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Local constitutive relations, i.e. a weak spatial dispersion, are usually considered in the effective
description of metamaterials. However, they are often insufficient and effects due to a nonlocality, i.e.
a strong spatial dispersion, are encountered. Recently (K. Mnasri et al., arXiv:1705.10969), a generic
form for a nonlocal constitutive relation has been introduced that could accurately describe the bulk
properties of a metamaterial in terms of a dispersion relation. However, the description of functional
devices made from such nonlocal metamaterials also requires the identification of suitable interface
conditions. In this contribution, we derive the interface conditions for such nonlocal metamaterials.
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I. INTRODUCTION

Metamaterials greatly enhance our abilities to control the propagation of electromagnetic waves. They derive their
properties from unit cells, called the meta-atoms, that interact with light in quite a peculiar way. Metamaterials
attracted attention as meta-atoms can be perceived that show, e.g. a strong magnetic response. As the properties
of the meta-atom translate to the properties of the entire material, novel materials came in reach that possess a
magnetic dispersion. Such materials are of fundamental scientific interest and unlock simultaneously a plethora of
applications. Exemplarily, we can mention perfect lenses |1], cloaks |2], broadband anti-reflection coatings |3, 4], or
directional antennas [5]; but there exist many more examples.

A key requirement to link the actual metamaterial made from structured unit cells to a conceptual homogenous
material is the assignment of effective properties. Of course, describing the light propagation through a device that
has metamaterial constituents can always be done while solving the full Maxwell problem, but this is impractical for
larger structures and indeed quite tedious. Moreover, just as we do not consider ordinary materials in the context of
electrodynamics as being composed of atoms, it is the philosophy of an actual metamaterial to discuss it in terms of
emerging properties, i.e. effective material properties. Then, the metamaterial is considered as homogenous.

The procedure of assigning effective properties to a metamaterial is performed within a parameter retrieval. The
effective parameters then shall allow to describe the light propagation through the metamaterial with just the same
accuracy as a full wave solution would do. Technically, there are different ways of assigning effective properties |6-114].
Basic averaging procedures |9] that consider the metamaterial as an ensemble of polarisable dipoles do the job if the
metamaterial is strongly diluted and the polarizability of the meta-atoms is not too strong. For most metamaterials
made of strongly scattering meta-atoms that are densely packed, retrieval procedures were developed that rely on
considering reflection and transmission from a slab [15-19] or that average the fields in the unit cells |9, 20]. Also,
retrievals based on the dispersion relation and the wave impedance of the Bloch modes were suggested [21-24] or by
dual field interpolation in Ref. [25. However, how such a retrieval is done is a rather technical question. At the heart,
the philosophy of all these methods is to postulate a specific constitutive relation the metamaterial shall obey and
then to link the parameters of these constitutive relations to parameters that can be measured or simulated.

In all these aforementioned retrieval methods, local constitutive relations were considered. Under such assumption,
the electric field E(r, ) and the magnetizing field H(r, ) are linked locally to the electric displacement field D(r, ¢) and

the magnetic field E(r, t). It has been shown that to observe a local magnetic response for a given metamaterial it has
to have actually an electric response that corresponds to weak spatial dispersion [26-28]. The weak spatial dispersion
is captured by a constitutive relation where the electric displacement depends on the second spatial derivative of the
electric field at the considered point in space. In frequency space it reads as

D;(r,w) = €;;(w)E;(r,w) + aijr (W) O E; (r, w). (1)

A possible first derivative is linked to bi-anisotropic effects and shall not be considered here, i.e. we consider central-
symmetric metamaterials. Therefore, it is omitted. By exploiting a suitable gauge transformation, this weak spatial
dispersion in the electric response can be recast to appear as a local magnetic response. This, however, is only possible
if the following assumption holds

i1 ()00, B (r,w) = (V x [aV x B(r,w)]), . (2)

This assumption is not valid for centro-symmetric systems but is a prerequisite to end up with local constitutive
relations; hence it has been assumed to be valid. This is quite practical as for a local medium the interface conditions
are known. These interface conditions, in general, express how the different fields involved behave at an interface
from one medium to another. For a local medium we require that the tangential component of the electric and
the magnetizing field and the normal component of the electric displacement and the magnetic field are continuous.
Having interface conditions available is of fundamental importance to describe the light propagation through any kind
of device that is made from a metamaterial. We need to know them as soon as the metamaterial is no longer infinitely
extended in all spatial directions.

However, it got more and more obvious that such a local description is quite limited for two reasons. Foremost,
it is easy to verify that the assumption postulated in expression [2 is not always justified. For a centro-symmetric
metamaterial, a symmetry frequently encountered, additional terms of the form (cf. Ch. 3.2 in Ref[29)

> 05(aj;i;0:E) (3)
Jj€{z,y,z}

appear that are strictly required to be zero if the local description shall be valid. However, this cannot be guaranteed
per se. Moreover, there is clear evidence that it is not justified to truncate the Taylor expansion in the constitutive



relation after the second term, which essentially leads to Eqn. Il Whereas local constitutive relations strictly lead to
elliptical or hyperbolic dispersion relations, the numerically computed dispersion relation of selected metamaterials
possesses such properties only in quite a limited reciprocal space, i.e. for small values of k; and k, when considering
the z-axis as the principle propagation direction. To accurately describe the dispersion relation of metamaterials
requires to take higher order terms in the aforementioned Taylor expansion into account. As we concentrate on
centro-symmetric materials where all odd orders vanish, the next higher order terms would be the fourth order term.
Nonlocal materials, in general, are characterized by constitutive relations where the response is a functional of a set
of fields over the material or of derivatives of the field. Such nonlocal materials are sometimes also refereed to as
nonsimple [30].

Advanced constitutive relations that mitigate both problems were suggested only recently [31]. They constitute an
immediate extension to the constitutive relations considered in Eqn. [Il and read as:

D(r,w) = e(w)E(r,w) + V x (a(w)V x E(r,w)) + Z 05 (aj;;0;E) + V X V X (y(w)V x V x E(r,w))
j€{z.y,2}

(4)

where a tensorial notation has been introduced and the exact meaning of the quantities will be explained in detail
below. Note that for the last term an assumption comparable to the assumption in expression 2] has been enforced.
In particular, we require that

S ijrtmn (@)0;06010m En(r,w) = (V x V x [aV x V xE(r,w))), (5)

Jrk,Lm,n

holds. Only with such an assumption the dispersion relation will be of the same order as the dispersion relation that
emerges when considering the term in expression Bl as the extension. Therefore, they appear on equal footing. Please
also note, in what follows we will use the notations j; instead of a;;;;. It has to be stressed that also other nonlocal
constitutive relations where explored in the context of metamaterials but they frequently assume a specific geometry
[32-136]. Also, additional boundary conditions have to be considered to solve the interface problems. These additional
boundary conditions are usually introduced on phenomenological grounds |37, 38] and were controversially discussed
in Refs. 139-41.

Recently |31)], we could show that the dispersion relation of a referential metamaterial can be much better described
with the constitutive relation of Eqn. @l However, this analysis only considered the bulk properties, and the charac-
teristics of the eigenmodes were discussed. To fully capitalise on such constitutive relations, we need to equip them
with suitable interface conditions to describe the optical response from basic functional elements made from such
metamaterials. Potentially the simplest example for such functional element is a slab and we wish to know how light
is reflected and transmitted from such a slab.

In this contribution, we derive the urgently needed interface conditions from first principles by relying on a general-
ized (weak) formulation of Maxwell’s equations. These interface conditions allow to find the Fresnel equations for the
reflection and transmission of a plane wave and for both polarizations from a slab. These Fresnel equations are also
derived in this contribution. The paper is made to be as self-sustained as possible, which explains its mathematical
attitude.

The manuscript is structured such that in Section [Tl we detail Maxwell’s equations, the constitutive relations we
are looking at, and the considered geometry. In Section [IIl we discuss their generalized solutions. In Section [V] we
derive the associated interface conditions and in Section [V]we outline the Fresnel equations to compute the reflection
and transmission from a slab of such a homogenous metamaterial characterised by nonlocal constitutive relations.
The interface conditions we derive in Section [[V] are valid under specific smoothness assumptions. However, they
remain valid also without these smoothness assumptions in a generalised sense which requires the concept of traces.
Therefore, the last section is devoted to this concept of the traces. We conclude on our work in a devoted finalizing
section. Finally, in an Appendix we present a short overview on the concept of generalized functions.

Prior starting with the derivation, we introduce some notations that will be used throughout the paper. Below,
is an open domain in R".

e By r = (z,y, z) we denote points in R3 (spatial variable), by * € R we denote a time variable.

eR3:={reR®: 2>0},R® :={reR®: 2<0},I={reR®: z=0}. They denote the different half-spaces
above and below the interface we consider.

e V, V., Vx are, respectively, the gradient, divergence, and curl with respect to r.



e T is the operation of transposition.

e n=(0,0,1)T is the unit normal vector on T.

e For U: T — C we set V¥ := (9,¥,9,¥,0)T.

o For ®=(®,,®,,®,): I - C>weset Vp-®:=0,P, +9,P,.

e C™(Q), m < oo, is the space of functions with continuous derivatives up to order m on €.

e C"(Q), m < oo, is the space of all restrictions of functions in C™(R"™) to .

o Ci"(Q) is the space of functions f € C™(Q2) having compact support in Q (i.e., supp(f) := {z: f(z) #0} is a
compact set contained in ).

e D/(Q) is the space of generalized scalar functions on € (i.e., linear continuous functionals acting on C§°(2); see
Appendix).

e L%(€2) is the space of measurable functions ¥ : Q — C satisfying [ [¥(r)[? dr < oo.
O

e H(Q) is the space of measurable functions ¥ : 2 — C such that ¥ € L?(£2) and each component of V¥ belongs
to L2(£2). Hereinafter, differential operations are understood in the generalized sense.

e C™(Q) (resp. C™(Q), CF"(2), L2(2), H(Q)) is the space of vector-functions @ : & — C* with components
being in C™(Q2) (resp. C(Q2), CI(Q), L2(Q), HL(Q)).

e D'(9) is the space of generalized vector functions on Q (i.e., linear functionals acting on C§°(£2)).

o L2 (Q) (resp. L2 (), HL (Q), HL (€)) is the space of (scalar or vector-valued) functions belonging to L2(Q)

(resp. L2(Q), H'(Q), HY(Q)) for each bounded subdomain £ C €.

e I is the identity (3 x 3)-matrix .

II. MAXWELL’S EQUATIONS AND THE CONSIDERED CONSTITUTIVE RELATIONS

We assume that the upper half-space Ri is occupied by vacuum, while the lower subspace R2 is occupied by a
homogeneous metamaterial. We want to derive the interface conditions for this situation. Recall that I is the interface
between them. . . . .

As usual, we denote by E(r,t), B(r,t), D(r,t) and H(r,t) the electric field, the magnetic field, the electric displace-
ment field, and the magnetizing field. Assuming the absence of external charges and currents, we conclude that they
obey Maxwell’s equations (in Gaussian units) in R? x R:

vxﬁ+3%_]?=o, vXﬁ—la—D:o, vV.-D=0, V-B=0.
C

We are interested in monochromatic waves, i.e., waves of the form
(E,B,D,H) = (E, B, D, H) exp(—iwt),

where w > 0 is a frequency, and the vector functions E, B, D, H depend only on the spatial variable r. Plugging this
ansatz into Maxwell’s equations we arrive at

VxE-“B=0, VxH+—D=0, V.-D=0, V-B=0. (6)
C C

Equations [0l must be supplemented by constitutive relations linking the “induced” fields D, H with the “physical”
fields E, B:

D =E + P(E), H =B - M(H),



where P and M are the polarization and the magnetization, respectively. Note that here we are concerned only
with centro-symmetric metamaterials where electro-magnetic coupling effects are not encountered. Therefore, the
polarization depends only on E and the magnetization depends only on H. The consideration of non-centro-symmetric
materials, of course, can be integrated into the discussion but it does not affect our conclusions.

We can assume that M = 0. This simply suggests that all the natural materials we are considering are non-magnetic
in their intrinsic response. The magnetic effects we possibly observe always emerge from a nonlocal electric response.
Under such assumption we easily get from Equns. [0l the following equation for E:

VxVxE:i—j(E%—P(E)). (7)

We assume that the upper half space is filled by vacuum. Hence, for z > 0 one has P = 0, while for 2 < 0 (i.e., in
the metamaterial) we assume the following constitutive relations that resemble those already mentioned in Eqn. @

PE)=(c-DE+Vxa(VxE)+ Y 9;(#9,E)+VxVxy(VxVxE). (8)
Jj€{z,y,z}

Here €,a, 87,7 : R® — C3*3 are matrix-functions with C*°-smooth and bounded entries. They depend on the
frequency, i.e. the material properties are dispersive. The frequency dependency is suppressed here to simplify the
notation. As we consider homogenous metamaterials, they do not depend on the spatial coordinates. Thus, the
considered wave equation can be rewritten as

2 ~.
VXVXE_W—(5E+V><&(V><E)+ 3 aj(ﬂﬂajE)Jrvaw(vaXE)), 9)

2
je{zy,2}
where
- e, z<0, _ a, z2<0, -~ B, <0, v, z<0,
E = o = /3‘]: ’y:
1, z2>0, 0, z>0, 0, z>0, 0, z>0.

IIT. GENERALISED SOLUTIONS

Up to now our considerations were rather formal. Now it is time to ask: in which sense has Eqn[dto be understood?
Since the matrix-functions &, &, 37,7 are only piecewise continuous, we are not allowed to regard the differential
expression on the right-hand-side of Eqn. [@ in the classical sense. The natural idea is then to treat this equation in
a suitable generalised sense. From these considerations we can extract already specific requirements concerning the
different functions, in particular concerning the spaces in which they are defined. This is helpful in the following
sections as interface conditions can be found that require the mere analysis of the space in which these functions are
living.

Recall (see Appendix for more details) that the notation D’(R?®) stands for the space of generalised functions
(distributions), i.e., linear functionals acting continuously on Cg°(R?). For example, for E € L2 (R3), VXE € D'(R?)
is defined by the action

(V x E)[®] := /E (V x ®)dr, ® € CP(R?),

R3

which mimics partial integration. Also higher derivatives of E € L2 (R?®) can be defined analogously, but the

loc
discontinuous function & on the right-hand-side of Eqn. [@ causes difficulties in mimicing partial integration (which

would be no problem if & was a C'-function). We can solve this difficulty by requiring the additional regularity
condition V x E € L2 (R?). Under this assumption the product &(V x E) is a (regular) generalized function, which

loc
is defined by &(V x E) in R? and 0 in R} and now we are able to define its generalized Vx-derivative. Actually

we require even V x E € L2 _(R?), in order to treat the left-hand-side of [[I] appropriately when defining generalized

loc

solutions. Note that the property V x E € L .(R?) is not guaranteed by the requirement that V x E is in L{ |(R3)
and in L (R?), but also (some kind of) continuity of the tangential component of E at the interface is needed.
Analogous considerations for the other terms in Eqn. [d lead to the following natural regularity assumptions:
EcLi . (R®, VxEcLl (R}, EcHL.(R®), VxVxEcL].(R?). (10)

loc loc loc



Now, Eqn. [@is understood as an equality in D’(R?). By the definition of the generalized derivatives (see Appendix),
mimicing partial integration in all occuring terms, it is equivalent to

2 2
Y € CF (R : /(VXE)-(qu>)dr:“_/E-q>dr+“— (5E-<I>
C C

R3 R3

a(VXE)- (Vx®) ~ Y FOE 9% +7(VxVxE)- (VXVX‘I)))dr. (11)

j€{z,y,z}

The vector-function E : R? — C is said to be a generalized (or weak) solution to Eqn. [ if it meets the regularity
properties given in conditions [I0 and satisfies Eqn. [I1]

Note that one can introduce another definition of the generalized solution in which the requlrement VxE € L2 (R?)
is omitted: we say that E : R* — C a very weak solution to @ if E € L (R?), E € HIOC( 3) (implying also
VXxE € L?R3)), VxVxE € L2 (R) and V® € CF(R?) fE (V x V x ®)dr = RHSTy, where RHSTT]

denotes the right-hand-side of equality 1l Evidently, if E is a Weak solutlon to [ then it is also a very weak solution
(apparently the opposite is not true). In this paper we focus on weak solutions since for local constitutive relations
(i.e., « = = 7 = 0) they satisfy classical interface conditions [E x n], [EE-n], [(VxE)xn], [([VxE)-n]=0o0onT
(here [...] stands for the jump of the enclosed quantity across I') — this follows immediately from our results below.

We also remark that analogous considerations can be performed for L!-type spaces. Nevertheless, we prefer to deal
with L? functions and spaces, since we expect that the L? setting yields more benefits in subsequent research (in
particular, since L? is a Hilbert space).

Let E be a generalized solution to Eqn. @l It is easy to show, just by taking ® € C§°(R3) in Eqn. [} that

VxVxEeL} (R}) (12)

and

2
VxVxE= w—QE for almost all z € R3. (13)
¢

“Almost all” means that the set consisting of points = € Ri at which the property expressed in Eqn. fails has a
Lebesque measure zero.
Similarly, taking ® € C°(R3), we conclude that

Vxa(VxE)+ Y 9;(F0E)+VxVxy(VxVxE)eL (R®) (14)
je{w,y,2}
and
2

VxVxE_—(aE+an(VxE)
c?

+ Z 3j(ﬂjajE)+VXVX’y(VXVXE)) for almost all z € R*.  (15)

Jj€{z,y,2}

Note that the regularity property given in expression [[4 means that the sum of the generalized functions that appear
in this expression are in L2 (R?), but it does not imply that the individual generalized functions belong to L2 (R ).

Now that we have analyzed generalized solutions outside the interface I', we can derive the actual interface conditions
in the next section.

IV. DERIVATION OF THE INTERFACE CONDITIONS

Let E be a generalised solution to Eqn.[@l We denote by E; and E_ the restrictions of E to Ri and R3 , respectively.
Also, we additionally assume in this section that E is smooth in each half-space, namely

E; € CY(RY), E_ € C*(R®). (16)



These additional smoothness conditions are indeed satisfied if the coefficients «, 5%, are smooth, at least in the case
where the differential Equ. @l is elliptic (e.g., if v is positive definite); see |[42]. The interface conditions we are going
to derive in this section under the additional smoothness assumption expressed in [I6] also remain valid when only our
conditions [0 are satisfied. But then they hold only in some generalized sense which needs the concept of traces. This
will be outlined in Section [Vl

Below in volume integrals we will use the notation E, while in integrals over I' we deal with E; and E_. In
the following we distinguish between the main interface conditions and two alternative interface conditions. These
alternative interface conditions do not contain any further information and indeed can be derived from the main
interface conditions. However, their documentation seems useful as these alternative interface conditions look simpler.
This may make them more suitable for use in some specific situations.

A. Main interface conditions

In the following we want to prove that if E is a generalized solution of Eqn. [ and satisfies the regularity assumptions
[I6] then E satisfies the following interface conditions on I':

(EL —E_)xn = 0, (C1)
2 2

(VXE;f —VXE_)xn + o:—2(04V><E,+V><"yV><V><E,) X n— %(I—nnT)ﬂzazE, =0, (Ca)

(WxVxE_)xn =0, (Cs)

(B70,E_)-n = 0. (Ca)

Conversely, if E satisfies [[6] solves [[3in R3, solves [l in R? and the conditions [C1{Cy] are fulfilled, then E is a
generalized solution to[@ Please note, these interface conditions are one of the central results from our contributions.
In the following we prove each of them.

1. Proof of the first interface condition

Since E € L _(R?) and V x E € L _(R?) we have

loc
V& e CP(R?): [E-(Vx®)dr= [(VxE)-®dr (17)
/ /

On the other hand, by integrating by parts in each half-space we obtain

/(VxE)-@dr:/(VxE)-@dr+/(VxE)-<I>dr
R3 R3 RY
:/E-(Vx<I>)dr+/E-(V><<I>)dr+/(E+><n—E_><n)-<I>ds
R? R?
=/E-(V><<I>)dr+/(E+><n—E_><n)-<I>ds, (18)
R3 T

where ds = dz dy is the area of the surface element on I'. Since ® is arbitrary, we obtain from Eqns. [ and [I§] the
first interface conditions [C}

2. Proof of the second interface condition

To proof the second interface condition we decompose each integral in Eqn. 1l in a sum of integrals over R? and
Ri and integrate by parts in such a way that all the derivatives shift from ® to E. Then, moving all volume integrals
to the left-hand-side and all integrals over I' to the right-hand-side, we get



2 2
/(VXVXE)@dr—%/E@dr—“—z/(aE
C C
R3 R3 R3

+VxaV xE+ Z 5j(5j5jE)+VXVX7(VXVXE—))"Edr
je{=.y,z}

2
_/((VXE+—VXE+w—2(aV><E+V><*yV><V><E)) xn)~‘I>ds
C

2 2

+ 5 [V XV XE) ) (Vx @) ds - % [ (0B @ ds. (19
r T

Due to Eqgns. [[3] and I3 the left-hand-side of Eqn. 19 vanishes and thus Eqn. [[9 can be rewritten as follows:

2 2
/(<VXE+—VxE+“—2(avXE+V><~N><VXE)> xn—%(l—nnT)ﬂzazE> - & ds
C C

2

8 [V B ) (V@) ds = [ (o) s = 0. (20
T

r

Now, we choose the function ® of the form
®(r) = (21(z,y)n(2), P2(z,y)n(2), 0)", (21)

where ®1, @5 € C3°(R?), n € CF°(R), moreover n|(|;j<sy = 1 for some § > 0. One has: Vx ® = (—Dan/, &1/, (0, P2 —
9, ®1)n)T, whence

V x @lr = (O, O, (91‘1)2 — 6y<1>1)T,
and, hence, the second integral in Eqn. vanishes. Since the z-component of ® is equal to zero, the third integral

in Eqn. 20] also vanishes. Thus

2
/((VXE+—V><E_+W—2(0<V><E_+V><7V><V><E_)>><n
C

- w—2(I—nnT)[3Z8zE> (@, 2,00 ds = 0. (22)

c2

Finally, since the functions ®; and ®5 are arbitrary, we conclude from Eqn. 22 the interface condition [Ca]

8. Proof of the third interface condition

To proof the third interface condition we take the function ® of the form
q’(r) = (‘1)2(17&)277(2)7 _(I)l(xay)zn(z)v O)T (23)

As before, @1, Py € CSO(]RQ), RS CSO(R), and 77|{\z\<6} =1 for some § > 0. We get V x & = ((77+ 277/)(1)17 (77+
21 ) @2, (—0, 1 — 0y P2)zn)T and hence

®r =0, Vx®=(®, Dy, 0)". (24)

We plug this function ® into Eqn. Due to 24 all integrals in Eqn. 20 vanish except the second one. Thus one
gets:

(YWVxVxE_)xn)-(®,8,,0)" ds = 0. (25)
/( )
r

Since ®; and ®» are arbitrary, Eqn. 25l implies the third interface condition [Cg]



4. Proof of the fourth interface condition

Finally, due to [Cq] [C3} the first two integrals in Eqn. 20 vanish for any arbitrary function ®, whence one gets

/(nnTﬁzﬁzE_) -®ds = 0, (26)
T

and, consequently, we arrive at the last condition [Cyl

5. Further remarks

Conversely, let now E satisfy requirement [I6, solve Eqn. I3 in R3, solve Eqn. [5in R? , and let [C1HCy] hold. We
have to show that E is a generalized solution to Eqn.
Indeed, it follows from the assumption [[6] that E € L (R3), E € H. (R%) and Vx V x E € L _(R?). Moreover,

loc loc

due to[Cy] V x E € L _(R?). Thus, conditions [0 are satisfied.

loc

Integrating by parts we get for an arbitrary ® € C°(R3):

(VxE)-(Vx{))dr—w—j E-<I>dr—w—22 cE-®+a(VXE) (Vx®)
/ el

3
R +

_ ﬂjajE~aj<I>+~y(V><vXE).(vxVx@))dr:LHSm—RHqE. (27)

Jj€{z,y,2}

where LHSTq) (resp. RHSpg) is the expression standing in the left-hand-side (resp. right-hand-side) of Eqn. I3 Due
to BHI5, LHSg = 0 and, due to conditions [Co{Cyl RHSg = 0. Therefore, Eqn. [Tl holds true and, consequently, E
is a generalized solution to Eqn.

With that we have been offering proofs for the main interface conditions. In the following, we formulate two
alternative interface conditions that can be used as well, but they are not fundamental since they follow from the
definition of the generalized solution and the main interface conditions.

B. Alternative interface conditions

Let E be a generalized solution to Eqn. [ satisfying the regularity assumptions Then E meets the interface
conditions [C1][Cy} The fulfilment of [C1}{C,] is also a sufficient condition for being a generalized solution if 3] and
hold — see the statement after conditions [C1}{C4} In this subsection, we derive two alternative interface conditions on
I". They appear slightly simpler and are, therefore, of practical use in further research.

1. First alternative interface condition

Let ¥ € C°(R?) be an arbitrary function. Since V x E € L2 (R?), V- (V x E) =0 and V x (V¥) = 0 one has

loc
0=— [(V-(VXE)¥dr=— [(V-(VXE)¥dr— [(V-(VxE)¥dr
/ / /

:/((V><E+—V><E,)~n)\Ist+/(VxE)-(V\IJ)dr+/(V><E)-(V\IJ)dr

3 3
RY RS

-

:/((V><E+—VxE,)~n)\Ist+/((E+—E,)xn)-V\Ist+/E-(Vx(V\I/))dr

r r R3

@/((VXE+—VxE,)-n)\Ist,
T
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whence we get the following interface condition on I':

(VXE;f —VXE_)-n=0. (Cs)

2. Second alternative interface condition

For materials governed by local constitutive relations (i.e., « = v = 3 = 0) one has also the interface condition
(Ef —¢E_) - n=0, (28)
which follows from the fact that £E € L _(R?) and, due to Eqn. [, V - (éE) = 0.

loc
Let us now derive an analogue of the interface condition in Eqn. for our nonlocal model. For this purpose, we

plug into Eqn. [I1] the function ® of the form
d=VU,

where ¥ is a smooth compactly supported scalar function. Under this choice V x ® = 0 and Eqn. 1] becomes

/E-V\Ifdr—i—/ eE-VU - Y BIOE-9;VV| dr=0. (29)

R3. R3 je{z,y,z}

Let us additionally assume that supp¥ C R? ; integrating by part in Eqn. 29 we get:

w/ech(Ri):/ V-leE+ D 9;(F9E)| | vdr=0,
R3 je{m,y,z}

whence, since C5°(R? ) is dense in L?(R?),

V-leE+ > 9;(F0E) | =0 in R, (30)
je{z,y,2}
Similarly, by using ¥ € C3°(R%), we obtain:
V-E=0 inR3. (31)
Now, we take an arbitrary ¥ € C3°(R?) in Equn. 29 and integrate by parts in each half-space R3. We get:

/(V~E)\I/dr+/V~ eE+ > 0 (FOE) | Udr

Ri R3 je{z,y,z}

+/ E,-cE_ - Y 09,(fE )| n \Ifds+/ﬂzazE,-v\Ifds:o. (32)
r

r je{z,y,z}

In this equality the integrals over R} vanish due to Eqn. and Eqn. BIl Moreover, in view of interface condition
[C4} the last integral in Eqn. [32 can be rewritten as follows:

/ﬁzazE, VU ds = /(1 —nn")B70.E_ - Vr¥ ds = —/vp -(B*0.E_) U ds. (33)
r r r

Since ¥ € C5°(R3) is an arbitrary function we conclude from Eqns. B2H33] the following interface condition on T':

E,—cE_ - Y 09;(F0E)| -n-Vr-(8°0.E.)=0. (Cs)
Jj€{z,y,z}

That closes this section. In Section [VI] we will clarify how to treat the interface conditions in the general case, i.e.,
when the generalized solution does not have the additional regularity expressed in condition

We will use these interface conditions to derive Fresnel equations for the transmission and reflection of a plane wave
from a slab in the next section.
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V. FRESNEL FORMULAE

In this section, we apply the interface conditions obtained above to the problem of light propagation through a slab
of metamaterial.
The geometry of the pertinent problem hence is defined as

Q={reR’: —6<2z<0}, Q. ={reR®: 2<—6}, Q ={reR’: z>0},

where § > 0. We assume that Q is filled with a metamaterial, which is governed by the constitutive relations
expressed in Eqn. 8 Moreover, additionally we assume that the coordinate system of the laboratory corresponds to
the coordinate system of the principle axis of the metamaterial. The materials considered here are centro-symmetric.
Therefore, the material tensors are considered to be diagonal. In essence, this means that the unit cells are aligned
to the slab we consider. In this coordinate system the material properties read as

e, 0 0 a, 0 0 Y= 0 0
e=10¢ 0], a=10 a, O, vy=(0 v 0],
0 0 e, 0 0 a 0 0
(34)
Bz 00 0 0O 00 O
=000}, By=108,0], pB*=100 0
0 00 0 00 00 8,

Note that this is not an essential condition but it helps us to keep the expressions sufficiently simple. The remaining
space (that is Q_ U Q) is occupied by vacuum.
We also denote

I_={redQ: z=-0}, Ty ={reo: z=0}

Now, assume that we have an incident plane wave impinging on the the slab from Q.. A part of this wave will
be reflected, the other part will be transmitted through the slab to 2_. Our goal is to find the amplitudes of these
reflected and transmitted waves, in other words, we want to derive Fresnel-type formulae. Even though discussed here
for a plane wave, an arbitrary illumination can always be written as a superposition of plane waves. Therefore, the
plane wave assumption is by no means a limitation.

We notice that, due to the special form of the material coefficients expressed in Eq. B4l each solution E of Eqn.
can be represented in the form

E=E"™ +E™

where ETF = (E®,0,0)" (transverse-electric-polarized wave) and E™ = (0, Ef™M, ETM)T (transverse-magnetic-
polarized wave), each of which satisfies Eqn. In what follows, we treat TE- and TM-polarized incident waves
separately.

In this section r is treated as vector-column, i.e. r = (z,y,2)T.

A. TE-polarization

Assume that
E! = B} exp(ik’ - r)

is the incident TE-polarized plane wave. Here k' = (kL k), kI)T is the wave vector and Ef = (EL,0,0)" is the
amplitude vector of the incident plane wave. The wave vector in vacuum obeys the ordinary dispersion relation, i.e.
k? = ‘g—j Moreover, in view of Bl one has kL = 0.
Due to symmetry arguments it is reasonable to search the reflected and the transmitted fields in the same form as
the incident field. Namely, the reflected field is searched in the form
Ef® = Eltexp(ik? - r), where k¥ = (0, k%, k)T, Eff = (EE,0,0)7.

) Yy )
The total field in Q, is Ef + Ef. In Q_ we have the transmitted field

E” = E{ exp(ik” - 1), where k” = (0,k) k)", Ef = (E],0,0)".
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Finally, in the slab 2 the total field has the form

Eslab — ZEJ exp(ik? -r), ¥ = (0K}, k)T, B) = (E],0,0)7,

) My Vz
Jj=1
where NN is the number of linearly independent eigenmodes existing in 2. The larger number of plane waves is
reminiscent to the fact that for each value of k£, and k, multiple solutions for k., exist at each frequency. This will
be discussed below. Also, the field inside the slab is always written as a superposition of forward and backward
propagating modes in the principle propagation direction. Therefore, this quite general ansatz is chosen.
Plugging the plane wave ansatzes, for example, into [Cylon I';, and I'_ we get the equation
N
Elei(kgm+k§y) + ERei(kferkfy) _ ZE] i(k x4k y) ZE] 1k;]5 i(kla+kiy) ETe—iszaei(kfz+k§y) -0
j=1
which hold for all (z,y) € R2. As the system is translational invariant along the interface, we require all plane waves
involved in the process to share the same wave vector components tangential to the interface. Hence the vectors k!,
k® k7T and K/ (j =1,...,N) have the same y-components. Hereafter for the y-component of all wave vectors we use
the notation k,.
It is easy to see that N = 4 provided v, # 0. Indeed, plugging E = (E,,0,0)T exp(ik - r) (with k, = 0) into Eqn. 7
supplemented with the constitutive relations expressed in Eqn.[8 we arrive at the following dispersion relation linking
w and k for the metamaterial:

k§ + k2 =w?c? (e, + (azk§ + o k?) + %(kg +k2)%). (35)

This is a 4*"-order polynomial equation with respect to k., thus generically we get four eigenmodes |43]. They come
in pairs and two of these eigenmodes are forward and two of these eigenmodes are backward propagating.

There are six unknowns EF, ET  EJ (j = 1,...,4). On each interface I'y and I'_ we can initially impose four
conditions [C1}[C4} but [Cy] simply reads 0 = 0. As a result, we have three non-trivial equations on each interface.
This leaves us with a total number of six linearly independent equations which is just enough to solve uniquely for all
involved amplitudes.

Plugging our plane wave ansatzes into these equations we arrive at the following linear algebraic system for £ =
(E57 E;’ E%’ Ei’ Ei’ EE)T'

AE =F,
where
1 -1 -1 -1 -1 0
1
kf _Al _A2 —A3 _A4 0
il
0 v (K1)2 Vo (k2)2 Vo (K3)2 o (k)2 0 0
A=1 _e—ikls _o—ik26 _omik3s _oiks ikt |, F= —E!
0
0 —Ae k0 — AyeikZ6 — Age—ik2d — Ageiki0 szefisza ;
—i 1 —i 2 —i 3 3 4
0 ya(k!)2e #20  (K2)2e~hE0 o (13)26—1KE0 o (k4)20ikES 0 .

2

Here (k7)? := (ky)% + (k2)?, and A; := kJ <1 — (o + ”yz(kj)2)>. Thus the required amplitudes EZ and ET are

determined by
Ef = [(AT' )], BT =[(ATF)],

where [-]; denotes the k-th component of a vector. It is not hard to show that generically the matrix A is invertible;
“generically” means that the set consisting of &, o, 7, 37 for which det(A) = 0 has Lebesgue measure zero in the space
of all admissible parameters.

Note, that the equation coming from conditions[Cg| coincides with the equation coming from condition [C] multiplied
by k,, and the equation coming from condition [Cg| reads 0 = 0.
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B. TM-polarization

Again, in 0, the total field is of the form E! 4+ EF, where E! = Elexp(ik! - r) is the incident field, Eff =
Ef exp(ik’ - r) is the reflected field, but now the fields are TM-polarized, i.e., Ef = (0, E;, EDHT El = (0, Ef, ERT.
In Q_ we get the transmitted field ET = EZ exp(ik” - r), where EI = (0, EyT, ET)T. Finally, in the slab Q the total

N , < o
field has the form E*2> = 3~ E{ exp(ik? - r), where E} = (0, EJ, E)".
j=1
Again the vectors k!, k*, k™ and k? (j = 1,..., N) have the same z- and y-components. Similarly to the TE-
polarization, we denote by k, the y-component of the wave vectors, the z-components are chosen to be equal to
Zero.
For TM-polarization the dispersion relation reads

—w2e 2, + k2Q + w2 2B, k2 e,
det ‘ =0,

(36)
—kyk.Q —w?c 2%, + kiQ +w?c 28, k2

where Q := 1 — w?c %(a, + 'yzkg + yyk2). Tt is easy to see that this is a 6'-order polynomial equation with respect
to k, provided v, # 0, 8, # 0. Thus N = 6. There are three forward and three backward propagating modes.
In Q4 UQ_ one has divE = 0 and consequently

Eyk, + E.k. = 0. (37)

In Q one has div | ¢E + Z 9;(B79,E) | = 0 and consequently

j€{z.y.z}
Eyky(ey — Byky) + E.k.(c. — B.k2) = 0. (38)

Due to Equs. B38| it is enough to determine only the z-components of the reflected and transmitted fields (except
in the special case (e, — B,k7)k, = 0, which we do not treat here).

We have eight unknowns EF, ET| EJ (j =1,...,6). On each interface I'y and I'_ we have four conditions [C1HC4]
thus, both interfaces produce fotall eight equations. Plugging the plane wave ansatzes into these equations we arrive
at the following system for £ = (EE B! E? E3 FE* E° ES ET)T. AE = F, where

j=1 j=2 j=3 j=4 j=5 j=6
ER — Bkl 0
2 2
W2 (=14 oy + 2 (ks + (RD)?9)) (K2 + (6D2B1) | [ oo ] 0
0 Yykl (k2 + (k1)?Bi) 0
0 Bk} 0
A= ,
0 _Blk107ik;5 kT o—ikL's
w? w? (1.2 12 2 12 —ikls T\2,—ik1's
0 [(—1+ Zray + % (K2ys + (61)%) ) (K2 + (k1)2Ba) e 20 | | | (6T)2e v
i1
0 vykl (k2 + (k1)2By) emikz9 0
0 Bokle~ik1é 0

F=-EL (K, k)2, 0, 0,0, 0,0, O)T,
€z — (k;)zﬁz

ey — (ky)?By’ _
have the entries as the column with j = 1, but with &/ instead of k..

Again one can show that generically the matrix A is invertible. The required amplitudes EX and ET are determined
by

an = = + . In the matrix A, the entries of the columns indicated by 57 = 2, 3,4, 9,
d B; k*)? ky2 kj2Ih ix A, th i f th | indi dbyj=2,3,4,5,6

Ef =[(ATF)] BT = [(AT )]y



14

We note that for TM-polarization the alternative condition [Cj|reads 0 = 0, while the equations generated by [Cglon
T'; and I'y can be deduced from the equations generated by the main interface conditions and the dispersion relations
00l

The derivation of the Fresnel coefficients is the second major achievement of this work. They are explicitly docu-
mented in this work and can be used right away for further research.

VI. TRACES

Let E be a generalized solution to Eqn. [ i.e., [0 and [ hold. Since E belongs to L2 (R?), it is defined up to a

loc
set of Lebesgue measure zero. The interface I' has Lebesgue measure zero, therefore we cannot define E on I' in the

usual sense unless some additional assumptions are given — for example, regularity assumptions In the general
case (i.e., without [I6) we overcome this difficulty by defining suitable restrictions of E and its derivatives to I" as
elements of D'(T") (or D'(T)). According to the usual terminology, we will call them traces. Please note, that the
discussion of these traces does not affect the actual interface conditions [Ci}{C4]— we only have to reformulate them
in some generalized sense.

Note, that the definitions of traces standing in conditions [Cj] and [Cg] are known (see, e.g. [44]), thus we only recall
them for completeness.

A. Traces arising in [C{]

Assume for the moment that E € Cl(@). In this case by integrating by parts we get the following equality:

V@ € C°(R?) : /(E+xn)-@ds:/(VxE)-@dr—/E-(Vx@)dr. (39)
r Ri Ri

(recall that n = (0,0,1)T). One observes that the right-hand-side of Eqn. 39 makes sense not only for E € C'(R3),
but also for less regular E, namely E € L2 (R}) with V x E € L _(R?%). This suggests to introduce the following

loc loc

definition: let E4 € L (R3), VXE € L (R3) (recall that generalized solutions of Eqn. [0l possess these properties);

i
then E; x n is an clement of D’(T') and its action on ® € C5°(I") is as follows:

(E4 x n)[®] :z/(VXE)-@dr—/E-(VX@)dr,

R3 RS
where ® is a function belonging to C&°(R?) and satisfying <i>|p = &®. Similarly, we define

(E_ x n)[®] ;:—/(VxE)@dH/E-(Vx@)dr.

R3 R3
It is easy to see that this definition is independent of the choice of the function 3. Indeed, since

/E-(Vx@)dr:/(VxE)@dr (40)

3 3
R3 R%

holds for all ® € C&°(R3), which is dense in H := {® e Cgo(@) . ®|p = 0}, Eqn. @0 holds for @ € H, and hence
for & = :I\)l - ‘52, with &)1, ‘52 e Cy (Ri) denoting two functions satisfying $1|1“ = $2|p. This, obviously, gives the
desired independence.
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B. Traces arising in [C3]

IfVXxEeLy (R*), VxVxEecL] (R})and VxV xE €L _(R?) (due to conditions [0 and [2] generalized

loc loc loc
solutions of Eqn. [0 possess these properties), we can define the traces (V x EL) x n in the same way as the traces

Eixn:

((V x E4) x n)[®] ;:/(vxvxE)@dr_/(vXE)-(vX@dr, (41)
R3 R%
((VxE_) xn)[®] ::—/(V><V><E)~‘i>dr+/(V><E)-(V><@)dr. (42)
R3 R3

where ® is function from C5°(R?) satisfying Dl = ®.
Next we clarify the meaning of

G:=(VXE_ +VxyVxVXxE_ )xn—(I-nn")g?0,E_. (43)

The idea is to define the trace for the whole quantity G and not for each term separately.
Assume for the moment that E is smooth enough, namely condition holds. Integrating by parts, one has for
each ® € C3°(R3):

/ Vxa(VxE)+ Y 0;(F,E)+VxVxy(VxVxE)| ®dr

R3 Jj€{z,y,z}

:/ a(VXE) (Vx®)— Z BOE-0;@+v(VxVXE)- (VxVx®)| dr
RS jE{CE,y,Z}

—/G-<I>ds—/((7V><V><E)><n)-(V><<I>)ds+/(nnTBZ(’?ZE)-<I>ds. (44)
r T r

Note that the integral [ G - @ ds is independent of the z-component of ®, since G -n = 0. Also we observe that the
r

integrals over R exist also when the regularity condition [[6]is not fulfilled, but E enjoys the properties expressed in
conditions [I0] and 4l Moreover, if we choose the function ® of the form given in Eqn. I the last two integrals in
Eqn. @4] vanish.

These observations suggest the following definition: G is an element of D’(I") whose action on
P = (q)l(xv y)u (I)2(‘T7 y)7 (1)3(1], y))T € CSO(F)
is defined by

G[<I>]::—/ Vxa(VxE)+ Y 0 (F0E)+VxVxy(VxVxE)| &dr
R3 jG{I,y,Z}

—|—/ a(VXE) (Vx®)— Z BjajE-8j<I>+7(V><V><E)-(V><V><<i>) dr, (45)
R3 Jj€{z,y,z}

where ®(r) = (P1(z, y)n(2), ®2(z,y)n(z), 0)T, with 5 € C3°(R) satisfying 71|y||<s5y = 1 for some § > 0. It is easy to
see that this definition is independent of the function n — the proof is the same as the one for E; x n.

C. Traces arising in [C3]

To define the trace (YV x V x E_) x n we use an analogous idea. This time we plug into Eqn. 4] the function ®
of the form given in Eqn. 23l Recall that for this ® one has ®|r = 0 (and, thus, the first and the last integrals over
I’ in 4] vanish), while V x ®|p = (P4, @2, 0).
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Taking these observations into account we define (YV x V x E_) x n as an element of D'(I") whose action on ® =
(®1(x,y), P2(z,y), P3(z,y))T € C°(T) is defined by the right-hand-side of @Bl with ®(r) = (®2(z,y)2n(z), —P1(z,y)2zn(2), 0)T
(the functions 7 is as above).

D. Traces arising in [Cy]

Let E satisfy the properties given in the conditions[I0land [[4l Then we define the trace (829,E_)-n as an element
of D'(T") whose action on ¥ € C5°(T") is defined by

((ﬁzazE_)-n)[\If]::/ Vxa(VxE)+ S 0 (F0E)+VxVx~y(VxVxE)| &dr

R3 j€{z,y,z}

—/ a(VXE) (Vx®)— > FOE 0;®+7(VxVXE) (VxVx®)| dr
R3 j€{z,y,2}

+ (AVx VxE_)xn)[V x ®|r],

where ®(r) = (0,0, Un)T (the functions 7 is as above).
The reason for such a definition is as follows. If we plug into Eqn. @] the function ®(r) = (0,0, ¥n)T, the first
integral over I' vanishes, and the integral [ (nn"3%9.E) - ® ds becomes [((3?0.E)-n)¥ ds. Moreover, the integrals
r r

over R? exist not only for smooth E, but also when the properties expressed in conditions [0] and [[4] hold. Finally,
the integral [ ((7V x V x E) x n) - (V x ®) ds can be interpreted as the action of (YV x V x E) x non V x ®|r.
r

E. Traces arising in

To define the trace (V x E4) - n we use the equality

/((VXE+)-n)\IIds:—/(VXE)-(V\I!) dr, (46)

3
r R3.

which hold for all ¥ € C3°(R?) provided E € C° (@) The integral in the right-hand side of Eqn. d6] exists even for
less regular E. Namely, one needs only V x E € L (R%) (which is again fulfilled for generalized solutions of Eqn. [).

loc

This suggests to define (V x E4) - n as an element of D'(T") acting on ¥ € CF(T") as follows:
(V xEy) -n)[¥] = — /(v x E) - (VU) dr,
5
where W is function from Cee(R3) satisfying \TJ|F = V. Similarly, we define

(VX E_) -n)[¥] := /(v x E)- (V) dr.

R3

F. Traces arising in [Cg

Let E € L (R}) and V- E = 0 in D'(R3) (these conditions are fulfilled for generalized solutions of Eqn. [).

loc

Similarly to (V x E4) - n we define the trace E4 - n as an element of D'(R3) acting on ¥ € C3°(R?) as follows:

(Ey -n)[¥] = — /E -V dr,

3
RY
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where U is function from Cee(R3) satisfying \TJ|F =U.
And, finally, we examine the trace

W= |cE_+ > 0;(80E.)| -n+Vr-(5°0.E.).
Jj€{zy,z}

Assuming that E satisfies [[6 one has for each ¥ € C3°(R3):

F/W\IJ ds = F/((BZ(?ZE) 'mn) 0, ¥ dr

/v eE+ ) 9;(F9E) | Udr+ / eE-VU— > BIOE-0,VT | dr. (47)

je{z.y,2} R3 j€{z,y,2}

Equality B7 suggests the following definition: let E satisfies the regularity condition given in expressions [I0, [4] and
holds; we define the trace W as an element of D’(T") acting on ¥ € C5°(T") as follows:

W[\If]:z((ﬁzﬁzE)-n)[ﬁz\Tl]—i—/ cE-VU— Y BIgE-9;VU | dr,
R3 je{m,y,z}

where W is a function from C°(R3) satisfying W|p = U.

G. Interface conditions for non-smooth generalized solutions

Now, assume that E is a generalized solution of Eqn. @ This means that E satisfies expressions [I0} [[1] and, as a
result, conditions [T2HIH] hold, but the fulfilment of [I6] is not guaranteed, in general. Nevertheless, it is easy
to see that the interface conditions [C{HC4} [C5liCql still hold with traces being understood according to the above
definitions — as elements of D’(T") or D’(T).

Let us check this, for example, for condition [Col For the function ® = (®1, P2, P3) € C5°(T") we define the function

® by the formulaZIl One has (below we use the notation G, which is defined in B3):

2 2
o'mim/((vaXE)—i—zE>-<i>dr+/((V><V><E)—°s—(aE
82

R3

a(VxVxE)+ Y 6j(ﬁjajE)+VXVX’y(VXVXE)> & dr

j€{w,y,z}
((VXE+)><n)[<I>]—((V><E_)><n)[<I>]+C;—22G[<I>]+/(V><E)-(V><@)dr
RS
—“C’j/(aE ®+a(VxE) (Vx®) - Y FOE 0, +7(VxVxE). (VXVX@)dr
R3 Jj€{z,y,2}
iml| w?
= (VX E.) x0)[®] - (VX E-) x n) [#] + 5 G[2]

As we have shown in this section, the interface conditions as such are not affected by these considerations.

VII. CONCLUSIONS

In conclusions, we have been considering light propagation in metamaterials that are described at the effective
level with nonlocal constitutive relations. Nonlocal laws have also been considered in the past but their discussion
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was usually linked to a specific metamaterial geometry. Also, the interface problem has been solved by introducing
additional boundary conditions on phenomenological ground. Our contribution distinguishes itself that the nonlocal
constitutive relation we consider is a firm extrapolation from the previous understanding that applies to arbitrary
metamaterials. The dispersion relation of such metamaterials has been already discussed in the past; and here we
have equipped these dispersion relations with the necessary interface conditions.

These interface conditions are derived from first principles. They rely on the evaluation of a generalized formulation
of Maxwell’s equations in a small volume entailing the interface. We have been deriving four main interface conditions
and also formulated two alternative conditions. They do not introduce further information but basically look simpler.
This might be occasionally beneficial. For a single interface, the consideration of all interface conditions is necessary.
This might sound surprising but the nonlocal metamaterial sustains multiple plane waves as eigenmodes at each given
frequency. This is in contrast to a local medium where only a single plane wave is supported.

Besides the actual interface conditions, we also derived explicit expressions for the Fresnel equations that can
predict reflection and transmission from a slab upon illuminating it with a plane wave. We discuss both TE and TM
polarization. The Fresnel equations are documented in a convenient way and are expressed in matrix notation.

With this work, further research endeavours in the context of metamaterials are immediately possible where the
physics of such nonlocal metamaterials can be explored. It starts by developing suitable retrieval procedures and
the actual quantification of the nonlocality of the metamaterials. It can be extended by analysing basic optical
phenomena in the presence of metamaterials with a strong nonlocality and studying potential applications that rely
on such nonlocal metamaterials. Also, the development of suitable numerical tools to explore light propagation in
nonlocal metamaterials is an important and timely issue. Finally, based on the general formalism, other kinds of
nonlocal constitutive relations can be explored.

APPENDIX

In this appendix, we present a short overview on the concept of generalized functions. For more details we refer,
e.g. to Ref. 45.

Generalized functions

Let 2 be an open set in R” (in the paper, Q is either R3, R3, R3 or I'). Recall that C3°(2) denotes the space of

infinitely often differentiable functions ¥ : ) — C with compact support supp(¥) := {x : ¥(z) # 0} C Q. Note, that
in textbooks concerned with generalized functions this space is usually denoted by D(Q2), but we prefer the notation
C&°(£2) in order to avoid possible confusions with the electric displacement field D.

The space CZ(€2) can be equipped with a concept of convergence: a sequence { Uy }ren in C5°(€) is said to converge
to ¥ € CF(R) (T, — ¥ in C5°(NQ)) if there is a compact set K C Q containing the supports of all ¥y, and for each
multi-index « the sequence of partial derivatives {9, ¥} converges uniformly to 9,%.

A generalized function (or a distribution) on Q2 is a continuous linear functional F': C(2) — C, i.e., F assigns
to each function ¥ € C5°(92) a complex number F[¥] so that

] F(Cl\Ifl + CQ\IJQ) = ClF(\Ifl) + CQF(\IIQ) for all ¥, ¥y € CSO(Q), c1,co € C.
o klim F[¥] = F[¥] provided ¥y, — ¥ in CF ().
—00

The space of generalized functions on 2 is denoted by D’(Q).

Examples

Recall, that L] _(£2) is the set of locally integrable functions (i.e., the functions being Lebesgue integrable over every
compact subset of ). Any function f € L () yields a generalized function Fy acting on ¥ € C3°(2) by

loc

Fyl0) = [ f(a)¥() do. (48)

If F € D'(Q) is given by A8 for some f € L{ (Q), then F is called a regular generalized function.



19

Let f,g € LL _(Q). Then the associated regular generalized functions F;y and F coincide (i.e. Ff[V] = F,[V], V)
if and only if f and g are the same elements of L{ () (i.e., they are are equal almost everywhere).

In what follows we will use the same notation for a locally integrable function and for the associated regular
generalized function.

F € D'(Q) is called singular if it is not a regular generalized function. An example of a singular generalized

function is a Dirac delta-function §,, € D'() supported at zo € Q: its acts on ¥ € CF°(2) by 0z, [¥] := ¥(x0).

Operations on generalized function
Linear combination

Let F, € D’'(Q) and ¢, € C, k= 1,..., N. Then the generalized function F = Efgvzl e Fy acts on ¥ € C(2) by

FIU] =Y cp Fi[].
k=1

Differentiation

6‘11 aa2 60“1
Let F € C5°(Q2) and ¥ € CF(Q2). Let a = (ay,...q,) be a multindex and 9, := . be the

Ozt 0x5? ~ Oxp»

associated partial differential operator. Integration by parts gives

/(aaF)\If dz = (—1)l /F(@a\I/) dz, (49)

Q Q

where |a| = a1 + aa + - + .
Now, let F' € D'(€2). Equality 9 suggests to define 0, F as an element of D’(Q2) acting on ¥ € C5°(Q) by

(0, F)[¥] := (-1)l°IF[a,W].

As we see, in contrast to “classical” functions, generalized functions can be differentiated infinitely often. Of course,
if F is a regular generalized function, 0, F need not be regular, in general. For example, let H(z) be the Heaviside
step function on R being equal to 1 as ¢ > z and equal to 0 as z < xy. H(z) is not differentiable on R due to the
discontinuity at zo. But, since H € L] (R) we can regard it as a generalized function. It is easy to see that the
generalized derivative of H is 0.

1. Multiplication by a smooth function

Let f be an infinitely differentiable function on Q and F' € D’(§2). We define the product fF as an element of D’ (2)
acting on ¥ € C5°(Q) by

(fE) Y] := F[fT].
This definition is motivated by the commutativity of the product of scalar functions, namely

Q

Q

provided F € L ().
It is clear that the above definition fails if f is not smooth since the product f¥ is no longer in C3°(£2). On
the other hand if F' is a regular generalized function and f is locally bounded then the product is well-defined via

(fF)[¥] :=sz’f($)F($) V(z) da.
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Generalized vector-functions

Recall, that C5°(£2) stands for the space of infinitely differentiable vector-functions ® : Q — C3 with compact
support in . Then we define D’(£2) as the space of continuous linear functionals acting on C§°(2).

The definition of derivatives for D’(Q) is similar to the corresponding definition for D’(2) — it mimics partial
integration. In particular, for F € D’(Q2) one has V x F € D'(Q), V - F € D’(Q2), by the definitions

(V x F)[®] := F[V x ], (V-F)[¥]:=—F[VY].
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