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OPERATOR ESTIMATES FOR THE CRUSHED ICE PROBLEM

ANDRIT KHRABUSTOVSKYI AND OLAF POST

ABSTRACT. Let Ag, be the Dirichlet Laplacian in the domain Q¢ := Q\ (U;D;¢). Here
Q C R" and {D;¢}; is a family of tiny identical holes (“ice pieces”) distributed periodi-
cally in R” with period €. We denote by cap(D;,) the capacity of a single hole. It was
known for a long time that —Ag,_ converges to the operator —Ag + g in strong resolvent
sense provided the limit ¢ := lim,_ocap(Dj¢)€" exists and is finite. In the current con-
tribution we improve this result deriving estimates for the rate of convergence in terms
of operator norms. As an application, we establish the uniform convergence of the cor-
responding semi-groups and (for bounded ) an estimate for the difference of the k-th
eigenvalue of —Ag, and —Agq, +¢g. Our proofs relies on an abstract scheme for study-
ing the convergence of operators in varying Hilbert spaces developed previously by the
second author.

Keywords: crushed ice problem; homogenization; norm resolvent convergence; operator
estimates; varying Hilbert spaces

1. INTRODUCTION

In the current work we revisit one of the classical problems in homogenization theory —
homogenization of the Dirichlet Laplacian in a domain with a lot of tiny holes. It is also
known as crushed ice problem. Below, we briefly recall the setting of this problem and
the main result.

Let Q be an open domain in R” (n > 2) and {D;¢ }; be a family of small holes. The holes
are identical (up to a rigid motion) and are distributed evenly in Q along the €-periodic
cubic lattice — see Figure [Tl We set

Q. := 0\ (UDe).
i
The domain Q; is depicted in Figure [l More precise description of this domain will be
given in the next section.
In Q¢ we study the following problem:
—Aqus +ue = frgg,

where Ag, is the Dirichlet Laplacian in Q¢, f € () is a given function, f[q_ is the
restriction of f to Qg. The goal is to describe the behaviour of the solution u¢ to this
problem as € — 0.

It turns out that the result depends on the limit ¢ := limg_,gcap(D;¢)€~" being finite or
infinite (here cap(D;¢) is the capacity of a single hole, see (@) for details). Namely, if
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FIGURE 1. The domain Q. obtained from € by removing the obstacles
Dije. To avoid technical problems with the boundary of Q, the obstacles
are only placed into cells which lie entirely in Q.

q = oo then |[ug||L,q,) — 0 as € — 0. Otherwise, if g < oo, [Jue — u[|,(q,) — 0as € =0,
where u is the solution to the problem

—Aqu+qutu=f.

This result was proven independently by V.A. Marchenko, E.Ya. Khruslov (the
case g < ), J. Rauch, M. Taylor (the cases ¢ = 0 and ¢ = o) and D. Cioranescu,
F. Murat [CM82]| (all scenario) by using different methods — potential theory, probabilis-
tic methods and a variational approach, respectively. J. Rauch and M. Taylor also treated
the case of randomly distributed holes under assumptions resembling the case ¢ > 0 in a
deterministic case (the pioneer result in this direction was obtained by M. Kac in [Kac74]],
who investigated the case of uniformly distributed holes). For more details we refer also

to [Cha84./CPS07, MK74,MK06,R75.[S79].

Note, that this result remains valid if on the external boundary (i.e. on dQ\ (|J; dDj¢)) one
imposes Neumann, Robin, mixed or any other &-independent boundary conditions (then
—Ag is the Laplace operator subject to these conditions on dQ).

Besides the resolvent convergence one can also study the convergence of spectrum or the
convergence of the semi-group exp(Ag,?). In the later case the name crushed ice problem

is indeed reasonableEl.
In what follows, we focus on the case g < ce.

In the language of operator theory one can reformulate the above result as follows: the
operator —Aq, converges to the operator —Agq + ¢ in strong resolvent sense. Strictly
speaking, we are not able to treat the classical resolvent convergence (since the underlying
operators act in different Hilbert spaces), but we have its natural analogue for varying
domains with Q. C Q:

VFEL(Q): [[(—Aq, +1) Vef —Je(—Aa+q+1) " flliy) — 0ase =0, (1)
where Je f 1= flq, .

1L et us assume that Q is an isolated container occupied by a homogeneous medium, while the sets D;¢
are regarded as a small pieces of ice. Under a certain idealization (the ice pieces do not melt and move) the
heat distribution in Q, at time ¢ > 0 is described by the function exp(Aq,)uo, where Ag, is the Laplace
operator subject to Dirichlet conditions on the boundary of the ice pieces and Neumann conditions on dQ
(since the container is isolated), ug is the heat distribution at ¢ = 0.
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In the recent preprint the authors improved () by proving (a kind of) norm
resolvent convergence, namely

17e(=Ag, +1) " = (=Aa+q+1) Tl 2 (s (00) La)) — 0 as € =0, (2)

where J;: Lo(Q¢) — L2(Q) is the operator of extension by zero. The authors assumed
that D¢ are balls, distributed €-periodically in . For bounded € their proof resembles
the variational approach developed in [CM82]], for unbounded Q they also utilize a rapid
decay of the Green’s function of —A+1.

In the current work we extend the result of [DCR17]] providing an estimate for the rate
of convergence in (@) (see Theorem 2.3 below). We also improve () (see Theorem 2.3))
deriving the operator estimate

I(—Aq, +1) Ve —=Je(—Aa+q+D) | 21,9 L(00)) < 40,

where 8 = |¢ —limg_gcap(De)e™"| + ¥ with % = o(1) depending on the dimension n
(for the “physical” cases n =2 and n = 3 one has ¥, = 0(eln¢g) and ¥, = O(€), respec-
tively).

As a consequence of our main results, we establish uniform convergence of the corre-
sponding semi-groups and (for bounded Q) an estimate for the difference between the
k-th eigenvalue of —Aq, and —Aq + g — see Theorems 2.6H2.7

Let us stress that in all our results (except Theorem[2.7)) we do not assume that the domain
Q is bounded.

Our proofs are based on the abstract scheme for studying the convergence of operators in
varying Hilbert spaces which was developed by the second author of the present article
in [P06]] and in more detail in the monograph [P12]].

Before proceeding to the main part of the work let us mention several related results:

e Some estimates for the rate of convergence in (Il) were obtained in [[CPSQO7, §16].
Namely, assuming that n = 3, Q is bounded, D;¢ are balls of radius €3 (that is
cap(D;e)e™3 = 4 = q) distributed e-periodically, and the function f belongs to
the Holder class C%%(Q), the authors derived the estimates

I(=A, + 1)~ e f —Je(—Aa+q+D) ' flly e, < Cellfllcoaig)-
I(=Aa, +1) e f —Je@e(—Da+q+1) " fllni(a,) < Cellfllcoam),

where @; is the operator of multiplication by a certain cut-off function.

e One can also study a surface distribution of holes, i.e. holes being located near
some hypersurface I" intersecting Q. This problem was considered in [MK64];
it was proved that the limit operator is —Ag + gOr. Here g € Lo(T) is a posi-
tive function, and Or is a delta-distribution supported on I'. For the case n = 2,
the norm resolvent convergence with estimates on the rate of convergence were
obtained in [BCDI16]]. Note that the method we use in the current work allows
to treat the surface distribution of holes as well. Nevertheless, to simplify the
presentation, we focus on the bulk distribution of holes only.

e Operator estimates in homogenization theory is a rather young topic. The classical
homogenization problem concerning elliptic operators of the form

o = —div (A (E> V) ,where A(-) is a Z"-periodic function,
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was treated in [BS03lGr04,[Zh05a,[ZhP03]|. For more results we refer to the pa-
per containing a comprehensive overview on operator estimates in ho-
mogenization theory. We also emphasize the paper [Zh05b], where the perturba-
tion is defined by rescaling an abstract periodic measure. The technique developed
in can be applied for deriving operator estimates is the case of periodi-
cally perforated domains provided the sizes of holes and distances between them
are of the same smallness order (evidently, this does not hold for the problem we
study in the current paper).

e In we treat (possibly non-compact) manifolds with an increasing (even
infinite) number of balls removed (similarly as in [RT75l]), and show operator
estimates using similar methods as in this article.

Acknowledgements. A.K. gratefully acknowledges financial support by the Deutsche
Forschungsgemeinschaft (DFG) through CRC 1173 “Wave phenomena: analysis and nu-
merics”.

2. SETTING OF THE PROBLEM AND MAIN RESULTS
Let n > 2 and let Q C R” be a domain (not necessarily bounded) with C2-boundary 9Q.
We denote by v: dQ — S"~! the unit inward-pointing normal vector field on 9.
Additionally, we assume that there exists a constant g > 0 such that the map
(x,1) = x+1v(x) 3)

is injective on dQ x [0, 0] provided 6 < 6g. We note, that all the results remain valid
under less restrictive assumptions on dQ, see Remark [4.§ below.

In what follows we denote by C, C; etc. generic constants depending only on the dimen-
sion n.

We set [ := (—1/2,1/2)".

D¢ | }33
E = l ng \
P : B(Dj&‘)
Uie Uje

FIGURE 2. Two scaled cells [;e and [J;e and possible positions of the
obstacles D;e and D¢ (white). The smallest ball B(D;¢) (dashed circle)
containing the obstacle D;¢ has security distance k€ from the boundary of
Olie, i.e., it should stay inside the dotted cube of side length (1 —2x)e.
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Now we describe a family of holes in Q (see Figure 2)). Let D, be a Lipschitz domain in
R" depending on a small parameter € > 0. We denote by d, the radius of the smallest ball
containing D¢. It is assumed that

(de)" > <Ce" asn>3, |Inde| ' <Ce* asn=2, or )
Cy e (n=2) asn > 3,
~ |exp(—1/(Ce?)), asn=2

(hence, in particular, de = o(€)). For i € Z", let Dj; be a set enjoying the following
properties:

Di¢ coinsides with D¢ up to a rigid motion,
B(Dj¢) C Oie :=€(0+1),
dist(B(Dig),aDig) > k& for some kK > 0, (5)
where B(D;¢) is the smallest ball containing D, (the radius of this ball is d¢).

Finally, we set

Qg:=Q\<UD_ig>,

i€ Y
where

]g::{l‘ezn: DZECQ},

i.e. the set of those indices for which the rescaled unit cell [;; is entirely in Q (with
positive distance to dQ). The domain Q. is depicted in Figure [Tl

By o7 we denote the Dirichlet Laplacian on Q, i.e. the operator acting in the Hilbert
space L, (Q¢) associated with the closed densely defined positive sesquilinear form

aglu,v] := A Vu-Vidx, dom(ag) := H}(Qe).

Our goal is to describe the behaviour of the resolvent (% +1)~! as € — 0 under the
assumption that the following limit exists and is finite:

. cap(Dg)
= l m—
4 81%0 en ©

where cap(Dg) is the capacity of the set D,. Recall (see, e.g., ), that for n > 3 the
capacity of a set D C R" is defined via

cap(D) = [ [VH(x)Pdx. 9
where H is a solution to the problem
AH(x)=0, x€R"\D,
H(x)=1, x€dD, (8)
H(x) =0, |x| — co.
One has also the following variational characterization of the capacity, namely

cap(D) = min /R Vu(o)2dx, ©)

where the minimum is taken over u € Ci(R") being equal to 1 on a neighbourhood of D.
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For n = 2 the right-hand-side of (9)) is zero for an arbitrary domain D, hence we need a
modified definition. It is as follows:

cap(D) = | |VH(x)dx. (10)

where Bj is the unit ball concentric with B(D) — the smallest ball containing D (here we
assume that the set D is small enough so that D C B(D) C By), H solves the problem
AH(x) =0, x€B;\D,
H(x)=1, xe€dD, (11)
H(x)=0, x€dB.

Further, proving the main results, we will use the following pointwice estimates for the
functions H at some positive distance from B(D), see [MKO06, Lemma 2.4].

Lemma 2.1. Let x € R"\ B(D). We denote by p(x) the distance from x to B(D), and by d
the radius of B(D). One has:

C-d"? C-d"?
|H(x)|§W, WH(X)\SW asn >3,

C|Ind|™! . C|Ind|! e —
|H(x)|§7|lnp(x>|_]7 |VH( ”Sip(x) =2

provided p(x) > Cod as n >3 or p(x) > exp (—Cos/|1nd|> asn >3, for some Cy > 0.

Remark 2.2. Due to (6)) one has

cap(De)e " =0O(1). (12)
In fact, this condition also follows directly from ). Indeed, using the monotonicity of
the capacity, we get cap(D¢) < cap(Bg), where Bg is ball of radius d¢ containing Dg. For
this ball the function H can be computed explicitly:

n—2 1
(de) asn>3, Hx)= II?CZ

hence cap(Bg) = (n—2)|S" !|(d¢)"* % as n > 3 and cap(Be) = 27|Inde| ™! as n = 2,
hence, due to @), we get (I2).

asn =2,

Finally, we introduce the limiting operator <. It acts in L(Q) and is associated with the
form

afu,v) ::/ (Vu-Vi+quv) dx, dom(a) := H}(Q).
Q
Since dQ is C2-smooth one has dom(/) = H?(Q) NH}(Q) and &/u = —Au+ qu.

The operators % and .o/ act in different Hilbert spaces, namely 77 := L, (Q¢) and 77 :=
L,(Q), respectively. Therefore we are not able to apply the usual notion of resolvent
convergence and thus a suitable modification is needed. There are many ways how to do
this in a “smart” way. For example (cf. [IOS89,[Vai03])), one can treat the behaviour of
the operator

(Fe+1) e —Je( +1)' € L(A, ),
where Jg : S — I is a suitable bounded linear operator satisfying

VfeH: Vefll — Ifllrase—0. (13)
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It is natural to choose the operator J; as the operator of restriction to Q, i.e.

f()C), RS QS?
(Jef)(x) = 0, X E U Die. (14)
i€
Due to () one has for each compact set K C R”
Z |Die| < ate|K|, ae = o(1) does not depend on K, (15)
lDlgCK

where |K| stands for the Lebesgue measure of K. Hence, evidently, (I3) holds. The results
of [CM82|[MK64|[RT75]] can be reformulated as follows:

vfe: lim||(h+D)"ef —Je(/ +1)7 || =0,
i.e. one has a kind of strong resolvent convergence.
Now, we can state our main result.

Theorem 2.3. One has
(e +1)" e —Je(f +1)7" |2,y < 40,
where & is defined by

(€]Ing], n=2,
g, n=3
8 = [cap(De)e " —ql+Cqrxp - (16)
P "B B>o, n=4,
\max{e;dgs’l}, n>>3,

and the constant Cq, i g depends on the domain Q, the relative distance K of the obstacles
from the period cell boundary (see @), and, in the case n =4, on .

Remark 2.4. Via the same arguments as in Remark 2.2 one gets (dg)" 2™ >C >0
provided ¢ > 0, hence, using the definition of ¢, we obtain

g>0,n>5: & =|cap(De)e ™" —q|+Co &Y.

Let J..: #; — S be the operator of extension by zero:

u(x), xe€Qg,
(Jew(®) =50,  xe | De. a7
i€

Then the main result of [DCR17]] is equivalent to
|Je( e +1)7" - (;z%-i—l)*ngHg(%%) —0, e 0.
The next theorem gives an improvement of this statement.

Theorem 2.5. One has

Ve (e + D" = (o + 1)V || iy < 68,
where O is defined in (16). Moreover,
Ve (e +1) e — (o + D)7 | 4y < 98,

(e +1)"! —Jg(ﬁ+1)*11gyy$(%%) < 136;.
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One important applications of the norm resolvent convergence is the uniform convergence
of semi-groups generated by <% and </. Namely, we can approximate exp(—Zt) in
terms of simpler operators exp(—</t), J and J,:

Theorem 2.6. One has for each t > 0:

Hexp(—%t) — Jeexp(— < ¢ 0,

/
INIel| .2)
where O is defined in (16), and the constant ¢, depends only on t.

Another important application is the Hausdorff convergence of spectra, see [DCR17]).
Using Theorem we are able to extend this result by obtaining an estimate for the dif-
ference between the corresponding eigenvalues. Namely, let the domain €2 be bounded.
We denote by {2y ¢ }ren and {24 }ren the sequences of the eigenvalues of o7 and 7, re-
spectively, arranged in the ascending order and repeated according to their multiplicities.

Theorem 2.7. For each k € N one has
hm)tkg = ),k, (18)
e—0 7
moreover
|7Lk,e—)~k| §4C8()“k,8+1)()“k+1>587 (19)
where O is defined in (1)), and |C¢| < C, limg_,oCe = 1.

In the next section we introduce an abstract scheme, which then will be applied for the
proof of the above theorems.

3. ABSTRACT FRAMEWORK

In this section we present an abstract scheme for studying the convergence of operators
in varying Hilbert spaces. It was developed by the second author of the present article
in [PO6]] and in more detail in the monograph [P12]] (see also the later work [MNP13]],
where non-self-adjoint operators were treated).

Let 27 and JZ; be two separable Hilbert spaces. Note, that within this section .77 is
just a notation for some Hilbert space, which (in general) differs from the space .77, i.e.
the sub-index € does not mean that this space depends on a small parameter. Of course,
further we will use the results of this section for e-dependent space .77 = L2(Qe¢).

Let a and a¢ be closed, densely defined, non-negative sesquilinear forms in .7#” and 7%,
respectively. We denote by o7 and .o7; the non-negative, self-adjoint operators associated
with a and ag, respectively.

Associated with the operator .7, we can introduce a natural scale of Hilbert spaces H*
defined via the abstract Sobolev norm:

A =dom /%, | fll e = || fllk = 1 + D] e

In particular, we have J#° = 2 with || f||,y0 = || flle» 2 = dom(a) with ||f]| ,p1 =
(alfs f1+ 11 £1I5)'72, and 2 = dom(e7) with || f] 2 = || f + f -

Similarly, we denote by .7 the scale of Hilbert spaces associated with .Z;. The corre-
sponding norms will be denoted by | - [ .
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We now need pairs of so-called identification or transplantation operators acting on the
Hilbert spaces and later also pairs of identification operators acting on the form domains.

Definition 3.1 ((see App.] or Ch. 4])). Let 6 > 0 and k € N. Moreover, let
Je: H — A and J..: s — A be linear bounded operators. In addition, let J! : 7' —
AV and JY: A — 1 be linear bounded operators on the form domains. We say that
(A ,a) and (3, a¢) are Se-close of order k with respect to the operators Jg, Jb, J1, JY,
if the following conditions hold:

e f =T flloz < 8ellFll e, Vf € 27, (Cra)

pu —J3'ull s < Sellull o, Vu € A, (Cip)

|\Uef ) st — (f s Jew) | < Sell fll e ull o, Y € 5 ,u € A, (C2)
[efll e < (148 f e, Vf € 2, (C3a)

[ Teull s < (1+ &) |lull sz, Yu € A, (Cap)

| f = Tedefll e < Sellfll o, Vf € 27, (Caa)
lu—JeTgull sz < 8ellull 1, Vu € A, (Cap)

lae(Je fou) —alf, T w)| < Sell fll spullull 1,V € 7 u e A (Cs)

Remark 3.2. For d; = 0 the definition above implies that the operators <7 and <7 are
unitary equivalent. Indeed, (C;)—(Cypy) assure that the operator Jg is unitary with the
inverse J%; due to (Cp)—(Cy) J and J!' are the restrictions of Je and J! onto dom(a) and
dom(ag), respectively. Hence, in view of (Cs)), Je realises the unitary equivalence of .o
and .

Now, we present the main implications of the definition of d¢-closeness.
Theorem 3.3 ( [P06, Th. A.5]). One has

provided conditions (Crg), (Cp), (C2)), and (Cs) hold with k < 2.

Remark 3.4. Let o7, (¢ > 0), o/ be non-negative self-adjoint operators in the same Hilbert
space ¢, and let az and a be the corresponding sesquilinear forms. We assume that
dom(ag) = dom(a) and

Ja(f, 1) = a(f,u)| < &e\/alf, f1+ [ flloe v/ aelu,u] + |lull ¢, Vf,u € dom(a),  (20)

where 0 — 0 as € — 0. Due to 20) (7, a) and (7, a;) are Og-close of order 1 with
respect to the identity maps Jg,J. (on #) and J},J}' (on dom(a)). Then by Theorem 3.3

(A +1)7 = (o7 +1

) gy — 0 1)

In fact, it would suffice for @21) if (2Q) is satisfied whenever f = u, see Theorem VI.3.6
in T. Kato’s monograph [Kat66l]. In this sense, Theorem [3.3] can be regarded as a gener-
alization of this classical result to the setting of varying spaces.

Theorem 3.5 ( Th. A.8]). Let U C R, be an open set containing either 6 (<) or
(). Let y: Ry — C be a bounded measurable function, continuous on U and such
that the limit limy _,, w(A) exists.
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Then there exists My (0) > 0 with Ny (6) — 0 as 8 — 0 such that
W (e)Je =IeW (A )| 2 (0,2) < N (Oe) (22)
for all pairs (. a) and (A, ag), which are 8g-close of order k < 2.

Remark 3.6. The important example of the function y satisfying the requirements of the
above theorem is Y(A) = exp(—At), t > 0 is a parameter. Another important example
is the function Y = 14 g) — the characteristic function of the interval (e, ) with &, ¢
o(<) or o, ¢ o(o%). In this case Theorem gives the closeness of the spectral
projections.

Theorem 3.7 ( [P06, Th. A.10]). Let for some function y the estimate 22) be valid. Then
}}Jé‘l’(«%) - ‘I’(%)JQHX(%,%) < Ny (0e) +2/| Y|,
e v (Fe)e = W(A )| 4 ey < Cure +21y(8e),
[w(e) —Jew (el 4 sy < SCue + 21y (8)

provided (Co)—(Capl) hold true. Here 1y (0¢) comes from @), | - || stands for the Le-
norm, and Cy, is a constant satisfying [y(A)| < Cy(1+ l)_% forall A > 0.

For y(1) = (1+A)~! one has 1y (&) = 48 (see Theorem33), Cy, = 1, and hence we
immediately get the following corollary from Theorem [3.71

Corollary 3.8. One has

Ve (e + D" = (o + 1)V || iy < 68,
[V (e + D)™ — (o +D 7| 4 ) < 98,
(e + D" —Je( +1) Ve || 4y < 136

provided (7€ ,a) and (g, ag) are Og-close of order k < 2.

For “good enough” functions the last statement of Theorem [3.7] can be improved. Evi-
dently the function y(A) = exp(—At) (r > 0) satisfies the requirements of the theorem
below.

Theorem 3.9 ( Th. 3.7P). Let Lo :={z € C: |arg(z+1)| < O} with ® € (0, )
and y : £g — C be a holomorphic function satisfying W(z) = O(|z| ™) for some > 1.
Let (,a) and (Hz,a¢) be Og-close of order k < 2. Then

|w( %) — Jew()J, Hiﬂ% ) S ey, (23)
where ¢y is a constant depending on .

Remark 3.10. In fact, (23) is valid even for less regular functions. For instance, it holds
for y =1(4 g asin Remark [3.6] see Sec. 4.5, Cor. 4.5.15].

The last result concerns the convergence of spectra in general. For two compact sets
X,Y C R we denote by disty(X,Y) the Hausdorff distance between these sets, i.e.

disty(X,Y) = max{sup dist(x,Y); sup dist(y,X)},
yeyY

xeX

2Actually, @23)) is proven in [MNP13| Th. 3.7] only for the case k = 1. For k = 2 the proof is repeated
word-by-word since it relies only on the last estimate in Corollary 3.8
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where dist(x,Y) = inf,cy |x —y|.
Remark 3.11. Let {X; C R}, be a family of compact domains and
disty (X¢,X) > 0ase —0 (24)
for some compact domain X C R. It is easy to prove (see, e.g., Proposition A.1.6])
that (24) holds iff the following two conditions are fulfilled:

(i) Let Ao € R\ X. Then there exists d > O such that X N{A : |[A —A| <d} = 2.
(ii) Let Ay € X. Then there exists a family {A¢ }¢ with A¢ € X such that limg_,oAe =

.

Theorem 3.12 ( [PO6, Th. A.13]). There exists n(0) > 0 with n(6) — 0 as & — 0 such
that

1 1
dist , <n(é
(e Trema) <109
for all pairs (7€, a) and (¢, ae) which are 8¢-close of some order k € N.

4. PROOF OF THE MAIN RESULTS

For an open subset M C R" (M # 0) we denote by (f) the mean value of f over M, i.e.

1
(=g IZ F(x)dx.

Recall that .77 and .77 stand for the spaces L,(Q¢) and L,(Q), respectively; a. and a are
the sesqulilinear forms associated with the operators .7 and .27. Also, recall that 77!
(respectively, 1) is a Hilbert space of functions from dom(a,) (respectively, dom(a))
equipped with the scalar product (u,v) .1 = aglu,v] + (u,v) »; (respectively, (u,v) 1 =
alu,v] + (u,v) ).

Our goal is to show that (77, a) and (.7, ag) are Og-close of order k = 2 with respect to
the operators Jg: J# — % defined in (I4), J,.: 7 — A defined in (I7) and suitable
operators J : 1 — 1, .. A — 1. Then Theorem 23 follows immediately from
Theorem [3.3] Theorem follows from Corollary [3.8] and Theorem follows from
Theorem The proof of Theorem 2.7 needs an additional step. For convenience, we
postpone it to the end of this section.

We define the operator J./ being equal to J. on .77, Thus the only non-obvious definition

is the one of Jé as we have to assure that Jéfruie]gl)ie =0.
We define
Jéf = f— Z Pief_ Z Qi&‘f
i€ S, i€
with

(Pief)(x) := (f(x) - fis)%is (x) and (Qef)(x) := ﬁsHie(x)jC\ie (x)
Here (see also Figure3)

o fi&‘ = <f>Dis’
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FIGURE 3. The two cut-off functions ¥;e and ;e with decay on the scale
de and €, respectively. On the left, there is the cut-off function )¢, which
is 1 inside the small ball B(D;¢) (light gray) with radius d, and 0 outside
the larger ball around x;e with radius 2d¢ (n > 3) resp. ez (n=2).

On the right, there is the cut-off function Jje, which is 1 inside the light
gray ball of radius kK€ /2 +d,, and 0 on the dark gray area outside the larger
ball of radius K€ + d¢. Both cut-off functions have support in [je.

e x;c denotes the center of the smallest ball B(Dj¢) containing the set D¢ (recall that
this ball has radius dp),

e forn > 3:
X —X;
ret) =2 (45

where ¥ € C*(R) is a smooth cut-off function such that |y (¢)| < I and

x(t)=1last<1land x(t) =0ast>2,

e forn=2:
1 as |x —xie| < dg,
In|x —xje| —21ne
Xie () = ‘lndg f|21n8 as |x —xie| € (de, %),
0 as |x —xje| > €2,

e CLEC=ET))

e for n > 3: Hj is the solution to the problem

AHig(x) =0, x€R"\ D,
Hl'g(.x) — 1, X G aDl’g,
Hig(x) =0,  |x| = o0
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e for n = 2: Hj is the solution to the problem

AHie(x) =0, x € Bj(xie) \ Die,
H; (X):l, XeaDig,
H; (x) =0, X € dB; (.xig),

Bj (xie) is the unit ball centered at x;¢,

extended by 0 to R" \ By (x;e).

Note, that the function H¢ is defined on R” \ D;¢ (resp. By (xie) \ Dje if n = 2). We extend
it onto D¢ by 1 (and onto R"\ By (x;¢ ) by 0 if n = 2), keeping the same notation H;e. Note
also that ||VH;e ||ﬁ2 (Rn) = €8P (Dj¢) by the definition of capacity in (Z) and (10).

We set Yie := Uie \ Die. It is easy to see that

Peflp, = flp, — fie:  Qieflp, = fie, supp(Pief) CUie, supp(Qief) C Lie

(the inclusions are valid for de < k&, which holds true for small enough € in view of @)).
Consequently J} f € H(Qe).

Now, we are in position to start the proof of (C;,)—(Cs).

At first, we note that conditions (Cpp)), (C), (Cap) hold with 6 = 0, following from
the definitions of the operators Jg, J% and J'. Also, obviously, for each f € L,(Q) and
u € Ly(Q¢) we have

IefllL @) < 1fllb@)y  IMeulli@) =l @)

and therefore conditions (Czg)—(Cap)) are valid as well with ¢ = 0. Thus, it remains to
check the non-trivial conditions (Cpg)), (Cag)) and (Cs).

The following Friedrichs- and Poincare-type inequalities will be frequently used further.

Lemma 4.1. One has
LAS H(l)( lE) : ||v||Ez D,‘g S 82” VHﬁz D,‘S ? (25)
; - (Die) C (Die)
v E Hl( lE) : ||V <V>Di£||iz D,‘g S 82” V||E2 D[g N (26)
; - (Tie) C (Die)

Proof. By the min-max principle

IVallg,
A}Q:mm{ 20 e HY (D) \ {0} §

— 20,
HMHLZ(Dis)
IVallE, o
AN = min{ ——20 .y e 4 @)\ {0}, [ u(x)dx=0},
[Ju]
Lo(Tie) Clie

where AD (respectively, AY) is the first (respectively, the second) eigenvalue of the Dirich-
let (respectively, the Neumann) Laplacian on [;¢. Straightforward calculations gives

wen(z) 2=(3)

hence we easily get the required inequalities (23)—(26). O
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4.1. Proof of (Cp). Let f € L,(Q). We have
ef 312 <2 X (1Pef Ry + 10 c0))- e

i€ Y

Using (26) and taking into account that | ;e (x)| < 1, we obtain:
Z ”PisfHﬁz(Die) = Z Hf—fie”iz(ﬂis) <ce? Z ”Vf”iz(mis) chsz”Z%l' (28)

i€ i€ €9
—1 —1

Using (23)) and taking into account that |¥e| < 1, | x| <Cxk and Xie [ p,, = Hie[p,, =

1 we obtain:
Y Qs Ity o) < Y fielPllZieHiel2y o) < CE* Y. fie P IV (RieHie)IIE v,
i€ Y i€ Y i€ Y
<Cie® Y |fiel® (||VH18||L2 (re) TK ’e 2||H18||L2 (supp( Vm))) - (29
€9
From (6) and the definition of H;. we obtain the estimate
”VHis”Ez(Ym) < HVHieH%Z(R") = cap(Dje) < Ce". (30)
Using Lemma 2.1} we obtain
2, n>3,
|Hie(x)| < C1ty(de)/T0(€), where 1,(r):= O
|Inr|™", n=2,

for x € supp(Vie) C{x € R": d¢ + x€/2 < |x —xie| < d¢ + x€}. Hence, taking into ac-
count that 7, (d;) < Ce" (see @), we deduce the asymptotics

1Hie 1, (qupp(v0)) = (") (31)
Finally, applying the Cauchy-Schwarz inequality, one gets
el < e 112,00 (32)
Combining 29)—[32) we arrive at
Y 1ef I, e, < eI/ (33)
i€

Here and in what follows by Cx we denote a generic constant depending on x and n.

From 27)), 28)), (33)) we obtain
[Vef =Jefllm < Cxellflm < Sell flle,
where O is defined in (I@). Therefore, we have checked Condition (Cj).

4.2. Proof of (Csz). We need the following lemma, which was proven in [MKO06, Lem. 4.9
and Rem. 4.2)].

Lemma 4.2. Let D C R" be a bounded convex domain, and let D1,D, C D be measurable
subsets with |D;| # 0. Then

2\D1| (diam(D))™!|Dy|'/"
2

for all v € H'(D), where C depends only on the dimension n.
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Let f € Ly(Q). Applying Lemmal.2l with v := f and D := Oj¢, Dy := Dje, Dy := Ui we
obtain

, dg n n+1d8
If=ddeflle = ¥ 10, <€ 2(@) 1100 + IV, )

le]g le]g
dg " 2

It is straightforward to show, using ) and the definition of & in (L6, that

d n
<f) +ede < Ce? < C(8;)?

and thus condition (Cggl) is also valid.

4.3. Proof of the form estimate (Cs)). We will show that (Cs)) holds with k = 2.

Recall that 57 is a Hilbert space consisting of functions from dom(.«7) = H?(Q) NH}(Q)
with scalar product (f,g) 2 == (L f+ f, g+ g) -

Since dQ is C2-smooth, we can apply standard elliptic regularity theory (see, e.g., [GT77]):
namely, the .7#2-norm is equivalent to the H?(Q)-norm, i.e. there is Cq > 0 such that for
each f € dom(%/) we have

1flh2 (@) < Call /|- (34)

Note, that this is the only estimate in our proof in which the constant depends on the
domain Q. This results to Q-dependence of the constant standing in the definition of J;.

Let f € dom(«), u € H}(Q¢). One has:
jaefw, Je ]~ alJgu, £]]

Z (Vl/l, VPzEf) Lo (Yie)

i€ Y

+1 Y. (Vi, VOie f)Lyvie) + () (00

€9

= /8,1 + /&‘,2-

4.3.1. Estimates for J¢ 1. One has, taking into account that | ;e (x)| < I:

_|_

Fea1 < Z (Vuvxifvf)l-z(supp(%is))

i€ Y

s||Vu||L2<QE><(.€Zj ||Vf||%2<supp<xle) (egll — fie)Vitie |12, v, )) (35)

Y (Vi (f = fie) Vlie) Ly (supp(xe))
i€ S

B—

Applying Lemmal.2 with v:= 9, f, D := e, D1 := supp(Yie) and D := [;¢, and taking
into account (@) and (34) we obtain the estimates:

d n
0225 LIV R amotaey (%) +ede) 17y < el

1 £ 82 2 (36)
n=2: 3 HVfH%Z(SUPp(Xie)) =¢ ((?) +8‘82> Hin'z(Q) < Ce*| £

i€
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Now, we estimate the second term in (33)). One has the following Holder-type inequality:
I 1 1
Vp,q € [ieel, ot o= s 1 = fie) Vitie o) < IS = fiell ) | Vel ) B7)
(for p = oo we use a convention p~! = 0). Indeed, the classical Holder inequality states
that [|[FGI|,(v,) < IFllL, ) |Gl (ve) Provided p,q € [1,0], p~' +q " = 1. Setting
P:=p/2,q:=q/2, F :=|f— fie|*. G := |Vyie|> we easily arrive at (37).
One needs the following re-scaled Sobolev inequality.

Lemma 4.3. For each f € H>(O;e)

1 = fiellLy@e) < e PR ey (38)
provided p satisfies

2<p<

2

"4 as n>5, 2<p<oew asn—=4, p—oo as n=2,3.  (39)
The constant Cp, depends only on p.
Proof. Recall that 0 = (—1/2,1/2)". Since H*(O) < L,(0J) provided (39) holds (see,
e.g., Theorem 5.4]) one has for each g € H?(CJ):
181l @) < Coliglle o) (40)

Now, making the change of variables (] 3 x = ye~! — i with y € ;¢ in @Q), we infer
from @Q): for each g € H?(;e)

_ B B L 1/2
e lgll, o) < Co (e N8l 0 + €2 IVE I o+ X 13RI )
A=

k=1
41)
Finally, we set g := f — f;c. Then, due to (26), the estimate (4I]) becomes
- L 1/2
I =Sl < Coe? (€19 67" X 1RSI )
<GP PR flip ) O

We also need the estimate for )¢, which is proved via a straightforward calculations.
Lemma 4.4. One has
IV iellL,ve) < C(de)/97", n>3, g€ 2,0,

(42)
IVtiellLy(v) < ClInde| 7'/, n=2.

Now, we choose the largest p for which (39) holds:

2
”4 asn>5, pi=4B 'withBe(0,2) asn=4, p=coasn=23. (43)

p =
As before

g= (l—l)_]. (44)
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Plugging the estimates (38) and (@2)) into (37)) and taking into account ), @3)-@4) we
arrive easily at
1/2
n>5: (L0 Vil ) <C Elflea

i€,

n=4: (ZH(f fie) Vil v,

)
)
) s
)

1/2 B
<%(8)!WWQS%éﬂmm@

1/2
32 (T fevaelym) <0 (%) 1o < Celfla
i€ n

1
20 (LI~ fe)Viatielyy) < Clindel 2 fllvea < Cell ey

€ ﬂg
(45)

Combining (36) and @3) and taking into account (34) and the definition of &, we get the
estimate

Hea < Oellull o | £l 2 (46)
4.3.2. Estimates for #¢>. One has

47)

Fer =Y fie(Vu, V(Hielie)) y(ve) + 0, £ (00)

i€ Y

Besides (@) (or (IO) for n = 2) there is another equivalent characterization of the capacity.

Lemma 4.5. Let D C R", and let H be the solution of either (8) if n > 3 or (L)) if n = 2.
Then
JH
p)=— [ 4 48
cap(D) =~ [ W as, @)

daD

where V is the outward-pointing unit normal to dD, ds is the area measure on dD.

Proof. For n =2 the result follows from

——ds= —Hds_ / |VH|?dx
daD aD Bi\D

Here the first equality is due to H[;p = 1, while the second one is the Green formula,
in which the surface integral over dB; vanishes since H [, = 0, and the second volume
integral vanishes since AH = 0.

For n > 3 we proceed as follows. Let Bg be the ball of radius R > 1 being concentric with
the smallest ball containing D. One has:

/—ds—/—Hds— / VH[? dy— /—Hds (49)
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(in the last integral v is the inward-pointing unit normal to dBg). Lemma[2.Ilimplies the
estimate

JoH C
| ot < s (50)
Bg
Passing to the limit R — oo in (49) and taking into account (Z) and (30) we arrive at the
required equality (48)). The lemma is proved. O

Denote uje 1= (Jpu)r,,. Integrating by parts and using (@8) we get
Z fiS(VuaV(HiefCie))Lz(ne)

i€ S
==Y fie(u, A(HieXie))Ly(v) = — Y, fiettie (1, A(HieXie) )Ly (v,e) + Ce
i€ Y i€ Y
aHis
= Z figUie / 9 ds+ e = — Z fiewig cap(De) + Ce, (51)

€9 v i€,

aDis
where {e = Yic 4, fie(uie —u, A(HieXie) )L, (v,)- Here we have used the facts that J;e van-
ishes on {x € Yie : |x —x;e| > de + €K} with all its derivatives, u[yp. = 0, and Xie(x) =1
in a neighbourhood of Dje.

The remainder term { is small; namely the following estimate holds:
Lemma 4.6. One has:
ellVullL, o) I f1lLy @) n>3,

| el SCK-{ (52)
e[nel||[VullL, )l fllL @), n=2.

Proof. At first we consider the case n > 3. Since AH; = 0 we have
A(HieXie) = 2VHie - Ve + HieAJe,
supp(A(HieXie)) C {x € Yie : de +K€/2 < |x —xie| < d¢ + K€},
hence, due to Lemma 2.1l @) and |V¥ie(x)| < Cx e, |[A%ie(x)| < Ck 272, we get

- de)"2 1 (de)"? 1
[(A(HigXie)) (x)| < C <( Sn)—l ke + (£n>—2 : K‘2—£2) < Cx, (53)

Then, using the Cauchy-Schwarz inequality, (26) and (33)), we obtain

12 12
|8e| < Cx ( Y [eu— ”i&‘”Lg(Die)> ( Y |fie\28"> < €| VullL, o) 1 f1IL (@)

i€ Y i€ Y

In the case n =2 Lemma[2.1] gives
[(A(Hieie))(x)| < Ci|Ing],
and, via the same arguments as in the case n > 3, we obtain

|Cel < Cice|Ing|[|Vul| 00 | fllLy0)-
The lemma is proved. U

We need also the estimate for H},(€)-functions in a neighbourhood of Q.
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Lemma 4.7. Let Te = Q¢ \ Ujc.#,Yie. One has for each f H(l)(Q):
1AL,z < Cel[VLlIL)- (54)

Proof. We denote
Qe={yeR": y=x+1v(x), x€ IQ, t € [0,v/ne)}
(recall that v: dQ — S"~! is a unit inward-pointing normal vector field on dQ). Note,
that v/ is the length of the diagonal of the cube [J. Taking this into account one can
easily deduce from the definition of the set .7, that Ty C Q.
Let Aﬁg be the Laplace operator on ﬁg subject to the Dirichlet conditions on dQ and the
Neumann conditions on 9Q¢ \ dQ. One has the following asymptotic equality (see [Kr14]):
2
. T Co
fo(—As )= —— —+0(1

info(—Ag, ) <2\/ﬁg)+ +0(1),

where the constant C depends on the principal curvatures of dQ. Note, that the result

of is obtained under the assumption that the map (3) is injective on dQ x [0, \/né€],
that indeed holds true provided € is small enough, namely € < 6q/+/n.

Hence, using the minimax principle, we get the inequality

1112, @, < CEIVAIL, g (55)

which holds for each f € H! (Qg) with f [ag =0. ObV10usly, (34) follows from (33). O

Using 6)), (31D, (34) we obtain from {7):

/£2<|Cs|+ Zfzs”zscaPDs CIZ f? Lo (Yie) +CI’f» L2T€’
le]g le]g
< |G|+ |(cap(De)e q) Y, € fieuie| +q| Y, (fie = fr) o) | + | (Fr 1) Ly (r |
le]g lee]g

1/2
< |Ce| +|cap(De)e™" — gl fll L, @0 14/l Ly 00 + 4 ( Y ”f_fiEHLz(IZIiE)) [l L, (@)

€9
+qll Al lullLy (1) < 18el +[cap(De)e™ —qll| flIL, e 12l Ly (e)
+Cel|V £l llullin ) + all Flln @ llull L)

hence, taking into account (32)), we get

He2 < Oellull 1 [.f]] - (56)

Combining estimates (46)) and (36) we obtain (Cs)) with k = 2.

Thus, we have checked the fulfilment of conditions (C;,)—(Cs)), hence we immediately
get Theorems 2.3H2.6

Remark 4.8. It is evident from the proof that the assumptions on dQ can be weakened.
We use them twice: to guarantee the fulfilment of (34) (elliptic regularity) and to prove
estimate (33), where we utilize the result from [Krl4]]. It is well-known, that the ellip-
tic regularity is still valid under less restrictive assumptions, for example, if dQ belongs
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to C1! class or Q is a convex domain with Lipschitz boundary (see, e.g., [Gv85] Theo-
rems 2.2.2.3 and 3.2.1.2]). Apparently, inequality (33) can be proved for Lipschitz do-
mains under additional restrictions on principal curvatures.

4.4. Proof of Theorem 2.7, We will use the results of [[OS89]]. Let .7% and .7Z be
separable Hilbert spaces, and B : 77 — ¢, B: 5¢ — 7 be linear compact self-adjoint
positive operators. We denote by { Lt ¢ }xeny and { iy} the eigenvalues of the operators
B¢ and B, respectively, being renumbered in the descending order and with account of
their multiplicity.

Theorem 4.9 ( [IOS89])). Assume that the following conditions A} — A4 hold:
A\. The linear bounded operator J; : 7€ — 5¢; exists such that for each f €

| Jeflloee = || fllw as € = 0.

Ay. The norms ||Be|| #( ) are bounded uniformly in .
A3. Forany f € J: ||BeJef —JeBf||, = 0ase—0.

Ay. For any family { fe € ¢ }e with sup || fe|| s < oo there exist a sequence (&), and
w € J such that ||Bg, fe, — Je, Wl sz, — 0 and &, — 0 as m — oo,

Then for any k € N we have
e — M| < Ce S‘}P |BeJef —JeBfl|

where |Ce| < C, limg_,0Ce = 1, the supremum is taken over all f € 7 belonging to the
eigenspace associated with Ly, and satisfying || f|| » = 1.

We apply this theorem with Be = (o7 +1)~', B = (& +1)~!. These operators are
positive, self-adjoint and compact (recall that Q is a bounded domain here), moreover
|Bel| () < 1. Thus condition A, is fulfilled. We choose the operator J. by (I4); due
to (13) condition A; is valid. By Theorem 2.3 condition A3 holds as well. Finally, since
|Bell.2() < 1, the set {||Be fe| 141 (q,) }e is also bounded. Then the sequence {J.Befe}eis

bounded in H' (Q) (recall that the operator J% is defined in (I7)), and by Rellich’s embed-
ding theorem it is compact in L,(Q) provided Q is bounded. Thus there exist w € L,(Q)
and a sequence (&) such that [|J; Be, fe, — WL, (o) — 0 and &, — 0 as m — oo, hence
we immediately obtain Condition A4.

Combining Theorems 2.3]and [4.9] we arrive at the estimate
| Hee — | < 4Cede, (57)
where |C¢| < C, limg_,0Ce = 1 and & is given in (I6). Since e = (Axe + 1)~!, and
e = (4 +1)~1, @D is equivalent to (I9).
Finally, we observe that for each fixed k € N
Mee < Ce (58)

that follows from Theorem [3.12] and Remark [3.11] (otherwise, we will easily obtain a
contradiction with Condition (ii) from this remark). (I9), (38) imply (I8). Theorem 2.7]
is proved.
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