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Abstract

Starting at 3-loop order, the massive Wilson coefficients for deep-inelastic scattering and the massive
operator matrix elements describing the variable flavor number scheme receive contributions of Feynman
diagrams carrying quark lines with two different masses. In the case of the charm and bottom quarks, the
usual decoupling of one heavy mass at a time no longer holds, since the ratio of the respective masses,
n= m% / m% ~ 1/10, is not small enough. Therefore, the usual variable flavor number scheme (VFNS) has
to be generalized. The renormalization procedure in the two-mass case is different from the single mass
case derived in [1]. We present the moments N = 2,4 and 6 for all contributing operator matrix elements,
expanding in the ratio . We calculate the analytic results for general values of the Mellin variable N in
the flavor non-singlet case, as well as for transversity and the matrix element qu). We also calculate the
two-mass scalar integrals of all topologies contributing to the gluonic operator matrix element Agg. As it
turns out, the expansion in 7 is usually inapplicable for general values of N. We therefore derive the result
for general values of the mass ratio. From the single pole terms we derive, now in a two-mass calculation,
the corresponding contributions to the 3-loop anomalous dimensions. We introduce a new general class
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of iterated integrals and study their relations and present special values. The corresponding functions are
implemented in computer-algebraic form.

© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The heavy flavor corrections to deep-inelastic scattering for pure photon exchange are known
to leading [2] and next-to-leading order (NLO) [3].” The present accuracy of the deep-inelastic
world data requires next-to-next-to leading order (NNLO) QCD analyses in order to determine
the strong coupling constant o (M ) [5-7] to ~1% accuracy at NNLO, to obtain highly accurate
values for the charm and bottom quark masses m. and mj, and to make precise determinations of
the parton distribution functions. All of this is in turn needed to describe precision measurements
at the LHC [8] and at facilities planned for the future [9,10].

In the region of large scales Q% >> m?, analytic expressions for the heavy flavor Wilson coeffi-
cients have been obtained at NLO [11,12]. A factorization relation valid in this asymptotic region
was given in Refs. [11,13]. For the structure function F>(x, QZ), the asymptotic corrections are
sufficient at scales Q%/m? > 10, cf. [11]. The massless corrections at NNLO to the deep-inelastic
structure functions are available [ 14—16], while for the corresponding massive corrections in the
asymptotic limit, a series of moments has been calculated in the single heavy mass case [1] for
all contributing terms in neutral current deep-inelastic scattering. The calculation of the general
expressions for the Wilson coefficients is still underway. The asymptotic Wilson coefficients for
the structure function Fy (x, Q%) have been completed [17,18]. Here the first genuine two-mass
contributions emerge at fourth order in the coupling constant. In the case of the structure func-
tion F,(x, Q2), all corrections to the color factors O (Ng TI% C 4, F) have been obtained in [19,20],
which provides the complete results for two out of five contributing Wilson coefficients, cf. also
[18]. The flavor non-singlet corrections have been calculated in Ref. [21] and the flavor pure
singlet terms in Ref. [22]. The massive operator matrix elements (OMESs) calculated in [18,19,
21,22] are also needed to describe the variable flavor number scheme (VENS) in the case of a
single heavy quark transition [13], for which also the gluonic contributions Ag, ¢ and Ag, o
are required and have been calculated at 3-loop order in [23] and in [20,24,25], respectively.3
Technical aspects of these calculations have been described in [27-29]. Heavy quark corrections
to charged current deep-inelastic processes have been dealt with in Refs. [30].

In the calculations mentioned above, besides internal massless fermion lines, only a single
heavy mass is attached to massive fermion lines. However, starting at 3-loop order, there are
also diagrams with two different masses attached to the massive lines. In the present paper, we
consider corrections of this type. As before in the single heavy mass case [1], a series of finite
moments for all massive OMEs and the Wilson coefficients in the asymptotic region Q% >>
m2 1 s calculated. In some cases, we also compute the results at general values of the Mellin
varlable N and the momentum fraction z. Furthermore, we present the scalar two-mass integrals
contributing to the OME Ag, both in z- and N-space, in extension to the single mass case in
Ref. [24]. In the present paper, we concentrate on the calculation of the two-mass effects in the

2 Fora precise implementation of the Wilson coefficients in Mellin space see [4].
3 For a recent survey on these calculations see [26].
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case of massive OMEs, playing a central role in the variable flavor number scheme, and leave
phenomenological studies of the contributions to various deep-inelastic structure functions for a
separate publication.

The paper is organized as follows. In Section 2, the general formalism is outlined, describ-
ing the Wilson coefficients in the asymptotic region in the case of two massive quarks and the
representation of the deep-inelastic structure functions. We also present the transition relations
between a representation of three and five massless quarks to 3-loop order, which is governed
by the massive OMEs and describes the matching conditions in the VENS. In Section 3, the
renormalization of the massive OME:s is described in the case of two massive flavors. Here we
also derive the structure of the massive OMEs, which now receives logarithmic contributions
depending on two masses. The fixed moments for N =2, 4 and 6 are calculated for all massive
OMEs in Section 4, for which we also present numerical illustrations. We have reported on a
few results already briefly in [31-33]. In the flavor non-singlet and gg-cases, we have calculated
the massive OME:s for general values of the Mellin variable N. These are presented in Section 5
and are numerically illustrated. In Section 6, we turn to the more involved case of the genuine
two-mass contributions to the massive OME A , and outline the calculation strategy, which is
significantly different from those of the easier cases being dealt with in Section 5. In the present
paper, we limit the consideration to the calculation of all scalar* 3-loop diagrams contributing
to A(3) 2.0 both in N- and z-space, leading to new functional structures. Unlike the case for the
moments cf. Section 4, where we can expand in the mass ratio of the heavy quarks, this is in
general not possible in the case of the diagrams contributing to A( ) €0 for general values of N.
Therefore, as in Section 5, we derive the analytic solution for general values of the mass ratio.
Section 7 contains the conclusions. The z-space results of a series of OMEs are given in the
Appendix A, and a collection of new root-valued iterated integrals is presented in Appendix B.

2. Massive OMEs and Wilson coefficients with two masses

Starting at 3-loop order, Feynman diagrams carrying internal fermion lines of different mass
contribute to the OMEs. The relevant masses are those of the charm and bottom quark, m,
and my. In the following, we will work in the on-shell scheme. Here the masses are given by
[34,35]

m.=1.59 GeV 2.1)
mp =4.78 GeV . (2.2)
The ratio
2
m
n= _g (2.3)

m

with my = m¢, m; = myp, amounts to n ~ 1/10. Later we will also use the symbol n; = /7.
The two masses do not form a strong hierarchy and charm cannot be assumed to be massless at
w? = mlz;. The asymptotic decoupling thus rather proceeds under the condition

0%, 1> m2 m2 (2.4)

4 That s, not including in the numerator any term other than the one coming from the operator insertion.
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with Q7 the virtuality of the exchanged gauge boson in the deep-inelastic process and u? the
factorization scale, which we will set equal to the renormalization scale in the following. The
transition relation to the MS-scheme for the mass renormalization will be given in Section 3.7.
We refer to the on-shell scheme in the following for computational reasons, rather than giv-
ing preference to this scheme. In any data analysis, the mass effects shall be expressed in the
MS-scheme, which provides perturbative stability.

In view of this, the associated variable flavor number scheme (VFNS) differs from the one in
which only a single heavy quark is decoupled at the time [1,13], which also works up to 2-loop
order since there no diagrams containing fermion lines of different mass contribute.

In the following, we will mainly work in Mellin space to take advantage of the simplicity of
the emerging convolution formulae, which are given by ordinary products. The Mellin transform
of a function f(x) is defined by

1
ML f(x)](N) = / dxx¥ 1 f () 25)
0

The convolution formula of two functions reads

I 1
[f®¢] (Z):/dXI/dXZS(Z_XIXZ)f(xl)g(XZ)- (2.6)
0 0

Its Mellin transform factors into the Mellin transforms of both functions

ML f(z) ® g(2)I(N) =M[f(2)I(N) - M[g(2)](N). 2.7

In what follows, we will use the Mellin transform to map between the z- and the Mellin N -spaces.

Let us now derive the massive Wilson coefficients for deep-inelastic scattering in the kine-
matic range of large virtualities Q2, cf. (2.4). We generalize the considerations in the case of
a single heavy quark mass in Refs. [1,13] and obtain the following factorization relation in the
non-singlet case:

0? 0 m? ml
(o (N,va,—)JrL'“S (N,NF+2,—,—,—)=
4.(2,L) u2 q.2.L) AT,
2 2 2
NS my M3\ ~Ns 0
ANS o (N, NE+2, et )eNs, (v N +2, _/ﬂ) .28

Here Ny denotes the number of massless flavors (with Np = 3 in QCD). Cl.] and Ay are the
massless Wilson coefficients, cf. [14,36,37] and massive operator matrix elements (OMEs), re-
spectively.

For the pure singlet and singlet contributions the corresponding relations read

CPS,) L (NP + LFS, | (Np +2) = [Ag‘jQ(NF +2)+ APS [ (NF +2) + A%S (N + 2)]

x NeC%. 1) (NF +2)

+Ape o(NF +2)C% 1) (NF +2)

+ Agg.0(NF +2)NFCq 2,1 (NF +2) , (2.9)
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Co.2..y(NF) + Lg.2.1)(NF +2) = Agg 0 (NF +2)NrCyq 2.1)(NF +2)
+ Age.0(NF + 2)C§§2, LH(NF+2)

+ [Aqg,Q(NF +2)+ AQg(NF +2)]

x NrCl% 1 (NF+2), (2.10)

HPS, | (Np +2) = ATS (NF + 2)[C§S(2 L (NF+2)+CPS, | (N + 2)]
+[ANS G VE +2)+ AS (N +)]CFS, 1) (NF +2)

+ Agq.0(NF +2)Cq.2.1)(NF +2) , (2.11)

Hy 0.0)(NF +2) = Age o (NF +2)Cq.2.1)(NF +2)
+ Aqg,Q(NF + Z)éps(z L)(NF + 2)

+ Age(NF+2)[CNS, [ (NF+2+ €%, (Nr D)) 212)

Due to the heavy quark charge, Eqs. (2.11) and (2.12) are still generic and its specification is
given later in Egs. (2.23) and (2.24). In the following, the mass-, Q2-, and u”>-dependence of the
Wilson coefficients and operator matrix elements have been suppressed for brevity. Here Wilson
coefficients are denoted by L if the exchanged gauge boson couples to a massless quark line and
by H if it couples to a massive quark line. Only in the case of LNS(2 Ly H;f2 L and I:Ig,@ L)
genuine two-mass terms contribute at 3-loop order. For the other Wilson coefficients [18,19]
contributions of this type emerge with 4-loop order for the first time.
Above and in what follows we use the notation

fx)= ) : (2.13)
X
fo)=fx+2) - fx). (2.14)

The double tilde in H ; %2’ L) and H ¢.2,1) should not be interpreted as applying Eq. (2.13) twice.

Instead, it is used to differentiate these Wilson coefficients from those of the single mass case,

indicating now the required sum over charges as made explicit later in Eqs. (2.23) and (2.24).
The massive operator matrix elements are the expectation values

Aij = (jlOilj), J=q.8 (2.15)

of the local twist T = 2 operators O, obtained in the light cone expansion [38] of the products
of electromagnetic currents,

N e— A
0";‘5;#1 """ uy = iv IS[lﬁyﬂ1 Dy, ...Dyy él//] — trace terms , (2.16)
05;1“ .... uy = iN_IS[Eym Dy, ...Dyy ] — trace terms , (2.17)
s 9 N-2
Oy iy = SSpLF};,o Dy - -- Duy_, Fjyy'1 — trace terms . (2.18)
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The partonic states |i(p)), with i = ¢ (quark) or i = g (gluon), are on-shell with p?> = 0. In
Egs. (2.16)—(2.18) Sp is the color-trace, and S denotes the symmetrization opelrator5

1
Sfurin =37 2w (2.19)
Tw

of the Lorentz indices p1, ..., uy. Dy is the covariant derivative, 1 and  are the quark and
anti-quark fields, and Fy;, the gluonic field strength tensor, with a the color index in the adjoint
representation. Furthermore, A, is the flavor matrix of SU(NF). The labels ¢, g on the left-hand
side of Egs. (2.16)—(2.18) distinguish quarkonic and gluonic operators.

For convenience we will express the strong coupling constant by as =az/(4m) = g; 2 /(4r)?
in the following. Expanding the expressions (2.8)—(2.12) up to O ( ) we obtain:

(2),NS

(2),NS ~(2),
LY, L (NE+2) =a2[ AL (NE +2) 8+ CP (Ve |

(2) NS (1),NS

+a [ AT (NE+2) 82+ AL (NE +2)Co T (NF +2)

qq,Q

+CON (Np)] (2.20)

LES, 1 (NF+2) =3[ AL BNk +2) 82+ ALY o (NF +DNECYY, | (NF+2)

+ NFC(322PLS)(NF)] 2.21)

LS oy (NF+2)=alAl) ,(NF + 2NpCyl, L)(NF +2)

3
+as[AqgQ

(NF+2) 82+ AY) o (Np +2NpCLY, | (NF+2)
+AD GNP+ 2NECY, L)(NF +2)

+ AGy(NF +2NCIT (NE +2) + NeCLly 1 (NP

(2.22)

HPS,  (NF+2) = ZeQ [ AGTS e +2.mD) 82+ CONT (NE+2)]

i=1
2
+al[ AQ PO WE+2) 8+ e [ CONTE e +2)
i=1

+AD G(NE+2) C)y | (NE+2)

+AG P E+2) S (e +2)]), (2.23)

5 The sum in Eq. (2.19) is over the words w given by the different orderings of the Lorentz indices. For example, for

_ . 1
M =3 one obtains, S fuy yuy.u3 = 6 (fur.maons + furwsiws + fuaomyns + fuapann + fusaerng + fuzamaam)-
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HS 1 (NF+2) = ZeQ o] AQVF+2) 82+ €Ly (NF +2)]

+a [ AD)(NF+2) 83+ AQ (Np +2) CS (Np +2)
+ AN J(NF+2) cg bty NE+2)+ €0 1 (e +)]]
[ A‘3> (Np+2) 8>+ Z &, [A(z) (Nr+2) C3% (Np +2)
+ A‘2> Y o(NE+2) €y | (NF +2)
+ AL (NF + 2){6522’2'“3% +2)+ O (Ve +2)

+ AY SN+ €0, N+ + D), (NE +2)]]

(2.24)
Here the symbol §, takes the values
)1 for F
&y = { 0 for Fy. (2.25)

Because of the coupling of the exchanged gauge boson to the heavy quark line in the case of the

Wilson coefficients denoted by H, we have still to present the detailed structure of the 3-loop

OMEs A( ) in this case. They consist of the two equal mass terms AEq ® and the unequal mass
term AnEq (3)
AT D omy ma) = AT my,ma) + AT (ma, my) (2.26)

ij Aij

which is symmetric in m| and m;. The representation given in Eq. (2.26) is only relevant in the
case of AS’) and ASZ’PS_ Here A?!Eq.,(3) (m1, my) denotes the part for which the current couples
to the fermion-loop of the heavy quark of mass m. This line is carrying the respective local

operator. In general, the following representation holds

3 .3 .3 .3
AR = AE O ) + AT () + AT iy my) (2.27)

The charge-weighted OME is thus given by

3 E 3 Eq.,(3
AD =& AFO (my) + ¢, AT (o)

Eq.,(3 1nEq.,(3
+ e, Any P om1m) + e, ATV ma,my) (228)

In the case of the structure function F (x, Q?), the asymptotic massive 3-loop corrections are
obtained by the massive OMEs up to 2-loop order only and therefore do not contain genuine
two-mass contributions, cf. [17,18].

The inclusive deep inelastic structure functions F;(x, Q2), i =2, L can be represented in the
fixed flavor number scheme in terms of their purely massless contributions and the remaining
terms consisting of the real and virtual heavy quark contributions,

Fi (‘x, QZ) — Fimassless(x, QZ) + FiheaVY(x, QZ) . (229)
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Since the parton distribution functions are related to massless partons only, FimaSSIeSS(x, 0?) is
obtained in a completely massless calculation. One finds

1 1 0?
T ) = D g By s o )
Q2
+G(X’M)®Clg< Mz):|
Q2
+Aq(x,,u2)®C}\IqS<x,—2>}, i=2L, (2.30)
’ w

with ¥ and Ay the flavor singlet and non-singlet distributions given by

Nf
P =Z(fk+f;), (2.3D)
k=1
1
Ak=fk+f;—N—FZ ) (2.32)

and G denoting the gluon density. The heavy quark part is given by

1 i
(Ze;zv)y( s NF+2, Q2 mlﬂmz)

2) ;NS 0* m% m% 2 2
=Zek LN e Ne42, 5, =L 2 ) @ | fulx, 1% NE) + frlx, 12, Nr)
q,(2,L) M M2
k=1

u?
U ps mi mj 2
+N_FL‘1’(2‘L) X, NF+2 —2 —2 Q X(x, u°, Nr)
» i
+N_Lg’(2’L) X, NF+2 2 _2 ® G(x, ,bL Nr)
F

= Q2 m? m
+quv%2,L) (‘x’NF_I_Zv Es M_QI"F ®2(X1M21NF)

Q> mi mj 2
+H .2,L) xaNF‘f‘Z,?’ﬁyE ®G(x,u",Np). (2.33)

The presence of diagrams with c¢- and b-quarks at 3-loop order also yields power corrections
in 1 to the massive operator matrix elements. One obtains the following transition relations
decoupling both the charm and bottom contributions at high scales :

fe(Np +2, N, u*,mi,m3) + fr(Np +2, N, u*, mj, m3)
2 2
=A% N vp+2, 2 B2 ) e N D + fe(NE N, D)
- qu ’ F ’I,LZ’I,L2 k F a/“l/ k F 7“‘

6 They may emerge as non-logarithmic contributions in terms of higher transcendental functions.
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2 2
a8 o (Nove 2,7 22 s v N )
Nr o o

1 m? m?
+—A N,Np+2,—L =2).G(Np, N, % (2.34)
NF qg,Q ’ ’ sz Hz ’ ’ ’

fQ(NF+2,N,u2,m%,m%)+f§(NF+2,N,M2,m%,m%)
2 .2
_ 4PS "y 2
_AQq(N,NF-l‘Z,F,F,)'Z(NFvN,M)

2 2
+ Agg (N Np +2, ; M§>-G(NF,N,M2). (2.35)

The flavor singlet, non-singlet and gluon densities for (Nr + 2) flavors are given by

S(Np+2,N,u*, m?, m3)
2

2 2 2
NS my m; PS my m;
|:Aqu(N NF+2, w2 ?>+Aqu(N’NF+2 w2’ M2>
2 2
m m
+APS (N NF+2 §>:|E(NF7N’H’2)
T

2 2 2 2
1 2 l 2
+|:Aqg,Q(N Np +2, 2 M2>+AQg (N Nfr +2, 2 /L2>j|

'G(NFsN»/-’L)s (236)

Ak(NF+2,N,u*,m3,m3) = fi(Nr +2, N, u>, m3, m3) + fe(Np +2, N, u*, m3, m3)

2 2 2

2 2
2 m2, md) = o M 2
G(NF+27N1M am]7m2)—Agt],Q N,NF+2, /,1,2’[1,2 E(NFstlL)

2 2
m
+ Agg.0 (N NF +2, ; M) G(Np,N,u%) . (2.38)

Here fk(;)(N r), 2(Nr) and G(NF) denote the massless quarkonic parton densities. Note that
the above process independent leading twist OMEs A; ; for fixed moments N contain besides
logarithmic corrections in 7 also power corrections. For general values of N the n-dependence is
more involved and requests at least generalized harmonic sums [39,40] and binomially weighted
generalized harmonic sums [41] as will be shown below.” We would like to mention, that al-
though Ay is the genuine flavor non-singlet distribution, sometimes the combination fi + f7
may be considered to take its role, [11,21].

7 For recent surveys on these function spaces see Refs. [42,43].
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The presence of 2-mass terms in Eqgs. (2.34)—(2.37) only allows to define the new parton
densities at (Nr + 2) out of those at N at sufficiently high decoupling scales 11> > m% m%
at 3-loop order, while up to 2-loop order, flavors can technically be decoupled one by one, if
m% > m% (which is not the case, however for b- and c-quarks). The picture of an individual charm
and bottom quark density does therefore not hold from 3-loop order onwards. The quantities
S+ fz» Z, A and G are not affected, as they depend on all heavy quark masses in a symmetric
way. The two-mass generalization (2.35) of the single mass case [1,13], is a formal relation as it
stands. It can be rewritten expressing the charm and bottom quark densities in the variable flavor

scheme, still requesting

0>>m?> and Q>>m} (2.39)
by
fe(NE+2,N, 1>, m3, m3) + fe(Np +2, N, u*, mij, m3)
2 2
1PS.c(b my m
=Ap (N,Np+2,u—;,“—§,> - X(Np, N, %)
_— m2 m2
+ Ay | N NFP+2, =, =3 |- GWNE N, 1) (2.40)
g MZ ’u2
fo(NE+2, N, pi* mi.m3) + fr(Np +2, N, u*, mj, m3)
2 2
1PS.b my m
= Ap" (N,NF+2,M—;,“—§,> - X(Np, N, %)
e m2 m2
+ AR N Np+2,—L =2 | . GWNp. N.u?) (2.41)
g MZ ’u2
where
sc(b Eq.,(3 ~nEq.,(3
AP = A5 O ey + AT (me,my), (2.42)

and Zf]@ is obtained by ¢ <> b. Eq. (2.35) is the sum of Egs. (2.40) and (2.41).
We turn now to the calculation of the massive two-mass OMESs and discuss first their renor-
malization in the case of two heavy quark masses.

3. Renormalization of the massive operator matrix elements

The Feynman integrals contributing to the various operator matrix elements contain mass,
coupling, ultraviolet operator singularities, and collinear divergences, due to massless sub-
graphs. They are regularized by applying dimensional regularization [44] in D =4 + ¢ di-
mensions. The singularities appear as poles in the Laurent series in &, with the highest pole
corresponding to the loop order. At one and two loop order the two-mass massive operator ma-
trix elements A;; are given in terms of the known single mass contributions since they do not
contain more than one internal massive fermion line [11-13,17,18,45-47].

The first single particle irreducible diagrams with two masses emerge at O(as). In the follow-
ing, we consider the renormalization of the two mass contributions in individual terms together
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with the genuine two-mass contributions. The latter terms will then be obtained subtracting the
former ones, cf. Ref. [1]. The unrenormalized OMEs are given by

1)2¢ 1)2¢ .

. 2 2 2 2 . A 2 2

N m m m m N H 2 m m

Ag) (—M% , —Mg) = (—Mé) + (—/;) A%’Smg) + Ax.) (—Mé , —M§>, 3.1)

where Ag)’smg are the single-mass OMEs [1] and Ag.) are the new two-mass contributions. The

last term in Eq. (3.1) for [ = 3 contains a factor (mmy/ ,u2)3/ (2¢) | Furthermore, a change in
the renormalization scheme as in Eqgs. (3.41), (3.42) generally introduces a mixing between the
different components of Eq. (3.1).

In the main steps we follow the renormalization procedure outlined in Ref. [1], incorporating
the necessary modifications for the two-mass case. We consider the case of Ny massless and two
massive quark flavors as this covers the physical case of contributions e.g. due to the charm and
bottom quarks.

We first consider mass and coupling constant renormalization, followed by the renormaliza-
tion of the ultraviolet singularity of the local operators, and the factorization of the collinear
singularities.

3.1. Mass renormalization

The schemes most frequently used for the mass renormalization are the MS- and the on-mass
shell scheme (OMS). In the following, we renormalize the mass in the OMS and provide the
finite renormalization to switch to the MS-mass at a later stage, cf. Eq. (3.140). We perform the
mass renormalization first, i.e. the respective expressions are still containing the bare coupling
A~ 52 4 28
ag =g /(4m)”.

The bare masses ni;, i € {1, 2} are expressed by the renormalized on-shell masses m; via

M = Zy,i(my, my) m;

L (miNe2 (M ~3
:mil:l—}—aS(?) sm,y ~|—as<?) S, (ml,mg)] +0@), (3.2)
and
Sma; (my, ma) = 8m3 + §ma' (my, my) . (3.3)

Here (Smg is the single mass-contribution, whereas szi denotes the additional contribution
emerging in the case of two massive flavors. Note that from order 0(&3) onward the Z-factor
renormalizing 71; depends on m; and vice versa. For the massive operator matrix elements this
can be observed at 3-loop order for the first time. The coefficients ém| and §m, have been de-
rived in [52,53] up to 0(80) and 0(8_1), respectively. The constant part of §m, was given in
[48,54,55] and the O (¢g)-term of dm in [1]. One obtains

6 3
dm; =Cp [——4+<4+ Z§2>8j| G4
&
(=D
1)
= om® 4em(Ve (3.5)
&€

8 Note that our notation therefore agrees with [48], but e.g. differs form the notation in [49-51], where also the charge
renormalization has been carried out.
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o_o~ | L _ (.4 1
$m = Cr| — (18Cr —22C4 +8Tr(Np + 1)+~ [ =—Cr + 5-Ca

199 51 605
— 14Tp(NF + 1)) +Cr (— — —& +48In(R)ép — 12(3) + Cy (——

g 2 g
5 45 69
+ 5(2 —24In(2)8> + 643 | +TF | N > +10% ) + -~ 144 (3.6)
0.2 5 0.(-1)
5 5
S N — A (.7

T g2 €

? i _ 8 _ 14 417200\ . 2 2 . .
dmy' (my,my) = CpTF 2 +8r;Hy(r;) = 8(ry + D" (i —ri +1)H_1,0(ri)
2 2 2 3 2
+8(ri —1) <rl~ i+ 1) Hio() + 8r7Ho(r) + 5 <8ri + 15)

+2[4ri4 — 1273 — 12n, +5];2} (3.8)

SmaD Fma-D
= m22 + 2 imyh O, (3.9)
& &

cf. [48], with Cp = (Nf —1)/2N;),Cs =N.,Tr =1/2, N, = 3 in the case of QCD, i € {1, 2}
and
1

rlz\/ﬁ and r2=%. (310)

Here ¢ = Zi’i 11/ lk), k € N, k > 2 denotes the Riemann’s ¢-function at integer arguments.9
The superscript i for the coefficients Smé_z) and Smg_z) has been dropped as they are indepen-
dent of the renormalized mass m;. Furthermore, H; (¢) are the harmonic polylogarithms (HPLs)

[56]

Ho(¢) =1n(¢) (3.11)
H_1,0(¢) =Liz(=¢) + In(¢) In(1 + ¢) (3.12)
Hio(0)=Lia(1 -¢)— 0. (3.13)

Eq. (3.9) states the complete analytic form of the contribution of the respective other massive
flavor to the renormalization of the bare masses. In the present analysis we will focus on m 1, m»
being the masses of the bottom and charm quarks, respectively. Due to the size of the ratio

n~0.1, (3.14)

it is enough to do the expansion up to O (n*In(7)), as we will do in general for the fixed Mellin
moments of the OMEs. The mixed-mass terms are given by

9 In Feynman graph calculations at higher orders also multiple zeta values contribute, cf. [57].
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NRR() 45 12 32
dma > (my,my) = CrTF -+ 1082 — 2487/ + 24n — 2485
26 151
+ <2ln2(n) -3 In(n) + 85 + —) n’

9

16 152
+ (E In(y) — f) n3:| +0 (n“ ln(n)) , (3.15)

~ 26 103
Smy* @ my,ma) = CrpTr [—21n2('7) +3 I +20+ <=

(23 B92Y 0 (22 4 30 2
—_—— n _— —_—— —_—
15 WP s | 35 "V T 4900 ) 1

32 7976 \ 5 4
+ <—m In(n) + m) n :| +0 (77 1n(’7)> . (3.16)

Applying Eq. (3.2) we obtain the mass renormalized operator matrix elements by

N 2 2
A..(ﬂﬁgzv)
\ 2 2
nwep
n 21 A 2
= 5ij + ds fj’(—é,—j,e,N)Mf{Af,)( ;. 3.eN)
2 2 2 2
m2\ /2 d m5\ /2 d 12aqymy m
+om|(C3) g+ (53) g ] (G i e )
2 dmy ' \p2 dmpd™ 7 \p2”

[NSRS]

mive/2  d mive/2 d | 3gymi m3
+8m1 (?) mld—n“+(—2> mzd— A’/ (—2,—,8,N>

mive d_aqymi m
+5m2,1(m1,m2)(—2) mi——A; (——28 N)

0" J

2

ms\ € d 2
+8m2,2(m1,m2)(u—§) mzd—zAEj)(—z, —. ¢, N)

@m)* | miye 5 d o mive o d® | aq)emiom3
+ ) <_2) ml 2 +(_2> mzdmzz Al] (Fs F,E, N)

uw

2 2 2 2
mi\&/2 ym5\¢€/2 d d sqymi m
5 2( 1) <_2) @ _AO(—l,—Z,g,N) , 3.17
+( ml) Mz Mz mld}’l’”mzdmz ij /J,z Mz ( )

which generalizes Eq. (3.10) of Ref. [1]. The OMEs are symmetric under the interchange of the

masses m1 and m>.
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3.2. Renormalization of the coupling

When renormalizing the coupling constant, it is important to note that the factorization re-
lation (2.8)—(2.12) strictly requires the external massless partonic legs of the operator matrix
elements to be on-shell, i.e.

p?>=0, (3.18)

with p the external momentum of the OME. This condition would be violated by naively apply-
ing massive loop corrections to the gluon propagator. We follow [1] and absorb these corrections
uniquely into the coupling constant by using the background field method [58—60] to maintain
the Slavnov—Taylor identities of QCD. In this way, one first obtains the coupling constant in a
MOM-scheme. A finite renormalization to transform to the MS-scheme is applied subsequently.

The light flavor contributions to the unrenormalized coupling constant in terms of the renor-
malized coupling constant in the MS-scheme read

_2 —a
a, = ZM" (e, Np)aVS (u?)
(2 [1 +8aYS (N)aVS (1) + 5aMS (N ) al™S (u)} +0@). (3.19)

Here the coefficients Baﬁ(N F) are given by

S 2
dagy7(Nr) = gﬂO(NF) , (3.20)
MS 4 2 1
dagy (Nf) = S_Zﬂo(NF) + gﬂl(NF), (3.21)
with By (NF) the expansion coefficients of the QCD g-function [61-66]
11 4
Bo(NF) = ?CA - gTFNF ) (3.22)
34 , 5
,BI(NF)Z?CA_“' gCA‘f‘CF TrNp . (3.23)

We split the renormalized gluon self-energy IT into the purely light and the heavy flavor
contributions, IT; and Iy,

I (pz,m%, m%) =TI (pz) + Iy (pz, m% m%) . (3.24)

The heavy quarks are required to decouple from the running coupling constant and the renormal-
ized OMEs for % < m?, m3 which implies [11]

My (0,m}, m3)=0. (3.25)

We apply the background field method, which has the advantage of producing gauge-invariant
results also for off-shell Green’s functions, to compute the heavy flavor contributions to the
unrenormalized gluon polarization function [58,67]. Applying the respective Feynman rules [68]
one obtains

1) pp(p7 mi m3, 1% e, a0) = i(—pg"” + p"p")oap 1y ge(p. mi. m3, u?, &, ds) |
(3.26)
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)G enl T

[—(—?TFCA — 4TFCF>

[\)

&

"
2 2

2 (M (M2

it (23) +(2)'

32
— ?TFCA + 15T CF

2po,
[y g0, m3, m3, u?, &, a5) = ay Q|:<M

86 31
te(=35TrCh — S TrCr = 20TRCy ~ 02TrCr)

27 4
+2(2ﬁ2Q> (ZI_E)S/Z(%)NQC p( ;il (5) )]
+0(@@) (3.27)

where the masses m| and mj have been renormalized in the on-shell scheme (3.2). In order to
write (3.27) in a more compact form we use the notation

o= () () |ee| 25 |

and keep this factor unexpanded in the dimensional regularization parameter ¢ for the moment.

Furthermore, we denote the contributions to the QCD SB-function coefficients by ,3(/ ) [1,11,
61-66]

Bo.o = _gTF , (3.29)
Bi.o=—4 (%CA + CF) Tr , (3.30)
LY = _%TFCA +15TxCr (3.31)
,3(2) ;TFCA - 341 TrCr - (5 TrCu + TFCF) - (3.32)

Eq. (3.27) differs from the sum of the two individual single-mass contributions [1] by the last
term only, which is due to additional reducible Feynman diagrams in the cases of two heavy
quark flavors of different mass.

The background field is renormalized using the Z-factor Z 4 which is split into light and heavy
quark contributions, Z4 1 and Z4 g. It is related to the Z-factor renormalizing the coupling
constant g via

1 1
Zy=27,"= . (3.33)
(ZaL+ ZA,H)l/z

Concerning the light flavors, we require the renormalization to correspond to the MS-scheme
with N light flavors

—=1/2
Zai(Np) =2 " (3.34)

The heavy flavor contributions are fixed by condition (3.25) which implies
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My Br(O0, 12, ag,mi,m3) + Zay =0. (3.35)
The Z-factor in the MOM-scheme is obtained by combining Egs. (3.33), (3.25), (3.27) and (3.35)
1

ZVM(e, Np +2, . mi,m3) = ——————. 3.36
¢ (& NF o 1) (Zag+Zam'? (-30)
Upto O (a?"o"’ﬁ) one obtains the renormalization constant
2 2
ZYO (6, Np + 2. jromi m3) = 1+ al' )| = (Bo(Np) +ﬂo,Qf(e))]
2 ,31(NF)
+ a2 A P LS Ve + oo flen?
+1 (m—%)g + (m—z) (Bro+epiy+e8%)]
e \\ )2 112 0
+ 0" | (3.37)

We define the coefficients of the MOM-scheme Z-factor, Sas“{'?M and Sag”'g"", analogously to
those of the MS-coefficients in (3.19)

$aMOM — zﬂo(SNF) n Zﬂg,Q 1), (3.38)

8aMOM — Bi (iVF) + (2,30(8NF) 2o, Qf( ))

+ é ((IZ—E) + ('Z%) ) (Bro+ey +27y) + 0. (3.39)

Finally, we express our results in the MS-scheme. For this transition we assume the decoupling
of the heavy quark flavors.
The transformation to the MS scheme is then implied by

ZYS (e, Np +2)alS(u?) = 2y (e, Np + 2, 1. m7. m3)a)! (u?) . (3.40)

Solving (3.40) perturbatively one obtains
MOM _ ; Vs> % ’
O (m(ﬂ )+ )) [ﬁo . (m(ﬂ ) +1n(ﬁ))
2 —=d
—BLo (m( —Hn m—g )—2/3“) :|ab <a§"3 ) , (3.41)

aWs:aMOM+ MOMZ((S MOM_(SaMS(NF+2)> MOM (8 MOM_SaMS(NF+2)

2
1

or,
S S

— 25a™ (N +2) [&;MOM —8aVS(NF + 2)]) + O@VoM?) . (3.42)
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Note that, unlike in Eq. (3.19), in Eq. (3.41) and (3.42) aL\A_S = ay_s (Nf +2). Applying the
coupling renormalization (3.37) to (3.17) we obtain the OME after mass and coupling renormal-
ization

2 MoM 2(D ,  mMom2| 2@ MOM £ (1)
A,-j=8,-j+as Al] ~|-Clx |:A1] +8(1S’1 Al]

2 2
my\¢/2 d ms5\¢€/2 d 21
8 (—1) — (—2) = AD
+ m1< u? mldml + u? mzdmz 1

mMom3| 2(3) MOM £ (1) MoM| 2(2)
+ ag |:A.. +8as’2 Al-j +28a5,1 |:Al.j

2 2
mi\&e/2 d ms5\¢€/2 d 21
smi((C2) g+ (53) T mg ) AT
+ nﬂ( 2 fmdml + 2 mzdm2 ij

dm

Gm)* ((mive , d? mive 5 d* ) 2
 Om (e L (M2 e ) A
2 u? ldmlz 2 2dm22 ij

+(5ml)z<m%)s/z(m_§)s/2m d mzijg)} (3.43)

mive —d miNe d ) aq
+ 5mz,1(Wl1,M2)<—2) M1—+8m2,2(m1,f?12)(—2) my—— | A
7 w dmy ) Y

E u? 1dm1 dmy Y

where we have suppressed the dependence on the masses, € and N in the arguments of the OMEs.
3.3. Operator renormalization

Next we remove the ultraviolet divergence of the different local operators defined in
Egs. (2.16)—(2.18) by introducing the respective Z-factors

NS _ NS/, 2y ANS
Oq,r;m ,,,,, UN Z= )Oq,r;m ,,,,, N (3.44)
S _ 7S/, 2\AS .
Oi;m ,,,,, UN T Zij('u )Oj;m,m,uzv o 1=4.8- (3.45)

In the singlet case, the operator renormalization introduces a mixing between the different oper-
ators as they carry the same quantum numbers. Analogously to the OMEs, here the Z-factors are
split into the flavor pure singlet (PS) and non-singlet (NS) contributions

-1 _ 7—-1,PS | »—1NS
Zog =24y "+ 2y (3.46)
Each Z-factor is associated with an anomalous dimension y;; via
— d J—
Yag (@' Nr, N) = pn InZog @ Nr. e N) (3.47)

d N
vij (@S, Np, N) = u@zﬁ(abﬂs, Nr, e, N) . (3.48)
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Here both the anomalous dimensions and the operator Z-factors obey perturbative series expan-
sions in the coupling constant

o0
_ o
v PO NS @M Np Ny = a8 DS PS NS (v ) (3.49)
=1
o0
Zij=bij+ ) alZ{} (3.50)
k=1
o0
— —1,(k
z7 =8+ ) a4z, ©. (3.51)
k=1

In order to renormalize the respective operators, we first consider operator matrix elements with
off-shell external legs as a sum of massive and massless contributions:

~

2
~ —p v
Aij (p2,mf,m§, 1, ayM Np +2) = Ajj <?’a§ﬂsv NF)

+ 45 (Pzﬁm%,miuz,as“"o“", NF +2) . (3.52)

Here the massless contribution depends on az"'s since the MOM-scheme, cf. Section 3.2, has been

constructed in such a way that it corresponds to the MS-scheme concerning the renormalization
of the light quark flavor and gluon contributions. AiQ denotes any massive OME we consider.
The term §;;, which appears in the expansion of the OMEs (see Egs. (3.17) and (3.43)), does not

~ 2 v
have any mass-dependence and is considered a part of the light flavor part A;; (:L—’;, a;"'s, N p).

We first consider the renormalization of the purely massless contribution in the MS-scheme
[69]

2 _ N R

Ayg(ﬂ_l;’a‘?/ls’NF’ N) = Z;ql,Ns(a‘gﬂS’NF,s,N)Agcf( Ml; ,a‘i"'S,NF,s,N> (3.53)
-’ W S c (—P s

A,-j(?, oS Np,N) =27 @, N e, N)A,j(?, oS, Np,&,N),

ij,l=q.8. (3.54)

Solving (3.47)—(3.48) yields the Z-factors in the singlet case

0)
Vs wis Vij vs2) 1 /1 . o 0 I a
Zij(ag"s, Nr) =6;j +aLV'S l; —i—a?"s {8—2(5)/,-(; )7/15 ) + ,303/,~(j )> + g)’,j(/)

w3l 1 /1 4
WS ©)_©)_©0) ©)_©) 2 (0)
s {8_3(37/1'1 Yie Vg T Bovi v+ 380y )

1 /1 1 2 2 y?
1,0 O, 1 (D 0) ij
+ ;(6%’1 )/lj + gyil )/lj + 5,80)/1']' + gﬂn/,-j ) + g} (3.55)

In the non-singlet and pure singlet cases one has
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__,,(0).NS

NS, MS vS Yqq ws2) 1/l o) ns? 0),NS I ()ns
Zyg(ag”  Np) =1+ag T, T4 {8—2(57,},]) + Bovy )+Z7/q(q)

s3] 1 /1 3 2 4
ms2 ) L1 ons ©).NS2 |, 7 52 (0).NS
+ag {83(6)/[1(1 + BoYeq +3/30qu )

1 /1 2 2 1
(-, O,NS (NS _ = (H,NS |, = (0),NS 1 (2),NS
+ gz(zyqq Yoq =+ 3ﬂquq + 3/31yqq )+ 3 Vaa }
(3.56)
o= a2 | 1 1 ws3| 1 /1
PS NS VS ), (1),PS S ©).,0).,0)
Zyqag”. Nr) = ag {E)’qg YVea T 55 Vaq } Ty {;(gygq Yag Vg
L Lo,o,0 50,0y Liloa
6 as Ves Veq TP Veq ) T 3\ 3Vas Veq
Lo, o mes, 2, mesy, Ve
: : aq
toVYag Yea T 5Vaq Yag T 3P0¥gq ) T [ (3.57)

respectively. The Z-factors describing the ultraviolet renormalization of the complete operator
matrix elements A;; (pz, m% m% sz aLV'OM, Np + 2) are obtained by inverting (3.55)—(3.57) and
replacing N — Np + 2. Finally, the transformation (3.42) is applied. The resulting operator

Z-factors read:

;'@ Nr +2. )

V(O) 2| 1 1
MOM “ij MOM €Y MOM __, (0)
=38ij —ag A t+ag |:g<_§yij —dag Yij )

1 /1 3 1 1
0 _, O ) MOM 2 MoMm (1)
+8—2(§Vﬂ vij + Boy;; )}Jras |:E(_§Vij —dag Y,

1 /4 1

MOM _, (0) (1 MOM ©) )

_Sas,2 Vij >+8_2<§,30)/,‘j +25as‘1 ,BOVij +§ﬂl)/,'j
mom, . @, Ly o, 1 o my, L/ 40 o

+dag Vv +§Vi1 Y1j +6Vi1 Yij )+8_3<_§/307/1j

0.0 1 0 _o <0))}

_/30)/,‘1 Yij 6)’,‘1 Yik Vij (3.58)

Z;ql,NS(aL\/IOM’ Np+2)

s s \ 5

MOMyq(g)’NS mom2 | 1 1 1yNs MOM _,(0),NS
=1-—a . +a e( 2qu)’ _5%,1 yqq)‘ )

1 1 2 31 1 1
(0).NS (0).NS MOM (2).NS MOM._ (1).NS
+ 8_2('303414 T 5% )] +ag |:g(_§7’qq —0ay T Vqq

1 /4 1
- sas9) 4 5 (o + 25D+ S
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2 1 2
4 201N (1)NS+8aMOM (0),NS )+€_3(_ 2y, O.Ns ﬂy(o) NS

3 qu Yaq Yaq 0¥4q

1 3
(0).NS
- v )] , (3.59)

Zy T @M Np +2)

__Mom2 1 1 (1),PS 1 /1 0).,(0) mom3| 1 1 (),PS
=4y |:g(_§qu )+s (zng ng) +dg s< 3%aq

1 /1 1 1
MOM (1),PS 0, (1) 0, (1) 0),,(1),PS
— 0457 Vqq ) T2 (6ng Yea ¥ 3%sq Yag + 5%aq Yag'

1 1 1
(1),PS MOM,, ()., (0 0),,(0),,(0) (0),,0),, ©)
+ ;3 y + 561 ng )/gq ) + 3( 3ng ygq yqq 6ygq ng Vgg

— Bovse ygg))} (3.60)

Here and in the Egs. (3.55)—(3.57) we have dropped the Nr-dependence of the anomalous di-
mensions y;; and B; for brevity. The inverse Z-factors for the purely light-parton case correspond
to (3.58)—(3.60) after substituting Ny +2 — N and (SaMOM — 8aMS.

We are only interested in performing the ultraviolet renormahzatlon for the massive contribu-

tions to the operator matrix element in (3.52) and thus subtract the contributions stemming from
purely light parts again

Ag(pz m3,m3, u?, a"M Np 42)
i @M Np +2, )AL (p2 T m3, pu?, al'oM Np +2)

p?
+z; (aMOM Np +2, M)Az/< R S NF)

2
= 2 @S Nr 0 Ay (— 5l V) (3.61)

Finally, the limit p?> — 0 is performed. Since scale-less diagrams vanish if computed in dimen-
sional regularization, only the Born piece of the massless OME contributes

A,‘j (O, Ot!yl_s, NF) = aij . (3.62)

One obtains the UV-renormalization prescription

AQ(— —§ MOM 7. +2)

MOM(A(I)Q )+Z 1(1)(NF+2 M) 1(1)(N ))

2

m m
+ MO“"Z(A@)Q(—2 “2) 4+ 2" OWr 2.0 - 2" P

wrou



J. Ablinger et al. / Nuclear Physics B 921 (2017) 585-688 605

2
L) A(D.0 (M M)
+ 2O (Np + 2, AL <u2 u2)>

2 2
MOM3 (3),0 2 -1,3)
+a (AU (uz’u2)+zif (Nr+2, 1)

2
m
Z"OWe) + Z O (Np + 2 AL Q(—M2,—M§>

2
+Z O 42, M)A(l)Q(Mz’%)>' (3.63)

Here Z-factors at Ny + 2 flavors describe the massive case (3.58)—(3.60) while those with argu-
ment Nz denote the Z-factors for the massless case.

3.4. Collinear factorization

At this point only collinear singularities remain. They arise from massless subgraphs only and
are therefore independent of the additional heavy quark flavor considered in these analyses. We
thus follow [1] directly and remove the collinear singularities via mass factorization

m2 m2 m2

Ay (54 22, oM, Np +2) = A (—‘ 2 oM, Ny +2)T (3.64)
I 2

Note that in a fully massless scenario the transition functions I';; would be related to the light

flavor renormalization constant via

Fij (NF) = Z;;' (NF) . (3.65)

cf. [11]. However, in the presence of one or more heavy quark flavors the transition functions
stem from the corresponding massless subgraphs only. Due to this and the subtraction of the

d;j-term in the OMEs after ultraviolet renormalization Ag the transition functions contribute up

to 0(0{3) only.
The renormalized OME is then obtained by

2 2

m m

(—21 . —2.ayM Np +2)
n= u

2
a?/lOM A(l)aQ + Z -1, (1)(N +2) _1 (1)(N )
1) Mz M

mom2 [ £(2).0 m1 Z LO (Np 42 —1<2> Np
+a; ij /xz’ 2 + (Np+2)— (NF)

-1, A(D.0 m% A(D,0 m% m% —1,()
+Zy " (NF+2)A (Mz,ﬁ)-i-l:Aﬂ' (E,?)‘i‘zil' (Nr+2)

_1 (1)(N )] 1(1)(N ))

2 2
3[ ~3 my m -1.G -1.3
+ "M (AE,)’Q(M—;,M—§)+ DN +2)- 2P Np)
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2
+ 2"V (Vp +2)A‘2>Q(—21 —§)+Z MO (Np +2)A‘”Q(—§ =2)
u? T

+[A§,”*Q( 1 )+z MOWE+2) - 7, O | P ve
w? u?

1(2).0 m% m% -1,2) -1,2)
+[Ail ' (F» F)‘i‘zil ’ (NF+2)_ZI'I (NFE)

2

+ 25 e+ 2) A ¢ (2L, "Lg)]rl;l’(”(zv,:)) +0 (aloM?). (3.66)
R

Eq. (3.606) differs from the corresponding renormalization and factorization prescription for one

heavy quark flavor [1] only by the definition of the renormalization constants Zi;l’(k)(N F+2).

Now the term §;; is added back to the massive OME. In a final step, the coupling constant is

transformed to that in the MS-scheme via Eq. (3.41).

3.5. One-particle reducible contributions

We will perform the renormalization of the massive operator matrix elements starting from
the set of Feynman diagrams which also include the one-particle reducible contributions. These
terms contribute from O(asz) onward and are obtained by quark and gluon self-energy contri-
butions to the external legs of lower order one-particle irreducible diagrams. From 3-loop order
onward the reducible contributions to the OMEs Ag, and Ag, o may contain three different
heavy flavors, while this is not the case for the irreducible contributions. Note that the inclusion
of the top quark in a loop of the irreducible terms for A(3) would demand to consider the energy

range Q2 > m?. At a scale > ~ m?, both charm and bottom can be dealt with as effectively
massless. The emergence of massive top loops in the reducible contributions is accounted for by
renormalization. In the following we will strictly consider the case of two heavy flavors only.

3.5.1. Self-energy contributions
The scalar self-energies are obtained by projecting out the Lorentz-structure

{128 (p i i, w2, ) = 160 [ gy p® + pupa | AP ik id 12, ) (3.67)
o

M(p?, my. w3, u2 as) =Y at1®(p* i, w3, 1) | (3.68)
k=1

%ij(p T, s, p?,as) =i 8i; p S(p? g, s, 1, dy) (3.69)
o

S(pP g, g, 1P, as) =Y as s ®(p? i, mg, ) . (3.70)
k=2

We decompose the irreducible two-mass self-energies into contributions which depend on one
mass only and an additional part stemming from diagrams containing both heavy quark flavors

~2 ~2
= A A ~ m A m
nw (PZ, m%, m%, Mz) =1nw (pz, —/ﬁ) +11® (p2 Mz) + I'I(k) (p my m%, Mz) ,

(3.71)
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A

2
S (j a7 m . m
S0 (p2,r;l%,r;l%’uz):E(J)(p{_é)_i_z(ﬁ( 2 z)+zm( m%’ﬁl%#z) _
"

l\)

u?
(3.72)

Up to two-loop order no diagrams with two heavy flavors contribute
n® (p?, mi, w3, u*) =0 for k € (1,2}, (3.73)
SO 2, w3, md, 1% =0. (3.74)

The single-mass contributions for the gluon are known from [1,70,71]

10(0.52) =1 () [ L en($5(2))]

=
2

@ (o, Z—j) - TF(%)E{—%CA 4~ (5C4 — 12Cp) + CA(E - ;2) _Be,

12 3
+e[cA<% §§2—€—3> Cp(12+3§2>” +0(@?), (3.76)
f[(3)<0’ Z_j) _ TF(ZA_bss/z{g% [_%TFCA QNp +1) + 1:%4CA]
+ giz [g(cA —6Cp)NpTF +> (35cA —48CF)TF — 72871 ci

712 17 4
—i—TCACF] + E[E(CA(—IOI — 18¢2) —62CF)NrTr

2 (CA(37 + 182) + 80CF)T, +Ci(-12m+ 4 +3181)
77 (Ca '§) F)TF A &} §2 108

+CACF<16§3_$>+¥C%{|
10 3203 20 1942
+NFTF[CA( cw;g—m) CF(§42+ - )}
+TF|:CA( 295€ +§§2+63ﬂ)—cF<7§3+ C2+ﬁ>]
18 9 486 81
+C2<4B -27¢ +@g —E; +@>
A\ T T T 02T 388

e 8B, -+ 36 1957 +89 n 10633
ACF 4 L4 B &} 3 '¢) 31

, (95 274
+Cr T8+ 5 +0(e), (3.77)

and for the quark self-energy,

~2 ~2
5@ (0. ™) = mNer2 L0 (89 L), 2
£@(o, M2>—TFCF<M2> [8+6+ —+5)e|+oE). (3.78)
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3y m?\3/2| 8 1 32 40 8
> (0, —):TFCF(—> CA+ —Tr(NF+2)— —Cs—=Cp
u? u? 3¢e3 9 9

+1 40 +2)+c( +454) 26C
o7 [F(NF Al & 77 F

674
+NFTF( o+ -

335
_ CF<8§3 to+ 1—8)} +0() .

Similarly to other massive processes [1,72] the constant

2 13 1
Bs = —40In’(2) + S In* @) — -t + 16Li4(§) ~ — 1.762800093...

)

81>+TF( C2+604) CA( 3 - 5§+

1879)

162

(3.79)

(3.80)

emerges in Eq. (3.77). At O(ag) irreducible diagrams with two different masses contribute for
the first time. For the gluonic case, we compute the respective diagrams up to O (1?) using the

codes Q2E/Exp [73,74],
n® (0.3, 3, 1?)
r2c, | 256 11320 64 3 Lo
= —— ===+t 5h|— —In
FERY 792 T 5|27 T3 T\ w2 ) T 3
40 32 e 128 5 i
—( = — )1 - 321
(3 K +315”)“(") n(u

64 64 10208 39616 160 [ m?
(e 3 - ()

l\)»—[\)
\/
—_—
=

9 15 3675 99225

1504 32 +416 1987136 = 7026016 P+ 0
81 32722577 385875 1 T 31255875

L7264 1560 16, m3 16 3
ot e 16, fmyy 16,
FEMY 793 T2 27— 3\ 2 30\ 2

1| 148 8 7 2 140 %
o |55 e -4 PO g (Z2) 4 2 (2
€ 27 u? u? 9 u?
140 2 4 n? 2
+—n(22) |+ Zwiap —2m® (21 ) —2m? (22

9 w? 9 w? w?
(2, 16, 50 20 + 7, m3 | 13

— = —nN——n" = — n —In|—|In|—=

T3 3" T ige” )i+ 3 22 22

(167 1924 6392 n? 20284 3>1 o
n

2,
27 2t 505 1 5505 Tt 50535
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74 a0 )1 nﬁ% 1139 n 70 + 56 34144
(= P i U I e SN i
9 ¢] 2 a3 T 9 9} {3 n

1292594 , 4231264 4 Louml 1o (3.81)
— — € .
231525 | 18753525
The quarkonic self-energy contributions have been computed analytically in 7,
£000. 2. 2. 1) = T2C (f;a]n%z)%s 128+ 160+4ln2( V4 16§
, My, my, = - 5 NG A > .
A 9¢2 T27 T3 T2
1208
#1208 +0(e>} . (3.82)

3.5.2. The reducible operator matrix elements
As in Egs. (3.71)—(3.72) we define the two-mass OMEs at one-loop order and the irreducible

OMEs at O (a?) by
Ay (T e\ ray (T | ) (13
AP Croa) =4 ) + A7 (5 ) (3.83)

A YIS N ~2 A ~2
R H m m = H m N H m
AT (e o3) =Ag () + AT (E ) (3.84
R w 2
where the A;;’s with one argument denote the usual single-mass OMEs. Using the definitions

(3.71)—(3.72) and (3.83)—(3.84) we compose the reducible massive operator matrix elements at
O (o) by

R Y] R YY)
N m m N . m m N
A;%I%NS(—;, _g) - A;%I)’NS’“‘<—;, —5)—2@) (o, w2, i3, /ﬁ) , (3.85)
W wr o
R Y R RPN BN VY
Q) (M1 M3\ Ay My A (MY MY\ a1 R
AQg(E, ?> _AQg (E, E)—AQg<'LL—, —2>H (0,m1,m2,/¢b ) . (386)
N Y R Y
N m m R m m A
A (21,25 = A (B 23) -6 (0.3, o)
w* p uw* p
n Y]
2oy ] MSN oy A
—Agg)(u—;, —g)n“) (o,m%,mg,/ﬁ) , (3.87)
and atO(as’) by
2 m? m? 2 mE M\ .
AEf;»NS(—;, —g) = A;Z)’NS"”<—§, —2)—2<3> (0, w2, 2, ;ﬁ) (3.88)
W wr o
R Y R IR BN Y
A3y /my m ~(3),i m Ay /my o m ~ N N
Ao (G 32) =A% (G 2) A% G 200 (0 i i)
n Y
N m m N
e ()1 (0783 1°) 68)
Y R IR BN VY
A my m 2 my m 2 ms mi\ .
AR 3) =Ad (03 03)-AR (3 23) a0 (0.id iz w?)
R Y
m m A A~
- A(l)(,u_ly M_Z)Ha) (07 7;’[%, A%’ Mz) - H(S) (O,I’I’:l%, I’?l%, H’z)
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We can subtract the single-mass contributions to these equations using Eq. (3.1), keeping only
the genuine two-mass contributions. At three loops we obtain

A A2 ~D 2 A2 RD
2 my m 2 /My m 2 A2 A
AGNS(Z3, Z2) = ARSI (2, Z2) 5O (0,03, 3, 1) (3.91)
nwep nep
§(3) ﬁ ’ﬁ_% _§(3),irr ’ﬁ_% ”h_%
e\ 27 2/ 708 27 2
A ~2 ~2 ~2 ~2
N m A m A m A m
+AD (M1 2H<1)<0’ _1)+H<1)(0, _2) n<1>(o, _2)
g\ 2 u2 M I
~ ~2 ~2 22 22
N n N m A m A m
g (28) a0 0.28) 0 0.2 | a0 0.2
Iz I I
~ ~2 ~2 ~ 22 ~2
_ Ao (™M f[(l)(O @) _ Ao (M ﬁ(l)(o ﬁ)
Qs 2 n 02\ u T 2
~ ~2 252 ~ 52 2
2 m ~ m N m A m
—Ag (=3 )12(0.22) - 49, (23 ) A (0.51)  92)
Iz u n
2 VS 2 IS)
2 m m m 2
Am(—l—l) A®“(—i-i)—n®(om2mzuﬂ
88 ’ 88 27 2 T
nweop we
52 2 ~ 252 52
iz (3F) 0o ) - e (3 oo 2
I Iz

~2 ~2 ~2 ~2
+A0 (21 2ﬁ<1>(0, "ﬁ)+ﬁ“)(0, @) ﬁ“)(o,@)
m 1 1 m
~2 ~2 ~2 ~2
("M A (0 ™2\ LMo MY g (g ™
+Agg< 2)[21‘1 (0, 2)+n (0, 2)}1‘1 (o,u
(3.93)

3.6. The general structure of the massive operator matrix elements

In the following, we present the structure of the different unrenormalized and renormalized
OMEs for the genuine two-mass contributions.

In the case of only one heavy quark flavor with mass m [1], the mass dependence of the
unrenormalized massive operator matrix element at order aﬁ is given by

le

A s e, N)= it 7fia)(a N) (3.94)
iz e )=z ij &N :

Here the OME Al(j) (8, N ) does not depend on the mass explicitly anymore. It exhibits poles in

the dimensional parameter ¢ up to ¢~
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2 % 4@k
NO) _ ij
A e =3~ (3.95)
k=0
We adopt the notation of Ref. [1] and denote
ath =40 gGHD =70, (3.96)

The unrenormalized operator matrix elements with two massive fermion flavors with masses
m1 # my are split into the respective single-mass contributions (3.94), (3.95) and a part

2 OS]
Afl/) (%, :%, g, N) depending on both masses

le le

N ~2 ~2 ~2\ 2 ~2\ 2 N N ~2  ~2
Ay M5 m m m 2 2oy /My m
AP(CE 22 en) = (5] +(53) [AD(eN)+AD (55 22 e ).
ne w 2 ne
(3.97)
2 VIS
The two-flavor contributions Al@ = m—%, e, N ), m1 # mo, to the massive OMEs do not obey

J\
a factorization relation as (3.94) and the mass dependence is pulled into the coefficients of the
Laurent expansion

N AD  AD e’} &(l k)<m_2% rh_;)
2 my m ij u?r’u
AQ.)(—1 2. N): E _ (3.98)
13 27,207 I—k : :
K H k=0 €

Analogously to (3.96) we define

A2 A2 A2 A2

- my m - miy m

au,z)( %’ _;) — a(l)<—21, —5) (3.99)
neop W

In the following, a®®, a®, @ without argument will denote the single mass-quantities cor-
22 A2

responding to the definitions in (3.95), (3.96), while at:h m—% %) refers to the two-mass

contribution. From Eq. (3.66) it is obvious that the renormalization of the 3-loop OMEs re-

quires the knowledge of the one-loop OMEs AE;)(m 1,m2) up to O(e2) and the two-loop OMEs

AEJZ.) (m1,m3) up to O(¢). Up to O(af), these two mass quantities can be traced back to the
corresponding single-mass quantities by Eqgs. (3.83)—(3.84) and (3.85)—(3.87).
It is technically advantageous to perform the renormalization on the complete two-flavor

2 PO I
OMEs AS») (%, %, e, N ) For brevity we will present the renormalization formulas for the two-

2 VY]
mass contribution Ag-)(:'z—%, % e, N ) only, which is obtained after subtracting the respective

single-mass contributions [1,75].

The analytic expressions for the respective single mass contributions and renormalization
constants to two-loop order, which appear in subsequent relations, have been given in Refs. [1,
12,15,16,46] and references therein.

3.6.1. AYS
The lowest non-trivial flavor non-singlet (NS) contribution is of O (asz),
NS 2 4 (2),NS 3 4(3),NS 4
Aggo =1+ a5A0 00" +aiAg "+ 0@) . (3.100)
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Starting from 0(a3 ) it exhibits a non-trivial two-mass contribution

N+ 0@ . (3.101)

The renormalized two-mass OME in the MOM-scheme is obtained from the bare quantities com-
bining Eqgs. (3.43), (3.60). It is given by

Ay o=1+aA

AN (N +2) = A TIMOM 4 7 LONS (N 4 Ny — 2, O NS ()
+ Z 1 1), NS(NF + Ny )A(Z) NS,MOM + |:A[(12q) gS MOM
+ Zg DN (N 4 Ny) = 73 @MW) [T O V)
(3.102)

After a finite renormalization to the MS-scheme and the subtraction of the single-mass contribu-
tions one obtains the pole-structure of the two-flavor piece by

2 16 1
3)NS _ »© S NS, (1) ) g2
Agg.0 = "33 Boo+ |: 3P0.0%0q " —4vqq Po.o (L1 + LQ)]
1
+ [ 280,070V (L2 + L1) = 27D B3 (L% +LoLy + Lg)

2: ~(3).NS
agy @ Bo.o+ 377" NS] +agy e (mhmdu?) (3.103)

m2 m2
=1In M—; , Ly=In M—g ) (3.104)

The renormalized expression in the MS-scheme is given by

with

+{4a3‘,f~(2>ﬁ0Q+ Bo Ve }(L1+Lz)+8aNs @ Bo.0

+ad s (m%, m2, M) . (3.105)

For N =1 the OME vanishes due to fermion number conservation; this applies both for the

anomalous dimensions yq(l and the expansion coefficients of the OMEs aNqS (2),_55’ @ and
FLOBE
49,0 -
PS
3.62. A 0y

Depending on whether the operator couples to a heavy or a light fermion, there are two pure—
singlet contributions [1]

A =alAQN™ +a? AL+ 0(a)) (3.106)
S 3 (3) PS 4
A[ij ajA, o +0(@) . (3.107)
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Upto O(ag’ ) only the OME A g, contains a generic two-mass contribution, since AZ{? o emerges
only at O(af) and contains one internal massless fermion line. One has

e 7(3),PS

A =a}AG) + 0Ga)) . (3.108)
The combined renormalization relation at third order is given by

A®).PS.MOM

AG).PSMOM _ 2(3).PSMOM | 2(3),PS.MOM

—1,(3),PS
0q T A0 Qg T 4590 + 244 (NF+Nn)
_ ~>—1,(3),PS —1,(D) ~(2),PS,MOM —1,(1) 1 (2),MOM
Zyq (NF)+Z,," "(NF+Ni)A, +Z," "(NF+N)A o

+~(1),MOM — — -1, ~(2),PS,MOM
+[AGMM + 2 O E + N = 2O W) [T @) + | 4G,

+ Zo P (NE + Nip) = 25 OFS (N [T O (V)

q q
+[AGMM + Z N OWNE + Nu) = 2y O (Np) + 2, D (N + N alg M
- 1 _
+ 2, O W+ N A g [ O v (3.109)

This yields the generic pole structure for the PS two-mass contribution
ioes _ 16050 L1 4,050 2,050 _ 85 spsq)
AQq - gygq ng IBO,Q + 8_2 4ng ng ﬁO,Q (Ll + L2) + qug ygq - g:BO,quq

1 n
+ E |:2)/;2) )/q(g)ﬁo,Q <L% +LiLy+ L%)

1.0~ R
N {—y;gw;; _ zﬂo,Qy;;w} Lot L)

2
22 2),PS . ~(3),PS
+ RS 8agy oo +270al) | +agy (m%,m%,/ﬂ) : (3.110)

In the MS-scheme one obtains the renormalized expression by
~(3).MS 1 1 2 2
(3),MS,PS 0) (0 2 [ 2 [ [ 3 3
Agq Végq)yq(g)ﬂo’Q (§L2 ! ELI 23 §L2>
1 050 ~PS, (1 2 2
+{—ZJ/q(g)V;q)+ﬂO,Qqu’() <L2+L1)

2),PS R 1 R
+ {4a;; oo — 70 Eﬂo,ggzyggw,;g)} L1+ Lo

—(2),PS ~ (0)= ~(3),PS
+ 8305 0. — 29032 +al) (m%, m2, Mz) . (.111)
3.6.3. Agg
Like in the PS case, there are two different contributions to the OME A g,
(D) 2 4(2) 3 ,(3) 4
AngasAQg+asAQg+asAQg+O(as). (3.112)

Aggo=a AL +0(@a}) . (3.113)
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Of these OMEs only A g, contains two-flavor contributions starting from O(ag)
Agg=alAl) +a}A) +0(@a)) . (3.114)

In Eq. (3.114) the O(asz) contribution consists of one-particle reducible diagrams only, see
Eq. (3.86). As a consequence the flavor dependence factorizes in the O(asz) terms.
The renormalized MOM-scheme two-loop contribution is given by

AGM M = AGMM - 2o O (NE + Nip) = 24O (Np)
—‘rZ 1, (1)(NF+N )Aélg)’\Q/lOM —‘rZ 1, (1)(NF+N )A(l) MOM

+[A(Q1§'M°M+Z 1“)(NF+NH)— 1(1)(Np)] S OW . (3115

The unrenormalized terms are given by

N 2 2
o) 4 . ~ (0 ~(2) m;
AQg=—8—2ﬂo,QVq(g ——,30 0Vq¢ )(L1+L2)+an<M F)

2 2
=@2) (m7 m;
+eag | —, =2 . (3.116)
Qg<ﬂ2 M2>
The coefficients a2 (1. "2 ) and 52 m) d from Eq. (3.86
e coe mensan 202 )andadg, —2 ? are read from Eq. (3.86)
a® =g 07Ol L 412 3.117
0z = —P0.0Vgg 2( 1+L) "+, (3.117)
R (L) S S C VA S S (3.118)
Q¥ 1712 2 377 '

The renormalized expression at 2 loops then reads

QNS _ ’3

03 40 (L3 +13) + ©obo.o7sy +ag, 3.119)

0Yqg

The renormalized 3-loop OMESs in the MOM-scheme are obtained from the charge- and mass-
renormalized OMEs by

(3),MOM (3),MOM
AQg + Aqg 0

:A(3)'MOM+A(3) MOM

qg.0
+ 2, P(Np+ Nim)A

+ 2, O(NF + Np) — 2, (Np)

A1), MOM ~(2),MOM
88,0 88,0

+Z 1(2)(NF+N )A(l) MOM+Z l(l)(NF+N )A(Z) MOM

+Z, l“>(NF+N )A

n [A(é;MOM+Z L (N + Nig) — 2O (N )] @ (Np)
+ [AGM + Z M O+ Nu) = 2O (V)

1 - D, _
+ Zg OWE + N AN + ZZ L O+ N AL M [T O (V)
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1(2),PS,MO — — —
+ [A(Q;P MM+ 2o O PS(NE + Ny — Zq;‘”"’S(NF)]Fq;*“)(NF)

+ [AD BN+ Z L ONS N+ Nyp) = 7y ON W) [P D ey . (3.120)

The structure of the unrenormalized OME is more complex than in the NS- or PS case. It is given
by

3 128 8 14
G _ |22 50) _ 250),,0) - 5(0).,,(0) 2 5(0)
Age = 83[ 3 PoPo.oVye 3as Yaq Po.o + 3 Po.0Vqs Veg 1 24B0.0Vqg
1 0)/ ~ 2 1 1 n 2 n ~
) (O 0) (5 2 0 0
+ 376 (%ig) } + ;[{Zyg(q (P) + 1885 072 + TBoBo.o 7.y
7 1 1
_ 250,00 z 5(0).,,(0) 250 sPS(1) 4~ 5 (0) 5NS, (1)
2Y4g Vqq Po.0 + 2ﬁo,Qng Yoo }(L1 + Lo+ 3Vag Yag" T 3Vag Yag
10 D) 2 A0 A 2 A0 - (0 (=1
= S Bo.0Vyg + 3048 Ve — 3 04g Bre + 10745 Bo.0dm)
11[1 15 _ 1 5
5 (0) 5 NS, (1) 5 (0) (=D 5 (0) 5 PS, (1) 5 (1)
+ E“qug Yag ' 5 Vag Po.gdmy "+ 2V Yaq  ~ §'BO>Qng
L, o) ~a1 L. o 13 ~(0 13 ~(0). (0
+ Eyq(g)nfg) - EYQ(g)ﬂl,Q (L1 + L)+ ZﬂOﬂO,qu(g) + §ﬁo,QV,}g))’;g)
52 0,3 0np002_ 0,0 1242
+ 5 B0V + 1¢Vsa (Pag )™ = Pag vaq Po. (L1 + L3)
+ {7999 0.0 + 4B0Bo.07 Y + 1283 570 + 20,070y P} L1 Lo
2 4 1 -
“Z@2) 2 102 (0) ~0) (2 AsO)F, (=D
+ 3% —8Po.oag, — ¢ (Pag') 627sq’ + 2045 4gg 0 = 27gg 03
. 1 . 1, 0 N
+99. 902850 + Zﬂo,Qé“qu(g)Vg(g) + zyq(g)é“zﬂo,gﬁo +85m )ﬂo,QVq(g)}
-3
+ag) (m}.m3, u?) . (3.121)
For the renormalized operator matrix element in the MS scheme we finally obtain,
~ 3y TS 9 7 2 1 25
GMS _ ] 752 A0 _ " 050 250,00 _ = 5(0),,(0)
Age = { 1P0.0%4s ~ ¢V (ng ) + 3%ag Yaq Po.0 — 75 P0.0Vag Veg
2 S0 (134 3\ 4 10,0 5(0)
- ﬁﬂoﬂo,qug (Ll + L2) +177%4s Yaq Bo.o — PoPo,0 7y,
1 . A
Lo - 3ﬁ§,g)/q(§)} (13224 130.)
16748 Yaa 16 g Yaa 5 P0.07gq

+:_L 50 5ps.) _ L soonsay 2

Loy, 250 v 1.0 2 2
— P9 — 57 Po.oom TV + 270 Pro (L1 +13)

3 < 1 2
A —1 A —1 A~
AL L7 o o >+{5y;g>am; '+ L (9) er®
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(0) 2

27

1.0

1 1
~PS, (1 ~(0 ~NS, (1 ~ (0 0 ~(0) g2

1 1 N 1 2
+ - Vq;)ﬁo 0% — 85"15 o, Qy;§>+ PV 0o — 270 ;g)Q

1 o y
- —ng)ﬁoﬂo 083 — ,30 007N Veg + oy (5m21,(0) + 5m22’(0)>

9 1 3
- —ng)ézﬁo Q8m( )+a( ) (ml,mz iz )

3.6.4. Agq.0
The matrix element A, o contains contributions starting at 0((13),
2 3
Agg.0=alAl) o +alAl) +0(@a)) .
Diagrams with two different masses, however, contribute only from O (a?’)
e 3
Aggo=0a’Al )Q + 0.

The renormalization in the MOM-scheme is performed using

2),MOl 2),MO
AD M= AD M 4 Z D (N + Nu) — Zg P (Np)
+ (ALt + Zg O WNe + Nip) = Zg O (N )T O
3),MO 3),MO
AG M = A EM 4 2o O (NE + Nu) — 2O (Np)

A(2),MOM

wo T Z_l’(l)(NF + NH)AQ)’MOM

+Zgg V(NP + Ni)A

+ [A e + Zg O WNE + Nu) = 2O [T O )

+ [RGB + Ze O NE + Nu) = 25 O W) [T O V)

2),MOM —
[A;g) MOM 4 Z, O/ (N + Nir)
~(1),MOM
28,0

+ 7, l<”(NF+N >A“>M°M] SO .

1 (2)(N1:) +Z, 1 (1)(NF + Np)A

Applying Eq. (3.126) yields the unrenormalized expression
26) 1, 1 (0) g2 (1)
AG) o= =3V B0 + = | 1210 Bl o (La+ L) — 40074y |

+- [—6y;2>ﬂ§,g (L§ +LiLy+ L%) — 30,075 L2+ L1)

2200 2 -3 (2,2 2
_,_3),;({) 12%5;/60@} qu(ml,mz,,u),

1 0 0
+ 3748 ©2ho.0vgg — 65m Bo.o74g — T ggQ——ﬁo 002740 Ves

9
——V(O)Czﬂo 0~ —ng)izﬁo 0Bo +4po.0ag } (L1 + L) +8ag) Bo.0

(3.122)

(3.123)

(3.124)

(3.125)

(3.126)

(3.127)
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and the renormalized operator matrix element reads

3 3
AOWS =082 <2L2 +2L7 + SL3L+ L] Lz) +5h0.07 (13+13)

3
{6a(2)ﬂo 0+ 37 B, Qéz} (Lo + L) +12a) fo.o

+ay o (mdmd.u?) . (3.128)

3.6.5. Agg.0
Finally, the matrix element Age o obeys the expansion
Ageo=1+aAl) o +alAl) [ +alAT) [ +0(a)) (3.129)

with two-mass contributions starting at O(az),

~ 2 3
Aggo=a?Al) ,+alAl) )+ 0G@ad) . (3.130)
The renormalization formulae in the MOM-scheme read

2),MOM 2),MOM
AD M = AD TN + 2. MO (Np + Nu) — Zg P (Np)

2O+ N ADSOM 4 20 1 ) AWM

+ Ao + Zg ONE + Nu) = 25" OWp) [T O . 313D

88,0
AQOM = AQHYOM + Z L O g+ Nip) = 2O ()
+Z; @ (Np + Ny )Agg)g"OMJrz ‘<‘>(NF+N YA
+Zg PN+ N AYM + 2 MO (g + Nyg) AGMM
+ [A e + Z O WNE + Nu) = 2O W) [T @)
+[A ™M + 2 O e+ Nu) = 2P (V)
+ Zg OWE + N AN + 2L O (e + N A g [T O v
+ Ag?; oM+ Zed O WNe + Nu) = 2 O W) [T O . 3132)

After subtracting all single-mass contributions we obtain the unrenormalized two-flavor con-
tribution at 2 loops

2
2 850, 4"30, ~ =
A;g) 0= 52Q + . g (L1 + Ly)+agg o (m%, m%, uz) +&agg 0 (m%, m%, pLz)
(3.133)
and the renormalized expression
2),M8 ~
AR 80 =830 (L3 +13) =283 o02 +ige.0 (mh. 3. 1) . (3.134)

The O (af) contribution consists of one particle reducible contributions only and the coefficients
follow from Eq. (3.87)
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aly o ﬂ (L1 + L2)* + 26 (3.135)
0,0 (L1 2 0,052 » .

Eg’)g— cBlo @it L)  + B ot (L +Lo) + 3 ﬂOch (3.136)

The unrenormalized 3-loop contribution from two masses reads
0= 5[ 2t montt - St o~ sk orlh 98
e 5|0 - o~ S0 ony 26 i
+ %?q(g))?;;) - 13—450 074y + gﬂl,QﬂO,Q - 205’"(11)/33,4
e

1 1., 1 7 R
+—H4V,}g) ;;) 156m|” )ﬂoQ E,BO,QV;?‘F,BLQ/SO,Q}(L1+L2)

+

e,

—1563,0 — —ng)ﬂo 0V — 5 Poboo — ZﬁO,ng(g) (Ll + Lz)

‘ {—4ﬂ3,gy;§> 48— $of 0~ 7 o }

2.
- _/3() QQ)/gO) + 3)’;?

12f0,0a45, o — 1883 pt2 + ﬁo 002759 Vg
— BoBZ g2 — 165m " B2 o + 4Bo,05mS “} +al, (m%, m2, ,ﬂ) . (3.137)

The renormalized result in the MS-scheme is given by

-2 & 23
(3).MS (0 0 3, 13
Agg,Q = {24,3()Q + ,30/30Q+ ,BOQ 48 g)/30 Ql/gq)} (Ll +L2)

1
. { 70 0. 0r 0 + B2 o0 + 26082 o + @sg,Q} (1324 1301)

29 1 1.
{——ﬂl Qﬂ0Q+ ﬁOQV(I)-i-ZS - )ﬂ&Q ]61’(](2)7;511)}(L%+L%>

~ 9 27
4 8LyL;m! l)ﬂanL{Zﬁoﬁagé’z—i—?ﬂg@{z 3B0.08m;~"

9
+§¢zﬁ§,gy§§>+1zsm§°>ﬁ§,Q+ Bo.0e2v S 7D +6po.gal }(Ll—l-Lz)

l
Vq(g)éz)/;;) + ,30 Qé“zygg + ﬂoﬂo 083+ 12p0, Qagg 0

+6ﬂoQ§3+165m11)/30Q+ 23,0637 Y — 260.0 (Sma"© + Sm,> )
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9 4 1 1
+ §8m§ ’ﬂé,ch - EQﬁo 0V Y — Eizﬂo,Qﬁl,Q

~(3) 2 2 2
+aggQ(m1,m2,,u ) . (3.138)
3.7. Mass renormalization schemes

The heavy quark masses in the MS and on-shell renormalization schemes are related by

= ZMSm = Zum, (3.139)

where 77 denotes the mass in the MS scheme and m in the OMS scheme. The ratio of these two
masses for a quark of mass m, in the presence of a second heavy quark of mass m is given by

m > otm g
k
Zmznj:l*‘Z(sT) 70 (3.140)
k=1
with [48-51],10
M 3
g =—Cr| 1= 7Ly (3.141)
O —cpr 143 712+13L o coverel 1 n2+13 Lo
FIFl 96 — 6 T 24T gn FNFTF| 5 T 13 T agln T glu
+CT71+2 x 2,30 n? +2 s Lo Hy ()
-_— — — —X .X X X X
FIF1 96 4 4 4 12 2t 0

1 1 1
-3 (1 +x+x° +x4) H_1,0(x) + —x4H02(X) + 5 [1 —x—x +x4] Hio(x)

13 1 7 52 1 21 9
+ g LutgLi |+ CF — e TR @+ Lyt 5L M——§3

24 28 16 2 D
1 x? 2 185 1, 3
CaCrl e + & 2021 = 2, — — 1L , 3.142
+AF[ 380 T2 " M gglum Lt g (3.142)

with L, = ln(uz/mz) and x =m1/m;.

In data analyses one usually fits the MS-mass 7z, which is free of infrared renormalon am-
biguities, unlike the on-shell mass, which grows significantly order-by-order in perturbation
theory [51].

4. Fixed moments of the massive operator matrix elements
In Ref. [1] a series of fixed Mellin moments of all massive operator matrix elements at 3-loop
order have been calculated in the single mass case by projecting the corresponding integrals

onto massive tadpoles and evaluating them using the code MATAD [76]. These moments serve
as important reference points for the general N solution. In the following, we will calculate the

10" We thank P. Marquard for providing this relation.
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Mellin moments N = 2,4, 6 in the case of unequal masses. The number of moments is less
than in the equal mass case, where values of N = 10...14 could be reached, which is due to the
presence of the second variable n and the performance of the codes Q2e/Exp [73,74], which
we are going to use. The full calculation took about one CPU year. We still obtain very useful
reference points by this.

The Feynman diagrams are generated using the code QGRAF [77]. In order to take into account
the local operator insertions, we introduce new additional propagators which either carry an
operator insertion or which generate an operator on an attached vertex. In the case of operator
insertions on a gauge boson line, this method leads to a double counting of some vertex diagrams
which has to be removed. For the calculation of the color algebra of the expressions we used the
code Color [78].

After inserting the Feynman rules, cf. Section 8.1 [1], and the projection operators, the mo-
mentum integrals take the form

I(l)([?,ml,nu,m ...nj)
— del del
) @emP ) @mP

Here p denotes the external momentum, p> = 0, A is an arbitrary light-like vector A?> =0 and ¢;
are linear combinations of the loop momenta k; and the external momentum p. The exponents
n; are integer-valued and obey > n; = N, while the function f(k;...k;, p,mi, ma) contains
the remaining numerator structure and denominators. In Eq. (4.1), we have omitted possible
summations over indices on which the exponents n; might depend.

We may represent (4.1) as

(A.g)™ ...(A.qj)njf(kl ...ki, p,my,mp) . “4.1)

0 (p,m1,m2,n1 ...nj)z HA’”I?(}]) _____ iy (p,m1,m2,n1 n]) . 4.2)

Since va: | A%J constitutes a completely symmetric tensor only the purely symmetric part of

I, ;511) ,,,,, uy contributes. We thus symmetrize by shuffling the indices, [79], and normalize it by
dividing by the number of terms. For the general integral (4.1) the symmetrized tensor is given
by

IISII),-WMM (p,ml,mz,nl...nj)zs fl(fl) y (p,ml,mz,nl...nj) , “4.3)

.....

where S is the symmetrization operator given in Eq. (2.19). The result of the original integral
(4.1) may then be obtained again by applying the projection operator [1]

[N/2]+1 [N/2]—i+1 N

My =FN) S caN | ] et T 2] @9

i=1 =1 p k=2[N/2]-2i+3
The pre-factors F(N) and the combinatorial factors C (i, N) for odd values of N are given by
22k=N2=32D(N + DT(D/2+ N/2 +k —3/2)
I(N/2—k+3/2TQKT(D/2+N/2—-1/2) °
22=NI2P(D/2+1/2)
(D-1DI(N/2+Dj2-1)"

C()dd(k, N) — (_1)N/2+k+1/2 (45)

F()dd (N) —

(4.6)

and read
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2U=N2=2D(N + )T(D/2 + N/2 — 2+ k)
I'(N/2—k+2)TQ2k— DI (D/24+N/2—1)"
21=N2P(D/2 +1/2)
(D—1DI(N/2+DJ2—1/2)°

for even values of N. The pre-factors F odd Ny Feven(N) are chosen such that the projector
(4.4) is normalized

My P p =1, (4.9)

The integrals with a local operator insertion for fixed values of N are thus represented in terms
of tadpole diagrams with a modified numerator structure. The projection operators (4.4) be-
come sizable for large values of N, which leads to an exponential increase in the computation
time.

In the calculation, the projected Feynman integrals are first expanded in the mass ratio 1 by
an expansion in subgraphs [80-83] using the codes Q2e/Exp [73,74], which also rely on MATAD
to evaluate the single-mass tadpole diagrams, using Form and TForm [84].

The pole structure of the unrenormalized OMEs corresponds to the one which was deduced
from the renormalization prescription given in Section 3. As a by-product of the present calcu-
lation, also the terms in these 3-loop anomalous dimensions for the moments N =2,4,6, «x Tp
are obtained, cf. [85], here in a two-mass calculation.

The moments of the OMEs calculated in the following depend on the logarithms

Ceven (k, N) — (_l)N/2+k+1 (47)

FeY"(N) = (4.8)

mi m3 m3
Li=ln{—= ], Ly=n|—=5 ], Ly=In(m=h|—=|.n<l (4.10)
2 2 mj
We expand up to remaining terms of
O(In*L; ) ~0.15%. (4.11)

The pole terms in the dimensional parameter ¢ do not contain any power corrections in 7.

In the following, we present the moments N = 2,4 and 6 for the two-flavor contributions to
the constant parts of the various operator matrix elements as defined in Eq. (3.1)."!

The flavor non-singlet contribution two-mass contribution is given by

~NS.(3) a7 _
Agq'0 (N=2)

[ 1024 , 190500608 747008 ;
=CrT} L n

- - - L
8505 " 843908625 2679075

7176352 64, 33856, ) , [ 1202 512,
1157625 105" 11025 )" 675 45 )"

1024 128 ot 153856 , 512 14080 2048,
81 o L2t h)o- e TS T 2
1024 256, S12 5 1024 <L2 2) 640 5 128
g1 At T oyttt g\ ) T gy T g 2
+0>'Ly) . (4.12)

1T We have presented a few of these results before in [31,32].
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~Ns ®)
4.0 (N=4

2{( 10048 , 1869287216 7330016 )3
=Cfr n

4252571 4219543125 13395375 "
70417954 628 , 332212 5 118064 5024
L L |+ (- L, |n

5788125 525" 55125 3375 225

L (53084 1256 Lol 388370299 | 5024 3509323
2025 2+ L) )= oams0 T 05 8T 30375 M
520841 53084 2512, 5024 5 53084, ,
- L,— 21——L1L2——2——(L L)
10125 2025 135 405 2025
1256 5 1256 i
- =2 22ty o (nfLd) . 4.13
oL - 2}-+ (n'L3) 4.13)
~NS 3) (N 6)

%q,0
2{ ( 90752 , 16883116384 66203584 ) 3
= CF 7"

2976757 29536801875 93767625 "
636004196 5672 , 3000488 5 1066336 45376
n N - - Lyn

40516875 3675 " 385875 23625 1575

3424952 11344 Lot Lo 202733427313 | 45376
99225 315 2T R ) T 063055625 T 2835

520819486 700881658 3424952 22688, 5
3472875 ' 10418625 ° 99225 21T Toas 172
45376 3424952 11344 11344
- L - ( 3 L?)— L - LiLy
2835 99225 567 945
+0(n'L3). (4.14)

The constant two-mass contribution to the OME AF’S ) g given by

~PS (%)(N 2)
5 381001216 1494016 2048 5\ ;3 14352704
=Cr L,— N [Eiehinseinietd

843908625 2679075 " 8505 " 1157625
128 , 67712 ) , . 24064 _ 1024 N 1472
105" 110257 675 45 | 81

256 Lot 12804 256, 1024 26720 3616,
2rly)o =g bi s bilat oG- b m g ke

1472 512, 266528 1024 1472 (L2+L2)
g1 21T 7 MRrT Tougy 81 27 g1 \27 M
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+0 (n4Lf]) , (4.15)

~PS 3) (N =4)
5 190292193776 8509216 1472 5\ 3 71844302
=CrF L L —

1123242379875 + 324168075 " 93555 " 1 31255875

76 ,, 89252 ),  so08 32 \ [ 2236 968 (L
315717 99225 )" 945 9 )T\ 2005 225\?

98 5 968 , 3872 2406319 297941
+L1> ¢ Ly

Sy gt — —
27 405 T a7 12 500553 T 51875 T T 50625 2

2236 1936, 195482623 3872 , 2236, ,
— L — —— L2 — - 3_ (L L)
2025 675 13668750 2025 2 2025

+o0 <n4L2) , (4.16)

~PS 3) (N 6)
2{ ( 19353315711436064 112677158848 385408 2) ;
Cr L

86371722800488125 + 1917454163625 " + 42567525 "

5015464079432 45616 12 432844912 L), 2455328
4368164810625 363825 7 1260653625 )" 1157625

1984 (15184 3872( i) 3872 5 3872 5,
13237 99225 ~ 2005 L2 T L = gl — e Lile
15488 52387796 172633556 15184 7744

- L — Ly — Lol — 1,12
10845 7 8103375 ~1 T 72930375 2~ 99225 211 T 6615112

7819198418 15488 15184 / 5 3
-~ - - ——(13+L o (n*L3). 4.17
1531537875 19845 2 99225( 2t 1) * (’7 '7) “17)

For ag) one obtains

"‘(3) (N 2)

- 56086736 164464L 2552L2 5 {6008 +1565036
4 843908625 2679075 "7 8505 " 47257 " 496125

8 1\ » 256304 7184 8 , 74 140
——L|n"+ +—L'7__L71 n—+ ——+—(L2+L1) ')

4577 10125 © 675 45 81
5, 772Lg 843 9355 280, , 35 (L +L2> . 04L2L
3727 %1 BT o ity hila—g (L 27 172

— oLy + L

152 596 .3 78229
81 81 L 2187
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, | (826805984 5893184 23872 ,\ ;3
+CpT? + Ly+ oo Lo |0’ +

624

843908625 = 2679075 "

4768 ,\
toggs B~

6752
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22976
2025 "
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30375
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10418625

+ 320 o4
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(4.18)
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i =6)
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Finally, the gluonic contributions to the OMEs ASI)’ 0 and Ai,i,) p are given by
i o=

5 ]90500608+747008L n 1024 5\ 3 7176352+gL2
F 281302875 ' 893025 " " 2835 )" 385875 357

33856\ , (12032 512 832 128
R O L e e 1 LR B i (R D [

3675 225 15 27
PR 512( 13600, 1888 832 256, 2
g 12T ST gy MU Ty R AT g

S12 5 8320, 5\ 640 5 140128 i3
2= 241 ) L 0( L ) , 421
Y 2+27(2+ tor T T (TOT .21)
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5907360375 ' 3750705 " 297675 2701125

826875 +3375 7110257

10816 384 L\ , 2133088 3616 1216 ,
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n 14596284331 n 604598 (L2 s ) n 0( ) (4.26)
5105126250 ~ 694575 ) )

197492 968 413083 10648 , 3872
Ly o+ L;

LyL

In Table 1 we illustrate the ratio of the constant parts of the unrenormalized 3-loop two-mass

OMEs ~(Q()1 (02.22) /&2‘5’8) for the fixed moments N = 2,4, 6 as a function of the virtuality ,u2 =

20, 100, 500 and 1000 GeV? referring to n = 2/mb and the values in Egs. (2.1), (2.2) for the

heavy quark masses. In Section 5 we calculate aNS ©) and a ag (3) for general values of N. Therefore,

these ratios can be used as a first estimate for these OMEs 1n case the two-mass contribution is

only known for some moments.

PS ® / a;\lqs’g ) is widely constant over the range u? = 20...1000 GeV? and becomes

~NS,(3)
qq,0

ratios are obtained. They flatten out with values of u? = 100 GeV? and larger. Again, the ratios

G 7.0 /a;\lqs’g ), starting from

The ratio ag

smaller for larger moments. In the case of ' Qg(gg 0) / at low scales u? ~ 20 GeV? larger

become smaller for larger values of N. This also apphes to the ratio a,

wu? =100 GeV?, with somewhat larger values at u? = 20 GeV2.

In order to obtain the results shown above, we have expanded the constant parts of the 3-loop
unrenormalized OMEs for fixed even integer values of N. This is a valid representation for some
but not for all of the OMEs also at general values of N, as is shown in Sections 5 and 6. In
case the expansion in n exists, one might try to reconstruct the n-expanded solution from the
moments using guessing methods [86], which have been successfully applied in other cases [28,
87]. However, many more moments are needed in this case. They cannot be provided using
0Q2e/Exp [73,74], and usually require at least the analytic solution of part of the integrals and
possibly generating function methods [28,88].'?

12 Recently, a method has been found [89] to generate large number of Mellin moments turning the integration-by-parts
relations for the corresponding problem into difference equations. In this way it is possible to obtain O (8000) moments
in a massive 3-loop problem. The corresponding file amounts to more than 1 Gbyte.
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Table 1
Ratios of the fixed moments for NS;, é‘g), 0 and &;3;‘ 0 to &;‘;? as a function of Q2 and N.
_PS,(3) ,~NS,(3) ~(3) ,=NS,(3)
Aoq " /94,0 Age/4q.0
u?/Gev? N=2 N=4 N=6 u?/Gev? N=2 N=4 N=6
20 2.195 0.197 0.066 20 —48.563 —5.835 —3.126
100 2.110 0.178 0.058 100 —2.351 —1.395 —0.935
500 2.075 0.170 0.055 500 —2.254 —1.427 —0.967
1000 2.066 0.168 0.055 1000 —2.225 —1.433 —0.974
~-(3) ,=NS,(3) ~(3) ,~NS,(3)
Agg.0/%4q.0 Agq,0/%4q.0
u?/GeV?2 N=2 N=4 N=6 u?/Gev? N=2 N=4 N=6
20 58.777 29.890 19.795 20 —3.195 —0.526 —0.254
100 1.989 2.299 2.276 100 —-3.110 —0.479 —0.223
500 2.005 2.467 2.433 500 —3.075 —0.460 —0.211
1000 2.012 2.505 2.467 1000 —3.066 —0.456 —0.208

. 4 —&/2 2
2 a,Tp— (4m) e/ (kukv —k g,“)

+i 0o o

m? \6/2-0 (0 —£/2T22 — 0 +¢/2)T(~0)

/ do [ 5 (—k )
P T4—20+¢)

X

—i 00

Fig. 1. One of the massive fermion loop insertion is effectively rendered massless via a Mellin—-Barnes representation.

5. The non-singlet and gg-contributions at general values of N

All non-singlet diagrams at 3-loop order contain two massive fermion bubbles. One of these
may be rendered effectively massless by using the Mellin—Barnes representation [90-94], see
Fig. 1. This yields similar integrals as in the case with one massive and one massless fermionic
line [19].

One may now introduce a Feynman parameter representation, integrate the momenta and
perform the Feynman parameter integrals in terms of Euler Beta-functions

1
B(a,b) = /a’xx“_l(l — x)b1

0

_ T@r®)

The remaining contour integral is then of the general form

fi(e,N),..., fi(s, N)
“"F[ﬁH(s,N),...,fz(s,N)]
+i 0o
g1(e) +§&,82(e) +§,g3(e) +&,84(e) —§,85(e) =& | ¢
% fdsr[ ge(e) +§&,87(e) — & }7 ’ (52)

—i 00

where the f; and the g; are linear functions. Furthermore, the notation

ar,...,a; | _TI'(a)---T(a)
r |:b1,...,bj:| T T(y)---Tb)) (5.3)
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is applied. After closing the contour in (5.2) and collecting the residues a linear combination of
generalized hypergeometric 4 F3-functions [95] is obtained

— . ai(e),ax(e), as(e), as(e)
I = ZC, (e, N)4F{ b1(e). ba(e). bs(e) ,n} ) (5.4)
J

For the flavor non-singlet (NS) contributions, and for qu), the arguments of the hypergeometric
p Fp-function are completely independent of the Mellin variable N, and each term factorizes into
contributions that describe the operator insertions and the generalized hypergeometric functions
covering the mass structure of the diagrams. Due to the fact that the parameters of the hyper-
geometric functions depend on the dimensional regularization parameter ¢ only, their respective
expansion may be performed with the code HypExp 2 [96]. The results of these expansions are
then given in terms of the following (poly)logarithmic functions [43,97-99],

1 _
{ln(m, In (1—”‘) Liz (71), Lia (), Lis (m)} . (5.5)
+m

The pre-factor C; (¢, N) may contain a sum stemming from the operator insertion on the ver-
tex, see Section 8.1 [1]. This sum is easily evaluated in terms of single harmonic sums using
the summation package Sigma [100,101] Applying these methods we calculate the two-mass
contributions in the flavor non-singlet cases and for the OME Agl).

The expressions for @;; are symmetric under the interchange of the masses

1
mp<>mp, 1< —. (5.6)

The OMEs A; ;j are also symmetric under this interchange. One may furthermore check, calcu-
lating a;;(N) for N =2, 4, 6 and expanding in n = m%/m% < 1 up to O(n?), that the values for
the fixed moments agree with those obtained in Section 4. These values are not symmetric under
the interchange of the masses anymore, since the truncation of the series for n < 1 breaks this
symmetry. To obtain the representations in Section 4, L,, must be given by — In(n) in the expan-
sion of the expressions appearing in the remainder part of this section or the z-space expressions
given in Appendix A. Since these expressions obey the symmetry (5.6) a choice has to be made.

For the single mass contributions the different OMEs receive a 3-loop correction changing
from the on shell mass m to the MS mass expanding the OME in aLV'S. For the two-mass con-

o .. 3),NS ,(3),NS,TR ,(3),PS 3)
tributions at 3-loop order this is not the case for Aqq’Q , Aqq,Q , AQq and Aqg’Q. Terms

of this kind appear in case of the genuine two-mass contributions to A and Ag;) 0

Egs. (3.117), (3.118), (3.135), (3.136). They are not dealt with in the present paper.

see also

5.1. The flavor non-singlet contribution

The general pole structure for the unrenormalized two-mass contribution to the OME qus 0
is given in Eq. (3.103). The only contribution which is not determined by the renormalization
prescription is the constant part, for which we obtain

~(3).NS
%q,0

4 3N24+3N+2
=CpT2l =85 - ———— ") | —24(L3+ L2+ (L1L, + 25, +5) (L1 + L
F F{<9 1 NN+ D) )[ (L1 +Ly+ (L1Ly+20+5) (L1 + La))
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+ 1 1+
+"3/z (5’7 +22’7+5) <——1n2(n)1n( m)+21n(n)le(m)—4L13 (m))
4 1—n

(m +1)%

ST 7 (0032 2 _ () — : o
+ g (Z107° 4 507 4420 = 1001 +5) [Liz () — )L ]+ %
8 > —1 4R,
—1In’(n) — 161n*(n) In(1 — 10 1 -
+3n (m n“(n) In(l —n) + ; n(n)} T2ONAN + 1)
16 (4051 — 32381 + 405) 3712 1280 256
S - S3+—38
729 TR TR R T
4 (3N*+6N3+ 47N +20N —12 40 4 )
- — =851 +8% )| = Li+L
3< INEN 1 1) 7S 2)[3;“2-1-( 1+ 2)}
8 130N* + 84N3 — 62N% — 16N + 24 525 +8OS 1683 ) (L + L)
*5 3N3(N + 1)3 31T o AR
R 2(5n% +2n+5) 32 )
Si+ =51 . 5.7
[ SN2V + 1021 o 1+ g 52| () (5.7
Here S; = S;(N) denote the (nested) harmonic sums [102]
N .
(sign(b))¥
Spa(N) =Y =G5S, Sy=1. b.a;eZ\(0}. (5.8)
k=1

The polynomials R; read

Ri = 15> N* + 78yN* + 15N* + 300> N> + 156y N> + 30N> + 257> N?
+ 189N2 +25N% + 10n>N + 49N + 10N + 321 , (5.9)
Ry =12159> N8 — 15969 N8 + 1215N% + 4860n° N7 — 6384nN" + 4860N"
+ 81007>N® — 25844y N° + 8100N® + 72905> N> — 393487 N> + 7290N>
+36457>N* — 203049 N* 4 3645N* + 810n> N> — 140n N> + 810N?
+432nN? 4 288y N + 8647 . (5.10)

The two-mass part of the renormalized OME A((fq)’gs is given by

FONS CFTZ{_ 4Ry [_ 8Ri (_16(3N2 +3N +2)
490 P17 24384V + 1) BIN3(N + 1)3 3N(N +1)
+ ﬁsl)g s - s+ gsg] (L1 +Lo)+ [64051 B
3 81 27 9 27 9
_ 16(3N* +6N° +47N? + 20N — 12) iy
27N2(N + 1)2 ] ( 2 Q)

163N> +3N+2) 64 (4 5, 4
- —Si[( L7+ LiLy + L3Ly + < L3
[ ONN+D 9 1](3 thifat bt zlitg Q)

20992 3584 640 128 NS
243 51 2T 7 9 }Jr“

(5.11)
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NS,(3),2-mass , , NS, TF2 (3)

Agq.Q

L Dt T

02f T
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-02r TN
—04f \
\

-0.6[
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NS

Fig. 2. The ratio of the genuine 2-mass contributions to AS‘])’Q to the complete TI% -part of massive 3-loop OME AGHNS

99,09
as a function of x and Q2, for me = 1.59 GeV, my, = 4.78 GeV in the on-shell scheme. Dash-dotted line: u2 =30 GeVz;
Dotted line: /42 =50 GeV2; Dashed line: ;1,2 =100 GeVz; Full line: ,uz = 1000 GeV2. The single mass contributions
are given in Ref. [21].

with

Ry = 1551N8 + 6204N7 + 15338 N% + 17868 N> + 8319N* + 944N
1+ 528N2 — 144N — 432, (5.12)
Ry =219N% 4+ 657N> 4+ 1193N* + 763N> — 40N> — 48N + 72 . (5.13)

Both the constant part of the unrenormalized two-mass OME (5.7) and the OME (5.11) vanish
for N = 1 due to fermion number conservation for any value of the heavy quark masses. In
the Appendix we present the corresponding z-space expressions for Egs. (5.7) and (5.11). The
analytic continuation of the N-space result may also be obtained by expressing the contributing
sums in the asymptotic region | N| — oo and using their recurrence relations, cf. [103]. One may
derive semi-numeric representations, cf. [104]. The inversion to z-space is then done by a contour
integral around the singularities of the problem.

In Fig. 2 we show the ratio of the genuine 3-loop 2-mass contributions to Afﬁ;:gs to the com-
plete TI% -contribution for both masses for a range in x at typical values of Q2. The impact of the
2-mass contribution grows with Q2. At lower values of Q7 it takes negative values in the large x
region and at higher values of Q? it behaves almost flat. Here we illustrate the contribution to the
OME:s only. The contributions to the deep-inelastic structure functions will be given elsewhere.

5.2. The transversity contribution

The pole structure of the unrenormalized transversity OME corresponds to the one in
Eq. (3.103) after substituting the anomalous dimensions > — Voo "™ The constant con-

tribution is given by

~ 8 58
GINSTR _ 72 { 481 —3) [—5 (L? +L3+ (L1L2 +20+ 5) (L1+ Lz))
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(m +1)?
18773/2

n+1 2 L 5 1—m .
+ 9372 (Sn +22n+5) <Zln (n) In . + 21n(n)Lis (171)

+ (5772 — 103/ + 429y — 10 + 5) [Lis(n) — In()Liz ()]

—4Lis (n1) | + 7 In”(n) — ?ln () In(1 —n)+ 10

n*—1

ln(n)]

+ 2 (35542 L+ 12— Bo+ L0 B (1 P
9 2 13 1 2 9 &3 9 ¢} 9 o 5 )2
1280 256 8[ I3N24+ 13N —8 80

16
N - L lwi+1L
ONN+D 217279 3](1+ 2)

4R5
243N2(N +1)2y

16 [ 405n% — 32381 + 405
271
+[_(n+5)(5n+1)+2(5n2+2n+5) 32

S1 4+ =5, |1n? ; 5.14
o o 1+ 5 2] n (77)} (5.14)

+ 1643 — 40§2> Sp—

with
Rs = 405> N* — 532nN* + 405N* + 810> N> — 1064nN> + 810N + 405> N2
—1012nN? + 405N? + 969N + 288 . (5.15)

The two-mass part of the renormalized OME A;Z),’ZS’TR reads

s 4R 8R 3584 640
(3),NS, TR 2 7 6
A =CpT?{ - — S — —§8
94,0 F F{ SINZ(N 112 [ VINN LD 81 ol 72
N 128 N 16+64S il )+209925 3584 +64OS
9 7 T Al Rt A Ve R TR T
128 16 64 4 4 4
— Syt |——+ =S [ =L+ L2+ L3l + L3 + =
9 4+|: 3+9 1:|<3 1+ 1 2+ 2 1+3 2+3§3
16 640 128 2 2 ~(3),NS,TR
+[—3+2—751—752} (L1+L2+§z)}+aqq,g (5.16)
with
Re=T73N?> + 73N + 24, (5.17)
R7 =517N* 4+ 1034N> +75TN? — 48N — 144 . (5.18)

The corresponding expressions for (5.7), (5.11), (5.14), (5.16) in z-space are given in Ap-
pendix A.

As before in the equal mass case [21] and for the O (Nf Tﬁ) contributions [19], we obtain the
O(TI%C A,r) terms of the 3-loop flavor non-singlet contributions to the anomalous dimensions
in the vector and transversity case from the single pole terms of the unrenormalized non-singlet
OMEs, confirming once again the result in [15], see also [105].

In Fig. 3 we show the ratio of the genuine 2-mass contributions to the complete T% 3-loop
term for transversity as a function of x and Q2. The spikes are due to a zero in the denominator
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2
NS,(3),TR,TF
/Mqq.Q
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Agq.Q
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Fig. 3. The ratio of the genuine 2-mass contributions to A(3)’gS’TR to the complete 7' part of the massive 3-loop

corrections to A(3> gs TR as a function of x and Q2 for me = 1.59 GeV,myp = 4.78 GeV in the on-shell scheme.

Dash-dotted llne w? =30 GeV?2; Dotted line: 12 = 50 GeVZ; Dashed line: u? = 100 GeVZ; Full line: ©2 = 1000 Ge V2.
The single mass contributions are given in Ref. [21].

of this ratio. Except for a small region of x around these spikes, the ratio takes values between
1.5 and —0.6. For Q2 not too low, mostly values between 0 and 0.6 are obtained.

5.3. The gq-contribution

(3)
29,9

A';;’ (Q3 ). One obtains the constant part of the unrenormalized OME

The genuine two-mass contributions to the OME A can be calculated in a similar way to

26
Gy o=Cr TF{PE%)[m(L? +L3+ (Lle +26+ ) (L + Lz))
16
T3 3/2 ((«/—-l- 1)*RsLi3(—n1) — (/71— 1)2R9Li3(m)> _ ?ln-?’(n)

2(/i+1)° 2 1)? 20
- (W—)RgLiz(—m) S sy - 2 3 (7 1)) In(n)

3,73/2 3 3/2
2 2
(vin+1) (V-1 16 .\ »
+ <WRSIH(1 +n1) — WRMH(I -n1) — ?Sl In“(n)
64 5 128 64 1 128 RioIn*(n)
A e N S )8 — =g |-
27°0 T 27 ? <§2+3 2) 77 3} 39(N — DN(N + 1)2

Fi6l-—t 0 (2 (L +L)2—i(L + L2)S
(N +1)2 Pgq \ 3 1 1 2 3 2)91

32 64(8N +5) 64R11 S
O(sy—82) - ——— 2 [ (L1 + L) —
+[3pg4<2 1) 9(N+1)3]( L) - S N T DN+ 1)

64(8N3 + 13N% + 27N + 16)
27(N — )N (N + 1)?

(S% + 5+ 3;2)
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8R12
- , (5.19)
243n(N — )N(N + 1)4
with
24+ N+ N?
) _ 5.20
Ped = NNV +1) 620
and the polynomials
Ry = —107%2 + 50> + 42 — 10/ + 5, (5.21)
Ro = 100>/ + 50> + 42 + 10/ + 5, (5.22)
Rio=5n>N>?+ 109> N? 4+ 159> N + 105> — 14yN> — 12nN? — 58yN — 28 + 5N
+10N? 4+ 15N + 10, (5.23)
Ri1 =39N* 4+ 101N> +201N? + 205N + 78, (5.24)

Ri» = 405> N> + 1620n>N* + 3240n> N3 + 4050n> N> + 2835n*N + 810>
— 5326nN° — 18496y N* — 40952y N> — 556367 N2 — 39370nN — 106527
+405N° 4 1620N* + 3240N3 + 4050N? + 2835N + 810 . (5.25)

The two-mass contribution to the OME is then given by

~ 64R 13 64R15
A® — .12l _ 2,72\ _
gq = “FIF 9w—DmN+w<‘+2) 81(N — )N(N + 1)*
32R13 5 32R13 64R |4
- 2717 752+ 351
9(N — HDN(N + 1) 9N — H)N(N + 1) 27(N — )N(N + 1)°
PR "IN DNIN+ 13 T ON - DN(N + 12!

128 32 64
0 [3 [3 [2[ [2[ [2 [2
péq)|: 9 ( 1 2) 3 ( 1 2 2 1) 3 ( 1 Z)Sl

1, 1 32 64
—-32 gSl—i-gSz—i-g“z (L1+ L)+ ?Sz-i-?g“z S

+¥$+ﬁ&—9§%— BadliE 44+ﬁ), (5.26)

9 9 9 9(N — )N(N + 1)? 84,0

where
Ri3 =8N>+ 13N2 +27N + 16, (5.27)
R4 =43N* + 105N3 4+ 224N? 4+ 230N + 86, (5.28)
Ris = 248N + 863N* + 1927N> + 2582 N2 + 1820N + 496 . (5.29)

The corresponding z-space expressions are given in Appendix A. Also in this case we obtain as
before in Ref. [23] the corresponding contributions to the 3-loop anomalous dimension [16].
In Fig. 4 we show the ratio of the genuine 2-mass contribution to the complete T% 3-loop

result for AS} 0 for typical values of Q2 and x. The ratio varies between 0 and 0.5. At higher
values of 02, an almost flat behavior is observed.
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Fig. 4. The ratio of the genuine 2-mass contributions to Ag]) o to the complete TI%—part of the massive 3-loop OME

AZ(;!I) pasa function of x and Q2, for me = 1.59 GeV, mjp, = 4.78 GeV in the on-shell scheme. Dash-dotted line:

u? =30 GeVZ; Dotted line: 42 = 50 GeV?2; Dashed line: 22 = 100 GeV?2; Full line: 12 = 1000 GeVZ. The single mass
contributions are given in Ref. [23].

6. Scalar A, ¢ diagrams with my # m;

The factorization into parts depending purely on the Mellin variable N and contributions
depending only on the mass ratio 1, which has been observed for the non-singlet diagrams, con-
stitutes a very special case. Normally both variables appear in a more intertwined form and more
advanced methods are required to perform the calculation. Since the complexity of the mathe-
matical structures contributing to a Feynman diagram depends on the denominator functions and
on the form of the operator insertion, we will first study the scalar topologies contributing to the
OME Agg ¢ in this paper. Due to the nesting between the Mellin variable and the mass ratio,
novel n-dependent sums and integrals will emerge. In particular, it turns out that the expansion
in 7 is not possible in general, unlike the case for fixed integer moments. Therefore, the integrals
have to be calculated for general values of 7.

6.1. The calculation strategy

As we expect new functions to appear in the results and since the construction of the inverse
Mellin transforms for these functions turns out to be a non-trivial task, we opt for an approach
where we derive the z-space representation of the respective diagrams first. The N-space repre-
sentation'? is then obtained in a final step by using the generating function method, constructing
a difference equation and solving it using the package Sigma [100,101]. These representations
can be then evaluated at fixed integer moments in N, be expanded in the parameter 1 and com-
pared to the fixed moments having been calculated using the code Q2e/Exp [73,74].

13 The steps to compute these Mellin transforms are included in the computer algebra package HarmonicSums [40,
106,107].
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First we introduce Feynman parameters and perform the momentum integration for one of
the closed fermion lines. This leads to an effective propagator, the mass of which we can detach
using the Mellin—Barnes representation [90-94]

+i 00
B¢
/ dém[‘(k—}-é)r(—&). (6.1)

—i 00

111
(A+B)y* T 2mi

Then we perform the remaining momentum integrals, which leads to an expression where the
Feynman parameter integrals are now of the generalized hypergeometric type [95] and the ap-
propriate application of techniques used earlier in Refs. [12,19,46] allow to integrate all Feynman
parameter integrals as Beta-functions, of which only one depends on both the Mellin variable N
and the Mellin—Barnes variable & and is kept in unintegrated form. We obtain a representation of
the general form

+ioo 1
1
C(N,ml,mz,s)% / dé/dX nEX$+N+aa+ﬁ(1 _X)—$+V£+6
—i00 0

|:a1—i—b]s—l—clé,...,ai—i—bis—i—cié] ©62)

d]+618+f1§',...,dj+€j£+fj§

where ay, di, f and § are integers, by, ex, @ and y are integers or half-integers, c; € {—1, 1}
and f; € {—2,—1,1,2}, with Zi:] = Z/j(=1 fx. The dependence on N of the function
C(N,m1,my, ¢) arises from gamma functions that depend on N (and possibly on &) but not
oné&.
Mellin—Barnes integrals of the form
+i 00

1 ar+bie+ci§,....ai +bie+ci§
[ agzEr e eed f o3
2m~/ § [dl+e18+f1§,~--vdj+€f’3+f15 o

—i 00
are usually solved by closing the contour either to the left or to the right and by applying Cauchy’s
theorem

f f(@dz=2mi Z resz f . (6.4)
p i

If we close the integration contour in (6.3) to the left (right) the residue sum only converges for
Z > 1(Z < 1), respectively. In (6.2) we have
nX
T1-x
which covers both ranges for possible values of n < 1 and n > 1. In the calculations we applied

the code MB [108]. We follow the method applied in the equal mass case in Ref. [24,109], split
the integration range and remap the individual parts to the domain [0, 1]:

(6.5)

+i oo 1 T

nX £ +i 00 T 1 nX £
/ dE/de(%',X) <ﬁ> = / d& /dX+/dX fE, X) <ﬁ>
0 i 0

—i 00 —i 00 1

I+n
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+i oo

T
&
_/ dé/ [( +T)2f< n+T>T
+— f(é ! )T‘f (6.6)
(1+ 7" "' 1+nT ' '

A further advantage of this procedure is that the contour integration decouples the n-dependence
which now only enters through the T-integration.

We follow the well known procedure of deforming the contour integral in order to separate the
ascending from the descending poles'* applying Cauchy’s theorem. At this point we are left with
only one integral and no overlapping singularities anymore. If necessary, we map T — 1 — T in
order to have singularities regulated by ¢ only at T = 0. They appear as e-poles after applying
the following integration-by-parts relation:

1
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We may then perform the Laurent series expansion around & =

In the next step we rewrite the sums obtained using the package Sigma [100,101]."> The
sums are then expressed in terms of generalized harmonic sums [39,40] at infinity,
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which have to be rewritten in terms of generalized harmonic polylogarithms (GHPLs) [40] at
argument x = 1 using HarmonicSums [40,106,107]. These functions are iterated integrals over
the following alphabet:

dt drt dt 6.9)
T 4+ T 14722 | '

In order to process them, we want the remaining integration variable 7 to only appear in the
argument of the HPLs. Because of the emergence of letters with non-linear denominators, we
cannot apply the methods used in Ref. [28,88] directly, although extensions of it, as it is described
below, should suffice to transform these HPLs. However, due to the relatively simple structure
of the letters in Eq. (6.9), there is a way based on applying the shuffle relations, cf. [79], and
rescaling the internal integration variables, to rewrite the corresponding iterated integrals in the
desired form.

Instead of computing the remaining integrals, we rather aim at transforming them into a Mellin
transform from which one can then read off the z-space representation. Next, we absorb rational
N-dependent factors into the integral, which appear both in the numerator and denominator.
These factors stem from the integration of the Feynman parameters, and are now pulled into the
T -integration by performing a partial fraction decomposition and then applying the following
partial integration identities repeatedly,

14 In some cases an additional regularization parameter was introduced in order to separate overlapping poles.
15 Due to the integral transformation (6.6) these infinite sums are independent of the mass ratio 1, which renders them
much easier to solve.
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Relation (6.10) has to be especially handled with care, as its application may introduce new
divergences in each term. This issue is solved by regularizing the remaining integral in (6.10) by
a +-type distribution which cancels these additional singularities, as e.g.
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We now rewrite the remaining integral as the following Mellin transform:
1
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_ 8 ((Z " (6.13)

(DY ] X (X x4
—g(D)

forg(x,n) <0,0<x<1, n<0.

Note that the function g is monotonous (cf. Eq. (6.6)) and thus the inverse function g_l exists.
The class of harmonic polylogarithms is not sufficient to perform this step and generalizations
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are required to allow for quadratic forms in the denominator. One such generalization is given by
the cyclotomic harmonic polylogarithms [106]. We use the label {4, i} to denote the following
letter

i dr

4,i} — m,

ie{0,1) (6.14)

where ®4(t) = 72 + 1 is the fourth cyclotomic polynomial, and dt indicates that the iteration
proceeds over 7. For example, Hg (4, 1) (x) represents the iterated integral

X 71
dt dn T
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More generally, we write
{{a.b,c}.i) v de i € {0, 1) (6.16)
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In the calculation of some of the diagrams shown in the next subsection, we thus performed
simplifications such as
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where in the last step we removed the n-dependence of the argument by again applying a rescal-
ing of the inner integration variables. At this point, it is desirable to remove the square roots in
the arguments of the HPLs and to obtain iterated integrals with the argument x only. In order to
obtain this representation, we once again exploit the property that taking the derivative reduces
the transcendental weight of a hyperlogarithm and use a method similar to the one given in [28,
88]. For example,

Jx
4. Vi1 H(GE)
dx PO A=) T2 1
1
= 30— Hot) + Hi(@)] (6.18)
1
Hig,13.0 (%) =1 [Hio(x) +Hi1(x0)] . (6.19)

However, not all the occurring HPLs can be expressed in terms of generalized HPLs of the
previous kind and new, root-valued letters have to be introduced. To perform this in a systematic
way, we introduce a more general class of iterated integrals as follows:
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Here f;(7) are real functions, with 7 € [0, 1]. At the moment we do not discuss matters like al-
gebraic or structural independence of these quantities, cf. [40,79,106], but rather consider (6.20)
as a placeholder. Algebraic and other relations are applied later in the concrete cases appearing.
These functions are given in explicit form in Appendix B.

Using these generalized iterated integrals we rewrite the HPLs with root-valued functions in
the argument. For example one has
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In the present computation, similar HPLs up to weight w = 3 had to be transformed. Due to the
size of the expressions and the necessity to cancel spurious terms, all relations obeyed by these
quantities have to be used. These are

e shuffle relations

e integration by parts relations, such that only factors with exponents € {1/2, —1} contribute
to the different letters

e shuffling of single square root terms to the end and performing the integrals e.g.:

o)t
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sel[: )

These identities have now been implemented in HarmonicSums [40,106,107] and allow a sig-
nificant simplification of expressions with iterated integrals of this type. Finally, the integrals are
merged. After the mapping of the integration variables (6.13) we are left with integrals of the

form fdf D dx or i fl(n) dx due to the splitting of the X-integration in Eq. (6.6). We therefore
substitute

1 1 S
/ dx G(x) = /dx G(x) — [ dx G(x) . (6.25)
fa 0 0

As it would have been expected, the integrals fof M gx G (x) completely cancel up to trivial
integrals of the form

f(m

dx x
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We now use HarmonicSums [40,106,107] to perform the inverse Mellin transform for terms
that do not contain any x-integration. They usually stem from integration-by-parts applied in
steps (6.7), (6.10) or (6.11). We are left with a z-space representation for our diagram. This rep-
resentation usually also includes a part proportional to a §-distribution and one term proportional
to a +-distribution.

As a last step, we want to generate a N-space representation for our result, for which the
last remaining integration has to be performed. This is done with the help of a generating func-
tion representation mapping the integral into generalized HPLs and then generating a recurrence
relation for the Nth coefficient of this result. This procedure is automated within the pack-
age HarmonicSums [40,106,107]. The resulting recurrences were solved using the package
Sigma [100,101]. The result contains many generalized HPLs at argument x = 1, which stem
from the upper integration limit. In case their letters are free of the mass ratio n, they can be
evaluated in terms of special constants like 7, In(2), the Catalan number C, ¢, and ¢3 by using
standard integration methods or applying the internal integration algorithms of computer algebra
packages like Mathematica or Maple. In case these generalized HPLs are not entirely free of
n, it is desirable to rewrite them as iterated integrals with argument 7 in order to obtain algebraic
independence and an easier access to series representations. Rewriting these generalized HPLs
cannot be done by rescaling integration variables or by just applying the methods of [28,88],
since due to the root valued letters the derivative with respect to an inner variable in general
does not lead to a weight reduction in this case. There is, however, an extension to the ideas in
[28,88]: Taking the derivative with respect to inner variables we observe, that only GHPLs of a
lower weight, GHPLs independent of this variable and the original GHPL itself contribute, as

e.g.:
j_nG ({\/;/1 —7. ‘/?— Vl_r} ’ 1)

—nN—Tt+nT
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Therefore, the linear first order differential operator
d 1+3
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does lead to a weight reduced expression when applied to the GHPL

G({\/?«/l —r,_‘nﬁ_— :’;}1) (6.29)
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The weight reduced expression can be rewritten with the same method and we have to undo the
effect of the differential operator by using the general solution for the linear first order differential
equation

d
d—f(x) + p(x) f(x) =q(x) (6.30)
X
X X t
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Applying this method to the GHPL considered above we obtain
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For all the GHPLs considered in this section, it is always possible to construct a linear first order
differential operator'® which does yield a weight reduced expression when applied to the corre-
sponding generalized HPL, and all the GHPLs could thus be rewritten in terms of GHPLs with
argument 7. See Appendix B for a list of relations for the GHPLs.

6.2. The results for individual diagrams

In the following, we present the results for all scalar two-mass topologies contributing to
Agg, 0 both in z- and in N-space. Up to a global pre-factor, all results are expressed as func-
tions of the mass ratio n. We consider only the cases where the operator insertion is located

16 First order linear differential operators could be used instead of pure differentiation in order to extend the parametric
integration method. However, remapping parameters might be a more suitable method to integrate Feynman parameter
integrals which are not a priori reducible. Both methods become inapplicable when non-iterative integrals appear, as e.g.
genuine elliptic integrals and others.
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on a line, and not on a vertex, since the latter case can be easily derived from the former.
The powers of the propagators are taken to be the highest ones appearing in the correspond-
ing physical diagrams (this means that in all of the diagrams the sum of powers of propagators
equals 9).

We define the following functions which appear often in the z-space expressions of the dia-
grams,
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1—1
—l(l—n)z[ln(n)G<{7vl_rﬁ},z>+G({7\'1_Tﬁ,l},z>
8 -1+t l—t4nt 7
===
l—t+nt 1-1
1
+<1—n+§(1+n)ln(n)>6<{ NI (6.33)

fz(n,z)=—%(1+n)|:G({mﬁ, ] }z)+G<{m\/_%}z>]

1—1

+ %(1 —77)2|:1n(17)G ({—VI_T\/?} ’Z> -G ({7M/? l} ’Z>

nt—n—rt nT—n—1 1
-G ; 4
nt—n—tv l—rt
1
- <1—77+5(1+n)ln(n)>G<{~/1——rﬁ},z) , (6.34)

fr =50+ n)[G ({mﬁ NN %} ,z)
o =i ) )
+ <1 —n+ %(1 + n)ln(n)> G (|Vi=evrvi=7ve}.2)

_é(l_’?)z[G <:~/1—rﬁ, 7'1_1\/? l},z)

l—t4+nt’ 1

+G<{mﬁ,“"ﬁ ! }z)

l—t4+nt’'1—-1

+In()G ({x/l—rﬁ, l—ﬁ}zﬂ 635)

fatn,9 =50 +n)[G ({Jﬁﬁ NN %} ,z>



J. Ablinger et al. / Nuclear Physics B 921 (2017) 585-688 645

o(fr =)

- (1 —n+ %(1 + n)ln(n)) 6 (|VT=vevi=tv7} .2)

+%(1—n)2[G<{m\/_ viZt/r 1} z)

1—1

nt—n—1t 1

+G({v1—tf —77:/: 11t},z>

ln(n)G <I\/1 — ‘L'\/_ 7 :/;} >] , (636)
_G 1 G 1 :
fs01,2) = ({m’?}’z>+ ({1—z+nr’ l—r}’z>
1
“““”G({m}’Z)’ o

1 1 1 1
fs(n,z)=G<{7,—},z)+G({ . }z)
nt—m—1 T nt—n—1t l—1
—In(n)G ({;},z> . (6.38)
nt—n—rt

For Diagram 1 (Fig. 5), each term in z-space factors completely into z- and n-dependent
contributions. No iterated integrals involving both, n and z, contribute. The z-space result can be
completely expressed by harmonic polylogarithms
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Due to the structure in z-space, only harmonic sums contribute in Mellin N -space.
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Fig. 5. Diagram 1. Here both mass assignments m, =m{, mp = m, and mq = my, mp = m| yield identical results.
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with the polynomials P;(n, N)

P =36181n° N + 89941n> + 24745n> N + 24745n> + 379750 N + 379757

—55125N — 55125, (6.41)
P> = 55203495°N? + 10046138n> N + 73481895> — 134487947 N>

— 22610228y N — 119838347 + 5520349N2 + 10046138N + 7348189 .  (6.42)

Here the factor %(1 + (=1)™) comes from the operator insertion Feynman rule. This factor is
removed from the z-space results in all diagrams, due to the analytic continuation from the even
moments.

Although topologically very similar to diagram D1, diagrams Dj, and D exhibit a much
more involved mathematical structure (Fig. 6). As we restrict ourselves to a representation within
the class of iterated integrals of argument z, additional root-valued integration kernels had to be
introduced. Furthermore, iterated integrals depending on both variables 1 and z contribute.

In z-space diagram Dy, consists of contribution D?aeg, which, other than a term proportional
to §(1 — z), is regular as z — 1 and a contribution D;; ,

Dau(2) = D§9(z) + D3, (2) - (6.43)
The latter term contains distributions like oc 1/(1 — z) or o 1/(1 — z)3/2, understood as
+-distributions.
For a distribution £ (x) of the general form
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my

Mq

Fig. 6. Topology 2. Dy, represents the mass assignment m, = mo, mp =mq and Dyp, (m| <> my).

m ko1 _
fPm=>3" (M) Pi(x) (6.44)
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we define the Mellin transform by
1 m N B
M [f<+>] (N) = / dx 3" o) = ey (6.45)
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Note that in this section we use a different convention for the Mellin transform (6.45), if com-
pared with (2.5).

This regularization is also required for the Mellin transform of the diagrams D»,, D2y, D3,
and Dgj, below. For Dy, the 4-part is given by
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and the regular contribution to Diagram 2a is
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with the polynomials

01 = 11025(z — 1)z + 18375n°2% + n*22 (—9472 257257 — 6247522>
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Performing the Mellin transformation by using the regularization (6.45) yields
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with the polynomials
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- (78524357;73 — 4111369552 4 84120757 + 86929815) N3
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Diagram 2b exhibits a very similar structure and is related to diagram 2a by the interchange
my <> my, n — 1/n. Its z-space contributions consists of a part which requires regularization
via the +-distribution,

IR 1 137 1 1
(+) _ 2 2 _ - _
by (@) = (’"1) (’"2> [210;73(1 ~2) (g tarp M@t ln("’)>

5z
* mﬁ(”’ Z)} ’ (6.57)

and a remainder contribution
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In Mellin N-space one obtains
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— . -1 —1 S ,
2 71 @)1 [2“(”) nm ‘( : ’)

s (Tt ) os (L L2y — g s v
+ 1,1 <Tv 71)_ 2( n )1 +4207’]3 En(n)_ n(n) l( )

" Pio
118540800073 (N — 1)2N2(N + 22N —3)2N — 1)
+ B [In(m) — $1 (V)] (6.63)
n(n) — , .
2257920013 (N + )(2N —3)2N — L P =21
with the polynomials
P = 1653750° + 367572 (14N — 31) — 24745 (41\/2 — 8N + 3) —71224N3
—217316N? + 6661 10N — 269823 , (6.64)
Py =450 — 322N +17) + 1 (—28N2 64N — 9)
+5 (8N3 —12N?—2N + 3) , (6.65)

Py = 457* + 122 2N = 3) — 612 (4N2 — 8N + 3) — 12 (8N3 —12N?2—2N + 3)
+5 (161\74 _40N? + 9) , (6.66)
Pio = 1057° (2350071\/5 + 17921N* — 827903N? + 439039N? + 162816 N — 80640)
—257250%(N — 1)®N (202N3 _307N% — 125N + 384)
— 51457(N — 1)>N? (6164N3 — 8724N2 — 2585N + 2703)

+ (N — 1)>N?(14363896N* + 3739260N° — 24768426N*
— 34435223 N + 22044567) . (6.67)

Diagram 3 (Fig. 7) displays a particularly simple structure and does only depend on the loga-
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Fig. 7. Diagram 3. Due to the symmetry of the diagram both mass assignments mg, = my1, mp = my and mg = my,
myp, = m yield identical results.

my

Mg
Fig. 8. Topology 4. Dy, is given by assigning m, = mo,mp = m| and Dyy, by assigning m, = m1, mp = mo respectively.

rithms Ho (1) = In(n) and Hp(z) = In(z) in z-space,
N e =2 s (1,37 1
Ds@) = (mt) " (m3) 210z | U TN g tah@

- S m (6.68)
7" m =50 nm) | . .

In N-space this corresponds to an expression in terms of rational functions and In(n) only. It is
given by

N e T+ (DY 1+ (I+n)Pu _f
Ds(V) = (mf) " (m3) (420N(N+1))|: e Tmonowen 2 "7

(6.69)

with the polynomial

Pl =n (741\/2 — 346N — 210) +1 (—3191\/2 +10IN + 210) +74N% — 346N —210.
(6.70)

The z-space expressions for Diagrams Dy, and Dy, (Fig. 8) are completely regular as z — 1.
For D4, (z) one obtains

o2 e[ 1 (=) (—14+524227) 1
o= (o) () (2 1 o
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Q9 70 | (1-2)Q10 013
_ H _gB
T 5760002 ~ 60 T 19209z 1O 2550002 M@

(1—2)3/2Q11f( oy N6 +3m 0 = 5n)
240n52 I 7680

n 2 (1 —n)(7+2n—n?
L 3543n—8 ,
+480( +3n—=8n7) fs(n,2) + 8

+n? O n? n?
1 1 —H —1 1
20 (2) + 192017 n(n) + 0 0,1(2) + 0 n(z)In(n)

& a2, .3
L T=5n=3n +nG<{ﬁ 11}’77)} 671)

In?(n)

)f3(n, )

3
+

512/ 1-t'7’t
with the polynomials
00 = —150n°23 (10 F4l7— 622 + 2413) 750422 (12 207+ 4323853 + 12z4)
— 200’2 (82 577 4+ 652% + 13523 — 2402 + 9015)
— 152 (24— 1522 4+ 66227 + 512° — 8302 4 4202°
+2n (104 + 6967 — 25682% + 77987> + 3195z — 118507° + 5400z6) . (6.72)

Q10 =—6+67z — 81z% — 85z° +105z* + 5n*(z — 1)*2(3z — 1)
—10°(z — )?2(1 +32) + 2 (2 — 507 + 202> + 16023 — 12014>

2 (—6 1997 4+77% — 4553 + 15z4> , (6.73)
O =3+ (-13+502—15(=3+2+n?) 2 +15(T=5n =3 +°) 2, (674)
Q12 = —6+ 38z — 148z% — 47> +190z* — 105> — 5%z (3 —6z+ 1222 —102° + 3z4)

+100%z (3 1622 — 823+ 3z4) — 2 (6 — 30z +922% + 522 — 607* + 1525)

+ 7 (2 — 172 47022 + 14023 — 2807* + 120z5) , (6.75)
013 = 15032 (6 — 87+ 3z2> — 7523 (—6 122 - 1022 + 3z3) — 152 (6 — 382

+1482% + 47 — 190z* + 105z5) + 1002z (3 — 203z 4 105z% 4 2107 — 420z*

+180z5) — 6y (40 — 210z — 8622 + 46023 + 2607* — 30025 + 75z6) . (676)

Performing the Mellin transform yields

N2\ L+ (=¥ B 1

D4a<N>—(m1) (’”2) <2(N+1)2(N+2)){ 5(N —1)Ne

(4N? —4N —3)n*> + (4N —6)n — 35
512(2N —3)

+A-m Ny

1
[5 In? (1)
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+In(mMS11—=n,N)+S1,11—n,1,N) =851 — U,N)]

3(4N? —4N —3)n? + 122N —3)n — 35

-7 TGSAN ) [In(p) + S1(V)]
2*2N*7(2N_72)P13 1
+ N(zNN_;) [E[H_I,O,O(ﬁ)mm,o(ﬁ)]
Yo% 1 @) SiG)
__1n<n>+1n(n) 2+ Z( )<_72+T+ l, )
i=1 \i—1
21 _ i
—22 < ')7) (—ln(mSl(l—n,i)—Sl,l(l—n,l,i>
+sz(1—ni)—11n2(n) n Pio
’ 2 28800(N—1)2N2(N+1)(2N—3) ’

(6.77)
with the polynomials
P12 =900 N7 — 900n>(2n — 1)N® — 251 (27;72 +90n + 163) N + (24757
+450n% + 88757 + 7296) N* + (—225773 +2250n% — 7250 + 6336) N3
— (675n° + 1350n* + 88750 + 33216) N* + 192251 +27)N + 8640,  (6.78)
P=1n3 (8N3 —12N2—2N + 3) 32 (4N2 _ 8N+ 3)
+ 1(45 — 30N) — 105 . (6.79)

Interchanging the masses m| <> m; one obtains

3+ e2] 1 D22 +5z-1 1
Dy =(m}) " (m3) [— (—(Z @ 5e-l) OHO(Z)>

& 6022 I
576?(;;77312 B 6(%72 (119_28)(3214H1(z) + 288%%111@
O gy WO et
_ 35”24;_#](6(7), ) — (1- 77)(7;73—{— 2n—1) . 2)
* 31’7220—;21 In*(z) + 19?0 3 In(n) + 601 ——[Ho,1(z) — In(n) In(z)]
+ 7 _551”22”5_/23’7 +1 G ({ 1{?1_, %, %} ; 77):| , (6.80)

where
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Q12 =n*(105z* — 857> — 8127 4+ 67z — 6) + 21> (15z* — 452> + 72% + 992

—6) +n°(— 120z* 4 160z° 4+ 202> — 50z 4+ 2) — 10n(z — 1)*2(3z + 1)

+5@—1)2Bz—1), (6.81)
Q15 =n*(1052° — 190z* + 423 + 14822 — 1437+ 6) + 21 (152° — 60z*

+5223 922 — 452+ 6) — n(1202° — 280z* + 1402> + 702>

— 137z 42) — 1092° (322 — 8z + 6) + 52%(3z° — 102 + 122 — 6) , (6.82)
Q16 = —157*2(1052° — 190z* 4 42> 4 1482> — 382 4 6) — 61°(75z° — 3002

+260z* +460z° — 8627 — 210z + 40) + 107?z(180z° — 420z* + 2102

+ 105z — 203z + 3) + 1509z* (322 — 8z + 6) — 75z (32° — 10z + 122 — 6),

(6.83)

017 = —151*2(4202° — 830z% + 512° + 6622% — 572z + 24) + 21 (54002°

— 118502 +3195z* +77982> — 79682% + 6967 + 104) — 201*z(90z>

— 2402 + 13523 + 6527 — 1472 + 82) — 150022 (24z* — 622° + 4122 + 102

—24) +752%(122° — 3877 + 437 - 22) (6.84)
Q18 =152 — 15n2° 3z + 1) — 5n*z(152% + 6z — 1) +1°(1052° + 4572 — 132+ 3) .
(6.85)

In Mellin space Dy, takes the form

e 2 T (=D > S S
D4b(N)—(’"1> (mz) (2(N+1)2(N+2) £5(N—1N
3517+ (64N —4N>+4N+3 (g \"T 1,

+ S12P (2N —3) (n—l) [_5111 o

—1 _1 _1
+ln())S; (—'7 ,N) 5 (—" ,N) — S (—’7 . N)}
n n 7

3572 + (36 — 24N)n — 12N2 + 12N +9
+ [S1(N) —In()]

76873 (2N — 3)
Pis

* 288003 (N — DZN2(N + DN —3)

2—2N-7 (2151\1712) "
+ ?73N(2N_— 3) |:_\/E[H—l,0,0(\/ﬁ) + Hl,O,O(\/ﬁ)]

1, 1 N 92i 1 G SiG)
+Zln(n)+ln(n)+2+§§@<ﬁ+ LR )

N 52i —i i

1 2% (n—1) n[ n—1 .

+ - E — 2. —In(n)$1 , 1
8n i=1 (il71) n

+Sl,1(E,Li)—52('7_1,i)+11n2(n)ﬂ}, (6.86)
n n 2

with the polynomials
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Fig. 9. This diagram depicts Ds, with mq = my, m, = m and Dsp, with mgq = my, my, = my respectively.
Pia = 1057 4+ 157>(2N — 3) — 3n (4N2 —8N + 3) —8N>+12N?*4+2N =3, (6.87)
Pis = 1929° (38N4 +33N3—173N? + 27N + 45) —257*(N — 1)>N (163N?

— 29N — 192) + 450(N — 1)>N? (2N2 _N— 3)
+225(N — 1)2N? (4N3 —IN — 3) . (6.88)

Diagram Ds, (Fig. 9) is given in z-space by

(2 T3 ] (l—z)(l—Sz—Zzz) 2
Ds,(2) = (ml) (I’l’lz) |:_ <_ 4572 + E In (z)

&

Q19 & 53 (1=2)02 021

" 201600022 ~ 105" ° T 672002 @ * To0s00922 ")

_ %ﬁ (n.2) + %[HQ](Z) + Ho,o(n)]

L (175 + 357 ;;gnzz — 167°) fs(n,2) + 67Q2(2)3)7Z In(n)

+ DOt T .9+ 2120 + L Gy o)
o ([t ) sl ] oo

with the polynomials
010 =30n322 (216 — 1467 — 10522 + 70z3) +5250%2 (12 — 207 + 432
—3823 + 12z4) +75; (24 — 1527 + 66272 + 5123 — 830z* + 42015)

+20772(290 — 237z + 53577 + 7562° — 1554z* + 6302°) — 217(672
+ 22487 — 119847% + 372342 + 15345z — 555902 + 252002%) , (6.90)

020 =35 (e — D%z — 1) + 202 (34352 — 17522 +1052°) + 5(6
— 67z + 8127 +85z° — 105z%) — 27 (—30 +509z + 1722 — 25123

+10524) + 20 (=5 + 472 — 2827 - 29427 +2102%) 6.91)
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021 = 525723 (—6 +122 - 1022 + 3z3) + 309322 (—108 — 32742107
—2802% + 1055‘) — 752 (6 387+ 14822 4 423 — 1907* + 105z5)

+107%2(15 — 751z + 22522 + 7982 — 15122* + 6302°) — 21(560
— 2910z — 854z% 4 7380z° + 4020z* — 53402° + 15752°) , (6.92)

02 = —15+ (65— 21n)z + (—225 +126n + 35;72) 22 4105 (—5 +3p

17+ 7) 2, (6.93)
023 =351z (3 67+ 1222~ 102 + 3z4) + 2032 (—3 327 421022

—2802% + 1052*) — 20 (30 — 1542 + 4922 + 2682 — 3562* + 1052°)

— 5(6 — 38z + 1482 + 4z — 190z* + 1052°) + »? (10 — 69z + 1502°

53223 — 10082* +420z5) . (6.94)

In Mellin-space one obtains

AL s 14+ =DV _ 4
Dsq(N) = (m1> (m2> <2(N+ (N +2)> { I5(N = 1)N(N + 1)e

(4N2—8N—|—3)n2—4(N—|—1)n+25[11 2
128N —3)2N — 1) y

— (1=~ N1y

+In(mS1(1 —n, N)+ Si,1(1 —n, 1, N) = $2(1 —n,N)]

3(4N% —4N —3)n> +25

TR N+ DN —3) [$1(N) +Inn)]

2Py
(N+ 12N —3)2N — 1)

1
7 [H-1.0.0(v/m +Hi00(/]

N 52 —i
24(1 —
n ( - n
2(1=m) i=1 (i)

1

<1n(n)51(1 —n,0)+S11(1—n,1,0)

A In* (1)
_52(1_’7”)"‘5111 (n)) +4(1—71) —ln(n)—i-z}
Pis
B 14400(N — 1)2N2(N + 1)2(2N = 3) } ’ (6.95)

where the polynomials read
Pis =900 N" — 900n>(2n + 1)N® — 25y (27n2 —90n — 89) N3 + (24757
— 45097 — 46257 — 5504) N4 — (225;73 225002 — 1757 + 3264) N3
+ (=675n" + 13500 + 46251 + 22784)N? — 96(257 +46)N — 5760,  (6.96)
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Pl =n (8N3 _12N? 2N + 3) + (—4N2 +8N — 3) F992N —3)+75. (6.97)

The mass-reversed diagram Dsj, obeys the z-space representation

“3te e2 [ 1 - D2 +5z-1 2
D5b(z)=<mf> " (m%) {—|:—(Z )2 < )+—H0(Z)i|

€ 4572 15

Q27 r_ Sz Ho o (n)
16 3847 128 1053 ) 0W

2016007322
(1 —2)%? 003 1 z
SR ] A2y
840n375/2 f(n.2) + 105 + 7 0,0(2)
3502 41750 — 162 + 162 -
B 3 fe(n,2) — 3
(I—mGn*+2n+1) 0»s
B ; 1
e fa(n, 2) + §720r2 n(n)
(1—-2)024 577 =32 —p—1 NARE
7H G s sy T N
+ 67200 1(2) + 256757 Mt
026
1008007°22 H InG) In()] ¢, 6.98
+ 1008007372 In(z) + 1057 3[ 0,1(z) —In(n) n(z)]} ( )

where

Q24 = 57*(105z* — 8523 — 8122 + 67z — 6) + 21> (105z* — 2512° + 1777

+509z — 30) + n?( — 420z* + 5882> + 5627 — 94z + 10) — 2nz(1052>

— 17522 4352 +3) = 35(z — D*2(3z - 1), (6.99)
025 = 5n*(1052° — 190z* + 423 + 14822 — 143z + 6) + n*(2102° — 7127*

+5362° + 98427 — 5182 + 60) — 7% (420z° — 1008z* 4 5322° + 1502

— 489z + 10) + 2nz( — 105z* + 2802 — 210z* + 32z + 108)

~3572(32° — 102 + 12z — 6) , (6.100)
026 = —751*2(1052° — 190z* + 42° 4 1482% — 382 4 6) — 21 (15752°

— 5340z° + 4020z* + 738027 — 85427 — 2910z + 560) + 107%z(630z

—1512% 4 7982% + 22577 — 751z + 15) + 30122 (105z* — 2802

+2102% — 32z — 108) + 52523 (32° — 102% + 122 — 6) , (6.101)
Q27 = 751*2(4202° — 830z* + 5127 + 66222 — 572z + 24) — 21> (252002°

— 5559075 + 15345z* 4 372342% — 371842% + 22487 + 672)

+207%2(6302° — 1554z* + 7562° + 535z% — 867z +290)

+30nz%(702° — 105z% — 146z + 216)

+5257(122° — 382 + 432 - 22) (6.102)
Qa5 = —1052° — 3502 (3z + 1) — 21n%z (1522 + 6z — 1)

+573(10523 + 4522 — 132+ 3) . (6.103)
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my,

Fig. 10. Dg, with mq =m1, my =my and Dgp with mg = my, mp = m respectively.
In Mellin space one obtains

L a\T3E Nel2 1+ =DV B 4
Dsp(N) = (m1> (’"2) <2(N TN _|_2)) { IS(N = 1)N(N + De

25;72—4(N+1)n+4N2—8N+3( n )N 11n2()
128(n — D22N —=3)QN —1) \n-—1 i

—1 1 1
+1In(n)$; (n—N> + 5 (n—N> - Si1 (77_ 1, N)]
n n n

2572 +12N2 — 12N -9
384n3(N + 1)(2N — 3)

[S1(N) —In(n)]

P9
+ 142003 (N — DZN2(N + 122N —3)
2NTN) g |
2N+ DEN — 32N — 1) _ﬁ[H—l,O,O(ﬁ) +Hi00(/m]

N

1 1 22"<n—1>—"n"[ <n—1 )
+ —|2+1 + - —1 S ,
,[2+man] 2(n—1)n§ & NS (=i

n—1 o\ =1y, 1 , In ()
+Sl,1< . ,1,1) Sz( ; ,l)+2ll‘1 (n)}+4(n_1):|}, (6.104)

where we abbreviated the polynomials

Pig =757 + 922N —3) + 1 (—4N2 +8N — 3) +8N3—12N2—2N +3, (6.105)
Pio = 64n° (861\/4 +51N3 —356N% + 69N + 90) —257%(N — 1)> N (89N?

— TN — 96) 4 450n(N — 1)*N? (2N2 _N-— 3)

—225(N — 1)*N? (41\/3 —IN — 3) . (6.106)

The diagrams De, p and Dy, p, see Figs. 10 and 12, respectively, consist of one fermionic
triangle and one fermion-bubble. For D¢, (z) one obtains
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Deq(2) = (m%>73+8 (m%)g/z {_L n e [E 3 5 1 2

4562 ° 90¢

659

0ty T
1 1 H @
+Hi(z) —Ho (Z)] - @[Hl 1(@)+Hoo )] - (EO - 420773>
1 O3
H H ¥
+ 20160007 — 22 [2030H1@) + 0nHo@)] + 181440007322
V1 Q33

1
e [H1,0(z)Ho(n) — Hi(2)Ho,0(m)]
7513 —6317 —35p—105 25n3 —26n* —23n —8
84077 fa(, )+ 336001 D f6(n,2)
029

I | I |
_9» G , : :
3032007 = iz | ('7)+420 3[ ({1—r S —— l—r} Z)

1 1 1 1 1
vo((it sy i) oo ([t 5= )
l—t nt—n—1 1 1—

T NT—n-—r1
= 1o [Hi0,1(z) +Hi oo(Z)]} (6.107)
with
029 = —159°(152° — 25z* — 82° +342% — 14z + 3) + 3n*(632° — 552
—102% + 34z — 15) + n*(3302° —
n*(1262° —

4 9673

8262% +294z° + 9877% — 478z + 105)

154z% + 29473 — 2732% + 1782 — 15) + nz( — 1052

+352% 421022 — 105z — 12) — 1052%(3z° — 72% 4 67 — 3)

030 =757 (z — D*(152° + 522 — 132+ 3) + n*(
+ 1507% — 1247z + 225) — 1% (16502
— 2602z + 525) — 5n*(1262°

(6.108)
— 94575 + 82574 4 14407°

— 41302* + 147023 + 493572
— 154z* + 29423 — 27322 + 78z — 15)
+350z(15z* — 52° — 3022 + 152+ 53) + 525z — D*2(3z2> —z + 1), (6.109)
Q31 =75nz(152° — 252" — 82” + 3427 — 14z + 3) +n* ( — 9452° + 8257°
+ 1440z* + 1502 + 7222% — 2015z + 560) + *(— 1650z° + 4130z
— 1470z* — 49352% + 25582% + 1715z — 560) — 5n°z(1262° — 154z*
+294z% — 27322 + 122z — 15) + 5722 (105z* — 352° — 210z% + 1052
—324) +5252° (327 — 722 + 62 - 3)

032 =3375n*2(602° 272% + 1462% — 567 + 12) — 8n* (465752°

—93825z° — 4050z + 1140752° — 513192% + 7605z + 3780)
+450n°z(168z° —

(6.110)
—110z* —

434z% 4+ 7723 + 5742 — 2327 + 290) — 360n2% (5257
— 875z +700z% — 175z — 853) + 2362523 (122° — 2627 + 192 — 10) ,  (6.111)
033 = 105(1 — 22)2° +35n2%( = 222 + 2 + 1) — 215%z(62°

—3z22 -4z +1)
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+57°(30z* — 1527 — 2327 + 11z - 3) . (6.112)

Performing the Mellin transformation using HarmonicSums [40,106,107] one obtains

—3+¢ e/2 (1+ (—I)N 1 11
(2 2 _ it
Doa(N) = (’"1> (m2) ( 2(N+1) ) i 452 g [9051 (V)
P 7577 — 38y — 41
T - 2 ()
1800n2(N — DN(N + 1) 537601

: (1) oo
268803(N + D(2N —3)2N — ) \y—1 p

—1 1 1
—In(n)$; ('7_ N) + 811 (71_ 1, N) ) (77_ N>:|
n n n

2N [ .

2 _— —
10573(N + 1)(2N —3)(2N — 1) | 4(1 —n) In*(n) — In(y) — 2

[ 22f<n—1>-"nf[ (n—l ) (n—l )
. 1 Si|——, S s
+2(71—1)§ (21,) n(n)S . i)+ . i

—1 1
=811 <nT 1, i) - Elnz(n)i| + Vn[H-1.00(s/m) +H1,o,o(\/ﬁ)]}

b SV = S; (= v ) sy (=L 1w
12077 3 o= S
—1 —1
(T ) esa(2 1)
n n-—1 n—1 n

—1 —1
+ 81,11 (_77 1, . ,N> + 8111 <_77 ,L, l,N)
n n—1 n n—1

+1In()S1.1 (L -l N) - ln(n)Sz(N)}
n—1 7
7513 — 63n% — 355 — 105
1344015/2
1
403200m3(N + )(2N —3)

In® () 0 1o &
~ S0, S <—n — 1,N> - ﬁ[SI(N) + S (N)] - 0

[H-1,00 (v/n) +Hi00 (1) ]

[P23S1 (N) + 5Py In(n)]

P
- 20 . (6.113)
907200073 (N — 1)2N2(N + 1)2(2N — 3)

Here we abbreviated the polynomials

Py =1 (196228N” — 334662N°® — 190856 N> + 437484N* + 770788 N*
— 1514022N7 + 131040N + 302400) + n*( — 309600N " + 590400N°
+ 150075N° — 522675N* — 29475N° — 67725N? + 189000N )
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n(—401580N7 + 899370N® + 60660N° — 1056240N* + 340920N?
+ 156870N?) — 283500N7 + 567000N° + 212625N° — 779625N*

+70875N3 +212625N? | (6.114)
Py = (375;72 — 138y — 13) N+3 (125n2 — 38+ 41) — 461+ 169)N? + 420N3
(6.115)

Pp=4 (225n3 16457 — 1179 — 315) N?-2 (225773 — 16477 — 99y — 630) N

-3 (450;73 —203n% — 2525 — 315) , (6.116)
Py = —28 (64;73 — 2009% — 2407 — 225) N2+4 (1344n3 — 70092 — 795y — 1575) N

—9 (44&73 + 72572 + 11505 + 525) , (6.117)
Poy = (—snz 250 + 30) N3 +2002N? + (—12n2 — 25y — 30) N+400%,  (6.118)
Pys = 14 (277;2 207 — 15) N+3 (375;73 — 18992 — 357 + 105)

— 140(n +9)N? + 840N3 . (6.119)

Assigning the masses for this diagram the other way yields diagram Dgp. In z-space it reads

N2\ 1 10 — 40z + (22 + 257 + 30n?) 22
Df’b(Z)_(ml) (m2> { B2t e [ 180022

0351n(z) + zQ37H1(z) — 52038 In(n)

1
—[H; (2) —In(2) ]] +

*50 201600(7 — 1)nz?
A Q%f( o (25—2677—23772—877)f( Z)__
3360952 71V 3360(1 — 1) st 120
75 — 63 — 357 — 105%° 034 n’
- 4+ —=2 T g »H
8407 30D+ gaa000n2 ~ a20 1 @Hoom)

" oy + =D | g ([ ! !
- — n
420 O 420 I—t l—t+4nc1-7]°

+G ! ! ! +In(n)G ! !
, s T (s n , >
l—-7 1—t4nt 7t ¢ 7 l—7 1—t+4+nt ¢

3
420

——[Hi,0,1(2) + Hi,00() — Hi(2)] —

180[H1 1(2) + Ho, o(z)]} , (6.120)

where

034 =236250"23 (—10 4 19z — 2627 + 122%) — 360° 2% (—853 — 175z
+700z% — 87527 +525z*) 4 3375z(12 — 56z + 1462 — 272° — 110z* + 602°)
+4501%2(290 — 232z + 5742% + 772° — 4342% + 1682°) — 81(3780 +
7605z — 51319z% + 114075z° — 4050z* — 938252° +465752°) (6.121)
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035 = —5257°23 (=3 + 62 — 72% 4+ 32°) — 5n* 2% (=324 + 105z — 2107°

— 357 4+ 105z%) — 752(3 — 14z + 3422 — 87° — 257* + 157°)

+507z(—15 + 122z — 27327 4 2942° — 154z 4 1262°)

+1(=560 + 2015z — 722z% — 150z° — 1440z* — 8252° + 9452°)

+n?(560 — 1715z — 25582% + 49352° + 1470z* — 41302° +1650z°) ,  (6.122)
Q36 =154 (=55 + 21z + (115 — 84y — 3577)2% — (=75 + 631 + 357 + 1057°) >

+2(=75 +63n +357* + 1057%)* (6.123)
037 = —5257°(z — 1)?z(1 — 2 +32%) = 75(z — D?(3 — 13z + 522 + 152°)

—351*2(53 4+ 152 — 302% — 52° + 15z%) 4+ 59 (=15 + 78z — 2732% + 2947

— 154z% + 1262°) + (=225 + 1247z — 1507% — 14407° — 8257* + 9457°)

+n?(525 — 2602z + 493522 + 147027 — 4130z* + 16502°) (6.124)
Q33 = 1059’77 (327 — 72° + 62 — 3) + 11*2(105z* — 352% — 210z + 105z + 12)

+ 73 (=1262° 4 1542% — 29423 + 27322 — 1782 + 15) — %(3302° — 8262

+2942° 4 98727 — 478z + 105) — 3(63z° — 55z* — 962° — 10z% + 34z — 15)

+15(152° — 25z* — 82% + 3427 — 142+ 3) . (6.125)

In Mellin space this corresponds to

£/2 “3+e (14 (=N 1 11
Deyp(N) = (m? Z - —| =81 (N
66 (N) <m1> (’"2> <2(N+1) ){ 4582+€|:90 1)
Py 41;72—}—3877—75 lnz( )_{_2
1800(N — HN(N + 1) 53760 P 120

1—n)N-1p 1
+ nd —m) L [51n2(n) —$(1—n,N)

+

26880(N + 1)(2N —3)(2N —1)

1
+S811 (A =n,1,N)+In(m)Si (1 —n, N)} - %[S%(N) + $2(N)]
272N78(2§]) P30 1
105(N + 1)(2N — 3)2N — 1) ﬁ[H‘l’O*O(ﬁ) +Hi00(/7)]
N

n 22f<1—n)i< _ _
+ - Si1d=n,1,0)—8d—n,
TR S

In?(n)
4(n—1)

1
+ 3 In’(n) +In(n) S (1 — 7, i)> + +In(n) — 2}

3

3 1
+ 47770|:ln(77)52(N) — S3(N) =8 (E N> Sl =n,1,N)

1 1
+Si2| — 1=, N|)=Si12|1—-n,——,N
l1—n 1—n
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LSS

Mg mp

o909

Fig. 11. D7, both mass assignments m, = my,mp, =m1 and mg = m1, mp = m, yield the same result due to symmetry

1 1

+S,a (-7, —N)+S1a|l—-n— LN
I—n l—n
1 1, 1

—In(mSi1| — 1= N)—zIn"(m)S1 | ——. N
1—n 2 1—n

1057° 4+ 3512 + 63n — 75
- TN T P IH 00 (Vi) + Hioo (V)]

reasons.

13440,/7
4Py; — (N — 1)2N2(N + 1) (450 Pg In(17) — 90 P29 S1 (N))
_ 36288000(N — 1)2N2(N 4+ 1)2(2N — 3) } ) (6.126)
where
Py = (30172 +25n — 8) N3 — (30,72 + 250 + 12) N +20N2 440 . 6.127)

Py =—4 (70875773 + 1003957% + 774009 — 49057) N7 +6(94500n° + 149895n°
+ 98400 — 55777)N® + (212625773 + 606601 + 1500757 — 190856) N’
-3 (259875773 + 35208012 + 1742257 — 145828) N* + (708757 + 3409201

— 204757 + 770788) N> + 3 (70875n3 5229002 — 225755 — 504674) N2

+2520(757 + 52)N + 302400 , (6.128)
Pag = —3157° (4N2 _ AN — 3) + 2 (—468N2 198N + 756) +n(—656N2 + 328N

+609) +450 (2N = N =3) , (6.129)
Pro = 157573 (4N2 —4N— 3) + 302 (2241\72 — 106N — 345) +257(224N% — 112N

—261) — 448(3 —2N)?, (6.130)
Pso = 1057 (8N3 —12N2—2N + 3) — 352 (4N2 8N+ 3) +1897(2N — 3)

1125, 6.131)
Py =1 (4201\/3 — 676N% — 13N + 123) — 6y (4N2 +23N + 19)

+3T5(N +1) . (6.132)
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The ladder-type diagram D7 (Fig. 11) is symmetric under m; — m»> and only one mass as-
signment has to be considered. It evaluates to

- & 1 -1
= (o) | 2L a2

H H
g 2412 ' 8640137 180737 [Hi.1(2) +Hio ()]

s <16n — _122&723(& —27) (Z;;:7i)H‘ (Z))HO’O -
3;/0@ (27 +2051 427z + (27;7 — 109 — ) ) £, 2)
3‘6/02 (1012 = Dz =272 + 2797 (322 = 22 = 1)) 201, 2)

e

_ 77930+31 Hj 0,0 (n) + ﬁfs(ﬂ 7) — 720(Q+1)n3zf6(77’ 2)
27172;3(;2;7; 27G<{1{i’%*%}v ) 7790+31 [Ho.1.1 (z) +Ho.1,0 (2)]

01 @+ i 0] u[o .

+ ?;0_3 [Hi,0(2) +2Ho,1 (2) | In(n) — 1440 —n3 [Q42H1 (2) + QasHo (2) ]

+ 72(1180 ZS)HO(Z)ln(n)+ HTO"[GG 11, 1—r1+m’ llr},z)

ol e et oo (e = )

l—-t'1l—t4nt't ' e -t 1—1t471 <

(r—1)(E-1) -1 1 1 1

B 180n3z Hi (@Inm) + 90 G({;’nr—n—t’l—r}’z>
1 1 1 1 1

co({smmet)) oo (=] )
gt —n—-1t'1 TNt —n—1

P +1 )] 1 1 1

RTI Tl H‘(Z)]Jrlgon3 |:G<{1—r’nr—n—r’l—r}’z>
1 1 1 1 1

cof{re s i) o (i) )|
l—-t nt—ynp—1t 7 l—7t nt—n-—-1
039 1—n 1 1 1

3200 - D (”)+903[G<{?’1—r+m’1—r}’z>

1 1 1 1 1
+G<{;, m, ;},Z) +1H(77)G ({;, m} ,Z>:|} s (6133)
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with

039 =27 (n“ + 1)z (6z3 — 1122432 +3) - 2(772 + 1) 7 (22z3 — 662% — 15z

163) — 2 (324z4 — 6827% 4+ 42672 + 307 — 84) — 162n* + 330 (6.134)
Q40 = —27 (n3 + 1) 2 (24z3 — 4677 + 11z + 16) + 6481732 + 4081z

+m+Dn (648z5 — 1370z* + 873z — 127 — 390z — 180) , (6.135)
Ou =4n*(1 =20z +40°2 + ’z(@z+3) +4(> — 1) = 8n(* +z 1)

+n* (422 — 152 — 4), (6.136)
Qur =91+ 7"z — 1)’ Bz +2) +2n(5z* — 3327 + 422> + 142 — 43) (6.137)
Qu3 = —42% + 4122z — 1) — n*z(4z + 3) + 1°(— 42 + 15z + 4)

—d (-1 +8* (P +z-1), (6.138)

Qu =91 +n?)z(32% =722 + 32+ 3) + 2n(5z* — 3323 + 4222 + 14z +11) . (6.139)

The Mellin space-expression for this diagram reads

~343/2¢ (14 (=N 1 )
A (+< >>{ n+ OF =D o\

2 S 24en2(N+1)  180n3(N + 1)

(1> +1)S3(N) 324320 + Ln(1 +n)N(N* +3N +2)
180m3(N + 1) 576073 N (N + 1)2(N +2)

N+1
+ Pss i — In(n)S) (—”_1 N)
57603 N(N + D2(N +2) \ iy —1 7

—1 —1 1
+ 811 (77_ LN) -5 <n—N) + —lnz(n)}
n n 2

A= NPy [_m(n)sl(l—n N)+S$(1—n,N)
5760n3N (N + 1)2(N +2) , |
(n® — 1) In()

90n3N(N + 1)2(N +2)
(n+ 122V () (n =127 () Pao
5n2(N 4 1)2 4573(N + 1)2(N +2)

2*2N78(21<]\’)P33 XN:ZZi(n_l)—ini [S (n—l 1 i)
4501 — D3 (N + D2(N +2) & ) R e

—S ('7_ ],i> — (S, (" — l,i) 4 l1112(;7)}
n n 2

R 69 L MR S UtV
Ba— DN+ PN+ & (@)

1

In?(n)

1
— S (1=n,1,N) - 51n2<n>} + S1(N)

—3N In?(n) —

In(n)

[—111(77)51 I=n.0

22N Py

453(N 4+ D2(N +2)

1
+ 80 —n,i)=Sia(l—n1,i)— Elnz(n)] +
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L (272 100427 27200 Py [H_1 00 (7)
1440(N + 1) 45(N + D2(N 42y JL 100

,75/2
3
n’+1 2
H Sy (N) — S2(N
+ I’O’O(ﬁ)]—i_180n3N(N+1)2(N+2)[ 2(N) — ST(N)]
1 n+1 n+1 Py
PuSI(N) — Py — 21
+2880n3(N+1)2(N+2)< 5 PaSiN) === P == n(”))

1 1 1
—— |Sia(1=n,— N)=Si2(—.1=n. N
+180<N+1>[1’2< T ) ”(1—:7 ! )

1 1
+Si|—N)Siad=—n,1,N)=S11|(l—-n1 ——N
11— 1—n
1 1

-Siall—-n—LN|)+nmSig| —.,1—n N
I—n l—n
1 —1 —1
+ o3 v | 512 T T N) =S = =N
180n3(N + 1) n n—1 n—1 n
—1 —1
+ 5 (LN> St (Tl_ 1,N> —Si1.1 (77_ 1, L,N)
n—1 n n n—1
n—1 7 n n-—1
—51,1,1<—,—,1,N)—111(77)51,1(—,—,N)]
n n—1 n—1 g

LU S(l N) 1S<—” N) 6.140
+360(N+1)|:1 =)t G T } ' (6.149)

This expression contains the polynomials

Py =27 (1 +n2) (2N2+4N+3) — 102N + 1), (6.141)
Ps3 = 81n% — 107N + 1) +27 (4N2 T8N+ 3) : (6.142)
Py =27 (1 n n2) (4N2 8N + 3) 2 <6N2 +73N + 115) , (6.143)
Pss = 64n° — 64n* (N + 1) + 5nN(N + 1) = N (54N2 + 103N + 17) : (6.144)
Py = 1°N (541\/2 4+ 103N + 17) —SEN(N + 1)+ 64n(N + 1) — 64 , (6.145)
Py =27 (1 — n3) (4N2 +8N + 3) 4P (196N2 4 586N + 449)
+n(164N? + 494N +271) , (6.146)
Py =27 (1 + nz) N (4N2 +8N + 3) +21 (271v3 +76N? + 78N + 60) . (6.147)
P3g =27(4N?+ 8N +3)n* — 102N + 1)n + 81, (6.148)
Py =27 (1 n n2) (4N2 8N+ 3) 21 (541\/2 +98N — 5) , (6.149)
Py =27 (1 n n3) (4N2 8N + 3) £ (1+n) (71 —20N). (6.150)

Finally, we turn to the diagrams Dg, . In z-space they contain contributions which have to be
regularized as in (6.45). For Dg, this contribution is given by
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My

Fig. 12. Dy, with mq = my, mp = m| and Dgp with mg = my, mp = my, respectively.

B (22, 2) T 1 1 1.1
D@ =(m3)" (m3) [90(1—@ (—g—§+§H1<z))

254 (63 — 100)(1 — z)
33605 (1 — z)3/2

ﬁfz(n,z)} . (6.151)

The regular contribution to Dg,(z) reads

Reg 2\ [ g\ T3t 1 1 7 kel
— _ _ $(1 —
@)= (’"1) (’"2) 352 2256 V20250 120)°U 79

1+1’7+185+1H(> 11()
——t | =+ — ——1In
4522 g 72 T 450 90 1 <

Q46 nz—1) gsl
+Hi (Z)<201600(n—1)n+ 120, O ()> 120
V1204 33z —-1)+7z nE—1)
3360 f f(n,Z)—WHI,I(Z)—WHLO(Z)
25— 61 + 105 1
1050 i gy MBSO 105 L o)

3360(7 — 1)z a 26880 180

O47 Q49 UM
_201600(1—n)nz1n(z)_(40320(1— " +m 0‘(2)>ln(”)

Qs 1 1 1
PR 1L S V) 2
18144000z 420 t'pt-n—1t 1-1

1 1 1 1 1
(e R (BB
TNT—N—7T T T NT—n-—r1

75 — 63 — 350 — 10573 NI JT 11
) _G s Ty T
+ 840n faln.2) + 64 l—-7 71 7

3

+m[H1 0.0 (m +Ho.1.1 () +Ho.1,0 (2) +Ho,0.0 (77)]} (6.152)

with
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Qus = 1687527 (2 4 3z — 262° + 122°) + 236250 2 (—12 + 14z 4 22 — 222° 4 127%)

— 126007 (—12 — 3z 4+ 252% + 52° — 35z* + 152°) + 4500 (280 + 30z

+2382% — 301z — 2382% + 1682°) — 81(5040 — 10864z — 675z% + 60752

— 924757% +465752°) (6.153)
Qa6 = 5257 (z — )*(=1 + 2+ 32%) + n*(—1332 + 1845z + 2707*

+24702% — 16507%) — 1757*(13 — 9z — 1222 + 112% — 37%)

— 53 (4 + 315z +210z% — 3502° + 1262*) + 3(619 — 500z

— 690z% 4+ 98527 — 315z%) + 375(1 + 22 — 727 +3¢7) (6.154)
Qu7 =375z (2 — 7z + 32%) + 5250°2%(3 — 52 + 32°) + 5% 2(—96 + 315z + 4207

— 38527 4+ 1052*) — 51°2(—376 + 315z 4 210> — 3502° + 1262%) + n*(—1120

— 728z + 184527 42702 + 2470z* — 16502°) — n(—1120 + 672z + 1500z*

+2070z% — 2955z% 4 9457%) | (6.155)
Q43 =75(1 — 22)z 4+ 63nz(—1 4+ 22) + 357%2(—1 +22)
+ 10593 (=1 =z +27%), (6.156)

Qa9 = —75z2(2 —7z+ 322) + 31z(100 + 138z — 19722 + 6313) - 357]4(—3 +9z
+ 1227 — 112° + 32%) — 1057 (=3 + 32 — 52° + 32%) + 1 (=395 + 3152
+210z% — 3502 + 1262%) + n* (=25 — 369z — 54z% — 49477 +330z%) , (6.157)
050 =—8n*(z — 1) — 25z 4+ 260z + 87> (=2 + 32) + n*(8 + 152) . (6.158)

In Mellin space one obtains

Dsa(N) = (m?) " (m3) (%) {‘ o

11 8N3 + (4 —25n)N% — (251 +24)N + 20
—i—;[%(N—i—Z)Sl(N)— (4 = 2mN” — (25 +24)

1800N (N + 1)

IN(N?+3N +2) - 37? S+ 10P44In(n) — 2P45S) (N)
2520N(N + 1) ! 8064007 (N + 1)

IN(N?+3N +2) +37° SN+ 31 (n) — 21n(n) S1(N)
2520N(N + 1) 2 7 840N (N + 1)

(n—1)~N=IpN n—1 > (n—l )
=20 0 poles (== N)+5 (1= N
*essoN (1 1) 2| S o2l

o (= N) = Lap |+ Fas
M\, 2 1T 90720000 N2(N + 1)2

2—2N—8 2N P43
— §_2(N +2)+ %
120 1057(N + 1)

[ﬁ[H—l,o,o(ﬂ) +Hi0,0(/0]
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N 52 —i i
1 2 -1 —1 —1
200 =D 5 (¥) 1 "

n—1 1 5 U 2
+1In(m) S ( . ,l> — Eln (n)) “i0-D In“(n) — In(n) — ZiH ,(6.159)

with the polynomials
Py = 64n* — 640> (N +1) — 39> N(N + 1) + 2nN (88N2 + 245N + 157)

_ 25N (41\/3 £ 20N 431N + 15) , (6.160)

Py3 =1057° —3502(2N + 1) — 637 (4N2 +8N + 3) +25(8N? + 36N>

+46N +15), (6.161)
Pas = 1921 — n*(538N + 547) — 61 (76N2 +52N — 93) +75(8N?> + 36N?

+ 46N +15) , (6.162)
P45 = 960> 4+ 59%(22N + 13) + 1 (—3176N2 —2008N + 5478)

+375 (8N3 +36N% 446N + 15) , (6.163)
Pas = 1080073 N (9N2 + 16N + 7) +2250°N (478N3 £ 945N2 4 T4TN + 280)

— 4y (58616N5 +203774N* +241285N3 + 101167N? — 32760N — 12600)

+ 16875N> <8N4 +44N% + 82N + 61N + 15) . (6.164)

For diagram Dy, the part that requires regularization reads

By (2) (2 1 ot
Dyg, (Z)—<m1) <m2> {90(1_1)( - 5+2H1(Z))

63(1 — ) +25n(4z —
33600 (1 — 2)3/2

3
)\/Efl (n,z)} ; (6.165)

and the regular contribution is given by

—34¢ /2 1 1 7 $)
Reg 2 2
D = - — - =501~
5 (<) (ml) (m2> {( 4552 2255 20250 120) (£=2)

LI UL S U 2 W NS B
b e sy, b _ 1
45¢2 " ¢ | 720 T 450 z) "o 1 T gp M

Os2 —Z Os4
Hi (z 1 R
+Hi(@) (201600(;7— o3 T 32052 ™ ) T 18144000772
V1 —20ss5 0Os3
- = f10,2) + In(z)

33601°./2 201600(n — D’z
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N 8(n — 1)? — (257* —26n° — 15n? — 241+ 8)z

336007 — D’z f5(n,2)
750 — 138n% 4 3 — 64 3-37—-Tn’z
H ST Ty
2688012 00+ s, @
+ O L @)+ S Hio ()
40320(n — Dn® | 4203 420 3

e &=t 1 1
1801100 @ = 155 420;73 B p—_"—p—
+ao(lt ! U2 mape (1L !
—_— n —_— .
T l—1t+nt’ T 7 T l—1t+nt ¢
7573

n® —63n% —35n — 105 Vi JT 11
84073 [f3( )+64G({1—r’t’r}’n>i|

Ho,1,1 () +Ho,1,0 (2) +Hi0,0 (n)]} (6.166)

* 2207 poTet!

with the polynomials

051 =—757°(3z* — 72> + 222 + 3) + 3n*(632* — 1972° + 13827 + 100z + 63)
n°(330z% — 49427 — 5427 — 369z + 305) + n*(126z* — 35027 + 21022
+ 315z — 269) — 35nz(32° — 112> + 122+ 9) — 105z(3z° — 527 +3) . (6.167)
052 = —3751°(3z* — 72° +22% + 1) + 3n* (315z* — 9852 + 69022 + 500z — 619)
1°(1650z* — 24702% — 27022 — 1845z + 1332) + 5% (1262* — 3507
+210z% 4315z +4) — 1757(3z* — 1127 + 122% 4+ 9z — 13)
~525(z = D*(3% +z 1), (6.168)
053 = —3751°2%(32% — Tz +2) + n*(9452° — 2955z* + 20702° + 150022 + 672z
— 1120) + (16502 — 2470z* — 270z — 1845z% + 728z + 1120)
+5n%2(1262* — 35027 + 2102 + 315z — 376) — 5nz(105z* — 3852 + 4202°
+315z — 96) — 5252% (323 — 522+ 3) (6.169)
Os4 = 168750 z2(122* — 262° + 322 + 22 + 12) — 8 (465752° — 92475z* + 60752
— 67527 + 35711z + 5040) + 45007 (1682 — 238z* — 30127 + 23822
+ 1982 +280) — 126009 (152> — 35z* + 52° +252% + 127 — 12)

+236252%(122° — 2222 + 2 + 14) (6.170)
Oss = 105 + (=757 + 63n* + 357 + 105)z + 2(757° — 63n°
— 357 —105)z° . (6.171)

Finally, one obtains the N-space representation
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(o T3E N2 (14 (=DY N+2
Dgy(N) = (m1> <m2> ( XN+ 1) > {— 4562
4n(2N3 + N? —6N +5) —25N(N + 1)
1800nN (N + 1)

1{ 1
+ g[%(N-FQ)Sl (N) —

CTPN(N?+3N+2) =3 , - 10PslIn(n) +2PsSi (N)

25200V +1) T 80640072(N + 1)
~ T°N(N?+3N +2)+3 In?(n) + 21n(n) S1 (N)
30NN+ 2N TN £ 1)
(1= NPy

26880n3N (N + 1) |:ln(’7)51 (I=n,N)=$(1—-n,N)

T8 (1= 1N)+11n2() + Psi
LI =5 2 T 90720002 N2(N + 1)2
. 22N Py [
- E(N +2)+ 052N + 1) ﬁ[H—l,O,o(\/ﬁ) +Hi0,0(/m]
N 52i —i
22 (] —
+2(n’7_1) ((2,.)”) (sl,l(l—n,l,i)—sz(l—n,w
i=1 i
In()S) (1 —1.1) + ~ 1n%( )) In’ () In(n) — 2 (6.172)
+In(n 1(—n,l)+§nn +4(n—1)+nn_ ) )

Here the polynomials read

Pyr = 254*N (4N3 +20N% 4+ 31N + 15) — 23N (88N2 4 245N + 157)

+30°N(N+ 1)+ 64n(N + 1) — 64 , (6.173)
Pag =257 (81\73 £ 36N2 446N + 15) — 63 (4N2 +8N + 3) — 352N + 1)

+ 105, (6.174)
Pao =751 (8N3 +36N2 4+ 46N + 15) — 612 (76N2 152N — 93) — (538N + 547)

4192, (6.175)
Pso = 3757 (8N3 1 36N2 446N + 15) + 2 (—3176N2 — 2008N + 5478)

+57(22N + 13) + 960 , (6.176)

Ps; = 16875n° N? (81\/4 +44N3 +82N? + 61N + 15) — 4n*(58616N° +203774N*
+241285N + 101167N* — 32760N — 12600) + 2257 N (478N + 945N>
+ 747N +280) + 10800N (9N2 + 16N + 7) . (6.177)

With the exception of D; and D3, in z-space the scalar A,, ¢ diagrams cannot be expressed
within the class of the usual harmonic polylogarithms [56], but generalizations thereof occur.
These are given in terms of iterated integrals over the following letters
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d d d d
R N e

-7t  1-1 nt—t+1°
V1 —t/tdr dt «/I—Tﬁdf}

nt—t+1 ‘nr—np—1t npr—n-rt

(6.178)

In Mellin-space all scalar Ag, o-diagrams can be expressed in terms of In(#), the harmonic
polylogarithms H_1,0,0(y/7), H1,0,0(y/7), alternating harmonic sums, n-dependent generalized
harmonic sums and n-dependent finite binomial sums. For fixed values of the Mellin variable
N, these n-dependent sums turn into rational functions in 7. Thus for fixed Mellin moments, all
diagrams are given in terms of the In(n) and the combination H_1,0,0(/7) + Hy,0,0(y/7) with
rational coefficients in 7.

The summands of many of these sums diverge for n — 1 due to factors as (1 — 1)/, where
J is a summation index which assumes positive integer values. Furthermore, also contributions
o (I — )~V emerge. Physically the limit n — 1 represents the equal mass case n| = m, [24]
and thus the diagrams are expected to be convergent in this limit. Due to the many individually
divergent terms this is highly non-trivial to prove for general values of N. However, evaluating a
series of Mellin moments N =2...30, yields convergent results for n = 1, which agree with the
results given in Ref. [24] previously. This indicates that these apparent divergences are just a relic
of this specific representation which has been applied. By induction one may prove that the result
is valid at general values of N. The diagrams (D24, D2p), (Dag, Dap), (D54, Dsp), (Deq, Dep)
and (Dg,, Dgp) have all been computed independently. One notes that as expected the respective
z- and Mellin-space results can be translated into each other by interchanging the masses m <>
my, n — 1/n. Furthermore, the results for the mass-symmetric diagrams D1, D3 and D7 turn
out to be invariant under this interchange, which constitutes a further check of these results.

For all scalar Ag’Q—topologies, series expansions up to O(n>In3(5)) for a series of fixed
Mellin moments (N = 2,4, 6) have been computed using the code Q2e/Exp [73,74]. All the
general N and general-7 results agree with these expansions.

7. Conclusions

Genuine two-mass contributions to the Wilson coefficients and the transition matrix elements
in the VENS occur at 3-loop order in QCD. We derived the renormalization of these contri-
butions, which extends the single mass case considered earlier in Ref. [1]. Although the new
contributions manifest themselves as two-mass contributions in single diagrams carrying local
operators, it is possible to assign a diagram to either of the heavy flavor distributions in the VFNS
by the quark species carrying the operator. The diagrams arise from separating off the massless
Wilson coefficient in the light-cone expansion. Through this, one knows the charge assignment
for the corresponding diagram. In this way an asymmetric separation of the otherwise symmetric
OMESs under m <> m» occurs. This only applies to the OMEs AS;’PS and A(Qz. All other OMEs
enter the VFNS in a mass-symmetric way.

In a first step we have calculated a series of moments (N = 2, 4, 6) for all contributing massive
OMEs and presented the constant part of the unrenormalized genuine two-mass OME. With
current technologies [73,74], the 6th moment required one CPU year of computational time. For
a series of OMEs, the solution for general values of the mass ratio 1, and at general values of the
Mellin variable N, could be derived along with its z-space representation. This is the case for the
OMEs AN (Q3 ), ANS’gR’O) and A®) 0" The corresponding expressions depend on harmonic sums,
weighted with a (pbly)logarithmié dependence on the mass ratio. In these cases we presented



J. Ablinger et al. / Nuclear Physics B 921 (2017) 585-688 673

also numerical results studying their relative contribution to the complete O(TI%)-term of the

OME;s AS.) in a wide range of x and Q2, in order to illustrate the two mass effects compared
to the single mass contributions. In all cases these ratios vary between 0 and ~0.5 in part of the
kinematic region, exhibiting scaling violations.

We have also calculated all the scalar topologies appearing in the more involved case of the
OME Ag;, o- Here, more advanced computation methods were required. The corresponding in-
tegrals do not allow an expansion in the mass ratio at general values of N, so we calculated these
integrals exactly. In z-space the corresponding integrals could be represented in terms of iterated
two-variate and partly root-valued integrals, the G-functions, see also Appendix B. Associated
to it, one obtains in Mellin-N space, sum representations containing functions of 1 in denomina-
tors, with a formally divergent behavior as  — 1. However, since N € N, one obtains convergent
representations for each individual integer N in this limit. Also because of this behavior, the in-
verse Mellin transform to z-space requires a series of special steps, which we have outlined. It
is expected that the corresponding representation in the case of the two-mass contributions to
the OME A(Qz is even more involved, since already in the equal mass case elliptic integrals and
iteration of other letters over them contribute.
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Appendix A. Massive operator matrix elements in z-space
In the following, we present a series of genuine two-mass contributions in z-space. These are

distribution-valued and consist of the three parts Af n Al?; (z) and A;?g (2). The Mellin convolution
of the OMEs with a function f(z) is defined by, cf. e.g. [110],

1 z
8 + 1 Z +
AR)® fz)=A f(l)+/dyA () [;f(;) —f(Z)} —f(z)/dyA ()
z 0
1 d
+/_yAfeg(y)f <£> . (A1)
J y y

In the flavor non-singlet case, the parts of the OME are given by

. 2068 [584 16
NS,(3).8 2) _ _ 2 (12 2
Avgo _CFTF[ o0 [27 +16§2:| (Li+Lo) =5 (L1+L2)

16 / 5 X 64/ 5 3\ 16 64
-3 (BL+ L) -5 (L+1) -ge-a
+g\S:©.8 (A.2)

qq9.Q
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ANS,GH_CFTP% 3584 640 64
81 27

9.0 T 7 +t 57 n@+ 5 ln (z)+—§2}(L1+L2)

640 128 L 64, )
+ [7 + —ln(z)] (L] + L2> +5 <L1L2 + L2L1)

+256(L3+L3)+ 3984128 N 201 .
— —_— n —In
27 (P12 81 9 DTk

640 256 20992} NSt
a

64
ZId@) + o+ s , A3
M AR TR TSR Y 4.0 A3

~NS, (3),Reg 64 64
A =CrT 377z — 49 —(67z — 11 —(11z—=D1
49.0 F{243( 4 )+[81( 4 )+ 551z = Dn(z)

32 5 ] 64
+5 @+ (ln (2) + 342)_ (L1 + Lo) + [ﬁ(llz — 1

64 32
+ 5@t l)ln(z)] (L% + L%) +5@+D (L%Lz + Lng)

128 1)(L3 Lg) '64(67 m 64( R P
+ —(@+ + + | = — + —(z+ n
27 ¢ A FT R g (et a2z

32 ) 32 5
+ 5z =1 (m 2) +2;2) + 3G+ (ln ) +4;3)]

~NS,(3),Reg
+ag, 0 ) (A.4)

The contributions to the constant two-mass term of the unrenormalized non-singlet OME are

~ 4
Ggep " = CFTf{g(L? FL3+ (L1l 42+ 9)(L1 + L) + 5 (L1 + L)

4 405 10(n> -1 8 6
243( 405n+532——)—M1n(;7)——1n () + 08

n 3n 9
643 n+1 14+
-5+ 7 (51 +2277+5)|:—1n()1 (1_ )

21 : 4 . T 1 .
— 3 InGnLiz(m) + §L13(771):| & 3/2[ n(n)Liz(n) — Liz ()]

m+50Gn+1) 16
| =) [P}, (A.5)
61 3
where
Ty =50° +27n% + 641°/2 + 275 + 5, (A.6)

- 3 27

~NS,(3)+ CFT { 32
a
99,09 z7—1

; 58 32
L+ L3+ L1L2+2§2+ (L1 + Lo) | + == In* ()

160 32 , 64/ , 10
- (T + ?ln(z)> (L1 + Ly)” — 3<ln (2) + ?ln(z)> (L1 + Ly)
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16(405n* — 32387 +405)  40(n* — 1) 640 256
1 - -
7200 + o n(n) St 0
2T : . 3712 128 128
- 9n3/2[ln(n)LIz(n) —Lis(n)] — (T +5¢ 2)1 (2) — —ln ()
5n3+27n2+27n+5 2 1+m
- 3/2 ( )In
9n

— 8In(n)Li2 (1) + 16Li3(m)}

2(57% +2
n [w - - 2111(1)} n2(n) — 2 1n (z)}
9n 9 9 81

(A.7)
q49,0

2 2
a”S’“)’Reg:cFTFi——(H1)[L*+L2+(L1L2+ In?(z) + 28 + )(L1+L2)}

20(n* —1) (z+ 1)
9

+ 156(1 — 1z =3+ DIn@) (L1 + L2)* + In(n)

;3 (52z+ (222 —2)In(2)) (L1 + L2) + 1—(1 + 1)[ In*(n) — - ln ()

81
729

+ 43} + 3/2 (Vn+ 1)2 (z+ D[Li3(n) — In(n)Liz(n)]

z+1 2 1+ .
—— ) = 8In(n)L
= Jgya (37 + 2707 + 270 +:5) [ln (”)h‘(l—m) 81n(n)Liz(11)

+ 16Li3(m)} + [9% - %6@ + D [2In(1 —7n) +ln(z)]i| In? (1)

_ o [9(z+1)§z+55z+3]1n(z)——(11z—1)[ 1n2(z)+c2”, (A.8)

with
T, = (1658 — 8134z) +405(z + 1) +4057%(z + 1) , (A.9)
T3 =57 — 100°/2 + 420 — 10/ + 5, (A.10)
Ty =n(34—-302)+5z+ 1) +57*z+1). (A.11)

For transversity one obtains

- 2068 584 16
NS, TR, (3), ) 5
Aqq,Q @ ZCFTI%{_ 81 _<7+16§2) (L1+L2)_?<L1+L2)

- ? (L3L2+13L1) - 69—4 (£3+13) - gﬁ - %53}

T a;“qs;;R*(S"‘s, (A.12)
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49,0 1) 283 31 + 77 (z )+ (@) + §2 (L1+ Ly)
640 128 LN 6,
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+ 5@+ } ahs et (A13)
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( Oz + )+_§2> n(Z)‘i‘Wn(Z)‘I‘EH(Z)

0 256
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q q.0 (A.14)

with

- 4
Gggp " = CFTI?{S(L? FL3+ (UL 420+ 5)(L1 + L) + 5 (L1 + L)

4 405\ 10(1—7?)
— | —405 532 — — — 1
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5)(5 1 64
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Using the shorthand
3 141 —2)?
(O
Peq = (A.18)

Z
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512(312° —41z+41) 128 6
A3 (©) —
A Q_CFTF{ o 5P - [27 (4322 = 562+ 56)
128

5o (42 —5z+5)1n(1—z)+ Py In*(1 — z)+3217(0)§2} (L1 + L2)

128 3
— [ = <4z —5z+5) gj} . ln(l—z)] <L§+L§) > Q1 —2)



678 J. Ablinger et al. / Nuclear Physics B 921 (2017) 585-688

64 6 "
- (E (432" — 562 +56) + _PgQ) In(1 —2) = 5pfy (L1La+ L3L1)
128 6
O (73 ) .
5 Pia (L +L) o <4z 5z+5)[1n a z)+2§2]}

_(3)
T g0 (A.19)
with

20 2
Gy 0= CFTF{16p“’> [L3 Iy <L1L2 + 50 =2+ S0P - 2)

+20 + 58)@1 + Lz)] + l6[z +p (g +In(1 — z))}(m + Ly)?

2_1
+ z(@ + %ma - z))(Ll + L) — M ) In(n)

9 g

_ zigTzZ + % <3912_95¢ +0 p(O)) In(1 —z2) — —g (o>
(~/_3J/r2 ) p(%)T5|:§ln(77)Li2(—fll) + é1n2(,7)1n(1 +np) — gLi3(—'71)]
WVT-1" o

2 . 1 4 .
T P Ta[—gln(n)uz(m) — ) In(l =) + nga(m)}

64 T 16 16
) 13 7 ©) (0) 1,3
+ — > Pog In”(1 —2) — |:3772 3 = Pgg In(1 — z)i| In? n) — In” (1)

9 Psq
128 / , 1,
+¥<4Z —SZ+5) |:§1n (I_Z)‘f‘CZiH s (A.20)
and the polynomials

Ts=—10n%2 4+ 507 + 427 — 10/ +5 , (A.21)
To =100 + 57> + 427+ 10/ +5 , (A22)
T =50"2" — 100’z + 10n® — 14nz> — 4z + 45+ 527 — 102+ 10, (A23)

Ty = 4050222 — 81092z + 810902 — 5326122 + 64761z — 64761
+ 40522 — 810z + 810 . (A.24)

Appendix B. Formulae

In the following, we list a series of useful relations between the iterated G-integrals and some
of their special values. In the case where the letters in the alphabet are restricted to &, ——, -1

x? 1=x7 14x
the G-integrals correspond, of course, to the standard harmonic polylogarithms.
2
ai+a; —1
G ([ War} o) =M@ W =" Zom s a0 -0 B
i —

For G-functions of weight one, we have the following identities:
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Vx > g
=T B.S
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For G-functions of weight two, we have,
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V1 —x 1 o
G<{ NG ,x_l},1>_§—nln(2). (B.45)

The following identities hold for weight three functions:
11
G ({ l{i, = ;} , z> = [84/z — 4Ho,—1 (vz) — 4Ho,1 (v2)] Ho (v/Z)
+ [~4/Z +2H_ (V2) + 2H; (v2) ] Ho (V2)?

+4Ho,0,-1 (V) +4Ho 0.1 (v2) — 8z, (B.46)
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