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DUAL VARIATIONAL METHODS FOR A NONLINEAR HELMHOLTZ
SYSTEM

RAINER MANDEL AND DOMINIC SCHEIDER

ABSTRACT. This paper considers a pair of coupled nonlinear Helmholtz equations

—Au — pu = a(x) (|u|g + b(x)|v|§) |u|g*2u,
—Av —vv = a(x) (|v|% + b(z)|u|g) |v|g*21;

on RY where % < p < 2*. The existence of nontrivial strong solutions in W2P(RY)
is established using dual variational methods. The focus lies on necessary and sufficient
conditions on the parameters deciding whether or not both components of such solutions are

nontrivial.

1. INTRODUCTION AND MAIN RESULTS

In this paper we study a system of two coupled nonlinear Helmholtz equations as it arises

in models of nonlinear optics. More specifically, we intend to find a pair of fully nontrivial,
real-valued and strong solutions (u,v) € W2P(RYN) x W2P(RN), N > 2, of

—Au — pu = a(z) (Jul? + b(z)|v]?) |ulZ 20 on RY,

1 —Av —vv = a(z) (|v|2 + b(z)|ul?) |v]E~ 20 on RN
(1) :
u,v € LP(RYN)
with p,v > 0, 2%\/:1) < p < 2* and nonnegative, Z"-periodic coefficients a,b € L®(RY).

Here 2* denotes the critical Sobolev exponent, 2* = ]\2,—1172 for N >3,2* =00 for N =2. A
solution (u,v) of () is said to be semitrivial if either v = 0 or v = 0 and fully nontrivial if
both u # 0 and v # 0. Our aim is to find necessary and sufficient conditions for the existence
of fully nontrivial solutions of ().

To our knowledge, systems of Helmholtz equations have not been discussed in the literature
so far in contrast to the Schrodinger case where p,v < 0 in ([{l); for a comparison with
our results, we refer to the end of this introduction. Likewise, there is much literature on
nonlinear Schrodinger equations of the form

—Aw + I = Q(z)|w]P?w on RY

with some A > 0; for instance, Szulkin and Weth prove the existence of ground state solutions
in the Sobolev space H'(RY) in Theorem 1.1 of [19] by constraint minimization on the
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2 RAINER MANDEL AND DOMINIC SCHEIDER

associated Nehari set. In contrast, the corresponding Helmholtz problem
(2) — Aw — \w = Q(z)|w[P*w on RY

has only been discussed during the past five years. Since A > 0 belongs to the essential
spectrum of —A, the Helmholtz case requires different concepts in order to handle oscillating
solutions with slow decay which, in general, are not elements of H'(R"). In the radial case,
such oscillation and decay properties are studied in [16]. Evéquoz and Weth discuss the case
of compactly supported @ and 2 < p < 2* in [6,8]. In [6], they study an exterior problem
where the nonlinearity vanishes and knowledge about the far-field expansion of solutions is
available. The remaining problem on a bounded domain is solved by variational techniques.
The approach in [§] uses Leray-Schauder continuation with respect to the parameter X in order
to find solutions of (2). We will follow the ideas of Evéquoz and Weth presented in [3,[7].
They introduce a dual variational approach, transforming the Helmholtz equation (2]) into

@20 = Q(a)» (~A = N7 |Q(@)rw|  where w(x) = Q(@) [w(w) 2w (x).

Here, the resolvent-type operator (—A—\)~1 is obtained by the Limiting Absorption Principle
of Gutiérrez, see the pretext of Theorem 6 in [I0]. The resulting dual equation in L (RV) is
variational; using the Mountain Pass Theorem, the authors prove the existence of a ground
state w € LY (RY) of the dual problem, which yields a strong solution w € W24(RM) N

Che(RYN), q € [p,00) and o € (0, 1), of the Helmholtz equation (2). Here % <p< 2
and @ is assumed to be positive and either periodic or decaying at infinity. In the latter
case, it is shown that infinitely many solutions exist; for periodic ), Evéquoz proves the
corresponding statement in [5]. He also shows that the dual problem possesses a gound state
if @) is assumed to be the sum of a periodic and a decaying term. Evéquoz further generalizes
these results in [2]; for instance, it is shown that the dual variational techniques apply for any
p € (2,2%) if Q satisfies suitable integrability conditions. In [9], Evéquoz and Yesil prove the
existence of a dual ground state in the critical case p = 2* for N > 4 and the non-existence
for N = 3 where, again, () is assumed to be the sum of a decaying and a periodic term. For
continuous, nonnegative ) and % < p < 2%, Evéquoz proves existence, concentration
and multiplicity of ground states of the dual problem in the high-frequency limit A 7 oo
in [4] based on a comparison of energies with a suitable limit problem.

We will show that, under suitable assumptions on the coefficients a and b, the dual variational
approach and the existence results by Evéquoz and Weth in [3,[7] extend to the case of the
system (II). To this end, we will introduce a dual formulation for the system () of the form

)=V, *xu onRY,
)=WU,x0 onRY,

(x

Y
(z,

IS

,U
, U

(3) %
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In the following section, the role of the convolution kernels ¥,,, ¥, , see also equations (11), (45)
of [7], will be explained. So will be the transformation involving @, € L (RV),

a(w) = afe) (lu(@)[E + b(@)|o(@)|# ) Ju(@)|F2u(2),
0(@) = a(@) (Ju(@)|® +b(@)u(@)]?) [o(@) 20 ()

and a suitable function A : RY x R x R — R, cf. Proposition [[] below. Notice that we use
the notation @, € L (RY) in place of u,v € LP(R") whenever we are working in the dual
setting; it does not denote complex conjugation, which does not occur in this paper.

(4)

The dual system (3] is variational; we introduce the corresponding energy functional

Juw:  LP(RY) x IV (RY) - R,
(5) . ,, N
(0, 0) = h(z,u,v)dr — = wV, xu+oVY, xvde
RN 2 RN

with mountain pass level

cu = inf sup J(v(1))
vl 0<t<1

(6) !N !N
where T, := {7 e O([0,1], I” (RY) x L¥ (RY)) : 7(0) = 0, J,, (7(1)) < o} .

For the definition of h, we refer to Proposition [l The main results will be proved under the
following assumptions:

2(N+1)
N -1
a,b € L=RY) are [0, 1]V-periodic with 0 < b(z) <p — 1, a(x) > ag > 0.

N>2 pv>0, <p<2F,

(7)

We denote by a_,b_ the (essential) infimum and by a, b, the (essential) supremum of the
functions a and b, respectively.

Theorem 1 (Existence Theorem). Assuming (), there exists a nontrivial critical point
(u,9) € L¥(RN) x LP(RN) of the functional J,, on the mountain pass level c,, > 0 and
(u,v) := Vsih(-,u,0) is a strong solution of (A with u,v € W*{(RN) N CH*(RY) for all
q € [p,o0) and o € (0,1).

Remark 1. Consider the scalar functional 1, : LP (RY) — R given by I,(a) = J,(1,0).
Lemmald (d) below provides the formula

/ / 1
(8) I,(u) = —/ a(z)7 |al? do — —/ uW, xude.
/ RN 2 RN

The results by Evéquoz and Weth in [37] yield a critical point u of I,, at the scalar mountain
pass level ¢, and a corresponding solution u = a' P |al’ "2u € W2(RN) N CY*(RN), ¢q €
[p,00) and a € (0, 1), of the scalar Helmholtz equation

9) — Au — pu = a(x)|ulP?u on RY.



4 RAINER MANDEL AND DOMINIC SCHEIDER

Any critical point of the functional .J,,,, on the level ¢, will henceforth be referred to as a dual
ground state of J,,. Notice that Theorem [l yields the existence of a nontrivial dual ground
state (u,v) of ([@); it does not exclude the semitrivial case where either « = 0 or v = 0. Such
a semitrivial dual ground state corresponds to a solution of the scalar problem; thus we now
discuss under which conditions we find fully nontrivial dual ground states of the system (B]).
This amounts to statements about the occurrence of fully nontrivial solutions of ([Il). Indeed,
for pairs (@,7) € L¥'(RY) x L (RN) and (u,v) € LP(RY) x LP(RYN) satisfying (@), a short
calculation shows that (u,v) is semitrivial (resp. fully nontrivial) if and only if (u,v) is
semitrivial (resp. fully nontrivial).

Theorem 2. Assume conditions () to hold.

(a) If 2<p<4 and b_ >0, then every dual ground state of the functional J,, is
fully nontrivial.

(b)If p>4 and b_ >t 2% — 1,  then there exists § > 0 with the property that,
for pu,v >0 with ’f — 1’ <0, every dual ground state of J,, is fully nontrivial.

Theorem 3. Assume () as well as
p>4 and O§b+<2%—1.
Then every dual ground state of the functional J,, is semitrivial.

In the special case of constant coefficients a,b and p = v we provide a full characterization
of the parameter ranges where semitrivial and fully nontrivial dual ground state solutions
occur:

Corollary 1. Assume that conditions ([l) hold with constant coefficients a(x) = a > 0 and
b(x) =be [0,p—1]. Then we have the following:

(a) Jy, attains the level ¢, in a fully nontrivial dual ground state if and only if
2<p<4andb>0 or p24andb22%—1.
(b) J,,. attains the level c,, in a semitrivial dual ground state if and only if
2<p<4andb=0 or p24and0§b§2p772—1.

The proofs of these results will be given in section 5. They essentially consist of a comparison
of the energy levels ¢, and min{c,,c,}, cf. Lemma [ in section 4.

Remark 2. If () holds and p > 8, we have 2 — 1> p— 1 and thus by Theorem[3, only
sematrivial dual ground states occur.

Thanks to a hint by Evéquoz (yet unpublished), one can weaken assumptions ([7]) imposing
radial symmetry.

Remark 3. If we consider spaces of radial functions and constant coefficients a,b, all above
Theorems hold under the weaker assumptzon T < p < 2" instead of =5 Q(NH <p <2,
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Indeed, for the construction of a continuous resolvent (—A—\)~1: LF' (RN, C) — LP(RY, C),
Evéquoz and Weth refer to a result by Gutiérrez, Theorem 6 in [I0]. A crucial step in its
proof, to be found on p. 19 of [10], is the estimate

2 22 2(N+1)
10 [ 1F ) <O F gl ot <ps 2D

where g : R — C is a Schwartz function and do denotes the surface measure on the sphere
SN-1 C R¥. It is a consequence of the Stein-Tomas Theorem, see p. 375 and p. 414
in [18] for N > 3 and N = 2, respectively. In the radial case, however, Evéquoz is able to
show that ”-Fh”ng(sN—l,C) < Cp |7l 1o g ) for all radial Schwartz functions & : R — C and

1<p< ]3—11 Replacing estimate (I0) by

2 ~ =4 2
[ FatoP o) <€ P ol or1 <0<

for radial Schwartz functions g : R — C, he thus concludes that, in the radial case, the
Helmholtz resolvent (—A—X)~": LP (RN, C) — L (RY,C) is continuous for 225 < p < 2*.
Finally, let us briefly compare our results concerning the occurrence of fully nontrivial ground
state solutions to those available in the case of a Schrodinger system, i.e. u, v < 0 in (I). We

assume 2 < p < 2* and constant coupling b(z) = 5 # 0; with w := \/g , we discuss

—Au+ u=(|ul>+Bv|?)|ul>2u on RN,
P
2

—Av+w?v = (|v]2 + Bul?) [v]22v on RV,
u,v € HYRN).

Sharp characterizations of the occurrence of fully nontrivial ground state solutions have been
provided by the first author in [I5] for the cooperative case 5 > 0, following pioneering work
by Ambrosetti and Colorado [I], Maia, Montefusco and Pellacci [I2] and others. In contrast
to the Helmholtz case, the parameter p can be chosen from the full superlinear and subcritical
range 2 < p < 2* whereas in the Helmholtz case, we use mapping properties of the resolvent
available only for Q(JJVV_Jrll) < p < 2*. Moreover, in order to obtain a suitable dual formulation,
our discussion for the Helmholtz system only covers the range 0 < § < p — 1; in particular,
we only study cooperative systems. In the Schrodinger case, results for the repulsive case
[ < 0 are available as well, see for instance [13] and the references therein. Notice that in the
special case w = 1 and p = v in (3)), the ranges for p and § in Theorem 1 and Remark 1(a)
of [15] for the Schrodinger case agree with those from Corollary [l above for the Helmholtz
case. Finally, in the situation of Theorem [2 (b) of the Helmholtz case, the question remains
open whether there are threshold values for the existence and non-existence of fully nontrivial
ground state solutions such as in Theorem 1 in [I5].
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2. THE DUAL FORMULATION, CONVEXITY AND THE LEGENDRE TRANSFORM

In this section, we intend to explain and justify the transition from the nonlinear Helmholtz
system ([II) to ([B]). Let us first note that the system (Il) can be written in the form

—Au — pu = 05 f(z,u,v) on RV,
—Av —wvv =0y f(x,u,v) on RV,
u,v € LP(RY)

where
(11) f RYXRXxR =R, f(z,st) = % (|S|p + 2b(z)|s|2|t]? + \t|p> :
The transformation () then reads (u(x), v(z)) = V. f(z,u(x),v(z)) for z € RY.

We first provide the definition and the most important properties of the convolution terms
in (@), referring to section 2 of [7] and the beginning of section 4 in [3] for more details. We
denote by F the Fourier transform on the Schwartz space S(RY,C). For A > 0 and ¢ > 0,
the operator —A — (X +ig) : S(RY,C) — S(RY, C) possesses a resolvent given by

R S(RY,C) = S(RY,C), g+ F ! ((\ . \2—()\+i&7))_1~]:(g)).

By the Limiting Absorption Principle of Gutiérrez, cf. the pretext of Theorem 6 in [10], it is
possible to pass to the limit € \, 0, which yields an operator

R : S(RY,C) - S'(RY,C), RAg[w]:/ (B % g) - wda
RN

where the kernel ® : RV — C is given by

(12) @A(x):)\¥ Dy (VA ):i (#W)T H&(M/Xx\) (x € RN, A > 0),

cf. the pretext of equation (6) in [3] for N = 2 and equation (11) in [7] for N > 3. It can be

shown that there exists a continuous extension

2(N+1)
N -1

cf. Theorem 2.1 both in [3] and in [7]. Proposition A.1 in [7] now states that, for f €

LP (RN, C), the function u := R f € LP(RY,C) is in fact a strong solution of the linear

Helmholtz equation —Au — Au = f on RY. In this sense, the operator R* can be interpreted
as a resolvent operator for the linear Helmholtz equation.

(13) R LP'(RY,C) — LP(RY,C), @+ dyxw  for <p<2,

Being interested in real-valued solutions, we introduce ¥, := R®, and, from now on, consider
spaces of real-valued functions. Then we have continuity of W, * [-], ¥, x [-] : LF'(RN) —
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LP(RY) and we can find solutions of the system () by solving

w=W,x0sf(x,u,v) on RN
(14) v="U,x0,f(z,u,v) onRY,

u,v € LP(RY).
As mentioned earlier, we aim to reformulate the system (I4]) by, roughly speaking, replacing
the functions u,v € LP(RY) by a corresponding pair

ﬂ,@eLp/(RN) via = 0sf(-,u,v), v:=0f(-,u,v),

see also (), such that the convolutions occur in the linear part of the equations. We will see in
Proposition [ that, under suitable assumptions on the coefficients a and b, this transformation
is invertible and preserves the variational structure in the sense that

u=0sh(-,u,v), v=20h(-,u,0)

with a suitable function h : RY x R x R — R, which then finally provides a one-to-one
correspondence between solutions of the systems (I4]) and ([B]). It turns out that we have to
choose h(x, -, ) to be the Legendre transform of f(z, -, -) for every fixed x € RY. We remark
that, in the case of a single nonlinear Helmholtz equation (), —Aw — Aw = Q(x)|w|P~%w
on R¥, the associated change of variables can be done explicitly, w(z) := Q(x)|w(z)|P~2w(x)
and hence w(z) = Q(z)'? |w(x)|" ~2w(x). Notice that the treatment of the term @ slightly
differs from that in [3,[7].

By Theorems 26.5 and 26.6 in [I7], we have the following general result of convex analysis:

Theorem 4. Let F' : R? — R be differentiable, strictly convex and co-finite. Then VF :
R? — R? is a homeomorphism, and the Legendre transform of F,

H:R?* =R, H(51):= sup (s5+tt— F(s,t))
(s,t)ER2?
is well-defined, differentiable, strictly convex, co-finite and satisfies VH = (VF)™!.

Let us remark that, for a convex function F' : R? — R, co-finiteness is characterized by
F(As, At
lim Fds, M)

A—00 A

cf. the equation before Theorem 26.6 in [I7]. We check that, under the assumptions ([7l) and
for fixed o € R, Theorem [ applies to the function

=oo forall (s,t) # (0,0),

flz, -, ):R* =R, f(z,s1) = ? <|s|p+2(7(:1c)|s|§|15|g + |t|p>

so that a dual variational formulation for () is available and given by (3]).

Proposition 1. Let p > 2 and v € RY with a(x) > 0 and 0 < b(z) < p— 1. Then
the function f(x, -, -) is differentiable, strictly convexr and co-finite. Hence, its Legendre
transform h(x, -, - ) is well-defined, differentiable, strictly convez, co-finite and satisfies

Vsih(z, -, )= (Vsuf(z, -, )
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The proof is given in the appendix. Let us emphasize that it is only this existence result
which requires the assumption 0 < b(z) < p—1in (7). In some cases, the Legendre transform
h can be calculated explicitly. For instance, in the case b(x) = 1, we have for all z € R and
s, t € R

2 £-2
a5, =22 (jsff +142)", Vafasnt) = alo) (sl + 1) (g 7).
’ _ 4—p
o a(z)'="" / 2 n-E b= ) A S 1=p" [|5]»=25
(e,5,0) = S (872 17172 )7 Vaah(e 5,0 = (ate) (J5l77 + 1772 i)
In the following sections we will need some properties of h(x, -, - ) which are listed next and

will be proved in the appendix.
Lemma 1. Let p > 2 and v € RY with a(x) >0, 0 < b(x) <p—1. Then, for 5,t € R,

1-p’ < n l
(CL) h(.r, E,f?) = a(x) su |S| i O| | 1

/ P =
p o>0 (1 +2b(z) o2 + oP)¥

(b) h(x,8,t) = h(x,t,5) = h(z,—§,1),
0 v sy (¢
(c) h(z,5,t) = Evg,th(x,s,f) (t)’

1—p/ . 5 -
a(x), |5|P" as well as h(x,s,5) = a(x),
! p

@)%@@XlHMMVPKM”+HW%§M%&5§ a(x) (517 + [8).

/

(1 +0(x)) 7|57,

(d) h(z,5,0) =

1
v
If we additionally impose that the coefficients a,b : RY — R are measurable, we conclude
that for @,v € LP (RY), the mapping

x> h(z,a(z),v(z)) = 5}16%(511(3:) +to(x) — f(x,s,t))

= sup (su(z) + to(x) — f(x,s,t))
s,teQ
is measurable since it is a pointwise supremum of countably many measurable functions.
Moreover, when combined with (e) of the previous Lemma, we have h(-,u,v) € L'(R")
and the functional J,,, as introduced in equation (f) is well-defined and continuously Fréchet
differentiable. In particular, for @,v € L (RY), property (c) yields the identity

(15) Sy (1, 0) [, 0] = / p h(x,u,v)dr — / a¥, *u+ 0¥, «vde.

RN RN

3. PROOF OF THEOREM [I]
In this section, we give the proof of Theorem [Il This will be achieved using the Mountain
Pass Theorem and following the ideas in [7]. We endow the product space LF' (RY) x LP'(R)

with the norm given by ||(, )|, := ||ull,, + [|v]],, for a,v € LP (R™) and collect the following
two major auxiliary results:

||p’ :
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Lemma 2 (Mountain Pass Geometry, see Lemma 4.2 in [7]). Assuming (), the functional
Juw has the following properties:
(i) There exist § > 0 and p € (0, 1) with the property that, for (i, v) € L (RN) x L¥' (RN),
T, ) > 0 40 < || (@ 0)l,, < p and Ju(@, ) > 6 i (@), = p.
(ii) There exists (i, v,) € LP (RN) x LP' (RN) with (@1, 01)[l,, > 1 and Jp (11, 01) < 0.
(ii) Every Palais-Smale sequence for J,, is bounded in LY (RY) x LP' (RN).

Lemma 3 (Existence of Palais-Smale sequence, see Lemma 6.1 in [7]). Assuming (), there
evists a bounded Palais-Smale sequence (T, Uy )nen in LP (RY) x LP'(RN) for J,, at the level
cu as given in equation ().

Up to minor modifications, both results can be proved in the same way as the corresponding
scalar results, Lemma 4.2 and Lemma 6.1 in [7] for N > 3, which also hold for N = 2 as
explained at the beginning of the proof of Theorem 1.3 (b) of [3]. We thus omit the proof.

Proof of Theorem [1. This proof mainly follows the lines of the proof of Theorem 1.3(b)
in [3] for N = 2 and Theorem 6.2 in [7] for N > 3, respectively, which we will refer to as
the scalar case. We will therefore focus on those parts which differ due to the fact that we
discuss a system of equations.

Let (y, Un)nen denote a bounded Palais-Smale sequence at the level ¢, which exists by
Lemma [3 then w.lo.g. @, — @ and o, — © as n — oo weakly in L” (RY). We perform a
concentration compactness argument which relies on the periodicity of the coefficients a, b.

Step 1: (Nonwvanishing.) There exists a ball B C RY such that, up to a subsequence and up

to translations, inf,cy fB h(z,ty,,v,) dz > 0.
As in the scalar case, definition (Bl and identity (I5) imply, as n — oo,

2p o 1 o 2p
m Ty (U, U) — ]?J;V(un,vn)[un,vn] — m e
As ¢, > 0 due to (@) and Lemma 2 (i), we conclude limsup,, o [on @ ¥, * G, dz > 0 or
limsup,,_,o fen OnV,*0,dz > 0. We apply the (scalar) Nonvanishing Theorems, Theorem 3.1

in [3] for N = 2 and Theorem 3.1 in [7] for N > 3 to find R,{ > 0 and (z,,)neny € RY such
that, up to a subsequence, | Br(zn) |t |P" + |0, [P dzz > ¢ holds for all n € N. Possibly enlarging

/ UV, * Uy, + 0, Y, * 0, do =
RN

the radius R, we may w.l.o.g. assume z,, € Z" for all n € N. By Lemma [ (e), and with
Vp = I%(aJr(l +b,))7, we have

(16) / h(x, @y, v,) de > v,( for all n € N.
BR($n)

Next, we introduce the shifted functions U,(z) := @(x, + z) and V,(z) := v(z, + x) for
n € N,z € RY. We note that, due to the periodicity of the coefficients a,b and since
x, € Z", the Legendre transform is invariant under such translations in the sense that

h(z, U (z), Vo(z)) = SS?EIH)% (sUn(x) + tV(2) — f(m,5,1))
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= sup (sUn(:p) + tVo(x) — f(zn + 2, 5, t))

s,teR
= h(z, + 2, U,(z), V. (2))
= h(z, + , Uy (2, + ), Uy (2, + ))
for almost all x € RY and every n € N. Thus, and due to (I8,

(17) / h(z,U,,V,) dz = / h(z,ty,v,) dz and / h(z, Uy, Vy,) dz > 7, C.
RN RN Br(0)

With that, arguing as in the scalar case, we obtain that (Un, v )neN is a bounded Palais-Smale
sequence for Jou to the level c,,. Hence, w.lo.g., there exist U,V € LF'(RY) with U, — U
and V,, = V as n — oo weakly in L¥' (RN)

We intend to prove that

/ h(z, Uy, Vy) dz — h(z,U,V)dx as n — 0o

Br(0) Br(0)

and that hence, due to the inequality in (IT), (U,V) # (0,0). To this end, we need the
following auxiliary result:
Step 2: We have 10y Vsih(-, Un, Vi) = L) Vsih(-, U, V) strongly in LP(RN) x LP(RY)
as n — 0.
Let o, € LY (RY) and ¢ := ¢ - ]IBR(O),QZJ =1 - 1py). We estimate for m,n € N

/ (]IBR(O Vs th( U"’ v, n) — 180 - vsth( Um> Vm)) ' <:Z) dx
RN

where

Com = HJZH/(U"’ V")HL(LP’(RN)XLP’(RN) R) + H Um’ Vm)HL(LP’(RN)pr’(RN),R)

| Lap) - O x (Un = U], + | LBpo) - o * (Ve = Vi) |-

Then, we have Cy,, — 0 as m,n — oo since HJ;/W(UW V)

|78 Hw,/ (@)% ®N)r) 7 O DY the

Palais-Smale property and since the operator
LF(RY) = IP(RY), g lpu0) - Tu*g

is compact, cf. Lemma 4.1 in [7] for N > 3 and the corresponding result at the beginning of
section 3 of [3] for N = 2.

By duality, (15,0 - Vs#h( -, Un, Vi) )nen is a Cauchy sequence in LP(RY) x LP(RY). We thus
find U,V € LP(Bg(0)) with Vszh(-,U,, V,,) = (U, V) as n — oo in LP(Bg(0)) x LP(Bg(0))
and, up to a subsequence, pointwise almost everywhere on Bg(0).
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As V. f(x, -, ) is a homeomorphism on R? for all x € RY | we have (U,,,V,,) = V. f(-,U, V)
almost everywhere on Br(0) as n — oo. Since the sequences (U, )nen, (Vi )nen are bounded in
L (Bg(0)), Theorem 1 in [11] implies that (U,, V,,) — V..f(-,U, V) weakly in LPI(BR(O))

L” (Bg(0)) as n — co. However, from the end of Step 1, we know that (U,,V,) — (U, V)
weakly in LP (RN) x LP(RN) as n — oco. Uniqueness of the weak limit now implies (U, V) =
Veif(-,U, V) in L¥(Bg(0)) x L” (Bg(0)), hence (U,V) = Vgzh(-,U V)\BR(O) and

15,0 Vsih( -, Un, Vi) = Lga) - Vsih(-,U, V) asn — oo in LP(RY) x LP(RY).

Step 3: Conclusion.
We find with Lemma [Tl (c)

:il / ngh<x7 UYHVn) : (n _V§{h(x, U, V) (‘[i) dx
D |JBgr(0) n
1 )
< oo (Taih(- U Vo) = Vash( .0 D), @ 2,
! I AN
+ = V(e U V)- (7)) = (2 )] a
P 1 Br(0) 0. V) KVn) (V)] v

and both terms tend to zero by Step 2 and Step 1, respectively. Hence, with a view to the
inequality in (7)), we have

/ W, 0,V)de = lim [ h(z,0,,V,)dz > 7,¢ >0,
Br(0)

which shows (via (e) of Lemma [I]) that the weak limit satisfies (U, V) # (0,0).

What remains to prove is that indeed J,, (U, V) = ¢, and J;, (U, V) = 0. As in the scalar
case, this is a consequence of the fact that (Un,Vn)neN is a Palais-Smale sequence which
converges weakly to (U, V); for details cf. the last lines of the proof of Theorem 6.2 in [7]
and of Theorem 1.3 (b) in [3], respectively.

Finally, letting u := 0sh(-,u,v) and v := Ozh(-,u,v), it can be shown as in Lemma 4.3
n [7] that this provides a strong solution of () and that u,v € W2¢(RY) N CH*(RY) for all
p<qg<oo,0<a<l. U

4. ENERGY LEVELS AND AN INF-SUP CHARACTERIZATION OF A DUAL GROUND STATE

As announced earlier, the proofs of Theorems 2] and [3] essentially consist of a comparison
of energy levels. Thus, the following alternative characterization of the mountain pass level
is a crucial ingredient. In preparation, we define F,, : LP(RY) x LF'(RN) — (0,00] by
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F,,(0,0) := oo and, for (,v) € LF'(RY) x L (R)\ {(0,0)},

2p

1 p—2
—2 "h(x,u,v) dz|?
(18) FHV<TTL,T_}) — p [f]RNp (IL' u 'U) .I‘] .
20\ [fow 00, % @ + 00, % 0 da]?
With definition (&) and Lemma [II (a), we have
e 72
o (TU, TO) = _/ p h(x,a,v)de — — w¥, *u+ 0¥, xvdr
P Jrw 2 Jrw

for 7 > 0. The mapping 7 — J,, (74, 70) possesses a critical point on (0, 00) if and only if
fRN uV¥, *u+o¥, *vdr > 0; in this case, the critical point is unique and a global maximum.
A straightforward calculation shows

sup Jyu (170, 70) = F),, (4, ).

>0
As a result of one-dimensional calculus, we obtain the following Lemma which provides an
inf-sup characterization of the mountain pass level ¢,, defined in equation (6). We do not
present its proof; variants of it can be found in the literature, e.g. the first lines of the proof
of Proposition 2.1 in [14] and the pretext of Lemma 2.1 in [4].

Lemma 4. Under the assumptions given in ([{), the mountain pass level c,, as defined in
equation ([@) can be characterized as follows:

¢,y = inf {Fﬂy(a, 7): (a,7) € LY (RY) x Lp’(RN)} .

Moreover, (i, o) € L (RY) x L (RY) is a minimizer of the functional F,,, if and only if it
is a nonzero multiple of a critical point of J,,, on the mountain pass level c,,.

These results also apply in the scalar case discussed in Remark [I we define the functional

2p

1 =
= p—2

p—2 [ [fax a(x) = |l da]?
2p URN ﬂ@u*ﬂdx}i

again with E,(0) := +oc. Then E, () = F,,(,0) for u € L¥ (RY) by Lemma[Il (d) and the
scalar mountain pass level ¢, is the infimum of F,, attained in particular at critical points
of I, on the level ¢,. We derive some direct consequences describing the relation between
the mountain pass level associated with the system (B]) and the scalar mountain pass level.
Recall that a critical point of J,, on the mountain pass level ¢, is said to be a dual ground
state.

(19) E,: IF(RY) = (0,00], E,(a):=

Lemma 5. We assume that conditions () hold. Then we have the following:
(1) The inequality c,, < ¢, holds.
(1) If (19,0) is a semitrivial dual ground state of J,,, then c,, = c, and Uy is a dual
ground state of the scalar functional 1,,.

Proof. (i) This is a consequence of the fact that I,() = J,,(,0) for u € L7 (RV).
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(ii) Assume that (iig, 0) € L' (RY)x L' (R™) is a dual ground state of J,,,, i.e. J, (iig, 0) =
0 and J,, (%, 0) = c,,. As we have I,,(w) = J,,(w,0) for all w € L” (RY), this implies
I () = 0 and I,,(tig) = c,p. Then, with (I9) and Lemma [},
(@)
C,u = ll’lf Eﬂ(’a> S E“<ﬂ0) = FW,(’Z_LQ, O) = CAW S Cﬂ,
acLr (RN)

we conclude ¢, = ¢, and therefore u, is a dual ground state of I,,.

5. PROOF OF THEOREMS [2] AND [3]

By hs : R? — R we denote the Legendre transforms of the functions fy : R? = R, fi(s,t) :=
% (Is|P + 2by |s|Z|t]% + |t[P). We recall that a_ < a(z) < ay and b_ < b(z) < by hold for

almost all x € RY. As a direct consequence of Lemma [Tl (a), we have the following chain of
inequalities for all 5,£ € R and = € R

20) @ Phy(.0) < a(@) PRy (5.0) < h(r5.0) < a() P h_(5,0) < a P h_(5,).
We recall that, as in Lemma/[l (a), we have for 5,¢ € R

(21) he(5,8) = = |sup
P | >0 (1+ 20y o5 +gp)%

1 [ 15| + o]

Proof of Theorem [@ (a). We consider a minimizer w € LP (RY), @ # 0 of the scalar
functional £,. Multiplying with a suitable constant, we assume w.l.o.g. f]RN wV¥,xwdr =1
and hence, recalling definition (I9),

2(p—1)

—2 ’ ’ p—2 -2
(22) Cy = Eu(w) = p—= / a(x)l_p |w|p dx _ pb—2 Ha—l/pw
2p \Jrw 2p

2p
p—2
b4

Theorem 1.1 in [3] for N = 2 and Lemma 4.3 in [7] for N > 3, respectively, assure that w is
continuous. Moreover, equations (6) in [3] and (11), (12) in [7] imply that ¥, > 0 near zero.
Hence there exist 7 > 0 and xo € RY with @ > 0 on B,(xg) (or with @ < 0 on B,(z,)) and
U, > 0 on By, (0). We then have

q-= / (wﬂBr(mo)) Wy, * (wﬂBr(l“o)) dz = / / w(y)w(z)\PV(y o Z) dydz >0
RN r(lBO) r(l'O)

and estimate for sufficiently small n > 0:

Cuv < F,ul/(wu nu_)]lBr(lBO)>

1
ol

p—2 (f]RN p’h(x,w,nwﬂBr(xo))dx)P
o 1
2p (Jan @0, %@ + (WL g, (20) Uy * (01 5, () daz)jL

3
V)
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2p
1 -2
o P

p—2 | (Jan P h(z, @ nw]lB(xo)dx)
2p (1+7n2)2

==
i
|
™)

(1231) p—2 (fRNp’a(x)l_p/h (W, n Wl B, (20 )dx)
T 2p (1+n2q)?

mp-2(_ 1 /@ (Sup ()] + ol @()| L, o) (@ >>p W)

20\ (1+12q)2 >0 (1+2b_0% +ov)p

2p

2 1 =2
o||P2 - sup +<777 I
P >0 (14 2b_ o3 +<7p) (1+n3%q)2

2p

@ L+om o
= ¢, | sup . T - < ey
>0 (1 +2b_o2 + g-p)p(l + 7]2q)§

The latter estimate holds for sufficiently small positive n because we have, with b =
min{1,b_} > 0 and Taylor’s Theorem,

5, |l

1+m7 1+on
sup - < sup —— 3 n
>0 (1+2b 0% +07)p(1+n2q)F ~ 70 (1+b ok)i(1+ 1)
(L +n72b " Q)H
(1+12q)?

1+ =2pie2h_ T 4 ont)
1+§?7 q+o(n?)

1
=1—§n2q+0(?72) as 7\, 0

where we used that -5 p 5 > 2 since 2 < p < 4. We have shown that c,, < c,. Similarly, one

proves that c,, < c,. Lemma (ii) implies that J,, cannot have a semitrivial dual ground
state. O

The proof of Theorem 2] (b) is based on a continuity argument which requires additional
knowledge of the scalar case for a = 1. Here we let

2p
1 —2
o P

Cp=2( (fon o da)? .
20\ ([ @0y @ dz)? : beLv (RN
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and, with a view to definition (I9), immediately note that

__2_ __2_
(23) a+”’2d)\ S C) S (l_piQd)\.

Remark [I] guarantees that the functional I; with a(x) = 1 admits a dual ground state
z € L”(RYN) which, by the remarks following Lemma B is a minimizer of the functional D;.
We fix such a minimizer z and introduce for A > 0 the rescaled functions

(24) e P (RY),  z(z)=A7z2VAz), zeRY.

Then Zz, is a minimizer of the functional D,, and we have

1 —
p—2
l

(25) gy = aited g = aetat =2 [ |2 da]
2P\ [fan 201 % 2da)?

The proof of (25) is based on the observation

(26) U, (x) = )\¥\Ill (\/XJ:) and / Uy * 2y do = / ZU, x zdo
RN RN

for z € RY and A\ > 0, see (I2)).

Proof of Theorem[2 (b). We aim to prove ¢, < min{c,,c,} for sufficiently small values
of }\/f , which again yields the assertion when applying Lemma [ (ii). With 2, z,, Z, €
LY (RY) as above, we estimate as follows:

CMV S Fuu (Z;m ZV)

|
N

1
_/ P

_p—2 [Jon P 1 (2,2, 2,) dz]?
20\ [fon 22V, % 2, Az + [on 2,0, % 2, da]

1
2
+

2p 2 [on 2¥ * Z da] :

2(p—1)

@ _d (IRNp’h(a:,zM,zy) dac)
o 1217 dz
/ 2(p=1)
2 4 <a1_p Jon P he (24, %) d:v)

Jen |27 da
2(p—1)

Lemgkd) dy fRN zu,zy ) dz b2
© 5 e o9

p—2 2(p—1)
y 272 1 fRN zu,z,, ) da) P2
I W Jan h-(Z,2) dz '
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We now introduce A := /Z. Then, with h_(a8, af) = |a|'h_(5,f) (see equation (2I)) and

substitution:

2(p—1) 2(p—1)

(/RN he (%) dx) P2 _ (/ e (1 2( i), v 5(v)) dx) =
-

= (/ h_ )\T+21/T+22()\\/;x),1/7+22( I/:L‘)) d:p) o
RN

2(p—1)

vt (/RN h- (A¥2(Ay),2(y)> dy> w

2(p—1)

P p—2
= yﬁig (/ h_ (5}3,5) dy)
RN

We insert this into the previous estimate and find

p—2 2(p—1)
< g ity 275 Jan b (Zx2, 2) da\ P72
v = LV 1+b_a_ Jan h—(Z,%) dx
@, 255" i Jan - Z>\2 z) dz\ 2
Y\ 140b a_ Jan h-(Z, 2) dx

(12<3DCV' 2% 4 Jan e Z)\z z) dx = .
- 1+b a_ IRN (z,2) dx

p—2 2(p—1)
2% Jan - z)\ 2,Z) dz\ 72
C;u/ S CM : .
1+ b_ a_ Jan h—(Z,2) dx

Notice that the terms on the right depend continuously on the parameter A since A\ +—
N /
A"27z(\ - ) is continuous in L” (RY). Hence,

Similarly,

Jan b (a2, Z) do

— 1 as A — 1.
Jan h_(Z,2) dx

As we have assumed ffb_ -2 < 1, we find § > 0 such that |\ — 1] < § implies

2 (p=1)

2
ob32 (Zax2,2) dx\ »2
( 2 ) (f]RN xi2, 2) ) <1 and hence ¢, <min{c,,c,}.

14+b_ a_ Jan h-(Z, 2) dx

Lemma [ (ii) ensures that, for such p and v, every dual ground state is fully nontrivial. [

Proof of Theorem [3. We consider a dual ground state (u,v) € LY (RV) x LF'(RN) of

the functional J,,, hence a minimizer of F},,, and w.lo.g. u # 0. We write Hail/p@

p/



DUAL VARIATIONAL METHODS FOR A NONLINEAR HELMHOLTZ SYSTEM

Mo Ha_l/”ﬁHp/ for some 79 > 0 and aim to show that necessarily 179 = 0, hence v = 0.
Recalling that c,, ¢, are the minima of E,, E,, respectively, we estimate with (I9)

p

2 N 1 /p—
</RN uVv, * ﬁdx)+ < <]TPQC“> Ha 1/puHi,,

p—2

2 T p
(/ oW, * 0 dx) < <—p20,,> Ha’l/pﬁ
RN + p -

In the appendix, we will prove the estimate
(27) / W, m,0) de > he (a0, o725, ).
RN P p

Both inequalities combined, we have

2
p

Cu = Flu(u, )
2(p—1)

p/) } P2

[P/ hy (Hfl/pﬂ L0 H(fl/pﬂ

—2
> L > =
TR ) T w12 |7
()l + (2e) 7 o ol
2(p—1)
e al” by (Lne) |
N T

b

_p=2 _p=2 2 | P
(6% 4 @) ) vl

2p

1 =32
- r

[P/ hy (1,1m0) } b
[1+72)°

> min{c,, ¢, }

2p_

1 v

@ min{c,, c,} [ sup <p - m]o;) 1
0>0 (14 2by0% +oP)r (1 4+ n3)2

) 2p
(14 n2)3 )
b
(142048 +nb)
(4 n5) )”
b
(14 (25 —2)ng +18)7

=

> min{c,, ¢, } (

> min{c,, ¢, } (

> min{c,, ¢, }.

The latter estimate holds since

(28) Vn=>0
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which we will prove in the appendix. Lemma B (ii) yields ¢,, < min{c,,c,}, and thus we
have ¢, = min{c,,c,} and equality must hold in all above estimates. But then, since we
assume b < 2% — 1, we infer ny = 0. Hence, the dual ground state is semitrivial with

v =0. U

Proof of Corollary (1. The previously proved Theorems cover most cases: If 2 < p <
4 and b > 0, Theorem [2 (a) states that every dual ground state of .J,, is fully nontrivial; so
does Theorem 21 (b) in case p > 4 and b > 2% — 1. (Notice that we assume v = p.) If,

however, p > 4 and 0 < b < 2% — 1, Theorem [3] assures that dual ground states of J,,, are
semitrivial. So only two cases remain open.

Assume 2 < p <4 and b= 0.

The proof then follows the lines of that of Theorem [3l Considering a dual ground state
(a,v) € LY (RY) x LY (RY) of J,, and assuming Hail/pf}Hp, =1 Hail/pﬂ o We again aim to
prove that 19 = 0. The same estimate as in the previous proof yields

!

(1+mn0)
(1 +mn5)

(r'<2)

1
(1 + omo) > min{c,, ¢, }

cuy > min{c,, c, } sup
2 e e+

N[= ’@\l,_.

> min{c,, ¢, }

NI

with equality if and only if 7y = 0. Since ¢,, < min{c,,c,} by Lemma [l (i), this implies
no = 0.

Assume p > 4 and b = 2" 1.
In this case, one can show as in the proof of Theorem [3that we have ¢, = c,. For any scalar
dual ground state w € L¥ (R) of I, we calculate

F,,.(w u—})@p_Q [fRNp’h(a:,u‘;,w)dx]p
1275 ) - .
2P URN w\yu*w+w‘l’u*wdx}i
2
tem M) p = 2 [ [Jow 201+ 0)' " a(x) ¥ @ ()] dz]” ’

2 [2 Jan 00, % w}

2 p—2( [fpya(@) ! P @) dz]”

(b= 2 [ 00, 0] 2
D__ 2 L@

(1+b)7> (%)
:E“(u_))

:CM
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and F,,(w,0) = E,(w) = ¢,. Hence, F,,(w,w) = F,,(w,0) = ¢,, and by Lemma []
this provides (up to multiplication with suitable constants) both a semitrivial and a fully
nontrivial dual ground state of J,,,. O

6. APPENDIX

6.1. Proof of Proposition Il Fix x € R" and recall for s, € R
s t) =2 (1o + 2002 o/l + ).

Differentiability and co-finiteness of f(z, -, - ) are a straightforward consequence of the
assumption p > 2. We will show below that f(z, -, -) is strictly convex; with that, the
existence and the asserted properties of the Legendre transform h(z, -, - ) of f(z, -, - ) are
guaranteed by Theorem Ml To verify strict convexity, we show that, for all s, s9,t1,15 € R
with so £ 0 or ty # 0,

(29) [, s1+ s2,t1 +t2) > f(@,s1,11) + 8205 f (2, 81,11) + t2 O f (x, 51, 1a).
We denote the difference by

7 = f(a:, S1 + Sg,tl + t2) — f(a:, 81,t1) + S9 8sf(a:, 81,t1) -+ t2 8tf(:c, S1, f}l) .

So if we prove Z > 0, we conclude (29)). We introduce the line segment
(= {(sl,tl) +0(s9,t) €ER?: 0<6< 1}.
(I) Let us assume that ¢ is a subset of either of the sets
{(5,0) e R*: s R}, {(0,t) € R*: t € R},

(30) ) )
{(s,s) e R*: se R}, {(s,—s) e R*: s € R}.
We then conclude 7 > 0 since the functions
s f(z,5,0) = 2D g tor £(2,0,8) = DD g,
p p

2 1+b 2 1+0
@A) b s e - 2@ bE)
p p

respectively, are strictly convex.

(IT) We now assume that ¢ intersects none of the sets in ([B0)). Then f is twice continuously
differentiable in a neighborhood of ¢, and the Fundamental Theorem of Calculus yields
the integral representation

11
(31) 7= / / T (89, tQ)Ditf(:p, S1 + ToS9, t1 + Tots) (Z) do dr.
o Jo

We show that the Hessian Dit f(z,s,t) is strictly positive definite for all (s,t) € ¢.

s f(z,s,5) = Kl

Let (s,t) € ¢, i.e. in particular s # 0, ¢ # 0 and |s| # |t|. Recall that we assume
a(x) > 0 and 0 < b(x) < p — 1. We calculate the trace and the determinant of the
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Hessian:

tr Ditf(x,s,t)
b b P P P
= a(x)(p—1) (|sI" 2+ [t772) + m)%(p —2) (Il F720¢/% + oI5 251 )
det D2, f(x, s, t)
b(x)

=a(2)*(p—1) |[(p— 1= 0(x)*)|s|2[t]2 + =~ (0 — 2) (|s” + |t\p)} |s52|¢[5 2,

Since a(z) > 0 b(z) > 0, s # 0 and ¢ # 0, we always have tr D7, f(z,s,t) > 0. If
0 < b(x) < /p—1, we infer det D, f(x,s,t) > 0 and hence D2, f(s,t) is strictly
positive semidefinite. Else if /p —1 < b(xz) < p — 1, we recall that |s| # || by
assumption on ¢, which gives the strict estimate |s|%|t|2 < 2(|s[P + ¢t[). Thus,

et D2, £, 5,1) > a2 ((p =1 = b)) + b(w)(p — 2)) (Il -+ [17)] 12215

= (o LTI g @) (ol 4 1)1l 3205

>0,

which proves strict positive definiteness of Dit f(x,s,t).

(IIT) Finally, in all remaining cases, ¢ intersects the sets of (B0 in at most finitely many
points. Then still, the integral in (3I]) converges, the integral representation from (31))
holds and the previous step gives Z > 0.

Hence, f(z, -, -) is strictly convex, which concludes the proof. O

6.2. Proof of Lemma [Il For 5,7 € R, we recall the definition of the Legendre transform:

h(x,s,t) = sup (3§+ tt — f(x, s,t))

s,teR

where f(z,s,t) = an) (Is|” + 2b(x) |s|2[t|2 + |¢|P). We note that, since f(z,s,t) > 0, this

immediately yields h(z,0,0) = 0.
(a) We assume w.l.o.g. that § # 0. With that,

h(x,5,t) = sup [sertf— f(z, s,t)] fe2)20 sup ls|s| + t|t] — f(x, s,t)]
s,teR s,t>0
_ 1
oL 17 L (s +olt])\ "
= sup |[s(|s|+a|t|) — s x,l,a]:sup—(i
s,0>0 [ (| | | D f< ) a>0 p/ pf(l‘a 17 0)
a(z)t=? 5| + olt|
ey [ Bl
D 0>0 (14 2b(x) o2 4 oP)»

where the supremum with respect to s > 0 has been evaluated explicitly.
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(b) This is a direct consequence of the symmetry of f(z, -, -), i.e. f(x,s,t) = f(x,t,5s)
and of the fact that f(x,—s,t) = f(z,s,t), respectively, for all s,t € R.

(c) As a consequence of part (a), we have h(x,as,at) = o h(z,5,1) for a > 0. We
differentiate with respect to a and find

Vsih(z,as,at) - (i) = p'o? " h(z, 5,1).

Evaluating the latter identity at ov = 1, the assertion of (c¢) is proved.

(d) We only prove the second identity, the first one can be shown in the same way. By
direct computation we find Vg, f(z,s,s) = a(z)(1 + b(x))|s|P~2s (1,1) for s € R.
Recalling that Vgzh(z, -, - ) is a diffeomorphism on R? with inverse V,,f(z, -, ),

this implies V;zh(z, 5, 8) = (a(z)(1 + b(x)))_(p,_1)|§\p'_2§ (1,1), and hence using (c)
_ 1 . 2 1—p' | _ ./
h(z,5,5) = ?Vg,t’h@a 5,5) - ( ) = ?(a(x)(l +b(z))) "5

(e) We have by definition of the Legendre transform and due to a(x),b(x) > 0

» W

h(z,5,7) = sup (ss+tt‘— @ (|s|p +2b() |s|3]¢[3 + |t|p))

s,teR

_ 1 , , oy
< sup (ss+tt _ ) g |t|p>) = —a(2) 7 (|5 +|7)
s,teR p p

where we calculated the latter supremum explicitly. On the other hand, defining
s; € R via

5o = (a(@)(1+b(2))) 7 - |55

we notice that s, maximizes the map R — R, s+ s5 — ia(:p)(l + b(x))|s|” and that
5=a(z)(1+b(x))|ss[P~2s;. Defining t, € R similarly, we estimate

1 1=p" (5P 7P’
)+ o) (|8l + 177
1 _
- (1-1) (s
< a5t bl - (50 - a(z)(1 4 b(x))] 52725, + L, - a(2) (1 + b)) |t[P~2t,)
(sl + 22 52 881 + 1))

< sup (s§+tt— @ <|s|p+2b<x>|s|%|t\% + \t|p>)
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6.3. Proof of equation (27)). Recall that hy was defined to be the Legendre transform of
fr and fi(s,t) =L (|s|P +2by |s|2[t|2 + |t|P). Foru,v € LF'(RN), we prove the inequality

1
P
/ h(z,u,v)dxr > hy (Hail/pﬂ ,) )
RN P
By definition of the Legendre transform, we have for z € RV
b, a(z), 5(2)) = sup [sa(z) + to(x) — [(z,5,1)].
s,teR

a Py

pl7

In order to estimate the supremum, we insert explicitly

g ol /9 _
= ey - ala) ()P a(),
la=vralf”,
ty = —— - a(2)" |o(2) P20 (x)

T
ol

where o, 7 € R are arbitrary. With that, we integrate, estimate b(z) < b, and apply Holder’s
inequality:

/RN h(z,u(z),v(x)) dz

> [ sete)+ 120@) = 2 (sl + @ e+ 1) o
RN p

=0 Ha’l/pﬁHp, + T Ha’l/pﬁ

p/

1 lo7|> 1
o+ 25, —— - [ (a0 b

la=t/Pall; [la=t/7 o]

(a@)10l) " do+ |7
v

> o a7l a0l = (o + 2ilorlé + i)

=0 Ha_l/pﬂHp, +7 Ha_l/pz’)Hp, — fi(o, 7).
Passing to the supremum with respect to o, 7 € R, we find the asserted inequality. O
6.4. Proof of equation (28)). Let p > 4 and consider, forn >0,

(L+7?)2
(1+ (28 =2 + )7

We assert that 1 has ezactly three critical points on (0,00) which are given by {n;,1,n, '}
for some my € (0,1), and that ¢ attains its minimum on (0, 00) uniquely at ny = 1.

We note that ¢ is smooth on (0,00), and that 1(n) — 1 as n N\, 0 or n  co. Moreover,
P(n~t) = 1(n) holds for all n > 0. Critical points of ¢ satisfy

4

p—2 p—
2 .

(32a) 0 =14'(n), equivalently 1+ (2% — Dt =24 (27 — 1)
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D
Obviously, this is satisfied for 7y := 1. Moreover, p > 4 implies that ¢"(1) = 2; £ > 0,

22
which proves that ¢(1) = 1 is a strict local minimum. Once we have established that v has

a unique critical point 7; in the interval (0, 1), we colclude that ¢ attains local maxima at 7
and at ;' and hence that the local minimum in 7y = 1 is in fact global.
We substitute x := 27" — 1(>1),0:= %1 € (0,1), y ;== n% and (B2a) gives

p (2 1+ kKy
(32b) 0—1/1(3/?) & =
FEzistence of my: This is guaranteed by the Mean Value Theorem since 1(0) = ¢(1) = 1.
Uniqueness of m1: Now assume that 1 possesses (at least) two critical points 7,7 in (0,

g

[Nl N

with 0 < 7, < 12 < 1; then 77%’ n% € (1,00) are two more critical points. We denote y; := n;
for j = 0,1,2. Notice that, by (32h), we have
14+ Ky
K+y a

1 1
Yy’ =0 forye {yl,yQ,l,—,—}.
Y1

Y2

The Mean Value Theorem yields z; € (y1,92), 22 € (y2,1), 23 € (1, i) , 24 € (y%, i) with

1—0o

(k+25) =27 .

d

dy

k2 —1

1
( TRy y”) =0, equivalently
y=z \ R TY

Then again, we find 2] € (21, 22) and 25 € (23, 24) satisfying

d 1—0o 1 — 2 2 — 1
( 20 1(,% +y)— yT) =0, equivalently ( 0)4<K ) = (z;‘)(’“.
y=z V K2 — o

dy
The latter equation, however, possesses a unique positive solution; since we have found two
distinct ones 2§ € (0,1), 25 € (1,00), we have a contradiction.

0
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