrum o-(L).
Theorem 2.2. o(L) = {1 € R :|D)| < 2}.

Next we present the exact form of D associated to (2.I). The proof is a straightforward computation
SO we omit it.

Lemma 2.3. The discriminant D(-) associated to 2.1) reads

v% sin2r VA — @) + 2 cos(2n VA — @) forA—a >0,
(2.4) D(A) = 2 + 218 forA—a =0,

—— sinh(27 V=(1= @) + 2cosh2r V=(1- @) for 1-a <0.
Plugging ansatz (L4) in the left-hand side of (LIl). we formally compute

Lx,tl/l = Uy t+ V(X)l/lﬂ = Z (_ullcl _ kaZ(a +ﬁ6per(-x))uk)eikwt-
k€Zoqd

For k € Z,4q We abbreviate

d2
(2.5) Ly = G AW k* — Bw kS per ().

Note that L; has the form (Z.I). For f,g € H'(R) the associated bilinear b;: H'(R) x H'(R) — C
reads as follows

(2.6) b(f,8) = f (£ 08 @) - a0 F(0()) dx — o ) f2an)g2n).
R

nez
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By Lemma[2.3] the discriminant Dy associated to L; reads

- \/% sin(2r VA + aw?k?) + 2 cos(r VA + aw?k?) for 1 > —aw?k?,

: k = oW or 1 = —aw i
(2.7) Dy(A) 2 — 2Bk o "
— L2 sinh(2n V=1 = aw?k) + 2 cosh2r V=1 - aw?k?)  for 1 < —aw?k’.

We compute o(L;) depending on k € Z,qq by making use of Theorem[2.2l Since k appears in L; only
as k* we restrict to k € Nyqq. We give conditions on (w, @, 8) € Ri s.t. zero lies uniformly in a spectral
gap of L, for all k € N 44 in the following sense.

Lemma 2.4. Let (w, a,B) € R? satisfy

(2.8) a>0,w= and 8 = 16q.

1
e
Then there is ¢ > 0 independent of k € Nogq such that (—clk|, clk]) C p(Ly) for all k € Nygq.

Remark 2.5. Assumption @.8)) is precisely the assumptlon of Theorem [[.3 sznce R.8) leads to T =
%’T = 87 va. Moreover, notice that |Dk (—% - )| 2¢™ <2 and |Dk( g )| 2, Le., % — % €
o(Ly). Hence there exist elements of o(Ly) to the left and to the right of 0, i.e., O lies in a true spectral
gap of L.

Proof. We divide the proof into two parts. Part 1:

k k
L) for all 2 1.
(- 100" 100)Cp( ) for all k € 2N +

By Theorem 2.2] we have to show |Dy(A)| > 2 for all 1 € (- 100, 100) and all kK € 2N + 1. Since

—m > —qw*k? = _E for all k € N we only have to deal with the first case of the case distinction in

@.7). The result follows if we can guarantee that

k? k? ) k? k
2.9) 2cos|2rm /1+16 —kzsm 2r /1+E >2f0r|/1|<1—00anda11k62N+1.

/1+R

Since |2 cos (27r AJA+ %) | < 2 it is sufficient for (2.9)) to prove
2

k [ k? k
(2.10) —k sm[27r /H_E) > 4 for |/l|<ﬁandallk€2N+l.

/1+E

Hence, a

Note the inequality ‘/_k > (JA+ 5 " ¢ for |4] < 100 ~ which is in particular valid for |1| < 100

sufficient condition for the validity of (2.10) and therefore also of (2.9) is to verify

[ 2
sin (27r A+ 11<_6J @

k
> —— Al < —andall k € 2N + 1.
s or W< g anda

To establish (2.11)) we investigate the argument of the sine-function in 2.11). We write k = 2m + 1
with m € N and therefore

k? 1 1 2m+1 1 2m+1
2\//l+—:\/4/l+m2+m+—€ \/m2+m+—— " ,\/m2+m+—+ n
16 4 4 25 4 25

2.11)
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for |1] < Since m + é < \/m2 +m + 2’"“ \/m2 +m + + 2 2’"“ <m+2 = we have

100

12 15 k
2.12 24+ Z for || < ——
2.12) +16€(m+6’ 6) or I < 750°

The periodicity and monotonicity of the sine-function together with (2.12) then gives

[ 2
in|2m[Ad+ —
s1n( Vs + 16)

1 k
2|sin(%)|:—for | < — and all k € 2N + 1.

2 100
In summary,
k? 20 1 29 k
(2.13) sin|2m+ /A + —£Z——£>0f0r|/l|<—anda11k€2N+1
16 S5k 2 15 100

which verifies (2.11)) and finishes the proof of Part 1.

Part 2: 0 ¢ o-(L;). The estimate (2.13) in the preceeding proof is the only reason why we focus on
k > 3 in Part 1. We conclude 0 € p(L;) since D{(0) = —4. This finishes the proof of the Lemma with

a constant ¢ > 0 possibly smaller than — 100 O

3. THE FUNCTIONAL ANALYTIC FRAMEWORK

In this section we first use the Floquet-Bloch decomposition in order to derive a suitable functional
analytic framework for our problem. This leads to a Hilbert space in which we seek for solutions.

3.1. Calculations via Floquet-Bloch decomposition. In this section we introduce some notation
which will later help us to treat the indefinite quadratic part of the energy functional arising from the
family of operators (Ly)iez,,,- Let P = [-m, ) denote the interval of periodicity and B = [~ 2, 2) the
Brillouin zone. For each k € Z,qq the operator L, has a sequence of Bloch waves () jer,. Since
for each (j, k) € Ny X Zoqq the Bloch wave ¢ ;; depends on the variables x €  and s € B we write
ik PxB — C. For fixed s € Bthe function ¢ (-, s) € H, (R) satisfies the s-quasiperiodic problem

- Lzuasi,swj’k(_, 5) = /lj,k(s)w}lk(.’ s)in P,
' Yir(x +21,5) = Y (x, ) forall (x, 5, j, k) € P X B X Ny X Zoga

loc

and the family (¥;x(-, 5))jen, 18 a (-, *);2p)-0rthonormal and complete system of eigenfunctions in
L*(P) with associated s-quasiperiodic eigenvalues

Ap(s) < App(s) < -+ < Ajp(s) > o0 as j— oo,

Here, for s € B, the operator LzuaSi’s (given by the same differential expression as L) is defined and
self-adjoint on

D(Lg“““) = {f € L*(P), f cont. on [-x, 7], f* cont. on [-x,0) U (0, 7], f” € L*(-x,0), f € L*(0, n),
F/0+4) = f1(0-) = =k £(0), f(n) = &7 f(=n), f'(m) = ™ f'(-7)}.

Then L**"* has pure point spectrum o-(L{**"*) = |J jerty Aju(8).

To explain the relation between L; and LzuaSi’s recall the definition of the Bloch transform of a

function f € L*(R)

T )x,8) = — 3] Zf(x 27n)e” " = Zf(x 2n)e”™",  (x,s5) € P X B.

nez nez
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The operator 7~ : L*(R) — L*(P x B) is an isometric isomorphism. The relation between L; and
L"™"* can now be expressed by

(3:2) (TLif (9,80 = (TSCo9), L g), - forall f € DLy, g € D™,

where (-, -)p denotes the standard inner product on L?*(P). Recall that o(L;) = g o-(LzuaSi’s) =
U jervy.se Ajx(s) for all k € Zyqq. For a function u;: R — C with i € L*(R) we use the notation

(3.3) i14(5) = (T, 9,04, 9)),

The fact that for fixed & the collection of Bloch waves w.r.t. j € Ny and s € $ are complete can be
expressed for u; € L>(R) by

(3.4) ()= >’ f i (W 11 (x, $)d's in L2(R) for all k € Zogq.
B

J€Ny
For references, cf. Chapter 3 in [9], § 2.3, § 2.4 and Theorem 5.3.2 in [[10]], and [17].

The following result explains how the operator L, diagonalizes with respect to the Bloch waves.

Lemma 3.1. Fix k € Zoyq and recall the definition of by from 2.6). Then the following identities hold:

(3.5) f Luyvedx = ) f A()ij()Wu()ds  forue € D(Ly), vi € L*(R),
R B

JE€Ny

(3.6) bi(ug, vi) = Z f/lj,k(s)ﬁj,k(s)vj,k(s)ds for u, vy € D(by) = H'(R),
jeNg VB

(3.7) Liu(x) = Z fxlj,k(s)ﬁj,k(s)wj,k(x, s)ds in LZ(R)for u, € D(Ly).
jeNg VB

Proof. Let us show (3.3). First, note that (3.4) implies

(3.8) (U, Vid oy = Z fﬁj,k(s)f/j,k(s)ds for all ug, vy € L*(R).
jeNy VB
Since u; € D(L;) we may use (3.8) for Liuy, v € L*(R) and (3.2) to find
(Lug, Vid 2wy = Z L<(TLkuk)(', ), ¥, S)>L2(7,) Vik(s)ds = Z Lﬂj,k(s)ﬁj,k(s)vj,k(s)ds-

JENy J€No

To see (B.6) recall by(ug, vi) = {Lgug, viy for all u, € D(L;) and all v, € D(by). Then (B.6) follows
from (3.3) and the fact that D(L;) is dense in D(by) = H'(R), see Chapter IV, Theorem 2.4 (v) in [11]].

Finally, let us verify (3.7), see also Theorem XII1.98 (c) in [23]]. For u; € D(L;) we have w :=
Ly, € L*(R) and therefore

w= > fB Wi x(x, )ds in L*(R).

JENp

By (B2 we see that u(s) = (T Liti(-, $), ¥jx(-, 8)),, = Ajx()iij(s) and the proof is done, O
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3.2. The right Hilbert space. We now introduce a Hilbert space in which we find our solutions.
Lemma[3.Ilsuggests to define

H = {ﬁ = (k) jeng keZoga - ik : B — C measurable for all (j, k) € Ny X Zogq,

iji(s) = it;—(=s) for all (j, k, s) € Ny X Zogqa X B and Z |/lj,k(s)||ﬁj,k(s)|2ds < 00},

jENokeZoga ¥ B

which is a Hilbert space over the field R equipped with the canonical inner product and norm
Ty = ) f I x(Nitjx($)()ds  and  ldillye := /@, @y for i, ¥ € H.
JENGKEZogq ¥ B
We next justify the condition m = ii;_«(s) for all (j, k, 5) € Ny X Zogq X B incorporated in H.
Lemma 3.2. For (j, k) € NgXZoaq and s € B we have A;;(s) = A;_(s) = Ajx(—=s). Moreover, ifit € H
and uy is given by
(3.9) w0 = Y, [ a6 s
jeNy Y8
then u; = u_y for all k € Zygq.
Proof. Since y j; satisfies (3.1) which only depends on k* we have A ik(8) = 4 _«(s) and may assume
(3.10) Vik =¥ on P x Bforall (j,k) € Ny X Zogq.
Taking complex conjugates of (3.I) leads to
—U7(x, 8) = VO a(x, 8) = (WX, ), (X + 271, 8) = (X, s)e™.
This reveals that 4(s) = A;(—s) and that (-, s) may be chosen such that

(3.11) Uik, 8) = Yjr(-, —s) for all (j, k, 5) € Ng X Zoga X B.

The claim follows if we ensure fg (W jr(x, s)ds = fB it ()Y ;—i(x, s)ds. In the following calcu-
lation we first exploit (3.I1)), then use that B is symmetric about {s = 0}, profit from (3.10) and finally
use it (—s) = ii;«(s). Hence, for j € Ny we deduce

fﬁj,k(s)lﬁj,k(x,s)ds=fﬁj,k(s)lﬁj,k(x,—s)ds=fﬁj,k(—s)lﬂj,k(x, S)ds=fﬁj,—k(s)lﬂj,—k(x, s)ds
8 8 8 8

which finishes the proof. O

Next, we introduce some further notation which we use later to deal with the indefinite character
of the problem. We introduce the projections £* and £~ by

H* = P*H = {ii € H : i1;; =0 whenever A;,(s) < 0 for all s € B},
H™ =P H :={ieH:ij =0 whenever 1;,(s) > 0 for all s € B}
and set ii* := P*ii. Moreover, we consider the bilinear form B: H X H — C defined by

B@v = ) f A54(8)it ()P 4(s)d s for @i, v € H.
B

jEN(),kEZOdd

Since by Lemma 2.4] there is no triple (j, k, s) € Ny X Zoaq X B such that 1;,(s) = 0 we obtain the
splitting H = H* & H~ with

(3.12) B(ii, it) = |li*|I3, — llit”|I3, for all it € H.
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Hence, ||ill, = ll@*||%, + Ili"|I3,, and in particular [|it* |4, [|i@ |l < |litll4 for all it € H.
The domains of L; and by can be characterized by the variables it ;;(s) as follows.

Lemma 3.3. Fix k € Zyqq. Then

D(Ly) = {u = Z Lﬁj’k(s)"[’j’k(x’ s)ds : Z fB/lik(s)lﬁj’k(s)Fds < oo}

J€No J€No
D(bk>:{u: > f (W, s = ) f |ﬂ,~,k(s)||a,~,k<s>|2ds<oo}.
jeNg V8 jeNg V8

Proof. Since D(Ly) = {u; : Ly € L>(R)} we can use (3.7) from Lemma[3.1and obtain

||Lkuk||iz(R) = Zf|ﬂj,k(5)|2|ﬁj,k(s)|2ds
8

J€No
which proves the claim concerning D(L;). The second part then follows from (3.6) in Corollary 3.1]
and the second representation theorem (Theorem 2.8 and Section IV.4 in [11]]). a
Since D(b;) = H'(R) the previous Lemma 3.3 shows that elements of H generate via (3.4) func-
tions u; belonging to H'(R).

Corollary 3.4. Let it € H. Then u; from (3.2) satisfies uy € H'(R) for all k € Zyqq.

4. FINE TUNING OF PREFACTORS AND RESULTING ESTIMATES

We now give two further estimates for elements v € D(b,) = H'(R) which incorporate a k-
dependence. We first introduce some notation. Recall

<Lkl/l, ¢>L2(R) = f/ld <P/ll/l, ()D> for ue D(Lk)’ @ € LZ(R)a
R

where (P;),er denotes the projection-valued measure for L;. We next introduce for v € L*(R) the
splitting v = v* + v~, where v* := P*v with

00 0
Pry = f (P, Py = f 1d (P, ).
) ]

(o)

Lemma 4.1. The operators

4.1) L:: P*D(L;) € PPLA(R) — P*L*(R), Liu:= Liu

are self-adjoint operators. Their associated bilinear forms are restrictions of by to D(b;)* X D(b;)*
with D(by)* := P*D(by) = P*H'(R).

Remark 4.2. Due to the representation in Lemmal3.1} D(by)*, D(L;) contain elements with v ;;(s) = 0
whenever Aj(s) < 0. Vice versa, D(by)~, D(L;) contain elements where ¥ (s) = 0 if 1;(s) > 0, cf.
Lemma

Proof. We show selfadjointness for L, the statement for L, follows in the same manner. Due to

<L2—u’ ‘10> = f /ld <P/1M, S0> = f /ld <M, P/l¢> = <M, LZ¢>
0 0

we have that L is symmetric. Since L; and the projection-valued measure P, commute we also know
that L, and P* commute which implies the mapping property of L] in (.I). Since L, + iId has a
bounded inverse, also L; +iId has a bounded inverse and hence L; is self-adjoint by Theorem VIII.3

in [22]]. |
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The next two Theorems are based on the spectral information for L as stated in Lemma 2.4

Theorem 4.3. There is ¢ > 0 such that

4.2) bi(v v = b(v7,v7) > clk] IIvII? forallv e H'(R) and all k € Zyyq.

LX(R)

Proof. Recall that for a self-adjoint lower semi-bounded operator A: D(A) c L*(R) — L*(R) we have
Af P 2®) _

fED(A) ||f||L2(R)

The idea is now to use the splitting of the indefinite operator L, into a positive definite and a neg-
ative definite operator L*, apply (£3) and then use the density of D(L;) in H'(R). From (£3)) and
Lemma[2.4] we conclude that

4.3) inf o(A).

<L+u u> R <L‘u u>
. ’ R - . *UAR
(4.4) inf TP S Ak inf e PO A
ueP+D(Ly) ||u||L2(R) ueP-D(Ly) ||u||L2(R)
for some ¢ > 0. By (@.4) one obtains
<L]_:P+l/l, P+M>L2(R) <L P l/l P M> > C|k| (”P+u”L2(R) + ”P u”LZ(R)) - Clk”lu”Lz(R)

and (4.2) then follows from the density statement above mentioned.
o

The benefit of an estimate like (@.2) lies in the k-dependence. In the following result we construct

a similar lower bound with |V'||?, _ instead of ||[v|[%, . in the right hand side of (#.2).

L(R) L2(R)

Theorem 4.4. There is a constant ¢ > 0 such that

4.5) bi(v" v = b(v,v) > #”V’Hiz(w forallv e H'(R) and all k € Zogq.
Proof. For k € Zoq and due to the choices of @, 3 we abbreviate Vi(x) = —aw?k* — Bw*k*Sper(x) =

—"—2 — K*Sper(x). We prove ([3) by several case distinctions. Let 4 € (0, 1) be fixed for the whole
proof.

Case 1): Let v € D(by)". We distinguish two cases.
a): fR (lv’l2 + %Mz) dx > 0: Then we directly obtain fR (|v’|2 + Vklvlz) dx > A fR V' [*dx.

b): — ﬁg (|v’|2 + %|V|2) dx > 0: Recall from (Z.1) that for every € > 0
1 1 e,
(4.6) Z vQrn)f® < (— + )||V||L2(R) §||V ||iz(R)-

Therefore,

aw’k w’k?
W = || Wi + 525 S 2l

f V' [Pdx < — f
R R nez

w’k? 1 1 Bk’ e, 5
< 1 -2 +ﬁ Py + e ” ||L2(R) + mi”v ||L2(R)'

k
we have 'B'l”ﬁ %= % and thus

In particular, for e = ¢, == ﬁ < k2

e o 2K 11 )
||V ||L2(R) - 1 —/l a'/+ﬁ Z + 2_8]( ||V||L2(R)'
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In summary, we conclude

I (Iw|2 + Vk(x)|v|2)d f (lv P+ Vk(x)lvl )dx ||V||L2(R) > el 1-2 1

= C .
Since g; is of order we infer that the right hand side in (4.7)) is of order O (I R
case 1a) and @) we deduce [[ (V' + Vi(x)VP)dx = & [ v'[Pdx for all v € D(b)* and ¢ > 0.
Case 2): Let v € D(by)", i.e., fR(W + Vk|v|2)dx < —clk| [, WPdx. By @8) with & = & =
deduce

4.7)

) Therefore, merging

ﬁ—wz 7 We

1 1 Bw*k’e;
712 2712 2 212 2 12
fR v Pdx < (@@’ = clkd) IV, + B’k (ﬂ + Z—Sk) M2y + = VI

which entails
11
(4.8) V12 < 2(aw — clk| + Bw’k* (Z + 2—&)) V117 -

In analogy to the first case we now conclude

S WP+ Vi) dx = f (WP + Vi) dx Ml RS
&

VI3

L2(R) ||V||L2(R) || /“LZ(R) ” ’HLZ(R)

and due to (4.8) the fraction 8 “LZ © is of order |k|4 which establishes our claim in the case v € D(by)™.
L2(R)

Finally, merging the two estimates for D(bk)+ and D(b;)~ we end up with

b V) = b7 ) 2 1 f (1) (1)) > 2|;|% f v Pdx

for a constant ¢ > 0 and the proof is done. O

5. MINIMIZATION ON THE GENERALIZED NEHARI MANIFOLD

In Corollary 3.4l we were able to deduce H'(R)-regularity in space for each member of the sequence
(U )rez,q- NOW We establish integrability of the composite function u(x, 1) = Yyez, ur(x)e™ in space
and time as expressed by the following theorem. The proof, which is rather complex, is given in

Section
Theorem 5.1. The linear operator S: H — L1(D),

(Sit)(x, 1) = Z f (W x(x, s)ds P

JEN(,kE€Zpqq B
is bounded for all g € [2, 8] where D =R x [0, T).

Now we find the time-periodic solution of (II)). as a minimizer of a functional J on the so-called
generalized Nehari manifold. We are using Theorem 35, Chapter 4 from [24]], where an abstract
result is given that guarantees the existence of minimizer of an indefinite functional on the generalized
Nehari manifold. We first treat the ”+”-case in (I.I)).. At the end of this section we explain how the
”—"-case can be treated. Let J: H — R be given by

J(@) = Jo(it) = J1 (i)
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with
Jo(it) = lB(ﬁ i), Ji@@) = bt f \SalPd(x, 1)
0 . 2 b b 1 . T(p + 1) D b

and where S is the operator from Theorem [5.1] which reproduces u(x, ) from the Bloch-variables
i = (it;x(8)) jeny kezogsses € H. Due to Theorem [5.1] the functional J is well-defined on H. The
generalized Nehari manifold is defined as
={aneH\H :J(@lua] =0and J'(@)[v] =0 forall v € H}.
Moreover, for it € H we set
H@) =R'aoH =R'u"oH",
where R* = [0, c0). Finally, let S denote the unit ball in H and define S* := S N H".

By standard calculations (compare Proposition 1.12 in [26]) we deduce J € C!(H). Using the
conjugation-symmetry of i1, v € H we find

- 1 —
J(@)[v] = Jy@[v] - J;@)[v] = Z fﬂj,k(s)ﬁj,k(s)ﬁj,k(s)ds - = f S|P~ S Svd(x, 1).
. 8 T Jp
]ENQ,kEZOdd
Notice that i, ¥ € H imply that Sit, S¥ are read-valued functions and that J§(@)[7], J;(@#)[7] € R. The
verification of J'[ii] = O for a suitable & € H is a key point in this section. We simplify this task by
the following lemma. The proof is given in the Appendix.

Lemma 5.2. For k € Zyq let

H, mono = {(fb = ($jx) e, : Pjx: B = C measurable s.1. Z f 1P i) ds < oo}.

jeNo VB
Let it € H. Then the following are equivalent:

(1) for all k € Zoaa we have J'(it)[@] = 0 for all ¢ € Hi mono for a dense subset of Hy mono

(i) J'(@) =
The set of all (} € Hi.mono such that S := Y ey, fB G ik jx(x, 5) dse* has compact support in D is
dense in Hi mono-

Remark 5.3. The set Himono consists of monochromatic Bloch-variables occupying only the fre-
quency kw while all other frequencies lw with | # k are not occupied. Because of the missing
conjugation-symmetry Hy mono is not a subset of H. Nevertheless, the functionals J, J' as well as
the map S naturally extend as continuous functions to Hi mono-

We start verifying the assumption (By), (i) and (ii) of Theorem 35 in [24]].

Lemma 5.4. The following statements hold true:

(a) Jy is weakly lower semicontinuous,

S.D Ji(0)=0 and %J{(ﬁ)[ﬁ] > Ji(it) > 0 foru # 0.

J (it)

(b) llmu_>() ”L” Jl(u) 0

| ||2 -
(¢) For a weakly compact set U C H \ {0} we have lim;_,,

= 0 and lim;_,

Jligﬁ) = oo uniformly w.r.t. ii € U.
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Proof. (a) Since J; is continuous and convex (recall § is linear) it is in particular weakly lower semi-
continuous. Due to p > 1 we obtain

Ji@la] = (p+ 1)Ji (@) = 2J,(@r) > 0.

To see that the last two inequalities in (5.I) are strict for &z # 0 it suffices to prove that S: H —
LP*1(D) is one-to-one. Therefore, let it € H be given with Sii = 0. In particular, Sii € L*(D) and

0= ISy = Y, [ s
B

jEN(),kEZOdd
i.e., # = 0 and (3.1)) is verified.
(b) This is immediate by the embedding provided by Theorem [5.1]

(c) Let U ¢ H \ {0} be weakly compact and ¢ := infycy ||Siill;0+1p). We show that 6 > 0. There
is a sequence (ii,)en in U with ||Sit, || p1py — 6 as n — oco. Since U is weakly compact there is
ii € U and a subsequence such that &, — itin H as m — oo. In particular, Sii,, — Sii in L*(Dj,.)
as m — oo and therefore by a further diagonal argument we can assume w.l.o.g. that Sii,, — Sii
pointwise almost everywhere in D. In particular, Fatou’s lemma gives

ERTI ~ p+1 ~np+l

due to 0 ¢ U. Thus, for an arbitrary sequence (s,),cn With s, — coasn — oo and it € U we infer

J1S1/~l _ ~ _
($ni1) = st (@) > sP710P — coasn — o0

S
uniformly for it € U. O

Assumption (B,) of Theorem 35 in [24] is guaranteed by the next result.

Lemma 5.5. The following statements hold true:

(a) Foreachw € H\ H~ there exists a unique nontrivial critical point m;(W) of J|¢w). Moreover,
my(W) € M is the unique global maximizer of Jlu ) as well as J(m,(Ww)) > 0.
(b) There exists 6 > 0 such that ||m;(W)*|l¢r = 6 for allw € H \ H".

Proof. (a) We can directly follow the lines of proof of Proposition 39 in [24]].
(b) First, consider 7 € H*. Then we have lim;_,j 22 = % due to Lemma [5.4] (b). Thus there is

I¥IE,
po > 0s.t. J(V) > %||\7||§{ for all v € H™* with ||[V|l¢y < po. Hence for p € (0, py) we find n = %2 with
J(¥) = nfor all v € H* with ||[V]|¢y = p. Now, let w € H \ H~. Due to the structure of J we infer that

~\+[[2
5.2) w > J(m(W)).

Since m; (W) is the maximizer of J|gy we conclude

(5.3) J(my () > J(p w )z 0.
[l

and the combination of (5.2)) and (3.3) finishes the proof of part (b). m|

Lemma 5.6. Any Palais-Smale sequence (it,),c of JIpm is bounded.
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Proof. We show that there is a constant C > 0 such that
lille < CJ(@)7 for all it € M.
Due to it € M we have J'(it)[it — ir"] = 0. Thus,
1 1
5.4) ||L7+||3H =J@[a"]+= f S|P SuSi*d(x, t) < =Sl S| 1o+ ().
—— T Jp T

Lp+l(D)
=0
+1 2T (p+1 ~ . ~ S~
IL’W(D) = (;fl))J(u) and since ||Si* ||+ py < Cllit*|lg¢ by Theorem [5.1] we
. - =~ PN - ~ PO .
derive from (3.4) that ||ii*]|ly; < CJ(i)»7. Analogously, one shows ||ii" ||y < CJ(it)?*T and the proof is
done. O

Since &t € M implies ||Siil|

Finally, we can turn to our overall goal of this section and verify the following statement.

Theorem 5.7. The functional J admits a ground state, i.e., there exists it € M such that J'(it) = 0 and
J(@) = infyep J(D).

The proof requires the following variant of a concentration-compactness Lemma of P. L. Lions, cf.
Lemma 1.21 in [26] for a similar result in non-fractional Sobolev-spaces. Its proof is given in the
Appendix. Recall that we interpret it € H as a function on D which is continued to R? periodically
w.r.t. the second component. This is needed since in the following lemma the balls B,(y) which can
exceed the set D.

Lemma 5.8. Let g € |2, %) and r > 0 be given. Moreover, let (ii,),exy be a bounded sequence in H
and

(5.5) supf |Sit,|?d(x, 1) = 0 as n — oo.
B,(2)

zeD
Then Sii, — 0 in LI(D) as n — oo forall g € (2, %).

Proof of Theorem [5.7: Conditions (B1), (B2) and (i) and (ii) of Theorem 35 in are fulfilled,
and only (iii) does not hold so that J does not satisfy the Palais-Smale condition. As a consequence,
Theorem 35 in [24]] only provides a minimizing Palais-Smale (it,,),cy in M with J'(it,,) — 0 as n — oo.
Lemma [5.6] guarantees that (ii, ),y is bounded. Thus, there is & € H such that i1,, — @i as m — oo,
We now proceed in three steps:

First claim: J’(&) = 0. By Lemmal[3.2]it is enough to check J'(i)[v] = O for v € H with SV having
compact support in D. For such # we conclude first by weak convergence that

J{(@1,)[V] = B(it,, V) — B(@t, V) = J)(@)[V] as n — oo.

Next, due to the compact support property of ¥ and the compact embedding Hééf R?) — LK),
I<p< % for any compact subset K C R2, cf. Corollary 7.2 in [8], we obtain

1
J(@,)[P] = N f \Sui, [P~ Sii, Svd(x, ) — Ji(@)[v] as n — oo.
D

Combining the two convergence results and using that V is dense in H we deduce J'(it) = 0. Note
that this chain of arguments only uses that (i1,),«yv is a Palais-Smale sequence for J and not i1, € M.

Second claim: We may choose a new Palais-Smale sequence (V,,),exn such that J(¥,) — inf(J and
that its weak limit ¥ belongs to M (we do not claim that ¥, € M). We first show that

(5.6) lim inf sup f \Sit,[*d(x, 1) > 0.
Bi1(2)

n—oo zeD
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Suppose (5.6) is violated. Then Lemma [5.8]implies ||Si,||;»+(p) — 0 as n — oo along a subsequence
which we again denote by (ii,),cy. Therefore, we conclude

f ISﬁnlp_lSﬁnSﬁ;d(x, t) > 0asn — oo.
D
Due to
1
0= J’(ﬁn)ﬁ; = ||i¢:,'||(2H T f |Sﬂn|”_lSﬁnSﬁ;d(x, 1)
D

we obtain IIQ;II?H — 0 as n — oo, a contradiction to Lemma [3.3] (b) (notice that m;(ii,) = i, since
it, € M). Therefore, (3.6) is valid and we find § > 0, a sequence (y,),cv in D and a subsequence of
(@1, )nen (again denoted by (ii,),en) such that

(5.7) f |Sit,[*d(x, ) > 6 > 0 for all n € N.
Bl(Yn)

Next we shift Sii,, in such a way that we can make use of compact embeddings for the shifted se-
quence. For this purpose let us first study the effect of the following transformation on elements of
H. For ii € H, m € Z denote ¥ := e*™™ji meaning ¥,4(s) = e i1,;(s) for all j € Ny, k € Zqq and all
seB = [—%, %). Then

(5.8) veH, Wy =iy, (SP)(x —am,t) = (Si)(x,t) for all (x,1) € R?.

For the centers y, = (x,,1,)” of the balls appearing in (37) we have x, = 2am, + r, for some
m, € Z,r, € [0,2n). The shifted centers are denoted by y, := (r,,1,)" € [0,27) X [0, T). Let us define
new functions ¥, by

~ . i, s ~
v, =e mm,,suw

If we set B := [-1,27+ 1] x[~1, T + 1] then B,(y,) C B for all n € N. Moreover, (3.7) and (5.8)) entail
f ST, [Pd(x, 1) > f SV, d(x, 1) = f |Sit,|*d(x, 1) > 6 for all n € N.
B Bl(y;l) Bl(yn)
Up to a selection of a subsequence, #, — ¥ € H as n — oco. Using the compact embedding to L7*!(B)

(cf. Corollary 7.2 in [8]]) yields [|S¥||.r+1py # O.

We now prove some additional properties of (¥,),eny Which ensure that (V,),cy is also a bounded
Palais-Smale sequence for J. We have ||7,]|;, = ||L7n||(2H as well as B(ii,, ii,) = B({¥,,V,) with B from

(B.12). This entails

(5.9) i, l#e = 117, llg¢ and [lit, ll#¢ = IIT, lly¢ for all n € N.

[

By the shift-property (5.8) we infer that [, [Sii,|"*'d(x,1) = [} |Sv,P*'d(x, 7). This and (5.9) implies
J(it,) = J(,). In order to prove that (¥,),av is a Palais-Smale sequence it remains to show that
IV"(F)Il = 0as n — oo. Therefore, for w € H we calculate J(i,)[W] = J(’)(\?n)[WeZ”"mns]. Similarly,
by using the shift-property (3.8) we find J ()] = J] (¥,)[We* ™5 which in summary yields

(5.10) T (@) W] = J'(7,)[we™™].

Moreover, for m € Z the map W +— Wwe ™" is a bijection on H with inverse W — Wwe*. Thus, by
(5.10) we conclude that ||/’ (@,)|| = 17l i.e., |/ (7,)]] = 0 as n — oco. In summary, we have shown
that (¥,),en 1s a Palais-Smale sequence with nontrivial weak limit ¥ # 0. The property J'(¥) = 0
follows from the first claim.
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It remains to show " # 0. Assume by contradiction that ¥* = 0, i.e., ¥ = ¥~. By testing J'(¥) = 0
with ¥ we infer

1
—||\7_||§1=—fIST/I””d(x,t),
T Jp

a contradiction since the two expressions have different signs. Thus, 7 € M.

Third claim: # minimizes J on M. Since ## € M we obviously have J(it) > infy,J. The reverse
inequality follows from J|y = pT_lJl, the fact that (it,),«y 1S @ minimizing sequence and Fatou’s
lemma. O

»

Remark 5.9. Let us explain how the case of " in (L1). can be treated. In this case one keeps
the functional J| but replaces Jy by —Jy and flips the spaces H* and H~. Since Jy is an indefinite
functional this is without relevance for the proof strategy. All proofs of this section can be carried
over with no change.

It remains to give the proof of Theorem [L.3]and Corollary [L4l We only do the ”+”-case.

Proof of Theorem [[ 3l Let ii be a ground state of J obtained previously in Theorem 5.7 We will
verify that u := Sii is a weak solution of (I.I). in the sense of Definition [LTl By Theorem [5.1] we
have that u € LP*'(D). The boundedness of the operator S; : H — H from Theorem [6.3] shows that

1

2 2 2 2 ~12

el o7z, + 1l gy = (|k|||uk||Lz(R)+—|k|3||u;||L2(R) < Cllall,-
kezZ

Therefore all the integrability and regularity assumptions of Definition [[.T] are fulfilled.
In the following we fix a test function v = Y, vi(x)e**“" with finitely many nonzero coefficient
functions v; € C2°(R). Since L*-inner products in time on (0, T) between u, |u|?~'u and v e**" trivially

vanish whenever k € Z is even we may assume w.l.0.g. that only (finitely many) odd indices k € Zoqq
appear with |k| < K. For k € {-K, ..., K}, k odd one finds

bi(ug, vi) = f —u v, — ak’uvdx — Bk Z uy(2nn)vi(2nn)
R

(5.11) nes
= f v, — ak*uvdx — pk* Z uy(2mn)v (2n).
R nez
Let us set

Vi, j(8) = AT Vi, ), kG ), V= (V1(8)) jentg keZoga, e 8-
Summing (5.11) over k with |k| < K we get

PN 1 _ _
(5.12)  Jy@)[v] = |; bi(uy, vi) = T fD U(—Vee + avy) d(x, 1) + ? Z;u(Zﬂn, s vu(2an, ) 4 1
<K ne
Note that ¥ does not necessarily fulfill the conjugation-symmetry, but it is a finite sum of members
of Himono for |k| < K. By Lemma[5.2] we deduce J{(#)[V] = J;(@)[V] = % fD lulP'uv d(x,t). In view
of (3.12) this shows that u is indeed a weak solution in the sense of Definition [[.1]

It remains to show that the assumption of having only finitely many nonzero compactly supported
coeflicient functions v; € C>(R) in the definition of v = Y, vi(x)e* may be relaxed in favor of
v e LP*Y(D),ve H(0,T; L>(R)) n H*(0, T; H'(R)) N L*(0, T; H*(R)) for r > % s > 5 —r. This will
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follow from the first part of the theorem by letting the summation index in the definition of v tend to
infinity and using the following estimates:

-1 -
flulp uvd(X, t) < ||u||Z])+l(D)||v||Lp+l(D)’
D

f u(=Vxx + V) d(x, 0)| < lull 2l = var + @vullizp)s
D

D w@rn, ), vaQ@an, ),y y| < MmN Vi 2n, M.

nez nez

The first two of the estimates are guaranteed by v € L*!(D) and by the fact that v € H*(0, T; L*(R)) N

L*(0,T; H*(R)) follows from the assumption on u. In the third estimate 3., [[vi,(27n, )|, , o) 18
finite because the additional assumption v € H"(0, T; L*(R)) N H*(0, T; H'(R)) with r > %, s>5-r
allows to apply Lemmal[Z.2l This finishes the proof. mi

Proof of Corollary[L4: Let u be the solution from Theorem [[L3l From Corollary and from the
assumption p € (1, f—*) we find that ||ull;2»p) < oo. Testing J'(it) = 0 with (it ($)0kk,) jeNy keZoga,se8 AN
with (1 ik (8)1(5)Ok ko) jeng keZoaa.e8 WE get fOr every kg € Zoqq the two inequalities, respectively,

_ -1 2 2
(5'13) kaoukouko d'x S ||(|u|17 u)kollLZ(R) + ||uk0||L2(R)’
R
2~ 2 2 -1
(5.14) | ko (NN o (1™ s = [ Ly i || 72y < NCNtl”™ 10 1220 [ L o || 22wy -
R)
jeNy VB
Lemma [2.4] gives |1;,(s)| > clk| uniformly in (j, s) € Ny x 8. Utilizing (5.14) we see ||Lk0uk0|liz(R) <
B . . . . _ 2
I(Jue|? 1u)kOII;(R). Summing over ko € Zogq and using the identity Y};cz . I1(jul” ‘u)k||i2(R) = ||u||pr(D) <
oo we get that
20012
(5.15) D Rl e, < oo.
k€Zoga

Recall from Lemmal[ZT]that for every 6 > 0 we have the inequality Y.,z lug, (27n)|* < Ciskgllug, ||

Zluty |12, ., for all ko € Zogq. Together with (3.13) one finds
o K0ULA(R)

2
@ T

1
2 -1 2 2 2 4 2
||u/’€0||L2(R) < “(lul[’ u)k0||L2(R) + ||uk0||L2(R)(1 + ako + Cl/(ZB)kO) + EHM;C()“LZ(R)'

Summing over ky € Z,qq and using (3.13) yields

1
(5.16) 2. il <o
k€Zoqa
Applying the same techniques as in the proof of Theorem[6.5]and using (3.13), (3.16) we can deduce
u € H'*(D). Moreover, (5.13), (3.16) show that u € H'(0,T;L*(R)) N H'(0,T; H'(R)). Hence

Lemmal[72lapplies and shows Y., |lu(27rn, -)||iz o < - Thus, we can estimate

D w@rn, ), ve @, )y | <O @, iz vean, o).

nez nez

Finally Lemma(Z.2lallows to estimate ||v,(27n, -)||iz(0 7 bY IvII? orant ||v||12qs(0 7y Provided r+5 > 4

and r > 2. This verifies the claim on weakening the admissible test functions. O
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6. PROOF OF BOUNDEDNESS OF S

We split the proof of Theorem[3.1lin several steps. First, we recall two auxiliary lemmata. The first
statement is done within the proof of Proposition 4.1 in [8]. The second can be achieved by standard
methods which is omitted here.

Lemma 6.1. Let v = (vi,v2)" € R% Then there is a constant ¢, > 0 s.t. - %dx = 14/1/% + v%.

Lemma 6.2. There is a constant ¢ > 0 such that fooo fOR = dx dy = CcR? forall R > 0.

(2 4y2)3
In order to prove Theorem [5.1] we make use of several intermediate spaces. We denote by F the
Fourier transform with respect to the space-variable x € R. Let

a:

(e gy + w0 € H'(R) for all k € Zioga s.t. |tt)rez,g,llg < o),

1
2 . § 2 2
||(uk)kezodd||,:, = (|k| ||uk”L2(R) + 3 ||u/’<||L2(R) .
Kz K]
odd

Moreover, forr > 0and D = R x [0, T) let
A'(D) = {u: D - Riu(x,1) = Z (™ 8.t U () = U (x) Yk € Zogg and [lullgr(p) < o},

k€Zoqa
= Y [ (1€ 4y TFuePde
k€Zoqa R

Notice that u € H'(D) is T-periodic in the second component. Additionally, for 7 € (0, 1) and an open
subset Q C R? recall the definition of the fractional Sobolev space (see [8]])

H'(Q) = {ue LXQ): st |ullyq) < oo,
Ju(x, 1) = u(y, s)I”
lullFrqy = fg lu(x, 0)*d(x, 1) + fg fg | (x’t)_(y’s)lz(lmd(x,t)d(y, 5).

Finally, we also introduce a periodic fractional Sobolev space. With D, := R X (—nT,nT) forn € N
we define

ngr(Rz) ={u:R> > R:ueH(D,VVneN and uis T-periodic in the second component}
||u||nge,.(R2) = |ullarp,).-

Next we state two more lemmata of auxiliary character.
Lemma 6.3. Let n € N and r € (0, 1). Then there is a constant ¢ = c(n,r) > 0 such that
(6.1) lullzro,y < c(n, Nllullarp,)
forallu e H;er(R2).

Proof. We only show (6.1)) for n = 2. The case n > 2 can be established by the same techniques.

Since ||u||i2(D2) = 2||u||i2(D]) it remains to bound the expression

lu(x, 1) — u(y, s)|*
sz Lz I(x, 1) — (y, $)]20+D d(x,0d(y, s)

by a constant multiple of ||u|? (D) The idea is to split the domain of integration D, X D, in several
parts. Due to symmetry of the integrand in the variables 7 and s it is enough to consider the three cases

Dt,se(-T,T) 2)telT,2T),s€(0,2T) 3)te[T,2T),s € (-2T,0)
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which are treated one after another.
. : : lu(e.H)—u(y.s) 2
1,5 € (=T, T): We directly obtain [, [ fisfessms d(e 0d(y, s) < lullfp, -

2)t€[T,2T), s € (0,2T): With the substitution (7, §) = (r — T, s — T) we obtain
|M(.x, t) —uly, S)|2
f f O d(y, $)d(x, 1) < ullip,)-
RX[T,2T) JR

x[0,2T) I(x, 1) — (y, )21+

3)t € [T,2T),s € (-2T,0): Using the substitution r = 7 + 3T and the observationf — s + 37 > T
for 7, s € [-2T, 0) together with the T-periodicity of u in its second variable we may estimate

|l/l(x, t) - M(y, S)|2
d(y, s)d(x, 1)
fo[T,zr) fo(—zT,O) (x, 1) = (y, )P+

2u(x, 1) + 2 2
< f f ”f(-x’ A) ”(y, ‘i)l d(y, S)d(.x, f)
Rx[-27.0) Jrx(-2T.0) |(X, T+ 3T) = (y, 5)[P1+7

d(z,6) = |lull}, p,,,C(r)

2
= 4””” LZ(DI)

1
) -
L(D) LX[T’W) I(z, 5)|2(1+r)

and the proof is done. O
Lemma 6.4. For (z,6) € R> and u € L*(D) we have
f lu(x, ) = u(x + z, 5 + 6)’d(x, s) = 2T Z (1 = cos(kwd + ENNF u)(€)Idé.
b k€Zoqa
Proof. By Plancherel’s Theorem we have

fD u(x, ) = u(x + 2,5+ P, ) =T D lua) = il + ™I,

kEZOdd

=7 5 IF (16— + D) By =T D f 11— MR (Fug@)Pdz.
k€Zoaa keZoaa ¥ 31 _contkanr£2)
O

Now we have all ingredients to deduce several embeddings between the spaces introduced previ-
ously. The first result demonstrates a connection between H, H'/4(D), H'/*(D) and H,); (R?).

Theorem 6.5. The following linear operators are bounded:

S;:H—H, (Sii)i(x) = Z fﬁj,k(s)lﬁj,k(?@ s)ds for k € Zou,
jeNp VB
Sy A — A (D), (Sathezy,) (5,0 = > u(0e,
k€Zoqa
S;: H'Y(D) —» H/*(R?), Ssu(x,t) = u(x, s), where s =t (mod T).

per
Proof. We investigate the four operators separately.

1) Boundedness of S;: Because of (3.6) in Lemma [3.1] we observe that b (v, v*") — bi(v™,v") =
2 el fza 124 ()II7;x(s)[*ds. Together with Corollary E3and Theorem .4l we know that there is C > 0

such that
> f (T j(s)Pds
B

J€No

I
6.2) kT VI, + @IIV 7@ < C
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for all v € H'(R). Setting v = u; in (6.2) and summing over k € Zqq gives

” ((Slu)k)kezodd Z (lkl ”uk”LZ(R) |k|3 ”uk”L2(R)) < C f |/l]k(s)||ujk(S)|2dS = CHuH(}—{’
k€Zoqa J€No, keZodd

which proves the boundedness of S;.
2) Boundedness of S,: By Plancherel’s identity we obtain ||uk|| 2® fszl(Tuk)(f)Pdf. Recall

Young’s inequality ab < “— + ﬂ for a,b > 0. Thus, we infer

1+2+:2\""
IS2 (ui)kez ool 14y = Z f f—) k|7 |F w(&)1*dé

k€Zodd |k|%
11+ +k 3 5
< kz [ ) ruoras
€Zodd

2
f 4|i|a |kl)|¢uk<f>|2df<—||<uk>kezoddll
R

keZodd
which shows the boundedness of S,.
3) Boundedness of S;: Fix n € N. Then due to periodicity

(6.3) el = 21 f lu(x, nPPd(x, 1) = 2nT fluk(X)lzdx < 20T lull 4 -
D

kEZ odd

Moreover, with the help of the substitution (z, 0) := (y — x, s — ), Fubini and the periodicity of « in the
second component we obtain

lu(x, 1) — u(y, s)*
f b, 1(x, 1) = (v, $)I32 d(x,0d(y, s)

d(z,0)d(x, 1)

f f lu(x, 1) — u(x + z,t + 6)
D, ><( nT—t,nT—1) I(z, 0)]>/?
fnz; (z, 5)|5/2 f lu(x,t) —u(x + z,t + 5)| d(x,)d(z,5)

1
n W f lu(x,t) —u(x + z,t + 5)|2d(x, Hd(z, 8).
r2 (2, b

Due to Lemma[6.4land Lemmal[6.1l we can continue the previous estimate by

|u(x, 1) — u(y, S)|2 TR )
Srd(x,0d(y,5) < 4nTey Y | Vo + 2(Fu)é)Pde
L (1) = (v, 9)] ez IR
< C(n)T”u”Hlm(D)
for a constant ¢(n) > 0. Together with (6.3)) this implies the boundedness of S;. O

The next lemma contains a crucial step in our regularity considerations.
Lemma 6.6. Let ¢: R — R be defined as follows
1 , ifte[-T,T],
1 .
2—=2t ,ifte(T,27),
2+ 11, ift€(=2T,-T),
0 , ift € (—oo, =2T| U [2T, 00).

Q1) =

Then the multiplication operator Sy H;éf (R?) — HY*R?), u — ¢u is bounded.
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Proof. Letu € H;éf (R?). Notice that ¢ is Lipschitz-continuous with Lipschitz constant . By def-

inition of ¢ and the periodicity of u in the second component we have ||ou| 2||u||2 " It

L*(R?) Hylt®2)'

remains to bound the expression
lp(Du(x, 1) = p()u(y, )
I := d(x,0)d(y, s
«fR:Z «fR:Z |(-x’ t) - (y’ S)|5/2 ( (y )

by constant multiples of || - |[,2p,) and || - [|g1/4p,,. Therefore, we split the domain of integration into
nine subdomains, namely,

Q= {(xt,y,5) eR*: 1,5 € (2T, 2T)}, Q ={(x,1,y,5) e R*: 1,5 € [2T, c0)},

Qs = {(x,1,y,5) €R* : 1,5 € (=00, 2T}, Qu:={(x,1,y,5) € R* : t € (2T, 2T), s € [2T, o)},
Qs = {(x,1,y,5) € R* : s € (=2T,27T), t € [2T, 0)},

Q¢ :={(x,1,y,5) € R* : t € (2T, 2T), s € (=00, 2T},

Q; = {(x,1,y,5) € R* : s € (=2T,27T), t € (—o0, 2T},

Qg = {(x,1,y,5) € R* : t € (—00, —2T], s € [2T, 0)},

Qo = {(x,1,y,5) € R* : 5 € (—00, =2T1, 1 € [2T, c0)}.

Let us write [ = 29_ I, with

f lo(Du(x, 1) = e(s)u(y, )|*
(x, 1) = (v, )PP/
Since ¢ = 0 on (—oo0, =2T| U [2T, o) we have I, = I; = Iy = Iy = 0. Due to symmetry in the variables

(x,t) and (y, 5) we 1nfer that I, = Is and Iy = I;. Therefore, it is sufficient to estimate I, I, and I
which will be done in the following.

d(x,t,y,s) for re{l,2,...,9}

Estimation of /;: We have

lo(Ou(x, 1) — @(s)u(y, s)I?
I = o
1 ngx(_zr,zT) fo(_zr,zr) I(x, 1) = (y, 5)|5/2 (x, D)d(y, s)

(B u(x, ) — u(y, NP 1((0) = @(s)u(y, 5)
2 d(x, Hd(y,
= f - f y zm( O R T ) haaaaa

and both summands will be treated separately. Due to 0 < ¢ < 1 and Lemmal6.3|for n = 2 we infer
() (u(x, 1) = u(y, $)IP
d(x, Dd(y, 8) < lullfpsep,, < €2, )Ilull 14
fw;x(—zr,zn fx( oy (X, 1) = (v, )P/ HID2) HID)

with the constant c(2, j—l) from Lemma(6.3] For the second summand we use the Lipschitz-continuity
of ¢ and the substitution (z, ) = (x — y,t — s) in order to estimate

l((t) — @($))u(y, s)|
d(x,)d(y,
fo(—zr,zm fo<_zr,zr> (x, 1) — (v, $)[52 (x,0d(y, s)

1 f f It = sI*|u(y, )I”
< = d(x,0d(y, )
T2 RX(=2T,2T) JRX(-2T,2T) |(x, 1) = (y, S)|5/2

1 f s 6
. e 9F [ 400y, 5)
T? RX(=2T,2T) RX(=2T—5,2T—s) |(z, 5)|5/ 2

2

1 f ) 6
< = |M(y, S)l d(y’ S)f —d(Z, 6)
T? Rx(=2T,2T) RX(—4T 4T) |(z, 5)|5/ 2
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< 2llullfs T

- L*(Dy)
due to the periodicity of u in the second component and Lemmal[6.2]

Estimation of 14, I5: Since the technique is the same for I, as for I we only do I,. First of all, notice
that for 7 > 0 and # < 2T by polar coordinates

1 1 4
———-d(z,0) < f —————d(z,0) = —.
fx[ZT _to0) (2, INE R2\Byr_,0) |(Z5 5)IP? V2T —t

Thus, the substitution (z, 0) := (y — x, s — t) and the Lipschitz-continuity of ¢ imply

le(Ou(x, 1)
I, = iy, s,
4 fx( 2T,2T) fX[ZT’oo) I(x, 1) — (v, 5)|3/2 (v, $)d(x, 1)

4
< f (2T - ¢<t>|2|u<x,r>|2—”d<x,r>
Rx(=2T 2T)

V2T —
< QT = 0 |u(x, 0)Pd(x, 1) < i
<= —1)2|u(x, X, u
T? Jexoror \/_ Loy’
This finishes the proof. O

We now provide the last embedding that is necessary for the proof of Theorem [5.11

Corollary 6.7. For any u € Hy,(R?) and any q € [2,3] we have |lullpup) < (@l s g2, with
constant c¢(q) > 0 not depending on u.

Proof. Since the cut-off function ¢ from Lemma [6.6] satisfies 0 < ¢ < 1 and ¢ = 1 on D we have
lullzay < llpullpare). Since H'4(R?) < LY(R?) for all g € [2,3], see Theorem 6.5 in [8]], we have
that |Jullepy < &(@)llgullsgey. The claim of the corollary then follows from the boundedness of the
operator Sy : Hyly (R?) — H'/*(R?),u > pu as shown in Lemma[6.0 o

After these preparations the proof of Theorem [3.1lbecomes quite simple.

Proof of Theorem |51t By Theorem [6.3] we have Sii = (S3 0 S, o S))it in Hééf (R?). Corollary
and the boundedness of S, S,, S; yield the desired result. O

7. APPENDIX

Lemma 7.1. Let f € H'(R). Then for € > 0 we have

1 1
(7.1) > IFmP <( Z—S)IIflliz(R)+§I|f'||iz(R).

nez

Proof. Let u,(x) := f(2nn + x). We compute

10 1 0

(7.2) 1, O)F = = f L1+ o 0P]dr < 2 fU (D)t + 2 f et (Ot (1)l
mJ_pdt nJ_, r

In the same manner
1 (™d 1 (7 ¢

(73) O = —= f = | = DlunP|dr < = f (D)l + 2 f (Ot (1)l
T Jo dt T Jo 0

By adding (Z.2)) and (Z.3) we conclude

1 2
14,(0) <—||un||L2( ol < 2( ;)uunum_m R
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and hence
) < i1 ) 2 o 2
Q@A < 2 { =+ = JIF @0+ WMoy + S Qo + I

The claim follows by a summation over n € Z. O

Lemma 7.2. Let a,b,c € Rwithb > a and b + ¢ > 2a. Then there exists a constant C = C(a, b, ¢)
such that the following estimate holds for functions w(x,t) = Y ez wi(x)e*, w, € H'(R), wy = 0 in
case a # b andw € H*(0, T; L>(R)) N H°(0, T; H'(R)):

2 2 2
D Iw@an, M 7y < € (010 72y + 910 gy -

nez
Proof. Use (1) from Lemma [ZI] with € = |k|*“™® to get
2 2 2 ~ 2b 2 2(2a-b 2
DI @an, Wiy = > > kP @rmP < € (K lwelltae, + KPP w2 z)
nez neZ kezZ keZ
2 2
< C(jiwll L+ vl ).

H(0,T;L2 He(0,T;H")

Proof of Lemma[3.2l  For the purpose of this proof let us define the space

Hy = {‘5 = (1) jeriokezogs © Pji: B — C measurable , Z f|/1j,k(s)||<l~5j,k(s)|2ds < 00}-
B

jGN(),kGZOdd
It can be seen as a variant of H but without the additional requirement of conjugation-symmetry
Gx(s) = ¢, _x(—s). Clearly, Hy mono ¢ H but Hy mono € Ho. ) )
First we check that J'(it) = 0 implies (and hence is equivalent to) J'(it)[¢] = O for all ¢ € H,, i.e.,

that we can allow test functions ¢ without the extra conjugation-symmetry. For ¢ € H, let us define
the splitting

7 “a - . < () +dju(=5) - Gir(s) — @ i(—s)
¢j,k(s) = ¢j’k(s) + ¢ik(s) Wlth ¢j,k(s) = / 3 / ) ¢ik(s) = J 5 J. )
Then ¢¢, i¢® € H and hence J'(it)[¢“] = 0 and 0 = J'(i)[i¢’] = (=i)J'(@1)[#"]. Therefore we also have
J (@[] = J'()[¢* + $°] = 0 as claimed.

(1) & (i1): With the help of the first step we know that J'(it)l4, = 0 implies J'(iD)l4, ., = 0. Now we
verify the reverse: J' (i)l .., = 0 for all k € Zoqq implies J'(it)l¢ = 0. For this, note that any d e H,

can be see as ¢ = lim,,_,, " (convergence with respect to the || - |lx-norm) where for m € N, m odd,
we set

o Pix(s) if k € Zoga, k| < m,
¢j,k(s) = )
0 ifk e Zodds |k| > m.
Since @™ is a finite sum of members of Himono for k = —m,—m + 2,...,-1,1,....,m — 2,m we

have J'(it)[¢"] = 0. Then J’(it)[¢] = O follows since J’ is a continuous linear functional on H and
l¢™ — Pllag — 0 as m — oo. The claim J'(ii)l = O follows by the first step.

Finally, it remains to show that functions ¢ € H mono such that S¢ has compact support in D are
dense in Hj mono- For this consider the map

P 7_[k,mono - HI(R)’ 2(‘5) = Z f&j,k(s)wj,k(x’ S) dx.
B

JeNp
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It is bounded and ||@|l and |||, are equivalent, cf. Lemma 3.1l Moreover, X is onto because
for any ¢ € H'(R) we may set ¢;x(s) := (T P)(, 5), ¥ x(-, $))p and get ¢ € Himono With T = ¢.
Therefore, T has a bounded inverse and the set Z'(C(R)) is dense in Hy mono. Thus S~ H(CX(R))
consists of functions having compact support in D. O

Proof of Lemma 5.8

Lemma 7.3. Let O < r < T. Then there is a sequence (y;)icy in D s.t. D C | ey B/(y;) and each point
y € D is contained in at most four balls B,(y;).

Proof. The statement follows if we choose (y;),en to be an enumeration of rZ> N D. O

Lemma 7.4. With the notation of Lemma[Z 3 there is a constant C > 0 such that
Z ||Su||L8/3(B o)) = CHMH(}{fOr Clll ue 7‘{

leN

Proof. Recall from Corollary 7.2 in [8]] the embedding H'/*(B,(y;)) — L¥3(B,(y;)). Due to Lemma(Z3]
we can distinguish balls B,(y;),! € N which are completely in D and others which protrude from
D. However, since the functions S# are periodic in the second variable and hence their norms in
H'*(B.(y;)) and L¥3(B,(y;)) are invariant under translations in ¢-direction, the distinction between
these balls it not needed for deducing the existence of a constant ¢ > 0 such that

(7.4) D IS s 5,0y < T D IS a5, For all 1 € N,
leN leN

We abbreviate D, := |,y B,(y;). Due to the overlapping property in Lemma[7.3 we calculate

(S)(x, 1) — (SH)(y, )
(7.5) %:HSMHW(BO»_ f|(Su)(x HPPd(x, t)+4£r JR S T d(x, 0)d(y, s).

Due to 0 < r < T and Lemmal[6.3] we conclude

Si)(x, 1) = (SH)(y, )P
f (Si)(x, P d(x, 1) + fD ) ( ”&S"t;)_ (f/ 332 I iz . )

< “Su”H‘/“(Rx[ 72T = C”SM”H‘/“(D)
Finally, Theorem 6.3 (recall Sii = (S3 0 S, o S))it in H'*(D)) and (Z.4), (Z.3) and (Z.6) gives

~112
DS s g,y < 4GNS, < CIEIE,
leN

which finishes the proof. O

(7.6)

Proof of Lemma[5.8: W.l.o.g. we may assume r > 0 so small that r € (0,T). Fix it € H and y € D.
By Hoélder interpolation for s € (¢, 3) there is A = =22 such that

IS8, < IISullL,,(B (y))||SM||Ls/3(B ™
For s =2 + 4 we have A = 2 and in particular

~ 1-2) 1=-2
(77) ”SMHLS(B (y)) — ||Su||L%B,Ey))||Su||L8/3(B 0)) — ||Su||L8/3(B 0)) Sup ||Su||Lq(Ber))'

We now choose the sequence (y;)en from LemmalZ3] then use (Z.7) for y = y; and perform a summa-
tion over / € N. Due to Lemma[7.3] we obtain

(1-2)s
STl py < D ISl < D ISR o5, Sup il 5

[eEN [eEN
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Lemma [7.4] guarantees the existence of C > 0 s.t. 3,y ”Sﬁ”if‘“(&(y;)) < Cllall?,. Thus,

(7.8) ISll}, p, < Cllly sup ISl

for any @t € H. Plugging (it,),en into (Z.8), assumption (5.3) entails ||Si,||sp) — 0 as n — oco. The

desired result ||Sii,|| () as n — oo for all g € (2, 8) then follows by Hélder interpolation. O
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